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ABSTRACT

< The basic objective of this study was to develop and compile a manual which
would include practical and up-to-date methods for analyzing the structural
stability of sandwich plates and shells for typical loading conditions which
might be encountered in aerospace applications> The methods proposed for
use would include known analytical approaches as modified for correlation
with applicable test data.

) / The data presented.here covers recommended design equations and curves
™ for a wide range of structural configurations and loading conditions? includ-

ing combined loads. In a number of cases, actual test data points are in~
cluded on the design curves to substantiate the recommendations made. For
those items where little or no test data exists the basic analytical approach
is presented along with the notation that this represented the 'best available”
data and should be used with some caution and judgment until substantiated
by test.

The fc;llowing subjects are among those covered in the manual:
Local Instability
General Instability of Flat Panels
General Instability of Circular Cylinders
General Instability of Tfuncated Circular Cones
General Instability of Dome-Shaped Shells
Instability of Sandwich Shell Segments

Effects of Cutouts on the General Instability of Sandwich Shells
Inelastic Behavior of Sandwich Plates and Shells
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172D
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di ionless.
imensionless Ab Gcb(E 1’c 1+E 2t2)
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Length parameter defined by Equation (4.2-33), dimensionless.

Length parameter defined by Equation (4.5-3), dimensionless.
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Test

Angle of rotation at appropriate joint in corrugated-core sandwich
construction (see Figure 2.1-5), degrees. Vertex half-angle of
conical shell, degrees,

Angle of rotation at appropriate joint in corrugated-core sandwich
construction (see Figure 2.1-5), degrees.

Knock-down factor, dimensionless, Ratio = cry/ox, dimensionless.

Knock~down tactor associated with general instability under pure
bending, dimensionless.

Knock-down factor associated with general instability under axial
compression, dimensionless,

Knock-down factor associated with the general instability of a dome-
shaped shell under external pressure, dimensionless.

Knock-down factor determined from a test specimen subjected to the
loading condition corresponding to the subscript i, dimensionless.

Knock-down factor associated with general instability of a cylinder
under uniform external lateral pressure, dimensionless.

Knock-down factor associated with general instability under pure
torsion, dimensionless.

Amplitude of initial waviness in facing, inches.
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Normal strain in the y direction, in/in.
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Parameter involving the core elastic moduli, core thickness, and
buckle wavelength, dimensionless,

Plasticity reduction factor, dimensionless.

Plasticity reduction factor corresponding to an experimental critical
stress value, dimensionless,

(1- ptaub) =(1- uiz) for isotropic facings, dimensionless, Ratio =

T/crx, dimensionless,
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Ratio of transverse shear moduli of core [see Equation (4.2-1)],
dimensionless.

Actual Poisson's ratio of facing, dimensionless.
Elastic Poisson's ratio of facing, dimensionless.

Radius of gyration for shell wall of sandwich and non-sandwich
constructions (pa:h/2 for sandwich constructions whose two
facings are of equal thickness), inches.

Stress, psi.

Peak compressive stress due solely to an applied bending moment,
psi.

Classical theoretical value for the critical peak compressive stress
under a bending moment acting alone, psi.

Classical value of critical stress, psi.

Uniform compressive stress due solely to an applied axial load,
psi.

Effective compressive stress defined by Equation (4.7-38), psi.

Peak axial compressive stress due solely to an applied bending
moment, psi.

Uniform axial compressive stress due solely to an applied axial
load, psi.

Classical theoretical value for the critical uniform compressive
stress under an axial load acting alone, psi.

Critical stress, psi.

Experimental critical stress obtained from a particular test speci-
men, psi.

Experimental critical stress which would have been attained had
the test specimen remained elastic, psi.
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Critical value for the compressive stress acting in the x direction,
psi.

Compressive stresses in facings 1 and 2, respectively, in the pres-
ence of the critical loading for general instability (there is no prefer-

ence as to which facing is denoted by the subscript 1 or 2), psi.

Uniaxial compressive stress at which shear crimping occurs in sand-
wich constructions, psi.

Stress intensity defined by Equation (9.2-~1), psi.
Hoop membrane stress, psi.
Meridional membrane stress, psi.

Maximum possible critical stress corresponding to a particular
material, psi.

Minimum value of stress for the post-buckling equilibrium path, psi.
Predicted value for critical stress, psi.

Critical buckling stress for a flat plate, psi.

Critical buckling stress for a complete cylinder, psi.

Facing wrinkling stress, psi.

Stress acting in the x direction, psi. Uniform axial compressive
stress due to an applied axial load, psi.

Effective compressive stress defined by Equation (4.7-37), psi.

Peak axial compressive stress due solely to an applied bending
moment, psi.

Classical theoretical value for critical uniform axial compressive
stress when acting alone, psi.

Uniform axial compressive stress due solely to an applied axial
load, psi.

Stress acting in the y direction, psi.
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Shear stress, psi.
Effective shear stress defined by Equation (4.7-39), psi.

Classical theoretical value for critical uniform shear stress when
acting alone, psi.

Critical shear stress, psi.

Critical shear stress for an equivalent cylinder subjected to an
applied torque, psi.

Pure shear stress, acting coplanar with the facings, at which shear
crimping occurs in sandwich constructions, psi.

Uniform shear stress due solely to an applied torque, psi.

Peak shear stress due solely to an applied transverse shear force,
psi.

Angular dimension of corrugated core (see Figure 2.1-4), degrees.
Quantity defined by Equation (4.2-10), dimensionless.

Angle of rotation at appropriate joint in corrugated-core sandwich
construction (see Figure 2,1-5), degrees. Parameter defined by
Equation (4.4-3), dimensionless.
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CONVERSION OF U.S. CUSTOMARY UNITS TO THE
INTERNATIONAL SYSTEM OF UNITS!

(Reference: MIL-HDBK-23)

U.S. Customary Conversion

SI Unit

Quantity Unit
.3
lbm/in.
it
Density me / 43
ft
t
Length {in.
Stress psi
b/ in,2
Pressure {lb /52
. |Elasticity .
Moduli { Rigidity psi
Temperature (°F + 460)

Thermal conductivity Btu in./hr ft2 °F 0.1240

kilograms/mete r3 kg/ mg)
kilograms/meter  (kg/m")

meters (m)
meters (m)

newtons/meterz (N/mz)
newtons/meter? (N/ mz)
new’t;ons/me’cer2 N/ m2)

new’cons/meter2 (N/ mz)

degrees Kelvin (°K)
kg cal/hr m °C

Prefixes to indicate multiples of units are as follows:

Prefix

giga (G)
mega (M)
kilo (k)
milli (m)

micro (u)

1 »” a
The International System of Units [ Systéme International (SI)] was adopted by the
Eleventh General Conference on Weights and Measures, Paris, October 1960, in

Resolution No. 12,

2 .
Multiply value given in U.S. Customary Unit by conversion factor to obtain

equivalent value in SI unit.
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INTRODUCTION

1.1 GENERAL

This handbook présents practical methods for the structural stability analysis of
sandwich plates and shells. The configurations and loading conditions covered here
are thosé which are likely to be encountered in aerospace applications. Basic equa-

tions, design curves, and comparisons of theory against test data are included.

For the purposes of this handbook, a structural sandwich is defined as a layered
construction formed by bonding two thin facings to a comparatively thick core as
depicted in Figure 1.1-1, The facings provide practically all of the over-all bending
and in-plane extensional rigidity to the sandwich. The core serves to position the
faces at locations removed from the neutral axis, provides virtually all of the trans-
verse shear rigidity of the sandwich, and stabilizes the facings against local buckling,
Thus the structural sandwich concept is quite similar to that of a conventional I
beam. The sandwich core plays a role which is analogous to that of the I beam web
while the sandwich facings perform a function very much like that of the I beam

flanges. The primary difference between these two types of construction lies in the

Numbers in brackets [ ] in the text denote references listed at end of each major
section (1; 2; ete.). '
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fact that the transverse shear deflections are usually significant to the sandwich
behavior; whereas, for I beams, these deflections are only important for the special

case of relatively short, deep beams.

FACING\/J\

CORE

L P
FACING/

Figure 1.1-1. Typical Sandwich Construction

The sandwich is an attractive structural design concept since, by the proper choice
of materials and geometry, constructions having high ratios of stiffness-to-weight
can be achieved. Since rigidity is required to prevent structural instability, the
sandwich is particularly well suited to applications where the loading conditions are

conducive to buckling,

The use of sandwich construction in aerospace vehicles is certainly not a recent

innovation. The British de Havilland Mosquito bomber of World War II employed
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structural sandwich throughout the airframe. In this case, the sandwich was in the
form of birch face sheets bonded to a balsa wood core. Many other airplanes, includ-
ing the B-58, B-70, F-111, C-5A, etc., have taken advantage of the high strength-to-
weight ratio enjoyed by sandwich construction. Space vehicle applications have
_included the Apolio spacecraft, the Spacecraft LM Adapter (SLA) fairings on the

Centaur and other launch vehicles, as well as propellant tank bulkheads.

In view of the ever increasing application of structural sandwich, it has become desir-
able to assemble a handbook which presents latest design and analysis criteria for the
stability of such construction. The practicing designer and stress analyst need this
information in a form suitable for easy, rapid use. This document is meant to fulfill
that need. However, it should be kept in mind that, in many areas, all practical
problems have not yet been fully resolved and one can only employ what might be re-
ferred to as a "best-available" approach. In these cases it is advisable to supplement
numerical computations with suitable testing. Such areas of uncertainty are identified
in this handbook in the sections dealing with the appropriate configurations and loading

conditions.

In the sections to follow a discussion is given of the basic principles behind the design
equations along with conclusions derived from an analysis of available test data. This
is followed by the design equations along with any limitations on their use. Also, to
facilitate their use, a table of these equations and restrictions immediately precedes
the list of references in Sections 2, 3, 4, and 5 since these sections cover a wide

range of loading conditions and considerations.
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1.2 FAILURE MODES

Structural instability of a sandwich construction can manifest itself in a number of
different modes. The various possibilities are as described below and as shown in

Figures 1.2-1 through 1.2-3.

Intracellular Buckling (Face Dimpling) - This is a localized mode of instability

which occurs only when the core is not continuous. As depicted in Figure 1,2-1, in
the regions directly above core cells (such as those of a honeycomb core), the
facings buckle in plate-like fashion with the cell walls acting as edge supports. The
progressive growth of these buckles can eventually precipitate the buckling mode

identified below as face wrinkling.

Face Wrinkling - This is a localized mode of instability which manifests itself in the
form of short wavelengths in the facings, is not confined to individual cells of
cellular-type cores, and involves the transverse (normal to facings) straining of the
core material. As shown in Figure 1.2-1, one must consider the possible occurrence
of wrinkles which may be either symmetrical or antisymmetrical with respect to the
middle surface of the original undeformed sandwich. As shown in Figure 1.2-2,

final failure from wrinkling will usually result either from crushing of the core,
tensile rupture of the core, or tensile rupture of the core-to~-facing bond., However,
if proper care is exercised in the selection of the adhesive system, one can reason-
ably assume that the tensile bond strength will exceed both the tensile and com-

pressive strengths of the core proper.
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A - Intracellular Buckling (Face Dimpling)

SYMMETRIC ANTISYMMETRIC

B - Face Wrinkling

C - Shear Crimping

Figure 1,2~1, Localized Instability Modes

| (

by

A = Core Crushing

s
B ~ Tensile Rupture C - Tensile Rupture
of Bond of Core Proper

Figure 1,2-2, Ultimate Failures Precipitated by Face Wrinkling

1-5




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

SOPOIN AH[IqeISUI PoZI[B00T~UON -3 1 OaANsId

TOPULTAD) UOTADUES ISPUITAD YOIMPUES
POUSTITIS-BUTY 3O AT[1qelsu] [oUed - O POUSIITIS~SUTY JO KITIqEISU] [edoteD - g

NOILLOTOATY d0 SIXV NOLLOTOATY A0 SIXV
IO VIUNS ANNI HOIMANVS J0 NOLLVOOT TVYNIDINQ»> HOVJIUAS HANNI HOIMANVS J0 NOILVOOT TVNIOIHO

A

BUTUS331IS SIeIpoNIIoTU] JHOGITA SUOTEINSIu0) J0 AIT[IqeISul [83008D = ¥

1-6



[

U

CHNICAL LIBRARY

ABBOTTAEROSPACE.COM

I

ST T T e T TR

Shear Crimping - Shear crimping is often referred to as a local mode of failure but
is actually a special fo‘rm of general instability for which the buckle wavelength is
very short due to a low transverse shear modulus for the core. This phenomenon
occurs quite suddenly and usually causes the core to fail in shear; however, it may
also cause a shear failure in the core-to-facing bond. Crimping will sometimes
occur in cases where relatively long-wave general instability first develops. In such
instances the crimp appears because of severe local transverse shear stresses at
the ends of buckle patterns. As the crimp develops, the general buckle may dis-
appear and a post-test examination would then lead to an erroneous conclusion as to

the mechanism which initiated failure.

General Instability - For configurations having no supplementary stiffening (such as

rings) except at the boundaries, the general instability mode is depicted in Figure
1.2-3A. The phenomenon involves over-all bending of the composite wall couple(i
with transverse (normal to facings) shear deformations. Usually, transverse exten-
sional strains do not play a significant role in this behavior. Whereas intracellular
buckling and wrinkling are localized phenomena, general instability is of a more
gross nature, Except for the special case cited under the identification "Shear
Crimping", the wavelengths associated with general instability are normally con-

siderably larger than those encountered in intracellular buckling and face wrinkling.

For configurations having supplementary stiffening at locations other than the bound-
aries, the term general instability takes on new significance and reference is also

made to an additional mode identified as panel instability. For this case, general
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instability is as defined above but with the added provision that the buckle pattern
involves simultaneous radial displacement of both the sandwich wall and the inter-

mediate stiffeners. As shown in Figure 1.2-3B, the appropriate half-wavelength of

the buckle pattern must therefore exceed the spacing between intermediate stiffeners.

The example used in Figure 1.2-3B is that of a sandwich cylinder stiffened by a
series of rings which have insufficient stiffness to enforce nodal points at their re-

spective locations.

Panel Instability = This mode of instability applies only to configurations which have

supplementary stiffening at locations other than the boundaries. Figure 1.2-3C
depicts this mode by again using the example of a sandwich cylinder stiffened by a
series of rings. However, in this case the rings have sufficient stiffness to enforce
nodal points at their respective locations. The rings experience no radial deforma-
tion, Therefore, the half-wavelength of the buckle pattern cannot exceed the spacing
between rings. As in the case of general instability, this mode involves over-all
bending of the composite wall coupled with transverse shear deformations. Here

again, transverse extensional strains do not play a significant role in the behavior.

1-8
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2

LOCAL INSTABILITY

2.1 INTRACELLULAR BUCKLING (Face Dimpling)

2.1.1 Sandwich with Honeycomb Core

2,1.1.1 Basic Principles

From a practical viewpoint, intracellular buckling can be regarded as flat-plate
behavior. Even where curvature is present, as in the cases of cylinders and spheres,
the honeycomb core cell size will normally be sufficiently small to justify such an
assumption. As noted from Reference 2-1, the critical stress for flat plates can be

expressed in the form

2
Oop = 1—2—1(‘1"%?)— (ts—f) 2.1-1)
where
O.r = Critical compressive stress, psi.
k = Coefficient which depends on the plate geometry, boundary
conditions, and type of loading, dimensionless.
7 = Plasticity reduction factor, dimensionless.
Ef = Young's modulus (for facing material in the case of intra-
cellular buckling), psi.
Ve = Elastic Poisson's ratio ffor facing material in the case of

intracellular buckling), dimensionless.
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tr = Thickness of plate (Facing thickness in the case of intra-
cellular buckling), inches.
s = A selected characteristic dimension of the plate, inches.

It is convenient here to combine several of the constants in Equation (2,1-1) to obtain

nEr  (tg\’
= — 2. -
G%r = K a-v.7) <s> (2.1-2)

Oer (1'Ve2) e\
[ e ] = K<—S> 2.1-3)

To apply these equations to the case of intracellular buckling, it is only necessary to

or

define the dimension s and establish a corresponding value for K. In Reference
2-2, Norris took s to be equal to the honeycomb core cell size. By convention,
this is taken equal to the diameter of the largest circle that can be inscribed within
the cell. Based on the analysis of test data, Norris then chose K =2.0 for the
case of uniaxial compression. This provides a reasonably good fit to the test results
as shown in Figure 2.1-1 which was taken directly from Reference 2-2. It should be
noted that the choice of K = 2.0 does not provide a lower bound to the data. Six of
the test results fall significantly below the values predicted by the recommended
formula. This situation can be tolerated since the dimpling of several cells in a
honeycomb sandwich construction will not lead to catastrophic failure so long as a
sufficiently large number of cells remain unbuckled. As indicated by the scatter in
Figure 2.1-1, one could reasonably expect the majority of unbuckled cells to possess
considerably greater buckling strengths than would be indicated by the proposed

design curve. Under these conditions, some redistribution of stress would occur
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Figure 2.1-1. Critical Stresses for Intracellular Buckling
Under Uniaxial Compression
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but the structure could continue to support the applied load. In addition, it is pointed
out that the dimpled regions retain significant post-buckling load-carrying capability
since they behave essentially as flat plates. This does not mean, however, that one

can permit the dimples to grow without bound. The point can be reached where these

deformations precipitate wrinkling and this cannot be tolerated.

It is also of importance to note here that most of the test data shown in Figure 2.1-1
were obtained from sandwich plates having a solid spruce core through which a
single circular hole was drilled to represent a core cell. It is questionable that
such specimens truly simulate the cell edge support likely to be encountered in
practical honeycomb configurations. Only three data points were obtained for speci-
mens actually having honeycomb cores and, as shown in Figure 2.1-1, these points

lie in the lower region of the total band of scatter.

In view of the foregoing discussion, it is evident that the use of Equation 2.1-3
together with the selection of K=2.0 is certainly not a rigorous approach to the
analysis of intracellular buckling. However, until further work is accomplished in

this area, it is recommended that this criterion be employed as a 'best-available",

approximate design tool.
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2.1.1.2 Design Equations and Curves

The facing stress at which intracellular buckling will occur under uniaxial compres-

sion is given by the following semi-empirical formula:

2 "Ef tf\® 2.1-4
Oop = .0 (1‘Ve2) s (2.1-4)

The dimension s is the diameter of the largest circle that can be inscribed within

the cell shape. For example, in the cases of hexagonal and square cells, s is

measured as shown below,

« (/ —~<
—

s

8 r\— y

S”

Figure 2.1-2. Definition of Dimension s

Solving Equation (2.1-4) for s gives the result

=

O (1-° )] ) .15

=t 2
Y

This equation may be used to determine the maximum permissible cell size corre-
sponding to particular facing materials and thicknesses. Figure 2.1-3 presents a
family of plots of Equation (2.1-5) for selected values of t; ranging from te =

0.001 to t; = 0.100.

For elastic cases, use 7 = 1, Whenever the behavior is inelastic, the methods of

Section 9 must be employed.
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When the facings are subjected to biaxial compression, it is recommended that one

use the interaction formula

Ry + Ry = 1 (2.1-6)
where
Applied Compressive Loading]
Ri = = in Subscript Direction ) @.1-7
17 |Critical Compressive Loading (when 2.1-7)
acting alone) in Subscript Direction

This straight-line interaction relationship is based on the information provided in
Reference 2-1 for square flat plates. For cases involving shearing stresses which
are coplanar with the facings, it is recommended that the principal stresses first be
computed and that these values then be used in the above interaction equation. When-
ever one of the principal stressés is tensile and the behavior is elastic, the analysis
should be based on the assumption that the compressive principal stress is acting

alone,
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2.1.2 Sandwich With Corrugated Core

2.1.2.1 Basic Principles

This section deals with corrugated-core sandwich constructions whose cross sections
may be idealized as shown in Figure 2. 1-4, For cylinders, the only case treated
here is that where the axis of the corrugations is parallel to the axis of revolution.

For flat plates, however, the corrugations can be oriented in either the longitudinal

or transverse directions,

\

. e S nlie R BN
WM ©_(TYPICAL) %XQK Q
I"_‘bf—"l \Q)(TYPICAL) r/ tff |<‘bf_.|

/3
@ (TYPICAL)

't

Single-Truss Double-Truss

Figure 2.1-4. Corrugation Configurations

Each of the following loading conditions is considered:
a. Uniaxial compression acting parallel to the axis of the corrugations.

b. Uniaxial compression acting parallel to the facings but normal to the
axis of the corrugations.

c. Biaxial compression resulting from combinations of a and b above.
The design curves presented here are taken directly from Reference 2-3 and are

based entirely on theoretical considerations. No comparisons are made against test

2-8



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

data to confirm the validity of these solutions. Until such substantiation is obtained,
the recommended design curves can only be considered as a '"best-available' criterion.
It is pointed out, however, that there does not appear to be any reason to suspect that

test data would disagree with the curves.

Although Reference 2-3 is devoted solely to flat plates, the results are considered to
be applicable to the cylindrical configurations shown in Figure 2.1-4 since the dimen-
sions by will usually be small with respect fo the radius. Under such conditions,

curvature influences will be negligible.

The theoretical development includes consideration of each of the buckling modes
shown in Figure 2.1-5, Both of the following possibilities are covered:
a, The face sheets are the unstable elements and are restrained by the core,
b. The core is the unstable element and is restrained by the face sheets.
Buckling is assumed to be accompanied by rotation of the joints but with no deflection
of the joints. The angles between the various elements at any one joint are taken to
remain unchanged during buckling. It is also assumed that the over-all sandwich

dimensions are sufficiently large such that end effects are negligible.
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e

Single-Truss-Core Double-Truss-Core

(a, B, and ¥ denote angles of rotations at the appropriate joints)

Figure 2.1-5, Buckling Modes
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2.1.2.2 Design Equations and Curves
The theoretical stress at which intracellular buckling of the facings or buckling of the
corrugated core will occur is given by the following formula:

ki NE [te\ / ’ 18
Cnp = —————— [ = J1-
°T " 1201-15.2) \bs | (@.1-8)

where
Oor = Critical compressive stress, psi.
ki = Coefficient which depends upon the geometry and loading
conditions, dimensionless.
M = Plasticity reduction factor, dimensionless.
E = Young's modulus of facings and core, psi.
Vo = Elastic Poisson's ratio of facings and core, psi.

tf = Facing thickness, inches.

bg

Pitch of corrugated core (see Figure 2,.1-4), inches.
The only case considered here is that where the two facings are of the same thickness
and the entire sandwich construction (facings and core) is made of a single material.
Figures 2.1-6 through 2.1-12 give values for k; for each of the following loading
combinations:

a. ky when k;, =0

b. kg when k

n

0.5
c. kg when kg = 1,0
d. ky when ky = 0

The coefficients kx and ky are defined as follows:
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. 121~ Vo) [bt\’ . )

kg = ———'ﬂaﬂE ';C-f- (Applied Compressive 0%) (2.1-9)
, e oy |

ky = m°NE \f (Applied Compressive Oy) 2.1-10)

The subscript x for k and k”) is used to identify cases where the loading is
directed along the axis of the corrugations (x direction). The subscript y {for k
and k”) is used to identify cases where the loading is acting in the y direction which
is parallel to the facings but normal to the axis of the corrugations. For combinations
a through c, separate plots are furnished for single-truss-core and double-truss-
core configurations. For combination d, a single family of curves covers both
arrangements since all of the corresponding applied load is transferred through the
facings. The dashed lines in Figures 2.1-6 through 2.1-11 divide the charts into two
regions. Above the dashed lines, the face sheets are the unstable elements and are
restrained by‘ the core. Below the dashed lines, the core is unstable and is restrained

by the face sheets.

To clarify the design charts given in Figures 2.1-6 through 2.1-12, the following
additional definitions are provided:

t, = Thickness of material from which the corrugations are formed
(see Figure 2,1-4), inches.

¢

n

Angle shown in Figure 2,1-4, degrees.
In addition, the sample problem given below should be helpful to the user of this

handbook.
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Given: Sample Problem Data for Single-Truss Core Type Sandwich Panel

E = 30 x 10°psi to = .016" be = . 700"
Ve = .30 tf = .020" ¢ = 65°
Proportional Limit o= 90,000 psi Oy = 16,300 psi (Compression)

Required: Find Ucrx; Assuming 7 = 1, one obtains

2
o 2oy - %) (br) 12 x 16,300 x 010 (Lme0 ) 736
Y~ 7'nE - o

tg 9.87 x 1x 30 x 10° \,020
Yo _ w016 oo
t 020 °

Using linear interpolation between values given on Figures 2,1-7 and 2,1-8 one

obtains kx = 2,68,

Hence, the critical stress in the x direction (parallel to the corrugation axis) is
ky TnE /tr\’
Oop = o
Cry 12(1 —ve’) <bf>

and, assuming 7 = 1, one obtains

2,68 x 9,87 x 1 x 30 X 10°<Lozo

2
= 9’ 3 3
“Tx 12 X , 910 .700> 59,300 psi (Compression)

The stress intensity oj (See Section 8) can now be computed as follows:

93

n

2 2 . 2
w/o'x +0'y Ox Ty + 3T

10°V (59.3) + (16.3)° - (59.3 x 16.3) + 0 = 53,100 psi

n

Since this value is below the proportional limit, the assumption 5 = 1 is wvalid,
In cases where the 0; value exceeds the proportional limit, the methods of Section

9 must be employed,
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2,2 FACE WRINKLING

2.2.1 Sandwich With Solid or Foam Core (Antisymmetric Wrinkling)

2.2,1.1 Basic Principles

The problem of face wrinkling has been treated by many investigators dating back as
far as 1940. The most important publications on this subject are listed as References
2-4 through 2-14. For the purposes of this handbook, it was decided that the results
in References 2-7 and 2-9 would be the most useful. The latter applies only to sand-
wich configurations which have solid or foam cores. The development there includes
consideration of both the symmetric and antisymmetric modes along with the influences
from initial waviness of the facings. It is pointed out that, when the core is sufficiently
thick, the wrinkle patterns of the two facings will be independent of each other and the
same critical load is obtained for the symmetric and antisymmetric modes. However,
for sandwiches having thinner cores, the core strains introduced by one facing influ-
ence the wave pattern in the other facing. Under these conditions, it was found that
sandwiches having solid or foam cores can be expected to wrinkle antisymmetrically.
The following governing equation was derived to predict this form of wrinkling for

isotropic facings subjected to uniaxial compression:

1
Kl
Our = Q[nE E G:l (2.2-1)

1-%")
where,
owyr = Facing wrinkling stress, psi.
n = Plasticity reduction factor, dimensionless.
Ef = Young's modulus of facing, psi.
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Ec = Young's modulus of the core in the direction normal to the facings, psi.

G, = Core shear modulus associated with the plane perpendicular to the
facings and parallel to the direction of the applied load, psi.
U, = Elastic Poisson's ratio of facings, dimensionless.

The quantity Q is the relative minimum, with respect to {, of the expression

NS 16q<cosh;—1)

07 ' ¢ L -
1+6.4Kgl (Tl_sm—h%-—t'))
where
2, 1%
q= % Ge [ﬁ—élf'E——Vi—ég] 2.2-3)
Kg = tiEFcc 2.2-4)
and

{ = Parameter involving the core elastic moduli, core thickness, and
buckle wavelength, dimensionless.

te = Thickness of core, inches.
te = Thickness of facing, inches.
§ = Amplitude of initial waviness in facing, inches.

Fc = Flatwise sandwich strength (the lower of flatwise core compressive,
flatwise core tensile, and flatwise core-to-facing bond strengths),

psi.
The initial waviness plays an important role in the wrinkling phenomenon since it
causes transverse facing deflections to develop even when the applied loading is very
small. As the load increases, these deflections grow at steadily increasing rates and

lead to transverse tensile or compressive failure of the core or tensile rupture of the
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core-to-facing bond. These failures occur, of course, at load values below the pre-
dictions from classical theory in which it is assumed that the facings are initially

perfect Kg = 0).

The results from Reference 2-9 can be summarized in the form of Equation (2.2-1)
accompanied by plots of Q vs q with Ks as a parameter. A family of such curves
is given in Reference 2-9 and they are of the general shape shown in Figure 2.2-1.
The limiting values established by the straight line 0A correspond to the shear
crimping mode of failure (see Section 2.3). All other points on the curves are for
antisymmetric wrinkling. In actual practice, curves of this type do not prove to be
very helpful since the K8 values appropriate to particular structures are rarely
known. - Therefore, in order to provide a practical means for the prediction of face
wrinkling in sandwich constructions having solid or foam cores, it has become com-
mon practice to select a single conservative lower-bound Q based on available test
data. This approach is followed here. Elastic test data selected from Reference 2-9
are plotted in Figure 2.2-2 from which the value @ = 0.50 has been selected as a
safe design value. Additional data are given in Reference 2-6 whiéh are not shown
here but lead to the same value for a lower-bound Q. This is in conformance with
the observation made by Plantema in Reference 2~15 that the value Q = 0.50 has
often been recommended for practical design purposes. However, since much of the
existing test data were obtained from specimens that were not very representative of
configurations likely tobe encountered in realistic structures, the selection of Q =0.50

can only be regarded as a ""best-available'" approach, In view of the uncertainties
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K8 =0
A
Q Kg = Constant
KS = Constant

0
q

Figure 2.2-1. Typical Variation of Q vs. q

involved, it is recommended that for the verification of final designs, wrinkling tests
be performed on specimens which are truly representative of the actual configuration.

The method presented here for the prediction of wrinkling should only be regarded as

an approximate guideline.
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2.2.1,2 Design Equations and Curves
The following equation may be used to compute the approximate uniaxial compressive

stress at which face wrinkling will occur in sandwich constructions having solid or

foam cores:

.y
NEf Ec Ge(®
[?Vez) c] @.2-9)

Iyr =
In cases where the amplitude of initial waviness is known, one can use the curves of

Figure 2,2-3 to establish Q. Whenever such information is unavailable, it is recom-

mended that the value Q = 0.50 be used to obtain a lower-bound prediction,

For elastic cases, use 7 = 1. Whenever the behavior is inelastic, the methods of

Section 9 must be employed.

When the facings are subjected to biaxial compression, it is recommended that one use

the interaction formula
Ry + Ry = 1 2.2-6)

where
a [Applied Compressive Loading in Subscript Direction}]

i = 2.2-
L [Critical Compressive Loading (when acting alone) in} ( L
Subscript Direction

and the y direction corresponds to the direction of maximum compression. This inter-
action relationship is based on the information provided in Reference 2-1 for rectangular
flat plates having very large aspect ratios. For cases involving shearing stresses which
are coplanar with the facings, it is recommended that the principal stresses first be
computed and that these values then be used in the above interaction equation., When-

ever one of the principal stresses is tensile and the behavior is elastic, the analysis

should be based on the assumption that the compressive principal stress is acting alone.
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2.2.92 Sandwich With Honeycomb Core (Symmetric Wrinkling)

2.2.2.1. Basic Principles

As noted in Section 2.2.1.1, the results of Reference 2-9 apply only to sandwich con-
figurations which have solid or foam cores. However, the basic theory of that report

is capable of extension to constructions having honeycomb cores and this is accomplished
in Reference 2-7. The extension is achieved by incorporating conditions which recog-
nize that the honeycomb core elastic moduli in the plane parallel to the facings are

very small in comparison with the core elastic moduli in the direction normal to the
facings. Full consideration was given to both the symmetric and antisymmetric wrin-
kling modes along with the influences from initial waviness of the facings. However,

in this case it was found that, except for the region controlled by shear crimping (low q),
symmetric wrinkling develops at stress levels which are lower than those at which the
antisymmetric mode will occur. Based on this observation, the development of Refer-
ence 2-7 resulted in the following equation for the prediction of wrinkling for isotropic

facings in sandwich constructions having honeycomb cores and subjected to uniaxial

compression:
0 82<E° kt >§ (E
o = —IEf to v 2.2-8)
wr 1+ 0.64 Ky '
where
X 8 E¢ )
5 = to Fo (2.2-9)
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Owr = Facing wrinkling stress, psi.

Ec = Young's modulus of the core in the direction normal to
the facings, psi.

tg = Thickness of facing, inches.
n = Plasticity reduction factor, dimensionless.
Ef = Young's modulus of facing, psi.
te = Thickness of core, inches.
8 = Amplitude of initial waviness in facing, inches.
F. = Flatwise sandwich strength (the lower of flatwise core compres-

sive, flatwise core tensile, and flatwise core-to-facing bond
strengths), psi.

Equation (2.2-8) can be used to plot a family of design curves of the form shown in
Figure 2.2-4. It should be noted that the curve for Ks = 0 is an upper-bound classi-
cal value which is based on the assumption that the facings are initially perfect. This
particular curve agrees very closely with the following s&mmetrical wrinkling equation

recently obtained by Bartelds and Mayers [2-14]:

£

Ec tf
Ogy = 0.86 [nEf tc] (NEs) @.2-10)

Comparison of Equations (2.2-8) and (2.2-10) shows that, when KS = 0, the former
gives critical stresses which are approximately 5 percent less than those obtained by

Bartelds and Mayers [2-14].

