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FOREWORD

A need has existed for a comprehensive handbook containing proper-
ties of various geometrical shapes to be used by design engineers at
governmental agencies.

It is the purpose of this publication to supply technical personnel
with information concerning these mathematical properties in a complete
volume that includes moments of inertia, centroidal distances, volumes,
areas, and radii of gyration of solids, thin shells, thin rods, plane
areas, and ogival shapes. In addition, examples of various types are
included.

The work of compiling, organizing, and preparing this publication
was done at the U. S. Naval Ordnance Test Station in September 1961
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002 of 22 September 1961,

This handbook was reviewed for technical accuracy by Genge Indus-
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cism will be appreciated. The information contained herein is to be
released at the working level only.
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ERRATA

Page 81: Under the heading '""Moment of Inertia About the Base
Plane, the equations are correct for moment of inertia about the base
plane; however, to obtain moment of inertia about a base diameter axis,
add "+-%IA " to the right-hand side of each of the three equations for

Ip.

Page 82: Under the heading ''Moment of Inertia About the Base
Plane,” the equations are correct for moment of inertia about the base
plane; however, to obtain moment of inertia about a base diameter axis,
add "+ $I," to the right-hand side of each of the two equations for

Ip.

Page 88: In the underscored heading, change ''the Base Plane" to
read 'a Base. Diameter Axis,"

In the equations below the figure, change "Ig" to "Ig,," three
places.

Page 83: 1In the figure, change the dimension "L" to "h" and "b"
1B-"%

In the last underscored heading, change "the Base Plane" to read
"a Base Diameter Axis,"

In the equations at the top and at the bottom of the page, change
to ”IBA'”

||IB|

Page 90: 1In line 2, change "a = L/R = sin ¢" to read
"a = h/R = sin ¢."

In the third equation below the figure, change "Ip" to-gaad "

In the fourth equation below the figure, change "Irg" to read "Ig.'
The fourth equation changed as above to read "Ig = ..." is correct for
the moment of inertia about the base plane; however, to obtain moment
of inertia about a base diameter axis, add "+3I," to the right-hand
side of the equation,

Enclosure (1) 1
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COMMENTS

1, Inertia equations give answers in inches to the fifth power.

2, Do not use a slide rule to calculate ogival properties. At
least six significant figures must be calculated for each term within the
brackets given with the ogive equations. Therefore, it is advised to
use a desk calculater or cther type of computer to establish the desired
accuracy.

3. Central axis: The central axis is the symmetrical center line
axis of the ogive sometimes referred to as the polar, or polar longitu-
dinal axis.

4, Base diameter axis: The base diameter axis denotes an orthogonal
transverse axis which intersects the central axis at the base of the
ogive. This is commonly referred to as the transverse axis.

5., Base plane: The base plane denotes a plane passing through the
base of the shape and normal to its center line axis,

6. Moment of inertia about the base plane: The moment of inertia
about the base plane can be computed by subtracting one-half the wvalue
of the moment of inertia about the central axis from the value of the
moment of inertia about a base diameter axis., Conversely, the moment
of inertia about a base diameter axis can be computed by adding one+
half the value of the moment of inertia about the central axis to the
value of the moment of inertia about the base plane. Mathematically,
S

2

Ig = Igy Iy

and

It

i
Igy = Ig + 71y

where

Ig = moment of inertia about the base plane
Iga = moment of inertia about a base diameter axis
I, = moment of inertia about the central axis

7. Example {(from Calculus, by Edward S. Smith, Meyer Salkover, and
Howard K. Justice, New York, John Wiley and Sons, Inc., 19247, Article 113,
Example 5, pp. 317-318; used by permission of the publisher): The
following example is given to show the methods for obtaining moments of
inertia about planes and axes of a solid of revolution.

Enclosure (1) 2
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Example: Find the moment of inertia of the volume of a right
circular cone of altitude h and base-radius a with respect to the
following planes and axes parallel to the base: (i) a plane through
the apex; (ii) an axis through the apex; (iii) an axis through the
centroid; (iv) a plane through the centroid.

s =
b
e =4 ™
L= R

e

(i) Choosing three mutually perpendicular coordinate planes
as shown in the figure, we proceed to find Iyz by integration, Using
discs as elements of volume we have

h a2 rh
Iyz =‘[0 Tryzdx . x2 = HEZ./(; xtax

rah3
5
(ii) By symmetry, the moment of inertia of the volume of the cone
with respect to any axis through the apex and parallel to the base is
equal to I, , which may be expressed in the form

where I

yz is given and Ix remains to be found,

z

Enclosure (1)
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Evidently Ixz =1

Xy’
)
Iz = 3(Ixy + Iyl
1
='5Ix
2 ﬂa4h
20

Substituting the values of Iy, and Iyz, we obtain
2
I, "2 N2 ¢ an?)
20

{iii) The distance from the apex to the centroid of the cone is %h.
Hence, if V represents the volume of the cone and a g-axis is drawn
through the centroid G parallel to the z-axis, we have
I, - V(3h)?

Ig

I

Therefore

2
I = X80 gag2 o542y
g 80

Obviously this result is the moment of inertia of the volume of the cone
with respect to any axis drawn parallel to the base through the centroid.

(iv) With respect to the gh'- plane, drawn through the centroid G
and parallel to the base, the moment of inertia of the volume of the
cone is

;o= -v(3n)2
Y = T2 =V GR)
= -T'_ azhs .
80
September 1966
Enclosure (1) 4
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LIST OF DIAGRAMS

The following is a list of the geometrical shapes

and equations are given.

Solids

Right Circular Cylinder .

Hollow Right Circular Cylinder

Right Circular Cone . . .
Frustum of a Cone . . . .
SPhere kg G Gerdnd e, |5
Hollow Sphere . . . . . .
Hemisphere . . . . « . .
Elliptical Cylinder , . .
Bl spseidi® S oo b 5l ek ¥
Paraboloid of Revolution

Elliptic Paraboloid . . ,
Thin Circular Lamina . .
OGS o X wtr gor reig o8 Loh ioh fan 03
Spherical Sector . . . .
Spherical Segment , . . .
Semicylinder . . . . . .
Right-Angled Wedge . . .
Isosceles Wedge . . . . .
Right Rectangular Pyramid
Regular Triangular Prism

-Cube @' E; Es e e & e e e

Rectangular Prism . . . .

Thin Shells
Lateral Surface of a Circular
Lateral Surface of Frustum of

Lateral Cylindrical Shell
Total Cylindrical Shell .
Spherical Shell . & s
Hemispherical Shell . . .

Thin Rods

iv

Segment of a Circular Rod
Clrenddar Rod. & & & ¢ &=
Semicircular Rod . . . .
BELLEptdc (RO .5 ol 5v e e
Pardbolic Rod . @ W a6 3
USROG AT B s 15 o) iy [y o 5
Rectangular Rod . . . . .
] o ST dr ST FRRT b AT e, (S
LABOA" @ e A 5y o8 & i o Tor L
SErdlight. Rod. o w0 2. o0 fa @

Inclined Rod Not Through CG

Gone i A0 b8 b
Circular Cone . .

for
.
L]
L] -
L] L]

which
SRy
- [ ] L]
. L] -
- L] L]
A A
L] [ ]
L] . L]

diagrams
. 18
s 40
A
PO [ ¢
. 14
. 14
« 16
. 16
B
o A7
. 18
s- 18
. 19
O
i w2l
o 23
. 24
. 24
. 23
. 25
. 26
. 26
. 31
s 31
e 32
3 32
o O3
« 33
b ST
. 38
o S8
Sy A0
. 89
. 40
. 40
. 41
- )
. 42
s L2
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Plane Areas
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NOMENCLATURE

An effori has been made to typify symbols for thickness, height,

and base width for all shapes and plane areas considered. lowever, in
some instances, additional nomenclature has been introduccd for descrip-
tive purposes, It is advisable to refer to the diagram associated with
each item.

vi

A

#l = < 8

)

]

Area, in?®

Moment of inertia., The unit is generally expressed as follows:
for a solid, lb-ft?, slug-ft®, etc; for a plane area, in*, ft%, etc.

Polar moment of inertia

Moment of inertia about the x-axis

Moment of inertia about the y-axis

Moment of inertia about the z-axis

Product of inertia in the x-y plane

Product of incrtia in the x-z plane

Product of inertia in the y-z plane

Radius of gyration about the x-axis

Radius of gyration about the y-axis £
Radius of gyration about the z-axis

Length, in. Where t (thickness) or d (diameter) of a thin rod is
constant, V, W, and m are proportional. Statical moments and mo-
ments of inertia of the area or body may be functions of L

Mass, 1lb or slugs
Volume, in3
Weight, 1b
Centroidal distance along the x-axis, in.
Centroidal distance along the y-axis, in.

Centroidal distance along the z-axis, in.

Mass density factor, lb/in®; m/v

_Loaa gl o
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INTRODUCTION

This handbook is published for the convenience of those whose work
requires the use of equations of mass and area properties for various
geometrical shapes. It is hoped that this compilation will be an aid to
technical personnel and will eliminate the need for searching through
many handbooks and tables for a particular mathematical property.

In certain sections of this handbook, equations for moments of in-
ertia and centroidal distances are developed through the use of the cal-
culus, which, it is believed, will serve as a supplementary method for
finding information not included herein. Other, simplified, forms for
calculating properties are included tbat can be used in lieu of integral
calculus.

As an aid in finding a particular item, the diagrams and accompanying
equations for the various shapes are grouped under the following headings
shown at the tops of the respective pages: solids, thin shells, thin rods,
plane areas, and ogival shapes.

Certain structural shapes such as channels, I-beams, angles, and T-
sections are omitted because these are normally found in a construction
manual such as the AISC steel construction manual. However, variations
of these sections, without fillets and bulbs, are included.

A separate section is devoted to the properties of ogival shapes,
which are commonly used in the design of missile nose cones. The solid
and thin-shelled tangent ogives are included because of their frequent
use.

Special Notes

1. A thin-shelled body is one in which t < (L/30), where t is the
gage thickness of the material and L is the length, or radius, perpen-
dicular to the axis of rotation measured at the maximum diameter,

2. A thin rod is one in which L 2 30d, where L is the length of the
rod and d is the diameter of the rod.

3. Elliptic-area formulas may be used for circular complements such
as half circles and gquarter circles by substituting a = b = R.

4. Weight moments of inertia for plane areas can be obtained by
multiplying the area moment of inertia by the area mass, M, and then
dividing by the section area,

3. Linear dimensions are in inches in the sections that follow.

6. In most cases involving integration, cartesian, or rectangular,
coordinates are used. Should the need arise to use polar coordinates
for ease of integration of special integrals, it is advised that a review
of a calculus text or similar reference be made. Also, double integration
methods, if used, will in many instances reduce calculation time,
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SOLIDS

SOLIDS

SUMMARY OF EQUATIONS FOR MASS AND VOLUME PROPERTIES

Centroid by Integration (Homogeneous Mass)

_ J=av « i iy _ Jzav
X = " S ——3, . =
[dv fav [dv

Center of Gravity of a Coplanar System of Particles

My ZMx Mx EMy

Center of Gravity of a Non-coplanar System of Particles

Myz  EMx Mxz  EMy Mxy
i:—:—: ;:—:—-—-’ Z = e
m M m M m
Moment of Inertia
I = friam
Product of Inertia
Ixy = [xydm, Iyz = [yzdm, I, = [xzdm

Transfer of Axes

I5= E + md?
k2 = k? 4 a2

Radius of Gyration

k =./1I/m

Centroid of a Composite Solid Body

Iwx ILx IVX
X = = =
w L v
IWy XLy ZIVy
Y = = —3
w L \'
_ rwz ZLZ ZVz
2= = =

W L v
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CENTER OF GRAVITY OF A SYSTEM OF PARTICLES

Two systems of particles exist that will be defined as coplanar
and non-coplanar.

Coplanar Particles

The first system, coplanar particles, can be resolved into a common
mass located at such a position that the moment of its mass with respect
to the x-axis would be equal to the moment-sum about the x-axis, and
that the moment of its mass with respect to the y-axis would be equal to
the moment-sum about the y-axis. The two coordinates presented would
then locate the point that represents the center of gravity of the sys-
tem in the x-y plane.

Thereifore,
Xm = My and ym = Mx
or
My mx; +m,x, + * * ° + hpxp Fnx
A= — = =
m eV P S AR AL =S >m
and
o Mx myy, oWy + - 0 -+ Wy,  ZRY
Yu=hr=s = =
m my + mz + + mn >m
Example.
y
-t X3 e
T - £ e
¥y O T ‘ Yz
1 |
P 42 —— = 5
0+42 s
et
Bl '8 —f
x; =1 in., B 7 m =1 1b
xz=21n., yz=2:i.n._. m2=21b
x3 =3j.n-, y3=""2 in., m3=4lb
(1)) + (2)(2) + (4)(3)
X = = 2,428 in,
1 +2 +4
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(1){1) + (2)(2) + (1H(-2)

Y =

Note., Care must be taken to account for the proper signs when cal-

culating the moment-sums.

Non-coplanar Particles

The second system, non-coplanar particles, can be resolved into a
common mass located at a point in space represented by the coordinates
x, y, and Z, which are readily calculated by the procedure used in the

1l 5 i N

= =0.429 in.

coplanar system and with the inclusion of the third reference~plane co-

+ mpxp  Zmx

*

+ m, zm

* + hpyp  Zmy

* + NpZn rmz

ordinate,
Thus,
Myz mlxl + m2X2 sl
i = =
M mp + m,; + ¢ -
Mxz my;, + myy, +
y = x
M My R FoE e
Z = =
M my + m, 3 Ak T |
Example.
Yy
®
=i la -

L +mn »m

Xy = 2 dn, y; = 6 cos 45° = 4,24, 2z
X, =4 in., yz = -4 cos 30° = -3.46, Zs
Xy = 6 in., ¥y3 = 12 cos 45° = §.48, Z,
m; =1 1b, m, = 2 1b, my, =3 1b
@) + (2)(@) + (B3)(6)

X = = 4,66 in. (ans.)

6

= 6 cos 45° =
= 4 cos 60° =

= -12 cos 45°

[{&)

.24

—-8.48
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(1)(4.24) + (2)(-3.46) + (3)(8.48)
=3.79 in. (ans.)

<l
]

6

(1)(4.24) + (2)(2) + (3)(-5.48)
= -2.,87 in, (ans.)

