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DEFINITION OF SYMBOLS

Symbol Definition

A Cross-sectional area; area

A, Cross-scctional area of beam at x = 0

Amn’ qu Cocefficients for the series by which the stresses are

expressed, in.

AL Ay AL A Constants hased on the boundary conditions, equations (95)
and (96) . dimensionless

Ai',Al',Az',A3' Constants, psi (Figs. 5.0-8, 5.0-9)

a Limiting valuc (lJower) for radius; inside radius or radius

of middle surfacc of cylinder

a Maximum value of initial imperfection

ag Constant, ° I

al Constant, “ I'/in.

an, qu Cocfficients for the series by which the stresses arc

expressed, in.

NOTES:
1. Bars over«any lettérs denote middle-surface values.

o

The subscript cr denotes critical values for buckling.

3. The superscripts P and C identify quantitics associated with the
particular and complementary solutions, respectively.

4. The subscript R dcnotes values required to complctely suppress

thermal deformations.

D-vii
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DEFINITION OF SYMBOLS (Continued)

Definition
Constants, in. /(in.) (hr)(Fig. 5.0-10)
Breadth (or width) of cross section; limiting value (upper)
for radius; outside radius
Constants in polynomial representation of the temperature
Ty(x); °F, °F/in., and °F/in.?, respectively
Specific heat of the material, Btu/(1b)(°F)
Constants of integration, in.
Coefficients in polynomial representation of UP. in.-1b, Ib,
Ib/in.,..., respectively, refer to equation (106)
Diameter
Plate bending stiffness or shell-wall bending stiffness
Constants in polynomial representation of the function Ty(x) ;
°F, °F/in., and °F/in?, respectively
Coefficients in polynomial representation of VP, in.,
dimensionless, 1/in.,... s respectively; refer to
equation (106)
Young's modulus of elasticity
Young's modulus of support-beams, psi

Young's modulus of plate, psi

D-viii
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DEFINITION OF SYMBOLS (Continued)

Definition
Sccant modulus, psi
Tangent modulus, psi
Basc for natural logarithms, dimensionless (2. 718)
IFixed-end moment
Fixed-fixed
I'ixed-supported
Variation in depth of beam along the length
Modulus of rigidity or shear modulus

Varintion in width of beam along the length

Running cdge forces acling normal to the axis of revolution at

positions A and B, respectively (Figs. 3.0-51 and 3. 0-52),

lh/in.
Moment of incrtia
Support-beam centroidal moment of inertia
Arca moments of incrtia taken about the y and 7z axes,

N verd . /1
respectively, in.,

. —

Imaginary number, -1

Thermal diffusivity of the material, ft?/hr = k/Cpp

An integer (1, 2,3,4, 5) exponent



Symbol

k'

L( )

MA,MB

M ,M
r

ré

M' M
r’

’Mx’Mq)
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DETINITION OF SYMBOLS (Continued)

Definition
Thermal conductivity of the material, Btu/(hr)(tt)(° F)
Length
Operator defined by equation (103)
Moment
Running edge moments acting at positions A and B s
respectively (Figs. 3.0-51 and 3.0-52), in.-1b/in.
Thermal moment
Thermal hending parameter, in.-Ib/in.
Running bending moments, in.-1b/in.
Running twisting moment, in.-1b/in.
Bending-moment parameters (Table 3.0-5 and Figs. 3.0-15
through 3. 0-19)
Temperature resultant, in.-1b/in.
Running bending moments acting on scctions of the plate
which are perpendicular to the x and y directions,
respectively (positive when associated upper-fiber stresses
are compressive), in.-1b/in.
Moment about y axis
Moment about 2 axis

Moment in beam at x= 0

D-x
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DEFINITION OF SYMBOLS (Continued)

Dciinition
Temperature distribution in the z-direction
Moment cocfficients, plotted in Figure 3.0-46, dimensionless
Surface moment (Fig. 3.0-53) in.-Ib/in.?
Exponent of thermal variation along the length of the beam;
also upper limit for summation indices, dimensionless
Axial load per unit length on plate edge
Running membrance loads, 1b/in.
Running membrance shear load, 1b/in.
Membrane-force parameters (Table 3. 0-6), dimensionless
Temperature resultant, 1b/in.
Temperature distribution in the y-dircction
Hoop-force cocificients, plotted in Figure 3.0-49,
dimensionless
Axial foree
Axial force resulting from temperature
Column load
Radial pressure, psi
Summation indices, dimensionless

Heat input

D-xi
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DEFINITION OF SYMBOLS (Continued)

Definition
Running transversc shear load, lb/in.
Temperature distribution in the x-direction
Shear cocfficients, plotted in Figure 3.0-46, dimensionless
Radius
Simply supported
Meridional coordinate measured downward from top of the
truncated cone (Fig. 3.0-50), in.
Mcridional coordinate measured upward from bottom of the
truncated cone (I'ig. 3.0-50), in.
Temperature
Average value for T, °F
Weighted average value for T, °F
Temperature difference between the plate faces, °F
Temperature at edges of the plate, °F
Final uniform temperature which the body reaches at
sufficiently long times
Inside temperature; also initial uniform temperature of
the body, ° F
Average value for temperature distribution across the wall

thickness at any single position, °F

D-xii
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DEFINITION OF SYMBOLS (Continued)

Symbol Definition

TS Temperature of the supports, °F

TXy Temperaturc at any location in the plate, ° F

Ty Outside temperaturce

Ty, Ty Temperature functions, ° F

t Time (hr) or thickness

tcr Time to the onsct of creep buckling, hr

u Displacement in the x-direction or r-direction for

circular plate
\Y I'unction representing temperature variation in y- and z-

directions; also rotations in a meridional plane for a shell

VP Component of deflection without thermal effects
VT Component of deflection including thermal effects
' Shear at x= 0

\% Displacement in the v-direction or A-direction for

circular plate
W Displacement in the z-dircction
-

w' Deflection parameter (Table 3.0-5 and Figs. 3. 0-15

through 3. 0-19), dimensionless

D-xiii
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DEFINITION OF SYMBOLS (Continucd)

Definition
Displacement, in the z-direction, for the case where all edges
are simply supported, in.; also radial deflection for shell
Displacement component, in the z-direction, in. (Note: The
superscript A is merely an identification symbol and is not
meant to be a gencralized exponent. )
Deflection cocfficients, plotted in Figure 3.0-45, dimensionless
Coordinate axis
Coordinate axis
Upper limit for the summation index k , dimensionless;
also surface loads, psi
Coordinate axis measured normal to undeformed plate
Coefficient of linear thermal expansion, in./(in.)(° F)
Critical value of temperature parameter (value at which
initial thermal buckling occurs), dimensionless
Knockdown factor, dimensionless
Knockdown factor (Fig. 4.0-17), dimensionless
Shearing strain in planes parallel to and including the
x-y plane, in./in.

Time rate of change for yxy , in,/(in.) (hr)

D-xiv
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DEFINITION OF SYMBOLS (Continued)

Definition
Maximum absolute value for deflection measured normal to
the x-y plane, in.
Del-operator
Unit strain
Strain intensity defined in equations (1), in, /in.
Time rate of change for ¢, in. /(in.) (hr)
Normal strains acting in the x and y directions,
respectively (positive when fibers lengthen) , in./in.
Time rate of change for €. and ey , respectively,
in. /(in.) (hr)
Function defined by equations (56) and (76), dimensionless
Plasticity reduction factor, dimensionless
Angular coordinate (Fig. 3.0-14), rad
Function defined by cquations (58) and (78), dimensionlcss
Slope coeflicients, plotted in Figure 3.0-46, dimensionless
A constant in strain-siuoess relationship
Poisson' s ratio (somelimes written g, m )
1 /(1-0)

Dencity of the materinl, /0t

D-xv
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DEFINITION OF SYMBOLS (Continucd)

Delinition
Stress induced by restraint
Stress intensity dcfined in equations (1), psi
Critical valuc for the stress intensity T psi

Axial stress duc to the artificial force EB » DSi

Normal stresses acting in the r, t, 0, and ¢ directions,
respectively (positive in tension), psi

In-planc shear stress, psi

Normal stresses acting in the x and vy dircctions,
respectively (positive in tension), psi

Critical axial stress for buckling of the cylinder, psi
Lateral axial stresses

Plane stress

Shearing stress acting in planes parallel to and including
the x-y plane, psi

Stress function [Airy's stress function I(x,y) ]; also denotes
""meridional"’; also angular coordinate

Function defined in equations (76) , dimensionless
Paramecters tabulated in Tables 6.0-1, 6.0-2, and 6. 0-4,

respectively, dimensionless

D-xvi
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DEFINITION OF SYMBOLS (Concluded)

Definition
Parameters tabulated in Tables 6.0-3 and 6. 0-5,
respectively, dimensionless
Parameter tabulated in Table 6.0-1, dimensionless
Value of ¥ at r/R =1, dimensionless
Value of ¥ at r/R =1, dimensionless

Function defined in cquations (78), dimensionless
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Section D
October 15, 1970
D. THERMAL STRESSES, Page 1
1.0 INTRODUCTION.

Restrictions imposed on thermal expansion or contraction by continuity
of the body or by the conditions at the boundaries induce thermal stresses in
the body. In the absence of constraints at boundaries, thermal stresses in a
body are self equilibrating.

Except for a few simple cases, the solution of the thermoelasticity
problem becomes intractable (see Ref. 1). Thercfore, for thermul stress
analysis, further approximations leading to the strength of material and finite
element methods are used extensively. Depending upon its geometry,
structural element is classified as one of the following: rod, beam, curved
beam, plate, or shell. If a structure consists of one of the elements named
above, or of some simple combination of them, the method of strength of mute-
rials will yield good results. However, if the structurc has a complex geomet-
rical shape, the finite element method is casier to use and yiclds satisfactory
results. The method of finite clement analysis is suggested for use on an
ideualized structure which can be represented by a large number of smaller,
simpler elements (rods, beams, triangular plates, rectangular plates, ete.)
connected at a finite number of points (e.g., only at vertices of triungles or
rectangles, or ends of rods, etc.) to provide approximately the configuration
of the actual structure.

In a constrained structure, compressive stresses resulting from ther-
mal, or thermal and mechanical, loading may produce instubility of the struc-
ture. The linear thermoelastic formuluation of the problem excludes the ques-
tion of large deformations. Thus, for buckling, or for problems where loads
depend upon deformation, nonlinearity that is due to large deformations must
be incorporated in the problem formulation (e.g., beam-column analysis) .
The extreme difficulties involved in solving the nonlincar thermoelasticity
problem have led the rescarchers to resort to the approximate methods of
strength of materials and finite clements.

One of the important problems associuted with high temperature is that
of creep deformation and relaxation. The phenomenon of the increase in struains
with time when the specimen is subject to constant stress and constant high
temperature is called creep. The general formulation remains the same as in
thermoclasticity or strength of materials, except that the stress-strain relit-
tion is expressed by a viscoelastic model.  The linear viscoclastic model docs
not represent many materials; but the complexitics multiply if the nonlinear



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
October 15, 1970

Page 2
model is used. Relatively little work has been done towards the solution of
nonlinear viscoelastic theory.

Vibrations that result from thermal shock are quite small in comparison
with those resulting from mechanical load. They are not considered here.
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2.0 THERMOELASTICITY.

Three-dimensional equations for equilibrium, displacement, stress,
and strain can be found in Ref. 1 in terms of rectangular, cylindrical, or
spherical coordinates. Formulas given below are, for the most part, two-
dimensional expressions for rectangular coordinates.

2.0.1 Plane Stress Formulation.

For a temperature distribution of the form ’i‘(x, y) in a long prismatic

body, eight quantities, ¢__, o ,0_, € , € , € , U and v satisfy,
XX yy Xy XX yy Xy
in plane stress concept, the following eight equations.

Equations of equilibrium (no body forces),

aoxx i X
+ ¥~ o
ax oy
X o0

x4 _o_ o
9x dy ’

Stress-Strain Relations,

Gxx: ol ((rxx- vayy)+ aT
1 .
€ = — (o -vo )Y+taT
yy E yy XX
SRR G
.y 2 xy 2G ‘xy’

Strain-Displacement relations,
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and in the case of plane stress,
zz XZ yz
e + +
zz E (Oxx ny) aT

2.0.2 Plane Strain Formulation.

In the case of plane strain defined by equations
u=u(x, y)
vV =v(x, y)

w=20

replace E, v, and o of the stress-strain relations of plane stress formula-
E )

tion by E;, vy, and «,, respectively, where E,= T-.75 "= 1'—_1}; and

@y =a(l+v). The equations of equilibrium and strain-displacement relations

remain unchanged.

2.0.3 Stress Formulation.

The solution of three partial differential equations satisfying the given
boundary condition gives the stress distribution, ¢ , ¢ , and ¢ in the
XX Xy yy

body. The equilibrium equations are

ts ol o0

Xx+ _XL+ X=0
0x oy
oc oo
X, W, vo
90X Jy

and the compatibility condition is, for a simply connected body

L),

2 ¢a
v (oxx+ Oyy+ aET) + (1 + V)<ax + 5y
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2.0.3.1 Solution of Airy's Stress Function.

I. Plane Stress.

For simply connected regions in the absence of the body forces, X, Y,
the solution of this problem is simplified considerably by using Airy's strcss
function ®(x,y). (See Section A1.3.6) Then

. R . K - 9%
xx  ay. ' yy oxt " Uxy axoy

The relations above satisfy the equilibrium equations identically, and substitu-
tion of these relations into the stress compatibility equation yields

Ve + oL VI T=0
where

"2 2 o4

e 29 0%

Vo - VHVEE) - g + o +
oxX OX0y oy

For this problem the boundary conditions should be expressed in terms of the
stress function &.

II. Plane Strain.

For plane strain problems the governing equation cun be obtained from
those above by substituting E,; and «; for E and « respectively, where
E

E; = —1—_—'}/2 i ag= oa(l+ ).

E
vie + 1—({72 ViT = 0
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3.0 STRENGTH OF MATERIALS SOLUTIONS.

The assumption that a plane section normal to the reference axis be -
fore thermal loading remains normal to the deformed reference axis and plane
after thermal loading, along with neglecting the effect on stress distribution of
lateral contraction, lays the foundation of the approximate methods of strength
of materials. The exact results obtained by the methods of quasistatic thermo-
elasticity show that the accuracy of the strength of materials solution improves
with the reduction of depth-to-span ratio, if the variation of temperature along
the length of the beam is smooth. As in the case of mechanical loads, a con-
siderable error results in the vicinity of abrupt changes in the cross sections.

If the temperature is either uniform or linear along the length of the
beam, the assumption of a plane section is valid, and the strength of materials
method gives the same results as those given by the plane stress thermoelastic
method.

Since the effect of lateral contraction is neglected, lateral axial stresses
are zero;e.g., ()'yy = O’ZZ - 0 in the case of a beam with x-axis as the refer-

ence plane.

3.0.1 Unrestrained Beam — Thermal Loads Only.

3.0.1.1 Axial Stress.

For an unrestrained beam (Fig. 3.0-1) the longitudinal stress (oxx)
is given by

-1 M I M_ -1 M
P IyMTZ Iyz T)’_ z Ty vz TZ
Oy = TXETH T 11 -1° yr 11 -1° 2
yz yz yz yz
(1)
where
T = T(xY,2)
2
P, = [ aETdA 1 = [ y'dA
T A z A
M, = J «ET dA 1 = [ 2%dA
z A y y A
= d = dA
MT f aETZ A IyZ fAyz
y A

e A I F Ay
I RN IE) LOTAE  a ATL P R H
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\
y \ Y4
r A CENTROIDAL AXIS < _ ”
\ Ve
0 4 > X,u W - Gﬁ

, . 0 CENTROID
L SECTION A-A
A

Figure 3.0-1. General unrestrained beam.

CASE a. The y-z axes are principal axes (IyZ = 0)

P MTz MT
Tox = - ET + .K+ IZ y+_xly z . (2)

CASE b. The y-z axes are not principal axes. A new coordinate system
¥i» Zy is chosen which makes an angle ¢ with y-z axes such that

L MTy -1, MTz
I M, -1 M. (3
y T, yz T,

tang = -

In the new coordinate system, which in general does not constitute
principal axes, the z axis becomes the neutral axis, and equation (1) in
this coordinate system reduces to

p MT Y1
o =-QaET+ :+ 121 , (4)

Zq

where

J aET (xyy 29 y; dA,

o

>

Zy

2
1 = f i dA,
Z1 A
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3.0.1.2 Displacements.

Axial displacement u(x,y,z) with respect tothe u(0,y,z) is given

by
M_, - M
x | P Iy T Iyz T
u(x,y,z) =u(0 z)+—1f T+ z A
sY: - ’Y! E A I I _ I2 y
0 yz yz
(9)
IZ MT - Iyz MT
+ M L1, | dx
I1 -1I° ’
yz yz
The average displacement u v(x) of the cross section at u distance
X is ‘
x P
1 g T
udv(x) unv(o) L {) A % )

Displacements v and w of the reference axis{v(x,y,z) - v(x,0,0);
w(x,y,z) = w(x,0,0)] are given by the following differential equations:

v 1Y r —yz EX
<  E I 1 -1° ’
y Z yZ
(7)
I M -1 M
z T
d2w o 1 z Ty yz VA
x> B 11 -1°
yz yz
If the y-z axes are principal, equations (7) reduce to
M
dv o Tz
axt B ’
(8)
M
d*w Tz
dx? ST EI
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In y,-z, axes, defined by equation (3), equations (7) reduce to

(9)
2

y

3.0.2 Restrained Beam — Thermal Loads Only.

Considered henceforth in this paragraph are cases of beam cross sec-
tions having y-z axes for the principal axes.
The values P, My’ and MZ are the axial force and bending moments

at any cross section resulting from the external forces and the reactions to the
restraints against thermal expansion; therefore, M and M depend only on
y Z

the constraining moments and shears at the restraints.

M

+
z MOZ VOZ X N
(10)

M
y

M + V, x y
Oy Oy

where the sign convention on moments and shears and M, and V, are shown
in Fig. 3.0-2.

L jfz .. (1) o

Figure 3.0-2. Sign convention of moments and shears.
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The displacements v,w are given by

M + M
dv _ Tz z
dx” EI !

z

M + M (11)
d®w TX y
daxt EI

y

Solutions of equations (11) for the special case described by equation
(10) are
M
xp VT (y1)

X X
Z Cop Codxy
= - —— - d
v(X) f f EIZ ) dx; dx; + C°z + C‘z X MoZ {) {) EIZ(X1) X

<
o

- .S
vo, | EL_(x)) ey dxy

(12)

M, (%) ‘< x

X
o 2 Ty [ 9xpdxp
W (x) = £ j I (Xl) dx1 dX2 + Coy + Cly X I\'I()y j() {) EIy (X1)

X X
- X1 4x.d
Voyf ] w® (xp) 1o
0 0 y

The bending moment and shear force at any cross section are

M =-E —x -M ,
X

M =-EI —7 -M , (13)
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Each of the two equations (12) has four unknowns, C,, C;, M,, Vo,
which are calculated from four boundary conditions, two at each end of a beam.

3.0.2.1 Evaluation of Integrals for Varying Cross Sections.

For a general cross section as shown in Fig. 3.0-3 the following
notation is chosen:

b = beh (x,) h(x) =1+ H (iL) '

1+G(1L> ,

where b, and d, are reference width and depth at x - 0; Xy =

\4
I
A= Agh(x)) g(xy)
d
0 I - IZoh(xi) 2%(xy)
2 - y
o ——-
l

d =deg (xy) g(xy)

X
L

\ I - 1y0h3(x1) g(xy)
b

Figure 3:0-3. General cross section.

Letting the temperature variation be represented by

T(X'Y: Z) = f(xl) V(y, Z) s
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the necessary integrals become:

Pp - [ @ETdA = o B f(xg) g(xy) h(x) [ Vda, ,
A A,
M, - [ @ET_dA = aEf(x) g(x) h(x) | Vzda,

«
o

Ay

M, = [ BT dA - @ Ef(x) g(x) h(xy) [ Vydag ,
A

T
Z AO
M
a f(xy)
j——-‘y—dx;——-f Vzda, [ —2 dxy
I, h%(xy)
Ay 0
LM N
v, -1
f —Z% dx - = f Vy(le_f igﬁﬁ-
KI 1 Xl)
0 VA Zy AO 0
fx xdx 1 1 x dxE _ j-x dx 1 /-"1 dx, .
|5 S O . I K J o y°
o Iz0 o Dixi) g o BLBL g hix) gx9

The integrals necessary to evaluate PT, MT , and MT for a
Z
particular cross section and temperature distribution can be evaluated as
follows:

Let
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and

Flz = f Vz dAo
Ag

Then, letting V(y,z) = anynzm, which is a polynomial representation of
the temperature variation in the y~- and z-directions, Fy, F,y, and F; can
zZ

be evaluated for common shapes. Table 3.0-1 gives these evaluations for
several common shapes and various values of m and n. Table 3.0-2 gives
values of F;, and Fly for rectangular, triangular, elliptic, and diamond

cross sections when m =0 and n=0 - 5. Table 3.0-3 gives values of F,
and F‘y for several standard shapes for various values of m and n.

3.0.2.2 Restrained Beam Examples.
In the following examples, since deflection, moment and shear equa-
tions along the y- and z-directions are similar, only the results of the bound-

ary value problem in the y-direction are given (i.e., m = 0).

I. Simply Supported Beam.
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TABLE 3.0-1. EXPRESSIONS FOR F,, Fiy’ AND F,Z FOR COMMON SHAPES.
RECTANGULAR
y
')
2
' 1
'}
2
l b b ‘
-0 9
2 2
4V m+1 1
__mn_ (Db Yy m, n-0,2,4,6. .
(m+1) (n+1) 2 2 ’
Fy =
0 m or n=1, 3,5. .
4V m+1 d n+2
__mn <_l-)-9> (—Q> m=0, 2, 4. .
F, - (m+1) (n+2) 2 2 n=1,3.5. .,
y
0 m=1, 3, 5, n=0,2,4,6
4V m+2 q n+1
___mn <_130> <—0> n-0,2,4. .
(m+2) (n+1) 2 2 m=13.5. .
F1 — ’ b
z
0 n=1,3,5. .
m=0,2,4. .
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TABLE 3.0-1. (Continued)
TRIANGULAR
y
~
2
3%
’ 0
/ +
[Lg .
2 '}
2 2
2Vrnn b m+1 1 m+1 n+m+2
2o 2N _ .
(m+1) (2) do i%li Bi+( 2) Bm+2 m-0,2,4
F0=
0 m-1,3,5
where -
o dmbt g \™
i (m+2-i)! (n+i) ! 3
2an b m+1 n+2 m+2 n+m-+:3
———— —D. - ' - ° — 1
(m+1)( 2 ) d >—’ Ci +(=2) Cn+z} m=0,2,4
Fy= [ i
y
0 m 1,35
where
o AmD)! w1 nt+ L+
i (m+2-i)! (n+1+0)! 3
0 m-0,2,4. .
Fiz: 2Vmn b m+2 n+1 m+3 n+m+3
2 AN _ : o =
m+2 (2> do i‘>—’1 Di*( 2) Dm+z m-1,3,5.
where
D - m+2):! nt o/ 1\™
i (me3-00 (me: \C 3
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TABLE 3.0-1. (Continued)
ELLIPTIC
Yy
do
2
z 0
%
2
N b
2 2
LY m+1 n+ 1 n_ . . e 246
mnf by dy (_))z n! (m+n-1) (m4n=3). . . . (7)(HH (3 (1) n,n U, 2,46
F m+1 2 2 - (nem-1) 0 (m+ne2) (man) . oL (N (6 01) and m+n 0
0
[{] morn 1,3, 0, ..
TV m+1 n+2 L“— , " iy 0 0.2 4.6
mn _l_JQ_ ﬂQ '.))3 . (n+1) ! {n+m) (neEm=2). . (D (3) (L) m 0,2, 1,6
. m+1 2 2 - () ! (nem+) (mand 1) .. (8) (6) () noL 0
'y
0 n 0,2, 4, 6o0rm 1,5,0. ..
TV m+2 n+1 P—]i \ " o a0
mn { by dy (2) 2 . n! Co(nem) (ntm-2) L (T eH ) m 1,005
. m+2 2 2 - (n+my ! (man+d) (nenkt) .. (s CH n 0,24
1
0 n 1,35 or m (2,40
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TABLE 3.0-1. (Continued)
DIAMOND
)
2
z 0 -
b b
0
INZ | 2/] 4
| ‘\/ -l 2
—_— %

anm! n' b m+1 d m1
—_— 4(—”-) (—9) m,n=0, 2, 4. .

'
F, - (mm+2)! 2 2
0 morn=1,3,5
4 ! 1)
anm (n+1) by m+1 dy n+2 m=0,2, 4, 6. .
(mm+3) ! 2 2 n=1,3,5, .
F’y=
0 m=1,3,5. . or n=0, 2,4
4 m+1) 'n!
an( ) by m+2 dy nt1 m=1,3,5. .
_ (m+3) ! 2 2 n=0,2,4. .
F‘z—

0 m=0, 2, 4.
n=1, 3, 5. .
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TABLE 3.0-1. (Continued)

T-SECTION
\4
|
|
-uln- t
I a
d
|
: 5 c
4 .
wT 1 S |
i b ]

2an t_m+1 ’n+1+ \n+1 + _b_ m+1 crw n+1_ ‘n+1 l m-0,2,4,6
(m+ ) (v D) 1\ 2 a ¢ 2 cHw) ¢ n0,2,4,6

Fy = 2an t m+1 ‘|n+1— a1\ /b m+1 (c+w)n+1_ cn+1 m 0,2,4,6
(m+i)(ov1) |\ 2 ¢ ¢ 2 n=1,3,5. .
0 m 1,3,5 n=0,1,2,3
ZVmn _t_m+1 ,ln+2_ ‘n+2 ﬁ m+1 _ (c+w)n+2 m 0,2,4
(m+1) (n+2) |\ 2 ‘ ¢ z n 0,24
Fy - 2an t—m+1 ,l"+2+ n+z . ﬁ m+1 (C+w)n+2_‘n+2 m=0, 2, 4
y (m+1) (n+2) |\ 2 ‘ ¢ z n1,35

0 m1,3,5 n0,1,234
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TABLE 3.0-1. (Continued)
I-SECTION
y
— N |
T '
i
|
d z ‘J‘t
"L" — .w — |
]
| ]
! b L
d n+1
4an(-5-> ’_t—m+1+ L m+1 _1+ W n+1
(m+1) (n+1) l 2 2 2 d
Fo = (L i m,n - even
D e
0 morn odd
d n+2
4 —_—
anQ) _t_m+1+ b m+1 _1-+ W n+2
(m+1) (n+2) 2 2 2 d
n+2 m == even
F, = 1
1y - —2—> n: odd
0 m - odd orn even

NOTE: z-Section can be approximated by I-Section with respect to its
principal axes. The results ubove are applicable to this section.




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
October 15, 1970
Page 21
TABLE 3.0-1. (Continued)
HAT-SECTION
A4
s B
k
B !
d t
4 -
C
w | T
!

b —

Fy 0 m 1,3,5. ..

FAY m+1 m+1
t
(n+1;n(r:n+1) {[(-c)n“’(‘c'“')mﬂ [(f_:'*t*/b -(‘—’l+l> :,
et el b m+1 b m+1
+la - (~c-w) —z— +t il v

(v m+ 1 [‘nﬂ _ ('l-k)n+1] mooza. ..
2 ' : no0,1,2,3,4. ..

F, = 0 m 1,3,5. ..

2V m+1 m+1
(n+2) (m+1) {[( <) (me-w) [(z ”“’) (z ”) ]
n+2 n+2 b me+! h m+1
+[u - (-c-w) "] (7+t) -(—

B\™ [nen 2 m 0,2,4. ..
*\2 i (a-k) no0,1,2,3,4. ..

Fy -0 m-0,2,4. ..
Z

2V m+ 2
_""mn___ _on+l __'ml][L (b ]
T (el (me2) {[‘ ©) (~e-w) (z ”“)) (z H)
m+2

o ™ ()

2
*(h )m+“[ln+1 (o ™! m 1, 1,6. ..
- H - (-
3 no0 1,2, 8,0 ..
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Y

2.
b
2
JIE
—iW t+ C|e—
d
Fo = 0.0 n-1,3,5. ..
2v n+t
- {Bw’"‘” - @) ™)
. (3)““_(3_9"” n-0,2,4. ..
2 2 m 0,1,2,3,4,5. ..
Fy = 0.0 no0,24. ..
y
_ 2vmn cow) L _ med (L)Mz [ m+1 m+1]*
= —__(n+2)(m+1) (c+w) -c 2 +]c - (d-c-w)
*(_b_)"*z_(i_t)'”z m=0,1,2,3,4,5. . .
2 2 n=1,3,5. ..
F, = 0.0 n1,3,5. ..
Zz

n+1

= ?ni_:;"(‘."m) { [(c+w)m+2 - Cm+2] (%) R [cm+2 _ (d-c—w)m+2] y

*(l)“‘_(i_t)"” no0,24. ..
2 2 m=0,1,2,3,4,5. ..
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TABLE 3.0-1. (Continued)
RECTANGULAR TUBE
Y
—l t l__
z
d
1|
w
Fo 0.0 nt,3,5. ..
= 0.0 m 1,3,0. ..

&_n___ i)ml i d . n+l b m+1
(n+1) (m+1) 2 V4 2
n+

F, - 0.0 n 0,2,4. ..
y

0.0 m 1,343,565, ..

4an imz ) q ) 2 b m+{
(m2(me1) | N2 7" 2
2 1 m+
- - ) -

F, 0.0 n 4,305 ..
7

4v n+1 n+1
oo__mn_ Ay _fd
(nt1) {m+2) “:(z) (2 ) ]
.
€
+ —w -
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TABLE 3.0-1. (Concluded)

CIRCULAR TUBES

]

m=25
Fy 0.0 n 1,0
0.0 m 1,4,5
) 4vmn £m+m2_ lm"’”‘ 1 _m# . (m+1) (m-1)
m+1 2 2 n+ | 2(nsld) R+ D)
{m+1) (m=1}{(m-}) R {m+1) (m-1) (m-2) (m-5H)
AH(n+T) BLETEYRD)
noz4 ..
m 6,24
Fp. 0.0 n 0,24, .
¥
0.0 mo1, 5
4 3 4
vmn a4 e _ _b""m 3 et . (m+l)ytm-1)
m+ | 2 2 n+2 2{n+d) H{nG)
_ (m+1)(m=-1) (m-13) . ima ) =1y tm-) (m-5)
4H{n+H) SN4(ne L)
no1, 3,6 ..
m 0,24
F, 0.0 no1,d,5. ..
z
0.0 m 6,2, 4

4an E_mfn-m— b el 1 ez , mrzim
m+2 2 2 n+l Z{n+) K{nenH)

- Lue) im){m=2) . iﬂ””"'”“““""‘"']

ARE+T) dH4(ney

nooz24
m 1,30
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TABLE 3.0-2. VALUES OF F; AND Fly FOR FOUR

COMMON SHAPES

RECTANGULAR TRIANGULAR
Yy
Y
3
2
3%
d z )]
0 d
3 JAERNE.
- =
I b b
by ER &
2 2
m=0 m=0
n F F n FO Fl
0 ly 1 y
0 bodo Voo O 0 _2—b0d0 VOO 0
T 1 3 1 3
| 3 1 3., ﬁi 4
2 1—2b0d0V02 0 2 EEbOdOVm ﬁbodoVog
1. 5 1. 4 1, 5
3 0 a‘)b do V03 3 mbgdo V03 ﬁ)‘bodo V03
1. 5 1 . 5 2 6
4 a)bodo V04 0 4 576 bodg V04 7( 243) bOdO V04
_ 1 1 r 2 6 31 . 1
0 0 2ag20doVos |2 | 7243 Boda Vos | 56 729)b°d° Vos
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TABLE 3.0-2. (Concluded)
ELLIPTIC DIAMOND
y y
d
9 d
d 0
_n z
b b
| f | 20 | 7
"R
2 2 —
m=0 m=0
FO Fly FO Fly
7 bydy Voo 0 é— bedg Voo 0
3
Th 1 3
0 35~ Vot 0 28 Podo Vor
i 3 i 3
32 7 Podo Vo 0 78 Podo Vo2 0
T 5 0 1 b.d?
6 125 Podo Vos Zs0 Podo Vo3
T 5 1 5
25 Podo Ve 0 250 Podo Vou 0
157 7 1 7
0 32(256) bodo Vos 0 28(120) bedy Vs
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TABLE 3.0-3. VALUES OF F; AND Fly AND Flz FOR
COMMON SECTIONS.

}_—b=2.oo—-|

——

t=0128 —|l— .22
w=0.125 I

1 1
FOZ v f VdAO Fl = \,— nydAo
mn mn
n
0 2 4 6 m i 3 5 7
010.53110.20710.121 |0.093 0 0.207|0.121[0.093|0.084
210.084(0.030]0.011 |0.004 2 10.03010.011|0.004 {0. 001
4 10.050(0.018|0.006 10.002 4 (0.0180.006]0.002|0.001
6 10.036(0.013]0.004 [0.002 6 [0.013[0.004|0.002 {0.001
le—b = 2.00—]
—————
0.125 —~{[*— T
d=3.7%
0.125 ‘L
:—:—————l
n
0 2 4 6 N 1 3 5 7
0.71910.78411.379 |3.117 0 {0.784)1.3793.1178.152
0.084]0.0790.075 {0.073 2 10.079]0.075]0.073]0.076
0.05010.047 {0.044 |0. 042 4 10.0470.04410.042 10.039
0.036(0.034 |0.032 [0.030 6 [0.034{0.032}0.03010.028
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TABLE 3.0-3. (Continued)
l— 300 —]
0.156 —o] |o—
1.688
0.156 l
‘_:_.
1 i
Fy= V—deAo F, = V—nydAo
mn mn
n n
N © 2 4 6 m 1 3 5 7
0 |1.043]1.085|1.731]3.603 0 |1.085}1.731{3.603 |8.892
2 |0.352]0.326 |0.303]0.285 2 10.326]0.303 [0.285 |0.277
4 |0.474]0.438 |0.405{0.376 4 10.43810.405[0.376 {0.350
6 |0.762]0.704}0.652|0.605 6 [0.7040.652]0.6050.563
I-— 35 —o‘
0.25 —{ | T
35
0.26 —L
:lr____i
n n
N 0 2 4 6 m 1 3 5 7
0 [1.750]1.663]2.323]14.198 0 11.663(2.323 |4.198]9.096
2 10.89810.79110.70510.639 2 10.791§0.70510.639]0.600
4 |1.641}1.44511.27911.139 4 11.445)1.279|1.139}1.021
6 |3.59013.160]2.798|2.492 6 |3.160(2.79812.492]2.232
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TABLE 3.0-3. (Continued)
‘—-— 4.50 ——l
0.188 —={}+—
4.624
0.188
ﬁ' -
-t
i 1 .
Fy= V—m'andAo Fly: \Tn;lnydAo

1 3 5 7

1.715| 2.774| 6.745|21.551 2.774| 6.745 |21.551 {82.620

4.336| 6.279| 9.110 [13.245 6.279| 9.110 [13.245 (19.295

(o2 TN B SN N SR Y =)

n
m
0

1.430| 2.072| 3.014 ] 4.416 2 | 2,072 3.014 | 4.416 | 6.584
4
6

15.681(22.705]32. 942 |47.892 22.705 |32.942 |47.892 |69.767

.
0.312 —{|—
4.376
0.312
IJ d
t
0 2 4 6 i 3 5 7

2.925 | 4.325 9,228 | 25.5633 4.325 9,228 | 25.533 | 85.468

o | © |3 4

3.261 | 4.488 6.237 8. 783 4,488 6.237 8.783 | 12.697

12.188 [16.766 | 23.199 | 32.289

=S

16.766 | 23.199 | 32.289 | 45.199

o2 SRS~ B R [ )

54. 408 |74.845 |103.564 |144.135 | |6 |74.845 |103.564 |144.135 {201.741
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TABLE 3.0-3. (Continued)
0.923 —d f—— 0.125
-
0.202 0.125
b {
B——;—‘)
b— s 1
1 i
Fo'—'—' V—deAo F1= V"fvydAo
mn mn
n
0 1 2 3 4 0 b 2 3 4

m
010.328] 0.00110.046| 0.019]0.018 01]0.001(0.04G] 0.01910.01810.013
21{0.035|-0.009/0.003]-0.001 0 2 |-0.009]0.003|-0.001 0 0
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TABLE 3.0-3. (Continued)

0.049

0.049 —| |—

1.0
. 1 i
Fo —— | Vda,
mn
n
m 0 1 2 3 4 i
-1 -
0 1,186 0.0 | 00252 x 10 0.0 0.577 % 10 0.6
1 0.0 0.0 | 0.0 0.0 0.0 0.0
-1 -2 -
2 0,242 x 10 0.0 | 4,32« 10 0.0 .00 x 10 0.0
8] 0.0 0.0 oo 0.0 0.0 0.0
-2 - -1
4 0.577 x 10 0.0 1 0.5K5 « 10 0.0 0.4~ 10 0.0
o 0.1 0.0]0.0 0.0 0.4 0.0
1 .
Fy = | Vydy,
Y mn
n
m 0 1 2 ¥ 4 0
1 = v
0 0.0 0,252 % 10 0.0 | 0.577~ 10 .0 0.125x 10
H 0.0 0.0 0.0 0.0 0.0 0.0
= -3 )
2 0.0 0.32 x 10 0.4 | 0,085~ 10 0,0 0,12+ 10
3 0.0 4.0 0.0 0.0 0.0 0.0
-3 -4 -4
4 0.0 0.580 x 10 0.0 0.1« 10 0.0 0. 198 x 10
5 0.0 0.0 0.0 oo n.Q 0.0
1
13 - V7 dA
1 \Y ‘ ’ "
mn
n
m 0 1 2 a 4 5
0 0,4 0.0 ]0.0 0.0 .0 0.0
-1 P =3
1 0,252 % 10 0.0 | 0.32x% 10 0.0 (4. 580 x 10 0.0
2 0.0 0.0 0.0 0.0 0.0 0.0
-2 -1 -
R 0.677x 10 0.0 | 0.5K5 = 10 0.0 0.1 x 10 0.0
4 0.0 0.0 0,0 0.0 0.0 0.0
) -3 -4
5 0,126 x 10 0.0 ]10.12x 10 (] 0,198 x 10 0.0
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TABLE 3.0-3. (Continued)
y
a
0.095
2.0 -1
0.095—=| (.
20
1
Fo g Jvaa
mn
n
m 0 1 2 o 4 5
0 0.724 | 0.0 | 0.439| 0.0 0.36 Jo.0
1 0.0 0.0 0.0 0.0 0.0 0.0
2 . 410 0.0 0.2 0.0 0.14710.0
3 0.0 .0 0.0 0.0 0.0 0.0
4 0.36 0.6 0,147 4.0 0.401 0.0
5 0.0 0.0 0.0 0,1 0.0 0.0
{ .
Fi, o [ vyda,
" mn
n
m 0 1 2 3 4 5
[{] 0.0 0. 439 g.0 0, 46 0.0 0.:114
1 0.6f 0.0 0.0 0.0 0.0 0n.¢
3 0,01 0,2 0.0 0,147 0.0 .12
3 0.0 H.0 0.0 0.0 0.4 u.0
-1
4 0.0 0,147 0.0 4.101 0.0 G.7498 % 10
5 0.0] 0.0 0.0 0.0 0.0 .0
F L [ vzda
m— 71
1, v [
mn
n
; .
m t) 1 2 4 o
] .0 (14 4. U 0.4 0.0 0.0
1 (, 439 0.0 0.2 PN 0. 147 a.0
2 O, 0 0.0 0.0 0.0 0.0 0.0
3 0. 36 0.0 0. 147 4.0 0.101 [ }]
4 g.0 .0 .0 0.0 0.4 0.0
=1
5 0,314 0.0 a,12 0.0 0. 798 x 10 0.0
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TABLE 3.0-3. ( Continued)
bl
0.156
3.0 2
—| |=—0.156
3.0
1
Fy, —— [ VdA
0 v I HAg
mn
n
m 0 1 2 3 4 5
[ 0,177 < 10t | 0.0 ] 024« ol 0.0 | 0.44x 10! 0.0
i 0.0 0.0 0.0 0.0 0.0 0. U
2 0,24 < 10! v.o | o.zag <10t 00 0.4 % 10" oo
3 0.0 0.0 0.0 0.4 (19 .0
4 0. 44 = 10! 0.0 04«10 0.0 | o.6t5< 10t | 0.0
5 0.0 3.0 0.0 0.0 .0 0,4
1
Fly - ’ VydAg
mn
n
m 0 1 2 3 4
0 0.0 | 0.24x 10 0.0 0. 44 « 10! 0.0 0,456 % 10}
1 0.0 0,0 0.0 0.4 0.0 4.0
2 0.0 | 0.244% 10! | 0.0 0. 4% 10! 0.0 | o782 < 10!
3 0.0 0.4 0, 0,0 0.0 g.0
4 0.0 0.4x to! 0.0 | noeisx 10! | v.o | 0109 x 10?
5 0.0 i, 0 .0 0, ¢ 0.0 0.0
1 .
Fy - ‘ VzdAy,
2 .
mn
n
m 0 1 2 } 1 5
] 0.0 0.0 g, 0 0.0 0.0 0.0
1 0.24 x 10! 0.0| v.244x o] 0.0 | 0.4x 10! 0.0
2 0.0 0.0 0.4 0.0 0.0 0.0
3 0. 44 x 10! 0.0] 0.4« 10! moo | o.615x to! | oo
4 0.0 0.4 0.0 0.0 0,0 0.0
5 0.856 x 101 | 0.0] 0.7z~ t0'] 0.0 | 0.109% 10* [ 0.0
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TABLE 3.0-3. (Continued)
y
4
0.277 z
0.375 —]
1
Fy — [vda,
V N
mn
n
m 0 1 2 3 4 5
° -1 -3 -4
0 | 0.508x10 |0.0 | 0.712x 10 0.0 ] 0.154 % 10 0.0
1 0.0 0.0 0.0 0.0 (0.0 0,0
-3 -5 -1
2 | 0.879x 107 0.0 | 0.466x 10 0.0 0.647 % 10 0.0
3 | 0.0 0.0 | 0.0 0.0 0.0 0.0
-4 - -
4+ | 0143x 107 0.0 | 0.7x 10 0.0 0.800x 10”° 0.0
5 0.0 0.0 0.0 0.0 0.0 0.0
F L [ vydA
ly v Y di,
nn
n
m 0 1 2 3 4 5
-3 -4 -6
0 [ 0.0]0.72x 10 0.0 1 0.154x 10" | 0.0 | 0.382x 10
1 0.0 0.0 0.0 | 0.0 0.0 | 0.0
-5 -1 -
2 1 0.0]0.466x 10 0.0 | 0.647x 10" [ 0.0 | 0.113x 10~°
3 L oo]oo 0.0 | 0.0 0.0 | 0.0
s 3 10
4 [00]07x%10 0.0 | 0.809% 10 | 0.0 | 0.131x 10"
5 [ 0.0]0.0 0.0 | 0.0 0.0 | 0.0
1 .
Fo, | veda,
mn
1}
m 0 1 2 3 4 5
0o | 00 0.0 | 0.0 0.0] 0.0 0.0
-3 - -7
1 0.679x 10 | 0.0 | 0.466 < 10 0.0 0.647x 10 0.0
2 0.0 0.0 | 0.0 0.0 0.0 0.0
-4 - )
3 | 0.143x 10 J 0.0 | 0.7x 10 0.0 0.809x 10 0.0
4 0.0 0.0 0.0 0.0} ¢.0 0.0
-8 -4 =11
5 | 0.339x 10 ] 0.0 | 0.117x 10 0.0 0.87x to 0.0
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TABLE 3.0-3. (Continued)
Y
1.0 z
15
|
1
Fg —— [ Vda,
mn
1t
mn 0 2 3 4 5
-1
0 [HE] 0.0 0. 205 0.0 | 0 68N 10 a.n
1 0.0 0.0 0.0 0.0 ] 0.0 .0
-1 2
2 0.199 0.0 0,208 « 10 0.0 0,417 x 10 0.0
3 0.0 0.0 0o 0.0 | to 0.0
-1 = -4
1 0. 64 2 10 0.0 0HoAxd > 10 0.0 | 0,876 < 10 0.0
5 0.0 0.0 0.0 0.0 0.0 0.0
. 1
¥ vvdag
mn
n
m U 2 3 1 5
=1 -1
0 0.0 | 0,208 0.0 0. 6GRR % 10 0.0 0.264 < 10
t 0.0 |00 .0 | 0.0 0.0 0,
~1 - -
2 0.0 ]0.208x 10 0.0 0. 447 x 10 0.0 0.123 % 10
3 0.0 0.0 0.0 0.0 0.0 0.0
—2 -3 -3
4 0.0 ] 0. 484 % 10 0.0 0. 876 x 10 0.0 0.224 « t0
5 0.0 (0.0 0.0 0.0 0.0 0.0
F L [ veda
1, v n
il
1
m 0 1 2 4 )
0 0.0 0.0 0.0 0.0 oo 0.0
0 -2
1 0. 199 0.0 0,208 < 10 0.0 | 0,497 x 10 0.0
2 0.0 0.0 0.0 0.0 0.0 0.0
-1 -t -3
i 0.64 < 10 0.0 0484« 10 0.0 | 0876 x 10 0.0
4 9.0 0.0 0.0 0.0 ]0.0 0.0
= = P
5 0. 284 x 10 0.0 0.127 « 10 0.0 | 0. 149 % 10 0.4
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TABLE 3.0-3. (Continued)
Yy
T
2.75 z
N -
[ 3.0
1 .
Fy V_ ] VdA,
mn
n
m 0 1 2 3 4 5
0 0.114% 10' | 0.0 | 0.122x 10! 0.0 { 0.196 x 10! 0.0
1 0.0 0.0 | 0.0 0.0f0.0 0.0
2 0.116x 10 | 0.0 | 0.593 0.0 | 0.597 0.0
3 0.0 0.0 | 0.0 0.0]0.0 0.0
4 0.183x 10! | 0.0 | 0.647 0.0 0,53 0.0
5 0.0 0.¢ | 0.0 0.0]0.0 0.0
F ! S vyaa
—_ 4
ly v yaiyg
mn
n
m 0 1 2 3 4 5
0 0.0]0.122x t0' [ 0.0 [ 0.196x 101 | 0.0 | 0.352x 10!
1 0.0]0.0 0.0 [ 0.0 0.0 | 0.0
2 0.0 0.593 0.0 | 0.597 0.0 | 0.744
3 0.0] 0.0 0.0 | 0.0 0.0 | 0.0
4 0.0 | 0.647 0.0 | 0.53 0.0 | o nes
5 0.0 0.0 0.0 | 0.0 0.0 | 0.0
1
Fi,~ 7 [ vzaa,
mn
n
m 0 1 2 3 4 5
0 0.0 0.0 | 0.0 0.0 0.0 6.0
1 0.116x 10t | 0.0 | 0.593 | 0.0 | 0.597| 0.0
2 0.0 0.0 | 0.0 0.0 ] 0.0 0.0
3 0.183x 10! { 0.0 | 0.647 | 0.0 | 0.5 0.0
4 0.0 0.0 | 0.0 .01 0.0 0.0
5 0.313x 10" | 0.0 | 0.769 | 0.0 | o.394] 0.0
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TABLE 3.0-3. (Continued)

Yy
5.844 z
, 6.0
1
Fy v j VdAy
mn
n
mn 1, 2 3 4 5
0 0.147x 10' | 0.0 o.66ax 10t} 0.0 | 0.452% 10° | 0.0
1 0.0 0.0 o0 0.0 0.0 (1N}
2 o.634% 101 | o.0 footaex 0t | 0.0 0. 685 10° 0.0
3 0.0 0.0 0.0 0.0 .0 0.0
4 0.42 x 10° 0.0 |v.628v 108 | 0.0 | o.2tix 10 | 0Lu
5 0.0 0.0 0.0 0.0 { 0.0 0.0
Fy v [ VydA,
M mn
n
m 0 1 2 3 5
0 0.0 0.664x 10" 0.0 | 0.452% 108 [ 0.0 | 0.342x 107
1 0.0 0.0 0.0 0.0 0.0 0.0
2 0.0 | oo1s6 < 108 | 0.0 0,58 x 107 0.0 0.4n4 < 10°
3 0.0 0.0 0.0 0.0 0. o 0.0
4 0.0 | 0 62ax 108 |00 | oo2te<10® | 00 | o 102 tod
5 0.0 0.0 a0 | 0.0 u.0 | 0.0
1
F — 7dA
1, v f VzdA,
mn
n
m 0 1 2 y 4 5
[}] 0.0 0.0 (14} 0.0 0.0 0,0
1 0.634% 10* | 0.0 ] o.tae 107 | 0.0 | 0.5% 107 0.0
2 0.0 0.0 0.0 0.0 0.0 0,0
4 0.42x 10° 0.0 10, 6zex 108 | voo | o.216x10% | 0o
4 0.0 0.0 0.0 0.0 | v 0.0
5 o a0ax 103 | 0.0 | o.atav 103 [ oo | overzx tof 4 olo
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TABLE 3.0-3. (Continued)
Y
4.0 z
, 6.0 ,
1 .
Fo= 5— Jvda,
mn
n
m 0 1 2 3 4 5
0 0.159% 10* | 0.0 [ 0.533x 10® | 0.0 | 0.282x10% | 0.0
1 0.0 0.0 /0.0 0.0 | 0.0 0.0
2 0.508x 10 | 0.0 [ 0.851x 102 | 0.0 | 0.293% 103 | 0.0
3 0.0 0.0 | 0.0 0.0 | o0.0 0.0
4 0.262x 10° | 0.0 | 0.317x 10* | 0.0 | 0.918x 10% | 0.0
5 0.0 0.0 0.0 0.0 | 0.0 0.0
FL - —— [ vyaa
‘y v ydiy,
mn
n
m 0 1 2 3 4 5
0 0.0 0.533x 10> [0.0 | 0.282x 10% | 0.0 | 0.173x 10*
1 0.0/ 0.0 0.0 { 0.0 0.0 { 0.0
2 0.0 0.851x 10> [0.0 ] 0.208x10% | 0.0 | n.129x 104
3 0.0} 0.0 0.0 | 0.0 0.0 | 0.0
4 0.0)0.317x10° 0.0 | 0.9t8x 10® { 0.0 | 0.375x 104
5 0.0]0.0 0.0 ] 0.0 0.0 | 0.0
F, - —— [VezdA
i, v . 0
mn
n
m 0 1 2 3 4 5
0 0.0 0.0 ]o.0 0.0 | 0.0 0.0
1 0.508% 10° | 0.0 ] 0.851x t0® | 0.0 [ 0.203x 10 | 0.0
2 0.0 0.010.0 0.0 | 0.0 0.0
3 0.262x 10° | 0.0 1 0.317x 10" | 0.0 [ 0.918x 107 | 0.0
4 0.0 0.0 0.0 0.0 | 0.0 0.0
5 0.154x 10* | 0.0 ] 0.133x 104 | 0.0 | 0.25x 10 0.0
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TABLE 3.0-3. (Concluded)
Yy
45 z
| 12
1 .
Fo o J vda,
mn
n
‘m 0 2 3 4 5
0 0.934x 101 | 0.0 [0.166x 10° | 0.0 0.446%x 10% | 0.0
1 0.0 0.0 0.0 0.0 | 0.0 0.0
2 0.159x 103 | 0.0 Jo.135x 10t | 0.0 0.225%< 10% | 0.0
3 0.0 0.0 0.0 .0 0.0 0.0
4 0.414% 10 { 0.0 [0.244x10° | 0.0 | 0.332x10° | 0.0
5 0.0 0.0 0.0 0.0 | 0.0 0,0
1 .
F — [ VydaA
1 I f Yy dig
mn
n
m 0 1 2 3 4 I
0 0.0 0.166x 10% [0.0 0.446x 104 | 0.0 0.133 % 10°
1 0.0 0.0 0.0 0.0 0.0 0. o
2 0.010.135x 108 | 0.0 0.225% 10° | 0.0 0. 465 x 10"
3 0.0 0.0 0.0 | 0.0 0.0 | 0.0
4 0.0 0.244%x 10° | 0.0 0.332 < 108 | 0.0 D. 619 x 107
5 0.0 0.0 0.0 | 0.0 0.0 { 0.0
1 .
F — 77 A
1, Vv I Vrdiy
mn
n
m 0 2 3 4 5
1] 0.0 .0 0.0 0.0 0.0 0.0
1 0.159% 105 | 0.0 | 0.135% 104 | 0.0 | 0v.225x<10% | 0.0
2 0.0 0.0]0.0 0.0 | 0.0 0.0
3 0.414x 104 | 0.0 [ 0.244x 10° | 0.0 0.332x 1085 | 0.0
4 0.0 0.0 ]0.0 0.0 | 0.0 0.0
5 0.118x 105 | 0.0 [ 0.481 x 108 | 0.0 0.412x 107 | 0.0
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B. Results:
x szT (X1) L X2 MT (Xl)
v(x)=—f f — dx, dx, + = f f S S— dx; dx,
00 EIZ (x4) L 0 0 EIZ(x1)

where

I1=f1f1—€z(—x-'ldx1dx2 and I :fxfxzigi(ﬁ dx, dx,
0o g°(xy) Iy 0 o gi(xy) 1

1 X a F,L M
- - ~ = o0
w o (x)= — [ & [ ¢ETdAdx~- A ) dxg
0 A 0
Mz(x)=0
b Mpo+ MO\ My
¢ =-aET+ — +{ —L—— |4 £ y
XX A Iy I
Z

My may or may not be zero, depending upon the boundary condition.

If end B is hinged, then
u (x) =0,
Vo = MO =0 )

v(x) = same as above,

M, +M M

T y T
¢ =-aET+|—%— |+ Z y
XX Iy IZ

axial force P = f a ET dA
A
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II. Fixed-Fixed Beam.
A\
1 o
A 45 4 —
L |
|- |
A. Boundary Conditions:
V= dv 0, @ x=0,L,
dx
M + M, + Vv
[ TZ(XI) 0, T ¥t Vo,
V(x) = = = dX1 dX2 ,
I
00 L, (x1)
X o F
v(—L-);-T—LLZ(11+F21 +FI) ,
Zg
where
I fx 'Xz dx I j'i 'x2 dX d‘(
= —r . = 3 a2 ’
2x h(x,) g°(xy) 2 h(xy) g°(xy)
* X x dx dx 1 X x dx
I = ___32_ , ILy= ———  dx ,
3x fo ]0 h(xy) g*(xy) ’ jo fo hix) g'(x)

1 f(x,) x dx
Isf Zix) ifhx)uxn
F2 ’
Iz f h(x (x1 I3 f ) g (Xi)
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1 dx _ 1 f(x,)
1,[0 e e ) Elxy

0

F3: 1
d d
szl X x! 'I3f - xa
0

h(xy) g°(xy) 0 (xq) g°(xy)

(Table 3.0-4 gives values for F, and Fj)
MOZ =aFE Fl Fz .

[0
Vo= T EF;Fy

= +
MZ ( X) MOZ X VOZ .

X4
_aF L
uav(x) = A, jo f(xq) dxy

If the end B is restrained against longitudinal motion, then

uav(X) =0 ,
M + M M +
T y T ML
o =-0ET+ —-YI—— z+ ZI y
y z

v(x), My, V, are same as above.

q
CASE a: EIZ(x) = constant, and f(xq) - <xr)
q
X ozF;x2 X X
v (Z)- ca(t-%)-q |
(%) I (w1) (@#2) | [q W (-1

_ 2aEF(g-1)
2 (g+l) (a+2)
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TABLE 3.0-4. VALUES OF CONSTANTS F,, F3;, AND Fy
i n | nowa [ norou
q 0 Umilorm Cemperiature Dastrihationg
G [ Fy Ky G ¥ Fi ¥, t [ b by
0 -1t [T S P " R RO e N “ ~toonn | ocp i |-
no =1 tn =0, L -1.514 n.ot -4, 893 EUNE L ESPULE] et st -1opn -1.807
Y DY IRTTI T RUTTI B BT RITRTE T TN LS B S B! [CRC ITRETYR B DR S S
o BRI IO s P R R A N P [COE IR I T O e P
[ Sronon | o-ndnn -5 (] EICR TS RS IRTRY B IS RN ] EINIEVEE B PSR B SRS
([ Stooon | oenoang - ([ RO S P N B o SO Y B P R S
"6 B RPN TR SITU A BT "o BT B SO T B I o RS IR S IV B B0
wor St | e T -1 T w7 BTN B URS B B R w R L B Pl
o -1 hun ~h. R0 -1 n.n RN -1l LT - BTN
[ENTEN I BRTTYVI B VORTITTTON N BT [IRTSN TR B REIT B PR PR RO
R Ca | e T s o e e |
G b Chane o Terperalure Dasbrbutiony
G F. [ b G I 13 iy (K | ! by
[ s o=t o0 | —o ez " I I BT O B ST | o [ RE Y] ENNE
0.1 o0 ~Loos =0 [} o ety | enoan w1 (R LT DR B
"o R I PR R A "o
o B IRTRCLEN RO IR 0o
o [T I I P oLt "o
I [TURTIPR S ES SO T IETRR R U
>7>r " T R SRTAN) "Tl,‘ ‘ won
T e S T W
"o [ RIS 0o
Ll o106 - I
~—
(el atee Pempen e besteithitan
G ¥, I } ¥y [ o 3 1 '
v U I DRI IS TR “ ZRE - 2Kl " o . TRt
[ e S BT IR | T [T C e "o “ ) - W

[ vt R R R " { o oy an e 0o " ; ST

IR R R I i BRETPEN TN R
N s !

1o [T S A EI PR [0 "o i o FOT B R

q G alae P rafur e Dastedonoong

G ', ", ty

" U

0.1 TR B TR T ST ]

(LN u ,‘HHA St S

ool nosty Sty -1

ot [N E I B IR )

"o 0 . boats (RS

[ G LIS B T}l
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v. - BoEF
%2 = (q+1) (g+2)L

_ 20EF, X _
M7 la ) (@) [(1 1) @ ‘]

?

z
————— = constant |,

-M = constant.
z z TZ

=

i
]
=
i

III. Fixed-Hinged Beam.
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2
v (2) JeB L e o1 ,
L IZ X4 X9 X3
0

where

Fy= . (. (refer to Table 3.0-4 for values of F,),

(I3 = Iy)
_ aEF1 Fg
VOZ = = L >

MOZOZEFiF‘i »
Z

X1
FQ L
u (x) = i f f(Xl) dX1
av Ay 0

b

M+ M M_ +M

M + M M + M

CASE a:

EI = constant s
z

wo- (5)
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(@) " a6

- 3QEF1
z (a+1) (¢+2) L '

Vi

_ _ 8aEF
z (a+1) (q+2)

3aEF1(1-1)

M,

L
M =-
z (a+1) (q+2)
CASE b:
MTz
EIZ (xX) = constant |,

z L ’
3
Moz—"'?aEFi ,
3
M, = - (1- L) o EFy

IV. Deflection Plots.
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3] Cq
) (g+1) (g+2)

From the previous cases the deflection expressions were found to be

A. Simply Supported Beam:

Fy L2 X
= — -
v(x) IOZ (L I1 I1 )

y
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B. Fixed-Fixed Beam:

v(x)--—gl—Lz I +F1 +F.I
Ioz(ix 22x 33x)

C. Fixed-Hinged Beam:
F, L?
x) = - 21l -
Vi) L, [Iix tFy <sz stﬂ

These expressions have been plotted for parameter variations of heam width,
depth, and degree of thermal gradient along the beam length. The plots are
made in nondimensional form with the following designation:

X
SS*(L L I1x> ’

FS = - -
[Iix * F4<12x I:Bx)i] ’

and

FE = - (Iix+ FZIZX+ F.‘}ISX)

Therefore the deflection, v(x), for any case can be found by multiplying SS,

n 2
FS, or FF by %—L—

07

Figures 3.0-4 and 3.0-5 show the variation of FF and TS as a
function of lengthwise temperature gradient. In the figure, G 1I -~ 0 (con-
stant cross section) and N equals the exponent of the thermal variation along
the length of the beam; e.g., N= 0 means constant variation, N 1 means
linear variation, etc.

Figures 3.0-6 through 3.0-13 show the three deflection parameters SS,
FS, and FF for variation of parameters G, H, and N, where Il equals
variation in width of beam along the length, G equals variation in depth at
x = 0) (refer to Paragraph 3.0.3.1).
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3.0.2.3 Representation of Temperature Gradient by Polynomial.

A temperature profile obtained analytically or experimentally can be
approximated by a polynomial of the form

N M Cm
T=) L V_ vz +T
n=1 m=1

Accuracy of this approximation increases with the increase in the
number of terms of the polynomial; but, since the temperature distribution
is to be integrated in the process of obtaining the stress distribution, the
accuracy of the resulting distribution using a low-order polynomiul improves.
The total number of grid points required to determine the coefficients an

uniquely is equal to (M + N).

The coefficients an are obtained from the following relations.

[a, .. a, . a, ...a ._a ... . ) -

Vii 4,111,122, 13 ®1,1N 21, 21 44, MN T T
Via do,11%2,12%2,13 " %3 NP2 217 49, MN T, T
V1N _ aN’ 11 aN, TT SRR TR S aN, MN TN—T0
Var }
Voo

Von

VMNT P(MeN), 11 B (MaN) g27 vy, x| vy To
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n m . . .
where a, -y, Z, The values (y_,z. ) = coordinates of the ith grid
i, mn i i i

point at temperature Ti and T, = temperature at the centroid of the cross

section.

If the temperature difference (Ti‘To) is continuous and symmetric

about the z-axis, then V , =V =V = ... =0, and if it is continuous
mli m3 m5
and antisymmetric sz = Vm4 = Vmb‘ = ... 0. Similarly, for temperature
differences that are symmetric about the y-axis, V1r1 = V,}n = Vrn = 0,
B J
and if it is antisymmetric about ti -axis, V. = =V - ... =0,
nd if it i isy ic ut the y-axi on V4n 6n

If the temperature varies only in one direction (c.g., for variation
along the y-direction only) along either the y- or z-axis, the polynomial
reduces to

N n
T-Te= ), V. y
n-=1
i A v e e e e 1 —T
vy 11 “12 ‘] [ T4
V2 ‘121 ‘122 ...... :12n TZ_TO
...... ¢ -T
Vn nl n2 lnn Tn 0
4 = n
in yi

As before, if the temperature difference is continuous itnd symmetric,
Vi=V3=Vg=... 0; and for continuous antisymmetric temperature dif-
ferences V,=Vy= V= ... 0.

If the grid points are equally spaced on the cross section, say at
distance dy, then the polynomial can be written in nondimensional form as

N n n
Ty-Te= ), v_d (—-‘dil)

n=1
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EXAMPILES:
i. Continuous Symmetric Temperature
v a. Nine Points:
Ts
4
n ,.n
3l T -To= ),  (V_d) (i)
i n
T n=2,4,6
-2
T 2 ~ -t
1 Vy dy 12 14 18 18 T, - T,
d
1 I
V,d? 22 2¢ 26 28 Ty - Ty
Vg d, 32 34 36 38 Ty - Ty
ved® | La2 44 45 48] Ty - T,
Vyd' | [ 0.16000+01 -0.20000+00 0.25397-01 -0.17857-027 [T,-T,
V, d14 =0.67778+00 0.23472+00 -0.33333-01 0.24306-02 Ty=Ty
Ve d 0.80556-01 -0.36111-01 0.83333-02 -0.69444-03 | | T,-T,
vgd® | L-0.27778-02 0.13889-02 -0.39683-03 0.49603-04 ] |T,-T,

b. Seven Points:

Vy dy? 0.15000+01 -0.15000+00 0.11111-014] [ T,-T,
Vedy } = |-0.54167+00 0.16667+00 -0.13889-01| { T,-T,
Ve df 0.41667-01 -0.16667-01 0.27778-02] | T;~T,

c. Five Points:
-1

4 1

V2 d12 12 1‘ TI-TO —3‘ '? T1-T0
4 2 54 S §

Vg d, 2? 2 T To| |53 e T,-T,
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a. Nine Points:
- -
V,d 1 13 15 {7 T,-T
1 44 17 1o
V3 d13 2 23 25 27 TZ_TO
vsd/P| |3 3% 3% 37 T4-T,
v, dy’ 4 4 45 4 T4 T,
V, d4 " 0.15003+01 -0.30031400 0.33466-01 -0.22126-04] {T4-T,
Vi dy -0.54209+00 0.33375+00 -0.41847-01 0.30116-04 Ty-Ty
Vs d15 0.41787-01 -0.33454-01 0.83850-02 -0.86G045-05 T3-Ty
V7d17 L—O.86045-05 0.86045-05 -~0.36876-05 0.61461-064 T 4Ty
b. Seven Points:
V1d1 0.15000¢401 -0.30000+00 0.33333-01 T-T,
Vs d13 =|-0.541674+00 0.33333+00 =-0.41667-01 T,-Ty
Vs d15 0.41667-01 -0,33333-01 0.83333-02 T 3-T,
c¢. Five Points:
-1
4 i
Vl dl 1 13 TI_TO ? "_3_ TI-TO
3 3 1 1
V3 d1 2 2 Tz‘"To "Z)._ '_6' T2'T0

d. Three Points:

VidlzTi-TO
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3. Arbitrary Temperature Distribution
a. Five Points:
Yy
- !
1 Vydy 2t 22 23 ¢ T,-T,
2 Vz d12 11 12 13 14 Ti-TO
o - Vadd | (-0 (=92 (-1)? (-1)* T_~To
T
? vad | L2 2?7 (27 (-4 |T_-T,
T2

Vidy | [-0.83333-01 0.66667+00 -0.66667+00 0.83333-017 [ T,-T,
Vz di' | |-0.41667-01 0.66667+00 0.66667+00 -0.41667-01 | |T,-T,

Vzdi® | | 0.83333-01 -0.16667+00 0.16667+00 -0.83333-01 | |T -T,

Ved* | L0.41667-01 -0.16667+00 -0.16667+00 0.41667-01] |T -T,

b. Three Points:

-1
1
Vydy 1! 1? T4-T, - 4L T4-T,
2 2
2| Cvd o _qr2 _ ) 4 1 -
Vol [0t 0 T |5 5 T_-T,

Once the polynomial coefficients are determined, refer to Table 3. 0-2
or 3.0-3 for constant F;. Refer toTable 3.0-4 for the constants Fy, F; and
F, to be used to find the fixed~end moments, reactions, and deflections of
the beam.

I. Example Problem 1.
Given: The beam of rectangular cross section with a temperature distribution

constant in the x-direction and varying linearly from 500°F on the top surface
to 80°F on the bottom surface.
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v T, =500 °F
Y o
T, =500°F
1 o a= 6x106
' Ty =290 °F 6
| x 10 : E=30x 10
L L = 100 IN. L
) 1

F_-S——.‘ 80 °F

Find: Maximum stresses and maximum deflection v(x) in center of beam.
Solution:
1. Find the polynomial expression representing the given temperature

distribution in the y-direction. Refer to Paragraph 3.0.2.3, Continuous
Antisymmetric Temperature, Three Points

vidi =Ty - T,
Therefore
v{(5) = 500 - 290
vy = 42
Therefore expression for T = vo+ vy - 290+ 42y

2. Find values of Fy, Fy, Fy, and F; for each term of polynomial.
Refer to Table 3. 0-2.

vy = 290 Fo= 290 x bydg =~ 290 x 10(5) = 50 x 290 Fi=0
Vy = 42 FO =0

42 42

P 2y g 22 ) (10)% - 416, 67(42)
12 1
Refer to Table 3.0-4;
X q
(q=0, H=0, G= 0) f(x) = 500 (—I)
Fy,=-1.000 since constant in x-direction
q=10

Fs=0 constant depth G = 0

constant width H - 0
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3. Refer to Paragraph 3.0.2.2 II (Case b)

MOZ,: aEFlFZ
My, = 6 x 107" x 30 x 10% x 416.67 x 40 x (~-1.00)

=3.15x 10°
My ¥y

o] ==-aET+
z

- 6
-6 x 108 x 30 x 105 x 500 + {Z3:19x107) x 5

Top Fiber: % x 21667

o -127 800 psi

xx
Deflection: v(x) = 0
Therefore the beam remains straight.

II. Example Problem 2.

Given: The I-beam shown below with a linear varying temperature in the
x-direction and varying as shown in the y-direction.

Y
Y ! 350°
o -
350 o [ 225
o
100° Lz ———] 4.624 pay L=
@ 100
t x <
Ly —,
~ ) ’

Find: Stress Uxx and deflection v(x).
Solution:
1. Find the polynomial expression representing the given temperature

distribution in the y-direction. Refer to Paragraph 3.0.2.3, Arbitrary
Temperature Distribution, Five Points.
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vy d, [-0.08333 0.6667 -0.6667 0.083337 (350-150 62.5

VvV, dlz -0.04167 0.6667 0.6667 -0.04167 225-150 10. 42

vyd®|7| 0.08333 -0.16667 0.16667 -0.08333| |100-150 0
v,dt| Lo.04167 -0.1667 -0.16667 0.04167) |100-150 2. 083
: 10.4 2. 08

T - 1504+ 825 2 2 083 4

1.156 Yt (L1567 Y T (1.156¢ Y
T = 150 + 54. 1y + 7. 81y% + 1. 168y*

2. Refer to Tables 3.0-2 and 3. 0-4 for values of F,, Fy, F;, F3, and
F, for each term of polynomial.

n=0 V=150 Fo= 150(1.715) = 257.3 Fi=0

n=1 V;=254.1 Fo=54.1(0) = 0.0 Fy=54.1(2.774)=150.0

i

n=2 V,=7.81 Fo=7.81(2.774)= 21.6 Fi=0

,
i

n=4 V,=1.168 TFy=1.168(6.745)= 7.9  Fy =0

L Fo= 286.8 Fy= 150.

f (LL) - (——%) - 350 - 250 (%)

q=0 F, = -1.000 Fy= 0.0 Fy= -1.502
q=1 Fz’—‘- 0.0 F3;‘1.0 F4=‘0.502
F,=-1.000 F;=-1.0 Fys=-2.004

3. Refer to Section 3.0.2.2-III (Case b) .
Moz = -3/2a EF;= - 3/2(180) (150)= - 40, 500

M =M, (1 -x/L) I = 10.55 in%.
z Z Z
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M, vy

o (@x =0) =~ aET +
xx z

40 000(2.312)

oxx = ~180(350) - 10.55
o = -T71 860 psi
XX
Deflection;

v(x) = aF x*/4(1 - x/L) = 21.35 x 10-6 x%(1 - x/L)

I
z
X v(x)

0 0 -
10 90 x 21.35x%x 10
20 320 x "

40 960 "
50 1250 "
60 1440 "
80 1280 "
90 810 "
100 0

Refer also to Fig. 3.0-6 for the deflection.

3.0.3 Indeterminate Beams and Rigid Frames.

Continuous beams or frames can be analyzed by the method of moment
distribution described in Section B5.0, Frames. In this method a continuous
beam is fixed against rotation at all the intermediate supports over which the
beam is continuous; and, in the case of a frame, all the rigid joints are also
fixed against rotation and displacement. For each beam segment the moment
required to keep the slope at each of the two supports unchanged is called a
fixed-end moment. According to the convention of the method of moment
distribution, the fixed-end moment, which is an externally applied moment,
is positive if it is clockwise and negative if it is counterclockwise. This con-
vention should not be confused with the convention of strength-of-materials for
internal movement (refer to Paragraph 3.0.2). Fixed-end moment is desig-
nated by the subscript, F, and is abbreviated F.E. M.
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A 8 c A 8 c o
3 ' o
' B Y 2 P
A B c A 8 c D
hY ZEN g) GE?) é E; )
aT N ZE/ ’9”
MFAB MFBA MFBc No FEM. MFAB MFBA MFBC MFCB MFco

The magnitude of F.E. M. is obtained by analyzing the fixed-fixed
beam or the fixed-hinged beam cases of Paragraph 3.0.2. In that paragraph,
MOZ is positive when counterclockwise; so, to convert M, to F.E.M., one

z

must multiply by -1.

FIXED - FIXED BEAM FIXED - END MOMENTS

8 A 8
(| 1>ML h! Val
1 ] z / \
M.V v M =M M, =M
0, o, L, Fae 02 Fea .
M =My +L V,
r 4 z 2
FIXED - HINGED BEAM FIXED-END MOMENTS
A B8 A 8
| } h
/ l ] — X /
M, V v M = -M
02 oz Lz FAB Oz
A 8 A 8
] h e
M, Mg =M
v z

With this information, a normal moment distribution technique can be
performed to solve any continuous beam or frume.
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3.0.4 Curved Beams.

For a free curved beam of arbitrary, constant cross section, the
centerline of which is an arc of a circle lying in one of the centroidal principal
planes under a temperature distribution T(r,9), the following comments can
be made.

i. For a small depth-to-radius ratio, straight-beam theory can be
used instead of the curved-beam theory.

2. For linear temperature variation (T =T, %) » the results of

curved-beam theory compare well with the solution obtained by exact thermo-
elasticity method; e.g., for a rectangular beam where the ratio of outside radius
to inside radius is equal to three, the maximum stress obtained by the curved-
beam theory differs from the maximum stress obtained by exact solution by

only 2.4 percent. Straight-beam theory, however, gives 096 = 0, which is

considerably erroneous.
2
3. For quadratic temperature distribution T = T, —ig- » the difference

in maximum stress obtained by curved-beam theory and exact solution is only
4.9 percent for a rectangular section where the ratio of outside to inside radius
is equal to 3.0.

For solutions other than those mentioned above, see Ref. 1.

3.0.5 Rings.

A ring may be regarded as a closed, thin, curved beam, and can there-
fore be studied by the methods given in 3.0.4 and in Ref. 1.

3.0.6 Trusses.
3.0.6.1 Statically Determinate.

Every member of a pin-jointed determinate truss is not constrained to
elongate because of thermal loading. As a result, the net axial force in each
member is zero. Therefore, members of a pin-jointed determinate truss are
regarded as simply supported beams under thermal loading and should be
analyzed accordingly.

Deflections of joints of a truss can be obtained by the conventional
"dummy-load' method described in Section B4.2.2.
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3.0.6.2 Statically Indeterminate.

The forces in the bars of a statically indeterminate pin-jointed truss
are not zero, but are casily determined from the results of the previous
paragraph.

3.0.7 Plates.

The analysis of plates presented in this section is based on the
following classical theory of plates assumptions:

1. The material is isotropic, homogeneous, and linearly elastic.

2. The constant thickness of the plate is small when compared with its
other dimensions.

3. Plane sections, which before bending are normal to the median
plane of the plate, remain plane and normal to the median plane after bending.

4. The deflections of the plate are of the order of magnitude of the
plate thickness.

Solutions are given herein for circular and rectangular plates with
various boundary conditions and temperature distributions.

Analysis techniques for plates made of composite materials are given
in Section F.
3.0.7.1 Circular Plates.

I. Temperature Gradient Through the Thickness.

A. Configuration.
The design curves and equations presented here apply only to flat,

circular plates having central circular holes (Fig. 3.0-14). The plates must

-3
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be of constant thickness, be made of an isotropic material, and obey Hooke's
law. Curves are given which deal with bending phenomena for a/b ratios of
0.2, 0.4, 0.6, and 0.8 and are based on the assumption that v = 0,30 . These
plots cover only a portion of the boundary conditions considered in connection
with bending behavior. The remainder of these conditions, as well as all the
membrane solutions, are given as closed-form algebraic equations which are
valid for arbitrary values of Poisson's ratio and the inner and outer radii of

the plate. When the ratio a/b approaches unity, the member is more properly

identified as a ring.

b
a
POSITIVE DIRECTIONS OF THE
' STRESS RESULTANTS
b o \- e T,U
f \____ MIDDLE SURFACE -
Tz} '

NOTE: r,0,2,u,v,and w

z,w L
are positive as shown.

Figure 3.0-14. Circular flat plate.
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Solutions are given for various combinations of the following boundary

conditions for bending and membrane behavior, respectively.

Bending Phenomena.

1. Clamped, that is,

o
w:-—1v=0 at r =b and/or T = a ;

2. Simply supported, that is,

w=M =0 at r=>b andfor r =a ;

3. TFree, thatis,

M =0
T
at r = b and/or
aM oM
r ro
-2 N}
or a0

Membrane Phenomena.

1. Radially fixed, that is,

2. Radially free, that is,
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C. Temperature Distribution.
Arbitrary temperaturce variations may he present through the plate
thickness. However, it is required that there be no gradients over the surface.

Hence, the pcrmissible distributions can be expressed in the form
T = T(z) .

D. Design Curves and Equations.

In Ref. 2, Newman and Forray present the simple method given here
to determine the thermal stresses and deflections for stable plates that satisfy
the foregoing requirements. This technique is based on classical small-
deflection theory and is an extension of the procedures published in Refs. 3
through 5 by the same authors. To perform the analysis, use is made of a
number of equations‘and design curves. These are provided in the summary
which follows,

It is assumed that Young's modulus and Poisson's ratio are unaffected
by temperature variations. On the other hand, the temperature-dependence
of the thermal-expansion coefficient can be accounted for hy rccognizing that
it is the product T which governs; that is, the actual temperature
distribution can be suitably modified to compensatc for variations in « .

E. Summary of Equations and Curves.
w' azMT

W= - —m—
Y
Db(l ve)
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Y S22y . MT | Ear

r t r (1-v) v | r (1-v) (1-v) ’

_ 1y s Np Jl2z [ Mp __EoT
% "t |6 (1-v) 3 0" (1-v)| (-
043

b 12(1- %)

t/2
MT = Ea f Tz dz ,
-t/2
t/2
N, =E [ Td ,
-t/2
- _ '
M 2M M,
- t
My 2M M,
— 1
Nr - NTNr ’
N, = N.N!'



‘TEEHN[BAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
July 1, 1972
Page 86

The values for w', Mr' , and M 0' are obtained either from Table 3.0-5
or Figures 3.0-15 through 3. 0-19. When the figures are used, Poisson's
ratio must be taken to be 0,3 throughout the analysis of bending phenomena.
When Table 3. 0-5 is employed, there are no restrictions on v . Also note
that, in most of the plots, the parameters include multiplication factors. The
values for Nr' and N' are obtained from Table 3.0-6 and are also valid {or
any value of Poisson's ratio.
F. Linear Gradient.

For the special case of a linear temperature gradient through the

thickness for a solid plate represented by

T(z) = z

the following solutions apply.

Unrestrained Solid Circular Plate.

- 0

Q
i
Q
4

The plate becomes curved and fits a sphere >f radius inversely
proportional to the difference in surface temperatures and direct.y
proportional to the thickness.

Clamped Plate.

P d
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TABLE 3.0-5. NONDIMISNSIONAL PARAMETERS FOR
BENDING PHENOMENA

" Boundary Conditions
M! M!
Outer Edge| Inner Edge w! r 6
1{r? (Relative to
F - - 0 0
ree Free 2 (? 1) Inner Boundary)
Clamped Clamped 0 1 !
P P 12(1 - ») | 12(1- »)

Simply Frec 1 (—1;2 - l)—z) 0 0

Supported 2 \a¢ a?

Simply 1 ( r?

Free Supported 2\ a* 1 0 0

TABLE 3.0-6. NONDIMENSIONAL PARAMETERS FOR
MEMBRANE PHENOMENA

Boundary Conditions

Outer Edge Inner Edge r 6

Radially Free | Radially Free 0 0

Radially Fixed|Radially Frce
ﬁl t v)(

Radially Frec |Radially Fixed|

1 i o
(1-v) (1 -1

Radially Fixed| Radially Fixed -
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and
. . k(T - Ty)
rl 0| 2(1-v)
max max
Simply Supported Plate.
= = O
T Ty
and
_ e - T 2 _ 2
= m a® - r)
II. Temperature Difference as a Function of the Radial Coordinates.

A. Clamped Platec.

For the variation of tcmperature, assumed to be linear through the

thickness, and the variation with r given by the monomial,

z

T=h

K
Ar +c¢
K

where AK and c¢ are constants.



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
July 1, 1972
Page 92
2
i (1+v)a aTD(a) (£)K+2 (E . 1)(2)2 x
W= (x +2)2 a 2 a 21 °

2
" _EhaTD(a) (£)K+1+V
r  12(k +2) a 1-v
and

EhzaTD(a)

rK 1+v
0 " T D [(“1)(;;) eI

where TD is the temperature difference between the surfaces.

Curves of nondimensional deflection and moments are presented in
Figures 3.0-20 through 3.0-22 for « = 1,2,...5 . Superposition may then be
used for TD given by polynomials in r . The determination of a polynomial
describing the radial variation of TD can be obtained in the same manner as
shown in Paragraph 3.0. 2. 3.

B. Radially Fixed or Radially Free Plate.

Configuration.

The design equations provided here apply only to flat, circular plates
which may or may not have a central circular hole. The plate must be of
constant thickness, be made of an isotropic material, and obey Hooke's law.

