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NATIONAL ADVISORY COMMITTEE FOR AERONATTICS

'™ ADVANCE- RESTRI CTED-REPORT.. .. .

APELICATION OF A NUMTRICAL PROCEDURE TO STRESS
ANALYSIS OF STRINGER-REINFQRCED PANELS

By Joseph Kempner
SUMMARY

A numericel procedure, as well as the underlylng theory
and assumptions, 1le presented for the calculation of the
strinfer stresses and shear stresres in relnforced panels.
The msthod may be applied to all ranel problems 1n which
the loads may be consldered acting 1n the plane of the sheet.

Examples are glven to i1llustrate the usgse of the
method for axially loaded panels with and without rectan=-
gular cut-outs and for the covers of box beams with and
without rectangular cut-outa,

The results of thls procedure are compared with the
experimental data and the approximate engineering methods
of analysls of previous NACA pavers from which the problems
are obtalned.

INTRODUCTION

Several papers have been wrltten on the stress analysils
of sheet-stringer panels loaded axlally or as the cover of
box beams. (See referencesl and 2. } The solutions
presented in these papers are generally sufficlently
accurate for most practical cases of construction and
loading but are not preadlly applicable to more general
cases In which the cross sectlon varles and the loads
are arbltrarlly distributed.

In the present paper a numerical procecdure for the
.etress analysls of flat-sheet and stringer combinatlons
of arbltrary construction and loading is presented and
appllied to axlally loaded panels and to the relnforced
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covers of box beams. The baslic theory of the procedure
was orliginally developed in reference 3. Comparisons are
given of the results obtalned by the numerical procedure
of the present report and the results obtalned by the
approximate analyses and experimental results of
references 1 and 2.

The numerical procedure parallels that of Southwell's
relaxation method and Cross's moment-dlstribution method
(references 4 and 5) but 1s so given 1n the present report
that the reader need have no previous ¥nowledre of these
technlquss. The equatlons obtained in reference 3
are solved by a relaxatlon procedure, whereas in the
present paper a direct solutlion of simultaneous equations
1s used.

SYMBOLS

A, B, C,... stringers; also used as subscripts

Ap, Agyse. total effective cross~-sectional area of
gstringers A, B,..., respectively, square

inches
E Young's modulus of elasticity, ksi
F internal direct force in stringer, kips
G shear modulus of elasticity, ksi
P external applied load or force, klps
R reaction at fixed ends of stringers, kips
S shear force, kips
X total internal force in x-direction, kips
a length of panel unit, 1nches
b width of panel unit, inchses
t average sheet thickness of panel unit, inches

u displacement in x-direction, 10~° 1ineh
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Au . elongation of stringer segment, 10~° inch
X | distance along stringer, inches

Y average shear strain

a average stringer stress, ksl

T average shear stress, ksl

Subseripts:

1, 2, 3,+s. transverse statibns; also indicate structural
unit when used with a and b

Forces acting on the structure and dlisplacements of the
structure in the positive x-direction are positive.

BASTC TFEORY AND ASSUMPTTONS

Any structure may te considered composed of a number
of smaller units and, 1f sultable expressions are obtalned
relating the deformatlons due to forces acting on these
units, the deformations of the entire structure can be
obtalned bg satisfylng the conditions of statlic equilib-
rium and the continulty of the deformations of the unlits
of the loaded structure. For a stringer-reinforcec panel,
the unlt consldered 1s a flat rectangular sheet bounded
on 1ts longitudinal edges by stringers and on 1lts trans-
verse edges bty ribs. Such aunit is shown in figure 1(a).
All the structures analyzed herein are symmetrical and
are loaded in the directlon of the axis of symmetry. For
such problems the transverse displacements of the rilbs
can be neglected, which 1s equlvalent to assuming that
the ribs are rigld. As a consequence of this assumption,
the ribs bounding the edges of the unit need not be
those of the actual structure but can be fictlitious ribs
assumed to exlst at the transverse edges of the units,
The procedure 18 not limited to symmetrical structures
but can be readlily extended to more gesneral problems
which involve displacements of the ribs (reference 6).

