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A THEORETICAL INVESTIGATION OF Loimr.n'éﬁn_mf STABILITY
op: ATRPLANES WITH FREE CONTROLS INCLUDING EFFECT.: '

' OF FRICTION IN CONTROL SYSTEM ) '

‘By Harry Greenberg and Leonard Sternfield

SUMMARY

The relation between the elevator hinge-moment param-
eters and the control forces form changes Iln forward speed
and 1n maneuvers 1s shown for several values of statlc
stabllity and elevator mass balance.

The stablllty of the short-period osclllations 1is
shown as a series of boundarles giving the limits of the
stable reglion i1n terms of the elevator hinge-moment pdaram-
eters, The effects of statlc stabllity, elevator moment
of inertld, elevator mass unbalance, and airplane density
. are also considered. Dynagmic instab'lity is likely to
occur 1f there '1s mass unbalance of the elevator control
system comblned with a small restoring tendency’ (high
aerodynamic balance). This 1nstability can be prevented
by a rearrangement of the unbalancing weights which, how-
ever, lnvolves an increase of the amount of welght neces-
sary. It can also he prevented by the addition of
viSoous friction to the elevator control system provided
the airplané center of gravity 1s not behind a certain
critical position.

For high values of ‘the density parameter, which corre-
spond to high altitudes of flight, the addition of moderate
amounts of viscous friction nay be dsstablllizing even when
the airplane is -statically stable,:'- In this case, .in-
creasing the 'viscous friction makes the osclllation stable
again, The condition in which viscous friction causes
dynamie instabllity of a statlically stable airplane is
limited to 'a definite rango of hihge-moment parameters.

It 1s shown that,when viscous friction causes increasing

osclllations, solid ‘friction will produce steady oscilla-
gigns having an amplitude proportional to .the amount of
rlction,




INTRODUC TION

-The effects of aerodynamic balance and-mass unbalance
of the elevator on the dynamlc stabllity of the airplane
are dlscussed 1n a previous report on control-free sta-
bility (reference 1). It was found theoretically in ref-
erence 1 and verifled in flight (reference 2) that, if the -
elevator 1s too closely balanced aerodynamically and has
a sufficient amount of mass unbalance (which tends to de-
press the elevator), increasing osclllations of short
period may occur. Other flight tests (reference 3)
showed, however, that mass unbalance of the elevator con-
trol system improves the static stabllity of an alrplane,
that 1s, 1ncreases the slope of the curve of stick force
egainst speed in level flight and of the curve of stick farce
against normal acceleration 1n mensuvers. . Subsequent
work (reference l;) has indicated that a control surface
with positive floating tendency (tendency to float against
the relative wind), when used as a rudder, 1s effective
in lmproving control-free static stability. A theoreti-
cal analysls (reference 5) showed that a rudder having a
positive floating ratio may, under the 1nfluence of solld
friction in the control system, bulld up steady oscllla-
tions of the alirplane and rudder, These steady oscllla~-
tions have been observed in flight tests (reference 6).
These results suggested an investigation of the behavior
of an alrplane equipped wlth an elevator having a posltive
floating tendency. his type of elevator was not con-
sidered in sny of the nrevious investigations.

The purmnose of the present report 1s to make a
theoretical analysis of the control-free-longltudinal
stabllity of an alrplane, which takes account of this
current trend toward a positive floating tendency in
control-surface design and covers, In general, a much wider
range of parameters than.the Investigation of reference 1,
These parameters Include, for the elevator control system,
restoring tendency, floating tendency, mass unbalence
(bobwelght controls,_moment of inertia, and viscous and
solid friction .and, for the airplans, density and center-of-
gravity position,

The method of analysis of dynamic stabllity is based
on the classlical theory of Bryan and Balrstow extended to
include movements of the controls and their couplings
with the airplane motions. Friction 1s treated in the
same way as 1ln the approximate method of reference 5, in
ghic?isolid friction 1s replaced by an equivalent viscous

ric O,
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Before the analysis of dynamic stabllity 1s presented,
some dlscussion 18 given of the effect of the various )
parameters on the elevator forces for trim and’for accel~
eratlion -~ characterlstics considered important to flying
quallties, The stabllity of the: short-period oscilla-
tions, with and without friction in the control system,
1s then consldered, The effects of welghts added to the
system to modify the static and dAynamic stability are dis-
cussed. The trends to be- expected are i1llustrated by a
series of calculations and charts based on a typical alir-
plane. The stabllity of the long~period (phugoid)
oscillationa 1a not discuassed hecause of its relative un-
Importance.

SYMBOLS

Aw wing aspect ratlo
Ag tall aspect ratio

A,B,C,E,F coefflclents in stability equation

b wlng span
Ch elevator hinge-moment coefficient —
. ) 1l 2s
i eCe
: H
Chf frlctional hinge-moment coefficilent T———E——-
’ .. -2-pV'2_Sece
Chg appllied hinge-moment coefficient
Ct, airplane 1ift coefficilent %ﬁi}
th 1ift coefficlent of tall
Cn pltching-moment coefficlent about airplane
center of gravity
c wing chord
Ce elevator chord
D differential operator (d/ds)

L . constant term in #tadility equation



stick force .

stiok- foroe gradient in maneuvers ( )
stick~force gradlent for level flight dFs
acceleration of gravity

hinge moment; positive when tends to depress trailing
edge

mass moment of elevator about 1ts hinge, positive
when tallheavy

mass moment of control stick about its pivot;
positive when stick tends to move forward

frictional hinge moment

He + rHg

rhg + hg

LHe/pSecec

LHs/pSecec

mément of 1nertia of elevatof about 1ts hinge
moment of lnertia of control stick-about 1ts plvot
1 - rig

1 + rais

81,/pSecec?