Formulas are given which cover the range

ol 3
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3.2 -
2.8 -
24
K=5
2.0
: 4
1.6
3
1.2 4
2
0.8
0.4 -1 —1
[
T | l L L}
o 0.2 0.4 0.6 08 1.0

Figure 3. 0-20.

Nondimensional deflection.
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14

1.2 4

1.0

08 /
06 - /
0.4 4
0.2
o T T T T
0.2 0.4 06 08 1.0

Figure 3.0-21.

Nondimensional radial moment.

K=0
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k=0
1.4 1
1
1.2 1 :
3
4
5
1.0 1
0.8
0.8 -
0.4
0.2 -
0 y . ' y
0.2 04 0.6 0.8 1.0

Figure 3.0-22. Nondimensional tangential moment.
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As this ratio‘approaches unity, thc member is more properly identified as

a ring.

Boundary Conditions.

Solutions are given for each of the following types of boundary

conditions.

1. Radially free; that is,

o =0 =0 at r =b

and

if hole is present.
2. Outer boundary radially fixed (if hole is present, the inner

boundary is radially free); that is,

and

if hole is present.

Temperature Distribution.

The supposition is made that the temperature is uniform through the

thickness. waever, the plate may be subjected to a surface distrioution
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which has an arbitrary radial gradient but no circumferential variations.

Hence, the permissible distributions can be expressed in the form

T = T(r)

Design Equations.

In this section, it is assumed that Young's modulus and Poisson's
ratio are unaffected by temperature changes. Therefore, the user must select
single effective values for each of these properties by using some type of
averaging technique. The same approach may be taken with regard to the
coefficient of thermal expansion. On the other hand, the temperature-
dependence of this property can be accounted for by recognizing that it is the
product «T which governs; that is, the actual temperature distribution can
be suitably modified to compensate for variations in « .

The design equations are given in the summary which follows and are
based on classical small-deflection theory. The expressions for the radially
free plates were taken directly from Ref. 1. Tbhe equations for plates with
radially fixed outer boundaries were derived by superposition of the free-plate
formulas and the relationships given in Ref. 6 for cylinders subjected solely
to external radial pressure. Depending upon the complexity of the temperature
distribution, the required integrations may be performed either analytically

or by numerical procedurcs.
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Summary of Equations.

Solid Plates (No Central Hole).

1. Radially frec boundary:

{1 P 1 F
o = aE p(;f Trdr——r-gof Tr dr ,

1 P 1 f
To = aE -T+g§0 Trdr+;30f Tr dr ,

and

« . e P
u = = (1+v) f’l‘rdr!(l—v)(g) f’l‘rdr

O (o]

These three equations are indetecrminate at r = 0. However, by the

application of 1' Hospital's rule, it is found that {1]

b
- _ 1 1
(o) = (0'0) = aE |55 f Tr dr - Z(T)r=0
r= r=0 o]

and

r=
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2. Itadially fixed boundary:
1 b 1 r 9 b
O'r=aE onf Trdr—-ljof Trdr-mof Tr dr ,

b r b
1 1 2
g = OE |-T+ Of Trdr+733 of Tr dr - o7 =5y Of Trdr | ,

Q
"

and
a r rz b
u:—r—(1+v)ofTrdr—(1+V)(—b)ofTrdr

These three equations are indeterminate at r = 0. However, by the application

of 1' Hospital' s rule, it is found that

1 2 b 1
(o) = ((70) = aqFE ? Of Tr dr -m of Trdr-ETr=0

Plates with Central Hole.

1. Both boundaries radially free:

aE [ r? - n? y
o-r :—.-r—z—'-i)g_:.:-ﬁ qf TI‘dl’-af Tr dr N



and

where
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ak [ r? +a?
% a—;;-(—-{——-f f Trdr+af Trdr Tr? ) R

r b
a (1-v)r2+(1+v)a?
n=;[(1+v)fTrdr+ T o7 af’l‘rdr

2. Inner boundary radially free and outer boundary radially fixed:
a2
).

aElr2+az ~
% =—Tr b fTrdr+af Tr dr - Tr{'
( :
+(ar) b -a 1+_;! !

r b
u =%[(1+v) af Trdr+(1"’)(;:fg1,)“’)az f Trdr]
a

«E |r2-a? P 3 b?
o. =3 maf Trdr—af Tr dr +(a‘)r=bm(1-

+(0'1)r=b —-T—FE(bb-za) [(1-v)r+£—)1:v a{] ,

b

aE 1

(ar) = - T T [(1 +v) f Tr dr _
r=b b-al "V a
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N (1-v)b?+(1+v)al be d
(b? - a?%) rar
a
III. Disk With Central Shaft.
Boundary conditions for this plane-stress problem are u rea = 0

Trr 1 T* (1 g;)

= - - ’
ozETb 2 b r
T 1 . T* (1 az) 2T

= - —_ - —E - [}
@ET, 2 T, '/ T,

rr
aET

Tb <1 £> - 1 -
—\1- )
b |r=a T b (1+v) +% (1-v)

] 4% O8]

b | r=a b L(1+u) + 2 (1-v) |
*
090 — .T_b_ <1 _ __2> 1 -1
aET 8T b? 1-v \ a? ’
b | r= b 1+l )3
l+v / b
™ _ 2 frT dr = ZTb r-an[(n+1)r+a]
T or?-al r " r+a\b-a (n+1)(n+2)

a
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where
b 2T
. _ 2 _ b [(n+l1) b +a)
Ty = 7 af Trdr =7 +b  (n+l1)(n+2)
crr 0‘06
Curves showing the variations of and with n
aET aET
bir=a birb
and a/b are given in Figures 3. 0-23 through 3. 0-25.
048 s
_— 812
-0.7 // g_;
_0.5 // / g’;
// /
0.5 =

gk 0:4 i//
' /// «

0 1 3

N

Figure 3.0-23. Variation of tangential stress at outer boundary with n
and a/b for a disk on a shaft.

Additional cases that may be obtained from Refs. 7 and 8 are as follows:

1. Circular plate with asymmetrical temperature distribution
2. Circular disk with concentric hole subjected to asymmetrical
_temperature distribution

3. Circular plate with a central hot spot.

o2
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0
0 1 2 3

Figure 3.0-24. Variation of radial and tangential stress at inner
boundary of disk with n and a/b for a disk on a shaft.

1.0
a/b
0.9 0.8
08 f?//’/ <‘__‘————05
04
0.7 // 0.2
Gf sn o6 ’!//””V//il/,/”"’il’,fi:::: gl
% - <4/’i:::”””7

N7~
-0.3 /A /

0.2

Q.1

o
-
~N
w

Figure 3.0-25. Variation of tangential stress at outer boundary
of disk with n and a/b for a disk on a shaft.
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3.0.7.2 Rectangular Plates.

I. Temperature Gradient Through the Thickness,
A. Configuration. |

The design curves and equations provided here apply only to flat, rect-
angular plates which arc of constant thickness and are made of isotropic
material. The two long cdges of the plate are supported by flexible beams.

It is assumed that both ihe platc and the support beams are free of holes and
that no stresses exceed the elastic limit in either of these members. The
design curves cover aspect ratios b/a of 1.0, 1.5, and 3.0.

B. Boundary Conditions.

The edges x =0 and x = a are elastically supported by beams having
equal flexural stiffnesses Eblb . Both beams are simply supported at their
ends (Fig. 3.0-26) and arc free to undergo axial expansions or contractions.
Thesc members offer no constraint to cach of the following plate deformations:

1. Ldge-Rotation

2. In-Place Edge-Displacements u and v .

The beams resist only transverse deflections w . The edges y = 0

and y =b are simply supported; that is,
w = My = 0

along these two boundaries.
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Figure 3.0-26. Rectangular flat plate with one-dimensional
temperature distribution over surface.

C. Temperature Distribution.
Separate coverage is provided for each of the following temperature
distributions through the thickness:
1. Linear gradient T =af + afz
2. Arbitrary gradient T =1f(z) .
It is assumed that there are no temperature variations in directions parallel
to the middle surface of the plate.
D. Design Curves and Equations.
In Ref. 9, Forray, et al., present the simple methods given here to

compute thermal stresses and deflections at virtually any point in flat,
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rectangular plates which comply with the foregoing specifications. Thesc
techniques consist of a varicty of eyuations and curves, all of which are based
on the conventional small-deflection theory of plates. It is assumed that
Young's modulus and Poisson's ratio are unaffected by temperature variations.
Hence, the user must select single effective values for each of these properties
by employing some type of averaging technique. The same approach may be
taken with regard to the coefficient of thermal expansion. On the other hand,
the temperature-dependence of this property can be accounted for by recognizing
that it is the product T which governs; that is, the actual temperature distri-
bution can be suitably modified to compensate for variations in @ . When this
approach is taken, the user must adopt the viewpoint that any mention of a
linear temperature distribution is actually referring to a straight-line variation

of the product aT .

Linear Temperature Gradient,

For a linear temperature gradient expressed by

D~ Tat/2) " T(at/a)

E t3
Py = 20 -0
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i 4D o TD(l v)

t

The transverse deflections are expressed by

w = w(x,y) + wA(x,y) + WA(a - %,y)

where
(1+v)aT a? ® sinw[coshy< _l_a)]
w(x,y) = D_ix(;_xy_ 8 ‘ 2 Y2
Y - ot a a Tr3 3 nrb
n=1,3,... n°cosh —
2a
o - T o[ mm (B2 o ) s ]
and

4M

2N-1
- Z 1 s;inh—'mwa
mra k=1,3,...1+i£2i b
G x _ m a
" p (BT ) coen @2 _ (3+v) sinh B2 _ (1) B12| 2 Ebl—b mr sioh? (228
b\b ¢ b v b b 1-» \ D,b b

The component W(x,y) is the deflection where all edges are simply supported.
The bending moments Mx and My can be obtained by substituting the

final deflection relation into the following equations:
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T
tw tw o D
Mx"Db[a)E?“’ay24 7 1+
and
. T
%w dw @ D
My = -by, [‘i)y2 "VTRE T (1+v) )

Forray ct nl. [9] used these deflection and moment expressions to
gencrate the design curves of Figures 3.0-27 through 3. 0-35, where it is
assumed that v - 0.30 . Somc of the curves are discontinued near the corncrs
of the plate x/a =0, y/b =0 since the conventional th. ,ry breaks Jown at
these locations. Certain of these results also appear in Ref. 10, where a
different plotting format was used. In addition, the latter reference includes
supplementary curves for the c:se where EbIb/ Dbb — o ., This corresponds
to the condition of simple support on all four cdges.

Because of symmetry about the centerlines (x = /2, y =h/2) , it was
nccessary to show only one quadrant of the plate in Figures 5. 0-27 hrough
3.0-35. The assortment of curves covers a wide range of values in the vari-
ables and should accommodate most practical problems of this particular class.
For any situations where the plots prove to be inadequate, the cquations cuan he
used to obtain solutions. However, a considerable amount of rather routine

mathematics would be required in making the necessary substitutions to obtain

bending-moment equations in scries form. Once these were available, it might
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Figure 3.0-27. Nondimensional deflections for a plate with two
opposite edges elastically supported and the other
two edges simply supported; b/a = 1.0, v = 0.30.
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Figure 3.0-28. Nondimensional bending moments Mx/ M for a plate

with two opposite edges elastically supported and the other
two edges simply supported; b/a=1.0, v =0.30 .
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Figure 3. 0-31. Nondimensional bending moments Mx‘/M for a plate

with both long edges elastically supported and the short
edges simply supported; b/a = 1.5, v = 0.30.
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Figure 3.0-32, Nondimensional bending moments My/ M for a plate

with both long edges elastically supported and the short

edges simply supported; b/a = 1.5, v = 0. 30.
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Figure 3.0-33. Nondimensional deflections for a plate with both
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Figure 3.0-34. Nondimensional bending moments Mx/ M for a plate

with both long edges elastically supported and the short edges
simply supported; b/a =3.0, v = 0. 30.
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Figure 3.0-35. Nondimensional bending moments My/ M for a plate

with both long edges elastically supported and the short edges
simply supported; b/a = 3.0, v = 0.30.
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prove profitable to develop a simple digital computer program to perforn the
summations embodied both in the defleetion and moment expressions.
It is important to note that the peak moments always occur at the simply
supported houndarics and arc oriented so that the corresponding peak values

for the stresscs T and o act parallel to the edges. The maximum moments
y

can be computed from the following [11]:

-— 2 /
) _aTD(l v )Db e aT
x(max) t P12

M

These moments result from the boundary condition, which demands that w - 0
along the simply supported cdges. This imposes a straightness constraint that
completely suppresses the thermally induced tendeney to develop curvatures in
vertical planes which pass through these edges.

Arbitrary Temperature Gradient [T = £(z) ] .

The following procedurcs may be used for the analysis of plates having
arbitrary temperaturc distributions through the thickness T = f(z):

1. The deflections w and bending moments Mx and My may he
obtained from the cquations and figures given for the linear temperature
gradient, provided that '[‘” is replaced by T* , which may be computed from
the following:

12 t/2

T* = —tj [ Tz dz
-t/2
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2. The normal stresses x and y may then be established from the

relationships
'/"
E « *
12z P (— T z >
M —=_

%% x(t3)+(1—v) T+ -1

and
E «a
122 p — T*z )
= M -z _

Gy y(t3)+(1-v)<T+ t T
where

- 3 d/z

T== [ Tdz .

~ d
-d/z
I1. Temperature Variation Over the Surface.
A. Edges Free or Constrained Against In-Plane Bending.

Configuration.

The design equations provided here apply only to flat, rectangular plates
which are of constant thickness and are made of isotropic material. It is
assumed that the plate is free of holes and that no stresses exceed the elastic

limit. The equations are applicable only for large values of the aspect ratio

a/b .
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Boundary Conditions.

Consideration is given to cach of the following two types of houndary
conditions:

1. All edges are frec.

2. Plate is fully constrained against in-plane bending but is otherwise
completely free.

Temperature Distribution.

The supposition is made that no thermal gradients exist through the
plate thickness but a one-dimensional, arbitrary variation occurs over the
surface; that is, the temperature is a function only of cither x or y.

Design Equations.

It is assumed here that Young' s modulus is unaffected by temperature
changes. Therefore, in applying the contents of this section, a single effective
value must be selected for this property by using some type of averaging
technique. On thc other hand, the results arc presented in a form such that
the user may fully account for temperature-dependence of the cocfficient of
thermal expansion « .

The appropriate stress formulation is developed as follows for the
problem which was illustrated in Figure 3.0-26, which shows a rectangular
plate with a temperature distribution T(y) and free of any external constraints.

The results may be obtained by first imposing a fictitious stress distribution
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o, onthe edges x =+ a/2 such that all thermal deformations are entirely

A

suppressed. It follows that

O, = - a ET(y)

These stresses may be integrated over the width b and the thickness t to

arrive at the force

b/2

P, = - Et [ aT@) dy
-b/2

and the moment about the z axis

b/2
M, = -Et f aT@) ydy
-b/2

Since, at this point in the derivation, it is assumed that no constraints are
present, the actual plate must be free of forces and moments on all edges.

To restore the plate to such a state, it is necessary to superimpose both a

and a moment M_ which is equal and

force P_ equal and opposite to P A B

B

opposite to M Hence,

A .

and
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The stress corresponding Lo I’], is casily found to be
» ]

b/2
aT(y) dy

o=

B -b/2

The stress corresponding to MB is

MBy 12MBy 12y b/z
M = I = tbr = b3 E j aT(y)y dy
B Z -b/2

ag

it should be noted that the procedure being used constitutes an application of

Saint- Venant' s principle. Hence, the stresses o and o will be
PB MB

accurate representations only at sufficient distances from the edges x = ra/2.

Subject to this limitation, the actual thermal stresses at various points in the

plate may be computed from the relationship

P
! B MB
or
g bh/2 19 h/2
o = - a LT(y) 'E f aT(y) dy +—E¥ E f aT(y)y v
-b/2 ~b/2

The foregoing discussion has been restricted to those cases where tne

temperature varies only in the y direction. Howcier, the same method
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can be used to arrive at the following cxpression when T is a function only

of x:

E a/2 12 a/2
¢ = -aET(x) +o a T(x) dx+jaTx- E f oT(x)x dx .
y -a/2 -a/2

Complex one-dimensional temperature distributions may often be encountered
which make it difficult to perform thc integrations required by the preceding
equations. In such instances, numcrical techniques can be used whercby the
integral signs arc replaced by summation symbols.

The equations were derived for rectangular plates having no edge
restraints. However, these relationships can easily be modified to apply when
the plate is fully constrained against in-plane bending but is otherwise
completely free. This is achieved simply by deleting the final terms from
each equation,

Summary of Equations.

1. All Edges I'rce.

T = T(Y) ’
E h/2 12 b/2
o, = -aET(y) b [ ety dy +—b§YE aTl)y dy
-b/2 -b/2

T = T(x) ,



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
July 1, 1972
Page 124
and
g2 12x a/2
o, = -@ET(x) += [ oT(x) dx + =5 E [ oT(x)x dx
y -a/2 -a/2

2. Plate Fully Constrained Against In-Plane Bending But Otherwise

Completely Free.

rlv - rla(y) ,
. h/2
15 :
o, = -aFT(y) + | ooty gy,
-b/2
T = T(x) ,
and
. a/2
gy P‘ : 23
o - -akT(x) = / a'T(x) dx
y /2
13, ILidges Ilixed,
Configuration.

The equations and sample solution provided herc apply only to flat,
rectangular plates which arc of constant thickness and are made of isotropic
material (Fig. 3.0-36). It is assumed thst the plate is frec of holes and that
no stresses c¢xceed the clastie limit. The ccuations are applicable to any

aspect ratio a/b .
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gl a wmerfiing
FIXED
— XU
A
b a
a
u X
Fref e
FIXED
'
- - e B . xu

Y aw

NOTE: x,vy.z,u,v, andware
positive as shown.

Figure 3.0-36. Rectangular flat plate: all sides fully constrained
against in-plane displacements.

Boundary Conditions.

Consideration is given only to plates having all sides completely
restrained against in-plane displacements (fixed) ; that is, both of the

following conditions must be satisfied by each edge:
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u = 0
‘and
v : 0

Temperature Distribution.

The supposition is made that no thermal gradicnts exist through the
plate thickness. Howcver, temperature variations over the surface may be
arbitrary.

Design Equations.

As noted previously, a so-called body-force analogy exists between
certain isothermal problems and thermal stress problems for flat plates
which experience no transverse displaccments w . This method is derived
in a number of different references [12, 13, 14) and is frequently referred to
as Duhamel®s analogy. In Ref. 15, this approach is used to solve the
pfobiem béing treated here. Assuming that buckling does not occur, solutions
in series form were obtained for the in-plane stresses O s Gy and Txy

The series coefficients can be obtained by solving the following simultaneous

equations:

w

. . D
m)‘ 1-vp (n)z] ) Voo ma py
(— + 5) | t21+w) 2_4 L B N R
[ a) "7z (b Z & P BEmA (n)

A 1r2ab
mn 4

b b
= -a(l +v) f fg—zsinmaﬁxsinggzdxdy
0 0
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and

23h 2 1- 2 § 3
)5 €] 0 & Bt

where the indices m, n, p, and q each take on the values 1,2,3,...
subject to the restriction that those values of p and q must be deleted for
which (m £ p) and (n + q) are even numbers.

For any given temperature distribution, the right-hand side of the
preceding equations must be integrated. In many cases it will be desirable to
perform these operations by numerical procedures. The integers m, n, p,
and q may be assumed to vary from unity to any value N . This will result
in 2N? equations involving N? coefficients A and N? coefficients B .-
This set of equations can be solved simultaneously to determine appropriate
values for the coefficients. Once this has been accomplished, the stresses

at any point may be computed from
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E XX nr n
y m=1 n=1
N\ N\ mm mmnx nny Ea
+uz_, L —Amncos S sin— —l_VT(x,y) ,
m=1 n=1
and
N' N‘ nw mmw
L G' Amn_b— sin X cosn—:)y
y m=1 n=1
+ el 0s = sin =L .
mn a b

and
Txy
yxy el
Example.

Let a rectangular plate having ali four edges fixed (refer to Fig. 3. 0-36)

be subjected to a temperuture gradient
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Then
9T T, oT
ax - a and —-ay =0 .

Substituting these expressions into the right-hand side of the design equation,

the following is obtained after integration:

[ @ ] 00 L e

p=1 ¢g=1
41 +v) ';"Ll if m and n are odd numbers
mn ®
0 if m and n are even numbers ,

and

o 222 [(2) 252 (2) ]

+2@+v) p:zl q@ o GERGET = ©

Let N =2, Then the preceding equation becomes

1rab [( ) 1- u( )] v2(1+ 9 Bzz(zz 1)721222) 4$1+vulbc{1‘n '

2 Au
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___1rzabA (1)74 l_v(:—a)q + 2(1 4 v) B, 2 X 2 = 0
4 ’szl 2 \b/] 222 - 1)(2%-1) ’

nab 2Y 1-w l)ﬂ 2x2 _
s L(E)* 2 (b_+2(l+u) Beli-2)(1-2) = °

2 2 \2 .

m°ab 2 l-pyf2 2x2

— — || arsmm— — ‘ - ()
;A L(a T2 (b)_ + 2L v) By (1-2%)(2%-1) '

and

2 X2

) +2(1 + v) A22(22-1)(1-22) =0 ,

2% 2
"2(1+V) A21(22_1)(22_1) =0 ,

2 2 2
nlab 1V 1-v g) 2 x 2 i
s o L(b) T2 (a 21+ A rTonyoayy 0

2 L) 2 . 2 .
meab 2 1-wv (2 2 x2

=l ol - —f{= . : ; -0
7 P [(h) T2 (:1)] ) AT (2E- 1)

while A, and B,, can he obtainced frora the following rclationships:

2 i
tab /1 1-vp 8 4(1 +v)baTy
Ay (_1—" j-) ) By - &
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and
8 1 1-v
5(1 +v) Ay - rab Bn(? 4 Sl ) =0 .
For any plate dimensions and material properties, the stresses may then be
determined by using the appropriate design equations. This gives
_ _E LU > SIS AR 2mx | 2Ty
o, = 1_Vz(A“acos , Sy +y b By, sin a cos = )
Ea , X
T1-vw I“’(l-a) ’
__E _(2r oo2mx o 2my T 2 P 4
_ ay-:—uj<szzsm 2 €08 +vaA“cosasmb)

- (1—%%; T‘,(l--);) :

and

T . 7X 2 2mX 2
Txy = G (A“Esm—a cos-’{)xthzz-;cosTsin-aﬂ) .

It can be seen that, for more complicated temperature distributions and higher
values of N, efficiency considerations would dictate the use of a relatively
simple digital computer program in applying this method of analysis.
3.0.8 Shells.

The analysis of shells subjected to temperature variations has, for the

— most part, taken the approach of treating thermal loadings as equivalent
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mechanical loadings and hence solving the stresses and displacements by
techniques such as in Scction B7.3. Thesc approaches are discussed in
Refs. 7 and 8. Some of the morc common temperature distributions in shells
will be discussed in the following section.
3.0.8.1 [Isotropic Circular Cylindrical Shells.

This section covers the thermostructural analysis of thin-walled,
right circular, isotropic cylindrical shclls. The middle-surface curvilinear
coordinate axes (x and y) arc always taken parallel to the axis of revolution
and the circumferential direction, respectively.

The organization of this section is somewhat different from that of
the sections which cover isotropic flat plates. This is due to certain funda-
mental differcnces between the physical behavior of flat plates and shelis.
Flat-plate deformations are of such a nature that it is helpful to group the
solutions for stable constructions into the following categories:

1, Temperature gradicents through the thickness

2. Uniform tempcruturcs through the thickness.

Except for the special case of sclf-cquilibrating gradients through the thick-

ness (NT =0, M, =0), the first of these two cascs involves out-of-plane

T
bending which is, of coursc, accompaniced by displacements normal to the
middle surface of the undeformed plate. In case 1, the plate remains flat;

that is, the only displacements occur in directions parallel to the original

middle surface and no out-of-plane hending occurs. The governing differential
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equations in these two instances arc quite different and the indicated separation
of the cases {8 a logical format for the sections dealing with flat plates,
However, the situation is not the same for circular cylindrical shell structures.
For these components, a single governing differential equation includes the
phenomena related to both cases 1 and 2 and there is no need to isolate
these two types of thermal conditions. This is because either type of
temperature distribution, in conjunction with clamped or simply supported
boundaries, will lead to both membrane loading and bending about the shell-
wall middle surface. Consequently, for stable constructions which comply

with either case 1 or 2, the solutions are given in a single grouping as follows.

1. Analogies with Isothermal Problems.

A. Configuration.

This discussion is restricted to thin-walled, right circular cylinders
which are of constant thickness and are made of isotropic material. It is
assumed that the shell wall is free of holes and that it obeys Hooke's law.

Figure 3.0-37 depicts the isotropic cylindrical shell configuration.
Figure 3.0-38 shows the sign convention for forces, moments, and pressure.

B. Boundary Conditions.
The following three types of boundary conditions are discussed:
1. Clamped edge; that is,

dw

w:a;:‘() at x=10 and/or x=L (1)
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NOTE: u,v,w,x,y,2, and ¢
are positive as shown.

MIDDLE SURFACE

Figure 3.0-37. Isotropic cylindrical shell configuration for
analogies with isothermal problems.

NOTE: All quantities are positive as
shown. Internal pressure is
positive as indicated.

Ns

Y

Figure 3.0-38. Sign convention for forces, moments, and pressure
for analogies with isothermal problems.
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2. Simply supported edge; that is,
w=Mx=0 at x =0 and/or x=1L (2)
3. Free edge; that is,
Mx=Qx=0 at x=0 and/or x=L . (3)

All possible combinations of these boundary conditions are permitted. Hence,
it is not required that those at x = 0 be the same as those at x=L. In
every case, it s assumed that the cylinder is unrestrained in the axial
direction (Nx =0).
C. Temperature Distribution.

The temperature distribution must be axisymmetric but arbitrary
gradients may be present both through the wall thickness and in the axial
direction. The permissible distributions can therefore be expressed in the

form
T = T(x,z) . (4)

Any of the special cases for this equation are acceptable, including that where
the entire shell is at constant temperature.
D. Analogies.
It is helpful for the user to recognize that, for circular cylinders,

analogies exist between problems involving axisymmetric temperature
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distributions and certain problems where mechanical loading is present but
thermal effects are entircly absent (isothermal problems). The various types
of correspondencc are discussed herein where it is assumed that Young's
modulus and Poisson's ratio are unaffected by temperature changes. On the
other hand, one can account for temperaturc dependence of the thermal-
expansion coefficient o hy observing that it is the product T which governs;
that is, the actual temperature distribution can be suitably modified to
compensate for variations in « . When this approach is taken, the user must
recognize that any refercnce to linear temperature distribution is actually a
reference to a straight-line variation of the product aT .

It is also helpful for the user to recognize that, regardless of the
complexity of a thermal gradient through the thickness, at any location (x,y)
the distribution can be resolved into

1. A self-cquilibrating component, and/or

2. A uniform component, and/or

3. A nonuniform linear componcnt passing through T =0 atthe
middle surface.

A self-equilibrating temperatuire component is one for which

t/2

/f Tdz - 0
-t/2
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and
t/2
Tzdz = 0 . (5)
-t/2

An example of such a distribution is illustrated in Figure 3.0-39.

Figure 3.0-39. Sample self-equilibrating temperature distribution.
From a practical viewpoint, it may be assumed that gradients of this type will
not cause any deformation of the cylinder. Their only influence will be on
the stresses U and o¢ . If, for example, a solution is available for any
arbitrary temperature distribution T = T(x,z) , the effects can be easily
superimposed from a component T,(x,z) which satisfies equations (5). 1t

is necessary only to algebraically add the stresses

0x=a¢=-% ©

to the previously determined values for the appropriate locations (x,z).
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In this séction, the following two categories are treated separ.ately:
1. Uniform temperatures through the thickness with or without

axisymmetric, longitudinal gradients; that is,
T = T(x) . (7)

2. Nonuniform linear temperature gradients through the thickness,
passing through T = 0 at the middle surface with or without axisymmetric
longitudinal variations and possibly including self-equilibrating components;

that is,
T = Tyx,2) + Tyx) 2 (8)

where T, satisfles equations (5).

Uniform Temperatures Through the Thickness [T - T(x)].

In Ref. 16, Tsui presents the small-deflection governing differential
equation for thc subject shell. Aftcr conversion to the notation and sign

convention used here, this expression becomes

2

Np 1 dMT 9)
- - - 2

b Dp? Db(l v) dx

where
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t/2
N, = Ea /[ Tdz ,
-t/2
t/2
M, = Ea [ Tzdz ,
. -t/2
(10)
and
Et
Dy, = 12(1 - v?)

An inspection of equation (9) reveals the key to an analogy which applies to
the problem under discussion. Note that, for the isothermal problem, this

equation reduces to

diw __B
Ex-;ua‘w = -Db . (11)

For thermostructural problems where pressure differentials are absent and

the temperature is uniform through the wall thickness (M,r = 0),, one obtains

N
d*w T
o tABt = B (12)

A comparison of cquations (11) and (12) suggests that the latter problem may
be treated by means of an isothermal model that i8 loaded by a pressure

differential, p =p®*, where
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N
T EaTt .
p*x) - — Pl (13)

With regard to the edges, it should be notced that, since MT =0, the boundary
conditions for the actual cylinder can be expressed as follows [16]:

1. Clamped edge:

dw

-a;=0 at x=0 and/or x=L . (14)

w =

2. Simply supported edge:

dw

w_—.-d—x—z-:() at x =0 and/or x=L . (15)

3, Frece edge:

dw _ diw
& T

|
1
=]

at x =0 and/or x =L . (16)

These relationships do not contain any temperature terms and are therefore
identical to those for the corresponding isothermal cases. Therefore, the
major equivalence between the subject temperature distribution (T = T(x)]

and the isothermal model is bound up in the governing differential equation (9).
Hence, thc desired analogy is achicved by simply substituting p* for p in
equation (11). When this pressurc is positive, it acts radially outward. It

is important to note, however, that the analogy is complete only insofar as

the radial deflections and the axial stresses are concerned; that is, the thermal
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deflections w and the thermal stresses oL will be identical to those due
solely to a pressure p* acting on a cylinder having the same geometry and
boundary conditions as the actual structure. On the other hand, to determine
the thermal stress ¢ s’ the quantity (-EaT) must be added to the correspond-
ing value obtained from the pressure solution. This accounts for the fact that
strains ¢ " in the amount aT arc associated with stress-free thermal
growths or shrinkages.
To facilitate the application of this analogy, the user should refer to
Section 2.40 of Ref. 17, which includes solutions for numerous cases of
pressure-loaded cylindrical shells (a wide variety of pressure distributions

and boundary conditions are treated) .

Temperature Gradients Through the Thickness [T = T(x,2)].

This subsection discusses factors associated with cylindrical shells
having nonuniform linear temperature gradients through the thickness, passing
through T = 0 at the middle surface, with or without axisymmetric longitudi-

nal variations, and possibly including self-equilibrating components; that is,
T = Tyxz) + T § (17)

where

/T]dz=0
-t/2




and

.4
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t/2
Tzdz - 0 . (18)
~t/2

Here again, it is helpful for the uscr to study the following small-deflection

governing differential cquation which was obtained by converting the

corresponding formulation of Ref. 16 to the notation and sign r ui.vention cof

this section:

where

and

N d’M
&+4B4W-—--L T_ 1 T (19)
dx? D, D,a I)b(l— v) dx?
g = v ~ VI
" 4/ 4D a® a’t? ’
b
t/2
N, = Ea J Tdz , (20)
-t/2
t/2
MT = Ea { Iz dz ,
-t/2
D - Lot?

b~ 12(1 - v?)
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For the isothermal problem, this equation reduces to
('/‘ d‘w
ST rapw = -2 (21)
dx Db
while, for the subject thermostructural problem,
Ny = 0 (22)
and equation (19) becomes
dtw p  OMy
Ex—4—+4p‘w = -Db(l_v) o (23)
- A comparison of equations (21) and (23) suggests that the latter problem may

be treated by means of an isothermal model that is loaded by a pressure

differential, p = p*, where
dM

0 =Ty & (24)

This does not, however, provide a complete basis for the desired analogy
since the boundary conditions which are likewise part of the problem formu-
lation must be considered. From a study of conventional typee of boundaries,
it 18 clear that the simplest form of the subject analogy is that associated
with a cylinder having both ends clamped. In this case, both the radial

deflection and the related slope must vanish at the boundaries; that is,
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w = 0

at x=0 and x =L . (25)

dw

= = 0

dx

The simplicity of the analogy for this situation comes about because these
relationships do not contain any temperature terms and are therefore identical
to those for the corresponding isothermal problem. Asa result, the major
equivalence betwcen the subject temperature distribution and the pressure
loading is bound up in the governing differential equation (19). Hence for
cylinders clamped at both ends, the analogy is achieved by simply substituting
p* for p in equation (21). When this pressure is positive, it acts radially
outward. It is important to note, however, that the analogy is complete only
insofar as the radial deflections are concerned. That is, the thermal
deflections w will be identical to those due solely to a pressurc p* acting
on a cylinder having the same geometry and boundary conditions as the actual
structure. On the other hand, to determine the thermal stresses o and rr¢ .
the quantity [-EaT/(1 - ») } must be added to cach of the corresponding values
obtained from the pressure solution. This accounts for the possible presence
of a self-equilibrating temperature component and for the fact that strains <y

and € in the amount «T, are due dolely to stress-free thermal growths

¢ ’
or shrinkages.

Although the analogy under discussion takes on its simplest form where

both boundaries are clamped, this general method need not be ruled out for a
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simply supported shell. In the latter casc, the analogy with respect Lo
equation (19) still holds truc. 'The added complexity is introduced only through

the boundary-condition formulations. In this connection, the bending moment

Mx may be expressed as follows [16]:

M
d?w T
My = "Doaxt - (1-v) (26)

This relationship is applicable anywhere in the shell, including positions
around the boundaries. Only the latter locations need be considered here. It
should be recalled that the condition of simple support includes the requirement

that

M =0 at x=0 and/or x=1L . (27)

Suppose a uniformly distributed external bending moment Mx"' is applied

around such a boundary, as defined by the equation

Mp

M* = 9 (28)

The user must remember that the sign convention being used specifies that

a positive bending moment causes compressive stresses on the outer surface
of the shell wall (refer to Fig. 3.0-38). By superimposing moments Mx"l
around a simply supported end, the related expressions for the boundary

conditions become
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d%w MT MT

s N e Rl E S CR

at x =0 and/or x=1L

(29)

or

d’w
M = -D 7 =0 at x =0 and/or x =L . (30)

Equation (30) is the same as that for a simply supported boundary of a
cylinder which does not cxperience any thermal influences. Hence, for a
circular, cylindrical shell having both ends simply supported and subjected
to the temperature distribution defined by equations (17) and (18), thermal
deflections w can be ohtained by superposition of the following:

1. The radial deflections of a simply supported cylinder which is
identical to the actual structure but is frec of any thermal influcnccs and is

subjected to a pressure p* where

p*(x) = (1]; V) '@1 (31)

and bursting pressures are positive.

2. The radial deflections of a cylinder which is free of thermal
influences,. is identical to the actual structure, and whose boundaries conform
with the condition of simple-support except for the application of uniformly

distributed moments Mx* ‘at each end, where



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
July 1, 1972
Page 147
M
R
M, 1l-v») ° (32)

The thermal stresses o and o s are found by adding the quantity
(-EaT/(1 - v)] to the algebraic sum of these stresses associated with steps
1 and 2. To facilitate the application of this analogy, the user should refer
to Section 2.40 of Ref. 17, which includes numerous solutions that will often
be useful in performing step 1. In addition, Refs. 17, 11, and 18 provide
simple methods by which step 2 may be accomplished.

A situation similar to the foregoing arises when both boundaries of
the shell are free. As before, the analogy with respect to equation (19)
remains valid but still greater complexity i8 introduced through the applicable
boundary-condition formulations. In this case, when the cylinder is subjected
to the temperature distribution defined by equations (17) and (18) , thermal
deflections w can be obtained by superposition of the following:

1. The radial deflections of a cylinder which has both ends free and is
identical to the actual structure but is free of any thermal influences and is

subjected to a pressure p* where

1 dzMT
p¥(x) = (1-v) = (33)

and bursting pressures are positive,
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2. The radial deflection of a cylinder which is free of thermal influences,
is identical to the actual structure, and has the prescribed boundary conditions

except for the application of uniformly distributed moments Mx* at each end,

where

M
T
Mx* =Ty (34)

3. The radial deflection of a cylinder which is free of thermal influences,
is identical to the actual structure, and has the prescribed boundary conditions

except for the application of uniformly distributed shear forces Qx* at each

end, where

Q" = 1-v) dax | (35)

The thermal stresses o}; and 0’¢ are found by adding the quantity

[-EaT/(1- v) ]- to the algebraic sum of these stresses associated with items

1 and 2. To facilitate the ﬁpplication of this analogy, the user should refer

to Scction 2.40 of Ref. 17, which includes numerous solutions that will often

be uscful in the accomplishment of step 1. In addition, Refs. 17, 11, and 18

provide simple methods by which steps 2 and 3 may be accomplished.
Analogies of the types presented in this section perform a two-fold

function in that they can help the user to dcvelop some physical insight into

thermostructural behavior and also enablc him to solve thermal stress
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problems by using existing solutions for members subjected solely to
mechanical loading. Although the emphasis has been on cases where both
ends of the cylinder have the same boundary conditions, the user should find
it relatively easy to apply the same basic concepts when the two boundaries
are not identical (for example, one end clamped while the other is simply
supported) .

1. Thermal Stresses and Deflections — Linear Radial Gradient,

Axisymmetric Axial Gradient.

A, Configuration.

The design equations provided here apply only to long (L = 21/8),
thin-walled, right circular cylinders which are of constant thickness and are
made of isotropic material. It is assumed that the shell wall is free of holes
and that it obeys Hooke's law. Figure 3. 0-37 depicts the isotropic cylindrical
shell configuration, Figure 3.0-38 shows the sign convention used for the
stress resultants of interest.

B. Boundary Conditions.

The following types of boundary conditions are discussed:

1. Free edges

2. Simply supported edges

3. Clamped edges.

All possible combinations of these boundary conditions are permitted; that is,

it is not required that those at x = 0 be the same as those at x = L. However,
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in every case, it i3 assumed that the cylinder 18 unrestrained in the axial
direction (Nx =0).
C. Temperature Distribution.
The following types of temperature distributions may be present:
1. A radial gradient which is linear through the wall thickness and
need not vanish at the middle surface

2. Axisymmetric axial gradients.

The permissible distributions can therefore be expressed in the form
T = Tyx) +Ty¥) % . (36)

Certain restrictions must sometimes be imposed on the complexities of the
functions T, (x) and T,x) , depending upon the method of analysis employed.
These conditions are explained in a subsequent paragraph. | Any of the special
cases for equation (36) are acceptable; that is, either or both of T(x) and
T,(x) can be finite constants and either can be equal to zero.

D. Design Equations.

Throughout this section, it is assumed that Young's modulus and
Poisson' s ratio are unaffected by temperature changes. Hence, the user
must select single effective values for each of these properties by employing
some type of averaging technique. The same approach may be taken with

regard to the coefficient of thermal expansion. On the other hand,
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the temperature~-dependence of this property can be accounted for by
recognizing that it is the product of aT which governs; that is, the actual
temperature distribution can be suitably modified to compensate for variations
in o . When this approach is taken, the user must recognize that any
reference to a linear temperature distribution is actually a reference to a
straight-line variation of the product aT .

In addition, the several types of solutions cited here are based on
classical small-deflection theory. Therefore, it is important for the user to
be aware of this when applying the given methods to pressurized cylinders by
superimposing the thermal stresses and deflections upon the corresponding
values due solely to pressure; that is, because of their dependence upon
classical theory, the methods presented here cannot account for nonlinear
coupling between thermal deflections and the pressure-related meridional
loads.

The small-deflection governing differential equation for the subject
cylindrical shell (refer to Fig. 3.0-37) can be written as follows [19]:

2
d‘w 4ptw = - Np 1 d Mp (37)

o S - _ )
dx Dba Db(l v) &

where
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4 Et - 43(1-';;2)
B = »‘/;)baz = [a t? ’
t/2 |
N,=Ea [ Td ,
T
-t/2
(38)
t/2
M, =Ea [ Tzdz ,
-t/2
and
Et3

Dy, = 12(1-v%)

If L=2n/3, then overlapping effects from boundary conditions at the two
ends of the cylinder can be neglected and the following approximate solutions
to equation (37) apply to each half of the structure:

CASEI1({(0=x=<L/2):

aN d*m
. -px ) T _ a T
w = e (C, cos fix + C, sin 8x) Bt T EtQ-y) &0 (39)
CASE I (L/2=x <L):
w = e_ﬁ(L-x) [C; cos B(L - x) + C, sin (L - x) |
aN , dM
T a T (40)

T Et  Et(1-v) dx®



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

8Section D
July 1, 1972
Page 153

The terms e-px(c, cos px + C, 8in fx) and e-’(L-x) [Cy cos (L - x)

+ C, 8in A(L - x)) comprise the respective complementary solutions to

equation (37). All of the boundary-condition influences are embodied in these
terms. The remalning portions of equations (39) and (40) are the so-called
particular solutions and those given here are somewhat inexact. They were
obtained by Przemieniecki [20] as first-order approximations from an
asymptotic integration process and will give exact resuits only if the functions
T(x) and T,x) are truly polynomials of second degree or lower; for example,
Tx) =by+ b,g +bx? and Ty(x) =d, +d;x + dx?.

When the temperature distribution is such that polynomial expansions
of T, and/or T, require terms higher than the second degree, approximate
solutions can be obtained by using either of the following two procedures:

1. Truncate the series by eliminating terms having exponents greater
than two and perform the analysis as though the resulting series were exact
representations of T (x) and T,(x) .

2. Ignore the stated restriction on the polynomial expansions and usc
the actual higher-degree formulations.

Either of these two possibilities will introduce inaccuracies and, at present,
no studies have been performed to determine the orders of magnitudes for
the errors associated with various ranges of the parameters involved. For

those cases where accurate results are required but equations (39) and (40)
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are inexact, the user can always resort to an alternative procedure whereby
these expressions are suitably modificd. This can be accomplished by
retalning the foregoing complementafy solutions but introducing more
appropriaté pérticular solutions. | The latter can be established by standard
mathematical operations such as variation of parameters or the method of
undetermined coefficients [21, 22].

For any case, the constants C, through C, in the deflection relation-
ships must be evaluated from the boundary conditions. It therefore becomes
necessary to express the various physical possibilities by means of the
following formulas:

1. Free edge:

where
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de
Qx T dx
and (42)
M
M = dxw T

X -Db-d_x_i—(l-v) ’

The method to be used will be illustrated by using the example of a cylinder
having a simply supported"edge at x =0 and a clamped edge at x =L . For
the portion of the cylinder where 0 -ix — L/2, the values x =0, w=20
would be inserted into equation (39) to obtain a rclationship which may be
identified as equation (39a). Following this, equation (39) must be substituted
into

o dw  Mro
bdx?  (1-v)

0 (43)

and x must then be set equal to zero in the resulting formulation to obtain an
equation which may be identified as (39b) . The constants of integration C,
and C, can then be determined by the simultaneous solution of equations (39a)
and (39b) . For the portion of the cylinder where L/2 =x = L, the values

x =L, w=0 would be inserted into equation (40) fo obtain a relationship
which may be identified as (40a). Following this, equation (40) must be

substituted into
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dw _ (44)

and x must then be set equal to L in the resulting formulation to obtain an
equation which may be identified as (40b). The constants of integration C,
and C, can then be determined by the simultaneous solution of equations (40a)
and (40b).

Once the deflection equations have been fou'nd for both halves of the

cylinder, the bending moments Mx and M 5 at any point can be established

from
v - p dw_ T
x  bdx* (1-V) -
and (45)
M
M = d*w T ]

o Do T

Then the stresses at any location are given by the following:

. o1z
x t Tx
and (46)
N
, -9, 12
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where
w
= - -—Et .
N‘P : NT a t (47)

Example No. 1.

A thin-walled, right circular cylinder of length L(>27/B) has both

ends simply supported and is subjected to the temperature distribution
T = dof (48)

where d, is a constant. Itis desired that the deflections and extreme-fiber
stresses be found, assuming that L = 40in. and $=0.2.

For the given temperature distribution, equations (38) yield

NT =0
and (49)
2
M_ = Eat‘d
T 12

Then, for 0 =x =L/2, equation (39) becomes
_ﬁx
w = e (Cycospx+C,sin BX)

At x = 0, the boundary condition of simple support requires that
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wo= M = 0 (51)
where
. M
d*w T
M= -D, 57 oy (52)

From equations (50), (51), and (52), the constants C, and C, arc found to

be

and (53)

C, - ___E_(ytn" i d
27 g(r-vw) °

Hence, cquation (50) may now be rewritten as follows:

«at a’p?

ek ¢ P* sinpx . (54)

w

The function {(Bx), tabulated by Timoshenko and Woinowsky-Krieger [11]

may now be introduced to obtain

232
w = T ) (55)

where

t(px) = e Fsinpx . (56)
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By substituting equation (55) into (45), the bending moments can be expresscd

as
B Eatzdn _
My = 12(1- v) (6(Bx) - 1]
and (57)

2
M, = %_—d—gs [vo(Bx) -1}

where the function 0(8x) is tabulated by Timoshenko and Woinowsky-Krieger

[11} and is defined as follows:
o(Bx) = ¢ P cos Bx . (58)

The extreme-fiber stresses can then be determined from

6M
o ¥ —-Z——X
X L
and (59)
N 6M
) t t?

where the upper signs correspond to the outermost fibers. By substituting
equation (55) and the first of equations (49) into (47), the following expression

is obtained for N

¢ :
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E ot’ag? ,
= - 0
No= - 6o,y B . (60)

For the other half of the cylinder (1./2 - x 2 L), cquation (40) must be used,

which, in view of cquations (49), becomes

w = e_B(L—x) [Cy cos B(L - x) + C,sin (L - x)] . (61)

At x =L, the boundary condition of simple support requires that

w=M =0 (62)
where
; M
d4w T
= =D — - . (I
M, hdx?  (1-v) (653)

From equations (61), (62), and (63), the constants C; and C, arc found to

be

and (64)

272
. ata3®
Cq 6(1 - ) d .
Then, proceeding in the same manner as for the other half of the cylinder, the
following expressions are found for the deflections, moments, and extreme-

fiber stresses:
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W ‘?;(la—_‘%) duuﬁ([' -x)] (65)
i __ Eotdd,
MX = 12(1-”) {(’[B(L_ X)I - 1} ’
(66)
_ _Eatd
) M, = ———-‘le(l ) {voB(L - x)} -1} ,
6M
g = F 2x »
X t
and (67)
f
% Tt o
where
E t2 2
N, =‘?7IT% dptB(L - )] . (68)

Here again, the upper signs in the stress formulas correspond to the outer-
most fibers.

The foregoing relationships for the two halves of the cylinder were
uscd to obtain the nondimensional solution listed in Table 3.0-7. These
results arc plotted in Figure 3.0-40.

Example No. 2.

A thin-walled, right circular cylinder of length L(> 21/B) has both

ends clamped and is subjected to the temperature distribution

T = b0+ blx ((;9)
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where b, and b; are constants. It is desired that the deflections and
extreme-fiber stresses be found, assuming that L =40 in., 8 =0.2, and
bl/bO = 2 .

For the given temperature distribution, equations (38) yield

N, = Eat (by + byx)

T
and (70)
M, =0 .
0.8
8
S04
« w
“g /\\( A{ota®f2dy)/6(1-0) //\
o e —— C——
3 \ Il
¥ /
\
~ 04 \ /
\ /
< \ /
2 '.'é X y i
3 ‘ /
- 08
\ /
\ /
\ - - -_ T ~ - ] A MX )
- - (Eat®do)/12(1-p)
1.2 1 J
0 10 20 30 a0
x{in.)

Figure 3.0-40. Nondimensional deflections and axial bending
moments for example problem No. 1.
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Then for 0 <x <L/2, cquation (4) becomes
-Bx
w = e  (CcospBx+C,singx) - aa(by+b;x) . (71)
At x =0, the clamped condition requires that
(jw .
bl — bl (, - z
w Ix (72)

From equations (71) and (72), the constants C; and C, are found to be

Cl = aabo
and @3)
aab,

Hence, equation (71) may now be rewritten as follows:

w = ePX [aabo(cos Bx + sin Bx) +a_;1£1 sin ﬁx:l - aa(bg + b;x) . (74)

The functions ¢(8x) and {(Bx) , tabulated by Timoshénko and Woinowsky-

Krieger [11], may now be introduced to obtain

w = aabye(gx) +%@9L £(Bx) - aalb, + b, x) (75)

where

#(Bx) = e-Bx(cos Bx + sin Bx) (76)
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and

t(Bx) = e-ﬁx sin Bx . (76)
(Con.)

By substituting equation (75) into (45), the bending moments can be

expressed as

” )
. . 21 1
M 2 wab, nb/; [z/,((sx) | W o(ﬁx)]

and ' (77)

M = vM

¢ X
where the functions ¥(B8x) and 6(B8x) are tabulated by Timoshenko and
Woinowsky-Krieger {11] and are defined as follows:
-f3x .

¥(Bx) = ¢ " (cos Bx - sin px)
and (78)

o(Bx) = o Bx cos Bx
The extreme-fiber stresses can then be determined from

6Mx
o, = F— (79)
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and
N 6
AR (79)
{(Con.)

where the upper signs correspond to the outermost fibers. By substituting

equations (75) and (70) into (47), the following expression is obtained for N¢ :

N, = -Eabote(px) - 222 r(gx) . (30)

¢ B

For the other half of the cylinder (L/2 <x <L), equation (40) must be uscd,

which, in view of equations (70), bccomes
-8(L-
w=e A(L-x) [C4 cos B(L - x) + C,sin B(L - x)] - aa(by + h;x) . (81)
At x =L, the clamped condition requires that

=0 . (82)

From equations (81) and (82), the constants C; and C, are found to be

C; = aa(by+ byL)
and (83)
C‘ = - g-a_[ll <+ aa(bo + b] L') .

B
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Then procecding in the same manner as for the other half of the cylinder, the
following expressions are found for the deflections, moments, and extreme-

fiber stresses:

w = aab (1 4%‘ L) #[B(L - x)] -“—?’lgm(L- x)} - ozab0<1 +£—1x) ,
0 It}

(81)
M 2aafih, D j ] |'~1| JIp(L - x) | o[s(1 )l'
X ‘ ”bl [Jx—bﬁﬁ‘_x"
(85)
Mq; : va ,
6M
% Tt
and (86)
N 6M
o —QT
¢ t K
where
N¢ -Eab,t (1 1 b 1) oIB(1, - x) ] + I"—‘—;’J—g[ﬁ(l,- )] . (87)

Here again, the uppcr signs in the stress formulas correspond to the cuter-
most fibers.

The foregoing relationships for the two halves of the cylinder were
used to obtain the nondimensional solution shown in Table 3.0-8. Thcse

results are plotted in Figure 3. 0-41.
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TABLE 3.0-8. NONDIMENSIONAL TABULAR SOLUTION FOR

w AND M_ (EXAMPLE NO. 2)

1 2 3 4 ] ¢ 7 8 ]

x | | wm | Rum|-f e | At | e | e A

] 0 1. 000 0 -1 [} 1.0 10.0 11.0

0.5] 0.1 0. 9907 0,803 -3 -0, 1063 0,81 9, 003 9.013

1.0} 0.2 0. 9651 1.637 -3 -0.4079 0.6398 8.0 8.6638

2.0] 0.4 0.9784 2.610 25 -1,6116 0.3564 6.174 6.5304

3.0] 0.6 0.7628 3.009 -7 . -3.1382 0, 1431 4.530 4.6731

5.0] 1.0 0. 5003 3.008 =11 -7.39587 |-0.1108 1,988 1.8772
10,0} 3.0 0,0887 1.230 -21 -19.7038 | -0.179¢ -0, 563 -0.7424 -
15.0 | 8.0 -0, 0423 0.071 -31 -30.9718 | -0.0883 -0.4838 -0, 5493
20.0| 4.0 -0.0358 -0.117 -41 -41, 1428 0.0019 -0.120 -0,1181
a. Ay = (w/aaby) = (3) +(4) +(8) .
b. Ay = (M_/3asb,Dp%) = (1) +(8) .

t29] -3 = (8] % |am
x . b anb, 0y . W

x | (t-x) | p(i-x) | ela(t-x)] | LIML-x)] '(1 +E‘.") =(4) +(8) +(8) | #[B(L-x)] | olA(L-x}] | =(8) - (9®)

1 2 3 4 5 6 7 8 9 10
20 20 4 ~2,0008 0.117 ~41 -42,9728 0.1539 -0.120 0.2739
25 15 ) -3.4263 -0.071 -51 -54.4073 -4,5603 ~0.483 ~4, 0873
30 10 2 5.4027 -1, 230 -1 - 586, 8273 -14.5314 -0.583 -13.9684
35 8 1.0 41.1723 -3, 006 -71 -32.9237 -8.9748 1,988 -10, 9628
37 3 0.6 61,7869 -3.099 -78 -18.3121 11,5011 4,830 7.0611
38 2 0.4 71,1504 -2.610 -7 -8.4508 28.8684 6.174 22, 6644
L 1.0 .2 78.1731 -1.827 -7 -2.4539 61.8238 8.024 \ 43.7998
3.8 6.8 0.1 00, 3467 -0, 903 . -80 -0, 6563 656.610 9. 003 56.607
40 0 1] 81,00 [} -81 0 81.0 10.00 T 00 —_




)

Figure 3. 0-41,
moments for example problem No. 2.
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Nondimensional deflections and axial bending
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III. Thermal Stresses and Deflections - Constant Radial Gradient,

Axisymmetric Axial Gradient.

A, Configuration.

The design curves and equations presented here apply only to thin-
walled, right circular cylinders which are of constant thickness and are made
of isotropic material. It is assumed that the shell wall is free of holes and
that it obeys Hooke's law. The method is valid only when A =7 . Figure 3. 0-
42 depicts the isotropic cylinder shell configuration. Figure 3.0-43 shows the
sign convention for forces, moments, and pressures.

B. Boundary Conditions.
The following types of boundary conditions are discussed:

1. Free edge; that is,

Q =M =20 . (88)

w=M =0 . (89)

dw
- —_— = (
W= ) . (90)

All possible combinations of these boundary conditions are permitted. Hence,

it is not required that those at x = 0 be the same as those at x = L. However,
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NOTE: u,v,w,x,y, 2, and ¢ are
positive as shown.

— MIDDLE SURFACE

Figure 3.0-42. Isotropic cylindrical shell configuration for
thermal stresses and deflections.

NOTE: All quantities positive as shown.

Figure 3.0-43. Sign convention for forces, moments, and
* .
pressures for thermal stresses and deflections.
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in cvery case, il is assumed that the cylinder is unrestrained in the axial
direction (NX 0) .
C. Temperature Distribution.

The supposition is made that no temperature variations occur through
the wall thickness. However, the cylinder may have any axisymmetric surface
gradient for which the product @T can be adequately represented by a fifth-
degree (or lower) polynomial. Therecfore, subject to that restriction, the
permissible distributions are of the form

al - a(x) T(x) . (1)

D.  Design Curves and Equations.

In Ref. 23, Newman and Forray present the pructical method given
below to computc the thermal stresses, deflections, and rotations in circular
cylindrical shells which comply with the foregoing. specifications. The primary
relationships are expressed in series form and the necessary term-by-term
coefficients can be obtained from Figures 3. 0-44 through 3.0-49. As indicated
by equation (91), the product «T will be 2 function of x and, in order to

apply this method, this function must first be approximated by the polynomial

Z
aT = dj+d¢ +(12§z+ ee. d .EI‘ = Z dk.gk (5)2)
z k=0

where ¢ is a dimensionless axial coordinate defined by the relationship

(

D SO f Pt : 0. V0 4 oS A et o @

Jrr
il
ol %

(93)



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
July 1, 1972
Page 173

.

0.80

0.48

= 3
S \

© 032 ‘,\- \
° Al
l%‘;o.wL \\

1T
NBSZ4
S
A
\%i

-0.16 ~

-0.32
0

X or F;')\
Figure 3. 0-44. Functions Fi .
For the purposes of the technique given here, the following inequality must

be satisfied:
Z=5 . (94)

After the coefficients dk have been established, the thermal stresses
and distortions can be determined by using equations (96) through (98) in
conjunction with the design curves. The constants A; and A, are based on
the boundary conditions at x =0 (¢ = 0) while A; and A; depend on the
boundary conditions at x = L (£ =1) . The formulas for these four values

are listed in Table 3. 0-9.
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Figure 3. 0-45. Deflection
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Figure 3.0-46. Slope coefficients
(for k =5, the coefficient
depends on A ) .



B

me

CHNICAL LIBRARY

ABBOTTAEROSPACE.COM

2
1 ‘=5/{
Q~
g 12 //
i 4
(]
] )2zl
L1
4 =
17/ 22
L = 0.1
0 02 04 06 08 1

. AXIAL COOROINATE §

I'igurc 3.0-47. Moment cocfficients.
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Figure 3.0-48. Shear coefficients.
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Figure 3.0-49. Hoop-force coefficients.
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TABLE 3.0-9. FORMULAS FOR THE CONSTANTS A; THROUGH A,

Cylinder Boundary
End Condition Constants A,
| Z
A L\ }_, rlkmk(())
=0 R )
Free
x=0
(x =0) |z
A, Y ) dy [mk(ﬂ) +3 qk(O)]
k=0
, Z
Mg L 4
t = Simplc h
(x = 0) support z
A, - Z w, (0)
k=0 dk k
2 1
A - - k%f)dk [wk(O) 4;0}((0)]
=0 Cliunped ‘
X =0 P
(x=0) i
A, - d w (0)
K0 k k
1 \
A, PYY: dkmk(])
t -1 k-0
(x = L) Free
1 Z‘ 1
Ao L9 [Z 41 - mk(l)]
k=0
&
R TURL R
=1 Simple -
(x=1) support z
Ay = - Z w, (1)
& %
Z 1
Ay = ) d [I 6.() - wk(l)]
_ k=0
(f{ ; i ) Clamped
i
Ay - - w, (1)
&
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The solutions arc hased on classical small-deflection shell theory.
Therefore, it is important for the user to be aware of this when the method is
applied to pressurized cylinders by superimposing the thermal stresses and
deformations upon the corresponding values due solely to pressure; that is,
because of the dependence upon classical theory, the method presented here
cannot account for nonlinear coupling between thermal deflections and the
pressure-related meridional loads.

In addition, it is assumcd that Young's modulus and Poisson's ratio
are unaffected by temperature changes. Hence, the user must select single
effective values for cach of thesc properties by employing some type of
averaging technique.

E. Summary of Equations and Nondimensional Coefficients.

Z

aT = dg+ dg + dyg? + ... dzﬁ = Z dk§ ) (95)

.

l,;v' = AIy(EA) A2F4(fi>\) ! A3Fz(§'>\) +A4F4(§'}‘) + Z‘, (lka ,

‘ k=0

L Z

=0 = MATFEN - AF(E0) - AJF5(E'A) + AF(E'A)) + 2, 4.0,
k=0

LM 72

an = 2AY-A T (EN) 4 AT(EN) - AF,(E'A) + AF E'N)] - l d, m
h ko

A

’
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M¢ =vM_, (96)
L3Qx Z
——= = 2A[AF(EA) + A,F4(EA) - AgF,(E'A) - AFy(E'A) 1+ L dq
aD . k
b k=0
and
LN Z
—2 . 4AYAF) + AJF,(EX) + AgFy(8'A) + A F(E'A)) - ) d no,
b k=0
wherc
N L 41} 3]1 - v?)
= I .
(at) 72
I X .
Dy = 12(1 - »?) O’ (97)
X
£ = 'E ’
and
g = 1-¢
The stresses at any location are given by the following:
o = -l—iz-M (98)
X t X

C->
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and
N
o, =-.—t?-%m¢ . (98)
(Con,)

3.0.8.2 [Isotropic Conical Shells.

This section concerns the thermostructural analysis of thin-walled,
right circular, isotropic conical shells. The organization here is somewhat
different from that of previous sections which cover isotropic flat plates.
This is due to certain fundamental differences between the physical behavior
of flat plates and shells. Flat-plate deformations are of such a nature that
it is helpful to group the solutions for stable constructions into the following
categories:

1. Temperature gradicnts through the thickness

2. Uniform temperatures through the thickness.

Except for the spccial case of self-equilibrating gradients through the
thickness (NT MT = 0), the first of these two cases involves out-of-plane
bending which is, of course, accompanied by displacements normal to the
middle surface of the undeformed plate. In case 2, the plate remains flat;
that is, the only displacements occur in directions parallel to the original
middle surface and no out-of-planc bending occurs. The indicated scparation
of cases is therefore a logical format for the sections dealing with [lat plates.
However, the situation is not the samce for shell structures. For these com-

ponents, there is no need to isolatc the foregoing types of thermal conditions.
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This is because either typc of temperature distribution, in conjunction with
clamped or simply supported boundarices, will lead to hoth membrance loading
and bending about the shell-wall micddle surface. Consequently, for stable
shell constructions which comply with cither case 1 or 2, the analysis methods
are given as follows as a single grouping.

Configuration.

The design equations provided here apply only to long (L = 2r/AB),
thin-walled, truncated, right circular cones which are of constant thickness,

are made of isotropic material, and satisfy the inequality

x, >3tcotp . (99)

It is assumed that the shell wall is free of holes and obeys Hooke's law.
Figure 3. 0-50 depicts the subject configuration, as well as most of the nota-
tion and sign conventions of interest.

Boundary Conditions.

The method presented here can be applied where any of the following
boundary conditions are prescnt:

1. Free edges

2. Simply supported cdges

3. Clamped edges.
All possible combinations of these houndaries are permitted; that is, it is not
required that those at x, be the same as those at x_ . However, in every

A B

case, it is assumed that the cone is unrestrained in the axial direction.
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NOTE: 1. s* =L-s

2. Hp, Hg, Mj. Mg,
V, and W are axisymmetric.

3. All coordinates, forces,
moments, and deformations are
positive as shown,

a. Overall truncated cone.

AXIS OF REVOLUTION

b. Positive directions for the stress resultants and coordinates.

Figure 3.0-50. Configuration, notation, and sign convention for conical shell.
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Temperature Distribution.

The following types of tempcerature distributions may be present:

1. A linear gradient through the wall thickness subject to the provision
that the temperature change T need not vanish at the middle surface.

2. Axisymmetric meridional gradients.

The permissible distributions can therefore be expressed in the form
T = T,(s) + Ty(s) % : (100)

Naturally, any of the special cases for this equation are applicable; that is,
either or both of T(s) and T,(s) can be finite constants and cither may be
equal to zero.

Design Equations.

A number of methods for solving the subject problem have been pub-
lished, including thosc of Refs. 24 through 27. In the approach presented
here, particular solutions to the governing differential equations are found in
the manner suggested by Tsui [16]. As in Refs. 25 and 28, the complementary
solutions are obtlained by an equivalent-cylinder approximation. When greater
accuracy is desired, the exact complcmentary solutions published by Johns
and Orange [29] may be used.

Throughout this section it is assumed that Young's modulus and
Poisson' s ratio are unaffected by temperature changes. Hence, the user must
select single effective values for each of these properties by employing some

type of averaging technique. The same approach may be taken with regard to
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the coefficient of thermal expansion. On the other hand, the temperature-
dependence of this property may he accounted for by recognizing that it is the
product aT which governs; that is, the actual temperature distribution can
be suitably modified to compensate for variations in «. When this approach
is taken, any mention of a linear temperature distribution is actually making
reference to a straight-line variation of the product aT .

In addition, the method outlined here is based on classical small-
deflection theory. It is important to keep this in mind when applying to
pressurized cones by superimposing the thermal stresses and deformations
upon the corresponding values due solely to pressure; that is, becausc of the
dependence upon classical theory, the method of this manual cannot account
for nonlinear coupling between thermal deflections and pressure-related
meridional loads.

The governi.ﬁg differential equations for the subject cone are given by

Tsui [16]} as follows:

dNT
1 4 - " - _ ——
LYU) - VEt tan ¢ X
and (101)
dMm
1 1 cotg T
t —_— : o —— —_—
L(V)IUDbCOt(P D, 1) dx

where
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b - —Ef
b~ 12(1 - %) ’
t/2
M, =E [ Tzd ,
-t/2
(102)
t/2
N, =Ee [ Td ,
-t/2
and
U = xQx
and L' is the operator,
d? d
L'() = cotg [x_d(x'?l +—?(‘,—{)'--(}-}] . (103)

To obtain the desired solution, a three-step procedure is employed as out-

lined below:

Step 1. Find a particular solution to equations (101).

Step 2. Find a solution to the homogeneous equations,
L'(U) - VEttang¢ = 0
and (104)

L(V) + U2 cotp = 0 ,
Dy,
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such that superposition of these results upon those of Step 1 satisfies the

boundary conditions which can be expressed as follows:

Free edge: Qx = Mx =0 .
Simply supported edge: W = M= 0 . (105)
Clamped edge: W=V-=0 .

The results from this step are referred to as the complementary solution.
Note that equations (104) are obtained by setting the right-hand sides of

equations (101) equal to zcro.

Step 3. Superimpose the particular and complementary solutions.
To accomplish the first of these steps, the functions NT and MT are first

approximated as polynomials. It is then assumed that the particular solutions

UP and Vp can be expressed in the form

P -
U = Copx 14 Co+ Cpx+ Cixl+ Cpd+ . . .+Cnxn

and (106)

v - d_yx~t+dy o dyx+ dyx® +dpxP 4L L +d x

where n is an integer whose value is a function of the polynomial degree

required for a sufficiently accurate representation of NT and MT . If these

. P P
formulations for Np» MT’ U, and V  are substituted into equations (101)
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and like powers of x are equated, a system of simultaneous equations is
obtained where the unknowns are the various polynomial coefficients. These
P
equations can be solved for C( ) and d( ) and hence UP and V . The

associated radial deflection and stress resultants of interest can then be deter-

mined from

WP _ _cos’¢ ( du?

P
= Etsing X -vU )+aRTm ,

QP .U
x x °
NP = cot ¢ (107)
X Qx i
P d dUp
N - (RyQ) = ot G

X dx R2 (1 - V)
and
P M
P 1 P dv T
M.o = Db (Rz V coto +v dx)—(l—u)
where

1
T == Tdz . (108)
m t -t/g



‘TEEHN[BAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
July 1, 1972
Page 187

The complementary solutions corresponding to the edge-loaded cone of

Figure 3. 0-51 are given as equations (109) and (110). Those corresponding

to the edge-loaded cone of Figure 3. 0-52 are given as equations (111) and (112).

Figure 3.0-51. Truncated cone edge-loaded at top.

— C _ _sing .
WA —ZAAan(AAMAJrHAsm‘P) ,

C 1

A 227D (22,

M, + H, sing) ,
A Dy A A

w' = EAS_A"—%; [A,M,¥(x,5) +H, (sing) 6 (1,8)]

-

(109)

Vo= s [2AAMA5(AAS)+HA(sm¢)$(xAs)1 ,

Q =[2AAMAE(AAS)-HA(sin¢)$(AAs)] ,
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C
Nx = (%(cotgb ,
NC = WEt +vN .
(7] R X
(109)
(Con.)
MS - - pa M ¢(r,8) +2H, (sing) ¢
X h 2AA A A¢ AS A(SIn ¢) g(AAS)] ’
and
C
MO = VMX
where
A _4/3!I-V2!
- 2 ’
A (R2 N
R
A
(B)a = 5ms (110)
and

D = Et3
b~ 12(1 - v%)

and ¢, ¥, 6, and { are the functions ¢, ¢, 6, and ¢, respectively,

which are tabulated on pages 472-473 of Ref. 11.
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Figure 3.0-52, Truncated cone edge-loaded at bottom.

ﬁ—,-%-(x M +Hosing) |
Vg =" 5;%'5: (27&131»1B + Hy sin ¢)
W - ﬁi‘,—%; [AgMg¥(A;e*) + Hp (sing) 0 (Age®)]
vV = —-2-7:-;;-5; lszMB'o' (st*) +Hp (sin ;) Jf(hns.*')}

- [27LBMBL' (ABa"') - Hy (sin ¢) tp(ABs"')] ,

’P

-4
"

xl Qxcotsb R

C WEt WEt vN . (111)

z
n
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MC = - oA M_3(Ae" +2H_(sing) T (As®]|
X 2AB B B B B B
and
Mo = vM, (112)
(Con.)
where
4
_ /3(1-v?%)
‘g = (R)*_t ’
2° B
R
(R). = B
2’B  sin¢ ! (112)
and
p - —Et
b - 12(1 - %)

and ¢, ¥, 8, and [ are the functions ¢, ¥, 6, and ¢ , respectively,
which are tabulated on pages 472-473 of Ref. 11,
After the particular and complementary solutions have been super-

imposed, the final thermal stresses can be computed from the following

formulas:
N N
12z X 12z 6
o, =TF M o+ and 0 =3 M+ ol (113)
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3.0.8.3 Isotropic Shells of Revolution of Arbitrary Shape.

The discussion presented here is concerned with approximate small-
deflection solutions for thin-walled shells of revolution having otherwise
arbitrary shapes and made of isotropic material. A typical configuration,
along with pertinent notation and sign conventions, is shown in Figure 3.0-53.
It is assumed that the shell wall is free of holes and obeys Hooke's law. The
temperature distribution must be axisymmetric but arbitrary gradients may
be present both through the wall thickness and in the meridional dircction.

To determine the thermal stresses and deformations for the structures under
discussion, the following sets of cqualions are available:

1. Equilibrium equations

2. Strain-displacement relationships

3. Stress-strain relationships.

In principle, together with prescribed boundary conditions, these formulations
should provide a sufficicnt basis for the development of closed-form, small-
deflection solutions to the subjcct problems. However, it will often be
extremely difficult, if not impossible, to achieve such solutions. Therefore,
numerical integration procedurcs in conjunction with a digital computer pro-
gram are frequently uscd to achicve the desired solution. On the other hand,
still another approach may be taken by using approximations such as those

cited by Fitzgerald in Ref. 30 or Christensen in Ref. 31. Since these approxi-

mations avoid the nced for sophisticated mathematical and/or numerical
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MIDDLE
SURFACE

NOTE: r;, r;, and ¢ are

2
o
(=
=
-t
[} bt
> positive as shown.
w

[ 4

“w
o
@
<

a, Overall shell of revolution,

=
=)
wd
0
>
w
«
[V
o
@
y t _
MIDDLE d¢
SURFACE
NOTE: x, y, and z are
positive as shown.
b. Positive directions for forces, c. Element of shell wall.
moments, pressures, and
coordinates.

Figure 3.0-53. Configuration, notation, and gign convention for
arbitrary shell of revolution.
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operations, they are well suited to a manual of this type. It would therefore
be desirable to prepare a section which outlines detailed procedures along
-

these lines. However, from a brief study of Refs. 30 and 31, it was concluded
that they should be thoroughly explored before specific recommendations arc
made. Consequently, in the following paragraphs only the related broad con-

cepts are presented.

The method of Ref. 30 rélies heavily on the following set of equilibrium

equations, which, except for the term involving m ~ are derived in Ref. 11:
g-(Nr)—Nr cosp-rQ +r,r. Y =0
dgp “ ¢ 0 01 0% 01 ’

- 4d -
N.r + N sm¢+d¢(Q¢r0) rZrro = 0, (114)

¢ 0 1

and

d
d¢(M rO) - Mr, cos¢-Q¢r1r0+m¢r1r0 =0 .

These expressions are used in the following manner:

1. First the assumption is made that membrane forces
N =N =N (115)

and bending moments
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M =M =M (116)

arc present which complctely arrest all thermal displacements.

These forces and moments simply furnish a starting point for the com-
putations and do not represent the actual values which will be determined later
in the procedure.

It follows that

E t/2
Ne =~y _t/fz aT dz (117)
and
E t/2
My = ) N aTz dz . (118)

2, In general, the above type of force and moment distribution will not

be in equilibrium unless one or more of the following is applied:

Q¢ = (Q¢)R ’
Y = YR . (119)
Z = (2

and
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At this point, in order to achieve an approximate solution, Fitzgerald [30]

makes the assumption that
= =0 120
Q, = () (120)

and justifies this practice by performing an order-of-magnitude study of the
error introduced. Then, proceeding with the analysis, equations (120) and
(115) through (118) are substituted into the equilibrium relationships (114) to

and m_ .

ZR’ R

arrive at simple formulas for YR ,
3. Recognizing that the actual shell is free of any of the above types of

loading, it is necessary to restore the structure to this state by application

of the following:

This is donc in a two-step proccdure as outlined below.

4. The expressions

and (121)

Z=-ZR

are inserted into the first two of the equilibrium equations (114) while the

assumption that
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Q =0 (122)

is retained. The resulting equations are then solved for NG and N 6 From
the stress-strain relationships, the corresponding strains can be determined.
After this, the strain-displacement formulations may be used to express the

related rotations and deflections of the shell wall interms of N and N .

6 [
The bending moments M 0 and M ¢ can then be established from the equations
Mo = = Db(xO + VX¢)
and (123)
M¢ = - Db(x¢ + VXO)
where
3
D Et (124)

b~ 12(1- ) °

while ¥ 0 and y " are the curvature changes of the hoop and meridional fibers,
respectively.

5. One may now proceed to substitute
m, = -m (125)

into the third of the equilibrium equations (114), along with the assumption
that

M =M =0 . (126)

—
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Simple transformation then yiclds a formula for Q % which, together with
equations (126) and the first two of (114), leads to simple expressions for

N, and N¢ in terms of MR . The use of equations (126) in this phase of
the development is justified by Fitzgerald [30] on the basis of an error-
magnitude study. Using the stress-strain and strain-displacement relation-
ships, practical formulations can be dcrived for the rotations and displace-
ments associated with the membranc loads N 0 and N o obtained in this step.

6. The final approximate values for the membrane loads, bending
moments, rotations, and displacements are found by superposition of appro-
priate values from steps 1, 4, and 5. The stresses due to these membrane
loads and bending moments must be augmented by those stresses agsociated
with any self-equilibrating temperature distributions which exist through the
thickness.

To focus attention on the general concepts involved in Fitzgerald's [30]
approach, no mention is made in the foregoing steps of the need to satisfy
prescribed boundary conditions in the problem solution. Therefore, it might
now be helpful to note that, for this method, it is probably best first to obtain
results under the agsumption that no external constraints are present.
Following this, edge forces and/or moments may be superimposed which
enforce the required conditions at the boundaries.

The general philosophy behind the approach of Christensen (31} is

very similar to that of Fitzgerald, although the details are quite different.
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Christensen also relies heavily upon the equilibrium equations (114) but, for
pure thermostructural problems, he makes no use of the loadings Y, 7,
and m s Hence, thesc quantities are taken equal to zero throughout the

entire analysis, which is performed in the following manner:

1. First the assumption is made that
M, =M =M (127)

where
M_ = -7 aTz dz . (128)

Here again, these moments simply furnish a starting point for the computations
and do not représent the actual values which will be determined later in the
procedure. These moments are inserted into the equilibrium equations (114).
The third of these equations is then combined with the other two and two equa-
tions in the unknowns N 0 and N 5 are obtained,

2. By using the stress-strain and strain-displacement relationships,
the two equations from step 1 are rewritten in terms of the temperature dis-
tribution and the middle-surface displacements v and w, where v is

measured in the méridional direction and w is taken normal to the middle

surface.
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3. The two equations from step 2 are combined to arrive at a single

formulation in terms of v and the temperature distribution.

4. The equation from step 3 is then solved subject to the boundary con-
ditions at the shell apex. This is accomplished by assuming that v can be
expressed as a polynomial and then calling upon the method of undetermined
coefficients. The resulting expression for v must then be substituted into the
appropriate equation from step 2 to obtain a solution for the displacement w .

5. From Timoshenko [11], the bending moments M 0 and M 5 which
are associated with the displacements v and w can be determined.

Christensen [31] refers to these as corrective moments and, if they are not

small with respect to M an iterative process must be used whereby the

R ?

initially assumed moments are succcssively revised. However, the study
reported in Ref. 31 seems to indicate that the first cycle will often be suffi-

ciently accurate for most engineering applications.

6. From the stress-strain and strain-displacement relationships, the

membrane loads No and N 5 due to v and w can now be found.

7. The final approximate values for the bending moments, membrane
loads, and displacements are found as follows:

a. Final MO = MR + corrective M() .

b. Final M :MR + corrective M .

¢ ¢ (129)

c. Final Nf) and N¢ = obtained from step 6.

d. Final v and w = obtained from step 4.



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D
July 1, 1972
Page 200

The total approximate values for the stresses are obtained by superimposing
those associated with the final bending moments, final membrane loads, and
any self-equilibrating temperature distributions through the wall thickness.

To focus attention on the general concepts proposed by Christensen
[33], no mention is made in the foregoing steps of the need to satisfy pre-
scribed boundary conditions at locations removed from"theapex. Therefore,
it might now be helpful to note that, for this method, it is probably best first
to obtain results under the assumption that no external constraints are
present at such positions. Following this, edge forces and/or moments may
be superimposed which enforce the required conditions at the boundaries.

The foregoing approaches are only two of a number of possibilities for
the subject problem and can be used to obtain approximate values without the
nzed for sophisticated mathematical and/or numerical operations. However,
solutions can also be obtained by the use of existing digital computer programs,
many c * which use either discrete-element or finite-difference methsdg. Such
programs are probably the best approach for obtaining rapid, accurate solu-
tions. However, to retain a physical feel for the problem, it would be helpful
to convert temperature distributions into equivalent mechanical loadings, such
as was done for isotropic circular cylinders. It is recommended that future
efforts include work along these lines to arrive at the equivalent pressures for

shells of revolution having arbitrary shapes.
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I. Sphere Under Radial Temperature Variation.

A. Hollow Sphere.
Inside radius =a .

Outside radius =b .

b r
2aFE r’ - al 2 1 2
- -= Tre dr R
O¢r ~ 1-v | (®®-a%)r 5{ Tr®dr - 33 é{ T

- _ak | a%+2r
00 op  1-v [(b®-a%)r?

Q
i
Q

b 1 ry
2 - 2 -
f Tr“dr + 1'3 f Tr*dr - T ’
a a

u = aTyr .
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B. Solid Sphere.

b T
- 2eE(1 24, L 2
arr—l_'v(gdfTr dr-rséfTr dr) .

aE 2 b 1 £
- , 2 2 g -
Too = © oo\t 6{ Tr dr+?6fTr dr-T] ,

r b
)[;1! af Tridr + ::11:”’; (fy}df Tr? dr] ’

b
o8 = 0ge(0) = “M(O) = ZGE[%!Of Tr? dr-lg-)l] ,

T(r) constant ,

u = aTyr .
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4.0 THERMOELASTIC STABILITY.

The thermoclastic problems considered in the previous paragraphs
have followed formulations of the linear theory of thermoelasticity; they have
thus excluded questions of buckling, problems in which the effect of the loading
depends on the deformations (as in the case of beam-columns), large deflec-
tions, and other similar effects. It is the purpose of this paragraph to discuss
some of the principal problems of this type. It should be remembered that
the solutions are approximate from the viewpoint of an exact thermoelastic
formulation. The nature of these approximations was treated in the previous
subsections.

4.0.1 Heated Beam Columns.

If a beam-column is subjected to the action of heat, the influence of
temperature must, in general, be taken into account, The analysis in the
cases in which the ends of the beam are restrained in the axial direction is
slightly different from that used when the ends are free to displace in that
direction. The latter case will be considered in paragraph 4.0.1.1 while the
former is considered in paragraph 4.0.1.2.
4.0.1.1 Ends Axially Unrestrained.

The buckling behavior of beams (and therefore also their behavior as
beam-columns under any combination of transverse and axial loads) depends
an the shape of the cross section: For example, a beam whose cross section

possesses no axes of symmetry can buckle only by a combination of twisting
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and bending, whereas in other cascs some of the uncoupled modes are also
possible. The general lormulation and solution of this problem are discussed
in Ref. 1, hut for simplicity, the following analysis is restricted to doubly
symmetrical beams, with least principal moment of inertia under a transverse
distributed load p = p(x) acting in the xy plane, and subjected to a tempera-

ture distribution such that MT = 0. The beam will thus bend in the xy plane
y

without twisting and with w = 0, The governing differential equation is

d2m
d? ol d¥v. v dy , Tz (1
Y “ly Uxt axt ! dx? . )

It is convenient to obtain the solution in two parts, by separating the effects of

temperature and of transverse load. For this purpose Vo is the deflection the

beam would undefgo if only temperature and the axial load P were present

(transverse loads absent); it therefore satisfies the differential equation

2
" (Izv,l‘ (Izv,l‘ d MTz
o \El ) tr s - 7z - (2)
dx 4z dx dx” d x

The quantity vp is the dellection the hoam would undergo if only transversc

loads and the axial load' P werc present (temperature effects omitted); it

therefore satisfies the differential equation

42 dzvP dzvP
o \"LTaw) Pt (3)
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With the definitions, the solutions of the combined problem in which all loads
are acting is

= + .
v VT VP

The component deflection v p represents the solution of the ordinary

‘isothermal beam-column problem and can often be found in the literature (see

Section B4.4). The determination of VT must, in general, be carried out

anew for each new problem. However, in the special case of uniform beam
under a temperature distribution of the form of a polynomial of a degrec not

higher than the third in the spanwise direction, that is, when

- a we 3
MT = ay+ ;X + A,X° + 43X°
z
then
M
Tz
v, = - + ¢y + CyX + €y sin kx + ¢3 cos kx
T p
P .
where k = B and the constants ¢g, ¢q, ¢y, and c, are determined
Z

from the boundary conditions. Solutions for Vi for three important special

examples for which

M = a5+ 4;x
TZ 0 i

are given as follows,
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1. Both Ends Fixed.

