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Figure 41. Buckling temperatures as functions of hole size; square holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 42. Buckled shapes of uniformly heated square plates with square holes; 
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Figure 43. Buckling temperatures as functions of hole size; square holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 44. Buckled shapes of uniformly heated rectangular plates with square holes; 
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ABSTRACT

Mechanical- and thermal-buckling analyses were performed on rectangular plates with central
cutouts. The cutouts were either circular holes or square holes. The finite-element structural analysis
method was used to study the effects of plate-support conditions, plate aspect ratio, hole geometry, and
hole size on the mechanical- and thermal-buckling strengths of the perforated plates. By increasing the
hole size, thermal-buckling strengths of the plates could be enhanced. The compressive-buckling
strengths of the plates could also be increased considerably only under certain boundary conditions and
aspect ratios. The plate-buckling mode can be symmetrical or antisymmetrical, depending on the plate
boundary conditions, aspect ratio, and the hole size. For the same cutout areas (i.e., same plate weight
density), the buckling strengths of the same-sized plates with square holes generally surpass those of the
plates with circular holes over the range of hole sizes. The results and illustrations provide vital informa-
tion for the efficient design of aerospace structural panels.

NOMENCLATURE

c side of square hole, in.

d diameter of circular hole, in.

E Young’s modulus, lb/in2

E33 triangular combined membrane and bending element

E43 quadrilateral combined membrane and bending element

G shear modulus, lb/in2

JLOC joint location (or grid point or node)

l length of rectangular plates, in.

compressive force intensity in y-direction, lb/in.

SPAR structural performance and resizing finite-element computer program

T temperature, °F

 assumed temperature for material, °F

room temperature,  = 70 °F

t thickness of plates, in.

w width of plates, in.

x, y rectangular Cartesian coordinates

α coefficient of thermal expansion, in/in-°F

∆T temperature increase, °F

ν Poisson’s ratio

Subscripts

(  )cr critical value at buckling
(  )n nth iteration 

Ny

Ta

Tr Tr

n 1 2 3…, ,=( )



   
INTRODUCTION

In aerospace structures, cutouts are commonly used as access ports for mechanical and electrical
systems, or simply to reduce weight. Structural panels with cutouts often experience compressive loads
that are induced either mechanically or thermally, and can result in panel buckling. Thus, the buckling
behavior of those structural panels with cutouts must be fully understood in the structural design. 

For an unperforated rectangular plate of finite extent (i.e., with finite length and finite width) under
uniform compression, the closed-form buckling solutions are easily obtained because the prebuckling
stress field is uniform everywhere in the plate. When a finite rectangular plate is perforated with a central
cutout (e.g., a circular or square hole), however, the buckling analysis becomes extremely cumbersome
because the cutout introduces a load-free boundary that causes the stress field in the perforated plate to be
nonuniform. Hence, the closed-form buckling solutions are practically unobtainable, and various approx-
imate methods had to be developed to analyze such perforated plates.

The buckling of flat square plates with central circular holes under in-plane edge compression has
been studied both theoretically and experimentally by various authors (refs. 1–12). The methods of theo-
retical analysis used by most of the past investigators (refs. 1–3, 5) were the Rayleigh-Ritz minimum
energy method and the Timoshenko method (ref. 13). However, except for Schlack (ref. 3) and Kawai
and Ohtsubo (ref. 5), the theoretical analysis methods used do not allow the boundary and loading condi-
tions to be precisely defined for larger hole sizes because the stress distributions of the infinite perforated
plate are used as the prebuckling stress solution for the finite perforated plate. Thus, most of the earlier
buckling solutions are limited to small hole sizes, and are not fit for studying the effects of different plate
boundary conditions on the buckling strengths of the finite plates with arbitrarily sized holes using those
approximate solutions.

Using the Rayleigh-Ritz method, Schlack (ref. 3) analyzed the buckling behavior of a simply-
supported square plate with a circular hole, subjected to uniform edge displacements with three arbitrary
displacement functions, and calculated the buckling displacements. The buckling loads were then calcu-
lated using the stress-strain relationships. Ritchie and Rhodes (ref. 7) studied the buckling behavior of
both square and rectangular simply-supported perforated plates. Their theoretical analysis employed an
approximate approach using a combination of Rayleigh-Ritz and finite-element methods. These methods
are reasonably accurate for small holes, but lose accuracy when dealing with larger holes. The results of
the analysis show that the buckling behavior of perforated rectangular plates is quite different from that of
perforated square plates, and that the buckling mode is dependent on the hole size. Kawai and Ohtsubo
(ref. 5) also studied the perforated square plates using the Rayleigh-Ritz procedure with the prebuckling
stress distribution determined by the finite-element method. To reduce the labor of numerical calcula-
tions, the double integrations in the energy procedure for each finite element were transformed into line
integrals around the element boundary using the well-known Gauss theorem.