8I4/pSecec?

radius of gyration of airplane about Y-axls
2ky/c

distance between alrplane center of gravity and
elevator hinge

2ILn/c

length of control stick



1130

M pltching moment about airplane center of gravity

m mass of alrplane

Ni/2 number of cyecles required for oscillation to damp
to half amplltude

n normal acceleration per g of alrplane dud to
curvature of flight path; accelerometer reading
minus component of gravity force -

P period of oscillation, seconds

dynamic pressure

Se elevator area

St tall area

Sw wing area

s distance 1n half-chords (2Vt/c)

T1/2 time required for oscillation to damp to half
amplitude, seconds

t time

= AV/V

forward veloclty

change in forward velocity from trimmed value

welght of alrplane

X 2 b g
<

longlitudinal force; pasitive forward

Xa.c. dlstance of center of gravity from aerodynamic
center; positive when center of gravity 1s ahead
of aerodynamic center

2 normal force; posftive downward

a engle of attack

ag angle of attack at tall




Sq deflection of elevator; positive for downward
motion of tralling edge _

L] emplitude of elevator oscillation

€ angle of downwash

r control gearing (83 /6g)

2] angle of pltch of alrplane '

Og deflection of control stick; positlive for forward

motion of stick _
A complex root of stablillity equatlon
g,n real and imaginary parts, respectively, of A
m airplane-density parameter (m/pSyb)
P mass density of air

Whenever u, V, a, at, 9, &, Da, D8, D5,
and D a are used as subscripts, a derlveative is indi-
cated. For example, Xy = X/0V and Cpy, = Cp/0D6.

Whenever a dot i1s used above & symbol, 1t denotes d4if-
ferentlation with respect to tims.

All angles are measured 1n radians.

METHOD OF ANALYSIS

Four degrees of freedom - forward speed, angle of
attack, angle of pltch, and elevator deflectlon - are
generally involved in the problem of control-free sta-
billty. To each degree of freedom, there corresponds an
equation of equllibrium between inertial and aerodynamic
forces or moments. By use of wind axes, the four equa-

tions become, for level flight,
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Xy AV + Xga + Xg0 =n AV

Zy AV + 2,0 = nv(d - 6)

My AV + Hoa + Ugh + Myd + Mgl + Mgby + Hgly = micy2d

By AV + Hga + Hzh + Hydf + BG6 + Hobe + Hibe = Io(3 + Bo) + Ho(Va - W + LpB)

+ rE[s(r.ﬁ.e - m + Hg(Va - Vgﬂ

which can be written in nondimensional form as

CL, -
(xy + 2A44D)u + x,a + -2—9 -
cnu+(%—“+uwun)u - 2800 -9 )
Cn B +qu, + Cpp D+ GmDQGDa)a + (cmDen - 2A,,pky2D2)6 + (Cny + CmpyD )P - 0

Ghuu +@ha + chDaD - hD + CthaDz)a + (ChDeD + hD - helth - ilD%G‘ + (Ch5 + chDGD - iala e

In applying equations (1) to dynsmic stability, certain approximetions may be made. For
instance, short-period oscillations (of the order of 1 sec) involve negligible changes in forward
speed, which may therefore be neglected in studying the short-perlod oscillations., In fast, the
period and demping of these oscillations can be obtained to a high degree of acouracy by using
only the last three of the equations (1) and setting u = 0,




Equations (1) then become

—02£a+ 2AwpD>a. - 2Aw|.1 DO =0
(cma. + cmDaD + csza.Dz)a' + (cmne - ZA‘p.k:yZD)DB + (cma + CmnaD)Ge . a (2)
= 0

Eh“ + (Chpg = B)D + chnzapﬂa + [Chne + h ~(help + 11)15[ D8 + (Chg + ChpyD - 1202 e

»: By setting
@ = aget D6 = (DB) et e = S At
it can be shown (reference 7) that A must be a root of a quartic equation formed by writing
CLa
-+ 2hppp\ 2 Ayt : 0
Cm, + Cmpyh + Cmpy2 A Cupg ~ 2Awily?\ Cmg + CmpgM -0
Cny *+ (Onpg = BR .+ chngal@ ¢ Cppg + h = (help + 17 A Chg * Onpgh = 1002

The resulting stability equation may be written as
A+ B3+ 2 + EN+F =0 (3)

where A, B, C, B, and F are functions of the stablility derivatives.
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The study of the effects of different parameters on
the control-free stabllity was made by a seriea of compu-
tations for an-average alrplane having the characteristics
gliven hereinafter, The current trend toward a positive
floating tendency in control-surface design suggests the
use of chat and Chg as the fundamental variables to be

used in expressing stablllity and eontrol characteristics.
The results are presented as a serles of figures that show

. the relatlions between chct and Chg Wwhich, with the

other derivatives flxed, satisfy the condlftlons for neutral
dynamic stabllity and neutral statlic stability.