4
P i . —— —
£ % :
L L o |
r g |
472 E1
Z

vT=0f°rP<Pcr=—-T-L .

II. Both Ends Simply Supported.

P

»

o
-

a cos kL - 1 a sin kx
vT P ( i KL sinkx + 1 - cos kx) P (x L oo kL )

and
TEl
P = —*—
cr L *

III. Cantilever.

P

?
1
e
|-

-

t |

kL - sin kKL
vT=_-FW - Pk [( cos KL ) (l-coskx)+kx-sinkx]
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72 EI
P = —vm
cr 4L *

The axial stress is given by

PT-P v
oxx=-aET + A + Iz (MTZ+MZ+PV>

In these analyses, the beam-column has been assumed to carry a compressive
axial load. If the load is tensile, the appropriate results may be obtained by
replacing the quantity P by (-P) in the corresponding expressions valid for

a compressive load: accordingly, the quantity (k) must be replaced by (ik),
(k?) by (-k?), (sinkx) by (i sinh kx), (cos kx) by (éosh kx), (tan kx)

by (i tanh kx), etc. Here i =~ -1 and the symbol k denotes

4.0.1.2 Ends Axially Restrained.

In this case, the basic equation to be solved is still equation (1) of
4.0.1.1, but the magnitude of the load P is unknown and must be determined
from an additional condition concerning the axial displacements of the ends.

If both ends are rigidly fixed in the axial direction, these conditions shall be
stipulated: The axial distance between the ends of the bar must remain
unchanged and temperatures must remain constant along the span. Expressed

mathematically,
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(P-PT) A ta=0 (4)
where
L 2
1 dv
a=3J (E) dx . (5)
0

The analogous condition appropriate to the case in which the ends of the
bar are elastically restrained in the axial direction is easily derived. If, for
example, the ends are attached to linear springs with modulus K, equation (4)
takes the form

P(1+k—A§>-PTK%-+A=O . (6)

The transverse deflection v appearing in the quantity A must be
calculated by the equations given in the preceding paragraph (4.0.1.1);as a
consequence, the analysis of beam-columns which have ends fixed in the axial
direction is quite cumbersome, since the unknown P and v must be deter-
mined by the simultaneous solution of equations (1) and (6). However, if the
temperature is expressed as a polynomial, the calculations are greatly facil-
itated by the use of a series of graphs in conjunction with a rapidly convergent
iteration procedure, This technique and its results are available in Ref, 7
within the following limits:

1, Distributed transverse loads are uniform over the span, whereas

concentrated loads are at the midspan,
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2, The temperature varies linearly through the depth and is constant
in a spanwise direction.

3. The beam is assumed to be simply supported at its ends for
bending and elastically restrained axially.

Tables of numerical results in nondimensional form are presented for
the cases of zero and full axial end restraint in rectangular beams. These
tables may be used to determine maximum deflections and bending moments.

4,0,2 Thermal Buckling of Plates.

4.0.2.1 Circular Plates.
General.

This section contains curves and data based on nonlinear, elastic be-
havior and involving the use of large-deflection theory. This is because plate
stresses and deflections in the post-buckled state represent the major
considerations. The basis for this is the well-known fact that certain com-
pression structures can support some increment of additional loading before
complete collapse and, in the process of so doing, accept increased stresses
and deflections. This can be readily seen by an inspection of the plate buckling
stress and allowable compression stress for specific materials, taken as a
function of the crippling parameter (a/t«/ﬂ . Particular considerations and
background, as developed by Newman and Forray in Refs, 32 and 33, are given
in the following paragraphs, along with the solution of an example problem for

demonstration of the methods involved.
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Conﬁguration.

The design curves and equations provided here apply only to flat,
circular plates which are of constant thickness and are made of an isotropic
material. It is assumed that the plate is free of holes, obeys Hooke's law,
and thai Poisson's ratio is equal to 0. 3.

Boundary Conditions.

The solution is valid only where both of the following conditions are
satisfied:
1. The boundary is simple supported; that is,

w=M =0atr=b ., (7

2. The middle surface of the plate is radially fixed; that is,
u=v=0at r=b . (8)

Temperature Distribution,

The plate may have a thermal gradient through the thickness, provided
that the distribution is symmetrical about the middle surface. However, it is
required that the temperature be uniform over the surface. Therefore, the
permissible distributions can be expressed in the form

T = T(z) (9)
subject to the restriction that

T(+z) = T(-z) . (10)
Obviously, the special case of a plate at uniform temperature complies with

these specifications.
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Design Curves and Equations.

If a heated plate is constrained against free, in-plane expansion, com-
pressive stresses are developed in the plate. Initial out-of-plane buckling
occurs at very low temperature increments in the case of thin plates con-
strained in this manner. However, in many structural situations, the useful-
ness of the plate is not completely lost as a result of this initial buckling since
it is able to carry some additional load after it has reached the buckled state.
In view of this, cases may arise in which a knowledge of the magnitudes of the
post-buckled stresses and deflections would be most helpful. To determine
the stresses and deflections of a plate after initial buckling has occurred,
large deflection theory must be used in the analysis since the actual deflection
at that stage may be several times the thickness of the plate.

In Ref. 33 Newman and Forray present a large-deflection analysis of a
circular plate under mechanical and thermal loading. Since a closed-form
golution of the basic differential equations was not possible, they used a finite-
difference procedure to set up the governing differential equations for digital
computer solution. Numerical results were then obtained for a wide range of
temperature resultants, NT' . These results are presented in curve form in
Figures 4.0-1 through 4. 0-5 for deflections, radial and tangential forces, and

moments for various temperature gradients, as defined in equations (9), (10),

and (16).
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Figure 4.0-1, Nondimensional deflection parameter,

Even though nonlinear analysis methods are used to find the post-
buckling deflections and stresses, these solutions hold since it has been shown
in Ref. 34 that initial buckling can occur when the edge compressive stress
exceeds the lowest eigenvalue of the small deflection buckling problem,
Timoshenko (35] shows that this critical compressive stress for a circular

plate with v = 0,3 1s given by
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2 Db
(0) =(2.09) g - (11)

cr

For the thermal problem, the compressive stress just before buckling is

given by
-N
7T 1) (12)
where
t/2
N =Ea [ Tdz . (13)
-t/2

From equations (11) and (12), the critical nondimensional value for NT at

buckling is given by

b?
' = —
(NT ) (NT) 5 2.94 . (14)
cr cr b
Equation (14) shows that initial buckling of the plate will occur when

NT' = 2,94, provided that v = 0.3. Hence, when NT' < 2.94, the plate will

remain flat and the deflection w, as well as the bending moments Mr and M 07

must equal zero. An inspection of equations (17) and (18) together with
Figures 4.0-4 and 4.0-5 reveals that this requirement is essentially satisfied
by the given method,

The deflection pattern of the buckled plate will consist of an axisym-
metric bulge which can occur in either the upward or downward direction,

In actual practice, the direction will be determined by the type of initial
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imperfections present in the plate, the nature of external disturbances, etc.
The formulas and design curves associated with the deflections and the bending
moments are based on the assumption that the plate deflects downward, On
the other hand, the sense of the membrane forces (compressive versus tensile)
at any point will be independent of the bulge direction. Hence, the expressions
for Nr and Ne, taken in conjunction with Figures 4.0-2 and 4.0-3, are valid
for both types of deformation,

R is assumed that Young's modulus and Poisson's ratio are unaffected
by temperature variations. On the other hand, the temperature-dependence of
the thermal-expansion coefficient can be accounted for by recognizing that it
is the product aT which governs; that is, the actual temperature distribution
can be suitably modified to compensate for variations in o .

B should be noted that there is a typographical error in equation (5)
of Ref. 32 where the quantity (1 - v)? should be changed to (1 - v?). The

contents of this section have been corrected accordingly.

Example Problems.

For the first example problem, consider a circular steel plate which
is 0.10 in. in thickness and has an outer radius a of 10.0 in. The outer
edges are fully restrained against in-plane expansion; however, they are
simply supported otherwise. The plate is heated such that the temperature
gradient is given by

T=3,0+60(z/t) .
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Using a = 6.0 x 10~ in./(in.) (*F), v = 0.30, and E = 30,0 x 10° psi,
determine whether buckling has occurred and find the stresses and deflections.,

From equations (16)

_u2) b2 t/2
N '= 12(1-v) b Ea f [3.0 +6.0(z/t)1dz
T Et kM

_12(1.0-0.09) (10.0)?
T ~ (30.0 x 10% (0.10%)

o t/2
[3.0(z) + 6—('{3%-’]

(30.0 x 108) (6.0 x 107°)

-t/2
N '= 6.55 3o£+3 +2'° Ef-+-"3- = 6.55(3.5)(t)
T = O i TR ® \s8 " 8 = 0.9l ’
and
' =
N 2.29 .

Since this is less than the critical buckling value given by equation (14), the
plate has not buckled and thus the deflection, as well as the bending moments

Mr and M g’ are equal to zero.

However, from an inspection of equations (17) for the stresses and

knowing that, for NT' = 2,29, Mr' = MG‘ = 0 and the values of Nr' and Ne' can

be obtained from Figures 4.0-2 and 4.0-3 as a function of (r/b), the stresses
may be easily calculated by inserting the appropriate values in the equations.

For a second example use the same plate as for the first; however,
apply a temperature gradient to the plate as follows:

T = 33.0 + 66.0(z/t) .
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For this thermal loading

T' = 6.55 [33.0(t) + 5.5(t)] = 6,55(38.5)(0.10) = 25.2 .

Since this is greater than the critical buckling value of 2,94, as given in
equation (15), the plate has buckled. Then, using Figures 4, 0-1 through
4.0-5 the deflections, stress resultants and moments may be obtaincd for the

calculated value of NT' « Thesc values may then be substituted into cquations

(17) to obtain the stresscs and deflections. For this problem assume that the

stresses and deflections are needed for values of (r/b) = 0.3 and = 0. 6. Then,
on the basis of NT' = 25,2, the following table gives values for the terms
needed in the stress and deflection calculations.

w' Nr' No' Mr' Mo'
r/b | (Fig. 4.0-1)] (Fig. 4.0-2) | (Fig. 4.0-3) | (Fig. 4.0-4) | (Fig. 4.0-5)
0.30 1.75 1.40 -1.20 -12.70 -12,30
0, 60 1,20 -1.70 -10.00 ~12,00 -12.44

Setting up cquations (17) for calculation of the stresses and deflections for this
problem,

w=w'(t) = 0.10(w'")

and
-]22 (Mr') (NT') bz Db
o = - 12(1+v) T+ (N') .
r t ’6(1"’2) (l-V) (Ir)a r BTt_

Letting z = t/2; T = [33.0 + 66.0(0.5)% = 49.5 ,
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D, . 30,0 x 106 x (0.10)3 - 27500
%~ 12(1.0 - 0.09) (10,0)? (0.10) 0
Then,
- ]
12(0.5t) (M_') 25.3
or=2750.0 + (1.0 - 0.3)
& 6(1.0 - 0,09) . .
2
-12(1.0 + 0.3) M) (6.0x10"¢ (49.5) + (N ')
: * 0.10 r’|’
o =1-7060 (M ') +99000-127320+2750 (N ')] , 1
and

o = [-7060(M ') + 2750 (Nr') - 28320} .

o, = [-7060 (Mo') + 2750 (NO') - 28 320]

Then, for (r/b) = 0,30,

w=0,10 (w') = 0.10 (1.75) = 0.175 in.

and

o = - 7060 (~12.70) + 2750 (1.40) - 28 320

= + 80 660 + 3850 - 28 320 = + 65 190 psi

Similarly,

0= + 55 220 psi (Note that these are tension stresses. )

for (r/b) = 0,60 .
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The previously calculated stresses represent the critical tension values.

Critical compression stresses are found by letting z = - t/2 in the first stress

term. Then

o =[7060 (M_') + 2750 (N ') - 28 320]
r r r

and

g, = {7060 (Me') +2750 (Ne') - 283201 .

The following table gives the critical tensile and compressive stresses and

deflections at the plate stations.

w Tensile Stress (psi) | Compressive Stress (psi)
(r/b) (in.) o o, o, 7,
0.30 0.175 +65 190 +55 220 -114 130 -118 460
0.60 0.125 +51 720 +31 720 =117 720 -143 360

Summary of Equations and Curves.

Critical Condition for Buckling.

(N.') =(2.94)
T cr v=10.3

where

(15)



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

N I (/2

e 21001 - 12
' l Iy f T dz bi2(1 -
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. Et?
b 12(1 - %)

and
t/2
N_ = Ea« j T dz.
T
-t/2
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w=w't
[ 12zM ' N,.' D
e =1 - r . — -12(1+v)9;'01'1'+N' —>
r L ; r___(j(l _ ) (1-v) t r{ b
(17)
and
- 12zM ! N,.' b D
c =1- I\ —12(1+v)—52-aT+N' “zb—
1 tNe(1-w) (1-v) ‘ A
where
M b
Mr'=- I;t 'Jﬁ(l-vz) ’
b
(1)
M”I)2
M()‘:- Tl_ (i(l—Vz) ’
b
Nrb2
N'= — ,
r Db
and
2
Neb
N '= .
0 D
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The values for w', Mr' R MO' . Nr' , and No' are obtained from Figures

4,0-1 through 4, 0-5 for the case of v = 0.3,

For values of v other than 0.3, the values of Mr' and M 9' may be

found by using equations (18) as shown:

(Mr')v= [(M ) ]\/( (1"’) = 1,049 ’J(l-uz)(Mr')

1.0 - 0.3%

v=20,3 r=0.3 .
Similarly,
(M,'), = 1.049 J(1-) (M,') .
v=20,3
Nr' and NO' are independent of v ,
4,0,2.2 Rectangular Plates
L Heated Plates Loaded in Plane — Edges Unrestrained in the Plane,

Consider the plate strip, shown on the following page, loaded at the
ends by a uniformly distributed strcss ¢, , subjected to a uniformly distributed
heat input Q, and reinforced along the edges (y = 0, y = b) by longitudinals.
The temperature in the plate will be higher in the center of the panel than near
the edges because of the heat sink provided by the longitudinals. For the
present purposes the temperature will be taken to be uniform across the

thickness and of the form

T =Ty~ T, cos (_Z__Z_y_) (19)
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in the plane of the plate, where T, and T, are constants to be adjusted to fit

the available data.

Jo
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The following solution pertains to a single panel of the strip, extending
from x = 0 to x = a. This panel is assumed to be at a sufficient distance from
the ends of the strip, so that the stresses may be taken to be independent of
x. Transverse displacements are prevented at x = 0, a.

From the solution in Ref. 1 the critical combination of a, and T
(note: T, has no effect on buckling) is found by obtaining the determinant of
simultaneous equations. It was shown that the symmetric case corresponds
to the lower buckling load and that the problem can be solved approximately
by the interaction of two special cases. These cases are (1) Ty=0and o
is acting alone and (2) o ,= 0 and T is acting alone,

The solution to (1) is the standard plate buckling expression found in

Ref. 1; that is, when Ty = 0,
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knlE_ [t \?
Tery ~ 12(1-¥Y) ( b ) (20)
where
- a
k =4 for B 1
and
b a\? a _
k-(a+b) forb—l .
The solution to (2) when ¢ = 0 is as follows. The critical value of
Ty (= Tcro)' .
a ETcr k mE ¢ 2
—n = —
2 12(1 - V) (b) (21)

where k; is determined from Figure 4.0-6.

12
/
10 /
- ’ //
3
TN
3.848 / -
2 ]
0 1 2 3 4 5

]
L]
Figure 4.0-6. Values of the coefficient k;.

Then, for the general case in which both heat and edge stresses are

acting, the following interaction curve is used:
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cr g cr
+ =1 . (22)
o
cry cry

IL.  Heatcd Plates Loaded in Plane — Edges Restrained in the Plane.

A. Configuration,

The design curves presented here apply only to flat, rectangular plates
which are of constant thickness and are made of isotropic material, It is
assumed that the plste is free of holes and that no stresses exceed the elastic
limit. The edge support members must have the same coefficient of thermal
expansion as the plate proper. The design curves cover aspect ratios a/b
from 1 througﬁ 4. However, since these plots become quite flat at a/b = 4,
thcy must be usced to obtain approximate results for aspect ratios greater than
4.

B. DBoundary Conditions.

Solutions arc given for cach of the following two types of boundary
conditions:

1. Type I — The boundaries satisfy both the following conditions:

a. All edges of the plate are simply supported.

b. The‘ cdge supports fully restrain in-plane plate displacements
such that these displaccments are equal to the free thermal expansions (or
contractions) of the supports.

2. Type II — The boundaries satisfy both of the following conditions:

a. All edges of the plate are clamped.
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b. The supports fully restrain in-plane edge displacements of the
plate such that these displacements are equal to the free thermal expansions
_(or contractions) of the supports.
C. Temperature Distribution.
It is assumed tﬁat no thermal gradients exist through the plate thickness.
The following three types of temperature distributions over the surface are
considered and are illustrated in Figure 4,0-7:

1. Sinusoidal distributions which can be expressed mathematically as

= X Iy
T-T()+T,sina sin = . (23)

2, Parabolic distributions which can be expressed mathematically as

2x‘ 2 ‘2 2
T=TO+T1 1-(-;-1) 1-(—5-1) . (24)

3. Tent-like distributions which can be expressed mathematically as

ST | S IR

a. Sinusoidal or parabolic _ b, Tent-like distribution.
distribution. ‘

Figure 4.0-7. Selected tempéiéture distributions over the
surface of a rectangular plate.
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D. Design Curves,
In Ref. 36 Forray and Newman present the simple means given here to
~

compute the critical temperature values for the initial thermal buékling of flat,
rectangular plates. Curves are given for the combinations of boundary condi-
tions and temperature distributions tabulated in Table 4.0-1. The temperature
variations were chosen to be representative of what would be expected il the
panel were subjected Lo rapid heating.  This condition is conducive to thermal
buckling since it will usually causc the plate to be much hotter than the supports,
The results of Forray and Newman are plotted in Figure 4. 0-8 for plates having
v = 0.3. The curves do not account for nonuniformities in the material proper-
ties such as those variations that arise because of temperature-dependence of
the material behavior, Hence, the user must select a single effective value

for ¢ by employing some type of averaging technique.

TABLE 4.0-1, ° COMBINATIONS OF BOUNDARY CONDITIONS AND
TEMPERATURE DISTRIBUTIONS

Boundary Conditions Type 1 Type 11

Temperature Distributions Sinusoidal -—
Over the Surfucc

Parabolic Parabolic

Tent-Like -

A nondimensional plot of the deflection at the center of rectangular
plates of various aspect ratios against temperature level is presented in Figurc

4,0-9 where
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Figure 4.0-8. Critical temperature parameter for rectangular plates,
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Figure 4.0-9, Deflection w at the center of a rectangular plate for loads

in plane of plate ( Poisson's ratio v = % .

t/2
N.=a E [ Tdz (26)
-t/2

t/2
M =aE {/2 Tz dz , (27)

and

D = Et?
b~ 12(1 - ) ’

In this figure, the nondimensional parametric indicating the temperature level

is (NT/NT ) , where NT , the value of NT at which buckling occurs, is
cr cr
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2
Ny - a-0 (e B) S (28)
Tcr b a

Plots showing in nondimensional form the variation of Mx in onpe
quadrant of a square plate and presented in Figures 4.0-10 and 4.0-11 for two
different temperature levels. Because of the double symmetry of the plate,
such a plot is sufficient to determine the distribution of both Mx and My
throughout the entire plate. These plots indicate that the maximum bending
moment occurs, for the cases considered, in the center of the plate. Curves
showing the variation of center moment with temperature level for various
aspect ratios are shéwn in Figure 4,0-12,

It should be noted that the preceding results were obtained on the
assumption that nonlinear terms in the strain-displacement relations could be
neglected. Therefore, as is usual in problems of this type, the results are

valid only for values of NT sufficiently small relative to NT .
cr

III, Post-Buckling Deflections With All Edges Simply Supported.

A. Configuration.

The design curves presented here apply only to flat, rectangular plates
which are of constant thickness and are made of igotropic material. It is as-
sumed that the plate is free of holes and that no stresses exceed the elastic
limit, The edge support members must have the same coefficient of thermal
expansion as the plate proper. The design curves cover aspect ratios a/b

of1, 2, 3, anda/b= 5,
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B. Boundary Conditions.
The solution applies only to cases where both the following boundary
conditions are satisfied:

1. All edges are simply supported.

2. Supports fully restrain in-plane edge displacement of the plate
such that these displacements are cqual to the frec thermal expansions (or
contractions) of thc supports.
C. Tcmperature Distribution,
It is assumed that no thermal gradients exist through the plate thickness.
Temperature distribution over the surface is taken to be parabolic (Fig.

4.0-13) and can be expressed mathematically as

erenf- () (397 0 @
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D. Design Curves.

In many aerospace applications, thermal buckling of flat, rectangular
plates can be tolerated if the post-buckling deflections do not cause excessive
losses of aerodynamic efficiency, do not produce destructive aerodynamic
disturbances, etc. In Ref. 37, Newman and Forray present the simple means
given as follows to compute absolute values of the maximum post-buckling
deflections for such plates. The temperature variation was chosen to be
representative of what would be expected when the panel is subjected to rapid

heating. This condition is conducive to thermal buckling since it will usually

cause the plate to be much hotter than the supports,

PLATE CONTOUR

Figure 4.0-13. Parabolic temperature distribution over
the surface of a rectangular plate.

The maximum post-buckling deflection occurs at the center of the plate and

can be calculated from the relationship

%

V.
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. 4 2 2
2 K2+£[(J-v") (1+—t-’1)+4v(—bz)] 6-—2
T L4 4 a a t \
= — (30)
A 24 2 To 4 8
) B\, v 5) ) (R
where
b2
K=14+ T (31)
and
2
3 = —ﬂ-l L (32)
f a (1-v°) b ’ )

Solutions to equation (30) arc plotted in Figures 4.0-14 and 4.0-15 for plates
having v = 0.30. I is useful to note that, for given values of T, /T, initial
thermal buckling occurs at T,/B values corresponding to 6/t = 0. The
curves do not account for nonuniformities in the material properties such as
those variations that arise because of temperature-dependence of the material
behavior. Hence, the user must select a single effective value for o by
employing some type of averaging technique,

4.0,3 Thermal Buckling of Cylinders,

Configuration,

The design curves and equations provided here apply only to thin-

walled, right circular cylinders which satisfy the relationship

3.2

(I_:)l/z

L/R = (33)
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Figure ¢.0-14. Post-buckling parameters for heated rectangular plates.
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Figure 4.0-15. Post-buckling parameters for heated rectangular plates.
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and are made of isotropic material. It is assumed that the shell wall is frec
of holes, obeys Hooke's law, and is of constant thickness. Figure 4.0-16
depicts the isotropic cylindrical shell configuration. Figure 4.0-17 shows the
sign convention for forces, moments, and pressures.

Boundary Conditions.

The following types of boundary conditions are covered:
1. Simply supported cdge; that is,
w = M‘ =0 at x - 0 and/or x L, (34)

2. Clamped edge; that is,

w=%=0atx=0und/0rx=L . (35)

It is not required that the conditions at the two ends be the same. In every
case, it is assumed that the cylinder (including any end rings) is not subjected
to external axial constraints at any location around the boundaries at x = 0 and
x = L,

Tempcerature Distribution,

The supposition is made that no thermal gradicents exist through the
wall thickness and in the axial direction. However, arbitrary circumfercential
variations may be prescnt. The permissible distributions can therefore be
expressed in the form

T=T (¢ ) . (36)
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. NOTE: x,v,2, ¢ 8sndo, are positive
as shgvm. In addition, ;, h_l Y
and Ml are fictitious loadings
used in derivation and are likewise
positive as shown.

vl
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MIDDLE SURFACE

Figure 4.0-16. Isotropic cylindrical shell configuration for thermal buckling.

Figure 4.0-17. Sign convention for forces, moments, and pressure
for thermal buckling.
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Hoop membrane compression may develop in regions adjacent to the two ends
becaus: of external radial constraint. However, the buckling mode associated
with this condition is not considered. Because of this and the lack of external
axial constraints, the special case of a uniform temperature is of no interest
here.

Desgign Curves and Equations,

It is assumed that Young's modulus and Poisson's ratio are unaffected
by temperature changes. Hence, in using the contents of this manual, the
user must select effective values for each of these properties by applying
engineering judgement. It will sometimes be desirable to employ different
effective moduli in each of the following operations;

1. Computation of the stresses o present in the cylinder

2. Computation of the critical buckling stress (crx)
cr

On the other hand, the results are presented in a form which enables the user
to fully account for temperature-dependence of the thermal-expansion coeffi-
cient o .

The appropriate formulation for Ux can be obtained by first imposing
a fictitious stress distribution ¢ A around the boundaries at x=0and x= L
such that all axial thermal deformations are entirely suppressed. It follows

that

c,=-aET(¢) . (37)
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These stresses may be integrated around the circumference and through the

wall thickness to arrive at the force

an

P, =- ER { aT(9) d¢ (38)
and the moments

— VAo

(M) =-ER% [ aT(¢) singde
and (39)

— 2T

(Mz) = - ER% f aT(¢) cos ¢ do .

A 0

Since it is assumed that the shell is free of external axial constraints, the
conditions

F:ﬁ =.1_VI_ =0 (40)
y Z

must be satisfied at x = 0 and x = L. To restore the shell to such a state,

it 1s necessary to superimpose a force ;B equal and opposite to P A as well

as moments (-ﬁy) and (ﬁz) , which are equal and opposite to (ﬁy) and
B

B A
(ﬁz) , respectively. Hence,
A
Pp=-"a-

(My)B = - (ﬁy)A , (41)
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and
M) =-() .
“B A
The stress corresponding to FB is easily found to be
P. P 2m
-y - B_._B_E
(P)B = TA T 2Rt on g aT(¢) dp . (42)

The stresses due to ('I-VI-y) are
B

f aT(¢) sin ¢ d¢
4 0

— _(fQB_z__(Msz_Esinsp an
M - 1 - 7Rt
y/B y

(43)
and those due to (M_)  are
z
B
M)y (M) y
2r
(a ) = IB = 3B - Ecos¢ f aT(¢) cos¢ do .
vy TRt ™
Mz z 0
B (44)

The procedure being used constitutes an application of Saint-Venant' s principle.
Hence, the stresses from equations (42) through (44) will be accurate repre-
sentations only at sufficient distances from the ends x = 0 and x = L. If end
rings are present, the greater their resistance to out-of-plane bending, the
shorter will be this distance. Subject to these conditions, the actual longitudinal
thermal stresses at various points in the shell may be computed from the

relationship
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=0, +fo_\ + fo_ + fo__ (45)
~ /' B
or
E 2r
' o =-aET(¢) + 5= g aT(¢) d¢
E sin 2x
+ —;r—l f aT(¢)sing de
0
E cos am
+ —ﬂ-—l f aT(¢) cos pdp . (46)
0
- Complex distributions may be encountered which make it difficult to perform

the required integrations. In such instances, use can be made of numerical
techniques whereby the integral signs are replaced by summation symbols,
To investigate the stability of a particular shell, the maximum longi-

tudinal stress (ax) must be compared against the critical value which can
max

be obtained from the formula

Et
(o) =y . (47)
Xer R 3(1 -4
For the design to be satisfactory, it is required that
(¢) < (o) : (48)

max cr
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The quantity y appearing in equation (47) is a so-called knockdown factor,
which mainly accounts for the detrimental effects from initial imperfections.
Note that equation (47) is identical to that used for uniformly compressed
circular, cylindrical shells. Its application to the present problem is justified

on the basis of small-deflection studies reported in Refs. 38 and 39. From the

results given in these references, it can be concluded that, regardless of the
nature of the circumnferential stress distribution, classical theoretical insta-
bility is reached when the peak axial compressive stress satisfies the expres-

sion

(¢.) ~ Et

Xmax RJ3(1- 1Y) .

In view -of this, the values used here for y were determined from the 99 per-

(49)

cent probability (confidence = 0,95) data for uniformly compressed cylinders,
as reported in Ref, 40. The resulting y values are plotted in Figure 4.0-18

for L/R ratios of 0.25, 1.0, and 4.0.

Summary of Equations and Curves,

Fiid

E
o =-aET(¢) + o of aT(¢) de

E si 2m
+ —5:‘-24 f aT(¢)sin ¢ dp
0

27
E
+ %2 _Of aT (¢) cos ¢ d¢ (50)
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and
Et
(0) =y —(/— . (51)
Xer R/ 3(1 - v¥)
When v = 0. 3 this gives
. Et
(0,) = -08606y 5" . (52)
cr

The knockdown factor y is obtained from Figure 4,0-18,

ALLAIIAIIAILL U W W S W SN G G W Y
T 10* 10

R
t

Figure 4.0-18. Knockdown factor,
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5.0 INELASTIC EFFECTS,

In the preceding paragraphs, elastic behavior was assumed. This
assumption is sufficiently accurate for large classes of materials at relatively
low temperature and stress levels.

At higher temperature and for higher stress levels, however, the
divergence between the behavior of real solids and that of the ideal elastic
solid increases and the elastic idealization becomes inadequate; the behavior
of the real solid is then said to be inelastic. To predict the inelastic behavior
of a solid under given thermal and loading conditions, it is necessary to
generalize the stress-strain relationship. There are three types of approaches
to this generalization, although the borderlines between them are not well
defined,

1, The most basic studies of this problem make use of the concepts
and methods of solid-state physics. In this approach, the microstructure of
the material is taken into consideration and it is attempted to predict the
mechanical behavior of materials from this information.

2, It is also possible to disregard the microstructure of the material
and to regard it as a continuum; the general principles of mechanics and
thermodynamics as applied to continua are then used to determine the forms
of stress-strain relations which are compatible with these principles.

3. The most direct procedure is to posttlate simple inelastic stress-

strain relations; these define various ideal inelastic bodies which, though not
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representing any actual materials, nevertheless incorporate in simple com-
binations some of the different types of inelastic phenomena, such as creep,
relaxation, plastic flow, or work-hardening.

Although considerable progress has been made in methods 1 and 2,
thus far only the third approach has yielded information of direct utility to
the stress analyst., In this paragraph, inelastic stress-strain relations are

discussed from the third of these viewpoints.

5.0.1 Cre p.

Creep is the time-dependent deformation that occurs under stress.
Creep is normally observed by placing a constant load on a specimen and
measuring its deformation with time at a constant elevated temperature, The
curve showing the deformation as a function of time is known as a creep curve,
Creep curves obtained for various materials, temperatures, and stresses have
certain common featurcs, which are illustrated in Figure 5.0-1, These are:

1. From A to B, the specimen undergoes an initial, almost instan-
taneous, extension on loading.

2. From B to C, the specimen creeps at a rate that decreases with
time (primary stage or transient creep).,

3. From C to D, the specimen creeps at a rate that is nearly con-
stant (secondary stage or viscous creep).

4, From D to E, the specimen creeps at a rate that increases with
time (tertiary stage or accelerating creep).

5. At E, the specimen fractures.



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Section D

July 1, 1972
Page 247
PRIMARY SECONDARY TERTIARY |
CREEP CREEP CREEP '\
EI
FRACTURE

STRAIN, ¢

TlNITIAL ELONGATION ON LOADING

TIME AT CONSTANT LOAD AND CONSTANT TEMPERATURE

Figure 5.0-1. The idealized creep curve.

The rate of creep changes in the manner shown in Figure 5.0-2.
During the secondary stage, the rate of creep drops to a minimum value that
is approximately constant, as shown by the essentially straight line of the
curve (refer to Fig, 5.0-1).

The primary stage of creep is a work- or strain-hardening stage,
during which the resistance of the material to further creep is being built up
by virture of its own deformation. For this reason, the rate of creep continual-
ly decreases. The secondary stage of creep (C-D) represents a balance be-

tween strengthening by work-hardening and weakening by thermal softening.
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RATE OF STRAIN, ¢

TIME AT CONSTANT LOAD AND CONSTANT TEMPERATURE

Figure 5.0-2., Variation in rate of creep with time.

The tertiary stage, or accelerating rate of creep immediately before
fracture, is often caused by an increase in stress that accompanies the de-
crease in cross-sectional area of the specimen during creep under a constant
load, This decrease in the load-carrying area may be due either to the
decrease of the diameter of the specimen as it elongates or to the formation
of intercrystalline cracks. These cracks can also act as stress-raisers. In
other cases, the accelerating creep rate is due to a change in the metallurgical
structure, such as recrystallization.
5.0.1.1 Design Curves.

For engineering purposes, the results of tests at various stresses and

temperatures are summarized in more convenient form. Figure 5.0-3 shows
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a plot that is most useful when the temperature and the lifetime of a part arc
fixed by the conditions of operation, and an allowable stress must be determined
so that the part will not fracture or deform more than a certain amount during
service. Having a set of these curves at the proper temperature, the designer
can set off the lifetime along the abscissa and project it upwards; the intersec-
tion of this vertical line with the proper curve then determines the maximum
allowable stress, and the design stress will be this quantity less a suitable
factor of safety. Time and stress are usually plotted on logarithmic scales,
where stress is the load divided by the original cross-sectional area. Frc-
quently the data points on the rupture curves are identified with a number that
gives the percent elongation, or reduction in area, at fracture; thus, some
measurement of the ductility of the material is provided.

When the requirements are simply that a part must not fracture in
service, and there are no limits on the amount of tolerable deformation, only
the rupture curve in Figure 5.0-3 is needed. In such cases, the rupture curves
for a number of temperaturcs can be collected on a single diagram, as in
Figure 5.0-4, which is usually known as a "'stress-rupture diagram.' ‘These
curves show the variation in the time to fracture as a function of stress al
several constant temperatures, and they are used in the same manner as the
curves in Figure 5.0-3.

There are various ways of cross-plotting the previous figures. Plots

of the stress versus temperature for lines of constant rupture life or constant
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Figure 5.0-3. Schematic presentation of creep~rupture data showing effect
of stress at constant temperature on the time to rupture or specific
amounts of strain.

minimum creep rate are common. These curves are sometimes plotted on
the same diagram with curves showing results from short-time tensile tests,
as in Figure 5.0-5. Such diagrams give complete descriptions of the mechan-
ical behavior over wide temperature ranges. At low temperatures, where
creep i8 unimportant, designs are based on the results of short-time tensile
tests; at higher temperatures, where the creep-rupture strength curves are
below the tensile test curves, designs must be based on the creep-rupture
behavior.

Curves of this type are readily available for most common metals in

MIL-HDBK -5 [41].
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Figure 5.0-4. Schematic presentation of creep-rupture data showing
effect of stress on the time to rupture at various temperatures.
5.0.1.2 Stress Relaxation.

Creep assumes a constant force; if, on the other hand, a bar is sub-
jected to a constant elongation and the temperature is raised to a high level,
with the elongation being maintained constant, the force required to produce
this elongation will be observed to decreése continuously with time (Fig.
5,0-6). This mode of inelastic behavior is known as stress relaxation.

An important characteristic of both creep and stress relaxation is
that time 15 required for their action. Thus, it may be expected that effects

of this type will be unimportant for processes of relatively short duration.
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ULTIMATE TENSILE STRENGTH

YIELD STRENGTH
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TEMPERATURE RANGE

FOR CONVENTIONAL DESIGN

10 000 - hr RUPTURE LIFE
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Figure 5.0-5. Schematic presentation of tensile and
creep-rupture properties.
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Figure 5.0-68. Stress rclaxation under constant deformation.

5.0.2 Viscoelasticity.

Often, idealized bodies are defined which exhibit the characteristics of
creep and stress relaxation. These idealized bodies take the form of simple
mechanical models composed of springs and dashpots, whose deformation
defines the stress-strain relationship for the given material, This approach
is called viscoelasticity.

To represent the creep behavior of a material, many various mechanical
models can be formulated composed of different combinations of springs and
dashpots. Some of the more common ones can be found in Refs. 1 and 42,

5.0.3 Creep Buckling.

Consider a column under a constant axial compressive load; if the
column is not perfectly straight initially (as is always the case because of

unavoidable manufacturing inaccuracies), then some bending will occur. The
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bending stresses are accompanicd by a certain strain rate, which implies
increasing deflections; these in turn cause higher stresses so that a scli-
excited or unstable situation arises. This process leads to collapse at a
finite critical time and is known as creep buckling.
The following observations apply to creep buckling (Ref. 1): -~
1. The phenomenon of creep buckling is, both physically and mathe-
matically, quite different from the usual type of buckling phenomenon., The
mﬁal buckling load represents a ''point of bifurcation' on a load versus
deflection plot, a point beyond which more than one equilibrium configuration
is j)ossiblc; creep buckling is characterized by deflections increasing heyond
all bounds. —
2. Mathematically, creep buckling can occur at a finite time only if
thé material follows a nonlinear creep law,
3, The column will undergo creep buckling at any value of the com-
pressive axial load, no matter how small.
4. Creep buckling will occur whenever the column has initial imper-
fections, and only then,
5. The value of tcr depends on the initial deflection and on the
magnitude of the load; it has been found to be not too strongly affected by ~
changes in the former but very sensitive to changes in the latter.
6. The small-deflcction analysis is, of course, not valid in the

immediate neighborhood of the critical time because the deflections are then
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large. However, calculations based on a small-deflection theory ave valid
up to times very close to the critical; they thus cover, in effect, the entire
range of practical interest.
5.0.3.1 Column of Idealized H-Cross Section.
The critical time for creep buckling to occur for a simply supported

column of idealized H-cross section [two concentrated flanges, of area (A/2)

cach, at a distance h apart] is given by:

_ , L (A
ber ™ k log [] l (:12 )}
(]
where
ro Lo(zn)* [aay
= T 24 L PO ’

L = length of column ,

P, = column load,

2, = maximum value of initial imperfection,
and

A = constant in the strain-stress relationship.

5.0.3.2 Rectangular Column.
Analysis of the critical buckling time for rectangular columns is very

difficult. A way of circumventing this difficulty has been established, whereby
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upper and lower bounds for the critical time arc obtained (t:r) and are so
designatcd by the use of an asterisk.
Por a column with a rcctangular cross section of height h and width
b, subjected to an average stress o , = Py/bh and obeying a stress-strain
law of
. . n
E=(o/E)=(a/A) ,
upper and lower bounds for the nondimensional critical time t:r are plotted
in Figure 5.0-7 against the ratio (z,/h) of the initial center-deflection to the

height of the bar. For small values of this ratio (say zy,/h < 0.015) these

bounds may be determined from the asymptotic expression

o108 5 =
with the values of the coofficient ¢ listed in Table 5.0-1.

The spread between the bounds may be seen from Figure 5.0-7 to vary
with the ratio z,/h., However, from Ref. 1, if o ,/o E > 0. 8, then the lower

bound will be a good approximation for tZr' whereas if 0 /¢ g < 0.2, the

upper bound on t(*:r will bhe a good approximation to the actual value of the

Ipp?
critical time, ( Op= Euler buckling stress = "T::{ﬂr) .

5.0.3.3 Flat Platcs and Shells of Revolution.
The method presented here may be used to predict critical conditions
for the creep buckling of flat plates and shells of revolution which satisfy the

following requirements:
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TABLE 5.0-1. VALUES OF C

n For Lower Bound For Upper Bound
3 0. 987 0.26
4 1.57 0.56
5 1.95 0. 81
6 2.26 1.02
7 2.45 1.16
6.0
n=3
M \[ —= == = UPPER BOUND ON t
-~
N

T 1

0.006 0.01 0.02 0.04 0.06 0.10 0,20

’|°~

Figure 5.0-7. Upper and lower bounds for the critical time tCI for

creep buckling of a rectangular column,
1. The member is made of an isotropic material.
2. The stress intensity o [see equations (1)] is uniform throughout

the structure.
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3. The configuration, boundary conditions, and type of loading are
such that appropriate formulas are available for room-temperature values of
both the critical stress intensity o i [ see equations (1)} and the plasticity re-

duction factor,

Temperature Distribution,

It is assumed that the member is at a uniform elevated temperature,
Method.

The method presented here is essentially that which was published by
Gerard in Ref. 43 and constitutes a classical stability approach based on the
concepts set forth by Rabotnov and Shesterikov [44]. In Ref, 45, Jahsman and
Field show comparisons of various theoretical predictions with column test
data. The theory attributed there to Gerard is that of Ref, 46, which was
published hefore Ref, 43 and has a diffcrent basis. On the other hand, the
curves which Jahsman and Field [45) identify with the Rabotnov-Shesterikov
label were developed from the method given in this paragraph. The afore-
mentioned comparisons seem to indicate that this technique will give con-
servative predictions, However, this conclusion could possibly be because:

1. The test data were corrected to eliminate the effects of initial
imperfections.

2, The analysis is concerned with the onset of instability, whereas

the experimental data arc for final collapse.
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The presentation by Jahsman and Field includes plots obtained from each of three
different theoretical approaches [43, 46, 47). Of these, the approach of Ref.
43 gave the most conservative predictions. This is a desirable situation in
view of the uncertainties associated with classical stability approaches to
creep buckling problems. For one thing, this general theoretical concept ignores
the detrimental effects from initial imperfections. However, to properly account
for this influence, much more complicated methods would be required and these
would not fall within the intended scope of this handbook. Therefore, in the
procedure recommended below, an attempt is made at least to partially account
for the imperfection effects in shells of revolution. This is done by the intro-

duction of available room-temperature knockdown factors.

Recommended Procedure.

Obtain from thc literature, or a suitable test program, a family of
creep curves for specimens made of the desired material and subjected to
unaxial loading while at the appropriate service temperature. These curves
should he of the type shown in Figure 5.0-8 where Ui and € are the stress
intensity and strain intensity, respectively, and are defined as follows for

plane-stress conditions:

1/2
g.= (0—2 + ol - o o +31} >
1 X y Xy Xy

and 1/2 ( 1)

"
I 2 XY
NG ex+€y+exey+ 2
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Using data obtained from these plots, create a family of curves similar to

those of Figure 5.0-9 where e'i is the strain-rate intensity defined as follows

for a state of plane stress:

.;/z 1/2
o2 [ 2 . XY
= T <ex+ey +exey+ n . (2)

The dots indicate differentiation with respect to time; for example,

d¢e 2
n- () ©

The results embodied in Figure 5.0-9 are then used to develop still another
family, which is illustrated in Figure 5.0-10. Following this, select appro-
priate formulations for conventional room-temperature values of both the

critical stress intensity (o i) and the plasticity reduction factorn. For
cr

example, in the case of an axially compressed, moderate-length, circular
cylinder, one obtains

() =nr 22— (4)

cr RV 3(1 - vz)

and
1/2

1- 12 E E
= e t s (5)
n 1 v! E

where I' is the room-temperature knockdown factor and

E
-— - -—L -
v=0.50- 4 (0.50 ve) . (6)
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T = CONSTANT

Figure 5.0-8, Constant-load creep curves.

T = CONSTANT

LOG SCALE

LOG SCALE

Figure 5.0-9. Curves derived from Figure 5.0-8.
values for I' may be obtained from Ref, 48 or other suitable sources.
In addition, use the short-time elevated-temperature values for E and Ve
On the other hand, the tangent and scant moduli (Et and Es, respectively) are

those associated with the curves illustrated in Figure 5.0-10. Therefore,
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T = CONSTANT

Figure 5.0-10. Curves derived from Figure 5.0-9.
working with this figure, proceed from left to right along the o line cor-
responding to the applied load and use a trial-and-error procedure to determine

the strain intensity € at which

Eh

RN 3(1 - v;)’.

=nI‘

" applied o (7)

i

Following this, return to Figure 5.0-8 and establish the time t as-

sociated with this combination of o i and ¢ i This is the predicted time to the

onset of creep buckling and can be denoted as tcr'

Although the preceding presentation has dealt with the specific case of
an axially compressed circular cylinder, it should be obvious that this method
constitutes a general approach which can be used for the analysis of creep
buckling in various types of plates and shells subjected to an assortment of

loading conditions. It should be noted, however, that I" = 1,0 for flat plates

(and columns).
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6.0 TIHERMAL SHOCK,
6.0.1 General,

Thermal shock refers to the phenomenon whereby a body undergoes
sudden changes in temperature, usually caused by a rapid change in the ex-
ternal environment. It is the presence of severe transients that distinguishes
thermal shock from the more common conditions of steady-state and slowly
varying temperatures. Severe transients are experienced by reentry aero-
gpace structures, such as those of the space-shuttle variety. The sclection
and comparison of candidate materials for structures of this type should
be accomplished by means of a screening process that considers thermal-
shock resistance, which may be evaluated by both analytical and experimental
methods. The analytical method may include comparisons of thermal-shock
indices, as well as the theoretical analysis of simple models such as a flat slab
which is suddenly immersed in a hot medium. The experimental investigation
may be of similar scope. In the theoretical treatment of such models as well
as the actual complex configurations, it is usually unnecessary to perform a
true shock-type analysis which involves mass inertia effects. Generally, it
is sufficiently accurate to compute the pertinent thermal stresses by the same
methods as are used for steady-state problems, except that one must de-
termine the temperature and stress distributions at a number of time incre-
ments during the transient behavior. As a rule, however, it will be necessary
to consider the material strain-rate-sensitivity when allowable stresses are

established.
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6.,0,2 Stresses and Deformations.
Configuration.

The equations and tables provided here cover each of the following,
as illustrated in Figure 6,0-1:

1. Flat slabs, of infinite extent, which are of uniform thickness and
are free of holes

2. Solid cylinders of infinite length

3. Solid spheres,
In all cases, it is assumed that Hooke's law applies.

Boundary Conditions,

All bodies are free of any external constraint.

Temperature Distribution.

The supposition is made that the subject bodies experience a sudden
change in surface temperature. The upper and lower surfaces of the flat slab
are always subjected to identical temperatures.

Equations and Tablcs.

This section is based on the assumption that Young's modulus,
Poisson's ratio, the thecrmal diffusivity, and the coefficient of thermal ex-
pansion are unaffected by temperature changes. Hence, the user must select
single effective values for each of these properties by employing some type

of averaging technique.
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The method presented here was published by Adams and Waxler in Ref.
49. It can he used to determine the temperature and stress distributions dur-
ing the subject transient phenomena. To accomplish this, several simple
formulas must be used in conjunction with appropriate tabulated values. All
of these are given in the summary which follows. In applying this method,
care should be taken to cnsure that the units specified under NOTATION are
used,

The method makes use of a temperature function, ¢j, which may be

called the fractional temperature excess and is defined as follows:

¢ .= L y )J=1,2,3 . (1)

The subscripts 1, 2, and 3 denote that thé ¢ value is for an infinite solid slab,
an infinite-length solid cylinder, or a solid sphere, respectively. The tabu-
lations of ¢j published by Adams and Waxler and appearing in the summary

of this section were developed from a study of the heat transfer phenomena
associated with the subject configurations. The tables also include values for
the temperature parameters ¥{, ¥;, and ¥ g, which are defined as follows:

Infinite Solid Slab.

1
‘I’;= f ¢1 d(':’.) .
0

Infinite- Length Solid Cylinder.
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1 < r r
| - —
=(T fR R ”d(R) . (2)
- 0
R
Solid Sphere.
L
r\? r
®) °
=
l / MIDDLE SURFACE
t - - Y
a, Segment of infinite solid slab,
b. Segment of {nfinite-length d. B8olid sphere.

solid cylinder.

Figure 6.0-1, Configurations.
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Summary of Equations and Tables,

The parameters q and 8, which appear in the tables, are defined as

follows:
t .
4= IR (3)
and
r
B=R
where
k'
K = — . (4)
Cp
p

Infinite Solid Slab.

T=¢ (T, -T)+T; (5)
and
Eq ('I‘i - T[)
O =Yy T _————(l—v) (¥ -9, - (6)

The values for ¢, and ¥ are obtained from Table 6.0-1.

Infinite-Length Solid Cylinder.

T=¢, (T, -T)+T¢ (7)
Ea (T, - T))
ot Taow - W) *)
and
Ea (T, - Ty
O't= (l—V) (‘I’;+ ‘II'.!—‘PZ) (9)
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where ¥} is the value of ¥, at r/R = 1. The values for ¢, and ¥, are obtaincd

from Tables 6.0-2 and 6.0-3, respectively,

Solid Sphere.
T= ®y (Ti - Tf) + Tf ’ (10)
2Eo ('1’i - Tf)
o= ) (\l':;-'l's) ’ (11)
and
Eo:(Ti - Tf)
a’t = "_——_(1 - v) (”; +\l'3 - ¢3) (12)

where ¥ is the value of ¥; at r/R = 1. The values for ¢, and ¥, are obtained

from Tables 6.0-4 and 6.0-5, respectively,
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TABLE 6.0~-1. SLAB-PARAMETERS ¢1 AND ¢!

q
x/a 0. 3000 0.3200 0.3400 0.3600 0. 31800 0. 4000 0.4200 0.4400 0.4800 0.4800
0. 0. 0013 0. 0031 0.0061 12.0109 0.0174 0.0270 0. 0386 0. 05268 0. 0690 0. 0875
0.10 0.0013 0. 0030 0. 0081 0. 0108 0,.0176 0. 0266 0. 0381 0. 0520 0.0682 0. 0865
0.20 0. 0013 0. 0029 0. 0058 0. 0104 0.0169 0. 02456 0. 0367 0. 0500 0. 0858 0. 0832
0.30 0. 0012 0. 0027 0. 0055 0. 0097 0. 0158 0. 0241 0. 0344 0. 04689 0. 0615 0. 0780
0.40 0.0011 0. 0025 0. 0050 0. 0088 0.0144 0.0218 0.0312 0.0428 0. 05568 0. 0708
0.50 0. 0010 0. 0022 0, 0043 0. 0077 0. 0126 0. 0191 0. 0273 0. 0372 0. 0488 0.0619
0.80 0. 0008 0.0018 0.0026 0. 0064 0. 0304 0. N1658 Q. 0227 0. 0309 0. 0408 0.0515
0.70 0. 0006 0.0014 0. 0028 0, 0050 0. 0081 0.0122 0. 0175 0.0238 0.0313 0.0397
0.80 0. 0104 0.0010 0. 0019 0. 0004 0. 0055 0. 11084 0.0119 0.01A3 0.0213 0.0270
0. 90 0. 0002 0. 0005 0. 0010 0. 0017 0. 0028 00042 0 0RO 1. 0082 0.0108 0. 0137
1.00 0. 0000 0. 00100 0. 0000 . 0000 . 00680 4. 0000 0. 1000 0. 0000 0. 0000 0. 0000
¥ 0. 0009 0. 0020 0. 0039 0. 0069 0.0112 0. 0172 0. 0246 {1 0335 0.04339 0. 0567

q
x/a 0.5000 0.5200 0. 5400 0. H800 0. 5800 0. nuni 1. 6200 0. 6400 0.6600 0.6800
0. 0. 1080 0.1301 0. 1535 01781 ,enan 0,220 1N 0.2624 0.:3090 0.3354
0.10 0.10686 0. 1285 0. 1516 [ Wrueat] 0,200 U267 0 U, 2789 0. 3052 0.3313
0.20 0. 1027 0. 1237 0. 1460 0. 1604 0, 1935 a, 2181 0. N, 2646 0.2938 0.3190
0.30 0. 0962 0.1159 . 1368 v 08T 0, 1812 “ho2045 (OS] (. 2016 0.2753 0.2988
0.40 0. 0874 0.1002 0. 1242 01941 16§ 0, 1% 0, 2070 0.2285 0. 2500 0.2713
0.50 0. 0764 0. 0920 0, 1086 1258 0. 1nn . AR 1. 1997 . 2185 0.2372
0. 80 0. 0835 0. 07635 0. 0902 01047 . 0. 1504 0. 1660 0. 1816 [, 0.1971
0.70 0. 0490 0.0591 0. 06497 0, 0409 1092 U 1162 0, 1282 0. 1403 0.1523
0.80 0. 0334 0. 0402 0.0474 0, 0500 (IR HhooTen 0, (791 0. 0873 V. (1955 0. 1038
0. 80 0. 0169 0. 02034 0. 0240 0. 0279 0.1 0. 0354 00 . 0442 0, 0483 0. 0525
1. 00 0. 0000 0. 4000 0. 0UGD 0, 0000 [IUTHD] 0. 0000 10000 0, 0000 0, G00u 0. 10000
N 0. 08R7 0. NK2R 0. 0077 0,1134 0, U, 1461 GL1R2Y 0. 1798 0.1987 0.2135

———— (SR S

q
x/a 0. 7000 0.7200 0. 7400 0, 7600 0. 7TRO0 0. R0t 0. K200 th 8100 0. 8600 0.8800
0. 0.3618 0. 3474 0.4127 [ BiriH 0.461Y9 0. 455% 0. HUKG 1.56310 0.55627 0.5738
0.10 0.3571 0, 3H26 0.4077 foanre 0.4562 Uo7 0.5004 0.5245 0.5459 0.5667
0.20 0. 3439 0. 3684 0.3925 0.4162 0, 430901 OB 1R 0. 4R18 0.5051 0.5208 G. 5458
0.30 0.3222 0.13452 0. 3678 [{ANLHH] 00116 0.1227 0.40133 .4733 0.4927 0.5115
0.40 0.2925 0. 3144 0.4339 0.:4041 0. 0, 3929 0.4i14 0.4298 0.4474 0.4645
0.50 0. 2557 0.27:144 0.291Y4 0. 30495 0.: 0. 445 01, 3598 0. 4757 0.:1912 0.4082
0.80 0.2125 0.2277 0.2426 02073 0.2716 0. 2455 f.299] 0.3124 0.:3252 0.3377
0.70 0. 1642 0.1759 0. 1474 0. 1987 0, 2098 (LAY {TH 0. 21311 0.2413 0.2513 0.2609
0.80 0.1117 0.1197 0. 1276 0. 1453 0. 1424 . 1541 0, 15770 U. 1643 0.1711 0.1777
0.980 0. 0568 0. 0608 0. 0646 0. 0685 0. 0723 0. 0760 0. 0794 0. UK32 0. 0868 0. 0900
1.00 0. 0000 0. 0000 0. 0000 (UL 0. 0060 0. 001 f. bung 0. 0000 0. 0000 0. 0000
wy 0. 2302 0. 2488 0. 2628 0. 2786 0.2941 0. 3092 0. 0.33R2 0.3521 0.3655

q
x/a 0. 9000 0. 9200 0. 94400 0. 5600 0, YRO0 1. 6000 1. 0260 1. 400 1. 0800 1. 0800
a. 0.6841 0.8137 0.6327 L6509 0. 6645 0. GRH4 0.7m7 0.7173 0.7323 0. 7467
0.10 0.5868 0. 8062 0.6250 0. 64130 0. 6604 0.6772 [ RGN 0.7087 0.7B36 0.7378
0.20 0.6652 0. 54139 0.6020 0.6195 0, 6363 0. 6525 [INHANE 0. GRI1 0.6978 0.7114
0.30 0.5297 0.5473 0.56471 G. HHOT7 0. 5966 0.6119 0. 6267 0.R410 0. 6547 0. 6680
0.40 0.4811 0.4972 0.5127 0.527kK 0.5423 0.5564 0. 5700 0. 5831 0.5958 0.6081
0.80 0. 4207 0.4344 0. 4485 0. 4617 0,4746 0. 4870 0.449491 0.5104 0.5221 0.5331
0.80 0. 3499 0.36817 0.3731 0. 3842 0.:1950 0.4054 0.4156 0.4255 0.4351 0. 4445
0.70 0. 2704 0.2795 0.2884 0.2970 0.13054 0. 3136 0.13215 0.3293 . L1A8 073442
0.80 0. 1841 0.1903 0. 1964 0.2023 0. 2081 0.2137 0.21m 0.2245 0.2297 0. 2348
0.80 0. 0932 0. 0964 0. 0995 0. 1025 0. 1054 0. 1082 0,110 0.1137 0.1164 0. 1190
1. 00 0. 0000 0. 0000 0. 0000 0. 0000 M 0000 0. 0300 0. 0000 0. 0000 0. 0000 0. 0000
¢ 0.3788 0.3912 0.4034 0.4153 0.4207 0.4378 0.4485 0.4588 0. 4688 0.4784
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TABLE 6.0-1. (CONTINUED)

q
x/a 1.1000 1.1200 1. 1400 1.1800 1. 1800 1.2000 1.2200 1. 2400 1. 2600 1. 2800
0. 0.7604 0.773¢ 0. 7862 0.79882 0. 8097 0. 8206 0.8311 0.8410 0. 8505 0.8595
0.10 0.7518 0.7645 0.7771 0.7890 0. 8005 0.8114 0.8218 0.8318 0.8412 0.8503
0.20 0.7248 0.7378 0.7488 0.7616 0.7729 0. 7837 0.7941 0. B8040 0.8135 0.82268
0.30 0. 6807 0.6930 0.7048 0.7162 0.7272 0.7378 0. 7480 0.7578 0.7872 0.7743
0.40 0. 68200 0.8315 0. 8426 0.8534 0.6638 0.6739 0. 6837 0.6932 0.7024 0.7113
0.80 0.5438 0. 5842 0. 5643 0.5741 0.5837 0.5930 0. 68020 0.6108 0.8195 0.6280
0.80 0.4536 0.46825 0.4712 0.4797 0.4880 0.4962 0.5042 0.5120 0.5197 0.5272
0.70 0.3514 0, 3585 0. 3656 0.3723 0.3789 0. 3855 0.:3920 0.3984 0.4048 0.4108
0.80 0.2398 0. 2447 0. 2496 0.2543 0. 2580 0. 2636 0.2682 0.2727 0.2772 0.2818
0. 90 0.1218 0.1241 0. 1268 0.1291 0. 1315 0. 1339 0. 1362 0. 1386 0. 1409 0. 1432
1.00 0. 0000 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
W 0.4878 0.4968 0. 5065 0.5140 0.5221 0. 5301 0.6377 0.5451 0.5523 0.56593
q
x/a 1. 3000 1. 3200 1. 3400 1. 3600 1. 3800 1. 4000 1.4200 1.4400 1.4600 1.4800
e +-
0. "0'.85'80 0. 8781 0.8838 0. 8911 0. 8980 0, 9046 0. 9108 0.9166 0. 9221 0.9273
0. 40 0. 8889 0.8670 0.8748 0. 8422 0. 8892 0. 8958 0. 8021 0. 8081 0. 8137 0.9191
0.10 6.8313 0.8396 0.8475 0.8551 0. 8624 0. 8693 0.B759 0.8822 0. 8882 0. 8939
0.%0 “0.7860 0.7935 0. 8018 0.8094 0, 8189 0. 8242 0.R8312 0.8379 0. 8444 0. 8508
0.40 0.7200 0.7243 0, 7365 0.7444 0,7521 0. 7596 0.7668 0. 7734 0.7808 0.7874
0.80 0.8382 0. 6443 0.6522 0.6599 0.6C74 0.674R 0. 642) 0.8892 0.6962 0.7030
0. 80 0.5346 0.5418 0. 5491 0.5562 0. 56132 0.5701 0.5769 0. 5836 0.5902 0. 5967
.70 0.4170 0.4231 0.42681 0. 4350 0.44n09 0. 44687 0.4525 0.4582 0.46838 0. 4696
0.80 0. 2860 0.2904 0. 2947 0. 2990 04,3043 0.3075 0.3118 0.3160 0. 3202 0.3243
0.980 0. 1468 0. 1478 0.1501 0. 1523 0. 1546 0.1568 0. 1580 0.1613 0.1635 0. 1857
1. 00 0. 0000 0. 06000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
/' 0. 5661 0.5726 0.5790 0. 5852 0.5812 0.5970 0, 8027 0. 8082 0.6136 0.6188
q
x/a 1.5000 1. 5200 1.5400 1.5600 1. 5800 1. 6000 1. 6200 1. 8400 1. 8600 1:6800
0. 0. 98322 0. 9368 0.9412 0.9453 0.9491 0. 9527 0. 9561 0. 9592 0. 9622 0. 9650
0.10 0.9241 0. 9289 0. 9334 0. 9377 0.9417 0. 9455 0.9491 0. 9524 0. 95568 0. 9685
0.20 0. 8994 0. 9046 0. 80968 0.9143 0.9148 0.9231 0.9272 0. 9311 0. 8348 0.9383
0.30 0.8568 0.8624 0.8880 0.8734 0. 8745 0.8815 0. 8884 0, 8830 0.8974 0. 9017
0.40 0.7939 0.8002 0. 8084 0.8124 0. 8182 0.8239 0.8294 0. 8134R 0. 8400 0.8451
0.80 0.7087 0.71683 n.7227 0.7291 0. 7353 0.7414 (.7474 0.7633 0.7591 0. 7648
0.80 0.6032 0. 8095 0.6158 0.6221 0.6282 0.8343 0.6403 0. 6482 0.6521 0. 68679
0.70 0.4752 0.4807 0.4863 0.4918 0.49872 0.5028 0.50R0 0.5123 0.65187 0. 5240
0.80 0. 3285 0.33268 0. 3388 0.3409 0. 3450 0.3491 0. 3532 0. 3572 0.3613 0. 3853
0. 90 0.1679 0.1702 0.1724 0.1746 0.1788 0.1790 0. 1812 0. 1834 0.1858 0. 1878
1.00 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
¥ 0.623¢9 0.6288 0.6338 0. 8383 0.8429 0.8474 0.8617 0. 68560 0. 8601 0. 8642
q
x/a 1.7000 1.7200 1.7400 1.7600 1. 7800 1. 8000 1.8200 1.8400 1. 8800 1. 8800
0. 0.8676 0. 9700 0. 8723 0. 9744 0. 8763 0. 9782 0. 9799 0. 9815 0, 9829 0. 9843
0.10 0.96813 0. 9840 0. 884 0.9887 0. 9708 0. 9729 0. 9748 0. 9766 0. 9783 0. 9798
0.30 0.9416 0. 8448 0. 0479 0. 9507 0. 9536 0, 8560 0. 9585 0. 9608 0. 8631 0. 8652
0.80 0. 8058 0. 9098 0. 9136 0.9173 0. 9209 0. 9243 0. 9276 0.9308 0. 9338 0. 8367
0.40 0. 8601 0.8549 0. 8598 0. 8642 0. 8886 0.8730 0.8772 0. 8813 0. 8853 0. 8891
0. 80 0. 7704 0.7758 0.7812 0. 7865 0.79017 0.7968 0. 8018 0. B067 0. 8118 0.8182
0.80 0.6837 0. 8693 0.8749 0. 6805 0.8860 0.6914 0. 6967 0.7020 0.7073 0.7124
0.70 0.6282 0. 5344 0.5398 0. 5447 0.5498 0.5549 0.6800 0. 5650 0.5700 0.5749
0.80 0.3693 0.3734 0.3774 0. 3814 0. 3854 0.3883 0.3833 0. 3972 0.4012 0.4081
0.9 0.1800 0.1822 0.1944 0. 1966 0. 1987 0. 2008 0, 2031 0.2053 0. 2076 0. 2097
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0.0000 0. 0000 0. 0000 0. 0000
! 0.6681 0.8720 0.6758 0.6704 0. 6830 0. 6868 0.8800 0.6934 0. 6987 0. 8989
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q

x/a 1. 8000 1.9200 1.9400 1. 9600 1. 9800 2. 0000 2. 0200 2. 0400 2, 0600 2.0800
0. 0. 9856 0.9868 0. 9878 0. 9889 0.9898 0. 9906 0.9914 0. 9922 0.9928 0.9935
0.10 0. 9813 0.9826 0. 9839 0.9851 0. 9862 0. 9872 0.9882 0. 9891 0.9899 0. 9907
0.20 0.9672 0. 9690 0. 9708 0.9725 0.9741 0. 9757 0.9771 0. 9785 0.9798 0. 9610
0.30 0.9395 0.9422 0. 9448 0.9473 0.9497 0. 9520 0.9543 0. 9564 0. 9584 0. 9604
0.40 0.8929% 0.8966 0. 9001 0. 9036 0. 9070 0.9102 0.9134 0. 8165 0.9185 0.9224
0.50 0.8208 0. 8254 0.8298 0.8342 0. 8385 0. 8427 0. 8468 0. B508 0. 8548 0. 8586
0.60 0.7175 0.72268 0.7275 0.7324 0.7373 0.7421 0.7468 0.7515 0.7561 0.7607
0.70 0.5798 0.5847 0.5895 0.5943 0.5991 0.6038 0. 6086 0.6142 0.6179 0.6225
0.80 0.4090 0.4129 0.4168 0.4207 0.4245 0.4284 0.4322 0. 4361 0.4:399 0.4437
.80 0.2118 0.2140 0.2162 0.2184 0. 2205 0.2227 0.2249 0.2270 0.2292 0.2314
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

N 0.7031 0.7062 0.7092 0.7121 0.7151 0.7179 0. 7207 0.7234 0.7281 0.72R8
L]

x/a 2.1000 2.1200 2.1400 2. 1600 2. 1800 2.2000 2.2200 2.2400 2.2600 2. 2800
0. 0. 9940 0. 9946 0.9951 0. 9955 0. 9959 0. 9963 0. 9966 0.9969 0. 9972 0. 4975
.10 0, 9914 0.9921 0.9927 0.9932 0. 9938 0. 9943 0. 9947 0.9951 0. 9955 0.9959
0.20 0. 9821 0.9832 0.9R42 0.9852 0. 9881 0. 9870 0. 9878 0. 9886 0.9893 0. 990¢
0.30 0. 9623 0. 9841 0. 9658 0. 9674 0. 9690 0.9706 0. 9720 0.9734 0.9747 0. 9760
0.40 0.9252 0.9279 0. 9306 0. 9332 0. 9356 0.9381 0. 9404 0.9426 0. 9448 0. 9470
0.50 0.8624 0.8861 0.8698 0. 8733 0. 8768 0. 8802 0.8835 0. 8868 0. 8900 0.8931
0.60 0.7651 0.7696 0.7739 0.7782 0.7825 0.7887 0.7908 0.7948 0.7988 0. 8028
0.70 0.6270 0.6316 0.6381 0.6405 0.8450 0. 6494 0.8537 0.6581 0.6824 0.6868
0.80 0.4475 0.4512 0. 4550 0.4588 0.4825 0.4662 0.4899 0.4736 0.4773 0.4810
0.90 0.2335 0. 2357 0.2378 0.2400 0.2421 0.2443 0. 2464 0. 24868 0. 2507 0.2529
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0600

¥ 0.7313 0.7339 0.7364 0.7388 0.7412 0.7436 0.7459 0.7481 0.7504 0.7525
q

x/a 2.3000 2.3200 2.3500 2.3600 2.3800 2.4000 2.4200 2.4400 2.4600 2.4800
0. 0.9977 0. 9979 0. 9981 0.9983 0. 9985 0. 9986 0. 9988 0.9989 0. 9990 0. 9991
0.10 0.9962 0. 9965 0. 9968 0.9971 0.9973 0. 9976 0.9978 0. 9980 0.9981 0. 9983
0.20 0. 9906 0. 9912 0.9918 0.9924 0. 9929 0. 9933 0.9918 0. 9942 0. 9946 0. 8950
0.30 0. 9772 0. 9783 0. 9795 0. 9805 0. 9815 0. 9825 0. 9834 0. 9843 0.9851 0. 9859
0.40 0. 9490 0.9510 0.9529 0. 9548 0. 9566 0. 9583 0.9600 0.9616 0.9631 0. 9647
0.50 0.8961 0.8991 0. 9020 0. 9048 0.9076 0.9103 0.9130 0. 9155 0. 9180 0.98205
0.80 0. 8068 0.8108 0.8144 0.8181 0.8218 0.8254 0.8290 0.8325 0. 8360 0.8194
0.70 0.6708 0.6750 0.6792 0. 6834 0.6874 0.6914 0.6954 0.8994 0. 7034 0.7073
0.80 0.4847 0.4B83 0.4919 0.4956 0.4992 0.5027 0.5083 0.5099 0.5134 0.5170
0. 90 0.2550 0.2572 0.2593 0.2614 0.2836 0. 2657 0.2678 0.2700 0.2721 0.2742
1. 00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

¥y 0. 7547 0.7568 0.7549 0.7609 0.7629 0.7649 0.7669 0. 7688 0.7707 0.7725
q

x/a 2.5000 2.5200 2.5400 2.5600 2.5800 2. 6000 2.6200 2.6400 2. 6600 2.8800
0. 0. 9992 0. 9993 0. 9893 0. 9994 0. 9995 0. 9995 0. 9996 0. 9996 0. 9997 0.98997
0.10 0. 9984 0. 9988 0. 9987 0. 9988 0.9989 0. 9990 0.9991 0. 9992 0.9993 0. 9993
0.20 0. 9953 0. 9956 0. 9959 0.99%2 0. 9965 0. 9967 0.9970 0.9972 0. 9974 0. 9976
0.30 0. 9867 0.9874 0. 9881 0. 9887 0. 9894 0. 9499 0. 9905 0. 8910 0. 9815 0.9920
0.40 0. 9661 0. 9675 0. 9689 0.9702 0.9714 0.9726 0.9738 0.9749 0. 9760 0. 9770
0.50 0. 9229 0. 9252 0.9275 0. 9297 0.9319 0. 9340 0.9361 0.93481 0. 9400 0.9418
0.80 0. 8427 0. 8460 0.8492 0. 8524 0. 8556 0. 8586 0.8617 0. 8647 0. 8876 0. 8705
0.70 0.7112 0.7150 0.7188 0.7226 0.7264 0. 7300 0.7337 0.7373 0. 7409 0.7445
0.80 0. 5205 0.5240 0.5275 0.531¢ 0.5344 0. 5379 0.5413 0. 5448 0.5482 0.5518
0.90 0.2763 0.2784 0. 2808 0. 2827 0.2848 0. 2869 0.2890 0.2911 0.2932 0.2853
L 00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

¥ 0.7743 0.7761 0.7779 0.7796 0.7813 0.7830 0.7847 0. 7863 0.7878 0.7895
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x/a 2.7000 2.7200 2.7400 3.7600 2.7800 2.8000 2.8200 2.8400 2. 8600 2.8800
0. 0. 9997 0. 9998 0.9998 0. 9998 0. 9998 0. 9998 0. 9999 0. 9999 0. 9999 0. 9998
0.10 0. 9954 0. 9994 0. 9995 0. 9996 0. 9998 0. 9996 0. 9987 0. 987 0. 9997 0. 8997
0. 320 0. 9977 0.9979 0. 9981 0. 9982 0. 9963 0. 9985 0. 9986 0. 9987 0. 9988 0. 9989
0.3 0.9925 0. 9929 0. 9933 0. 9937 0. 9941 0. 9944 0. 9948 0. 9951 0. 9954 0. 9956
0.40 0.9780 0. 9790 0. 9799 0. 9808 0. 9817 0. 9828 0. 9833 0. 9840 0. 8848 0. 9855
0.80 0.9438 | 0.9466 0. 9473 0. 9490 0. 9607 0. 9623 0. 9339 0. 9554 0. 9589 0. 9583
0.80 0.8733 0.8781 0.8789 0. 8815 0. 8842 0. 8888 0.8893 0.8918 0.8843 0. 8987
0.70 0.7480 0.7518 0.7550 0. 7684 0.7618 0. 7651 0. 7685 0.7718 0. 7750 0. 7782
0.80 0.5549 0.56583 0.6817 0.6650 0.5683 0.5716 0.5749 0.5782 0.5814 0.5847
0.90 0.2974 0. 2996 0.3018 0.3037 0.3068 0.3079 0.3100 0.3120 0.3141 0.3182
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
o 0.7910 0. 7926 0.7941 0.7956 0.7971 0.7985 0.7999 0. 8013 0.8027 0.8041

q
x/a 2.9000 2. 9200 2. 9400 2. 9800 3.9800 3. 0000 3.0200 3. 0400 3. 0800 3.0800
0. 0. 9399 0. 9998 0. 9996 0. 9999 0.99909 . 1. 0000 1. 6000 1. 0000 1. 06000 1. 0000
0.10 0. 9998 0. 9988 0. 9998 0. 9998 0. 9098 0. 9999 0. 8999 0. 9999 0. 9999 0. 9999
0.30 0. 9990 0. 9980 0. 9991 0. 9992 0. 9993 0. 9993 0. 8984 0. 9994 0. 9995 0. 9995
0.30 0. 9989 0. 9962 0. 9964 0. 9966 0. 9968 0.9970 0. 9972 0.9974 0. 9975 0. 9977
0.40 0. 9861 0. 9868 0. 96874 0. 9880 0. 9886 0. 9891 0. 8898 0. 9901 0. 9908 0. 9910
0.80 0. 9697 0. 9611 0. 9624 0. 9637 0. 9649 0. 9861 0. 9673 0. 9884 0. 9495 0.9708
0. 60 0.8991 0. 9014 0. 8037 0. 9080 0. 8082 0.9103 0.9124 0. 9145 0. 9188 0.9185
0.70 0.7814 0.7848 0.7877 0.7908 0.7939 0. 7969 0. 7999 0. 802¢ 0. 8058 0. 8087
0.00 0.5879 0.5811 0.5943 0.5976 0. 68007 0.8039 0. 6070 0. 6101 0.6132 0.8163
0.90 0.3183 0.3204 0.3224 0. 3245 0. 3266 0.32868 0. 3307 0.3327 0. 3348 0. 3369
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
o 0.8085 0. 8068 0.8081 0.8094 0.8107 0.8119 0.8132 0.8144 0.81568 0.8168

q
x/s 3.1200 3.2000 3.3000 3.4000 3.5000 3. 6000 3.7000 3.8000 3. 9000 4. 0000
0. 1. 0000 1. 06000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 06000 1. 0000
0.10 0. 9999 1. 0000 1. 06000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.30 0. 9986 0. 9997 0. 9998 0. 8999 0. 9999 1. 0000 1. 0000 1. 0000 1. 6000 1. 0000
0.30 0. 9879 0. 9985 0. 9989 0. 9992 0. 9995 0. 8998 0. 9998 0. 8998 0. 9899 0. 9999
0.40 0.99158 0. 9934 0.9949 0. 9941 0.8870 0. 8977 0. 9983 0. 9987 0.99891 0. 9993
0.50 0.9718 0. 9763 0.9804 0. 8838 0. 8867 0. 9891 0.9911 0. 8928 0.98942 0. 8963
0.60 0. 9206 0. 9297 0. 9381 0. 94568 0.9623 0.9683 0. 9637 0. 9684 0. 9728 0. 9763
0.70 0.8118 0. 8254 0. 8385 0. 8508 0.8624 0.8733 0. 8838 0.8931 0. 9020 0. 8103
0.80 0.6194 0.6348 0. 8494 0.08838 0.8778 0.6914 0.7047 0.7175 0.7300 0.7421
0.90 0.3389 0. 3481 0. 3593 0.38%4 0.37%4 0.3893 0.3992 0.4090 0.4187 0.4284
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
\ 0 0.8180 0.8237 0.8290 0. 8341 0. 8388 0. 8433 0.8475 0. 8515 0. 8553 0. 8590

q
x/a 4.1000 4.2000 4.3000 4.4000 4. 5000 4.6000 4.7000 4.8000 4. 9000 5. 0000
0. . 1,0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.10 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.20 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0060 1. 0000 1. 0000
0.30 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.40 0. 9996 0. 9908 0.9997 | 0.9998 0. 9999 0. 9999 0. 9999 1. 0000 1. 0000 1. 0000
0.80 0. 9963 0.9970 0. 8976 0. 9981 0. 9988 0. 99889 0. 9891 0. 9993 0. 9996 0. 9996
0.80 0.9796 0. 9828 0. 9850 0.9872 0. 9891 0. 9907 0. 9922 0. 8934 0. 9944 0. 9953
0. 70 0.9181 ©0.9263 0. 8319 0. 9381 0. 9438 0. 9490 0. 8839 0. 8583 0. 9824 0.9861
0.80 0.7538 0.7681 0.7761 0. 7887 0.7989 0.8088 0. 8183 0. 8254 0.8342 0. 8427
0. 90 0.4380 0.4478 0. 4589 0. 4882 0.4766 0. 4847 0. 4837 0.5028 0.5117 0.5205
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
\ 0.8634 0. 6657 0.8488 0.8718 0. 8746 0. 8774 0.8800 0. 8825 0.8849 0. 8872
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' TABLE 6,0-1. (CONTINUED)

q
x/a 5. 1000 5. 2000 5.3000 5.4000 5.5000 5.6000 5. 7000 5. 8000 5. 9000 6. 0000
0. 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 6000
0.10 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.20 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 6300 1. 0000 1. 0000 1. 06000 1. 0000
0.30 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.40 1. 0000 1. 0000 1. 0000 1. 0000 1. 06000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.50 0. 9997 0. 9998 0. 9998 0. 9999 0.9999 0. 9999 0. 9999 1. 6000 1. 0000 1. 0000
0.60 0. 9961 0. 9967 0. 9973 0. 9977 0.9981 0. 9985 0. 9987 0.99%0 (1. 9992 0.9993
0.70 0. 9695 0. 9726 0. 9755 0. 9780 0. 9804 0. 9825 0. 9844 0. 9861 0. 9877 0. 9891
0.80 0.8508 0. 8587 0.8661 0.8733 0. 8802 (). 8868 0. 4931 0.8991 0. 3048 0.9103
0. 90 0.5292 0.5379 0. 5465 0.5549 0.5634 0.5716 0.5978 0. 5879 0.5959 0. 6039
1. 00 0. 0000 0. 0000 ¢. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
¥y 0.8894 0.8915 0. 8915 0. 8955 0.8974 0.8993 0. 9010 0. 9027 0. 9044 0. 9060

q
x/a 8.1000 6.2000 6. 3000 6. 4000 6. 5000 6. 6000 6. 7000 6. 8000 6. 9000 7. 00600
0. 1.0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.10 1. 0000 1. 06000 1. 6000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.20 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.30 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 06000 1. 0000 1. 0000 1. 0000
0.40 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.50 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 80 0. 9994 0. 9995 0. 9996 0. 9997 0. 9998 0. 9998 0. 9998 0. 99499 . 9999 0. 9999
0.70 0. 9903 0. 9915 0.9925 0.9934 0.9942 0.9949 0. 9955 0.9961 0. 9966 0. 9970
0.80 0. 9155 0. 9205 0.9252 0.9297 0.9340 0. 9381 0.9419 . 9456 0.9490 0.9523
0. 90 0.6117 0.6194 0.6270 0. 6146 0.6420 0.6494 0.6566 0. 6638 0.6708 . 6778
1.00 0. 0000 0. 0000 0. 0000 0. 0000 4. 0000 0. 0000 0. 0000 0. 06000 0. 0000 0. 0000
\ A 0. 9075 0. 9090 0.9104 0.9114 0. 9112 0. 9145 0. 9158 0.9170 0. 9182 0.919%4

q
x/a 7.1000 7.2000 7.3000 7.4000 7. 5000 7.6000 7. 7000 7. 8000 7.9000 8. H000
0. 1.0000 1. 0000 1. 6000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0080 1. O004%
0.10 1. 0000 1. 0000 1. 0000 1. G000 1. V000 1. 0000 1. 0000 1. 0000 1. 6000 1. 0000
0.20 1. 0000 1. 0000 1. 0000 1. 6000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.30 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0004 1. 6000 1. 0000
0.40 1. 0000 1. 0000 1. 0000 1. 6000 1. 0000 1. 000¢ 1. 0000 1. 6000 1. 0000 1. 6000
0.50 1. 0000 1. 0000 1. 0000 1. 0080 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 80 0. 9999 1. 0000 1. 0000 1. 0000 1. 0000 1. 06000 1. 0000 1. 0000 1. 0000 1. 06000
0.70 0. 9974 0. 9977 0. 99H0 0. 9943 0. 9945 0. 99487 0. 9989 0. 9991 0. 9992 0. 9994
0.80 0. 9554 0. 9583 0.9611 0.9637 0. 9661 0. 9684 0. 9706 0. 9726 0. 9745 0. 9763
0. 90 0.6847 0.6914 0. 6981 0.7047 0.7112 0.7175 0.72:18 0. 7300 0. 7461 0.7421
1. 00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
¥y 0. 9205 0.9216 0.9227 0.9218 0. 9248 0. 9258 0. 9267 0. 9277 0. 9286 0.9295

q
x/a 8.1000 8.2000 8.3000 8.4000 8. 5000 B. 6000 B. 7000 8.8000 8. 8000 9. 0000
0. 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.10 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 06000 1. 0000 1. 0000
0.20 1. 06000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.30 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.40 1. 0000 1. 0000 1. 0000 1. 0000 1.0000 | 1.0000 1. 0000 1. 0000 1. 0000 1. 6000
0.50 1. 06000 1. 0000 1. 0000 1. 0000 1. 0000 1. 6000 1. 0000 1. 0000 1. 0000 1. 0000
0.60 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.70 0. 99984 0. 9995 0. 9998 0, 9996 0. 9997 0. 9997 0. 9998 0. 9898 0. 9998 0. 8999
0. 80 0. 9780 0. 9798 0.98811 0. 9825 0.9838 0. 9850 0. 5881 0. 9872 0. 9882 0. 9891
0. 90 0.7480 0. 7538 0.7595 0.7851 0. 7707 0.7781 0.7814 0. 7887 0.7918 0.7989
1.00 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000
¥ 0.8303 0. 9312 0. 9320 0.9328 0.9336 0. 8344 0.9351 0.8359 0. 93688 0.9373
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q 9. 1000 9, 2000 9, 3000 9, 4000 9, 5000 9, 6000 9, 7000 9. 00O 9. 5000 10, 0000
x/a