Numbers in brackets [ ] in the text denote references listed at end of each major
section (1; 2; etc.)
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K6=0

Twr K(S = Constant
NE¢

Kd = Constant

ol

Loty
<77Ef te >

Figure 2.2-4, Typical Design Curves for Face Wrinkling in Sandwich
Constructions Having Honeycomb Cores

In actual practice, curves of the type shown in Figure 2.2-4 do not prove to be very
helpful since the Kd values appropriate to particular structures are rarely known.
Therefore, in order to provide a practical means for the prediction of face wrinkling
in sandwich constructions having honeycomb cores, a lower-bound approach is taken
in this handbook. For this purpose, test data selected from References 2-7 and 2-10
are plotted in Figure 2,2-5. All of the specimens from Reference 2-7 failed within the
elastic range. Several of these failures occurred by means of shear crimping and
these data were discarded. For the remaining tests reported in Reference 2-7, three
data points are plotted in Figure 2.2-5 for each group of norinally identical specimens.
One point is plotted for the maximum test value for the groﬁp, one point for the mini-
mum, and one point for the average. The data from Reference 2-10 were selected in
a similar manner with several added restrictions, A number of these specimens
wrinkled under highly inelastic conditions. Since rather crude plasticity reduction
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factors (7= E{/Ef) were used in the data reduction, it was decided to plot data only
for those specimens which wrinkled at stress levels where (Eg /Ef) >0.85. In addi-
tion, many of the test specimens of Reference 2-10 had very poor core~to-facing bonds
as measured by flatwise tensile strengths. It was therefore decided to plot data only
for those specimens whose flatwise tensile strengths were at least equal to the flatwise
compressive strengths. Adhesive technology has now advanced to the point where, with

proper care, one can usually select an adhesive system which satisfies such a require-

ment,

Based on the plot of Figure 2,2-5, the relationship

%
Ec tf
Oy = 0.33 <nEf tc> (MEg) @.2-11)

has been selected here to provide safe design values., This implies that a knock-down
factor of approximately 0.4 is applicable to this wrinkling phenomenon., Obviously,
this is not a rigorous approach to the problem and it would be advisable to base the
design equation on a much wider selection of test data of specimens which were truly
representative of contemporary practical designs. Therefore, Equation (2.2-11) can
only be regarded as a 'best-available' approach and it is recommended that, for veri-
fication of final designs, wrinkling tests be performed on specimens that actually dup-
licate the selected sandwich configuration. The method presented here should only be

regarded as an approximate guideline.
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2.2.2.2 Design Equations and Curves
The following equation may be used to compute the approximate uniaxial compressive

stress at which face wrinkling will occur in sandwich constructions having honeycomb

cores:
E 3
0.82( = (E¢)
o = MEf to 2.2-12)
wr 1+ 0.64K, y
where
K, = dEe 2.2-13
8 "t Fo @. )

In cases where the amplitude of initial waviness is known, one can either use these
equations or the curves given in Figures 2.2-6 and 2.2-7 to establish the wrinkling
stress. Both of these figures are taken directly from MIL-HDBK-23 [2—16). When-
ever the initial waviness is unknown, it is recommended that the following equation be

used to obtain a lower-bound prediction:

Eq tf \*
Opr = 0.33 MEg i (MEz) 2.2-14)

For elastic cases, use 77 = 1. Whenever the behavior is inelastic, the methods of

Section 9 must be employed.

When the facings are subjected to biaxial compression, it is recommended that one use

the interaction formula
2
Ry + Ry =1 (2.2-15)
where

Ri = [Applied Compressive Loading in Subscript Direction]
1 Critical Compressive Loading (when acting alone) in]
Subscript Direction

2.2-16)
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and the y direction corresponds to the direction of maximum compression. This
interaction relationship is based on the information provided in Reference 2-1 for
rectangular flat plates having very large aspect ratios. For cases involving shearing
stresses which are coplanar with the facings, it is recommended that the principal
stresses first be computed and that these values then be used in the above interaction
equation, Whenever one of the principal stresses is tensile and the behavior is elastic,

the analysis should be based on the assumption that the compressive principal stress

is acting alone.
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2.3 SHEAR CRIMPING

2.3.1 Basic Principles

To understand the phenomenon of shear crimping, one must keep in mind that this
mode of failure is simply a limiting case of general instability. The equations for
prediqting shear crimping emerge from general instability theory when the analytical
treatment extends into the region of low shear moduli for the core. For example, the
theoretical derivation of Reference 2-17, as reformulated in Section 4.2.1.1 of this
handbook, yields the result that, when the two facings are of the same material, shear
crimping will occur in axially compressed sandwich cylinders whenever

where

vV - 2.3-2)

h —2Vhte
o, = TIEfR W(tl ) (2.3-3)

he
g

orimp ~ 5 G 1, O €54

7 = Plasticity reduction factor, dimensionless.
- Ef = Young's modulus of facings, psi.
h = Distance between middle surfaces of facings, inches.
R = Radius to middle surface of cylindrical sandwich, inches.

Thicknesses of the facings (There is no preference as to which
facing is denoted by the subscript 1 or 2.), inches.

Ko
0
2
&
i

Vs = Elastic Poisson's ratio of facings, dimensionless.
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Thickness of core, inches.

o
¢
I

Core shear modulus associated with the plane perpendicular to the
facings and oriented in the axial direction, psi.

It

GXZ

The critical stress can be determined from the equation

Opr = K, O 2.3-5)

and, when the Inequality (2.3-1) holds true, K. can be computed as follows:

1
Ko =5~ 2.3-6)
c
Hence,
O s
crimp
Ocr = 65 % = %crimp (2.3-7)

Therefore, when the two facings are made of the same material, the following equation
can be written for the critical stress for shear crimping in a circular sandwich cylinder
under axial compression:

h2
g,

er = %rimp T v t) t, Gz (2.3-8)

An equivalent result can be obtained from Reference 2-18 for sandwich cylinders sub-
jected to uniform external lateral pressure. That is, where the two facings are made

of the same material, one can write

hQ
o, = O, _. = — G 2.3-9
cr = %crimp T (4 + ) t, V2 ( )
where
G.. = Core shear modulus associated with the plane perpendicular to the

vz
axis of revolution, psi.
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In addition, the development of Reference 2-19 leads one to the following formula for
circular sandwich cylinders under pure torsion and having both facings made of the

same material:
h?
Ter = Terimp = TR £) g VGxz Gy, (2.3-10)

It should be noted that, although Equations (2.3-8) through (2. 3-10) were derived for
sandwich cylinders, all of these final expressions are independent of curvature. Thus,
these equations have a general applicability which is not limited to the cylindrical con-

figuration.
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2.3.2 Design Equations
The following equations may be used to compute the facing stresses at which shear

crimping will oceur in sandwich constructions having both facings made of the same

material:

a. For uniaxial compression acting coplanar with the facings (see Figure 2.3-1),

use
h2
Orimp ~ m Gij 2.3-11)
where
Gij = Core shear modulus associated with the plane perpendicular to

the facings and parallel to the direction of loading, psi.

Figure 2.3-1, Uniaxial Compression
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b. For pure shear acting coplanar with the facings (see Figure 2,3-2), use

h=
Tcrimp = m ’GXZ Gyz (2.3"12)

Figure 2,3-2., Pure Shear

The foregoing equations are valid regardless of the overall dimensions of the structure.
in addition, no knock-down factors are required since shear crimping is insensitive to
initial imperfections, The predictions from these equations will be somewhat conserva-
tive since their derivations neglect bending of the facings about their own middle sur-
faces. Although such bending is of negligible importance to most sandwich buckling

phenomena, in the case of shear crimping this influence can be considerable,

Further mention of the shear crimping mode of failure is made in the various sections

on general instability included in this handbook,
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3

GENERAL INSTABILITY OF FLAT PANELS

3.1 RECTANGULAR PLATES

3.1,1 General

As previously noted, one of the potential modes of failure for sandwich panels is that
of general instability. This occurs when the panel becomes elastically unstable under
the application of certain types of in-plane loads. Further, it should be note.d, the
loads which are critical for instability may or may not be of such magnitude as to

cause a failure of the basic materials.

The flat, rectangular sandwich panel represents that configuration for which the vast
majority of fabrication and test data has been accumulated over the past decade, This
is probably due to the fact that this configuration was best adapted to the structural
needs for a number of applications and that it represented the minimum in fabrication
problems and costs as far as this type of construction is concerned. By the same
token, analytical solutions have been developed for a wide range of loading applications
for flat panels, and an appreciable amount of testing for correlation with these solu-

tions has been accomplished.

As a consequence of this past work, it is now possible to employ the analytical solu-
tions for flat panels, as given in MIL-HDBK-23, [3-1], with a high degree of con-
fidence. This view is supported by recommendations given in References 3-2 through

3-7, inclusive, for basic panel design. Therefore, with this background in mind, the

3-1
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buckling coefficients, K, which will be given in this section for the various plate loading
conditions will be those taken from the applicable sections of Reference 3-1, with no

tknock down' factor to be applied to them,

The development of plate buckling coefficients for sandwich construction requires the
consideration of a number of factors, some are: 1) the degree of orthotropicity of the
face plates, 2) the use of the same or of dissimilar materials for the face plates and,
3) the degree of orthotropicity of the core material. The general equations given in
the following sections account for these possibilities; however, the curves showing K
as a function of (a/b), V, the type of loading and edge support conditions will assume
the use of isotropic faceplate'materials since this is largely typical of aerospace

vehicle design practices.

In all cases, the final design of the sandwich panel must comply with the following four

basic design principles, Reference 3-1;

a. The sandwich facings shall be at least thick enough to withstand the chosen
design stresses under the application of the ultimate design loads.

b. The core shall be thick enough and have sufficient shear rigidity and
strength so that over-all sandwich buckling, excessive deflection, and
shear failure will not occur under the design loads.

c. The core shall have high enough moduli of elasticity, and the sandwich
shall have great enough flatwise tensile and compressive strength such
that wrinkling of either facing will not occur under the design loads.

d. If the core is a cellular honeycomb or constructed of corrugated material
and dimpling of the facings is not permissible, the cell size or corrugation
spacing shall be small enough so that dimpling of either facing into the
core spaces will not occur under the design loads.
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Other requirements include the use of moduli of elasticity and stress values repre-
sentative of those values which prevail under the conditions of use. Also, where the
stresses are beyond the proportional limit, the appropriate reduced modulus of elas~

ticity should be used.

The following sections on specific types of panel loads define the appropriate equations
for each particular situation and discuss useful limits and other considerations, as
applicable. A summary table, (Table 3-1), listing the panel instability equations given
in the various parts of this section, along with a definition of terms, equation limitations
if any, and references for the appropriate buckling curves immediately precedes the list

of references to facilitate use of the manual for specific problem solution.

Figure 3.1-1 shows elastic properties and dimensions for the typical sandwich panel

under consideration in this section.
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Figure 3.1-1, Elastic Properties and Dimensional Notations
for a Typical Sandwich Panel
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3.1.2 TUniaxial Edgewise Compression

3.1.2.1 Basic Principles

The buckling coefficient equations and curves given here for uniaxial edgewise com-
pression are those originally developed by Ericksen and March, [3-8], and are in-
cluded in the MIL-HDBK-23 documents, issued since then. The basic principles and
assumptions employed in the development of these general instability equations are
noted in the references and are not repeated here except where required to limit their

use because of the original restrictions imposed. .

The basic equations for calculation of the allowable sandwich panel edgewise com-~
pression loads are given in the following section. Curves for panel buckling coeffi-
cients for panels having isotropic faceplates and both orthotropic and isotropic cores

for various panel edge support conditions follow the equations,

3.1.2.2 Design Equations and Curves

As previously noted, the equations presented in this section are those developed by
Ericksen and March, and presented in MIL-HDBK-23, as well as in other documents.
Supporting data such as pertinent assumptions and definition of terms are also in-

cluded along with the equations.

Sandwich Panels With Honeycomb Cores

One of the basic assumptions used in the design and analysis of sandwich panels is
that the face plates carry the inplane loads applied and that the core provides that

shear support to the face plates required for them to act as a unit in preventing early




T

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

individual buckling. From this, the edgewise compression capability of the panel is

given by the following equations, which are taken from Section 5.3, Reference 3-1:

— 2 /1.2 -
N, = T/P)EKD) (3.1-1)

where D is the sandwich bending stiffness. Solving this equation for the facing stres-

ses gives the following:

For equal facings:

where

EI

A
HorHhy
f,1,2

h,b

1

(E1h) EL) 3 E )

= 2 l,2 -
Fo,. = TK LT ) —ne (3.1-2)
7K s E’
F o= Bt (3.1-3)

c 4 2 A

buckling coefficient = KF + KM (see definitions in following
work).

1.
(E;1 E]Io)z = effective modulus of elasticity for orthotropic

facings.

1-

A= p )

Poisson's ratio as measured parallel to the subscript direction.
subscripts denoting facings.

see Figure 3,1-1.

Since the buckling coefficient curves to be presented here are being limited to the case

of isotropic face plates, which is representative of the large majority of structural

sandwich applications, the affected equations given previously are revised below for

this situation.
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For isotropic facings:
1 - 4 — r E : d = S
B T By B e Eiandy, =g =g

where n, = plasticity correction factor (see Section 9.0).

As noted above the buckling coefficient for the panel under this loading condition is

given by the equation

= +
K= Kp+Ky
where
(Eqt,® + BIL.%) (Ert, + Elt)

K_ = ' 3.1-4)
F 12Et, (Et)h? I%vxo (

KM = KM for the case where V=0 [see Figure (3.1-16)] (3.1-5)
o

Values of KF are generally quite small relative to KM’ thus a safe first approximation
is to assume it is equal to zero until a final panel check is made. On this basis, K

= KM may be used to develop initial face plate and core thicknesses for the panel,

KM is a theoretical coefficient which is dependent on the sandwich panel bending and
shear rigidities and panel aspect ratio. Other factors which influence the magnitude
of this coefficient include the panel edge support conditions and the orthotropicity of
the core. A discussion of these considerations along with development of the equations
for calculation of this coefficient are given in References 3-1 and 3-8, This manual
does not propose to repeat these equations here; however, the curves shown in Figures
3.1-2 through 3.1-15 give values of KM as a function of edge support condition, panel
aspect ratio, and the bending-shear rigidity parameter, V which is defined as follows

m°D
V = 'gé-,[—]— (3. 1—6)
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which further can be written as:

4 4
t Eft Ete

vV = 3.1-7)
Ab? G, (Eft; + Et)
Wztc E% tf
vV = W (for equal. facings) (3.1-7a)

where U is sandwich shear stiffness; G, is the core shear modulus associated with the
axes parallel to direction of loading (also parallel to panel side of length a) and per-

pendicular to the plane of the panel.

An indication of the influence and importance of the core shear modulus may be obtained
from inspection of the above equations for V and the curves giving values of KM given
later. Holding all terms constant except GP, an increase in its value reduces the value

of V to be used with the buckling coefficient curves, this reduced value then calls for

an increased value of KM

Sandwich Panels With Corrugated Core

The equations and formulas previously given are for sandwich panels with honeycomb
cores; however, they may be adapted to cover the case of panels with corrugated cores

by means of the following modifications:

a. For the case where the corrugation flutes are oriented normal to the direc-
tion of the load application, the shear modulus in the direction parallel to
the flutes, Gy, is very high with respect to the shear modulus parallel to
the direction of loading, Grc ; thus, the previous curves may be used by
letting Ggp, =« and R = Gca Gcb =0,

b. For the case where the corrugation flutes are parallel to the direction of
loading, the corrugations may be assumed to carry load in a direct pro-
portion to their area and elastic modulus. The parameter V for this case
is replaced by the parameter W, which is defined as

3-8
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12t (Et) (Ext)

W = 3.1-8
AB2G_ (E1t, + ELL) (3.1-8)
Or, for equal facings,
= 2 Y 2 -
W s tc Eftf/Z)\b Gcb (3.1-8a)

Values of I%VI as a function of (b/a), R = (Gca/ Gcb)’ and V, or W, are given for various
edge support conditions in Figures 3.1-2 through 3.1-15, with Figures 3.1-14 and

3.1-15 representing the case of panels having corrugated cores.

Figure 3.1-16 gives values of KM as a function of panel aspect ratio and edge support
0
conditions for use in determining values of I%‘ in order that final values for K may be

obtained for specific designs.

The curves and equations just given may be used in developing a panel design in addi-
tion to checking the adequacy of an existing design; however, this is a slow iterative
process. As a consequence, this manual recommends the use of the design-procedures
approach described in Reference 3-1 since it was specifically developed to expedite the

new design process.
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Figure 3.1-2. Ky for a Sandwich Panel with Ends and Sides Simply Supported,
Isotropic Facings, and Orthotropic Core, (R = 0.40)
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Figure 3,1-3. KM for Sandwich Panel with Ends and Sides Simply Supported,
Isotropic Facings, and Isotropic Core, (R = 1.00)
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Figure 3.1-4. Ky for Sandwich Panel with Ends and Sides Simply Supported,
Isotropic Facings, and Orthotropic Core, (R = 2.50)
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Figure 3.1-5. Ky for Sandwich Panel with Ends Simply Supported and Sides
Clamped, Isotropic Facings, and Orthotropic Core, (R=0.40)
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Figure 3.1-6. Ky for Sandwich Panel with Ends Simply Supported and Sides
Clamped, Isotropic Facings, and Isotropic Core, (R=1.00)
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Figure 3.1-7. Kyr for Sandwich Panel with Ends Simply Supported and Sides
Clamped, Isotropic Facings, and Orthotropic Core, (R=2.50)
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Figure 3.1~8. Ky for Sandwich Panel with Ends Clamped and Sides Simply
Supported, Isotropic Facings, and Orthotropic Core, (R=0.40)
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Figure 3.1-9. KM for Sandwich Panel with Ends Clamped and Sides Simply
Supported, Isotropic Facings, and Isotropic Core, (R=1,00)
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Figure 3.1-10. Kps for Sandwich Panel with Ends Clamped and Sides Simply
Supported, Isotropic Facings, and Orthotropic Core, (R=2.50)
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Figure 3.1-11. Kj; for Sandwich Panel with Ends and Sides Clamped, Isotropic
Facings, and Orthotropic Core, (R = 0.40)
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Figure 3.1-12. Ky for Sandwich Panel with Ends and Sides Clamped, Isotropic
Facings, and Isotropic Core, (R = 1.00)

3-20



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

16 . \

14 o -
. D @
VoeE5- al =
b U 7]
12 AN e —
0.4 Gc
Q END
10 [ -1
\ \ |t et
8 I v
N B
\\ 1 0
6 \‘\
ec— .
———
o 0.20
2 0.30
2.60
-1 .00
0 FORV >1.875 K = & 1,875
0 0.2 0.4 0.6 0.8 1.0 0.8 0.6 0.4 0.2 0

a b
i) a

Figure 3.1-13. Ky for Sandwich Panel with Ends and Sides Clamped, Isotropic
Facings, and Orthotropic Core, (R = 2.50)
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Figure 3.1-14. KM for Simply Supported Sandwich Panel Having a Corrugated
Core. Core Corrugation Flutes are Perpendicular to the
Load Direction
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Figure 3.1-~15, KM for Simply Supported Sandwich Panel Having a Corrugated

Core. Core Corrugation Flutes are Parallel to the Load
Direction
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Figure 3.1-16. KM0 for Sandwich Panel with Isotropic Facings
in Edgewise Compression
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3.1.3 Edgewise Shear

3.1.3.1 Basic Principles

As noted earlier in Section 3.1.1, sufficient analysis, design, and testing of flat sand-
wich panels has been accomplished to demonstrate the adequacy of the analytical
approaches presently in use. Thus, the panel buckling coefficient equations and
curves given in the following paragraphs for edgewise shear are those taken from the
MIL-HDBK-~23 documents presently in use. These equations were originally developed
by Kuenzi and Ericksen [3-13] and employ the same general assumptions as those
described in Section 3.1.1. Specific limitations or restrictions on the use of these

equations will be noted where these require consideration.

The basic equations for use in calculation of the allowable sandwich panel edgewise
shear loads are given in the following section along with applicable background data
and assumptions. Design curves and buckling coefficients for panels having isotropic
faceplates and both orthotropic and isotropic cores for both simply supported and

clamped edge conditions follow the equations.

3.1.3.2 Design Equations and Curves
The design equations presented heré are taken from Reference 3-1 and 3-13. Support-

ing data and design constraints are also noted and discussed as required.

The edgewise shear load carrying capability of a sandwich panel is given by the follow-

ing equation:

Neer = (m%/b) (K,)(D) ' (3.1-9)
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where

Nscr = critical edgewise shear load, lb per inch

D

]

sandwich bending stiffness
Solving this for the facing stresses gives the following equation:

(Eft)(Et) M) E ,

Fgy,2 = TK, ELTEL N (3.1-10)
Or, for equal facings
K, (b3 E _
FS = W (3.1-10a)
where
E' is the effective modulus of elasticity of facing at stress Fg =nE
n = plasticity correction factor (Section 9.0)
A= 1-P
j = i, =, = Poisson's ratio of facings
h = distance between facing centroids (Figure 3.1-1)
b = panel width (<a) (Figure 3.1-1)
KS = KF +K M (Note: These terms differ from those of Section 3.1.2)
where

(E/t,® + ELt.%) (E't, + Elt) Ky,

Kp = 12(E't,) (EZt,) b2 @.1-11)
Or, for equal facings'
F  3h 8. 1-11a)

KMo = value ofKMforV=W=0
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The equation defining the value of KM is quite complex and involved, being dependent
on panel aspect ratio, (a/b), the number of half-waves, (n), for the minimum energy
buckle pattern, and the panel bending and shear rigidity parameter, (V, or W), This
manual proposes to follow general practice in the literature and provide curves only
for the definition of this buckling coefficient. Those interested in the basic equation

and its development will find this in Reference 3-13,

Values of K M are given in Figures 3.1-17 through 3.1-24 as a function of the panel
aspect ratio and the parameter V, or W, for various panel edge support conditions.
These figures cover panels with isotropic faceplates and both isotropic and orthotropic
core, including panels using corrugated flutes for cores. Values of the buckling coeffi-

cient, KMo’ may also be obtained from the same set of figures.

The equations defining the parameters V and W are the same as those given in the
previous section for edgewise compression; however, they are repeated below to

facilitate their use. The equation numbers previously assigned to them are retained

below
(Et) (Ety) (1 tc
V = 3.1-7
A(EL, +Elt) (03 Gca ( )
= o2 ’ 2 . _
Ve=or tcEftt/Z)\b Gca (equal facings) (3.1-7a)

For a sandwich panel with a corrugated core in which the corrugation flutes are parallel
to the edge of length a, the parameter V is replaced by the parameter W which is de~

fined as follows:
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™t (El) (ELL)

W = (3.1-8)
AbZG (Elt, + EZt,)

Or, for equal facings

1

W ftcE'ftf/z ab? Gcb (3.1-82)
In checking a particular design for the critical buckling stress, FS cp® Figures 3. 1-17
through 3.1-21 should be used for those panels having all edges simply supported.
Curves of I%VI for sandwich panels having all edges clamped are given in Figures
3.1-22 through 3.1-24. These curves may be interpolated in order to obtain the

buckling coefficients for other values of core orthotropicity, (R = Gca/ Gcb)’ and inter-

mediate values of V or W,

It should be noted that if the resulting value of Fscr is above the proportional limit
value, the value of E/ shall be an effective value based on that stress level, and this
effective value shall be used in computing the value of V, Equation (3.1-7) or (3.1-7a)
or W, Equation (3.1-8) or (3.1-8a), as the case may be. This same effective value
for E! shall also be used in Equation (3.1-10), or (3.1-10a) when calculating the criti-
cal panel buckling stress. Thus, several interations will be required to establish the

actual value of Fscr in those cases where it exceeds the proportional limit.

The equations and curves just given may be used in the development of panel designs
as well as in checking an existing design; however, as was the case for uniaxial com-
pression, this is a lengthy iterative procesé. Thus, this manual recommends the use
of the design-procedures approach described in Reference 3-1 for those cases where

the initiation of new designs is required.
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Figure 3.1-17. Ky for a Sandwich Panel with All Edges Simply Supported,
and an Isotropic Core, (R = 1.00)
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Figure 3.1-18. Ky for a Sandwich Panel with All Edges Simply Supported,
and an Orthotropic Core, (R = 2.50)
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Figure 3.1-19. Ky for a Sandwich Panel with All Edges Simply Supported,
and with an Orthotropic Core, (R = 0,40)
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Figure 3.1-20, Ky for a Sandwich Panel with All Edges Simply Supported,
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Figure 3,1-21, KM for a Sandwich Panel with All Edges Simply Supported,
o Isotropic Facings and Corrugated Core., Core
Corrugation Flutes are Parallel to Side b
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Figure 3.1-22. Ky for a Sandwich Panel with All Edges Clamped,
Isotropic Facings and Isotropic Core, (R = 1.00)
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Figure 3.1-23. Ky for a Sandwich Panel with All Edges Clamped,

Isotropic Facings and Orthotropic Core, (R=2.50)
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Figure 3.1-24. Ky fora Sandwich Panel with All Edges Clamped,
Isotropic Facings and Orthotropic Core, (R=0.40)
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3.1.4 Edgewise Bending Moment

3.1.4.1 Basic Principles

The application of an edgewise bending moment to a flat, rectangular sandwich panel
produces a loading condition such as that shown in Figure 3.1-25. This represents a
somewhat different situation from the ones previously covered, since the tension loading
on one half of the panel represents a stabilizing effect, The edge compression load

on the other half of the panel varies linearly from zero at the neutral axis to a maxi-
mum value, N, at the panel edge. It is this compression loading which can produce
panel buckling in the same fashion as the uniaxial compression case; however, the
presence of the panel edge support along the line of maximum loading forces consider-

ation of a more complex failure mode.

These failure mode considerations for this type of loading have been covered in the
development of analytical techniques for the evaluation of flat plates (Reference 3-17).
Also, as has been previously noted, sufficient analytical development and testing has
been accomplished on flat, rectangular sandwich panels to enable the use of the buckling
coefficients given in Reference 3~1 for this loading condition with complete confidence.
The general equations for the behavior of flat, rectangular honeycomb sandwich panels
under this loading condition were developed by Kimel [3-15] while whose applicable to

panels with a corrugated core were developed by Harris and Auelman, [3-14]and [3-167.

The assumptions employed in the development of the basic equation for the panel sta-

bility coefficient for this loading condition are generally the same as those described
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in Section 3.1.1, with one particular exception. This exception requires that the
critical design faceplate stress, F er’ shall not exceed the elastic buckling stress for
the faceplates. This requirement stresses the fact that the analysis is based on a
linear loading variation across the edge of the panel. Once the elastic buckling stress
is exceeded this variation is no longer linear, and extrapolation to a buckling stress
beyond the elastic range of facing stresses cannot be done by using an effective elastic
modulus such as the tangent modulus, in the buckling formulas. Since the proper
extrapolation to stresses beyond the elastic range must consider the variation of
effective elastic modulus across the panel width associated with the stress variation,
the equations and buckling coefficients given here are thus strictly applicable only to

buckling at facing stresses within the elastic range.

The basic equations to be used in the calculation of the allowable sandwich panel edge
loading are given in the following section. Design curves and buckling coefficients
for panels having isotropic faceplates and both isotropic and orthotropic cores based

on simply supported edge conditions follow these equations.

3.1.4.2 Design Equations and Curves
The design equations presented here are those taken from Reference 3-1. Background

assumptions and any applicable design constraints are also covered.

Using a linear stress variation as previously discussed, the value of N at the panel
edge is given by the equation:

N = 6M/b? (8.1-12)
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where
N = load per unit width of edge
M = edgewise bending moment
b = panel width (Figure 3.1~25)

The edgewise bending load capability of a sandwich panel is given by the following

equation, taken from Reference 3-1:

N = (fre/bz)(Kb)(D) (3.1-13)
where
Ncr = critical edgewise loading, 1b per inch
D = sandwich bending stiffness .

The critical faceplate stresses are obtained by solution of the previous equation and

are as follows:

(Eyh) Bt gz (B0

= 2 e rr———— p— -
Fm,2 T Kb EL +E2t2)2 ®) X (3.1-14)
Or, for equal facings,
'nsz
- __PMOE :
Fc = =7 5% (3.1-14a)

where

E = modulus of elasticity of facing

A= (1-uP)

p = Poisson's ratio of facings: B =H assumed above
h = distance between facing centroids

b = length of loaded edge of panel

Kb = Ky + Ky (Note: The values for these buckling terms differ
from those given in Sections 3.1.2 and 3.1.3)
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(E,t,° + E LY (Bt + Egt)

K. = K 3.1-15
F 12(E, ) (E,L) () M, (8.1-15)
Or, for equal facings
2
I U7 . 1-15)
F  2h3 )

where

= value of forV=W=0
", “w

Values of K M for panel buckling are given in Figures 3. 1-25 through 3.1-28 as a func-
tion of the parameter V or W, and the panel aspect ratio. These cover panels having
isotropic faceplates using both isotropic and orthotropic cores, including those using

corrugated flute-type cores.

The equations defining the parameters V and W are the same as those given in the
previous section for edgewise compression; however, they are repeated below to
facilitate their use. The equation numbers previously assigned to them are retained
below; however, values of E’ are replaced by those of E for this case.

() () ()t
T ANEL FEL)OA) G

\4 (3.1-7)

= 2 i o1
\ ﬁztc Efti/sz Gca (equal facings) (8.1-7a)

For a sandwich panel with a corrugated core in which the corrugation flutes are parallel
to the edge of length a, the parameter V is replaced by the parameter W, which is de-

fined as follows:
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7t (B, (Eh)

W = 3.1-8
A DG, (Bt +ECL) ( )

Or, for equal facings,

1

W = 72 t, Eftt/z)\ b? Gcb (8.1-8a)
A particular design may be checked by using the graphs given in Figures 3.1~-25 through
3.1-28 to determine the appropriate value of the buckling coefficient to use in Equation
(3.1~15), or (3.1-15a) to compute the critical buckling stress, Fop. This approach,
which involves trial and error solutions by iteration, may also be employed to develop
new panel designs; however, this manual recommends that the design-procedures

approach described in Reference 3-1 be considered since it was set up to facilitate

such design calculations. -
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Figure 3.1-25. Ky for a Simply Supported Sandwich Panel with an
Isotropic Core, (R = 1.00)
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Figure 3.1-26, KM for a Simply Supported Sandwich Panel with an
Orthotropic Core, (R = 2.50)

3-43




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

40
A E——
A “"] !
0 o)
36 \ Gc o _l_
S ey
\ 5
32 V=”2D
\ \V“O be U
28 \\ _
Pa
7 N
\ \n:l},/ A n=2 . n=3
24 \ . ey - prd
\ V=0,05
20
\\
N, V=0.1
16
V=0.15
12
FOR V 20.15 KM= 1,886/V
8
4
0 :
0 0.2 0.4 0.6 0.8 1,0 0.8 0.6 0.4 0.2 0
a b
b a

Figure 3.1-27. KM for a Simply Supported Sandwich Panel with an

Orthotropic Core, (R = 0.40)
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Figure 3.1-28. Ky for a Simply Supported Sandwich Panel with Corrugated Core.
Core Corrugation Flutes Parallel to Side a
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3.1.5 Other Single Loading Conditions

A search of the literature, as well as contacts with a number of people who have been
active in the analytical methods field for this type of construction, revealed no other
single loading conditions which might lead to panel instability problems. Consequently,
the preViously’described loading conditions represent the extent of the flat panel sta-

bility data which will be given here for individual loading cases.
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3.1.6 Combined Loading Conditions
3.1.6.1 Basic Principles
A study of the effects of combiped loadings on the buckling of flat sandwich panels
requires the consideration of a number of factors. Some are:
a. The mode of failure of the panel under each of the applied loads.
b. The interaction between different modes for precipitation of panel
buckling or failure.
c. The influence of variations in the core shear rigidity values on the
interaction equations for panel instability failure under combined

loadings.

Since little specific testing for biaxial instability modes has been accomplished for
flat sandwich panels, this part of the manual will provide analytically developed
equations for combination of the stress ratios which are conservative for most appli-
cations. Additionally, some discussion of the considerations involved is included
along with appropriate references in case more specific solutions or background is

needed.

The equations given on the following pages cover the interaction relationships between
the stress ratios, (Ri = Ni/ Ni ), for each of the separate loadings which produce

cr
failure by overall panel instability under the action of the combined loads. For the

stress ratio relationships which produce panel failure by local instability only, refer

to Section 2. These latter equations and pertinent discussion are not repeated here
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although the specific equation number and report page are listed below for each of the
local instability modes:

a. Intracellular Buckling: Equation (2.1-6), Page 2-7.

b. Face Wrinkling (Asymmetric): Equation (2.2-6), Page 2-26.

c. Face Wrinkling (Symmetric): Equation (2.2-15), Page 2-35.

It should be noted that there are no known data available for potential panel failures
which might occur as a result of interaction between a local instability situation
arising from the loading applied along one edge in conjunction with a general insta-
bility problem arising from the loading applied along the panel edge perpendicular

to the first one. This situation might occur for panels having very high aspect

ratios; however, most of these would also indicate a potential local instability failure
under the action of the combined loads. In all cases, however, as has been previously
noted, tests should be run to substantiate a final design in all cases where there is

some question as to the structural adequacy of the sandwich component.