To minimize the mathematical complexities, Nemeth (refs. 8–11) analyzed perforated square
orthotropic plates by converting the classical two-dimensional buckling analysis into an equivalent one-
dimensional analysis by approximating the plate displacements with kinematically admissible series. In
the analysis, the two unloaded edges were assumed simply supported, and the loaded edges were either
simply supported or clamped. This approximate buckling analysis predicted the buckling loads to within
10 percent of those calculated using the finite-element method. Nemeth’s analytical and experimental
results (ref. 10) indicated that increasing the hole size in a given plate does not always reduce the
2



                                                         
buckling load. Using the finite-element method, Lee et al. (ref. 12) examined the buckling behavior of a
square plate with a central circular hole. The studies, however, were limited to small hole sizes.

As mentioned earlier, most past theoretical analyses of perforated plates considered mainly the square
plates under simply-supported boundary conditions to minimize the mathematical complexities. Like-
wise, most past experimental studies on perforated plates were limited to square plates under simply-
supported boundary conditions because of the need to compare the test data with the existing theoretical
results. The past investigations, in general, lack comprehensive information on the buckling behavior of
rectangular plates of arbitrary aspect ratios, containing holes of arbitrary sizes, and supported under any
specified boundary conditions. 

With the availability of powerful tools such as the well-developed, finite-element structural analysis
computer programs, it is now possible to calculate the prebuckling stress fields and the buckling eigen-
value solutions quite accurately for the finite rectangular plates of any aspect ratios, containing cutouts of
any geometry and any hole sizes, under any specified boundary and loading conditions.

This report investigates the mechanical- and thermal-buckling analyses of rectangular plates contain-
ing arbitrarily-sized central circular holes or square holes. A finite-element method was used to study the
effects of plate aspect ratio, hole geometry, hole size, and plate boundary conditions on the mechanical-
and thermal-buckling strengths of perforated plates.

DESCRIPTION OF THE PROBLEM

     The geometry of the perforated rectangular plates and different boundary conditions used in the
finite-element analysis are described as follows.

Geometry

     Figure 1 shows the geometry of two types of perforated rectangular plates with length l, width w,
and thickness t. The central cutout is either a circular hole with diameter d (fig. 1(a)), or a central square
hole with side c (fig. 1(b)). Table 1 lists the dimensions of various perforated rectangular plates analyzed.
Notice that all the plates have the same width, w = 20 in., and the same thickness, t = 0.1 in. 

In table 1, the range 0 ~ 0.7 covers 0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55, 0.6,
0.65, 0.7. For a given plate aspect ratio, the 15 hole-size cases will provide 15 data points for plotting
each buckling curve in the ( )cr vs. d /w (or c /w) plots. If the buckling curve has any sharp bends in
certain regions, however, additional data points for d /w (or c /w) values not listed in table 1 were gener-
ated to define those sharp bend regions more accurately.

Table 1. Dimensions of perforated plates.

w, in. t, in. l /w d /w c /w

20 0.1 1.0 0 ~ 0.7 0 ~ 0.7

20 0.1 1.5 0 ~ 0.7 0 ~ 0.7

20 0.1 2.0 0 ~ 0.7 0 ~ 0.7

Ny
3



                                                 
Boundary Conditions

The various boundary conditions considered in the mechanical- and thermal-buckling analyses are
described as follows.

Mechanical Buckling

For mechanical buckling (uniaxial compressive buckling), the four edges of the perforated plates are
either simply supported or clamped. The lower edge of the plate is kept stationary and the upper edge is
allowed to move freely in the loading direction (y-direction). The two unloaded edges are either con-
strained from the transverse in-plane motions (figs. 2(a) and 3(a)) (called fixed case), or unconstrained
from the transverse in-plane motions (figs. 2(b) and 3(b)) (called free case). The four cases of boundary
conditions considered in the analysis are as follows:

1. 4S fixed—four edges simply supported; the two side edges can slide freely along the lubricated
fixed guides (fig. 4(a)).