A curve for neutral dynamic stablility 1s the boundary
dividing the reglon of increasing oscillations from the
reglon of damped osclllations and 1s obtained ‘from Routh's
discriminant

BCE - AE? - FBe=0
The condition for neutral static stabillty is that
' F=0

The stablility equation (3) has four roots. A palr
of complex roots indicates an osclllatory mode and a real
root Indicates an aperiodic mode. The real part of the
complex root determines the damping; the imaglirnary part
determines the period of the oscilllations. More speclfl-
cally, if there 1s a pair of complex roots:

A= g Ty
the period in seconds 1s glven by
prm £ 27,
T2V 7q
gnd the time in seconds to damp to half amplitude 1s gilven
Y .
c_ 0.693

Tl/2=-ﬁ z

For an alrplane at constant speed, there may be two
osclllatory modes, there may be only one oscilllatory mode,
or the motlon may be entirely aperiodic. In cases 1n
which there are oscillatory components, one of the oscllla-
tions may be poorly daemped and even become unstable.
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The average alrplane on .which the calculations of
thls report are based 1ls of conventiocnal design. The
characteristics of the alrplane are

Y

I{y . " e . . e o e e @ e e @ [ L] o e . . . . « . 1.5

In/e = in/2 .« o oo .. O

r [ ] [ ] . . L] L] L] ] L] () . . [ ] ] L] L] [} L] . . L] L} [} . L] [ ] 1

SE/Sw o s o o ¢ 6 e s e 4 s e e 4 4 s e e . ... 0,18
1

ft [ ] . L] L L] L] . L] . L] L] * [ ] L] L Ll L L] L L L L] L] L] 2

g’
Se/st

Atu-o.-noo0.--.-..-.-------’-]..5

e e s+ s s s s s s s e s e s e e s o« .« 0,55

The basic stablllty derivatives and parameters obtalned
from these alrplane characteristics by methods shown in
appendix A are

CLg = * = = =« » « » = b3 Cmpg © + + + = =+ -15.3

rrorrr =89

C L] [ ] [ ] [ [ L] L] L] L] .8 c‘_

Lty 5 mpg
Ea . s e * e . « e . o-,-l-86 chDCI. e e . . . 3'2201'101;
Cm5 ¢ 5 e & ¢ s e = o "lnSLI. CmDaa e e e 23.2
-=107550ng,

Cme e« s s « s o s o« =0.97 Chp2,
Cth (with no friction). -1

The following parameters of the alrplane were varied:
) alrplane-density parameter

Cma control-fixed static-stablllty parameter

The following parameters of the elevator control:system
were varled:

chat floating tendency

Ch5 restoring tendency
Chps elevator-damping parameter
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ie moment-of-inertla parameter of elevator about 1ts
hinge

i moment-of-inertie parameter of control stlick about
its hinge

h - mess-moment parameter of elevator control systenm
about elevator hinge

he mass-moment parameter of elevator alone about 1ts
hinge

As has been pointed out, the stabllity boundaries
were plotted, in most cases, in terms of chat and Chg

as the variables of the coordlnate system. In analyzing
the effects of friction In the control system, Chg

and Chpy Wwere used as the plotted varlables in some fig-
ures whereas chat and Cphg Wwere used ln others. The

effect of the other parameters 1s found by varying them
one ‘at a time, through a range of values, and showing for
each parameter a serles of 3tabllity boundaries.

The size of the airplane, together with wing loading
and altitude, are combined 1n the parameter u, which
is Bé%s. A variation In p thus could be due to a
variation in size, wing loading, or altitude, or any com-
binatlon of these. The runge of wvalues of 'p covered
in the present report together wlth some typlcal corre-~-
sponding values of wing loading, altitude, and size are
glven in the following table:

K Wing loadling Al titude Mean wing chord
(1b/sq ft) (ft) (rt)
hel7 Lo Sea level 21
12.5 Lo Sea level T
5745 Lo 33,000 7

The range of Cm, and the corresponding center-of-gravity
rosltions are as follows:

Cma xa.c_ :
(fraction of mean wing chord)
-00252 "0.05
0] 0]
2352 ) .05
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The renges of values of the other parameters, for a small
alrplane (chord, 7 ft), are as follows:

_ Moment of inertia of elevator control system
1. (slug-ft2)
0 0
2 1,6
Lo 3.2

Stick force
ﬁ (1b) .
At sea level At 33,000 ft
0 0 01
10 37 ' 12—
3
dH/dé

: v
Chps | (1b-ft/100 mph/deg/soc)
At sea level At 33,000 ft

-10 3.85 1.95
-100 58.5 19.5

STATIC STABILITY AND RELATION TO CONTROL FORCES

The connectlon between the statlc stabillity and the
alrplane and control parasmeters is established to asslst
in the Iinterpretation of the results obtained herein-
after, Equations (1) can be applied to static stabllity
by setting all terms containing D and D2 equal to
zero and solving the resulting equatlions aimultaneously
for the varlation In forward speed with an appllied
elevator hinge moment. For lewvel flight, 6 1s glso
zero and the resulting equatlons are .