The ﬁpitAproblem.- If the corner By of the rec-

tangular unit of flgure 1(a) 1s displaced a distance
u 1In the positive x-dlrection while the remaining
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corners are held fixed as shown in figure 1(b), internal
forces are created that tend to restore the structural
unit to 1ts original rectangnlar shape. These restoring
forces, which are assumed to be concentrated at the
corners, act in the directlons indicated by the arrows

in figure 1(b). From consideration of etatic equilibrium,

the sum of the forces at the fixed corners Al’ Az, and

Bl must be equal to the force at the displaced:corner Bos

Because of the relulive motion of B2 wlth resvect
to By, & direct force 1s developed 1n stringer B and

a shear force 1s developed iIn the sheet. The direct force
In the stringer 1s, from Hooke's law,

F = §%?11 (1)

where F 1s the force acting in stringer B in the positive
x-directlon and Ap and a are the total effective

area and length, respectively, of stringer B.

The shear force iIn the sheet can be assumed equal to
the product of the average shear strese and the sheet .
area and can be assumed equally divlided between the points
By and Bg. From the static equllibrium of the sheet,

an equal force must exlst at the other stringer and can
also be assumed equally divided between the polnts

If for the unlt consldered the stress is assumed
constant along a stringer, the average displacement of the
points on stringer B 1s u/2 and the average shear
strain is u/2b where b 1s the width of the panel. If
v 1s the average shear straln in the sheet and G 1s
the shear modulus of elastlcity of the sheet, the
average shear stress 1ln the sheet 1s

T=YG

o
“me . (2)

Consequently, if the averare sheet thickness 1s t,
the total shear force U actlng alons stringer B 1is

U = LGta (%)
2b
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The shear force assumed acting at each of the four corners
1s then .

s = + &y (4)

are
, X, xBl, and xB2

assumed to act on the four corners and are expressed
as follows:

The total forces x.A
1

- 2
X, =X, =8
Ay T Thy
= Gte,
4b
xB' pd F - S
1 (5)
_ (f;.% ] .e_tg)u 4
a 4D,
—_ - +
sz = ~(F + 8)
AT Gta\
= ={ 27 + L
= (a e J

/

Equations (5) constitute the solution of the unit problem,

Combinations of the unlt problem.~ The fundamental
consideratlion In the unit problem and in the three combi-
nations of 1t 1s the evaluation of the internal restoring
forces, which are assumed to act at the corner points of
the structural unlts, when one corner point 1s dlsplaced
a prescribed amount with all other corner polnts held
fixed. In figure 2, a displacement u. of any one of the
corner points Ay, C3, Az, or Cz with all other points

held fixed results 1n elementary equatlions simllar to
those of equations (5). The three combinations of the
unit problem are obtalned as follows;

(1) If a.point such as A, is moved while the
other points are fixed, the direct forces induced in
the two stringer segments A1A2 and A2A3 must be

consldered, as well as the shearing forces in the two
flelds adjacent to these asegments
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(2) When By 1s displaced, a direct force occurs in

one stringer segment B;Bo and shearing forces occur in
the two flelds adjacent to this segment

(3) The most general combination of the unit problem
consldered hereln 1ls that of. the displacement of a polnt
such as B2 1nvolving a direct force 1n the two stringer
segments B1B2 and BogBz and shearing forces in the
four flelds adjacent to these segments

Equations for the internal forces for the most general

combination of the unit problem.- 1f Bz 1s dlsplaced
a dIstance upg In the positive x-direction, the following

nine internal restoring forces X arise, which are assumed
to act at the corners of the structural units indicated

by the eubscripts on X:
Gta )
Xay = 4b1 UB2
Gta Gta
4b3 4bo
%oy = G‘Bz >“BZ
Gta Gta
- 1 2
Xap = <;b1 * 751 / “Bg

A EA Gta Gta Gta Gta
B, 588 L, 1, 2 4 %)uBz B (6)

