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ABSTRACT

Explicit analytical solutions are derived for the static load carrying capacity
of double-lap adhesive-bonded joints. The analyses extend the elastic solution
of Volkersen and cover adhesive plasticity, adherend stiffness imbalance and
thermal mismatch between the adherends. Both elastic-plastic and bi-elastic
adhesive representations lead to the explicit result that the influence of the
adhesive on the maximum potential bond strength is defined uniquely by the
strain energy in shear per unit area of bond. Failures induced by peel
stresses at the ends of the joint are examined. This failure mode is partic-
ularly important for composite adherends. The explicit solutions are suffic-
iently simple to be used for design purposes.
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FOREWORD

This report was prepared by the Douglas Aircraft Company, McDonnell Douglas
Corporation, Long Beach, California under the terms of Contract NAS1-11234.
One summary report (NASA CR 2218) and four technical reports (NASA CR 112235,
-6, -7, and -8) cover the work, which was performed between November 1971 and
January 1973. The program was sponsored by the National Aeronautics and Space
Administration's Langley Research Center, Hampton, Virginia. Dr. M. F. Card
and Mr. H. G. Bush were the Contracting Agency's Technical Monitors.

The basic concept of bonded joint shear analysis by classical mechanics of
continuous structures in terms of the elastic-plastic adhesive model was devel-
oped initially under Douglas IRAD funding between 1968 and 1970. This contract
has permitted the work to be expanded greatly in both scope and detail. All of
the peel-stress studies were performed under this contract.
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SYMBOLS

Integration constants

Extents of plastic stress state in adhesive at ends of bonded
joint (in.)

Non-dimensionalized adherend thermal mismatch coefficient
Flexural rigidity of adherends (1b in.2)

Length of elastic zone in adhesive bond (in.)

Young's modulus (longitudinal) for adherend (psi)

Adhesive peel (transverse tension) modulus (psi)

Adherend extensional stiffness ratio

Adhesive shear modulus for elastic-plastic representation (psi)

Initial and final, respectively, adhesive shear moduli for
bi-elastic representation (psi)

Adherend in-plane shear moduli (psi)

Factors [see Equation(68)]

Overlap (length of bond) (in.)

Bending moment in adherend (1b in. / in.)

Applied direct load on entire joint (1b / in.)

Applied running shear load on joint (1b / in.)

Shear stress resultant (in-plane) in adherend (1b / in.)
Temperature (°F)
Temperature change (Toperating - Teyre) (°F)
Direct stress resultants in adherends (1b / in.)

Thickness of adherend (in.)

Transverse shear force on adherend (1b / in.)

Xi
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Transverse displacement of adherend (in.)

Axial (longitudinal) co-ordinate parallel to direction of load
Coefficient of thermal expansion (/°F)

Adhesive shear strain

Elastic adhesive shear strain

Maximum total adhesive shear strain

Plastic adhesive shear strain

Axial (longitudinal) displacement of adherend (in.)

Axial co-ordinates (different origin and/or sense from x)
Thickness of adhesive layer (in.)

Ap(z -d) /2 = Non-dimensionalized extent of plastic adhesive zone
Exponent of elastic shear stress distribution (in~1)

Exponents of bi-elastic adhesive shear stress distribution (in-1)
Poisson's ratio for adherend(s)

Peel stresses in adhesive (psi)

Yield stress of adherend (psi)

Adhesive shear stress (psi)

Average adhesive shear stress (psi)

Maximum elastic adhesive shear stress induced ( < rp) (psi)
Plastic adhesive shear stress (psi)

Peel stress distribution exponent (in-1)

Adhesive {cement)
Inner and outer adherends of double-lap bonded joint
Property normal to plane of adherends

Tension, compression and shear with respect-to applied load
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SUMMARY

This report covers the analysis of adhesive-bonded double-lap joints by means
of elastic-plastic analytical techniques. Explicit solutions are derived. The
classical elastic analysis by Volkersen, which accounted for only adherend
stiffness imbalance, is extended to include adhesive plasticity and adherend
thermal mismatch. The formulas derived are sufficiently simple for design use,
yet account for more parameters than have been included in previous published
analyses.

Three important characteristics of double-lap joints are deduced. The first is
that there is a definite limit to the bond strength developable between specif-
ied adherends for a particular adhesive. The load capacity increases with over-
lap only until a defined value is attained. Beyond that overlap, no greater
load transfer can be effected. The load transfer is confined to two end zones
(only one in the case of severely dissimilar adherends) with a 1ightly-loaded
elastic trough in between. The extent of these end zones is limited and
expressed independently of the total overlap.

The second inherent characteristic of double-lap joints is that the maximum
potential bond shear strength is determined by the adhesive strain energy in
shear per unit bond area. This single adhesive parameter is the necessary and
sufficient characterization. That this is so has been established in terms of
a bi-elastic adhesive analysis in which it was demonstrated that all such
adhesive characterizations (two straight lines) having the same strain energy
(area under the stress-strain curve) and same failure stress and strain develop
precisely the same maximum bond strength between the same adherends. The
precise shape of the stress-strain curve has no effect on the limiting joint
strength. The shape can affect only the adhesive shear stress distribution
along the overlap.

The third feature of this analysis is that it shows precisely how much more of
a problem are the adhesive peel stresses at the ends of the overlap than are
the associated shear stresses. This peel problem is acute for thick composite
adherends and imposes an effective T1imit on the thickness of adherends which
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can be bonded efficiently by means of a uniform double-lap joint. Beyond that
thickness, it is necessary to use a more efficient tapered-lap joint, stepped-
lap joint, or scarf joint.

Joint efficiency charts are provided for common adherend materials. Because it
had not been anticipated hitherto that there was a need to characterize the
adhesive film in peel as well as in shear, portions of these charts are specul-
ative. The shear properties selected represent typical properties for the best
350 °F curing ductile and brittle (high-temperature) structural epoxy-base
adhesives available. These charts show how, for thin adherends, the potential
bond shear and peel strengths exceed by far the adherend strengths. Then, for
moderate thicknesses, the limited shear strength of the adhesive may 1imit the
joint strength. For thicker adherends, the 1imiting factor is invariably the
peel strength of the adhesive for metal adherends or the interlaminar tension
strength of the laminate for filamentary composite adherends.
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1. INTRODUCTION

Adhesive bonded joints are already playing a significant role in the develop-
ment and production of metal aircraft structures and the indications are strong
that such joints will be of even greater importance in filamentary composite
structures. Various theoretical analyses have been performed, of which those
by Volkersen (Reference 1) in 1938 for double-lap joints and by Goland and
Reissner (Reference 2) in 1944 for single-lap joints are the classical refer-
ences. They provided considerable elucidations of the qualitative behavior of
joints under load. However, the theoretical analyses are based on certain
simplifications in order to achieve tractable results and the consequent quant-
jtative agreement with experiment has hitherto been less than adequate to form
a basis for design without empirical modification. The objective of the pres-
ent formulation is to modify the theoretical analyses to the extent necessary
to achieve adequate correlation with experiment. Such new analyses must still
be sufficiently simple for use in design.

The key to the improvement of this work over that published previously is the
use of an elastic-plastic adhesive representation instead of either a purely-
elastic or mathematically intractable non-linear characterization. The justif-
ication for this is that the mathematically more complex arbitrary bi-elastic
representation is shown to predict the same joint strengths as the simpler
elastic-plastic analysis. It transpires that the adhesive strain energy in
shear per unit area of bond is the single necessary and sufficient adhesive
characterization to predict the potential shear strength of a bonded joint.

The rational basis for design, then, is the adhesive stress-strain curve in
shear, derived experimentally on either a torsion-ring or thick-adherend appar-
atus. The merit of the elastic-plastic formulation is that it permits explicit
analytical solutions to be derived for all the features of prime importance.
Other representations have not permitted this advantage.

The factors accounted for in this analysis include adhesive plasticity, adher-
end stiffness imbalance, adherend thermal mismatch, the nature of the load (be
it tensile lap-shear, compressive lap-shear or in-plane lap-shear), and the
effect of the peel stresses at the end(s) of the joint. Of these, only the
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adherend stiffness imbalance had been accounted for explicity before. The peel
stress problem, particularly characteristic of the failure modes for composite
laminates, had been largely overlooked for double-lap joints, even though its
importance had been realized for single-lap joints.

The understanding of the phenomena pertaining to double-lap bonded joints
depends upon approaching the problem in terms of joint efficiency. The essence
of the problem is depicted in Figure 1. A scarf joint between identical adher-
ends has a nearly uniform shear stress (and strain) in the adhesive as a result
of uniform stress throughout the adherends. However, in a uniform lap joint
most of the load is transferred through narrow highly-stressed end zones separ-
ated by an inefficient lightly-stressed elastic trough. The riveted lap joint
has the same non-uniform load transfer as the bonded lap joint; the outer rows
of rivets are the most highly stressed. The analyses predict that practically
all of the load transferred between these adherends passes through these effect-
ive end zones which are found to have a characteristic extent independent of the
total overlap. The analyses cited above, like those of Plantema (Reference 3)
and Szepe (Reference 4) also, are based on the assumption of linearly elastic
materials. Therefore their analyses lack the plastic end zones inherent in the
analysis presented herein, which establishes that much of the past discrepancy
between theory and experiment may be ascribed to this factor. The influence of
plasticity in the adhesive is revealed to be so great an increase in the potent-
ial shear strength of the bond that in many cases failure must be initiated in
the adherends, as observed experimentally.

The technique of the present analysis is illustrated in the body of the report
by considering one factor at a time. The completely general analysis is pre-
sented in Appendix Al. The report begins with the effect of adhesive plasticity
on a balanced joint(Section 2). Next, (Section 3) the arbitrary bi-elastic
adhesive characterization is shown to lead to the same result, justifying the
use of the mathematically more convenient elastic-plastic formulation. Then,

in turn, the strength reductions associated with adherend thermal and stiffness
Tmbalances, acting independently, are explained in Sections 4 and 5 respective-
ly. The problem of the peel stresses at the ends of the outer adherends foll-
ows, (Section 6), and it is found to dominate the behavior of the thicker
composite adherends. Accounting for adhesive plasticity has raised the predict-
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ed shear strength capacity of bonded joints to the level at which it becomes
necessary to examine also adherend-induced failures of, or at the edge of, the
joint (Section 7). The inclusion of thermal effects necessitates a distinction
between compressive and tensile shear loading of a double-lap joint (Section
8). In-plane (edgewise) shear loading is shown in Section 9 to be governed by
differential equations of the same form and the equivalent joint parameters are
identified. Mixed-modulus adhesive-bonded joints are discussed in Section 10.
The effects of the various joint parameters are elucidated in Section 11, while
Section 12 explains how to use the design methods, and prepare design charts,
for double-lap bonded joints. Conclusions are reached in Section 13 and the
computer program developed is listed in Appendix A2, along with sample outputs
and brief user instructions.
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2. BALANCED DOUBLE-LAP JOINTS (ELASTIC-PLASTIC ANALYSIS)

The classical analysis by Volkersen (Reference 1) allows for only the stresses
arising from the differential straining in lap joints and is restricted to
elastic adhesive behavior. It forms the basis of the development here account-
ing for adhesive plasticity and thermal mismatch between the adherends, along
with the adherend stiffness imbalance previously included. This section is
restricted to consideration of adhesive non-linear behavior, independently of
any adherend imbalance effects, to demonstrate the important conclusion that

the maximum joint strength between given identical adherends is defined uniquely
by the adhesive strain energy in shear. This conclusion is independent of the
precise form of the stress-strain curve for the adhesive (as demonstrated by the
bi-elastic solution in Section 3), and of any individual adhesive characteristic
such as the initial elastic modulus.