2. 4S free—four edges simply supported; the two side edges can slide freely along the lubricated
guides, which can have free in-plane transverse motions (fig. 4(b)).

3. 4C fixed—four edges clamped; the two side edges can slide freely along the lubricated fixed
clamping guides (fig. 5(a)).

4. 4C free—four edges clamped; the two side edges can slide freely along the lubricated clamping
guides, which can have free in-plane transverse motions (fig. 5(b)).

Thermal Buckling

For thermal buckling, the plates were subjected to uniform temperature loading. Two types of plate
boundary conditions were considered:

1. 4S fixed—four edges simply supported by fixed-edge supports (fig. 6(a)). 

2. 4C fixed—four edges clamped by fixed-edge supports (fig. 6(b)).

FINITE-ELEMENT ANALYSIS

In the finite-element analysis, the structural performance and resizing (SPAR) finite-element com-
puter program (ref. 14) was used. Because of symmetry, only one quarter of the perforated plates were
modeled. The plates with circular holes were modeled with both triangular combined membrane and
bending elements (E33 elements) and quadrilateral combined membrane and bending elements (E43 ele-
ments). For the plates with square holes, only the square-shaped E43 elements were used. Two typical
quarter-panel finite-element models generated for a typical circular cutout case (l /w = 1.5; d /w = 0.2) and
a typical square cutout case (l /w = 1.5; c /w = 0.2) are shown, respectively, in figures 7 and 8.

For the circular hole cases, models with aspect ratio l /w = 2 were generated by adding 100 additional
square E43 elements to the square models (l /w = 1); and models with aspect ratio l /w = 1.5 were gener-
ated by properly modifying the aspect ratio of those additional E43 elements in the models with l /w = 2.
4



Models with circular holes ranging from small to moderate sizes (called the basic models) were generated
by modifying the hole sizes without changing the number of elements in the annular domains around the
holes (fig. 7). By using this simple method of generating multiple models, the tangential-to-radial aspect
ratios of the elements in the annular domains will gradually increase with the increasing size of the holes.
Therefore, the models with large circular holes were generated from the basic models by carving out
some elements in the hole boundary regions of the basic models. Thus, creating larger holes would hardly
disturb the aspect ratios of the elements lying in the remaining annular domains. When the circular holes
diminish, 20 additional E33 elements were used to fill each hole cavity so that the models could represent
unperforated solid plates. 

For the square-hole cases, all the models were generated from the solid plate models (basic models;
c /w = 0), which have the highest number of joint locations (JLOCs) and E43 elements. The models with
different hole sizes were then generated from the basic models by removing the proper number of the
square E43 elements around the square-hole boundaries. Also, to increase the model aspect ratios, more
square E43 elements were added to the square models. 

Table 2 lists the sizes of the basic finite-element models from which numerous perturbed models
were generated.

The material properties used in the finite-element analysis are those of monolithic Ti-6Al-4V
titanium alloy (ref. 15), listed in table 3.

The data in table 3 are plotted in figure 9 to show the nonlinearity of the temperature-dependent
material properties.

Table 2. Sizes of the basic finite-element models.

Circular hole (0 < d /w < 0.6) Square hole (c /w = 0)*

l /w JLOC E33 E43 JLOC E43

1.0   951 32 271 441 400

1.5 1061 32 371 651 600

2.0 1061 32 371 861 800

*Number of JLOC and E43 is maximum when c /w = 0. 

Table 3. Material properties of Ti-6Al-4V titanium alloy (ref. 15).

70 °F 200 °F 300 °F 400 °F 500 °F 600 °F 700 °F 800 °F 900 °F 1000 °F

E, lb/in2 × 106 16.0 15.28 14.80 14.40 14.02 13.63 13.15 12.64 11.84 10.56

G, lb/ in2 × 106 6.20 5.83 5.65 5.50 5.37 5.20 5.02 4.82 4.52 4.03

ν 0.31 0.31 0.31 0.31 0.31 0.31 0.31 0.31 0.31 0.31

α, in/in-°F × 10–6   4.85 5.00 5.10 5.19 5.27 5.36 5.44 5.52 5.59 5.62
5



MATERIAL PROPERTY ITERATIONS

In the thermal-buckling analysis, calculations of buckling temperatures require material property
iterations. Figure 10 shows a graphical iteration process for finding the buckling temperatures  for a
typical case of a square panel (l /w = 1) with circular hole size d /w = 0.7 under a 4S free boundary condi-
tion. The buckling temperature  is plotted against the assumed material temperature . The 45-deg
line represents the solution line for the buckling temperature . 