The effects of plasticity must be accounted for in calculating the stress ratios, Ri’ to
be used in the interaction equations which are given in later paragraphs., Reference is
herewith made to the discussion and recommendations given in Section 9.2, COMBINED
LOADING CONDITIONS, in this report and in particular to Equation (9.2-1) or (9.2-1a),
Either of these equations define an effective uniaxial stress, O'i, for use in determining
an effective plasticity reduction factor which accounts for the effects of the biaxial
stress field. Once the value of 0; is known, the plasticity reduction factor, 7, may

be calculated by means of Equation (9.2-3).
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3.1.6.2 Design Equations and Curves

The design equations and curves for combined loading conditions are separated into
those which should be used for sandwich panels having honeycomb cores and those to
be used with panels having corrugated cores. Supporting references are given for
each type and loading condition along with any limitations or restrictions on the use

of the interaction equation.

Sandwich Panels with Honeycomb Cores

The interaction relationships between the stress ratios which define the onset of general
instability buckling of honeycomb core panels under combined loadings are complex
functions of a number of factors. Some of these will be covered briefly here. One of
the prerequisites for the development of the interaction equation is the determination

of the number of half-waves in both the x and y directions for minimum energy plate
buckling. Since each of these is a function of not only its relationship with the other

but is also dependent upon the core shear rigidity parameter, V, the panel aspect

ratio, panel edge support considerations " etc., the establishment of general equations

covering all of these influences presents a formidable problem.

In view of the complexity involved in an exact definition of combined load interactions,
the writers of this manual propose the use of thq following simplified stress ratio
relationships for panel buckling. These give somewhat conservative results over the
typical range of aerospace application and have been recommended for general use,

[3-17.
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A. Biaxial Compression. The following formula is recommended for estimating

buckling of a panel subjected to biaxial compression:

R +R =1 (3.1-16)

(6.4 cy
where
Rc =N Ncr
N = Loading along panel edge, 1bs/inch.
N = Critical loading along panel edge, Ibs/inch. (See Equation
°r  3.1-1.)
X,y = Subscripts denoting direction of loading. (See Figure 3.1-1.)

A plot of Equation (3.1-16) is given in Figure 3.1-29 to facilitiate its use in

making design checks.

As noted in References 3-1 and 3-23, the above equation is correct for square,
isotropic sandwich panels for which V ~ 0. It becomes appreciably consérvative
for panels of large aspect ratio, (a/b = 3.0) and for panels bordering on the weak
core regime (V = 0.3). For panels with aspect ratios of 2.0 or{less, and which
have reasonably stiff honeycomb cores, Equation (3.1-16) provides a satisfactory

method for prediction of the onset of panel buckling.

B. Bending and Compression. Equation (3.1-17) provides a sufficiently reliable

method for the estimation of panel buckling under the action of combined bending

and compression loads.

R+ (RBX)3/2 =1 (3.1-17)
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where
Rc = N/Ncr (See definition of Terms for Equation 3.1-16.)
RB - (N/Ncr)bending
N = Load per unit width of edge due to edgewise bending, Ibs/in.
Ncr = Critical edgewise loading on panel due to bending moment,

Ibs/in. (See Equation 3.1-13.)

Figure (3.1~30) plots the interaction relationship given by Equation (3.1-17) to

enable its ready use.

References 3-19 and 3-23 are recommended, in case more accurate analysis

of this loading combination is desired.

Compression and Shear. The following interaction formula furnishes a depend-

able method for the prediction of panel buckling under this particular combination

of loads:
+ 2 = 1 \ o 1=
R +R) (3.1-18)

where

'Rc = N/Ncr (See definition of terms for Equation 3.1-16.)

Rs - (Ns/Nscr)

Ns = Shear loading per unit width of panel edge, Ibs/in.

Nscr = Critical edgewise shear loading, lbs/in. (See Equation 3.1-9.)

Equation (3.1-18) is plotted in Figure 3.1-31 to enable it to be more easily used
in the solution of specific problems. References 3-21 and 3-23 develop this

interaction relationship in greater depth for those needing this information.
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D. Bending and Shear. The following interaction equation represents a close
approximation of the buckling behavior of panels under combined edgewise

bending and shear loads.

(RB)2+ (RS)2 = 1 (3.1-19)

where

RB = (N/Ncr)ben din These terms are defined as before for
&  Equation (3.1-17).

As previously defined for Equation (3.1-18).

j=s}
I

(NS/NSCI‘)

Again, as for the previous combined loadings, Equation (3.1-19) is plotted in
Figure 3.1-32 to make it more easily and readily usable. Reference 3-19 pro-
vides additional background information on the development of this interaction

equation.

Sandwich Panels with Corrugated Cores

The interaction equations for predicting the onset of general instability failure for
sandwich panels with corrugated cores involve the consideration of a number of com-
plex relationships also, as for the honeycomb core case. The same influences prevail
for fluted corrugations as before, with the additional consideration that the core shear
modulus normal to the direction of flute orientation is negligible in comparison to the
shear modulus measured parallel to the flutes. Also, the ability of the corrugations
to carry axial loading when it is applied along the axis of the flutes, further compli-
cates the problem since the distribution of this loading between the faceplates and the

flutes depends on the geometry and material thicknesses.
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In view of the magnitude of the problem involved in developing specific equations for
the interaction relationships, this manual will take advantage of the extensive studies
in this area performed by Harris and Auelman, k\[3-14 and 3-167]. The latter reference
presents interaction equations for the prediction of the onset of panel buckling in the
form -of curves relating the buckling coefficients to each other as a function of panel
aspect ratio, the core bending-shear rigidity parameter, W, the relation between load
direction and flute orientation, and the ratio of the loading carried by the flutes with
respect to that carried by the faceplates. These interaction curves are repeated here
in Figures 3.1-33 through 3.1-42 for several values of the shear rigidity parameter,
W, and for thé following additional relationships: 1) Panel aspect ratio, a/b = 1/2,
1.0, and 2.0, and 2) Amount of axial load carried by the core corrugations is negligible
with respect to that carried by the faceplates, i.e., Dc/D =0, (Dc = bending stiffness

of corrugations, and D = bending stiffness of sandwich panel.)
A discussion of each of the sets of interaction curves follows.

A, Biaxial Compression. Interaction curves relating the buckling coefficients for
this combined load condition are given in Figures 3.1-33 through 3.1-35.
Buckling coefficients for other panel aspert ratios and different values of W

may be obtained by interpolation.

The following example problem is offered to demonstrate how these curves may

be used to predict the onset of panel buckling.

Given: Panel with NX = 2000 Ibs/in, Ny =400 lbs/in, a = 30 in, b = 60 in,

D = 3.0 x10°8 lbs/in%, use W = 0 for example problem.,
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Figure 3.1-33 is used for this case since (a/b) = 1/2. The top line of this figure

applies since W = 0. The interaction equation takes the following general form:

R +R <1 (3.1-20)
cx cy
or
NX Ny
+ -
N N <1 (3.1-21)
XCT ycr
where
ch’Rcy = Stress ratios for loads in subscript directions, dimensionless.
Nxcr = Critical panel loading for loading applied in the x direction, =
(T°/13 (K ) (D), 1bs per inch.
Nycr = Critical panel loading for the y direction, = (7°/b%) (Ky) D),

1bs per inch.

K ,K = Buckling coefficients for loading parallel to the subscript
direction.
2
AT
1-
2(1-p)

4
E{ ¢, +t

D = Sandwich bending stiffness = for equal facings.

2 s
w =7 ) (Ef') (t)/2 (l-ufz) ®°) G, for equal facings.

E fl = Effective Young's modulus for faces, psi.

Gcb = Core shear modulus in the direction parallel to the flutes, psi. i
tc = Thickness of core, inches.,
'tf = Thickness of faceplates, inches.

e = Poisson's ratio of faceplates.

a,b = Panel dimensions, inches.
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Substituting in Equation (3.1-21):

N N
X + Y <1.0 (3.1-22)
(K (™*)D/b%)  (K) (r°D/b?)

and, letting
T = Ny/Nx (3.1-23)

then

Nxb’a 1 r
— + 1) <10 (3.1-24)
('n'zD >[Kx Ky]

Since D, b, NX, and r will be known for the design in question, and Kx and Ky
may be obtained from the appropriate curve, Equation (3.1-24) can be used in
checking the panel stability on the basis that the panel margin of safety is the

same for each loading direction. Thus,

1l

(M.S.)_
Nxcr Nycr
) - 1.0 =’<N >-1.o
x y
Nyer Yy
(N > = (’N’"> =r (3.1-26)
Xcr X

K ) (m>D/b?) K
(X,) @ /b—r=__¥.
K
X

.S. 3.1-25
(M.-S.)g ( )

From which

or

then

B A— (3.1-27)
(Kx) (m°D/b?)
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Returning to the data given for the example problem to demonstrate the method
for checking panel stability:

T = Ny/NX = (400/2000) = 0.20
Ky/Kx = 0.20, from Equation (3.1-27)
Using Figure 3.1-33, erect a line passing through the origin and having a slope

of Ky/Kx = 0.20 and extend it until it intersects the line for W = 0. The coor-

dinates of this intersection point, as taken from the figure, are: K =6.0,

X
and K = 1.2.
y
Then,
= 2D /b3 = . . 10° ~n2
N, = K @°D/bI= (6 0) (7 x 3.0 x 105/602)
N = (6.0) (822.0) = 4930 1bs/inch
= 2 2y = = i
Nycr Ky (m D/b?) (1.2) (822.0) g§_§ ibs/inch

Solving Equation (3.1-21) for a panel stability check:

2000 , 400 _ 406 + 0.406 = 0.812

4930 986

Since the total is less than 1.0, the panel is stable under the applied loads. The

margin of safety for panel buckling is: M.S. = (1.0/0.812) - 1.0 = +0.232.
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Combined Compression Along Cofe Flutes and Shear, Figures 3.1-36 through
3.1-38 give curves showing the interaction relationships between the buckling
coefficients for panels loaded in this manner. Curves for other panel aspect
ratios and values of the shear rigidity parameter may be developed by inter-
polation from those given. Panel stability checks for this combined loading
condition are made in the same manner as for the biaxial compression case.
This is accomplished by handling the calculations for the RS term in the inter-
action equation in the same way as was done for the Rcy term in the example

given on page 3-53.

Combined Compression Normal to Core Flutes and Shear. Interaction curves
for the buckling coefficients coveri\ng this particular combination of loads are
given in Figures 3.1-39 through 3.1-41. These curves may be interpolated fo
obtain values for the specific design under study and the stability checks may
be made in a similar fashion to those for the biaxial compression case. The
method to be used in performing design checks on panels loaded in this manner

is the same as that noted in item (B) above.

Combined Biaxial Compression and Shear., Figure 3.1-42 shows the relation-
ships for the compression and shear buckling coefficients for this loading con-
dition. These curves are for a square panef only, however, as may be noted
from the small change in the values of Ky between the various values of the
shear rigidity parameter, W, approximate interpolations may be made on the

basis of ratios obtained from the curves of Figures 3.1-36 through 3.1-38.
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Panel stability checks are made in basically the same manner as for the example
problem given on page 3-53, except that the stress ratio, Rcy’ is handled differ-
ently. The basic interaction equation for this condition takes the following

general form:

R +R +R =<1
ex ¢y s

where

R and R are as defined on page 3-54.
cx cy

R
s

(ny/Nsc) = [ny/(wz/bz) (K) (D)]

r

K buckling coefficient for shear

S

Since, as may be seen in Figure 3.1-42, Ky is a function of W only for this case
and is independent of the values of Kx and Ks’ the value for Rcy may be calcu-
lated imm.diately and the interaction equation put in the following form:

ch + RS = (1.0 - Rcy) : Or, ch + RS = C
The design check may now be performed in the same way as for the example
problem on page 3-53, if the RS term and calculations are handled in the same
way as the Rcy term and calculations were handled for the example. It is to be
noted, however, that the term on the right side of the equation, C, has a value
which is less than 1,0 and this value should be used in place of the 1.0 used in
the example. Thus, assuming Rcy =0,10, then C=1.0 - 0.1=0.9, and the
margin of safety for panel buckling as calculated on page 3-57 for the example
would now become: |

M.S. = (0.90/0.812) - 1.0 = +0.109
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Figure 3.1-29, Interaction Curve for a Honeycomb Core Sandwich
Panel Subjected to Biaxial Compression
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Figure 3.1-30. Interaction Curve for a Honeycomb Core Sandwich
Panel Subjected to Bending and Compression
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Figure 3.1-31, Interaction Curve for a Honeycomb Core Sandwich
Panel Subjected to Compression and Shear
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Figure 3.1-32. Interaction Curve for a Honeycomb Core Sandwich
Panel Subjected to Bending and Shear
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Figure 3.1-33. Buckling Coefficients for Corrugated Core Sandwich
Panels in Biaxial Compression (a/b = 1/2)
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Figure 3.1-34. Buckling Coefficients for Corrugated Core Sandwich
Panels in Biaxial Compression (a/b = 1.0)
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Figure 3.1-35. Buckling Coefficients for Corrugated Core Sandwich
Panels in Biaxial Compression (a/b = 2,0)
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Figure 3.1-36. Buckling Coefficients for Corrugated Core Sandwich

Panels Under Combined Longitudinal Compression

and Shear with Longitudinal Core (a/b = 1/2)
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Figure 3.1-37, Buckling Coefficients for Corrugated Core Sandwich
Panels Under Combined Longitudinal Compression
and Shear with Longitudinal Core (a/b = 1.0)
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Figure 3.1-38. Buckling Coefficients for Corrugated Core Sandwich
Panels Under Combined Longitudinal Compression
and Shear with Longitudinal Core (a/b = 2.0)
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Figure 3.1~-39. Buckling Coefficients for Corrugated Core Sandwich
Panels Under Combined Longitudinal Compression
and Shear with Transverse Core (a/b = 1/2)
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Figure 3.1-40. Buckling Coefficients for Corrugated Core Sandwich
Panels Under Combined Longitudinal Compression
and Shear with Transverse Core (a/b = 1.0)
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Figure 3.1-41, Buckling Coefficients for Corrugated Core Sandwich
Panels Under Combined Longitudinal Compression
and Shear with Transverse Core (a/b = 2.0)
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Figure 3.1-42. Buckling Coefficients for Corrugated Core Sandwich Panels
Under Combined Longitudinal Compression, Transverse
Compression, and Shear with Longitudinal Core
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3.2 CIRCULAR PLATES

3.2.1 Available Single Loading Conditions

A search of the available literature as well as contacts with others who are familiar
with sandwich panel stability references and studies in progress uncovered no stability
solutions for any single loading condition. This result might have been anticipated
since the flat, circular sandwich plate has very few applications in aerospace vehicle
structures in which it must be stable under the applied loads. Consequently, this
manual makes no recommendations for techniques to be used in design, and strongly
éuggests thatall final configurations be tested as required to demonstrate their ade-

quacy structurally.

3.2.2 Available Combined Loading Conditions

No panel stability solutions were found for any combined loading conditions applicable
to flat, circular plates in the course of the literature search noted in Section 3.2.1,
Consequently, this manual makes no recommendations for possible analytical ap-

proaches which would describe any stability limits for circular, flat sandwich plates.

3-73




[

U

CHNICAL LIBRARY

ABBOTTAEROSPACE.COM

I

3.3 PLATES WITH CUTOUTS

3.3.1 Framed Cutouts

While it is highly desirable to avoid cutouts in aerospace structures because of the
attendant weight problems as well as uncertainties about load pile~up and redistri-
bution, these are a practical necessity because of access and other requirements and

every effort should be made to derive reliable design approaches which minimize these

drawbacks.

Most generalized solutions for plates with cutouts employ framing members and base
the analysis on the assumption of buckled skin panels which carry only shear loads.
Obviously, the solution becomes much more complex when skin buckling does not
occur, as would be the case for a framed cutout in a sandwich panel. Despite the
increased complexity, however, solutions for the load distribution around the cutout
can be obtained for various load applications away from the opening. Knowing the
load distribution adjacent to the cutout does not necessarily provide an answer to all
questions regarding the adequacy of the design, however, particularly in the case of

sandwich construction.

In the case of monocoque or semi-monocoque panels, the lateral moments of inertia
of the framing members are generally sufficiently greater than those of the skin such
that they may be considered to provide lateral support for the panel edge. This is not
necessarily the case for sandwich panels, thus setting up the case of a free, or nearly
free, edge for the panel and for which condition no general stability solutions or data

were found in the course of this study.
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It may be possible for specific designs to be assessed, on the basis of good engineering
judgment, to be critical in local instability rather than for general instability. This
being the case, design checks may be made on the basis of the equations given in
Section 2. This manual makes no recommendations for those cases where the general
instability mode appears to control beyond the exercise of good judgment in the devel-

opment of the design, and sufficient testing as needed to insure its integrity.

3.3.2 Unframed Cutouts

Unframed cutouts in sandwich panels have all of the disadvantages noted for framed
cutouts and represent a much more sérious design problem locally, insofar as the

free edge is concerned. The writers of this manual encountered no instances in which
such a design approach was used in primary or secondary structure and, in general,
fecommend évoidance of this practice. This recommendation is based not only on the
lack of any analytical or test data but also on potential problems of faceplate-core bond
separation along the free edge due to damage while in use, adhesive deterioration,

load cycling, etc.
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GENERAL INSTABILITY OF CIRCULAR CYLINDERS

4.1 GENERAL

In the case of axially compressed, thin-walled, isotropic (non-sandwich) cylinders, it
has long been recognized that test results usually fall far below the predictions from
classical small-deflection theory [4—1]. These discrepancies are usually attributed
primarily to

a. the shape of the post-buckling equilibrium path coupled with the presence
of initial imperfections
and
b. the fact that classical small-deflection theory does not account for pre-

buckling discontinuity distortions in the neighborhood of the boundaries.
Neglecting the discontinuity distortions, the equilibrium path for an axially com-
pressed perfect cylinder is of the general shape shown by the solid curve in Figure
4.1-1. This path is linear until point A is reached and general instability occurs at

a stress level o equal to the result from classical small-deflection theory

Et

OCL = o &3 for elastic, isotropi - i li ) i
CL " g f3 1-U&) or elastic, isotropic (non-sandwich) cylinders|. However, i

the cylinder is initially imperfect and the discontinuity distortions are considered, the
behavior will be as shown by curve 0B and buckling will occur at the stress o¢y. The
ratio (0¢r /0¢1,) will be dependent upon the magnitude of the initial imperfections pres-

ent in the cylinder. However, since this information is not normally available, one

4-1
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usually finds it necessary to resort to eith;ar of the following practices to obtain practi-
cal design values:
a, Set the allowable compressive stress equal to the value OMIN shown in
Figure 4,.1-1,
b. Use the classical small-deflection value Oy in conjunction with a4 suitable
knock-down factor ¥, which is based on the results from a large array of

test data, The allowable compressive stress is then obtained from

%r = % %L (4.'1-1)
Perfect
Cylinder
' A e« — Imperfect
ocL b—— — — ———~ Cylinder
Axial
Compressive
Stress
a
cr [——— —
/ " X C
OMIN [~ — /2
0

End Shortening

Figure 4.1-1, Equilibrium Paths for Axially
Compressed Circular Cylinders

For isotropic (non-sandwich) cylinders it is common practice to follow the second of
these approaches and, for such cylinders, the test data shows that ¥, is a function of

the radius-to-thickness ratio (R/t). N
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In the case of sandwich cylinders having relatively rigid cores, the behavior is similar
to that of the isotropic (non-sandwich) cylinder and one can expect imperfections and
boundary disturbances to precipitate general instability at compressive stresses below
the predictions from classical small-deflection sandwich theory., However, in most
practical applications, the sandwich wall will provide an effective relatively thick shell
so that the discrepancies will not be as large as those normally encountered in thin-
walled isotropic (non-sandwich) cylinders. In addition, as the core transverse shear
rigidity decreases, the differences between test results and classical predictions will
diminish, In the extreme case where shear crimping occurs, initial imperfections do

not appear to have any influence.

One of the most prominent of the early design criteria developed for axially compressed
circular sandwich cylinders is that of Reference 4~2, This solution employed large-
deflection theory together with approach (a) cited above (Jgy = oMiN). However, it is
now rether generally agreed that this criterion often provides design values which are
too conservative. In addition, the theoretical development of Reference 4-3 indicates
that oy can be decreased to essentially zero by including a sufficient number of
terms in the large~deflection displacement functions. Therefore, in recent years, it
has become common practice to design sandwich cylinders by method (b) cited above

[4-4 and 4-5]. This approach, which employs small-deflection theory in conjunction

with an empirical knock~-down factor, is likewise followed in this handbook.

In the treatment of various types of external loading, it is important to note that the
characteristics of the equilibrium paths are not identical for cases of axial compres-

sion, torsion, or external radial pressure. For purposes of comparison, Figure 4,1-2

?
’ 4-3
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depicts the general shapes of these paths for each loading condition [4-6] assuming

that the cylinders are initially perfect and that no discontinuity distortions are present.

Stress
Stress
Stress

Deflection Deflection

Deflection
Torsion External Pressure

Axial Compression

Figure 4.1-2, Typical Equilibrium Paths for Circular Cylinders

Based on the relative shapes of these curves, one would expect that, under torsion or
external pressure, the cylinders would be much less sensitive to initial imperfections

than in the case of axial compression. This has been borne out by the available test

data from thin-walled isotropic (non-sandwich) cylinders.
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4,2 AXIAL COMPRESSION
4,2.1 Basic Principles
4.2.1.1 Theoretical Considerations
The theoretical basis used here is the classical small-deflection solution of Zahn and
Kuenzi [4-7] which includes the following assumptions:
a. The facings are isotropic but the core may have orthotropic transverse

shear properties.

b. Bending of the facings about their own middle surfaces can be neglected.,
c. The core has infinite extensional stiffness in the direction normal to the
facings.

d. The core extensional and shear rigidities are negligible in directions
parallel to the facings.
e. The cylinder is not extremely short (a quantitative limit is specified in
Section 4.2.2).
f. The approximations of Donnell [4-8] can be applied without introducing sig-
nificant error.
In this handbook, the final equations of Reference 4-7 have been transformed into
equivalent formulations which should be more meaningful to the user. For those cases

where the core shear moduli satisfy the conditien

G
6= ze <1 (4.2-1)
yz '
the following expression is obtained:
0oy = Kg 0y (4.2-2)

4-5
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where

and

When Ves 2

When V, 2 2

where

) h 2./t, t, 42
0'0 = nEf R ,————l_vee (tl + tg) ( . _3)
1
Ko =1 "7 Ve (4.2-4)
1
K, = — (4.2-5)
(¢} VC
Oo
V., = (4.2-6)
¢ %rimp
2
h G (4.2-7)

Ocrimp = (t, + t )t X2

Plasticity reduction factor, dimensionless.

Young' s modulus of facings, psi.

Distance between middle surfaces of facings, inches.
Radius to middle surface of cylindrical sandwich, inches.

Thicknesses of the facings (There is no preference as to which
facing is denoted by the subscript 1 or 2.), inches,

Elastic Poisson's ratio of facings, dimensionless.
Thickness of core, inches.

Core shear modulus associated with the plane perpendicular to

the facings and oriented in the axial direction, psi.

Core shear modulus associated with the plane perpendicular to
the axis of revolution, psi.

The relationship between K. and V. can be plotted as shown in Figure 4.2-1, Itis

important to note that the value Ve = 2,0 establishes a dividing line between two

different types of behavior, The region where Ve < 2.0 covers the so-called stiff-core

4-6
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Figure 4,2-1, Schematic Representation of Relationship
Between Ky and Ve for <1

and moderately-stiff-core sandwich constructions. When V, is in the neighborhood of
zero, the core shear stiffness is high and the sandwich exhibits maximum sensitivity to
initial imperfections. Hence, for any given radius-to-thickness ratio, the knock-down
factors applicable to sucﬁ constructions are of maximum severity. As V. increases
from zero to a value of 2,0, the sensitivity to imperfections becomes progressively
less, The domain where V, > 2.0 is the so-called weak-core region where shear
crimping occurs, Sandwich constructions which fall within this category are not infiu-
enced by the presence of initial imperfections, and a knock~down factor of unity can be
applied to such structures. It should be possible to develop a continuous transitional
knock-down relationship which recognizes the variable influence of the core rigidity but

this is beyond the scope of the present handbook.
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4.2.1.2 Empirical Knock-Down Factor
As noted in Section 4.1, the allowable stress intensities for axially compressed, thin-
walled, isotropic (non-sandwich) cylinders are usually computed using the following
equation:

Or = Yo %CL (4.2-8)
The quantity ), is referred to as the knock-down factor and this value is generally
recognized to be a function of the radius-to-thickness ratio (R/t). Various investi-
gators have proposed different relationships in this regard, The differences arise out
of the chosen statistical criteria and/or out of the particular test data selected as the

empirical basis. One of the most widely used of the relationships proposed to date is

the lower-bound criterion of Seide, et al. [4-9] which can be expressed as follows:

Y = 1-0.901(1 - e'¢) (4.2-9)
where
1 |R
b= 16\t (4.2-10)

This gives a knock-down curve of the general shape depicted in Figure 4,2-2, For the
purposes of this handbook, it is desired that an empirical means of this type also be
provided for the design of sandwich cylinders. One of the major obstacles to the
achievement of this objective is the lack of sufficient sandwich test data for a thorough
empirical determination. Faced with this deficiency, one finds it expedient to employ
the data from isotropic (non-sandwich) cylinders in conjunction with an effective thick-
ness concept and correction factors which are based on the few available sandwich test

points. Toward this end, it is usually assumed that, when V, <2.0, equal sensitivity
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|

1.0t

Log Scale

()

Figure 4.2-2, Semi-Logarithmic Plot of ), vs R/t for Isotropic (Non-
Sandwich) Cylinders Under Axial Compression

to imperfections results from equivalence of the shell—x&all radii of gyration p
(z% for sandwich constructions whose two facings are of equal thickness). There-
fore, the approach taken here is to rewrite Equations (4.2-9) and (4,2-10) in terms
of P. The revised formulations give the plot shown as a dashed curve in Figure
4.2-3. Also shown in this figure are the appropriate test points obtained from
axially compressed sandwich cylinders [4-2, 4-10, 4-28] which did not fall into
the weak-core category. Eleven such data points are shown. In addition, two
test points are shown for axially compressed conical sandwich constructions
[4-10] which likewise did not lie in the weak-core region. The conical data are
included in Figure 4.2-3 in view of the scarcity of available test results and
also because the cones were analyzed as equivalent cylinders whose radii were
taken equal to the Rz (finite principal radius of curvature) values at the small end
of the specimens. Based on this limited amount of sandwich test data, it is recom-

mended that the solid curve of Figure 4.2-3 be used for design pufposes. This

4~9
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gives Y values that are 75 percent of those obtained from the dashed curve which was

based on the empirical formula of Seide, et al, [4-9].

In addition to the test results described above, a considerable number of test points
are available from cylindrical sandwich constructions which fall into the weak-core
classification, As noted in Section 4,2,1,1, the methods recommended in this hand-
book are such that, in the weak-core region, no empirical reduction will be applied
to the theoretical results of Reference 4-7. In order to explore the validity of this
approach, plots are furnished in Figures 4, 2-4 and 4. 2-5 which compare the weak-
core test results of References 4-2 and 4-11 against predictions from the recom-
mended design criterion, It can be seen that all but one of the test results exceed
the predicted strengths, and that the single exception failed at 86 percent of the pre-
dicted value, In many of the cases where (dchest / O'Predicted) '> 1.0, although the
disvcrepancies measured in units of psi were not very great, the percentage differ-
ences were quite large, This behavior can be explained by the fact that the theoreti-
cal basis [4-7] proposed in this handbook assumes that bending of the facings about
their own middle surfaces can be neglected, As shown in Reference 4-12, this
assumption can be very conservative in the weak-core region. However, in the
interest of simplicity, the methods of this handbook retain this assumption especially
since it is a conservative practice and most practical sandwich constructions will not

be designed as weak-core structures,

In view of the meager compressive test data available from stiff-core and moderately -
stiff-core sandwich cylinders, the method proposed here is not véry reliable when

4-11




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

Ve < 2.0, Therefore, in such cases the method can only be considered as a '"best-
available' approach. On the other hand, where the failure is by shear crimping

(Ve 22.0), the method is quite reliable and will, in fact, usually give conservative

predictions.

20 r
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0

5 10 15 20
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(Neglecting bending stiffness of individual facings)

Figure 4.2-4. Comparison of Proposed Design Criterion Against Test Data for Weak-
Core Circular Sandwich Cylinders Subjected to Axial Compression
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Figure 4.2-5, Comparison of Proposed Design Criterion Against
a Test Result for a Weak-Core Circular Sandwich
Cylinder Subjected to Axial Compression

4,2.1,2,1 Interpretation of Test Data

As indicated in the preceding paragraphs, appropriate test data must be used in order
to arrive at practical values for the knock-down factor. However, one can be easily
misled in this endeavor when the test data and/or the classical theoretical predictions
lie in the inelastic region., To demonstrate this point as simply as possible, the pre-
sent discussion is limited to the case of axially compressed circular sandwich cylin-
ders for which V, = 0. Then the recommended design value for the critical stress

can be expressed as follows:

_ h 2 Jt i
%r = Ye "Bt Y gk o i) 4.2-11)

cr
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For any particular test specimen, the related value for the knock-down factor should be

computed from the following expression which is obtained by a simple transposition of

a;
CLrpegt
Vo) _ MTest
C t - =
Tes [ b 9 r——tl t

E —
fR V10" (th+to)]

Equation (4.2-11):

(4.2-12)

The plasticity reduction factor Nrest is evaluated at the actual experimental buckling
stress, By inspection of the numerator and denominator of Equation (4.2-12), one can

conclude that this formula may be rewritten in the following more meaningful form:

Experimental critical stress value
which would have been attained had
_ the material remained elastic
(Ve )Test B Classical theoretical critical
stress value assuming the
behavior to be elastic

4.2-13)

The example illustrated in Figure 4,2-6 should help to clarify this concept. In this
figure, the solid line represents the stress-strain curve for the test specimen mate-

rial, Suppose that this particular specimen buckled at a stress equal to As

%errest *
indicated in the figure, it is assumed here that this stress lies in the inelastic region
so that Npegy will be less than unity. For the purposes of this discussion, further
assume that Nrpegy = 0.80, If the material had remained elastic, the experimental
critical stress would have been somewhat higher than Terpest * This greater value

. 7 . )
will be denoted as Oormest * Then it follows that

Jeregt ~ %erpest (4.2-14)

/
= = = 1,25 o
Terrest ~ Mrpest 0.80 ~ 1+%° Terpest
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Figure 4.2-6, Stresses Involved in Interpretation of Test Data

Now let it also be assumed that, using elastic material properties, the classical theo-
retical critical stress equals the value %1, indicated in Figure 4.2-6, The following

formula would then give the proper value for the experimental knock-down factor:

[
.2 .
TCrpegt 1.25 Oor et

(Ye) = 4.2-15)
Test O'CL O'CL
where
h 2Vt to
= Ef = 4,2~
%L~ TR /102 t + to) (#.2-16)
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The above discussion is given here since some of the results presented in the literature
can be quite misleading. That is, comparisons are often shown between the actual test
value Ter st (without regard as to whether elastic or not) and the inelastic classical
theoretical prediction, For the case shown in Figure 4,2-6, the latter value cannot
exceed T rax and this type of comparison might leéd one to believe that the appropriate
knock-down factor is very close to unity. However, use of the correct approach as
expressed by Equations (4.2-13) and (4.2-15) gives a much lower J, value., For any
given geometry, one could always show very close agreement between o-ches ¢ and
simply by choosing a material with a sufficiently low yield strength and having

OMax

a flat post-yield stress-strain curve.
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4,2,2 Design Equations and Curves

For simply supported circular sandwich cylinders subjected to axial compression, the
critical stresses may be computed from the relationships given on page 4-18 where the
subscripts 1 and 2 refer to the separate facings. There is no preference as to which
facing is denoted by either subscript. These equations Were obtained by a simple ex-
tension of the formulas developed in Reference 4-7 which only considered the case
where the behavior is elastic and the moduli of elasticity are identical forA both facings.
The extended versions given in this handbook were derived through the use of equivalent-
thickness concepts based on the ratios of the moduli of the two facings. For cases
where the two facings are not made of the same material, these equations are valid
only when the behavior is elastic (7 = 1), Application to inelastic cases (7 = 1) can
only be made when both facings are made of the same material, For such configura-

tions, E, and E; will, of course, be equal,

The buckling coefficients K. can be obtained from Figure 4,2-7. Curves are given
G
there for both #§ €1 and 8 =5 where 6 = .22 . Since these two plots are not very
yZ

different from each other, one may use Figure 4.2-7 to obtain rather accurate esti-

mates of K, when 1< @ <5.