Figure 2 depicts the geometry and nomenclature for the analysis of a symmetric
double-lap joint. The conditions of longitudinal force-equilibrium for a
differential element dax within the joint are

dTO dTi
— 4+ 1T = 0 s — -2t = 0 s (])

ax dx
where the subscripts o and i refer, respectively, to the outer and inner adher-
ends, the inner adherend being acted on by the shear stresses in the adhesive
on each side. The stress-strain relations for the assumed elastic adherend
yield

ds T ds, T.
o _ o i _ i (2)

b}
dx E t dx E.t,
oo ii

As a first approximation, the adhesive shear strain is taken as
y = — 0 (3)

Within the elastic region (of length d), the adhesive shear stress is
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assumed * to be

T o= gy = %(ci-so) = £(x) (4)

while, throughout the remaining plastic region, the adhesive shear stress is
taken as

T = T, = constant . (5)

Eliminating 8, and 8, between equations (2) and (3) produces

dy 1/ T T
o _( _ ) . (6)
ax n Eiti Et,
The use of equations (1) to eliminate T, and T then yields the governing
differential equation
d2y 1/ 1 2
____—( + )'r = 0 . (7)
ax?2 n \E t E t,
o 0 11

Within the elastic region around the center of the joint, this equation
becomes

*

(The relation (4) used both by Volkersen (Reference 1) and by Goland and
Reissner (Reference 2) implies not only a linear stress-strain relation in shear
but also a uniform shear stress distribution across the thickness. It is this
latter assumption which leads the theory to predict a non-zero shear stress at
the load-free ends of the adhesive. However, the finite-element analyses of
bonded joints by Teodosiadis (Reference 5) have revealed that this error affects
the shear stress distribution only within a distance, from the ends, of a few
times the adhesive Tayer thickness. This factor is important for the purely-
elastic solution, with its characteristically sharp spikes at the ends of the
shear stress distribution, which significantly over-estimates the shear stress
at the ends of the joints. However, the practical adhesives all exhibit some
non-1inear behavior prior to failure and this proves to be a more powerful
factor in softening the shear stress peaks at the ends of the joints than is
inclusion of the variation of shear stress across the thickness of the bond
line. For an elastic-plastic adhesive, it is slightly conservative to neglect
this effect.)



‘7’EEEPHW[B%XL LIBRARY

ABBOTTAEROSPACE.COM

a2 G/ 1 2 2G 21y,
2o -0, R e ) . . (8)
ax n\Et = Et Etn Et(ny,)
and has the solution
t = A cosh{(Ax) + B sinh(Ax) . (9)

The constant B is found to be identically zero for balanced joints (2Eot0 =
Eiti) since the adhesive shear stress distribution is necessarily symmetric
about the x - origin adopted in Figure 2, being the mid-point of the joint.

In the plastic region, of length (2 - 4) / 2 at each end of the joint, the
solution of equations (5) and (6) is

2
y = (%E)Tpgz + CE+F (10)

in which ax = ag, the origin for £ being at x = +da/2. The constants A, c, and
F and the unknown a/2 are found by satisfying the boundary conditions

Y o= o, at x = +d/2 , £ =0 , (1)
Y = Ye + YP at E = + (2 - d) / 2 , (]2)
%=% at x = +d/2 , & = 0 , (13)
and
dy P 21 % A2t R
. - _av _ 8 at £ = (¢-a)/2 , (14)
ag E;tyn E,tym 26

of which equation (13) ensures continuity in the adherend stresses. (Equation
(14) could alternatively have been derived by consideration of gross horizontal
equilibrium of the joint). Hence

F = Ye = TP / G . (]5)

A = 1,/ cosh(ra/2) , (16)
M'p

c = (———) tanh(Ad/2) , (17)
G
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e IR | R R (e

e

and

Tay d) tanh(1d/2) (19)
+ —_—
( (Ae/2)

The precise simultaneots solution of equations (18) and (19) in order to elim-
inate a4 is accomplished by a digital computer program (1isted in Appendix A2)
but, for sufficiently long overlaps, tanh(Ad/2) - 1, whence

T AL Y
a"-——)+ 14+ 22, C (20)
T 2 Y

D e

The left-hand side of equation (20) is proportional to the load (P = 21avz)

so that the equation (20) indicates that increasing the overlap beyond an as
yet undefined value yields no significant gain in strength. This is because

the length of the plastic zone, (2-d)/2, is defined by equation (18) as

=) - | [1+22 -1 (21)
(52) - [y e 5]

and is defined by the material properties independently of the total overlap of
the joint.

The non-dimensional equation (20) may be re-arranged in the form

P = 21 & = LEt Tpn(YE—e"" Yp) , (22)
in which the terms under the latter radical define the strain energy of unit
area of the adhesive film. No other adhesive material properties are involved,
so this establishes the adhesive strain energy in shear as the single necessary
and sufficient characterization of the adhesive to define the maximum bond
strength obtainable between given uniform adherends. While not so readily
evident from the equations, the same holds true for joints between non-identical
uniform adherends also. In the succeeding section the same conclusion is demon-
strated for a bi-elastic adhesive representation. The grouping of terms is such
that n(ye + yp) is the maximum bond-line displacement, so the load can be

10
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computed in terms of directly measurable quantities.

The maximum potential bond strength above requires at least a moderately long
overlap, with an elastic trough in the middle of the joint. For sufficiently
short overlaps, the joint will be fully plastic throughout and 4 will be zero.
The 1imiting overlap, beyond which some elastic adhesive strain must be present
follows from equation (18) by setting a equal to zero.

-
AL = J22 . (23)

transition Ye

In the fully-plastic case, equation (19) predicts that

T
avo, A > 0 . (24)

T ]

p
Even in the fully-elastic case, d = & + 0, equation (19) leads to the results
(24). For long overlaps with a purely-elastic adhesive, equation (20) reduces
to the Volkersen solution

T 2
D p

S I NI RN S (25)
showing a constant load capacity for long overlaps and a steadily decreasing
average shear stress as the overlap increases. It should be noted, however,
that for a long overlap the end stresses (and strains) are invariant with the
length of the overlap; an increase in overlap merely relieves the already low
stresses in the central portion of the joint, whether the adhesive be purely-
elastic or elastic-plastic, and any such increase in overlap in no way affects

the critical stresses and strains in the adhesive.

The solution above is depicted in non-dimensional form in Figures 3 and 4, while
some of the corresponding stress and strain distributions within the joint are
illustrated in Figure 5.

The failure criterion assumed in the analysis above is that of the total shear
strain in the adhesive. The joint failure strengths so predicted should be
checked against the criterion for bond failure in peeling, rather than in shear,
and against the adherend failure (or yield) criteria. These other joint

11
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strength cutoffs are discussed in Sections 6 and 7.

12
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3. BALANCED DOUBLE-LAP JOINTS (BI-ELASTIC ANALYSIS)

The preceding section demonstrated a versatile technique for characterizing the
adhesive non-linear behavior by representing the actual characteristic as an
equivalent elastic-plastic formulation, as depicted in Figure 6. The question
arises as to whether any different possible characterization would still have
led to the conclusion that the adhesive strain energy in shear is the single
necessary and sufficient quantity defining the maximum potential joint strength.
This issue is resolved in the affirmative here by showing that any arbitrary
bi-elastic representation (Figure 6) leads to the same result. It is evident,
consequently, that there is Tittle accuracy to be gained by more complex repre-
sentations of the adhesive characteristics. Furthermore, the mathematical con-
venience of standardizing on the elastic-plastic formulation rather than to add
another parameter to the adhesive characterization is thereby justified.

The joint analysis begins in much the same way with equations (1) through (3) of
Section 2. The bi-elastic adhesive characterization, illustrated in Figure 6,
is expressed mathematically by the relations

G
T o= Gy = -ni(ai-ao) = 1(x) (26)

for the central elastic trough and
L Gp(y -Y,) = (Ge - GP)Ye + GPY
(6, - 8 )
= 1 +6 |-y (27)
p P n €

for the end zones of the joint. (The precise form of these equations was arriv-
ed at by eliminating others which did not yield an explicit formulation to
demonstrate the desired objective. Alternative formulations tried proved the
point at issue only implicitly rather than explicitly).

As for the elastic-plastic adhesive, the governing differential equation proves
to be

13
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a2y 1/ 1 2 A2
— = —( + )1‘ = = ¢ (28)
ax n\Et = Et, G,
where, for conformity with equation (8), Aez is defined here as
G 1 2
(» )2 = _e( + ) ) (29)
€ n \Et_ E,t,
Q O 11

The solution of equations (26) and (28) for the central region (of length d) of
the joint follows from

dzy
ax?  °
as
y = A cosh()\ex) + B sinh(Aex) (31)

in which B is set equal to zero by the choice of the origin of the x-coordinate.
For the outer ends, each of extent (2 - d) / 2, the solution proceeds from the
substitution of equation (27) into equation (28). Thus

azy , , Gp)
—_ = A  —— = tant |, 32
" Ap % R ( . Yo constan (32)
where
G 1 2
(AP)Z = l( + ) . (33)
n \E t E t,
The solution is
Ge
y = ¢ cosh(xpx) + F sinh(xpx) - ( E;'" 1) Yo - (34)

The integration constants A, ¢ and F and the unknown d/% are found by satisfy-
ing the boundary conditions

YOS Y, =T / G, at x =d/2 , £ =0, (35)
Yy = Ye + YP at g = (ﬂ' -d) /2 ’ (36)
dy / ax = dy / da¢ at x = 4a/2 , £ = 0 , (37)
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and

2 L -4
ay P 2t_ % Ay ( )

- - = sat = —— . (3)

dag Eitin Eitin 2Ge 2

For the elastic solution, condition (35) converts equation (31) to the form

v = ly_ / cosn(r_a/2)]cosh(A x) . (39)

Hence, at the transition in adhesive behavior,

dy Aed
';x—g- = Ye}\etanh(?) . (40)
2
while
ay
—| = FA_ . (41)
ag|o P
Therefore,
A A d
F = v, T tanh.(-———) . (42)
P 2
Since y = Yy, at £ = o0 [condition (35)],
Ge
C = (G_) Ye . (43)
P

From the remaining boundary conditions,

() 5) - ()b (o ]

P
and

(IR - (b ] o ) o 5] 0

These equations can be solved simultaneously to deduce d and Ty’ The process
is somewhat tedious but, in view of its important ramifications, it is summar-
ized as follows. Equations (44) and (45) have the form

>
M

A = B coshb + C sinh6 ,
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F = B sinh® + C cosh® ,
_ L -d
6 = }\p( 2 ) ’
where
Tav en' }‘e Ge
ce (T)H)E) -
p 2 P P
(46)
A ‘A d Y G
- (e () o (20
p 2 Ve p
Therefore,
sinh® = (AC - BF) / (€% - B2) , cosh® = (AB - FC) / (B2 - ¢2)
The hyperbolic functions are eliminated through use of the identity
cosh?6 - sinh?8 = 1 ,
leading to
(AB - FC)? - (AC - BF)2 = (B2 - C2)(C2 - B2)
whence
A2 - F2 = (2 . B2
Reverting now to the expressions (46) it is found that precisely
r/t A 2\7 2 Ad Y G.. /Y \?
G - () 2@ @
Tp 2 2 Ye e \Ye