Wl
It

6

The resulting coordinates of 4.66, 3.79, and -2.87 inches fix the loca-
tion of the system’s center of gravity.

TRANSFER OF AXES ON A SOLID BODY

Let the radial distances from the two axes to any element of mass
dm equal r and r;, with the separation of the axes being d; applying
the law of cosines, r? = r§ + d?2 + 2ryd cos §. The definition of the
mass moment of inertia gives

I =fr2dm = f(r§ + d? + 2r,d cos §)dm
= fridm + d®fdm + 2dfr; cos gdm

Since the y~-coordinate of the center of gravity with respect to an
origin at ¢ is zero, the third integral drops out, leaving

I =1+ md?

RADIUS OF GYRATION

The radius of gyration, k, of a body with respect to any axis is
defined as the distance from the axis at which the mass may be conceived
to bc concentrated and to have the same moment of inertia with respect
to the axis as does the actual whole, or distributed, mass,

_Mathematically, k = ,/I/m by definition. Substitution into
U md? results in k% = k% + dz, which provides a method for trans-
ferring the centroidal radius of gyration to a parallel axis on the
same body.

PRODUCT OF INERTIA

Generally, a three-dimensional body has three moments of inertia
about the three mutually perpendicular coordinate axes and three products
of inertia about the three coordinate planes.
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The product of inertia of the body with respect to a pair of coor-
dinate planes is the algebraic sum of the products obtained by multiply-
ing the mass of each element of the body by its coordinates with refer-
ence to these planes. The value of the product of inertia can be
positive, negative, or Zzero.

Mathematically, the products of inertia about the three planes are
expressed as

Iyy = [xydm, Iyz = [yzdm, Ixz = [xzdm

where dm is an element of mass. Or, the product of inertia may be cal-
culated for an area where the two rectangular coordinate axes provide
tbe system on which the computation is based, in the form

Ixy = [xydA

where dA is an element of area, and x and y are the respective distances
from the axes to the elements of area.

An application of the product of inertia may be seen on page 53
covering the properties of an angle.

CENTROIDS OF COMPOSITE VOLUMES

The determination of the centroid of a composite solid shape can
be calculated by the application of the moment principle, in which the
basic relationship takes the form

(Wl + W + W3 Atk ')X=W]§1 +Wziz +W323 +

where w represents the weight of each part, X represents the x-coordinate
of the center of gravity of the total body, and X represents the center
of gravity of the individual parts, The resulting basic relationships are,
therefore,

_ ZwX _  Zw¥y _ ZwE

X =—ovyp Y = —, L = ——

W W W

In each of the above relationships, weight values may be replaced
with values for length, area, or volume, depending on the shape of the
object.

It is likely that interest will be found in the determination of
the centroidal distance of a hollow geometrical shape such as the frus-
tum of a cone; the applicable equations will then be

vZ

t)

- - _ Ivy
X =—, Y= —,

v v v

where it is obvious that only one of these relationships is valid for a
symmetrical body.

For hollow objects, or objects with holes in them, it should be
realized that the void volume must be subtracted, as in the case of a
bollow cone frustum,

VX (W) - (VR

=
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where (V&) represents the total solid frustum and (Vx)y represents the
inner, or hollow, frustum,

CENTROID OF A VOLUME

By expansion of the eoneepts used in the resclution of a system of
partieles, it is apparent that a summation, by integration, of a differ-
ential element of a body, leads to the determination of the centroid of

the body.
| &S

F 4

If the body is homogeneous, the density of the body, p, will be
considered eonstant. Therefore, the element of mass is

dm = pdy
and, for the entire body,
m = fpdV
Using previous equations and substituting,

[xdm  [pxdv  [xdV

x = =, =

m fpdv Jav
~ fydm  fpydv  [ydv
W= = =

m fpdV de
_ fedm  [pzdv  [adV
Z = = =

m fpav  fav
Therefore, it ean be seen that the first moments of each summation are
Vx, Vy, and Vz for a homogeneous bhody.

Example, The eentroid of the solid generated by revolving the area
of the half parabola y = 4 — x2 about the y-axis may be determined as
follows.
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dv = gx2dy

Jav =£4n(4 = Y

fav

4
v =al4y - v2/2)]; = 7(16 - 8) = 8y

vrfo“(4 - y)dy

W = [ydy
tayx?dy = 7f4(dy - y&)dy = z[2y2 - (v3/)]}
'gnyxy nj;(y y2)dy = x[2y (y/)]0

It

32 - (64/3)] = 32073

It

Therefore,

327/3 32 4
¥y = = — = — (ans.)
8 24 3

and z = X = 0, by symmetry.

MASS MOMENT OF INERTIA

The inertial resistance to rotational acceleration is that property
of a body which is commonly known as its mass moment of inertia.

If a body of mass m is allowed to rotate about an axis at an angular
acceleration ¢, an element of this mass, dm, will have a component of ac-
celeration tangent to the circular path of rg, with the tangential force
on the element being radm, Since the distance to the element is r, the
resulting moment on the force equals riadm.

Integrating the elements of the body,
= frzdm
an expression is obtained that is known as the mass moment of inertia of

the body, where o is dropped out bhecause it is constant for a given
rigid body.

If the body is of constant mass density, the differential, dm, may
be replaced with pdV, since dm = pdV, and the following expression
results

i = pfl'ZdV

The units of mass moment of inertia are commonly expressed as
1b-ft-sec? or slug-ft?, or, dimensionally, MLZ.
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Examples.
RIGHT CIRCULAR CYLINDER

] tt— Az

The mass moment of inertia for a right circular cylinder is found
by the use of I = [r?dm and the equation for elemental cylinders, as
follows

dm = pdv =| pzﬂthX
R
Iy = pfy (x*)(2rx)hdx
R
= 27ph 3d
™™ L}x X
27ph R pth4
= [x4]0 =
4 2
M M
p = - =
V  7R%h
M /rhR* MR2
= = ans.
I, ( )

7RZh\ 2 3
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RIGHT CIRCULAR CYLINDER HOLLOW RIGHT CIRCULAR CYLINDER
& Z
R —
ety T TI> R
=i s
e 3
z | .,_'é
L 5,
S Tk B [ 3
2l |~ 5 Y/ | LI - %
,-;;A_L J:}_}/
f..-"' "j xl W Al
) 1
VOLUME 7RH rH(Re £ me )
3 H - H
CENTROID >3 -
o = W 2 w4 =l 2
I = o R I = =N __ 2 2
X Iy 12 (3 i ) % Iy 12[3(R +r)+H]
=x = w 2 R2 + re He
WEIGHT
MOMENT [ o)
oF Iz=-N-§— I;'\;(Red-re)
INERTIA T
ky = ky = 0.280 \ 3RZ + B2 Ky = Ky = 0.289"5(}'{2 +1f) +B°
RADIUS
oF kxy = ky, = 0.289Y 38° + L2 ky = 0.707VR2 + 2
GYRATION
2 2 2
= s vl RE T H
k, = 0.707 R kxy * Ky, JT <

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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RIGHT CIRCULAR CONE FRUSTUM OF A CONE

RT
gl
e

VOLUME 7 KoH 7H (R? + Rr + ra)
3 3
i g (42 + 20y 3,-2]
i =2 =
CENTROI z H z E R2 S o r2
II - IY - ﬂ (R2 + He) Iz = ﬂ Rs - r5
20 I 10 1p3 . .3
iEeds | 3y =Ty, = E (382 + 24)
MOMENT 20
OF o 2
INERTIA | 1xp = gg. (RS + L4%)
I, =2 R®
10

ke = k, = 0.387 [R2 » HE k, = 0.548 [BR? « ¢?
L V-l
ky =k, =0.224 /3R + 2u®
RADIUS 1 N
OF
GYRATION | & = 0.387 o B2 + L@

k, = 0.548 R

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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CONE

By similar triangles, y = (Rx/h)
. dm = pdv

I,disk = mR?/2

RS =

dI, = dmr?/2

= (pry®dx)(y?/2)
I, = [r?dm
Boe . o feli
Iy = j;)pn'y dx/2
4
PT 4 [Rx pw R} %
= = dx = —|— x4 dx
2 h 2\t
5 h 4
prR[x prR*h
4
2nt |5 |, 10
m m
p = - = e—
v TRéh/3
3mR2
3mrRin
I, = il = (ans.)

107R%h 10

12
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FRUSTUM OF A CONE

By similar triangles,

R-r YL e

h X
hy - hr hy hr
X = = e
R-r R-r e S
h
dx = dy
R~r

I,disk = mR%/2
a1 = y2dm/2
dm = pdV = pﬂyzdx

y? . pry*| h
dI, = —(pmy“dx) = dy
2 2 R~-r

p7h
R
I, = — [ yay
2(R — r)
pTh [yis prh (R® - r°)
2(R - r)LS51],

10 (R - r)

H

7h
V = — (B2 1 B 4+ %)
3

mrh(R® - r°)(3)

107h(R® + Rr + r2)(R - r)

3m (R° - r°)
I e —— (ans.)
10 (R® - r?)

13
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SPHERE ROLLO% SPHERE

Ii 2

Y

VOLUME %‘n P %. r (B} - r3)

CENTROID ceerssasas

- ] - - - - 5
Ip = I, =1, =2 W& Ip aTy =1, ~2W (R0 - r
5 PEr

WEIGHT

MOMENT
OF

INERTIA

RADIUS
OF
GYRATION

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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SOLID HOMOGENEOUS SPHERE

x = /12 = y2
S O e
y2 = p2 _ x?

dm = pwyzdx

dmy?  (pryZdx)y?  7p(r? - x%)%dx
de = 4 =4
2 2 2
™ . 87pr®
2 242
Ie = —f, (r° - x%)édx =
15
m m
p =2 e = e—
v (a/3)7r’
(87r°/15)m 2
I, = —————— = —mr?(ans,)

(4/3)7r? 5

15
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SOLIDS . -
HEMI S PHE & ELLIPTICAL C%LINDER
1
VOLUME % T P
- -
CENTROID | £ =§ p ¥
Ix = Iy = 0.26 Wr? I, =W (382 + H2)
T2
WEIGHT Ixy = Iy = Iy = 0.4WRZ Iy = (222 + B2)
MOMENT pr
OF
INERTIA I: =X (a2 ¢ #°)
k, = Ry £,'0.81R k, = 0.289 ’3B2 - H‘?
ke, = Ky, =k, = 0.632R ky = 0.289 .'3A2 + B
k, =\A° + B2
2
RADIUS
OF
GYRATION

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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PARABOLOILC OF REVOLUTION
Z

VOLUME E‘.,r ABC
3
CENTROID | +asesses < - H
3
2 2
I = WA * C
% : ; Ix-Iy-W(5R2+52)
2 18
I..=W (6A° ¢ C
WEIGHT | ( ) L™ ¥ (¥ + H2)
+ MOMENT I, =¥ (A% + B2) 5
OF z
I =W + Be
INERTIA I..= W (6A2 $ BZ) X z (R: % )
vyl P
I_=W
I, =W (82 + c°) L
Ky = 0.447 JAQ + P
> > ky = ky, = 0.236 332+H2
e 6A° ¢ C
HALLLVY g = Ky, = 0,408 JRZ v B
GYRﬁmN ky = 0.447 A2 4 B2 1 m
ky = 0.408 +
k., =0.447 J6A2 + 88 2
% 2 o k, = 0.577 R
ky. =044 B +¢C
Ellipsoidgof revolution -ee o
_spheseid i -3 xR= [:1 s ]
SURFACE - . ]
AREA = 2H
rosma '._' {f m -Jl’:(:-—f
;iﬁ'f,-,f. ,/:., J~>a - 4B [ p? R
N2
2
A @ BA% w :r% log, %—*'——2-
ExacT5or |7 53
oblat :/-'i ruidt e = eccentricity m4A” - B f')%
ExacT -for. B / :/L_ it
profote sphemid [ap 2 2B+ 2TAB 51l ¢ ]

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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ELLIPTIC PARABOLOID THIN CIRCULAR LAMINA
Z |
4
VOLUME {1 Vv = 7Re R
- H
CENTROID | z = 3 AT O = GEOMETRICAL CENTER
W - e WRE
Iy = 18 (385 = B°) Tz,
;T Sps WRE
lesg(a + H<) Iy=_.§._
WEIGHT e "
MOMENT Ly, = 15 (3AC « He)
OF
INERTIA
g T w A2 + H2
n g i )
w 2 2
I, = A= + B
z E ( )
k = 0.236 \| 38 + B® B e o2
x x Pl
k, = 0.408Y B2 + H2 B = B
1 Ve
RADIUS | . _ g,236 \(51&2 + B
OF y
GYRATION
ky = 0,408\}9.2 + S
1
k, = 0.408 \fp.? + B2
L7 N, R e s N O Y AXIS IS PERPENDICUIAR TO PLANE
B = THICKNESS

Adapted from Weight Handbook, Vel, 1, Society of Aeronautical Weight Engineers, Inc.
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SPHERICAL SECTOR

Z
e __..-""_- ‘-""-..‘_
_T y. X S
Z
L
Y
2 2 e 2
VOLUME 2T¢r“R E'R'R H
3
CENTROID | =5 =R +r 7 2 =8 (2rR-H)
S T P g- (LR® + 5r2) 1; = Eg (3R-H)
WEIGHT
MOMENT W > 2
= Iy = (LRS + 3r<)
INERTIA

k, = k, = 0.351 | ha2 + 5r2 k, = 0.447 | (3R-H) (H)

RADIUS
OF Tom /53 L].RE + 31-2
GYRATION A )

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc,

1%
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SPHERICAL SEGMENT
2
//'- f
bl H
f e N X
z e
i
Y/
T H r2 He % nHz
VOLUME —5 (3% +8) T (3R - H)
_ —Eag
CENTROID 3 =£. %H-%—
I, = Eg‘fa G --FIRH 6-23-—6-}{2)
WEIGHT
MOMENT
OF
INERTIA
2H a5y 3
RADIUS -~ RS - 2 RH
OF R R i)
GYRATION

Adapted {rom Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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SEMICYLINDER