Xpp "\ a1 = 8z | 1  Tos | T | b3
ta Gta
_ 1 2

Xp =
EAB _ Gtaz + Gta2 up
ag 4, 4o 2

Gtao
5~ \ab, / B2

&
I

&
|
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Calculation of displacements, stressea, and reactions.-

Consider the general sheet-stringer structure shown in
figure 3. As each corner of the various structural unlts
Bo, C2.i., B3, C3..., etc. 1s dlsplaced a distance

U, Ugge:sUBz, UCHe.., ©tc., respectively, in the positive

x-direction with the remaining corners held fixed, the
internal restoring forces that result are given by a set
of equations similar to equations (6). The total internal
restoring force caused by these displacements at any
polnt such as Bz 1s obtained by adding the values Xpg

%1ven by the successive sets of equations. This force 1s
herefore the sum of all forces at Bg caused by the

unknown displacement of B, and thé points surrounding

B2 and can be convenlently obtained by use of Maxwell's

reclprocal theorem. If the equations for the most general
combination of the unlt problem are written for any
corner polnt and if the force and dlsplacement subscripts
are interchanged, all the internal restoring forces

acting at the corner point considered are obtalned; for
example, the total internal restoring force at Bg

(fig. 3) can be obtained from equations (6) by inter-
changing subscripts on the X-force and u-dlsplace-
ment in sach equatlion and adding the nlne values of

sz that result. When this total internal restoring

force 1s obtained for each corner point and equated to the
loed or force applied externally at that point in accord-
ance with the principles of statices, a system of simultan-
eous equations 1s obtalned that esteblishes the torner-
point displacements. With the dlstorted shape of the
structure known from the solution of the simultaneous
equations for the displacements u, the stresses consist-
ent with the distortlion are readily obtalned.

1f Uy and Uy, are the displacements obtained for
ad jacent points Aj; and A2 on stringer A (see filg. 2),

the stress in thle stringer 1s
w
Caj1A2 = (uAl - uAg)-;‘l- (7)

The stress thus calculated 1s the average stress for the
stringer segment AlAz. Also, if wuy,; and ug; are the

displacements obtalned for Al and B, which are adjacent
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‘points on the chordwise station 1, the shear stress T
in the panel at this statidn between stringers A
and B is . :

TAIBy = (uAl - .uB])% S (8)

If the structure 1s fixed at one end, the reactlons
R at the ends of the stringers are obtalned by finding
the sum of the forces transmitted to the fixed points
because of the dlsplacements of the points surrounding the
flxed points, If 1In flgure 3 the station at 4 1s fixed,
then for point B4, ' '

Gtaz (;:AB Gtag  Gta) Gtag '
R = u + - - +
Be " Tap, 48 \gy  ab; gy ) B T Ip, U0B (%)

1

The stresses at the fixed ends are found by dilviding each
reaction by the stringer areca at the reactlon.

General remarks.- In order to apply the numerical
procedure to a shect-stringer panel, the structure 1s
divided into a convenlent number of units. The number
of unknown displacements and equations is entirely
dependent upon the number of unlts chosen. If many
stringers are present, the cowbination of two or more 1into
a substitute -stringer will aid in the reduction of the
unknowns. When the sheet thickness and/or stringer area
varles, the elastlc properties of the unlits EA/a
and Gta/4b are calculated with the avecrage values for
each unit. If the structure 1s divided into equal units
and 1f the sheet or strlinger dimensions do not vary,
only one set of elastlc constants need be calculated.

The cisplecement equatlions mey be solved by two
different methods: a relaxatlon procedure explalined and
utilized in reference 3 or a direct solution of
simultaneous equatlons. A numerlical example of the
application of the procedure 1= given in appendix A and
the displacement equations obtained are solved by a
simple direct method in appendix B.
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DESCRIPTION OF PANELS AND LOADINGS USED IN ANALYSIS

-"As '8 check of the applicability of the method of
analysis to the more complex problems of stress dlstri-
bution, four problems are solved by use of the numerilcal
procedure,

Problems 1, 2, and 3.~ The first three problems are
concerned with the calculation of stresses in the panel
with tapered stringers shown in figure 4(a).. This panel
was used in the analysis and experiments of reference 1.
Because of the symmetry about the longitudinal axis, in
all three cases only one-half of thes structure was
considered in the analysls. The distinguishing features
of each problem are as follows:

Problem 1 - The end of the panel having the larger
cross-sectional area was rlgidly fixed, while at the
other end two concentrated loads of 1.2 kips each acted
on the two outer stringers.