For the long overlaps of interest at the maximum potential joint strength (the
asymptotes in Figure 3),

A d
tanh (—51—) = 1, (48)
2
whence
T AL Y G, /Y5\ 2
(ﬂ)(_e_) . J1+z£+-2(—11) : (49)
Tp 2 Ye Ge Ye
Thus
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TpY Yp Gy (Yp) 2
P = 2t & - WEt npel+2—P-+—B(-£) . (50)
av > Yo Go\Ye

Now, the area under the bi-elastic stress-strain curve, Figure 6, is
- 1 2 2
Area = 36 (v )% + Gp(Yp) 1+ 6., (51)

which can be easily re-arranged into the form of the second radical in equation
(50). This explicit solution therefore demonstrates that, for any arbitrary
bi-elastic representation of the shear behavior of an adhesive film, its strain
energy per unit bond area is the unique necessary and sufficient characteriz-
ation defining the maximum attainable bond strength between two adherends.
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4. EFFECT OF THERMAL MISMATCH BETWEEN ADHERENDS

Metal and composite adherends are frequently bonded together because of the
high stress concentrations associated with bolt holes in composite Taminates.
On the other hand, the normally high characteristic bond strengths cannot
always be realized because of the differences in coefficients of thermal expan-
sion between dissimilar adherends. This is particularly marked in graphite/
epoxy - to - aluminum bonds because of the great disparity between the respect-
ive coefficients of thermal expansion. Since the adherends are usually bonded
together at 250 °F or 350 °F and the joints are required to withstand loading
at as low as -67 °F, there are significant "no-load" strains induced in the
adhesive which detract from the load potential of the joint. This phenomenon
is illustrated in Figure 7, showing how the bond at one end of the joint is
more severely strained than at the other end.

The complete analysis is presented in Appendix Al, so it suffices here to dis-
cuss the highlights of the solution (A.61). In the absence of any adherend
stiffness imbalance (Eiti = 2Eoto), the exact solution derives from the follow-

ing pair of equations for o_ > a. and AT < 0 (where AT = T . =T ):
o} 1 operating cure
T d ta.nh()é—d)
A (52)
Tp 2 (xe/2)
and
T AR Ad Y (a, = )ATA
av I = tanhZ PR + 2.2_ - 1 o . (53)
T 2 2 Ye T 1 2
P I)(E t_  E.t.
o 0 11

The notation is defined in Figure 8.

For the case @< @, the sign of the second term is changed to reflect the
shift, from one end of the joint to the other, of the maximum adhesive shear
strain. In the absence of any adherend stiffness imbalance, a change in load
from tension to compression merely shifts the critical end of the joint from
one end to the other, as shown in Figure 7, and does not need a change in sign
of the thermal mismatch term. (Note, however, that when peel stresses dominate
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the ultimate strength of a uniform double-lap joint a change in load direction
does have a significant effect on the joint strength because what are critical
tensile peel stresses at the ends of the outer adherends in the tensile loading
case become inconsequential compressive transverse stresses for compressive
loading).

In the general case, for the long overlaps associated with the "plateau" load
levels of Figure 3, the asymptotic joint strength is given by the lesser value
of

(ﬁ> (-Ai) - [ 1+ 2%+ CT}mRm(l)][l;E—ljR—(l—)-] . (54)

(%)(%) > [Jl + 2%+ CTHERM(E)] [l—:—z-T—R-(E)] , (55)

where the adherend stiffness imbalances are

and

E.t, 2E t
ETR(1) = ——= , ETR(2) = —=2 (56)
2E t E.t
.0 0 1
and the adherend thermal mismatches are
(a -ui)ATA
CTHERM(1) = e CTHERM(2)

e [2_s_2) ° c (L4 2
P (Eoto Eiti ) p (Eoto Eiti )
A negative value for either equation (54) or (55) indicates that the thermal
mismatch is so severe that the joint would break apart due to thermal effects
alone without the application of any mechanical load. Equations (54), (55),
and (57) reveal that any adherend thermal mismatch effectively reduces the
available adhesive strain energy to resist the applied load. That this is so
is best illustrated by re-arrangement of the first square bracket term in
equation (54) into the form

2 Yo (ao-ai)AT :
w/_ v/(‘) ) e

Et T E.t
o0 i1

in which the first radical in the square brackets defines the adhesive film

(ai - ao)AT)\

. (57)
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shear strain energy per unit area of bond while the second term characterizes
exclusively adherend properties. Not surprisingly, if adherend thermal mismatch
is associated with thick (stiff) adherends, the joint strength degradation is
more pronounced.

Figure 9 shows the reduction in the asymptotic (or plateau) strengths of stiff-
ness balanced joints, as defined by equations (54) and (55), due to the presence
of thermal mismatch between the adherend materials.

The temperature differential AT is introduced above as the difference between
the adhesive cure temperature and the operating temperature of the joint.
Strictly, the reference temperature should be defined as the stress-free temp-
erature of the joint. Because adhesives are long-chain polymers with visco-
elastic properties, a fraction of the residual bond stresses can be dissipated
by creep. Obviously the theory is general enough to cope with any known stress-
free temperature, but the precise determination of the latter may be very com-
plex. The available evidence on this matter indicates the following: (1) some
joints do break apart while cooling down in the autoclave (particularly with a
brittle adhesive bonding graphite-epoxy to aluminum) as a result of the load
being induced at a greater rate than that at which the adhesive can creep, (2)
curvature measurements on long hybrid strips indicate that the stress-free
temperature is close to the normal cure temperature of the adhesive (curing a
250 °F adhesive at 350 °F induces thermal stresses characteristic of 250 °F
because the adhesive polymerizes at this temperature even if it may subsequently
be heated up to higher temperatures, (3) long boron-epoxy reinforced aluminum
extrusions cured and aged at room-temperature and subsequently post-cured at
elevated temperature have a stress-free temperature essentially of room temper-
ature because, during the post-curing, the only locations at which the adhesive
(or resin matrix) is stressed highly enough to induce creep are confined to
narrow zones at each end of the reinforcement while the 1ightly-stressed bulk
of the adhesive (resin matrix) serves as a "memory" for the stress-free state
on cooling down, and (4) strength tests on some short-overlap hybrid composite
Jjoints have not revealed any adverse effect from thermal mismatch. It seems
self-evident that creep can alleviate thermal stresses only within the ultimate
strain capacity of an adhesive, so the observations above are compatible.
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5. EFFECT OF STIFFNESS IMBALANCE BETWEEN ADHERENDS

Whenever the net stiffness at one end of a joint differs from that at the other
end, the adhesive shear strain distribution is rendered non-symmetric. This
phenomenon is depicted in Figure 10 for stiffness imbalance alone, showing how
the adhesive strains are more severe at that end from which the "soft" adherend
extends than at the other end from which the "stiff" adherends extend. The

full potential strength of the adhesive bond is therefore not being realized at
this latter end. The simultaneous presence of thermal mismatch between the
adherends will either aggravate or alleviate the effects of stiffness imbalance.
A comprehensive analysis of this phenomenon is presented in Appendix Al, so only
the results will be discussed here. The pertinent equations (A.5) and (A.61)
are that

E.t,
T\ (M Yo (o —-a, )ATA l+2g¢o
=L {—] - 1+ 2=+ <= . (59)
T 5 Y r =2 4 2 5
p ¢ HlEx_ T Et.
O O 11

for E.t. < 2E %
11 [o 2o}

With respect to the symmetric so1ut10h (20), and omitting consideration of
thermal effects, it is apparent that the limiting strength of the joint is
simply scaled up or down by an elasto-geometric factor. Since

G/ 1 >
A= "'(E o E.t.) , (60)
n O 0 1 1

the effects of stiffness imbalance are manifest in both sides of equation (59).
Isolating out the influence of thermal imbalance, and using the outer adher-
ends as reference for a balanced joint, it can be shown that the stiffness
unbalanced joint is weaker than the balanced joint by the factor

‘/( E, t, )[ E,t, J// E_t_ reference (61
1+ 2 ] 61
ot 2 _t_ Bt < B4
1 1 O O

This factor is illustrated in Figure 11 and applies whether the adhesive shear

stress distribution be all-elastic or contain one or two plastic zones. Natur-
ally it does not apply for fully-plastic joints which are not on the "plateau"
strengths established in Figure 3. It is evident that the softer (thinner)
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adherend(s) lose strength more rapidly with stiffness imbalance than do the
bonds. In other words, if the bond is strong enough to fail outside a balanced
joint, it will inevitably be strong enough to fail any unbalanced joint outside
the bond provided that the stiffer adherend is no stiffer than that in the bal-
anced joint.

In the case of the splice plates bonded to plates butted together, it is more
informative to use the inner adherend(s) as reference to illustrate the relative
efficiencies of splice plates of different thicknesses. Using Eiti as the
reference for a balanced joint, the unbalanced joint is weaker by the factors

J(2E0to)[ 2EOtOJ/ Eiti reference ( )
—2 )11+ 2 , 62
B By (2E t < Et,
o o i’'i
2E t 2E t E.t, reference
[1 + (755%11)] // 2 (355%11> i ) (63)
ii i'i 2E t 2 E.t
o0 i“i

Figure 12 depicts this strength reduction with respect to balanced joints. At
first sight it would seem that stiffer splices would increase the load trans-
ferred at the outer ends of the splices and that, therefore, the joint strength
would be raised. Actually, while more load is transferred at the outer ends of
the unbalanced splice, the differential adherend stresses at the inner ends (of
the plates) are thereby so greatly reduced that the adhesive shear strains
there are greatly diminished. Effectively, therefore, the inner ends of the
unbalanced splice can be only 1lightly loaded prior to failure of the bonds at

and

the outer ends. Such a failure occurs at a lower load level than could be
carried by a stiffness-balanced joint.

It is evident that significant penalties are associated with adherend stiffness
imbalance. Except for such thin (or weak) adherends that joint efficiency is
not necessary, it may well be desirable to locally build up the adherends to
match stiffnesses along the bond length. Indeed, still further (balanced)
reinforcement enhances the joint strength. Such reinforcement is readily
incorporated in a composite panel during layup. In metal structures one can
either bond on a local doubler or selectively chem-mill the panel away from the
joint areas.
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(A word of caution is warranted over the use of reinforcement in the joint area
for uniform double-Tap joints in practice. For thick adherends, the increase
in thickness may well do more harm to the resistance to peel loads than it does
to enhance the shear strength. This will be particularly so for composite
adherends. In order to take advantage of this increase in shear strength in
practice, it is usually necessary to taper the splice plates at their outer
ends in conjunction with a build-up in thickness over the ends of the butted

plates.)
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6. PEEL STRESSES IN DOUBLE-LAP JOINTS

The analyses in the preceding sections, and in Appendix Al, deal with the shear
stresses in the bond line. As a prelude to this section, it is appropriate to
examine the progression of failure modes as the adherend thickness is increased.
For very thin adherends, the potential bond strength is so far in excess of the
adherend strength that failures occur consistently outside the joint. For some-
what thicker adherends, a situation is reached in which bond failure in shear

is initiated at the ends of the joint as the result of yielding of the (metal)
adherends. The yielding causes displacement differentials across the bond line
which are in excess of the capacity of the adhesive. Even though the after-the-
fact examination reveals an adhesive failure, this should be more properly
thought of as an adherend failure because it is governed almost entirely by
adherend properties. For slightly thicker (stronger) adherends, the bond is
failed in shear according to the analyses of the preceding sections at loads
less than sufficient to yield (or break) the adherends. At first sight, it may
seem that this mode is the last of the sequence but the experimental evidence
indicates that this is not the case. The last link in the chain is failures
induced by peel forces for still thicker adherends. The characteristic failure
mode for thick composite bonded joints is illustrated in Figure 13. The analo-
gous mode for metal adherends is failure of the bond in peel before its shear
strength potential could be reached.