Whenever V., < 2.0, the knock-down factor ¥, can be obtained from Figure 4.2-8,

When Vi, 22,0, use ), = 1.0,

For elastic cases, use 7 = 1, Whenever the behavior is inelastic, the methods of

Section 9 must be employed,
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Figure 4.2-8. Design Knock-Down Factor for Circular Sandwich
Cylinders Subjected to Axial Compression
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The critical axial load (in units of pounds) can be computed as follows:

Pop = 27R [Oop © + Ogp, t2] (4.2-26)

C

In the special case where t; = tp = tf and both facings are made of the same material,

Equations (4.2-17) through (4,2-26) can be simplified to the following:

%%r = Y% Ke % @.2-27)
o o JED b 4,2-28)
° " Ji-y¢ R
ha
[ef,
Vo = —— (4.2-30)
Ocrimp
P, = 4mRtf Opy (4.2-31)

Equations (4.2-17) through (4.2-31) and Figure 4.2-7 are valid only when the length L
of the cylinder is greater than the length of a single axial half-wave in the buckle pat-
Gxz

tern for the corresponding infinite-length cylinder. For the case where 0 = a;; =1,

one can apply the following test to determine if the cylinder length is sufficiently large:

When V. < 2 When V, 2 2
C, cl

Equations (4.2-17) through (4.2-31) Equations (4.2-17) through (4.2-31)

and Figure 4.2-7 are valid only where and Figure 4.2-7 are valid for any

&)z 1.5 [c, 2]

value of L.
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For constructions where @ = 1, no corresponding numerical criterion is presently
available. In such cases; one can only use the above test in conjunction with engineer-
ing judgement. It is helpful to point out, however, that most practical sandwich cylin-
ders for aerospace applications will be sufficiently long for Equations (4.2-17 )} through
(4.2-31) and Figure 4.2-7 to be valid. In addition, it is comforting to note that the

use of these relationships for shorter cylinders results in conservatism.

Cylinders which fail to meet the foregoing length requirement are usually referred to
as short cylinders. The only means available for the analysis of such sandwich cylin-

ders under axial compression is the solution of Stein and Mayers [4-13] which is only

valid
a. when # =1
and
b. when both ends of the cylinder are simply supported
and
c. when both facings are made of the same material
and
d. the thickness of one facing is not more than twice the thickness of the

other facing.

For short sandwich cylinders which satisfy these conditions, one can use the des ign

curves of Figure 4.2-9 which involves the following parameters:

21° 5
= N- 4,2-32
. VIV ( )

Z=h o
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L = Over-all length of eylinder, inches.

p = TD (4.2-33)
2" I? Dy ’
. Oy fh+te) 12
K¢ = yor® D (4.2-34)
where
(B t)(Es to) I° .
D = 4.2-35
T 06) [(Ba t) + (e to)] (#.2-3%)
hB
Dy = o Gxz (4.2-36)
and

During the preparation of this handbook, no solutions were uncovered for axially com-
pressed sandwich cylinders having any degree of rotational restraint at the boundaries.

However, in most practical aerospace applications, the cylinders will be sufficiently

long for such fixity to have negligible effects on the buckling loads.

l
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Figure 4,2-9, Buckling Coefficient for Short Simply-Supported Sandwich Cylinders
' Subjected to Axial Compression (6= 1)
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4,3 PURE BENDING

4.3.1 Basic Principles

4.3.1.1 Theoretical Considerations

Based on small-deflection theory, investigations were made in References 4-14, 4-15,
and 4-16 of elastic instabijlity in thin-walled, isotropic (non-sandwich) cylinders sub-
jected to axial compressive stresses which vary in the circumferential direction., From
the results of these references, it can be concluded that, regardless of the néture of

the circumferential stress distribution, classical instability is reached when the peak

axial compressive stress satisfies the condition

o X6 4,3-1)

it should be recalled that the value .6 Et/R is also obtained from the small-deflection
solution for thin-walled, isotropic (non-sandwich) cylinders subjected to uniform axial
compression, In view of this result, one might reasonably expect that small-deflection
sandwich theory would also indicate that only the peak axial compressive stress need

be considered in cases of pure bending or combined bending and axial compression, It
has been shown in References 4-17, 4-18, and 4-19 that this is indeed the case, Ref-
erences 4-17 and 4-18 demonstrate this for weak-core sandwich cylinders while Ref-
erence 4-19 deals with infinitely long cylinders which fall in the stiff-core and moder-
ately-stiff-core categories, Therefore, for the purposes of this handbook, it is assumed
that the theoretical considerations of Section 4.2 (axial compression) apply equally well
to sandwich cylinders which are subjected to pure bending if the analysis considers only

the peak value of the applied compressive stress., The only differences lie in the em-

pirical knock-down factors recommended for the two cases.
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4,.3,1.2 Empirical Knock-Down Factor
In the case of pure bending, only a relatively small portion of the cylinder's circumfer-

ence experiences stress levels which initiate the buckling process, Because of the

consequent reduced probability for peak stresses to coincide with the location of an
imperfection, it is to be expected that the knock-down factors for pure bending will not
be as severe as the corresponding factors for axial load, For thin-walled, isotropic
(noh—-sandwich) cylinders under pure bending, Seide, et al, [4— 9] have proposed the

following lower-bound relationships:

Y, = 1-0.731 (1 - &%) 4.3-2)
where
1 [R |
= [ 4,3-
¢ 6\t “.3-3)

Comparison against Equations (4.2-9) and (4.2-10) shows that this bending criterion
does indeed give Yy, values of lesser severity than those which apply to the axially
compressed cylinders, Following the same approach as that taken in Section 4,2, the
above equations are rewritten in terms of the shell-wall radius of gyration p(zlz-l- for
sandwich constructions whose two facings are of equal thickness). The revised formu-
lations then give the plot shown as a dashed curve in Figure 4,.3-1. Also shown in this
figure are the appropriate test points from stiff-core sandwich cylinders subjected to
pure bending [4—20]. Since only three such data points are available, it was thought to
be helpful to include the axial compression sandwich data points previously shown in
Figure 4.2-3. To fully understand the information given in Figure 4.3-1, it is im-

portant for the reader to be aware of the data reduction techniques used here. For an
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explanation of the procedures used in this handbook, reference should be made to the

related discussion in Section 4.2.1.2.1.

Based on the limited amount of available test data, it is recommended here that the
solid curve showﬁ in Figure 4.3-1 be used for the design of sandwich cylinders sub-
jected to pure bending. This gives ¥}, values that are 75 percent of those obtained
from the dashed curve which is based on the empirical formula of Seide, et al. [4-9].
This is consistent with the practice followed in Section 4.2 for the case of axial com-
pression where the design knock-down factor was likewise taken to be 75 percent of

the value obtained from the corresponding curve derived from Reference 4-9.

‘In view of the meager test data available from sandwich cylinders under pure bending,

the method proposed in Section 4. 3.2 is not very reliable when Ve < 2.0. Therefore,
in such cases, the method can only be regarded as a "best-available" approach. On
the other hand, when the failure is by shear crimping (V, 2 2.0), the method is quite

reliable and will, in fact, usually give conservative predictions.
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Figure 4.3-1. Knock-Down Factor for Circular Sandwich

Cylinders Subjected to Pure Bending
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4,3.2 Design Equations and Curves

For simply supported sandwich cylinders subjected to pure bending, one may use the
same design equations and curves as are given in Section 4.2,2 (for axial compression)
except for the following:

a. For the case of pure bending, use Figure 4, 3.2 to obtain the knock-down

factor Y, whenever Vg < 2,0 (When V¢ 22,0, use Y = 1,0),

b. For the case of pure bending, the critical stresses obtained from the
equations and curves of Section 4,2,2 correspond to the circumferential
location which lies on the compressive side of the neutral axis and is
furthest removed from that axis. Hence the computed stresses are the
peak values within the variable circumferential distribution, Therefore,
when the behavior is elastic, the critical bending moment Mgy can be

computed from the following:

Mcr = TR® [Gop, ti + Oer, to] (4.3-4)
where
Mgy = Critical bending moment, in,-lbs.
R = Radius to middle surface of sandwich cylinder, inches,
o, and Tory = Critical compressive stresses in facings 1 and 2, respec-

tively, which result in general instability of the cylinder, psi.

t; and t; = Thicknesses of the facings 1 and 2, respectively, inches,.

Note: There is no preference as to which facing is denoted by the

subscripts 1 and 2,
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To compute Mcy when the behavior is inelastic, one must resort to numerical integra-

tion techniques.,

Since the procedure recommended here makes use of the methods of Section 4,2,2, all ‘
of the limitations of that section are equally applicable to the present case, That is,
only simply supported boundaries are considered and the primary solution is excess-
ively conservative for the so-called short-cylinder constructions. In addition, only
very limited means are available to facilitate a quantitative assessment of whether or
not a particular construction falls within the short-cylinder classification, Further-
more, the computation of critical stresses for short-cylinder constructions can only

be accomplished for rather special cases as cited in Section 4.2, 2,

As noted in Section 4,2,2, during the preparation of this handbook, no solutions were
uncovered for axially compressed sandwich cylinders having any degree of rotational
restraint at the boundaries, However, it was also noted that, in most practical aero-
space applications, the cylinders will be sufficiently long for such fixity to have negli-
gible effects on the critical stresses. The same situation exists fqr the case of pure

bending,
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4.4 EXTERNAL LATERAL PRESSURE
4.4.1 Basic Principles
4.4.1.1 Theoretical Considerations

This section deals with the loading condition depicted in Figure 4.4-1. Note that the

sandwich cylinder is subjected to external pressure only over the cylindrical surface.

No axial loading is applied. In addition, it is specified that the ends are simply sup-
ported. That is, during buckling, both ends of the cylinder experience no radial dis-

placements and no bending moments.

Both ends * * * * J
simply suppoﬂw . -

&
I

p, psi

{ p,psi

A
\/

Figure 4.4-1. Circular Sandwich Cylinder Subjected to
External Lateral Pressure

The theoretical basis used here is the classical small-deflection solution of Kuenzi,

et al. [4-21] which includes the following assumptions:

a. The facings are isotropic.
b. The facings may be of equal or unequal thicknesses.
c. The facings may be of the same or different materials.

d. Poisson's ratio is the same for both facings.

e. Bending of the facings about their own middle surfaces can be neglected.

f. The core has infinite extensional stiffness in the direction normal to the
facings.

g. The core extensional and shear rigidities are negligible in directions

parallel to the facings.
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h. The transverse shear properties of the core may be either isotropic or
orthotropic.

i, The inequality i—R > 1 is satisfied.
je Several additional order-of-magnitude assumptions are valid, as noted
below in connection with Equation (4.4-2).

The solution of Kuenzi, et al. [4-21] draws upon the earlier groundwork laid by
Raville in References 4-22, 4-23, and 4-24. Norris and Zahn used these reports to
develop design curves which are published in References 4-25 and 4-26. The work of
Kuenzi, et al. [4-21] constitutes the latest revision to this series of reports and is
the most up-to-date treatment of the subject. However, the format of their results
has been slightly modified in Reference 4-5 in order to reduce the scope of intgrpola—
tion required in practical applications. The revised format is used here. However,
the need for interpolation has not been entirely eliminated since separate families are

still required for each of the selected values for Vj [see Equation (4.4-4)] .
The final theoretical relationships used in this handbook are as follows:

C
Per = —H—_Ree— [((Eity) + (Ezte)] (4.4-1)

where

Cp = Minimum value (with respect to n) of Ky, dimensionless.

and
(4.4-2)

' 212 252 2 202
2 2 _ B__I-'_)[(.I}_L_l) 2. +ﬂ)_g] §[ (2 _7_"_3_) ]
P @ 1)(3+sz2 R 3( Wiz ) -3 e PP\ 3/ Y

Kp = [(_;;. ) e+ g] [1+ (e TF) vp]
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where

Per

El and Eg

tl and ta

Gyz

e T B ) 7 (Be ta)] (1) T Gyy

(E1t1) (E2 tz) b°

[(Eity) + (Esto)P R (2.4-3)

Y =

(E1t1) (Eztz) b

(4.4-4)

Critical value of external lateral pressure, psi.

Radius to middle surface of cylindrical sandwich, inches.
Elastic Poisson's ratio of facings, dimensionless.
Plasticity reduction factor, dimensionless.

Young's moduli of facings 1 and 2, respectively, psi.
Thicknesses of facings 1 and 2, respectively, inches.

Number of circumferential full-waves in the buckle pattern,
dimensionless.

Over-all length of cylinder, inches.
Distance between middle surfaces of facings, inches.

Core shear modulus associated with the plane perpendicular
to the axis of revolution, psi.

Note: There is no preference as to which facing is denoted by the

subscript 1 or 2.

For cases where the two facings are not made of the same material, the foregoing

formulas are valid only when the behavior is elastic (1 =1). Application to inelastic

cases (1] = 1) can only be made when both facings are made of the same material,

For such configurations, E; and E; will, of course, be equal.
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Equation (4.4-2) constitutes an approximate expression for Kp since it embodies the

assumptions cited earlier in this section in addition to the following:

Ky h®
a. Terms containing K; and 1R Were neglected.
b. It was assumed that (1 % mzﬁ-R) = 1, where m 1is a small whole number.

By using Equation (4.4-2), plots can be generated of the form shown in Figure 4.4-2.
The design curves of this handbook are of this type and were taken directly from Ref-
erence 4-5. It is helpful to note here that lower and upper limits exist for the coeffi-
cient Cp and these are identified in Figure 4.4-2. The lower limit is associated with
long-cylinder behavior. Such configurations are unaffected by the end constraints and
the related critical pressures are equal to those for rings which are subjected to
external pressure, For portions of the cylinders that do not lie in the néighborhoods

of the boundaries, the buckle patterns will be the same as are obtained from such rings.
In this connection, it should be noted that application of the Donnell approximations
[4-8] to non~-sandwich rings leads to critical pressures which are 33 percent higher
than the predictions from accurate ring formulations. This is due to the fact that the
related number of circumferential full-waves (n = 2) is not sufficiently high to justify
Donnell's [4-8] assumptions, It is important to observe that the theory of Reference
4-21 retains a sufficient number of terms to accurately predict the buckling of long
cylinders. Thatis, when Gyy - o0 (Vp —0) and L/R is large, the critical pressure
is equal to the value obtained from that ring theory which is capable of properly de-
scribing the behavior where n =2, The upper limit to the curve of Figure 4.4-2 is

associated with the shear crimping mode of failure which involves extremely short
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circumferential wavelengths (n~-o0). Specialization of Equations (4.4-1) through
(4.4-4) to this case gives the following formula for the critical compressive running
load N measured in units of lbs/inch:

Ner = h Gyz (4.4-5)
where

Ney = Per R 4.4-6)
By using the approximation h~ tg, it can easily be shown that Equation (4.4-5) is

equivalent to the crimping formula presented earlier as Equation (2.3-9).

Upper Limit (Shear Crimping)

Lower Limit
Constant n = 2)

L
R
Figure 4.4-2. Schematic Representation of Log-Log Plot of Cp

Versus L/R for Circular Sandwich Cylinders
Subjected to External Lateral Pressure

Note: Vp

<
]
1l

Constant

Another important point which should be noted is that the approximate formula for Kp
[Equation (4.4-2)] does not contain the core shear modulus associated with the plane
perpendicular to the facings and oriented in the axial direction (Gxz). This modulus

has very little influence on cylinders longer than approximately one diameter and has
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therefore disappeared through the approximations made in the development of Refer-
ence 4-21. Thus the theory and design curves presented in this section (Section 4.4)
of the handbook can be considered applicable to sandwich cylinders having cores with

either isotropic or orthotropic transverse shear moduli.

4-37




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

1

I

4.4.1.2 Empirical Knock-Down Factor

In Section 4.1 it is pointed out that, for circular cylinciers subjected to external
lateral pressure, the shape of the post-buckling equilibrium path is such that one
would not expect strong sensitivity to the presence of initial imperfections. This has
indeed been shown to be the case for isotropic (non-sandwich) cylinders where the
available test data show rather good agreement with the predictions from classical
small-deflection theory. In view of this, it has become widespread practice to either
accept uncorrected small-deflection theoretical results as design values or to apply a
uniform knock-down factor Yp of 0.90 regardless of the radius-to-thickness ratio.
In Reference 4-4 the latter practice is also recommended for sandwich cylinders and

this approach has likewise been selected as the criterion for this handbook.

The only available test data for sandwich cylinders subjected to external lateral pres-
sure are those given in References 4-27 and 4-28. In the first of these documents,
Kazimi reports the results from two specimens which were identical except for the use
of normal-expanded core in one cylinder while the other incorporated over-expanded

core, The following results were obtained:

Comparison of Theoretical Predictions Versus
Test Results of Kazimi [4~27]

Theoretical pg, (Yprest
Core Type Test pey Based on Ref. _ (Test pcr)
(psi) - 4-5 and Yp=1.0 (Theo. pcr)
(psi) = +
Normal-Expanded 17 30.5 .56
Over- Expanded 27 30.5 . 88
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Kazimi [4-27] attributes the scatter in his test results to the circumstance whereby
the over-expanded condition gives more uniform core properties than are obtained
from normal-expanded honeycomb., The argument put forth on behalf of this viewpoint
rests on the fact that the over-expanded core exhibits less anticlastic (saddle-type)

deformation in forming the core to the shape of the cylinder.

In Reference 4-28 Jenkinson and Kuenzi report the results obtained from five test
cylinders of nominally identical construction. These cylinders all had glass-reinforced
plastic facings. Each facing was composed of three layers of glass fabric with their
individual orientations controlled to provide a laminate having in-plane properties
which were essentially isotropic. The following results were obtained from these
cylinders:

Comparison of Theoretical Predictions Versus
Test Results of Reference 4-28

@ ) ® ®
Theoretical pgp (Yplrest
Cylinder Test pey Based on Ref. _ (Test per)
No. (psi) 4-5 dnd yp = 1.0 ~ (Theo. pgy)
(psi) = +
1 60 55.2 1.09
2 52.5 45,2 1.16
3 52.56 52,6 1,00
4 52.5 45,2 1.16
5 52.5 47.6 1.10

For specimens 2 through 5 it was reported that initial buckling occurred at external

lateral pressures which ranged from 50 to 55 psi. Therefore, in the above tabulation
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it was assumed that each of these four cylinders buckled at 52.5 psi. In general, the
test values are somewhat higher than the theoretical predictions. This is probably

due to
a. the absence of precise data on the material properties

b. inaccuracies due to interpolation between the theoretical curves

and
c. the fact that the facings were relatively thick in comparison with the

tf
sandwich thickness (H = .25).

The foregoing test results from References 4-27 and 4-28 seem to provide added
justification for the use of y, = 0.90 as a lower-bound knock-down factor. However,
it would certainly be desirable to supplement these data with additional tests on speci-
mens having small t;/h ratios which would be truly representative of configurations

usually found in realistic full-size sandwich cylinders.

An additional point of interest concerning the use of a uniform value of Yp = 0.90 is
the fact that shear crimping failures will be insensitive to the presence of initial im-
perfections. Hence, in the region where this mode of failure prevails, one could

safely use the value Yp = 1.0, especially since the theoretical basis used here neglects
the bending stiffnesses of the facings about their own middle surfaces. However, in-
spection of the design curves of Section 4.4.2 shows that this type of failure will only
occur for extremely low L/R values. This fact, coupled with considerations of
simplicity and the moderate nature of the value vy, = 0.90, led to the selection here

of a uniform knock-down factor.
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In view of the meager test data available from sandwich cylinders subjected to external
lateral pressure, the method recommended here can presently be regarded as only a
"best-available' approach. However, there appears to be little reason to doubt that

further testing would show these procedures to be quite reliable.
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4.4.2 Design Equations and Curves

For simply supported circular sandwich cylinders subjected to external lateral pres-

sure, the critical pressure may be computed from the equation

Yp N C
Per = EfT—_\_);% [(Eyty) + (Eztz)] (4.4-7)
where

Yp = 0.90

and Cp is obtained from Figures 4.4-3 through 4.4-5. In order to use these curves,

one must compute the following values:

. (E1t1)(Ez tz) I
v = [(E1t1) + (Eate))® B

(4.4-8)

) (E1t1)(Eztz) b .
PN Eit) + (Bota)] (1Ve) K Gyz (2.4-9)

\%

For elastic cases, use 1 =1, Whenever the behavior is inelastic, the methods of

Section 9 must be employed.

For cases where the two facings are not made of the same material, the foregoing
formulas are valid only when the behavior is elastic (1) =1). Application to inelastic
cases (7 #1) can only be made when both facings are made of the same material.

For such configurations, E; and Ez will, of course, be equal.

Since separate families of design curves (Cp vs L/R) are provided for only three
values of Vp, one will usually find it necessary to use graphical interpolation or

extrapolation to establish Cp for the configuration of interest. Where desired,
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improved accuracy can be obtained by minimizing Equation (4.4-2) with respect to n

in order to obtain Cp.

The results given by the procedures specified here apply to sandwich cylinders having

cores with either isotropic or orthotropic transverse shear moduli.

4-43




I
X

e

CHNICAL LIBRARY

ABBOTTAEROSPACE.COM

I

0,01 ' T T T TI1TT T T T T T 177
IIILLLi

Yy, 1C
. Y I D
(I Per R(1 - v 2) [(r'ltl) ¥ (E2t2)] i
\5 € ]

Yy =0,90
p

.

N ¢° defined by Eq. (4.4-8)

\ N VP defined by Eq. (4.4=9) n
\ Q\\ Y
0,001 A
AN AN
AN
\\
N

A A/

s\\
ANEAS
A

:\\\ \\\ \\\ o.;ooos—
O NN IR
N

0,0001 AN N NG
N
AN
AN PN \‘\ ~— 0. 00002 ]
c N \\\ N\
P N AN
\\ \ \ 0.00001
N
\\ \
S ™ -—0, 000006 -
N \\
\ \ I~ 0.000004
0, 00001 AN AN
N
N \\0.000002—
N
0. 000001
o
0,000001 4
1 10 ' 100

(*)

Figure 4,4-3, Buckling Coefficients Cp for Circular Sandwich Cylinders
Subjected to External Lateral Pressure; Isotropic Facings;
Transverse Shear Properties of Core Isotropic or Ortho-
tropic; Vp =0

4-44



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

1

I

0,01 : T 1T T | B B B
e ]
v, 1C
_ = P P 7
P, S LE ) + (Eyt)]
Rlev ) 5
€
— ¥ =0.90 a
p —
¢2 defined by Eq, (4.4-8)
v _defined by Eq, (4.4<9)
\6 P
5
4
0,001 NG
< X
— ~ N3
I ~N .
NI NG
NV
\\\\ ‘;n=2
N \\ \\\ «,2-0 00017
N N \\\\ Z V.
N
; N
] \\ N 0.00006
™~ N
D ™ \\ 0, loolmu
0.0001 Ny . )
b N, N
. 3 AN
| N i
c N NN 0, 00002
P ANV \\
—— N
-~ AS \\ 0 06001‘
\\\ \\\\ T
] A N \ ! ! ! !
~1_] \\\ 0, 000006
\\
\ i .
0.00001 0 B
~ ~
\\ N
‘\ AN 0.000002
\\\ :
N .
i
0,000001
1 10 100

Figure 4.4-4. Buckling Coefficients C _ for Circular Sandwich Cylinders
Subjected to External Lateral Pressure; Isotropic Facings;
Transverse Shear Properties of Core Isotropic or Ortho-
tropic; Vp = 0,05

4-45




e

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

0.01 A AR S N OO N I OO T T T T7
T [ LI O I I I
'Yp ’ICP
n z KB B~y
R1-v ) - T11
€ yz 1]
‘7p =0,90 -
2 — 7]
¥ defined by Eq. (4.4-8)
Vp defined by Eq, (4.4=9)
0,001
—~
. 4
AN
N \l‘\
N N
L N \<
N TN 2
=0,0001
‘\\ NG 4
[~ R \
N 0. 00006
T RN
0,0001 0,00004”]
b N -
I~ N
Y ™\
CP ] N \\ : L]
] O 0,00002
— N
r ‘\\\ \ \\\
\\ \
0,00001
\\\\ - T
e =
—~ | AN \
\\\ \\ 0,000006
0.00001 N F— 0, 000004 ]
~ . -
\\
0,000002
\\
\\
g
0,000001
1 10 100

()

Figure 4.4-5, Buckling Coefficients C  for Circular Sandwich Cylinders

Subjected to External Lateral Pressure; Isotropic Facings;

Transverse Shear Properties of Core Isotropic or Ortho-
tropic; Vp =0,10

4-46



[

U

CHNICAL LIBRARY

ABBOTTAEROSPACE.COM

I

4.5 TORSION

4.5.1 Basic Principles

4.5.1.1 Theoretical Considerations

This section deals with the loading condition depicted in Figure 4.5-1. Note that the
only consideration given to boundary conditions is that, during buckling, it is assumed
that no radial displacements occur at either end. Further conditions at these boundar-
ies are completely disregarded. This approach should be sufficiently accurate for all

simply supported cylinders except those which are very short.

T, In.~Lbs. Torque

—0)

It is assumed that, during buckling,
no radial displacements occur at
either end.

Figure 4.5-1, Circular Sandwich Cylinder Subjected to Torsion

The buckling of isotropic (non-sandwich), circular cylinders subjected to torsion was
treated by Donnell in Reference 4-8 which has become a standard source of information
concerning reasonable approximations which can be employed in practical thin-shell
theory. Using the Donnell approximations, Gerard [4-29] has investigated the buck-
ling of long circular sandwich cylinders subjected to torsion. This solution gives no

consideration whatsoever to the boundary conditions. Such an approach is valid in
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view of the assumed extremely long configuration. On the other hand, in Reference

4-30, March and Kuenzi develop small-deflection solutions for sandwich cylinders of

both finite and infinite lengths. The boundary conditions taken for the finite-length

cylinders are as indicated in Figure 4,5-1. For the purposes of this handbook, Refer-

ence 4-30 is considered to provide the most up-to-date treatment of the subject. The

theoretical design curves given in Section 4.5.2 were taken directly from that report

and embody the following assumptions:

The facings are isotropic.

The facings are of equal thickness. However, the curves are reasonably
accurate for sandwich cylinders having unequal facings, provided that the

thickness of one facing is not more than twice the other.
Young's modulus is the same for both facings.
Poisson's ratio is the same for both facings.

The core has infinite extensional stiffness in the direction normal to the

facings.

The core extensional and shearing stiffnesses are negligible in directions

parallel to the facings.

The transverse shear properties of the core may be either isotropic or

orthotropic.

The approximations of Donnell [4-8] can be applied.

The design curves include separate families which respectively neglect and include

bending of the facings about their own middle surfaces. However, for both of these

situations, it is assumed that the facings are thin.
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The theoretical buckling relationship used here is
d
Ter = Kg M Efp (4.5-1)

which is based on the further assumption that both facings are made of the same mate-

rial. The notation used here is as follows:

Ter = Critical value of facing shear stress, psi.
Kg = Torsional buckling coefficient, dimensionless.
7 = Plasticity reduction factor, dimensionless.
Ef = Young's modulus of facings, psi.
d = Total thickness of sandwich wall.
d=t,+t1 +tz (4.5-2)
te = Thickness of core, inches.
t; and to = Thicknesses of the facings (There is no preference as to which facing
is denoted by the subscript 1 or 2.), inches.
R = Radius to middle surface of sandwich cylinder, inches.

The buckling coefficient Kg is arrived at by the minimization of a complicated ex-
pression given in Reference 4-30. This formulation is not reproduced here, However,
it should be noted that the indicated minimization leads to Kg values which can be

plotted in the general form shown in Figure 4.5-2 where

[)]

L
Zgy = 4R 4.5-3)
16t t1t2M Eg
Vg (4.5-4)

T 15(t; +tz) Rd Gy,
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6 =L (4.5-5)

vz
and

L = Over-all length of cylinder, inches.

G, = Core shear modulus associated with the plane perpendicular to the

facings and oriented in the axial direction, psi.

GyZ = Core shear modulus associated with the plane perpendicular to the

axis of revolution, psi.

n = Number of circumferential full-waves in the buckle pattern,

dimensionless.

Upper Limit (Shear Crimping)

to /d = Constant
6 = Constant
Kg Vg = Constant

Long Cylinder
(n = 2)

Figure 4.5-2. Typical Log-Log Plot of the Buckling Coefficient Kg
for Circular Sandwich Cylinders Subjected to Torsion

The curves given in Section 4. 5.2 are of this type. Note that the upper limit for the
buckling coefficient Kg corresponds to the shear crimping mode of failure which
involves extremely short circumferential wave-lengths (n — «), Specialization of
the buckling equations to this case leads to the folldwing result when it is assumed
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ha
where
h = Distance between middle surfaces of facings, inches.

In connection with sandwich constructions having large values for the parameter Zg
(long cylinders), it is pointed out that the cylinder will buckle into an oval shape (n = 2)
for which the Donnell approximations [4-8] are no longer valid. To illustrate this
point, attention is drawn to the results obtained for isotropic (non-sandwich), circular
cylinders subjected to torsion. By using the Donnell approximations, Gerard [4-31]

obtains the following result for the critical shear stress of such cylinders:

. —0.272 (.t_)a/ 2 (4.5-7)

Ter = (l_vez )3/4 R

In Reference 4-32, Timoshenko presents the following result from a more rigorous

solution which does not invoke the Donnell approximations:

Tor = —E-——(-l‘—) 7 (4.5-8)
°F T 3B (1% \R ‘

The more exact result gives a critical stress which is only 87 percent of that given by
the Donnell approach, This is similar to the situation encountered in the case of exter-
nal lateral pressure (see Section 4.4) where the difference is even more pronounced.
Since the torsional design curves of Section 4. 5.2 incorporate the Donnell approxima-

tions, they must be used with caution in the case of long cylinders (n = 2).
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4,.5.1.2 Empirical Knock-Down Factor

In Section 4.1 it is pointed out that, for circular cylinders subjected to torsion, the
shape of the post-buckling equilibrium path is such that one would not expect the sensi-
tivity to initial imperfections to be as strong as that encountered in the case of axial
compression. On the other hand, the sensitivity inh torsion would be expected to be
somewhat more severe than is exhibited by circular cylinders under external lateral
pressure. In the case of isotropic (non-sandwich), circular cylinders loaded in torsion,
Reference 4-8 indicates that, over an enormous range of sizes, proportions, and
materials, a lower-bound curve to the available test data can be obtained by faking

60 percent of the values obtained from classical small-deflection theory (vg = 0.60).
Average values of the test data can be approximated by using 80 percent of the classi~

cal theoretical predictions(yg = 0.80).

To date, no test data has been published for sandwich cylinders which are of the types
considered in this handbook and are subjected to torsion. Therefore, no empirical
basis exists for the determination of reliable knock-down factors in such cases.

Based on the moderate drop-off of the post~buckling equilibrium path, some sources
[4-5] recommend that no reduction be employed (Yg =1.0). However, Reference 4-4
takes a more cautious approach in recommending the use of yg = .80 for the sand-
wich configuration. This selection was made largely on the basis of the isotropic
(non-sandwich) data. Although this value did not furnish a lower-bound to the isotropic
test points, it is reasonable to expect that the usually greater thicknesses of sandwich

cylinders should lead to more moderate reductions than apply to the isotropic (non-
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sandwich) configurations. In addition, it should be noted that cylinders under torsion

will continue to support considerable torque well into the postbuckled region. Hence
the torsional buckling mechanism should not be nearly so catastropic as the general
instability of axially compressed cylinders. With these several factors in mind, the
value yg = 0.80 has been selecfed for use in this handbook. In view of the lack of

sandwich test data to substantiate this selection, the methods proposed here can only

be regarded as a "best-available" approach.
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4.5.2 Design Equations and Curves

For simply supported circular sandwich cylinders subjected to torsion, the critical

shear stress may be computed from the equation

d
Ter = Vs Kg M Ef R (4.5-9)
where
Yg = 0.80 (4.5-10)
d =t, +t, +te (4.5-11)

and Kg is obtained from Figures 4.5-3 through 4.5-8. In order to use these curves,

one must first compute each of the following values:

L2
=T .5-12
Zg iR (4.5-12)
16 tC tl ta T]Ef
= 4.5-
Vs = 13 (t1 +t2) Rd Gxz ( 13)
Gxz
= 4. 5"14
Gy2 (4.5-14)

It is required here that both facings be made of the same material.

For elastic cases, use T =1. Whenever the behavior is inelastic, the methods of

Section 9 must be employed.

The critical torque T,y , measured in units of in.-lbs, can be computed from the

following for both elastic and inelastic cases:

Topr = 2TR® (1, + te) Top (4.5-15)

cr
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Curves for Kg are given for values of 6 = 0.4; 1.0; and 2.5. Estimates of Kg

for other values of 6 can be obtained by interpolation.

In addition, curves for Kg are given for values of t,/d = 1.0 and 0.7. ‘The former
neglect the contribution from bending of the facings about their own middle surfaces.
The latter may be used to obtain numerical estimates of the conservatism introduced

by neglecting these stiffnesses.

As noted in Section 4.5.1.1, the design curves are somewhat inaccurate in the region
where Zg is large (long cylinders). Some caution should be exercised in the appli-

cation of the curves in this region.

Strictly speaking, Figures 4.5-3 through 4.5-8 apply only when the facings are equal. |
However, the curves are reasonably accurate for sandwich cylinders having unequal

facings, provided that the thickness of one facing is not more than twice the other.
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4,6 TRANSVERSE SHEAR
4.6.1 Basic Principles

In Reference 4-33, Lundquist reports the results from a series of tests on isotropic
(non-sandwich), circular cylinders subjected to combined transverse shear and bend-
ing. The same type of data is published in Refetrence 4-34 for elliptical cylinders.