0. 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000
0.10 1, 0000 1, 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000
0, 30 1, 0000 1. 0000 1. 0000 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000
0, 30 1. 0000 1. 0000 1. 0000 1. 0000 1. 6000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000
0. 40 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000
0.50 1. 0000 1, 6000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000
0. 60 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 06000 1. 0000 1, 0000
0,70 0, 9999 0, 9999 0,9999 0, 9999 0, 9999 1, 6000 1, 0000 1. 0000 1, 6000 1, 0000
0, 80 0, 9899 0, 9907 0.9915 0, 9922 0, 9928 0.9934 0, 9939 0. 9944 0, 9949 0, 9953
0. 90 0, 8019 0. 8068 0, 8116 0, 8163 0. 8209 0, 8254 0, 8299 0, 8342 0, 8385 0, 8427
1.00 0, 0000 0, 0000 0, 0000 0. 0000 0. 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000
¥i 0, 9380 0, 9387 0, 9393 0, 9400 0. 9406 0,9412 0, 9418 0.9424 0. 9430 0, 9436

q 10,1000 10, 2000 10, 3000 10, 4000 10, 5000 10, 6000 10, 7000 10, 8000 10, 9000 11, 0000

x/a

0. 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 6600 1. 0000 1. 0000 1. 0000 1, 0000
0.130 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.20 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 30 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 40 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0, 50 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 80 1. 6000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000
0.70 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 00600 1. 0000 1. 0000 1. 0000
0. 80 0, 9957 0, 9961 0, 9964 0, 9967 0. 9970 0,9973 0, 9975 0, 9977 0, 9979 0.9981
0.90 0, 8468 0, 8508 0, 8548 0, 8546 0. 8624 0. 8661 0. R698 0.8733 0, 8768 0. 8802
1.00 0, 0000 0, 0000 0, 0000 0. 0000 0. 0000 0, 0000 4, 100 0, 0000 0. 06000 0. 0000
wi 0, 9441 0, 9447 0, 9452 0, 9457 0. 9463 0, 4468 0, 9473 0, 9474 0. 9482 0. 9487
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TABLE 6.0-2. CYLINDER-PARAMETER ¢,

q 0, 4000 0, 4200 0. 4400 0. 4600 0, 4800 0, 5000 0. 5200 0. 5400 0. 5600 0. 5800

8
0, 0, 0002 0, 0004 0. 0009 0, 0017 0, 0030 0, 0049 0, 0078 0,0113 0, 0159 0. 0218
0,10 0, 0002 0, 0004 0. 0009 0, 0017 0, 0030 0, 0049 0. 0075 0.0111 0, 0157 0,0215
0, 20 0. 0002 0, 0004 0, 0009 0, 0016 0. 0028 0, 0047 0, 0072 0.0106 0.0150 0, 0205
0,30 0. 0002 0. 0004 0, 0008 0, 0015 0. 0026 0, 0043 0, 0067 0, 0098 0. 0139 0, 0190
- 0,40 0, 0001 0. 0003 0, 0007 0, 0013 Q. 0024 0, 0039 0, 0060 0, 0088 0.0125 0, 0170
0.50 0. 0001 0, 0003 0, 0006 0,0012 0. 0020 0, 0033 0, 0051 0. 0075 0. 0107 0. 1146
0,60 0, 0001 0, 0002 0, 0005 0, 0009 0.0016 0, 0027 0, 0041 0, 0061 0, 0087 0.0114%
0.70 0, 0001 0, 0002 0. 0004 0, 0007 0,0012 0, 0020 0, 0031 0, 0046 0. 0065 0. 0089
0. 80 0, 0001 0. 0001 0.0002 (. 0005 0. 0008 0. 0013 0, 0020 0,030 0, 0043 0.0N58
0.90 0, 0000 0. 0004 0, 0001 0.0002 0, 0004 0. 0006 0,0010 0. 0015 0,0021 0. 0024
1.00 0. 0000 0. 0000 0, 0000 0, 0000 0, 0000 0. 0000 0. 0000 0, D000 1. 0000 1, G000
q 0. 6000 0, 6200 0. 6400 0. 6600 0, 6800 0. 7000 0. 7200 0, 7400 0, 7600 0, 7800

i
[ 0. 0289 0, 0373 0. 0470 0. 0580 0,0703 0, 0438 0. 0985 0.1143 0. 1311 0, 1488
0. 10 0, 0285 0. 0367 0, 0463 0. 0571 0. 0693 0. 0826 04,0971 0.1126 0, 1292 0, 1467
0. 20 0, 0272 0,0351 0, 0443 0. 0547 0, 0663 0, 0790 0, 0929 0, 1078 0.1236 0, 1403
0,30 0, 0252 7. 0326 0, 0410 0, 0507 0,0614 0,0732 0, 0861 0, 0999 0. 1146 0, 131
0,40 0, 0226 0, 0294 0, 0367 0.0453 0, 0549 0. 0655 0, 0770 0, 0893 0, 1025 0.1163
0. 50 0,0193 0. 0250 0.0315 0, 0388 0, 0471 0. 0561 0, 0660 0. 0766 0, 0878 U, 0997
0,60 0. 0157 0,0202 0. 0255 0, 0315 0,0382 0, 0455 0, 0535 0, 0621 0.0712 0, 0809
0,70 0.0118 0,0152 0,0191 0.0236 0.0286 0. 0342 0, 0401 0. 0466 0,0534 0, 0606
0, 80 0. 0077 0,0100 0, 0126 0, 0155 0.0188 0. 0225 0. 0264 0. 0306 0, 0351 0, 0399
0, 90 0, 0038 0, 0049 0, 0061 0. 0076 0. 0092 0. 0109 0.0128 0,0149 0. 0171 0, 0194
1,00 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000
q 0. 8000 0, 8200 0. 8400 0, 8600 0, 8800 0. 5000 0., 9200 0. 9400 0. 9600 0, 9800

8
0. 0, 1673 0, 1866 0, 2064 0, 2268 0, 2476 0, 2687 0, 290¢ 0, 3117 0. 3334 0. 3551
0,10 0,1649 0, 1839 0, 2304 0, 2235 0, 2440 0, 2649 0, 2860 0, 3072 0, 3286 0, 3500
0,20 0. 1578 0, 1759 0, 1947 0.2139 0, 2335 0. 2534 0, 2736 0, 2040 0, 3145 0. 3350
0, 30 0. 1463 0,1631 0, 1804 0. 1983 0, 2164 0, 2349 0. 2537 0, 2725 0, 2015 0, 3106
0, 40 0, 1308 0,1458 0,1614 0.1773 0, 100¢ 0, 2101 0. 2269 0, 2438 0, 2604 0, 2779
0.50 0,1121 0,150 0.1383 0. 1520 0.1659 | 0, 1801 0, 1945 0, 2090 0. 2236 0, 2382
0.60 0, 0909 0, 1014 0.1122 0, 1233 0, 1346 0, 1464 0. 1578 0, 1696 0, 1814 0.1933
0,70 0. 06R2 0. 0760 0,0841 0.0924 0, 1010 0. 1096 0.1184 0.1272 0. 1361 0, 1451
0. 80 0, 044R 0. 0500 0. 0553 0, 0608 0. 0664 0,0721 0.0778 0, 0836 0, 0895 0, D954
Q.90 0,0218 0, 0243 0, 0269 0. 0295 0. 0323 0. 0350 0, 0378 0, 0407 0, 0435 0. 0464
1.00 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0, 0000 0, 0000 0, 0000 0, 00
q 1, 0000 1. 0200 1. 0400 1. 0600 1. 0800 1, 1000 1, 1200 1. 1400 1, 1600 1. 1800

8
0, 0. 3768 0, 3YR4 0, 4199 0,4412 0, 4622 0. 4830 0. 5035 0. 5276 0, 5433 0, 5627
0,10 0,3714 0,3927 0, 4139 0, 4348 0, 4557 0, 4762 0. 4964 0. 5162 0, 5357 0. 5548
0, 20 0. 3555 0, 3759 0, 3962 0, 4163 0. 4362 0, 4559 0, 4753 0, 4944 0, 5132 0.53186
0,30 0, 3296 0, 3486 0, 3674 0, 3862 0, 4047 0. 4231 0, 4412 0, 4590 0. 4766 0. 44938
0, 40 0, 2949 0,3119 0. 3289 0, 3457 0.3624 0. 3789 0. 3952 0, 4114 0. 4272 0, 4429
0,50 0. 2529 0. 2675 0, 2821 0, 2966 0,3110 i1, 3252 0, 3394 0, 3533 0, 3671 0, 3807
0,80 - 0, 2053 0, 2172 0, 2290 0, 2408 0, 2526 0, 2642 0, 2758 0,2872 0. 2986 0, 3098
0,70 0, 1540 0, 1630 0,1719 0, 1808 0, 1897 0.1985 0, 2072 0, 2159 0, 2245 0, 2330
0, 80 0,1013 0.1072 0, 1131 0, 1190 0, 1248 0, 1306 0, 1364 0, 1421 0. 1478 0,.1535
0. 90 0, 0493 0, 0521 0. 0550 0. 0579 0, 0607 0, 0636 0, 0664 0. 0692 0, 0720 0, 0747
1,00 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000

'l
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q 1. 2000 1, 2200 1, 2400 1, 2600 1. 2800 1.300 1. 3200 1, 3400 1, 3600 1, 3800
0, 0. 5816 0, 6001 0.6181 0. 6356 0. 6527 0, 6692 0. 68563 0, 7008 0, 7158 0,7303
0, 10 0, 5736 0.5918 0. 6096 0, 6270 0. 6439 0. 6603 0,68762 0.6916 0. 7066 0, 7210
0. 20 0. 5487 0, 5673 0.5845 0.6014 0,6178 0. 6337 0, 6492 0. 6643 0. 6789 0, 6931
0. 30 0,5108 0.5274 0. 5436 0, 5595 0, 5754 0. 5902 0. 6050 0.6184 0.8335 0. 6471
0. 40 0. 4583 0, 4734 0, 4882 0, 5028 0,5174 0, 5311 0, 5448 0, 5582 0.5713 0, 5841
0,50 0. 3941 0, 4073 0. 4204 0, 4332 0. 4458 0. 4582 0, 4703 0. 4823 0. 4941 0, 5056
0. 60 0, 3208 0, 3318 0., 3428 0, 3532 0, 3638 0, 3741 0,3844 0. 3945 0, 4044 0, 4142
0,70 0. 2414 0, 2497 0, 2580 0. 2662 0, 2743 0, 2823 0, 2902 0. 2980 0, 3058 0, 3135
0. 80 0. 1591 0. 1647 0. 1702 0, 1756 0, 1814 0. 1864 0, 1918 0, 1971 0, 2023 0, 2075
0, 90 '0.0775 0, 0802 0, 0829 0. 0856 0, 0883 0, 0909 0, 0935 0, 0962 0. 0988 0.1013
1,00 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0. 0000 0. 0000 0, 0000 0. 0000
q 1. 4000 1. 4200 1. 4400 1. 4600 1. 4800 1. 800 1. 5200 1, 6400 1. 5600 1, 5800
0, 0. 7443 0,7578 0, 7708 0. 7833 0, 7962 0, 8067 0. 8177 0,8282 0, 8382 0. 84700
0,10 0. 7349 0, 7484 0.7643 0,7738 0.7857 0, 7972 0, 8082 0.8188 0, 8289 0, 83868
0, 20 0,7068 0.7201 0,7329 0, 7453 0.7572 0, 7687 0, 7798 0, 7905 0. 8007 0, 8106
0,30 0, 6604 0.6733 0,6858 0. 6980 0. 7097 0,7212 0, 7322 0, 7429 0. 7533 0, 7633
0, 40 0, 5966 0. 6088 0.6207 0.6323 0, 6437 0, 6547 0, 6655 0, 6760 0. 6863 0, 6962
0, 50 0.65169 0. 5280 0,5389 0, 5496 0, 5601 0. 5704 0. 5805 0, 5905 0. 6002 0, 6097
0.80 0, 4239 0. 4335 0. 4429 0, 4522 0.4613 0. 4704 0, 4793 0. 4881 0. 4967 0. 5053
0.70 0, 3210 0. 3286 0. 3360 0. 3434 0, 3507 0, 3579 0, 3651 0.3722 0,3793 0, 3862
0.80 0, 2127 0, 2178 C. 2229 0. 2280 0, 2330 0, 2380 0, 2430 0. 2480 0. 2529 0. 2578
0,80 0. 1039 0. 1065 0, 1090 0.1116 0.1144 0. 1166 0, 1194 0. 1216 0. 1240 0. 1265
1.00 0, 0000 0, 0000 0. 0000 0, 0000 0. 0000 0, 0000 0. 0000 0, 06000 0, 0000 0. 0000
q 1, 6000 1,6200 1. 6400 1. 6600 1,6800 1. 700 1,7200 1, 7400 1,7600 1. 7800
0. 0.8570 0, 8657 0.8740 0. 8818 0, 8893 0. 8964 0, 9031 0, 9095 0, 9155 0, 9212
0.10 0, 8478 0. 8566 0, 8650 0, 8730 0. 8806 0. 8879 0. 8947 0.9013 0, 9075 0, 9433
0. 20 0, 8200 0. 8291 0. 8378 0, 8461 0, 8541 0. 8617 0, 8690 0. 8760 0. 8827 0, 8890
0.30 0. 7730 0,7823 0.7914 0. 8004 0. 9085 0. 8166 0. 8244 0, 8320 0. 8393 0. 8463
0, 40 0, 7080 0, 7154 0.7248 0.7336 0, 7423 0. 7508 0, 7590 90,7670 0,7748 0.7824
0.60 0.6191 0.6282 0,6372 0. 6460 0. 6547 0, 6631 0,6714 0.679% 0.6B76 0. 6954
0. 80 0.5137 0. 5220 0, 5302 0. 5383 0. 5463 0, 5542 0, 5620 0, 5697 0.5772 0. 5847
0,70 0, 3931 0. 4000 0, 4068 0, 4135 0, 4202 0, 4268 0. 4334 0. 4399 0. 4464 0. 4528
0,80 0. 2626 0. 2674 0, 2723 0, 2770 0, 2818 0, 2865 0, 2013 0. 2960 0, 3006 0, 3053
0, 90 0, 1280 0.13132 0. 1339 0. 1363 0. 1387 0, 1412 0. 1436 0. 1460 0, 1484 0. 1508
1,00 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0. 0000
q 1. 8000 1, 8200 1, 8400 1. 8600 1. 8800 1, 9000 1, 9200 1. 9400 1. 9600 1.9800
0. 0. 9265 0. 8316 0, 9363 0. 9408 0. 9450 0, 9489 0, 8527 0, 9561 0, 9594 0. 8624
0,10 0, 9189 0, 9241 0, 9291 0, 9337 0, 9381 0. 9423 0. 9462 0, 9499 0, 9534 0. 9566
0. 30 0, 8951 0, 8008 0, 9063 0.9116 0, 9166 0. 9213 0, 9258 0, 8301 0.9341 0, 9380
0,30 0, 8530 . 0, 8595 0, 8657 0. 8717 0, 8775 0, 8830 0. 8884 0, 8935 0. 8984 0. 9031
0, 40 0,7898 | 0.7969 0, 8039 0, 8106 0.8172 0.8236 0, 8297 0, 8357 0, 8416 0. 8472
0, 50 0, 7030 0,7105 0.7179 0,7251 0, 7322 0. 7391 0. 7458 0,7525 0, 7590 0,7653
0. 80 0. 5921 0. 5994 0, 8066 0,6136 0. 6206 0, 6275 0, 6343 0. G410 0. 6476 0, 6542
0,70 0, 4592 0, 4655 0, 4717 0, 4779 0, 4841 0, 4902 0. 4963 0, 5023 0, 5082 0.5144
0. 80 0. 3089 0.3145 0.3191 0, 3237 0. 3282 0, 3328 0. 3373 0, 3418 0. 3463 0, 3507
0. 90 0. 1632 0, 1666 0, 1580 0. 1604 0, 1628 0. 1651 0. 1675 0, 1699 0,1722 0. 1746
1. 00 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000

¢ -
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q 2, 0000 2. 0200 2. 0400 2, 0600 2, 0800 2, 1000 2.1200 2, 1400 2. 1600 2. 1800
0. 0,9653 0.9679 0, 9704 0, 9727 0,9748 0, 9768 0,9787 0. 9804 0, 9820 0,9835
0, 10 0,9597 0.9625 0. 9652 0, 9677 0, 9701 0,9723 0.9743 0.9762 0. 9780 0.9797
0. 20 0, 9416 0, 9451 0, 9484 0,9515 0, 9544 0, 9572 0.9598 0. 9623 0, 9646 0. 9669
0,30 0, 9077 0,9120 0.9162 0, 9202 0, 9240 0, 9276 0. 9311 0,9345 0, 9377 0, 9408
0. 40 0, 8527 0. 8580 0, 8632 0, 8682 0. 8730 0. 8777 0. 8822 0, B866 0, 8909 0. 8950
0,50 0.7716 0,7776 0.7836 0,7894 0, 7954 0, 8007 0. 8062 0.8115 0, 8167 0.8218
0,80 0, 8606 0,6669 0,6732 0, 6794 0, 6854 0.6914 0,6973 0.7032 0, 7089 0,7146
0,70 0,5200 0.5258 0, 5316 0,5373 0. 5430 0. 5486 0. 5542 0. 5597 0. 5652 0, 5707
0. 80 0, 3552 0, 3596 0, 3640 0, 3684 0.3728 0.3774 0, 3815 0. 3858 0, 3901 0. 3944
0.90 0, 1769 0, 1793 0,1816 0, 1840 0. 1863 0. 1887 0,1910 0, 1933 0, 1956 0, 1980
1,00 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0. 0000 0, 0000 0. 0000 0. 0000

q 2, 2000 2, 2200 2, 2400 2, 2600 2, 2800 2. 3000 2. 3200 2, 3400 2. 3600 2, 3800
0. 0, 9849 0, 9864 0, 9873 0, 9884 0, 9894 0, 9903 0,9912 0, 9920 0, 9927 0, 9933
0,10 - 0,9812 0,9827 0.9840 0,9853 0, 9864 0, 9875 0, 9885 0, 9694 0, 9903 0, 9911
0,20 0, 9690 0.9709 0,9728 0, 9745 0, 9762 0. 9777 0, 9792 0. 9805 0, 9818 0. 9830
0,30 0.9437 0, 9466 0. 9492 0, 9518 0, 9543 0. 9566 0, 9588 0.9610 0.9630 0, 9650
0, 40 0, 8990 0, 9029 0, 9066 0, 9102 0,9137 0,917 0.9204 0. 9235 0. 9266 0,9295
0.50 0, 8268 0, 8317 0. 8365 0. 8411 0, 8457 0, B50t 0. 8544 0. 8587 0, 8628 0, 8669
0,60 0,7202 0,7256 0, 7311 0, 7364 0, 7416 0, 7468 0.7519 0.7569 0.7619 0. 7667
0,70 0. 5760 0.5814 0. 5867 0.5920 0.5972 0. 6023 0, 6075 0.6125 0.6176 0, 6226
0, 80 0, 3986 0. 4029 0. 4071 0.4113 0, 4155 0. 4197 0, 4239 0. 4280 0, 4321 0, 4362
0,80 0, 2003 0. 2026 0, 2049 0, 2072 0. 2095 0.2118 0, 2144 0. 2164 0, 2187 0, 2210
1,00 0, 0000 0, 06000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0. 0000

q 2. 4000 2, 4200 2. 4400 2. 4600 2. 4800 2, 5000 2, 5200 2. 5400 2, 5600 2, 5800
0. 0.9939 0, 9945 0, 8950 0, 9955 0, 9959 0, 9963 0, 9966 0, 9970 0.9972 0, 9975
0.10 0, 9918 0, 9925 0, 9931 0, 9937 0, 9942 0, 9947 0, 9952 0, 9956 0, 9960 0, 9963
0. 20 0, 9842 0, 9853 0. 9863 0,9872 0, 9881 0, 9889 0, 9897 0. 9904 0, 9911 0, 8917
0, 30 0. 9668 0, 9686 0. 9703 0, 9718 0, 9734 0.9748 0, 9762 0, 9775 0, 9787 0, 9798
0. 40 0,9324 0,9351 0, 9377 0. 9403 0, 9428 0. 9451 0, 9474 0. 9496 0. 9517 0, 9538
0,50 0, 8708 0, 8746 0, 8784 0, 8820 0, 8856 0, 8891 0, 8925 0. 8958 0, 8990 0.9021
0,60 0.7745 0, 7762 0, 7809 0, 7854 0, 7899 0,7943 0, 7987 0, 8029 0. 8072 0. 8113
0.70 0, 6275 0.6324 0.6373 0, 6421 0, 6468 0,6515 0. 6562 0, 6608 0, 6654 0, 6700
0, 80 0, 4403 0, 4444 0. 4485 0, 4525 0, 4565 0. 4605 0, 4645 0, 4685 0, 4724 0, 4764
0,90 0.2233 0, 2256 0,2279 0, 2304 0, 2324 0, 2347 0, 2370 0, 2392 0, 2415 0. 2437
1.00 0, 0000 0, 0000 0, 0000 0, 0600 0. 0000 0, 0000 0. 0000 0, 0000 0. 0000 0, 0000

q 2. 6000 2, 6200 2, 6400 2. 6600 2. 6800 2, 7000 2.7200 2. 7400 2, 7600 2. 7800
0. 0,9978 0. 9980 0, 9982 0, 9984 0. 9985 0, 9987 0, 9988 0. 9989 0. 9991 0. 9992
0. 10 0, 9967 0, 9970 0, 9972 0, 9975 0.9977 0, 9979 0, 9981 0, 9983 0, 9984 0. 9986
0. 20 0,9923 0, 9928 0, 9934 0,9938 0, 9943 0, 9947 0, 9951 0, 9955 0. 9958 0, 9961
0, 30 0, 9810 0. 9821 0.9831 0, 9841 0, 9850 0, 9859 0, 9867 Q. 9875 0, 9882 0, 9889
0, 40 0, 9558 0, 9577 0. 9595 0,9613 0, 9629 0, 9646 0, 9661 0, 9676 0, 9691 0, 9705
0,50 0. 9052 0, 9082 0, 9111 0, 9139 0, 9166 0,9193 0.9219 0, 9244 0, 9269 0. 9293
0, 60 0. 8154 0,8193 0, 8233 0, B271 0, 8309 0. 8346 0. 8383 0, 8419 0, 8454 0, 8489
0,70 0, 6745 0, 6789 0, 6833 0, 6877 0, 6920 0, 6963 0, 7006 0, 7048 0,7089 0, 7131
0.80 0, 4803 0, 4842 0, 4881 0. 4919 0, 4958 0, 4996 0, 5034 0.5072 0,5110 0,5148
0, 90 0, 2460 0. 2483 0, 2605 0, 2528 0, 2550 0, 2572 0, 2595 0, 2617 0, 2639 0.2662
1, 00 0. 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0. 0000 Q. 0000
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q 2. 8000 2. 8200 2. 8400 2. 8600 2, 8800 2, 9000 2.9200 2, 9400 2, 9600 2, 9800
U. [\§:1] 4] .95 | 0,954 | 0.5955 0, 9995 0. 9996 0.9956 0. 9897 0.9997 | 0. 9997
0,10 0.9987 | 0,9988 | 0.9990 | o0.9991 0. 9991 0.9992 | 0,9993 | 0.9994 | 0,994 | o0.9995
0, 20 0.9964 | 0,9967 | 0,999 | 0.9972 | 0.9974 | 0.9976 | o.9978 | 0.9979 | o, 9981 0. 9983
0.30 0.9895 | 0.9802 | 0.9908 | o.9913 0.9918 | 0.9923 0.9928 | 0.9932 | o, 9937 0. 9941
0. 40 0, 9718 0.9731 0.9743 | 0.9755 | o0.9766 0. 9777 0.9787 | 0.9797 0. 9807 0. 9816
0.50 0, 9316 0.8338 | 0.9360 | 0,9382 | 0.9402 | 0.9423 | 0.9442 | o0. 9461 0.9480 | 0. 9497
0,60 0, 8623 0.8557 | 0.8589 | 0.8622 | 0.8653 | 0.8684 | 0.8745 | 0.8745 | 0.8774 | 0.8803
0.70 0, 7171 0.7212 | 0.7251 0. 7291 0,7330 | 0.7369 | 0.7407 | 0.7445 | 0.7482 | o0.7519
0. 80 0, 5185 0.5223 | 0.5260 | o0.5297 0.5333 | 0.5370 | 0.5406 | 0.5442 | 0.5478 | o0.5514
0. 90 0.2684 | o0.2706 | 0.2728 0, 2751 0.2773 0.2795 | o0.2817 0,2839 | o, 2861 0, 2883
1.00 0, 0000 0, 0000 0. 0000 0. 0000 0. 0000 0, 0000 0. 6000 0. 0000 0. 0000 0, 0000
q 3. 0000 3, 1000 3. 2000 3. 3000 3. 4000 3. 5000 3.86000 3. 7000 3. 8000 3. 9000
0. 0.0098 | 0.9989 | 0.9999 | 0.5999 1. 0000 T.0000 [ 1. 0000 1. 0000 1. 0000 1. 0000
0,10 0. 9996 0, 9997 0, 9998 0, 9999 0. 9999 1. 0000 1, 0000 1. 0000 {. 0000 1, 0000
0.20 0,9984 | 0.9990 | 0.9993 0,999 0. 9997 0.9998 | 0.9999 | 0, 9999 1. 0000 1. 0000
0, 30 0. 9944 0. 9960 0. 9971 0. 9980 0, 9986 0, 9990 0, 9593 0, 9995 0, 9997 0. 9998
0, 40 0, 9825 0, 9863 0,9894 0,9918 0, 9937 0, 9952 0, 9964 0, 9973 0, 9980 0, 9985
0. 80 0,9515 0, 9594 0,98662 0. 9720 0. 9769 0, 9810 0. 9844 0. 9873 0. 9897 0. 9917
0.60 0. B831 0,8965 0, 9086 0.919%4 0.9292 0, 9380 0. 9458 0, 9528 0, 9590 0. 9645
0,70 0.17558 0.7733 0, 7901 0. 8058 0. 8207 0. 8347 0. 8478 0, 8601 0.8716 0. 8823
0, 80 0, 5550 0, 5726 0, 5897 0.6064 0.6226 0. 6384 0.6538 0, 6687 0.6832 0,6972
0, 90 0, 2905 0. 3015 0,3123 0.3231 0. 3338 0, 3445 0. 3550 0, 3655 0. 3759 0, 3862
i.00 0, 0000 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0, 0000 0, 0000 3. 0000 0, 0000
q 4.0000 | 4.1000 | 4,2000 | 4,3000 | 4.4000 4,5000 4.6000 | 4.7000 4. 8000 4. 9000
0. 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1.0000 1. 6000 1.0000 1. 0000
0,10 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0, 20 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1, 0000 1. 0000 1, 0000
0,30 0. 9999 0. 9999 0, 9999 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000
0. 40 0. 9989 0. 9992 0. 9994 0. 9996 0. 3997 0, 9998 0. 9999 0, 9999 0, Y999 1, 0000
0,50 0,9933 0, 9947 0. 9958 0. 9967 0, 9973 0,9979 | 0.9984 | 0,9987 0. 9990 0. 9992
0. 60 0, 9683 0.9736 0.9773 0, 9806 0, 9834 0, 9859 0, 9880 0, 9899 0. 9914 0, 9928
0,70 0, 8923 0, 9016 0,9103 0,9183 0, 9257 0.9325 0, 9388 0, 9446 0. 9500 0. 9549
0,80 0,7108 0,7240 0.7367 0.7490 0,7609 0.7724 0.7834 0, 7941 0. 8044 0.8143
0, 90 0, 3964 0, 4066 0. 4166 0, 4266 0, 4365 0, 4463 0. 4560 0. 4656 0. 4751 0. 4846
1. 00 0, 0000 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0, 0000 3, 0000 0. 0000 0. 0000
q 5,0000 | 5.1000 | 5,2000 5. 3000 5. 4000 5, 5000 5.6000 | 5.7000 | 5.8000 5. 9000
0. 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1.0000 1. 0000 1.0000 1.0000
0,10 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000
0.20 1. 0000 1, 06000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000
0, 30 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1. 0000
0, 40 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 06000
0,50 0.9994 | 0,999 | 0.9997 | 0, 9997 0,9998 | 0,9998 | 0.9999 | 0.9999 1. 0000 1. 0000
0. 60 0.9939 | 0.9949 | 0.9958 0.9965 | 0,9971 0.9976 | 0.8980 | 0.9984 | 0.9986 0. 9989
0,70 0.9504 | 0,9635 | 0.9672 | 0,9708 0, 9737 0.9765 | 0,9790 | 0,9813 | 0.9834 | 0, 9853
0. 80 0, 8238 0.8329 | 0.8418 0. 8501 0. 8581 0. 8658 0.8732 | 0.8803 | 0.8870 0. 8934
0,90 0.4939 | 0.5032 | 0.5123 0.5214 | 0.5303 | 0.5392 | 0,5480 | 0.5566 | 0.5652 | 0.5737
1.00 0, 0000 0. 0000 0,0000 | o0.0000 0. 0000 0,0000 | 0.0000 { 0.0000 | 0.0000 | 0.0000
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q 6, 0000 6. 1000 6, 2000 6. 3000 8. 4000 8, 8000 6. 8000 €. 7000 6. 8000 6, 9000
0. 1, 0000 1. 0000 1. 0000 1. 0000 1. 00 1. 0000 1. 0000 1, 0000 10000 | 1000w
0.10 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 9000 1. 1000 1. 0000 1. 0000 1. 0000
0,20 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000
0,30 1. 0000 1. 0000 1. 0000 1. 0090 1, 9000 1, 0000 1, 0000 1, 0000 1. VOV 1. 0900
0. 40 1, 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0,80 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 06000
0, 80 0. 9991 0, 9993 0, 9954 0, 9995 0, 9998 o, 8997 0. 9998 0. 9998 0. 9999 0. 9999
0.70 0, 9870 0, 9864 0. 9898 0. 0910 0, 9921 0, 9830 0. 9939 0. 9946 0.9953 0. 9959
0. 80 0, 5998 0, 5034 0. 9110 0, 9183 0.9213 0, 9241 0. 9307 0. 8360 0. 9390 0, D42y
0, 90 0, 5890 0, 8903 0. 8985 0, 6065 0,6148 0.6224 0, 6304 0.6378 0. 6453 0.6628
1. 00 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0. 0000 0, 0000
q 7. 0000 7. 1000 1. 2000 1. 3000 7. 4000 1. 8000 7. 6000 71.7000 7. 8000 7. 90
0. 1, 0000 1, 06000 1, 0000 1. 0000 1. 0000 {. 0000 1. 0000 1. 0000 1, 0000 1. 0000
0,10 1, 0000 1. 0000 1, 6000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000
[ 1, 0000 1. 0000 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0.5 1. 0000 1, 0000 1. 0000 1, 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000
0. 40 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 6000 1. 0000 1, 0000
0.5 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1, 0000 1, 0000 1, 0000
o, 60 o, 9999 0, 9099 1. 0000 1, 0000 1. 0000 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000
0.70 0, 9984 0. 0989 0. 9973 0, 9977 0, 9980 0, 9983 0, 9868 0, 9987 0. 9989 0, 9990
Y oséee | 0.9800 | 0.9633 | o956 | o.s8e3 | 09631 | 0.0648 | O. oe71 | 0.9693 | 0,9718
. 90 0, 6804 0.6674 0.6748 0, guie 0. 6888 o, 8003 0, 7024 0,7087 0.7162 0, 7317
1,00 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000
. 50000 | %1000 | 6.%000 | 83000 | 8.4000 | 88000 | 86000 5.7000 | 85.8000 | 8.9000
& 1. 1.5060 1. 0000 10000 | 1.0000 | 1.0800 | 3.0000 1. 0000 1. 0000 1. 0000
.10 10000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1,0000 | 1,0000 1,0000 | 10075 ' 4 0000
0.0 10000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.6000 | {.0000 1,000 | 1.0000 | 1.0000
.30 40000 | 1,0000 | 1.0000 | 10000 | 1.0080 | 10000 | 1,0000 1.70000 | 1.0000 | 1.0000
0, 60 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000
0,80 1.0000 | 1,0000 | 1.0000 | 1.0000 | 1.0000 | ,0000 | 1.0000 1.0000 | 1.0000 | 1.0000
0.80 0000 | 1.0000 | s.0000 | 1.0000 | 1.0000 | t.0000 | 1.7.000 | .0000 | 1.0000 1. 0000
0,70 o999t | 0.9993 | o.9994 | o.0096 | o.9908 | 0.9000 09997 | 0.9997 | 0.9998 | o.0998
0,50 o038 | 0.9784 | o.0773 | o.9780 | o.9s04 | 0,9810 0.9832 | ©0.9848 | 0.9867 | 0,9868
0. %0 07380 | 07343 | 07404 | 0.7484 | o.7633 | o0.7°s84 0.7639 | o,7696 | 0,7780 | 0.7805
1.00 0.0000 | 0.0000 | 0,0000 | 0.0000 | 0,0000 0.0000 | 00000 | 0.0000 | 0.0000 | o0.0000
q 9.0000 | 9.4000 | 9.g000 | 9.3000 | 8.4000 9.5000 | 9.6000 | 9.7000 | 9.8000 | 90000
. 10000 | 1,0000 | 1.0000 | 1.0000 [ 1,0000 1.0000 | 1,0000 | 1.0000 | 1.0000 | {.0000
0.10 1.0000 | 1.0000 | 1,0000 | 1.0000 | {,0000 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1. 0000
Py 10000 | 31,0000 | 1.0000 | .0000 | 1.0000 1.0000 | 1,0000 | 1,0000 | 1.0000 | 1.0000
"9 10000 | 1.0000 | 1.0000 | 1.,0000 | 1, 0000 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1. 0000
0.0 0000 | 1,0000 | s.0000 | s.0000 | s.0000 | 1,000 | 1.0000 | 3,000 1.0000 | 1.0000
“h. t.o000 | 0000 | 10000 | 1.0000 | 1.0000 1,000 | 1,0000 | s.0000 | 1.0000 | 1, 0000
) 10000 | t.0000 | t.0000 | 1.0000 | 1 0000 1.,0000 | s.0000 | t.0000 | 1.0000 | 41,0000
are cooes | o.0000 | o.0oes | 00000 | 00000 | e.0000 | 14,0000 | i.000 1.0000 | 1.0000
“se asers | osess | osem | ooss | osers  a.00m | o.sem | amas | 0983 0. 9948
.9 orees | a.7eat | o7ees | o.0013 | o.0088 | e.0i11 | o010 | 0.0%8 | 0. 8183 0. 8897
1.0 60000 | 0.0000 | %0000 | o.0000 | 00000 | a.0000 | 60000 | 0.0000 0.0000 | ©.0000
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10, 0000 10, 1000 10, 2000 10. 3000 10, 4000 10, 5000 10, 6000 10, 7000 10, 8000 10, 9000

=

Preerep
ND G AW e
csSodo

=]

ree
o wm
S3 o

1. 6060 . 0000 1.00060 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1, 0060 1, 0090
1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000
1, 0000 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000
1. 0000 1, 06000 1. 06000 1, 0000 1. 0000 1. 0000 1, 0000 1. 0000 . 0090 1, 0000

4
1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0900
1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1, 000r 1, 0000 1. 9000
1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 06000 1. 4000
0. 9948 0, 9952 0. 9956 0. 9960 0. 9964 0. 9967 0. 9970 0.93972 0. 9975 H, 9977
0. 8341 0. 8385 0. 8427 0. 8469 0. 8510 0, 8549 0, 8588 0. 8627 0. 8664 9.8701
0. 6000 0. 0000 0. 0000 0. 0000 0. 0000 0. 06000 0, 0000 0, 0000 0, 0600 i, 0000
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TABLE 6.0-3. CYLINDER-PARAMETER ¥,

0, 4000 0. 4200 0. 4400 0, 4600 0. 4800 0. 5000 0. 5200 0, 5400 0, 5600 0. 5800

-
<

[
=1

w
=4

-
(=1

<

=1

==

S W ®D® IO

D‘POOOOOOOGO
(=3

o

0, 0001 0, 0002 0, 0005 0, 0009 0,0015 0. 0025 0.0038 0. 0056 0. 0080 0, 0109
0, 0001 0, 0002 0. 0005 0.0009 0, 0015 0. 0024 0.0038 0, 0056 0, 0079 0.0108
0. 0004 0. 0002 0, 0004 0, 0008 0. 0015 0,0024 0, 0037 0. 0055 0, 0077 0, 0106
0. 0001 0. 0002 0, 0004 0. 0008 0, 0014 0.0023 0, 0036 0. 0053 0, 0075 0, 0102
0. 0001 0,0002 0, 0004 0. 0008 0,.0013 0. 0022 0. 0034 0. 0050 0, 0074 0.0097
6, 0001 0,0002 0, 0004 0. 0007 0.0013 0. 0020 0, 0032 0.0047 0, 0066 0. 0090
0, 0001 0. 0002 0. 0003 0, 0007 0. 0011 0,0018 0, 0029 0. 0043 0. 0061 0. 0083
0, 0001 0. 0002 0, 0003 0. 0006 0, 0010 0, 0017 0, 0026 0. 0039 0. 0055 0, 0075
0, 0001 0, 0001 0, 0003 0. 0005 0, 0009 0,0015 0.0023 0, 0034 0, 0048 0, 0066
0. 0000 0, 0001 0. 0002 0. 0004 0, 0008 0. 0013 0. 0020 0, 0029 0, 0041 0, 0056
0. 0000 0.0001 0,0002 0. 0004 0, 0007 0, 0011 0, 0016 0, 0024 0. 0034 0, 0047

0, 6000 0, 6200 0, 6400 0. 6600 0, 6800 0.7000 0. 7200 0, 7400 0. 7600 0, 7800

(=]

e

-
o

e

n
<

e

w
<

=3

L
388%

=1

<

-0 000
=3 -]
o

0,0144 0,0186 0.0235 0.0290 0.0351 0, 0419 0, 0492 0, 0571 0, 0655 0, 0744
0.0143 0, 0185 0,0233 0.0288 0.0349 0, 0416 0, 0489 0, 0567 0. 0651 0, 0739
0, 0140 0,0181 0,0228 0, 0282 0, 0341 0, 0407 0.0478 0, 0555 0. 0637 0. 0723
0, 0135 0.0174 0, 0220 0. 0271 0,0329 0, 0392 0, 0461 0, 0535 0.0614 0. 0697
0.0128 0, 0166 0, 0209 0, 0258 0.0312 0,0372 0, 0438 0, 0508 0. 0582 0. 0661
0, 0120 0,0155 0,0195 0,0211 0,0292 0, 0348 0. 0409 0.0474 0. 0544 0, 0617
0.0110 0,0142 0,0179 0. 0221 0, 0267 0, 0319 0.0375 0. 0435 0, 0499 0. 0566
0, 0099 0,0128 0, 0161 0,0199 0, 0241 0, 0287 0. 0337 0,0392 0, 0449 0. 0510
0, 0087 0.0112 0,0142 0.0175 0,0242 0, 0253 0.0297 0. 0345 0.0396 0. 0449
0,0075 0, 0097 0,0122 0, 0160 0, 0182 0,0217 0.0255 0, 0296 0, 0340 0, 0386
0.0062 0, 0080 0,010¢ 0.0125 0, 0152 0. 01R1 0.0213 0, 0247 0,0283 0.0321

0, 8000 0. 8200 0. 8400 0, 8600 0, 8800 0. 9000 0.9200 0. 9400 0, 9600 0, 9800

0. 0, 0837 0,0933 0,1032 0, 1134 0,1238 0. 1344 0.1451 0, 1559 0.1667 0, 1776
0.10 0, 0831 0,0926 0.1025 0,1126 0,1229 0.1334 0. 1440 0. 1547 0. 1655 0, 1763
0, 20 0,0813 0, 0906 0, 1002 0, 1101 0. 1203 0.1305 0. 1409 0, 1514 0,1619 0,1725

=3

Dk W
=

e

=1

oo
=]

(=
o

Fod

= e
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b=
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0, 0783 0. 0873 0, D966 0,1062 0. 1159 0. 1258 0,1359 0. 1460 0, 1561 0, 1663
0, 0743 0, 0829 0, 0817 0. 1008 0.1100 0.1194 0, 1290 0. 1386 0, 1482 0.1579

0. 0694 0,0774 0. UH56 0.0941 0. 1027 0, 1115 0. 1204 0.1294 0, 1384 0, 1475
0, 0637 0,0710 0, 0786 0,0863 0, 0943 0.1023 0.1105 0, 1187 0. 1270 0.1353
0, 0573 0,063% 0. 0707 0.0777 0, 1848 0, 0924 0, 0995 0, 1069 0,1143 0.1218
0.0505 0, 0563 0, 0623 0. 0684 0, 0747 0, 0811 0. 0876 0, 0941 0. 1007 0.1073
0, 0434 0, 0483 0,0535 0,0588 0, 0642 0. 0697 0,0752 0, 0808 0, 0865 0, 0921
0, 0361 0, 0403 0, 0446 0. 0490 0. 0535 0, 0580 0.0627 0. 0673 0, 0721 0, 0768

1, 0000 1.0200 1. 0400 1. 0600 1. 0800 1, 1000 1. 1200 1, 1400 1.1600 1, 1800

0, 1584 0, 1992 0. 2100 0, 2206 0. 2311 0, 2415 0. 2517 0. 2618 0, 2717 0. 2813
0, 1871 0,1978 0, 2085 92,2190 0, 2295 0. 2398 0, 2500 0, 2600 0, 2698 0, 2794
0, 1831 0. 1436 0, 2040 0. 2144 0, 2246 0. 2347 0, 2447 0. 2645 0, 2641 0. 2735
0, 1765 0. 1866 0, 1967 0. 2067 0. 2166 0. 2264 0. 2360 0. 2455 0, 2548 0. 2640
0, 1675 0,1772 0.1868 0, 1963 0. 2057 0, 2150 0. 2242 0, 2332 0, 2422 0. 2509

0. 156 0, 1655 0.1745 0,1834 0. 1922 0, 2009 0, 2095 0, 2180 0. 2264 0, 2346
0,143, 0, 1518 0, 1602 0.1683 0, 1765 0. 1845 0, 1924 0, 2003 0, 2080 0., 2156
0, ' 0. 1368 0, 1442 0, 1516 0. 1589 0, 1662 0, 1733 0. 1804 0, 1874 0, 1943

0,1139 0, 1205 0,1270 0, 1335 0, 1400 0, 1464 0.1528 0, 1590 0. 1652 0, 1713
0, v978 0.1035 0, 1091 0.1147 0.1203 0, 1258 0,1313 0. 1367 0, 1420 0, 1472
0, 0815 0,0862 0, 0909 0, 0956 0, 1002 0. 1048 0, 1094 0. 1139 0,1183 0,1277
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q 1, 2000 1. 2200 1. 2400 1, 2600 1, 2800 1, 3000 1, 3200 1. 3400 1. 3600 1. 3800
[N 0, 2908 0, 3000 0, 3090 0.3178 0.3263 0. 3346 0. 3426 0. 3504 0. 3579 0. 3652
0,10 0, 2888 0. 2980 0, 3069 0. 3157 0, 3241 0.3324 0. 3404 0. 3481 0. 3556 0.3628
0, 20 0, 2828 0, 2918 0, 3006 0. 3092 0. 3176 0. 3257 0, 3336 0.3412 0. 3487 0. 3558
0, 30 0, 2728 0, 2817 0, 2903 0, 2986 0. 3068 0, 3147 0, 3224 0, 3299 0.3372 0. 3443
0. 40 0. 2595 0, 2679 0. 2761 0. 2841 0, 2920 0, 2996 0. 3071 0.3144 0.3214 0.3283
0. 50 0, 2427 0, 2507 0, 2584 0. 2660 0. 2735 Q. 2807 0, 2878 0. 2948 0. 3015 0, 3081
0.60 0, 2231 0, 2305 0, 2377 0, 2447 0, 2517 0, 2585 0, 2651 0. 2716 0. 2780 0. 2842
0.70 0, 2011 0, 2078 0. 2144 0, 2208 0, 2271 '0.2333 0, 2394 0. 2454 0.2512 0. 2570
0. 80 0.1774 0, 1833 0.1891 0.1948 0, 2005 0. 2060 0.2114 0, 2168 0. 2220 0.2771
0. 90 0, 1524 0. 1576 0.16286 0, 1675 0.1724 90,1772 0. 1819 0. 1865 0. 1914 0. 1955
1,00 0, 1270 0,1318 0. 1355 0.1397 0. 1437 0. 1477 0. 1517 0. 1555 0. 1593 0.1631

q 1, 4000 1, 4200 1, 4400 1, 4600 1, 4800 1. 5000 1,5200 1. 6400 1. 5600 1.5800
0. 0,8722 0, 3789 0, 3854 0. 3916 0, 3976 0, 4033 0. 4088 0. 4141 0, 4191 0. 4239
0.10 0, 3698 0, 3765 0, 3830 0. 3893 0, 3952 0, 4010 0, 4065 0. 4117 0, 4168 0. 4216
0,20 0, 3628 0. 3695 0. 3759 0, 3821 0. 3881 0. 3939 0. 3994 0, 4047 0. 4093 0, 4146
0.30 0, 3641 0. 3577 0. 3641 0, 3703 0.3762 0, 3820 0, 3875 0.3928 0, 3980 0. 4029
0. 40 0, 3349 0, 3414 0, 3477 0, 3538 0. 3596 0. 3653 0. 3708 0.3762 0, 3813 0. 3863
0, 50 0, 3145 0.3208 0, 3268 0. 3328 0, 3385 0. 3441 0, 3495 0, 3547 0, 3598 0. 3648
0. 60 0. 2602 0, 2961 0. 3018 0.3076 0, 3130 0.3184 0. 3238 0, 3287 49,3336 0, 3384
0.70 0, 2626 0, 2680 0, 2734 0. 2786 0. 2838 0, 2888 0. 2937 0. 2985 0. 3032 0, 3077
0. 80 0, 2322 0, 2371 0, 2420 0, 2467 0. 2513 Q. 2559 0. 2604 0, 2647 0, 2690 0. 2732
0, 80 0, 1999 0, 2042 0. 2085 0. 2126 0. 2167 0. 2207 0, 2246 0. 2284 0. 2322 0. 2359
1,00 0, 1667 0.1703 0,1739 0, 1773 0, 1808 0, 1841 0. 1874 0. 1906 0, 1938 0. 1969

q 1. 6000 1, 6200 1, 6400 1. 6600 1,6800 1.7000 1.7200 1, 7400 1, 7600 1.7800
0. 0, 4285 0, 4328 0. 4370 0, 4409 0. 4446 0. 4482 0. 4518 0. 4547 0. 4577 0. 4606
0.10 0, 4262 0. 4306 0, 4347 0. 4387 0. 4425 0. 4461 0, 4495 0, 4527 0, 4557 0. 4586
0. 20 0, 4193 0. 4237 0, 4280 0, 4320 0.4359 0, 4396 0. 4431 0. 4464 0. 4496 0., 4526
0. 30 0, 4076 0. 4122 0, 4165 0, 4207 0. 4247 0, 4285 0.4322 0. 4357 0, 4380 0, 4422
0. 40 0, 3911 0, 3957 0. 4001 0, 4044 0. 4085 0. 4125 0,4164 0, 4200 0. 4236 0, 4270
0, 50 0. 3685 0.3742 0.3787 0. 3830 0.3872 0. 3913 0, 3953 0, 3991 0. 4028 0. 4063
0.60 0, 3431 0. 3477 0. 3521 0. 3564 0, 3606 0. 3847 0. 3687 0, 3726 0. 3763 0. 3800
0,70 0, 3122 0, 3165 0, 3208 0. 3250 0.3290 0, 3330 0. 3369 0, 3407 0, 3444 0, 3480
0, 80 0, 2773 0.2814 0, 2853 0, 2892 0, 2930 0. 2967 0, 3003 0. 3039 0.3074 0. 3108
0. 8¢ 0, 2395 0. 2431 0. 2466 0, 2500 0. 2534 0. 2567 0. 2699 0, 2631 0, 2663 0. 2693
1.00 0, 2000 0. 2030 0, 2059 0., 2088 0. 2117 0, 2144 0. 2172 0. 2199 0. 2225 0, 2251

q 1. 8000 1, 8200 1. 8400 1, 8600 1. 8800 1. 9000 1, 9200 1, 9400 1. 9600 1. 9800
0. 0, 4633 0. 4658 0, 4682 0, 4704 0, 4725 0, 4745 0, 4763 0. 47814 0. 4797 0. 4812
0,10 0, 4613 0. 4639 0, 4663 0, 4686 0. 4708 0, 4728 0, 4747 0, 4765 0. 4782 0. 4798
o, 20 0, 4655 0. 4582 0. 4608 0. 4632 0, 4655 0, 4677 0. 4697 0, 4717 0,4735 0, 4752
0,30 0, 4463 0. 4482 0. 4610 0. 4536 0, 4661 0. 4585 0. 4608 0, 4630 0, 4651 0. 4670
0, 40 0, 4302 0, 4334 0. 4364 0. 4393 0, 4421 0. 4447 0. 4473 0, 4497 0.4520 0, 4543
0,50 0. 4088 0, 4131 0, 4183 0. 4198 0. 4225 0. 4254 0. 4282 0, 4309 0., 4335 0. 4360
0.80 0. 3835 0. 3870 0, 3904 0, 3938 0, 3988 0, 3999 0, 4029 0, 4058 0. 4086 0.4113
0.70 0, 3615 0, 3550 0, 3583 0, 3648 0, 3648 0, 3679 0.3710 0, 3740 0.3768 0, 3798
0.80 0, 3141 0. 3174 0. 3208 0, 3238 0, 3269 0, 3299 0, 3328 0, 3358 0, 3346 0, 3414
0. 80 0, 2723 0. 2753 0, 2782 0. 2814 0, 2839 0, 2868 0, 2893 0, 2920 0. 2946 0, 2972
1,00 0. 2277 0. 2302 0. 2327 0, 2351 0., 2375 0, 2398 0, 2421 0, 2444 0, 2466 0, 2488
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2. 0000 2, 0200 2. 0400 2. 0600 2, 0800 2. 1000 2, 1200 2. 1400 2. 1600 2. 1800

=1

[=3

=]
<

S

0, 4826 0. 4840 0, 4852 0, 4864 0, 4874 0. 4884 0, 4894 0, 4902 0. 4910 0.4918
0, 4812 0, 4826 0, 4839 0. 4851 0. 4862 0, 4873 0, 4883 0.4892 0, 4300 0. 4908
0, 4769 0, 4784 0. 4798 0, 4412 0. 4825 0, 4837 0, 4848 0. 4858 0. 4868 0, 4877

1
2

0,30 0, 4689 0. 4707 0,4723 0, 4739 0, 4754 0, 4769 0. 4782 0. 4795 0. 4807 0. 4819
0,40 0, 4564 0. 4585 0. 4605 0, 4623 0, 4641 0. 4659 0, 4675 0. 4691 0, 4706 0.4720
0, 50 0.4385 0. 4408 0. 4431 0. 4153 0, 4474 0, 4494 0,4514 0. 4533 0. 4551 0. 4568
0,60 0,4140 0. 4166 0, 4191 0. 4216 0, 4239 0, 4263 0. 4285 0, 4307 0, 4328 0, 4348
0.70 0, 3825 0, 3853 0. 3879 0. 3905 0,3931 0. 3955 0, 3979 0, 4003 0. 4026 0, 4049
0,80 0, 3441 0, 3468 0, 3495 0, 3521 0. 3546 0. 3571 0, 3595 0. 3619 0, 3643 0. 3666
0. 90 0, 2997 0, 3u22 0, 3046 0, 3070 0.309%4 0. 3117 0, 3140 0.3162 0.3184 0. 3206
1,00 0.2510 0. 2531 0, 2552 4.2572 0, 2592 0.2612 0, 2632 0. 2651 0. 2670 0. 2689

2. 2000 2, 2200 2. 2400 2, 2600 2. 2800 2, 3000 2. 3200 2, 3400 2. 3600 2. 3800
0. 0. 4924 0, 4931 0, 4927 0. 4942 h, 4947 ), 4952 0, 4956 0. 4960 0, 4963 0, 4967
0. 10 0, 4915 0, 4922 0, 4928 0. 4934 0, 4940 0, 4945 0. 4949 0. 4954 0., 4957 0. 4961
0,20 0, 4846 0, 4894 0, 4902 0.4909 0, 4915 0, 4922 0, 4927 0. 4933 0. 4938 0, 4942
0,30 0. 4829 0. 4840 0. 4849 0. 4859 0, 4867 0. 4875 0, 4883 0. 4890 0. 4897 0, 4904
0, 40 0. 4734 0. 4747 0. 4760 0,4772 0, 4743 0, 4794 0, 4804 0, 4814 0. 4824 0. 4833
0,50 0, 4585 0, 4602 0, 4617 0, 4633 0, 4647 0. 4661 0. 4675 0, 4688 0. 4700 0. 4712
0. 60 0, 4368 0, 4388 0. 4406 0, 4425 0. 4442 0. 4459 0, 4476 0. 4492 0, 4508 0. 4523
0.70 0. 4071 0. 4092 0, 4113 0, 4134 0. 4154 0, 4173 0, 4192 0, 4211 0, 4229 0. 4247
0, 80 0. 3688 0.3710 0,3732 0,3753 0,3774 0, 3795 0. 3815 0. 3835 0, 3854 0. 3873
0. 90 0,3227 0, 3248 0, 3269 0, 328Y 0, 3309 0, 3329 0, 3348 0. 3368 0, 3386 0. 3405
1,00 0, 2707 0, 2725 0, 2743 0. 2760 0, 2778 0, 2795 0.2812 0, 2828 0. 2844 0, 2860

2, 4000 2. 4200 2. 4400 2., 4600 2, 4800 2, 5000 2, 5200 2. 5400 2, 5600 2, 5800

mee
© ®©
=3

[
=1

0. 0, 4970 0, 4972 0. 4975 0, 4977 0, 4979 0, 4951 0. 4983 0, 4985 0, 4986 0. 4988
0. 10 0, 4964 0., 4967 0. 4970 0, 4973 0, 4975 0, 4478 0. 4980 0, 4981 0, 4983 0, 4985
0. 20 0, 4947 0, 4951 0, 4954 0, 4958 0, 4961 0. 4964 0, 4967 0. 4970 0, 4972 0, 4974
0, 30 0, 4910 0, 4915 0, 4921 0. 4926 0. 4931 1, 4935 0. 4939 0, 4443 0. 4947 0. 4950
0, 40 0, 4841 0, 4849 0, 4857 0. 4864 0, 4871 0. 4K7R 0, 4884 0. 4491 0. 4896 0, 4902
0,50 0, 4724 0. 4735 0. 4746 0.4756 0, 4766 0. 4776 0. 4785 0, 4794 0., 4802 0. 4811
0, 60 0, 4538 0, 4553 0, 4566 0, 4580 0.4593 0, 4606 0, 4618 0. 4630 0, 4642 0. 4653
0,70 0, 4265 0, 4282 0, 4298 0, 4315 0, 4331 0. 4346 0, 4361 0, 4376 0. 4394 0. 4405

. 80 0, 3802 0, 3911 0, 3929 0, 3946 0, 1964 0, 3981 0.3998 0. 4014 0, 4030 0. 4046

0, 3423 0, 3441 0. 3459 0, 3476 0. 3493 0, 3510 0. 3527 0. 3543 0, 3559 0, 3575
0, 2876 0, 2892 0, 2907 0, 2922 0. 2937 0, 2952 0. 2967 v, 2981 0. 2995 0. 3009

2. 6000 2, 6200 2. 6400 2, 6600 2. 6800 2, 7000 2,7200 2. 7400 2, 7600 2, 7800

o

e
-
<

o
<

[

<
=1

=
(X

"
=3

e

4
=

ol
=4

-
i=1

=1

o @9 D
=1

=)

0, 4989 0. 4990 0, 4991 0, 4992 0, 4993 0, 4993 0, 4994 0. 4995 0. 4995 0. 4996
0, 4986 0. 4987 0, 4989 0, 4990 0, 4991 0, 4992 0. 4992 0. 4993 0. 4994 0, 4994
0. 4976 0, 4978 0. 4980 0, 4982 0. 4983 0, 4984 0, 4986 0. 4987 0, 4988 0. 4989
0. 4954 0. 4957 0. 4360 0. 4962 (1, 4965 0. 4967 0, 4970 0, 4972 0, 4973 0, 4975
0, 4907 0.4912 0, 4917 0, 4921 0. 4925 0. 4930 0, 4933 0, 4937 0, 4940 0.4944
0. 4818 0. 4826 0, 4833 0, 4840 0. 4847 0, 4853 0, 4860 0, 4466 0, 4871 0. 4877
0, 4664 0, 4675 0, 4685 0, 4695 0, 4705 0,4714 0, 4723 0. 4732 0, 4741 0, 4749
0, 4419 0. 4432 0, 4445 0. 4458 0, 4471 0, 4483 0. 4495 0. 4507 0, 4519 0, 4530
0. 4062 0, 4077 0. 4092 0, 4107 0, 4122 0, 4136 0, 4150 0,4164 0, 4178 0. 4191
0, 3591 0, 3606 0, 3621 0, 3636 0, 3651 0, 3666 0. 3680 0, 3694 0, 3708 0.3722
0,3023 0, 3036 0. 3050 0, 3063 0, 3076 0, 3089 0.3101 0.3114 0,3126 0,3138
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TABLE 6,0-3. (CONTINUED)

q 2. 8000 2.8200 2, 8400 2. 8600 2, 8800 2. 9000 3. 9200 2 %400 2. 9600 2 9800

v. T OB | 0407 | B.4007 | 0.4997 | 0.4098 | 0.4088 | 0.4%8 | 0. 4098 | 0.4%5 | 0, %0
0.10 0. 4998 0. 4998 0. 4806 0. 4996 0. 4997 0, 4997 0, 4997 0. 4998 0. 4998 0. 4988
0.2 0, 4990 0. 4991 0, 49932 0. 4992 0. 4993 0. 4994 0. 4994 0. 4995 0, 4898 0, 4996
0. 30 0. 4977 0. 4979 0. 4880 0. 4981 0. 4983 0., 4884 0. 4908 0. 4968 0. 4987 0. 4988
0. 40 0. 4947 0, 4960 0. 4952 0. 4955 0. 4858 0. 4860 0. 4982 0, 4964 0. 4908 0, 4988
0. 50 0.4882 0. 4887 0, 4892 0. 4897 0, 4801 0, 4908 0, 4509 0. 4913 0. 4917 0. 4921
0. 60 0.4787 0. 4768 0. 4773 0, 4780 0, 4787 0. 4794 0, 4801 0. 4807 0. 4814 0. 4820
0.70 0, 4641 0, 4562 0. 4582 0, 4572 0. 4582 0. 4692 0. 4802 0, 4811 0. 4620 0, 4829
0, 80 0, 4204 0, 4217 0. 4230 0, 4242 0. 4254 0. 4266 0. 4278 0. 4290 0, 4301 0, 4312
0. 90 0,3738 0. 3748 0.3763 0.3778 0. 3788 0, 3800 0. 3813 0, 3828 0. 3837 0, 3849
1. 00 0, 3154 0. 3183 0.3174 0.3188 0. 3187 0, 3208 0. 3220 0, 3231 0.3242 0. 3252
q 3. 0000 3. 1000 3. 2000 3. 3000 3. 4000 3. 5000 3.8000 3. 7000 3. 8000 3. 8000
v. OISV | U W | U.S000 | U B000 | 0. 8000 | U, 5000 | U B00 | 0. 5000 U800 0 5500
0.10 0. 4998 0. 4099 0. 49989 0, 5000 0. 5000 0. 5000 0. 5000 0. 8000 0. 8000 0. 5000
0.30 0. 49008 0. 4997 0. 4968 0. 4999 0, 4999 0. 6000 0. 8000 0. 8000 0. 5000 0, 8000
0.30 0. 4069 0. 4093 0. 4968 0. 4997 0, 408 0. 4998 0. 4909 0. 4999 0. 5000 0. 5000
0. 80 0. 4070 0, 4978 0. 4984 0. 4988 0. 4981 0. 4994 0. 4998 0, 4997 0. 4998 0. 4998
0. 80 0. 4934 0. 4040 0. 4983 0. 4902 0. 4970 0. 4977 0. 4982 0, 4888 0. 4969 0, 4981
0,60 0. 4828 0. 4883 0, 4876 0. 4898 0.4913 0. 4928 0. 4938 0. 4948 0. 4967 0. 4964
0.70 0. 6838 0. 4879 0, 4718 0. 4747 0.4776 0.4803 0. 4026 0. 4848 0. 4863 0, 6879
0.80 0, 4383 0, 4376 0. 4424 0, 4480 0, 4810 0. 4547 0. 4882 0.4814 0. 4044 0. 4671
0. 90 0. 3081 0, 3918 0. 3071 0. 4023 0, 4069 0. 4113 0. 4104 0. 4194 0. 4234 0, 4206
1,00 0.3%83 0, 3318 0. 3383 0. 3409 0. 3483 0. 3493 0.3882 0. 3589 0. 3604 0. 3638

q 4 0000 4. 1000 4. 2000 4, 3000 4. 4000 4. 5000 4. 6000 4. 7000 4. 8000 4, 9000

‘7. 0.IRT | O.50W 0. 5000 U000 | U.B000 [ U.B000 | U.5000 | U.B00 | LS00 | U. 300 ]
0,40 0. 8000 0, 8000 0. 8000 0, 8000 0. 5000 0. 8000 0, 5000 0, 8000 0. 8000 0. 8000
0.20 0, 8000 0. 8000 0, 000 0. 8000 0, 5000 0. 8000 0, 8000 0, 8000 0. 8000 0. 8000
0. 30 0, 5000 0, 8000 0, 8000 0, 8000 0, 3000 0, 6000 0, 8000 0, 6000 0. 5000 0, 5000
0, 40 0. 889 0. 4999 0, 4099 0. 8000 0, 5000 0. 8000 0. 6000 0, 8000 0, 8000 0. 5000
0. 80 0. 4993 0, 4998 0, 4994 0. 4997 0. 4998 0. 4998 0. 1990 0. 4999 0. 4099 0, 4098
0.60 0, 4870 0, 4978 0. 4980 0, 4983 0. 4986 \. 4980 | 0. 4991 0, 4992 0. 4994 0. 4998
0.10 0. 4094 0. 4908 0. 4917 0. 4027 0, 4938 0, 4944 0, 4964 0. 087 0, 4963 0, 4967
0, 80 0. 4896 0, 4720 0, 4744 0. 4761 0, 4700 0. 4797 0, 4018 0. 4037 0. 4040 0, 4883
0. 90 0, 4209 0. 4334 0, 4364 0, 4389 0, 4418 0, 4441 0. 4488 0, 4488 0. 4840 0, 4834
1.00 0, 3670 0. 3700 0.3720 0. 3787 0.3784 0, 3800 0, 3834 0, 3887 0, 3080 0.3902

q 8, 0000 8, 1000 8. 8000 6. 2000 8. 4000 8. §000 6. 6000 8, 7000 8, 8000 8. 9000

L2 T.ART | O.0000 | 0.5000 | U.5000 | G.5000 | 0.5000 | GO0 | USSR [ RS [ 55000 |
0,10 0, $000 0, 6000 0. 8000 0. $000 0. 8000 0, 8000 0, 8000 0, 8000 0, 5000 0. 5000
0, 30 0, 8000 0, 5000 0, 6000 0, 8000 0. 5000 0, 5000 0. 8000 0, 8000 0, 8000 0, 5000
0,30 0, 8000 0, 8000 0, 6000 0.8 000 0. 5000 0, 000 0. $000 0, 8000 0, $000 0. 5000
0, 40 0. $000 0, 8000 0. 8000 0, 8000 0, 8000 0. 5000 0. 6000 0, 8000 0, 6000 0, 6000
0. 80 0, 8000 0, 5000 0, 5000 0, 5000 0, 8000 0, 5000 0, 6000 0. 6000 0, 8000 0. 8000
0. 80 0, 4098 0, 4997 0, 4997 0, 4098 0, 4908 0, 4999 0, 4999 0. 4099 0, 4099 0, 4090
0,70 0, 4074 0, 4976 0, 4978 0. 4081 0, 4984 0, 4986 0. 4988 0, 4008 0, 49914 0, 4993
0,80 0, 4884 0, 4678 0, 4888 0, 4894 0, 4902 0. 4910 0, 4947 0. 4924 0, 6030 0. 4936
0.9 0, 4850 0, 4800 0. 4587 0. 4608 0. 4631 0, 4637 0, 4663 0, 4666 0, 4880 0,4093

1, 000 0, 3933 0, 3043 0, 3988 0. 3984 0, 3999 0, 4018 0, 4033 0, 4040 0. 4088 0, 4080
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q 6. 0000 6. 1000 6, 2000 8. 3000 6. 4000 6. 5000 6. 6000 6. 7000 6. 8000 6. 9000
0. 0. 5000 0. 5000 0. 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000
0.10 0, 5000 0. 5000 0.5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000
0. 20 0, 5000 0. 5000 0. 5000 0. 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000
0,30 0.5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000
0, 40 0. 5000 0.5000 0. 5000 0, 5000 0. 5000 3. 5000 0. 5000 0. 5000 Q. 5000 0. 5000
0,50 0, 5000 0. 5000 0, 5000 0, 5000 0. 5000 Q. 5000 0, 5000 0. 5000 0, 5000 0, 5000
0,60 0. 4999 0. 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000
0.70 0, 4993 0, 4994 0. 4995 0. 4996 0, 4997 0. 4997 0. 4997 0, 4998 0. 4398 0. 4998
0.80 0, 4941 0., 4946 0, 4950 0. 4954 0. 4958 0, 4962 0. 4965 0. 4968 .0. 4970 0.4973
0,90 0, 4705 0. 4717 0.4728 0, 4739 0. 4750 0. 4760 0. 4769 0. 4779 0. 4788 0. 4796
1.00 0, 4095 0.4109 0.4123 0. 4136 0.4149 0. 4162 0.4174 0, 4186 0. 4198 0. 4209

q 7.0000 7.1000 7. 2000 7. 3000 7. 4000 7. 5000 7. 6000 7.7000 7. 8000 7.9000
0. 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000
0,10 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000
0, 20 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000
0. 30 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000
0. 40 0, 5000 0, 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000
0.50 0. 5000 0. 5000 0. 5000 0, 5000 0, 5000 0. 5000 0, 5000 0. 5000 0, 5000 0, 5000
0.60 0, 5000 0. 5000 0, 5nN00 0. 5000 0, 5000 0. 5000 0, 5000 0. 5000 0, 5000 0. 5000
0.70 0, 4999 0. 4999 0. 4999 0. 4939 0., 4999 0. 4999 0. 5000 0. 5000 0. 5000 0. 5000
0. 80 0, 4975 0, 4977 0. 4979 0, 4981 0, 4983 0, 4984 0. 4985 0. 4987 0. 4988 0, 4989
0.90 0. 4804 0.4812 0. 4819 0. 4827 0, 4834 0. 4840 0. 4847 0, 4853 0. 4859 0. 4864
1.00 0. 4220 0. 4230 0, 4241 0. 4251 0, 4264 0, 4270 0, 4279 0, 4288 0. 4297 0, 4306

q 8, 0000 8, 1000 8. 2000 8. 3000 B, 4000 8, 5000 8. 6000 8.7000 8, 8000 B. 9000
0, 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000 0, 5000
0.10 0, 5000 0. 5000 0. 5000 0. 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000
0, 20 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000 0.5000 0. 5000
0.30 0. 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0. 5000
0. 40 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0, 5000
0. 50 0. 5000 0, 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0. 5000
0,60 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000
0,70 0. 5000 0. 5000 0. 5000 0, 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0, 5000
0. 80 0. 4990 0, 4991 0. 4992 0. 4993 0, 4993 0, 4994 0.499%4 0, 4995 0, 4995 0, 4996
0. 90 0. 4869 0. 4875 0. 4880 0, 4884 0. 4889 0, 4893 0. 4898 0, 4902 0. 4806 0. 4908
1. 00 0.4315 0.4323 0, 4331 0, 4339 0, 4346 0. 4354 0. 4361 0. 4368 0. 4375 0, 4382

q 9, 0000 9. 1000 9, 2000 9. 3000 9, 4000 9, 5000 9, 6000 9, 7000 9, 8000 9. 9000
0. 0, 5000 0. 5000 0. 5000 0, 5000 0, 5000 0, 5000 0.5000 0. 5000 0, 5000 0. 5000
0.10 0. 5000 0. 5000 0. 5000 0. 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000
0, 20 0, 5000 0.5000 0. 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0. 5000 0. 5000
0. 30 0, 5000 0, 5000 0. 5000 0, 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000
0, 40 0, 5000 0, 5000 0, 5000 0, 5000 0. 5000 7. 5000 0, 5000 0, 5000 0, 5000 0. 5000
0. 50 0, 5000 0, 5000 0, 5000 0, 5000 0. 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000
0. 60 0. 5000 0, 5000 0, 5000 0, 5000 0. 5000 0, 5000 0, 5000 0, 5000 0, 5000 0. 5000
0,70 0. 5000 0, 5000 0, 5000 0. 5000 0. 5000 0, 5000 0. 5000 0, 5000 0, 5000 0, 5000
0. 80 0. 4996 0, 4997 0. 4997 0. 4997 0. 4998 0, 4998 0, 4998 0. 4998 0. 4999 0. 4999
0.90 0. 4913 0, 4916 0. 4820 0. 4923 0, 4926 0, 4929 0, 4932 0. 4935 0. 4937 0. 4940
1. 00 0. 4389 0, 4395 0, 4404 0, 4408 0, 4414 0, 4420 0. 4426 0. 4431 0, 4437 0, 4443
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q 10. 00600 10, 1000 10, 2000 10, 3000 10, 4000 10, 8000 10, 6000 10, 7000 10. 8000 40, 9000

0. 0, 5000 0, 5000 0, 5000 0, 5000 0, 8000 0, 5000 0, 8000 0, 3000 0, 5000 0, 5000

0.10 0, 5000 0. 5000 0. 8000 0, 5000 0, 8000 0, 5000 0. 8000 0, 5000 0, 8000 0, 5000

0.20 0, 5000 0, 8000 0, 5000 0. 5000 0, 5000 0, 3000 0, 5000 0, 5000 0, 5000 0, 5000

0,30 0, 5000 0, 5000 0, 5000 0, 5000 0, 5000 0. 5000 0, 5000 0. 8000 0, 5000 0, 5000

0, 40 0, 5000 0, 8000 0, 5000 0, 5000 0, 5000 0. 5000 0, 5000 0, 5000 0, 5000 0, 8000

0,50 0, 5000 0. 8000 0, 5000 0. 5000 0, 5000 0, 5000 0. 3000 0. 5000 0, 5000 0, 5000

Q.60 0, 8000 0, 5000 0, 5000 0, 5000 0. 5000 0. 5000 0. 5000 0, 5000 0. 5000 0, 5000

0,70 0, 5000 0, 8000 0. 5000 0, 5600 - 0, 5000 0. 5000 0, 5000 0, 5000 0, 5000 0, 5000

o, 80 0, 4899 0, 4998 0, 4999 0, 4999 0, 4599 0. 5000 0, 5000 0, 5000 0, 5000 0. 5000

0, 90 0. 4842 0, 4945 0. 4947 0. 4049 0, 4851 0. 4953 0, 4955 0, 4957 0, 4968 0. 4980