For example, if the assumed material temperature  agrees with the calculated buckling temperature
 +  (  = 70 °F), then the data point of  will fall right on the 45-deg solution line. In the first

iteration, the material properties at room temperature,  = , were used to calculate the first buck-
ling temperature . The second iteration then uses the material properties at any other temperature,
say  = 200 °F, to update the input material properties for the calculations of the second buckling
temperature . In the third iteration, the two buckling data points  and  were
connected with a straight line to locate the intersection point with the 45-deg solution line. Then, this
intersection-point temperature was used to update the material properties for the calculations of the third
buckling temperature . This iteration process is to continue until the nth calculated buckling
temperature ( )n data point falls right on the 45-deg solution line. 

From the geometry of figure 10,  may be expressed as a function of  and  as

(1)

For the present material, the  data point (less than 200 °F) would fall practically on the
45-deg solution line, giving an acceptable solution for . Namely, the value of  calculated
from the third material iteration would practically agree with that obtained from equation (1) because the
material property curves (especially E curve, fig. 9) are almost linear in the range 70 < T < 200 °F. 

RESULTS

The following sections present the results of the finite-element mechanical- and thermal-buckling
analysis of rectangular plates with circular and square holes.

Solution Accuracy

For checking the finite-element solution accuracy, the finite-element buckling solutions for simply-
supported solid plates (no holes) of different aspect ratios under uniaxial compression were compared
with the corresponding classical buckling solutions (ref. 13). Table 4 shows the results. The classical
cases actually correspond to the 4S free cases, which are under uniaxial loadings. The 4S fixed cases are
slightly under biaxial loadings and, therefore, were not used for solution-comparison purposes.

∆Tcr

∆Tcr Ta

∆Tcr

Ta

∆Tcr Tr Tr ∆Tcr

Ta( )1 Tr
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Ta( )2

∆Tcr( )2 ∆Tcr( )1 ∆Tcr( )2

∆Tcr( )3
∆Tcr

∆Tcr( )3 ∆Tcr( )1 ∆Tcr( )2

∆Tcr( )3
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1
∆Tcr( )2 ∆Tcr( )1–

Ta( )2 Ta( )1–
--------------------------------------------–

-----------------------------------------------------=

∆Tcr( )3
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The very close correlation of the finite-element and the classical buckling solutions shown in table 4
indicates the adequacy of the finite-element modeling, and provides great confidence in the accuracy of
the finite-element buckling solutions for the perforated plates presented in this report.

Plates With Circular Holes

For plates with circular holes, three cases are considered: mechanical buckling fixed, mechanical
buckling free, and thermal buckling.

Mechanical Buckling for Fixed-Boundary Cases

Figures 11–16, respectively, show the compressive buckling loads  plotted as functions of hole
size d /w (figs. 11, 13, and 15), and the associated buckling mode shapes (figs. 12, 14, and 16) for the
plates with circular holes under 4S fixed and 4C fixed boundary conditions. Only figure 11 shows typical
finite-element buckling solution data points.

For the 4S fixed cases, the antisymmetrical buckling curves always lie considerably above the sym-
metrical buckling curves for all plate aspect ratios (figs. 11, 13, and 15), and therefore, the buckling mode
shapes are always symmetrical (figs. 12(a), 14(a), and 16(a)). The actual buckling loads  (sym-
metrical) for all plate aspect ratios monotonically decrease slightly from their respective solid plate val-
ues as the hole sizes increase (figs. 11, 13, and 15). 

For the 4C fixed cases, the symmetrical and antisymmetrical buckling curves entangle each other (or
mutually intersect), causing the actual buckling curves (for the lowest  values) to be composite
curves consisting of symmetrical and antisymmetrical buckling curves segments. Thus, the buckling
mode shapes could be either symmetrical or antisymmetrical (figs. 12(b), 14(b), and 16(b)) depending on
the hole sizes and the plate aspect ratios. For larger holes, the secondary or local buckling modes start to
appear at the hole boundaries (figs. 12(b), 14(b), and 16(b)). 

For a square plate (fig. 11) of the 4C fixed case, the lowest buckling load  decreases from that
of the solid plate (d /w = 0) as the hole starts to initiate and grow in size. The value of  reaches its
minimum value in the vicinity of d /w = 0.2, and then continues to increase and changing buckling mode
at larger hole sizes. Beyond d /w = 0.4, the buckling load  becomes greater than that of the solid
square plates (d /w = 0).