L=y

13
Cr,

a =
CLu+-—?-_-a =0
- Cmu '+ Omga % Cmgbe =07 7 °

Chuu + Chaa + Ch55e = pchs

Solving glives Chy, e
Lq
Cho  2\l1lmeChy = C1lholms *+ CmgCLy5— = Chglmy—3-
-t CLJhw

The varilation of sticlk force with fractional change in
forward speed 1ls

dFg H ChquQCQ
Fu = —_— | ——
a(av/v) lgru lgru
_ PSectecaiwi _Ch6>
- 1grCr, u

If effects of slipstream on the tall are ne%éected,
Cnm, = O. As shewn 1n anpendix 4, OCp, = —b

u 2A,n

serting these valuss in the expression for bho/h shows
that F,; 1s independent of forward speed.

In-

The verlation of control force wlith normal acceler-
ation in a steady pull-up, with no changs assumed in for-
ward speed (sse reference §), can be found from equa-
tions ?2) by equating to zero all terms containing D
excert DB. This procedure imnlles that the normal ac-
celeration 1s due entlrely to curvature of the flight
path L6, The equations become, for an applied hinge
moment,

CLa
T(I - 2A.wp. D6 =0
OmgG + Crapyg DO * Cmgbe = O

ChgC +-(chDa + h)D6 + Chgbe = =Chg




1k

from which
_Ong  ~LibwhCn Cmg~ RO Cmg~ ChplLoCmg* MAwiChslng* ChglunglL,
Do 0L, Crg
If the normal acceleration 1s ng,
. c
Do = E%g
and

1

dn 2V2 Do lgr

o
(2]
}]

Ch, PSeCecB

D6 Ligr

These forrmlas for F,; and Fn are equlivalent to equa-

tion (1) of reference 9 and eguetlons (27) and (28) of
referencs 10.

The formulas-indicate that the stick-force gradl-
ents F, and F, are dependent on most of the afore-

mentioned elrplane and elevator parasmeters. Figures 1
to 5 show the varlatlon of these stick-force graclents
with the narameters Chat’ Chﬁ: Cma’ h, and u.

The gradlents are lndependent of speed, although only
within the limits of the assumpticna made in the analysls,
namely, neglect. of power anc of compressibility effacts.
The gradient F,, can be used to get the stick rorce rfor
only a small change ln forward spsed because the stlck
force 's not directly proporticnal to the change In speed.
The stlick force 1ln a steady pull-up F,, however, 1s
proportional to the normal acceleratlon orovided the

control deflection 1s not so great that the baslc assumn-
tion of llnearity 1s violated,

The line F, = 0 1s the boundgry for true statlc
stabllity - that 1s, F,; = 0 13 the condition for zero
variation 1n stick force with forward speed in steady

flight, Thls condition is the same as that obtained by
settilng ¥ = 0, whera F 1s the constant term of the
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. 8ixth-order stability equation obteined from equations (1).

On subsequent figures 1% 1s7cdlled the divergence boundary.
The llne Fp = 0 1s the boundary for apparent statio

(or maneuvering) stabillity and is the condlition for zero
variation in stlck force in a steaedy pull-up. On the
unstable side of ¥y = 0, & slow divergence occurs that
1a noticed by the pilot a3 an unstable variation of

stlck force with forward speed. The stick force dus to
normal acceleration in a pull-up 1s stable, however,
unless the condltlons are such that the alrplans 1s
operating on the unsteble side of Fp = O.

Flgures 1 to 5 Indicate that the parameters have
the same effect on F,; and Fp except that the altltude
affoects only P,. They show that the stlck-force gradl-
ents on an alrplane of glven tall size end center-of-
gravlity positlon may be increasod by meking the floatling
tendency chat more positlve or by mass unbalancing

the elevator control system to depress the elevator
(make 1t tailheavy). The effect of the restoring tend-
ency Cphg on the stlck-force gradients depends on the

relative posltion of the center of gravity and the
sorodynemic center. If the center of gravity is ahead
of the gerodynemic center (airplane staoble with controls
fixed), increasing the magnitudec of Chg increases the

stick-feorce gradients. If the cen%er of gravity is
behind the nerodynamic center, this effect on Fy 18
reversed; the offect on F, 1s not reversed, however,
until the center of gravity 18 well behind the aero-
dynamic centor (in thlis case, about 0.05¢c at sea level
end 0.02¢c at 30,000 ft). If Gh = 0, the stick forces

are Independent of the positlon of the elrplane center
of gravlity.

Increose in altitude wlll elther increanse or decrease
¥, depending on the hinge-moment parameters., The solid
line in figure 5 1s the locus of values of chat and chb

for which Fpn 1s independent of altitude. For polnts
to the left of thls line, F, decoreases with altitudes;

for points to the right of this line, F, incroases with

- altitude. Thlis line 18 determined by the relation

Cmpy g
Cmpls PO

Chgy =
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which, for the case of figure 5, becomes

Another method of increasing the stick-force gradi-
ent 1n level flight F,, conslsts 1ln epplying a constant
hinge moment to the elevator by means of a spring or
bungee . The effect of the spring on the gradient Fy
1s due to the derivatiwe Ch,, which depends in the same
way on the constant hinge moment, whether 1t 1s caused by
a welght or by a spring. A bungee, which tends to de-
press the elevator, will therefore lncrease the stlck-
force gradlent in level flight PF,. The affect of the
bungee on the stick-force gradlent 1n accelerated flight
Fp wlll be zero because 1lts actlon depends solely on

- changes In forward spsed. Its effect on the short-
period osclllations will be zero for the same reason.-

DYNAMIC STABILITY
No Frictlion in Control System

m™e stablllity of the short-period oscillations with-
out frict'on is shown in figures 6 to 11, which also show
the boundariss for true static stabllity (divergence
" boundaries). Figure 6 1s an example of a more nearly
complete presentation of the stabllity data than subse-
quent figzures because it shows the varlation of damping
and period of osclllation with thes hinge-moment param-
eters chat and Chg for certain fixed values of tho

other parameters. The damping, which 1s proportional
to ¢, 1ncreases with the magnitude of Chge The period,

proportional to %, decreases as chat increases.