The reason for these two seemingly physically distinct manifestations for the
metal and composite adherends is simply that the interlaminar tension strength
of the laminates is Tower than that of most adhesives. Their mathematical
formulation is the same.

The geometry and nomenclature for this analysis are illustrated in Figure 14
for a double-lap joint in which the extensional stiffness of the inner adherend
need not be twice that of each outer adherend. This failure mode is governed
essentially by the outer adherend(s) alone, even though the observed failure is
in the inner adherend. The differential equilibrium equations for the element
of outer adherend are
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aM t
—_ = v -2 (64)
dx 2
and
&Y. . (65)

dx c

The characteristic equation of the outer adherend undergoing plate bending is

S = - (66)

The assumed elastic peel stress is defined as

g w

< . _ =L (67)

E? n

c
in which E ' is the "effective" tensile modulus of the adhesive, subject to
Poisson effects from in-plane constraints of the adherends and including an
allowance for the transverse deformations of the adherends under the peel
stresses. An approximate representation of the phenomena is provided in Figure
14. On this basis, it is evident that

> (68)

—_— = e—t —f —

1 1 ky ko
E
C

' Ec Ein Eon

where E ., and B, are the transverse tensile moduli of the inner and outer
adherends respectively. The constants k; and k, refer to the number (or frac-
tion) of adhesive layer thicknesses for which the adherends are affected by the
peel stresses. In contradistinction to the elastic-plastic formulation of the
shear behavior of the adhesive, it is appropriate to confine attention to
elastic peel stress behavior, for two reasons. First, in the case of composite
adherends, the inner laminate will fail by interlaminar tension (in conjunction
with a negative influence from the concurrent interlaminar shear) at that load
level at which the adhesive peel stress just exceeds the laminate interlaminar
strength. The failure will initiate at the very end of the joint between the
first and second layers of fibers adjacent to the bond. It is immaterial that,
were the laminate stronger, a ductile adhesive could have developed that same
peel stress over a larger area in association with higher average bond stresses.
Second, for metal adherends, the Poisson effects of in-plane adhesive constraint
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on the very thin (typically 0.005 inch) bond line so greatly modify the apparent
adhesive behavior that it no longer represents the ductile characteristics of
the bulk adhesive. The reason for this is that, 1ike many long-chain polymer
materials, adhesives are practically incompressible. It is an easily deduced
characteristic of such materials that their strength under hydrostatic tension
or compression is theoretically infinite and so are their elastic moduli. The
relatively stiff metal adherends enforce biaxial in-plane tension into the thin
adhesive film as the adherends try to peel apart. This so enhances the peel
strength potential of the adhesive film as to effectively prevent "yielding" and
to increase the load level for potential peel failure. (For this reason, the
tensile modulus E, of the adhesive film in equation (68) must be determined by
transverse loading of an adhesive film bonded to blocks rather than on a bulk
adhesive specimen. A compression test is recommended for determining the
modulus, since such a tension test is prone to premature failure.) The net
result is that shear failure of the adhesive prevails up to those adherend
thicknesses for which the adhesive bond is unable to develop sufficient strength
to fail the adherends. It is necessary, when bonding still thicker adherends,
to change the geometry to a more efficient form (such as a tapered-lap, stepped-
lap , or scarf joint) which is not subject to critical peel stresses at the ends
of the joint. While an elastic-plastic (or even bi-elastic) peel stress anal-
ysis can be readily formulated (and may even be solvable explicitly), it appears
to be of academic interest only for the material systems now available. Perhaps
in case of a major breakthrough in interlaminar strength improvement of compos-
ites by some technique not suitable for similarly benefiting adhesives because
of associated intolerable adverse effects on the adhesive shear properties, such
an elastic-plastic peel stress analysis may become worthwhile.

Returning now to the analysis, in equation (64) the adhesive shear stress t is
set constant in order to uncouple the differential equations governing the peel
and shear stresses. The justification for doing this is that, since most struc-
tural adhesives exhibit at least some plasticity (while the best ones exhibit
considerable ductility), the shear stress is constant over a significant dist-
ance from the critical end at which the peel stress peaks. Subject to this
assumption, the governing differential equation for the deflection of an outer
adherend 1is
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a"w E!
2. S-w =0 (69)
axt Dn
and, introducing the notation
x* = E'/kn (70)
the solution is
w_ = A sinyx coshxx + B cosxx sinhyx + C sinyx sinhxx + F cosxx coshyx .(7])

e}

The boundary conditions defining the constants A, B, ¢, and F are

2 L
+ 5' + E
/ cdx = 0 = / vax (72)
L © L
T2 T2
a%w 2
M = -D—2 = 0 at x = == (73)
ax?2 2
and
aMm t, d%% .
V = 0, whence — = -1 — = -D at x = 3 . (74)
ax 2 ax3
Of these, the equation (73) requires that
a2y
° = 2x2[A cosxx sinhyxx - B sinyx coshyx
dxz
+ C cosyx coshxx - F sinyx sinhyx] = 0 at x = +# % (75)
Hence
C = F = 0 (76)

which simultaneously satisfies equation (72). Since the concern is for overlaps
sufficiently long to preclude inadequate shear strength, it is appropriate to
set

XL x&
cosh (—-) = sinh(—) = %e e . (77)
2

so that
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A cos (XZ‘&) * B sin (%) . (78)

Equation (74) then requires that
Tt
- 2—1: = 2y3 [- (A+ B)sin (22&) sinh (Xé&) + (A-B)cos (%R'-) cosh (%9')] (79)

so, for large (x2/2),

L
Tt ) i A2)5
A = - -2 sin (._._) / 2)(3-%' e( 2 ) , (80)
2D 2 L )
2
Tt XL [ =)
B =~ - —=cos (—) / 2)(3.-]2; 9(2 ) . (81)
2D 2 - -
Hence,
Tt 1 X2 X%
W ~ o _O. —[sinz ('—) + 0082 (_)J > (82)
Cle/2 op  2y3 2 2

whence the maximum peel stress in the adhesive, and adjacent adherend (laminate)
at the end of the joint, is
1
E'71t 1 3E '(1-v2)t
g s S O . T( < 0))*_ . (83)
“max n D 2)(3 Eon

It is evident that the peel stresses at the end of the joint are not a problem
if the thickness of the outer adherends is small enough and that the use of a
Tow modulus and/or thick adhesive film is advantageous. As explained above,

the precise effective value of E' is difficult to establish theoretically.
Equation (83) affords a means of establishing the effective value from tests
having this mode of failure, since all other quantities involved can be measured
readily. The use of an experimental basis for E could also eliminate the
effect of the simplifying assumptions made in deriving this result, by providing
an empirical correction.

The result (83) is depicted in Figure 15 in non-dimensional form for physically
realizable ranges of the parameters involved. An assessment of these confirms
that peel stress is not a problem for very thin laminates but that it is so for
thicknesses within the normal range of constructional practice.
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Having established the mathematical nature of the peel stress problem above, it
becomes possible to recommend geometric as well as material techniques to allev-
jate the problem. Recognizing that the peel stress is only a problem when it
prevents the development of the full potential shear strength of the joint, it
becomes obvious to sacrifice some of the unattained shear potential in exchange
for a reduction in the peel stress. The simplest technique for accomplishing
this is by scarfing off the ends of the joint, as shown in Figure 13. The small
reduction in shear strength is caused by increasing the adherend stress in the
scarfed-off ends, thereby decreasing the displacement differential across the
bond-line and, with it, the effectiveness of one end zone of the joint in trans-
ferring shear load. A quantitative examination of this peel-stress relief
problem, in Reference 6, has established that it is quite straightforward to
introduce a compensating stiffness imbalance at the other end of the joint so

as to make both ends of the tapered-lap joint equally effective in transferring
shear loads. With this modification in optimized form, indeed, the theory
predicts that the shear stress transfer may be increased by as much as 24 per
cent above the potential which the uniform adherends could have developed had
not the peel stress failure cut-off prevented it. With regard to adhesive
material properties, the nature of the problem suggests that, if a brittle
adhesive must be used to effect the shear transfer because of a high-temperature
environment, the use of a ductile adhesive to soften the peel-stress spikes at
the end of the overlap will be very advantageous for thick adherends.
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7. ADHEREND INDUCED FAILURES

For certain geometry and material combinations, the potential adhesive shear
strength predicted in Sections 2 through 5 may not be developed prior to
adherend-induced failure. One such instance is the interlaminar tension failure
of composite laminates induced by excessive peel stresses at the end of the
joint, as elucidated 1n Section 6. This applies particularly for the thicker
adherend sections. For very thin (weak) adherends, on the other hand, the
potential shear strength of the adhesive may greatly exceed the tensile (or
compressive) strength of the laminate outside the joint. This adherend strength
cut-off is readily seen to be governed by the criteria

o] t < (t_.) s (84)

L
o o av’'potential
or

Gi ti < 2(Tav)potential2 > (85)
max

for adherend failures instead of adhesive failures.

A related failure mode, prevalent with ductile adherends, such as aluminum, is
that of yielding the adherend just outside the joint. As the adherend yields,
the adhesive at the end of the joint is subjected to bond-line differential
displacements beyond its shear strain capability. The problem is aggravated by
squeeze-out around the periphery of the bond area during curing, which results
in the thinnest bond in the most critical location(s). This adherend yielding
induces a failure which progresses along the joint, starting from either end,
as long as the load is maintained. Although it is the adhesive that is
observed to have failed after test, this failure is governed principally by the
adherend.
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8. CHANGE IN JOINT STRENGTH BETWEEN TENSILE AND COMPRESSIVE SHEAR LOADING

The discussion of the influence on joint strength of simultaneous adherend
stiffness and thermal imbalances is best deferred until after explanation of

the effect of changing the load direction from tensile shear to compressive
shear. The differential equilibrium equations (A.1) through (A.7) were set up
for tensile load application to the adherends. Maintaining the same sign con-
vention, the effect of reversal of the load direction is to change the signs of
Ty, To, 81, 62, T and y. Indeed, everything is changed but for the thermal
stress term (ai —ao)AT. Thus, the solution for compressive shear loading is
deduced from that for tensile shear loading by reversing the sign of the thermal
mismatch coefficient CTHERM and leaving all else the same. It is apparent
therefore that, in the presence of thermal mismatch between adherends, compress-
ive shear loads may fail the joint at a different load from the tensile shear
failure load. In addition to these different potential shear strengths of the
bonded uniform double-lap joint in the two load directions, it is necessary to
consider also the peel stresses. The peel stresses will always be harmful at
one end of the joint for tensile shear loading but will frequently not be of
concern for compressive shear loading. This anomaly arises as the result of the
reversal in sign of the peel stresses in going from one end of the joint to the
other, in conjunction with the much higher compressive interlaminar strength of
adherends and adhesives than the corresponding tensile values.
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9. IN-PLANE (EDGEWISE) SHEAR LOADING

Not many joints in an aircraft structure transfer pure tensile lap shear, even
though this load is the basic 'test situation and the standard analysis case to
be found in the literature. In most cases the load transferred is predominantly
in-plane (edgewise) shear. Just as with tensile, or compressive, lap shear
joints, the load is transferred effectively through narrow strips of a defined
width independent of the total overlap, as shown in Figure 16. These strips

are typically narrower than for tensile lap shear and the design of such a

joint is more critical. This problem has been investigated elastically by SAAB
(Reference 7), in Sweden, but has received less attention than it merits else-
where.