Both sets of data were obtained from cantilevered cylinders of varied lengths. Extrapo-
lation of these results to the condition of zero bending stress permits a determination

of critical stresses for pure transverse shear loading. It has proven useful to com-
pare these stress values against the theoretical results obtained from small-deflection
theory for isotropic (non-sandwich), circular cylinders loaded in torsion. Gerard and
Becker [4-35] report that, for nominally identical specimens, such comparisons yield
the following ratios where the theoretical predictions are obtained by using Reference
4-36:

[ Average of Ter Test Values for |
t Transverse Shear Loading

[ Small-Deflection Theoretical 7__ ]
Values for Torsional Loading

1.6 (4.6-1)

2

Lower-Bound T, Test Values for ]
| Transverse Shear Loading i
- Small-Deflection Theoretical Tor T
| Values for Torsional Loading

~ 1.25 (4.6-2)

To properly interpret these ratios, it is pointed out that, for torsional loading, the
shear stress 7., is uniformly distributed around the circumference. On the other
hand, under transverse shear loading, the shear stress is non-uniform and the value

Tcy then corresponds to the peak intensity which occurs at the neutral axis.
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For the lack of a better approach, it is recommended that Equation (4.6-2) be used for
the design and analysis of circular sandwich cylinders that are subjected to transverse
shear forces. In such cases, the required small-deflection theoretical Tor values for
torsional loading should be obtained as specified in Section 4.5 of this handbook with
the exception that y = 1.0 should be used here. No test data are available to sub-
stantiate the reliability of this practice. Until such data do become available, one can

only regard this procedure as a 'best-available! approach,
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4.6.2 Design Equations and Curves

For simply supported circular sandwich cylinders subjected to a transverse shear
force and having both facings made of the same material, the critical shear stress
may be computed from the equation

d
= 1, - .6~
Tor 25Ks17Ef B 4.6-3)

where the buckling coefficient KS is obtained from Figures 4.5-3 through 4,5-8 and
the notation is the same as that employed throughout Section 4.5. As noted in Section
4,5,1,1, these figures are somewhat inaccurate in the region where Zs is large (long

cylinders) and one should exercise some caution when dealing with such configurations.

Strictly speaking, Figures 4.5-3 through 4.5-8 apply only when the facings are of equal
thickness, However, the curves are reasonably accurate for sandwich cylinders having

unequal facings, provided that the thickness of one facing is not more than twice the

other.

For elastic cases, use 7= 1. Whenever the behavior is inelastic, the methods of

Section 9 must be employed.

For elastic cylinders the critical transverse shear force (Fv)cr, measured in units of
pounds, can be computed from the following:

Fyo, = MRE+Y) T (4.6-4)

To compute (Fv)cr when the behavior is inelastic, one must resort to numerical inte-

gration techniques.
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4,7 COMBINED LOADING CONDITIONS

4,7.1 General

For structural members subjected to combined loads, it is customary to represent
critical loading conditions by means of so-called interaction curves. Figure 4. 7-1
shows the graphic format usually used for this purpose. The quantity Ri is the ratio
of an applied load or stress to the critical value for that type of loading when acting
alone, The quantity Rj is similarly defined for a second type of loading. Curves of
this form give a very clear picture as to the structural integrity of particular con-
figurations. All computed points which fall within the area bounded by the interaction
curve and the coordinate axes correspond to stable structures. All points lying on or
outside of the interaction curve indicate that buckling will occur. Furthermore, as
shown in Figure 4.7-1, a measure of the margin of safety is given by the ratio of
distances from the actual loading point to the curve and to the origin. For example,
assume that a particular structure is subjected to the combined loading condition

corresponding to point B of Figure 4.7-1.

Then, for proportional increases in Ri and Rj’ the margin of safety (M.S.) can be

computed from the following:

R
i'D
M.S. = —— - 1 (4.7-1)
(Rj)B

As an alternative procedure, one might choose to compute a minimum margin of safety
which is based on the assumption that loading beyond point B follows the path BM.

Point M is located in such a position that BM is the shortest line that can be drawn
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between point B and the interaction curve. The minimum margin of safety can then be

calculated as follows:

OB + BM
Minimum M.S, = OB 1 (4.7-2)

1.0

Ry,

(Rj)B

Figure 4,7-1. Sample Interaction Curve
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4.7.2 Axial Compression Plus Bending

4.7.2.1 Basic Principles

In References 4-17, 4-18, and 4-19 it has been shown that, for circular sandwich

cylinders subjected to axial compression plus bending, the classical theoretical

interaction curve may be accurately described by the equation

where
and
O'.
c
%
(Oc) CL
OpeL

1l

R)ep, " Bop, = 1

OC
Ry, = 6oL
R _
®Rder, = (6]0)CL
C) or, = Gder,

(4.7-3)

(4.7-4)

(4.7-5)

(4.7-6)

Uniform compressive stress due solely to applied axial load,

psi.

Peak compressive stress due solely to applied bending mo-

ment, psi.

Classical theoretical value for critical uniform compressive

stress under an axial load acting alone, psi.

= (Classical theoretical value for critical peak compressive

stress under a bending moment acting alone,

psi.

References 4-17 and 4-18 develop the foregoing result for weak-core constructions

which fail in the shear crimping mode. On the other hand, Reference 4-19 deals

with infinitely long cylinders which fall in the stiff-core and the moderately-stiff-

core categories. Since Equation (4.7-3) is written in terms of classical theoretical
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allowables, it does not include any consideration of the detrimental influences from

initial imperfections. For the purposes of this handbook, these influences are treated
by introducing the knock-down factors Y, and %, (see Figures 4.2-8 and 4.3-2, re-

spectively) to obtain

R +R = 1 @.7-7)
where
GC
R =—2= (4.7-8)
¢ %6y
a.
R, = ___(_b) (4.7-9)
" YeleL

Therefore, the design interaction curve can be drawn as shown in Figure 4.7-2. Since
no test data is available for sandwich cylinders subjected to combined axial load and
bending, the general validity of this curve has not been experimentally verified. Some
degree of empirical corrélation is inherent in the approach since the knock-down fac-
tors ?’C and %, were established, in part, from sandwich test data (see Sections 4.2
and 4.3). However, even these data were few in number. Therefore, until further
experimental substantiation is obtained, the recommended interaction relationship

can only be considered a 'best-available! method.

1.0

%

R, 1.0

Figure 4.7-2. Design Interaction Curve for Circular Sandwich Cylinders
Subjected to Axial Compression Plus Bending
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4.7.2.2 Design Equations and Curves

For simply supported, circular, sandwich cylinders subjected to axial compression

plus bending, the following interaction equation may be employed:

Rc +Rb = 1 (4.7-10)
where
Gc
R e (4:. 7—11)
¢ 7’c (Uc)CL
o
= b (4.7-12)

Rb

A plot of Equation (4.7-10) is given in Figure 4.7-3.

% CJdeL

In Equations (4.7-11) and (4.7-12), the knock-down factors Y, and Y, are those ob-

tained from Figures 4.2-8 and 4,3-2, respectively.

The quantity (c'y'c) oL is simply the result obtained by using Yo = 1.0 in the method of
Section 4.2.2.
Plasticity considerations should be handled as specified in Section 9.2 except that,

in this case, one may use

[1- Ve21 Et
a. n = T —}E_l; for short cylinders, and
- a2
1 —yez 2 " EtES
b. n = for moderate-length through long cylinders.
| 1-17] E ¢

Equation (4.7-10) may be applied to sandwich cylinders of any length. However, length

considerations should be included in the computation of @ o CL when the structure falls

into the short-cylinder range (see Section 4.2.2).
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Figure 4.7~-3. Design Interaction Curve for Circular Sandwich Cylinders
Subjected to Axial Compression Plus Bending
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4.7.3 Axial Compression Plus External Lateral Pressure

4,7.3.1 Basic Principles

This section deals with the loading condition depicted in Figure 4.7-4. The sandwich
cylinder is subjected to uniform external pressure over the cylindrical surface. Axial
loading is imposed as indicated by the forces P. These forces can originate from any
source including external pressures which are uniformly distributed over the end clos-
ures. In addition, it is specified that the ends of the cylinder afe simply supported.
This is, during buckling, the ends are constrained such that they experience no radial

or circumferential displacements and they are free of bending moments.
si .
Py, p p , psi
Yy

ERRREREEEE

R
P, Ibs _ . / P, Ibs
\
R

1

EERERRE

Both Ends Simply Supported

Figure 4.7-4. Circular Sandwich Cylinder Subjected to Axial
Compression Plus External Lateral Pressure

The theoretical basis used here is the classical small-deflection solution of Maki
[4-37]. The design curves given in this handbook were taken directly from that source
and embody the following assumptions: #

a. The facings are isotropic.

b. Both facings are of the same thickness.

c. Both facings have identical material properties.
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Poisson's ratio for the facings is equal to 0,33,
Bending of the facings about their own middle surfaces can be neglected.

The core has infinite extensional stiffness in the direction normal to the
facings.

The core extensional and shear rigidities are negligible in directions
parallel to the facings. ‘

The transverse shear moduli of the core are the same in the circum-
ferential and longitudinal directions (G =G ).

Xz vz
The mean radius of the cylinder is large in comparison with the sandwich
thickness.

The theoretical relationship derived by Maki [4-37] is in the form of a complicated

sixth order determinant and no significant advantage would be gained by reproducing

that formulation in this handbook., However, it is important to note that a sufficient

number of terms were retained throughout the derivation to obtain accurate results

when the number of circumferential full-waves equals two (n = 2). If the derivation

had been based on the well-known Donnell approximations [4~8], the results would

not be applicable to structures which buckle in this manner.

The interaction curves given in Reference 4-37 are of the two different types depicted

in Figure 4.7~5 where

E.th

Vez T TA-.3REG (.7-13)
XZ

V. = 4.7-14

yz =~ 2(1-.33%)R°G (4.7-14)
Yz

Py
R ) = (4.7-15)

pCL By,
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and

(6x) CL

L

(4.7-16)

Young's modulus of facings, psi.

Thickness of single facing, inches.

Distance between middle surfaces of facings, inches.
Radius to middle surface of cylindrical sandwich, inches.

Core shear modulus associated with the plane perpendicular
to the facings and oriented in the axial direction, psi.

Core shear modulus associated with the plane perpendicular
to the axis of revolution, psi.

Applied external lateral pressure, psi.

Classical theoretical value for critical external lateral pressure
when acting alone, psi.

Uniform axial compressive stress due to applied axial load, psi.

A\
Classical theoretical value for critical uniform axial compres-
sive stress when acting alone, psi.

Over-all length of cylinder, inches.

Note: The value .33 appearing in Equations (4.7-13) and (4.7-14) is an
assumed representative value for the elastic Poisson's ratio of
the facings.

Since the curves of Reference 4-37 were developed from a classical, small-deflection
approach, they do not include any consideration of the detrimental effects from initial
This is evident from the fact that classical theoretical allowables are

used in the ratios (Rp) oL and (Rc) cL’ For the purposes of this handbook, the effects
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®)

c

E = Constant
h

ﬁ = Constant

1.0 (R ) 1.0

R)cw, p’'CL

Figure 4.7-5. Typical Interaction Curves for Circular Sandwich Cylinders Subjected
to Axial Compression Plus External Lateral Pressure

from initial imperfections are introduced through the replacement of (Rp) CL and

(R ) .. by the ratios R _and R which are defined as follows:
¢'CL ) c
b
y
R = —=—o (4.7-17)
P, (py) CL
%%
R = —z— (4.7-18)
¢ Ye (ox)CL

The quantities yp and Y, are the knock-down factors discussed in Sections 4.4 and 4.2,
respectively. Values for Yy can he obtained from Figure 4.2-8 while 'yp may be taken
equal to 0.90.

No test data are available for sandwich cylinders which are of the types considered
here and are subjected to axial compression plus external lateral pressure. Therefore,

the general validity of the design curves recommended here has not been experimentally

verified. Some degree of empirical correlation is inherent in the approach since the
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knock-down factors yc and yp were established, in part, from sandwich test data (see
Sections 4.2 and 4.4). However, even these data were few in number, Therefore,
until further experimental substantiation is obtained, the recommended interaction

curves can only be considered as '"best-available' criteria.
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4.7.3.2 Design Equations and Curves

For simply supported, circular, sandwich cylinders subjected to axial compression
plus external lateral pressure, one may employ the interaction curves of Figures

4,7-6 through 4.7-15 where

E.t;h
= .7-1
Vez T 2(1-.339 R G (4.7-19)

Eth
Vyz - 2(1~.339R%G (4.7-20)
yZ
R ='—"‘I_)X'— (4.7-21)
p % (py)CL
0‘X
B = 6oL (4.7-22)

In Equations (4.7-21) and (4.7-22), the knock-down factor Yy is that obtained from

Figure 4.2-8 while % may be taken equal to 0.90.

The quantity (ﬁy) CL is simply the result obtained by using yp = 1,0 in the methods of

Section 4.4.

The quantity (EX) CL is simply the result obtained by using Y, = 1.0 in the methods of

Section 4.2.

Plasticity considerations should be handled as specified in Section 9.2.

Figures 4.7-6 through 4.7-12 give interaction curves only for cases where VXZ =

Vyz =0 (GXZ = Gyz - ®), Separate families are provided for each of three selected

R .
— = 50; 160; and 500) . Graphical interpolation may be

values for the parameter R (h

h
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used to obtain results for intermediate values of this parameter. Each family includes

separate curves for ten different values of the ratio
view of the restrictions on VXZ and Vyz’ these curves can only be used to describe the
behavior of stiff-core constructions. For the purposes of practical design and analysis,

it is proposed here that Figures 4.7-6 through 4.7-12 be considered applicable only

when

where

tc = Thickness of core, inches.

It is expected that many realistic sandwich configurations will satisfy these requirements.

7R

L \L

R <_= 0.1; 0.2; - 1.0). In

(4.7-23)

(4.7-24)

Figures 4.7-13 through 4.7-15 present a partial picture of the effects which variations

in VXZ =V Z) will have on the interaction relationships. These figures only treat
y

cases for which 1—:—3‘ = 0.,1.

However, the trends displayed furnish some basis for one

to conjecture that the curves given for VXZ = VyZ = 0 would result in conservative pre-

dictions if they were applied to sandwich configurations which do not satisfy the In-

equalities (4.7-23) and (4.7-24). However, one should be cautioned against making

sweeping application of this observation in view of the limited scope of the information

shown in Figures 4.7-13 through 4,7-15.
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It should be kept in mind that the interaction curves given in Figures 4.7-6 through
4,7-12 include CL values ranging only from 0.1 through 1.0. Since

7R
CL il (4.7-25)

it follows that these curves only embrace the range where

L
3.14 <= <31.4 (4.7-26)
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1.0 | Y
R
= = 50
\ = = 0,0
0.8 A > Ver = Vyz _
0. AN
R
C
0.4
0.2
0
0 0.2 0.4 0.6 0.8 1.0
R
P

Figure 4.7-6, Interaction Curves for Circular Sandwich Cylinders
Subjected to Axial Compression Plus External
Lateral Pressure
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Figure 4.7-7. Interaction Curves for Circular Sandwich Cylinders
Subjected to Axial Compression Plus External
Lateral Pressure
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1,0 l
R
— = 50
h
= —1 0.0
0.8 AN sz Vyz -
_ IR
L
0.6
c
0.4
0.2 \
0
0 0.2 0.4 0,6 0,8
Rp

1.0

Figure 4.7-8. Interaction Curve for Circular Sandwich Cylinders

Subjected to Axial Compression Plus External

Lateral Pressure
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Figure 4.7-9, Interaction Curves for Circular Sandwich Cylinders
Subjected to Axial Compression Plus External
Lateral Pressure
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c
0.4 CL=0.7 —_—
7/
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0
0 0,2 0.4 0.6 0.8 1.0
R
p

Figure 4.7-10. Interaction Curves for Circular Sandwich
Cylinders Subjected to Axial Compression
Plus External Lateral Pressure
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Figure 4.7-11,

Interaction Curves for Circular Sandwich Cylinders

Subjected to Axial Compression Plus External
Lateral Pressure
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Figure 4,7-12,

R
h—500

0.2 0.4 0.6 0.8 1.0

Interaction Curves for Circular Sandwich Cylinders

Subjected to Axial Compression Plus External

Lateral Pressure
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Figure 4.7-13. Interaction Curyes for Circular Sandwich Cylinders
Subjected to Axial Compression Plus External
Lateral Pressure
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Figure 4.7-14. Interaction Curves for Circular Sandwich Cylinders

Subjected to Axial Compression Plus External
Lateral Pressure
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Figure 4.7-15. Interaction Curves for Circular Sandwich Cylinders
Subjected to Axial Compression Plus External
Lateral Pressure
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4.7.4 Axial Compression Plus Torsion
4,7.4,1 Basic Principles
This section deals with the loading condition depicted in Figure 4.7-16. The sandwich

cylinder is subjected to end torque T plus axial loading indicated by the forces P.

T, 1n—1bs Torque T, in~-lbs Torque

P, lbs \ P, lbs
Both Ends
Simply Supported

Figure 4.7-16, Circular Sandwich Cylinder Subjected to
Axial Compression Plus Torsion

In Reference 4-18 Wang, et al. treat this type of problem but only consider the case
of weak-core configurations which fail in the shear crimping mode. In addition they
assume that the cylinder is long so that the boundary conditions can be ignored. This
small-deflection analysis makes use of the Donnell approximations [4-8] to arrive at

the following interaction relationship:

2 = -
(RC)CL + (RS CL 1 (4.7-27)
where
c"C
R) = - (4.7-28)
C
¢ CL (Gc)CL
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T
R) = — (4.7-29)
C
s’CL @y,
and
o, = Uniform axial compressive stress due to applied axial load, psi.
(60) cL = (lassical theoretical value for critical uniform axial compres-

sive stress when acting alone, psi.
7 = Uniform shear stress due to applied torque, psi.

Classical theoretical value for critical uniform shear stress
due to torque acting alone, psi.

(’F)CL
Because Equation (4.7-27) was developed from a classical, small-deflection approach,
it does not include any consideration of the detrimental effects from initial imperfec-
tions. That is evident from the fact that classical theoretical allowables are used in
the ratios (R.) CL and (RS) cL® For the purposes of this handbook, the effects from
initial imperfections are introduced through the replacement of (Rc) CL and (RS) CL by

the ratios Rc and RS which are defined as follows:

R = e (4.7-30)
¢ Ye (GC)CL '

r
R = ——0r (4.7-31)
s g (’f)CL

The quantities 'yc and 'ys are the knock-down factors discussed in Sections 4.2 and 4.5,
respectively. Values for yc can be obtained from Figure 4.2-8 while ys may be taken
equal to 0.80., Incorporation of the foregoing substitutions into Equation (4.7-27) then

gives the following interaction relationship for weak-core constructions:

R +R2 =1 (4.7-32)
[¢] ]
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In Reference 4-38, Batdorf, et al. deal with the subject loading condition for thin-
walled, isotropic (non-sandwich), circular cylinders. Since, for such constructions,
transverse shear deformations of the shell wall are of negligible importance, one
might conjecture that this work could be applied to sandwich cylinders which fall into
the stiff-core category. Based on theoretical considerations modified by test results,
Batdorf, et al. [4-38] arrived at the same interaction expression as that given above
as Equation (4.7-32). In view of this, one might choose to view Equation (4.7-32) as
a comprehensive interaction formula for sandwich cylinders. However, some caution
should be observed in implementing this viewpoint, partially because of the fact that
only the extremes of transverse shear stiffness of the core have been considered. In
addition, although the interaction relationship for the subject loading condition should
probably be dependent upon a length parameter, no investigations were made to estab-
lish the sandwich cylinder\lengths over which Equation (4.7-32) is a reasonable repre-
sentation of the actual behavior. Furthermore, no test data are available for sandwich
cylinders which are of the types considered in this handbook and are subjected to axial
compression plus torsion. Therefore the general validity of Equation (4.7~32) has not
been experimentally verified. Some degree of empirical correlation is inherent in the
approach since the knock-down factor Y, was established, in part, from sandwich test
data (see Section 4.2), However, even these data were few in number. Therefore,
until further theoretical and experimental investigations are accomplished, the inter-

action relationship cited here can only be considered as a "best-available'" criterion.
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4.7.4.2 Design Equations and Curves
For simply supported, circular, sandwich cylinders subjected to axial compression
plus torsion, one might choose to employ the interaction formula

R +RZ =1 (4.7-33)

which is plotted in Figure 4.7-17 and where

g

c
R =—F— (4.7-34)
¢ yc (oc)CL
T
R B e (4:. 7-35)
s ('r)CL

In Equations (4.7-34) and (4.7-35), the knock-down factor e is that obtained from

Figure 4.2-8 while Y, may be taken equal to 0.80.

The quantity (60) cL is simply the result obtained by using Y, = 1.0 in the methods of

Section 4.2.

The quantity (~T-)CL is simply the result obtained by using 7s = 1,0 in the methods of

Section 4.5.
Plasticity considerations should be handled as specified in Section 9.2.

Attention is drawn to the fact that, in Section 4.7.4.1, several factors are cited which
shed considerable doubt upon the reliability of results obtained from the indiscriminate
use of Equation (4.7-33) and Figure 4.7-17. Inview of these uncertainties, one might
often choose to employ the straight-line interaction formula

R +R =1 (4.7-36)
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which is plotted in Figure 4. 7-18. This relationship can be used with confidence for
any length of cylinder and for any region of transverse shear rigidity of the core since
experience has shown that the linear interaction formula is never unconservative for
shell stability problems. However, in many cases it will, of course, introduce exces-
sive conservatism.
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Figure 4.7-17. Conditional Interaction Curve for Circular Sandwich Cylinders
Subjected to Axial Compression Plus Torsion
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Figure 4.7-18. Conservative Interaction Curve for Circular Sandwich Cylinders
Subjected to Axial Compression Plus Torsion
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4,7.5 Other Loading Combinations

4,7.5.1 Basic Principles

In Sections 4.7.3 and 4.7.4 the following combined loading conditions are treated:
a. Axial Compression plus External Lateral Pressure.

b. Axial Compression plus Torsion.

The corresponding interaction relationships can be used for certain additional com-
binations by recognizing that
a. the peak axial stress due to an applied bending moment can be converted
into an equivalent uniform axial stress, and
b. the peak shear stress due to a transverse shear fofce can be converted
into an equivalent uniform torsional shear stress.
With this in mind, the design equations and curves of Section 4.7.3.2 can be used for
the combination of AXIAL COMPRESSION PLUS BENDING PLUS EXTERNAL LATERAL

PRESSURE if one simply substitutes the quantity 0; for 0 where
X

/ ‘yc .
= + | ———— 4:. -
o) = 0, +5=) ey (4.7-37)
b
and
(O‘X)c = Uniform axial compressive stress due solely to applied axial
load, psi.
(cx)b = Peak axial compressive stress due solely to applied bending
moment, psi.
Yo = Knock-down factor associated with axial compression and as

given in Figure 4.2-8, dimensionless.

Y = Knock~-down factor associated with pure bending and as given in
Figure 4.3-2, dimensionless.
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This formula is based on the findings reported in Section 4.3.

In addition, the design equations and curves of Section 4.7.4.2 can be used for the
combination of AXIAL COMPRESSION PLUS BENDING PLUS TORSION PLUS TRANS-

VERSE SHEAR FORCE if one simply substitutes the quantities cr'c and 7’ for cc and 1,

respectively, where

yc
! = +(— 4.,7-38
0, = 0. (5] o, (4.7-38)
: b
’ 0.80 -
= —— = +0. ST
T T +1'25 Ty T 0 64TV (4.7-39)
and
(cyc)c = Uniform axial compressive stress due solely to applied axial
load, psi.

(Gc)b = Peak axial compressive stress due solely to applied bending
moment, psi.

TT = TUniform shear stress due solely to applied torque, psi.
Ty = Peak shear stress due solely to applied transverse shear force, h
psi.

Ve and Y, = Knock-down factors specified above.
Equation (4.7-38) is based on the findings reported in Section 4.3 while Equation

(4.7-39) stems from a comparison of Equations (4.5-9) and (4.6-3).

Since no sandwich test data are available to substantiate the foregoing procedures, they

can only be regarded as "best-available' criteria.
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4.7.5.2 Design Equations and Curves
For the combination of AXIAL COMPRESSION PLUS BENDING PLUS EXTERNAL
LATERAL PRESSURE, substitute 0;( for o and use the design equations and curves
given in Section 4.7.3.2. The quantity 0; is defined as follows:
’ 76
= +{— 4.7-40
o, = O " Gy (4.7-40)
b
However, the quantity (GX) CL used in Section 4.7.3.2 remains as defined in that

section.

Tor the combination of AXIAL COMPRESSION PLUS BENDING PLUS TORSION PLUS
TRANSVERSE SHEAR FORCE, substitute orc' for o, and 7/ for 7 in the design equations

and curves given in Section 4.7.4.2. The quantities oé and 7/ are defined as follows:

' e
G, = ((Tc)c"‘ A (Gc)b (4.7-41)
b
’ 0.80
= — = + 0, B
T. TT + T 25 TV TT 0 64TV (4.7-42)

However, the quantities (60) CL and (1_') oL used in Section 4.7.4.2 remain as defined

in that section,

The foregoing criteria will still apply, of course, where one or more of the specified

applied loads equal zero.
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5

GENERAL INSTABILITY OF TRUNCATED CIRCULAR CONES

5.1 AXIAL COMPRESSION
5.1.1 Basic Principles
It appears that no significant theoretical solutions have been published for axially com-
pressed sandwich cones. Therefore, for the purposes of this handbook, the equivalent-
cylinder concept of Seide, et al. [5-1] has been adopted as a practical expediency,
Based on a large array of test data from thin-walled, isotropic (non~sandwich), trun-
cated cones, Seide, et al. concluded that the critical stresses for such cones can be
taken equal to the values for circular cylinders which satisfy the following conditions:
a. The wall thickness of the equivalent cylinder is equal to that of the cone.
In the case of sandwich constructions, the logical extension of this con-
dition is that the equivalent cylinder have the same facing and core thick-

nesses found in the cone.

b. The radius of the equivalent cylinder is equal to the finite principal radius
of curvature at the small end of the cone,

c. The length of the equivalent cylinder is equal to the slant length of the
cone.

In Reference 5-2, Baker presents test data from two axially compressed, truncated
sandwich cones having vertex half-angles equal to 15 degrees. These data were used
in conjunction with the foregoing equivalent-cylinder concept to arrive at knock-down

factors Yo The results are shown in Figure 5.1-1, along with data obtained from

5-1
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axially compressed sandwich cylinders. This figure also includes the design curve
recommended in Section 4.2.2 for such cylinders. It can be seen that the data from
the cones are in favorable agreement with the results obtained from cylinders. This
provides at least a small degree of experimental substantiation for application of the
equivalent-cylinder approach to sandwich cones. However, in view of the scarcity of
test points from conical specimens, this method can presently be considered as only

a "best-available!" criterion.,
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5.1.2 Design Equations and Curves

For simply supported, truncated, right-circular, sandwich cones subjected to axial
compression, the critical stresses Ucrl and Ucrg (for facings 1 and 2, respectively)
may be computed from the equations and curves of Section 4.2 .2, provided that the
following substitutions are made:

a. The values t,, t, tc’ and h are measured as shown in Figure 5.1-2.
(There is no preference as to which facing is denoted by the subscripts
lor2.)

b. The radius R is replaced by the effective radius Re shown in Figure 5.1-2,

c. The length L is replaced by the effective length Le shown in Figure 5.1-2,

Both Ends
|
QA Simply Supported
o
s ,
6 ° - R mail R Axis of
P, lbs & oo b, Ibs small Revolution
Lt T —_ - ——
R :
o small View A
' st\
: t,t,t, . ’
NOTE: T U h, Rsmall RC and
L Le are all measured in units of
e inches while @ is measured in

\ degrees,

Figure 5.1-2, Truncated Sandwich Cone Subjected to Axial Compression
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The applied axial load P and the computed stresses are associated with the directions
indicated in Figure 5.1-2. In addition, since the maximum stresses occur at the small

end of the cone, the critical values are associated with this location. For both elastic

and inelastic cases, one can therefore write

P = < + ) cos? .1-
or 217Re ocrltl ccr2t2 s 5 1)
where
R
1
_ _small (5.1-2)
e cosy

It is recommended that the approach specified here be applied only to cases where

o < 30 degrees.

Plasticity reduction factors should always be based on the stress at the small end of

the cone (see Section 9).
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5.2 PURE BENDING
5.2,1 Basic Principles
It appears that no significant theoretical solutions have been published for sandwich
cones subjected to pure bending. Therefore, for the purposes of this handbook, the
equivalent~cylinder concept of Seide, et al. has been adopted as a practical expediency.
Based on a large array of test data from thin-walled, isotropic (non-sandwich), trun-
cated cones, Seide, et al, concluded that the critical peak stresses for such cones can
be taken equal to the corresponding values for circular cylinders which satisfy the
following conditions:
a. The wall thickness of the equivalent cylinder is equal to that of the cone.
In the case of sandwich constructions, the logical extension of this condi-
tion is that the equivalent cylinder have the same facing and core thick-

nesses as are found in the cone.

b. The radius of the equivalent cylinder is equal to the finite principal radius
of curvature at the small end of the cone.

c. The length of the equivalent cylinder is equal to the slant length of the cone.

No test data are available for sandwich cones which are of the types considered in this
handbook and are subjected to pure bending. Therefore, the validity of the method
recommended here has not been experimentally verified and can only be-considered as

a "best-available" approach.

5-6
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5.2.2 Design Equations and Curves

For simply supported, truncated, right-circular, sandwich cones subjected to pure
bending, the critical peak stresses Ucr and ccr (for facings 1 and 2, respectively)

1 2

may be computed from the equations and curves of Section 4.3.2, provided that the

following substitutions are made:
a. The values t;, t;, t., and h are measured as shown in Figure 5,2-1.
(There is no preference as to which facing is denoted by the subscripts

lor2.)

b. The radius R is replaced by the effective radius Re shown in Figure 5,2-1.

C. The length L is replaced by the effective length L shown in Figure 5.2-1.

Both Ends
.+~ Simply Supported

Axis of

M, in-l1bs R ,
Revolution

small

View A

Note: ,t,t,h R R, and L
[ Sm €

1

1 2 all’ e

are all measured in units of inches
while @zis measured in degrees,

Figure 5.2-1. Truncated Sandwich Cone Subjected to Pure Bending
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The applied bending moment M and the computed stresses are associated with the
directions indicated in Figure 5.2-1, In addition, since the maximum stresses occur
at the small end of the cone, the critical values are associated with this location.

When the behavior is elastic, one can therefore write

= 2 + t.) cos® .2-1
M, = TR <Ocr1t1 Ter, 2) 0s% o (5.2-1)
where
R
1l
R = —=2 (5.2-2)
e COS ¢y

To compute Mcr when the behavior is inelastic, one must resort to numerical inte-

gration techniques.

It is recommended that the approach specified here be applied only to cases where

o s 30 degrees.,

Plasticity reduction factors should always be based on the peak compressive stress at

the small end of the cone (see Section 9).

5-8
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5.3 EXTERNAL LATERAL PRESSURE
5.3.1 Basic Principles
The loading condition considered here is depicted in Figure 5.3-1. As shown, the cone

is subjected to a uniform external lateral pressure. The axial component of this loading

P 1bs/in

Both Ends
_«—" Simply Supported

W 1bs/in

Figure 5.3-1. Truncated Cone Subjected to Uniform External Lateral Pressure

is reacted by a uniform compressive running load at the large end of the cone. This
results in principal membrane stresses which may be computed as follows, when the

core has a relatively high extensional stiffness in the direction normal to the facings:

R,
O, = . (5.3-1)

H (@ +t)

g = (R i Rsmall) <1_ Rsmall)

M +t) 2cosq R (5.3-2)
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where
R, = col:a (5.3-3)
and
O‘H = Hoop membrane stress, psi.
oM = Meridional membrane stress, psi.
p = Uniform external lateral pressure, psi.
R. = Finite principal radius of curvature of middle surface, inches.

t,and t, = Thicknesses of the facings, inches. (There is no preference as
to which facing is denoted by the subscripts 1 or 2.)

R = Radius of middle surface measured perpendicular to the axis of
revolution, inches.

R = Radius of middle surtace, at small end of cone, measured per-
small . . . .
pendicular to the axis of revolution, inches.
Rlarge = Radius of middle surface, at large end of cone, measured per-

pendicular to the axis of revolution, inches.

o = Vertex half-angle of cone, degrees.

Since the radii R and R, vary with the axial location, the stresses oy and Oy are non-
uniform over the conical surface. The maximum values for each of these quantities

occur at the large end of the cone.