Another way of presenting this addltional stability data
1s shown in filzure 7, which glves the number of cycles
the oscillation performs before 1t damps to half amnli-
tude, It 1s clear from figure 7 that the oscilllation
1s very well damped unless the restoring tendency 1s
closs to zero. In this particular case, only one oscill-
latory mode exists. Inasmuch as there are only thres
roots in this cuse (because 12 and 1] = 0), the othor
root is always real and 1s of no particular significance
in dynamlic stability. In cases in whilch an additional
oscillatory mode exlsts, 1t is.always stable.
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The effect of center-of-gravity position on the

"aﬁﬁfility of the short~period oscillations is-shown in

figure 8., The shift in the dynamic-stabllity boundary,
for the comparatively large shift in center of gravity
shown, 13 practlically negliglible, Many of the subse-
quent figures, in which zéro static stabllity 1s assumed
to facllitate computation, therefore are valid for air-
planes having a margin of static stabillty.

The effect of moment of inertia of the elevator
control system on the dynamlic stablillity 1s shown in fig-
ure 9, which gives typical values of the moment of
inertisa, The effect Is slightly destabllizling especlally
for high values of cﬁat. The destabllizing effect of

the moment of lnertia of the elevator 1s greater than that
of the moment of lnertia of the control stick, Because
the accuracy galned by including moment of lnertla 1s
small compared with the saving in labor galned by neg-
lecting 1t, moment of 1lnertla of the elevator control
system was set equal to zero in the subsequent calcula-
tlon, As a result, the stabllity equatlon becomes a
cublc and subsequent filgures are somewhet unconserva-
tive,

The effect of density parameter pu on the dynamic
stabllity 1s shown in flgure 10, Increase of p has a
slight destabllizing effect.

As has heen shiown, mass unbalance of the elevator
control system imrroves the static stability (fig. L).
The effect on dynamic stabliity 1s unfavorable, however,
as shown in flgure 1l. The value of mass unbalance
shown corresponds to a bobwelight that is located at the
alrplane center of gravity and requires a balancing pull
of 57 pounds on the control stick of a pursult alrplane
at sea level. Increasing oscillations occur 1f the
aerodynamlic balance is too hLigh (low magnitudes of Chb)’

especlally for negative values of Cnge

The effect of the locatlion of the tobweight is shown
in figure 12. Each curve represents a different arrange-
ment of bobwelights and all arrangements give the same
stick force. The solid line corresponds to a welght at
the alrplane center of gravity (for practical purposes,
at the ocontrol stick). The short-dash line corresponds
to a weight at the elewvator. -~ The long-dash line corre-
sponds to two weights - one at the elevator, which tends
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to make it noseheavy; the other at the control stick, which
glves the elevator a sufficlently powerful tallheavy moment
that the resultant stick force 1s the same as wlth the
single weight. In the particular case represented, the
noseheavy moment due to.the welght at the elevator 1s

equal to the tallheavy moment due to both welghts. Moving
the single weight from the control stlick to the elevator
has a large destabllizing eflect. Overbalancing the
elevator w#hile the stick force is kept cohstant has a con-
slderable stabllizing effect. This method of preventing
instability has the dlsadvantage, however, of lncreasing
the total amount of unbalancing weight required. . In the
case shown, the weight 1s lncreased to three tlmes 1ts
original slze. Another dilsadvantage 13 the rearward shift
in center of gravity of the wkole alrplane due to addi-
tional welght at the elevator, (Sse alrplane parameters
given in "llethod of Analysis.") The destabllizing effect
of the increused moment of insrtla assoclated with the
added welghts was found to be very small, especlally for
negative floating tendency.

Effect of Viscous Friction In Control System

In the preceding section, a constant value of the
elevator-damping parameter ChDG was assumed. This

value was due only to aerodynamic damping. The effects
of viscous friction In the slevutor control system are
obtalned by consldering Ch?b as an additional varlgble.

This varlable can be introduced, ss in the preceding sec-
tion, by showing & serles of houndarles in the Chatchb

plane for varlous values of Chpg* The general nature

of the effect of frictlion 1s shown flrst, however, by
presenting bcundarles in the Chécth plane with chat

constant and some other parameter varled. This method
of presenting stability boundaries makes 1t easlier to
show the effects of other narameters such as alrnlanse
center-of-gravity position and denslty when frictlon is
Introduced.