1,00 0, 4448 0, 4454 0, 4459 0. 4464 0, 4469 0, 4474 0. 4479 0. 4484 0. 4488 0. 4493
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TABLE 6.0-4. SPHERE-PARAMETER ¢34

q 0, 5000 0, 5200 0, 5400 0. 5600 0, 5800 0, 6000 0, 6200 0, 6400 0. 6600 0, 6800
0, 0, 0001 0.0002 0. 0004 0. 0008 0.0013 0, 0021 0, 0033 0, 0048 0, 0069 0, 0096
0,10 0, 0001 0.0002 0, 0004 0, 0008 0.0013 0, 0021 0, 0032 0.0048 0, 00868 0, 0095
0.20 0, 0001 0.0002 0, 0004 0, 0007 0,0012 0. 0020 0, 0031 0, 0045 0, 0065 0, 0090
0.30 0, 0001 0,0002 0. 0004 0, 0007 0, 0011 0, 0018 0. 0028 0, 0042 0, 0060 0. 0083
0.40 0, 0001 0, 0002 0, 0003 0. 0006 0, 0010 0, 0016 0. 0025 0, 0037 0, 0052 0.0073
0,50 0. 0001 0, 0001 0, 0003 0. 0005 0, 0008 0. 0013 0.0021 0, 0031 0, 0044 0, 0061
0.60 0, 0004 0, 0004 0,0002 0. 0004 0. 0007 0, 0011 0, 0016 0, 0024 0. 0035 0. 0049
0,70 0, 0000 0, 0001 0, 0002 0, 0003 0. 0005 0, 0008 0, 0012 0,0018 0, 0026 0, 0035
0.80 0, 0000 0. 0001 0.0001 0,0002 0. 0003 0, 0005 0, 0008 0,0011 0, 0016 0.0023
0.90 0, 0000 0, 0000 0. 0000 0, 0001 0, 0004 0, 0002 0. 0004 0. 0005 0. 0008 0, 0011
1,00 0, 0000 0. 0000 0, 0000 0. 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000

q 0, 7000 0,7200 0, 7400 0,7600 0,7800 0, 8000 0, 8200 0, 8400 0, 8600 0, 8800
0. 0.0130 90,0174 0.0221 0.0279 0, 0347 0, 0423 0, 0510 0, 0606 0, 0714 0, 0827
0, 10 0,0128 0,016% 0, 0217 0, 0275 0, 0341 0, 0416 0, 0501 0.0596 0, 0700 0.0843
0,20 0,0122 0, 0160 0, 0207 0, 0264 0, 0324 0, 0396 0. 0477 0. 0567 0. 0666 0,0773
0,30 0,0112 0, 0147 0. 0190 0. 0240 0.0297 3. 0363 0, 0438 0, 0520 0, 0641 0.0709
0, 40 0. 0098 0,0130 0. 0167 0.0211 0.0262 0, 0320 0, 0386 0, 0459 0,0538 0. 0626
0.50 0, 0083 0.0103 0,0141 0,0178 0.0221 0, 0270 0, 0325 0. 0386 0, 0453 0,0526
0.60 0, 0066 0, 0086 0.0111 0.014¢ 0. 0175 0,0214 0. 0257 0, 0306 0,0359 0, 0417
0.70 0. 0048 0. 0063 0, 0081 0,0103 0,0127 0, 0156 0,0188 0, 0223 0, 0262 0. 0304
0.80 0, 0030 0, 0040 0, 0052 0, 0065 0, 0081 0. 0099 0,0119 0,0142 0.0166 0, 0193
0,90 0, 0014 0, 6019 0,0024 0.0031 0.0038 0. 0046 0, 0056 0, 0066 0.0078 0. 0090
1,00 0. 00O 0. 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0. 0000 0, 0000 0. 0000

q 0. 9000 0. 9200 0, 9400 0, 9600 0, 9800 1. 0000 1. 0200 1. 0400 1, 0600 1, 0800
0. 0, 0951 0,1084 0.1225 0, 1375 0, 1531 0, 1695 0. 1865 0, 2041 0, 2222 0, 2407
0,10 0, 0935 0. 1066 0, 1205 0,1352 0. 1506 0, 1687 0, 1835 0. 2008 0. 2186 0. 2368
0,20 0, 0839 0.1014 0, 1146 0.1286 0, 1433 0, 1586 0.1745 0, 1910 0, 2079 0, 2253
0, 30 0, 0816 0, 0930 0.1052 0. 1180 0, 1315 0, 1455 0.1602 0,1753 0, 1908 0, 2068
0,40 0,0720 0, 0820 0, 0927 0, 1041 0.1159 0, 1283 0,1412 0. 1546 0. 1683 0,1824
0,50 0, 0605 0, 0690 0,0780 0. 0875 0,0975 0. 1080 0,1188 0, 1301 0. 1416 0. 1535
0. 60 0. 0480 0, 0547 0, 0618 0, 0694 0,0773 0, 0856 0,0942 0, 1031 0,1123 0, 1217
0,70 0, 0350 0. 0399 0, 0451 {1, 0506 0, 0564 0,0624 0. 0687 0,0752 0, 0818 0, 0888
0. 80 @, 0222 0, 0254 0.0287 0, 0322 0, 0358 0,0397 0, 0437 0, 0478 0, 0521 0, 0565
0, 90 0,0104 0.0118 0,0134 0, 0150 0,0168 0.0185 0,0204 0,0224 0, 0243 0,0264
1. 00 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0. 0000

q 1. 1000 1. 1200 1. 1400 1. 1600 1. 1800 1, 2000 1, 2200 1, 2400 1, 2600 1. 2800
0. 0, 2597 0, 2790 0, 2986 0, 3183 0. 3383 0, 3584 0, 3785 0.3986 0, 4187 0. 4388
0,10 0, 2555 0, 2745 0. 2937 0,3132 0, 3328 0. 3526 0,3724 0,3923 0, 4121 0. 4318
0, 20 0. 2430 0, 2611 0. 2795 0. 2980 0, 3168 0, 3356 0, 3545 0, 3735 0, 3924 0.4113
0, 30 0,223 0, 2398 N, 2566 0,2737 0, 2910 0.3084 0.3218 0, 3433 0, 3609 0, 3783
0, 40 0.1968 0, 2115 0, 2265 0, 2416 0, 2569 0, 2723 0, 2875 0, 3034 0.3190 0, 3346
0. 50 0. 1657 0, 1781 0, 1907 0. 2035 0, 2164 0, 2295 0, 2426 0, 2559 0, 2691 0, 2824
0. 60 0.1314 0, 1413 0, 1513 0,1615 0,1718 0, 1822 0.14927 0.2033 0. 2139 0, 2246
0,70 0.0958 0,1031 0,1104 0, 1179 0, 1254 0, 1331 0. 1408 0, 1486 0, 1564 0, 1642
2. 80 0, 0610 0. 0656 0, 0702 0, 0750 0,0798 0, 0847 0, 0896 0, 0948 0, 0998 0. 1047
0, 80 0, 0285 0, 0307 0,0328 0, 0351 0, 0373 0,0396 0,0419 0, 0443 0, 0466 0, 0490
1.00 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000 0, 0000 Q. 0000 0, 0000
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q 1. 3000 1, 3200 1. 3400 1, 3600 1. 3800 1. 4000 1. 4200 1. 4400 1. 4600 1, 4800
0. 0. 4587 0. 4784 0, 4979 0.5172 0. 5363 0. 5550 0.5734 0. 5914 0. 6091 0.6263
0.10 0.4514 0. 4709 0, 4902 0. 5092 0. 5280 0. 5465 0. 5647 0. 5825 0. 6000 0.8171
0.20 0. 4301 0. 4488 0. 4673 0. 4856 0, 5038 0,5215 0. 5390 0. 5563 0.5732 0. 5899
0, 30 0. 3958 0, 4131 0. 4303 0. 4474 0. 4643 0. 4810 0, 4974 0.5137 0, 5297 0. 5454
0,40 0. 3502 0, 3657 0, 3811 0, 3965 0. 4117 0. 4268 0, 4417 0. 4565 0. 4711 0. 4855
0,50 " 0, 2957 0. 3090 0.3222 0. 3364 0. 3485 0, 3616 0,3745 0, 3874 0. 4001 0.4128
0, 80 0. 2353 0. 2460 0. 2566 0, 2673 0, 2780 0. 2686 0. 2992 0, 3097 0. 3202 0. 3306
0.70 0.1721 0. 1800 0, 1880 0. 1959 0, 2038 0, 2117 0. 2197 0. 2776 0. 2354 0, 2433
0,80 0. 1097 0.1148 0.1199 0. 1250 0.1302 0.1353 0. 1404 0. 1456 0, 1507 0. 1558
0,90 0.0514 0.0538 0.0562 0. 0686 0.0610 0.0634 0, 0659 0., 0683 0.0707 0.0732
1.00 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

q 1.5000 1. 5200 1. 5400 1, 5600 1, 5800 1, 6000 1. 6200 1, 6400 1, 6600 1, 6800

0. 0. 6432 0.6895 0.4788 0. 8512 0.7083 | 0.7209 0.735 0. 7487 8.7618 0.7748 |

0,10 0.8339 0. 6502 0. 6661 0, 6815 0. 6965 0. 7111 0. 7252 0.7388 0.7520 0. 7647
0. 20 0. 6061 0, 6220 0, 6375 0,6527 0.6674 0. 6818 0. 8957 0, 7093 0. 7224 0.7381
0. 30 0, 5608 0.5760 0. 5908 0, 6054 0.6196 0, 6335 0. 6471 0, 8603 0.6732 0, 6857
0. 40 0, 4997 0. 5137 0,5275 0. 6410 0, 5543 0, 5674 0. 5802 0. 5928 0, 6051 0.6172
0,50 0, 4252 0. 4376 0, 4488 0. 4619 0, 4738 0, 4856 0. 4972 0. 5086 0,5199 0. 5310
0. 60 0, 3409 0,3512 0.3614 0, 3715 0. 3815 0. 3915 0. 4013 0. 4111 0. 4208 0. 4304
0.70 0, 2511 0, 2589 0. 2667 0, 2744 0, 2821 0. 2898 0. 2074 0. 3050 0.3126 0. 3201
0,80 0.1609 0. 1661 0, 1712 0,1763 0.1814 0, 1865 0,1915 0. 1966 0, 2017 0, 2087
0.90 0.0756 0,0780 0. 0806 0,0829 0, 0864 0, 0878 0, 0802 0, 0927 0. 0951 0.0876
1.00 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

q 1.7000 1.7200 1. 7400 1.7600 1. 7800 1. 8000 1. 8200 1. 8400 1. 8600 1. 8800
0. 0. 7868 0. 7985 0. 8098 0. 8306 0. 8310 0. 8409 0, 8604 0. 8594 0. 8680 0.8762
0,10 0, 7770 0. 7888 0. 8001 0, 8110 0.8214 0. 8315 0, 8410 0. 8502 0, 8590 0. 8673
0, 20 0. 7474 0,7693 0.7707 0.7818 0, 7925 0. 8027 0.8126 0. 8221 0.8312 0. 8400
0,30 0, 6979 0.7098 0.7213 0,7325 0.7434 0.7539 0.7641 0, 7740 0.7835 0, 7927
0, 40 0.6290 0. 6406 0,6519 0.6629 0.6737 0.6842 0, 8945 0. 7045 0.7143 0.7238
0, 50 0, 5420 0, 5527 0. 5633 0.5738 0. 5840 0, 5941 0. 6040 0. 6137 0.8233 0.6327
0.60 0, 4398 0, 4482 0. 4585 0. 4677 0.4768 0, 4868 0. 4947 0.5035 0,5122 0. 5208
0.70 0, 3276 0, 3350 0. 3424 0. 3497 0, 3570 0, 3642 0.3714 0.3786 0. 3857 0.3927
0, 80 0. 2117 0. 2167 0. 2217 0. 2267 0, 2347 0. 2367 0. 2416 0, 2465 0., 2515 0. 2564
0,90 0, 1000 0.1024 0.1049 0.1073 0. 1697 0.1122 0.1148 0.1170 0, 1194 0. 1218
1,00 0. 0000 0, 0000 0., 0000 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000

q 1, 8000 1. 8200 1, 9400 1. 9800 1.9800 | 20000 2, 0200 2, 0400 2, 0600 2. 0800
0. 1T ] U.8614 | 0.8984 | 0.9081 0.9114 0. 5173 T.9230 | 0.9257 [ Kk | 0. 9380
0,10 0, 8753 0. 8838 0. 8900 0. 8969 0.9034 0. 8095 0.9154 0. 9209 0.9261 0.9310
0, 20 0,3484 0. 8564 0. 8641 0,8715 0, 8786 0, 8852 0.8916 0,8977 0.9035 0. 9090
0,30 0.8016 0. 8102 0. 8186 0. 8266 0, 8343 0, 8417 0, 8489 0.8568 0.8624 0.8688
0, 40 0,7331 0.7422 0,7510 0, 7595 0.7679 0, 7760 0.7838 0, 7915 0. 7989 0. 8062
0. 50 0,6419 0. 6609 0,6598 0. 8685 0.6771 0, 6854 0. 6937 0,7017 0.7096 0.7173
0,60 0.5293 0,5378 0. 5459 0.5541 0, 5622 0, 5702 0.5781 0. 5858 0. 5835 0,601t
0.70 0. 3997 0, 4067 0, 4136 0, 4206 0, 4273 0. 4341 0. 4408 0, 4476 0, 4541 0. 4607
0.80 0, 2613 0, 2661 0, 2710 0. 2758 0, 2807 0, 2855 0, 2903 0. 2051 0, 2998 0, 3048
0, 90 0.1243 0, 1267 0,1291 0,1315 0. 1339 0. 1363 0, 1387 0, 1412 0. 1438 0. 1460
1.00 0. 0000 0, 0000 0, 0000 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0, 0000 0. 0000
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q 2.1000 2. 1200 2, 1400 2. 1600 2. 1800 2. 2000 2. 2200 2. 2400 2. 2600 2. 2800
0, 0.9424 0. 9466 0. 9505 0. 9541 0, 9575 0. 9607 0.9637 0, 9665 0, 9691 0,9716
0. 10 0, 9357 0. 9400 0, 9442 0. 9481 0.9517 0. 9551 0. 9583 0.9613 0, 9642 0. 9668
0. 20 0,9143 0. 9193 0. 9240 0, 9286 0,9328 0. 9369 0, 9407 0, 9444 0.9478 0.9511
0. 30 0, 8750 0, 8808 0, 8865 0. 8919 0.8971 0. 9021 0. 9069 0, 9115 0.9159 0. 9201
0, 40 0.8132 0, 8200 0, 8266 0, 8330 0, 8392 0. 8452 0. 8510 0. 8567 0, 8621 0.8674
0,50 0,7249 0,7323 0,7396 0, 7467 0.7536 0, 7604 0.7671 0.7736 -0.7799 0, 7862
0.60 0. 6086 0. 6160 0.6232 0. 6304 0. 6375 0, 6445 0.6514 0.6582 0, 6648 0.6714
0,70 0, 4672 0. 4737 0, 4801 0, 4865 0, 4928 0. 4991 0. 5053 0.5115 0.5177 0. 5237
0, 80 0, 3093 0. 3144 0,.3188 0, 3235 0, 3281 0, 3328 0,3374 0, 3420 0, 3487 0.3512
0, 90 0. 1484 0. 1508 0. 1532 0. 1555 0. 1579 0.1603 0. 1627 0. 1651 0. 1675 0. 1699
1,00 0, 0000 0, 0000 9, 0000 Q. 0000 0. 0000 0. 0000 0, 0000 0. 0000 0, 0000 0, 0000

q 2. 3000 2. 3200 2, 3400 2, 3600 2. 3800 2. 4000 2. 4200 2. 4400 2, 4600 2, 4800
0. 0.9738 0. 9759 0.9779 0.9797 0, 9814 0, 9829 0, 9844 0. 9857 0. 9869 0, 9881
0.10 0, 9693 0, 9716 0, 9737 0.9757 0, 9776 0, 9794 0,9810 0, 9825 0. 9839 0, 9852
0. 20 0. 9542 0, 9571 0. 9598 0, 9624 0, 9648 0.9671 0. 9693 0, 9713 0.9732 0,9750
0. 30 0. 9241 0.9279 0,9316 0, 9354 0, 9385 0. 9417 0, 9447 0, 9477 0. 9504 0. 9531
0. 40 0, 8726 0, 8775 0.8823 0, 8869 0.8914 0. 8957 0. 8999 0, 9040 0,9079 0.9146
0, 50 0.7922 0, 7982 0 8040 0, 8097 0, 8152 0, 8206 0, 8259 0. 8311 0. 8361 0. 8410
0. 60 0. 6779 0. 6844 0. 6907 0, 6969 0,7030 0.7090 0, 7150 0.7208 0.7266 0.7323
0,70 0,5298 0, 5358 0, 5417 0. 5476 0, 5534 0.6592 0. 5649 0.5706 0.5763 0.5818
0. 80 0, 3558 0, 3604 0. 3649 0.3694 0.3739 0, 3784 0,3829 0.3874 0. 3918 0.3962
0, 80 0,1722 0. 1746 0, 1770 0.1794 0. 1817 0, 1841 0, 1865 0. 1888 0. 1912 0. 1936
1. 00 Q, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000 0. 0000

q 2, 5000 2, 5200 2. 5400 2, 5600 2. 5800 2, 6000 2.6200 2. 6400 2. 6600 2. 6800
0. 0. 9891 0, 9901 0.9910 0.9918 0. 9925 0, 9932 Q, 9938 0. 9944 0. 9949 0, 9954
0, 10 0. 9864 0. 9875 0, 9885 0. 9895 0. 9904 0,9912 0, 9919 0, 9926 0. 9932 0, 9938
0. 20 0, 9767 0, 9783 0.9798 0. 9812 0, 9825 0. 8837 0,9849 0. 9859 0. 9869 0. 9878
0. 30 0. 9556 0. 9580 0, 9603 0, 9624 0, 9645 0, 9665 0.9684 0. 9701 0.9718 0.9734
0. 40 0, 9153 0, 9188 0,9221 0, 9254 0. 9285 0. 9316 0. 9345 0. 9373 0, 9400 0. 9426
0, 50 0, 8458 0, B505 0, B550 0, 8596 0, 8838 0, 8680 0,8721 0. 8761 0. 8800 Q. 8838
0,60 0.7378 00,7433 0, 7487 0, 7540 0.7593 0. 7644 0, 7695 0.7744 0,7793 0. 7841
0,70 0,5874 0.8929 0. 5983 0, 6037 0,8090 0,6143 0,6195 0, 6247 0. 6299 0, 8350
0, 80 0, 4006 0, 4050 0, 4094 0. 4137 0, 4181 0.4224 0, 4267 0. 4309 0, 4352 0, 4395
0, 90 0, 1958 0, 1983 0, 2008 0, 2030 0. 2053 0. 2077 0, 2100 0, 2123 0. 2147 0. 2170
1,00 0. 0000 0. 0000 0. 0000 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0. 0000

q 2. 7000 2, 7200 2, 7400 2, 7600 2.7800 2. B00O 2. 8200 2. 8400 2 8690 2. 8800
0, 0, 9968 0, 9962 0. 9968 0, 9969 0, 8972 0, 9975 0. 9978 0. 8980 0, 9982 0. 9984
0.10 0, 9944 0, 9949 0, 9953 0, 9957 0, 9961 0, 9965 0. 9968 0. 9971 0. 9974 0, 9976
0,20 0, b888 0, 9898 0, 8903 0, 9910 0. 9917 0.9923 0, 9829 0. 9934 0, 9939 0, 9944
0.30 0, 9749 0, 9764 0. 9777 0, 9790 0. 9803 0, 9814 0.9825 0. 9836 0, 9848 0, 9855
0. 40 0.9451 0. 9478 0, 9498 0. 8520 0, 9542 0. 9562 0, 9582 0, 9601 0, 9619 0, 9637
0,50 0, 8875 0, 8011 0. 8546 0, 8980 0, 9013 0, 9046 0. 9077 0. 9108 0. 9137 0.9166
0,680 0, 7889 0, 7936 0.7981 0. 8028 0. 8070 0, 8118 0.8158 0, 8197 0, 8238 0, 8279
0,70 0, 6400 0, 86450 0, 6499 0. 6548 0. 6597 0, 6648 0, 6692 0,6739 0,6788 0.68832
0,80 0. 4437 0, 4479 0, 4621 0. 4562 0, 4604 0, 4645 0, 4688 0.4727 0, 4768 0, 4809
0. 90 0, 2194 0, 2217 0, 2240 0, 2263 0, 2287 0, 2310 0. 2333 0, 2358 0, 2379 0. 2402
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q 3. 95000 2. 9200 2, 9400 2, 9600 2. 5800 3. 0000 3. 0200 3, 0400 3. 0800 3. 0800
0. 0, 9985 0, 9987 0, 9988 0, 9980 0, 9981 0. 8992 0., 9983 0. 9993 0, 8954 0, 9995
0. 10 0.9978 0, 9980 0, 9982 0, 9964 0. 9985 0, 9987 0, 9988 0. 9989 0. 8990 0. 9991
0. %0 0, 9948 0, 9952 0. 9958 0, 9959 0. 9983 0. 9985 0. 9968 0. 9971 0, 9973 0, 9975
0, 30 0.9064 0. 9872 0. 9880 0. 9887 0, 9894 0, 9901 0, 8907 0. 9913 0.9918 0.9923
0, 40 0, 9853 0, 9669 0, 9688 0, 9700 0, 8714 0.9727 0. 9740 0. 9783 0. 9765 0. 9776
0, 50 0,9194 0, 9221 0, 9247 0.9273 0.9208 0,9322 0. 9348 0, 9368 0, 9390 0. 9412
0. 69 0,8318 0, 8357 0. 8396 0, 8432 0. 8469 0. 8508 0. 8640 0. 8578 0, 8609 0. 8642
0. 70 0.66878 0,6923 0. 8968 0,7012 0. 7065 0. 7099 0.7141 0.7184 0,7226 0. 7267
0, 80 0. 4849 0. 4869 0, 4929 0, 4969 0. 5009 0. 5048 0, 5088 0.5127 0.51856 0, 5204
0. 90 0. 2425 0. 2448 0, 2471 0, 2494 0. 25617 0. 2640 0. 23583 0, 2588 0. 2809 0. 2632
1. 00 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000 0. 06000 0. 0000 0. 0000 0. 0000

q 3. 0000 3. 1000 3. 2000 3. 3000 3. 4000 3. 5000 3. 8000 3. 7000 3. 8000 3. 3000
0. 0, 9992 0, 9986 0, 8997 0. 8999 0, 9999 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000
0.10 0. 9987 0. 9992 0. 9098 0, 9887 0. 9889 0. 9999 1. 0000 1. 0000 1. 0000 1. 0000
0,20 0, 9968 0, 9977 0. 9688 0. 9981 0. 9994 0, 9988 0, 9988 0. 9999 0. 9899 0. 9999
0.30 0. 9901 0. 9928 0, 9949 0. 9964 0.9978 0. 9982 0. 9988 0. 9992 0. 9964 0, 9996
0. 40 0, 9727 0, 9787 0, 9834 0.9873 0. 9902 0, 9928 0, 9944 0. 9987 0. 9988 0. 9977
0,50 0. 9322 0, 9432 0.9527 0, 9608 0. 9876 0,973 0, 9782 0. 9822 0. 9856 0, 9884
0.80 0, 83038 0, 8075 0, 8829 0, 8968 0. 9093 0. 8208 0, 9308 0. 9304 0. 9474 0, 9544
0,70 0, 7099 0. 7308 0,7508 0. 7693 0, 7889 0. 8038 0.8190 0. 833 0. 8472 0. 8800
0, 80 0, 6048 0.6343 0. 5432 0, 5817 0.8797 0. 6973 0.810 0, 8309 0. §489 0. 8628
0. 90 0. 2640 0, 26658 0, 2768 0, 2881 0, 2083 0.3104 0, 3218 0. 3324 0, 3433 0, 3542
1. 00 0, 0000 0, 0600 0, 0000 0. 0000 0. 0000 0, 0000 0, 0000 0. 0000 0. 0000 0. 0000

q 4, 0000 4, 1000 4. 2000 4. 3000 4, 4000 4. 5000 4. 6000 4, 7000 4. 8000 4. 9000
0, 1, 0000 1. 0000 1.0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 10 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 6000 1. 0000 1. 0000 1. 0000 1. 0000
0. 20 1, 0000 1, 0000 1. 0000 1. 0000 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000
0, 30 0, 9997 0, 9998 0. 8989 0, 8999 0, 9998 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 40 0, 9983 0. 9887 0, 9991 0. 9983 0, 9985 0. 8997 0, 9998 0, 9999 0. 9999 0, 9999
0.60 0, 9906 0. 9925 0, 9940 0. 8963 0. 9963 0. 9971 0, 9977 0. 9982 0. 9988 0. 0989
0, 60 0, 8806 0, 8860 0, 8708 0. 8750 0.9787 0. 9818 0. 9848 0. 9889 0, 9890 0. 9907
0,70 0,8719 0. 8829 0. 8832 0. 8027 0, 8118 0. 9197 0.9272 0, 9341 0. 9404 0. 9482
0, 80 0, 6778 0, 6923 0. 7064 0. 7204 0, 7334 0, 7481 0. 7588 0.7703 0, 7818 0.79328
0, 90 0, 3649 0. 3765 0.3861 0. 3985 0, 4069 0, 4172 0, 4374 0, 4378 0. 4478 0, 4574
1.00 0, 0000 0, 0000 0, 06000 0, 0000 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000

q 5. 0000 8. 1000 8. 2000 5. 3000 6. 4000 5. 5000 5. 6000 8. 7000 4. 8000 5. 9000
0. 1. 0000 1, 0000 1. 0000 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 10 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0, 20 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1. 0000
0, 30 1, 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 40 0, 6999 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000
0, 80 0, 9992 0, 9854 0. 8998 0, 9988 0, 9997 0, 9998 0, 9989 0. 9999 0, 9999 0, 9999
0. 80 0, 9932 0. 9035 0. 9548 0, 9965 0. 9903 0, 9968 0. 9974 0, 9970 0. 9983 0. 9988
0.70 0. 9618 0, 9565 0. p80p 0, 9849 0, 9886 0, 9720 0. 9760 0. 9717 0. 9802 0. 9824
0. 80 0. 8034 0, 8138 0. 8233 0. 037 0. 8417 0. 8802 0. 8888 0. 8883 0.8739 0. 8810
0, 80 0, 4873 0, 4769 0. 4868 0, 4961 0, 6088 0.5148 0. 5240 0, 6331 0.6421 . | o,5610
1,00 0. 0000 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0, 0000 0. 0000 0. 0000 0. 0000
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qQ 6, 0000 6, 1000 6. 2000 6. 3000 6. 4000 6, 5000 6. 6000 6. 7000 6. 8000 6, 9000
0. 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1, 0000
0,10 1, 0000 1. 0000 1. 0000 1, 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1, 0000
0,20 1. 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000 1, 0000 1, 06000 1, 0000
0.30 1, 0000 1, 0000 1. 0000 1, 0000 1. 6000 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000
0. 40 1. 0000 1, 0000 1. 0000 1. 0000 1, 0000 1, D000 1. 0000 1. 0000 1. 0000 1. 0000
0.50 1. 0000 1, 0000 1, 0000 1. 6000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000
0,60 0, 9989 0, 9991 0. 9992 0, 9994 0, 9995 0, 9996 0. 9997 0, 9998 0. 9998 0.9999
0,70 0. 9844 0, 9862 0, 9878 0, 9893 0. 9905 0, 9917 0. 9927 0, 9936 0, 9944 0. 9951
0. 80 0. BRTY 0, 8944 0, 9006 0, 9065 0,9122 0,9175 0. 9226 0. 9274 0,.9318 0. 9363
0,90 0,5598 0, 5685 0,5771 0. 5856 0. 5940 0.6023 0.6104 0,.6185 0, 6264 0.6343
1,00 0, 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0. 0000 0, 0000 0, 0000 0. 0000

q 7. 0000 7.1000 7. 2000 7. 3000 7.4000 7. 5000 7. 6000 7.7000 7. 8000 7.9000
0, 1. 0000 1.00068 1.3000 1. 0000 {. 6000 1. 0000 1.0000 1. 0000 1. 0000 {.0000
0. 10 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 00600 1, 0000 1. 0000
0, 20 1. 0000 1. 0000 1. 6000 1. 0000 1, 6000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000
0. 30 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000
0, 40 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000
0, 50 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0. 60 0, 9999 0. 9999 0.9999 1, 0000 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000
0,70 0. 9957 0, 9963 0. 9968 0, 9972 0.9976 0, 9979 0. 9982 0. 9984 0. 9987 0. 9988
0, 80 0. 9403 0, 9442 0.9478 0, 9513 0. 9546 0, 9576 0, 9605 0.9632 0, 9658 0.9682
0, 90 0. 6420 0, 6496 0.6572 0. 6646 0.6719 0, 6791 0. 6862 0.6931 0, 7000 0.7068
1,00 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 6000 0. 0000

q 8, 0000 8, 1000 8, 2000 8, 3000 8, 4000 8. 5000 8. 6000 8, 7000 8. 8000 8., 9000
0. 1. 0000 1, 0000 {, 0000 1, 6000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
0,10 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1, 0000 1. 0000 1, 0000 1. 06000 1. 0000
0, 20 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000
0,30 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000
0,40 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000 1. 0000 1. 0000 1, 0000
0,50 1. 0000 1, 0000 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0, 80 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000
0,70 0, 9990 0, 9991 0, 9993 0.999%4 0, 5995 0, 9996 0, 9996 0.9997 0, 9997 0, 9998
0, 80 0, 9704 0,9726 0, 8745 0, 9764 0, 9781 0, 9797 0,9813 0.9827 0. 9840 0, 9852
0, 80 0,7135 0, 7200 0, 7265 0,7328 0,7391 0, 7452 0.7512 0.7572 0.7630 0, 7687
1,00 0, 0000 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0, 0000 0, 0000

q 9, 0000 9.1000 9, 2000 9, 3000 9. 4000 9, 5000 9, 6000 9, 7000 9, 8000 9. 9000
0, 1. 0600 1, 00060 1. 0000 1. 6000 1, 0000 1. 0000 1.0000 1, 8300 1.0000 | 1.0000 |
0.10 1. 0000 1, 0000 1. 0000 1. 0000 1, 06000 1. 0000 1.0000 1. 0000 1, 0000 1. 0000
0, 20 1, 06000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000
0,30 1, 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000
0, 40 1, 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 0000 1. 0000 1. 0000
0, 50 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000 1, 0000 1, 0000 1. 0000 1, 06000 1, 0000
0. 60 1, 0000 1, 0000 1, 0000 1, 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1, 0000
0.70 0, 9998 0, 9998 0, 9999 0, 9999 0, 9999 0. 9999 1, 0000 1, 0000 1, 0000 1, 0000
0, 80 0, 9864 0, 9875 0, 9885 0, 9894 0, 9902 0. 9910 0.9918 0, 9924 0. 9930 0, 9938
0, 80 0, 7743 0, 7799 0, 7853 0, 7908 0, 7959 0, 8010 0, 8060 0.8110 0,8158 0. 8206
1,00 0, 0000 0, 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000 0. 0000 0, 0000 0, 0000
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q 10,0000 | 10,1000 | 10.2000 | 10, 3000
U, T. 000 T. T.0000 | 1.0000 |
0,10 1, 0000 1. 0000 1. 0000 1, 0000
0,20 1, 0000 1.0000 1. 0000 1, 0000
0. 30 1. 0000 1.0000 1. 0000 1. 0000
0, 40 1. 0000 1. 0000 1. 0000 1. 0000
0, 50 1. 0000 1. 0000 1. 0000 1. 0000
0, 60 1. 0000 1, 0000 1. 0000 1. 0000
0.70 1. 0000 1. 0000 1. 0000 1. 0000
0,80 0, 9942 0, D947 0, 9951 0, 9955
0,90 0, 8252 0. 8298 0, 8343 0, 8387
1.00 0, 0000 0, 0000 0, 0000 0, 0000

10, 4000

1, 0000
1. 0000
1. 0000
1. 0000
1.0000
1.0000
1. 0000
0. 9959
0. 8429
0, 0000

10.5000 | 10,6000 | 10,7000
1. 0000 1. 0000 1. 0000
1. 0000 1. 0000 1. 0000
1. 0000 1. 0000 1. 0000
1. 0000 1,0000 | 1,0000
1. 0000 1,0000 | 1,0000
1.0000 | 1.0000 1. 0000
1. 0000 1.0000 | {,0000
0.9983 | 0.9966 | 0. 9969
0.8472 | 0.8813 | 0.8553
0.0000 | 0,0000 | o0,0000

10.8000 | 10, 9000 j
1. 6666 1- Uuua |
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 10000
1,0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
0.9972 | 0,9974
0.8593 | o, 8631
0.0000 | o0,0000
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TABLE 6.0-5. SPHERE-PARAMETER ¥;

0. 5000 0, 5200 0., 5400 0. 5600 0. 5800 0, 6000 0, 6200 0. 6400 0. 6600 0, 6800

o

34

=]
=1

(=]
=1

o
<

D e W

SO

= =]

(==

QWX
<

0, 0000 0. 0001 0. 0001 0,0003 0, 0004 0. 0007 0, 0011 0.0016 0.0023 0. 0032
0, 0000 0. 0001 0. 0001 0. 0003 0, 0004 0. 0007 0. 0011 0, 0016 0, 0023 0, 0032
0, 0000 0, 0001 0, 0001 0. G002 0, 0004 0. 0007 0. 0010 0, 0016 0, 0022 0, 0031
0, 0000 0, 0001 0, 0001 0, 0002 0, 0004 0. 0006 0, 0010 0, 0015 0. 0021 0, 0029
0, 0000 0, 0001 0. 0001 0, 0002 0. 0004 0, 0006 0, 0009 0,0014 0. 0020 0. 0027
0, 0000 0, 0001 0, 000t 0, 0002 0. 0003 0, 0005 0, 0008 0.0012 0,0018 0, 0025
0, 00600 0, 0000 0, 0001 0, 0002 0. 0003 0. 0005 0, 0007 0. 0011 0.0016 0, 0022
0, 0000 0. 0000 0, 0001 0. 0002 0. 0003 0, 0004 0, 0006 0.0010 0.0014 0.0019
0. 0000 0. 0000 @, 0001 0, 0001 0, 0002 0, 0003 0. 0005 0, 0008 0. 0011 0, 0016
0. 0000 0. 0000 0.0001 0, 0001 0. 0002 0, 0003 0. 0004 0, 0006 0. 0009 0.0013
0. 0000 0, 0000 0. 0000 0. 0001 0, 0001 0, 0002 0. 0003 0, 0005 0, 0007 0.0010

0, 7000 0.7200 0. 7400 0, 7600 0, 7800 0, 8000 0, 8200 0. 8400 0. 8600 0, 8800

k=

e

—
<

34

f ==

ee

[=a=]

N T
[=3=]

®
(=]

(=1

-0 0 000

[=2-3
(=1

0. 0043 0. 0057 0.0074 0, 0033 0. 0116 0. 0141 3.0170 0. 0202 0, 0237 0, 0276
0. 0043 0, 0057 0, 0073 0, 0092 0,0114 0,0140 0,0168 0, 0200 0. 0235 0,0273
0. 0042 0, 0055 0, 0071 0, 0049 0.0111 0.0136 0,0163 0,0194 0,0228 0. 0265

0. 0040 0, 0032 0, 0067 0, 0085 0, 0106 0,0129 0,0155 0, 0185 0,0217 0. 0252
0, 0037 0, 0049 0, 0063 0, 0079 0, 0098 0,0120 0, 0145 0.0172 0.0202 0.0234
0, 0034 0. 0044 0. 0057 0.0072 0,0089 0, 0109 0.0132 0.0156 0.0184 0.0213
0. 0030 3, 0039 0, 0051 0, 0064 0,0079 0, 0097 0,047 0,0139 0, 0163 0.0189

0, 0026 0.0034 0, 0044 0, 0055 0, 0068 0, 0084 0.0401 0.0120 0. 0144 0.0163
0.0021 0,0028 0. 0036 0. 0046 0, 0057 0. 0070 0. 0084 0, 0100 0.0117 0. 0136
0, 0017 0, 0023 0, 0029 0.0037 0, 0046 0. 0056 0, 0068 0. 0080 0. 0094 0, 0110
0, 0043 0, 0017 0, 0022 0, 0028 0, 0035 0. 0043 0, 0052 0. 0061 0. 0072 0, 0084

0, 9900 0, 9200 0, 9400 0. 9600 0. 9800 1, 0000 1, 0200 1, 0400 1. 0600 1. 0800

-
o

[
=1

38888

<

o W X
(=2~

0.0317 0.0361 0, 0408 0. 0458 0, 0510 0, 0565 0, 0622 0. 0680 0.0741 0.0802
0,0314 0,0358 0, 0404 0, 0454 0, 0505 0. 0559 0.0616 0, 0674 0, 0733 0.0795
0. 0305 0. 0347 0. 0392 0, 0440 0. 0491 0, 0543 0, 0598 0, 0654 0.0712 0, 0771
0, 0290 0, 0330 0.0373 0. 0419 0. 0467 0, 0516 0, 0568 0.0622 0. 0677 0.0734
Q. 0270 0. 0307 0.0347 0, 0390 0, 0434 0, 0481 0, 0529 0.0579 0. 0630 0, 0683
0. 0245 0, 0280 0. 0316 0, 0355 0. 0395 0, 0438 0. 0481 0, 0527 0, 0574 0, 0622
0.0218 0. 0240 0, 0281 0, 0315 0, 0351 0, 0388 0. 0427 0. 0468 0, 0509 0, 0552
0.0188 0,0214 0, 0242 0, 0272 0, 0303 0, 0335 0.0369 0.0404 0. 0440 0. 0477
0. 0457 90,0179 0,0202 0, 0227 0. 0253 0, 0280 0, 0308 0, 0337 0, 0367 0. 0398
0,0126 0,0144 0, 0163 0,0182 0, 0203 0, 0225 0, 0248 0, 0271 0, 0295 0.0320
0, 1096 0,0110 0,0124 0, 0139 0, 0155 0, 0172 0,0189 0, 0207 0, 0226 0.0244

1, 1000 1. 1200 1. 1400 1. 1600 1, 1800 1. 2000 1. 2200 1, 2400 1. 2600 1. 2800

°e
-
(=]

e
I
=3

I
w
3

e
'y
=3

I

o
o

e
@
S

o

®© @ 3
[=3r=]

-0 00

(=3
(=

0. 0866 0, 0930 0, 0995 0, 1084 0,1128 0, 1195 0. 1262 0.1329 0, 1396 0. 1463
0, 0857 0, 0921 0, 0985 0.1051 0. 1117 0,1183 0. 1249 0, 1316 0, 1382 0. 1449
0. 0832 0.0894 0, 0957 0.1020 0. 1084 0.1149 0. 1214 0.1278 0, $343 0, 1407
0.0792 0. 0851 0, 0910 0, 0971 0, 1032 0, 1093 0, 1155 0, 1217 0.1279 0, 1340
0, 0737 0, 0792 0, 0848 0, 0904 0, 0961 0, 1019 0. 1076 0,1134 0. 1192 0. 1250
0, 0671 0, 0721 0, 0772 0, 0823 0, 0875 0, 0928 0.0981 0. 1034 0, 1087 0.1140
0. 0598 0, 0640 0, 0685 0,0731 0,0778 0,0824 0, 0871 0, 0919 0, 0966 0, 1014
0.0514 0, 0553 0, 0592 0, 0632 0. 0872 0,0712 0, 0753 0, 0794 0, 0835 0, 0878
0. 0430 0. 0462 0, 0495 0.0528 0, 0662 0, 0596 0, 0630 0, 0664 0. 0699 0.0733
0. 0345 0,0371 0, 0398 0. 0424 0, 0451 0, 0479 0, 0506 0, 0534 0, 0562 0, 0580
0, 0264 0, 0284 0, 0304 0, 0324 0, 0346 0, 0368 0. 0387 0. 0408 0. 0429 0, 0451
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1, 3000 1, 3200 1. 3400 1. 3600 1. 3800 1, 4000 1, 4200 1. 4400 1. 4800 1. 4800

3. 0. 1529 0.1595 0. 1660 0.1724 0. 1787 0. 1850 0. 1911 0. 1971 0. 2030 0. 2088
0.10 0.1514 0. 1580 0. 1644 0, 1708 0.1771 0.1833 0, 1894 0. 1953 0. 2012 0, 2089
0,20 0. 1471 0. 1535 0.1598 0. 1660 0.1722 0.1783 0. 1842 0. 1901 0.1958 0.2014
0. 30 0. 1402 0. 1463 0,1523 0. 1583 0, 1642 0. 1700 0.1768 0. 1815 0. 1870 0.1925
0, 40 0.1308 0, 1365 0. 1422 0. 1478 0.1534 0. 1589 0.1644 0.1697 0, 1750 0. 1802
0, 50 0.1193 0. 1245 0. 1298 0. 1350 0. 1401 0. 1452 0. 1503 0. 1553 0. 1602 0.1650
0. 80 0. 1061 0. 1108 0.1155 0. 1202 0. 1248 0.1294 0, 1340 0, 1385 0. 1430 0. 1474
0.70 0,0918 0, 0959 0, 1000 0. 1041 0, 1081 0,1122 0.1162 0. 1202 0. 1244 0. 1280
0. 80 0. 0768 0, 0803 0.0837 0.0872 0, 0906 0, 0940 0.0974 0. 1008 0. 1042 0.1075
0. 90 0.0618 0. 0646 0. 0674 0.0702 0. 0729 0. 0757 0. 0786 0.0812 0. 0839 0. 0868
1.00 0,0472 0. 0493 0.0515 0.0536 0. 0568 0, 0579 0. 0600 0. 0621 0, 0642 0. 0663
1. 5000 1. 5200 1. 5400 1. 5600 1. 5800 1, 8000 1. 6200 1. 6400 1. 6600 1. 6800

0. 0. 2144 0. 2199 0. 2252 0. 2304 0. 2354 0, 2403 0, 2450 0, 2496 0, 2539 0. 2582
0,10 0.2125 0, 2180 0, 2233 0, 2285 0, 2335 0. 2383 0. 2430 0, 2478 0, 2520 0. 2562
0.20 0, 2070 0.2123 0.2176 0, 2227 0, 2278 0. 2325 0, 2374 0. 2417 0. 2461 0. 2503
0. 30 0.1978 0. 2030 0. 2082 0. 2132 0. 2180 0, 2228 0. 2274 0, 2318 0. 2362 0. 2404
0, 40 0, 1853 0. 1903 0.1952 0. 2000 0. 2047 0. 2093 0, 2138 0. 2182 0, 2225 0. 2266
0, 60 0. 1698 0.1745 0,1792 0, 1837 0. 1882 0, 1925 0, 1968 0, 2010 0. 2051 0, 2081
0, 60 0, 1518 0. 1561 0. 1604 0. 1646 0. 1687 0.1727 0. 1767 0. 1806 0. 1845 0. 1882
0.70 0.1319 0.1357 0. 1395 0, 1432 0, 1489 0, 1505 0. 1541 0. 1577 0,1612 0. 1646
0. 80 0. 1108 0.1140 0.1173 0. 1205 0.1237 0.1268 0. 1298 0. 1329 0. 1360 0, 1390
0, 90 0. 0893 0, 0920 0. 0946 0.0972 0. 0998 0. 1024 0, 1049 0.107¢ 0. 1099 0, 1124
1. 00 0. 0683 0.0704 0.0724 0, 0744 0, 0764 0, 0784 0. 0803 0. 0823 0, 0842 0, 0861
q 1, 7000 1. 7200 1. 7400 1. 7600 1. 7800 1. 8000 1. 8200 1. 8400 1. 8600 1, 8800

0. 0. 2623 0. 2662 0. 2699 0. 2735 0. 2170 0. 2803 0. 2835 0. 2865 0. 2893 0, 2621
0,10 0, 2603 0, 2642 0. 2680 0. 2716 0. 2751 0, 2784 0. 2816 0. 2846 0, 2875 0. 2903
0.20 0, 2544 0. 2583 0. 2621 0. 2658 0. 2693 0, 2721 0. 2759 0. 2790 0. 2820 0. 2649
0. 30 0. 2445 0. 2485 0. 2523 0. 2560 0, 2596 0. 2630 0, 2663 0. 2695 0.2726 0. 2756
0. 40 0. 2307 0, 2346 0. 2384 0. 2421 0, 2457 0, 2492 0. 2526 0. 2559 0, 2591 0. 2621
0. 50 0,2131 0. 2169 0. 2206 0, 2243 0, 2279 0. 2313 0, 2347 0, 2380 0, 2412 0. 2443
0. 60 0. 1920 0, 1956 0. 1991 0. 2026 0, 2061 0. 2004 0.2127 0. 2159 0. 2190 0, 2221
0,70 0. 1680 0,1713 0. 1746 0,1778 0. 1809 0. 1840 0. 1874 0. 1901 0. 1931 0. 1960
0. 80 0. 1419 0. 1448 0, 1477 0, 1505 0.1533 0. 1561 0, 1588 0. 1615 0. 1641 0. 1667
0.90 0.1148 0.1172 0.1196 0. 1220 0.1243 0. 1266 0. 1289 0, 1311 0,1333 0, 1355
1,00 0. 0880 0. 0898 0.0916 0,0935 0, 0953 0, 0971 0, 0988 0. 10068 0, 1023 0. 1040
1. 9000 1, 9200 1, 9400 1, 9600 1. 9800 2,000 2, 0200 2. 0400 2, 0800 2. 0800

o, 0, 2947 9.2971 0. 2595 0. 3017 0.3038 | 0.3088 | 0.3077 | 0.308d 3. 3111 0. 3157
0, 10 0. 2929 0, 2954 0, 2978 0, 3001 0, 3022 0. 3042 0. 3061 0. 3079 0. 3097 0.3113
0,20 0. 2876 0. 2902 0. 2927 0. 2950 0. 2973 0, 2994 0. 3015 0. 3034 0. 3052 0. 3070
0, 30 0. 2784 0. 2811 0. 2838 0. 2863 0, 2887 0, 2910 0. 2032 0, 2853 0, 2973 0. 2892
0, 40 0. 2651 0, 2679 0. 2707 0. 2734 0, 2759 0, 2784 0. 2808 0. 2831 0, 2853 0, 2875
0.50 0, 2473 0. 2603 0, 2531 0. 2559 0, 2586 0. 2612 0. 2638 0. 2662 0, 2686 0. 2709
0. 680 0, 2251 0. 2280 0. 2309 0. 2337 0. 2364 0, 2381 0, 2417 0. 2443 0. 2468 0. 2492
0.70 0. 1988 0. 2016 0, 2044 0. 2071 0. 2097 0. 2129 0. 2149 0. 2174 0.2198 0. 2222
0. 80 0.1693 0.1718 0. 1743 0. 1787 0. 1791 0, 1815 0. 1839 0. 1862 0. 1884 0. 1907
0.90 0.1377 0.1398 0, 1419 0. 1440 0. 1480 0. 1481 0. 1601 0. 1520 0. 1540 0. 1558
1.00 0. 1058 0.1073 0, 1089 0. 1108 0.1122 0.1137 0,1153 0,1168 0.1184 0.1199




ECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

SRCTMAL PASE 1S

R QUAUTY- Section D
OF POO July 1, 1972

Page 295

TABLE 6.0-5. (CONTINUED)

2, 1000 2. 1200 2. 1400 2. 1600 2, 1800 2,.2000 2. 2200 2. 2400 2. 2600 2. 2800

[ 0. 3141 0. 3155 0, 3168 0. 3180 0,3192 0, 3202 0, 3212 0. 3222 0, 3230 0, 3239
0. 10 0,3128 0, 3142 0, 3156 0. 3168 0, 3180 0, 3194 0. 3202 0. 3211 0, 3221 0, 3229
0,20 0, 3086 0, 3102 0, 3116 0, 3130 0, 3143 0. 3156 0. 3168 0. 3179 0, 3189 0. 3199
0.30 0, 3014 0. 3028 0, 3045 0. 3061 0. 3076 0, 3090 0. 3104 0.3117 0, 3129 0, 3141
0, 40 0, 2895 0, 2915 0, 2934 0, 2952 0, 2969 0. 2986 0. 3002 0. 3018 0, 3033 0. 3047
0. 50 0, 2732 0. 2753 0,2775 0. 2795 0, 2815 0, 2834 0. 2852 0, 2870 0. 2888 0. 2904
0, 60 0, 2515 0. 2539 0, 2561 0. 2583 0, 2604 0, 2625 0. 2645 0. 2665 0. 2685 0. 2703
0.70 0, 2246 0. 2269 0, 2202 0, 2314 0. 2336 0, 2357 0.2378 0, 2399 0, 2419 0. 2438
0. 80 0, 1929 0. 1950 0.1972 0, 1993 0, 2014 0, 2034 0. 2054 0, 2074 0, 2093 0. 2112
0, 50 0, 1578 0, 1597 0, 1615 0, 1634 0. 1652 0. 1670 0.1687 0. 1704 0.1722 0.1738
1. 00 0,1214 0, 1228 0, 1243 0, 1257 0,1271 0. 1285 0,1299 0, 1313 0, 1326 0. 1340
q 2. 3000 2. 3200 2, 3400 2. 3600 2. 3800 2. 4000 2. 4200 2. 4400 2. 4600 2. 4800

0, 3246 0, 32563 0. 3260 0, 3266 0, 3274 0. 3276 0, 3281 0. 3286 0, 3290 0, 3294

0. 3237 0, 3244 0. 3251 0. 3258 0. 3264 0. 3269 0, 3274 0, 3279 0. 3284 0, 3288

0, 3208 0, 3216 0. 3225 0, 3232 0, 3239 0. 3246 0, 3252 0. 3258 0. 3263 0, 3269

0, 3152 0, 3163 0. 3173 0.3182 0, 3191 0, 3200 0.3208 0, 3216 0, 3223 0, 3229

0. 3060 0. 3073 0, 3086 0. 3098 0. 3109 0, 3120 0.3131 0. 3141 0. 3150 0. 3159

0, 2920 0. 2936 0, 2951 0, 2966 0, 2980 0. 2994 0. 3007 0, 3019 0.3032 0, 3043

0, 2722 0,2739 0. 2757 0.2774 0, 2790 0, 2806 0. 2822 0. 2837 0. 2852 0, 2866

0. 2458 0. 2477 0, 2495 0. 2514 0, 2531 0, 2549 0. 2566 0, 2583 0, 2599 0. 2615

0.2131 0, 2150 0, 2168 0, 2186 0, 2204 0, 2221 0.2238 0, 2255 0, 2272 0, 2288

0. 1755 0,1772 0, 1788 0, 1804 0, 1820 0, 1835 0., 1851 0. 1866 0, 1881 0., 1896

0. 1353 0. 1366 0, 1379 0, 1392 0. 1404 0. 1417 0. 1429 0, 1441 0, 1453 0. 1465

2, 5000 2. 5200 2, 5400 2. 5600 2. 5800 2. 6000 2. 6200 2. 6400 2. 6600 2, 6800

0. 3297 0, 3300 0.3303 0, 3306 0. 3308 0, 3311 0, 3313 0. 3315 0, 3316 0. 3318

0, 3292 0. 3295 0, 3298 0. 3301 0, 3304 0. 3307 0. 3309 0. 3311 0, 3313 0, 3315

0, 3273 0. 3278 0. 3282 0, 3286 0. 3289 0, 3293 0. 3296 0, 3299 0. 3301 0, 3304

0, 3236 0, 3242 0, 3248 0, 3253 0, 3258 0. 3263 0. 3267 0, 3272 0, 3276 0. 3279

0, 3168 0, 3176 0, 3184 0, 3192 0, 3199 0, 3206 0, 3212 0, 3219 0. 3225 0. 3230

0. 3055 0, 3066 4, 3076 0. 3087 0, 3096 0. 3106 0, 3115 0.3124 0. 3132 0. 3141

0, 2880 U, 2894 0, 2907 0, 2920 0, 2932 0. 2944 0. 2956 0. 2968 0. 2979 0. 2990

0, 2631 0, 2646 0, 2662 0, 2676 0. 2691 0. 2705 0, 2719 0, 2733 0, 2746 0, 2759

0, 2304 0, 2320 0, 2336 0. 2351 0, 2366 0, 2381 0, 2396 0, 2410 0, 2424 0, 2438

0, 1911 0,1925 0. 1540 0. 1954 0, 1968 0. 1981 0, 1995 0, 2008 0, 2022 0, 2035

0, 1477 0. 1488 0. 1500 0. 1511 0.1522 0, 1533 0, 1544 0, 1555 0. 1566 0, 1576

2, 7000 2,7200 2, 7400 2, 7600 2, 7800 2. RO0O 2. 8200 2. 8400 2. 8600 2, B80O

0, 0. 3318 0,332 0, 3322 0.3323 0, 3324 0, 3325 0. 3326 0, 3327 0. 3327 0, 3328
0.10 0. 3317 0. 3318 0. 3320 0, 3321 0, 3322 0. 3323 0, 3324 0, 3325 0. 3326 0.3326
0.20 0, 3308 0, 3308 0, 3310 0, 3312 0, 3314 0, 3315 0, 3317 0, 3318 0, 3320 0, 3321
0, 30 0, 3283 0, 3286 0, 3289 0, 3292 0. 3295 0.3398 0, 3300 0, 3302 0, 3304 0. 3306
0. 40 0, 3236 0, 3241 0, 3246 0, 3250 0, 3255 0, 3259 0, 3263 0. 3267 0, 3270 0, 3274
0. 50 0. 3148 0, 3156 0. 3163 0.3170 0, 3177 0, 3184 0, 3190 0, 3196 0. 3202 0, 3207
0. 60 0, 3000 0, 3011 0, 3021 0. 1030 0. 3040 0. 3049 0. 3058 0. 3066 0. 3075 0. 3083
0.70 0, 2772 0, 2744 0.2797 0. 2809 0, 2820 0, 2832 0, 2843 0. 2854 0, 2865 0, 2876
0. 80 0, 2452 0, 2466 0, 2479 0, 2492 0. 2505 0, 2518 0, 2530 0. 2543 0, 2555 0, 2567
0. 90 0. 2048 0. 2061 0, 2073 0. 2086 0, 2098 0. 2110 0, 2122 0.2134 0. 2146 0, 2157
1,00 D, 1587 0.1597 0, 1607 0, 1617 0, 1627 0, 1637 0, 1647 0. 1657 0. 1666 0.1676
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2.9000 2. 9200 2. 9400 2, 9600 2. 8800 3. 0000 3, 0200 3. 0400 3. 0600 3, 0800

O

o

o

IS

poeepo
cCOoO

<

D‘POO
=8 -3-B-N-XJ

oo

0. 3328 0. 532Q 0.3325 0.3330 0., 3830 0. 3331 0. 3331 0, 3331 0. 3331 0, 3332
0.3327 0.3328 0.3328 0. 3328 0, 3329 0. 3330 0. 3330 0, 3330 0. 3331 0. 3331
0. 3322 0, 3323 0, 3324 0. 3324 0. 3325 0. 3326 0. 3327 0, 3327 0.3328 0. 3328
0. 3308 0, 3310 0, 3312 0. 3313 0, 3315 0. 3316 0. 3317 0.3318 0. 3319 0, 3320
0. 3277 0. 3280 0. 3283 0, 3286 0. 3289 0, 3291 0, 3293 0, 3296 0. 3298 0. 3300
0.3212 0.3218 0. 3223 0. 3227 0, 3232 0. 3236 0, 3240 0. 3244 0. 3248 0, 3252
0, 3091 0. 3098 0. 3106 0, 3113 0.3120 0,3127 0. 3134 0. 3140 0. 3146 0. 3152
0, 2886 0. 2896 0. 2908 0, 2916 0, 2925 0. 2934 0. 2944 0. 2952 0. 2964 0. 2970
0. 2578 0. 2590 0. 2602 0.2613 0. 2624 0. 2635 0. 2645 0, 2656 0. 2666 0, 2677
0, 2169 0. 2180 0, 2191 0. 2203 0. 2213 0. 2224 0, 2235 0. 2245 0. 2256 0, 2266
0, 1686 0. 1694 0. 1703 0.1713 0, 1722 0, 1730 0. 1739 0, 1748 0. 1756 0.1765

3. 0000 3. 1000 3. 2000 3. 3000 3. 4000 3. 5000 3. 6000 3.7000 3. 8000 3. 8000

PPLeLeR

883383888

0. 3331 0. 3332 0, 3332 0. 3333 0, 3333 0. 3333 0. 3333 0. 3333 0. 3333 0. 3333
0. 3330 0. 3334 0, 3332 0. 3333 0. 3333 0, 3333 0. 3333 0.3333 0.3333 0. 3333
0, 3326 0, 3328 0. 3330 0. 3332 0. 3332 0. 3333 0. 3333 0.3333 0, 3333 0. 3338
0. 3316 0, 3321 0. 3325 0, 3328 0. 3330 0, 3331 0.3332 0, 3332 0, 3333 0. 3333
0. 3284 0, 3302 0. 3310 0. 3316 0, 3321 0. 3324 0, 3327 0, 3328 0, 3330 0. 3331
0. 3236 0. 3256 0.3274 0. 3284 0, 3294 0, 3303 0, 3309 0, 3314 0, 3319 0, 3322
0.3127 0. 3158 0, 3185 0. 3208 0. 3228 0. 3244 0, 3259 0, 3274 0. 3284 0, 3290
0. 2934 0. 2978 0. 3017 0, 3052 0, 3083 0,3112 0, 3137 0, 3159 0.3179 0. 3187
0. 2635 0. 2687 0. 2735 0.2779 0. 2820 0, 2859 0, 2894 0. 2827 0. 2087 0. 2885
0. 2224 0, 2276 0, 2326 0, 2372 0, 2416 0, 2457 0. 2497 0, 2534 0, 2568 0, 2603
0. 1730 0.1773 0.1814 0. 1853 0, 1890 0. 1925 0, 1959 0, 1991 0. 2022 0, 2051

4. 0000 4. 1000 4. 2000 4. 3000 4. 4000 4. 5000 4. 6000 4. 7000 4. 8000 4. 9000

0, 3333 0. 3333 0, 3333 0. 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333 0. 3333
0. 3333 0, 3333 0, 3333 0, 3333 0. 3333 0. 3333 0, 3333 0, 3333 0, 3333 0, 3333
0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0. 3333 0.3333 0, 3333
0, 3333 0, 3333 0. 3333 0.3333 0, 3333 0. 3333 0, 3333 0. 3333 0. 3333 0.3333
0. 3331 0,3332 0.3 332 0.3333 0. 3333 0.3333 0. 3333 0, 3333 0, 3333 0, 3333
0. 3325 0. 3327 0, 3328 0, 3328 0. 3330 0, 3334 0, 3332 0. 3332 0. 3332 0, 3333
0, 3297 0. 3303 0, 3308 0. 3313 0, 3318 0. 3319 0. 3332 0, 3324 0. 332¢ 0. 3327
0, 3213 0, 3227 0, 3239 0. 3251 0. 3261 0, 3270 0, 3277 0. 3284 0. 3290 0. 3296
0. 3011 0, 3036 0. 3058 0. 3079 0, 3098 0. 3116 0. 3133 0.3148 0. 3162 0. 3175
0. 2634 0. 2665 0. 2693 0, 2724 0. 2747 0. 2771 0. 2785 0. 2818 0. 2839 0. 2858
0, 2079 0, 2108 0, 2132 0. 2156 0. 2180 0, 2203 0, 2225 0. 2246 0, 2266 0, 2286

5, 0000 5, 1000 5. 2000 5, 3000 5, 4000 5, 5000 5. 6000 5, 7000 5. 8000 5. 8000

== =1
883388388%

O o000 OoOOO

0. 3333 0, 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333 0. 3333 0. 3333 0, 3333
0. 3333 0, 3333 0,3333 0. 3333 0, 3333 0. 3333 0. 3333 0. 3333 0. 3333 0. 3333
0. 3333 0, 3333 0, 3333 0. 3333 0. 3333 0.3333 0.3333 0.3333 0. 3333 0. 3333
0. 3333 0, 3333 0, 3333 0. 3333 0, 3333 0..3333 0. 3333 0. 3333 0. 3333 0. 3333
0, 3333 0. 3333 0, 3333 0.3333 0. 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333
0, 3333 0, 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333
0,3328 0, 3329 0. 3330 0.3331 0.3331 0. 3332 0. 3332 0, 3332 0. 3332 0. 3333
0, 3300 0. 3306 0, 3308 0.3312 0.3314 0. 3317 0, 3319 0, 3324 0. 3323 0, 3324
0. 3188 0, 3199 0. 3209 0. 3219 0. 3228 0. 3338 0. 3244 0, 3251 0, 3257 0, 3263
0. 2879 0, 2897 0. 2915 0, 2932 0, 2049 0. 2964 0. 2979 0. 2993 0, 3007 0. 3020
0. 2308 0, 2323 0. 2344 0. 2388 0, 2374 0, 2390 0. 2406 0, 2420 0, 2435 0, 2449
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6. 0000 6, 1000 6, 2000 6. 3000 6. 4000 6. 5000 6. 6000 6, 7000 6, 8000 6. 9000
0, 0.3333 0, 3333 0. 3333 0. 3333 0, 3333 0, 3333 0.3333 0. 3333 0, 3333 U, 3333
0.10 0, 3333 0, 3333 0, 3333 0, 3333 0.3333 0.3333 0. 3333 0. 3333 0, 3333 0. 3333
0. 20 0. 3333 0. 3333 0,3333 0, 3333 0, 3333 0. 3333 0, 3333 0. 3333 0. 3333 0, 3333
0. 30 0, 3333 0, 3333 0, 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333 0, 3333 0. 3333
0. 40 0.3333 0, 3333 0, 3333 0. 3333 0. 3333 0. 3333 0. 3333 0. 3333 0. 3333 0.3333
0. 50 0,3333 0, 3333 0. 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333 0. 3333 0. 3333
0.60 0.3333 0, 3333 0, 3333 0. 3333 0. 3333 0. 3333 0, 3333 0. 3333 0. 3333 0, 3333
0.70 0. 3326 0, 3327 0, 3328 0.3329 0. 3329 0. 3330 0, 3330 0, 3331 0. 3331 0, 3331
0, 80 0, 3269 0. 3274 0. 3279 0, 3283 0. 3288 0, 3291 0, 3295 0, 3298 0, 3301 0. 3304
0, 90 0, 3033 0. 3045 0, 3056 0. 3067 0. 3077 0, 3088 0, 3097 0, 3107 0, 3116 0,3124
1,00 0, 2462 0, 2475 0, 2488 0. 2501 0, 2513 0, 2525 0, 2536 0, 2547 0, 2558 0, 2568

7. 0000 7. 1000 7. 2000 7. 3000 7. 4000 7. 5000 7. 6000 7.7000 7. 8000 7. 9000
0. 0,3333 8. 3333 0, 3333 70,3333 0. 3333 0. 3333 0, 3337 0. 3333 0, 3333 0, 3343
0,10 0.3333 0. 3333 0.3333 0, 3333 0, 3333 0, 3333 0. 3333 0, 3333 0. 3333 0. 3333
0. 20 0, 3333 0. 3333 0. 3333 0, 3333 0, 3333 0, 3333 0.3333 0. 3333 0, 3333 0, 3333
0, 30 0.3333 0. 3333 0. 3333 0, 3333 0, 3333 0. 3333 0.3333 0, 3333 0. 3333 0, 3333
0. 40 0. 3333 0,3333 0, 3333 0, 3333 0.3333 0. 3333 0, 3333 0, 3333 0. 3333 0, 3333
0. 50 0. 3333 0, 3333 0, 3333 0. 3333 0. 3333 0. 3333 0. 3333 0. 3333 0. 3333 0, 3333
0. 60 0, 3333 0, 3333 0, 3333 0.3333 0.3333 0, 3333 0. 3333 0. 3333 0, 3333 0, 3333
0.70 0, 3332 0, 3332 0, 3332 0. 3332 0, 3333 0. 3333 0. 3333 0.3333 0.3333 0, 3333
0. 80 0. 3306 0, 3309 0, 3314 0,3313 0. 3314 0, 3316 0, 3317 0, 3319 0, 3320 0. 3321
0. 80 0. 3132 0, 3140 0,3148 0. 3155 0.3162 0, 3169 0, 3175 0.3182 0, 3188 0, 3193
1. 00 0. 2578 0, 2588 0. 2598 0. 2607 0, 2616 0. 2625 0, 2634 0. 2643 0. 2651 0, 2659

8. 0000 8. 1000 8. 2000 8. 3000 8. 4000 8, 5000 8, 6000 8, 7000 8. 8000 8. 9000
0, 0, 3333 0.3333 0. 3333 0, 3333 0, 3333 0, 3333 (. 3333 0. 3333 0, 3333 0.333%
0,10 0.3332 0, 3333 0, 3333 0, 3333 0, 3333 0. 3333 0, 3333 0, 3333 0, 3333 0, 3333
0.20 0. 3333 0, 3333 0. 3333 0. 3333 0, 3333 0, 3333 0, 3333 0, 3333 0. 3333 0. 3333
0,30 0. 3333 0. 3333 0. 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333
0, 40 0, 3333 0. 3333 0. 3333 0, 3333 0, 3333 0. 3333 0, 3333 0, 3333 0. 3333 0, 3333
0.50 0. 3333 0. 3333 0. 3333 0, 3333 0, 3333 0. 3333 0. 3333 0, 3333 0. 3333 0, 3333
0. 60 0. 3333 0, 3333 0, 3333 0. 3333 U, 3333 0. 3333 0, 3333 0, 3333 0. 3333 0, 3333
0,70 0, 3333 0, 3333 0, 3333 0. 3333 0. 3333 0. 3333 0. 3333 0. 3333 0, 3333 0. 3333
0. 80 D. 3322 0,3323 0,3324 0.3325 0. 3326 0. 3327 0. 3327 0, 3328 0, 3328 0, 3329
0. 80 0, 3199 0, 3204 0, 3209 0.3214 0. 3219 0, 3223 0.3227 0, 3232 0, 3236 0, 3240
1. 00 0. 2667 0, 2675 0. 2682 0. 2690 0. 2697 0, 2704 0,2714 0, 2718 0,2724 0, 2731

9, 0000 8, 1000 9, 2000 9. 3000 9. 4000 9, 5000 9, 6000 9. 7000 9. 8000 9. 8000
0, 0, 3333 0.3333 0. 3333 0. 3333 0.3333 0.3333 0. 3333 0. 3333 0, 3333 0. 3333
0.10 0, 3333 0, 3333 0. 3333 0. 3333 0. 3333 0. 3333 0.3333 0, 3333 0. 3333 0. 3333
0, 20 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0. 3333 0, 3333 0. 3333
0. 30 0, 3333 0, 3333 0, 3333 0,3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0. 3333
0. 40 0, 3333 0. 3333 0. 3333 0. 3333 0, 3333 0, 3333 0, 3333 0, 3333 0.3333 0, 3333
0, 60 0, 3333 0. 3333 0,3333 0. 3333 0, 3333 0. 3333 0, 3333 0,3333 0, 3333 0, 3333
0, 60 0, 3333 0. 3333 0, 3333 0. 3333 0, 3333 0, 3333 0, 3333 0. 3333 0. 3333 0, 3333
0,70 0, 3333 0,3333 0.3333 0. 3333 0, 3333 0, 3333 0,3333 0. 3333 0, 3333 0, 3333
0, 80 0, 3329 0. 3330 0, 3330 0, 3330 0, 333t 0, 3331 0,3331 0, 3331 0, 3332 0, 3332
0. 90 0.3243 0. 3247 0, 3250 0. 3254 0, 3257 0, 3260 0. 3263 0, 3266 0. 3268 0, 3271
1,00 0. 2737 0, 2743 0. 2749 0. 2755 0, 2764 0, 2767 0, 2773 0. 2778 0, 2783 0, 2789
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TABLE 6.0-5. (CONCLUDED)

q 10,0000 | 10, 1000 10, 3000 10, 3000 10, 4000 10, 5000 10, 8000 10, 7000 10, 8000 10, 9000
0. 0, 3333 0. 3333 0,333 0, 3333 0, 3333 0. 3333 0.3333 0, 3338 0, 3333 0, 3333
0, 10 0. 3333 0.3333 0, 3333 0, 3333 0, 3333 0, 3333 0.3333 0, 3383 0, 3333 0, 3338
0. 0 0. 3333 0, 3333 0, 3333 0, 3333 0. 3333 0, 3333 0, 3333 0, 3333 0. 3333 0.3333
0, 30 0. 3333 0, 3333 0, 3333 0, 3338 o, 3333 0, 3333 0. 3333 0, 3333 0, 3333 0, 3333
0. 40 0,3333 | 0,333 0. 3333 0, 3338 0, 3333 0, 3383 0, 3333 0,3333 0, 3333 0. 3333
9. 80 0. 3333 0, 3333 0.3333 0. 3333 0. 3333 0, 3333 0. 3333 0, 3333 0, 3333 0, 3333
0. 80 0. 3333 0.3333 0.3333 0, 3333 0, 3333 0, 3333 0. 3333 0,3333 0, 3333 0, 3333
070 | 0.333 0, 3333 0,333 0,3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333 0, 3333
0. 80 0. 3333 0. 3332 0, 3333 0, 3383 0. 3333 0, 3333 0, 3333 0. 3333 0, 3333 0, 3333
0. 90 0, 3873 0.3378 0, 3278 0, 3290 0, 3883 0, 3254 0. 3296 0, 3288 0, 3200 0, 3892
1.00 0. 3794 0, 2798 0, 3804 0, 3809 0. 3814 0, 2849 0, 3823 0,2828 0, 8832 0, 2837
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E1l FATIGUL.,
1.1 INTRODUC TION.
1.1.1 General Considerations for a Fatigue Analysis.

Before detailing the many factors involved in a fatigue analysis and
design, it is desirable to give an overview of the general considerations that
comprisc a fatigue analysis. Often when a new vehicle, structure, etc., is
being considered, there are many concepts, designs, and configurations to be
evaluated, and the engineer must provide ready assistance in the selection of
materials, writing of preliminary test requirements and the life evaluation.

Figurc E1-1 shows a general flow diagram of information for a fatigue
analysis. As can be seen from this figure, there are two primary groups of
information that are necessary as input to a fatigue analysis and/or determina-
tion of preliminary test requirements for a given structural component.

Onc group of information is the necessary data on the given material,
These data include curves, graphs, cte., of laboratory tests to determine
stress versus cyeles to failure (8-N) diagrams, Modified Goodman diagrams
and other factors which would affcet the life of the component in question. The
other information, which is usually the first information that is required, is
the life eycle or service history of the structural component. This is usually
presented in terms of stress-cnvironment versus time curves which show
pressures, temperatures, and other environmental considerations. In general,
with these two groups of information a fatigue analysis and/or thc preliminary
test requirements can be determined for the component. Actually, the pre-
liminary test requirements can usually be determined from the life cycle
information alone.

1.1.1.1 Life Cycle Determination.

The important clements in the formation of lifc cycle data arc the design
life, mission profile (or condition lists), and significant fatiguc loadings (sec
Fig. [51-1). The design or anticipated operational life and service loading
speetra are primary considerations in evaluating effects of fatigue on the struc-
tural component of a flight vehicle.

Design life is generally specified by contractual or managerial agree-
ments, or FAA and Military specifications, usually in terms of number of
(lights, landings, pressurizations, flight hours, etc.
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MISSION PROFILE/CONDITION LIST (ACTIVITY VS TIME)
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DYNAMIC LOADS)

Y

LIFE CYCLE MATERIAL TEST DATA
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FIGURE E1-1. PROCEDURE FOR TYPICAL FATIGUE ANALYSIS
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Mission profiles, or condition lists, are generally used to provide a
basis for the selection of design stress levels, the choice of structural com-
ponents to be tested, the definition of the fatigue test spectra, and evaluation
of the service life. Figure E1-2 contains a typical mission profile for an air-
craft. These mission profile and/or condition lists must contain a detailed
description of the activity versus time (or distance) applicable to each portion
of the flight. Also, the flight configurations and anticipated changes in weight
due to fuel usage, altitudes, speeds, and any other parameters that could affect
the fatigue loading spectra are required. The spectra used for analytical and
experimental evaluation of fatigue should realistically represent the total opera-
tional loading history desevibed by the mission profile and/or condition lists.

For preliminary considerations, all of the detailed data on mission pro-

files may not be available. It is then necessary to consider what are the most
significant considerations for the component in question. For example, in
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FIGURE E1-2. TYPICAL MISSION OR FLIGHT PROFILE FOR AIRCRAFT
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» tankage, the most important factors may be pressure and temperature; for
wings, thc most important factor may be only temperature.

Now, given all the information above, it is required to evaluate the
stress versus time curves for a given component. Ordinarily, the aerodynamic
data and dynamic loads must be considered as input to aid in the evaluation of
load and stress levels. In conceptual designs, however, these may be "best-
gucss'' data. The stress-versus-time curves must, of course, reflect tem-
perature versus time, and other environmental factors present over part of a
mission profile. An example of a life cycle for a component is given in Fig.
E1-3.

A (] c o €
! PROOF TEST
- 75 HOURS
20} o 800 CYCLES 500 CYCLES @ 320°F
ﬂ ﬂ i @ RY ® .220°F

st
g
w
3

w}

| U

TIME

FIGURE F1-3. LIFE-NIISTORY CURVE

Of course, the actual lifc eycle history for a given component may con-
tain many random typc loads which must be condensed into a form which can
be used in fatigue life cvaluation. Many techniques are available to accomplish
this, and they will be discussed in a later scction. For example, the speetrum
shown in Fig. 1°1-4 for an aircraflt flight is simplified to 2 morc usable form.

1.1.1.2 DMaterial Fatigue Data.

The fatigue strength of a material may be defined as the maximum stress
that can be applicd repeatedly to the material without causing failure in less
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FIGURE E1-4. SIMPLIFICATION OF A FLIGHT SPECTRUM

than a certain definite number of cycles. The endurance strength is that max-
imum stress which can be applied repcatedly to a material for an indefinite
number of cycles without causing failure, The relationship of the magnitude of
repcatedly applicd stress to the number of cycles to failure is conventionally
presented in the graphical form known as the S-N curve. The S-N curves are
discussed in detail in Paragraph 1.2.3. The shape of the S-N curve, which is
a representation of the fatiguc life, will vary according to the conditions rep-
resented. Some factors influencing the shape of the S-N curve are as follows:
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Thus, it can be seen that the mission profile or load spectra can dictate
what type of S-N data are required for a fatigue analysis.

Other material information which may be necessary for input into a
fatigue analysis are low-cycle fatiguc data, fracture toughness, crack propaga-
tion rates, biaxial stress field data, welding, flaw size effects, and creep
rupture data.

1.1.1.3 Fatigue Analysis.

Referring again to Fig. E1-1, with the input as discussed above, a
fatigue analysis can be performed on the structural component or element in
question. Other information which may be required includes limitations on
inspection techniques, determination of a design (fail-safe or safe-life), and
reliability and safety.

Fatigue analysis is usually performed in two phases. The first is the
design phasec, which is the structural sizing, material dctermination, and
factor-of-safety study phase. Usually, in this phase only preliminary data are
available concerning the life cycle and matcrial properties; thus, best estimates
must be made. From this design phase, design stress levels and requirements
for developmental fatiguc tests are determined.

The second phasc of the fatigue analysis is the interpretation, in terms
of actual flight-measured data, of the results obtained from fatigue tests con-
ducted on structural clements. Also, the vehicle is assessed for damage and
qualified for rcuse on subscquent missions.

The details of the fatigue analysis will be discussed in the following
paragraphs; but, generally, the fatigue analysis will determinc the safe life for
a structural componcent, will cvaluate accumulated damage during scrvice life,
will specify inspection requirements, and will determine allowable stresses
and/or test requirements.

Therefore, the analysis of fatigue life is a continuing process of study
and rcevaluation in light of newly acquired data. The acquisition of new loading
and other environmental data can provide additional insight into the lcevels of
assurance that exist in the evaluation of the service life of structural components
on flight vehicles. Any significant variation between service-recorded loading
histories (and related environmental conditions) and the spectra used to deter-
mine fatigue life would require a reevaluation of anticipated structural life.



EHN[E/—\L LIBRARY

ABBOTTAEROSPACE.COM

M

eote Scetion E1

CRIGH AL #0 T

PR 1 November 1972
OF POOR (lisaat o

¢ Page 8

1.1.2 General Background on Fatigue.

A rapid growth of metallurgy, with iron and steel conling into wide-
spread use in many types of machines and structures oceurred during the mid-
dlc of the 19th contury. During this time, engineers were confronted with
failures that occurred at calculated nominal stresses considerably below the
tensile strength of the materials involved, and, although the materials were
considered ductile, the failures gencrally exhibited little or no ductility. It
was soon discovered that most of the brittle fractures devceloped only after the
structures had been subjected to many cycles of loading. Therclore, it came
to be supposed that the metal degenerated and became fatigued under the action
of cyclical stresses and that its ductile behavior turned brittle. Howcver, later
experiments showed that no degeneration or fatigue of the metal occurred as a
result of cyelical stressing and, thercefore, the idea of metal fatiguc is false.
Henee the term "fatigue' is still widely used although it has quite a different
meaning,

Generally speaking, fatigue can be defined as a progressive failure of
a part under repeated, cyclic, or fluctuating loads.

Fatiyue failures may be simple or compound. Simple failures result
when a fatigue failure starts from a single crack and propagates until ultimate
failurc occurs. A compound fatigue failure results when the origin of the
fatigue crack originatcs from two or more locations and propagates; the joint
cffeets causce total failure. The scquence in which failure occurs consists of
three parts: The initial damagc occurs in a submicroscopic scale, the erack
initiates and propagates, and the final rupturc takes place. The rate at which
the crack propagates varics considerably, depending upon the intensity of stress
and other related factors. Nevertheless, the rate is always much lower than
that obscrved for low-temperature brittle fractures in steel.

It has proved difficult, however, to detect progressive failures in the
part during its life; hence, fatigue failures can occur with little warning and
can causce catastrophic failures. Also, periods of rest (the fatigue stress
removed) do not lead to a recovery from the effects of stress; in other words,
the fatigue damage is cumulative.

The criterion for fatiguc failure is the simultancous action of cyclic
stress, tensile stress, and plastic strain, If any one of these is eliminated,
fatigue is also climinated.
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Rarcly is a mechanical component or structural element subjected to
constant loads throughout its cntire scervice history. Cyclic loading can result
from vibration, variations in atmosphcric gust pattern, variable wind loadings,
repeated temperature changes, and repetition of design load, to mention only
a few.

Many fatigue failures that occur in service arc only minor, but others,
such as thosc which result in the loss of a wing, propeller, or wheel, constitute
a serious threat to lifc or property. Such failures have become more prevalent
in recent years because of the following factors:

1. The continuing trend toward higher strength/weight ratios.

2. Morc refined static design techniques and the usce of higher working
stress.

3. The usc of materials of ultra-high static strength.

Good static design docs not necessarily result in satisfactory perform-
ance under repeated loading, and the choice of a design stress close to, or
even higher than, the yield point of the matcrial would almost incvitably result
in failurc after a relatively short period of scrvice. There is cvery possibility
that the fatigue problem will become more acute and that, consequently, the
limiting strength criterion in many futurc designs will be adequate fatigue
rosistance. Thercfore, the likelihood of a fatigue failure should be an early
design consideration.

A major problem in designing to prevent fatigue failure lics in the
identification of all the factors that affect the life of a part. Even with the
knowledge of which problems to consider, onc is still short of the goal: the
exact determination of fatigue life. Technigues are furnished in the following
scetions to enable the engineer to develop fatigue data for a particular part.

All the basic definitions used in fatigue testing and failure are discussed
in Paragraph 1.2. Thc many types of cffects which influence fatigue strength
arve presented in Paragraph 1.3, A secparate scction (Paragraph 1.4) is
devoted to low-cycle fatigue because of its unique application and terminology.
Various cumulative fatiguc damage theories arc discussed in Paragraph 1.5.
Paragraph 1.6 is a special scction which will be uscful in selecting certain
materials to resist fatigue failures. Design guides are given in Paragraph 1.7.
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This paragraph describes the basic mechanism of a fatigue failure and
the general methods used in fatigue testing and documenting of the results.

The following definitions are some of the terms frequently used in this

discussion of fatigue analysis:

Stress Cycle

Nominal Stress

Maximum Stress

Minimum Stress

Mcan Stress

Stress Range

Stress Amplitude

Stress Ratio

Fatigue Life

Fatiguc Strength

The smallest division of the stress-time func-
tion that is repeated. (Sce Fig. E1-5.)

Obtained from the simple theory in tension,
bending, and torsion, neglecting geometric
discontinuitics. '

The largest or highest algebraic value of a
stress in a stress cycle.  Positive for tension.
S

max
The smallest or lowest algebraic value of a
stress in a stress cycle. Positive for tension.
S .

min
The algebraic mean of the maximum and mini-
mum stress in one cycle. Sm

The algebraic difference between the maximum
and minimum stressces in one cycle. Sr

Half the value of the algebraic difference
between the maximum and minimum stresses
in one cycle, or half the value of the stress
range. Sa

The ratio of minimum stress to maximum
stress.

The number of stress cycles which can be sus-
tainced for a given test condition.

The greatest number of stress cycles which
can be sustained by 2a member for a given
number of stress cycles without fracture.
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IFatigue Limit — The highest stress level that a member can
withstand for an infinite number of load cyeles
without failure.

Fatigue Life for P The fatiguc life for which P percent of the
Pcreent Survival, - sample has a longer life; for example, Ny, is
Np the fatigue life for which 90 percent will be
—_ expected to survive and 10 percent to fail.

FIGURE E1.5. STRESS VERSUS TIME CURVE

1.2.1 Mechanism of Failurc.

In investigating a fracture surface which resulted from fatigue, two
zones arc cvident, namely, a fatigue zone and a rupturc zone. The fatigue
zone is the arca of the crack propagation; the arca of final failure is called the
rupture, or instantancous, zonc. The instantancous zonc provides the following
information for investigating a failed specimen:  ductility of the material, type
of loading, and dircction of loading. The distortion and damage pattern will be
sufficiently apparent to designate the type and direction of loading. In addition,
the relative sizes of the instantancous zone and the fatigue zone relate the
degree of overstress applied to the structure. The degree of overstress can
be categorized as follows: Highly overstressed if the arca of the fatigue zone
is very small comparcd with the area of the rupture zone, medium overstress
if the size or arca of both zones are nearly equal, and low overstress if the
arca of the instantancous zone is very small.

The following features are characteristic of the fatigue zone: a smooth,
rubbed, velvety appearance; a presence of waves known as clam shells or
oyster shells, stop marks, and beach marks; and a herringbone pattern or
granular tracce which shows the origin of the ¢rack. Most clam shell marks are
concave with respect to the origin of the crack but can also be convex, depending
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on the brittleness of the material, degrec of overstressing, and the influence

of stress concentrations. In genecral, the stop marks indicate the variations

in the rate of crack propagation due to variations in stress amplitude in a cyclic
application varying with time. There arc some aluminum alloys that may not
exhibit these waves but instead have a smooth appearance. (See Fig. E1-6.)

RUPTURE ZONE

FATIGUE ZONE

ORIGIN OF
FATIGUE CRACK —>}
-~ CONCAVE MARKS KNOWN AS
CLAM SHELLS OR STOP MARKS
{ {T~~—— HERRINGBONE PATTERN
i OR GRANULAR TRACE

FIGURE E1-6. A TYPICAL FATIGULE FAILURE SECTION SHOWING
IDENTIFYING MARKS

A fatigue fracture, whether the material is ductile or brittle, follows
that of a brittle fracture. Not all brittle failures are fatigue failures, however.
The most recognizable features of a fatigue failure are lack of deformation
pattern and the existence of a singular plane of fracture, usually a 90-degree
cross scction.

Most of the fatigue cracks discussed above were caused by tension
loads, tension strains, and tension stress. Typical fracture appearances of
fatigue failures in bending and torsion are shown in Fig. E1-7. Bending
fatigue failure can be divided into three classifications according to the type of
bending load, namcly, one-way, two-way, and rotary. The fatigue crack for-
mations associated with the type of bending load are shown in Fig. E1-6.
Torsional fatigue failures occur in two modes: (1) Longitudinal or transverse
along planes of maximum shear and (2) helical at 45 degrees to the axis of the
shaft and along plancs of maximum tension. Transverse fractures are com-
monly associated with a smooth surface because of the rubbing of both sides, a
characteristic that can be used to identify this type of fracture.
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However, a statement of the signs and features of fatigue fractures does
not cxplain the true nature of the physical changes which take place inside
metals under cyclical stress to cause their breakdown.

To understand these changes, it is necessary to study the internal
mechanism of fatigue behavior in the whole volume of the metal; but this sub-
ject has yet to be thoroughly investigated. A considerable amount of theory
has becn written about fatigue fracture, and there are many interpretations as
to the process of metal fatigue. (See Ref. 1.)

Fatigue is basically a property of crystalline solids, and the initiation
of fatigue cracking is a problem in dislocation physics. It is the result of the
motion and interaction of dislocations activated by cyclic stress. A simple
description of the mechanism of fatigue cracking is given in three stages:

Stage 1. During the carly cycles of stressing, thc dislocations orig-
inally present in the crystal grains multiply and their density increases sharply.
An irregular and disoriented cell wall, or subgrain boundary, starts to form.
The fine slip lines that appear at first in some favorably oriented grains are
thin and faint, according to thc maximum resolved shear stress law. As the
number of stress cycles increases, slip lines become more numerous. Some
are localized, somc continuously broaden, and the very pronounced ones
become the so-called persistent slip bands. Meanwhile, the crystals are dis-
torted and strain-hardened to saturation. Then, dislocation motion in one
direction may be fully reversed with the stress. New dislocations and their
movements are generated only in some local slip zones in which microstruc-
tural features are not the same in both directions of motion. Sometimes
annihilation of dislocations, or other dislocation mechanisms, may lead to
reliof of lattice strains or strain softening. Strain softening, local recrystalli-
zation, overaging, clustering of point defects, and other thermal activation
processes are considered to be secondary, or side effects.

Stage 2. After the persistent slip bands are fully maturcd, thin ribbon-
like protrusions, called extrusions, of metal are emitted from the free sur-
face, and fissures, called intrusions, appear. Both develop along the per-
sistent slip planes. Several dislocation models or mechanisms have been
proposed to explain how the extrusions and intrusions are formed. (See Ref.
1.) In some of the proposed models, dislocation cross slip is considered to
be a critical process.

Because the intrusion is the embryo of a crack, the crack initiates
along slip planes according to the maximum resolved shear. Sometimes cracks
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may initiate at cell walls or grain boundarics, although the majority start at
the surface of a member.

Stage 3. The crack propagates in a zigzag transgranular path along
slip planes and cleavage planes, from grain to grain, and maintains a general
direction perpendicular to the muximum tensile stress. As much as 99 per-
cent of the fatigue life of a member is spent in the development of {issures into
microscopic cracks, and finally complete fracture ensues. Many {actors
affecting fatigue properties are those that mainly influence the rate of erack
propagation,

1.2.2 Iatigue Testing Techniques.

The only way to obtain a quantitative mceasure of fatizuce strength is to
carry out fatigue tests under controlled conditions. Therce are many different
mcthods of carrying out such tests, and numerous types of testing equipment
have been developed.

Probably the most widely used method is the rotating bending test, in
which small cylindrical specimens, with or without notches, arce loaded cither
as cantilevers or as beams under four-point Ioading. As the specimen is
rotated, the stress at any point in it varies between upper and lower limits
- which are equal in magnitude, but opposite in sign, the plane and dircection of
the loads remaining constant throughout. A possible arrangement of such a test
is shown diagrammatically in Fig. E1-8. This type of test is simple to carry
out, generates results comparatively rapidly and makes use of cquipment and
specimens that are reasonably inexpensive. It is particularly suitable for use
in determining what might be called the inherent fatigue strength of materials,

FLEXIBLE
COUPLING
MOTOR MAIN CANTILEVER

CSSS#ER BEARING SPECIMEN BEARING

FIGURE 1.8, GENERAL ARRANGEMENT OF ROTATING BENDING
(CANTILEVER TYPE) FATIGUE-TESTING MACIHINE
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since in such work one is interested in the material itsclf, i.e., its composi-
tion, microstructure, etc., rather than its form in the engineering sense.

However, to provide data for design purposes, such tests are not of
great value since designs can rarely, if ever, be reduced to such a degree of
simplicity that it is necessary to know only the basic fatigue strength of the
material. To provide specific information for the designer, tests must be
carried out on the actual joint forms. This is true of structures fabricated by
any means, but is particularly relevant in the case of welding. The welding
process cannot satisfactorily be scaled down without simultaneously altering
some of its effects.

Therefore, fatigue testing of welded components normally involves the
use of equipment of much larger capacity than that used for fundamental inves-
tigation. The method of loading is also different, the objective being at all
times to reproduce as faithfully as possible the type of loading that is likely to
occur in service. With this end in view, the loading conditions used in the
fatiguc testing of welded joints and structures can be reduced esscntially to
three types:

1. Axial load testing

2. Tests in bending, mainly on specimens in the form of beams

3. Pulsating pressurc testing of pressure vessels and pipework.

All the numerous testing machines that are available and suitable for
carrying out such tests will not be described here in detail, but it may be useful
to describe some of the essential features since, to some extent, the charac-
teristics of fatigue-testing machines have influenced the research work that

has been carried out.

Axial load fatigue-testing machines may be divided essentially into

| three types according to the method by which they are driven, i.c., hydraul-

ically, mechanically, or electromagnetically. Hydraulic machines which give
higher loads than those operated either mechanically or electromagnetically
are available, but testing specds are limited.