Tt appears that no significant theoretical solutions have been published for the stability
of truncated sandwich cones which are subjected to uniform external hydrostatic pres-
sure. Therefore, for the purposes of this handbook, the equivalent-cylinder approach
suggested in Reference 5-11 has been adopted as a practical expediency. Based on

this method, the critical lateral pressure for the truncated cone may be taken equal

5-10
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to that for an equivalent circular sandwich cylinder which satisfies the following
conditions:

a. The facing and core thicknesses of the equivalent cylinder are the same
as those found in the cone.

b. The length of the equivalent cylinder is equal to the slant length of the cone.

c. The radius of the equivalent cylinder is equal to the average finite principal
radius of curvature of the cone. That is,

+
Rsmall Rlarge

e 2 CoS g (5.3-4)

The critical lateral pressure for the equivalent cylinder can be obtained by using the

equations and curves of Section 4.4.2.

Since no test data are available from truncated sandwich cones subjected to external
lateral pressure, the reliability of the foregoing approach has not been experimentally

verified and can only be considered as a "best-available" technique.

5-11
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5.3.2 Design Equations and Curves

For a simply supported, truncated, right-circular, sandwich cone subjected to uni-
form, external, lateral pressure, the critical pressure may be taken equal to the
critical lateral pressure for an equivalent sandwich cylinder which satisfies the
following:

a. The values t,, t

o tc’ and h are measured as shown in Figure 5.3-2.

b. The length is taken equal to the slant length Le.

c. The radius is denoted Re and is computed from the formula
R + R
it 1
R - _Sma arge (5.3-5)
e 2cosq

where R , and ¢¢ are as shown in Figure 5.3-2,

small’ Rlarge

: -

)1/ )h’
] 2t
large 2/( R R2
t
2 u\ \\
_.— BOTH ENDS VIEW A
SIMPLY SUPPORTED
NOTE: t,t,t,h R R
1’2 ¢ R R2' small, large’
and L, are all measured in units of
inches while & is measured in degrees,

Figure 5.3-2. Truncated Sandwich Cone
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The critical lateral pressure for the equivalent sandwich cylinder can be obtained by

using the equations and curves of Section 4.4.2.

Plasticity considerations should be handled as specified in Section 9.2. The plasticity

reduction factor ) should always be based on the'principal membrane stresses at the

large end of the cone where

PR
_ large
°H T T +t)cosa (5.3-6)
v = pRe <1 Rsmall> (5.3-7)
+1 T
M t +t) Rlarge

It is recommended that the approach specified here be applied only to cases where

o < 30 degrees.
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5.4 TORSION

5.4.1 Basic Principles

It appears that no significant theoretical solutions have been published for sandwich
cones subjected to torsion. Therefore, for the purposes of this handbook, the
equivalent-cylinder concept of Seide [ 5-3] has been adopted as a practical expediency.
Based on the analysis of his numerical computations for thin-walled, isotropic (non-
sandwich), truncated cones, Seide concluded that the critical torques for such shells
can be taken equal to the values for circular cylinders which satisfy the following

conditions:

a. The wall thickness of the equivalent cylinder is equal to that of the cone.
In the case of sandwich constructions, the logical extension of this condi-
tion is that the equivalent cylinder have the same facing and core thick-
nesses as are found in the cone.

b. The length of the equivalent cylinder is equal to the axial length of the cone,

c. The radius of the equivalent cylinder is computed from the relationship

1
=
R = (R | cosa 1+[ 1arge>] - [1< “large ] 15.4-1)
e sm 2
small small

where
Re = Radius of equivalent cylinder, inches.
small = Radius at small end of cone, inches (measured perpendicular
to the axis of revolution).
Rlarge = Radius at large end of cone, inches (measured perpendicular

to the axis of revolution).

"o = Vertex half-angle of cone, degrees.

5-14
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In Reference 5-1, Seide, et al. present test results from ten isotropic (non-sandwich),
truncated cones which were subjected to torsion. These tests included specimens
having vertex half-angles () of both 30 and 60 degrees. The agreement of these
results with equivalent~cylinder predictions was similar to that obtained from com-
parisons of test data from isotropic (non-sandwich) cylinders against the corresponding
small-deflection theoretical solutions. For conical sandwich constructions it was
therefore decided to use the same knock-down factor ('ys = 0.80) as was selected in

Section 4.5 for sandwich cylinders under torsion.

No test data are available for sandwich cones which are of the types considered in this
handbook and are subjected to torsion. Therefore the method recommended here has
not been experimentally verified and can only be considered as a '"best-available"

approach.

5-15
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5.4.2 Design Equations and Curves

For simply supported, truncated, right-circular sandwich cones subjected to torsion,

the critical torque may be computed from the equation

T =27R=2 (¢ +t) 71 5.4-2
or TR Y T, ( )
where
Tcr = Critical torque for sandwich cone subjected to torsion, in-lbs.
Re = Radius of equivalent sandwich cylinder, inches [ see Equation
(5.4-3)].
t, and t, = Thicknesses of the facings, inches. (There is no preference
* as to which facing is denoted by the subscript 1 or 2.)
7/ = Critical shear stress for equivalent sandwich cylinder when

°r subjected to torsion, psi. (It should be noted that this value is
not equal to the critical shear stress of the conical sandwich
construction.)

The radius Re is computed from

2
R, = (n cosa) 1+[1<1+ 1arge>] [< 1arge>] 6.45)
e small 2
small small

R 4-1.
where Rsmall’ Rlarge’ and o are as shown in Figure 5.4

The stress 1-; r may be computed from the equations and curves of Section 4.5.2 pro-
vided that

a. The values t,, t_, tc, and d are measured as shown in Figure 5.4-1.

b. The radius R is replaced by the effective radius Re.

c. The length L is taken equal to the axial length of the cone (see Figure
5.4-1).
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>
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T, in-lbs Revolution

el e J —_

T, in-lhs View A

NOTE: t), tg, t by &y T Rymants
and Rlarge are all measured
in units of inches while @ is
measured in degrees,

Figure 5.4-1., Truncated Sandwich Cone Subjected to Torsion

In a truncated cone which is subjected to torsion, the maximum shear stress will occur
at the small end, Hence, for sandwich constructions of this type, the critical stress

value is associated with that same location. One can therefore write

Tcr .
r = 5 _— (5.4-4)
ot 2R an & 2
where
Tor = Critical shear stress for truncated sandwich cone when subjected

to torsion, psi.
It is recommended that the approach specified here be applied only to cases where

o < 30 degrees.

Plasticity reduction factors should always be based on the stress at the small end of

the cone (see Section 9).
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5.5 TRANSVERSE SHEAR

5.5.1 Basic Principles

The case considered here is that of a truncated sandwich cone which is subjected only
to transverse shear forces as shown in Figure 5.5-1. Note that all transverse sec~

tions, such as A-A, are subjected to the same magnitude of shear load.

—— A Both Ends

// Simply Supported

‘F.lbs
v

l
F, lbs1
v

\

Lo A

Figure 5.5-1. Truncated Cone Subjected to Transverse Shear

This, of course, is a purely hypothetical loading condition since it does not result in
over-all static equilibrium of the structure. To obtain the necessary balance of forces
and moments, it is required that an external bending moment also be present. Never-
theless, the hypothetical unbalanced loading system does prove to be of interest since
the combined effects of. transverse shear and its associated bending are usually analy-
zed by using an interaction equation. Such a relationship involves both the critical
peak meridional stress under a bending moment acting alone and the critical peak

shear stress corresponding to the subject artificial loading condition. »

It appears that no significant theoretical solutions have been published for sandwich

cones subjected to transverse shear. Therefore, for the purposes of this handbook,
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the concept used for sandwich cylinders (see Section 4.6) will also be adopted here as
a practical expediency. As noted in Section 4.6, the results from a series of tests
[5-4 and 5-5] on isotrépic (non-sandwich), circular and elliptic cylinders led to the |
conclusion [5-67 that

[Lower—Bound Ter TestValues for]

Transverse Shear Loading 1.95 (5.5-1)

Small-Deflection Theoretical
L Values for Torsional Loading

To properly understand this ratio, it should be observed that for torsional loading of a
thin-walled circular cross section the shear stress 7,4 is uniformly distributed around
the circumference. On the other hand, under transverse shear loading, the shear
stress is nonuniform and the value 7;,. then corresponds to the peak intensity which

occurs at the neutral axis.

For the lack of a better approach, it was recommended in Section 4.6 that Equation
(5.5-1) be used for the design and analysis of sandwich cylinders that are subjected to
transverse shear forces. For the same reason, it is recommended here that Equa~
tion (5.5-1) also be used for truncated sandwiéh cones. In the latter case, the re-
quired small-deflection theoretical 1 or values for torsional loading should be obtained
as specified in Section 5.4, with the exception that Vs must now be takep equal to unity.
No sandwich test data are available to substantiate the reliability of this practice.
Until such data do become available, one can only regard this procedure as a "best-

available! approach.
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5.5.2 Design Equations and Curves

For simply supported, right-circular, truncated sandwich cones subjected to trans-

verse shear forces, the critical peak shear stress may be computed from the equation

r = 1.25( ) 5.5-2
cr CT Torsion ( )
=1.0
s
where
(r ) = The critical torsional shear stress obtained by substituting

¥ Torsion ¥g = 1.0 throughout the methods cited in Section 5.4, psi.
Vg = 1,0

In a truncated cone which is subjected to transverse shear, the maximum shear stress

will occur at the small end. Hence, the critical stress value is associated with that

location.

Plasticity reduction factors should always be based on the stress at the small end of the

cone (see Section 9).

When the behavior is elastic, the critical transverse shear force (FV)cr can be com-
puted from the following:
(F

V)

cr -7 Rsmall t +t) Ter (5.5-3)

To compute (FV)cr when the behavior is inelastic, one must resort to numerical inte-

gration techniques.,
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5.6 COMBINED LOADING CONDITIONS
5.6.1 General

For structural members subjected to combined loads, it is customary to represent
critical loading conditions by means of so-called interaction curves. Figure 5.6-1
shows the graphic format usually used for this purpose. The quantity R; is the ratio
of an applied load or stress to the critical value for that type of loading when acting
alone. The quantity Rj is similarly defined for a second type of loading. Curves of
this form give a very clear picture as to the structural integrity of particular con-
figurations. All computed points which fall within the area bounded by the interaction
curve and the coordinate axes correspond to stable structures. Al points lying on
or outside of the interaction curve indicate that buckling will occur. Furthermore,
as shown in Figure 5.6-1, a measure of the margin of safety is given by the ratio of
distances from the actual loading point to the curve and to the origin. For example,
assume that a particuiar structure is subjected to the combined loading condition

corresponding to point B of Figure 5.6-1.

, 0
0 1.0
Ry
Figure 5.6-1. Sample Interaction Curve
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Then, for proportional increases in Ri and Rj’ the margin of safety (MS) can be com-

puted from the following:

MS = -1 (5.6-1)

As an alternative procedure, one might choose to compute a minimum margin of safety
which is based on the assumption that loz;.ding beyond point B follows thé path BM,
Point M is located in such a position that BM is the shortest line that can be drawn
between point B and the interaction curve. The minimum margin of safety can then

be calculated as follows:

OB +
Minimum MS = —?—O?BM -1 (5.6-2)
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5.6.2 Axial Compression Plus Bending

5.6.2.1 Basic Principles

In Section 4.7.2 this loading condition is treated for the case of circular sandwich
cylinders. For such configurations, it was concluded that one may use the following

interaction relationship:

+ = .6~
Rc R‘b 1 (5.6-3)
where
o
R =— (5.6-4)
¢ Ye (GC)CL
o
R = S (5.6-5)
4 (Uc)CL
and
o, = Uniform compressive stress due solely to applied axial load,
psi.
oy = Peak compressive stress due solely to applied bending moment,
psi.
(53 c) = Classical theoretical value for critical uniform compressive
CL

stress under an axial load acting alone, psi.
v = Knock-down factor given by Figure 4.2-8, dimensionless.

yb = Knock-down factor given by Figure 4.3-2, dimensionless.

In this handbook it is proposed that for truncated sandwich cones the cases of pure
bending and of axial load acting alone both be treated by means of an equivalent-
cylinder concept (see Sections 5.1 and 5.2). For both types of loading, the radius
of the equivalent cylinder is taken equal to the finite principal radius of curvature at

the small end of the cone. It should be noted that the maximum stresses from both
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bending and axial compression occur at this same location. In view of these several
considerations, it is assumed here that Equations (5.6-3) through (5.6-5) can be
applied to truncated sandwich cones if

a. ¢_and g, are both computed for the meridional direction and at the small
end of the cone, and

b.  the values for y,, and V> and (60) are those which apply to the equivalent

sandwich cylinder described in Sections 5.1 and 5.2. (It is important to
keep in mind that ¥ must be taken equal to 1.0 when computing the value

@, CL.)
Since no test data have been published for truncated, sandwich cones subjected to axial

compression plus bending, the recommended approach has not been experimentally

verified and can only be regarded as a 'best-available' method.
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5.6.2.2 Design Equations and Curves
For simply supported, truncated, right-circular sandwich cones subjected to axial

compression plus bending, the following interaction equation may be employed:

Rc + Rb =1 (5.6-6)
where
O‘c
R = _ (5.6-7)
¢ % (GC)CL
%

= —— (5.6-8)
Rb Y (crc)CL

Equation (5.6-6) may be used for cones of any length. A plot of this equation is given

in Figure 5,6-2,

The quantity o, is the uniform meridional compressive stress, at the small end of the

cone, due to the axial force acting alone.

The quantity %, is the peak meridional compressive stress, at the small end of the

cone, due to the bending moment acting alone.

The quantities Yer Yy and (50) CL are those which apply to the equivalent sandwich

cylinder described in Sections 5.1 and 5.2.

from Figures 4.2-8 and 4.3-2, respectively.

The quantity is simply the result obtained by using Y, = 1.0 in the method of

oL
Section 4.2,2,

In Equations (5.6~7) and (5.6-8), the knock-down factors y, and Y, are those obtained
5-25
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Plasticity considerations should be handled as specified in Section 9.2 except, that in

this case, one may use

[ 1-p 2 E,
(a) 1n = ———9-2- —— for short cones, and
1-v°] E
f
[1-p 2}? ‘/ EE
b) n = e 5 for moderate-length through long cones.
| 1~ T Ef

The plasticity reduction factor 7 should always be based on the peak compressive stress

at the small end of the cone,

1.0

N

1.0

Figure 5.6-2. Design Interaction Curve for Truncated Sandwich Cones
Subjected to Axial Compression Plus Bending
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5.6.3 TUniform External Hydrostatic Pressure

5.6.3.1 Basic Principles

The loading condition considered here is depicted in Figure 5.6-3. As shown, the cone

is subjected to a uniform externalpressure overthe lateral surface and bothend closures.

Em\\\\

ABBOTTAEROSPACE.COM

Both Ends
Simply Supported
P S——
[ I—
<—— p, psi
-

p. psi

Figure 5.6~3. Truncated Cone Subjected to Uniform

External Hydrostatic Pressure

This results in principal membrane stresses which may be computed as follows when

the core has a relatively high extensional stiffness in the direction normal to the

facings:

BT )

o, = PRy

M 2(t,+t)
where ‘
R = R
2 CcoSs
5-27
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and
Oy = Hoop membrane stress, psi.
oM Meridional membrane stress, psi.
p = Uniform external hydrostatic pressure, psi.
R, = Finite principal radius of curvature of middle surface, inches.
t and t, = Thicknesses of the facings, inches. (There is no preference

as to which facing is denoted by the subscripts 1 or 2.)

R = Radius of middle surface measured perpendicular to the axis
of revolution, inches.

o = Vertex half-angle of cone, degrees.
Since the radii R and R, vary with the axial location, the stresses O'H and ()'M are non-

uniform over the conical surface. The maximum values for each of these quantities

occur at the large end of the cone.

It appears that no significant theoretical solutions have been published for the stability
of truncated sandwich cones which are subjected to uniform external hydrostatic pres-
sure. Therefore, for the purposes of this handbook, the equivalent-cylinder approach
of Seide, et al. [5-1] has been adopted as a practical expediency. Based on a large
array of test data from thin-walled, isotropic (non-sandwich), cylinders and truncated
cones, Seide, et al. concluded that the critical hydrostatic pressures for such cones
can be taken equal to the values for equivalent circular cylinders which satisfy the
following conditions:
a. The wall thickness of the equivalent cylinder is equal to that of the cone.
In the case of sandwich constructions, the logical extension of this condi-
tion is that the equivalent cylinder have the same facing and core thick-

nesses as are found in the cone.
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b. The length of the equivalent cylinder is equal to the slant length of the cone.

c. The radius of the equivalent cylinder is equal to the average finite principal
radius of curvature of the cone, That is,

Rsmall " Rlar e
R = & (5.6-12)
e 2cos ¢
where

Re = Radius of middle surface for equivalent cylinder, inches.

R = Radius of middle surface at small end of cone (measured

small . . . .
perpendicular to the axis of revolution), inches.
Rlarge = Radius of middle surface at large end of cone (measured

perpendicular to the axis of revolution), inches.
The critical hydrostatic pressure for the equivalent cylinder can be obtained by using

the equations and curves of Section 4.7.3.

The only available experimental results for conical sandwich shells under uniform
external hydrostatic pressure are the data from two tests conducted by North American
Rockwell, Corp. [5~7 and 5-8] in conjunction with the Navajo missile program. To
assist in the preparation of this handbook, an analysis was made of the result published
in Reference 5-7. The other specimen was not studied since it was stressed too deeply
into the plastic region. The specimen of Reference 5-7 was also inelastic but the
stresses in this instance were low enough to permit reliable computations. Using the
approach of the present section in conjunction with the plasticity reduction criteria of
Section 9, the design critical pressure was computed to be 36.4 psi. This is in satis-

factory agreement with the experimental value of 43.6 psi.
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The foregoing substantiates, to a very small degree, the reliability of the equivalent-
cylinder concept recommended here. However, in view of the lack of a sufficient
number of test results, this approach can presently be considered as only a "best-

available' method.
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5.6.3.2 Design Equations and Curves
For a simply supported, truncated, right-circular sandwich cone subjected to uniform,
external, hydrostatic pressure, the critical pressure may be taken equal to that for an
equivalent sandwich cylinder for which

a. The values t,, t,, tc, and h are measured as shown in Figure 5.6-4,

b. The length is taken equal to the slant length Le of the cone as shown in

Figure 5.6-4.
c. The radius is denoted Re and is computed from the formula
R + R
11
R = sma large (5.6-13)
e 2cos ¢
where R , and o are as shown in Figure 5.6-4,

small’ Rlarge

4 3
’ f X B
& O tC
a R R2 Rlalrge j{ R Ry
S LA s g
R VIEW A
e /-—BOTH ENDS

/L\ SIMPLY SUPPORTED

Le NOTE: t,t,t, h R R, R s .
c 2" “small’ large

1 2 R
\7/ and Le are all measured in units of

inches while ¢ is measured in degrees,

Figure 5.6-4. Truncated Sandwich Cone

The critical hydrostatic pressure for the equivalent sandwich cylinder can be obtained

from the equations and curves of Section 4.7.3 if the ratios R and Rp are now defined
c

as follows:
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p
R = — (5.6"14:
© yc (px)CL !
P
P, (py)CL

where

p = Uniform, external, hydrostatic pressure applied to lateral
surfaces and end closures of the equivalent sandwich cylinder,

psi.
In Equations (5.6-14) and (5.6-15), the knock-down factor Yo is that obtained from

Figure 4.2-8, while yp may be taken equal to 0.90.

It should be noted that

®).. R
- XCL e
B 5.6-1
OdeL TTE L) (5.6-16)
or
20 ) .. (& +t)
CL 1 2
= .6-1
By - (5.6-17)
e
where
@) = Classical theoretical value for critical uniform axial com-

CL
% pressive stress when acting alone on the equivalent sandwich

cylinder. This value can be obtained by using Yo = 1.0 in the
equations and curves of Section 4.2.

The value (f)y) cL can be obtained by using -yp = 1.0 in the equations and curves of
Section 4.4.

Plasticity considerations should be handled as specified in Section 9.2. The plasticity
reduction factor n should always be based on the principal membrane stresses at the

large end of the cone where,
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PR
_ large
oy (t, +1,) (cos ) (5"6_18)
PR
o largo (5.6-19)

M 2 * L) (cos &)

It is recommended that the approach specified here be applied only to cases where

o < 30 degrees.,
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5.6.4 Axial Compression Plus Torsion
5.6.4.1 Basic Principles
The loading condition considered here is depicted in Figure 5.6-5. The axial load P

can originate from any source including external pressures which are distributed

uniformly over the end closures.
T, in=lbs torque

T, in~lbs torque

P, lbs > / . _ _ _ - P, 1bs

Both Ends
Simply Supported

Figure 5.6-5. Truncated Cone Subjected to Axial
Compression Plus Torsion

1t appears that no significant theoretical solutions have been published for the stability
of truncated sandwich cones under this combination of loads. However, MacCalden
and Matthiesen [5~-9]have arrived at certain conclusions for non-sandwich shells under
such loading and, for the purposes of this handbook, these results provide the basis for
an expedient engineering approach to the case of conical sandwich constructions. Based
on a large array of test data from Mylar specimens, MacCalden and Matthiesen con-
cluded that the following interaction relationship could be applied to thin-walled, iso-
tropic (non-sandwich), truncated cones:

R+ RSQ =1 (5.6-20)
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where
Rc = P (5.6-21)
(PCI')Empirical
T
R = (5.6-22)
5 (T
Cr'Empirical
and
('13' ) . . = Empirical lower-bound value for the critical axial load
CY¥ Empirical )
when acting alone, lbs.
s = Y s ] t 1.
(Tcr)Empirical Empirical lower-bound value for the critical torque when

acting alone, in-lbs.,

This result is identical to that given in Reference 5-10 for thin-walled, isotropic (non-
sandwich) cylinders subjected to axial compression plus torsion. One might, therefare,
conjecture that in the case of sandwich constructions the interaction curves for trun-
cated cones under the subject loading condition are of the same shape as those pre-
sented in Section 4.7.4.2 for circular cylinders. The design equations and curves
recommended here are based on this premise. That is, one might choose to view the
formula,

R +RZ =1 | (5.6-23)
as a comprehensive interaction equation for truncated cones of both isotropic /(non-
sandwich) and sandwich construction. However, it is important to note_here that
MacCalden and Matthiesen observed that the presence of even a very small axial load
made the torsidnally—loaded conical shell much more sensitive to imperfections than

was the case when no axial load was applied at all, They, therefore, recommended

that whenever Rg is non-zero, the same knock~down factor be employed in computing
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(Tcr)Empiri cql 25 18 used in the calculation of (Pcr)Empirical' It was further speci-

fied that this single knock-down factor should be taken equal to that which applies for

the case of axial compression acting alone. The same practice is adopted here,

Caution should be exercised in implementing the foregoing recommendations, partially
because only the extremes of transverse shear rigidity of the core have been consid-
ered (see Section 4.7.4.1). In addition, although the interaction relationship for the
subject loading condition should probably be dependent upon a length parameter, no
investigations were made to establish the sandwich lengths over which Equation (5.6-23)
is a reasonable representation of the actual behavior. Furthermore, no test data have
been obtained for sandwich cones subjected to axial compression plus torsion. There-
fore, the general validity of Equation (5.6-23) has not been experimentally verified

and can only be regarded as a "best-available" approach.
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5.6.4.2 Design Equations and Curves

For simply supported, truncated, right-circular sandwich cones subjected to axial

compression plus torsion, one might choose to employ the interaction formula,

R, R: =1 (5.6-24)

which is plotted in Figure 5.6-6 and where,

P =
T =

P =
( CI‘)E mpirical

T =
( cr)Empirical

small

P
R == (5.6-25)
c
(Pcr)Empirical
= T (5.6-26)

()
0.80 (Tcr)Empirical

Applied axial load, 1bs.
Applied torque, in-lbs.

Lower-bound value for the critical axial load when
acting alone. This value can be obtained by using the
equations and curves of Section 5.1.2, lbs.

Lower-bound value for the critical torque when acting
alone. This value can be obtained by using the equa-
tions and curves of Section 5.4.2, in-lbs.

The kmock-down factor obtained from Figure 4.2-8
(dimensionless)., For the purposes of the present
case, the quantity R (see Figure 4,2-8) must be set
equal to the equivalent radius Ry which is computed
as follows:

R
_ small (5.6-27)
cos

(S

Radius at small end of cone, inches (measured per-
pendicular to the axis of revolution).

Vertex half-angle of cone, degrees.
5-37




U

"TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

I

L Ope T T T L[
.“t5<s; ShEnasst
- ,,,\\. | 4 -
..\\. [ XL
[ TN HH
[ 1. EARERARARN SASARN i ]
0.8
N
NG -} -
N 1 ‘L
N -1
N 1] T L"éq‘
EREEND TITRRe + RS =1
0. 61T T
h S
\ n:‘(I“' N I I \\
- . \ A
0.4t -
i \\.
] TN
0.2 - -
0= - L. :
0 0.2 0.4 0.6 0.8 1.0
R

C

Figure 5.6-6. Conditional Interaction Curve for Truncated Sandwich Cones
Subjected to Axial Compression Plus Torsion

The factor (

5 ; 0) should be introduced into the demoninator of the ratio Rg only when

R is non-zero, For the special case where no axial load is present (R, = 0), Ry

should be taken equal to T =+ (Tcr)Empirical'

Attention is drawn to the fact that in Section 5.6.4.1, several factors are cited which
shed considerable doubt upon the reliability of results obtained from the indiscriminate
use of Equation (5.6-24) and Figure 5,6-6. In view of these uncertainties, one might
often chéose to employ the straight-line interaction formula,

R +R =1 (5.6-28)
which is plotted in Figure 5.6-7. This relationship can be used with confidence for

any length of cone and for any region of transverse shear rigidity of the core, since
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experience has shown that the linear interaction formula is never unconservative for
shell stability problems. However, in many cases it will, of course, introduce

excessive conservatism.

Plasticity considerations should be handled as specified in Section 9.2. The plasticity

reduction factor 7 should always be based on the stresses at the small end of the cone.

1.0 . [ S P I . S G .
DT H -
N :
KU .
RS §
LS - . 1
0. spHHHHH . - -
0.6p N RC+RS=1
'\4,, HH g
m — Y S L.
w : . \\.
; N
0.4 :
M
Seal
X8
KT
™
S
N
NRERANE
KA
K
i : 11y IRNRD L TN
% 0.2 0.4 0.6 0.8 1.0
R

C

Figure 5.6-7. Conservative Interaction Curve for Truncated Sandwich Cones
Subjected to Axial Compression Plus Torsion

5.6.5 Other Loading Combinations
5.6.5.1 Basic Principles
In Section 5. 6.4, the combined loading condition of axial compression plus torsion is

treated. The interaction relationships presented there can be used for an additional
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loading combination by recognizing that at any given axial location on the cone the
peak meridional stress due to an applied bending moment can be converted into an
equivalent uniform meridional stress. With this in mind, the design equations and
curves of Section 5,6.4,2 can be used for the combination of axial compression plus

bending plus torsion which is depicted in Figure 5,6-8,

M, inelbs M, in=ihs

P, Ibs P, Ibs
——— ——— | -
T, in-lbs T, in=lbs

™~— Both Fuds
Simiply Supparted

Figure 5.6-8. Truncated Cone Subjected to Axial Compression
Plus Bending Plus Torsion

To accomplish this it is simply required that the quantity Rc be redefined as follows:

PI
R =—=——o0 (5.6-29)
(PCT)Empirical
where
, Ye 2M
P =P +{ — B (5.6-30)
yb small
and

P = Applied axial load, lbs.
M = Applied bending moment, in<lbs.

Y. = Axial compression knock-down factor from Figure 4,2-8,
dimensionless,

Note: For the purposes of the present case, the quantity R (see
Figure 4,2-8) must be set equal to the equivalent radius Re which
is computed as follows:
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small
Re =—osa (5.6-31)

Yo = Bending knock-down factor from Figure 4, 3-2, dimensionless.

Note: For the purposes of the present case, the quantity R (see Figure
4.3~2) must be set equal to the equivalent radius Re which is computed
as follows:

Rsmall
S e— 5.6-32
€ coso ( )

= Radius at small end of cone (measured perpendicular to the

small axis of revolution), inches,

o Vertex half-angle of cone, degrees.

The foregoing formula for P’ is based on the principles cited in Section 5.2

Since no sandwich test data are available to substantiate the recommendations made

here, they can only be regarded as a "best-available" criterion.

5.6.5.2 Design Equations and Curves
For simply supported, truncated, right-circular sandwich cones subjected to the
loading condition depicted in Figure 5.6-8, one may use the design equations and

curves of Section 5.6.4.2, except that the quantity R, must now be defined as follows:

P/
R = = (5.6~33)
c
(Pcr)Empirical
where
Y
P’ =P +<—°> <R2M > (5. 6-34)
yb small

5-41




A4
Y

LIBRAR

Al
ABBOTTAEROSPACE.COM

» A

G

S HNI

|

-9 Jo senfea [[& 10§
srqeoridde ST epowl sI1Y} ‘2 = A uoym pur  (3)

<]

—A - mvouﬁ 1ot 2|

°
T

YOTYM JOJ SQU0D

o

03 oqeordde s1 spowt STy} ‘¢ > A pue (1)

212U Mm SOSBO J0]
‘ST JBUL °oABM-][BY [BIXE O[SUIS ® JO U3Bus|
ay3 wey; Teyesasd s1 O yiSuoT v HAOW

NOISSHUANOD TVIXV

‘1

{L~2'F ean81g e iqurnao
2y €% 95 % B
woJy Oy Surureico ul pasn aIe A) s o= CA= A
I
\
o = L fF o fo (A -
i ﬂd -0 Antmn& Sdwrao uTAMnMv; .u_ Tdura
a2 _ o : = Mg
Zx zx
D .4 D -4
s . . @
; L&) - DA N B
; d o O, 2%, _ O
, ERCHI A -—= 0 > tab = 0
&) () N e q
0°1 = PAesn ‘otz = Oy uey,
. msoo | o
ews . ©
1 Sa
g c - i o Cpem o O
eIOUM = = — 10J §~T'F oINS Wodj poureIqo aq ABW 4 10j enTBA Y3 ‘07T > A USUAL
d
(*5U0D JO PUS [[BUIS IB
sanooo 320 *1-z-3 eanSlg W0 poUTBIGO 8q ABW oy azoym 0% Vg% = a0,
£yITiqeIST] [BI8USD 10} SEMULIod uBised

uoT3IpUuo) SurpBOT]

*UBIPIIOW B 03 Je[notpusdiad psiuaLio

pue s3utor] oy} o3 Jernoipuadied eurld oyj s910Uap Z4 ‘UOTIOSIIP TRUOIPLLISW dYj Ut poluoIIc pue sSuToB] 9y}

01 aemorpuadiad oueld 2y} S9jOUSP ZX SUI[YONG I0] SNTBA [BITIIO SPOUSP 1D iorqeoridde SB anfRA 9A108YO
10 f1aedoad o1ysele sejousp o (Sulor] sejousp J aiqeoridde s uoIssaIduIod I0 8I0D SAOUIP O foanjeAInd

jo snipea Tedioutad oyloads B sajousp 7 ‘orqeol|dde s ‘UOTIIPPE Ul “Z IO T 3utoey ojouap 7 ‘I S1AIYDSAAS

*{s9a183p)

au00 o oj8ue—3[ey X9}I9A =X ‘(SSO[UOISUSUWIIP) I0JOBY UMOP-O0U = A “(1sd) ssea3s Jeoys Surorg = L ‘(1sd)
2100 J0 SNPOW IBOYS 9SIVASUBIL = D ¢(SSOTUOISUSWIpP) 0118l S Uossiod = 4 ‘(1sd) aanssaad teuroxy = d
‘(sayour) SSaUNOIYL = 3 ‘(S8Youl) UBIpLIdW 31} 03 aenotpuadiad sueid sy) UT SaNJEAIND JO SNIPBI SOBIANS

P

OIPPIIN = ¢ ‘(S9Youl) SNIPEI 90BJINS S[PPTWL SATIOONH = 9y *(s8youl) UOITIN[0ASX JO SIXB 8y} o} Ieinorpuadiad
poansEsW [{YS [BOTUOD PIJBOUNL) JO PUD 95JB] Y} J8 90BLINS S[PPIW 03 SUIpBY
jo s1¥® 2Yy3 0} ATInotpusdiad peInsesw [1OYS [BITUOD PIYBOUNI] JO PUS [[BWS SYJ JB SDBINS S[PPIW 03 SNIPEY
= 1TBWSy «(gayour) yormpues Jo yidop 18101 = p ‘(Seyour) sSuroe] Jo S0BJINS STPPIWL USOMIOQq SOUEBISIQ = Y
*(1sd) snpnpow $,8unox = F ‘(SSO[UOISUSWIIP) 1030B] UOTIONPAL Anoniseld = U “(1sd) ssaajs JBuLiou 3uroed = O :NOILVION

98XBly ¢(soyour) uOMN]OASI

SOU0) JB[NOIT) PaIEOUni], Jo A}I[IqeIsu] 1o} suorenby ulrse( jo Arewwing °I-§ 9198 L

5-42



TEEHNHD/—\L LIBRARY

ABBOTTAEROSPACE.COM

*9UOD JO PUS [[BWIS j¥ SSOI)S U0 PIsBq oq SABMIE PINOYS 10308} UOTIONPSI
£y0o1sEld  *SOSEO OIISBISUI I0] 6 UOTIO9S 03 A9J9Y °SOSBO ONISBIO 0] 0°T =W 9s]