The effect of viscous frictlon on the dynamlc sta-
billity, for various condltions, is shown in flgures 13
and 1 for p =12.5 end p = 37.5, respectively.
Figures 13(a) and lU;(a) refer to the.mass-balanced '
elevator control system; figures 13(b) and 1li(b) refer to
the tallheavy elevator control system consldered 1n the
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preceding section. It 13 shown that, if the airplane
-center of gravity is ahead of a certaln point,* the
‘Instability caused by the unbalanced elevator oan be
removed by adding viscous friction to ths ocontrol system.
This critlcal center-of-gravity position is behind the
aerodynamic center, and 1ts distance from the aerodynamlc
center decreases as the density parsmeter u Iincreases,
When the center of gravity is behind this critical posi-
tion, viscoua frictlon has a destabilizing effect, These
opposite effeots of viscous friction are shown in the
Cb,, Chs Plene in figures 15 and 16. Wwhen the center

of gravity is slightly shead of this critical position,
the effect of viscous friction depends on its megnitude
and also on the wvalue of ch5° The addition of e small

amount of viscous frictlon is destablilizing but larger
amounts are stabllizing. If the eserodynamlc balance 1s
sufficlently high (Chy % O0) and the viscous frietion

lies 1n a certaln range, increasing osclllations will
occur. In figure 1li(b), for example, if xg5,o, = -0.0lc
and Cpg = -0.05, the osclllatlons will be unstable when

the elevator-damping parameter is in the »r e from -2.,5
to =76, If Cnps 18 more negative than -0.086, no

amount of selevator damping can cause increasing oscil=-
lations. As the center of gravity moves forward, the
destablllzing effect of elevator damping becomes less and
finally dlseppears,

The effect of the denslty parameter u ocan be seen
by comparing figures 13 and e The critical center-of-
gravity poslition approaches the aerodynamic center as p
increasea, When p = 12,5, elevator damping always has
a stabllizing effect provided xg4,,, 18 positive. When

b= 37.5, elevator dampling may be deatabiliging oIer a
small range of Cn armd even when Xg g, 8
positive (0.050)e D0 Ons °

When the center of gravity 1s slightly shead of the
afore-mentioned critical position (which 1s behind the aero-
dynamic center), the conditions under which elevator -
damping may cause dynamic instability may be advantageously
represented 1n the chatchb- plane. If a serles of sta-

blliity boundaries are drawn in that plane for varlous
values of elevator damping, they wlll all be confined to a

1since thls report was written, this point has been

found to be where %% =0 sometimes callod the stilck-fixed
maneuver point,
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reglon bounded by a line that will be called the boumdary
of complete damping. An i1llustration of two methods of
constructing this boundary is given in figure 17. If.a
~ series of boundarlies in the chatchb plane are drawn for

varlous values of the damping, the common tangent of all
these curves 1is the boundary for complete damplng. This
boundary can also be drawn by plotting the minimum values
of Gh6 obtained from plots of the type shown in fig-.

ures 13 and 1l against corresponding values of Gha .
The region 1in the chatcha plane between the boundarles

for complete damping and increasing oscillations is the
reglon where the addlition of viscous frietlon to the
elevator control system may cause dynamic instability.

That a boundary for complete camping cannot be shown
for p=12.5 1f the alrplane 1ls statically neutral or
stable (xg5.,,, 18 zero or nosltive) may be seen from

figure 13. It is possible, however, to show a boundary
for complete damping under these conditlons for u = 37.5.
Filgure 18 shows these boundaries for xg.,c., = O and for
the critical value Xxg o, = -0.017¢, for both a mass-
balanced .elevator and a mass-unbalanced elevator. The
boundaries for Increasing oscillations and dlvergence are
also shown. For the case of the mass~balanced elevator
(h = 0), the boundary for complete damping 1s a straight
line through the origin and therefore corresponds to a
fixed ratio of the floating and restoring tendencies, or
floating ratio. Dlevator muss unbalance decreases the
reglon of complete damping.

- Effect of Solid Friction in Elevator Control System

.The boundary for complete dampling has an important
bearing.on the effect of s0lld friction on dynamic sta-
bllity. In order to calculate this effect, the solld
friction 1s replaced by an equlvalent viscous friction that
would disslipate energy at the same rate. This condlition
glves an equivalent

o= ).'I: gﬁ
Chps = 7 5 ()

for a sinusoidal motion of the elevator ‘with amplitudof'&
and angular frequency m.




1-130

21

It can be shown that 1f viscous friction is desta-
bilizing, as in figures 16 to 18, solid friction may lead
to steady oacllliations having an ampllitude proportional
to the amount of friction. Suppose an osclllation 1s
started with amplitude and frequency which result in an
equlvalent ChD6 that would cause 1increasing oscllla-

tions, Let this condition be represented by point 2 in
figure 19. The amplitude of the oscillations would then
increase untll the equlvalerit Chpg decreased to the

value that would result in neutrally-damped oscillations,
represented by point 3 In figure 19, If the initial
amplitude 1s so low.that the equivalent viscous friction
1s in the stable reglon, as shown by point 1, the oscil-
lations wi1ll dle out completely, If the inltial ampli-
tude is so high that the osclllatlions are stable, repre-
sented by vaint L, the amplitude will decrease until 1t
reaches a constant value, when the ejulvalent Chpg 18

agaln represented by point 3, The value of cth at

point 3 then determines the amplitude of the_steady
oscillations. By solving formula (L) for &, the
amplitude of the steady oscillatlion is obtained us

C
=L -0
™ TChpg

where n and GhDG are the wvalues at point 3. Thls

formula shows that the amnlitude 1s proportional to the
amount of solld friction.