Problem 2 - By the addition of shear webs gnd com-
pression flanges, the panel was converted lnto the cover
of a cantllever box beam, the cross section of which 1is
shown in figure 4(b). The beam was loaded with four
equally spaced loads of 0.225 kip each on each web as
shown in figure 4(c). The end of the panel with the
larger cross-sectional area was at the root of the beam.

Problem 3 - Two rectangular cut-outs were then made
in the panel. These cut-outs were located symmetrically
with respect to the longlitudinal center line of the beam
and extended from the flanges to the second stringer
from the flanges. The ends of the cut-outs were 24 and
36 inches from the tip of the beam. A load of 0.6 kip
was applied to the tip of each shear web.

Problem 4.~ The fourth problem solved by the numerical
procedure was the 16-stringer tension panel of reference 2.
A transverse cross section of the panel 1s given in
figure'4(d). The panel was 144 inches long and contained
a rectangular cut-out at 1ts center. The cut-out
analyzed herein had a total length of 30 inches parallel
to the longitudinal axls of the panel and cut four
stringers on each side of this axis. The panel was
axially loaded by a tensile force of 15 kips uniformly
distributed to the ends of the stringera. Because of
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the double symmetry of the panel; only one-fourth of
the structure was considered.

DETAILS OF ANALYSIS

In the four problems solved, the entirs wildth of
sheet was assumed effective ‘'in tension and therefore
added to the stringer areas with the exceptlion of a .local
region near the slngle concentrated load of problem 1.

Problem 1.~ ITn order to apply the numerical pro-
cedure to the tapered-stringer tenslon panel the structure
was assumed divided into slx bays of equal length. For
each of the twenty-four points resulting from the inter-
section of a station line and a stringer, a dlisplacement
equation was obtained. Because the stringers tapered,
the area at the mldpoint of each stringer segment was
used to obtain the displacement coefficlents. The half
width of sheet adjacent to the loaded stringer In the
structural unit nearest to the applied load was assumed
ineffective in tension since this region was evidently
too near to the concentrated load for a bulld-up of
appreclable forces in 1t. e

At ‘each point of the structure considered an equation
war written relating the internal and external forces.
The solution of thls system of 24 simultaneous equatlons
gave the displacement of each point relative to 1ts
original position. ' From these diqplacements, the -stresses
‘ahd reactions of the structure were obtuined. The span-
wise stringer stress distribution as well as the stresses
computed by ‘the substitute single-stringer method and the
experimental data of reference 1 138 glven in flgure 5.
In appendix A & silmplified analysis of thils problem
involving but six equations 18 presented in detail.

Problem 2:+ Except for those equations contalning
coefficients dependent upon the .flenge area, the equations
used for the solution of the previous protlem were
utilized for the stress analysis of the box beam with four
concentrated lodds. For each of the six bays, the
effective area of the shear web was added .to the area of
the flange of the tension panel. This additional area
was the sum of one-elxth the area of the shear web and
the area of the flanged portion of the web sheet
(fig. 4(b)). The running shear in the web was assumed
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to act as loads concentrated at the six statlons along
the flange. In flgure 6 the stringer '‘stress distri-
bution- obtained from the numerical procedure 1s compared
with the experimentally obtained ‘stresses and with the
stresses obtained from the substitute single-stringer
method of analysis.,

Problem 3.~ The box beam with two rectangular cut-
outs In Its cover was divided into filve bays, three
12-inch bays toward the tip and two 6-inch bays near the
root. As 1n the preceding beam problem, the running
shear in the web was assumed to act as concentrated
loads at the points of intersection of the flange and
station lines. The computed and the experimental
stresses are plotted in figurse 7.