Elemental volume, half cylinder:

p2rrldr
dm = pdV = —— = prrldr
2
2 R :
T = [2%dy =_L rc(prrldr)
5 Ak prR*L
= pﬂ'Lf0 r’dr = prLl—| =
4 Jg 4

m m
p =-=—

v nRPL/2

m WR4L mR?
I, = ) = (ans.)
aR2L/2(\ 4 2

21
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SEMICYLINDER

H?é&}f
Elemental volume, wedge shape:
dm = pdV = prdfdrL
R
I, = [ridm = [ f:rz (prldfdr)
= pL ‘{;Rfowr3d0dr = pLTrfORr3dr

[r‘*]R pLrRY
pL‘ﬂ' o =
0

4 4

22
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SEMICYLINDER

7RZL
VOLUME
2
4R
CENTROID y = —
T
mR?
Ie &
WEIGHT 2
MOMENT
OF
INERTIA
R
k, = — = 0,707R
2
RADIUS
OF
GYRATION
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RIGHT ANGIED WEDGE ISOSCELES WEDGE
Z
ABH
VOLUME —_ ABH
2 2
CENTROID 7 5.2 s= 2 goua - =8
x = — -
Ix * ¥ (21° + 38%) Ix = W (26 + 342)
36 36
WEIGHT 1. =W AE' " He *
MOMENT y "2 ) Iy ¥ (L2 + 382)
OF 13 7
INERTIA Ip =¥ (242 + 382)
3 I, =¥ (24% + B2)
24
R \J2H2 + 582 Jouy 5 0.167\, OHE + 242
k, = 0.236 22+ B2 k, = 0.118 ,,L;ne + 382
ke = 0.167\‘ 242 + 382 k, = 0.204 JEAE v B2
RADIUS
OF
GYRATION

Adapted from Weight Handbook, Vol. 1, Society of Acronautical Weight Engincers, Inc.
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RIGHT RECTANGULAR PYRAMID

REGU

LAR TREANGULAR PRISM
Z

i
: , Wi s | 08
+h____ 3 B
rr’
VOLUME ABH Vg'haﬂ
= g
H H
CENTROID | _ Lo
: L r 2
=N g2, 3HC a1, =W (a2 2
Ig '2'6“3 +T) Ix =1y EE.(A + 2He)
T 2 - WAl
Ixy= (Be + 2H<) b
WEIGHT <0 12
MOMENT
| e
OF Iy =55 W+ £ He)
INERTIA
S TG
Iy = 55 ¢ )
I, = 55 (A% + 89
ky = 0,224\ B2 + .3_12‘53 ke = ky = 0,204 ‘/;\2 + 28°
Kyy = 0.224J B2 + 2HC k, = 0.289A
RADIUS
OF
GYRATION ky = 0.224 }L2 + én_.

7

ky, = 0.224\ A% + 28°

kg = 0.224 J A2 + B®

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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SoIDS i
CUBE RECTANGULAR PRISM
Z Z]‘ A
EripETith |
o | o P _(' |
| .'
B T
gy g BT ) e P
pf(_.,__,_l.__-__./ 2 2 ] __/
oo b — ¥ A—v"
A it ot ok e il
VOLUME A3 ABH
centrolp | x "y "7 "4 = i il =
z - Yy = z
1
Iy~ ¥ (82 + u2)
I, -Iyl-thzwjx? z 3 2
e
4 & IAE::_‘;_z (B = LH")
2
WEIGHT I, « GWA 2
MOMENT e k, nll’f:g (42 + F)
OF
INERTIA I =W (A2 + H2)
¥1i 3
Iz n E (A2 ¥ 52)
12
I,.=W (&2 + B9)
] .3.
ky = ky = k, = 0.408A Ky = 0.289 B + IF
% . 5 kyy, = 0.577 B2 + H°
- =k, = 0.816A
1 y z
b L ky, = 0.289 B2+ LE
RADIUS kyo = 0.646A ky, = 0.289 FEP: 2
OF
GYRATION ky, = 0.577 22 i
k, = 0,289 Jﬁ@ + B2
kz; = 0.577 A2 . 82

Adapted from Weight Handbook, Vol. 1, Society of Aercnautical Weight Engineers, Inc.
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THIN SHELLS

A thin shell can be developed by the subtraction of a smaller inner
solid from a larger outer solid of similar shape, by the summation of
elemental rings by integration, or by revolving an arc or a segment of
an arc about a desired coordinate axis,

SUMMARY OF EQUATIONS

Surface Area Generated by Revolving Arc

If A{a,c) and B{(b,d) are two points on a curve F{x,y) = 0. The area
of the surface generated by revolving the arc AB about the x-axis is given
by

S = ZWLuayds = ZﬁLfy\/l + {(dy/dx)%dx

or
d
2EL yv/l + (dy/dx)zdy
When revolved about the y-axis, the arc AB generates a surface area
b z
S = 2nf, . xds = 2nf /1 + (dy/dx)%dx
or

27:fcdx,/1 + (dx/dy)%dy

If A, given by u = uy, and B, given by u = u;, are two points on a
curve that is defined by the parametric equations x = f(u), y = g(u),
the surface area generated by revolving the arc AB about the x-axis is

S = 2nf,  yds = erfuulzy\/(dx/du)z + (dy/du)?du

and the area generated about the y-axis bounded by AB is
= pla uz Z p)
S = 2ﬁLu3xds = ZWLH xv/(dx/du) + {dy/du)“du

Centroid of a Surface of Revolution

The centroid of a surface of revolution generated by the arc of a
curve y = f{x) extending from A(a,c) to B{(b,d) is defined by

b
SR = 2 d
% ﬂLixy s
where ds is an element of arc as described in the above equations as

ds = /1 + (dy/dx)%dx

when taken about the x-axis, and

= b
Sy = 2ﬂfa xyds

when taken about the y-axis,

27
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SURFACE AREA AND CENTROIDAL DISTANCE

From the diagram above, the variable radius y is

(x = L)% + G+ )2 = R

y+b=,R - (x +1)°

VB - (x + L)% - b
[(R® = 1}) - 21,x ~ x2]1/2 =1

y

¥

--——1—-1

The surface area developed is

S = f2ﬂyds where ds = \/1 + (dy/dx)*dx

dy (1) -2x - 2L, x + L

ax \z/ [R? - 1§) - 21,x - x2]1/2 (R? - L} - 2L;x - x2)1/?
dy\?® (x + Ly)? Regs¢

W wpnf=== = +1 =
dx R - L% - 2L;x - x? R? - L} - 2L;x - x?

. o Ax
28 ds d(fe’-—é,z- 24#-)(2')'?-
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R? 1

L
s = 2nf {[(R? - 13) - 21yx - x2]1/2 - 1} dx
< R? - 1§ - 2L,x - x2
b
e 2wgﬁf[1 - dx
(R? - 1} - 2L;x - x%)i/2
[ x+L1L
= 27RJx ~ b sin™! ——
R 0
L+ L L
= 27R|L - b |sin™! —— — gin™! — {ans.)
R R

The centroid of the shell can be determined by applying the basic
mathematical statement

L
8x ZmL Xyds where ds = N/l + (dy/dx)?%dx

Then

L
ZﬂJBxy\/l + (dy/dx)?dx
and substituting y = [(RZ - L§) - 2L;x - xZ]I/Z - b,

sx

R

dx
2Ly x - x2]1/2

Sx 2wLLx{[(RZ - L§) - 2L;x - x?]1/2 -

b}l[mz - 1)) -

fL xb
27R b dx
i [(Rz = Tf) s 2% = xz]‘/7

xz x + Ll &
2rR|— + b{[(R%- L}) - 2L;x - x?]/2 + 1) sinTP—u
2 R i

iy L+ L
2rr[l— + b{[(R? - 13) - 2L,L - 1?]V/2 ¢ L, sin'e— o
2

R
L

- lb[(nz = £y 2 4 1y sin_l—-]}]
R

L? L + L, By
2aR{|— + b%? + bL; sin"'———| -b|(b + r) + L, sin~!—

2 R R
12 L + L L,
= 27R|— - br + bL; |sin”™! — - sin”! —
2 R R

ZWR((LZ/Z) - br + bL; { sin"! [(L + Ll)/R] - sin™! (Ll/aia

i:
ZwR(L - b {stn! [(L + L))/R] - sin”? (L,/R)})
(L?2/2) - br + vL{ sin! [(L + L;)/R] - sin™! (1;/R)}

{ans.)

L - b{ sin! [ + L)/R] - sin”? (@, /R)}
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Applying this result to a thin-shelled hemisphere, it can be seen
that all terms containing b reduce to zZero, which leaves

X = 1/2, but L = R for the hemisphere;
therefore,
X = R/2 (ans.)

An alternative method for determining the location of the centroid
of a thin-shelled ogive is to perform volume subtractions: that is, to
calculate the volume of the ogive that corresponds to the exterior di-
mensions desired and then to subtract a volume of the proportions that
will ultimately leave the desired wall thickness, Combining the cen-
troidal distances of the two volumes with their respective values of
volume, the basic equation becomes

Zvx (Vi)o - (VX)1
X = =
v Vo - Vg
where (Vi)o and (V}’c)I are the statical moments of the outer and inner

volumes, respectively, with V. and Vi representing the outer and inner
volumes.
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LATERAL SURFACE OF
A CIRCULAR CONE

CONSIDER I, A5 THE SUM OF TWO
MOMENTS OF INERTIA

CIRCLE OF RADIUS R
TRIANGIE OF ALTITULDE H

WT. OF CIRCLE AND TRIANGLE
ZQUALS WT. OF SURFACE

LATERAL SURFACE OF
FRUSTUM OF
CIRCULAR CONE

CONSIDER Iy, AS THE SUM OF TWO
MOMENTS OF INERTIA

CIRCLE OF RADIUS R
TRIANGLE OF ALTITUDE H

WT. OF CIRCLE AND TRIANGLE
EQUALS WT. OF SURFACE

SURFACE
AREA TR Rg"‘ﬂe T(R + r) {Hz‘*(ﬂ-l‘)a
CENTROID | 7 - H o e i) tEr + R}
3 3 r « R _
Ix=Iy=;}(R2 43_32) 1x=1y.gm2‘r2)+¥%}gi{1 ‘2Rx;r }
WEIGHT y
MOMENT 1, = WR® o R oD
OF - 2 Iz =~ (R + rc)
INERTIA
- = 2
Ixy = Iy = o (325 o 2r?)
SRR s i 21 i, R iy e
BN A ST e en iy =T ¥y *W)E
RADIUS
OF
GYRATION | kx, = ky = 0.289 3RS + 25° ky, = 0,707 V 82 s pB
1

k, = 0.707 R

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engincers, Inc.
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IATERAL CYLINDRICAL SHELL TOTAL CYLINDRICAL SHELL
Z.
*“T o
| |H
o S| LN U - M) T,
R any
— e Lx LTl g
S = 1 \/ = 1
T g Y
1
SURFACE
e 2 mRH 27 R(R + H)
s = H - — E
CENTROID SR &OF g
2 w
Ix = Iy = g (Re % g—-) Lg-n' ly = T2(R+HY [BRE(R-*EH)*HQ(}RtH)]
I, = WRZ
A E = w 7, 2 2 = w 2
:fLIGHT Ty -2 0y * g (3RS # 21°) I"fIYl TR [3R (R-tEH)+2H2(3R+2H)]
1OMENT
OF
INERTIA
1, =W/ [R «2u
2 R+H
. 2 , HC v _ o oxolf 3RE(R+2H) +HC  3R+H
ke = ky = 0.707 § RS « & ky = ky = 0,289 et )
2 7
RADIUS ky =k, = o.«msq}RE + 20 | k. = k. =0.289|/3R (R+2H) +2H2( 3R+2H)
OF il y *1 Yy R + H
GYRATION
kz = R ky = 0.707 Ry 22 2H
= R + H

Adapted from Weight Handbook, Vol. 1, Society of Acronautical Weight Engineers, Inc,
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SPRERICAL SHELL HEMISPHERI%AL SHELL
Z
3,6
SURFACE
AREA L R? 2 TR2
b s R
CENTROID X=§=2=0 £ S5
2 2
= - - “ - - 5 2
Ix Iy i, b L Ix = Iy -1-§WR
WE IGHT g
MOMENT Lo odifen & ¢ WR
pr 1 Y1 b1
INERTIA
ot T & e L ETE R s o BuBEE- B
RADTUS o A L
OF
GYRATION
Ky = yy = Ky, = 0,816 R

Adapted from Weight Handbook, Vol. 1, Socicty of Aeronauntical Weight Engineers, Inc.
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THIN RODS

A thin rod, or wire, is so desighated when the length, L, is greater
than 30 times the diameter, d. Lengths of curved arcs will be designated
by 5 as noted,

SUMMARY OF EQUATIONS
Length of Arc

The length of arc of the curve F(x,y) = 0 limited by two selected
points A(a,c) and B(b,d) is given by

& = Lugds = wa/l + (dy/dx)%dx or ng/l + (dx/dy)?dy

Example. For the length of arc of the curve y = x3/% from x = 0
to x = 5§,

dy 3 dy\2 9
. Vs e
= -X and i+ =1 + =%
dx 2 dx 4
then
5

2 dy |2 : 9 8 g \3/2 335

s = fa 1 +—1ax = L 1 +-xdx = —|[1 + =x = — (ans.)
dx 4 47 4 s v

If A, given by u = u;, and B, given by u = u, are points on a curve
defined by the parametric equations x = f€u), y = g{u), the length of arc
AB is given by

e fABdS e ft:llz‘/(dx/d“)z + (dy/du)?du

Example., For the length of arc of the curve x = t?, y = t* from
tea O tG t =4,

dx dy
— = 2t, — = 3t?
dt dt
and
dx \? dy\2 9
— | +|—] =4t% + 9t* = at?|1 4+ —t2
dt dt 4
then
4
P 9 8 g \3/2 8 s
s = fo V1 4+ —t?(2tdt) = —|1 + —t2 = —(37,/37 - 1) (ans,)
4 27 4 8 38
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Centroid of an Arc

The centroidal coordinates (X,¥) of an arc of a plane curve of
equation F(x,y) = 0 or x = f(u), v = g(u) can be determined by the
relationships

Xs = ifds = [xds and ¥s = yfds = [yds

where the limits of integration are determined from the extent of the
desired integration.