The foregolng analysis shows that the reglon in the
C Ch plane between the boundary for increasing oscil-
hat 6

lations and the boundary for complete damping is the
reglon where steady oscillations may ocour because of the

.Influence of solid friction in the control systen, All

the remarks in the preceding section concerning the
boundary for complete damping with vliscous friction conse-
quently apply to the boundary for stsady oscillations with
s8olld friction, inasmuch as these two boundaries are the
same, within the limits of the assumptions imvolved in the
use of the concept of equivalent viscous friction. Steady
oscillations due to solld friction will not occur on a
statically neutral or stable airplane, for instance, un-
less 8 _very large (corresponds to a high altitude).
Even 1n that case, the possibillity of steady osclllations
exlsts only for a comparatively small range of floating
ratios, If the alrplane 1s statically unstable by a
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sufficient amount, however, steady osclllatlion may exist
over the entire range of floating ratio.

Some calculations of the amplitude of the steady
oscillations, expressed in terms of normal acceleration
per unlt frictional force as felt at the control stick,
were made by the method of appendlx B. The results are
presented 1ln flgurs 20, which shows llines of constant
amplltude in the chatchﬁ plane for an alrplane with

the center of gravlity at the critlcal position referred
to in the preceding sectlon. Steady oscillations willl
thersfore occur throughout the entire reglion where
stablllity exists 1n .the absence of friction. The ampli-
tude 1s smallest for high wvalues of Chat combined wilth

high values of Chg-.
CONCLUDING REMARKS

The stick-free statlc stabllity of a conventional
alrplane may be 1lmproved by making the elevator floating
tendency more positive or by mass-unbalancling the elevator
control system to make the elevator tellheavy. In-
creasing the restorlng tendency also has a favorable ef-
fect provided the airplane 1s stable with stick fixed.

If the restoring tendency 1s zero, the stick-free statlc
stabllity 1s lndependent of alrplane center-of-gravity
position.

The dynamic stabllity with frictionless controls
depends chiefly on the restcring tendency Chg &and on

the mass balance of the elevator control systen. If the
elevator control svstem i1s mass unbalanced (elevator made
tallheavy) by an offset weight at the control stick and

1f the restoring tendency i1s too low, increasing short-
period oscillations may result. This condlitlon can be
remedied by the use of two additlional welghts - one at the
elsvator making it nosehsavy, the other at the control
stick making the elevator sufficlently tallheavy that the
combined effect gives the elevator the desired amount of
tallheaviness.

The additlon of wviscous friction to the control
system wlll prevent dynamic instabllity provided the alr-
plane center of gravity 1s forward of a critical position.
which 1s behind the aerodynamic center and apnroaches 1t
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as the value of the density parameter u increases. If
the alrplane center of gravity i1s behind this critical
position, viscous friction wlll have a destgbllizing ef<
fect, no matter what the hinge-moment parampters are,

If the center of gravity is slightly ahead gf the eriti-
cal position, viscous frictlon may be destabllizing for a

" -1imited. range -of values of viscous friction and the hinge-

moment parameters. A low regstoring tendeney and a high
poslitive floating tendency will tend te cewese this dy-
namic instabllity. When p 1is very large (hlgh alti-
tude), thls condition of steady oscillationg can oeccur
even 1f the oenter of gnavity ia ahead of the merodynamic
center,

The presence of solld friction in the eontrol system
may cause short-period steady asclllations under the
conditions for which viscou8 friction 1s destabilizing.
The amplitude of the osglllations is proportional to the
amount of friction present.

Langley Memoriai Aeronautlcal Laboratory,
National. Advisory, committee for Aeronanutics,
Langley Field va. K




APPENDIX A
_EVALUA‘I"I_Q}I 'OF’_'STABI-I;ITY-.DER-.I'VATI-VES

-

bepivative Ch .= The total hinge momsnt acting

. on the elevatcr may ba expressed as

ey

H = (Cha“ + Chafre':).gpvasece * HoB

6H
At trim. H =.0, therefore, .
The . . . H
—PVZSeGe
2
. Hg 2H,g
HV =-l- pVSece. = - v - -
e . Epvasece o . : ..‘ .-_. )
1 : O
C = 6H/§'PV23806 = 2HV = - LLHOS
hy dV/V pVSeCe 07280 ce
hpSgceC
If Hy = ——-ﬁ—ﬂ—,
he
Cp = -2
by = 2

Using %pVZCLSw = mg glves

o = hegpCrSy _  hOr,
hy 2mg 25,1

Derivative Cpmy.- The parameter Cmg may be ob-

tained from wind-tunnel measurements or, i1f the position
of the aerodynamic center of the complete alrplane 1s
known, may be calculated by the formula
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: Om

¢ Da
i.change in angle of attack at the 'wing and the'.corre-

- aponding downwash at the tail, Tt .is assumed that the

225

o a St
+
La Ltat o “w «Ca :
where : )
o AR 3 ' -
-&- — l - Ea

Derivatives Gmm1 and Cng-'- Tl‘ie w.deriiatives
and . . Cmpy2g arise because o% the lag between the

downwash et any instant t depends on the angle of

: T
attack at the 1nstant t - TJE’ the difference being the
time required for the air to move from the viirig to the

tall, If a= f(t),. thia relation *nay be exnressed
as ]