Problem 4,- In order to reduce the numbcr of
equations required for the stress analysis of the
uniformly loaded 16-stringer tension panel with cut-out,
the actual structure was simplifled., Instead of the
full half-length of the panel, only 40 inches of thc
ransl on elther side of the center line of the cut-out
was used and the external loads were assumed to be
Introduced at the new end station. In addition, the
area of the outer stringer and the adjacent stringecr
were combined and the resultant substitute stringer
placed at thelr centroid. The three stringers nearest
the longltudinal center line of the pariel were also
comblned. The simplifled structure consisted then of
five stringers instead of the eight of the actual struc-
ture. A unit 17.5 inches loneg was chosen at the tip.

The length of each of the remaining three units along the
span was 7.8 inches. The stringer stress distribution

is plotted in figure 8, along with the experimental stresses
and the stresses obtalned from the methods of analysis of
reference 2. It should be noted that the forces on the
substitute stringers were assumed uniformly divided

among the actuakl stringers comprising the substitute
stringers.

DISCUSSION

Examination of figure= 5 through 8 reveals that the
stresses calculated by the numerical procedure are in
good agreement with the experimental and computed stresses
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of refersnces 1 and 2 for all condltions and loadings
of the tapered-stringer panel as well as for the
16-stringer tenslon panel.

In figure 6 the stresses computed by the numerlcal
procedure for the central stringers C, D, and E of
the approximately uniformly loaded bax beam are 1n better
arreerent with the stresses obtained from the experi-
mental date than are the stresses found by the substltute
single-strincer method of reference 1, partlcularly ln
the region near the root. Simllar ref-ulto are observed
for the center stringer D of the tip-loaded box beam
(fig. 7). Although for these cases the stresses near
the longltudinel center line of the beam covers are of
minor importance, for box beams wlth cambered covers
they may be significant.

For the l6-stringer tension panel the assumptlion
that the loads were lntroduced at a statlion 40 inches
from the transverse center line of the structure caursed
discrepancies at this station between the results of
the procedure and those of experiment. (See fig. 8.)
These stresses, however, are of minor importance cor-
pared with the high stresses that exist near the cut-
out. For the cut stringer nearest to the longltudilnal
edge of the cut-out, conslderably better acreement wlth
the experimental stresse« 1s glven Ly the numerical pro-
cedure than by the =simplified three-stringer method.

If a very detalled stress analysls 1= not requlred,
the use of a small number of statlons and stringers 1is
helpful in considerably reducing the numher of egquations
needed. This reductlon 1is readily accomplished 1if
substitute stringers and large bays are used for the
portions of the structure that are some distance from
1solated concentrated loads or dlscontinuities. In
this manner the more i1mportant stressess may be obtained
wlth but a relatlively small amount of computation
(see appendix 4).

Although the structures considered in the present
paper had no chordwise variations in stringer area, no
difficulties are encountered when the numerical proce-
dure 1s applied to problems having such varliations.
This fact 1s in contrast to the method of reference 1
which is based upon the assumption of a reasonably
uniform chordwise dlstribution of the stringer area.
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Because all formulas utilized in the numerical
procedure are elementary, no difflculty should be
encountered 1n solving successfully panel problems
similar to those discussed herein. The solution of the
equations, which constitutes by far the largest part of
the computations, can be readlly made by & computer
using a slide rule, if slide-rule accuracy 1s sufflcient,
or a calculating machine, if greater accuracy i1s desired.

Langley Memorlial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Fleld, Va.
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APPENDIX A
NUMERICAL EXAMPLE, PROBLEM 1

A detalled application of the numerical procedure
as applied to tre complete solution of problem 1 is
glven 1n thls appendix. 4s mentloned previously 1n
the dlscusslon of problem 1, only half of the structure
1s considered because of 1its symmetry.

In order to simplify the actual structure for
analysis, a substltute stringer composed of half the
center-line strincer and the adjecent stringer was
assumed to act at the centroid of the combination.
Instead of considerinq six bays as in the section
"Detalls of Anaclysis," only two were chosen: a l€-Iinch
bay at the tlio and a Z2-inch bay at the root. The
resulting simplified structure is shown 1in figure 9.