Table 4. Comparison of finite-element and classical buckling solutions for simply
supported rectangular solid plates under uniaxial compression.

, lb/in.

l /w Buckling mode
Circular hole
model (d = 0)

Square hole
model (c = 0)

Timoshenko
(ref. 13)

1.0 Symmetrical 145.5983 145.5858 145.5854

 1.5 Antisymmetrical 157.9806 157.9707 157.9703

 2.0 Antisymmetrical 145.5891 145.5866 145.5854

Ny( )cr

Ny( )cr

Ny( )cr

Ny( )cr

Ny( )cr
Ny( )cr

Ny( )cr
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For rectangular plates (figs. 13 and 15) of the 4C fixed cases, the composite buckling curves are wavy
and bent upward as the hole size increases. The lowest buckling loads  increase initially as the
holes start to grow in size, then changed mode and reached their respective minimum values near the hole
size d /w = 0.2. Beyond hole size d /w = 0.3, the  values exceed their respective values of the solid
rectangular plates (d /w = 0). The degrees of increases in the  values for the rectangular plates
(figs. 13 and 15), however, are not as pronounced as the square plate case (fig. 11).

Mechanical Buckling for Free-Boundary Cases 

Figures 17–22, respectively, show the changes of the compressive buckling loads  with hole
size d /w (figs. 17, 19, and 21) and the associated buckling mode shapes (figs. 18, 20, and 22) of the plates
with circular holes under 4S free and 4C free boundary conditions. The symmetrical and antisymmetrical
buckling curves intersect at certain hole sizes (figs. 17, 19, and 21). For the 4C free cases, the buckling
mode shapes of the plates with larger holes (figs. 18, 20, and 22) show complex buckling modes consist-
ing of global and pronounced local buckling at the hole boundaries.

For a square plate (fig.17, which represents the most extensively studied geometry), the buckling
loads  for both 4S free and 4C free cases decrease monotonically with the hole size and never
increase with the hole size like the 4C fixed case (fig. 11). 

For rectangular plates (figs. 19 and 21), the buckling loads  for both the 4S free and 4C free
cases increase at larger hole sizes. This effect is more conspicuous for the 4C free cases (especially for
aspect ratio l /w = 2, shown in fig. 21) than for the 4S free cases. 

Thermal Buckling 

Figures 23–28 show the buckling temperatures , plotted as functions of the hole size d /w
(figs. 23, 25, and 27), and the associated buckling mode shapes (figs. 24, 26, and 28) for the plates with
circular holes. The lowest buckling temperatures  decrease slightly, as the hole size grows initially,
and then increase at larger hole sizes. This effect is more pronounced for the 4C cases than for the 4S
cases. The increase of  at larger hole sizes is the most pronounced for the square plates under 4C
boundary condition (fig. 23), and the value of  at hole size d /w = 0.7 reaches as high as five times
the value of  of the unperforated square plate (d /w = 0).

Plates With Square Holes

Analyses of plates with square holes were also made for the three case types: mechanical buckling
fixed, mechanical buckling free, and thermal buckling.

Mechanical Buckling for Fixed-Boundary Cases

Figures 29–34, respectively, show the variations of the compressive buckling loads  with the
increase of the hole size c /w (figs. 29, 31, and 33) and the associated buckling mode shapes (figs. 30, 32,
and 34) for the plates with square holes under 4S fixed and 4C fixed boundary conditions. The overall

Ny( )cr

Ny( )cr
Ny( )cr

Ny( )cr

Ny( )cr

Ny( )cr

∆Tcr

∆Tcr

∆Tcr
∆Tcr

∆Tcr

Ny( )cr
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buckling behavior of plates with square holes is very similar to that of the plates with circular holes. In
comparison with the circular hole cases, however, the square hole cases have slightly higher buckling
loads at larger hole sizes, especially for the aspect ratio l /w = 1.5 (compare 4C fixed cases in figs. 13 and
31). At large hole size (figs. 30, 32, and 34) for 4C cases, the buckling mode shapes exhibit both global
and local buckling modes.

Mechanical Buckling for Free-Boundary Cases 

Figures 35–40 show the compressive buckling loads  plotted against the hole size c /w
(figs. 35, 37, and 39) and the associate buckling mode shapes (figs. 36, 38, and 40), for the plates with
square holes under 4S free and 4C free boundary conditions. Again, the buckling behavior of the square
hole cases is very similar to that of the corresponding circular hole cases. Similar to the fixed cases, the
local buckling modes show up clearly at larger hole sizes under the 4C boundary condition.