Example. For the centrold of the first quadrant arc of the circle

xz +y2 = 25,
dy x dy\? % | B
—_ = —- and 1 +|—| =1 +—=—
dx ¥y dx y& @i

since s = R# on/2

= [2y4/1 + (dy/dx)?dx = [P5ax = 25

9]
v |
<l

and § = 10/7 by symmetry, X = y, and the coordinates of the centroid are

10 10
—,— | (ans.}
T

Moments of Inertia of an Arc

The moments of inertia of an arc, referred to the coordinate axes,
are given by

G = Lfyzds and T fozds

Example. For the moment of inertia of the arc of a circle with
respect to a fixed diameter,

dy X e W
—_— = N/l + (dy/dx)2 = RSy, s = 27R
dx v
The total moment of inertia is four times that of the first quadrant
arc.
R B R 55 Rs

= 2 -~ 2 i 2= w2 = S e ae TP

Iy = 4f, y®ds = 4] y*-dx = 4R["\/R* - x* dx = 7R = : (ans.)
i

It should be noted that the value obtained contains only linear
dimensions; therefore, to obtain the moment of inertia, I,, in terms of
mass, m = ps, the transformation should be made as s = 2xR. Then

I, = pnR’ and p = n/27R
which results in

I, = mR%/2 (ans.)
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THIN RODS

Centroid of an Aresn

The theorem of Pappus for the determination of the centroid of =an
area produced by the revolution of gn arc is as follows.

If an arc of a curve is revolved about an axis in its plane and not
crossing the arc, the area of the surface generated is equal to the
product of the length of arc and the length of the path described by the
centroid of the gzrc.

Example, For the centroid of the first quadrant arc of a circle of
radius R,

s = 2rR® = (1/27R)(27%)
by symmetry, x = y, and the centroid has coordinates (2R/7m,2R/7).

It follows that' the appropriamte surface area can be found from the
same theorem if the centroidal distance is known.

Moment of Inertia of a Thin Rod

The moment of inertia of a long, slender rod can be calculated from
the relationships

L, L,
Iy=f0xdm or Ix=f0ydm
depending on the choice of axes.
Example. For the moment of inertia of a thin homogeneous rod ahout
an end,
= (L2 L 2 3
I, = L)x dm = QL %tk = pl 23

where dm = pdx

Recalling that p m/L,

1, = (n/L)(L*/3) = mL®/3 (ans.)
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SZGMENT OF A CIRCULAR ROD

Y
1 Y
« in radians
P
Pl
._F\_..i ..T X
\'\
R ¥
\1
{ A
x -
LENGTH 2R a
— . RSIN @ s :
CENTROID - B e v R SIN &

I, = WR® t_l_ SIN o cos o

N

Iyy= WR2 [t% SIN o cos a} & 18 a]
3
e

WE IGHT
NT
Mog:? o[f1 . SIN a cos o SIN2
Iy = WR §'
INERTIA
g Qo ST cos o
Iy~ WR t’é
2
6
.o {1 _SIK acos a
ey & RJE"' 2
1l SIN a C0S o
B ® Rs o SR 00T b
‘ RADIUS *3. J2 2«
OF
GyraTION | |1  sIN@cOoS o _ SIN o
y © § 2o a2
1 . SIN @ COS @
= — W e
Kyy RJE 2 o
SING o
g = e SEE

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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THIN RODS N
CIRCULAR ROD SEMICIRCULAR ROD
—X
LENGTH 21TR TR
CENTROID it = e - =
ek - R =R ” 0.6366R
WRE 2
Ix = IY = T‘ Ix I 0.0947 WR
WEIGHT T = 2
e I, = WR 1 Ixy = 0.5 WR
OF = & SR 2
INERTIA Iag ™ Iyy g Ligp e S iR
= 2
4 w2 Iyl 1.5 WR
Ip =0.5947 WRZ
2
Ipl = 2 WR
kx = ky = 0,707 R kx = (0.308 R
ky, = Ky, = 1.225 R ky, = 0.707 R
RADIUS
OF k. &R k.. = 0.707 B
GYRATION P ¥
e [~
kyl = A F2ER
k, =0.771 R
kpl =1.414 R

Adapted from Weight Handbook, Vel. 1, Society of Aeronautical Weight Engineers, Inc,
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ELLIPTIC ROD PARABOLIC ROD
Y v .4
L5
X P ——
=B
X, rrrrrrn |
A —
T (More[Acc rate > 2 .2
LENGTH - S lz| 2. @ B 24+ Y L1A“+B
gy R
CENTROID| X = A ¥ =B g 0 (MM*:B) '18'67 7 = B
3 i W82(55Ah+ 104282 - B4 oo W2 \/M2+ Ba) 3. md
x 7 2 (LSA+ + 224282 - 3Bl - Sl L 2
2 2 ;N3 w2 >
VELGHT | 1 < WA2(354e 3U4282 - 5l In= 2% ( (h-‘*___l+ B .g_) WB
INERTIA = W (l;;L«eB s -l
R T A 6 o,
Toa ki WJ(}-&AE‘FBE)} - L1
Ip = 1, + Iy
1
i ol
kx N ~ g
1
k, =]y g i
RADIUS YoIw
OF - Ky = 1y
GYRATION | k, = 'ﬁa e
k = Iyl
¥y ey
N w
kp =(Ip
W
NOTE A= B

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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THIN RODS —
U-ROD REC TANGULAR ROD
4 ) Y
e o x
:_'HJH]—I—H—H ' RERR AR
Ly it P : X e o P 1 =R
1] y T ¥ i
”;{HH—H—H—l—H—I— TR R L
] il
—-I N Lo |
Ly
LENGTH Ly + 21_.2 2(1_,1 + Lo)
= L2° = g . LB .
CENTROID Eg et - i o s - 2L
* T iTvEs AP 2 TE ¥=3
. o7 g 2
T, % M—L@ﬂ I = WL (L1+3L2)
12(Ly + 2Lp) * T12(Ly o)
- 3
WEIGHT 1, = Mo’ (3l + Lp) 1., = WLo%(3L]+L2)
3 (L1+2Lo)° Y
MOMENT 1*<l2 12(Ly +Lo)
OF
INERTIA
k, = 0.289L,; .1;_1:6[‘2 k, = 0.2891, |L1*3l2
Ly +2L2 Ly o
Ko 0.577L2 'L2(2L1+L2) 3Ly +Lo
i L1+a_‘2 k)’ = 0.289L,
RADIUS Ly + Lo
OF T T
ON 2 b Kny = —iB
GYRATI kp - B -
Lo @ L2 L2 Lo

Adapted from Weight Handbook, Vol. I, Society of Aeronautical Weight Engineers, Inc.

40



http://www.abbottaerospace.com/technical-library

THIS DOCUMENT PROVIDED BY THE A

TECHNICAL .LIBRARY

ABBOTTAEROSPACE.COM

NAVWEPS REPORT 7827

V-ROD L-ROD
Yl X Y L = Y
//
- 1
L L, [
L~
\/ % l:, D X
- Ly—
~ X
1
LENGTH 21, i e
2 2
i B
CENTROID| = _ L ut - 2 E 5 i\
X =5 SIN @ Yy =L COS e iy % & ety
2
WL e
I, = —~ C05" @
x "3 Lo W L (1yelLp)
% 2
Ixy= ,-;-WLE 005€ a 12 (L) +L2)°
WEIGHT ) o
MOMENT Iy - %_ SIN « 3
OF 5 o T. = ¥_ g4 (Ll 2]
INERTIA | Iy, = TLS SIN @ y -
1 73 12 (L1+L2)
Iy I, # T
p > SRl s
Tgit® Te vy
Ky = 0,577 L COS & K, = 0:-289Ly \/L T
1 L+l
ky = 1.15 L COS o Ly+L2
0.289 Lo
k, = 0.289 L SIN & Ry w2200 20
RADIUS y y T ,’ La(bL) +12)
OF
.. & 0877
GYRATION | Y1 STF RGN ;
e
k, = 0.289 L \/h c0s2 @ + SINC S
kp, = 0.577 LJh cos2 & + SIN® @
NEBES | st M b s s R SR B A W +Wo=Wy 111 =w
La

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engincers,

Inc,
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THIN RODS AEEDTTAERiF‘AfE-.Efi
STRAIGHT ROD INCLINED ROD NOT THROUGH C G AXIS
v h
it Y
- \ L
X — - 2
LWL “QTkx = L o
™~ g Rol
X > PRSTEAR .is TR ~ kY }{’n r X
1
T 3
LENGTH L L, + Lo
CENTROID | % = &
2 2
1. = NEGLIGIBLE y -‘é’-sm2 @ (L% L] Lg + Lp%)
X
2
W2 Iy = ¥ cos? @ (11°- L1 L2 + L2°)
Iy - Ip B —— 3
12
WEIGHT WLE Ip ® Lo + Iy
MOMENT L5y ™ By = S
5 WLES TN NOTE:  ASSUME: WT, OF L) = W)
INERTTIA Io = =&
12 WT. OF Lo = Wp
W2 1N @
o - 3 THEN:  Wp= Ili-wa W= Wy W
L
W o+ w2=w2(l-é + 1)
2 2
k, = NEGLIGIBLE . = 0.577 8IN o JLl <L La+Lp
ky = 0,289L >
RADIUS Ky, = 0.577L >
OF i 5 = 0.577\/ la -1 LaHe®
GYRATION | k, = 0.289L SIN @
kp = 0.577L SIN @

Adapted from Weight Handbook, Vol. 1, Seciety of Acronautical Weight Engincers, Inc.
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PLANE AREAS

SUMMARY OF PLANE AREA PROPERTIES

Centroid by Integration
fydA fdi

?:—-— xX =

A A

Centroid by Area Moment Summation

Bg¥) H#¥z ¥ 2 o v & Anyy
¥ =
ag +a; + ¢« - + ap
ayx; + ax; + - - - + apxy
% =

aj + 22 ohg® e an

Moments of Inertia

I, = [y5dA
I, = [x*dA
I, =Jz = [ridA = I, + I,

Transfer of Axes

T 2
I, = I, + Adx
e F]
I, = Iy + Ady
Jz = Jz + Ad? = Iy + Iy
="k o @t

Radius of Gyration

k = /I/A

CENTROID OF AN AREA

The centroid of an area is represented by a point whose distance
from any axis times the total area is equal to the first moment of the area
with respect to that axis.

The first moment of an area, often referred to as the statical moment,
is the zalgebraic sum of the moments of the differential parts of the area,
with the product of the differential area and the perpendicular distance
from the differential area to the axis in question representing the moment
of each segment.
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PLANE AREAS

Letting @ represent the first moment of the
ematical expressions define the moment of area A

Qx = [ydaA, Qy = [xdA
and, for the centroid,
Ay = [yaa, AX = [xdA
or
[yaa [xdA
¥ =—, X =
A A

Examples.

area,

TRIANGLE
¥y
e 4
dA i
WANNWAY - dy
. T
]
4
y
X ;
A = bh/2
Ay = [yda
dA = xdy
Ay = fxydy
From similar triangles,
x b b{h - y)
g = or X = —
h -y h h

44
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Parabola: y =4 - x

e bh?
Ai:-—fo (h. sy y)ydy:—

h 6
. 'Bn*7@h 'h
y = = — {ans.)

bh/2 3

CIRCULAR SECTOR
Ai = fdi
x =p cos §
dA = pd@dp
s 2r® sin @

Ax = fo f_ap cos fpdpdd = =

(2/3)r? sin o (2/3)r® sin @ 2r sin @

"L " =

A r’a 3o

HALF PARABOLA

dA = ydx

(ans.)
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PLANE AREAS

3 " 16
i = p— - e .
A-J’nydx_fu[rt x“)dx =
3
2 .
|y ¥ 1 128 g
Q = [ydA = [|=|(y)dx = [ —dx = — [P (4 - x?)%dx = —
x = Jyda = J, yldx = J, —dx = — | - o i
2 2 2 15
Qy = [xdA = foydx = Lf(dx - x3)dx = 4
. By a 3 Q, 128/15 8
X & = = —= = =, ?:-—-—-:————='—- (ans.)
A 16/3 4 A 16/3 5)

Note. When summing the elemental sirips about the x-axis as shown
in the diagram, the moment arm is equal to y/2, If the summation is made
with respect to the y-axis, the moment arm is equal to x (not x/2).

CENTROID OF A COMPOSITE AREA

Composite areas have centroids, the coordinates of which may be de-
termined by applying the basic definition to the total area as follows:

Ay = Zay and AX = Zax
or
Zay Zax
y = — and X = —
A A

where x and y are the perpendicular distances from their respective axes
to the areas in question, a is the area of each individual part, and A
is the total area of the composite body.

Example.
y
/02
N ot — |
1 | T
9, Y2
Y JA///
gre=—1 Chtamn
| Y %
1
} 6 !
ajy: + azy: (6)(/2) + (6)(1) () p
e = =.2.258 ins=, Wans;,)
A 6 + 6

x = 0, by symmetry.
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MOMENT OF INERTIA OF A COMPOSITE AREA

y
1] )
0, |—o | fea—
—] b fe— @
+ 4 (:) i
X —— x ]
¥:0.25 * i | pres Dt
’ ; (f) il R 22
} ' ’
01— ju— ' 0.1 =] |t
S .25 £e=)

[€1.25)€0.1)] (0.05) + (0.1)(0.9)(0.55) + (2)(0.1)(0.2)(0.2)

(1.25)(0.1) + (0.1)(0.9) + (2)(0.1)(0.2)

0.06375
= ———— = 0,25 in. (ans.)
0.255

An alternative method for obtaining the moment of inertia of a com-
posite area and the centroidal distance, d, as in the diagram above, is
given in Table 1.

TABLE 1. CoMPUTATION TABLE FOR THE MOMENT OF
INERTIA AND CENTROIDAL DISTANCE OF A
COMPOSITE AREA

1 ']
Moment, | I~
9 2 2 3 3 X
p Area, b, hi, h , ._.—b(hl ! ). ! hl:; b 3 b/3(h'}—h3).
art inz ine The in2 2 | in 1n Y
{n3 ]L in
1 0.125 1.25 0,01 0 0,006 0.001 0 0.00003
2 0.09 0.1 1.0 0.01 0.049 1.000 0.001 0.03333
3 0.02 0.1 0.09 0.01 0,004 0.027 0.001 0.,00087
4 0.02 0.1 0.09 0.01 0.004 0,027 I 0.001 0.00087
A =0.255 M = 0,06375 1,” =0.035

The centroidal distance may be found by either method. By definition,

M 0.06375
d=e=———=0,25=¥
A 0.255
P I
I, & 4. = M

0.035 - 0.255(0.25)2
0.0191 in* (ans.)
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MOMENTS OF INERTIA OF A PLANE ARFA

The moment of inertia of a plane area, mass, or volume is some-
times referred to as the second moment, since the first moment, Q, is
multiplied by the differential area moment arm,

¥ dA

&S

ot~

Iy = [y?d&
I, = fx®aA
where the elements are integrated over the entire body.
The moment of inertia of the body about the z-axis is
Ty = O = [#*ah
2

and, since r?® = x*® +y?, J, = I, + I, where J, is known as the polar
moment of inertia of the body.