€ = eq £(t - At)

where e e w
At = In/V
"Now, - . Tl ol
. . e e e aas Cem e ..... 2 ..- R - N
£(t - at) = £(t) - at £1(%) +5i291—1- FT(E) = eur
Hence, o
(At)2 .. :I
€ = = see
_:E‘IE Ata+--a a
_ E . . - ‘ .o ey 2 .:-\"
or, because a = %}-’ Dg and a = %"—2- D42a,
L 1 CE— e ‘J-
€ = GGQI « ln Da + -—lf-Daa - ...)
\:.. ™ . :l.-r' ’ : .2_".

and, because at = a - c,'

r.e =
. R . Z, 2
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and L e .
at = a(l - ea) + quh Da - Ed‘_ DZ(I + 4o

The part of the pitching-moment coefficlent contrib-

uted by the tall 1s

-C 'h St
Ltata bw t

Cm

- e - + - € oo a
cIt > a(l .ea) eqlh Da a5 p a

The lag effectively introduces derivatives CmD y . it -

CmDaa,_ ees. « The first two of these derivatives are

2 S
. : .
(o} L - __._. fiinfi.
"'mDa CLtat 2 Swta.

and . '
c - 1n3 St,
mDZG. Ltat ]| Sw

Derivatives OCn,, Chpgs» 8and ChDag" The ,derlva-
tiv?s_ thw chDa’ and, chD?a. gay be ?btained from

Ch = Ghatdt
= Chat(l - Cal)a + Chateaz’h Da-"' Chatca "2— D2a

which glves
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Derivative C@DB" The piltching moment due to

pltching 1s made up of parts due to propeller,- wing,
fuselage, and horizontal tall. The contribution of the
tall 1s by far the largest and can easlily be calculated.

IT the alrplane 1s rotating with.angular veloclty é,
the increass in angle of attack at the. tall is hn%n,
which results in an lncreased lift on the tail given (in

. coefficlent form) by

= 8
Ly = CLtatth .

The resultant pltching-moment coefficlent 1s

_ In Sg _ § In S¢
Om = =CLy 3~ = “Ony Iy o 50
ag C Sw
. 2L
and expressing 6 as Eﬂba and —;;. a8 1l g&lves
C C zhz i ¢ ﬁ
m - Ltat 2 Sy

The contribution of the wing depends on the assumed
axls of rotaticn (center of gravity)but & falr averuge
value will be obtalned by assuming that the center of
gravity is at the wing quarter-~chord point. This as-
sumption gives a value .

Cp = --E- D8

‘-The total pitching-moment coefficlent due to pltching

therefore 1s

o = 1n? St
mpp = T CLeg, T Sy

: Derlvative Omg.- The derivatlve Cm5 may be

méasured directly in a wind tunnel or may be computed
from wind-tunnel data on the value of Cr, . for the

“horizontal tall by means of the formula

in Sg

mg = CrLegz 3,
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Derivative cmDﬁ" The derivativa Cm_D6 may be com-
puted from !

6CL - oCy, —.Zh St ct
D6 eDé tq \OD6 /5| 2 Sy ¢

/&C1, dC1, '
where | ——= and{ —— may be obtained from filgure 1
: oD6 OD8 /5

of reference 11, which 1s based on thin-wlng potentlal-flow
theory.

Perivative ChDB" The derlvative Cppg 18 glven

by

chDG = Chatlh

In the absence of viscous friction in the elevator con-
trol system, the value of Chpg may be computed from

-3 - o )
nps = = Nooo Ltat D6 (A1)

oC oC
where \SB%/L and <€B§ a may be obtained from figure 1

of reference 1ll.

If a dashpot, which has a damping constant of
K pounds per foot per second and moves a dlstance of Q feet
per radian of elevator deflection, 1s inserted in the con-

trol system,
2
Lok (A2)

Chpg = pVSgCgqC

The tectal value of Cppe 1s the sum of equations (Al)
and (AZ) .

Derivatives chat and Chge~ The deri&atives Chat

and Chg can be calculated by thih-winghsectipn theory

but the results are of doubtful .accuracy because of three-
dimensional and boundary-layer effects. It 18 therefore
best to obtaein these derivatlves from.wind-tunnel tests.
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APPENDIX B

b GALGUI.ATZ_[OIf OF NOTEAL AGCELERAT'['OI\T'-_DUE TO OSGILLAT".[HG ELEVATOR

The normal accoleratian of tho airplane, which 1s equal to D(a - 9) in non-
dimensional unius, can -be oalculatud from

gf_q_,__g_l-= . ) T cmﬁcr":t CIquDBri
: 5 I o

Cr,
S HE - onacn, - (%2 < O ir.(%wucm + 2”5t

(1)

_where 7 1s the enguliar frequency of the elevutor.

. . The frastion in equa*ion (31) can be reduced to an ordinary camplex number
cand bhs modwiuws uf this nurbor is ths maximum amplltude of the steady oscilla-
‘ticn, The valué can be converted to physical units by the formua .

. Normal acgaleration per g _ hlsr D(a - gl L -
Stick frictioq;in pounds psocepg A "ﬂChDé

where chDG is ‘the value of clevetor damping regquirod for the conditlon of neutral
dynm'nic stabllity,

62
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