Thermal Buckling 

Figures 41–46, respectively, show the buckling temperatures  as functions of hole size c /w
(figs. 41, 43, and 45) and the associated thermal-buckling modes (figs. 42, 44, and 46) for the plates with
square holes. Again, the 4C boundary condition causes secondary local buckling modes to show up at
large hole size for the square plate (fig. 42). For the rectangular plates (figs. 44 and 46), the local buckling
modes are almost invisible. 

Comparison of Buckling Strengths

The buckling strengths of the plates with circular holes will be compared with those of the plates with
square holes under the same weight density conditions. Therefore, for a given aspect ratio of the perfo-
rated plates (no change in width w), the area of the square hole was set equal to that of the circular hole by
adjusting the side c of the square hole according to the relationship

(2)

Thus, before the comparison of buckling strengths could be made, the abscissa c /w of figures 29, 31,
33, 35, 37, 39, 41, 43, and 45 must first be converted to the equivalent d /w using equation (2). Namely,
the data points for the square hole cases must be shifted slightly toward the right because the equivalent
d /w is slightly greater than c /w in view of equation (2).

Figures 47–49 compare the compressive buckling strengths of the two types of perforated plates
under 4S fixed and 4C fixed conditions. At large hole sizes, the square hole cases exhibit higher buckling
strengths than the respective circular hole case.

For the 4S free and 4C free boundary conditions, the square plates with square holes (fig. 50) have
higher compressive buckling strengths than those with circular holes. For the perforated rectangular
plates (figs. 51 and 52), the square hole cases give slightly higher buckling strengths at moderate hole
sizes than the circular hole cases. The reverse is true, however, for hole sizes greater than d /w = 0.5.

Ny( )cr

∆Tcr

c
d
--- π

2
-------=
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Figures 53–55 compare the thermal-buckling strengths of the two types of perforated plates. Again,
the plates with square holes exhibit higher thermal-buckling strengths than those with circular holes for
all the hole sizes and boundary conditions.

DISCUSSION

The buckling behavior of plates with central holes as presented is quite peculiar because, under
certain boundary conditions (especially cases with clamped edges) and plate aspect ratios, the mechani-
cal- and thermal-buckling strengths of the perforated plates, contrary to expectation, increase rather than
decrease as the hole sizes grow larger. The conventional wisdom is that, as the hole sizes increase, the
plates lose more materials and become weaker. Therefore, the buckling strengths were expected to
decrease as the hole sizes increase. This was not the case. Such peculiar buckling phenomenon of the
perforated plates may be explained as follows.

When the hole size becomes considerably large relative to the plate width, most of the compressive
load is carried by the narrow side strips of material along the plate boundaries. As is well known, a
stronger plate boundary condition (e.g., clamped rather than simply-supported boundaries) increases
the buckling strength, while the higher stress concentration decreases the buckling strength. Thus, which
effects become dominant will determine the increase or decrease of the buckling strengths of the
perforated plates. 

For the square-hole cases, the load-carrying narrow side strips along the plate boundaries are
practically under uniform compressive stress fields. For the circular-hole cases, the narrow compressed
side strips are under stress concentration, which reduces the buckling strengths. This fact may explain
why, for most of the cases studied (except figs. 51 and 52), the buckling strengths of the plates with square
holes increase more at larger hole sizes than the plates with circular holes having the same weight density.

The unusual buckling characteristics of the perforated plates offer vital applications in aerospace
structural panel design. Namely, by opening holes of proper sizes in aerostructural panels for weight
saving, their buckling strengths can be boosted simultaneously. Thus, with a single stone, one can shoot
down two birds.

CONCLUDING REMARKS

Finite-element mechanical- and thermal-buckling analyses were performed on plates containing
centrally located circular and square holes. The effects of plate aspect ratio, hole geometry, hole size, and
plate support conditions on the mechanical- and thermal-buckling strengths and buckling mode shapes
were studied in great detail. The key findings of the analysis are as follows:

• The buckling mode shapes of the perforated plates can be symmetrical or antisymmetrical
depending on the hole sizes, plate aspect ratios, and plate boundary conditions.