Example.

o
: E i
3 : i -

The moment of inertia of the parabola y = 9 - x° about the y-axis
is calculated as follows

dA = ydx
x2=9-y
po= W~ pf
2
= A
Iy fx d

2[3 (x*)(9 - x¥)ax

EL:(QXZ - x*)dx

x313 324
2|3x + — = (ans.)
5 o 5

[l
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TRANSFER OF AXES ON A PLANE AREA

y Yo

[—— dx Xo dA

A Nt T
o
G
Yo+ dy
d dy

! ’

dl, = (yo + dx)?dA
I, = [(y¢ + 2yodx + dx®)dA
= [yfdA + 2dx[y,dA + dx®[dA

Since the second term in the equation above is zero, the resulting
integrations leave

=T 2
I, = Iy + Adx
and similarly,
= 2
Iy = Iy + Ady

The sum of these two equations {(from Jz = I, + Iy) gives
JZ = EZ + Ad®
which is the polar moment of inertia of the body when transferred through
the distance d,
RADIUS OF GYRATION

By definition, k = I/A. Substituting into the moment of inertia
equations yields

k2 = k¥ + d?

where k is the radius of gyration about a centroidal axis parallel to the
axis about which k applies, the axes being separated by d.
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PLANE AREAS
SQUARE Y HOL%,OW SQUARE
! i x - .
ot \ i
AT = N i -
! s )/ f \\ s
P | B — . - o . ST N X
S PR S TRA R
2 ' L/ 3 _
¥ /] ;
{ rd X _i \'\\‘ P xl
pl N |_____S g el 1 N L-ﬂ--s —-[
P 5 |
AREA g2 82 - 126
CENPROID | R a5 =S &8 = 07078 e s ef oS olnns
2 V2 2 VB i
i Ix = Iy 122
WEIGHT = . s w(lLs? . 52) i
MOMENT Ix]_ Iyl 3 I = Iyl - 1o = Tt 1= ws2
o 2 Fia =B
- - S - « H(SS = s%)
INERTIA Ip A Iy z Lg% T o Iy >
owg e (Ls2 + 2)
I = I + I it = W Ll.s + B =
T =g = Lyt S 53 IN=1Ix =1y = 125
AREA P _ gt L - 1, oA48%- 3s%a2 - gt ’
MOMENT . I W = R Ml 12
OF
sd gd - g4
284 as? - 38252 - 4
kN = kx = ky = 0.2895 ky = kx = ky = 0,289 V2 4 52
1
ky, = ky = 0,5778 o X1 1 5 5
1 Y1 ke, = e A Va(a s2 + s2)
GYRATION By = Ngg—E g @ E v
kpl = 0.8168
kp = 0,408 Vs2 3 g2
Ipy :
kp, = Jsz——3 == V6(4 §2 + 52
P1 8 - s 6

Adapted from Weight Handbook, Vol. 1, Society of Aeronantical Weight Engineers, Inc.
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REC TANGLE N
Ty WA
—{x ]—— A
By
I S B
/'J 4
H cpad - X
& A7
| V
/
E- | - X
p I 1
4 2l
N B
AREA BH
= ___g e Bsing ;— Hcoso
CENTROID
; < 1 o BH
2 N
VE mLe. “52 {% ( 2 2)
WEIGHT I - 'I » I - H + B
MOMENT % 1225' iz 2P
OF _ T ¥ 2o Wi
INERTIA Ty S . Ipy ? pp 5 (B + 89
. B> . _ EHB> . B 3.3
5 e dp e Uy FRGEREY Y Boaradt s
AREA G(Bz + H2)
MOMENT
3 3 o PR D a2
OF 1 .BH-I = HB i1 "B H2+82 =BH(Bsina+Hcosa)
INERTIA x1 N - Bl R ( ) g 12
8 go, JEBeEE. e
RADIUS kx=0.289H ky=0.2 9B kp=0.2 9 N \m‘)‘
OF
GYRATION | 1, =0.577H Ky, =0.577B k =0.577“HE+}32 B%sin%e + Hicos?a
5 E P1 ey 12

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Enginecrs, Inc.
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HOLLOW RECTANGLE
iz |
NN

’/AM

HES

i
%

=

AREA BH =~ bh
= - A - _H
CENTROID | ¥ = o R
I, = w B.H3_'_hh3_] T W E{_ﬁ_:__]ib}_}
WEIGHT x " IZ|BH - bh Y " T2|BH ~ bh
MOI(;[E‘NT b & gl e E ; “Eg
x x 0 L2
INERTIA 1 SO
Ty Pilg Ry Ip, * In * Iy,
2 a B m? g _HB3 - hb3
% g - Ry 12
AREA
MOMENT
&F I~ BE - Bh(3HZ + ) L, =1, +(8% ~bh)B>
INERTIA 12
s I
Ip Ix + Iy Ip1 - le + 1
3 . bnd 3-nb3
Ky = SO [T kp= |1
RADIUS 3 J12(BH-bh) Y| T2(BH-PR) ° \[EH = bR
OF
ol T i A
GYRATION kxl—JB;;l_ & ky, = Iyy ‘.kpl Ipl
2 BH - Bh BH - bh

Adapted from Weight Handbook, Vel. 1, Society of Aeronautical Weight Engineers, Ine.
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ANGLE

p——— B ————po]

'

T T =

el o | Jie
/] —4
P
" »
-~ e 3 ———{fi
fetlf—— —— T

21

xy
Tan 20 = Iyy is negative when the heel
Iy = Ix of the angle, with respect to
Iyy = product of inertia about x-x and y-y the center of gravity, is in
the first or third quadrant;
_(thHt) positive when it is in the
Iny =+ 7 second or fourth quadrant
4(B + h)
AREA t(B + h)
BZ + ht H? + bt
CENTROID R L - AN
2(B + h) 2(B + h)
m[t(H - ¥)® + By’ - b(¥ - t)?]
Iy = —
3t t(H + B — t) ]
WE IGHT m[t(B - %) + HX® - K(X - t)?]
MOMENT Ly mt=
OF 3L t(H + B - t)
INERTIA m(I sin® @ + I, cos® § + I sin 20)
IN =
t(H + B - t)
2 2 ;
m(I, cos® § + Iy sin® 0 - Ixy sin 28)
fy- &
t(H + B - t)
Iy = 1/3[t(H - §)? + B§® - b(y - t)?
AREA 5 [ > y i ]
MOMENT Iy = 1/3[t(B - ©)° + BE® - h(x - t)7]
OF 22 2
Iy = I, sin® 8 + I, cos® 6 + 1 sin 2§
INERTIA " TE , el xy
Iy = I, cos o + Iy sin® @ - Ixy sin 2§
RADIUS
OF k= ./1/A
GYRATION
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UNEQUAL RECTANGLES

y
B
i ] sy ot
| O e -] *
| I"
} i i :
' (|
. _!‘ + . H h - - x
! . I,
Y Y CI
I ' h e ‘ 4
L‘&—B—ﬁ-— * i b — o]
AREA B(H - h) Bt + bt, ey =H-c
(1/2)Bt? + bty [H - (1/2)]
CENTROID | 5 _ y o G a
Bt + btl
m(H® ~ h3) m(Bt* + 12Bty? + bt] + 12bt;y})
I, = —————— I, =
WEIGHT 12(H - h) 12(Bt + bt;)
MOMENT mB2 m(tB> 4+ t;b?)
OF I = — i =
INERTIA 4 A
12 12(Bt + bt,)
B(H® - h¥) Bt? bt}
D D I, =— + Bty? + — + bt yf
AREA 12 12 12
MOMENT B¥(H —~ hj tB® + t;b3
OF =
I, = ———— Iy = ——
INERTIA - 12 12
H® = 13 Bt® + 12Bty? + bt] 4 12bt,yf
ky =  [———— k, =
RADIUS 12B(H - h) 12(B t + bt,)
OF
3
GYRATION B°(H - h) i
Ity W = 0L 00 ky = \/
12B(H - h) 12(Bt + bt,)

o4
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H-SECTICN

.

ol et

= = ——
o
—] e T —{

B
AREA BH - h(B ~ b)
CENTROID y = H/2 x =0
m[BH3 = hSE - bﬂ
WEIGHT Be=
MOMENT 12[BH - h(B - bﬂ
OF m(hb?® + 2sB3)
INERTIA F e
y
12[BH - h(B - bﬂ
BH?® - h3(B - b)
AREA Iy =
MOMENT 12
OF hb? + 2sB3
INERTIA 0 e
b=
12
BH® ~ h3(B - b)
RADIUS k, =
OF 12[BH - h(B - b))
GYRATION hB? 1 2sB°
k., =
y
12[BH - h(B - b))
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Z-SECTION

>
=

CROSSED RECTANGLES

'¥"

AREA t(H + 2b) Hb + h(B - b)
CENTROID | y = H/2 T =0 ¥ = H/2 X = B/2
(Ht — t2)(B? - Bt) m[bH3 + h(B - bﬂ
tan 20 = T, =
B = A ]
WEIGHT x "y 12[Hb + h(B - b)
MOMENT n[BH® - bGI - 26)?] m[hB> + b3 (H - b)]
OoF Ix = Iy =
INERTIA 12 [t(H + 2b)] 12[Hb + h(B - b)]
m[H(B + 5)3 ~ 2b%h - GbBZh]
I, =
12t(H + 2b)
BH? - b(H - 2t)° bH® + h3(B - b)
Ix =) Ix =
]
AREA b ¥
MOMENT H(B + b)? — 2b3%h — 6BZbh hB® + b3 (H - h)
INERTIA 12 12
Iy = Iy sin® 6 + Iy cos® 6 + Iy, sin 2§
Iy = Iy cos® § + I, sin® 9 - I, sin 20
ky = /Ix/A bH> + n*(B ~ b)
— — k b
RADIUS ky = /I, /A x
H %% vy 12[Hb + n(B - b))
OF
GYRATION =-il?)

\//hB3 + b3(H
It =

y

12[Hb + h(B

b)]
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CHANNEL OR U-SECTION

i
—

|}
el b — -
- 5 —— ]
AREA BH — h(B - t) = A
H 2B%s + ht?
CENTROID ¢ =- X =B -
2 2BH — 2h(B ~ t)
m[BH3 = LR = t)]
WEIGHT Ix =
MOMENT 12[BH - h(B - t)]
OF 3 3 = e
INERTIA s f 2s8B” + ht 3A(B - Xx)
4 3 BH — h(B — t)
BH? - h3(B - t)
AREA I, =
MOMENT 12
OF 2sB? + ht?
y=—
3
BH? - h3(B - t)
RADIUS ky =
or 12[BH - n(B - )]
GYRATION
2sB? + ht? - 3A(B - %)?
k., =
4
3[BH = hi(B - t)]
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T-SECTION

r-w—a

!

L ] N T
(i ——
il 8 ; H
—et Ly
AREA Bs + ht
Hét + s¢(B - t)
CENTROID e
2(Bs + ht)
ultyd + BIE = §)2 = 1B = )00 -5 = a)°
WEIGHT I, =-—
MOMENT 3 Bs + ht
COF m sB3 + ht?
INERTIA iy
¥ 12! Bs + ht
ty> + B(H - 5)3 - (B- t)(H - F - 8)°
AREA s
MOMENT 3
e sB® + ht3
INERTIA S
¥ 1.2
Ky = /1,./A
RADIUS
oF ky = w/IY/A
GYRATION
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MODIFIED T-SECTION

e

| ?
* ——TI * H
=T
-—||<—1
h(T + t)
AREA Bl g
2
[3Bs? + 3nt(H + ) + h(T + t)(h + 35)]
CENTROID 5o H-
6A
n{ [4Bs® + h¥(3t + T)] - 12A(H - § - 5)?)
WEIGHT I, =
MOMENT 6[2Bs + n(T + t)]
OF
INERTIA
4Bs? + ¥ (3t + T)
AREA I, = - A(H - § -s)?
MOMENT
OF
INERTIA
RADIUS ke = /Ix/A
OF
GYRATION
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n = number of sides
180°
g8 = B & FuAR? ~wf
n
nB® cot § nR® sin 28
ARE = nr} tan @
4 2
CENTROID X=y=0
B
R = R = ——
WEIGHT 2 sin 0 2 tan 8
MOMENT SO )
OF
INERTIA Iy = lipe=—"————"x
24
m(12R? + B?)
48
AREA A{6R* - B%) A(12Rr} + B?)
MOMENT S 1 =
OF 24 48
INERTIA
6R? - B? 2 2
RADIUS L R ) 12R: + B
OF A o o =
GYRATION
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REGULAR HEXAGON REGULAR OCTAGON
Y Y
U 5 N
- ol
TN
1 / i 3 J/]
! X i X
B — 1 ~X% =+ R—- "1
AREA 0.866 H 2 2.828); 2
&= ,&B = i =N
CENTROID] T = T = & ¥ =5 X=7 =R
- 21 2 - - 2
I, = I, = 0.0694wH? = 0,0521WB I, = I, = 0.2256WR
I, = 0.3194wn2 = a3 2
i xy Iy = Iy, = 1.2256R
OF Ig,® 0.1389WHZ = 0.1042WB I, = 0.4512%R
INERTIA
- 0.4028WH2 = 0,3021wWB2
Ix = Iy = 0.0601x4 I,= I, = 0.6381R*
P I, = 0.2766R4 Ty, = Ly, % 3.1665R"
MOMENT
OF 1, /= 0.3488u% I, = 1.276184
INERTIA 1
I, = 0.1203x4
ky = ky = 0.2635H = 0.2282B e By = DeRraldh
RADIUS Ky = 0.5652H = ky = 1.1071R
s %) Ky 51
GYRATION k = k. = 672
y, = 0.6346H p = 0.672R
k, = 0.3727H