A mechanically operated machine which has been used extensively in
fatigue testing of welded components is the walking beam machine, first devel-
opcd in the United States at the University of Illinois. The arrangement of this
machine is shown diagrammatically in Fig. E1-9. It consists of a simple lever
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FIGURE E1-9. GENERAL ARRANGEMLENT OF WALKING BEAM MACHINE

with the upper beam actuated by a driven cecentrie which is continuously vari-
able up to o maximum throw of 4 inches. The load is transmitted to the beam
through a dynamometer, which can be used for load measurement, but since

the dynamometer also measurces any frictional loads in the bearings, it is more
salisfactory to adjust the load by using strain gages attached to the specimen.
The beam may be used cither as a first-order lever, with the specimen mounted
in the end grips, or as a sccond-order lever, which is particularly satisfactory
for testing flexible specimens (such as beams in bending) that require a fairly
large strain amplitude at lower loads.  Figure [11-8 shows the arrangement

for the latter case. It should be noted that it is a constant strain amplitude

machine, in contrast to the hydraulic machines referred to above which supply
constant loads.

I"atigue is a problem of such magnitude in the airceraft industry that
often full-scale components, or ceven entire airceratt, arce tested. In one method,
the load is applicd to the specimen by means of hydraulic jucks in specially
constructed test rigs. Another methaod is to excite a structural component near
its resonunt frequency by attaching it to a mechanical oscillator and supporting
the component at its node points. Because each fatigue test of a large-scale
aircraft costs several million dollars, usually only one aircraft is tested.

Special technigues relating to thermal stress testing and low cycele
fatiguc testing will be discussed in the following sections.
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1.2,2 Presentation of Test Results.

1.2.5.1 S-N Diagrams,

Since the beginnir{g of fatigue testing, S-N curves have been the back-
bone of fatigue data. S denotes stress amplitude or the maximum cyclic stress,
and N denotes the number of stress cycles to complete fracture. The linear S
versus log N scale is the most common and is used almost exclusively in engi-
neering. (Sce Fig. E1-10.)

L |

3 8 & 8 8
§ § 8 &8 &

FATIOUE STRESS AMPLITUDE

r
8 FATIGUE LIMIT —z
P— — -— e — —— ———— — -— -  am— —
10000 |-
i . 1 )
10 1w0? 10° 0t 10°

NUMBER OF STRESS CYCLES YO FAILURE (LOG SCALE

FIGURE E1-10. GENERAL FORM OF S-N CURVE

Several attempts have been made to find general mathematical laws for
the relation between load and life, and several equations have been proposed to
express the S-N relations more or less empirically. Use of these equations
will embody the data in a mathematical form for data reduction, analysis, and
standardization of curve-fitting methods. It may also provide some under-
standing of the S-N relations.

For certain metals and alloys, including the ferrous group, the S-N
curve becomes asymptotic to a horizontal line. The stress value corresponding
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to this asymptotce, or the stress corresponding to failure at an infinite number
of cycles, is called the fatigue (or endurance) limit.

The faticue limit of a material tested in axial loading is usually lower
than that of the same material tested in reverse (rotating) bending., 1n axial
loading the stress is uniform throughout the cross section; whereas, a large
stress gradient exists when a bending load is applied.  Thus, in axial loading,
it is probable that the maximum stress will occur at a discontinuity in the
material. Fatigue tests in torsion or shear loading indicate that the torsional
fatiguc limit of polished steel specimens is approximately 58 percent of the
flexural or tensile fatigue limil. This figure is consistent with the distortion-
cnergy theory which prediets that the shear properties of steels are 57.7 per-
coent of tensile properties.,

1.2.3.2 Goodman Diagrams.

The preceding discussion on S-N curves and fatigue limits has dealt
with stress ceyceles that alternated about a zero mean stress.  But the stress
cycle usually varies about a mean static value that may be positive, zero, or
negative. When a cyclic stress varies about a nonzero static value, prediction
of failurc must consider the combination of static and varying stresses.,

Several types of failure diagrams relate the range of operating stress
to the material properties in a general manner.  All the diagrams indicate that
the allowable stress range decreases as the mean stress approaches some
maximum valuc.

The Goodman diagram was the first type proposced, and the modified
Goodman diagram is the form most commonly uscd. Becausce it consists of
straight lincs, it is easy to construct. The Goodman cquation is

where Su is the fatigue strength in terms of the stress amplitude, Sm is
the superimposed mean stress, SC is the endurance limit when Sm -0, and

T is the ultimate tensile strength. This equation is plotted in Fig. E1-11.
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S 1.8

FIGURE E1-11. GOODMAN DIAGRAM

In the modificd Goodman failure diagrams (Fig. E1-12), the range of
operating stresses is describcd by three values: mean stress, maximum
stress, and minimum stress.
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FIGURE E1-12. MODIFIED GOODMAN DIAGRAM
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In the maximum-minimum form of modificd Goodman diagram, a stress
cycle is plotted as a point on the diagram instecad of as a line. This form of
diagram is advantageous for it requires only the determination of the maximum
values of a half cycle; finding the mean cycle is not required.

In the maximum-minimum form of diagram, a stress cycle in which
stress is zero is plotted as a point on the line of zero mean stress, Similarly,
a stress cycle from zero stress to a tensile value is plotted as a point on the
maximum stress axis. Although these points have different mean stress values,
they represent equivalent reversed stress cycles. In this form of diagram, the
fatigue limit for reversed stress is plotted as a line of constant equivalent
reversed stress instead of being a point as in the other forms of failure
diagrams.
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1.3 FACTORS INFLUENCING FATIGUE STRENGTH.

Fatigue properties obtained from a carefully polished specimen in the
ideal environment of the test laboratory are rarely achieved in practice. A
wide variety of factors affect the behavior of a member or assembly under
conditions of fatigue loading. The most obvious parameters are those that deal
with the sign, magnitude, and frequency of loading; the geometry and material
strength level of the structure, and the ambient service temperature. Those
processing and metallurgical factors that determine the cleanness and homo-
geneity of materials, the sign and distribution of residual stresses, and the
surface finish often are not considered. These processing and metallurgical
factors, however, may have an overriding influence on the fatigue performance
of the structure, to its benefit or detriment. The factors which influence
fatigue strength will be classified into four main groups for discussion in this
section: '

1. Metallurgical Factors
2. | Processing Factors

3. Environmental Factors
4. Design Factors

1.3.1 Metallurgical Factors.

The distinction between processing factors and metallurgical factors
is not always clear. In fact, it is rather arbitrary in some areas. In this
section, however, the focus is on regions within the material, either at the
surface or core, which adversely affect fatigue properties. These regions may
arise from melting practices or primary or secondary working of the material,
or may be characteristic of a particular alloy system. In nearly every instance
the detriment to fatigue properties results from a local stress-raising effect.

1.3.1.1 Surface Defects.

Primary and secondary working are often responsible for a variety of
surface defects that occur during the hot plastic working of material when lap-
ping, folding, or turbulent flow is experienced. The resultant surface defects
bear such names as laps, seams, cold shuts, or metal flow through. Similar
defects are also noted in cold working, such as fillet and thread rolling, in
which the terms lap and crest cracks apply. Other surface defects develop
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from the embedding of foreign material under high pressures during the
working process. Oxides, slivers, or chips of the base material are oceca-
sionally rolled or forged into the surface. The surface defects in castings
might include entrapped die material, porosity, or shrinkage; in the extrusion
or drawing processes such surface defects as tears and seams are not
uncommon.

All of the aforementioned surface defects produce a notch of varying
intensity which acts as a stress-raiser under load to the detriment of fatigue
propertics. Because most of these defects are present prior to final processing
and arc open to the surface, standard nondestructive testing procedures such
as penetrant and magnetic particle inspection will readily reveal their pres-
ence.  If they are not detected, however, the defects may serve as a site for
corrosion or crack initiations during procéssing (in heat treating, cleaning,
ete.), further compounding the deleterious effcct on fatigue strength.

1.3.1.2 Subsurface and Core Defccts, Inhomogeneity, and Anisotropy.

Subsurface and core defects considered here arc those which originate
in the as-cast ingot. Voids resulting from gas entrapment ( porosity) and
improper mectal fill (shrinkage) are not uncommon in cast materials, In
castings (ingots) that arc to be subsequently hot and cold reduced, the portion
of the ingot containing the preponderance of voids is often removed and dis-
carded. The remaining internal defects normally weld shut under the combi-
nation of temperaturc and pressure involved in the reduction of the ingot,
resulting in a continuous, homogeneous product. Occasionally, when the sur-
faces of the defects are oxidized or otherwise contaminated, healing (welding)
of the opposite surfaces is precluded and the defective area is retained in the
wrought product. Terms such as unhealed porosity and laminations arc applied
to this condition. Since these defects existed before working, in the final
wrought product the major diameter of the oblate or rod-shaped flaw is parallel
with the direction of plastic deformation.

I"atigue testing of high-strength aluminum alloy specimens containing
defects of the type discussed in this section revealed the following trends:

1. Stressing parallel to the defect plane has a small effect on the
fatigue strength, provided the defect does not intersceet a free
surface.

2. The effeet of defect size on the fatigue strength in the short trans-
verse direction of testing (that is, with the plane of the grain flow
normal to the direction of loading) is shown in Fig., F1-13.
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3. An internal defect adversely affects fatigue by introducing a stress
concentrator into the material and reducing the load resisting
cross-sectional area. ‘

4. With respect to fatigue propertics, when the edge of one defect is
within approximately two diamcters of the center of another defect,
these should be considered as one large defect having a diameter
equal to the extreme distance which will include both defects.

Inasmuch as most subsurface defects do not interscet a surface of a
part, inspcction is somewhat more difficult. For wrought products, ultrasonic
or cddy-current testing might be used, whereas, for castings, fluoroscopic or
radiographic inspection is preferred.
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There are two types of inclusions in metals, nonmetallic and inter-
metallic. The amount and distribution of these inclusions is determined by
the chemical composition of the alloy, the melting and working practice and
the final heat treatment of the material. Nonmetallic inclusions are usually
complex compounds of the metallic alloying elements with oxygen, nitrogen,
carbon, phosphorus, sulphur, and silicon. The size of the inclusion is an
important parameter in assessing its effect on fatigue properties, as shown in
Figure E1-14 for 4340 steel heat treated to the 260 to 310 ksi tensile range.
Although this relation does not apply to all inclusion types, it has been sug-

gested that a separate curve exists for each predominant typc of nonmetallic
inclusion. ' '

o
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FIGURE El-14. CORRELATION BETWEEN ENDURANCE LIMIT AS
PERCENT UTS AND AVERAGE LARGE INCLUSION ARITHMETIC
MEAN DIAMETER

Intermetallic inclusions may be either complex metallic compounds or
sccond phases with variable compositions. The type of intermetallic constit-
uent is believed to be an important consideration in determining the effect on
fatigue life, although the mechanism is not clearly understood. The site of
such an inclusion, however, is a discontinuous region with physical and mechan-
ical properties different from those of the matrix phase. Under load these
arcas would serve as stress-raiscrs,
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Some alloys are subjeet to microstructural banding which often has

an adverse coffect on fatigue propertics.  The banding is usually produced by
local chemical segregration which stabilizes a phase not normally present in
the alloy at room temperature. The severity of the loss in fatigue properties
is dependent on the direction of the banding relative to the maximum stress

" direction (the banding is always.in the direction of prior working) and on the
degree of compatibility between the banded and matrix phases. Banded
retained austenite and delta ferrite are occasionally seen in a large number of
low-alloy and stainless steels. The presence of ferrite in these is intentional;
in others it is not. The loss in fatigue properties produced by ferrite stringers
in 431 stainless steel is shown in Fig. E1-15.
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FIGURE E1-15. NOTCHED FATIGUE STRENGTH OF 431 STAINLESS
STEEL HEAT-TREATED TO THE 180 to 200 ksi RANGE WITH NO
FERRITE AND WITH 5§ PERCENT FERRITE
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Finally, the grain and subgrain structure may also reflect a preferen-
tial alignment. As previously indicated, anisotropy is most pronounced in the
short transverse grain direction. It has been shown in tests on 7075-T6 alumi-
num alloy forgings that the endurance limit is reduced by approximately 20
percent when testing in the short transverse direction as opposed to the longi-
tudinal direction. .

For many material forms such as sheet, light plate, and extrusion, the
loading normal to the short transverse direction is low such that fatigue pro-
perties in.this direction are not critical. For heavy plate, bar, and forgings,
however, directionality or anisotropy can be a crucial design consideration.

1.3.1.3 Heat Treatment.

The hcat-treatment processes are potentially a source of hazard to a
" material because at the elevated temperatures encountered many diffusion con-
“trolled mechanisms arc operative that could harm the integrity of the alloy if
- not properly controlled. If the furnace atmosphere is not controlled, the ‘
chemical composition of the surface layer might be altered and, thus, produce
a low strength or brittle surface skin. The diffusion of hydrogen into alloys
. during heat treatment has long been recognized as a scrious problem. Hydro-
gen embrittlement of low-alloy steels and titanium alloys can produce disas-
trous results in subsequent processing or in sérvice. Hydrogen is also sus-
pect in the blistering mechanism in aluminum alloys. With respect specifi-
cally to fatigue properties, a brittle case will render an alloy susceptible to
surface cracking. The introduction of a shallow crack produces a notch effect,
so that the detriment to fatigue (life) is essentially one of a high surface
stress raiser in a layer of material with low fracture toughness.

If the heat-treating temperature is not properly controlled, grain
coarsening may occur which lowers fatigue properties of some alloys. Over-
heating of high-strength aluminum alloys is particularly disastrous, since
most of these alloys are subject to eutectic melting at temperatures only
marginally higher than the solution heat treatment temperature. Eutectic
melting results in a gross embrittlement of the alloy coupled with reduction in
strength.  The difficulties with austenitizing or solution heat treating at too low
a temperature arc associated with a lack of hardening potential for the sub-
scquent quench and age or temper treatments.

In order to develop full strength, most martensitic and age hardening
alloys must be rapidly cooled from high temperatures by quenching into a
liquid medium. There are at least two considerations in the quenching process
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that could atfcet fatigue properties. MHigh residual quench stresses are built

up in most materials and, if the geometry of the part being quenched is highly
irregular, the tensile strength of the material may be exceceded at points of
high stresses resulting in the not too uncommon quench cracks. On'the other
hand, if the quenching rate is for some reason retarded, preferential precipita-
tion may occur which adversely affccts fatigue properties.

1.3.1.4 Localized Overheating.

There are some processes that arc capable of developing high, localized
surface temperatures, the consequences of which are often difficult to detect and
occasionally arc responsible for a failure in service. Grinding is onc of these
processes. '

The effect of severe grinding on the fatigue properties of high-strength
steel is shown in Fig. E1-16. The rapid quenching of the material immediately
below the grinding wheel by the large mass of cold metal can produce cracks.

If actual cracking does not result, brittle, crack-prone, untempered martensite
might result or, with lower temperaturcs, softened, overtempered martensite.
High-strength steels (for which grinding is most often used) are particularly
sensitive to grinding techniques.

In the electroplating processes a plating burn sometimes is obscrved
as the result of arcing between the anode and the work piece. Such a burn
generally produces a larger heat-affected zone than improper grinding and is
often characterized by evidence of surface melting. The potential damage to
the substrate is similar to that discussed relative to grinding.

Eleetrical discharge machining (EDM) is a process of metal removal
that cmploys a spark-crosion principle. The intermittent spark produces
highly localized melting on the surface of the workpiecc and metal fragments
which are swept away by the dielectric coolant. Although the heat-affected
zone is shallow, surfacc cracking and untempered martensite are sometimes
obscerved on martensitic alloys along with eutectic melting and other cvidences
of overheating in aluminum alloys if the process is not properly controlled.

1.3.1.5 Corrosion Fatiguc.

Corrosion fatigue is that peculiar interaction of a corrosive environ-
ment with an alternating stress ficld which causes acceclerated crack initiation
and propagation, possibly where neither the environment nor the stress acting
alone would be sufficient to produce a crack. In the practical application of the
term, the corrosive environment usually serves to introduce stress raisers
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in the surface in the form of corrosive attack. The irregular surface, in turn,
is detrimental to the fatigue properties of the part in a mechanical or geometric
scnse. For materials susceptibl. to embrittlement by hydrogen or for parts
which are exposed to a fairly continuous corrosive environment with intermit-
tent applications of loading, the cracking mechanism may be somewhat more
complex. An example of corrosion fatigue testing is presented in Fig. E1-17,
which illustrates the effect of a corrosive test environment on the fatigue pro-
perties of precipitation-hardened stainless stecls.
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FIGURE E1-17. CORROSION FATIGUE AND AIR FATIGUE S-N CURVES
FOR PRECIPITA’I‘ION HARDENING STAINLESS STEEL TESTED AT
ROOM TEMPERATURE
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1.3.1.6 Fretting Corrosion.

The fretting corrosion phenomencn has been defined as that form of
damage that arises when two surfaces in contact and normally at rest und‘ergo
relative periodic motion. In vacuum or inert atmosphcres the process is
completely mechanical, but in ordinary atmospheres oxidation is also involved.
Fretting is potentially dangerous because it can result from extremely small
‘surface monuments that often cannot be anticipated or cven prevented. Motions
with amplitudes as low as 5 x 10”? inch are sufficient for this mechanism to be
operative,

Soft mectals exhibit a higher susceptibility to fretting fatigue than hard
metals.  Fretting corrosion increases with load-amplitude, number of load
cycles, contact pressure, and an increase of oxygen in the environment. The
oxidized particles that accumulate between the fretting surfaces lead to both
chemical and mechanical surface disintegrations which generate nuclei for
fatiguc crack initiation. The presence of fretting may reduce fatigue strength
by 25 to 30 pcreent, depending on loading conditions. When a part or assembly
is known to be critical in fretting, one or a combination of the following factors
will be beneficial in reducing or eliminating fretting corrosion:

1. Flectroplating Acri‘tical surfacces.
2. Case-hardening wearing surfaces,
3. Lubricating.
4. Eliminating or dampening vibration,
5. Increasing fastencr load or closcness of [it.
6. Bomlinﬁ clastic matcerial to surface,
. Excluding atmosphere.
1.3.1.7  Reworking.
The suceess of any repair or rework procedure is necessarily closcly
dependent on the analysis of the degrading mechanism.  Only with a proper
understanding of the cause of failure can a satisfactory permanent rework be

accomplished, In the area of service damage caused by fatigue, in-service
failure, or engineering test failure of a part usually provides the impetus to
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rework procedures. In general, these procedures can be separated into two
categories: those parts that contain actual cracks and those that are believed
to have undergonce fatigue damage.

Usually, cracked structural parts are scrapped and replaced with a new
part. Occasionally, however, because of the location of the crack or other
circumstances, such a part is repaired. Repair would consist of removing the
crack or blunting its root and supporting or strengthening the damaged area
by means of doublers, straps, etc. Care must be taken in doubler design so
that new sites of fatigue cracking are avoided. Factors such as fretting cor-
rosion, dissimilar metal corrosion, detrimental stress redistribution, access,
and practicality are prime considerations in establishing such a rework method.

Procedures frequently used to remove minor stress concentrators are
thosc such as increasing a sharp edge, corner, or fillet radius, and grinding
or buffing out coarse tool marks, nicks, and scratches. If assembly stresses
arc high, a joint having mismatched surfaces might be planed or mechanically
realigned, or improved clearance could be provided. When fretting is contrib-
uting to fatigue cracking, a wear strip or lubricant may be inserted between the
working surfaces, or the fasteners may be tightened to reduce or eliminate
motion. Residual compressive stresses are often introduced into the critical
areas of fatigue by shot peening or coining operations.

Estimating the depth of fatigue damage on a surface or below the tip of
a fatiguc crack is difficult and should be experimentally determinced for all
alloy-forming-hcat-treating conditions and the load spectrum. Preliminary
data indicatc that the depth of fatiguce damage bencath cracks for 7075-T6
aluminum alloy is approximately 0.003 inch. However, for high strength steel
it may be many times greater than 0.003 inch.

1.3.2 Processing Factors.

Fatigue usually initiates at a surface because stresses are normally
higher there, particularly since most parts undergo bending loads resulting in
substantially higher stresses in the outermost fibers. The detrimental (or
beneficial) effect of processing on fatigue properties is usually manifest in its
cffect on the strength level or residual stress condition, or both, of the surface
material,

1.3.2.1 Hardness.

Strength of metals commonly used for engineering purposces is generally
higher with increased hardness, up to a point. In steel, for example, increased
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hardness does not necessarily indicate a higher fatigue limit because the
fatiguc limit is also affected by the surface finish. Curves of average fatigue
limit valucs for a range of surfacc finishes are shown in IFig. E1-18. Because
these curves represent average values, allowance should be made for size
effect (larger size generally means lower fatigue limit) .
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FIGURE E1-18. EFFECT OF HARDNLESS AND SURFACE FINISH ON
FATIGUE LIMIT OF STEEL IN REVERSED BENDING
(0.3-INCH-DIAMETER SPECIMEN)

1.3.2.2 Forming,

By definition, the forming process produces plastic deformation (and
residual stresses) in a part to achieve a permanent change in configuration.
Occasionally these residual stresses may prove beneficial; however, usually
there is some loss in fatigue life. Consequently, the residual stresses pro-

duced in forming (and their cffect on fatigue) often dictate the forming limits
for matcrials.
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Residual forming stresses in the completed part ave dependent on at
least three additional factors: The hcat-treatment-forming scquence in proce-
essing, the temper of the material, and the forming temperature.  Parts formed
and subscquently completely heat treated are free of prior forming stresses,
Parts formed and stress relieved contain reduced forming stresses, depending
upon the stress relieving temperature. The forming temperature and the mate-
rial temper, c.g., AQ, T-4, or T-6 for aluminum alloys, also influence the
magnitude of forming stresscs to the extent that they affect the yield strength
of the material at the forming temperature. In general, the lower the yield
strength when forming occurs, the weaker the residual stress field generated.

1.3.2.3 Heat Treatment.

Residual stresses are both produced and relieved in many of the common
heat treat cycles for both ferrous and nonferrous alloys. The principal source
of residual stress occurs in quenching from high temperature solutioning or
austenitizing treatments. Residual stresses are built up by nonuniform cool -
ing rates between surface and core. For aluminum alloys, differential cooling
produces residual surface compression and core tensile stresses. These sur-
face compressive stresses are of sufficient magnitude to produce slightly
higher fatigue strengths.

Aging temperatures for aluminum alloys are too low to produce any
appreciable stress-relieving; however, most steels are tempered at tempera-
tures sufficiently high to affect residual quench stresses. Conscquently, for
stecls after tempering, quenching stresses are not recognized as a detrimental
factor. Quenching stresses in aluminum alloys, however, persist after com-
plction of heat treatment, as indicated by distortion in machining, increased
susceptibility to strcss corrosion and possible detrimental effects on fatigue
life. To minimize these cffects in aluminum alloys, special processing
techniques have been developed, such as reducing section sizes by rough
machining before heat treatment, use of less severe quenches where possible,
and stress relicf/cqualization by cold working of quenched materials (for
example, stretch-stress relicf tempers).

1.3.2.4 Surface Finish.

A given surface-finishing process influences the fatigue properties of a
part by affecting at least one of the following surface characteristics: smooth-
ness, residual stress level, and metallurgical structure. The cffects of
surface finish on fatigue life for 7075-T6 cxtrusions are shown in Fig. E1-19.
Here it can be seen that, in general, fatigue life increases as the magnitude
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of surface roughness decreases. Decreasing surface roughness is scenas a
method of minimizing local stress raisers. '

Aside from cffect on surface roughness, the final surface finishing
process will be beneficial to fatigue life when it increases the depth and inten-
sity of the compressively stressed layer and detrimental when it decreases or
removes this desirable layer. Thus, sandblasting, glass-bcead peening, and
other similar opcrations generally improve fatigue life propertics. Conversely,
processes, such as electropolishing, chem-milling, and electrical-chemical
machining (ECM), which remove metal without plastic deformation at the tool
point may reduce fatigue life properties.

Many local surface defeets and irregularities occur in fabrication and .
service that are difficult to anticipate, inspect for, or control. Stress con-
centrations resulting from small indentations on an otherwise smooth surface
in the form of accidental tool marks, grinding scratches, corrosion pits, or
scrvice-rclated minor damage are occasionally as effcctive in reducing the
fatigue life of structural parts as large scalce stress concentrations resulting
from design deficiencies, depending on the material, hcat-treat range, design
margins, ctc. Such unintentional stress-raisers are damaging in a structure
only if their notch effect is more severe than the most severe stress con-
centration arising from design, unless they arce located so as to intensify the
stress-raising cffect of the critical design feature. Usually the effect of
design stress concentrations far outweigh the cffect produced by surface finish.

1.3.2.5 Cladding, Plating, Chemical Conversion Coatings, and Anodizing.

Clad shects become progressively weaker than the bare sheets as the
lifctime increases. However, the reduction in fatigue life for plain fatigue
specimens is not present to the same degree in built-up assemblies, where the
fabrication stress raisers overshadow the cffect of claddding on fatigue strength.

Aluminum mectal spraying is sometimes applied to extrusions and
forgings for added corrosion protection. The cffect on fatigue propertics is
quitc similar to that observed for cladding. However, it has been found that
sprayed zinc finishes on aluminum alloys do not produce any measurable
reduction in fatigue lifc. Also, it is generally agreed that neither zine nor
cadmium plating has any appreciable effect on fatigue properties.

Chemical conversion and anodic coatings which are applied to alumi-
num alloys for corrosion protection or wear resistance usually produce a
reduction in fatigue life ranging from a negligible amount up to 10 or 15 percent
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of the endurance limit. The method of producing the coating further affects
fatigue propertics. As an cxample, fatiguc tests run on chromic acid anodized
7075-T6 indicated that anodizing with a 5-percent dichromate seal offered a
slight but definite lowcring in fatigue life as compared to that of unanodized
mctal, whereas, a sulfuric type anodizing treatment resulted in a substantial
reduction in fatigue life as shown in Fig. E1-20.
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FIGURE E1-20. EFFECT OF SULFURIC ACID ANODIZE ON FATIGUE
PROPERTIES: 7075-T6 ALCLAD SHEET 0. 090 IN, THICKNESS,
R=+0.2

Fatiguc tests of 7075-T6 bare sheet with an Alodine #1200 coating

showed no loss in fatigue propertics compared to untreatcd material,
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1.3.2.6 Cold Working.

Cold working of parts to induce residual surface compressive stresses
has bcen found to be an effective tool for improving the fatigue life of both
simple and complicated shapes. Methods of imparting cold work include
coining of holes, thread rolling, fillet rolling, peening, hole expansion, pre-
stressing, tumbling, and grit blasting.

It should be realized that residual surface compressive stresses are
most beneficial under loading conditions which produce high surface tensile
stresses, as in bending. Residual compressive stresses, however, are also
beneficial to the fatigue life of axially loaded specimens.

For the desirable effect of surface cold working to be maintained, the
cold-working proccss must be accomplished in the final heat-treated condition;
subscquent thermal treatment must be eliminated when feasible, but closely
controlled when it is cssential. '

Perhaps the most widely used process for inducing residual compressive
stresses in surface material is shot peening. Its use is widespread because
of its low cost and relatively casy application to a wide variety of materials and
parts of varied size or configuration. As an cxample, pecning might be used
before chrome plating or hard anodizing, or in special situations, after a heat
treatment which produced decarburization of a steel part.

When a part undergoes loads that are much higher in one direction than
in the opposite direction, prestresssing the part by applying an excessive load
in the direction of major service loading will often produce beneficial residual
surface compressive stresses and work hardening that will significantly improve
fatigue life propertics. In reverse loading this effect is lost and a detriment
to fatiguc life may result, In the aircraft industry, prestressing is often used
for torsion bars and bomb hooks, to name two examples. It has been shown
in some specimens that tensile prestressing to 90 percent of the tensile strength
increased the endurance limit about 100 percent.

Techniques involving other types of cold working can be found in Ref. 2.

1.3.3 Environment Effects.

The fatigue properties of a metal can be greatly influenced by the nature
of the environment, especially in long-time tests at low stresses and at low
frequencies. Even normal air has a deleterious effect on fatigue life properties,
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and recent indications show that moisture and oxvgen arc the two principal
adverse components. Moisture decreases the fatigue strength of copper,
aluminum, magnesium, and iron by 5 to 15 percent. An example of the
influence of environmental air moisture on the fatigue properties of an
aluminum alloy is given in Fig. E1-21,

DRY ENVIAONMINT

MOIST ENVIRONMENT
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STRESS AMPLITUOE,
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2l ~ ~
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CYCLES TO FAILURE
FIGURE E1-21. S-N CURVES FOR CLEAN SPECIMENS OF ALUMINUM
ALLOY 6060-T6 IN HIGH- AND LOW-HUMIDITY ENVIRONMENTS

It is generally agreed that the main effect of a normal atmosphere with
respect to fatigue life is on the propagation of cracks rather than in their
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initiation. The principal effect of the environment will be in its reaction to the
clean metal exposed at the tip of a fatigue crack. Cracks that would be of a
nonpropagating varicty in vacuuin propagate in the presence of oxygen or mois-
turc; thercby, they lessen the fatigue resistance.

In environments that are more corrosive than air and that substantially
reduce the resistance of the surface layers to fatigue crack initiation, both
initiation as well as propagation may be affected. Environments that lead to
stress-corrosion cracking may also adversely affect fatigue properties.
(Refer to Paragraph 1.3.1.5.)

1.3.3.1 Irradiation.

Some investigations have been made with respect to the effect of nuclear
irradiation on mechanical fatigue properties of metals. Radiation-induced
changes are usually referred to as radiation damage since in many cases the
cffects have been decrrimental in one way or another. Damaging effects such as
loss in ductility have been noted for many metals. On the other hand, beneficial
effects evidenced increased yield and ultimate strengths, fatigue strength, and
surface hardening also have been noted. Rotating beam fatigue tests on 7075-
T6 aluminum aiioy {Ref. 3) indicate an improvement in life due to the effects
of a total integrated flux of 2 x 10" fast neutrons per cm?. Although the
amount of irradiation received by the specimens in these tests is believed suf-
ficient to alter mcchanical preperties, it is not known if the results are signif-
icant for the characteristics of metals during the conjoint action of fatigue
straining and irradiation. Additional studies need to be undertaken for the
simultaneous action of irradiation and mechanical straining at low temperatures.

1.3.3.2 Vacuum.

It has been demonstrated experimentally that fatigue cracking under
uniaxial direct stressing of an aluminum alloy occurs in hard vacuum almost as
readily as within atmospheric pressure. This is contrary to general belief.
Experiments have disclosed trends toward increased crack growth rates in
vacuum which may eventually result in characteristics more critical than
growth rates obtained from in-air tests. Results on aluminum continuously
held in vacuum for periods greater than a week yielded drastic reductions in
fatigue properties. This strongly indicates the time dependency of the phenom-
enon. Results from short-time test exposures in vacuum have shown improved
properties. This is the usually accepted belief. However, for many cases an
extension of the vacuum outgassing time provides a more realistic environment
than do the short-time test exposures previously investigated. Because of this
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anomaly, prolonging the vacuum cxposure is suggested as the only reliable
proccdure at present for evaluating metals for service in space environment.

1.3.3.3 Meteoroid Damage,

In the environment of space, tiny metcoroids and micrometeoroids may
strikce the surfaces of a space vehicle. At present, no information is available
as to this effect on fatigue properties. However, it can be reasoned that
indentations caused by these meteoroids provide ideal sites for the initiation of
fatiguc cracks by reason of the increased stress concentration.

1.3.3.4 Solar Irradiation.

Solar irradiation will cause differcntial heating on orbiting spacccraft.
Over long periods of time, the thermal cycling and the resulting fatigue could
become a serious problem.

1.3.3.5 Temperature.

Flevated temperatures may cause metals to losc strength; low tem-
peratures may cause some metals to become notch sensitive and fail by brit-
tle fracture under load conditions that would be common at normal (standard)
temperature.

In general, the fatigue life of most metals will decreasce with an
increasc in temperature (Fig. F1-22). Studies have indieated that as the
temperature decreases, the crack nucleation period (or time to produce an
observable crack) increases. Moreover, as temperature deereases, the
period of observable fatigue crack growth deercases.

The rate of fatigue-crack propagation as affected hy rate of cyclic
loading and test-load frequency is an additional paramecter to be considered.
In clevated-temperature fatiguc testing, it is known that the number of cycles
to fracturc decreascs and the crack-growth rate increases as the speed or
frequency of eyclic loads is decreased. The damaging, thermally activated
mechanism of creep or creep cracking, acting conjointly with fatigue, is
responsible for this hehavior. In general, this is true because, in the accu-
mulation of stress cycles, slower rates of load cycling result in exposure of
the metal to temperature for longer periods of time than do fast rates of load
cycling. However, from eryogcenic temperatures to room temperature, no
damaging, thermally activated mechanisms arc active. It is believed that
fatiguc lives and crack-growth rates at cryogenic temperatures will be inde-
pendent of load frequency for most metals.
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STRESS

N, CYCLES TO FRACTURE

FIGURE E1-22. FATIGUE LIFE AS A FUNCTION OF TEST
TEMPERATURE (TYPICAL FOR MOST METALS)

Additional information on thermal and creep cffects will be given in
Paragraph 1.4.3.

1.3.4 Design Effects.

Manufactured parts often include abrupt changes in cross scction such
as grooves, fillcts, holes, and keyways; thesc cause a nonuniform distribution
of clastic strains and stresses. The maximum clastic stress at an abrupt
change in cross section is greater than the nominal stress obtained by calcula-
tion with cither the dircct stress, flexural, or torsional formulas.

The geometric stress-concentration factor, K, is defined as the ratio
of the maximum stress in the section to the nominal, or average, stress.
Nominal stress is usually bascd on the net remaining section. Because of
exceptions, it is necessary to ascertain the basis upon which the nominal stress
is established before applying a stress concentration factor.

The full geometric stress-concentration factor is not always applicable
in fatigue loading. The actual fatigue limit of a notched member is frequently
higher than would be expected from the gecometric stress—concentration factor.
This phenomenon is called notch sensitivity., Use of the notch-sensitivity
factor results in a fatigue stress-concentration factor that is determined from:
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K =q (Kt -1)+1

wherc Kf is the fatigue stress-concentration factor for direct tension or

bending; Kt is the geometric stress concentration factor for direct tension, or

modified geometric stress-concentration factor for bending (Ref. 4); and q
is the notch sensitivity. Typical valucs of q versus notch radius for steels
of various strengths are shown in Fig. E1-23.

NOTCH SENBITIVITY, o

[ 002 . 0.04 0.08 o.08 0.Y0 [ § 1] 0.4 [ S 1)

NOTCH RADIUB, ¢ {in}

FIGURE E1-23. NOTCH-SENSITIVITY CURVES FOR POLISHED STEEL
SPECIMENS OF VARIOUS STRENGTHS

The fatiguc-stress concentration factor, K, rcpresents the extent

f’
to which a notch can be expected actually to reduce the fatigue limit of a part.
It is the ratio of the fatigue limit of the specimen without the notch to its

fatigue limit with the notch, Specimens must have the same effcctive section

when Kf is evaluated cxperimentally so that only the effect of the notch is

determined without including an effect which is due to reduction in the section.

il
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When one notch is located in the region of maximum influence of another
notch, the resulting stress-concentration factor is determined by multiplying
the two individual stress-concentration factors. Whether the maximum influ-
ence of one notch encounters the maximum influence of the other depends on
the stress patterns developed by the two notches and the extent of overlap.
When stress concentrations are adjacent to each other, but are not superim-
posed to the extent that one is placed in the region of maximum influence of the
other, the resulting stress concentration factor lies between the value of the
larger factor and the product of the two stress-concentration factors. In steel

members with numerous notches and discontinuities, a valuec of Kf= 3 is
applicable in most cases, and a value of Kf= 4 is the maximum likely to be

cncountered.

1.3.5 Welding Effects.

There cxists a considerable amount of information on the fatigue pro-
perties of various welding cffects in steel (Ref. 5). Howcever, the amount of
information on welding effects in nonferrous materials is relatively scarce,
primarily because of the late development of welding of aluminum alloys. As
a conscquence, the use of welded aluminum in fatigue-loaded structures has
been limited; however, it is becoming more extensive, particularly for applica-
tions where weight savings is of importance. This frequently implies that
fatigue strength is the design criterion.

It has been found that by far the most important factor in the fatigue
bchavior of welded joints in aluminum and stecl is the geometrical shape, both
of the joint as a whole and of the weld bead. Parent material seems to be a
relatively unimportant variable.

The fatiguc limit of welded high_strength steels is only slightly higher
than for low-strength steels if the weld bead is left in place. However, if the
weld bead is removed, the fatigue limit is increased; the amount of increase
depends upon the smoothness of the finished surface. Even partial removal of
the weld reinforcement increases the fatigue limit considerably. For welded
steel with the weld undisturbed, fatigue limits of approximately 12 000 psi in
reversed bending and 23 000 psi in zero to maximum tension are common.,
These are average values, and an allowance for a lower failure rate should be
made. Removal of weld beads also improves fatigue characteristics of
aluminum.
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1.3.6 Size and Shape Effects.

Usual specimens for fatigue tests arc in the range of 0.2- to 0.5-inch
diameter. Some reduction in fatigue limit with increasing size of specimen
has becn observed. This reduction is generally attributed to the fact that larger
sizes stressed in bending or torsion have a larger volume of material in the
region of high stress. This increascs the probability that a dcfect will occur in
the high stress region, leading, in turn, to a higher probability of failure in
larger sizes.

Fatigue tests in axial loading show relatively little size effect, prob-
ably because of the uniform stress across a section under an axial load.

Size has little cffect upon the failure stress at 1000 cycles. Thus, a
size correction is neglected at the 1000 cycle point of the S-N curve and
applied only to the fatigue limit.

Shape of cross scction has some effect on the flexural fatigue limit of
some materials. Steel beams of circular cross scction have fatigue limits of
8 to 10 percent higher than squarc beams. Squarc beams loaded so that the
maximum stress occurred at the corners of the square exhibited fatigue limits
from 4 to 8 percent less than round beams.

1.3.7 Speed of Testing.

The effect of the speed of testing has been studied by a number of
investigators. In the range of from 200 to 7000 cycles per minute there
appeared to be little effect on the fatigue propertics, except when temperature
increascs in the specimens were encountered. At very low spceeds a slight
decreasce in fatigue strength was noted, while for very high speeds some
increasce in strength was found.

Of course, the speed of testing is of great importance at the low-cycle
sidce of the stress-versus-life curve and also when thermal cycling or creep is
involved. These effects are covered in Paragraphs 1.4.2 and 1.4.3.

~—
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1.4 LOW-CYCLE FATIGUE.

A complete S-N curve may be divided into two portions: the low.cycle
rangc and the high-cycle range. There is no sharp dividing line between the
two. Wec might arbitrarily say that from 0 to about 103 or 10 cycles is low
cycle and from about 10 or 10* cycles to 107 or higher is high cycle.

Until World War II little attention was paid to the low-cycle range, and
maost of t'i: ¢ ung results were for high cycles only. Then it was realized
that for some pressure vessels, missiles, spaceship launching equipment,
etc., only a short fatigue life was required. Consequently, the low- cycle
fatigue phenomenon began to gain attention.

1. the iow-cycle range of fatigue life below approximately 10 000 cycles,
the primary paramecter governing fatigue life appears to be plastic strain per
cvele as measured on a gross scale. For higher (cyclic) lives, elastic strain
also assumes importance; perhaps the governing variable is still plastic strain
per cycle, but the plastic strain is highly localized at imperfections in the
structure and is difficult to measure or compute. Beginning at approximately
10 000 cycles and continuing upward, it becomes more appropriate to regard
total strain (elastic plus plastic) as the primary variable. Alternatively, the
fatigue life can be regarded as being governed by stress range, and the ensuing
simple relationship between fatigue life and stress range appears to be valid
for most of the materials that have been tested to date, over a very large range
of lifc on both sides of 10 000 cycles. However, for most thermal-stress prob-
lems the stress range is less likely to be known than is the strain range; hence,
for practical purposes it is desirable to express life in terms of total strain
range. The relationships as applied to problems of both thermal and
mechanical loading are discussed below.

The failure mechanism in the low-cycle range is close to that in static
tension, but the failure mechanism in the high-cycle range is different and may
be termed ""true fatigue.'' A comparison of the failure mechanisms in the two
ranges is made in Table E1-1.
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Table E1-1. Comparison of Low Cycle and High Cycle Fatiguce

Intcrnal stresses and
" strain hardening

Net sum of plastic flow
Gross sum of plastic flow
X-ray disorientation

Slip

Slip plane distortion
Crack origin

Crack path

Fracture

Low Cycle

High Cycle

High

Micro size
Small

Large

Coarse ( 103_10“;\)

Normal

Interior

Along maximum shear

Delayed static

Low

Micro size
Large
Small

Fine (10A)
Persistent
Surface
Cross
maximum

tensile stress

Structural
deterioration

The terms usced in this section are defined below and are shown in

Figure £1-24.

E = modulus of elasticity

N = cycles to failure

et = total strain range

€ = elastic portion of strain range
ep = plastic portion of strain range
C = a material constant

€. = true strain at fracture, commonly known as fracture ductility
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AS = stress amplitude /
/
Se =  endurance limit f_
Su = ultimate tensile As | ¥
strength in ordinary
tensile test
STRAIN
S = ield st h
y y strengt As
Sut =  true stress at frac-
ture in tensile test o T =

1.4.1 Below Creep Range.

FIGURE E1-24. STRESS-STRAIN

In recent years, low-cycle CYCLE

fatigue has been studied extensively
under conditions where little attention has been paid to temperature and tem-
perature effects. There now exists a fairly large body of information on the
subject obtained from laboratory experiments under room temperature con-
ditions (Ref. 6). The general procedure in such investigations is to control
the strain between fixed limits and, if desired, to measure the stress, while
cycling the specimen until failure is determined. Such tests may be under
conditions of controlled diametral strain, longitudinal strain, bending strain,
or torsional strain. The results can be represented in terms of total strain
range versus cycles to failure, or, if desired, of plastic strain range versus
cycles to failure. The former is most often used for direct design procedures,
while the latter is applied when one is primarily interested in real material
behavior. One of the more fascinating features of representing the results in
the form of plastic-strain range versus cycles to failure is the observation
that the curve (on logarithmic scales for both Aep and Nf) is of constant

slope of value 0.5 to 0.65 (depending on the experimenter) and that the
vertical position of the curve relates to the tensile ductility of the material.
A plot of this curve is shown in Fig. E1-25. The line in this figure can be
expressed by the equation

Aep'\fﬁ. = C
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FIGURE E1-25. PLASTIC STRAIN RANGE VERSUS CYCLES
' TO FAILURE

where the constant C may be related to the reduction of area RA  in static
tension test. '

1 100
C=3 I 7oA

A lair degree of information and understanding now cxists for the low-
temperature (below the creep range), low-cycle fatigue problem, although
there are a number of unresolved questions yet to be answerced.

1.4.1.1 Practical Problem Solutions.

The fatiguc curve or cquation necded by the engincer or designer is
onc which shows stress versus cycles and once that contains sufficient safety
factors to give safe allowable design stresses for a given number of opcrating
cycles; or, conversely, allowable operating cycles for a given value of cal-
culated stress. The stress values on the fatigue curves or in the cquations
should be directly comparable to the stress values which the designer cal-
culates using his usual mcethods of analysis for pressure stress, thermal
stress, stress concentration, cte.
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For fatigue below the creep range, Langer (Ref. 7) has proposed an
equation for plotting the fatigue curve for any material:

E 100
S = In =——wH 4+ § ,
m 100-RA e

(refer to Fig. E1-24 for definitions of terms).

For a design stress to represent a lower bound on the data, it is
recommended that the equation above be uscd with a safety factor of either 2
on stress or 10 on cycles, whichever is more conservative at each point. It
is believed that these safety factors are sufficient to cover the effects of size,
environment, surface finish, and scatter of data.

It also has been shown that in the low cycle range (below 10 000 cycles),
mean stress has little or no effect on fatigue life; thus, this effect can be
ignored.

Some typical values of E and RA for various materials are given in
Table E1-2. If information on the endurance limit (Se) is not available one-

half the value of the ultimate strength is often used.

If a more detailed fatigue analysis is required the techniques proposed
in References 6 and 8 should be used. '

1.4.2 In Creep Range.

The high-temperature, low-cycle fatigue problem is in quite a different
state. The material behavior becomes very much more complicated at ele-
vated temperatures because of the occurrence of creep and other diffusion proc-
csses. At temperatures in the creep range of a material, the test results will
be very strongly frequency dependent. Citing the fact that frequency is impor-
tant in high-temperature, low-cycle fatigue is the same thing as saying that
the strain rate of the test is important. A somewhat related situation occurs
if one introduces a hold time into the cycle, say, at the point where the tensile
stress is a maximum. While the strain is held constant, the peak stress
relaxes for some period of time. Results of prolonged hold times during strain
cycling show that the fatigue life decreases with increasing hold times, other
conditions being.the same. A common observation is that, as the temperature
is raised and the rate decreased (or hold time increased), the character of
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the fracture changes from onc¢ which is tronsgranular in nature to onc which
is largely intergranular. This suggests very strongly that the problem is, to
a large degree, metallurgical in nature. A close resemblance can be seen
between these observations and those found in creep and stress rupture,

A sccond important, and certainly related, cffceet which must be appre-
ciated when dealing with high-temperature fatigue is the change in metallurgi-
cul structure which occurs with time at temperature and stress.

Plastic strain and, in the present instance, cyclic plastic strain can
have an important bearing on the precipitation and strengthening effects which
take place in the metal structure. The term "'strain-age hardening'' describes
the effeet that plastic strain has on developing additional strength. It is well
known, for example, that the level of strength reached by applying a fixed
amount of strain to a metal which strain ages is greater if the strain is applied
at the aging temperature.  In designing an alloy for creep, advantage can be
taken of strain-age hardening provided the strain involved is the creep strain
scelected for the design,

1.4.2.1  Ductility Versus Creep Strength.

As mentioned above, creep strengthening can be accomplished for
specific alloys at various regions of temperatures. Howcever, it should be
noted that, simultancously with strengthening, these same regions show
reduced fracture ductility.

This well-known behavior of metals, the inverse relationship between
strength and ductility, introduces a dilemma into the sclection of materials for
high-temperature scrvice. It is necessary, to optimize the strength, to
cmploy alloy additions and heat treatments so as to develop the precipitate
structure in the metal, but this will lower the ductility. Ductility is of prime
consideration in low-cycle fatigue and, to optimize fatigue resistance, it is
desirable to have the material in as ductile a condition as possible (a condition
which results in low creep strength) . However, once wants both creep strength
and fatigue resistance, and it is apparcent that the best that can be achieved is
some compromise condition.

1.4.2.2 Procedurce for Estimating High-Temperature, Low-Cycle Fatigue.
The procedure given here is taken from References 9 and 10, It is a

procedure for estimating the high-temperature, reversed-strain-cyceling
fatiguc characteristics of laboratory specimens. It should be emphasized that
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the mcthod is intended to give only first-approximation ¢stimates as a guide to
material sclection. Final design of important ecquipment should be based on
actual fatiguc data generated under conditiors which simulate as closely as
possible those to be encountered in scrvice.

I. Basis‘.

Figurc E1-26 illustrates the method of universal slopcs. The total
strain rangce is divided into its elastic and plastic components, and cach com-
ponent is plotted against cyclic life on log-log coordinates. Straight lines
usually result for cach of these components. The method of universal slopes
prescribes that the slopes of these lines are assumed to be the same for all
materials. The plastic componcents-are taken to have an average slope value of
-0.6, and the clastic components an average slope value of -0.12. Again, it
should be emphasized that thesc values arce not always -0.6 and -0.12 for all
materials; valucs between -0.4 and -0.8 have been obtained for various mate-
rials for the plastic component, and valucs between -0.08 and -0.16 have
been found for the elastic components. When average values of -0.6 and -0.12
arc choscn for the plastic and clastic components, rcasonable results are
obtaincd.

0.8 0.8

0.2
y *0 )

[ 4
;,- Ac|-l\| oAt. - 28 3‘ ~
/

STRAIN RANGE, As (LOG SCALE)

CYCLES TO FAILURE, N, (LOG SCALE)

CIGURIED K1-26. METHOD OF UNIVERSAL SI.OPES FOR ESTIMA TING
AXIAL FATIGUE UFL
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Having decided on the slopes, it is necessary to determine the inter-
cepts of the two straight lines. In general, it has been found that the property
which most significantly governs the intercept of the plastic line is the ductility

100
D, where D= lnm

For the clastic line, the governing property for the intercept is ¢ /E,
u
where o is the ultimate tensile strength and E the elastic modulus. The

total strain range, given as thc sum of the eclastic and plastic components, thus
becomes

3.50

- u —0'12 0 6 -0.,6
Ac, g (N + D (NY)

as shown in Fig. E1-26.

Good agreement has been obtained with this formula for many materials
(Ref. 9). However, the question ariscs: Can one use this procedure at high
tempceratures within the creep range of the material? In general, it has been
found that the procedure almost always yiclds fatigue life predictions higher
than thosc actually obtained by testing. The explanation for the unconservative
results is, of course, very complex. The relationship between high-
temperature, low-cyele fatigue and intercrystalline cracking is very important.

It has been shown that intercrystalline cracking due to a creep effect
occurs carly in the fatigue life, and thereby bypasses the transcrystalline
crack-initiation period; thus, the total fatigue life is approximately equal to
only the crack-propagation period.

This concept has yielded the 10-percent rule. In this method, crack
initiation and propagation are not regarded as functions of fatigue life; rather
it is assumed that, on the average, only 10 percent of the fatigue life com-
puted by thc method of universal slopes will actually be realized at tempera-
turces within the creep range.

Generally, it has been found that such a computation yields conserva-
tive results; that is, in most cases, it leads to a lower bound on fatigue life.
However, there are cases in which even the 10-percent rule predicts lives that
are higher than those actually achieved in test. This observation (together
with the fact that the 10-percent rule approach inherently excludes the pos-
sibility of taking into account frequency effects, hold-time effects, mean load,



‘TEEHN[BAL LIBRARY

ABBOTTAEROSPACE.COM

Section E1
1 November 1972
Page 56

cte.) causes one to seck further for simple methods of estimation that are
not as limited.

The simplified analysis that has been adopted can be cxplained by the
following. The creep damage cffect is taken as the ratio of the time actually
spent at stress to the time required to cause rupture at tha. stress value,
Since the stress and temperature are presumably known, this rupture time can
be obtained directly from the creep-rupture curve of the material. The fatigue
damage cffect is taken as the ratio of the number of cycles actually applied to
the number that would be sustained in the absence of creep effect according to
the method of universal slopes. Since the test frequency yields a definite rela-
tion between the time of the test and number of cycles sustained, a closed-form
analytical cxpression for the number of cycles to failure can be obtamod This
descrxptlon is shown in the following derivation:

(Crcep-Rupture Damage) + (Fatigue Damage) = 1

t' Nt"
(r) \w )7 !
r f

where
k
L '
t' = T Nf
1/m
%y -0.12/m
b= AT = ANy o
hence,
'- '
ka N_f = 1
AF(N )_o 12/m N
or
N

S . - f
i 1+ k/AF(Nf) (m + .12)/m
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Here
N_' = number of cycles to failure under combined fatigue and creep

N. = number of cycles to failure in fatigue, based on method of
universal slopes, using ductility, ultimate tensile strength and
elastic modulus from uniaxial tests at strain rates comparable
to that undergone by the metal in the fatigue test. Where appro-
priate data are not available, use may be made of data from
conventional tensile tests.

k = cmpirical constant, assumed to be 0.3, but adjustable as more
information becomes available.

m = slope of straight line_creep-rupture curve on log-log coordi-
m
nates, that is, representing curve by o =170 (tr/A)

as shown in the insert in Fig. k1-27.
A = coefficient in creep-rupture relation
F = frequency of cycling, cycles per unit time.

Table E1-3 contains some of the information above, obtained from various test
conditions (Ref. 9).
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Table E1-3. Alloys, Test Conditions, and Pertinent Properties

Test Test Tensile Elantic Creep-Rupture
Alloy Temperature F roquency % Strength Modulus Slope Intercept, A
Designation ¥) (cpm) (%) { ksi) (10 ksi') (-m) (min) {scec)
A-2496 — CR JH% 1000 5 to 50 31, 182, 26.8 <19
1200 5 to 50 8. 167. 23.1 20,12
A-286 — Aged 1200 5 to 50 18. 115. 23.0 012
A 286G 1400 20 57.6 75. 19.0 0,20 1.3 TR,
v
Inco 961 1400 20 16.1 104, 20.8 0.135 0.028 n. 17
D-979 1260 5 to 50 42.0 179. 22.0 0,12
Cr-Mo-V Stecl 1050 1, 10 70.0 69.5 24.0 20,12
1-605 1000 5, 50 44.2 106.0 27.0 ~0.12
1200 5, 60 47.1 95.4 25.0 <0.12
304 Stainlesa 1000 10 67.3 55.H 23.0 0,12
Steed 1200 3to 1R 58.0 41.0 22.0 0.1R8 13.0° ann,
1500 3 ta 37 42.0 20.0 19.0 0.18 03 18,0
147 Stainless 110 67.7 55.0 22.0 0,12
Nimonie 76 1200 10 29.5 81.5 20.3
1:340 10 42.0 53.1 15.4
1600 10 62.5 28.0 12.2
1800 10 66.0 16.2 9.7
Nimonic 90 1200 10 24.5 144.0 26.5 <0,12
13380 0.1, 10 12.0 119.0 25.0 0,135 0.16 9.6
1600 0.1, 10 14.0 76.0 23.0 0.24 2.5 150.
1800 0.1, 10 94.0 16.0 21.0 H.25 4.0 240.
Nimonic 105 1200 10 13.7 142.0 25.0 “0.12
1380 10 18.0 151.0 23.5 <0.12
1600 10 32,5 99.5 22,0 0.16 0,08 4.8
1400 1o HR,. 0 19.2 19.0 0.28 3.7 222.
Udimet 700 1400 1to2 31.0 155.0 23.0 0,12
Astroloy 1400 20 29.6 141.0 23.0 “0.12
Inconel 1500 0.017, 0.1 63.3 26.0 18.0 0.15 1.0 60,
In 100 1000 i 8.3 121.0 27.1 0,12
{'WA 47 Coat) 1700 6 11.0 9.0 22.7 0,17 0.11 6.6
2000 6 10.3 26.8 19.3 0,22 1,3 AN
MAR M 200 1300 6 H. 120.0 26.5 <0.12
(IPWA 17 Cont) 1700 [ 4, 7.0 23.7 0,12
B 1500 1300 6 5. 145.0 25.5 -0.12
{PWA 47 Couat) 1700 6 KR $5.0 23.0 0.17 0.75 45.
2000 6 9. 35.0 20.5 0.26 T 140,
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II. Method.

In summary, two procedures for computing the lower bound on fatigue
life have been outlined. Proceed:

1. By the lo_bercent rule. The universal slopes equation is first userl
to determine cyclic life, and this life is divided by a factor of 10.

2. By the combined creep and fatigue effect.

The problem of determining which of the equations to use, and how to
interpret the results has been given considerable study and the following con-
clusions can be drawn:

a. Determine life by both methods, and use the lower of the two
calculated values. Figure E1-27 is an auxiliary plot that
minimizes the computations needed to determine which value
to use. It is merely necessary to determine the product, AF,
and the slope, m, of the creep-rupture curve at the test
temperature. If the point representing the coordinates lies
above the curve, use the equation for Nf' . If it lies below

the curve, use the 10-percent rule.

b. The lower of the two values determinéd in a. serves as a lower
bound on estimated life.

C. As an estimate of average or most probable life, use twice the
lower bound determined in b.

d. As an estimate of the upper bound on life, use 10 times the
lower bound determined in b.

It has been found that, in most cases encountered in the laboratory, the
10-percent rule is the applicable one.

As tempting as it is to conclude that the method gives results good
enough for many engineering uses, it is perhaps of greater importance to
emphasize some of the cautions involved in its use. It must first be emphasized
that the data analyzed relate to constant amplitude-~strain cycling under constant
temperature. The method appears to place the high-temperature, ldw-cycle
fatigue behavior in the proper range. Thus, it would seem that while the
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method may be regarded as very good for serceening materials, important
material choices should be made on the hasis of actual tests from among the
morc promising materials. And, whenever possible, the complexities of
stress and temperature history expected in scervice should be included in the
test cvalusation,

1.4.2.3 Method of Strain-Partitioning.

In their continuing examination of high-temperaturc, low-cycle fatiguce,
Manson and co-workers (the 10-percent rule) have developed a method which
attempts to analyze directly the effects of creep and plastic flow on cyclic
life (Ref. 11). This method was developed because of the highly time-
dependent nature of the creep cffect and because the life-reducing coffects of
creep depend, to a large extent, upon where within a cyele the creep is intro-
duced and whether it is reversed by plastic flow or by crecp,

In this method, the completely reversed cycelic inclastic strain is
divided into four parts. These are (1) Aepp — tensile plastic flow reversed

by compressive plastic flow, (2) Ae o~ tensile creep reversed by compres-
sive plastic flow, (3) Aepc — tensile plastic flow reversed by compressive

creep, and (4) Ae  — tensile creep reversed by compressive creep.
ce

In any arbitrary hystercsis loop, such as shown in Fig., E1-28, the
tensile inclastic strain (AD) can be separated into plastic (AC) and creep
{CD) components. Likewise, the compressive inelastic strain (DA) can
also be scparated into its plastic (DB) and creep (BA) components. In
seneral, neither the two plastic components (AC and DB) nor the two creep
components (-(_J-I_) and Eﬁ) will be equal. It is nceessary only that the entire
tensile inelastic strain (A_ﬁ) be equal to the entire compressive inelastic
strain (DA) since we are dealing with a closed hysteresis loop. The parti.-
tioned strain ranges are obtained in the following manner. The completely
reversed plastic strain range, Aepp , is the smaller of the two plastic com-

ponents and in this example is equal to DB. The completely reversed creep
sirain range, AGCC, is equal to the smaller of the two crecep components

and hecomes CD. As can be seen graphically, the difference betwecn the two
plastic components must be_egual_t_o the differcnce betwceen the two creep
components, or AC - DB = BA - CD. This difference is then equal to Aepc

or Ac p in accordance with the notation just stated. For this example, it i
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cqual to Aepc since the tensile plastic strain is greater than the compressive

plastic strain. It follows from the preceding procedure that the sum of the
partitioned strain ranges will necessarily be equal to the total inclastic strain
range or the width of the hysteresis loop.

STRESS

PLASTIC FLOW
e

STRAIN

p—

CREEP PLASTIC FLOW

FIGURE E1-28. HYSTERESIS LOOP

The effect of each of these strain ranges on cyclic life is noted in
Ref. 11, and the total cyclic life is determined using a linear cumulative
damage relationship,

N N N
+ + .

N N orN N

PP cp pc cc

where Npp is the cyclic life associated with the strain range of Ae
N or N is the cyclic life associated with Ae or A¢ , and N
cp pc cp pc cc

is the cyclic life associated with Aecc
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This method differs from the 10-pereent rule in that it attempts to
cleal dirccetly with the phenomena occurring at high—temperature, low-cycle
fatigue rather than using an estimate basce ! on low-temperature, low-cycle
fatigue findings. Tt differs from other metnods which partition damage effects
at high temperatures in that all relations used are strain range versus cyclic
lifc rather than a combination of that and stress versus time life. The gener -
ation of strain range versus cyclic life data is required in this method where
the 10-percent rule requires only static tensile properties.  This method
agrees well with the 10-percent rule for the materials tested and may prove
a basis for that rule. This mcthod is also uscful in explaining frequency
cffeets and hold-time effeets. Finally, to quote the authors of this method,
""The method is in an early stage of development, and many questions must
be answered before its merits can be evaluated™ (Ref. 11).

1.4.2.4 Two-Slopc Fatigue Law.

Coffin and Manson have proposcd the following fatigue law for plastic
strain:

N (1)

where Nl' is the ceyeles to failure, Ae s the plastic strain range, and 3,
P

C arc the constants.  This bas been modified to include the effcet of frequency
in hich-temperature, low-cycle fatigue,

k-1\/3
N v = C .
< { ! ) Aep C, , (2)

. k-1 . )
where 1ois the frequeney, ko, C, arc the constants, and Nfu is defined

as the frequency-modified fatigue life. The frequency offect was extended
further to include the stress range,

Ag = A (A(p)n uk1 (3)
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and

B
q
it

stress range s

where A, n, and k are constants. Combining cquations (2) and (3) and
generalizing for the total strain range

Ae = (AC,'/E) Nf'ﬁ"k1+ (1K), cng'ﬁv(l'k)B : (4)

where E -is the clastic modulus.

Coffin reports in Ref. 12 that with incrcasing temperature the exponent
B incrcases approaching one and the constant C corrclates less well with the
tensile ductility. Because of the high exponent for 8 in equation (1) reported
for many materials at elevater; tempcrature, extrapolation to low lives could
lead to plastic strain ranges excceding the tensile ductility. Becausc this
situation is highly unlikely, there must be a break in the curve of the Ae¢

versus Nf relationship so that it will pass through the tensile ductility value
at Nf = 1/4 (Fig. E1-29). This change in slopc is due to a change in the

mode of crack propagation. In less ductile materials this change in slope is
duc to a change in the fracture mode resulting from environmental interaction.
In ductile materials this change in slope at high temperatures results from a
change from intergranular to transgranular fracture and as can be seen in
Fig. E1-30, as temperature increcases the change in slopc is more drastic.

The main benefit of the two-slope fatiguc law is that it gives a more
accurate description of the occurrences in plastic strain and leads to a clearer
recognition of the operative physical process. A recognition of the causes of
the two-slope phenomenon emphasizes the importance of the environment and
of time in the environment (frequency and hold time). However, the constants
of the equations are highly material dependent and temperature dependent and
if cxperimental data are not available, these constants cannot be determined.

1.4.3 Thermal Cycling,

The previous sections have considered mechanical strain or stress
cycling at a constant temperature; this scction will consider mechanical
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strains induced by cyclic thermal stresses.  Failure under repetitive appli-
cation of thermal stress has been termed thermal stross fatigue.

The principal activity in which ana lysts have, until recently, engaged
whenever thermal-stress problems were encountered has becen the computation
of clastic stresscs. The treatment of this subject may be found in Section D,
Thermal Stresses. While such computations constitute a neeessary and desir-
able first step in any practical analysis, they unfortunatcly do not provide
sufficient information for a final evaluation when dealing with ductile materials.
Thus, it is important not only to take into account plastic-flow ctfects that
occur when the yield point is exceeded but to consider how such plastic tlow
might change during progressive thermal and load cycling of the material.
Recent contributions have made a valuable start toward an understanding of
this problem. Not only have new computational technigues been developed
for taking into account inelastic cffects such as creep and plastic flow, but a
start has been made toward including cyelic cffects both in computational
procedure and in the interpretation in terms of material behavior. The fail-
urc criterion for brittle matcrials is, of course, different from the criterion
for ductile matcrials. From an engineering point of view, the problem is to
determine suitable working stresses.

1.4.3.1 Idealized Thermal-Cycle Model.

A model will be chosen in which all the thermal strain is converted to
mechanical strain, The casce is shown in Fig. 151-31 in which a bar is fixed
at its ends between two immovable plates so that the length of the bar must
remain constant,  To approach the problem realistically, the model should
show struin hardening, and the effeets of stress relaxation that occurs during
any hold period that may be imposed at high temperature.

Referring to Fig. E1-31, the bar is assumed clamped when hot, so
thut tensile stress is developed along OAF during the first cooling. Plastic
flow is initiated at A, but the stress continues to inerease to F because of
strain hardening. At T the specimen is held for a dwell period, but no stress
changc occurs (relaxation), since the temperature is presumed to be low
¢nough to make creep and anclasticity negligible.  Upon reheating of the speci-
men, the stress-strain relation proceeds along I'GE, vyiclding at G, at which
time there is a much lower stress than there is at A because of the Bauschinger
ctfect.  (The Bauschinger cffect states that plastic flow in one direction
reduces the stress at which yiclding will occur in the opposite direction.)



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM :

Section E1
1 November 1972
Page 66

When the initial high temperature is
restored, the state of the material is
at point E, wherc a compressive elastic
strain is necessary to offset the tensile
plastic flow that occurred during AF
———e COOLING and, thereby, return the specimen to
o HEATING a net strain of zero. This elastic

1 strain introduccs the stress OE. Any
hold period at the high temperature and
e stress may convert this elastic strain
to inelastic strain-crecp and anclas-
ticity, thcreby reducing the stress.
Thus, point E moves to point L' by
the timc the specimen starts to cool
again. The cooling causes the path
E'F' to be traversed. Reheating
results in the path F'E'. The hold
period at the high temperature converts
TOTAL e"toE"'"", ete. After a few cycles,

a MECHANICAL )
STRAIN the stress-strain path may settle down

!5: to an cssentially unchanging loop. For
' . illustrative purposes this loop may he
/ taken as E'"'F'E"E'"''. This corre-
sponds to an asymptotic hysteresis
loop and takes into account not only all
FIGURE F1-31. SCHEMATIC STRESS- the hardening or softening character-
STRAIN RELATIONSHIP FOR FIRST istics but also creep and anelasticity

FEW CYCLES OF THERMAL cffects as well as cffects due to changing
CYCLING OF CONSTRAINED BAR temperature and mecetallurgy.

BAR WITH CONSTRAINED ENDS

STRESS

»

1.4.3.2 Effect of Creep.

In the experiments that have been performed to date, analysis of the
thermal-stress fatigue behavior has been made largely by relating the plastic
strain per cycle to the number of cycles to failure. Normally, the plastic
strain is determined by subtracting the clastic-strain range from the total-
strain range, which in turn is computed by dividing the stress range by the
clastic modulus. When creep occurs during the high temperature portion of
the cycle, this proccdure produces inaccuracies. Not only is the plastic flow
improperly computed if creep is neglected, but the omission of the creep can
sceriously affeet the computation of eycelic life because the cffcet of creep strain
on life differs appreciably from the cffect of slip-type plastic flow.

C-W
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Consider Fig. E1-32, which shows the stress-str

two idcalized cases.
Then,

ain relationships tor
In Fig. £1-32 (a) no creep is assumed to take place.

where Ao is the stress range and E is the elastic modulus.

( The clastic
modulus is assumed to be constant over the

entire temperature range;

Ae,

TEMPERATURE

TEMPERATURE //

«
1’0

FIGURE E1-32. PLASTIC-STRAIN AND STRI'SS-RANGE
RELATIONSHIP FOR (a) NO CREEP RE LAXA TION
DURING HOLD PERIOD AND (b) CREEP
RELAXATION DURING HOLD PERIOD
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assumption of a temperature-dependent elastic modulus complicates the
problem even further.)

However, when creep occurs during a hold period | Fig. E1-32(b)], the
plastic strain per cycle is not direcctly related to the total stress range. For
the tensile portion of the cyele, the plastic strain cp' is

Ao
' = _ =1
ep a T, 5

where Aoy is the stress range developed during the cooling portion of the
cycle only. In the heating portion of the cycle, the stress range is larger,
thus reducing the direct compressive plastic strain ep"‘ . Howecver, the total

" m"e

plastic strain € also includes the creep € during the hold period. This

creep strain replaces the elastic strain relaxed during the creep and is, there-
fore, cqual to (Ao, - Aogy)/E. Thus,

AR

€ =€"‘+e""=(vT0_A02+A02"A01:<VT0--——1A(,7 =¢ '
PP p F. T. E p

Thercfore, the plastic strain in compression is equal to that in tension, but
these strains are not directly related to the total stress range.

1.4.3.3 Comparison of Thermal-Stress Fatigue with Mechanical Fatigue
at Constant Temperature,

Scveral experiments in which mechanical fatigue at various temper-
atures was compared with thermal-stress fatiguc have been conducted (Refs.
13 and 14). Fatigue tests were conducted at several constant high tempera-
turcs by loading mechanically, and the results of the tests were compared
with thermal-stress fatigue tests in which the temperature naturally varied
over an appreciable range. The results of a test are shown in Fig, K1-33 and
arc analyzed in terms of cyclic life at a given measured plastic strain. The
mecchanical-fatigue tests are shown at 350°, 500°, and 600° C, whereas in
the thermal-stress tests the specimen was completely constrained and cycled
between 200° and 500° C, so that the mean temperature was 350° C., As can
be scen from the figure, at equal values of cyclic plastic strain the number of
cycles to failure was much less for the thermally cycled specimen than for one
mechanically cycled at 350° C and even for onc mechanically cyeled at 600° C,
even though no part of the speecimen in the 200° to 500° C thermal-stress
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FIGURE E1-33. CYCLES TO FAILURE IN THERMA L-STRESS FATIGUE
COMPARED WITH CYCLES AT CONSTANT TEMPERATURE IN
SIMILAR PLASTIC STRAIN RANGE

fatiguc test ever reached 600° C. Reasons for this discrepancy have been
generally attributed to nonuniformitics of tempcerature along the specimen
and the scnsitivity of the properties of the materials to temperature in the
range traversed by the thermal-cycling tests.

For this reason it would appear that, until further tests clarify the
problem, the temperature for the mechanical-fatigue tests should be taken
as the highest tcmperature of the thermal_stress test. In this way, mectal-
lurgical phenomena will not be overlooked and pessimistically low values of
life will be indicated; this appears to be necessary on the basis of most tests
conducted to date,

Spera (Ref. 15) has presented a method for caleulation of thermal.
fatigue life based on accumulated creep damage. He proposes that thermal-
fatigue life can be determined from the basic mechanical properties of a
material by calculating lines for cach of two distinct and independent failure
modes: (1) cyclic creep-rupture, using a modification of the well-known life-
fraction role proposed by Robinson and Taira, and (2) conventional low-cycle
fatiguc, using the empirical equations of the Mcthod of Universal Slopes
developed by Manson (Refs. 9 and 10). Equations arc presented in sufficient
detail to define completely the analytical procedure.
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I.4.3.4 Summary.

When plastic strains are introduccd by constraint of thermal c¢xpansion,
fatiguc ultimately results. The number of cycles that can be withstood depends
on the plastic strain and the temperatures at which these strains are induced.
Whether tension or compression occurs at the high temperature seems to have
little cffect on fatigue life. Probably the most important single variable is the
maximum temperature of the cycle, particularly if it is high enough to cause
metallurgical effects to take place. Increasing the maximum temperature for
a given temperature range will generally cause a much greater reduction in
cycles to failure than increaSing the temperature range by the same amount
and maintaining the same maximum temperaturc. The time at which the max_
imum temperature is maintained can also have an effeet on fatigue life, but of
smaller magnitude. The effect can be beneficial or detrimental to fatigue life,
depending on the material, temperature, and lifc range.

Limited data indicate that fatiguc life in a thermal-stress fatiguc test
is somctimes considerably less than the fatigue life of a mecchanically strain-
cycled specimen having the same total strain as the thermally fatigued speci-
men and tested at a constant temperaturce equal to the average temperature of
the thermal-stress fatigue test.

The cffect of prior thermal cycling on specimens subsequently evaluated
for stress rupture depends greatly on the material and the number of prior
cycles. In general, the effect can be expected to be dctrimental; however, in
some cases it may actually be beneficial.

Each of the materials that has been studied to date — type 1347 stainless
steel, the cobalt-basc alloy S-816, and the nickcl-base alloys Inconcel and
Inconcl 550 — displays characteristics considerably different from the others
in thermal-stress fatiguce, and prediction of distinctions in the behavior of one
from that of another is difficult. Hence, more classes of materials must be
investigated belore a reasonably complete picture of the thermal-fatigue
behavior of materials, in general, can be understood. For specific informa-
tion on behavior of the various types of materials, investigate Refs, 13, 14
16, 17, 18, 19, and 20.

’
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1.5 CUMULATIVE FATIGUL DAMAGE.
1.5.1 Theory.

One important problem in fatigue analysis is how to calculate fatigue
life. From the S-N diagram, we know that the higher the alternating stress,
the lower the number of cycles a part will endure before failure. Also, at
stresses below the fatigue limit an infinite number of cycles can be sustained,

In most cascs the weight penalty imposed by using the fatigue limit as
an allowable stress cannot be tolerated. If stress cycling is at a known level,
an S-N curve can be used to determine the number of cycles to failure and thus
the life of the part can be predicted. Most structural components or parts are
subjected to irrcgular fluctuating stresses in which the maximum and minimum
stresscs arc constantly changing. Thus, it is nccessary to use a fatigue theory
which will account for the damage caused by different magnitudes of stress
cycles.

Of the several cumulative damage fatigue theories known, the one most
widely used and best known is the one suggested by Palmgren and later, inde-
pendently, by Miner. The Palmgren-Miner hypothesis is that the fatigue
damage incurred at a given stress level is proportional to the number of cycles
applied at that stress level divided by the total number of cycles required to
cause failure at the same level. This damage is usually referred to as the
cycle ratio or cumulative damage ratio. If the repeated loads are continued
at the same level until failure occurs, the cycle ratio will be equal to one.
When fatigue loading involves many levels of stress amplitude, the total
damage is a sum of the differcnt cycle ratios and failurc should still occur
when the cycle ratio sum equals one.

n.

=+ 2+l =10
Ny

Z'__

i i
This cquation has been used by designers for many years, but at the
same time it is under criticism by researchers. It is found that:

1. In many test results the summation of n/N is far from one.

2. The fatigue damage is not linearly proportional to the number of
cycles or the cycle ratio n,/Nj.
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3. There is interaction in the fatigue damages between various stress
levels which Miner neglected.  In the interaction there is also a
scquence cffect which means tha: the fatigue damage resulting from
the high load first, with the low load next, will be different from
the damage resulting from the low load first, with the high load
next.

Awarec of its limitations, designers still use Mincr's cquation as a
preliminary guide because of its simplicity, versatility, and sufficient accu-
racy, commensurate with the data currently available for this type of analysis.

What are the consequences when Miner's cquation is used for random-
loading conditions ? Random-load fatigue testing is timc-consuming and costly,
and the scant data available do not permit a general clear-cut answer to this
question.  According to Freudenthal (Ref. 21), the sum Zn/N is always less
than one. In some cases the sum is as low as 0. 13 but it is mostly between
0.20 and 0.60. The primary reason for this discrepancy, according to
Freudenthal, is the interaction of fatigue damages between various load
amplitudes.

On the other hand, it has been found that notched parts gencrally give
a summation value preater than one. Since practically all of the structural
fatigue failures originate in some form of notch, the question of what value to
use in place of 1.0 has been asked.

The National Acronautics and Space Administration conducted full-scalce
fatiguc tests on C-46 transport airplanc wings and their summation of cycle

ratios was 1.4 (Ref. 22).

However, until more information hecomes available, Miner's equation
is recommended for preliminary analysis.

1.5.2 Analysis of Data.

Numerical simplifying assumptions are often nceded to speed up the
analyzing of data. Mainly, these assumptions have to do with primary and
sccondary cycles.  The following four conventions serve to cstablish and define
primary and sccondary cycles:

1. A mcan value of stress, Smean for the entire record is approxi-

matced.  Although a time average and a peak point average generally
yield different average values, the two may be assumed to be equal.
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2. The maximum stress occurring between a positive S Crossing
mean
(positive in slope) and a negative (negative slope) S crossing
mea
is called Smax' All other maximum stress values are designated

as S .
ma

3. The minimum stress occurring between a negative S can crossing
m
and a corresponding positive crossing is designated as Sn in' All
. 11

other minimum stress values are Smi points. See Fig. E1-34.

4. The combinationof an S . and the next S form a primary
min max

cycle. The combination of an S . and the next S form a
mi ma

secondary cycle.

Accurate evaluation of fatigue
damage usually requires that all pri-
mary cycles within a given period be
considercd, but it rarely requires that
all secondary cycles be considered.
The effect of neglecting secondary
stresses in random data will be inves-
tigated in terms of the following
propositions:

STRESS

Proposition I — If peaks {maxi-

— mums) and troughs (minimums) are
/ — S min normally distributed about a mean
stress, the damage per cycle caused
FIGURE E1-34. A PART OF A by all cycles which do not cross the
STRESS RECORD mean siress line can be neglected,

Proposition II — If peaks and troughs arc normally distributed about
a positive mean stress, the damage per cycle caused by all cycles which
ncither cross nor excced the mean stress line can be neglected.

Proposition III — If peaks and troughs arc normally distributed about
a positive mean stress, the only time a secondary cycle needs to be considered
is when it lies above the mean stress, when it occurs just after Smax has

been established, and when it reaches the lowest Smin established since the

last mcan stress crossing.
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Usually for random data, onc of these propositions can be considered
valid. Fig. E1-35 illustrates scveral more or less useful approximations,
somc of which are generally valid, and all of which are usually more valid
than the half-cycle rearrangement described above. In cach case¢, a heavy
basc line is used to indicate a mean stress linc.

1.5.2.1 Peak Counting Techniques.

Figure E1-36 shows the three most commonly used cycle counting
mecthods among a considerably greater number which have been proposed and
used. Some of the others arce modifications of the oncs shown. Ior example,
the first one is frequently modified so that positive and negative half cycles
are counted and tabulated scparately. The second method pairs off succeeding
positive and negative amplitudes so that cach cycle mean can be calculated.,

The third method, without refinement, is not very accurate unless only
one frequency is present. If a low and a high frequency appear with equal
amplitudcs, the high-frequency, low-range (amplitude) activity will mask the
low-frequency, high-range component; the result will be indistinguishable from
a high-frequency, high-amplitude loading which is very damaging. Sce Case 3
of IFig. E1-36.

Howcever, an important refinement to the third method of Fig. E1-36
is the use of zones and the counting of passages [rom onc zone to another,
particularly to a nonadjacent zone. This mecthod, which is listed as method
Ja in the figure, is cquivalent to method 2 if a large numbcer of zones and zone
scparations arc uscd and properly recorded.

1.5.2.2  Statistical Mcthods of Random Load Analysis.

Most of the fundamental concepts of fatigue indicate that some typc of
cycle-counting technique is needed to evaluate the fatiguc damage caused by
random loading. Dircet technigues of this type, such as peak counts and rangc
counts arc simple and accurate but often quite cumhersome to apply. Othcr,
less direet methods are somcetimes sought to estimate the same information
less laboriously. Two such indirect methods are presented in Refs. 2 and 3,
in which sampling or alternative measurements arce used and converted into a
usclul form by statistical means. In gencral, these methods have not been as
accurate in ¢valuating cumulative fatigue damage as the more direct methods,
HHowcever, their use with large guantities of data makes the loss of accuracy
acceptable.
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FIGURE E1-35. FIVE DATA-REDUCING APPROXIMATIONS OF VARYING
DEGREES OF VALIDITY
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1.5.3 Example Problem (Paired Range Count Method) .

To evaluate the damage caused by complex stress-time cyeles, it is
necessary to correct for the difference in mean stress, S , for the various
m

stress alternaticns, Sak Four ccnstant amplitude S-N curves for different

mean stresses are shown in Fig, F1-37. A complex stress-time hisotry for
an identical specimen is shown in Fig. E1.38.

The first step is to determine the damage caused by the smaller varia-
tions which are crosshatched in Fig, E1-38(a). The largest mean stress is
approximately 20 ksi and, as shown in Fig E1-37, for this mean stress an
alternating stress of 4 ksi or less causes no damage. At any mean stress less
than 20 ksi, the alternating stress which causcs no da mage increases so that
any alternating stress of 4 ksi or less can be omitted. Thus, variations BC,
DE, GH, JK, NG, PQ, and ST cause uo fatiguc damage. The stress-time
histery is reploited in Fig. E1-38(b), with the previously cvaluated variations
removed,

The second step is to evaluate the smallest remaining stress variations
IL znd RU. For IL, the alternating stress is 5 ksi and the mean stress is 10
ksi. Referring to Fig. E1-37, under these conditions failurce would result in
167 cyeles. Hence the damage is n/N=1/10"= 10", Calculating the damage
causcd by RU in the same manner n/N=1/2.2% 107= 4.55 x 10" °, The
stress-time history is again replotted in Fig. E1-38(c¢), with the evaluated
variations removed.

The third step is to cvaluate the remaining cycle, ¥M, with Su = 20 ksi
and Sm = 5 ksi. Interpolating between Sm = (0 and Sm = 10, failure would

result in 3.5 %X 10% eyeles. Hence, the damage caused is 1/3.5 X 10° = 2,86 x
1074 The last step is to sum the damage caused by all the variations. In
this case,

1077 + 4.5 x 107° + 2.86 x 107! - 3.316 x 10" °

Using the cumulative damage theory with £n/N = 1. 0, the stress-time history
cen be repeated 3000 times (1.0/3.316 x 10”1 = 3000).
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FIGURE E1-38. STRESS-TIME HISTORY CURVES
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1.6 MATERIAL SELECTION TO RESIST FATIGUI,

1.6.1 High Cycle,

The first step to be considered in fatigue design is selection of the
structural matcrial. The four most commonly used materials are stecl, tita-
nium, aluminum, and magnesium. Unnotched rotating-beam fatigue data are
presented in Fig, E1-39 and notched data arc shown in Fig. E1-40. Each alloy
was selected because it has the highest fatigue strength in its class, based on
available data, i.e. » 4340 heat-treated 260-280 Ksi has the greatest fatigue
strength of all the steels. For the unnotched specimen, Ti-155A, titanium
is, by far, the best material., The thrce other materials, 7075-T6 aluminum,
AZB0A-F magnesium, and 4340 steel heat-treated 260-280 ksi are approxi-
muately cqual. It should be noted that titanium and steel have well-defined
fatigue limits.