The analysis of in-plane shear loading on a double-lap joint (or on a single-lap
joint restrained against transverse deflection) proves to be governed by differ-
ential equations of basically the same form as for tensile (or compressive)
shear loading derived in Sections 2 through 5 and the Appendices. The only
parameter having a different mathematical influence is that of thermal imbal-
ance, which is discussed below after the derivation of the equations accounting
for adhesive plasticity and any adherend shear stiffness imbalance present.

Figure 17 depicts the geometry and nomenclature pertaining to the analysis of
in-plane (edgewise) shear loading on a double-lap joint. The symbol S repre-
sents the adherend shear stress resultant or shear flow (rxyt), while the other
symbols remain the same as those used in Section 2 and Appendix A.1. In order
to eliminate edge effects, one postulates an infinitely wide joint closing upon
itself around the circumference of an infinite cylinder. Horizontal (circumfer-
ential) force equilibrium of the differential element dx within the joint
requires that

ds dSi
—2 4+ = 0 — -2t = 0 . (86)

dx dx

The shear-stress/shear-strain relations for the adherends yield
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das S as, Si
[¢] = [o] 1 = 1 (87)

dx G t ax G,t
o0 i7i
where G, and G, are the shear moduli of the adherends. As a first approximation

the adhesive shear strain is taken as

(Gi - Go)
y = Lo (88)
n
Within the elastic region (of length a to be determined), the adhesive shear

stress is assumed to be
T o= 6y = s, -6) = £(x) (89)
Y n' i o

(in which the unsubscripted G refers to the adhesive shear modulus) while,
throughout the remaining (plastic) region, the adhesive shear stress is taken as

T = Tp = constant . (90)

Elimination of 8, and 8 _» and s, and S, s in turn between equations (86) through
(88) yields the boundary conditions

dy 1 S 8,
_=_(_ o, 1) (91)
dx n Gty Gyty
and governing differential equation
a2y 1/ 1 2
__( . )T -0 . (92)
ix? n\G t G.t,
oo i'i

These equations have precisely the same form as equations (6) and (7), indicat-
ing that the same solutions may be employed with the equivalent parameters
defined in Table I on the next page.

It follows, then, from equation (59) that the Timiting strength for long overlap
joints under in-plane shear loading is given by the lesser of

T Y G,t,
av 1Y i’i

<f;—> (Asz) » Jite- (1 * o1 ) (93)
P e oo

and
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T Y 2G t
<—T3l)(xz) > ’1+2-3(1+——-G°t°) . (94)
p’/ ® Ve 1%

These equations may be re-arranged into the form of equation (22). That is,
for stiffness-balanced adherends,

Y
= = £
Q = 2t & = N ’Gadherendt‘/nTp ( , + yp) . (95)

Since the shear modulus of conventional materials is less than the extensional
moduli, the in-plane shear load capacity of a double-lap bonded joint is usually
less than that for tensile shear. The exception is predominantly #45° cross-
plied composite laminate adherends, for which ny is greater than E_. Any
adherend stiffness imbalance reduces the joint shear strength via the (1+ GTR)

/ 2 factor equivalent to the (1+ETR) / 2 factor for tensile and compressive
shear loading.

TABLE I. EQUIVALENT PARAMETERS FOR DIFFERENT LOAD CONDITIONS

Tensile/Compressive Shear Loading In-Plane (Edgewise) Shear Loading
T , T T , T
p p
Yo Yo s Yy LANIE T PR
G b n G 3 n
8, s 8, 8 » 8,
E; » E G, » G
T, , T S, , S
1 [0} o
) Gy 1 2 ) G, 1 2
Moo= "(E T *'E.t.) ()% = "(G T *'G.t.)
n o] 11 n 11
2 L
AL AL
ETR(i) = E b, / 2E t_ GIR(i) = G,y / 2G t
ETR(0) = 2Et, / Ejt, GTR(o) = 2G t, / Gyt
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It is relatively simple to generalize the analysis above to the situation where
simultaneously applied tensile (or compressive) and edgewise shear loads exist
together. The former will develop a maximum bondline displacement of, say,

n(Yt,c)max while the latter induces an orthogonal displacement of n(ys)max.
the absence of any adherend thermal mismatch, these maximum bondline displace-
ments will occur at the same end of the joint. Failure will occur when the RMS

resultant exceeds the capacity of the adhesive. That is, when

In

nlrg + 1) = g Inlry dpe, 12+ Inlr) 0% (96)

where the subscripts t and ¢ refer to tension or compression, as appropriate.

Equation (96) affords a means of accounting for the influence of adherend
thermal mismatch. For the postulated infinite cylinder, the thermal mismatch
manifests itself exclusively in the adhesive axial shear strain Ty, The
magnitude of Te,c derives from the general tensile/compressive shear ana]ysis
(Sections 2 through 5 and Appendix A.1) on setting T, =0 That is, a given
value of CTHERM will cause a certain value of Ti,e? replacing the Y5 in formula
(A.61). For moderately long overlaps, and sufficient thermal mismatch to induce
plastic adhesive shear strain,

(o, =a )ATA (v, )
T = lCTHERM\ = 140 Tac mex (97)
™ (E t T E.t,) Yo
o 0 11

For only sufficient thermal mismatch to remain within the elastic capability of
the adhesive, equation (97) is replaced by
vy o)

1CTHERM’ s [ TaC TBX (98)

Ve

nax with (ys)max it is necessary to check at both ends of
the joint separately for the most severe resultant adhesive shear strain.

In combining (yt C)

If the "cylinder" be s1it, so as not to exclude edge effects from the problem,
it is immediately apparent that any adherend thermal mismatch induces adhesive
shear strains in both the "axial" and "circumferential" directions. It is quite
straightforward to set up equations equivalent to (86) through (98) including
thermal effects in both directions and the solution is readily deduced, along
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the lines presented above. In this case, it is one of the four corners of the
bond which becomes critical, not an entire edge. The average bond stress which
can be carried may well be reduced significantly by any thermal mismatch effects
rendering one corner of the joint critical. The analysis necessarily includes
the thermal distortion of the adherends outside the joint area because such
thermal effects influence the adherend stresses at the boundary of the bond.
Consequently, no universal solutions can be produced. With the large variety
of Tocations possible for the critical bond shear strain in conjunction with the
large number of possibilities for plastic and/or elastic adhesive behavior in
the orthogonal directions, it is inappropriate to set up the differential
equations here.
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10. MIXED-MODULUS ADHESIVE JOINTS

A significant effort has been devoted to the concept (Figure 18) of using a
high-modulus adhesive in the central region of the joint and a lTow-modulus
adhesive in the outer regions where the relative displacements between the
adherends exceed the strain capabiliies of the high-modulus adhesives. The aim
is to stress the adhesive more highly in the relatively unloaded central region
of the joint. The achievements hitherto have not been great in view of the
expectations. In view of the predictions of the present analysis that practic-
ally all of the load is transferred in two narrow strips at the ends of the
joint, it is worth examining this problem with the present mathematical model.
An elastic analysis is presented in Reference 8 by Raphael.

In the ideal situation, one could consider that the use of mixed-modulus adhes-
ives 1s equivalent to using a single hypothetical adhesive possessing the
initial modulus of the stiff adhesive and the plastic strain capability of the
ductile adhesive. For identical failure stresses, this analogy is precise if
the stiff adhesive extends exactly to that position in the joint at which the
ductile adhesive is just plastic. Under such conditions, since yp/ye is large
in this application, increasing the shear modulus G has but a small effect on
the strain energy and even less on the joint strength, since the respective
joint strengths are shown in equation (22) to be proportional to /[%ve + yp].
The total displacement n(ye + yp) remains unchanged. The effect of rep]aging
the Tow-modulus inefficient elastic trough in the joint by another such trough
with a higher modulus is minimal. Therefore, the use of a stiff adhesive in

the center of the joint can improve the joint strength only little above that of
which the ductile adhesive alone is capable. Indeed, during bonding, there is
an inevitable tendency for the stiff adhesive to squeeze out and displace the
ductile adhesive, to the extent that the effective strips may be less than
dictated by equation (23). It is well nigh probable that a strength reduction
will have been achieved. Such appears to have been the situation in the experi-
ments reported in Reference 9.

In short, in comparison with a ductile adhesive, the small potential added
strength to be achieved by use of the mixed-modulus adhesive concept appears
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to be inadequate in the 1ight of the production difficulties involved. Variable
thickness adhesives or adherends seem to represent a more profitable approach

to pursue. One seeks an adhesive film thickness approximately proportional to
the adherend relative displacement (i.e., very thin in the middle where the
displacement is least).

While the mixed-modulus adhesive concept has no practical merit in gomparison
with a ductile adhesive alone, it does offer advantages over a brittle adhesive
alone. By softening the end zones of the joint, a strength increase must be
obtained and a marked improvement derived with respect to the peel stress prob-
lem at the end of the joint (see Section 6). Therefore, in those high-temper-
ature environments which preclude the efficient use of ductile adhesives, a
brittle adhesive (which retains its strength at high temperature) may serve to
transfer effectively all the shear load while the weaker ductile adhesive
protects the ends of the overlap, enabling the brittle adhesive to develop a
higher stress prior to failure than it could when acting alone.
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11. PARAMETRIC EFFECTS AND JOINT EFFICIENCY CHARTS

The dominant characteristic of the load versus bond overlap relation for double-
lap joints is the asymptotic strength for moderate to long overlaps, for which
the joint strength is essentially constant. For short overlaps, the bond is
uniformly stressed and the load is proportional to the overlap. For brittle
adhesives there is a significant transition between these two 1imits, but most
good structural adhesives have sufficient ductility for the transition to be
ignored. Confining attention to the asymptotic solution clarifies the assess-
ment of the influence of the various parameters.