Adapted from Weight Handbook, Vol. 1, Seciety of Aeronautical Weight Engineers, Inc.
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ISOSCELES TRAPEZOID

i 4

OBLIQUE TRAPEZOID

fromee [} g

]
|
H : | Yo
/2 i .
[ | y
L 1 | | { a
‘I gk b—x q %
B
AREA H§A+B! H!A#B!
2 2
= _ — . H({A+2B x 18 on a line congjectin mid- nt
CENTROID| * E Ya = R ﬁﬁ)‘" 3r sides A& B, nﬂ A%BE _1) ?
Ix (1 +
2 A+B Ix - LYI—{-2-. 1 + EAB
Iy ® WHE(244C) op WH (3A+ B) 18 (A+8)°
WEIGHT A+C S(A+1B)
MOMENT | 1, = W_ (424p2) Iz WS /3p43
OF 21‘.7, (a2 1 6 A+B
I =
INERTIA oo )
Ip Ix + Iy
Ipp = Ix) + Iy
1 . B2(A2dia8+82) 5
E 36(A+B) I, = BZ(AS+4aB+B%)
Paq = HI(A+B) (2A+C) 36( A+B)
AREA IE(A? o 2
MOMENT Iy = H(A-#BﬁB(A +B<) le o ;| ‘B;%AZ
OF Iv. = B(A+B) (a2+782)
INERTIA | Y1 LE
Ip = Ix + Iy
I = Ix) + Iy
k, = H yf 2(B24i28+4°) =
BT A+B) ky = H \/2(:\ AR + BZ)
6(A+B)
RADIUS k, = f [2A*B
OF e 6(a+B)
GYRATION
A+B H A+B

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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PARALLELOGRAM RIGHT-ANGLED TRAPEZOID
Y Y
1 Y

- 'P - / Hr - I"—‘é\ - X
2 ;\ixl

PE = T
|

B — % P—a —B

AREA BH %(2A+B)

3 + B = B =~ _3A% 4 328 + B2 = +
PRGN X'AT" s o 3 (2 + B) Yy =3 (2pn+s8

i - YH2(642 + 628 + B2)

I, = =5 Ix

x 12 18(24 + B)2

I

w2 VHS(L4A + B
- I -
WEIGHT b TR . 'B'}

MOMENT | T, = }72 (42 + B2)

OF W IY = Iy; = Wix E
INERTIA | Iy, = £ (242 + 282 + 34B) : w[6A2(2A+3B) + B2(12A+5Bﬂ
y1 © 18(2A+B)
Ip-%(52+52+t{2) e ( |
x Ty
I « W(242 + 282 + 3an « 25°) Ip % 1
Pl 3 By ™ Ty % Do

3 « B3(632+64B+B°
Ix - B x -

1 & BH3 le= HBUJ-A*B!
AREA * E 2 2 te (; 2 2\n2
. BH(AZ + B u - H(3AS+3AB+B<)
MOMENT | Iy 12‘ T = gy 18(24+B)
OF
B 2 2 7
mertIA | Iyp = g (24%+28%434B) Iy - H6A%(24+3B) « 32(12»:13)]
1s = B (42 £ 8% 5 ) 1 35
Ip, = BH (2424282+3AB+212)
1 6 Ipy = Ix + Iy
= 0.289H _ 0.236H 2 2
ky kx = C5arn) V642 4+ 6aB + B
k, = 0.577H fia + B
RADIUS . leigy = 0:408H %A + B
A k, = 0.289 \}52 +B2 21
GYRATION ky, = 0.408 \}2A2+2132+3,ua ky = __L“"H (2A + B)
k, = 0.289 \fn2+132+1{2 o ﬁA2(2A+3B) + B2(12A+5B)
NN Y1 18 (2A4B)
K. = 0.408 \| 2AS+2B<+3AB+2HS
Py 21, = 2Ip
k= H (A + D) kpy = VA zaB )

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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OBTUSE-ANGLED THIANGLE RHOMBUS v
¥ = Y - .
—% —+ 1 5 1 X -
' Il K
B Rttt o
P e B e G} 1 3 -
AREA _?{33 BH
CENTROID §=B;2‘3 ;=§ = _ AsB lr. 1B
DG -8 o =2
Ix - ‘fﬁe IX - IWHQ
18 b A
le- WHQ le- wHe
WEIGHT 5 z:
MOMENT | Ixy= WHZ I, = Wi(A2+B2)
OF P2 g
INERTIA Iy = ffm (B2+Bc+02) Iy,® W(2A2+2B2+3AB)
5
Igy™ W(B2+3BC+3C2) 1, 1-_123
]
1, = W{HS+B2+BC+C2) Ipy= WB(34 + LB)
18
I, = BHJ I, = BHD
25 B
Ixy= BH3 Ix = BH
AREA - BEH3 o . w2
MOMENT xD H__ Iy - BH(A + B )
OF 2 o
INERTIA | 1y © gg (B® + BC ¢ ¢°) Iy)= BH(2A2 +62132 + 3AB)
Iyy™ % (82 + 3BC + 3c2) Ip = %BBH
2
g g% (B2 + 82 + BC + C?) Tpy~ BHOA > 48)
k, = 0.236H k, = 0.289H
ke, = 0.408H ky, = 0.577H
RADIUS
oF ky, = 0.707H k, = 0.289/(,\2 + B2)
.
GYRATION ky, = 0.236[p2 | 5o, (2 ky1-0.408\ﬁA2 + 282 « 3AB
P 0*408J32 + 3BC » C2 kp = 0.408B
k, = 0.236 \/H2+ B2 + 5C + C2 R & 0.408/B(3A » LB)

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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OBLIQUE TRIANGIE

| Y0 5 —
- - :
Y
s o
AREA BH BH
z > o
- _B - _H & o o = o BRI
CENTROID | x = ) Vii= 3 ¥ = B X = =
Ip = WH Ix = WH®
-IE ;r
Ix,= WHe I, = WH®
WEIGHT Gt Eig
MOMENT | Ixp= WHC Ixp® WH
OF £ -
INERTIA | I, = WB Iy = W 2 _
y T . 13(32 + C BC)
Iyp™ TWB Ip = _‘{8(32 + B2 + C° - BC)
I, = W(ki2 + 382) 1, = w(782 + LHF)
Te -
I, = BB I, = BE
Ix,= BH3 Ix1= BRJ
AREA ‘1‘2“; ;
MOMENT |I.,= BH I..= BH?
OF e *2
INERTIA |Iy = BOH Iy = BH (B2 + ¢2-BC)
T
Iy~ 7878 I, = BH (H2+B24c2-BC)
I, = 48E3 + 383 1p) = LBE> + 7B3H
ky = 0.236H ke = 0.236H
L. o G801 Ky, = 0.408H
RADIUS 1 Ry
OF kxg = 0.707H Bie =%
GYRATION ky = 0.204B ky = 0,236 \/32 + C2 - BC
By =-0pod0 k, = 0.236 \/Hz + 82 4% - go

kp = 0.118 JaH2 4+ 3B2
< 5
kp, = 0,204 JanZ + 782

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engincers, Inc.
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RIGHT TRIANGLE

Y, s Y

X

2

B L
Pl | \\\\3_ ?__x

X

EQUILATERAL TRIANGLE

1
k3 ) 1
BH BH
AREA
T -
CENTROID E'.§§'g x 'gi'g
Iy = Lﬂz Ix - Iy - WBE
18 2L
2
WEIGHT I,, = WB
I, = I, = W )
MOMENT | %, gg? Roh v o
INERTIA Iy - E'Ea IY1' wpe BT
I, = W(HS+B2) I, = w(B2+p2) 2 - Swp2
p 25 | _._...3_ Ip = WR p
E 1
I, = BH3 I =1, = B7H
I,. = BHD Ixo = BH? Ixy= B3H
AREA x] 2 1
MOMENT 2 L I53
OF Ixz' BH
INERTIA | I, ® B2H Iy, " 83H : gl
36 2 Iy.= 7B3H
y1 =
2 2 2 ol
I, = BH(B® ¢« ES) I, .= BH(B<+H°) 3
P _(7'6_ P1" R0 1, = B3H py™ 5B2H
kyx = 0.236H ky = 0.204B
kx; = 0.408H kx, = 0.354B
RADIUS | Kxg = 0.707H ky = 0.204B
OF ky = 0.236B kx2= 0.707H
GYRATION
ky, = 0.408B ky, = 0.540B
kp = 0.236 /B2 4 H2 kp = 0.289B
kp, = 0.408 /B2 + p2 kp, = 0.456B

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc,
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HOLLOW CIRCIE
X
Xy
AREA
CENTROID | 2 = & = R x="y "R
Ix'Iy - “32-“32 Ix'Iy. N!@&rz)
WEI1GHT B L L
MOMENT = - 1.2 “‘# =
o i g 5 1, = MR + :2)
INERTIA 2
1, = w2 = WK - W(5F + 2
B Tor Ty by “EGE 2 )
s S 5 L 0.0491D4 iy =Ty, 7 (R - )
AREA 3 L
MOMENT le - Iyl = (,2454D Ip = .H(]J-* o !J_l)
OF 4 R
INERTIA IP 0,0982D le - IYI = W(Bé“hﬂet‘?'rh)
L
= falo = D EXTN
kx_ky_4 kx._ky_.é Rz‘rz
kx; = ky; = 0.5590D = 1,118R kp = B+ 2
RADIUS —r
o k, = 0.3536D o BEs . v e Mo 2
GvraTION |*p = O MRy %y SRS EpF

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Enginecers, Inc.
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SEMICIRCLE HOLLOW SEMICIRCLE
YE. .
x
- H — x
LYy .
51 | 1 1
AREA 0.3927 DZa 1,571F
= = = = z
CENTROID | X = R y = 0.2122D = 0.4244R X=R y=0.4244 (R % n—i‘."-—-f.)
Ix = 0.06987 WR? = 0.01747 wp? Iy = MR + ) - W 1 oem(Per2)
=2 " 2t 2
wereur | Ixy = 0-25 WR? = 0.0625 wz S
MOMENT |1, = 0.25 WRZ = 0.0625 WD
OF i . ; I« WP + R) Iy, = AR + P)
I, = 1.25 WRZ = 0.3125 WD x} e
INERTIA | '¥q
I, = 0.3199 WR? = 0.0800 Wp? Ip," W3 + P)
1, =1.50 WRZ2 = 0.3750 WD2
I, = 0.1098 R? = 0.00686 p4 £ -% (Hl‘-rl‘)- T =rP) ?2
I, = 0.3927 R? = 0.02454 p S (B4 :
AREA 1, = 0.3927 ®! = 0.02454 p? 8
MOMENT I, = 1.9635 r? = o0.12272 p? Iy o é’. (Bi-rk)
OF
= p = 4
INERTIA | Ip = 0.5025 R4 = 0.03140 D .8 HF -2) (52 + 2)
Ip, = 2.3562 R? = 0.14726 D4 1 )
Ip = Ix + ]:y
Ipy® Iey * Iy,
k, = 0.264R = 0.132D Ky =J2 ky, =] 2Ly
kg = 0.5R = 0,25D 7 (= 10) =
mgéus k, = 0.5R = 0.25D ‘%cl'di.é'_"g Sl ;
GYRATION | k, = 1.118R = 0.559D 7 (R
1 ky @ * |'2 X ={2
k, = 0.566R = 0.2828D s e, m Pl
kp, = 1.225R = 0.6124D T (?-?)

Adapted from Weight Handbook, Vol. 1, Socicty of Aeronautical Weight Engineers, Inc.
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NOSE RIB CIRCULAR SECTOR
g Y
Y
¥y ] l
-— i-——ﬁ
-—-'--_-‘ —ﬁ-
Xy chord| IIns é radians :
- Xy
based on parabolic segment
AREA %—A (B +¢) RZ @
= e -
CENTROID | X = 0.6a 7 = 0.375 (B=-C) X "3 [E%N—Q‘-] 7 = RSIN @
L, = Y (1982 + 26BC + 19¢2) &
x " 755 I, = % (x-SIN @ CO0S a)
= W rp2 _ 2
wergur | X1 § (B€ - BC + C%) Ixy= Ix + WRESINCa
MOMENT | 1y = 0.0686WA2 1, =¥RZ [ _16SIN° ,SIN2a)
i Iyp= 0.4286WA2 Y L e Sa 2
INERTIA W2 (o + SIN @ COS @)
Ipy= Ixy * Iy I, = Ix + Iy
5 P RL (a-SIN o COS o)
Ix = A(B + C (1982 +26BC +19¢<) i
Leo Txy™ E_h_. (-STN o 208 @) +i5 o sl
AREA - Q, AB BZ - BC + C2
e ||| TR PR R SR e (@16 SIF%0 | SIX 2 @
el
OF Iy = 0.0457 A% (B 4 C) = EZ o
INERTIA 1, =R" (o + SIN @ COS
Ty = 0.2857 A3 (B + C) 2 ( )
2
. Rb _ 16 BINE O
Ipl -~ le + Iyl
kx=B-J1 _SINaCOS @
ke = 3Ix 2 a4
% _/__.._._
2A(B+C) T
RADIUS L) i
GF 31 Eﬁ_a 2
eveigne | K= lAy kyzn\ll + SIN 0 COS @ - 16 STN® &
2A(B+C) 4 o Jac
o
ky; =By1 + SILQCOS o
k. =R[2 .14 SIK° o
B

9 o

Adapted from Weight Handbook, Vel. 1, Society of Aeronautical Weight Engineers, Ine,
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PLANE AREAS i
HOLLOW CIRCULAR SECTOR
Y
] >\
R
@& in radians i o
X
o Iy
8 Y
\.i/ ..__J_xl
b— x —f
AREA (K2 - rf)q
2 3- =
otntrirn | o~ @SR ol (Brer)) . & RELN @
i 1 (Re-re) X
I, o ¥ (R2+r2) (1- SIN & COS o) Lyy = W (R2+¢2) (1 + SINacoSa)
WEIGHT B “ z %
MOMENT 1. = 1_ + Wr2sIN2q e d. P
OF = P oy
INERTIA
Iy = 1y, —w I—ESINar (RB-rB)]e
|_361'(R2-r2) J
X (rboplt) (1 - SINaCOSC) Ly, = a (gbh- ) (1+ sINea cosw)
AREA H 44 H 44
MO =1, +1
ZE;NT Ix; = Ix + @ (Rh-r2 k%) s q Tp = ¥
INERTTA
.S 2SINa( R3-r3)] 2
a(Re-rE) 3
L5 ]
Ky =\/R2+r2 1 - SIN o COS a] kyl =\/[R“’T2 ] [1 + SIN o COS 0“]
li o E (44
RADIUS S
OF ke, = [Ixg D -\/ 92 ;
GYRATION T RZ -
Ke-r2) « ( Sl

s 1
ky ..\/
(Hz-rzj o

Adapted from Weight Handbook, Vel. 1, Society of Aeronautical Weight Engineers, Inc.