- ‘ummios NOILIANOD

i

ONIAVOT Y3 Ul UaA1S B1103110 Y3Suo] oY) ur °A jo soeld Ul pesn 1 °A ‘eseo T3 1

X0 9 o
! 0 Nmoof D YLy = d
@-2°% durrao
o} 2 0 0
2an81g woxy 3] Sururejqo Ul pesn ST A) — = A
D
23 o Sa 1
NM 1 _ mghpob g - - %
Dl 4 Caw
1
0°T = %4 osn ‘0°2 = °A uoym
. ©soo _ 9
Irews 4
d
Jd o 5 1
axaym 5= W..HB 8-2 ¥ 2an31j Woaj peurejqo aq ABWI A oy onyea oy} ‘9 g > °A UM
d (*o2uo0o jo

pue [[EWS B SINDS0 nobv *1-2'¥ 9anS1] woJj poureiqo oq Leuwr Oy axeym o oM 0

‘[BLI9EW SUIBS 9y} Jo opewr oIt sSuroe] yioq pue f = & = Y axoym oseo TB109ds 9y} up

QA.H&O

(q)

*9UoD 9} Jo PUS [[EWIS 18 $SOI)S U0 POseq o sLem[e PInoYs J030€] Uorionpaa
A)101)SBId  °$OSBO OWSEISUI J0] 6 UOIJOSS 0} I9J9Y *SOSBO OIISEBIE I0] §°T = U 950

‘TeLISjeW SWIES 9Y} JO OpRW 248 SBUIOB] Uj0Q USyM SpBW o A[UO Ued
SASED OT)SBIaUL 03} UoTyeoIddy - *OI}SES S1 I01ABYSQ 9y} Uaym A[UO PI[eA 918 sucTjenbe
SuroBaa0] oy} ‘[BlISjEW SUIBS 9Y3 JO OPEUL JoU 9IE SSUIOB] OM} O} OIYM SOSBO JOg

2 T
D IO Q Jd0
dmmoo@h:mgmﬁnm

.08 50 uonyeITWIY

Y mdla

~~

uouUN[OARY JO SIXY

g Y
ol

$q1 °d

pauoddng Aidung
spug aog |

\

5-43




TEEHNHD/—\L LIBRARY

ABBOTTAEROSPACE.COM

*9U0O JO pUS [[EWS J8 SS9I)S U0 Paseq oq sAem[e pInoys 1030E]
Uononpal AIo1SE]J °S9SBO ONSBISUL J0J 6 UOTIOOS 0} I9J0Y S9SEBO OISE[S 10} 0°T = b asn

JI0 9 A0

0 _s0d (4+ T O WLE = d

B

(*g~2 ¥ 2and1g woi] wm SutuTR}CO UT pOSh SIE I pue Z)

b}
b
. LS a
ZX
Del
F i A..r |.®\~IV
M+ (L1 L=aqa
M CF ()
b e m o swm
sxaym SN i pue w\T:’ =7
az4 —t
mﬁH ¢
®
b} X b}
*0°T= Aosn ‘¢ ﬂ = ,3] uaum
[} [} b} ..m.H b}
28500 = om aIoym — = — X0} §-Z'F aandrg woxy A urejgo ‘\ —) > 31 Ueym
1Tews e q 1
o k]
. (reuo0 j0
o (B
) 1+ 5 ao
puo JfBWS 1B SaIN090 .Hobv *g-7 P oINSl WIOI] PoUTBlqo o AeW 3 SI3YM g =5 ° 0
Qwh sm A -
"TeLIeR U
N%O
SUIES 9U3 JO opeu 5q jsnur sSuToB] Yloq puB ‘17 s hs¥ o= pel 6 :suoijolrsey
D

i
1
i

.08 50 UOTyEIIWTT

_ erqeoridde
J10ASU S1 9POUI ST} ‘Z = 2A USYM pUB  (g)

@

T a [e} g

: —Ly-@ L 50 S
< 1
Yorym JI0J Sauod

03 ajqeordde ST opow STY ‘G > CA PUB (1)

1T =-—=28
NVU

sxaym
SOSBO 0] S1 JBYL ‘OABM-JTBY [BIXE T ATUO
sey uxejjed apyong (suo) WoYS) ‘g AAOW

TPAIU0D ‘NOISSTHAINOD TVIXV

AITIGRISU] [BIOUSD 0] sBInwiiog udisaQg

woypuo) Surpeory

*p,JuUOD ‘S9UOD JBNOIID Pajeoundy, Jo AITIqe)sul 10§ suorjenby udisa( jo Arewimng °*[-§ 9[deL

5-44



TEEHNHD/—\L LIBRARY

ABBOTTAEROSPACE.COM

(*2u0o Jo pus
I[BWS J8 SINIDO I90) + )=z eanS1g wody peureqo o ABW oM axsym °o oM o_x. =Tp
‘{B1I9)BW SUIBS SYj} JOo OpBWI I8 SSUIo®] Yjo(q puB ma =% = 4 azeym eseo [BIOAdS oy} I

Q)

*QUOD 9y} JO puUS [[BWIS oY} B SSaaj}s saIssaaduwiod [euotprisw yead ay) uo
poeseq oq pinoys ‘saojory uonjonpal A1oryserd Suipnjoul ‘sisA[eue pue USISAp SITIUI YT,

*S9SBO OTJSBISUI I0] 6 UOTO9E 0} I9]9y *SOSEO 913sB2 J0] 0°'T = U 9s()
&1 1o e a
0 _s00 © %4 4 obv cHL= oE ‘59580 OI3SBID I0d
‘1BLI9JBUI SUIBS 9y} JO 9pBW oX8 SSUTOB] YJo0q USYM OpBW ¢ ATUO UBD
sos80 o1jseeul 0] uoryeoljddy *oTISBIO ST JI0TABUSQ OY] Usym A[UO PI[BA 938 Suoljenbs

SuroSaro] oy} ‘Te1IojeWl OWIBS 9y} JO OPBUI J0U 9I8 SJUIOE] OM] OU)} 9I9YM SOSBO X0

(L-2 % 2andig

24 . = “tquruao e .
e b) 0 ) 2
Wox] o1 SUTUIB)GO U poOsn aae A) —zT————= A= A
o
0
2, T,
2 JicA A A CA TS
»Tﬁ wAﬂmv_ _ Cdwpo } _ aAwmv i L _ dwiao
oz - ZX -
Dl Del
[ + (3] oa-1f% o o
g g o O a1 To
T o} D¢l = I

&%) %E? z

1
0T = Q\A asm ‘g gz °A uoym

. ©soo _ wm
euts
I g
g g q B
aIraym = M 0] Z-£°F 2anB1J Wlol] PauTe)qo oq ABUW A JoJ onyeA 9y} ‘0°Z > A USUM
g
(*ouoo jo puo [[BWS 3B
2zt gt et ozt f
SInooo .Ho.ov *L~Z'% 9In31y WOJI] PauIBlqo 9q AW oM XYM °p oM o—% = ¢ H.no.o

~ [~

sq-ur ‘W

- pauoddng A1dwits
spug 08

-9 30 senjeA IIB 103 s1geordde
ST 9poul STy} ‘g = A usym pue (g)

=]
T, [}
“ |(°A-2) o] 1571 = mlm
2 1
yorym .Ho.m S3U0D
03 sqeordde s1 epowr ST} ‘z > 2A pue (1)

N%O
T=c= C}
D
2I9yM S9SBO 10}
‘ST JBYL ‘oABM-J[BY [BIXE 913uls ® Jo yY38uoy

oy uet 107eea8 s1 O WSUST vV HAOW

DNIONED JdNd °¢

5-45




B

0 S00 £} o [ q I b

r————— = g 839Yym — =-— J0J g~¢'F oandyg woiy A ureyqo 1— /> 3 uaym
11BWS E} o 1
4 d

(*auoo j0 pue

By (S i

b & o

rews J8 sanooo “°0) - g-g° aandig woay paurelqo 8q ABw ! wnmzahio|u+o_£ = o

Qb 4
* [BLI9}BW

z&
aures aij Jo opBW a¢ 1SN s8uULoe] Yoq pue ‘83z s 1 s [ 1 = NAO = 1SUOTIO1AISOY
"o

ABBOTTAEROSPACE.COM

TEEHNHD/—\L LIBRARY

*QUOO 9Y} JO PUS [[BUIS dYj} JB SSOI}S SAISSaadWod JBUCIPLISW MBad 8y} uo
poseq oq pnoys ‘s103j0€) uoTjonpaa L3onseld Suipnjoul ‘sisiTeur pue uSiseop oX1US YL
*SOSEBO OIISBISUT I0] ¢ UOII0AS 03 1939y "SOsBO O13se(d 103 0°1 = U asn

o I e o,
£S00°1 0.¥g u% = "I ‘saseo onse[e I0g

) “Uumioo NOILIANOD
DNIQVO'T o3 Ul ueArd BLIo}Io Y3Busy oy ul A Jo ooerd ur pssn st %4 ‘oseo SIYY U

("r~2'¥ duriad
5 5 0o 2
2and1y woJay 3 SUIUTBIQO UI posn ST YA) o= A
I
03 s 2a 1
- g
173 ¢ _ Qﬁﬁob ks u|n ob
zZX
Del 4 Caly
0°1 = % osn ‘0°z = OA ueym
._Psod om
d.mﬁmm
d d . i . S
2I9yMm wwm =3 10] g-¢°F 9an81] WoJI] paureiqo oq Aew M Jo] snfea ayy ‘0'T > A USUYM

- O.. Om
(PA-%) u_. 26T > | s~
1

gomm .HO._.« §9U00

¢

o

03 afqeoridde s1 epow STy} § > OA PUB (T)

‘ D
T = =0

3]

ERELTN
$OSBD X0] ‘Sl JBYl -oABM-J{BY [BIXB | A[UO
sey uzeped opjong (suo)d 1I0ys) ‘g AAOW

,085 0 1UOTBITWILT

¥ M3IA

lt— .V

‘pauod ‘ONIANFL FUNd T

AJT10BISUT [BIDUSD J0] SBInUwLIo f udrsa(

uonIpuo) Surpson

*P,JUOD SOUO0YD IBINDAIY PojeROUNI J, Jo AI[Iqe]su] 10] suonenby uSisa(q jo Arewiwing °*I~G O[qe L

5-46




TEEHNHD/—\L LIBRARY

ABBOTTAEROSPACE.COM

*TEII9JBUX SWIES 9} JO 9pBWI o8 S3UTOB] YJ0Q USYM SpBW og ATUC UBD
SOSEO O013SBI4UT 0) UoTjedI[ddy OIISBIO ST J0IABYS( Y} Usym A[UO PI[EBA 8I® Suoijenbe
BuroZaxo0y oy} ‘[EIIEBW SUIBS 9Y) JO OPBUL J0U o1¢ SSUIOE] OM] oy} oXayMm SOSBD Jod

2K =
"o lu - [Gm s (Ml _ 4 |

A
1 &t

2u L& + (W] _

ot
4 G (i'a)
o
pue % = m Jo senyea aerad
T

-oxdde 10y ¢-% ' ySnoays g-'3 seandi Woly peursIqo aq Aewt ﬁmU pUR 06°0 = dg axaym

L) 3
e

[P + (y) §TRE_ %
ol 4

TOUOD B3} JO pUL [[BWIS 9Y) jB SSaI}s salssexdwoo [euoIpriswt yead o) uo
peseq aq prnoys ‘sa0308] uononpad fonseld Surpniout ‘sisATeur pue uSisep eInue ELRA

*§9SBO OWSBSUI I0J 6 UOTIOSS 0] I9Joy *SOSEBO ONISBIS I0] 0°1 = U as)
1o o

X
Besoo B+ ) O ¥L= 02 ‘S95BO 0SS d0 g

p]
(*6-3°% 2anB1y wox] b SBuurelqo ur pesn aae N.N pue Z7)

6@+ P la-D
4 (V')

b e . ]
axsym deT _ % pue mw;..ﬁ 138 Z
a i B}

g 2e1¢
®

L800g wm
e3ae ews
ﬁx - il g
2 I3
ur/sqp f oM 14 , Isq .
YT

281e;
3

_
|
UOTINTOADY JO STXY \

pauoddng
£rdwis
spug yiog

u/sqi .oz\L’

— ]

,0¢ 50 uomByTWIT

arqeordds

€
J9ARU ST 9POWI STY} ‘% = °A USYM pue (g)

5-47




TEEHNHD/—\L LIBRARY

ABBOTTAEROSPACE.COM

-
op Y3+ et s

= A
=1 O
um U™y 191
mmv s
= Z
21
N\mO |
NMO =6 M
Jjo sonyea

ojeradoadde Joj 8-¢ T ySnoay} £-¢ F soandlj Woi] paure}qo aq ABwi mm PU® 0870 = SA axoym

a
a s s Io
lm. MME A= T2
10 . . @ 1o
A el =L
o8xe .
g -1 =3 = §59X1S TRUOIPLISIN
{ews 3 L
g yd

P00 1+

mmuﬂm = ssealg dooy

d

3I9YyM SU0D Y}
30 puo 981®] OUj J8 SOSESOI)S S} UC POseq 9q SABMIE PINOYS 10308] UoTjonpal Ajronserd oyl

*S9SEO O)SBISUI J0OJ § UOI}DSS 03 I9J9Y °SOSBO OIISEId J0) 0°T = U 98

UOTINJOADY 10 SIXY 1.'/ w

sql-u "L

amg | h o\
=

ranoddng A1dwis
spu3 yiog

Rt

L

-

sqi-u

NOISdOL

L08S P uoTyR)TIIT

‘Pauo)

.mm.Dm.mMmm TVYALVT TVYNYILXE WHOAINN "€

1L

5-48

£31[1qBISU] [RILSUSD X0j se[nuLio uSiseq

uot3puo) Surpeor]

"PiIu0) ‘S9U0D IB[NOIID PejEouNnL], Jo £1[Iqe]su 1oj suorenby uSise( Jo ATewwing ‘T~ O[qE.L




ABBOTTAEROSPACE.COM

TEEHNHD/—\L LIBRARY

L szmmh = .SA>,5 ‘S@SED OIISBI® A0
)
“( qp Sy jo senea
2’1

281e]) seuoo Suoy A19A J0] 9JBINOOBUI JBYMOWOS O [{IM SI[NSSL 8Y} ‘UCTIIPPE U] ‘[BLISJEW
SWES oy} Jo SPEW oI® SIUIOE] Yloq PUB 3z s 95 % axeym ATUo PIfBA ST UOLISIO STYL

*8U0D Sy} JO PUS [[BUIS 8Y3} JB SINOD0 SSOI)S TBOTIMIO STYL

[rews

G+ et

1o
L9s'T

IO
4

woxy pemduios s1 47 9010] IBSYS OSIOASURI} ) 0} oNp SSAI}S ITAYS eod [EOILID SYj USYY,

..NoH Jo3 enyes oyeradoadde oY) urelqo 03 ¥ uowpuo) Sutpeor] Jo suonjenbe 8y} os()

TeWs

Gy T g -

1

L

SI9UM SUOD
oY} JO pUS [[BWS Y} & SSOIJS oY} UO Paseq o SABMTE P[NOYS J030e] uoponpaa fronseld oyL

* 50880 OIISBIOU] J0] ¢ UOTI0SE 0} I9JoY SOSBO OI3sEB[e 10J 0°T =U 8sn

(57 j0 senrea
aSxe]) soUco Suo| AI0A Joj SJBINDOTUL FEYMOWOS 9 [[IM SINSOX O} ‘UOTIPPE Ul el
owres oY) Jo SPEW I8 SJUIOEY YIoq PUB 37 S 3 S % oIoym ATuo PI[BA ST UOLINLIO STL

(* UOTIONIJSUOD YOTMpPUES [BD
~TUOD 9Y] JO SSI}s IESYS [BOTILIO oY) 03 Tenbse 30U SI 9N[BA ST} JBY} POIOU g PInoys )
‘1sd ‘UOTISI0} 0} peloalgns USYA IOPUIAD YOIMpUES JUSTRAINDS J0] $SaI)S IBSYS [BOTILID

I0

A4

uo1IMOAY }O ﬂx</

/

pauoddng Kjdwig
spug 109

.0€ 50 uoTIBIWIT

;

s

BULS
Ta ) gl
a8axe
$- Hm I
[rews
BULS )
mw%+ﬂl,w|+ﬁ Qomcoz v = ¥
Z
T i
T

5-49




ABBOTTAEROSPACE.COM

TEEHNHD/—\L LIBRARY

.m.,H y33ua] oY) Aq pOUTWLIALOP
S® posn aq pinoys (g Io V) spow oreiadoxdde o3 Joj suonenbe syl *(uoissaaduwio)) TeIXY) 0800 _ 9
1 uouTpuo) Surpeor] jo suoryenbs oyj ul ('7 = % duisn Aq peurejqe jnsal oyj s1 Auﬁcbv ZwEmm = 4
*o1qeortdde s1 g SpolN I0 ¥ 9pOIX I9YI9YA 03 SB UOTIBISPISUOD anp . \l/“
Yna ‘A1oanjoedsel ‘z pu® [ SUOIIIPUC) SuipBOT 10) paijloods SEB pauTeIqo o ABW L% pue °4
uoImioAay 10 siNy
‘1sd ‘suole Surjor jusWOW
Suipusq 9Y) 03 BNp ‘OUCD Y} JO PUL [[BUWLS 9Y} JB ‘SS0dls oaIsseadwioo [BUOTPLISW YBod = %
sqi ‘d
‘1sd ‘suore 3url0B 9010} 5
TBIXE 8Uj 01 9np ‘SU0D 8Y1 JO PUd [[BUIS oY} J8 ‘SS01)s 2AISSaIdUIOD [BUOIPLISW WIOJU} = O (
Pl
Sqi-ui “IN
105 % - Y qu%@ i - % /
Qb - ob - L pouoddng {1dwrg
spul yrog
axoym
q > DNIANIL
(g-9.°¢ 2anBLy 90g) 1 = ¥+ Y ‘R[NWICJ UCTIOBASIU] NV NOISSHYdINOD TVIXY TANIFINOD 9
— e e e e e e e e e e —_——— e —— e —_— — — - - —— —— W e e e e e — — s — — —— —— — — — — —
-0€ 5 U luoryRITWIY
g ]
] ¥
T+t B
Py 4 1 {
t L_f )
H'.
PAUOD ‘YVHEHS HSHIASNVHIL ¢
AJITIqEBISU] TBI9USD J0j SBINWIOJ ufisoq uonIpuc) SuipBOTT

"PiJU0) ‘S3U0D JB[NIATYH paeound], Jo £JI[IqeIsul 10] suorjenby udisoQ jo Alrwwing ‘-G S[qEL

5-50



TECHNICAL LIBRARY

ABBOTTAERDOSPACE.COM

@ X
u 10 %y

X
L1y
d *¢ uoT3Ipuo) SurpBOT] JOo Suoljenba

a3 ul 0°T = 4 Surpes Aq pamndwoo oq Lewl onjea s °1sd ‘ouore Surjoe

A
usym aanssaid [BI978] [BUISIXE ULXOJTUN [BOTLIO JIOF ON[BA [BOI}0I05Y) [BOISSBI) = AOA d)

-opqeordde ST g OpoI 10 V SPOIN ISUISYM 0} SE UaALS oq pinoys paedex

ang . ° P800 2 = ®g\| uwonpuoo Sutpeot juesaid oY) I0] PSIBOIPUI SE PANAWOD MOU
wwpﬁm . :.mEmm o i o
s1 @y jdeoxe (uotssexdwioy TeTXV) T Uoljipuo) Sulpeor] 10} peljoads se paurelqo aq few 4
d
06°0 = 4
£ d
X% o Wl % a
a - ¢ g - ¥
zZA o ZX 9
DU (288" -T2 _ N>.> DM (88 -1 8 _ =,
iy 1Ha

exoyMm CT~4 "% YSnoay} 9—, "% soanBLg Jo S9AINO UOTOBISIUL 8Y) as))

*0°T = U osn ‘saseo onysela I0g
*9uoo 3Y) JO
pue [TEWIS oY} 18 sseIjs yead oY} Uo Paseq oq SAem[E PMoys I030¥] uoyonpax Ljonserd syl

g -1
‘Y SPOIN UI 9PIONg YSTUM STUOTJONIISUOD IO wmmee—ee ~ =U (g

s 1 )
MH\V 2la-1

3
*(g spoW) souU0o 3I0YS I0F cy —w) .H_ =U (e

3} E)
q NQIH
asn frw au0

‘osBO ST} UT ‘3Ey} 3de0x® ¢ UOII0eS Ul peyIoods se peIpuey og PInoys SUCTIBIdPISUoDd AJI01seld

0's00 g )
owaﬁ.m . Sdﬁmm

= 9

T

BLWS
I g

1sd °d

t

il
it
el
R e
R e
i UOTIN[OASY JO SIXV 1
]
R e
i
-
g

\/ 2 E\\
p3uoddng Ajdwrg 3 2
spug yiog /? 4\
TUNSSTEd

OILVISOYOAH TVNYILXH WUYOJIND “L

.08 50 :uonBIIWIT

_
L

)

|

5-561




ABBOTTAERDOSPACE.COM

TEEHNHD/—\L LIBRARY

TeotIrdwis 10, /08°0
( ,CA v
= ) Teoridury xo
Al Sy ¢ da _ °g
1 B - a
aIoym
s 5 NOISHOL
(L-9°g sandig o9g) T = ¥+ Y ¥NUWIoF UonoBIauy ANV NOISSHYdWOD TVIXV AINIFINO0D °8

0°T = U osn ‘sosed onIsEle I04

- (P s00) Aw

a8xe|

¥) = S80J}S TRUOIPTISIN

ud

(Ps00) (372)

S51o] = ssa13g dooH

gd

aI9Ym SU0D 9Y3
3o pus 981B] 9Y1 I8 S8SSOIIS SY3 Uo Paseq oq SABM[E PInoys 10108 Uojonpax Ajonserd ayg,

,0£ 50 uoTeITIIIY

*§ UOI}0Og UL porjIoads St PIIPUEY oq PINOYS SUOHBISPISUOD LIONSEId

. z& 21 Lz =U
S0°0 > >om pPuE G000 >oo
14 1 ¥

2Ioum ATUO pash aq Wed £ayj Jeq) SUOIOLX)SoI PappE
o3 03 joolqns ode ZT-L % 4SnOIY) 9-4 % soanstg (3= H = ) ssowjory; swes ay] J0
9J% pU® [ELIO)BU SWIBS OYJ JO SpBW o8IB SBUIOE] Y)Oq aIoym ATUO PIfBA ST UOLIBILIO STYJ

*(SI9PUITAD ABNOITD JO AJITIGEISU] [BISUBD) F UOTIO9S Jo (Uoisseadmio) Terxy) -
1 uoyIpuo) BurpeoTT I0j SUoTEnbo oYl UL O =T puB g =¥ ‘0°1 = X Sumes 4q
paurejqo oq weo anfea SWI, °1sd ‘IepuriAo yoimpues justeainbe oyj uo suote Suijoe

UsyM SSOX}S SAISSOXdUIOD TBINE WIIOIIUN TBOTILIO JO] ONfBA [BOTISIOOY]} [BOISSEB]) = 9
‘PAUOD ‘HUNSSHUT
aIsyMm OILVISOYJAH TYNUHILXHT WYOJINN "L
AITIqRISU] [BISUSD 0] SBNWIIO J uSrseq uorIpuo) SuIpBOT

*PIUOD ‘SOUO) IB[MOILD PIJBROUNL], JO AJI[IgR)SuU] Jo¥ suorienby uSisoq Jo Lrewwing °T-¢ S[QBL

5-52



ABBOTTAEROSPACE.COM

TECHNICAL LIBRARY

.08 50 iuolyemuy]

ISR

¥

T T i
P4 2 \ .4

IS B S —
ﬁu

pauoddng £1dwiig

spu3y yiog

*0°f = U osn ‘soseo onse[s 103
/
*ou0o oY}
JO pUS [[BWIS Y3 Je SOESAIIS I} U0 Paseq oq sAem[8 PINoYs 10308] UOHONpSL Lyroryserd oYL oS1ey

Trew
-6 uo130ag Ul porTioeds SE poIpuUBY ©q PINOYS SUOTIEISPISU0O AJ10NSEId _ vormorsy 10 S1¥V] &y

I

Lol

gordwy 10
[TEORIERE, 1)+ 1 o3 [enba

usye] 9q pous Sy <(o = °g) juesaxd s1 pEO] TEIXE OU 8I18ym 258D [B10ads oy} JoJ °049zZ-UoU

08°0
s1 Oy ueym Afuo Sy o13Ba 9y} JO I0JBUTWIOUSP SY} OIUT PEORPOIIUT 8q PINOYS A o v.ﬂﬁo& ayL
A
*(uoisaol)
# uonyIpuo) Surpeor] Joj suorjenbe ayj Bursn £q PouTEIQO S UBD ONEA [eowaIdua o
S[YL °Sq] ‘ouole Surjor USYsm snbio} [BOTILID SY} I0] ONTBA PUNOG-IIMOT = ( wv

*ojqeoldde s1 g SPOI 40 V SPOIN I9Yioym O} SB coﬁmpwﬁm
-u0o onp Yjim (uorssexdwio) TBIXY) T UOTHPUO) 3uIpeoT 10} poytoads se poureiqo aq Aewl “A

5-53

‘4 sq1 ‘m\/
-s1qeoridde ST g SpON I0 ¥ OPOIW JSYIdUm 03 SE paeded enp Yiim — H) a1 —1 + _ —
(uotssaadiion TBIXY) T UOTiIpUO) BUIpBOr] I0j Suoryenbs oy} Juisn Aq paureigo oq uBo 1o /u\ f/\
anjes STY] °Sq ‘OUOTE 3UOB USYM PRO] [BIXE [BOIILIO 93 I0] SN{EA PUNOQ-IdMOT = Ca )
*sqi-ut ‘enbaoy peniddy = 1
= d

*sql “‘peoy Telxe parddy




TEEHNHD/—\L LIBRARY

ABBOTTAEROSPACE.COM

6 UOTIO9E 0] I9J0I ‘SOSEBD OISB[IUT JIOL

*orqeor(dde ST g OpOI 0 V 9POIN ISYISYM 0} SB UOTIBISPISUOD snp

Pm ‘Ajeargoadsea ‘g pue 1 suolipuo) Suipeor] Joj poproads se paurejqo o9q Lewr nx. vnd o\A

*sq[-ul ‘juowoul Burpueq periddv = W

*sqj ‘peoj Terxe porjddy

Tews \ fd, B
. N2 ﬂ+ d=.d

sasym
d 07 ,d oymysqns 3deoxo g UOHIPUO) SuIpeOTT 10j SUOIIBNDA PUE SPAIND UOTIORISIUI 9S[]

]
o

.08 5 0 uoneyUIIy

‘._..mm_\/\_

b T ¢

P y 2

**_HN

1A

al o B ool B I L R

paitoddng £1dwig
spug qiog

e

:«Emm
* uoTIN[OASY JO SIXV |
zX \
I
z£ o Nm
2]

sqreut ‘L,
sq1 *d
sat 'd —
sqr-ur *L

sqr-ur ‘W $q1-ut ‘W

NOISHOL sNTd DNIANHL
SNTd NOISSHHIINOD TVIXV QANIEINOD

*6

£111IqRISU] TRI9USY) JOY sepnwio.] udisoq

uonIpuo) Surpeo]

"PJUO) ‘S8U0D JEB[ROIALD PoJeOuUNnL], Jo AJ[Iqe}su] Joj suorjenby uSisoq jo Arewwing ‘I~ 9IqBL

5-54



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

1

I

REFERENCES

5-1 Seide, P., Weingarten, V. 1., and Morgan, E. J., '"Final Report on the Devel-
opment of Design Criteria for Elastic Stability of Thin Shell Structures', STL~
TR~-60-0000~-19425, 31 December 1960,

5-2 Baker, E, H,, "Experimental Investigatimm of Sandwich Cylinders and Cones
Subjected to Axial Compression", ATAA Journal, Volume 6, No. 9, September
1968.

5-3 Seide, P., "On the Buckling of Truncated Conical Shells in Torsion", Journal
of Applied Mechanics, June 1962,

5-4 Lundquist, E. E,, "Strength Tests of Thin-Walled Duralumin Cylinders in Com-
bined Transverse Shear and Bending'", NACA TN 523, 1935.

5-5 Lundquist, E. E, and Burke, W, F., "Strength Tests of Thin-Walled Duralumin
Cylinders of Elliptic Section", NACA TN 527, 1935.

5~-6 Gerard, G, and Becker, H., "Handbook of Structural Stability, Part Iil - Buckling
of Curved Plates and Shells', NACA TN 3783, August 1957.

5-7 Anonymous, "Test of XSM-64A Booster Fuel Tank Conical Bulkhead No. 3,"
North American Rockwell, Corp. Report No. AL-2622, 15 September 1957,

5-8 Anonymous, "Test of XSM-64A Booster Fuel Tank Conical Bulkhead No. 4,"
North American Rockwell, Corp. Report No, AL-2623, 16 September 1957,

5-9 MacCalden, P, B. and Matthiesen, R. B., '""Combination Torsion and Axial
Compression Tests of Conical Shells', AIAA Journal, February 1967,

5-10 Batdorf, S. B., Stein, M., and Schildcrout, M, , "Critical Combinations of
Torsion and Direct Axial Stress for Thin-Walled Cylinders,' NACA Technical
Note 1345, June 1947,

5-55




H‘TEEHNHEAL LIBRARY

ABBOTTAEROSPACE.COM

5-11 Baker, E. H,, Cappelli, A, P., Kovalevsky, L., Rish, F. L., and Verette,
R. M., Shell Analysis Manual, Prepared by North American Rockwell Corp.

for the National Aeronautics and Space Administration, Manned Spacecraft

Center, Houston, Texas, June 1966.

5-56



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

6

GENERAL INSTABILITY OF DOME-SHAPED SHELLS

6.1 GENERAL

This section deals with dome-shaped shells whose contours are surfaces of revolution.
Figure 6.1-1 shows the shapes considered here, all of which are truncated at the equa-
tor. Note that the torispherical shape consists of a lower toroidal segment which
blends into a spherical cap. It is expected that the configurations shown here will
cover the large majority of the dome structures likely to be encountered in aerospace

applications., One ghould observe that for each of

x2 y

—+d-=1
2 2

a b

[l

y

Sph%rical Toroidal
Z

' + . +
\_ | ___I Toroidal
Boundary Simply- @ portion

Supported or Boundary Simply- Boundary Simply-

Clamped Supported or Supported or
Clamped Clamped
(a) Hemispherical (b) Ellipsoidal (c¢) Torispherical

Figure 6,1-1. Structural Dome Shapes

these domes the maximum radius of curvature Ryax OCCurs at the apex. As a practi-
cal engineering expediency, analysis of all the illustrated configurations will be based

on this radius.
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In the case of externally pressurized, thin-walled, isotropic (non-sandwich) domes, it
has long been recognized that the test results normally fall far below the predictions
from classical small-deflection theory for the axisymmetric buckling of complete
spheres. The discrepancies are usually attributed to,

a. the shape of the postbuckling equilibrium path coupled with the presence of
initial imperfections,

b. the fact that large-deflection analyses of asymmetric behavior yield criti-
cal stresses approximately 20 percent lower than the smali-deflection axi-
symmetric values, and

c. the fact that classical small-deflection theory does not account for pre-
buckling discontinuity distortions in the neighborhood of the boundary.

This is analogous to the situation described earlier in this handbook (see Section 4.1)
for the case of circular cylindérs, For the latter, it has become common practice to
base stability analyses and design procedures on the use of classical small-deflection

theory modified by empirical knock-down factors. This approach was selected in

Section 4.1 for sandwich cylinders and is also adopted here for sandwich domes.
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6.2 EXTERNAL PRESSURE

6.2.1 Basic Principles

6.2.1.1 Theoretical Considerations

This section deals with the loading condition depicted in Figure 6.2-1, That is, a uni-

form external pressure acts over the entire surface of the sandwich dome. The net

\ | 1 I

{

— +
o |

¢ in c in

Figure 6.2-1., Sandwich Dome Subjected to External Pressure

vertical component of this loading is reacted by a uniform running load on the boundary.
From Figure 6.1-1, note that the domes can have either simply-supported or clamped
edges. That is, during buckling the boundary is constrained such that no radial dis-
placements occur. In the simply-supported case, the shell wall is free to rotate along
the boundary whereas for clamped edges such rotations are completely suppressed. It

follows, of course, that intermediate restraints to edge rotation are also acceptable.

The theoretical basis used here is the classical, small-deflection solution by Yao [6-1]
as reformulated by Plantema [6-2]. This result embodies the following assumptions:
a. The facings are isotropic.
b. Both facings are of the same thickness,

c.  Both facings have identical material properties.

6-3
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d. Bending of the facings about their own middle surfaces can be neglected.

e. The core has infinite extensional stiffness in the direction normal to the
facings.

f. The core extensional and shear stiffnesses are negligible in directions
parallel to the facings.

g. The transverse shear properties of the core are isotropic.