For the notched specimen also, Ti-155A, titanium is the best material,
as shown in Fig. E1-40. The three other materials, 2024-T4 aluminum,
AZS80A -F magnesium, and 4340 steel heat-treated 260-280 ksi, are approxi-
matcely cqual. For the notched specimen, all four have well-defined fatigue
limits. Only one class of structural material, aluminum, changed alloys as
a result of sclecting the best fatigue strength in unnotched and notched speci-
mens.  The notch used had a stress concentration factor of approximately 2, 8,

Rotating-bending specimens usually give different results than axial
load specimens due to the large stress gradients produccd in the bending tests
and which are not present in axial tests. Different forms (e.g., sheet, bar,
rod, cte.) sometimes cause different fatigue strengths.  Therefore, an
accurate selection of alloy for fatigue strength should be based on fatigue data
with similar loading, form, and stress concentration factor as the particular
structurc in question.

1.6.2 Low Cycle,

Different materials may show substantially different abilities to resist
repeated straining and repeated stressing; also, they have various abilities to
retain their properties when subjected to large cyclic plastic strains. Because
of these differences, the relative low-cycle fatigue resistance of several can-
didate materials should be rated, preferably without going through the arduous
task of extensive fatigue testing (Ref. 23).
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A distinguishing difference between high-cyvele and low-cycle fatigue

is that in the latter the plastic strain component is considerably larger. These
large plastic strains can induce significant ¢hanges in the stress-strain
response of most materials.  The most suitaule test for studying these changes
in deformation resistance is one in which the specimen is cycled between
fixed limits of strain, rather than stress. During cyelic straining, a mechan-
ical hysteresis loop develops (Fig. E1-41). The controlled parameter is

total strain range AIg‘t, which is com-

nosed of an elastic and plastic com-
ponent. Plastic component AL s
p

the width of the hysteresis loop;
wherceas, the height of the hysteresis

STRESS

U loop is ‘_’Ua, where Ga is the stress
amplitude.
2e, During cvelic straining, mate-

rials cither harden or soften, depend-
sTRAIN  ing upon their previous history. For
example, annealed materials will
gencerally urdergo a cyclic hardening
process, which is indicated by an
increase in the stress required to
cnforce the strain limit on successive

- Asy cycles. On the other hand, cold-
- Ae, worked materials generally soften.
I Changes in the siress response oceur

rapidly in the carly portion of the life
but reach a reasonably stable level or
steady-state condition after about 10
to 20 percent of the life.

FIGURE E1-41. SCHIEMATIC OF
MECHANICAL HYSTLRISIS LOOP

After this transient stase, a steady-state or saturation condition is
attained during which the hysteresis loops maintain an essentially constant
shape until prior to complete fracture. The curve drawn through the tips of
thesoe stabilized hysteresis loops (obtained from specimens tested at different
amplitudes) is called the cyelic stress-strain curve, Fig, E1-42(a). It pro-
vides a convenient description of the steady-siate cyelie stress-strain response
of a-material. Thus, monotonic (static) and cyclic stress-strain curves may
be displaved on the same diagrum, Fig. 11-42()), o that the effect of dif-
ferent variables can he represented in a concisc way.
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FIGURL E1-42. CYCLIC STRESS-STRAIN CURVLE, AS DETERMINED
FROM SEVERAL HYSTERESIS LOOPS, (a). COMPARISON WITH

\ MONOTONIC CURVE, (b)

Although metals may undergo cyclic hardening or softening, the prob.
lem of softening is more important, since the strength propcerties of the mate-
rial during low-cycle fatigue may be appreciably less than one would cxpect
from the stutic stress-strain curve.  Two questions, thercfore, scem to be
important: Will the material cyclically soften? If so, how much will it soften”

A component, or a critical location in a structure, may undergo cither
repeated straining or repeated stressing, depending upon the geometry and
load environment. Some matcrials show good strain resistance, whercas
others show good stress resistance. 1t is, thercfore, necessary to decide
whether a design requires a strain-resistant or stress-resistant material.

The relation between the total strain amplitude,
to failure, N is given by

[’
A‘[ ALp ¢
o~ - ] ON
3 2 oY

where ¢ is the futigue duetility exponent.

Aet/2, and the cycles
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Thus, the short-life strain resistance of materials depends mainly

upon the fatigue ductility coefficient, ef'_. and c. Using typical experimental

values for the constants, it is apparent thai ¢« material with a large value of
ef'" and a small valuc of ¢ has the best resistance to repeated straining.

The fact that a material shows good strain resistance does not neces.
sarily imply that it has a good cyclic stress resistancc. To point out the
importance of deciding whether the material to be selected must resist repeated
strains or repeated stresses, seven materials were tested for both stress and
strain resistance in Ref. 23. The material with the highest stress resistance
was fourth in ability to resist cyclic strain. Likewise, the matcriual third
best in eyclic strain resistance dropped to sixth in stress resistance.
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1.7 DESIGN GUIDES,

At the present level of knowledge, it is impractical to establish quanti-
tatively the limiting fatigue design rules for specific structural configurations.
The diversity in missions, loads, stresses, muterials, and cnvironments
certainly suggests this to be an impracticable, if not impossible, task. Quali-
tatively, however, the practices to he followed in the design of fatigue resist-
ant structurc’can be defined, and if strict adherence to these established
practices is maintained, potential fatiguc problems can be reduced in the initial
stage of structural design.

In general, the basic rules used in the airframc industry will apply in
the design of space vehicle systems. Past experience and learning from the
one ficld can be carried over to the other, although some precautions should
be taken.  Old designs may be unsuited to a new environment.

When procedures are proposcd, they often become general rules which
regulate structural design, cven though they may be inappropriate. Recom -
mendations used in the sense of "design rules' are far morc appropriatce,
With this interpretation, a few of the more pertinent guides for the design of
spacc vehicle systems may be listed:

1. Kecp the design simple,

2. Provide for multiple load paths when feasihle.

3. Give extra consideration to tension-loaded fittings and components.

4. Apply fitting factors of safcty to net stresses around holes and
cutouts.

0. Laboratory test all newly designed joints and compare with "time-
tried" structures.

6. Utilize longitudinal grain dircetion of matcrials whenever possible
(particularly for aluminum and stecl alloys).

7. Provide gencerous fillets and radii.

8. Break all sharp cdges; polish critical regions if it is considered
neeessary.

9. Reduce bearing stresses in riveted and bolted members to design
minimums,
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Take precautions to protect parts from corrosion.

‘Whenever possible, reduce eccentricity of joints and fittings.

Ensure that doublers and structural reinforcements result in
gradual, rather than abrupt, changes in cross section.

Provide easy access for service inspection of structure,

Provide inspection procedures during fabrication and assembly of
structure.

When practical, produce parts and fittings from forged material
rather than from extrusions or machined plate stock.

Design parts for minimum mismatch or installation; this results
in lower residual and preload tensile strains.

Avoid superposition of ''notches' in design.

Make a proper selection of materials with cost, strength allow-
ables, fabricability, and environmental effcets in mind.

Pay close attention to fabrication techniques for optimum forming
of components.

Establish reliable welding techniques for reproducibility of joints
strengths.

Construct rigid and precision tooling for the manufacturer of pro-
duction parts.

Undoubtedly, there are additional useful fatiguc guides which could be
added to the list above. Many such guides arc unwritten and only intuitively
known by the most experienced design specialists. Excellence in design, how-
ever, is not accomplished by the designer alone. It requires the close cooper-
ation of specialists able to perform complex dynamic stress analyses: acous-
ticians, vibration engineers, metallurgists, specialists in structural testing
and rcliability analysis, as well as those expericnced in tooling and
manufacturing.

These guides and recommended practices for designers are suggested
for the sole purpose of reducing the overall development time from preliminary
desigv lavout to assembly in production.
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E2 FRACTURE MECHANICS.

2.1 GENERAL.,

Structures subjccted to constant loads at moderate tempceratures have
been designed primarily on the basis of the yield strength and/or ultimate
strength of the material. Many of these structures have failed prematurely at
stresses below the yield strength, with disastrous conscquences. These
brittle failures have occurred in such diverse structurcs as storage tanks,
suspension bridges, aircraft landing gears, and rocket motor cases. An
examination of such failures indicated one predominant feature: A small

defect or flaw was usually found at the failure origin.

Therefore, the key to brittle fracture control lics in understanding both
the weakening effects of flaws and cracks in metals and thosc factors that
influence this effect. To be useful in an engincering sense, this understanding
must be translated into the types of tests and structural mechanies familiar
to the metal produccr and designer. The body of knowledge concerning this

type of failure has become known as fracture mechanics.

Basic to fracturc mechanics is the understanding of the state of stress
near the tip of a sharp crack and the relationship between gross stress and
flaw geometry. These concepts are discussed in subsection 2.2, Stress—

Intensity Factors.

Flaw growth or crack propagation under ecyclic loads is a basic problem
which is handled best by fracturc mechanics concepts. A thorough discussion

of flaw growth is given in subsection 2.3.

Finally, subsection 2.4, Application of Fracturc Mechanics Technology,
relates stress-intensity factors and flaw growth to the engineering design and
analysis of structures. Particular attention is given to pressure-vessel design

because of its importance in the acrospace industry,
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2.1.1 Comparison of Fatigue and Fracture Mechanics.

Similarities and dissimilarities between fatigue and fracture mechanics
are summarized in Table E2-1. Both fatigue and fracture mechanics depend
primarily on results of laboratory tests; however, the fracture mechanics
concept makes it possible to handle fracture considerations in a quantitative

manner and has shown greater applicability to fatigue crack propagation.
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2.2 STRESS-INTENSITY FACTORS.

To understand how fracture mechanics is used in design, it is helpful

first to learn some of the theory on which it is based.

The precise goal of fracture mechanics can be stated concisely: 1t
attempts to provide a quantitative measure of resistance to unstable crack
propagation. This measure must be independent of the size and shape of the
crack, the geometry of the part containing the crack, and the manner in which

external loads are applied to the part.

The search for a quantitative value focuscs on the conditions in the

vicinity of the crack tip where fracture takes place.

The stress fields near crack
tips can be divided into three basic
types, each associated with a local -
mode of deformation, as shown in ™~
Fig. E2-1. The opening mode, 1, is
associated with a local displacement
in which the crack surfaces move a. Mode I. b. Mode II.
directly apart. The edge-sliding
mode, II, is characterized by dis- e
placements in which the crack sur-
faces slide over one another. In
mode III, tearing, the crack sur-
faces slide with respect to one c¢. Mode III.
another parallel to the lcading edge. FIGURE E2-1. THREE DISPLACE
Mode I is the most critical mode and MENT MODES FOR CRACK
SURFACES

is the only one to be discussed in this

section. For information on modes II and III, scc Ref. 1.
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2.2.1 Plane Strain.

The stress conditions, or plane-strain elastic stress field, at the crack
tip for mode I are defined by the expressions shown in Fig. E2-2 (Ref. 2).
These equations give the components of stress (¢ = normal stress, T = shear
stress) in terms of the polar coordinates r and ¢ for opening-mode (per-
pendicular) crack surface displacements. Only the first term of each equation

Y
[

y
}

STRESS

CRACK

- X

HORIZONTAL DISTANCE FROM CRACK FRONT

I ¢( ¢ _:E)
- CO$— IN=SIN ..
O = @amz cOs5 (148 7 SN2

- K 2 ¢ 3¢)
Ox (21rr)‘/2cos2 (1 smzsm? T

K ¢ 3¢
r.y-(z—'{w,-cos?sm-fcosT ...

FIGURE E2-2. RELATIONSHIP BETWEEN STRESS-INTENSITY FACTOR,
lﬂ, AND STRESS COMPONENTS IN THE VICINITY OF A CRACK
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is shown. The complete equations are power series in r/a (crack tip radius/
crack half-length). For practical purposes, all terms beyond the first are

negligible.

All the three stress components are proportional to a scalar quantity
that has been designated the stress-intensity factor, KI This factor is
independent of r and ¢ and therefore gives a single description of the stress
intensity at any point near the crack tip. It is a purely numerical quantity
which, if known, provides complete knowledge of the stress field at the crack

tip.

The basic assumption in fracture mechanics is that an unstable frac-

ture occurs when K[ reaches a critical value designated K commonly

Ic’
called fracture toughness. It is important to appreciate the difference

between Kl and K The stress-intensity factor K is simply a coefficient

Ic
in an equation describing the elastic stresses in the vicinity of a crack tip.

Fracture toughness ch is a particular value of K_ corresponding to

I
unstable propagation of the crack. This value is a material property and
reflects a material's ability to withstand a given stress at a crack tip. The
difference between KI and }%c is analogous to the difference between stress

and strength for a body free of discontinuities.

Irwin (Ref. 3) used the expressions shown in Fig. E2-2 with the Green
and Sneddon analysis (Ref. 4) to show that the expression for the stress
intensity around the crack periphery for the embedded elliptical flaw (Fig.
E2-3) is

1/4
KI=—\(/T?0'~/_5 {i [azcosz¢+czsin2¢]} ,
2
c
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where o is the uniform stress perpendicular to the crack. The parametric
equations of the flaw periphery are x= ¢ cos ¢ and y=acos ¢ , where ¢
is the semimajor axis of the ellipse, a is the semiminor axis of the ellipse,
and ¢ is the complete elliptical integral of the second kind corresponding to
the modulus k= [(c? - az)/czl’/z; i.e.,

or ®=1+4.593(a/2c)!%. Values of & can be obtained for various values

of a/2c from the graph shown in Fig. E2-4.

In seeking an expression for the stress intensity for a semielliptical

surface flaw in a finite-thickness plate, Irwin assumed that

— 1/4
Kl=a-T7ra~/a'y {i [a2c032¢+czsinz¢]} / ,
2
c

where a is a correction factor to account for the effect on stress intensity of
the stress-free surface from which the flaw emanates, and y is a correction
factor to account for the effect on stress intensity of the plastic yielding around

the flaw periphery.

Values of @ and y were estimated by Irwin and considered valid for
surface flaws with a/c ratios less than one and flaw depths not exceeding 50
percent of the plate thickness. The resulting expression for the stress inten-

sity was

lﬂ = 1.1 N7 cr(ti/Q)i/z{i [a? cos? ¢ + ¢? sin? ¢) }1/4 ,
cz
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|
I
[
[
!

FIGURE E2-3. EMBLEDDED ELLIPTICAL-SHAPLID CRACK UNDER
UNIFORM TENSILE STRESS IN y-DIRFECTION

1
//
A
§ 0.1
ﬂ//
A
L
L~

0.01

0.001 0.01 0.1 1

$2.1

FIGURE E2-4. SHAPE FACTOR VALULS
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where Q = &2 _0.212 (o0 /o ys)2, and o vs is the uniaxial yield strength
of the material. Figure E2-5 shows the relationship between Q and the flaw
depth-to-width ratio.

The maximum value of KI occurs at the end of the semiminor axis

of the ellipse and has a value of

K = 1.1 NT o (a/Q)1/

At some value of o the flaw size becomes unstable and propagates

rapidly. The value of K_ computed at the inception of this instability is

I

called the critical value of KI and is designated KIc'

stress intensity necessary to cause fracture under plane-strain conditions

Thus, K. is the
Ic
and is commonly called the plane-strain fracture toughness. Thus,
- 1/2
K, = 1.1 N7 o (a/ch)

Figure E2-6 is a graphical representation of this equation. Some typical

values of KIc for space shuttle materials are shown in Table E2-2.

Stress-intensity factors for other shapes of cracks, different loading

conditions, and crack location are given in Table E2-3.
2.2.1.1 Correction for Dcep Surface Flaws.

For surface flaws that are deep with respect to plate thickness, that
is, when the crack approaches the opposite surface, Irwin's equation has been

modified by Kobayashi (Ref. 5) as follows:

K = 1L.1M Nt o (a/Q)12

where Mk is the magnification factor for deep flaw effects.
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Kic = 1.1V 0 (s/Q)2

APPLIED STRESS (0)

FLAW SIZE RATIO (s/Q)

FIGURE E2-6. APPLIED STRESS VERSUS CRITICA L FLAW SIZE RATIO

Experimental data obtained on several materials with varying flaw sizes
and shapes appear to provide a fair degrec of substantiation of the Kobayashi
magnification factor; however, more experimental investigations are being
performed. Typical curves for M, for two different materials are shown in

k
Figs. E2-7 and E2-8.

2.2.2  Plane Stress.

An important consideration in fracture mechanics is the "'state of
stress,"' or simply the directions and magnitudes of the applied stresses and
strains. In general, the state of stress in a body is three-dimensional, that

is, stresses and strains exist in all three principal directions.

For thin sheet specimens subjected to in-plane external loads which
do not vary through the thickness, a condition of plane stress is thought to
prevail. As such, strain in the thickness direction is virtually unsuppressed

and considerable plastic flow attends the cracking process.

RNy
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Table E2-2, Properties of Typical Materials Considered
for Use on Space Shuttle

Ftu Fty KIc Y
Alloy (ksi) (ksi) (ksi - in/?)
4340 (High Strength) 260 217 52
4340 (Low Strength) 180 158 100
D6AC (High Strength) 275 231 61
D6AC (Low Strength) 218 203 112
18 Ni (250) 263 253 76
18 Ni (200) 206 198 100
12 Ni 190 180 226
9Ni-4Cr 190 180 160
HY - 150 150 140 250
T-1 115 100 180
2014-T6 66 60 23
2024-T4 62 47 28
2219-T87 63 51 217
6061-T6 42 36 71
7075-T6 76 69 26
6A1-4V (STA) 169 158 51
5A1-2.5 Sn 125 118 120
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Table E2-3, Stress-Intensity Factors
t . Case 1 -t Case 2 Care 3
Infinite cracked Infinite cracked Infinite sheet with
sheet with uniform sheet with uniform tunnel crack subject
normal stress at . in-plane shear at 10 out-of-plane she:
ﬁ infinity '1 I,O,l t' infinity at ;:;-,::‘ypl "
2 20
Kl=0\/na K”=r\/1ra KIII na
e = = T = = = =
Kit = K Ky =Ky =0 Kj=Ky=0

—

.
r o "r‘ .
'b w .w

Cass 4
Periodic array of cracks along a line in
a sheet, uniform stress at infinity

R__& &
LTy

ek ek Juk
oM O O""‘J

Periodic array of cracks along a line in
a sheet. uniform vut-of-plane shear

-A-u

l I—~ 28-
Jok 45k .42,

T —

\‘/
Case 5

Periodic array of cracks along a line in
a sheet, uniform in-plane shear stress at

infinity at infinity
% L %
- 2h na _ —{ 2b  ma % _ — [ 2b na
=a+/ma ( tan .’.h) K” = r\/na <7_;— lan ) ) K [ Ty/na (ﬁ tan T)
Ky =Ky =0 Ky =Ky =0 K =Ky=0
4
Case 7 Case 8

Concentrated force on the
surface of a crack in an
infinite sheet

Curved crack in cqual bi-
axial stress ficld

N Q K =1 K = o(n R)
27 \K + ! (|+sin2

)'A

K=—P K -1 . Q a+h
I 2vma \x + | 2yma \a - b

k = 3.4 v (for planc strain)

K = P a+h
I ayma \a-b

% %
sina{l + cusa)
AN )
v; ) %
- a(nR)"* sina(l - cosa)
(l + sin? %7 2

(ST
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Cane 9

Inclined crack in uniform
tension in infinite sheet

K' = osin? 8 Vma
K“ = o sinfcos ffv/ma

Case 10

Crack in infinite sheet
subject to arbitrary force
and couple at a remote

point

At right end

Case 12

Edge crack in a semi-in-
finite body subjected 1o
shear

\ K, =K, =0
“‘ AV ]
Case 13

Central crack in strip subjecl
to tension (finite width)

K 1 'P _ atzg Ky = avma fo
2vma (1 +x) (F+iQ [ 10® - a? l—ao-{-a-' A = a/b
(a + 2) - ] — A ()
-— - K
@ e T
l
L 2P Q) ~20) + a1+ M } 0275 L.os
o 3 e
= = , i 0.535 1.25
k = (3-»)/(1 +v)forplane stress & = 3 - 4 for plane strain 0592 133
70 = Xo t 1yo 7o = Xo ~iYe
6M
— One Crack — —Two Crack — Case 11 Case 14 Kl T glash)
Lir f(L/r) f(L/r) Cracks from hole in Notched beam in bending (h 2)
Uniaxial Biaxial Unjaxial Biaxial infinite shect K. =K 0
Stress  Stress  Stress  Stress L 11 11
K, = oV r(T)
0 3.39 2.26 3.39 2.26
0.1 2.73 1.98 273 1.98 K“ =0 \ [ 4 afh gla/h)
0.2 230 182 241 183 —t 008 038
03 204 1.67 2.15 1.70 01 049
04 186 158 1.9 L6 Moo o 02 0.60
0.5 1.73 1.49 1.83 1.57 03 0.06
06 164 142 171 152 od oL
08 1.47 1.32 1.58 1.43 RS 0:(7 0:75
1.0 137 1.22 1.45 1.38 > 0.6 0731
1.5 118 1.06 .29 1.26
2.0 1.06 1.01 1.21 1.20
3.0 094 093 1.14 1.13
50 081 0.81 1.07 1.06
100 075 0.75 1.03 1.03
w 0707 0707 1.00 1.00
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Table E2-3. (Concluded)
f(a/b) fa/b) fta/b) Case 15 Case 18 KI = o+/ma fla/b)
a'b L/b=1 Lb=1 L/b oo Dauble-edge notch Simgle-cdge notch
K, =K, =0
0.1 113 112 112 L L
02 1.13 1.1 1.12
03 1.14 1.09 113 a/h fta/h) fa/h)
04 1.16 1.06 1.14
0s 1.14 1.02 .15 [1N] 1S P14
06 110 1.01 1.22 0.2 1.20 1.19
0.7 1.02 1.00 1.34 03 1.29 1.29
4R ] 1.01 1.00 1.87 04 137 1.37
09 1.00 1.00 2.00 05 1.51 1.50
0.6 168 .66
" " 07 1.89 187
= o= e ) 7 08 2.14 212
Ky = ovm (m. tan 1b> Ha/b) 09 246 Ya4
1.0 286 282
TR TTI
Case 19 K' 50 Vb f(d/D)
for L = o0 use: Round bar in 1ension
" wilh ciremmlereniial K" = K“| =0
1
. ~[ b oom Loom i crack
l\l = uNma T (l.ln i + 0.} sin 5 )
4 /D f(d/Dy d/D f{d/D)
Cane 16 0 0 0.70 240
Semiclhiptical surtace crack in plate subject to general extension 8; 8::% 8;3 :: :;:Z
7 .3 [IRE.5 () 8S 0225
= 2 _a —4-—~-J 04 0.200 080 0208
K t+o012 {1
| b g e e 0s 0.227 0.5 0162
to e 0K 09T 0130
oS 0240 1 (X} Q0

1
rvra f 21 . L
= S tan ——
Hi @, na M

Case 20

Crreular crack anan
mlinite bady subject
to umtonn tension

K =
Koo /2 ha
! -
where by is given by
/2 K, =K 0 o
(f 2 b3 ) " H 1t
by = / | -( — )un’oﬁ do
b
V]
Case 21

Case 17
Two ¢qual colinear cracks in an infinile sheet subject 10 aniform tension

At the near ends

b? by,
l(I = uy/na Kiu) -
(h? —a?)*
h? :‘l‘! _ !

(1)
K” 21 \na "
(h —a%)"

At the lar ends

| E(u)
Kl = o\/nh(T- K )

s uKiw

al \|%
where u = |1 = o

E and K are the complete elhiptic integrals E(u) and
K(u) of the first and second kinds respectively

I Ew
. K"=,\/,T,<_._ “ )

Elliprcat crack i idinae
hody subject (o umlonn
tension

For pamt on coack cdpe
detenmuned by angle g

aN/my

J
= —_ an? g+ — vos? ]
h]

| ih,,
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a/2¢c = 0.06
2.0 /l ./20 = 0.10
(BASED ON TESTS OF 0.20-in.-THICK BASE METAL /
(TRANSVERSE GRAIN) AND WELD METAL /
18}— AT -320°F AND 423°F]
’ I | ' a/2c = 0.20
'-. e -
K|
- l/2c =0.30
=3 VEO,\/a / /
V. 7
4 // / / 8/2c = 0.40
1.2 // /
%/
1.0 L—W :

0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90
alt

FIGURE E2-7. M, CURVES FOR 5A1-2.58n (ELI) TITANIUM ALLOY

k

20 j

18

a/2¢ = 0.08]
[BASED ON TESTS OF 0.63-in.-THICK BASE METAL

18 (LONGITUDINAL GRAIN) AT 72°F, -320°F, AND 423*7471‘& =0.10
/ / a/2¢ = 0.20
v

14
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For thick specimens, strain in the thickness direction is suppressed
considerably by the very thickness of the material and noticeably less plastic

flow is associated with the cracking process.

A laboratory plate specimen is seldom completely in either plane stress
or plane strain but rather in some proportion of both. At the free surfaces of
the plate there are no transverse stresses to restrain plastic flow (a condition
of plane stress). In contrast, at mid-thickness, plane-strain conditions prevail
and much less plastic flow occurs. A schematic representation of the crack-
tip plastic zone in a plate specimen is shown in Fig. E2-9.

The size of the plane stress SHADED AREA = CRACK SURFACE

plastic zone is thought to be related to
the amount of shear tip left at the
fracture surface. Thus, the appear-
ance of the fracture will vary accord-
ing to the proportions of plane stress

and plane strain conditions through the

thickness of the plate.

FIGURE E2-9. REPRESENTATION

The influence of stress state OF PLASTICALLY DEFORMED
(and associated plasticity) on the frac- REGION AT A CRACK FRONT
ture toughness is illustrated in Fig.
E2-10, which shows the effect of plate thickness on the toughness and fracture
appearance. This figure shows that the larger thicknesses are characterized
by low values of toughness. This corresponds to a completely square (brittle-

appearing) fracture appearance.
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FIGURE E2-10. EFFECT OF PLATE THICKNESS ON FRACTURE
TOUGHNESS AND PHYSICAL APPEARANCE OF THE FRACTURE
A reduction in plate thickness decreascs the degree of plastic constr:int

at the advancing crack tip. This cnlarges the local plastic zone and conse-
qhently raises the fracture toughness. The development of a larger plastic
zone, in turn, relaxes the stress in the thickness direction, which further
decreases constraint. The process is self-accelerating and the fracture
toughness increases rapidly in a narrow range of thickness variation, as

shown in Fig. E2-10.

In the aerospace industry thicknesses of structures are usually thin
enough to fall in the region of plane stress behavior and as a result more

testing in this area is being done. Howcver, a determination of plane stress
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intensity factors is far more complicated than was first supposed and consider-
able research is needed. It is very hard to determine when unstable crack

propagation occurs because the unstable condition is approached very gradually

as crack length increases.

At present there is no direct method for translating laboratory data for
the mixed mode fracture condition to useful numbers for designing practical

hardware.
2.2.2.1 Through-the-Thickness Cracks.

In thin-walled structures, cracks may grow through the thickness
before catastrophic failure occurs or a through-the-thickness crack may
exist before any load is applied. The basic plane stress equation for through-

thickness cracks corrected for plastic zone in an infinitely wide plate is

lc 1 Kc2
2 [ 2 — o cmn —
Kc g i 2 2 0y2 ’

where lc is the length of the through-thickness crack at failure (in.), o is
the stress normal to the plane of the crack at failure (ksi), oy is the yield

strength (ksi), and Kc is the critical plane-stress stress intensity (ksi N in.).

The critical plane stress intensity for a finite-width panel containing

a through-thickness crack is

where w is the width of the panel (in.).
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2.2.3 Experimental Determination.

Among the most important recent progress in fracture mechanics is
the improved understanding of how the behavior of test specimens relates to
the design of structural components. Numerous tests have been performed on
a variety of specimen types, some of which are shown in Table E2-4. The
tests were designed to determine the specimen types, procedures, and data
analysis which result in KIC determinations that are independent of crack
and specimen geometry and manner of external loading.

At present no fracture mechanics test is universally used to determine
ch values because no one test gives valid data for all materials; cach of the
tests has its limitations. For instance, ASTM committce No. E-24 has been

working for several years to bring out a standard (E399-70T is proposed),

but this test may not be valid for low-strength, high-toughncss materials.

Table E2-4 describes some types of fracture specimens, the data
obtained, and their uses and limitations. For dctailed information on these and
other specimens, how to set up and conduct the tests, what data to obtain, and

how to analyze data, see Refs, 1, 6, and 7.
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Seven Common Types of Fracture Specimens

Specimen

Loading

Data Obtained

Uses/Limitations

Single-Edge Crack

Uniaxial tension,
induced bending

Breaking stresses,

KIc

LS 3
[
T4
NiE

Double-Edge Crack

Uniaxial tension

Breaking stresses,

Ic

Cracks must be equal
in size

o
-
8]

Central Through-Crack

Uniaxial tension
(static or cyclic)

Breaking stresscs, KC,
flaw growth rates,

KIC' lo' lc

Simulates penetration
flaw in hardware,
Kc is width dependent,

Uniaxial tension

Breaking stresses,

Simulates bolts and

~ D
a-2 4 (cyclic or static) le shafts, Difficult to
2 ‘ or rotating form concentric
flexure fatigue precrack,
Round Bar Notched
E i ' Tension with ch' K[i Compuct

Crackline-Loaded Wedge
Opening, or Compact
Tension

induced bending

Uniaxial tension
(static or cyclic)

Breaking stresscs,
flaw sizes, appirent

Simulates natural
flaws in hardware.

KIc Difficult to analyze.
May not provide
valid KIC values.
Purtial-Thickness Crack
Three-point KIc Only standardized

[’*—'—-‘f‘—:jj

L A

¥ Cw ¥

ASTM Cracke«d Slow Bend

loading

test for K. . Not
Ic

applicable to most
thin and tough
materials,
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2.3 FLAW GROWTH.

2.3.1 Sustained Load Flaw Growth.

One of the most serious structural problems that can arise in the aero-
space industry is the delayed time failure of pressure vessels caused by
sustained pressurization. In some cases, through-the-thickness cracks have
formed and the vessels leaked under sustained loading. In other cases, small
surfaces cracks or embedded flaws grew to critical sizes before growing through
the thickness of the shell. When this happens, complete catastrophic fracture
ensues. To predict such failures one must know the conditions under which
subcritical flaw growth can occur, as well as cither the actual initial flaw size
or the maximum possible initial flaw size in the vessel when it is placed into

service.

When the sustained stress flaw growth is environmentally induced, it

is often termed stress corrosion.

The surface-flawed or "'part-through' typc of cracked specimen has
probably found the widest use in evaluating sustained stress flaw growth in
both ""thick- and thin-walled'" aerospace pressure vessels. With this specim. .,
the initial flaw closely simulates the type of flaws often cncountered in service

and it can be oriented to suit the flaw growth characteristics desired.

A procedure for laboratory evaluation of sustained stress flaw growth
using surface flawed specimens is schematically illustrated in Fig. E2-11.
The KIc for the material is first cstablished from static (pull) tests. Then,
using a batch of flawed specimens, cach flawed specimen is loaded with differ—
ent initial loads (various fractions of ch) and the time required for failure
observed, e.g., specimens 1 and 2, illustrated in Fig. E2-11. If failure does
not occur in a reasonable time (c.g., specimens 3 and 4), it is still possible
to obtain crack growth information by "'marking'' the crack front (applying

some low-stress fatigue cycles) and pulling the specimen apart.
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LOG TIME

FIGURE E2-11. SCHEMATIC ILLUSTRATION OF A PROCEDURE
FOR LABORATORY EVALUATION OF SUSTAINED-STRESS FLAW
GROWTH USING SURFACE FILAWED SPECIMENS

A point is finally reached at which neither failure nor flaw growth
occurs. The highest level of K for which this condition occurs is called the
threshold stress intensity, KTH; or Klscc if due to stress corrosion

cracking.
2.3.1.1 Environmental Effects.

The discovery of a unique K can be 80 percent of K.  or higher

TH Ic
in relatively inert environments; hostile media can reduce the value to less

than half of K_ .
Ic

Considerable evidence indicates that sustained load flaw growth is
most severe under conditions of plane strain with KTH values determined
from through-the-thickness cracked specimen tests increasing with a decrease

in specimen thickness.
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Studies of flaw growth and stress intensity in aggressive environments
indicate a monotonic relation between increasing stress intensity and growth
rate and design correlations have been determined for the critically important

materials, titanium, and high-strength steels. In these tests for K a

TH’
wide scatter, abnormally short times to failure, and very marked dependence

on environmental characteristics (media and temperature) are encountered.

During the past few years a considerable amount of sustained load
flaw growth data has becn obtaincd on a number of diffcrent material-

environment combinations. A summary of some K information is given

TH
in Table E2-5.

2.3.2 Cyclic Load Flaw Growth.

Undcerstanding crack propagation under cyclic loads is a basic require-
ment for the application of fracturc mechanics to the design of structures for
service life. Subcritical flaw-growth characteristics for various materials
are generally determined through the laboratory testing of flawed specimens.
These empirical data are then corrclated to various crack-propagation theorics
which have been proposed. The following is a discussion of some of the more

prominent theories,
2.3.2.1 Thceories.

A number of studies dealing with fatigue crack propagation have shown
that the stress intensity factor K is the most important variable affecting
fatigue crack growth rates. The availability of a master curve for a partic-
ular material relating fatigue crack-growth rate and range of stress-intensity
factor would enable a designer to predict growth rates for any cracked body

configuration.

Numerous ""laws' of fatigue crack growth have been published during
the last 10 years. Basically, all the various equations that have been obtained

are simply the attempt of an individual investigator to obtain a curve that will
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Table E2-5. Typical Threshold Stress-Intensity Data for Various
Material-Environment Combinations

Temp. g vs Typ. ch
Material ("r) (ksi) (ksi vin. ) Fluid Environment K’I‘H/Kh-
6A1-4V Titanium
Forging - STA R.T. 160 44 Mcthanol 0. 24
R, T, 160 44 Frecon M, F, 0. 58
R.T. 160 44 N,0, (0.30% NO) 0,74
R.T. 160 44 N0, (0, 60% NO) 0, 83
R.T. 160 44 H,0 (distilled) + Na,CrO, 0. 82
R.T.. 160 44 H,0 (distilled) 0, 86
R.7T. 160 44 Nelium, Air, or GOX 0, 90
R.T. 160 44 Acrozine H0 (b, M2
R.T. 160 44 Freon T, I, 0, 80
90 160 44 N.O, (n.30% NO}) 0.71
90 160 1 N0, (1, 600 NO) 0,75
105 160 44 Monomethylhydrazine 0,75
110 160 44 Avrozine 50 0.75
6A1-4V Titanium R.T. 126 39 Meoethanol 0.2
Weldments (Heat- R, T, 126 HH] Freon MY, 0,40
Affected Zones) R.T. 126 19 H,0 (Distilled) 0, 86
R.T., 126 19 1,0 (Distilled) + N, CroO, 0. 2
5A1-2.5 Sn (ELI) ~320 180 64 LN, (o~ Prop. Limit) ~0. 90
Titanium Plate =320 180 64 LN, (o - Prop. Limit) 0, 82
=423 210 52 LH, ~0, 90
2219-T87 Aluminum R, T. HK 36 Air u, fmf'
Plate -320 66 41 LN, 0. w2
—423 72 44 LH, ~0, ko
41330 Steel R, T. 205 90 Witer 0.24
4:340 Steel R.T. ~200 =60 Sualt water <(}, 20
GTA Wclds
18 Ni (200) Steel R.T. 200 130 Salt-witter Spray ~0, 70
18 Ni (250) Steel R.T, 245 75 Salt-water Spray 0, 70
12 Ni=5 CR-3 Mo Steel R, T, 170 155 Salt-water Spray ~0, 70
9 Ni-4 Co-2, 5C Stecl R.T. 170 120 Sult-water Spray 0, 70
5 Ni-Cr-Mo Steel R.T. 140 200 Salt-water Spray
Inconel 718 R.T. 165 ~130 Gascous Hydrogen at 5000 psig 0,25
2219-TH51 Aluminum R.T. 50 N.O, 0,70
Plate
2021-T#851 Aluminum R.T. G5 3045 N,O, 0,35
Plate

a. No failure K ; some growth observed ut lower values,

TH
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best fit his data. Some have used curve-fitting techniques to obtain a high-
order polynominal to fit the data, others have used a statistics approach, and
still others have divided the data into regions and constructed straight lines

with different slopes in each region.

The choice between equations may be that of simplicity of cquation
versus accuracy of flaw-growth prediction given from the cquation over the
range of interest. For example, an equation may be very simple and give good
results over a limited range of data, but out of this range the equation may be

quite inaccurate.
I. Paris.

Paris and Erdogan (Ref. 8), for example, argued that the growth rate
should be a function of the stress-intensity factor K on the grounds that this
factor defines the elastic stress ficld around the crack tip. They found that a

large body of data could be fitted by an expression of the form

da n
—— = A
wherc ¢ is a matcrial constant, AK is the range of stress-intensity factor,

and n is an cxponent having a typical value of four for steel.

An example of Paris's equation for a typical steel is shown in Fig.
E2-12. On a log-log plot, the cquation becomes a straight linc. The slopc of
the line is four, which is the value of n. The constant ¢ = 5.6 x 10~ 24 is
obtained by substitution of data into the Paris cquation and solving for c.
Separate values of the coefficients ¢ and n must be computed for each value

of R (load ratio) because Paris's cquation does not have R as a function.
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00— 75°F AIR ENVIRONMENT
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4T WOL SPECIMEN
AP = 40 000 ib
Fry .

(]
—_- -4 4
5.6 x 100M AKS e

CRACK GROWTN RATE, s ninJcysle)
°
\'\

10 60 90 100

20 40
STRESS-INTENSITY FACTOR RANGE, AK (ksiVin.)

FIGURE E2-12. FATIGUE CRACK GROWTH RATE VERSUS STRESS-
INTENSITY FACTOR RANGE FOR AISI 1045 STEEL
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II. Foreman.

The Paris fourth-power crack growth rate equation was modified by
Foreman et al. (Ref. 9) to account for the observed behavior that crack growth
rates tend to increase rapidly toward an apparent instability as the maximum
applied stress intensity approaches the fracture toughness of the material.
Foreman also modified the Paris law to account for the observed behavior and
to explicitly express the effect of load ratio, R=K /Kmax' The Foreman

min
expression for plane-stress conditions is

da _ c (AK)"
dN ~ (1 -R)KC-AK ’

where ¢ and n are constants dependent on material and test conditions.

AK = (Kmax - Kmin) during a load cycle.

KC = plane stress fracture toughness of the matcrial.

A comparison of Paris's and Foreman's cquations was made by Hudson
in Ref. 10 for 2024-T3 and 7075-T6 aluminum. It was found that the 7075.Té6
data fell into an S shape or reflex type of curvature. A reflex curvature is
also obtained from Foreman's equation; it is induced by AK approaching
(1-R) Kc in the denominator. This intrinsic shape is the primary reason
for the excellent fit of the data by using Foreman's equation. Paris's equation
does not provide for this reflex curvature; consequently, the equation cannot

fit the data at high or low growth rates as well as Foreman's equations.

The constant n in Foreman's equation is the slope of the curve in the

straight-line midrange and ¢ is determined from the substitution of data
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value into the equation. It should be noted that n and ¢ will change, depend-
ing on the type of plot used. Generally, a log-log plot of AK in psi Nin.

and da/dN in microinches/inch is used.

Foreman's equation for 2219-T87 is shown in Fig. E2-13 and some
typical values of ¢ and n for other common materials are given in Table

E2-6.

Table E2-6. Crack Propagation Coefficients for Foreman's Equation

da c (AK)"
dN (1 - R) Ko - AK

da/dN in. /cycle

AK ana K(_ psi N in.

Temp. KIc
Material (CT) ¢ n  |psi Nin
2219 _T87 R.T. 1.4x 10”1 2.5 | 33,000
300 1.5% 19”1 2.47 | 31, 600
-320 9.0x 10”13 2.7 | 36,200
TI-6A1-4V R.T. 7.8x 10" M 3.0 | 81,000
2024 -T3 R.T. 3.22x10"4 | 4.38
7075-T6 R.T. 2.13x10°8 | 3.91
517A(TI)

The solution of the Foreman equation can be formulated as an initial-
value problem and can be solved by direct numerical integration using the

Runge-Kutta method. For most practical problems, an initial crack sizc is



1 November 1972

Section E2
Page 31

L8L76T65 HOJd UONVY HOLOVI ALISNALNI-SSHULS SAsHAA HLMOYD MOVHD °€1-2d HNDOIL

. NP
.ﬁc\z_sﬂ

000 0L 0’0001 0001 oot ol (X

10=d
- . . (ORA UL T) ZLZWt'0 = 2
(0PAI/ W) | 0L X Pl =D
L §Z=N
N ) "UIA 194 9E = Iy
. . T S . 3INIT NYW3HOA

LIBRARY

ABBOTTAEROSPACE.COM

ool

|

TECHNICAL

P

- \\\ UGY L ANV S0=8 “WOG=M

NIWID3JS NOISNIL LIVINOD
NOILVINIIHO 11

S1S31 IUNLVYHIIWIL WOOY
B ) ] B 3LVId wSL L81-6LZZ

e . . ’ V1VQ HIMOY9-MVT4 J1TJAD

@L’\’ R .

0001

(WA} N7 ‘IONVH ALISNILNI-SSIHLS



TECHNICAL LIBRARY
ABBOTTAERODSPACE.COM

Section E2
1 November 1972
Page 32
known at an initial value of N, suchas N= 0. The problem is to determine
the crack length (or additionally the stress-intensity factor) after a given

number of cycles.
III. Tiffany.

An alternate approach to plane-strain flaw-growth rates has been
presented by Tiffany (Ref. 11). Tiffany noted that the cyclic lives of speci-
mens were primarily a function of the ratio of maximum initial stress intensity
applied to the flaw during the first loading cycle (KIi) to the plane-strain
fracture toughness of the material (ch) . Accordingly, cyclic life data were
plotted on KIi/KIc versus cycles-to-failure graphs, where it was observed
that data for particular test conditions and material-cnvironment combinations
could be reasonably represented by a unique curve. Flaw-growth rates were
computed using the slopes of the cyclic life curves. Because the analysis
required knowledge of only the initial and final conditions for each test, the
Tiffany method was called an end-point analysis. The use of KIi/KIc versus
cycles-to-failure curves for practical design problems is common in the
aerospace industry (Ref. 12). Figure E2-14 shows a KIi/KIc versus cycles-

to-failure curve for 2219-T87 at room temperature.
2.3.2.2 Crack Growth Retardation.

~I.  Wheeler's Retardation Parameter.

The retardation of crack growth is a phenomenon which occurs because
of varying load levels. Retardation has been shown to occur particularly after

a high level of load followed by a lower level of load.

Many papers have discussed crack growth retardation to some extent
but a computational technique has not been presented which is sufficiently

simple and accurate to gain widespread use (Ref. 13).
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Wheeler (Ref. 13) suggests that more accurate crack growth predictions
can be made by introducing a retardation parameter in the crack growth
equation, which serves to delay the crack growth after a high load application.

His equation for crack length is

r
a = a + Z Cpif(AKi) ,

r o ;
i=1

where ar is the crack length after r load applications, ao is the initial
crack length, Cpi is the retardation parameter at ith load, and AKi is
the change in the stress-intensity factor at ith load. The retardation param-

eter is taken in the following form:

R m
C:—Y_ ,a+R<a .
p a -a y p
p
C =1 , and a + R = a
P y p

where Ry is the extent of the current yield zone, ap - a is the distance
from crack tip to elastic-plastic interface (Fig. E2-15), and m is the shaping

exponent dependent upon material and test data.

This parameter has been used successfully to predict the growth of
cracks in specimens subjected to six different spectra, having three different
physical configurations, and made of two materials (Ref. 13). It is believed
that this approach represents a useful improvement on the idea of linear
cumulative crack growtl';, which can be used with confidence in design and

analysis.
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FIGURE E2-15. CRACK TIP YIELD ZONES

The computational scheme for incorporating this retardation parameter
in crack growth predictions requircs that the crack be grown one load applica -
tion at a time. This amounts to a piccewise linearization of a highly nonlinear
process. The use of a high-speed digital computer is obviously required to
perform any realistic analysis. This technique has been incorporated into

the computer program CRACKS (sec the Computer Utilization Manual).

II.  The Significance of Fatigue Crack Closure.

Recent work by Elber (Refs. 14 and 15) has shown that fatigue cracks
in sheets of aluminum alloy close before all tensile load is removed. Significant
compressive stresses are transmitted across the crack at zero load. In pre-
vious work, usually the assumption has been made implicitly that a crack is
closed under compressive loads and open under tensile loads. The deter-
mination of the crack closure stress must, therefore, be a necessary step in

the stress analysis of a cracked structure.
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Elber (Ref. 15) obtains an empirical relation for the crack opening
stress level and uses it as a basis for a crack propagation equation. The
analysis of qualitative experiments on variable amplitude loading shows that
the crack closure phenomenon could account for acceleration and retardation

effects in crack propagation.

Crack closure stress can be explained by the existence of a zone of
material behind the crack tip having residual tensile strains. In Fig. E2-16
a fatigue crack produced under constant amplitude loading is shown at three
crack lengths. Figure E2-16a shows
the crack tip surrounded by a plastic CRACK
zone as it is represented normally. SYMBOLIC PLASTIC ZONE
Figure E2-16b shows the crack at a
greater crack length surrounded by a
larger plastic zone because the stress
intensity is higher. The plastic zone
of Figure E2-16a has been retained
to show that the material had been
subjected previously to plastic defor-

mations. Figure E2-16c represents

the crack surrounded by the envelope

ENVELOPE OF ALL
of all zones which during crack growth PLASTIC ZONES

had been subjected to plastic defor-

FIGURE E2-16. DEVELOPMENT OF
A PLASTIC ZONE AROUND A

crack growth, residual tensile defor- FATIGUE CRACK

mations. During a single cycle of

mations are left in the material
behind the moving crack front, as only elastic recovery occurs after separation

of the surfaces.
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Crack propagation can occur only during that portion of the loading
cycle in which the crack is fully open at the crack tip; therefore, in attempting
to analytically predict crack propagation rates, it scems reasonable that the
crack opening stress level should be used as a reference stress level from
which an effective stress range could be obtained. The cffective stress range

is defined there as

AS = -
eff Smax Sop ’

where Sop is the crack opening stress.

An effective stress range ratio is then defined as

Constant amplitude loading tests were conducted to establish the
relationship between U and three variables which were anticipated to have
a significant effect on U, namely, stress-intensity range, crack length, and

stress ratio.

For the given range of testing conditions, only the stress ratio R is a
significant variable. The relation between U and R is linear and can be

expressed as

U= 0.5+ 0.4 R where -0.1 <R < 0.7

for 2024-T3 aluminum alloy.
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One of the most important problems in aircraft structures is the inability
to predict accurately the rate of fatigue crack propagation under variable ampli-
tude loading. In attempts to calculate these crack rates on the basis of constant
amplitude data, interaction effects are usually ignored, leading to errors of

significant magnitude.

Crack closure may be a significant factor in causing these interaction
effects. This can be shown by the following example. Assume that a crack
in 2024-T3 aluminum is propagating under the conditions R= 0 and Kmax =
20 MN/m3/2, Under these conditions the crack opening level is at Kop =
10 MN/m3/2, If the stress-intensity range suddenly is halved, the new con-
ditions are K =10 MN/m?/2 and R=0. The crack opening level, how-
ever, is still at Kop = 10 MN/m?/2 » equal to the new peak stress intensity,
so the crack does not open. Therefore, the crack does not propagate until

the crack opening level changes. The behavior of the crack opening stress

level under variable amplitude loading must therefore be investigated.

It has been observed that a crack will continue to grow for some time
after a high load application followed by loads of smaller magnitude. This has
been termed delayed retardation. Such retardation of crack growth after a
single high load can be explained by examining the behavior of the large plastic
zone left by the high-load cycle ahead of the crack tip. The elastic material
surrouﬁding this plastic zone acts like a clamp on this zone, causing the
compressive residual stresses. As long as this plastic zone is ahead of the
crack tip, this clamping action does not influence the crack opening. As the
crack propagates into the plastic zone, the clamping action will act on the
new fracture surfaces. This clamping action, which builds up as the crack
propagates into the plastic zone, requires a larger, externally applied stress
to open the crack; hence, the crack will propagate at a decreasing rate into

this zone and may come to a standstill.
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2.3.2.3 Transition from Partial-Thickness Cracks to Through-Thickness
Cracks.
It was shown in Section 2.2 that the stress intensity was different for
partial-thickness cracks and for through-the-thickness cracks. Also, for
through-the-thickness cracks, corrections must be made for a finite plate

within the stress intensity equation (Table E2-2, Case 13).

Often in crack propagation problems a crack will initially be a partial-
thickness crack and will grow until it extends through the thickness. When

this occurs, corrections in the stress-intensity expression must be made.

The transition from a surfacc flaw to a through crack is chosen to
be the point when the plastic zone reaches the back face of the material. The

value of a (crack length) for which this occurs is piven as

2

K
1 max
a = t - —
t 2T G
ys

2.3.3 Combined Cyclic and Sustained Flaw Growth.

Tiffany and Masters (Ref 1) hypothesized that below the sustained stress

threshold stress-intensity value (KT , cyclic speed (or hold time at maximum

»
load) probably would not affect the cyclic flaw growth rate, but above KTH
it could have a large offect. In other words, the minimum cyclic life was

limited to the number of cycles required to increase the initial stress intensity

K“ to the KTH value, and above the K level, failure could occur in

TH
one additional cycle if the hold time were sufficiently long.

To date there is only a limited amount of experimental data to sub-
stantiate this prediction. However, the data do tend to support the original
Tiffany-Masters hypothesis of no significant cffect of cyclic speed on flaw

growth rates below the sustained stress threshold stress intensity.
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2.4 APPLICATION OF FRACTURE MECHANICS TECHNOLOGY.

2.4.1 Selection of Materials.

In the material selection and design of a tension-loaded structure, such

as a pressure vessel, the following questions must be considered:

1. What are the critical flaw sizes (sizes which cause failure) in the

diffcrent parts of the structure at expected opcerational stress levels?

2. What are the maximum initial flaw sizcs likely to exist in the

structurc before service ?

3. Will thesc initial flaws grow to critical size and cause failure

during the expected service life of the structurce?

The answers to these questions depend heavily upon the inherent
fracture toughness and subcritical flaw-growth characteristics of the structural
material. Fracturc toughness data derived from test specimens are used in
fracturc mechanics analysis to predict critical flaw sizes, cvaluate subcritical
flaw growth, and estimate structural life. They can also be usced to determine

the maximum possible initial flaw size in a structurc after a proof load.

As previously mentioned (Section 2.2), the types of flaws encountered
in fabricated structurcs can be categorized as surface flaws, embedded flaws,
and through-the-thickness cracks. For surface and embedded flaws, the
degree of constraint at the crack leading cdge is high, and planc-strain con-
ditions generally prevail. The initial flaws may or may not rcach critical
size before growing through the thickness, depending upon the plane-strain
fracture toughness (ch) value, the applied stress levels, and the material
thickness. If the calculated critical flaw sizc is small with respect to the
wall thickness, the formation of a through-the-thickness crack before frac-

turc is not likely.
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For through-the-thickness cracks, the mode of fracture for a given

material, stress level, and test temperature depends upon the material thick-
ness. If the material is relatively thin, plane-stress conditions generally
predominate. With increasing thickness, the fracture appearance changes
from that of full shear to an essentially flat or plane-strain fracture. Thus,
for thin sections containing through-the-thickness cracks, the plane-stress
fracture thoughness (Kc) values are important, and as the thickness is
increased the plane-strain (K[c) values should be used. The theory of this

has been discussed in detail (Section 2. 2. 2).

The common types of fracture specimens and their requirements have
also been discussed (Section 2. 2.3). It is appropriatc to point out the signifi-
cance of end-hardware application and material anisotropy on specimen selec-
tion and to show fracture-toughness correlations among several of the more

common specimens.

Just as conventional mechanical properties generally vary to some
degree among various forms and grain directions in a given basic alloy, it
has been found from fracture tests performed thus far on various materials
that fracture toughness values also vary. In a rolled plate or forging, six
directions of flaw propagation are possible, and planc-strain toughness (ch)
values may differ in each of these directions (Fig. E2-17). The need to
determine the KIc values in each of these directions depends on the direction

of the applied stresses in the hardware.

Considering the banding and delamination problems in some thick
plates, it appears that the KIC values can be different between the A and
B directions and, likewise, the C and D directions. This has actually
been found to be the case from investigation (Ref. 16) and tends to explain
the differences in KIc values obtained using surface-flawed and round-notched.-

bar or single-edge-notched fracture specimens. The surface-flawed specimen
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LONG TRANSVERSE*

LONGITUDINAL®

OUTBOARD

SHORT
TRANSVERSE*®

FORWARD

OUTBOARD

A - F: DIRECTIONS OF FLAW PROPAGATION
*GRAIN DIRECTION

FIGURE E2-17. STRESS FIELD, GRAIN DIRECTIONS, AND
POSSIBLE DIRECTIONS OF FLAW PROPAGA TION

is normally used to measure toughness in either the A or C directions, and
the single-edge-notched or center-cracked (pop-in) specimens measure
toughness in the B or D directions. The round notched bar (removed so
that its longitudinal axis is parallel to the plate surface) mcasures the lower
of either the A or B directions or the lower of either the C or D direc-
tions. For material where there arce no pronounced directional effects, the
same toughness should be obtained regardless of which specimen is used.
In the short transverse direction of materials, there appears to be no reason
for a significant difference in KIC values between the E and F directions,

although there is no apparent experimental substantiation of this.
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For weldments, it is known that there can be differences in fracture

toughness between the weld centerline and the heat-affected zone. In addition,
it is considered probable that fracture toughness as well as subcritical flaw
growth characteristics vary within the heat-affected zone so that for the
establishment of realistic allowable flaw sizes, the minimum ch values must

be determined.

The foregoing discussion makes clear the necessity for insuring the
use of comparable valid fracture toughness and subcritical flaw growth data
when they are available, or the selection of proper specimen types to obtain
the desired directional data, in comparing materials for selection. While
round-notched-bar specimens might be considered desirable because they
automatically obtain the lower toughness values in cither the A or B direc-
tions or the lower in either the C or D directions, it may not always be
possible to use the specimen type because of material thickness limitations
(i.e., the required specimen diameter for valid KIC exceeds the hardware
wall thickness). In such a case, the single-edge-notched specimen might
be used for toughness in the B and D directions and the surfacc-flawed

spccimen in the A and C directions.

In summary, it presently appears that there is no single "best fracture
specimen'' to use in all situations where toughness data are needed for material
comparisons and selection, nor is such required. Of primary importance
is that the selected specimen toughness data for different materials provide
a valid comparison for selection and be representative of toughness and flaw

growth characteristics of the material as used in the hardware application.
2.4.1.1 Static Loading.

An evaluation of the resistance of materials to catastrophic brittle

fracture requires the following basic material properties:
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1. Plane-strain fracture toughness, KIc'

2. Conventional tensile yicld strength, o

An evaluation of materials based on the data accumulated from test

specimens can be illustrated best by using a hypothetical example.

1. Example Problem A.

Three materials — a steel, a titanium, and an aluminum alloy — are
initially selected as potential candidate materials for minimum weight design.
The yield strength of cach is choscn to attain nearly equivalent strength/weight
ratios. The yicld strengths and KIC values obtaincd from the tested specimens

and design requirement are shown in the following table.

o /Density Appliced Stress
o s K 1/2 ¢
Density ys X 1000 Ic’ yS
Alloy (b/in.?) | (ksi) | (in.) (ksiN in.) (ksi)
Steel 0. 284 250 880 100 125
Aluminum 0.098 85 870 30 42.5
Titanium 0.163 140 860 80 70

Assume that

1. The defect is a semiclliptical surface flaw with a/2c = 0.2.
2. The defect is located in a thick plate loaded in tension.

To decide which material provides the most fracture resistance is to
establish which material requires the largest critical flaw size for catastrophic

fracture.

For "'thick walled" structures critical flaw sizes can be determined

from the following equation:
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1 Ic
(a/Q)cr - 1.21w (T)

or

a
cr

- 1.§1n <%>2

where the shape factor parameter can be obtained from Fig. E2-5.

comparison, Q= 1.26.

The results are shown in the following table.

th
Depth, qer Length, 2c¢
Alloy (in.) (in.)
Steel 0.212 1.06
Aluminum 0.165 0.83
Titanium 0.432 2.16

Conclusion.

Section E2
1 November 1972
Page 46

For this

The titanium alloy is most fracture resistant in terms of requiring

the largest critical flaw size defect, a_

r’

for catastrophic fracture.

This conclusion could have been reached by considering the l%c/o ys

ratios for the various materials shown in the following table.

Alloy KIC/Uys (N'in.)
Steel 0.400
Aluminum 0.353
Titanium 0.572
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The titanium, having the highest KIC/U vs ratio, could be expected to

be the toughest material for the given application.

Tiffany and Masters (Ref. 17) showed that for screening several
materials, KIC data arc often plotted as shown in Fig. E2-18a. Rccognizing
that the operating stress levels are generally controlled to a fixed percentage
of the unflawed tensile strength by the design safety factor, the data shown in
Fig. E2-18a might be more appropriately plotted as shown in Fig., E2-18b,
The ordinate is directly proportional to the critical flaw size, thus placing
the influence of varying matcrials strength in better perspective. From
Fig. E2-18b thc three materials can be compared upon the basis of cqual
critical flaw sizc. For example, structures designed from a 200-ksi steel,
a 135-ksi titanium, and a 70-ksi aluminum would all have approximately the
same critical flaw size. Considering the effect of weight, one might wish to
make the comparison shown in Fig. E2-18c. This shows that titanium pro-

vides a somewhat lighter tank on the basis of cqual flaw size.

Based on considecrations of the practical capability of available
nondestructive inspection (NDI) techniques, the resistance to catastrophic
fracture could also be evaluated by calculating the maximum allowable applicd

stress for cquivalent defects in cach material.,

Recvaluate the preceding example, assuming that the minimum

detectable flaw is 0.15 in. deep by 0.75 in. long.

Rearranging the basic equation results in

The resulting critical fracture stresses and other pertinent information are

summarized in the following table.
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Design Stress
o 0.50 Fracture Stress Safety Factor

ys ys ’ 0/0.50

Alloy (ksi) (ksi) (ksi) " ys
Steel 250 125 144 1.15
Aluminum 85 42.5 43 1.01
Titanium 140 70 112 1.60

From the above data it is apparent that the titanium provided the

greatest safety factor and resistance to fracture,
2.4.1.2 Cyclic or Sustained Loading,

An evaluation of the resistance of matcerials to fracturce requires the
consideration of the crack growth ratc characteristics in addition to other

material propertics.

Some examples of data obtaincd from tests arc shown in Figs. E2-19
and E2-20 (Ref. 18). The realistic and practical approach for comparing
materials is to evaluate their crack growth characteristics under a given

application condition. Lect us consider the following hypothetical example.

I. Example Problem A.

1. Materials to be considered are the stecl and aluminum alloys for

which the data are given in Figs, E2-19 and £2-.20.

2. The component of intercst is a thick plate cyclic loaded in tension

under stresscs that vary from zero to maximum tension during each cycle.

3. The design fixes O hax 28 one-half thc yicld strength for each

material: 88 ksi for steel and 32 ksi for aluminum.

4. The worst possible type of flaw that is envisioned is a semi-

clliptical surfacc flaw with a/2c = 0.20.
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5. The minimum size flaw that could be detected by the NDI technique

is 0.15 in. deep by 0.72 in. long. Therefore, each material is assumed to

contain this flaw.

Under these circumstances, which material has the longest life ?

Solution.

Step 1. The first step is to compute the value of the initial stress

intensity, KIi’ for each material for the prevailing conditions of defect size

and stress. The appropriate expression for KIi for the stipulated defect and

component geometry is

where

and

g2 - L2lmao?

Ti Q

crack = 0.15 in. = specified,

o]
I

applied stress (maximum during cycle) = 1/2 O'ys cach materia”,
steel = 88 ksi, aluminum = 32 ksi,

Uys = yield strength, steel= 175 ksi, aluminum = 65 ksi,
Q = 1.26 for specified flaw geometry.
The calculations reveal the following:

1.21 7 (0.15) (88 000)?

2
K = 1.26
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and
I&i = 59 000 psi N in.

for steel, and

1.21 7 (0.15) (32 000)?
Ti 1.26

and

KIi = 21 500 psin in.

for aluminum.

The crack growth rates for the two materials at the beginning of life
can now be determined from Figs. E2-19 and E2-20 using their respective
KI values for the imposed conditions. The results are shown in the following

table.

KI Crack Growth Rates
Alloy (psi~in.) (mils/cycle)
Steel 59 000 0.035
Aluminum 21 500 0.030

However, a knowledge of the crack growth rates at the beginning of
life is not sufficient to determine the respective life expectancy of each
material. One must consider the change in KI and the associated change in
crack growth rates for each material as the crack grows during service as

well as the threshold stress intensity, KTH'
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Step 2.  The growth rate data illustrated in the form shown in Figs,

E2-21 and E2-22 (Ref. 18) provide a convenient method for cvaluating the life
expectancy without becoming intimately involved with changes in KI and
growth rates. Figures E2-21 and £2-22 arc constructed from the samec basic
test data as were used to construct Figs. I2-19 and E2-20. To utilize Figs.
E2-21 and E2-22 it is necessary to know the ratio of KIi to KIc' The previous
calculations in Step 1 showed that KI is 59 ksi Nin. for steel and 21. 5 ksi
Nin, for aluminum. Since the KIc values for cach matcerial were known

from static toughncss tests, the KIi/KI ratios arc recadily determined:
c

}\Ii _ 59000 0. 41
144 000 "
Ic
for steel, and
KIi _ 21500 _ 0.63
K 34 000 e
Ic

for aluminum.

The cyclic life corresponding to these KIi/KI values may be deter-
c
mined dircctly from Figs. E2-21 and £2_22 _ stecl, 1800 cycles, and
aluminum, 4000 cycles, if the time at maximum stress is short during cach

cycle.

Thus, for this specific example where both materials contained the
same given size and type of defeet and both were stressed to one-half their

yield strengths, the aluminum has the greatest life cxpectancy.

It should be emphasized that the result of this cxample cannot be used
to generalize the relative behavior of the two materials. For other conditions

of initial defect sizes and/or applicd stresses, it is possible that the steel
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could have the greater life expectancy. This is demonstrated in the following

table, which shows the life expectancy of the two materials for a wide range

of initial defect sizes and for a constant applied stress of o q/2.
VS

.. Initial Stress-
Initial Intensity Factor
Defect Ky KI' Cycles to Failurc
Depth Ti El- N

a, (ksiNin.) Ic (Life Expectancy)
(in.) | Steel | Aluminum | Steel | Aluminum Steel Aluminum
0.05 19.6 7.2 0.136 0.210 |>>300% 10° | 300 x 103
0.07 27.5 10.1 0.191 0.297 >100 % 10° | 100 x 103
0.10 39.4 14.3 0.274 0.420 30 X 10% 21 % 10°
0.15 59.0 21.5 0.410 0.632 1.8% 10° 4% 10°
0.20 78.8 28.7 0.540 0.845 0.37 % 10° | 1.5 x 10°
0.25 98.4 35.9 0.683] >1.0 0.25 x 10° _—

From the table it is scen that when the initial defect depth is 0.15 in.
or larger, the aluminum will have the longer life N, However, when the
initial defect depth is 0.10 in. or smaller, the stecl will have the greater lifo
expectancy. Although the steel has the larger absolute value of fracturce
toughness, KIC’ and thercfore has the largest critical crack size for
catastrophic failure, it also has a greater crack growth rate for a given
change in K as scen from the differences in slope of the growth rate curves
shown in Figs. E2-23 and E2-24 (Ref. 18). Thercfore, it is possible to have

a "'crossover' situation betwecen the life expectancics of steel and aluminum,

as noted in the table.

Again, the life expectancics in preceding table refleet short time at
maximum cyclic stress. If the time at maximum stress is long, the portion

of time that the stress-intensity level is above the threshold stress intensitics
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for the steel and aluminum would cause reductions in the cyclic lives for the

different initial defect sizes,

The materials could also be compared in another manner by using the
data provided in Figs. E2-21 and E2-22 to answer the question of which
material could tolerate the largest initial defcet (of a given type) that would
not grow to a critical size during some given minimum lifetime for the

component,

II.  Example Problem B.

Known Information:

Plate cyclic loaded (sinusoidal) in tension.
Required life — 50 000 cycles.
Applied stress (maximum stress during cycle) onc-half yicld
strength:

steel = 88 000 psi.

aluminum = 32 000 psi.
Type of defect — semielliptical surface flaw with a/c= 0.4,
Fracture toughness, KIC:

steel = 144 000 psi~in.

aluminum = 34 000 psi Nin.

Unknown Information: Which material can tolerate the largest initial

defect ?

Solution.

Step 1. From Figs. E2-21 and E2-22, find the KIi/KIc ratio

corresponding to the desired life of 50 000 cycles:

L at 50 000 cycles = 0.25

Rle
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for steel, and

M

—— at 50 000 cycles = 0.34
c

for aluminum.

Step 2, Knowing the K o and KIi/KIc ratio corresponding to 50 000

I

cycles, solve for Kn:

KIi = 0.25 KIc

0.25 (144 000 psiNin.) = 36 000 psi N in.

for steel, and

il

K, = 0.34 K., = 0.34 (34 000 psiN'in.) = 11 500 psi~in.

~ for aluminum.

Step 3. Since Kli depends upon stress and defect size, it is now
possible to solve for defect size knowing stress. For semielliptical surface

defects with a/c = 0.4, the following expression is appropriate:

_ K. ? (Q)

i T1.21moz °
for steel,

_ (36 000)2 (1.26)
i 1.21 7 (88 000)2
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and
ai = 0.056 in.
when the defect is 0.056 in. deep by 0.28 in. long; for aluminum,

_ (11 500)2 (1.26)

8 T T.21 7 (32 000)2

and

+v]
[l

0.043 in.

when the defcct is 0.043 in. deep by 0.215 in. long.

Thus, it is apparent that for the condition imposed, the steel could
tolerate a slightly larger initial defect than could the aluminum. Since the
difference in the maximum allowable initial defect size is not great, the
ultimate choice of a material for this situation may depend more heavily on
other comparative factors, i.e., the applicability and capability of NDI
techniques, the type and size of insidious dcfects as related to the maximum

allowable initial defect size, availability, easc of fabrication, costs, ectc.

2.4.2 Predicting Critical Flaw Sizes.

As mentioned in Section 2.2.3, plane-strain stress intensity (ch)
values can be obtained from several types of specimens. With valid data for a
given material form, heat treatment, test temperature, and environment,
critical flaw sizes can be calculated for given hardware operating stresses.
The engineering uscfulness of the basic stress-intensity concept in the pre-

diction of critical flaw sizes and the use of a/Q to describe flaw size has
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been supported by a number of hardware correlations, some of which are
shown in Refs. 17 and 19. Comparisons between measured critical flaw
sizes on test hardware and predicted critical flaw sizes based on test speci-

men plane-strain toughness data have shown good correlation.

From the equation shown in Fig. E2-6, it is apparent that critical flaw
size is equally as dependent on applied stress as on the material fracture
toughness. The following sections show approaches for calculating critical
flaw sizes for the three basic types of initial flaws (surface, embedded, or
through-the-thickness) based on the appropriate fracture toughness values

measured from valid specimen tests.
2.4.2.1 Surface Cracks.

Calculations for surface flaws can be carried out by rearranging the

stress-intensity equation developed by Irwin (Section 2.2.1),

K 2
1 Ic
(a/Q) cr 1.21n (T)

for a "'thick-walled" structure (i.e., flaw depth less than half of the material
thickness) where ch is the plane-strain fracture toughness obtained from
fracture toughness specimen tests, o is the applied stress in structure
normal to the plane of flaw, acr is the critical flaw depth, Q is the flaw
shape parameter (obtained from Fig. E2-5), and (a/Q)Cr is critical flaw

size.

Since the flaw size is an unknown quantity, it is necessary to assume
a flaw aspect ratio, a/2¢, to determine Q. Using the preceding equation,

the critical flaw depth, acr, can be determined for a specific value of o

and KIc'
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1. Example Problem A.

Aluminum alloy 2219-T87 is selected as the material for use in a
20-in. -diam spherical gas bottle. The bottle is to operate at 4000 psig and

be stored in a liquid-nitrogen propellant tank.
What is the critical flaw size ?
A. Assumptions.
1. The defect is a semielliptical surface flaw with a/2c = 0. 2.

2. The operating stress is ¢ = 80 percent (yicld strength of the

material) .
B. Solution.

The yield strength and 1. values obtained from the tested speci-

Ic
mens are as follows:

g = 60 ksi
ys

and

K. = 37 ksinNin,
The operating stress is

o = 0.80 (ays) = 0.80 (60) = 48 ksi
The wall thickness required is

t _ PR _ (4000) (10)

req 20 2) (48 000 0.417 in.
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For thick-walled structures,

2
- Q (ch)
qer 1.21 7 o ’

where the shape parameter Q can be found from Fig. E2-5. For this problem

Q= 1.18; then

1.18  (37\% _

2
acr = m (K) = 0.184 in.

and
2¢c = a/0.20 = 0.184/0.2 = 0.92 in.

For surface flaws that are deep with respect to material thickness,

the flaw magnification factor, M can be applied to give a more accurate

k,
critical flaw size,

1 KIc2

1.21w Mka ?

(a/q) , =

for thin-walled structures.

II. Example Problem B.

Use the same design that was shown in Example Problem A except that

the spherical diameter of the bottle is 15 in. The wall thickness required is

¢ = PR _2000(7.5 _ ...
req 20 2 (48 000) ' :
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For thin-walled structures,

K 2

Flaw magnification factors, Mk’ for the 2219-T87 aluminum are available
from Fig. E2-8. Since the critical flaw depth, acr, is unknown, a "trial-and-

error' iterative solution is necessary to determine the magnification factor

corresponding to the critical flaw depth.
Without a magnification factor, a_.= 0.184 in. (Example Problem A).

For a/t=0.184/0.313=0.59, M, = 1.21,

k

2
] = 0.126 in. < 0,184 in.

qr T 1217

1.18 37
1.21 (48)

Take an average a = 0.184 ; 0.126 _ 0.155 in.

For a/t = 0.155/0.313 = 0.50, Mk = 1.15,
a = 118 27 .. 0.139 in. < 0.155 in
cr  T.217 |T1.15(48) oo e S e 29 IR

0.155 + 0.139
2

0.147 in.

Take an average a =

For a/t = 0.147/0.313 = 0.47, M 1.13,

k

1.18 [ 37

2
a _ .
cr 1.21 1.13 (487} 0.144 = 0.147 in.

Further reiteration will provide more accuracy if desired.
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If adequate flaw magnification values are not available for a particular

material, a reasonable estimate for M is the approximate Kobayashi solu-

k
tion shown in Fig. E2-25. However, it should be understood that its use can
result in somewhat conservative answers for more ductile materials and

perhaps unconservative answers for more brittle materials.
2.4.2.2 Embedded Flaws.

The calculations for embedded flaws in thick-walled structures will
be the same as for surface flaws except that acr is the one-half critical
flaw depth of the embedded flaw, and the correction factor of 1.21 for the
effect on stress intensity of the stress-free surface (Section 2.2.1) is elimi-

nated. Thus the equation for one-half critical internal flaw size is

K 2
wa,, (1 )

Although flaw magnification effects have been studied for deep surface
flaws, apparently no similar research has been done for internal flaws with
large flaw-depth-to-material-thickness ratios. The fact that internal flaws
are hidden, making their size difficult if not impossible to accurately deter-
mine, presents a problem in the study of internal flaw magnification effects.
The assumption might be made that the same flaw magnification factors,

Mk’ used for deep surface flaws might be applied to the equation for critical
embedded flaw sizes. However, there is no evidence of how conservative or

unconservative this assumption is.

On the other hand, to account for the lack of knowledge about flaw
geometry and orientation, it can be conservatively assumed that flaws are
surface (or barely subsurface) flaws and that they are long in relation to

depth (Q ~ 1.0).
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2.4.2.3 Through-the-Thickness Cracks.

To calculate through-the-thickness critical crack length, the basic
plane stress equation for through-the-thickness cracks in an infinitely wide

plate (Section 2.2.2.1) can be rearranged to give

2 2
[/z—li i.K_C

cr T\ Qo Tom\ o '
ys

where Kc is the plane stress fracture toughness obtained from an edge-
notched or center-cracked specimen, o is the applied stress in the structure
normal to the plane of the crack, oys is the tensile yield strength of the

material, and Icr is the critical crack length.

I. Example Problem A.

Aluminum alloy 2219-T87 is selected as the material for use in a 15-
in. diameter compressed air cyclinder. The cylinder is to operate at 1000

psig in ambient room atmosphere.
What is the critical flaw size ?
A. Assumptions.

1. The defect is a semielliptical surface flaw with a/2c¢ =

0.2.
2. The operating stress is ¢ = 80 percent of material
yield strength.
B. Solution.

The yield strength and K[c values obtained from test speci-

mens are as follows:

o = 50 ksi
ys
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and

KIC = 32 ksi N in.

An estimate of Kc versus material thickness based on

2219-T87 test specimens is shown in Fig. £E2-26 (Refs. 20 and 21).

The operating stress is
g = 0.80 (oys) = 0.80 (50) = 40 ksi
The wall thickness required is

PR 1000 (7.5) .
= n—— = —————————— = . 1 .
treq o 40 000 0.188 in

For thick-walled structures,

K 2
a = 9 _lc
cr 1.21 7 g

From Fig., E2_.5, Q= 1.18; then

1.18 32 \?
= ———— =] = 0.1¢ . 188 in.
acr T o1 n (40) 0.199 > 0.188 in

Therefore, the critical flaw is apparently a through-the-thickness crack and
the tank will leak before failure. The critical crack length of failure is pre-

dicted to be
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150
|
‘\ IRWIN'S APPROXIMATION OF TRANSITION MODE
u 13
| K2
- 1414
l Kc ch (h OYI) )]
| DATA POINT FROM REF. 21, P. 112
100
50 _~—DATA POINT FROM REF, 20, TABLE V
—L —_—Q;;
\ Kic = 32.0 ksiv/in,
0
2.0

1.0

t (in.)

FIGURE E2-26. ESTIMATE OF Kc VERSUS t FOR 2219-T87 ALUMINUM

(T=170F, K, = 32.0 ksi N in. )
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2 2
. z(‘_‘_) 1 (%
cr T\GCO T \o
ys

The plane-stress fracture toughness value, KC, from Fig. E2-26,

is 84 ksi W in.

2 [(84\? 1 [84\2
l = e — — — —— = . - . = . ..
or "_(40) w<50> 2.81 0.91 1.90 in

2.4.3 Structure Design.

2.4.3.1 Service Life Requirements and Predictions.

With pressure cycles and time at stress, an initial flaw or defect in a
structure will grow in size until it attains the critical size at the applied oper-
ating stress level, and failure will result. The flaw-growth potential (in
inches) is equal to the critical size minus the initial size. The life of the
structure directly depends upon this flaw-growth potential and the subcritical

flaw-growth characteristics of the material.

The determination of the initial flaw sizes generally relies upon the
use of NDI procedures; however, the conventional proof test can be considered
to be one of the most positive inspection proccdures available. A successful
proof test actually defines the maximum possible initial flaw size that exists
in the vessel. This results from the functional rclationship between stress
level and flaw size as defined by the critical stress intensity (ch) and illus-

trated in Fig. E2-6.

Probably the most predominant types of subcritical flaw growth are
fatigue growth resulting from cyclic stress and environmentally induced
sustained stress growth. Also, growth may occur even in the absence of
severe environmental effects if the initial flaw size approaches the critical

flaw size.
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The technique used for predicting the subcritical cyclic or sustained

stress flaw growth makes use of fracture specimen testing and the stress-

intensity concept.

It has been shown (Refs. 6 and 17) that the time or cycles to failure at
a given maximum applied gross stress level depends on the magnitude of the

initial stress intensity.at the flaw tip, KIi’ compared with the critical stress

intensity, ch [that is, cycles or time to failure = f (KIi/KIc) l. Also, itis

seen that the ratio of initial flaw size to critical fiaw size is related to the

stress-intensity ratio as follows:

a

i
. —
'Kli Qi

e fer

cr

Thus, if cyclic or sustained stress fracture specimens are used to
obtain experimentally the KH/KIc versus cycles or time curves for a material,
the cycles or time required for any given initial flaw to grow to critical size
can be predicted. Conversely, if the required life of the structure is known
in terms of stress cycles or time at stress, the maximum allowable initial

flaw size can be determined.

The cyclic flaw-growth data are plotted in terms of stress-intensity
ratio, KIi/KIc’ versus log of cycles, as shown schematically in Fig. E2-27a.
By squaring the ordinate value, the plot of the ratio of initial flaw size to
critical flaw size versus the log of cycles (Fig. E2-27b) can be obtained. It
should also be recognized that flaw size can be determined after any incre-
mental number of cycles. For example, if the initial flaw-size ratio was
0.40, the flaw would have grown in A cycles, increasing the ratio to 0.6;

in B cycles, it would have grown to 0.8, etc.
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FIGURE E2-27. SCHEMATIC REPRESENTATION OF CYCLIC
FLAW GROWTH

Cyclic flaw_growth data have been obtained on a number of materials
used in the aerospace industry. Some such data arc shown in Figs. E2-28

and E2-.29.

The application of fracture-specimen testing to define the cffects of

sustained load on flaw growth is essentially the same as uscd in defining cyclic

flaw growth. A constant load is applied to a flawed specimen such that the
initial stress intensity is less than the critical value and the time to failure
is recorded. The KIi/KIc values are computed and the KIi/KIc ratio is

plotted versus log of time to failure.

Plots of KIi/KIc versus log of time for most materials indicate the
existence of a threshold stress-intensity level below which sustained stress
growth docs not occur. Figurc E2-30 shows data for 17-7 PH steel tested in
both dry and wet environments, and Fig. E2-31 shows surface-flawed speci-
men data for 2219-T87 aluminum tested in liquid nitrogen. In neither case
does it seem that the environment played an important role in the sustained
stress growth. In both cascs the apparent threshold stress-intensity levels

are quite high,
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1.0 Y T
NOTES: 1. BASE METAL: 1.0-in. THICK 2219-T87 PLATE
~ 2. FRACTURE SPECIMEN: SURFACE FLAWED
~ N sL LOAD SPECTRUM
1(min)—{
0.90 Omax |- b
~ ~
~
~
~ 0
0.90 ~ <
~
\\
~
0.70
1 10 100 1000

NUMBER OF CYCLES TO FAILURE

FIGURE E2-28. BASE METAL CYCLIC FLAW-GROWTH DATA
(-320°F, LONGITUDINAL GRAIN)

SCATTER BAND
(OF DATA
90 CYCLIC LOAD SPECTRUM
T
b1 (min) +
1 —\—/ —\—
80 ] A
70
1 10 100 1000

NUMBER OF CYCLES TO FAILURE

FIGURE E2-29. CYCLIC FLAW-GROWTH DATA OF 6A1-4V
TITANIUM PLATE TESTED AT -320°F



K1i/Kje

T EHN[E/—\L LIBRARY

ABBOTTAEROSPACE.COM

M

Section E2
1 November 1972
Page 73

1.0 \

\ DATA BAND
0.8 %‘
NOTCHED BAR SPECIMENS
0.6 PLATE AND FORGING
04
0.1 1.0 10 100 1000

TIME AT LOAD (hr.)

FIGURE E2-30. SUSTAINED STRESS FLAW_-GROWTH DATA FOR
ROOM -TEMPERATURE TESTS OF 17-7 PH STEEL

Let us now consider the significance of sustained stress {law growth
and specifically the threshold stress-intensity concept on the estimated total
cyclic life of a tension-loaded structure containing an initial crack or crack-
like flaw. To illustrate this, the schematic represcentation of the K-N curve
is reconstructed in Fig. E2-32, but superimposed on this curve is a horizontal
like at KIi/KIc = 0.80. This is assumed to be the threshold stress intensity.
Now consider the situation where the initial flaw size and applicd cyelic stress
result in an initial stress intensity cqual to 50 percent of the eritical value.
From the curve, it is scen that it would take a total of A cycles to grow this
initial flaw to critical size and causc failure. However in B cycles, the
initial flaw would have increased in size enough to cuase the stress intensity

to reach the threshold value of KIi/KIc = 0.80. With additional cycles the

6
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DATA BAND
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‘._:_.
b*3
NOTE: BASE METAL: 2219-T87 1.0-in.-THICK PLATE
08
0.01 0.1 1.0 10 100
TIME TO FAILURE (hr )
FIGURE E2-31. SUSTAINED STRESS FLAW-GROWTH DATA FOR
2219-T87 ALUMINUM AT -320°F
1.0
couamgo TIME
CYCLE GROWTH
08}— —— YHRESHOLDSTRESS =
’ INTENSITY LEVEL
;‘e CYCLIC
= I CYCLES ROWTH
x ONLY
o6}— — — —_——_—— — -—
A CYCLES
(1]
TOTAL CYCLIC LIFE —e

FIGURE E2-32.
GROWTH SCHEMA TIC INTERPRE TA TION

COMBINED CYCLIC AND SUSTAINED STRESS FLAW
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stress intensity would further increase and, if the stress were sustained

sufficiently long, it appears possible that failurc could occur on the (B + 1)

cycle.