70



http://www.abbottaerospace.com/technical-library

HIS DOCUMENT PROVIDED BY THE

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

CIRCULAR SEGUENT

Y
1

o in radians
A = area

R -
K/‘im i
e
E

NAVWEPS REPORT 7827

»

K2 (5 o - SIN 2 @)

AREA
cEntRolp | — LR shi? o -

| x =32 a-8IN 2 @) y = BSIN o

|

b ] - 2518 @ s @ Iyl”""ﬂa [1 + 2 SIN? o COS @

L 3 (a-SIN o COS @) o-SIN o CO3 ¢
WEIGHT
MOJ\O{IE:-:‘NT le - Ix + WRESINCw Ip =1, + Iy
INERTIA _ 5
Iy aly - W 2R SIK3 o
1 3 (-5l o COS a)
1
t1_ . AR 1 -2 [si3 a cos o I, =ARZ |} L2 SIND o COS @
AREA L 3 |a-SIN o COS E a-51N o COS o
MOMENT
OF | gy T Rb (2 g-510 2 0) (SINR o) Ip = Iy *+1y

INERTIA 2

' Iy = Iy - LRE sING @

Y et

[

| Ky = 321_2SIN30100801

| L 7 (a-SIk o COS o)
RADIUS | ky 5 il

OF L y

GYRATION | 7° (2 a-SIN2a)

B =
2Ip

R2 {2 @-SIN 2 o)

Adapted from Weight Handbook, Vol. 1, Socicty of Acronautical Weight Engincers, Inc.
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CIRCULAR COMPLEMENT ELLIPTIC COMPLEMENT
v p 4
Ok
0¥ l"'F__ ﬂ
o J/,/” %
R i 1,
B-
: 4 ¥
P s .
_J:| T f !
FHERA 0.2146 RZ 0.2146 BC
= _ _C =0.7766C T B = 0.7766B
CENTROID | = » & = 0.2234 R R Y =" 7288
= 2
I, = I, = 0.035 WR? I:'= 0,035 WB
T I, = 0.035 wC2
ﬁg;g:: o Sl G I, = 0.035 W(B2 + 2)
OF I, = 0.070 WR?
INERTIA

& 2
Ip, = 0.170 WR

= 4 I, = 0.007583C
Ix = Iy = 0.0075 R X
4
AREA Iy, = ly, = 0.0183 R I, = 0.0075BC3
MOMENT
OF 1, = 0.0151 R? I, = 0.0075 BC(B2 + C2)
INERTIA
3 4
Ip, = 0.0365 R
kK, = k, = 0.188 R k, = 0.1888
RADIUS LA 4 =
OF ky = 0.188C
GYRATION

k =k = 0.292 R
*1 ¥y

kp = 0.265 R

kpl = 0.412 R

Kp =\/ 0.035(BZ + %)

Adapted from Weight Handbook, Vol. 1, Society of Acronautical Weight Engineers, Inc.
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SEMIELLIPSE HOLLOW SEMIELLIPSE

Xy
pl&_‘_ X=A—o 1

AREA - _x (#B-0D)

e 2

2 .2
% = - = -CL=
a7 .
I, = 0.070 WB2 SR (AB3-CD3)_ ! {ABE-CD ]
Soaa s x " [ {aB-"CD 37 { AB -CD

Ix, = O.

Xy i Lo E(Mﬁ-cnf’)

Iy = 0,25 WA B CD
WEIGHT y % A?B ggn
MOMENT = g AJB=C-D

OF Iyl = 1'25 A2 " y H( AB-CD )
INERTIA | I, = W(A Z 0.280B%) Iy, " lﬁ‘(aig-czn) 4 W2
C
£ 2 2
Ip, =¥(5a2 + B%) ey
P X b 4

= o. 3 - . (aB3-cp?)- g (aB-cD) L (aB2 ¢ ?3
Iy = 0.1098 AB I = & )=z (B cn)[57r AB-Cg ]

= 3
Iy, = 0.3927 AB 1, = m (AB3-cD3)

AREA Iy = 0.3927 A3B
MOMENT "
OF Iy, = 1.9635 a%B

Br
1 (ads-c3p)
B
& 3g-c3 T ac -CD
INERTIA Ip = AB (0,3927 A2 + 0.1098 Bz) I.Yl g_ (A B-C D) + ___._(123_)_
Ix

I. = AB (1.9635 A2 4+ 0.3927 B2)
Py y Ip =1Ix + Iy

ke = 0.2643 B

R B

Ky = A

X
\]W AB-CD
AB2-CDJ
RADIUS o] Li(4B-CD)

ky =
kx1= =
OF ky = 1,118 A kel & lzly
GYRATION y T ( AB<CD
kyln
kp

BRD = 2
T . T ’“L
m (AB-CD

le' .E_I.I'.,l kplﬂ .2_.{.8}.._-.__
J"T AB = |21, T (4B-CD)

T (AB-CD)
Adapted from Weight Handbook, Vol 1, Society of Acronautical Weight Engineers, Inc.
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PLANE AREAS = .
ELLIPSE HOLLOW ELLIPSE
Y Y Y
il =
=A—
T
% l ..|_D
i X
AREA T AB m (AB-CD)
CENTROID X=aA ¥y =B x = A y =B
L i
Wﬂe Ix = {- G-t 1
I, = - AB-CI}
I 1.25 wB2 I"zﬂ[ B-Cjﬂme
WEIGHT Xy 23 1 L\ -cg u
MOMENT 1 = VA2 1, = ¥ A2B-coD
OF AN -L- L |28 =cD
INERTIA W[ASH- c3D WAl
= - by N + WA
tom * U AR & h[AB -CD
W(a2 + p2) Ty = X3+ Ty
L
Iy = '“55. = 0.7854 ABS3 Iy = 1 (AB3-cDY)
x _E—' X E—-

N 3_cpd 3 2
ey Iy, = 1.25 7 A83 = 3.927 283 I i~ (AB’-cD”) + w (AB-CD) (B<)
MOMENT s 3 I, = I (A% - ¢

oF I, = 7A%B = 0.7854 438 y h(5 : ) .
INERTIA Iy, = & (A’B-c’D) + w(AB-CD) (a
I, =1.25 TA%B = 3.927 A’B b ) )
¥l
Ip- WAB(Ae*BE‘) Ip'Ix"‘Iy
=
ky = £ ky =[ABZ-CD-
2 2 L(AB-CD)
P4 I 1-118 B
RADIUS L Ry o
OF ky =‘-% 7 (AB-CD)
GYRATION " - k, «|AZB~CID
£ g AL L (AB-CD)
k =_.........__.._..__‘M k =7 p
P 2 i e =
7 (AB=CD)
Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Ine.
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QUARTER ELLIPSE

y
i

I

HALF ELLIPSE

-

—— | e

AREA wab/4 Tab/2
4a 4b 4a
CENTROID y = — X =— Yy = — X=0
3T 37 37
4ma- is 4 Zmaz T 3
{ 11 16 97? g 8 97r
! 4mbz T 4 mh2
WELEHT: | g S m e . a
MOMENT y . Ay y —4
OF ;
INERTIA | ma? aalk
| IN = Iy = —
[ 4 -
1 mb*®
|| A= =—
! 4
m 4 T 8
L. " LI LT (e
Ix = a"b IX = a
[ 16 S 8 9
| _— 3
AREA | o _ ol T bt =
MOMENT | ¥ ~ T I, = "
OF ‘ o
INERTIA | ma’b na’b
| R Iy =
16 8
1 Wab3
| IH -
' 16
k, = /I,/A ky = /Ix/A
RADIUS - /T 78
OF k, = /1./A Ky = V/Iy/A
y ¥
GYRATION kN = /INA
kN = 8 IN/‘A'
ky = /Iy /A
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PARABOLIC SEGMENT PARABOLIC HALF-SEGMENT
Yl Y Y
e = 1
| I
. i B
1 R 5 xx,—:@ T y_ 4
YER 1 x4 1
1 —-— = A —
o A =4
AREA % AB 2%&
CENTROID| X = 0.6A Yy = B x = D.6A  § = 0.375B

Ix = 0.2WB2

Ix = 0.0594WB2

Iy, = 1.2 wB2 Iy, = 0.2wB?
WEIGHT 1., = 0.0686WA2 2
y g I. = 0.0686WA
MOMENT y
OF I,. = 0.4286WA2 I,. = 0.4286WA2
yl— . y—-
INERTIA 1
Ipl = le + Iyl
I, = 0.2667AB% I, = 0.0396AB3
Ix, = 1.6aB% Iz, = 0.1333a83
AREA
s 3 =
oo i 1y = 0.0914A%B Iy = 0.0457A3B
OF 1y, = 0.5714AB 1y, = 0.2857a%
INERTIA
Ipy = Ixy + Iy
Ky = 0.4472B Ky = 0.2437B
Kxy = 1.095B kx, = 0.4472B
RAg;US ky = 0.2619A ky = 0.2619A
Ky, = 0.6547A
GYRATION L
ky, = 0.6547A kp = [31p
1 248
LB p1 <[ 7 Pl
SAR

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Tnc.
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COMPLEMENT OF HALF PARABOLA

!‘-—ci—q
£ 2 %

% m &5
i
]

PARABOLIC FILLET IN RIGHT ANGLE

- %
11" i X
% 4
\yi/i/ 5

AREA i 5 2
> 6
T
L b > & % T B e I C o R ]
CENTROID x_ﬁc s - = o
1-27_“'52 Ix'Iy'éWTE
5 700 100
WEIGHT ~ >
womnt | Iy = g5 ™ .2 3\;1)2
oF
INERTIA « W37 g2 +32)
P 20( 35 -ﬁ—
37 g3 T wloe 1l
Inm= BZC x = Iy
X 2100 21C0
MOMENT Y 8o 100
OF
INE - E& EL 2 4+ 02
RTIA E, 20(105 g2
ky = 0.230 B kx = Ky = 0.173 T
RADIUS
OF
A
gyration| Ky =0.184¢C p = 0,2449 T

Adapted from Weight Handbook, Vol. 1, Society of Aeronautical Weight Engineers, Inc.
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OGIVAL SHAPES

An ogival shape is one that is developed as a convex solid of revolu-
tion,

The seolid of revolution developed in the diagram above is bounded by
the arc PQ of a circle of radius R (radius of longitudinal curvature)}
whose center, o"J lies on the side of the axis of revolution, ox, opposite
to the arc PQ and distant D = oo  from the axis of revolution ox,

If the arc PQ cuts the axis ox for the desired length, h, the ogive is
said to be pointed, The diameter of the base, d, is known as the diameter
of swell, which is effectively the maximum transverse diameter of the body.

A tangent ogive is one that includes its base as illustrated in the
above diagram,

A secant ogive is one that does not include its base; that is, the
length h does not extend to the point where the maximum swell occurs,

1f the radial center of the arc PQ, designated as o , is moved to a
location on the arc (PQ) side of the axis of revolution ox, a non-standard
ogive will result as illustrated below.

-

T
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The properties of ogival shapes are included because of their common
usage in the design of missiles, artillery shells, and other systems re-
quiring this family of geometrical shapes.

Sample derivations are given so that the reader can guickly review
methods of approach in the basic steps involved in the development of a
general equation used to describe an ogival property.

The section entitled Properties of a Solid Ogive contains the equa-
tions describing the volume, moment, and moments of inertia about the
central axis and the base plane for both the truncated and the complete
ogive,

These equations have been developed in both the exact and approx-
imate forms. Examination of the eguations will show that the term g/sin @
found in the exact egquations has been replaced by a convergent series ex-
pansion, thereby leading to the simpler approximate forms.

The use of the approximate equations is left to the reader’s discretion;
however, tables of expected error are included as a guide in determining the
number of terms to be used in the equations.

PROPERTIES OF A SOLID OGIVE

y

!

COMPLETE

TRUHEATED

-l—-;-—irii————-ﬂ

R = ogive radius

h = length of ogival head {truncated or complete)

r = radius of base

d = radius of truncated nose {d = 0 for complete ogive)
D= R

a=r-d

sin 8 = h/R

SUMMARY OF EQUATIONS FOR A TRUNCATED OGIVE

Volume
h? ]
¥ i JRE = e = Dl % R
3 sin @
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-
]
~~
w
N
[
m
St
(']
+
[ae
fo
|
2]
)
N

- + —|—

-+ — -+ —
R |5 35R 105\R 231{R

8 fa\* 8 (al\s 64 [alb 192 fal?
s d -+ —] - +——-] +

R 36,463\ R 230,945 \R

rha{/ar 2 rif1 3 a 4 fa\? 4 fal?
—=1] % 2=8lt «—]l= $=——=p—]=| +—|=

R - rf1 3 a 4 (a 2 4 a)3

9 a R/l5 35 R 105\R 231 \R
8 [al4 8 {a\® 64 [(al\® 192 fa\?
+ -1 + - |- =] +
: 1,001 \R 2,145\R 36,465\R 230,945 \R
First Moment
h? 2 hé 2
$V = nj—|r? + —RD — —] — -Da(R - a)?
2 3 2 3
1 i i
= ma|Rrd + —-a%(R + 2r) - -a|r? + -a?
3 2 2

Moment of Inertia About the Central Axis

T 3 1
I, =-h|[(R? + DZ)? + 2D?(2R? - h?) - hz(—RZ - -hz)
2 3 5
T 8
, - —Dh(|R
4 sin 6

+ R - a|(4D? + 3R?) + 2(R - a)*

[
=
i

ks 4 2 r 1
= =hir*f{r - —a|+ —r2a?|9 + 2-| + —a®(R ~ 5r + a)
2 3 15 R

5
r r 4 4 a 8 f[al?
- a*|7 - 15 + 12{—-] - 4|- + —_—+ — - ¢ —
35 a 315 693 R 3,003\R

8 a 3 5
d (_) ) (_ -
6,435\R 109 395 230,945\R

)

T r\3{r i 1{R 5r
= —ha*{| -] |- - — 9 + 2— +—--—+1

2 a a a a\a a
r r 4 4 a 8 fa\?

|7 = 15— + 12{— —_—— + —_t — -+ o
R R 35 a 315 693 R 3,003 \R

8 al\® a al’
+ -| +—- il e @
6,435 \R 109,3951\R 230 945\R
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Note.
equations, it would be well to recall the relationship p

leads to the determination of the mass moment of inertia.