• Increasing the hole size does not necessarily reduce the mechanical- and thermal-buckling
strengths of the perforated plates. For certain plate aspect ratios and plate support conditions,
mechanical- and thermal-buckling strengths increase with the increasing hole sizes.
10



• For most cases under the same weight density conditions, the mechanical- and thermal-buckling
strengths of the plates with square holes are slightly higher than those of the corresponding plates
with circular holes at increasing hole sizes.

• The clamped boundary conditions more effectively enhance the mechanical- and thermal-
buckling strengths of the perforated plates at larger hole sizes than the simply-supported boundary
conditions.

Dryden Flight Research Center
National Aeronautics and Space Administration
Edwards, California, May 27, 1997
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(a) Circular cutout.

(b) Square cutout.

Figure 1. Rectangular plates with central cutouts.
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(a) Fixed case—two vertical edges with no in-plane transverse motions.

(b) Free case—two vertical edges with free in-plane transverse motions.

Figure 2. Fixed and free boundary conditions for two vertical edges; circular cutout case (simply
supported or clamped).
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(a) Fixed case—two vertical edges with no in-plane transverse motions.

(b) Free case—two vertical edges with free in-plane transverse motions.

Figure 3. Fixed and free boundary conditions for two vertical edges; square cutout case (simply supported
or clamped).
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(a) 4S fixed.

(b) 4S free.

Figure 4. Two types of boundary conditions for simply-supported vertical edges.

(a) 4C fixed.

(b) 4C free.

Figure 5. Two types of boundary conditions for clamped vertical edges.
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(a) 4S fixed.

(b) 4C fixed.

Figure 6. Two types of boundary conditions used for thermal buckling.
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Figure 7. Quarter-panel, finite-element model for rectangular plate with circular hole; l/w = 1.5, d/w = 0.2.

Figure 8. Quarter-panel, finite-element model for rectangular plate with square hole; l/w = 1.5, c/w = 0.2.
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Figure 9. Temperature-dependent material properties of Ti-6A1-4V titanium alloy.

Figure 10. Graphical representation of buckling temperature iteration process.
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Figure 11. Compressive buckling loads as functions of hole size; circular holes; fixed edges.

(a) 4S fixed.

(b) 4C fixed.

Figure 12. Buckled shapes of square plates with circular holes under compression; l/w = 1; fixed edges.
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Figure 13. Compressive buckling loads as functions of hole size; circular holes; fixed edges.

(a) 4S fixed.

(b) 4C fixed.

Figure 14. Buckled shapes of rectangular plates with circular holes under compression; l/w = 1.5; fixed
edges.
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Figure 15. Compressive buckling loads as functions of hole size; circular holes; fixed edges.

(a) 4S fixed.

(b) 4C fixed.

Figure 16. Buckled shapes of rectangular plates with circular holes under compression; l/w = 2; fixed
edges.
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Figure 17. Compressive buckling loads as functions of hole size; circular holes; free edges.

(a) 4S free.

(b) 4C free.

Figure 18. Buckled shapes of square plates with circular holes under compression; l/w = 1; free edges.
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Figure 19. Compressive buckling loads as functions of hole size; circular holes; free edges.

(a) 4S free.

(b) 4C free.

Figure 20. Buckled shapes of rectangular plates with circular holes under compression; l/w = 1.5; free
edges.
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Figure 21. Compressive buckling loads as functions of hole size; circular holes; free edges.

(a) 4S free.

(b) 4C free.

Figure 22. Buckled shapes of rectangular plates with circular holes under compression; l/w = 2; free edges.

Symmetric buckling
Antisymmetric buckling

4C

4C

4S

Ny

Ny

/w = 2.0

4S

.3.2.10 .5 .6 .7 .8

970917

.4
d/w

100

150

200

300

350

400

450

500

550

250

(Ny)cr,

lb/in

d

w

d/w = 0.2
970918a

Ny

Ny

d/w = 0.6
970918b

Ny

Ny

d/w = 0.2
970919a

Ny

Ny

d/w = 0.6
970919b

Ny

Ny
25



Figure 23. Buckling temperatures as functions of hole size; circular holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 24. Buckled shapes of uniformly heated square plates with circular holes; l/w = 1.
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Figure 25. Buckling temperatures as functions of hole size; circular holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 26. Buckled shapes of uniformly heated rectangular plates with circular holes; l/w = 1.5.
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Figure 27. Buckling temperatures as functions of hole size; circular holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 28. Buckled shapes of uniformly heated rectangular plates with circular holes; l/w = 2.
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Figure 29. Compressive buckling loads as functions of hole size; square holes; fixed edges.