From equation (A.61), the asymptotic joint strength is the lesser of

(:ﬂ)(};) [ /1 + 2 :—Z-+ CTHERM(l)HLEZﬂ] (99)

P
and
T AL Y 1+ ETR(2)
(_£EL)<.__) - [ 1+2 -2+ CTHERM(E)][ ] (100)
Tp o Ye o)

These equations are expressed in non-dimensional form because of computational
convenience and mathematical generality of the solutions so obtained. It is
appropriate here to re-dimensionalize the equations. The joint strength can be
shown to be the lesser of

E.t
- _ 1 i’i _
P = eravz = ‘/2nrp(§7e + yp)2Eiti(l + 2Eoto) + (ao ai)ATEiti (101)
and
1 2Eoto
P = ET&VR = 2n'l'p(§'{e + Yp)hEOtO(l + Ei—ti'— + (ai - aO)ATQEOtO .(]02)

In these equations, the quantity 2TPn(%7e + yp) denotes the adhesive strain
energy in shear per unit projected bond area. (There are two layers for a
double-lap joint). No other adhesive property is involved in the strength
expressions. This is why the precise shape of the stress-strain curve of the
adhesive is relatively unimportant (see Section 3). Likewise, the thermal
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mismatch and stiffness imbalance terms are confined to a single location. It is
noteworthy that the length of the joint does not appear explicitly on the right
hand side of equations (101) and (102). Its effect is implied in the restric-
tion that the overlaps for which equations (101) and (102) apply exceed the
transitional overlaps for fully-plastic behavior. The transitional overlap is,
for all practical purposes,

2 P (103)

Rtransitional 2T

for ductile adhesives. For brittle adhesives it is somewhat less than predicted
by equation (103), but the overlap at which the asymptote is effectively reached
is somewhat greater for brittle adhesives. The precise value of the transition-
al overlap is given by the lesser of equations (A.74) and (A.76).

It is interesting to observe that, in no place in equations (101) and (102) does
the adhesive shear strain appear separately from the bond-1line thickness. They
always appear as a product. The important conclusion to be deduced from this is
that it is the relative displacement across the bond-Tine which is most import-
ant and that the difficult-to-measure bond-line thickness need not be measured
precisely at all. The appropriate characterization for an adhesive is a shear
stress versus displacement record. This is not to imply that the thickness n

is unimportant. Inasmuch as it influences the bond-1ine displacement at fail-
ure, n must be controlled. The stress-displacement curve for the adhesive must
be derived from a torsion-ring or thick-adherend specimen simulating closely

the thickness and processing (particularly cure temperature and pressure and
heat-up rate) applicable to any design being investigated. The optimum bond-
line thickness appears to be in the range 0.004 to 0.006 inch for ductile adhes-
ives and 0.007 to 0.010 inch for brittle adhesives. For starved glue-lines, the
loss in shear displacement restricts the strength while, for excessively thick
glue-lines, the bond properties are usually deteriorated by voids. Neverthe-
less, if the voids are excluded by suitable processing and the stress-displace-
ment record is obtained for the appropriate thickness of bond, there is no
inherent physical reason prohibiting successful design and application of thick
bond-1ines.

Figure 3 shows the influence of adhesive ductility on the strength of balanced
double-lap joints. Figures 11 and 12 quantify the reduction in the asymptotic
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bond strengths due to adherend stiffness imbalance in the absence of thermal
mismatch, while Figure 9 reveals how thermal mismatch between the adherends
reduces the asymptotic strength of stiffness-balanced bonded joints. Figure
19 completes the characterization of the influence of the joint parameters by
portraying the complete load versus overlap curves, in non-dimensional form,
for selected cases including the transitional behavior.

The influence of the various parameters in dimensionalized form, accounting for
the various possible modes of failure, is illustrated in Figures 20 and 21.

The first pertains to 7075-T6 aluminum, while the second applies to high-
strength graphite-epoxy (HTS or MODMOR II fibers). Both charts eliminate stiff-
ness and/or thermal imbalance from consideration because their purpose is to
reveal, without ambiguity, the interaction of the three basic failure modes. The
inclusion of these omitted parameters is straightforward. The various material
properties on which these charts are based are enumerated in Table II (p. 80).
Unidentified idealized adhesives are used because of the lack of precise tension
properties for thin films to quantify the peel-stress failure mode(s). The
shear properties are representative of the best of 350 °F curing adhesives.
Figures 20 and 21 are presented in terms of both maximum obtainable joint
strength (with adequate overlap) and the joint efficiency defined as the ratio
of joint strength to adherend strength. The minimum overlaps shown should be
increased by an amount 3/x to account for the elastic trough in the middle of
the bonded joint. In addition, provision should be made for manufacturing
tolerances. The overlaps shown actually define the extent of the effective
end-zones in the adhesive.

The acute peel-stress problem with composite adherends is dramatically empha-
sized in Figure 21. For all but thin laminates, the ends of the outer adherends
must be scarfed off to try to approach the bond shear strength potentials, The
analysis method needs to be modified to account for the change in joint geometry
(see Reference 6). Both Figures 20 and 21 confirm the merits of using ductile
adhesives whenever the environment permits. (Plasticized adhesives show mark-
edly inferior strengths to the unplasticized adhesives at temperatures above
about 250 °F), It is obvious that, in assessing fatigue test data on the
relative merits of ductile and brittle adhesives, one must make the comparison
in terms of cycles to failure at a common adherend stress level, using jdentical
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adherends, rather than in terms of percentage of static joint strength. The
static strengths are too dissimilar to provide a meaningful reference for
comparing fatigue test data.

The influence of temperature on the strength of bonded joints is manifest in
changing adhesive characteristics. The same formulas apply, with the values of

T Yer Ypo 0o s E, etc., determined for the particular operating temperature.

p

Briefly, as thzaﬁemperature is reduced towards -67 °F, the adhesive becomes
more brittle. However, the peak shear stress is increased also, so the change
in shear strain energy is small. On the other hand, the peel-stress problem is
aggravated by a reduction in operating temperature. An increase in temperature
induces more ductility in an adhesive, with an associated reduction in peak
shear stress. Again, the effect on strain energy is small for temperatures in
the range 70 °F to 160 °F and the change in peel-stress phenomena is beneficial.
The change in adhesive shear stress-strain curves with temperature is typified by
the characteristics in Figure 22. Eventually, as the temperature is increased
further, each adhesive suffers a rapid drop-off in strength, over a narrow
temperature range, at a characteristic temperature. Examples of this are shown
in Figure 23, using standard lap-shear data to characterize the strength losses.
It is evident that the unplasticized adhesives exhibit superior strength reten-
tion in the range 200 °F to 400 °F. (Polyimides extend this range still higher,
but with even Tess peel strength than the brittle epoxies).

The analysis of bonded joints at partial loads is accomplished by an inverse
method. Instead of straining the bond-line to the maximum shear strain

(Ye + Yp), a lower maximum strain is adopted which permits sufficient extent of
the plastic end zones to precisely balance the lesser load applied. This pro-
cedure is illustrated in Figure 24,

The various considerations above serve to identify the influence of the para-
meters governing the joint strength. The next section explains how to prepare
charts for general use in double-lap bonded joint design. The information
contained therein can be plotted in the form of P versus t diagrams, or n
versus t diagrams such as Figures 20 and 21, for a specific design. Since the
length of the joint is important only inasmuch as that a determinable minimum
must be exceeded for given adherends, plots of load capacity versus overlap
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become unnecessary. The various computations are based on the formulas

P = oyt for adherend tensile failure outside the joint, (104)
Y
P = ‘/BETP“(—S*'Yp)t « vt for adhesive shear stress failure,(105)
2
and
o Y 2En
t 2 (;—)(——————;————- for adhesive (or adherend) peel (106)
p/3(1 -v)E " stress failure.

In these equations, t is the thickness of the inner adherend of stiffness-
balanced joints made from the same adherend material throughout.
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12, DESIGN METHOD

The objective of design in bonded joints should be to obtain the maximum poss-
ible bond strength from the minimum overlap, since this represents the least
weight design. For maximum strengths which are governed by bond shear failures,
this means effectively designing for the asymptotic (or plateau) strength levels
and seeking the minimum length for obtaining a given percentage (say 99%) of
that strength potential. It is evident from Figure 3 that this overlap is given
by the non-dimensionalized overlap

(xr) = (AL)

practical design transitional

(107)

To this must be added a small tolerance for fabrication considerations and to
provide adequate residual strength after long-term environmental exposure has
destroyed the effectiveness of a narrow strip around the periphery of the bond
but, in no circumstances, can any greater overlap be considered significantly
more effective in transferring shear load. It should be self-evident from
Figure 4 that the concept of designing by means of an average allowable bond
shear stress (whether derived from single-lap shear tests or arrived at as an
empirical low stress value) is at best cumbersome, because of the complex
dependence of the average bond stress on the governing joint parameters, and
probably unreliable because of frequent failure to account properly for all the
variables. The alternative concept, advocated here, of designing in terms of
running load in pounds per inch width of joint provides a simple and reliable
technique when employed in conjunction with a check on ensuring the minimum
adequate overlap. (In addition to this, for thicker adherends, it is necessary
to check against peel-stress induced failures which represent another factor not
covered by any average allowable shear stress method.)

The basis of the design method for shear is equations (101) and (102), re-arr-
anged into the form

E.t,
— 1 1
[2ravm - (ao-ai)ATEiti] = "EKTpn(Ye*'YP)2Eiti(l + %5 ¢ ) . (108)

and
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OF t
_ O O
[et_ % - (a; - )ST2E £ ] = fzkrpn(ye+vp)hEotO(l * 5 ) »  (109)
where

ko= Gygrv) /gty (110)

is determined from the adhesive stress-strain (or stress-displacement) charact-
eristic. The same formula

(p-A)2 = B (111)

is evaluated in turn for each end of the joint being assumed critical. The
Tower positive value of P is adopted and, if either estimate of P is negative,
it must be concluded that the joint will break apart because of excessive
internal thermal stresses. The necessary minimum overlap then follows from
the approximation

L . . = —EL-+
practical design 2Tp

6/ 1 > T 1 28 t_
o= "(E T Y E.t, ) = R?’(E % >(l o, ) : (113)
n O O 1 1 e O O 1 1

The elastic bond-line displacement ny, can be estimated with sufficient accuracy
from the adhesive shear-stress versus bond-1ine displacement characteristic.
This potential bond shear strength should exceed by 50 per cent the adherend
strength (or the design ultimate load for stiffness-critical structures).

T (112)

where

The joint efficiency charts (Figures 20 and 21) indicate a need to ensure also
that the adherends being joined are not so thick that peel stresses become a
problem. The governing equation (83) is re-arranged to read

E n 1 k3 kp J0p\ "
£ - —-—O-—[E_+ — E—](T—p) (114)
“max 3(1 - v2) L% in onl\'p

in which op is the adhesive (or interlaminar tension) allowable peel stress.
The thickness t, _ refers to the maximum thickness of the outer adherends which
will not be associated with peel problems. For design purposes, in order to
maintain a potential strength margin of 50 per cent for the bond or 25 per cent
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for the laminate, major reductions are necessary. The factors are

(2/3)4 = 0.198 for adhesive-governed failures and (4/5)* = 0.419 for inter-
laminar tension failures. The effect of such reduction factors, which account
principally for manufacturing deviations and environmental degradation, is to
restrict the thickness of the ends of the outer adherends. Even within the
confines of a basic double-lap configuration (and without the expense of a true
scarf joint) a superior joint can be formed by tapering the ends of the outer
adherends (see Figure 13) to alleviate the potential peel-stress problems.
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13. CONCLUSIONS

The behavior of adhesive-bonded double-lap joints under static load is found to
be amenable to an analytic solution encompassing the effects of adhesive plast-
icity, adherend thermal mismatch and adherend stiffness imbalance. In addition,
the failure mode associated with peel stresses rather than shear stresses in the
adhesive is analyzed and an explicit solution derived. A1l the physical mater-
ial properties needed to employ these analyses as a basis for rational design
have been identified explicitly. They include stress-strain curves for adhesive
films in shear bonded to torsion-ring or thick-adherend specimens, obtained for
a range of temperatures covering the operating environment. The need for the
tensile characteristics for the same constrained films becomes apparent when
potential peel-stress failure modes are examined. Much of the past discrepancy
between theory and experiment can be ascribed to having omitted consideration

of adhesive plasticity and peel stresses.