Since a density of unity was used in the derivation of the
m/V. The
use of this relationship when coupled with the moment of inertia equations

Moment of Inertia About the Base Plane

First Moment

T T ] A
Iz = —h*|5(R?® + D®) - 3h?|- -Dh|R3 - (R - a)(R? - 2h?) +—'Iq
P
15 4 sin 8
2 g9 3 1
Ig = Tha —a?lR + —r| 4+ -r%{2R - a) - —-a(4Rr + a%)
7 5 3 5
R-rif 1 1 a 2 {al? 2 fal?
- 2a® + -+ -] + -
R 315 693 R 3,003\R 6,435 \R
16 | 16 a\’
TP P P
109,395\R 230,945\R
2R 9 v 1{r\2{2R 1{4Rr
= ghati=l= ¢ ==] $ =f=] |—=1] ==|]— + 1
T\a o a dla a 9 &z
ril 1 1 a 2 a\a 2 aill
2 = + - 4 -] + A
R/[315 693 R 3,003\R/  6,435\R
16 al\t 16 =
+ ———————(— e T + é;th
109,395\R 230,9451\R
SUMMARY OF EQUATIONS FOR A COMPLETE OGIVE
Volume
h? 8 ]
V = 7th{R? - — - DR
3 sin 8]
2 4 4 r 1 r\z 8 jr\3 4 [r\¢ 64 ri5
V =-ghré|— + — = 4+ —|=| + —|=]| + -+ -
3 5 35 R 21\R 385\R 429\R/ 15,015\R
24 [r\° 128 (r\7 64 r \?
+ —|- + —]-] + —h-] + - -
12,155\R 138,567\R 146,965\R
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Moment of Inertia About the Central Axis

T 5 2 7 RD g
I = -h{R®|R® + -D?| — h%|-D? + —h?| - — (4D® + 3R%)
2 2 3 15 2 s8in #
16 32 r 8 ([r\2 8 [r\? 181 (r\*
Ip = 47hr!|— + -+ i & I [ PR,
35  H;485 R e l461R 5,005\R 255,255 \R
8 r\® 28 r
+ =4 % =1} g on
24,871\R 188,955\R
Moment of Inertia About the Base Plane
s T Y
Ig = —h®(8R% + 17D%) - -Dh|R? — p3| 4+ é_.IQ
60 4 sin @
8 R 4 2 S i e 16 |r\3 2 T
B 2 Bphrs) S e o es o -+ =i, Sl ==
105 r 315 1,155 R 1,287 R 45,045\R 12,155\R
5 6 7
32 r 16 r 128 T JuF
4 ———|-] +—-| +—]-] + - - | 3 o * %
415,701\R 440,895\R 7,436,429\R

TABLE 2. UrPER Bound FOrR ERROR WiTH THE USE oF
APPROXIMATE FEQUATIONS FOR THE VOLUME OF A
TRUNCATED OGIVE

Nomibeat Upper bound for error, %
[ - - Sy

e a/r =0.3 } a/r =0.5 a/r= 0.7‘]’ a/r=0.9

o/ = 0.1
_—

None ... | 1.3 4.1 8.8 5.2

One ... 0.02 0.09 0.3 0.7

Twa ...... PRI TR PP 0.009 0.03
r/R =03

None ... 1.1 3.4 7.3 13.1

Che ... 0.04 0.2 0.7 1.7

Two ...... S 0.02 0.07 0.2

Three.... o TR L SR . TR A e 0.03
r/R =0.5

None ... 0.8 ] 2.5 5.7 10.4

One ... 0.05 0.3 0.9 2.2

Two. ... | ..... 0,03 | 0.2 0.4

Three.... | l 0.02 0.09
/R =0.7

— . ——— T

Newe 0.5 { {5 <17 A R 5

One ...... | 0.04 0.3 0.8 i 2.0

Two g peed 0.04 0.2 0.6

Three .|  s=2a | e 0.04 0.2

Bodie.=: .  fLoae | a@ve | . 0.05

1
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EXPECTED ERROR WITH THE USE OF APPROXIMATE EQUATIONS

Tables 2—7 give the upper bounds for error incurred with the use of
Examination of the tables will show that includ-
ing a sufficient number of terms in the convergent series expansion will

the approximate equations,

reduce the error markedly,

TABLE 3. UprrPEr Bounp For ERrROR WiTH THE USE OF
APPROXMATE FQUATIONS FOR THE MOMENT OF INERTIA
ABOUT THE CENTRAL AXIS FOR A TRUNCATED QCIVE

Upper bound for error, %

Number
f

APLEmE a/r=0.3 | a/r =0.5| a/r =0.7 | a/r =0.9
r/R =0.1

None 6.0 26.5 53.9 T4.1

One ... 0.08 0.8 3.5 10.1

Pt o - G | e 0.02 0.1 0.5

Three.- | o | e 0.004 0.02
r/R =0.3

None 1.32 7.1 20.2 38.4

Dne 0.08 0.5 24 6.9

TwWberars ||| ke 0.03 0.2 0.2

Thraeris.|  Fees | At 0.02 0.1

BouTa |l cebmrim: aali e 0.02
r/R =0.5

None 0.5 29 8.5 18.7

One 0.03 0.3 1.4 4.4

Two ...... 0.04 0.2 0.9

b 11T ) [ S A 0.04 0.2

Bodr=zlt o=t ol v 0.04
r/R =0.7

None 0.2 1.0 3.4 8.2

(ne .. 0.02 0.2 0.8 2.4

Two 0.03 0.2 0.7

Three 0.04 0.2

Four...... e 0.05
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TABILE 4. UrpER Bounp For Error Wit THE USE OF
APPROXIMATE FQUATIONS FOR THE MOMENT OF INERTIA
ABOUT THE BASE PLANE FOR A TRUNCATED OGIVE

N aat Upper bound for error, %

o tecmt a/r =0.3 | a/r =0.5 a/r =0.7{ a‘t =0.9
r/R =0.1

None ... 0,004 0.02 0.08 0.3

One~....:. 0.00005 0.0005 0.003 0.01
r/R =0.3

None ... 0.01 0.06 0.2 0.7

One ... 0.0004 0,004 0.02 (.08
r/R =0.5

None ... 0.01 0.07 0.3 0.9

One cwon 0.0007 0.008 0.05 0.2

Pl e s It 0.04
r/R =0.7

None 0.0] 0.07 0.3 i 0.9

(ne 0.001 0.01 0.06 0.3

iWamen |l Sefa 1 s | R0 T e 0.08

TABLIE 5. UpPER BounDd ro& ERROR WiTH TIE USE OF
APPROXIMATE KGUATIONS FOR THE VOLUME OF
A COMPLETE OGIVE

Upper bound

for error, %

Number

L e e S R T LR, L
Onn il Dk 5.1 5.5 15.4
Two ...... 0.06 0.6 1.9 4.1
Three...| 6.003 0.08 0.4 1.2
s, 5. 0.01 0.09 0.4
Fivd:.s... , 0.002 | 0.1
N L oA (e, | o.0s

TABLE 6. UrPER BBounD FOR ERkOR Wity THE USE OF
APPROXIMATE FQUATIONS FOR THE MOMENT OF INERTIA
ABOUT THE CENTRAIL AXIS FOR A COMPLETE OGIVE

Upper bound for error, %

Number

f g R e
GlISmEY /R =01 |x/R =0.8 | /R =05 |sohmon
One ... 1.9 6.4 12.1 19.6

Two .. 0.08 0.7 259 4.9
Three 0.003 0.1 0.5 1.4

Four....|  ._... 0.01 0.1 0.5

Five ... ekl e 0.03 0.2

Six cfl, s | licawad | o wios 0.05
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TABLE 7. UPPER BOUND FOR ERROR WITH THE USE OF
APPROXIMATE EQUATIONS FOR THRE MOMENT OF [NERTIA
ABOUT THE BASE PLANE FOR A COMPLETE QGIVE

\ Upper bourd for error, %

it
ortems | wR=0.1 |t/R=03| t/R=05 | /R =07
One ... v 5.0 8.3 11.7
Two 0.03 0.3 0.8 1.9
Three 0.001 0.03 0.2 0.6
Four...... 0.005 0.04 0.2
Fivaia syl s | |0 st 0.01 0.06
S emas ] g . | s 0.62

ALTERNATIVE EQUATIONS FOR VOLUME, MOMENT, AND MOMENT OF INERTIA
OF AN OGIVE

Another and perhaps more concise set of methods for determining the
volume, meoment, and moment of inertia of an ogival shape is shown below.
Again, complete derivations are included that can be used as guidelines in
equation development. Special note should be made that angles are measured

in radians.

Complete Ogive

Volume.
y dx
d &
R C0S €6-D
* X
~— & ’
D R
%
¢
m = D/R
a = sin ¢ = /1 - m?
vV = nyzdx

V =1nf(R cos 8 - D) dx
= 7f(cos 8 ~ D/R)?R%dx
= wfRz (cos 8 - m)%dx

dx = R(cos 8)df
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V = '.'rfRz (cos & — m)?R cos 6d@
= ﬂRBJ;;’b(cos 8 — m)® cos 0d@
= 'ArrRs_]l:f)(cos2 # - 2m cos @ + m®) cos Odp :
= 1rR3f§b(c053 8 - 2m cos® 6 + m® cos §)dy
sin? @ 1 15 ¢
= ®R%|sin § = ——— - 2m{—@ 4 — Bin # cos B| + m?® sin @
3 5 2 5
f sin® ¢
= R} - ——— 4 sin ¢ + m? sin ¢ - m sin ¢ cos ¢ - mp
3
8.3
=mR|-— +a-m
3
Moment.
y
dx
g
do&
/(,_ 2
T —= :
—= g
D R
4\ |
m = D/R
dV = 7R3 (cos 8 - m)?(cos 8)d0
r = R sin 8
M= [rdv
M= f:b(R sin 0)[1I'R3 (cos § - m)?(cos 0)]d9
S wR‘l.ﬂfb(cos?‘ f — 2m cos® & + m cos &) sin 6d¢
cos? 9 2mcos® 9 mEcost @ 1 2m m ]P
= k|- + - R :
4 3 2 i 5 2,
m=D/R = cos 7
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m* zm* m* 1 2m m?
7R}

M = e S e
4 3 2 4 3 2

~3m* + 8m?* - 6m* m 2 1

= 7R* +— - — + -

12 2 3 4

m* m 2m 1
= MRY - — + — -~ — + =

12 2 3 4

Moment of Inertia About the Central Axia.

:
!
L A
e
ifrzdv
2

dv = 7R®(cos 8 - m)? cos @do

=)

Iy

r = R(cos & - m)

m = D/R, cos ¢ = m, sin ¢ = a
7R P
Ip =—[; (cos & — m)* cos gag
2
TR

= ——1L?(cos4 @ - 4 cos® m + 6 cos 02m? — 4 cos Om® + m*)cos gdo

TR .
= ——fﬂ?(coss 0 - 4m cos?* § + 6m® cos® 9 - 4m® cos? & + m? cos @)
2

[cos® 0 sin 0 4 sin? 0\]?

fCOSSB= + —|sin § - —

5 5 3 0

[cos® 0 sin @ 3{0 sin 0 cos @ @

J cos* ¢ = el et e o
i 4 a\2 2 ¢
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sin® ¢ d
[ cos® 8 = |sin & -
3 0
[ 6 sin @ cos @ ¢
f cos? 8 = [~ +
[ 2 2 .
TR® 9m*a 9méa da 4a3 3m
I, = - 4 - 2m2a? + — = — - |2 + —|¢
2 K] 2 B B bl 2

Moment of Inertia About the Base Plane,

1

4 Y

de

dI. = differential of inertia about the centroid

Ig = [dic + [x%dv
dv

a1, = —[3y% + (ax)?]
12

dv = my?dx

dI, = (y%dv/4)
m = D/R = cos ¢
a = L/R = sin ¢

yzWyde
22 fxzwyzdx

v
wf(—— + yzxz)dx
4

(cos 8 — m)* cos #dé
TR® [

=
w
]

4

+ (cos @ - m)? sin? g cos (dg
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om*a 9mfa mfa® a a® 1 3m 3mta
I, = mR°| - + = e i e T
20 8 2 5 15 4 2 10
méa mfa? a a* m
S R
4 3 3 15 4
3m*a 7m?fa  m?a® 2a 23° m? 5m
= TR° |- + - +t—-— =+ —|¢

20 8 6 51 15 2 8

Truncated Og}ve

Moment.
p*  2mb® m2b? m¢ 2m 1
M = 7R*|- — + - +— - — + -
4 3 2 2 3 4
Volume,
a3
V=7R-— + a + m’a - mab -~ m
3

Moment of Inertia About the Central Axis,

7R?[b*a 3bma 4a® 4a
Iy = —— - b’ma - 2bm3a — - 24°m? - — + — 4 mta
2 3 2 15 51
3m
+ 6am® - |2m® + — |9
2

Moment of Inertia About the Base Plane,

3b*a mb’a Smab mPab 2a® mfa? mf*a 3mla

Ig = 7R° |~ + - - - - + +
20 4 8 2 15 6 1 2
2a m? S5m
t— = |— +—]¢
5 o 58
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where

2 = L/R e oino- o = k/g T S 9b

m = D/R

THIN-SHELLED OGIVE

=

The thin ogival shell illustrated is one commonly encountered in the
design of a missile nose cone, Simplified approximations have been devel-
oped that offer the designer a short-cut method of determining the prop-
erties of this type of section. These relationships are

vV = 27Tth[(az = al) = m(CEZ — al)]
(af - af) s aE
W Sprale s o LA o e
2
(a; - aj)
Iy = 2aR*t{(a;, - a;)(Q + 3m2) - ———— - Wi (e, - ;)
3
3m
- "y (az H Cfl) + (az\/l - a;;" b= an/l s al)
2
(a3 - af) m
I'Br—-‘z‘i’l'th'_'—'———"——(C!Z—C!])"(32\/1'-?1%'-*al‘\/l—alz) St
3 2
where
= Bp- s Ry
Ry + R;
RS —
2
m = D/R
= h/R
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