If, on the other hand, the cycles were applied with little time at
maximum cyclic stress, it appears that the total of A cycles could be
realized. It is hypothesized that below the threshold K-value, the time at
sustained stress has little or no effect on cyclic life. Above the threshold
value there will be an interaction such that failurc could occur anywhere
within the range of (B + 1) to A cycles, depending on the time the maximum
stress is held during cach cycle. The development of the exact time-cycle
interaction curves above the threshold value would be a complex and expensive
task and, as applicd to most tankage structurce, may not be of great importance.
It appears more rational to determine the basic cyclic data and the threshold-
intensity values and then verify (through prolonged-time specimen cyclice
tests) that time at load is not of major significance below the threshold valuce.
In the application of the data to fatigue-life estimation, the maximum allowable
stress intensity would be limited to the threshold value as determined for the
material in question and for the applicable scrvice environment. If the
threshold is very low, steps should be taken to protect the material from the

environment.

The operational cyclic life of pressure vesscls can be determined if
the following data are available:

1. Proof-test factor «.

2. Maximum design operating stress Gop

3. TFracture toughness KIc'
4. Experimental cyclic and sustained stress flaw growth for the

vessel material.
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If the cycles to be applied to the vessel have short hold time at the maximum
stress Uop' the stress intensity at Uop can be allowed to reach the critical
value lﬁc and therefore the allowable flaw growth potential is a\cr - ai. For
long hold times at the maximum stress, the stress intensity could not be
allowed to exceed the sustained stress threshold value KTH and the allowable
flaw growth potential is a _ - ai. Typical threshold stress-intensity data

th
can be obtained from Refs. 12 and 22.

I. Example Problem A (Thick-Walled Vessel).

Cyclic life prediction can be made by utilizing the proof-test factor and
the relationships between lﬁ i/KIc and cycles to failure for various values of
R (ratio of minimum to maximum stress during a cycle) for the material-

environment combination,

The procedure for assessing the structural integrity of the thick-
walled vessels follows. In the first analysis for the assessment of the struc-
tural integrity of the thick-walled vessel, it is always assumed that all the
pressure cycles are applied at R= 0. Since the analysis based on R= 0
will always show the remaining cyclic life less than that based on the analysis
of R # 0 (actual R ratios), the prediction of cyclic life based on the analysis
of R= 0 is invariably conservative. If the pressure vessel is shown unsatis-
factory for the flight based on R = 0, then the prediction analysis for the
remaining cyclic life is conducted based on the actual R values at which the
cycles are applied. An excellent illustrative example abstracted from Ref. 12

is given as follows.

Suppose that a thick-walled 6A1-4V (STA) titanium helium tank is
successfully proof tested at a proof-test factor of 1.50 times the maximum
design operating stress. Suppose that the proof-tested tank is subjected to the

following pressure cycles before the flight, as shown in Fig. E2-33:
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FIGURE E2-33. CYCLIC HISTORY OF A THICK-WALLLD VESSEL
(EXAMPLE PROBLEM A)

1. 200 loading cycles with the maximum stress as 90 pereent of o "
(«

and R= 0.1,
2. 4300 loading cycles with the maximum stress as U()p and R =

0.7.

3. 260 loading cycles with the maximum stress as 95 percent of o P
0]

and R = 0.4.
4. 40 loading cycles with the maximum stress as (r()p and R= 0.1,

The cyclice life curves for 6A1-4V (STA) titanium for the environment
of room-temperature air arc reproduced for R= 0.0, R= 0.1, R= 0.4, and
R= 0.7 in Fig. E2-34. The difference between the plots of cyclie lifc against

Kli/KI for R=0 and R= 0.1 is negligible for this material-environment
c
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combination, and hence both are shown by the same plot in Fig. E2-34. The

threshold stress-intensity level for the material in the environment of room-

temperature air is 90 percent of KIc'

The maximum possible KIi/KIc ratio that could cxist in the vessel
after the proof test at Uop is 1/a = 0.667. It can be scen from the R= 0
plot in Fig. E2-34 that the maximum cycles to failurc are about 600 at oop
if the hold times at maximum stress are small. If the analysis is based on
R =0 instead of actual R, the pressure-cycle history shows that the vessel
is critical. In the following, the assessment of the vessel is made based on

the appropriate values of R.

At the beginning of 200 loading cycles with the maximum stress as

Ie is given by 0.90 X 0.667= 0.60. This

point is indicated by E on R = 0.1 curve. The 200 loading cycles of 0.90

0.90 ¢ , the maximum K_. /K
op Ii

Uop and R= 0.1 change fhc KIi/KI ratio from Point E to Point D on the
C

plot of R= 0.1. The KIi/}Sc ratio at the end of 200 loading cycles of

R=0.1 is 0.63.

The stress is increased by 10 percent at the end of 200 cycles. Hence,
the KIi/KIc ratio at the beginning of 4300 cycles at aop and R= 0.7 is
(1.0/0.9) x 0.63 = 0.70. This is shown by Point D on the plot of R = 0.7.
The 4300 loading cycles at o and R= 0.7 change the K ,/KI ratio from

op Ti c
Point D to Point C on the plot of R = 0.7, wherc its value is 0.78.

The stress is decreased by 5 percent at the end of 4300 cycles. Hence.
the KIi/KIc ratio at the beginning of 260 cycles at 0.95 oop is (0.95/1.0) x
0.78 = 0.74, which is shown by Point C on thc R = 0.4 plot. The 260 cycles
at 0.95 oop and R = 0.4 change the KIi/KIc ratio from Point C to Point B

on the R= 0.4 plot, where its valuc is 0.80.
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The stress is increased by 5 percent at the end of 260 cycles. Hence,
i i i . . X 0.80=
the KIi/K(c ratio at the beginning of 40 cycles at Uop is (1.0/0.95) x 0.80
0.84, which is illustrated by Point B on the R = 0.1 plot. The 40 cycles at
o and R= 0.1 increase the IS/Kl ratio from 0.84 to 0.875, which is
op i Ic
shown by Point A in Fig. E2-34,

Since the stress intensity at the end of 40 cycles at Uop is less than
the threshold stress intensity, the vessel is considered to be safe for the
flight. It will take 20 loading cycles at oop and R= 0.1 to increase
KIi/KIc from 0.875 to 0.90. Thus, the estimated minimum cyclic life

remaining for the vessel is 20 cycles.

II.  Example Problem B (Thin-Walled Vessel).

In thin-walled vessels the flaw depth becomes deep with respect to the
wall thickness prior to reaching the critical size. Thérefore, Kobayashi's
magnification factor for deep surface flaws Mk must be considered. In
thin-walled vessels it is assumed that the flaws are long with respect to their
depth and, consequently, Q is assumed to be equal to unity in the Kobayashi

equation,

To determine the cyclic life of a thin-walled vessel, the following

relations are required (Ref. 22).

1. Proof-test factor, Uop’ ch’ and KTH'

2. The ¢ versus a curve, similar to Fig. E2-35, to determine the
flaw size, ai, acr’ and a__ . The curve is obtained from the following

Th
equation:

.- o
(1.1 Mk\f'ir—a)
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FIGURE E2-35. DETERMINATION OF INITIAL AND CRITICAL
FLAW SIZES

3. The KIi/KIc versus flaw growth ratec da/dN to determine the
flaw growth rate at any stress level. The flaw growth rates can be obtained
by differentiating the KIi/KIc versus cycles to failure curve, similar to that
of Fig. E2-36 (Ref. 22). This curve is obtained from the specimens where
acr/t is less than half. For an assumed maximum cyclic stress level, say
o4, the given KIi/KIc versus N curve can be converted to an a/Q versus

N curve by the equation

2
1 i
1.217 \ o,

a/Q =
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CYCLIC LIFE CURVE (1 cpm) FOR
BAl- 2 1/2 Sn (ELI) TITANIUM

10

fESTIMATED THRESHOLD LEVEL
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i il ] 11 1111 ] L11111

10 100 1000
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LOAD PROFILE
E i AVAY
3
1

FIGURE E2-36. COMBINED SUSTAINED AND CYCL1IC STRESS
LIFE DATA [5 Al — 2 1/2 Sn (ELI) TITANIUM
AT -320°F]
The slope of the a/Q versus N curve gives the plot for the flaw growth rate
d/dN (a/Q) versus KIi/KIc for the stress level ¢4. From the preceding
equation for a given I%i’ a/Q at the stress level o, is related with a/Q

at o4 as

o (@) ¢)

From this equation it can be concluded that the flaw growth rate at any stress

level o, is related to the growth rate at o, as follows:

[d/dN (a/Q)] 04 = (04/0,)? [d/dN (a/Q)] o,
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The prediction of the remaining cycle life and the structural integrity

of the thin-walled vessel is demonstrated by an illustrative example abstracted

from Ref. 22 and is given as follows.

Suppose that a thin-walled 6A1-4V titanium (STA) propellant tank
containing N,0O, at room temperature is successfully proof tested with water
at room temperature to a proof-test factor of 1.41 times the maximum design
operating stress, oop' Suppose that the proof-tested tank is subjected to the

following pressure cycles before the flight:

1. Twenty loading cycles with the maximum stress as 90 percent of

op’

2. Tweclve loading cycles with the maximum stress as 95 percent of

op

3. Five loading cycles with the maximum stress as Uop'

It is desired to assecss the structural integrity of the pressure vesscl
from the fracture mechanics standpoint and cstimate the minimum cyclic life
remaining for the vessel at Uop' This cxample is treated with specific
numbers since the stress-intensity factor has to be correeted for the a/t
ratio according to Fig. E2-25. The thickness of the tank is 0.022 in. The
maximum design operating stress, Uop’ is 87.5 ksi. Thc matcerial of this
gage under the above-mentioned environmental conditions has the minimum
fracture toughness of 37 ksi N in. and the threshold stress intensity of 80

erce f K .
percent o Ie

TH Ic
Fig. E2-35. Since the proof stress is 1.41 X Uop = 123.6 ksi, it is clear

The o versus a plots are given for KIC and K = 0.80 K in

from Fig. E2-35 that the maximum possible a, that could cxist is 0.0143

in. Here it is assumed that the depressurization from the proof prcssure is
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rapid enough so that no significant flaw growth occurs during the depressur-
cr

ization. Also, as shown in Fig. E2-35, for the stress level of aop, a

i L] L] d i . i .
is 0.0196 in. an aTH is 0.0160 in

The plot of the KIi/ KIc versus flaw growth rate for 6A L-4V titanium
at room temperature is reproduced in Fig. E2-37 for ¢ = 100 ksi. The 99-
percent confidence level flaw growth rate curve is obtained from the cyclic
data of R = 0.0; it is assumed in this example that all the cycles are applied
at R=0.0.

Taking into account fhe effect of stress level on the flaw growth rates,
the rates are arithmetically integrated from a,1 = 0.0143 in. to a .= 0.0196
in. according to Fig. E2-38 to calculate the cycles to failure for the stress
level of Uop' The plot of flaw depth against cycles to failure for the stress

level of oop is shown in Fig. E2-39.

When the maximum cyclic stress is 0.95 Uop’ ai is still 0.0143 in.

but a\cr is 0.0208 in. and a___= 0.0167 in. from Fig. E2-35. Based on

the stress level of 0.95 aop’ Tgxe flaw growth rates are integrated from

ai = 0.0143 in, to a .= 0.208 in. to calculate the cycles to failure. A
similar procedure is followed to obtain the relation of flaw depth against
cycles to failure for the stress level of 0.90 Gop' These plots are shown in

Fig. E2-39.

At the end of the proof cycle and the beginning of the first cycle at the
maximum cyclic stress of 0.90 aop, the maximum possible flaw depth is
0.0143 in. This is shown by Point D in Fig. E2-39. The 20 loading cycles
with the maximum stress as 0.90 oop change a from Point D to Point C

on the plot of 0. 90 % op (Fig. E2-39).
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FIGURE E2-37.
(FOR ¢ = 100 ksi)
max

d(s/Q)/dN (1 in./cycle)

CYCLIC FLAW-GROWTH RATES

a. Obtain from Kobayashi's solution of My vs a/t

b. K = 1.1/ 0(a)V/2 My

c. Obtain from basic K vs da/dN curve.

j L3 P
2 a3 a
—
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K da/dN

4 " st | Mg K 5%"3 derg/dN | ANy | ANy
3 82/t M K
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|| | | I | |
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FIGURE E2-38. ARITHMETIC INTEGRATION OF FLAW-GROWTH-RATE
DATA (DEEP FLAWS IN THIN-WALLED VESSELS)
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The tank-wall stress is increased by 5 percent at the end of 20 loading
cycles with the maximum stress as 0. 90 O'Op. The flaw sizc remains the
same during the stress increase. This is shown by Point C on the plot of

0.95 ¢ in Fig. E2-39.
op

The 12 loading cycles with the maximum stress as 0.95 ¢ 0 change
0

a from Point C to Point B on the plot of 0.95 O’Op in Fig. E2-39.

At the end of 12 loading cycles with the maximum stress as 0.95 o p’
C
the stress is increased by 5 percent.  This is shown by Point B on the plot

of o in Fig. E2-39.
op

The live loading cycles with the maximum stress as Gop change a
from Point B to Point A on thc plot of O’Op in Fig., 1:2-39. The flaw depth
at A is 0.01534 in. This is smaller than 3TII’ which is 0.0160 in. Hence
the vessel is considered to be safc for the flight. Also from Fig. E2-39, it
will take seven cycles at Uop to increasc the flaw depth from 0.01534 in.

to 0.0160 in. Hence, the minimum estimated cyclic life remaining for the

vessel is seven cycles.
2.4.3.2 Allowable Initial Flaw Sizc.

Allowable initial flaw sizes in a designed structure depend on the
service life requirements for the structurc and fracturce toughness properties
of the material selected. The prevention of failurc requires that cither the
actual initial flaw sizcs or the maximum possible initial flaw size be known.
Nondestructive inspection provides the only means of determining actual
initial flaw sizes. A successful proof test speeifies the maximum possible
initial flaw sizc which can exist after the proof test and, in turn, provides the
maximum possible initial to critical stress-intensity ratio, KIi/KIc' To
determinc the maximum allowablc initial {law sizc¢, the initial to critical
stress-intensity ratio, based on the scrvice life requirements, must be

determined.
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The calculation of allowable initial flaw size is demonstrated by the

following example.

I. Example Problem A.

A cyclic loaded pressure vessel of aluminum alloy must meet the

following design conditions:
1. Required minimum life, 40 000 cycles.
2. Maximum stress in a cycle 1/2 Uys = 35 000 psi.
3. K of weld metal = 15 000 psi \in.
4. Semielliptical surface defect (length 4 x depth).

What is the allowable initial flaw size which will grow to a critical

size in 40 000 cycles?
Solution.

From Fig. E2-40 (Ref. 18), the }%i/KIc ratio corresponding to
40 000 cycles of life is 0.36. The initial stress intensity can now be

determined:

Ki
K/Kle = 936 = 15550

and
Kn = 0.36 (15 000) = 5400 psi ~in.

Knowing the design stress of 35 000 and the expression of the type of
defect, it is now possible to find the defect size corresponding to a KIi of

5400 psi N in. :
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FIGURE E2-40. CYCLIC FLAW-GROWTH DATA FOR
ALUMINUM ALLOY

K 2Q
N ¢ _ _(5400)% (1.4) _
4 T Tai7er © T.air (G5 onoy - 0-0088 in.

v

The valuc of Q= 1.4 is taken from Fig. 152-5 for a/2c= 1/4 = 0.25

and c/0 = 1/2=0.50.
ys

2¢ 42, = 4 (0.0088) = 0.0352 in.

Thercfore, the size of an initial flaw which will just grow to a critical
size in 40 000 cycles is 0.0088 in. dcep by 0. 0352 in. long.
2.4.3.3 Nondestructive Inspection Acceptance Limits.

The NDI requirements for any given structure are a function of the
allowable flaw sizes. They arc limited by any cconomic or schedule impli-

cations associated with a proof-test failure and by the reliability of the
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inspection techniques for detecting initial flaws. Allowances should be made
for any lack of specific knowledge of flaw geometry and orientation. When
there is a lack of flaw definition, the worst possible flaw geometry and

orientation might be assumed.

Also, in arriving at acceptance limits, the allowable spacing for
internal or surface flaws (that is, aligned flaws in weldments) must be con-
sidered. An approximate analytical solution for the interaction of elliptically
shaped coplanar flaws has been obtained by Kobayashi and Hall (Ref. 23). The
results are shown in Fig. E2-41 along with experimental results on several
Ladish D6AC steel specimens containing two coplanar semielliptical surface
flaws. The curves are plotted in terms of stress-intensity magnification
ratio (K;/K;) versus flaw spacing ratio (d/a). Probably the most significant
point is that there is very little interaction between coplanar flaws unless they

are surprisingly close together.

Kie
Kje FROM COPLANAR FLAW SPEC.

USING SINGLE FLAW EQUATION

3 25 e
s N/ .
20 d —— Kjc FOR LADISH 1
Zo o/2c = 0.02 L DAC STEELS
§E 2 =030 2e=030 ® = 47.5 kei S,
Eg 't ot _" ‘. 2 =028 A =425 ki JTn,
25 S '
[
B - S
z 10 _
a 2e=0.32 L o/2c=0.2¢ 7
PLANE STRAIN STRESS INTENSITIES 8/2c = 0.21

3 COPLANAR FLAWS ~ Ki 2/2¢=0.22
SN Y | | ~Ka | L

0 05 1.0 15 2.0

SEPARATION (d/s)

FIGURE E2-41. STRESS-INTENSITY MAGNIFICATION FOR TWO
COPLANAR ELLIPTICAL FLAWS
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The establishment of NDI acceptance limits when scrvice life require-
ments are known might best be shown by an illustrative example involving a
hypothetical pressure vessecl that is expected to encounter a rather complex

loading history.

Figure E2-42a shows the assumed scrvice life requirement con-
sisting of one proof-test cycle (at a stress level of @ times the opcrating
stress) followed by 1000 cycles and then 100 hr, both at a constant opcrating
stress level of (¢ = 1.0). To define the minimum inspection standards
required prior to service, it is nccessary to determine the critical flaw sizc,
(a/Q) opr At the end of service (Scction 2.4.2) and work backwards, cvaluating

all portions of the loading profilc that can causc flaw growth.

Figure E2-42b represents a dimensionless relationship of stress-to-
flaw size as shown previously (Fig. 1:2-6). The ordinate now is plotted in
terms of percentage of critical flaw sizc at operating stress. Figures E2-42¢
and d are schematic representations of the cyclic load flaw growth and sus-

tained load flaw growth, respectively.
The approach is as follows:

1. The critical flaw sizc at operating stress is represented as 100
percent of critical and is the maximum allowed at time TD (at the end of the

service life).

2.  Maximum allowed flaw size at time TC is shown by Point C and
represents the maximum allowable flaw size at the start of the 100-hr sus-

tained stress period.

3. The effect of cyclic loading is shown in Fig. E2-42c¢ by moving
1000 cycles from TC to TB. Point B then represents the maximum allowable
size at time TB or at the start of the 1000-cyele period. This size is the

maximum allowable size before the vessel is placed in service.
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4. It can be shown that the previous one-cycle proof test gencrally

has a negligible effect on flaw growth compared with the chosen service life.

Note in this schematic illustration that the maximum allowable f{law
size is less than that which could have been present during a successful proof
test, and thus the proof test could not guarantce successful fulfillment of the
service life requirement. As a result, NDI must be capable of detecting flaws

as small as (ai/Qi)max'

If it is determined that inspcction technique limitations preclude the
assurance of service life reliability, then either the nroof-test factor must
be increascd to assure that (ai/Qi)max is the largest possible existing flaw
size at the beginning of service life, or conscrvative assumptions might be
made about flaw geometry and oricntation to account [or the inability to detect
small flaw depths. For example, the length (L) of an indication scen in X-ray
inspection could be assumed to be the minor axis of an clliptical flaw where the
major axis is large with respecet to the minor axis (i.e., L= 2a, Q = 1.0).
Consecquently, the critical flaw size must be larger (and the operating stress
lower) in order to mect the scrvice life requirements. In other words, both

a d > highe he linate of I'ig. 112_42h,
( i/Qi)max an (a/Q)Cr movc higher up the ordinate of Fig

It should be noted that in terms of "'percentage of critical,' (law size
is independent of actual stress and toughness values. Obviously, the deter-
mination of finitc maximum allowable flaw sizes (or smallest flaw size for
NDI detection) requires a detailed knowledge of applicd stresses in the various
tank locations and of the fracture toughness of the materials used. This has
been illustrated by the Example Problem A in Scetion 2.4.3.2 in which the
allowable initial flaw size in an aluminum alloy pressure vessel is ealculated
based on a required service life. In the case where NDI acceptance limits
are being considered, the calculated initial flaw ‘depth and length are the

minimum demensions which NDI must be capable of detecting.
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2.4.3.4 Proof-Test Factor Selection.

It has been previously noted that a successful proof test determines
the maximum possible flaw size which can exist after the proof test and prior
to the beginning of service. The proof test is the most powerful inspection test
presently available and offers the most reliable method for guaranteed service

life.

Figure E2-43 shows a schematic theoretical relationship between the
critical flaw size, (a/Q)cr{ and the corresponding fracture stress, as pre-
viously illustrated in Fig. E2-6, along with a similar relationship between
initial flaw size (a/Q)i and stress level. The relationships hold true for

applied stresses below the yield strength of the material. For stresses above

/__ oult
L\
N
AN
N\

T o PROOF :
T T I'max N\ T 777
4 Kii :
& 10 OPERATING
B TN - = -
o , !
= way, |
g U Kie= 1.1 V7 ola/a) %

: ‘I/Q)c'.

| 1

12> 10

FLAW SIZE, 2/Q

MINIMUM
FLAW GROWTH
POTENTIAL

(1-1/a?)

FIGURE E2-43. TYPICAL MATERIAL STRESS-INTENSITY
RELA TIONSHIP
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the yield value the relationships follow some experimentally determined curve
up to the ultimate strength, o . If proof pressure is @ times the operating

ult
pressure, the critical flaw size is

K 2
‘ 1 Ic

(a/Q)cr - max(a/Q)i 1.2l 7 \ao

proof oper oper

and
K 2
Ic

(a/Q) T T.2i7 \o

oper oper

Thus the proof-test factor, «, is a function of the maximum initial flaw sizc

and critical flaw sizc for the operating pressure level

i

(a/Q)
oper 1
@

oper

Since subcritical flaw growth is a function of the initial stress intensity as

compared with the critical value, the proof-test factor can be related as

1.17 % o (a/Q)ii/z

max K_. er
Ii _ oper 1
Kie 1.1NT a o (a/Q)V2 o
oper i
opcer

where KIi is the initial stress intensity at the operating stress level and

temperature, and KIc is the fracturce toughness value at proof test
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temperature. It should be noted that lower proof test factors (and therefore
lower proof stresses) can be employed if the proof test is performed at a
temperature where the material has a lower K[c than at operating temperature
and, consequently, greater susceptibility to flaws. In this way the risk of

proof-test failure is minimized insofar as practical.

The maximum KIc at proof temperature should be employed in the
equation rather than the minimum or average KIc because it results in the
selection of a higher proof factor, a conservative event. Figure E2-44 illus-
trates the difference between the use of maximum and minimum ch at proof
temperature. For a given maximum initial flaw size, (a/Q)i (ma), the
proof stress required by KIc (min.) is less than that required by KIc (max.).

In fact, if K. (min.) were used and a component fabricated from material

Ic
characteristic of ch (max.) and containing a flaw slightly longer than

(a/Q)i (ma) were proof tested at the lower level, the component would pass

PROOF STRESS
SASED ON K‘émll'

o2

BREAKING STRESS, ¢

|
|
|
' K 'c(min)
|
|

hIQ)i {mex ALLOW)

_

FLAW'SIZE, 3/Q ———p

FIGURE E2-44. DETERMINATION OF PROOF STRESS BY MAXIMUM
AND MINIMUM VA LUES OF KIC



EHN[E/—\L LIBRARY

ABBOTTAEROSPACE.COM

me

Section E2
1 November 1972
Page 97

the proof test successfully but probably would fail in service. The use of

KIc (max)p in the proof-factor equation precludes this.

It has been shown by analysis that regardless of the structural wall
thickness, the required minimum proof-test factor o is always 1 =
allowable KIi/KIc' However, the value of the proof test in providing assur-
ance against service failure changes with decreasing wall thickness and/or

increasing fracturc toughness, K_ , the samec as occurs with the predicted

Ic
pressurc vesscl failure mode. This is discussed in more detail in Ref. 22

and illustrated in Fig. E2-45.

Having cxperimentally obtained the cyclic and sustained flaw growth
for a matcrial under consideration, the nccessa ry proof-tcst factor can be
determined to assurc that the structure will meet the service life requirements.
Proof-factor dctermination can be applied to at least two general problem arcas

in the design of structural components:

1. Evaluation and modification of proof-test conditions for current

components for which operating stress and mission arc already fixed.

2. Preliminary design of components intended for known missions,
including sclection of material, maximum opcrating stress, minimum proof

stress, and proof tempcerature.

The following sample problem illustrates the proper selection of a proof-test

factor for a hypothetical pressure vessel design.

I. Example Problem A.

Suppose that a thick-walled liquid nitrogen 5A1-2.5Sn (ELI) titanium
pressure vessel must mect a service life requirement of 600 pressure cycles
where the pressure is sustained for a prolonged period during cach cycle. The

vessel has already been successfully proof tested with LN, to a proof factor
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a = 1.25. Will this proof factor assure that no failure occurs during the

service life and if not, what proof factor is required?

The cyclic life curve for 5A1-2.58n (ELI) titanium is reproduced in
Fig. E2-36. The estimated threshold stress-intensity value for sustained-

stress fla h i i .92,
stress w growt (KTH/KIC) is approximately 0. 92

For long hold time, max. Kli/KIc =1/a =1/1.25= 0.80. From
ig. E2- = 0. = . = 0,92,
Fig. E2-36 for KIi/KIc 0.80, N = 300 cycles. For KTH/KIC 0.92
N = 100 cycles.

In 300 cycles minus 100 cycles, or 200 cycles, the stress intensity
would have reached the estimated threshold value for sustained_stress flaw
growth. Thus the predicted minimum life would be only 200 cycles and the

proof factor of 1.25 will not assure a service life of 600 cycles.

For 100 cycles plus 600 cycles, or 700 cycles,

K../K. = 0.70 = L
Ii" Ic o

and

a=-——1—-=1.43 .

Thus, the 600-cycle service life requircs a proof-test factor of 1.43

times the operating pressure,
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DEFINITION OF SYMBOLS

Definition
extensional rigidity matrix of laminate - equation (F1i. 2-18)

average laminate extensional rigidity matrix - equation
(F1. 2-28)

laminate compliance matrix - equation (F1. 2-39)
coupling matrix - equations (F1.2-18) and (F1. 2-19)
lamina stiffness matrix - equation (F1. 1-6)

column form of the stiffness matrix - equation (F1, 1-27)

column form of the transformed stiffness matrix -
equation (F1, 1-28)

transformed stiffness matrix of [C] - equation (F1. 2-15)

modified form of lamina stiffness matrix - equation
(F1.2-1)

transformed matrix of the modified stiffness matrix -
equation (F1. 2-10)

components of the stiffness matrix [C], [C']

components of the transformed stiffness matrix [C],
[Cx], [C']

laminate flexural rigidity matrix - equation (F1. 2-19)

Young's modulus of elasticity

Young's modulus of laminae in lamina principal direction
- equation (F1.1-15)

Fi-vy
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DEFINITION OF SYMBOLS (Continued)

Symbol Definition

Gij shear moduli in the i-j plane - equation (F1, 1-15)

J invariants of stiffness matrix transformations - equation
(Fi.2-12)

K lamina index indicating position in laminate

M laminate bending and twisting moments - equation (F1. 2-17)

N laminate forces - equation (F1. 2-16)

[S] lamina compliance matrix - equation (F1.1-7)

Sij components of the lamina compliance matrix

[T] stress and strain transformation matrix - equation
(Fi.1-3)

dA differential area - equation (F1.1-1)

hK distance from reference surface to plane separating

laminae K and K+1 - Fig. F1,2-3

t laminate total thickness - Fig. F1, 2-3

X principal longitudinal laminate axis (Fig. F1.0-1)
y principal transverse laminate axis (Fig. F1,0-1)
z principal normal laminate axis (Fig. F1i.0-1)

@ principal longitudinal lamina axis (Fig. F1.0-2)
B principal transverse lamina axis (Fig. Fi.0-2)

0% shear strain

Fi-vi
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DEFINITION OF SYMBOLS (Concluded)

Symbol Definition

'yo shear strain of laminate middle surface - equation
(F1.2-13)

€ strain

° strain of laminate middle surface - equation (F1. 2-13)

le] strain column matrix - (F1. 1-10)

n shear coupling ratios - equation (F1, 1-15)

6 angular orientation of a lamina in a laminate, i. e., the
angle between the x and « axis - positive is
counterclockwise

v Poisson's ratio

a stress

o] stress column matrix - equation (11, 1-9)

T shear stress

X curvature of laminate middle surface - equation (F1. 2-13)

SUBSCRIPTS

1,2,3 arbitrary local coordinate system

o,B,2 lamina principal axes

X,¥,2 laminate reference axes

ij the (i-j) position in a sequence where i and j vary

between 1 and 3

Fi-vii
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F1.0 COMPOSITES - BASIC CONCEPTS AND NOTATIONS,

The purpose of this section is to present state-of-the-art techniques
utilized in the design and stress analysis of advanced composite structures.
An attempt was made to keep the analytical developments and material as
elementary as possible, However, the stress analysis of composite materials
is more complex than that of conventional materials, and, as a result, the
analysis techniques and concepts may seem rather involved.

In order to understand the mechanics of laminated composites, one
must have a knowledge of certain basic definitions. These definitions, obtained
primarily from References 1, 2, and 3, are intended to serve not only as a

reference for this section but also as a guide to general literature on composite

materials.
AEOLOTROPY See anisotropic.
ANGLEPLY Any filamentary laminate constructed with

equal numbers of pairs of laminae with
symmetry about the coordinate (x, y) axis.
An alternate definition used frequently in
current literature, but not in this section,
is a laminatle consisting of an even number

of layers having the same thickness, and
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the orthotropic axes of symmetry in each

ply are alternately oriented at angles of

+ 8 and - § to the laminate axes.

ANISOTROPIC Not isotropic; having mechanical and/or
physical properties which vary with
direction relative to natural reference

axes inherent in the material.

BALANCED COMPOSITE A composite laminate whose layup is
symmetrical with relation to the midplane

of the laminate (Fig. F1.0-1).

FIGURE F1,0-1. BALANCED OR SYMMETRIC COMPOSITE
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Buckling is a mode of failure characterized
generally by an unstable lateral deflection
caused by compressive action on the
structural element involved. In advanced
composites, buckling may take the form not
only of conventional general instability and

local instability but also of a microinstability

of individual fibers.

The compliance matrix is defined by the
equation €, =S, 0., where S_ are the

1 1] 1]
components of the compliance matrix; may

be obtained by inverting the stiffness matrix.

Composites are considered to be
combinations of materials differing in
composition or form on a macroscale. The
constituents retain their identities in the
composite; that is, they do not dissolve or
otherwise merge completely into each other
although they act in concert. Normally,

the components can be physically identified
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and lead to an interface between components

(Fig. F1,0-2).

MATRIX
a

FIBER

FIGURE F1.0-2. PRINCIPAL CONSTITUENTS OF COMPOSITE
LAMINA AND PRINCIPAL AXES

CONSTITUENT In general, an element of a larger grouping;
in advanced composites, the principal
constituents are the fibers and the matrix

(refer to Fig. F1,0-2).

CONSTITUTIVE Refers to the stress-strain (Hooke's Law)
relationships for a material because the
stress-strain relations actually describe

the mechanical constitution of the material.

CROSSPLY Any filamentary laminate constructed with
equal numbers of pairs of laminae at angles

of 0 deg and 90 deg to the laminate axes.
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An alternate definition used frequently in
current literature, but not in this section,
is a laminate consisting of an even number
of layers all of the same thickness with the
orthotropic axes of symmetry in each ply

alternately oriented at angles of 0 deg and

90 deg to the laminate axes.

DELAMINATION The separation of the layers of material in
a laminate.
FIBER A single homogeneous strand of material,

essentially one-dimensional in the
macrobehavior sense, used as a principal
constituent in advanced composites because
of its high axial strength and modulus

(refer to Fig. F1.0-2).

FIBER CONTENT The amount of fiber present as
reinforcement in a composite. This is
usually expressed as a percentage volume

fraction or weight fraction of the composite.
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FIBER DIRECTION The orientation or alignment of the

longitudinal axis of the fiber with respect

to a stated reference axis (Fig. Fi.0-3).

FIGURE F1,0-3. LAMINA AXIS ORIENTATION

FILAMENT A variety of fibers characterized by
extreme length, such that there are
normally no filament ends within a part
except at geometric discontinuities.

Filaments are used in filamentary
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composites and are also used in filament

winding processes, which require long,

continuous strands.

FILAMENTARY COMPOSITES Composite materials of laminae in which
the continuous filaments are in nonwoven,
parallel, uniaxial arrays. Individual
uniaxial laminae are combined into
specifically oriented multiaxial laminates
for application to specific envelopes of

strength and stiffness requirements

(Fig. F1.0-4).

FIGURE F1.0-4. FILAMENTARY COMPOSITE

GENERALLY ORTHOTROPIC Descriptive term for a lamina for which

the constitutive equation, when transformed
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to an arbitrary set of axes, is fully

populated. That is, for

- 1K 9K . 1K
7 x T4y Cia Oy [
Ty = | C1aCop Cog| |y
Txy Ci6 Cog C66J Yxyl| ,
[ 77 L L
C C. . #
C16 #0, C26 0,
HENCKY-VON MISES Yield criterion using distortional energy
DISTORTIONAL ENERGY
THEORY for isotropic materials:

(0'1 - 0'2)2 + (0'2 - 0'3)2 + (0'3 - 0'1)2 + 6(0’122 + 0'232 + 0'312) = 20'02

HETEROGENEOUS Descriptive term for a material consisting
of dissimilar contituents separately
identifiable; a medium consisting of regions
of unlike properties separated by internal

boundaries; not homogeneous.

HILL Generalized von Mises yield criterion to

account for anisotropy:
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2f(oij) = A1 (0'2 - 0'3)2 + A2 (0'3 - 0'1)2 + A3 ((71 - 0'2)2 + 2A4(7232

2 2 _
+ 2A50'31 + 2A60'12 =1 ,
where

2f(oij) = the plastic potential,
241 = (Fp) 2+ (Fp 2-(Fy) % ,
24, = (Fg) 2+ (F) 2-(Fy % ,
243 = (Fy) 2+ (Fp) 2-(Fy 2 ,
24, = (Fp) % ,

2A5 = (F31) "2 ’

24 = (Fyp) %,

and Fy, F,, and F3 are determined from uniaxial tension or compression tests,

and Fyy, Fy3, and Fj; are determined from pure shear tests.

HOMOGENEOUS Descriptive term for a material of uniform
composition throughout; a medium which has
no internal physical boundaries; a material
whose properties are constant and isotropic

at every point.

HOMOGENEQUS ANISOTROPIC Descriptive term for a material which has
no plane of material symmetry such as the

orthotropic material.
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Descriptive term for a lamina which behaves

in a manner similar to the anisotropic

lamina.

Descriptive term for a lamina which has
a constant modulus of elasticity and the

Cy = Cyg = 0 in its constitutive equation.

See interlaminar shear.

The boundary between the individual,
physically distinguishable constituents of

a composite.

Shear force which tends to produce a
relative displacement between two laminae
in a laminate along the plane of their

interface.

Descriptive term for a material which has
uniform material properties in all

directions.

A single ply or layer in a laminate made of

a series of layers (Fig. F1.0-5).
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Plural of lamina (refer to Fig. F1.0-5).

A product made by bonding together two or
more layers of laminae of material or

materials (refer to Fig. F1.0-5).

The configuration of crossplied composite
laminate with regard to the angles of
crossplying, the number of laminate at each
angle, and the exact sequence of the

individual laminae.

A process of fabrication involving the

placement of successive layers of materials.

In relation to composites, denotes the gross
properties of a composite as a structural
element but does not consider the individual

properties or identity of the constituents.

The essentially homogeneous material in
which the fibers or filaments of a composite

are imbedded (refer to Fig. F1.0-2),
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In relation to composites, denotes the

properties of the constituents and their

effect on the composite properties.

Descriptive term for a material which has
three mutually perpendicular planes of

elastic symmetry.

The set of axes in a lamina which is
parallel and perpendicular to the filament
direction is called the lamina principal

axes (refer to Fig. F1.0-2).

Descriptive term for a laminate which has
essentially isotropic stiffnesses and

perhaps strength.

Descriptive term for lamina for which
the Cyg - Cyq O inits constitutive

equation,

A tensor is a physical entity in nature
which obeys certain transformation

relations. There are different orders of
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tensors, and each order has its own

transformation relations.

Descriptive term for a material exhibiting
a special case of orthotropy in which
properties are identical in two orthotropic
dimensions, but not in the third; having
identical properties in both transverse
directions but not the longitudinal

direction,

See Hencky-von Mises Distortional Energy

Theory.

An axis in the plane of the laminate which
is used as the 0 deg reference for
designating the angle of lamina (refer to

Fig. F1i.0-5).

The axis in the plane of the laminate which
is perpendicular to the x-axis (refer to

Fig. Fi.0-5).
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z-AXIS The reference axis normal to the plane of.

the laminate (refer to Fig. F1.0-5).
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1.1 BASIC CONCEPTS,

Some of the basic concepts applicable to all continuums, in particular
composites, are presented in this subsection. These include the concepts of
stress and strain at a point and their transformation relations.

1.1.1 STRESS AND STRAIN,

Following the guide of Reference 1, stress and strain relations at a
point will be reviewed to form a firm base for the analytical development for
composites.

A tensor, as defined previously, is some physical entity in nature
which obeys certain transformation relations. A scalar, for example, is a
tensor of zero-th order, and a vector is a tensor of first order. It is well
known that the components of a vector change when the coordinate system is
altered or rotated. This change in the components of the vector is governed
by certain mathematical relations or transformations. Lach order of tensors
has its own transformation relations; therefore, it is necessary only to
establish that a physical entity is a tensor and determine its order, and the
transformation relations are defined.

Stress and strain are both second-order tensors and their transformation
relations are well known (the graphical form of the transformation is the Mohr's
circle). These transformation relations may be derived from the equilibrium

relations of a small element. Consider a two-dimensional problem as shown
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in Fig. F1.1-1, By summing forces in the '"1'" direction, the following

equation results:

oy dA - o (cos 8 dA) (cos 9) - Gy (sin 6 dA) (sin 6)
- Txy (sin 8 dA) (cos 8) - Txy (cos 6 dA) (8in8) = 0 ,

or

oy=0 cos®6+ o sin?6+ 7 (2s8in6cosd) (F1. 1-1)
x y Xy

2

2

Y 1
_'_:x/ v
v 12 51 92 1y
| ) S Oyt 0\/ AN
B B
1

71
| ]

ag

Y %y

FIGURE F1.1-1. STRESS COORDINATE ROTATION
In a similar manner, the other transformed stresses, o, and 74, , may be
determined. These equations may be written in a form convenient for later

developments, a matrix form. Thus,
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i 2 02 .
o cos“ 8 sin® 6 (2 sin 6 cos 8) o
o) = sin? 6 cos? 6 (-2 sin 6 cos 6) Uy . (F1.1-2)
T b(—sin 8 cos 6) (sin 6 cos 8) (cos?0 - sin® ) Ty

Using a more compact notation, we may write equation (F1.1-2) as

(o] O'X

Uy = {T] o (Fi,1-3)
y

Ti2 Txy

where [T] is the symbol for the transformation matrix. Equation (F1.1-3)is the
transformation relation for the stress tensor when reduced to a two-dimensional
space. Equation (F1.1-3) is the necessary relationship required to transform
any two-dimensional stress state from one set of coordinates to another set.

With a slight modification, the two-dimensional strain may be

transformed by the same transformation:

— -
€, ex
€, = [ T] € . (F1.1-4)
y
Y12 %ny
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1.1.2 GENERALIZED HOOKE'S LAW,

In this paragraph the constants of proportionality between stress and
strain (Hooke's law constants) are shown to be components of a fourth-order
tensor and therefore have a set of transformation relations different from those
for stress and strain, Several forms of the Hooke's law relationships and the

elastic constants will be shown for the various material conditions.

1.1, 2,1 Homogeneous Isotropic Material.

For the familiar homogeneous isotropic material in a one-dimensional

stress state [1], the Hooke's law relationship is

o = Ee . (F1, 1-5)

The proportionality constant (E) is Young's modulus, or the modulus
of elasticity, and is a scalar value.

1. 1. 2. 2 Elastic Linear Anisotropic Material.

Consider the most general material, but require elasticity and
linearity, which is the anisotropic material. This material has 21 elastic

constants, The constitutive equation (Hooke's law) is [2]

-

[ Cyy Cyy Cy Cyy Cys Cyg
Caz C23 Cpq Cy5 Cog
o] = C33 C34 Ca5 Cyg [e]. (F1.1-6)
Cas Cy5 Cyg
Css Cse
Ces

Symmetric
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The components Cij are called components of the ''stiffness' matrix. The

equation may be written as
S11 512 Sy3 S14 S5 Syg
Spz Sp3 Sgq Sgs Sy

[E] 533 534 835 S36 [O'] (Fi. 1—7)

Symmetric Sgq Sg5 Syg
S5 Ssg

See_J

*where

[c] = [s]7Y, (F1.1-8)

The components Sij are called components of the "compliance' matrix. The

[ o] conventionally symbolizes [ 3]

(Tl T

)

(o] = |78 . (F1. 1-9)
T23

T13

Similarly,

[e] = €3 (F1. 1-10)

Y13
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1. 1. 2.3 Monoclinic Material.

If a material possesses one plane of symmetry, it is termed a
monoclinic material and has 13 independent elastic constants, If the plane of

symmetry is assumed to be the x-y plane, the constitutive equations are [2]

[C11C12Cys 0 0 Cy
Ca2Cy3 0 0 Cy
lo] = Cgs 0 0 Cg [e] (F1. 1-11)
CuCyp O

Symmetric Cgs O

Ces
and

rsu 512843 0 0 Sls--1
Sy2S33 0 0 Sy
[e] = Ss3 0 0 Sg [q]). (F1.1-12)

S S5 O
S
ymmetric Sg5 0

- |

1.1,2.4 Orthotropic Material.

If the anisotropic material possesses two orthogonal planes of symmetry,
assuming x =0 and z =0, the material is termed orthotropic. In this
condition, there are only nine independent elastic constants. Note that if a
material has two orthogonal planes of symmetry, three orthogonal planes of

symmetry exist. The constitutive equations of the orthotropic material are
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[C11CypCy3 0 0 07
CyppCy3 0 0 0
[og] = Ci3 0 0 O [e] (F1.1-13)
Cy 0 O
Symmetric Css O
cGi
and
(41513830 0 0]
Sg3Sy3 0 0 0
le] = Sg3 0 0 0 [o] . (F1.1-14)

Sy 0 0

Symmetric Sgg O

Sge

. -—

Since most composite structures will be constructed of orthotropic
laminates, this material is of particular interest. The engineering constants,
values which are establishable from uniaxial and pure shear tests, may easily
be equated to the components of the compliance matrix. The compliance

components are then

1 1 i
Sy==— »  Sp- . Sp=——
11 Ell 22 Ezz 33 E33
Sy, = Y12 Sy = 'f’ S =—Ya
2o Ey BT Ey 3 Ey
=tu , SSalg- SN =2, (F1.1-15)

22 33 Eqy

i i 1

Se6 = Gz’ %58 Gy3 e
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where

Ey1, Eg, Ej3 = Young's moduli in the 1, 2, and 3 (x, y, and z)

directions, respectively,

Vij = Poisson's ration

_ Strain in the j direction
strain in the i direction

caused by a stress in the i direction,

Gij = shear moduli in the i-j plane,

nij = shear coupling ratios.

Note that the Sy, Sy5, and Ss terms are used for a "monoclinic"
material. From equation (F1.1-8), the components of the stiffness matrix may
be determined as

Ci1 = (1 - vy vg) VEy

Coa = (1 - vy vy3) VEyp ,

Cs3= (1 - vy ¥yy) VEg; ,

Cia= (Vg +Vp3vy) VEy ,
= (v + vy V) VEy, ,

C13= ‘V31+V21 Vaz) VEn , (F1.1—16)

= (vy3 + vp3 vyy) VEg; ,

Cas = (v3a + vip v3y) VEyg, ,

= (Vg3 + vyy vy3) VEg5 ,
Cu =Gy ,
Css = G31

and
Ces = Gyz
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where

_ , oy 1
V= (1 - vy vyy = Vg Vgy = Vay Vg - 2V 15V p3V3y)

For an orthotropic material in a state of plane stress, the constitutive

equation is [1]

o4 Cyy Cpp O €4
0'2 = C12 C22 0 €2 (Fl. 1—17)
where
E
_ I S
Cit (1 - vipvay)
Cy _ _Tan (F1.1-18)
(1 - V12 l/21)
c _ u21E11 B LD
12 (1 - V12 Vzl) (1 - Vi V21) ’
and
Ces = G

1.1.2.5 Isotropic Material,

For an isotropic material, there are only two independent elastic

constants. The constitutive relations are [3]
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[ CcycpCy 0o 0o o 7]
fo] = Cqy 0 0 O [e] (F1.1-19)
3 (Cy-Cp) 0 0
Symmetric 3 (Cyy - Cy3) 0
4 (Cyy - Cya)
b pu—
and
S;ySpS; 0 0 0 |
SySp 0 0 0
(e] = o] . (F1. 1-20)
Symmetric Sy 0 0 0 ‘
2 (S“ - Siz) 0 0
2 (S“ -8y O
2 (S-S
u (Sgg - Sy2) |

The constitutive constants may be defined in terms of the engineering

constants as

B _ B (1-v) E

Cﬁ‘cn‘cﬂ‘(nu)(i-zw '

_ _ _ vE

Ce=Cu=Cu=Tq ) (F1.1-21)
_ _ _ E

Cu=Co=Cee=G=577 7

bt [

Sy1 =8y = S35 =

-V
Sz = Sy3 = Sy3 =
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and
1 2(1 +v)
S,, =S, = = — =g 7/
44 = 555 = Sg = 5 B
If the isotropic material is assumed to be in a two-dimensional stress state

(plane stress), equation (F1.1-19) may be written as [ 1]

[0y ] = [ Cy Cp 0 | [e]
oy | =| Cy Cp 0 €, (F1.1-22)
| T2 | = 0 0 Cel |Vn
where - d
C11=C227(1_EV2) ’
(F1,1-23
Cip= (1 fauz) , !
and

1.1.2.6 Transformation of Stiffness Matrix.

In Reference 1, the elastic constants (stiffness) for a material are
stated to be components of a fourth-order tensor and consequently, must obey
certain transformation relations, The transformation of a general anistropic
material, in three dimensions and rotated an angle ¢ about the z-axis, is

given in Reference 2 as
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[Cx] = [Tl [C*] (F1.1-24)
where
e e T I A
: m¥n?  méent mn?-m% mih?! mhoma'  -mh? | | : 1 ; |
| -2m* zmi-2zma? mismh?  2me’ ambint min-ma? ' | : ]
| n* 2m%? -2mn? m! -2mh min? | : : | | il
| _2mo? 2mo’-2m% 3mbhla'  2mhm mi3mh? mad-mh | | j ! : |
Pt emb! gt gl oo’ mat? | I 4 L]
i [m*  -md ma! - mh _-n_u;"—]_ I | T -11
| Fmta  m? ' mn?  mn? mhn I | | i |
: ot o -m% -mh ma? | ’ | i
o' I mn? mh om? -ma?!  .mh | | | I J
: [-2m% 2mn? 2m%  _2mn® m-mn® ol-mh | I | : }
| Ty, t |
_____________________ -2mn? -2m%a 2ma' 2mn  mh-n? mmel
. T I,F_,.T"m?ﬁ ————— *7;:
| I T
b e A yome o mtatl L
1 | | LR,
| 1 | imn mia? _mal } }
R R | 'n? 2ma a? .
r S S
e b _—— e _jom,_ ]
. + -
L S S ____I__J.‘_J‘
(F1. 1-25)
The m and n terms represent
m = cos ¢
and (F1.1-26)

n=sing .

The [C*] and [C*) are column matrix forms of equation (F1, 1-6) and

the transformed equation. The [C*] is defined as

-
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[C>:<] = C25 (F1.1—27)
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and the [C*] is defined as

p— ety

Cyy
Cy
2Cyq
622

~

[Cx) = | Cy (F1. 1-28)

The transformation of the stiffness matrix for an orthotropic material
in a plane stress state is of particular interest since this will be of direct
applicability to fibrous composites. As shown in Reference 1, when the A
elastic constants are needed with respect to some axis other than the material

axis, the transformed elastic constants are
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Cyy = Cyycos? 0 + 2[Cypy+ 2Cgl sin? 0 cos? 0 + Cyy sin? 0,

Cyp = Cyysin6 + 2(Cyy+ 2Cgq) sin® 6 cos? 6 + Cyy cost 0, (F1.1-29)
Cyp = [Cyy+ Cyy- 4Cgq) sin2 0 cos? 0 + Cyp [sin® 6 + cost 6]

Cgs = [Cyy+ Cyy- 2Cy - 2C4] sin? 0 cos? 0 + Cgq Lsin® 0 + cos® 0] ,
Cy = [Cyy- Cyg - 2Cg] sin 0 cos® 0 + [Cyy - Coy + 2C¢] sin® 0 cos U,

and

Coe = [Cyq - Cyp - 2Cg) sin® 0 cos 6 + [Cyy - Cyy + 2Cg] sin 0 cos® 0.

The angle of rotation () is about the z-axis and assumed positive in

the counterclockwise direction.
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1.2 MECHANICS OF LAMINATED COMPOSITES,

Two types of mathematical models {1] are normally utilized to predict
the stress-strain response of a constituent lamina of a laminated composite
— micromodels and macromodels. The micromechanics approach to the
problem models the individual lamina as a periodic, or possibly a random,
array of filaments in a matrix. The average stress-strain response of the
lamina is a function of the elastic constants of the fiber and the matrix and
their respective geometries. The macromechanics approach ignores the
fiber-matrix behavior and models the individual lamina as a thin homogeneous
orthotropic medium (sheet) under a state of plane stress.

1. 2.1 MICROMECHANICS,

The strength and structural behavior of fibrous composites are
directly related to the elastic properties of the fiber and matrix, as well as
the micro-geometry of the laminate [1]. The field of micromechanics
encompasses the study of the internal stress distribution in the fiber and matrix
as a result of external loading. The objective of any micromechanics effort is
to predict the intrinsic macroscopic (average) material properties of a
laminate from the material and geometric properties of the constituents and
perhaps provide the basis for understanding failure modes and establishing
failure criteria from the predicted stress states.

With the present state-of-the-art, a micromechanics approach to
composites for aerospace application does not give the designer a design tool

which can be utilized to design aerospace structures. It is feasible that at
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some time in the future, the aerospace designer will begin his creation at the
fiber and matrix level and will use the analytical tools of micromechanics to
determine his design parameters. However, at present the advanced
composites come to the fabrication stage in a preimpregnated tape form with
the ﬂlament spacing and other parameters established. Of course, some of
the predictions resulting from micromechanic analyses were utilized in
establishing a good filament spacing to insure good transverse and shear
properties_ in the final laminate; however, this represents a limited
application of micromechanics to designs,
i.2.2 MACROMECHANICS,

With the present state-of-the-art, the macromechanic approach [1] to

the mechanics of filamentary composites is the most usable technique for the

aerospace designer or stress analyst. The elastic constants and stress-strain
response of an individual lamina may be determined experimentally, and these
data may subsequently be used to determine the stress-strain response of a

laminate composed of any orientation of the characterized laminae.
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1,2.2.1 Lamina Constitutive Relationship.

For a filamentary composite (Fig. F1.2-1), the constituent laminae
have three mutually perpendicular planes
of elastic symmetry [1]. As discussed
previously, a material with three

mutually perpendicular planes of

symmetry was termed orthotropic;
FIGURE F1, 2-1. FILAMENTARY therefore, the possibility exists to
COMPOSITE WITH THREE
MUTUALLY PERPENDICULAR model the lamina as a homogeneous
PLANES OF SYMMETRY
orthotropic medium. Since the
thickness of an individual lamina is small relative to its other dimensions, it

may be considered to be in a state of plane stress. The constitutive equation

for the K-th lamina is then given by equation (F1. 1-17) or

r 9K B 7 K - - K
UQ C“ C12 0 60!
UB = Cn sz 0 €B ) (Fi. 2—1)
1
Taﬁ I 0 0 2C66_ ”aﬁ
L ) )

The lamina stiffness matrix terms were defined in equation (F1. 1-18) and are

rewritten here as

C __._..____IE.U_._..
17 (1 - vyyvy)

E
- 22

(1-vpvy)
(F1i.2-2)
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Cuv = VorE 4 _ VisE o9
27 (1= vypvy) (1 -vyavy)

Ces = G2

As shown in equation (F1. 1-8), the compliance matrix may be determined

by inverting the stiffness matrix. This would result in

where

and

- - K 9 K - "K
€a F Su Slz 0 Ua
(Fi.2-3)
€ = S S 0 g
B 12 22 B
r
Yo 0 0 38y | Tas
L . - .
i
Sy = Ey
i
Szz = E22 ,
y (F1, 2-4)
- X2 Ya
S12 Ey Eyp '
i
Se¢ = G

Since the lamina principal axes (a, B) generally do not coincide with

the laminate reference axes (x, y) (Fig. 1.2-2), the stresses and strains for

each lamina must be transformed as discussed previously. When this occurs,

the constitutive relations for each lamina must also be transformed to the

laminate reference axis system. The transformations, as discussed in

paragraph Fi, 1.1, are
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FIGURE F1. 2-2. GENERAL LAMINAE ORIENTATION
WITH LAMINATE REFERENCE AXIS
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B cra aK "ax qK
a‘6 = [T] ay (F1t, 2-5)
| "o, "y
and
- - -K
€ WK €
o X
€ = [T] € (F1.2-6)
B y
_%’Yaﬁ‘ }"ny-

where [T] is defined in equation (F1. 1-3) and K denotes the K-th lamina,

Then
_ <K K
g ['0'
X ¢}
o =T}t |o . (F1.2-7)
y B
| "xy, | "]

[ 'm? n®  2mn
(T} = n? m? -2mn (F1, 2-8)
-mn mn m?-n?
where
m =cos §
and

n =g8in @ .
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Note that the inverse of the T matrix, [T] !, may be obtained by
substituting for the positive angle 6 a negative angle 8 (refer to Fig. 1. 2-2).

Using equations (F1.2-1), (F1.2-6), and (F1. 2-7), the lamina

constitutive equation, when transformed to the laminate reference axes, is

) K . _K
o €
X X
o = [T ' [c¥ [T) € ) (F1,2-9)
y y
1
LTXY_ -zYXyd

The transformed lamina stiffness matrix [E'] is defined as

-~ -

Cy Cp 2C
16

K

eg¥ - 117 1en® Ty 2| €, Tp o 20y (F1. 2-10)

i Cyg Cy 2Ce |

where the terms Eij are given by equation (F1.1-29). The C' matrix,

which is now fully populated (Cy g # Cyq # 0), appears to have six elastic
constants which govern the lamina behavior; however, Em and 626 are not
independent as they are linear combinations of the four basic elastic constants.
In the transformed coordinate system, the C' matrix is similar in appearance
to the C matrix for a fully anisotropic lamina (6_16 # 0 and 626 # 0), and the
lamina is said to be '"generally" orthotropic. Therefore, equation (F1.2-9)

is said to be the constitutive cquation for a "generally' orthotropic lamina.
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Equation (F1. 2-1) is referred to as the constitutive equation for a "specially"
orthotropic lamina (Cyq = Cyq = 0).

For convenience, equation (F1.1-29) may be written as

Cyy= (83 +Jy) +Jycos 28 +J cos 48,

-(-332= (3Jy+Jy) -Jgcos 28 +J,cos 486,

Cyp=(Jg-Jy) -J,cos 486, (F1.2-11)
Cep= (Jy+Jy) - I cos 46,
Ci=3J;8in26+J,sin 49,
and
Cog=%Jd38in26-J,8ln 490
where
Ji=4 [Cy+ Cy+2Cy),
J2=4 [Cg - Cal (F1.2-12)
Js=4% [Cy - Cyl,
and

'J‘ =* [C“"' Cn - 2Cu - 4C“] .

Note that Eu. Eu. En. and 683 are composed of a term independent
of the angie of rotation (6) and a term dependent on the angle of rotation.
Therefore, it is evident that there are certain inherent lamina properties

which are only' dependent on the material being used.
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1.2.2.2 Laminate Constitutive Relationship.

From Reference 1, for the formulation of a mathematical model of a
laminate composed of orthotropic laminae, certain assumptions regarding the
interaction between adjacent laminae must be made. Since practical uses of
a laminate will normally dictate that it be thin relative to its other dimensions,
the Kirchhoff-Love hypothesis (stresses perpendicular to the middle surface may
be neglected, and the line segments originally normal to the middle surface
remain straight and normal to the deformed surface and suffer neither extensions
nor contractions) used in thin-plate and shell theory appear reasonable.

Essentially, these assumptions reduce to

r ¢ T K "EO r b
X X xx
0
€ = € -z | X (ri, 2-13)
y y y
o) .
/ 2
xy xy Xny

I
where 62 , 63 , and 'yz are the strains at the geometric middle surface

of the laminate, and the x's are the middle surface curvature. The

transformed lamina constitutive equation, similar to equation (F1, 2-9), is

then
[ o ] € ’> X ]
X X X
o |=12® | alel® ] (F1.2-14)
y y y
T yo 2x
Xy Xy | Xy
L J - L J
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where
Cy Cpa Cyg
[E] = -612 -En 6—29 . (Fi. 2-15)

Cis Cz¢ Cgs

This equation then relates the stress in the K-th lam‘ina, oriented to the
laminate reference axis, ‘to the laminate middle surface strains and curvatures.

On an element of the laminate, the stress resultants and stress couples
are defined as

t/2
Nx = f axdz s
-t/2
(Fi. 2-16)
}/2
N = ocdz ,
y -£/2 y

and

and

Mx = zo dz ,
t/72 %
(F1, 2-17)

M = f zo dz
y y
~-t/2
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and

t/2

M= [ 27 dz

These integrals may be evaluated by integrating over each lamina and summing
the results of each integration. By substituting equation (F1. 2-14) into

equations (F1. 2-16) and (F1. 2-17),

o1 r - .
Ay Ap A B;; By, B A
N 11 A 161 € 1 B Buef | X,
N = [Ap Ay Ayl |€ |-1Bp By Byl | x (F1,2-18)
Yy y y
s o 2
Ney Mg Aag A | Yy | | B Bas Bes| 12Xy
- - — - [ 0 - r -
M Byp B Bag| | €, W D;; Dy Dyl b
M = |By By Byl |€ |-| D D Dyl | X (F1.2-19)
y y Yy
o]
B,, B Dy, Dy D 2y
LMxy LBIS 26 DBeg 'ny 16 D2g  Des Xy
where
a1 =2 (€1%nm )
A = .. - s 1. 2-20
1] K=1 1} K hK—l (F 2 )
noo- K
[B,] = 2 = IC..1" (h¥%-h%_¢), (F1.2-21)
i PRer i) K™ K-1
and
(D] =} ; [C ]K (h¥ - h¥ 1) . (F1. 2-22)
ij K=1 ij -

Refer to Fipure F1. 2-3.
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4
| :*l '
L N |
Lo~ J ' 1
~ [
Wi ) SEEEa— Y
IOO(\ "~ f h hy
o~ ~
o — — R ¢
& ! |
§,' l
X

FIGURE F1.2-3, LAMINATE ELEMENT
Equations (F1. 2-18) and (F1, 2-19) are the constitutive equations for a

laminated composite. They may be written as

= . (F1.2-23)

This is the general constitutive equation for laminated composites and

1s mathematically equivalent to the constitutive equation for a heterogeneous
anisotropic medium. In this general form, the significant point is that there

i8 coupling between extensional (membrane) deformation and bending
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deformation caused by the existence of the B matrix (Fig. F1-2.4). In other
words, even within the limits of small deflection theory, forced curvatures
within the laminate induce in-plane loads through

this type of coupling. This coupling is caused by the

neutral axis and the midplane of the laminate not

FIGURE F1. 2-4, being coincident,
COUPLING OF
DEFORMATION DUE TO With various combinations of laminae,
B MATRIX

varying degrees of coupling may be caused. 1If the
laminate is fabricated symmetric about the midplane (bualanced), the B matrix

will be identically zero, and the constitutive equation reduces to

[N] = 1A] (9] (F1. 2-24)

and

[M] - -[D] Lx] . (T1. 2-25)

These equations are mathematically cquivalent to the constitutive equations
of a homogeneous anisotropic material. Hence, this type of laminate is
referred to as homogeneous anisotropic (Fig. F1.2-5). At this stage the A
and D matrices are fully populated and anisotropic in nature, and a second
type of coupling still exists. I'or the A matrix the Ay and Ay terms couple

the normal strains and shear stress, or the shear strains and normal stress.
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For the D matrix the Dyg and Dyg terms couple the
normal bending moments and twisting curvatures, —

and vice versa. If the laminate is symmetric about

the x-y (laminate) axis (Fig. F1.2-6), this coupling
FIGURE F1i. 2-5. -
COUPLING EFFECTS IN may be reduced. : ‘

A HOMOGENEOUS
ANISOTROPIC LAMINATE When the laminate has equal numbers -~

of pairs of laminae symmetric about the x-y axis (termed angleply laminate),

+ :
FIGURE F1. 2-6. LAMINATE SYMMETRIC ABOUT THE x-y AXIS

the A matrix is orthotropic in nature (A4 = Ay = 0) (Fig. F1.2-7). The
D matrix is still fully populated and anisotropic in nature. When the laminate

has equal numbers of pairs of laminae at angles of 0 deg and 90 deg to the
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x-y axis (termed crossply laminate), the D matrix
and the A matrix are orthotropic in nature,
Because of the warpage which will occur

during the fabnrication process when symmetry does

not exist, the laminates should be designed

FIGURE F1. 2-7.

LAMINATE EXHIBITING symmetric about the midplane, or nearly so.
ORTHOTROPIC
CHARACTERISTICS Since most laminates are symmetric
about the midplane, and because the majority of applications of advanced
composites experience relatively low transverse shear strength, a

reexamination of equation (F1, 2-24) is warranted. Equation (F1.2-24) may

be written as

NX W €X

Ny = | A] ey (F1.2-206)
N Y

L XY LY

when no bending occurs. Dividing both sides by the total laminate thickness

yields
[ 5 ] [e ]
x X
i
T =7 181 e , (F1.2-27)
y y
LTxy_ Yxy
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I Ay, Agl T
Ay Ap Agg €
1
= — A A A
t 12 22 26 fy ’
A A A Y
| A1e Do Ses | Ty |
(A Agy 2A4] (€, ]
)
i
= — A A 2A € .
n 12 A 26 y
A A 2A v
| A6 Do fs_ -% xy
»-e -
X
- [A] € , (F1. 2-28)
y
Y

The o's are the average laminate stresses, and the A matrix may be defined

as the laminate stiffness matrix. Thus,

€ T
X X
€ = [A* _E 1, 2-29
y 1 y (F 29)
;
.h"YJ L XV ]

where the laminate compliance matrix is

R b3 W -

Ay Ap $Ag

- xRk
[Ax] = [A]7' = |Ag; Ay Ay | - (F1.2-30)

b £ b
[Agg A $Ag ]
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The gross or average laminate clastic moduli may be obtained from the

laminate compliance matrix.

Ayqy
[A] Ay

0

and

Then, comparing equation

laminate elastic constants

Agp
Agy
0

It ] -

XX A 1-1

I - o

Yy Ay

G i

i An';l:

A*

vy R

Ay

\;1:

y _Ap
yX

For a balanced angleply laminate,

0 Ay A 0O

o |, [A] Ay Agp 0 ,

Agg 0 0  2Ag

0

0o |- (F1, 2-31)
A5

(F1.2-29) with equation (F1. 2-3), the gross

are

(ri. 2-32)
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1.2.3 EXAMPLE CALCULATIONS,
The example problems which follow demonstrate some of the

computations involved when working with composite materials.

1.2.3.1 Example Problem 1.

Calculate the A, B, and D matrices of the laminate constitutive equation
for a three-ply laminate with the laminae oriented at - 45 deg, 0 deg, and

+45 deg with the laminate axis (see the following sketch). The lamina material

obeys
o ] 30 1. 0.] [e¢ ]
o] [
o =106 1, 3. 0. € .
B B
T 0 0 1 0%
ap - AT
-45°| 0.1 in.
0°] 0.2in.
+45°1 0.1 in.

I. Example Problem 1 Laminate.

The [C] for the - 45-deg lamina and the +45-deg lamina must be
transformed to the laminate axes. Since the lamina material is homogeneous
orthotropic, the values of the transformed stiffness matrix may be calculated

using equation (F1, 1-29) or equation (F1, 2-11),
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Using equation (F1, 1-29), the _C_ij terms of equation (F1. 2-15)

for the 45-deg lamina are

Cyy = 108 [30. cos? (-45) + 2(1. + 2.) sin® (-45) cos? (-45) + 3. sin? (-45)]
= 9,75 x 10°

Cy = 108 [ (30.-1.-2.) sin® (-45) cos (-45) + (1.-3.+2.) sin (-45) cos® (-45) ]

= _6.75 % 108 .
Then,
(1) 9.75 7.75  -6.175
[C] = 108 7.75 9.75 -6.175
~6.75  -6.75 7.75

Similarly, for the +45-deg lamina

9.75 7.75 6. 75
[E](B) 108 7.75 9.75 6.75
6.75 6.75 7.75
For the O-deg lamina
30. 1. 0.
[E](z) = [C] = 108 1. 3. 0.
0 0. 1
From equation (F1. 2-20),
n
A =z @©)® @ _n )
ij K=1 ij K K-1

= 0.1 [E..](i) v0.210.1% +o.1 c. 19 .
ij ij ij
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Thus,
Ay = 108[9.75% 0.1+ 30, x0.2+9.75x0.1] = 7.95x 108
Agg = 108 [7.75x 0.1+ 1, x0,2+7.75x0.1] = 1.75x 108 .

7.95 1.75 0.

[A] = 10% |1.75 2.55 O.
0. 0. 1.75

From equation (F1. 2-21)

n

— ~ (K) 2 2
Bﬁ = 4 122:1 (Cij) (hK'hK-i)
_ =, (3) -, (1)
= 0,015 [(Cij) - (cij) ] .
Thus,
By = 108x 0,015 [9.75 - 9.75) = O
and
Bse = 0.
0. 0. 0. 2025
[B] = 10 |o. 0. 0.2025| .

0,2025 0,2025 O.
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From equation (F1, 2-22)
n
. = (K} 3
D. =4+ 2 (C.) (h? - h®
ij 3 K1 ij K K—i)
(1) (2) (3)

0.00233 [C..] + 0.00066 [C.] + 0.00233 [C.]
ij ij ij

Thus,

Dy = 108 [9.75 x 0.00233 + 30. x 0.00066 + 9. 75 x 0.00233]
. - 0.065622 x 108

Dgg = 10° [7.75x 0.00233 + L. x 0.00066 + 7.75 x 0.00233]
0. 03676 x 108

0. 06522 0. 03676 0.
(D] tof 0.03676 0. 0474 0. .

0. 0. 0. 03676

Combining the results above, the constitutive equation may be written as

_ _ , o -
N ] 7.95 1.75 0. 0. 0. 0.2025 | €
X
|
(e}
N 1.75 2.55 0. " o. 0. 0.2025 ||€
y | y
]
(o]
N 0 0. 1.75 '0.2025 0.2025 O, v
Xy | Xy
:106 __________ - = e e = e e e = e = e =
M 0. 0. 0. 2025' 0.06522 0.03676 0. X,
]
]
My 0. 0. 0. 2025 0.03676 0.0474 0. X,
1
I
5 95 3 2
LMXy LO 2025 0. 2025 0 | 0. 0. 0.03()7_0_ Xy
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1.2.3.2 Example Problem 2,

Calculate the constitutive matrix for a four-ply laminate with laminae
at + 45 deg, - 45 deg, - 45 deg, and + 45 deg and with a total laminate
thickness of 0. 4 in. (see the following sketch). Use, the same lamina material

as in paragraph 1.2, 3.1,

+ 45° 0.1 in,
- 45° 0.1 in.
- 45° 0.1 in,
+ 45° 0.1 in,

II. Example Problem 2 Laminate.
Since the laminate is symmetric about the midplane and symmetric

about the x-y axis, the constitutive equation will be in the form of

N A 0. e°
M 0. D -X
where
Ay Ap 0
[A] = A Ap O
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and

Similar to paragraph i. 2. 3. 1,

(1) (4)

(C] [C] 108

and

T R (o AR

9.75
7.75

6.75

9.75
7.75
-6.75

Using equations (F1,2-20) and (F1.2-22)

3.9 3.1 0.

[A] = 10"]53.1 3.9 0.

0. 0. 3.

and

), 05187 0.04123

[D] = 10%| 0.04123 0. 05187

0,027 0. 027

Therefore,

7.75
9.75
6.75

7.75
9.75

-6.75

0.027
0.027
0. 04123

6.

-6.75
-6.75
7.75

Section F1.0
1 October 1971 -
Page 55
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3.1 0.,
!
3.9 0. | 0.
|
0 3.t
t
1 0,05187 0,04123 0.027
[}
i
0, 1 0,04123 0.05187 0,027
]
|
¢ 0,027 0.027 0, 04123

ABBOTTAEROSPACE.COM

Section F1.0
1 October 1971
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1.3 LAMINATE CODING.

In Reference 2 a laminate orientation code was devised for filamentary
composites which provided both a concise reference and a positive identification
of any laminate. As expressed in that reference, the following type of coding
is intended to provide a means of achieving conciseness in engineering
presentations and communications; however, it is neither recommended nor
discouraged that this code be employed on shop drawings since that policy is an
internal one which must be decided by each using organization.

1.3.1 STANDARD CODE ELLEMENTS,

The formulation of the code must be adequate to specify as concisely
as possible (1) the angles of laminae relative to a reference axis (the x-axis),
(2) the number of laminae at cach angle, and (3) the exact geometric sequence
of laminae.

The basic laminate code will adhere to the following guidelines [2]):

1. Each lamina is denoted by a number representing its orientation
in degrees between its filament direction (refer to Fig. F1.0-3) and the
x-axis.

9. Individual adjacent laminae arc separated by a slash if their
angles are different.

3.  The laminae are listed in sequence from one laminate face to the
other, with brackets indicating the beginning and end of the code. The first
lamina should be the most positive lamina in the z direction (refer to Fig.

F1i.2-3).
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4. /Adjacent laminae of the same angle are deonoted by a numerical
subscript.

5. A subscript T to the bracket indicates that the total laminate is
shown,

When adjacent laminae are of the same angle but opposite in sign, the
appropriate use of + or - signs may be employed. Each + or - sign
represents one lamina and supersedes the use of the numerical subscript,
which 1s used only when the directions are identical. Note that positive angles

are assumed to be counterclockwise.

Several examples are shown demonstrating the basic coding.

45 Code
0
-60
-60
30

[45/0/-60,/30] T

+45
-45 [¢45/¥30/O/t(452)]T
-30

+30

+45
+45
-45
-45
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1.3.2 CODES FOR VARIOUS TYPES OF LAMINATES,

As discussed in previous sections, laminates may be formed of
arbitrarily arranged laminae, but more often the laminae assume standard
arrangements. The more common standard arrangements are symmetric
(balanced) laminates and sets of laminae,

Similar to the total laminate as shown in paragraph 1, 3. 1, the
symmetric (balanced) code has an S as a subscript, and the coding sequence
starts at the most positive z lamina and stops at the plane of symmetry.

The S indicates that only one-half of the laminate is shown:

Laminate Code

90 [90/“2/4515
0

0

45
45
0

0

90

If the symmetric laminate has an odd number of laminae, the code denoting
the center lamina is overlined, indicating that half of the laminate lies on

either side of that lamina:
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Laminate Code

0 [0/45/90] S
45
90

45
0

A repeating sequence of laminae is termed a set. A set is coded in

accordance with the same rules which apply to a single lamina:

Laminate

45
0 Set
90
45
0 Set [(45/0/90),] T °F [45/0/90] AT
90
45
0 Set
90
45
0 Set
90

45
0 Set
90
45
0 Set [(45/0/90),] . or [45/0/90]
S 2S
90
90 &
0 Set
45
90

0 Set
90
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1.4 COMPUTER PROGRAMS IN COMPOSITE ANALYSIS,

Several computer programs have been made available to MSFC and
support personnel to assist in analyzing composite material elements. These
programs have been tor are currently being) documented in References 4 and
5. The program names and a brief comment on each are shown in Table

F1.4-1.
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Computer Programs in Composite Analysis

Program Name

Comment

CDLAMA

GDLAMT

GREPPA

INTACT

LAMCHK

LAP

LAPI

MMBCK

PANBUCK II

STAB

Yield analysis of composite plates composed of
orthotropic lamina with in-plane loading. -

Yield analysis of composite plates composed of
orthotropic lamina with in-plane loading.

Design composite skin/stringer/frame compression
panel.

Locates optimum strength envelopes for laminates
under the action of combined loading.

Laminate check - computes margins of safety for
specified 0~deg, 90-deg, + 45-deg boron epoxy
laminates under combined loading.

Analysis of single overlap bonded joints with Metlbond
329 adhesive mechanical behavior.

Analyzes single overlap bonded joints and accepts
arbitrary applied loads and incorporates the B
basis correction factor.

Calculates the buckling loads of radially
inhomogeneous anisotropic, cylindrical shells
wherein the effects of boundary conditions are not
considered,

Panel buckling — calculates critical buckling loads
and mode for orthotropically layered, rectangular,
anisotropic plates and honeycomb sandwich panels.
Also computes local instability modes of failure for
composite panels,

Stability analysis — local instability analysis of
orthotropic honeycomb panels, columns, and beams
— failure-mode analysis for filament rupture,
intercell dimpling, and layer instability.
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REFFERENCES,

Petit, P. H.: Basic Concepts in the Design and Stress Analysis of
Laminated Composites. Report No. SMN 239, Lockheed-Georgia
Co., division of Lockheed Aircraft Corp., Marietta, Ga., March
1968,

Structural Design Guide for Advanced Composite Applications.
Advanced Composites Division, Air Force Materials Laboratory,
Air Force Systems Command, Wright-Patterson Air Force Base,
Ohio, August 1969,

Ashton, J. C.; Halpin, J. C.; and Petit, P. H.: Primer on Composite
Materials: Analysis. Technomic Publishing Co., Inc., Stamford,
Conn, , 1969,

Structural Analysis Computer Utilization Manual. Analytical
Mechanics Division, Astronautics Laboratory, George C. Marshall
Space Flight Center (NASA).

Strength Analysis Computer Program Description Manual. Analytical
Mechanics Division, Astronautics Laboratory, George C. Marshall
Space TFlight Center (NASA).
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F2.0 STRENGTH OF LAMINATED COMPOSITES,

The strength of laminated composites must be related to the individual
lamina [1]. This is because it is easier to determine where nonlinearity and
degradation begin to occur on a unidirectional test specimen than on some
general laminate test. For this reason the trend in determining the strength
of advanced composites is to establish strength allowables for the orthotropic
lamina and then to utilize analytical methods to predict the yield or the

ultimate strength of the laminate.
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2.1 YIELD STRENGTH,

The available yield strength theories for laminated composites are at
best tentative at this time [2]. Only a minimal amount of test data is
available to substantiate any of the yield theories for advanced composites.

If the yield point is defined as the onset of inelastic action, it is
apparent that the prediction of the yield strength of an orthotropic lamina is a
linear problem. Several yield theories of failure have been hypothesized for
anisotropic materials, of which two will be discussed (the distortional energy
theory and the maximum strain theory).

Before the discussion of yield theories, the basic difference between
the yield surfaces for an isotropic and for an orthotropic or anisotropic

material must be explained. For an isotropic material, any biaxial stress

1

state, O oy, Txy, may bhe resolved into two principal stresses, ¢ and
p

T, and some angle, 0; therefore, a plot of the principal stresses that cause
P

yield will give the required yield surface. The result is a two-dimensional

figure with o, and 7, as axes. When considering the yield surface for an

p p

1

orthotropic lamina, the stresses must be referred to the lamina principal axes;
therefore, for biaxial stress states three stress components may appear in the

yield criteria. The resulting yield surface will appear as a three-dimensional

figure with the directions of oy, g9, and 74 as reference coordinates

(Fig. F2.1-1). |
SRCCEDING PAGE ELANK WNOT FAUMED
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2.1.1 DISTORTIONAL ENERGY
THEORY,

Cira, Norris, and Hill
independently developed their

generalizations of the von Mises

isotropic distortional energy yield

criterion,

(01 - 093+ (03 - 03)% + (04 -o")2

+ 6 (1'122 + T:sz + 7312) = 20’02 » (FZ. 1-1)

to account for the anisotropy of their

FIGURE F2, 1-1, THREE- respective problems [3). Hill was
DIMENSIONAL YIELD SURFACE FOR

AN ORTHOTROPIC LAMINA concerned with the tendency of isotropic

metals to exhibit certain anisotropic properties when undergoing metal working
involving severe strains. Hill claimed he had a physical interpretation of von
Mises' 'plastic potential," which allowed him to generalize von Mises' yield
criterion for application to anisotropic metals. The plastic potential or yield
criterion has the form

2f (oj5) = Aq (o - 03) 2+ Ay (05 -0y)%+ A, (g - 09) 2+ 24,7542

(F2.,1-2)
+ 245732 + 24,70 = 1
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where

of (crij) = the plastic potential,

20y = (Fy 2+ (Fy 2-(F) 72,

28 = (Fg) 2+ (Fp t-(Fy~2,

2h3 = (F) 2+ (F 2o (Fy 7%,

24, = (Fg) %

25 = (Fg) 2
and

2hAg = (Fp) 2

Fy, F,, and F3 are determined from either uniaxial tension or compression
tests, and Fy,, Fy3, and Fg3; are determined from pure shear tests.

Tsai [2] adapted this criterion as a yield and failure criterion for
laminated composites. The failure criterion for a laminated composite is
based on the strengths of the individual orthotropic lamina referred to the
lamina principal axes since the yield strengths are established experimentally
with reference to these axes. The Hill criterion reduces to

((_fL)z Clo ooy, (91_>2 R (liL)z - (F2.1-3)

Uly r 0'1 0'2 0'2 712

y y y y
for an orthotropic material in plane stress. Note that

g
1oy (F2.1-4)

r (rzy
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Also, U’y and ozy are the tensile or compressive yield strengths in the 1
and 2 directions for the orthotropic lamina, and Tuy is the shear yield
stress. The yield surface is either an ellipsoid or sphere, depending on r,
when plotted in a three-dimensional space (Fig. F2.1-2).
2.1, 2 MAXIMUM STRAIN CRITERIA,

The maximum strain yield criteria presented here should not be
confused with the maximum principal strain yield criteria for isotropic
materials [2]. The strain components in the orthotropic lamina must be
referred to the lamina principal axes; therefore, it is possible for three
strain components to appear in the yield criteria.

The maximum strain yield criteria may be developed from equation

(F1. 2-3) with the strains equal to the yield strains:

-€1y ] e S1o 01 o]

€2y = Sn Szz 0 0'2 . (F2. 1-5)
Y12 0 0 Sge T12

L y- L e e -

Thus, equation (F2, 1-5) gives the envelope of stresses which produce the
yield strains in the lamina. A two-dimensional plot of the equation may be

made if 7y, =0 is assumed. Then,

fxy = 54404 + Sp0
and (F2.1-6)

€ S201 + Sp07
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ul/u iy

FIGURE F2, 1-2. HILL YIELD SURFACE
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S

bod § W

Sz !

(F2.1-7)

S

2 4 .

Sy °

Equations (F2. 1-7) are the equations of two lines in the 0y - 09 coordinate
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