R
h. The inequality — >> 1 is satisfied,

t
c
where
R = Radius to middle surface of sandwich sphere, inches.
1:c = Thickness of core, inches.,
i. Approximations equivalent to those of Donnell [6-3] can be applied.

Strictly speaking, this solution was derived for complete sandwich spheres which
exhibit small buckles that are axisymmetric with respect to a radius of the sphere.
The development isolated one such buckle as a free body so that shallow-shell theory
could then be employed, Yao presented his results in a form which is not conducive
to a ready physical interpretation of the phenomena involved. Therefore, Plantema
undertook to express the final relationships in a manner which would foster some
insight in this regard. He was able to show that, when the core has isotropic trans-
verse shear stiffness, Yao's solution is identical to the equations given earlier in this
handbook for axially compressed circular sandwich cylinders [see Equations (4.2-27)
through (4.2-30) and Equations (4.2-4) and (4.2-5)]. That is, when the knock~down
factor, y,, is included,

0. = 74K, 0, ’ (6.2-1)

cr

6~4
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where

and

When Vc <2

When Vc =22

where

. L
o 1,° R
e
k74 - l__v
c c
K = 1
c Vv
c
00
vV =
c .
crimp
h2
0cri - 2t t Gc
mp fec

Critical compressive stress for sandwich sphere, psi.

Plasticity reduction factor, dimensionless.

Young's modulus of facings, psi.

Distance between middle surfaces of facings, inches.

Elastic Poisson's ratio of facings, dimensionless.

Radius to middle surface of sandwich sphere, inches.

Thickness of a single facing, inches.
Thickness of core, inches.

Transverse shear modulus of core, psi.

6~5

(6.2-2)

(6.2-3)

(6.2-4)

(6.2-5)

(6.2-6)
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The equivalence between an axially compressed sandwich cylinder and an externally
pressurized sandwich sphere has been analytically demonstrated only for the case
where the two facings have identical material properties and are of the same thickness.
If one assumes that this equivalence still holds true when the facings are of different
thicknesses, Equations (4.2-2) through (4.2-7) can then be used here if Gy, is replaced

by G, so that, when the knock-down factor y 4 is included,

Gcr = 'ychUO (6.2-7)
where
21X
c =nE, = —m—— (6.2-8)
o fR
‘/1 -V (Gt
and
When VC <2
K =1 1 \Y 6.2-9
c 4 ¢ (6.2-9)
When V. 22
c
K = L 6.2-10
¢ TV (6.2-10)
c
where
%
! AV = (6.2-11)
crimp
h2
TN ee———————— G L=
Yerimp ~ (¢ +t,) t o (6.2-12)
t. andt = Thicknesses of the facings (There is no preference as to

which facing is denoted by the subscript 1 or 2.), inches.

6-6
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The relationship between K and V, can be plotted as shown in Figure 6.2-2. It is
important to note that the value V, = 2.0 establishes a dividing line between two
different types of behavior., The region where Vc < 2.0 covers the so-called stiff-
core and moderately-stiff-core sandwich constructions. When Vc is in the neighbor-
hood of zero, the core transverse shear stiffness is high and the sandwich exhibits

maximum sensitivity to initial imperfections. As Vc increases from

1.0

s SHEAR CRIMPING

Figure 6.2~2. Schematic Representation of Relationship Between Kc and Vc

zero to a value of 2.0, this sensitivity becomes progressively less. The domain
where Vc = 2.0 is the so-called weak-core region where shear crimping occurs.
Sandwich constructions which fall within this category are not influenced by the pres-
ence of initial imperfections and a knock-down factor of unity can be applied to such
structures. It should be possible to develop a continuous transitional knock-down
relationship which recognizes the variable influence of the core rigidity but this is

beyond the scope of the present handbook.

6-7
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6.2.1.2 Empirical Knock-Down Factor

As noted in Section 6.1, for the purposes of this handbook, the allowable stresses for
externally pressurized sandwich domes are established by applying an empirical knock-
down factor (y d) to the results from classical small-deflection theory. However, since
the available test data from sandwich dome constructions are very scarce, one cannot
yet determine y p values with a high degree of reliability. The only useful data un-
covered during the preparation of this handbook are those which were obtained by
North American Rockwell [6~4] in conjunction with the Saturn S-II development pro-
gram. These results give the y a values shown in Figure 6.2-3 which incliides two data
points from hemispheres and six data points from domes that were approximately
ellipsoidal, Reference 6-4 includes specimens whose membrane stresses at failure
ranged all the way from the elastic to the deeply plastic zones. In three cases it was
felt that these stresses were too high to permit the computation of reliable plasticity
reduction factors. Therefore, these particular data were discarded and they do not
appear in Figure 6.2-3. Still another experimental point was discarded because of a
faulty edge condition in the test. In addition, as noted in Figure 6.2-3, two specimens
were subjected to a thermal gradient along with the external pressure. For each of
these domes, the inner facing was at roughly +280°F while the outer facing was at
approximately +10°F, This gradient was completely neglected in the analysis per-
formed to arrive at the related yq values. Nevertheless, these results are retained

in Figure 6.2-3 since they fall within the scatter band displayed by the other speci~

mens having the same basic contour.

6-8
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Figure 6.2-3. Knock-Down Factor y4 for Sandwich Domes

Subjected to Uniform External Pressure
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To fully understand the information given in Figure 6.2-3, it is important for the
reader to be aware of the data reduction techniques employed here. For an explanation
of these procedures,‘ reference may be made to the discussion in Section 4.2.1.2.1.
Although that section is concerned with sandwich cylinders, the same basic approach

was used in analyzing the domes.

Based on Figure 6.2-3, it is recommended that, except where shear crimping occurs,
the following values may be used for y ’t
Yy = 0.20 for hemispheres (6.2-13)

9% 4= 0.35 for ellipsoids and torispherical domes (6.2-14)

Insufficient data are available to discern any dependence of the knock-down factor on
the ratio R Max/p' However it is quite possible that even a large array of data would
lead to the same conclusion. This would be consistent withthe practice usually accepted

for isotropic (non-sandwich) domes.,

It is thought that there is physical justification for the lise of a v4 value for hemispheres
which is lower than that for ellipsoids and torispherical domes. This justification lies
in the fact that, for the latter two configurations, the maximum membrane stresses
occur at the apex which is well-removed from the boundary disturbances. On the other
hand, thc membrane stresses in a hemisphere are uniform over the entire surface.
Discontinuity distortions at the boundaries are ignored in classical small-deflection
stability theory but, in reality, these deformations can act somewhat like initial im-

perfections and precipitate buckling., This fact, coupled with the uniform membrane

6-10
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stress in the hemisphere, can lead fo earlier failure than would be encountered for

shapes where the peak membrane stresses do not extend into the boundary regions.

Since the recommended values for Yq are based on meager test results, the method
proposed here is not very reliable and can only be regarded as a "best-available"
technique. It should only be used as a rough guideline and final designs must be

substantiated by test.

6-11
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6.2.2 Design Equations and Curves

TFor sandwich domes of the types shown in Figure 6,1-1 and subjected to uniform
external pressure, the critical apex stresses may be computed from the relationships
given in the equations on page 6-14 where the subscripts 1 and 2 refer to the separate
facings. There is no preference as to which facing is denoted by the subscript 1 or 2.
The equations on page 6-14 were obtained by a simple extension of the forrﬁulas pre-
sented in Section 6.2.1.1. The extension was accomplished in order to cover some
situations where the two facings are not made of the same material. This was achieved
through the use of equivalent-thickness concepts based on the ratios of the moduli for
the respective facings. For cases where the two facings are not made of the same
material, the resﬁlting equations are valid only when the behavior is elastic (n=1).
Application to inelastic cases (# 1) can only be made when both facings are made of

the same material. For such configurations, E; and E, will, of course, be equal.
The buckling coefficients KC can be obtained from Figure 6.2-4.

The knock-down factor vy q may be chosen as follows:

When Vc < 2.0 When VC > 2,0
Use vy, = 0.20 for hemispheres. Use ¥, = 1.0 for hemispheres,
d d s X
ellipsoids, and tori-
Use vy, = 0.35 for ellipsoids and spherical domes.
torispherical domes.

The quantity RMax is the maximum principal radius of curvature for the dome and is

measured in units of inches. For all of the shapes shown in Figure 6.1-1, this value

occurs at the apex.

6-12
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The formulations given here are based on the assumption that the transverse shear
stiffness of the core is isotropic. However, in most practical sandwich constructions,
this stiffness will vary with direction. In order to apply the given criteria to such
structures, one must select a single effective G, value. Whenever the shear crimping
mode is critical (V ¢ 22.0), G, must be taken equal to the minimum value for the core.
In all other cases one must rely on engineering judgment in making an appropriate

selection.

The plasticity reduction factor should always be based on the stress at the apex of the
dome. For elastic cases, use =1, Whenever the behavior is inelastic, the methods

of Section 9 must be employed.

Facing 1 » Facing 2
= 6.2-15 = 2-1
Apex ocr1 'ychlool ( ) Apex Ocrg 'ychecro2 (6.2-16)
= . -1 = . -1
cro1 nE, CO (6.2~-17) 002 nk, CO (6.2-18)
. 2 o Et) (L)
C = (6.2-19)
0 R 5
Max 1 v, [(E. L) + (E_t)]
h.’a h2
o__. = G (6.2-20)] o _. = G (6.2-21)
crimp, E, c erimp, E, c
[t1 +(—E:) ta] tC <i:-2'>t1 + ’c2 tc
% %
V =V = =1 (6.2-22) V. =V =2 (6.2-23)
! 2 crimp % C crimp
1 2
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The critical pressure P, (in units of psi) may be computed as follows:

2

ot +o_ _t] (6.2-24)

cry 1 Cr,

pcr=R S

Max

In the special case wheret, =t, Etf and both facings are made of the same material,

Equations (6.2-15) through (6.2-24) can be simplified to the following:

A = K .2-25
pexocr yd coo (6 )
mE
o, = f Rh (6.2~26)
l1-y2 "Max
V e
h2
Ogrimp ~ TELE Ce (6.2-27)
fc
0o
v = (6.2-28)
crimp
-4 o t (6.2-29)
Per "R Yer £ )
Max

6.3 OTHER LOADING CONDITIONS
No information is available concerning the general instability of dome-shaped sandwich
shells under loading conditions other than that of uniform external pressure which is

covered in Section 6.2,

6-15
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INSTABILITY OF SANDWICH SHELL SEGMENTS

had

7.1 CYLINDRICAL CURVED PANELS

7.1.,1 Axial Compression

7.1.1,1 Basic Principles

It will be helpful here to first consider the case of axially compressed, isotropic
(non-sandwich) skin panels for which all four boundaries are simply supported. In
such cases, the Schapitz criterion [7-17] furnishes a practical means for the com-
putation of critical stresses. This criterion accounts for the effects of skin-panel
geometry as the transition is made from wide panels, which behave essentially as
full cylinders, to narrow panels which approach the behavior of flat plates. In par-
ticular, Schapitz proposed that one use the following relationships which have been

verified by the rederivation of Reference 7-2:

When
< -
O'R Zop (7.1-1)
then
oRz
f =g+ (7.1-2)
cr P 4o
p
when
.1~
or >2crp (7.1-3)
then
Ocr = UR (7.1-4)
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where,
Critical stress for buckling of a simply supported flat plate of the con~
P figuration shown in Figure 7.1-1, psi.

r Critical stress (in units of psi) for buckling of a simply supported complete

cylinder of radius R, length ap> and thickness tp (see Figure 7.1-1). The
guantities R, an, and tR are all measured in units of inches. An empirical
knock-down factor should be incorporated here to account for the detri-
mental effects from initial imperfections.

Figure 7.1-1. Cylindrical Panel and Associated Flat-Plate Configuration

7<2
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Although derived specifically for the case of simple support, this criterion has been
successfully employed [7-37] where the boundaries provide various degrees of rotational
restraint along with the condition of no radial displacement. This was accomplished by

simply adjusting the value for Op to correspond with the appropriate edge restraints.

For the case under immediate discussion (non-sandwich skin panels), the Schapitz
criterion can be graphically represented as shown in Figure 7.1-2., A series of design
curves of this type are given in Reference 7-3. The transition curve defined by Equation

=20,, For (R/t) values

(7.1-2) becomes tangent to the full-cylinder curve when OR P

greater than that of the tangency point, the skin panel behaves as a complete cylinder.
For all other (R/t) values, the transitional relationship applies. Note that the transition

curve asymptotically approachés the line for Op- The quantity K denoted in Figure 7,1~2

Constant

—_—

o »

S———
i

——
w| o

e
"

Constant

Constant

\ AN K =

Figure 7.1-2. Schematic Logarithmic Plot of Schapitz Criterion
for Non-Sandwich Cylindrical Skin Panels

7-3
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is the conventional flat-plate buckling coefficient which is dependent upon the aspect
ratio (a/b), boundary conditions, and type of loading. From this figure, it can be
seen that, if the critical stress were taken equal to the higher of the two values crp
andg_, one would only be neglecting the transitional strength associated with the

o]
cross-hatched region. When <Efi> = 1, neglect of this contribution would result in a

p
design value which is 80 percent of the Schapitz prediction. For all other values of the

o

ratio (?-), the differences would be less significant. Indeed, for most ranges of <5_R_>’

p p
the conservatism introduced by neglecting the cross-hatched area would be quite small.
Since the Schapitz criterion is dependent solely on the values o-p and ¢ R’ the speculation
is made here that one might extend its application to cylindrical sandwich panels merely
by computing Op and O'R from the sandwich design equations and curves which are pro-
vided in Sections 8 and 4. However, in making such an extension, one must recognize
that the behavior of a sandwich panel is dependent upon the core stiffness. For stiff-
core constructions (see Section 4.2), it should be possible to make direct application
of Equations (7.1-1) through (7.1-4). On the other hand, in the weak-core region, the
sandwich panel will fail by shear crimping, and curvature will not contribute to the
buckling strength. In such cases, Equations (7.1-1) through (7.1-4) would yield uncon-
servative predictions. The situation for sandwich constructions having moderately-
stiff cores would, of course, fall somewhere between the foregoing limiting cases.
Consequently it is recommended here that,

a. For stiff-core sandwich panels, Equations (7.1-1) through (7.1-4) can be
applied.
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b. For sandwich panels which fall in the moderately-stiff or weak-core cate-
gories, 0. should be taken equal to the higher of the two values 9 and og.

In the course of preparing this handbook, no analysis was made of test data from sand-
wich panels. Therefore, the reliability of this approach has not been established, and,
until experimental substantiation is obtained, one can only regard the method as a "best-

available" technique.

In view of the lack of sandwich data comparisons, it is informative to note that a large
collection of test results from isotropic (non-sandwich) specimens is evaluated in
Reference 7-3 and it is shown there that the Schapitz criterion is a reliable approach
for such panels. The test configurations embraced a wide range of (%) s (%) , and <t3>
ratios. Narrow, wide, and intermediate panels were included. The K values fell
between those for the case where all four boundaries are simply supported and the case
where all four boundaries are fully clamped. The results are summarized in the qual-
itative presentation of Figure 7.1-3. This figure shows the general characteristics
and relative positioning for each of the following when displayed in a nondimensional
logarithmic format:

a. The theoretical buckling relationship for flat plates.

b. The classical, small-deflection, theoretical buckling relationship for
complete cylinders.

c. A lower-bound buckling relationship for complete cylinders., This is
obtained by multiplying the values from b; above, by the empirical

knock-~-down factor of Reference 7-4.

d. The design curve based on the Schapitz criterion.

7-5
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Design Curve Based
on Schapitz Criterion

Figure 7.1-3. Schematic Logarithmic Plot of Test Data for Cylindrical Isotropic

{(Non-Sandwich) Skin Panels Under Axial Compression

7-6
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Also shown in Figure 7.1-3 are the approximate locations of the test data from the
non-sandwich cylindrical panels of References 7-5 through 7-8. During the course
of the study reported in Reference 7-3, quantitative plots were made for each of these
specimens and the corresponding test points were accurately located on the appropriate
graph. Based‘on these many different plots, the test points were inserted in Figure
7.1-3 in approximation to their actual positions relative to the several basic curves
and regions of behavior. This figure shows that all but four of the test points which
fall below the design curve lie within the region where the panel behaves essentially
as a flat plate. Except for those four points, all of the test data for the regions of
transitional and full-cylinder behavior fall between the following two bounds:

a. The recommended design curve,

b. The values which would have been predicted if gg did not incorporate
an empirical knock~-down factor.

It is concluded that Figure 7.1-3 verifies the reliability of the Schapitz criterion
for the case of isotropic (non-sandwich) skin panels, even where the‘boundary con-
ditions include some rotational restraint in addition to the requirement of no radial
displacement. This conclusion is based partly on the fact that the character of flat-
plate buckling is quite different from that exhibited by wide cylindrical panels and
complete cylinders. The flat plate can continue to support steadily increasing in-
plane loading well into the postbuckling region. This is in contrast to the sudden
drop-off in load usually observed for wide panels and full cylinders. Consequently

the Schapitz criterion utilizes full theoretical predictions as the limiting case of a

7=1
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flat plate is approached. One might, therefore, expect that within this region test data
will display some small degree of scatter on both sides of the design curve. However,

because of the physical behavior cited above, this generally will not lead to any serious

structural deficiencies.
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7.1.1,2 Design Equations and Curves
For cylindrical sandwich panels subjected to axial compression, the critical stress

may be computed from the following:

Weak-Core and Moderately~Stiff-
Stiff-Core Constructions Core Constructions
When .
The higher of the two
- = -
°r = 20p (7.1-5) Ocr values ¢_ and o ] (7.1-9)
P R
then
3
o =0 + E——f-{— and (7.1-6)
er p 4o’ @
when
2 .-
op >20 | (7.1-7)
then
= .1-8
Oup UR (7.1-8)
where,
g = Critical axial compressive stress (in units of psi) for the buckling of a
P flat sandwich plate which has the same boundary conditions as the cylindri-
cal panel and, except for curvature, is of the same geometry as the cylin~-
drical panel (see Figure 7.1-1). No knock-down factor is required in com-
puting this value.
op = Critical gxial compressive stress (in units of psi) for the buckling of a

complete sandwich cylinder which, except for the circumferential dimen-
sion, is identical to the curved panel. An appropriate empirical knock-
down factor should be incorporated here to account for the detrimental
effects from initial imperfections.
As a rule-of-thumb, one may assume that stiff-core constructions are those which
satisfy the inequality
Vc <0.25 (7.1-10)

where V, is computed as specified in Section 4.2.

7-9
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The quantity op should be computed by using the design equations and curves given in

Section 3,

The quantity ch should be computed by using the design equations and curves given in

Section 4,

A graphical representation of Equations (7.1-5) through (7.1-8) is provided in Figure

7.1-4,

The method given here applies only where all four boundaries are completely restrained
against radial displacement. Therefore, no free edges are permitted. Any or all of
the four boundaries may include rotational restraint of any degree ranging all the way

from a hinged condition to fully clamped.

4.0
3.0
o‘CI‘
o)
P
2.0
yd
1.0 =
0
0 1.0 2.0 3.0 4.0

(O‘R/cp)

Figure 7.1-4., Graphical Representation of Equations (7.1-5) through (7 .1-8)
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7.1.2 Other Loading Conditions

7.1.2.1 Basic Principles

In the preparation of this handbook, almost no consideration was given to the buckling
of cylindrical sandwich panels subjected to loadings other than axial compression.
Therefore, no firm recommendations can be made here concerning design equations
and curves. However, the suggestion is offered that, for such cases, one might con-
sider an extension of the concepts presented in Section 7.1.1, In particular, for all
regions of core stiffness, it might be possible to apply the equation

The higher of the two

O‘ =
cr values Cp and o

(7.1-11)
R

if one simply computes the values crp and on for the loading condition of interest.

In conformance with the restrictions of Section 7.1.1, the foregoing suggestion applies

only when all four boundaries of the panel are completely restrained against radial dis-
placement. Therefore, no free edges are permitted. Any or all of the four boundaries
may include rotational restraint of any degree ranging all the way from a hinged con-

dition to fully clamped.

7.1,2,2 Design Equations and Curves

No recommendations are made here.

7.2 OTHER PANEL CONFIGURATIONS
No information is available concerning the instability of sandwich shell segments of

shapes other than the cylindrical configurations considered in Section 7.1,

7-11
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EFFECTS OF CUTOUTS ON THE GENERAL INSTABILITY OF
SANDWICH SHELLS

In many practical aerospace shell structures, it is required that cutouts be incorporated
for purposes of access, lightening, venting, etc., However, no theoretical solutions or
experimental data have been published for the general instability of sandwich shells
having such penetrations. Even in the case of isotropic (non-sandwich) shell struc-
tures, this problem has received little attention. Some theoretical solutions have been
accomplished concerning the stress distributions around cutouts in isotropic shells

but the authors of this handbook are aware of only one paper (8-1) dealing with the
general instability problem, and this paper is not sufficiently comprehensive to pro

vide a practical design criterion.

An obvious need exists for further theoretical and experimental work to be accomplished
in this area, and, in view of this situation, no related design recommendations can be

made at the present time,
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9

INELASTIC BEHAVIOR OF SANDWICH PLATES AND SHELLS

9.1 SINGLE LOADING CONDITIONS

9.1.1 Basic Principles

For structural members stressed beyond the proportional limit of the material, it is
customary to compute critical loads or stresses through the use of so-called plasticity
reduction factors. In this handbook, such factors are denoted by the symbol . In
many cases, appropriate formulas for n are established by theoretical derivations
based on plasticity theory but, when this approach proves impractical, one must some~
times resort to empirical expressions. Section 9.1.2 gives the formulations for n
which are recommended in this handbook for various sandwich configurations, types
of loading, and modes of instability. These equations are based on the information
provided in References 9-1 through 9-5 for isotropic (non-sandwich) plates and shells.
Application of these reduction factors involves the trial-and-error procedure outlined
below:

a. First, assume 77 = 1 and compute the critical stress for the appropriate
configuration, loading condition, and mode of failure.

b. If the critical stress computed in a, above, is less than the proportional
limit of the facing material, no further computations are required. How-
ever, if the computed critical stress'exceeds the proportional limit, one
must continue as specified below.

c. Assume a new value for the critical stress which is in excess of the pro-
portional limit but less than the value computed in a, above.

9-1
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d. Based on the stress level assumed in ¢, above, and the stress-strain curve
for the facing material, compute a value for the appropriate plasticity re-
duction factor. The formulas of Tables 9.1-1 through 9.1-3 can be used
for this purpose.

e. Using the 7 value computed in d above, recalculate the critical stress.

f. If the critical stress calculated in e, above, is in reasonable agreement
with the value assumed in ¢, no further computations are required. How-
ever, if such agreement is not achieved, one must then repeat the compu-
tation cycle starting with ¢. This iterative procedure must be continued
until acceptable agreement is attained between the assumed and the calcu-
lated critical stresses.

A numerical example of the foregoing procedure is provided in Section 9.1.2.



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

9.1.2 Design Equations

Recommended formulas for plasticity reduction factors are given in Tables 9.1-1

through 9.1-3 where

E ¢ = Compressive Young's modulus of facings, psi.

Es = Compressive secant modulus of facings, psi.

Et = Compressive tangent modulus of facings, psi.

Gf = Elastic shear modulus of facings, psi.

Gs = Secant shear modulus of facings, psi.

Ve = Elastic Poisson's ratio of facings, dimensionless.

v = Actual Poisson's ratio of facings, dimensionless.

‘Values for v can be obtained by using

<
1

0.50 -<%> ©.50 - )

f

or

3G,
v = 0.50 -( == (0.50—ue>

f

9.1-1)

(9.1-2)

The technique for applying the plasticity reduction factors is demonstrated below by

means of a numerical example for an axially compressed sandwich cylinder which is

assumed to be of sufficient length to fall outside the short-cylinder range. It is further

assumed that
a. both facings are of the same thickness,

b. both facings are made of the same material, and

c. the transverse shear properties of the core are isotropic so that

6= (ze/Gyz) =1

9-3
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For such cylinders, Section 4.2.2 specifies that the critical stress for general in~

stability may be computed from

ocr - chcco
where
ME)
g = =
(o} 1o V2 R
e

ag
o
VvV =
C g .
crimp
and
h2
0'cr'm - 2t .t ze
mp fe

For the purposes of the present sample problem, assume that

E. = 10 x10° psi

f
v = 0.30
e
R = 32.0"
h = .320"
- 11
te = .020
t = .300"
(]
G = 20,000 psi
XZ
h
= — = ,160"
p =73 6
R 32.0"
= =22 = 200
o .160" 0

Facing Proportional Limit = 25,000 psi

9-4
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By using these values and assuming that n = 1, it is found that

'yc = 0,49
o, = 104,900
. = 170,800

crimp
Vc = 104,900/170,800 = .614
K = 0.85

c
Therefore,

o =y Ko = ,49 x,85x104,900 = 43,600
cr cco

Note that the computed critical stress (43, 600 psi) is higher than the proportional limit

(25,000 psi) of the facings. Hence the use of 7= 1 cannot be valid and one must now

proceed on a trial-and-error basis. That is, one must select an assumed critical

stress value which exceeds the proportional limit. For the purposes of this sample

problem, suppose that the value Opp = 30,000 is selected, By using the stress-strain

curve for the facing material, the corresponding plasticity reduction factor can then

be computed from the following formula which is taken from Table 9.1-3:

1
1-p?1% JEE
_ e t's
n= [1 Y ] E
f
Suppose that this gives the result that

n = 0.900

so that one now obtains

Yo 0.49 (remains unchanged)

g

o .900 x 104,900 = 94,400

9-5
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170, 800 (remains unchanged)

1!

crimp
VC = 94,400/170,800 = .553
K = 0.86
c
Therefore,
o =y Ko = .49 x.86 x94,400 = 39,800
cr c co

Note that the computed critical stress (39, 800 psi) does not agree very closely with
the assumed value (30,000 psi). Therefore, another iteration will be performed by
selecting a new assumed critical stress, say 35,000 psi. Suppose that by using
Equation (9.1-7) the corresponding plasticity reduction factor is found to be

n = 0.790
so that one now obtains

0.49 (remains unchanged)

=
il

C .
0, = .790 x104,900 = 82,900
. = 170,800 (remains unchanged)
crimp
Vc = 82,900/170,800 = .486
K = 0.87
C
Therefore,
g =y K g = .49 x.87x82,900 = 35,400
cr c co

!

Note that the computed critical stress (35,400 psi) is now in reasonable agreement
with the assumed value (35,000 psi). Therefore, no further iterations are required

and the design value for the critical stress is 35,000 psi.
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Table 9-3. Recommended Plasticity Reduction Factors for the General Instability
of Circular Sandwich Cylinders, Truncated Circular Sandwich Cones,
and Axisymmetric Sandwich Domes

Plasticity Reduction Factors
ading liti Moderate Lengtl
Loading Condition Short Cylinders . crate er}g \
Through Long Cylinders
and Cones .
and Cones
1 i
Loy | B 1-p 37 EE
Axial Compression n =17 my ol n = L 157 )
£ f
[ s1%
1-v?| E 1-p®7 JE
Pure Bending = © t = ¢ ts
TR KRN )
* 1-p®l E E
External Lateral Pressure = e s (2 + 3 ¢
nal Latera essur n oAl \T T e
f s
*¥ r-1 -y 2‘1 % G
Torsion = c -
n E -v° G
J f
r g
* % 1-y 2l ® G
e 8
Transverse Shear n =17 7 <G—>
L J f
Hemispherical, Ellipsoidal, and
Torispherical Domes (All trun-
cated at the equator)
External Pressure 3
1-p?® ’E E
_ Ve ts
L ey E

*This formula for 7 is not valid when the cylinder or cone is go short that it
behaves essentially as a long, flat plate. However, it is unlikely that such
configurations will be encountered in aerospace applications. Furthermore,
it is informative to note that, for such constructions, the given formula for
n is conservative,

#*This formula for 7 is not valid when the cylinder or cone is so short that it
behaves essentially as a long, flat plate. However, it is unlikely that such
configurations will be encountered in aerospace applications. Furthermore,
it is informative to note that, for such constructions, the given fornula is
approximately 13-percent unconservative.

9-9
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9.2 COMBINED LOADING CONDITIONS

9.2.1 Basic Principles

As noted in Reference 9-6, only limited information is available on the inelastic sta-
bility of shell structures subjectéd to combined loading conditions. A similar situation
exists for flat-plate constructions. Very little theoretical work has been done in these
fields due to the coniplexity of the problem and, in general, related plasticity reduc-
tion criteria have not been established. However, in many practical engineering
applications, one is confronted with this type of problem and it becomes necessary to
determine at least a rough estimate of the critical loading conditions. Toward this
end, one should note a fundamental hypothesis of plasticity theory which specifies that,
for a given material and when the stress intensity is increasing (loading condition), the
stress intensity 0; is a uniquely defined, single-valued function of the strain intensity
ej. When o is decreasing (unloading condition), the relationship between 0; and e;

is linear as in a purely elastic case, Based on the octahedral shear law for plane

stress conditions, the stress and strain intensities 03 and e; can be defined as follows

[9-1]:
0.=‘/02+02-0'0 +372 (9.2-1)
i X 'y Xy
e =*—2-‘/€2+ez+ee +€2 /4 (9.2-2)
i /3 X 'y Xy Xy '

It shwuld be noted that Equation (9.2-1) is sometimes written in the following form to

facilitate its use:

ci:(ox)‘ll-er;ﬁ + 307 (9.2-1a)

9-10
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where
o = Normal stress in the x direction, psi.
o = Normal stress in the y direction, psi.
T = Shear stress in the xy plane, psi.
€ = Normal strain in the x direction, in/in.
€ = Normal strain in the y direction, in/in.

= Shear strain in the xy plane, in/in.

Xy

v = cry/oX

X =1/0
X

From the foregoing discussion it can be concluded that, for the case of increasing

o; (loading condition), the relationship betweep o and ; is identical to the conven~
tional stress~strain curve obtained from a uniaxial loading test. It should therefore

be evident that although each individual stress» component may be less than the propor-
tional limit of the material, the combination of these stresses can give a o; value which
lies above the proportional limijt so that the behavior is actually inelastic, It is im-
portant to keep this phenomenon in mind when deciding whether or not plasticity effects

must be considered.

Lacking a rigorous approach to the subject stability problem, it is conjectured here
that the foregoing generalization of the stress-strain relationship might be used in

conjunction with the plasticity reduction factor

n==— (9.2-3)
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to obtain conservative predictions of inelastic instability under combined loadings. The

quantities E¢ and E¢ are as follows:

E{ = Tangent modulus of facing material obtained from the curve of
oj VS € at a prescribed value of o;, psi.
E; = Young's modulus of facing material, psi.

The above formula for 1 was selected in view of its conservative nature. Since the
overall procedure suggested here is based purely on an engineering estimation, it is

thought that this conservatism is well justified,

The details of the suggested approach are outlined in Section 9,2,2, It is important
to keep in mind that this method does not give a rigorous solution, and its reliability
has not been evaluated by comparisons against test data. Therefore, this can only be

regarded as a "best-available' technique and one should be cautious in its application.
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9.2.2 Suggested Method

The method suggested here for analysis of the inelastic stability of sandwich plates
and shells first requires that the conventional stress-strain curve for the facing ma-
terial have the stress coordinates relabeled as 0; and the strain coordinates relabeled
as e.. By completely ignoring all plasticity considerations (71 = 1), one should then
proceed to establish a first-estimate for the critical combined stress condition. This
can be achieved by using the appropriate interaction relationships provided in earlier
sections of this handbook. In performing this computation, the assumption should be
made that for the critical combined stress condition the individual stress components
are in the same ratios to each other as exist for the actual appliéd loading condition.
That is, during loading, proportionality between the several individual stress compo-
nents is maintained. The stresses from the elastic first-estimate computation must

then be inserted into the equation

1

o, = V/U; + c; -00, 371° | (9.2-4)
to determine the associated stress intensity value. If this value does not exceed the
proportional limit of the 0; versus e; curve, the first-estimate stress values are in
fact the critical combination. However, if the related 0; value exceeds the propor-
tional limit of the g; versus e, curve, the first-estimate results are not valid and one
rﬂust then resort to the following trial-and-error procedure which is similar to that

outlined in Section 9, 1:

a. Assume a new value for 0; which is in excess of the proportional limit
for the 0; versus e; curve,

9-13
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For the oy value assumed in a, above, compute the plasticity reduction
factor

(9.2-5)

’_htljlﬁtlj

=
-
!

= Tangent modulus of the g; versus e; curve, psi.

!
-
I

Elastic modulus of the g; versus e; curve, psi.

Using the 7 value from b, above, recalculate the critical stress intensity
0; This is accomplished by simply multiplying the first-estimate o; value
by 1.

If the new value for o; computed in c, above, is in reasonable agreement
with the g; value assumed in a, above, the related plasticity reduction
factor 7 is valid. Then the critical combination of stresses is obtained by
multiplying each of the first-estimate stress components by this 7 value.

If the value of 0j computed in ¢, above, is not in reasonable agreement
with the o} value assumed in a, the related plasticity reduction factor is
not valid. One must then repeat the computation cycle starting with a.
This iterative procedure must be continued until acceptable agreement is
attained between the assumed and the computed o, values.

9-14
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