(a) 4S fixed.

(b) 4C fixed.

Figure 30. Buckled shapes of square plates with square holes under compression; l/w = 1; fixed edges.
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Figure 31. Compressive buckling loads as functions of hole size; square holes; fixed edges.

(a) 4S fixed.

(b) 4C fixed.

Figure 32. Buckled shapes of rectangular plates with square holes under compression; l/w = 1.5; fixed
edges.
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Figure 33. Compressive buckling loads as functions of hole size; square holes; fixed edges.

(a) 4S fixed.

(b) 4C fixed.

Figure 34. Buckled shapes of rectangular plates with square holes under compression; l/w = 2; fixed edges.
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Figure 35. Compressive buckling loads as functions of hole size; square holes; free edges.

(a) 4S free.

(b) 4C free.

Figure 36. Buckled shapes of square plates with square holes under compression; l/w = 1; free edges.
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Figure 37. Compressive buckling loads as functions of hole size; square holes; free edges.

(a) 4S free.

(b) 4C free.

Figure 38. Buckled shapes of rectangular plates with square holes under compression; l/w = 1.5; free
edges.
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Figure 39. Compressive buckling loads as functions of hole size; square holes; free edges.

(a) 4S free.

(b) 4C free.

Figure 40. Buckled shapes of rectangular plates with square holes under compression; l/w = 2; free edges.
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Figure 41. Buckling temperatures as functions of hole size; square holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 42. Buckled shapes of uniformly heated square plates with square holes; l/w = 1.
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Figure 43. Buckling temperatures as functions of hole size; square holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 44. Buckled shapes of uniformly heated rectangular plates with square holes; l/w = 1.5.
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Figure 45. Buckling temperatures as functions of hole size; square holes.

(a) 4S fixed.

(b) 4C fixed.

Figure 46. Buckled shapes of uniformly heated rectangular plates with square holes; l/w = 2.
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Figure 47. Comparison of compressive buckling strengths of square plates with different geometrical
cutouts; fixed edges.

Figure 48. Comparison of compressive buckling strengths of rectangular plates with different geometrical
cutouts; fixed edges.
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Figure 49. Comparison of compressive buckling strengths of rectangular plates with different geometrical
cutouts; fixed edges.

Figure 50. Comparison of compressive buckling strengths of square plates with different geometrical
cutouts; free edges.

S

S

S

S

S

S

4S

4C

A

A

A

A

.3.2.10 .5 .6 .7 .8

970958

.4
d/w

100

150

50

200

300

350

400

250
(Ny)cr,

lb/in

A - Antisymmetric buckling
S - Symmetric buckling

c

w

/w = 2.0

Ny

Ny

d

w

Ny

Ny

d 2
c  =   π

S

S

S

S

A

A

A

.3.2.10 .5 .6 .7 .8

970959

.4
d/w

100

150

200

300

350

450

400

250

(Ny)cr,

lb/in

A - Antisymmetric buckling
S - Symmetric buckling

4S

4C

c

w

/w = 1.0

Ny

Ny

d

w

Ny

Ny

d 2
c  =   π
39



Figure 51. Comparison of compressive buckling strengths of rectangular plates with different geometrical
cutouts; free edges.

Figure 52. Comparison of compressive buckling strengths of rectangular plates with different geometrical
cutouts; free edges.

S

S

S

S

S

S

S

4C

A

A

A
A

A

A A

.3.2.10 .5 .6 .7 .8

970960

.4
d/w

100

150

200

300

350

450

500

550

400

250

(Ny)cr,

lb/in

A - Antisymmetric buckling
S - Symmetric buckling

4S

c

w

/w = 1.5

Ny

Ny

d

w

Ny

Ny

d 2
c  =   π

S
S

S
S

S

4C

A
A

A

A

A

.3.2.10 .5 .6 .7 .8

970961

.4
d/w

100

150

200

300

350

450

500

550

600

400

250

(Ny)cr,

lb/in

A - Antisymmetric buckling
S - Symmetric buckling

4S

c

w

/w = 2.0

Ny

Ny

d

w

Ny

Ny

d 2
c  =   π
40



Figure 53. Comparison of thermal buckling strengths of square panels with different geometrical cutouts.

Figure 54. Comparison of thermal buckling strengths of rectangular panels with different geometrical
cutouts.
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Figure 55. Comparison of thermal buckling strengths of rectangular panels with different geometrical
cutouts.
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