While the analysis is concerned significantly with adding adhesive plasticity to
published Tinear elastic solutions, it becomes evident that the mathematical
ease of omitting the elastic portion of the characteristic completely and
obtaining upper- and lower-bound solutions associated with the equivalent
adhesive characteristics shown in Figure 25 has considerable merit. This is
particularly so for the ductile adhesives used in subsonic airframe manufacture
because such a great fraction of the load is carried by the plastic part of the
adhesive behavior.

It is shown that the appropriate basis for design is the average bond stress for
very short overlaps only, and is the joint strength for Tonger overlaps because
the strength becomes independent of overlap rapidly as the overlap increases. A
direct simple technique is presented based on three simple computations: the
first provides the joint strength for balanced joints, the second a strength
increment (usually negative) for thermal effects, while the third completes the
design with a factor (usually a reduction) accounting for adherend stiffness
imbalance. An unbalanced joint must be inherently weaker than a joint between
identical adherends for at least one load direction, be it tensile or compress-
ive lap shear.
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The key concept of the analysis and design method is the limited effective zones
at the ends of the joint, through which most of the load is transferred, while
the remainder of the bond is relatively inefficient. An assessment of the
efficiency of bonded double-lap joints must conclude that they are 100 per cent
efficient for thin adherends, becoming less so for thicker adherends, partic-
ularly for the case of brittle adhesives. The analyses provide the means for
identifying unambiguously at what thickness the loss of efficiency is sufficient
to justify the use of the more efficient tapered-lap joint and even the more
difficult to manufacture stepped-lap or scarf joints. Even the latter is not
perfectly efficient for unbalanced adherends, as is discussed in Reference 10.

More work remains to be done on this problem, particularly experimental work on
the peel-stress problem. It is hoped that these explicit analytical solutions
may serve as a reference to direct the experimental effort along a fruitful path
now that the quantities needed for rational design have been positively identi-
fied.
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TABLE II. MATERIAL PROPERTIES FOR FIGURES 20 AND 21

2024-T3 ALUMINUM ALLOY:

= 6 = i = 1
E 10.5 x 10° psi, Fty 47 ksi, Ftu 65 ksi.
7075-T6 ALUMINUM ALLOY:
= 6 i = = i
E 10.3 x 10° psi, Fty 70 ksi, Ftu 80 ksi.

HIGH-STRENGTH GRAPHITE-EPOXY:
(O°/+45°/90°/—45°)S pattern:

EE = 8.0 x 106 psi, E; = 1.7 x 108 psi,
tu  _ . tu _ :
F,° = 69 ksi, F~ = 8 ksi,

(0°/+45°/0°/-45°)  pattern:

EX = 11.9 x 105 psi, Ey = 1.7 x 108 psi,
tu . tu _ .
FL = 103 ksi, FN = 8 ksi,

(0°) unidirectional laminate:

EE = 21.0 x 108 psi, E; = 1.7 x 106 psi,
tu _ . tu  _
FL = 180 ksi, FN = 8 ksi,

(in which the subscript N refers to properties in the thickness direction).
DUCTILE ADHESIVE:

Tp = 6 ksi, n = 0.005 in., Yp/Ye = 20,
nE v +v,) = 0.00024n., E, = 500 ksi, o = 10 ksi.

max
BRITTLE ADHESIVE:

Tpl= 9 ksi, n = 0.005 in., ‘yp/ye = 1.5,
n(E'Ye'+YP) = 0.00042 in., Ec =~ 1500 ksi, 9, = 17 ksi.

max
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APPENDICES
A. 1 General Analysis Including Adherend Imbalances

In some cases, design requirements other than the optimization of a specific
bonded joint dictate that the net stiffnesses on each side of a bonded joint
need to be unbalanced. In other instances, thermally dissimilar materials must
be bonded together. Such situations accentuate the adhesive strain concentra-
tions at one end of the joint, thereby reducing the average adhesive failing
stress for intermediate and long overlaps. The appropriate analysis follows the
approach used in Section 2, but the simplifications ensuing from symmetry of the
adhesive strains about the mid-point can no longer be utilized. The same basic
differential equations apply, but different boundary conditions hold. There are
three mathematically distinct cases: (1) fully elastic adhesive throughout, (2)
adhesive strained into the plastic state at one end only, and (3) plastic
adhesive behavior at both ends of the joint and the associated special case of
fully-plastic behavior throughout the joint. Those analyses are presented in
turn below.
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A.1.1 Fully-Elastic Analysis

This problem, first analyzed by Volkersen (Reference 1), is solved by de Bruyne
(Reference 11). Referring to Figure 8, the basic differential equations are:

Horizontal force equilibrium

aT dTi
—9 + 1t = 0 ’ — -2t = 0 ’ (A'])
ax dx

Adherend stress-strain relations

as T as T,
S = —2— 4 q AT , = + o, AT (A.2)
ax E t °© ax E.t +
-0 0 i1

Adhesive elastic stress-strain relation

T = Gy = %{6. -5) . (A.3)

The differential equation governing the adhesive shear-stress distribution
follows by differentiation and elimination as

a2t
— - A%z = 0 , (A.4)
ax2
where
G 1 2
A2 = —-( + ) ) (A.5)
n ‘E t E.t,
[o 2e] 11

The general solution of equation (A.4) is
1 = A sinh(Ax) + B cosh(Ax) . (A.6)

The constants A and B are evaluated from the boundary conditions on dt/dax. Thus

drt G T, T

Ax cosh(ix) + BA sinh(ix) = —(—l—- -—+ (a, ~-a )AT) . (A.7)

dx n \E.t, Et e
11 o 0O

Satisfaction of this condition at both ends of the joint automatically ensures

that gross horizontal equilibrium is maintained. Choosing the origin of the x

- co-ordinate as the middle of the joint, gross horizontal equilibrium requires
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that

Tavg' = / Tdx = i—Bsinh(g'-) . (A.8)

Substitution of this condition into equation (A.7) evaluated at one or other
end of the joint provides

E.t
Ta,v(%L) (l - 2Elotj;)) (ai - uo)ATl (A.9)
A = TR T 5 , A.9
cosh (%) (l ¥ 2Eiotio) <Eoto * Eiti) cosh( %)
B Tav(%)/ sinh(-%z-) . (A.10)

The maximum value of t will occur at one end or other, determined by the rela-
tive magnitudes of the adherend imbalances. The adhesive shear stress at the
right end of the joint (Figure 8), x = &/2, (from which adherend i extends) is

AL
1 -ETR(1) T |=
T = tanh(%?)[T (%?)(-—————————) -1 CTHERM(l)] + -—Eﬂﬁf%)-,(A.11)
max av 1+ETR(1) max ta.nh(e—)
in which the notation
ETR(1) = E;t, / 2E t (A.12)
and
1 2
CTHERM(:L) = (ao - Gi)AT}\/[Tmax(ﬂ—- + B t,)] (A.]3)
00 ii

has been introduced to characterize adherend stiffness and thermal imbalances,
respectively. Re-arrangement of equation (A.11) yields

Tav 1+ t&nh(‘z‘z&)CTHERM(l)]
- : [ 1+ FR() : tanh(-}‘zi)‘

in the event that the maximum shear stress Tex (= rp) is at x = +2/2. Were the
other end of the joint (x = -2/2) critical, similar manipulations lead to the
result
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ETR(1) -1 T AL
Al AL av 2
= tanh|—}lt |—fj———] + < CTHERM(1) —_— (A.]S)
Tma_x n ( 2 )[ av( 2 )(ETR(l) + l) max ] ta.nh()\;)

The similarity of form between equations (A.11) and (A.15) suggests the intro-
duction of the notation

ETR(2) = 2E_t / Est, = 1 / ETR(1) (A.16)

and

/1 2
CTHERM(2) = (ai - aO)ATk / [Tmax — + — )] = - CcTHERM(1) . (A.17)
e}l i’i

These convert equation (A.15) for T at x = -2/2 to the form

e R e
()| TEmGE (2 i
2

Equations (A.14) and (A.18) are thus cyclic with respect to the end of the
joint. The joint strength is identified simply by the lesser of equations
(A.14) and (A.18). The non-dimensionalized adherend imbalances ETR and CTHERM
conveniently lack any influence of the joint Tength which is confined to the
nondimensionalized overlap (At). Equations (A.14) and (A.18) therefore serve
as the characterization of the elastic double-lap joint. For long overlaps,
tanh(A2/2) + 1, so that the non-dimensionalized joint strength (Tav / rp)(xz)
approaches the lesser of the two constant values

T AL 1+ ETR(1) 1+ ETR(2)
(Jﬂdé—) > u+cmmmuln{——————l or u+cmmmﬂzn[——————].(AJ9)
T 2 2 2
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A.1.2 Analysis for Plastic Strains at Only One End of Joint

In this case, the adhesive stress-strain relation (A.3) is supplemented by the
relations
(6, =6 )
Y = -—1_0-— ’ T = T (A.ZO)
n

throughout a plastic region of assumed length ¢ at the more critical end of the
joint (the "soft" Et end in the absence of thermal mismatch), as illustrated in
Figure 8 by setting a = 0 and b = ¢, and by shifting the x - origin to the
middle of the elastic region of the joint. Therefore,

Yy = A sinh()x) + B cosh()x) (A-Zl)

throughout the elastic region and

)\ZTP (,Q, - C)
Yy = 52 + Cg +F E = x - '-—ET (A.22)
2G
throughout the plastic region. The relevant boundary conditions obviously
depend upon which end of the joint is critical. It is readily established that
the appropriate procedure is to start by assuming arbitrarily that either end
is critical and to compute the joint strength. One then interchanges ETR(2)
for ETR(1) and CTHERM(2) for CTHERM(1) to see if the other end was less or more
critical. The appropriate critical end and joint strength are identified by
the Tower of the two strengths.

It is assumed that the end x = +2/2 is critical for reference. In this event,
the relevant boundary conditions are

Y=Ye=Tp/G atx=(2-0)/2,5=0, (A‘23)
y = Ye + Yp at ¢ = 0 . (A.24)
Lo Hoatx= Bzl gl (R.25)
T 8 (a, = a )AT
%%’ _ nf?i L% at x = - L&_g_sl , (A.26)
[o o] n

and
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dy 2t & (&, - a )AT
—_ = av_ , 2 0 at ¢ = ¢ . (A.27)
dag nEiti n
While the elastic analysis is just as conveniently performed in terms of either
the adhesive shear stress t or shear strain y, the appropriate variable is the
shear strain when adhesive plasticity is included. Thus, conditions (A.26) and

(A.27) derive from

dy 1| T, T
— = AX cosh(Ax) + BX sinh(Ax) = =— S S — R, (ai—a JAT , (A.28)
ax nlE;t, E t °
11 (ol e]
which is equivalent to equation (A.7). The solution of equations (A.23) through

(A.28) for the integration constants yields

F = v, = rp/G R (A.29)
v, = 1,76 = AsimE5H] + B cosnlAEFI] (A.30)
A2t
R G (A.31)
p 2G
AX cosh[A(R'éc)] + BA sinh[x(&égﬁ)] = ¢ , (A.32)
‘e t-e Tavz (ai-ao)AT
AX cosh[A( 5 )] - Bx sinh[A( 5 )= - nE t T , (A.33)
[eXle} n
and
AZTP 21 % (a, - a )AT
( )c+C = Ea‘,: + —=—2 (A.34)
G n55%3 n

After some algebraic manipulation it is found that

1+ (2 [tanh[x(“%] + - ]
2 2 tanh[)‘(zgc)]

1-ETR(1)

T ;
- tanh[A(l-C)][ av,A_R.(

5 Tp (3 ) - CTHERM(l)]

1+ ETR(1)

, 1 [Tav/_)\i)] (A.35)
tann[A(252) 11T 2

and
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T 2
re = |24 . CTHE:RM(l)]
¢ [Tp 2 (1+ETR(1))
2
+ ‘/[Ta"(%—)( ) - CTHERM(l)]Z a2 (A.36)
™o 1+ETR(1) Ye

These can be solved by iteration for the unknowns (c/%) and (rav/rp). This
solution is tedious but, for sufficiently long overlaps, tanh[A(2-¢c)/ 2] + 1,
and it is found that

1+ ETR(1)
(:E!)(l&g > {I’l P I CTHERM(l)][“‘“"““‘] . (A.37)
Tp 2 Ye 2

Were the end x = -2/2 critical instead, the following quantity would be lower
in value than equation (A.37)

1+ ETR(2)
(iﬂl)(l&) > [ ’1 + 2 ®, CTHERM(2)][--———-——] . (A.38)
'rp 2 Ye 2
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The governing equations are given in Sections (A.1.1) and (A.1.2) above and,
with the co-ordinate system adopted in Figure 8, it is found that the boundary

e

conditions
Y=y
¥

and

are expressible in the form:

t /G at x
P /
Ye
day
dx
dy
ax
dy -
daz
dy
dag

+ at =D,
Yp £

= +d/2 , §

=O,

d

E% at x=+d4/2, ¢

Yy -

a X d/e ,

T 2 (a, - a )AT

av i o at
nE t

[e3e) n
21 ¢ (a, - a )AT

av i at
nE;ty n

The strains in the respective regions are

and

Hence
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Y

= A sinh(Ax) + B cosh{Ax)

<
I

(

)\2
'p

2G

= B cosh(%?) R

)bz +Cb ,

)52 +CE+F

and at x = -d/2 ,

(assuming adherend end i critical)

0

g =0, (A.39)
(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)
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BA sinh(%g-) = C = H , (A.51)
A2t 2t & (o, - a )AT
Pr+c = =+ 1 o , (A.52)
e N5y n
A2t T % (6, = a )AT
Po+H = = i__o© , (A.53)
G n oo n
where
a+b+d = & . (A.58)

Straightforward algebraic manipulation yields

¥
[xp + tanh(%§o]2 = tanhz(%go + 2 ;3- . (A.55)
e
T d tanh(%?
LY 2 ] L — (A.56)
T AL
P L (?)
T 2 (e, - a )AT
Ab + te.nh("z—d = _fﬂ(l\zﬁ) 5 ll g 5 , (A.57)
'p 14 ot T (E T T E.t )
2Eot 00 i'i
and
Ad Tav, g 2 (a) - a;)AT (A.58)
Aa + tanh(—=) = —(=) -1 + . A.58
2 o 2 2E t r [=2— s 2
1+ E1 PAB; ¢y Eot,
i‘i
These equations may be re-arranged into the set
T d tanh(%?
2 - - — (A.59)
T AL
P % ()
and
T 2 Y
av(%%)( ) = CTHERM(1) + ‘/tanhz(%?) +2 2 (A.60)
RS 1 + ETR(1) Ye

which can be solved by iteration for the unknowns 4/% and Tav/'tp. Restricting
attention to sufficiently long overlaps,
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1+ ETR(1)
:E!(lﬁ. > 1402 2, CTHERM(L)| | —— | . (A.61)
T 2 Y
P e 2

Equations (A.60) and (A.61) are evaluated for each of adherends (1) and (2) in
turn to identify the lesser positive value of Tav/Tp, and thence, the critical
end of the joint.

It is evident from equation (A.61) that the two adherend imbalances can either
compound or alleviate each other. In the one case b is greater than a for

adherend(s) (1) end of the joint critical while a is greater than b for adher-
end(s) (2) end critical. In the latter event, a replaces b in equation (A.55).

A comparison of equations (A.61), (A.37) and (A.19) confirms that the same

asymptote is approached whether there be two, one, or no plastic zones in the
adhesive. )

94



"TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

A.1.4 Analysis for Fully-Plastic Adhesive-Bonded Joint

In the digital computer program A4EB analyzing adhesive-bonded double-lap
Joints, it is necessary to identify both the critical end and the transitional
extent of the joint, beyond which the adhesive must contain some elastic region.
The analysis for the fully-plastic joint is the simplest case, yet it is very
powerful. For any practical ductile adhesive, it closely approximates the
maximum joint strength between a given pair of adherends. Indeed, as a first
approximation, the inclusion of the adhesive elastic behavior is an unwarranted
complication for all but brittle adhesives.

The governing equations are as follows. For horizontal force equilibrium,
ar ar,
-0 + 1 = 0 s -1 - 27T = 0 5 (A.62)
dx p dx p

where ™ is the (uniform) adhesive stress. For displacement compatibility,

as_ T as, T,
- = Bt + o AT = = ¢, + o AT (A.63)
and
§., - &
y = 0o (A.64)
n

The solution follows from

ay 1, T, T (a, = o )AT
._=_< i °)+ i~ o (A.65)
dx n Eiti Eoto n
through
azy S ( 2 1 ) A2 ( |
—_— = 2 - — = — 1 A.66
dx2 n VEity o Egt, ¢ P
as
AZTP
y = ( )x2 +Ax + B . (A.67)
2G
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The x - origin is chosen as that location at which y = Yo and dy/dx = 0. This
origin may be outside the extent of the joint. For this origin,
B = v, and A = 0 . (A.68)

There are two possibilities, depending upon the relative magnitudes of the
adherend imbalances. In the event that the adherend (i) end of the joint is
critical,

y_ = Py2 | (A.69)

as is evident from Figure 8 in the absence of any elastic adhesive behavior,
whence

-
Ww o= 22 . (A.70)

Were the other end [adherends (0)] of the joint to develop the maximum adhesive
shear strain (ye + yp), the equivalent relation would be

-
ra = 42 £ . (A.71)

A2t T, (a, - & )AT 21 4 (a. - o )AT
b b = Elt + i o) - El; + i o} i (A.72)
G nEs Yy n Lt ] n
whence
AL 1
5 S A = (-———————-—) (r2) - CTHERM(1) , (A.73)
1 +ETR(1)
so that
Y 1+ ETR(1)
%-:[ z3+wmmu4[ ] (A.74)
Y
e 2
Corresponding to equation (A.71),
A27 T (a, = o )AT T 2 (o, ~ a JAT
p _ 0 i o) _ D i 0
B e = "Wt » (A.75)
G oo n o0 n
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whence

1+ ETR(2)
%%- = [ /2 ;3 + CTHERM(24 [—————————] . (A.76)
e 2

The procedure to identify the appropriate transitional overlap is to take the
lesser positive value of (A.74) and (A.76). Regardless of the sign of CTHERM
and its magnitude relative to yp/ye it is evident that at least one of (A.74)
and (A.76) must yield a real solution. In the event that the other equation
does not, it must be concluded that the thermally-induced residual stresses are
beyond the capacity of the adhesive to resist them.

For very short overlaps it is not necessary that the adhesive shear strain vy

vary from its maximum of (ye+-yp) at the critical location all the way down to '
elsewhere. For such short overlaps the critical end is identified by the sign

of dy/dax at the critical end. With reference to Figure 8, then, if the adherend
(i) end be critical,

T, (o, = a )AT AL
1 1 Q

0 < 911 = + « - cTHERM(1) , (A.77)
x|y, Nkt n 1 + ETR(1)

while, were the adherends (o) end critical (with the same sense for the x - co-
ordinate),
(a, - o )AT AL

= - + o « - ———— + cTHERM(2) . (A.78)
-8 0”0 n 1 + ETR(2)

dy
o > ax

For positive values of CTHERM(1) it is evident that the critical end of the
joint may be changed throughout the fully-plastic overlaps.
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A.2 Computer Program A4EB for Shear Strength of Double-Lap Bonded Joints

A Fortran IV digital computer program has been prepared and checked out for
solving the general equations of Appendix A.1 in non-dimensionalized form. The
solution employs an iterative technique for the strength of bonded joints only
slightly longer than the length for which the adhesive behaves plastically
throughout. Arbitrary combinations of adherend stiffness and thermal imbalance
are provided for. The complete listing follows and sample output pages are
included. The format of the input data is identified below.

CARD 1:
FORMAT (515)

IMAX = Number of thermal mismatch coefficients. IMAX .LE. 20
JMAX = Number of non-dimensionalized overlaps. JMAX .LE. 40
(Note that this is one more than the number of overlaps to read in.)
KMAX = Number of adherend stiffness imbalances. KMAX .LE. 10
LMAX = Number of plastic-to-elastic adhesive shear strain ratios.
LMAX .LE. 20
NMAX = Number of iteration cycles. NMAX .GE. 10 .AND. .LE. 50

(Note NMAX = 20 is recommended.)

CARDS 2, 2A, 2B, etc:
FORMAT (12F6.2)

OL(J) = Overlaps.
(Note that OL(J) must be in ascending order and OL(2) must be less
than 0.2. OL(1) is set at zero by the program and not read in.)

CARDS 3, 3A, 3B, etc:
FORMAT (10F5.2)

ETR(K) = Adherend stiffness imbalances.
(Note that ETR(K) must be greater than zero and less than or equal
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to unity. The array should be read in in ascending or descending
order.)

CARDS 4, 4A, 4B, etc:
FORMAT (10F7.3)

CTHERM(I) = Adherend thermal mismatches.
(Note that equal and opposite values must be read in consecut-
ively to account for the difference between tensile and
compressive application of the shear load.)
(Values of + 5 are sufficient for the available range of
adhesives. Greater values of CTHERM are associated with joints
breaking apart under internal thermal stress without external
load application.)

CARDS 5, 5A, 5B, etc:
FORMAT (14F5.2)

GPOVGE(L) = Adhesive plastic-to-elastic shear strain ratios.

Having demonstrated that this iteration cycle is convergent (while other poss-
ible arrangements were found not to be) the program can be readily extended by
the user to dimensional form for his specific requirements. Likewise, rather
than showing non-dimensionalized parametric trends as the program is now set up,
it may be adapted to operate on single joint specifications.

The output of program A4EB is in pairs of tables, with the average-to-maximum

adhesive shear stress ratio (rav/rp) and the non-dimensionalized joint strength
(rav/rp)(xz) listed as functions of the adherend stiffness ratio ETR < 1 horiz-
ontally and the non-dimensionalized overlap AL = ‘[G( 2 4-—$L—)22 vertically.

nlE.t, Et
11 [e e
Each table is prepared for a single value of the thermal mismatch coefficient
(¢ -a,)ATA
CTHERM = &——=—1— and equal and opposite values are treated in turn to
T +
p(E t E.t_)
[e2 o) 11

cover both tensile and compressive shear loadings.
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