In table 1 the average effective areas of the
stringer segments and the resulting elastic constants
are tabulated. The areas ares those at the center of the
stringer segments and include strinser area, effectlve
sheet ares, and, for the loaded stringer, the small area
of sheet to the left of the center llne of thls stringer.
The effective area of =zheet for ti.e substltute stringer
was equal to that of the originel structure.

TARLE 1
ELASTIC CCNSTANTS FOR STRINGERS
EA LA EA
A B C
Bay Ay Ap Ag a a a a
1-2 | 0.184 | C.210 | 0.3151] 16 | 124 142 213
2=3 251 275 413 | 22 84,8 92.9} 139

The value of G (4,320 ksi) used for the calculation
of the shear coefflclents was obtalned by using values

of E = 10,800 ksl and % = 0.4, which were the values


http://www.abbottaerospace.com/technical-library

NACA ARR No. L5C09a 15

used in reference 1l. Because the value of.% = 0.4 18 an

approximate value, the resulting value of G should be
consldered as-a-fictitious one that does not correspond
to actual material properties.,

The shear coefficlents are

Gta]_:galeol')xQQ]Ex]ﬁ 3
~4by 4 x 4
= 64.8
Gtay  4.32 x 105 x 0,015 x 16
Ty _ o, L X5
N (a1)
Gtap _ 4.32 x 109x 0,015 x 32
4b, 4 x 4
= 129.6

Gtay  4,z2 x 109x 0.C15 x 32

4bg 4 x 5.20 )
= 99.6

The dilsplacement equatlons can now be obtained; for
example, 1f the equllibrium of the forces at polnt A; 1is
consldered, the followlng equation results:

EA, Gtai\ Gta, Gta,
a1 b/ CALT 4b1uBl*' al ‘Z‘ uag * ZB“ upg +F = 0

which, upon substitution of the proper values for the

coefficlents from table 1 and equations (Al), ylelds
the equatlion

- 188.8up) + 64.8up; + 59.2up, + 64.8up, + 1.2 x 105 = 0

in which the displacements are in hundred-thousandths of
an inch. Thils equation states that the sum of the
internal forces at polnt Ay due to the unknown dlsplace-
ments of the points, the motlions of which directly affect
the equilibrium at polnt 4;, and the external load
acting at this point is equal to zero. If the equilibrium
of each polint 1s conslidered, the six equatlions for the
solution of this problem are obtalned and are as given

in table 2.



http://www.abbottaerospace.com/technical-library

16 NACA ARR No. L5C09a

TABLE 2
SIMULTANEOUS EQUATIONS AND DISPLACEMENTS

Coefficlents of dlsplacements
gy g, ug, —Ekz Up, uc, |Constents
-188.8 64.8 £9.2] -64.8 __Mdpizo,ooo
64.8|-256.6 49.8 64.8 £7.4 43.8 0
49.8|-262.8 29.8| 163.2 | 0
59.2]| 64.8 -402.2| 194.4 ' 0
64.8 27.4 49.8| 194.4{-578.7 | 149.4 0
49.8| 163.2 149.4 |-E01.4 0]
Clsplacexents
1120 575.0f 376.8] 457.9)] 417.1| 304.1

A discussion of the method of solution with its appli-
cation to the=e equations is given 1n spperdlix B.

Rith tke displacements from table 2, the elastie
constants in table 1, and the shear coefflclents cal-
culated in equations (Al), the loads st the fixed end
may be calculated from equations similar to eguation (9).

Thus,
= L - - 7. - [ .. T
Rpy= {48 - 129.6)(E57.9 x 10 °)+129.5 (217.1 x 107°)
= =0.208 + 0.540
= 0.335 kip

Ry, = 129.6 (287.9 x 107%)+62.9 - 129.6- 09.6){17.1 x 1075

-5
+99.6(304.1 x 107°)

=0.594 - 0.569 + 0.303

=0.328 kip

- -5 _ -&
Rg, = 99.6 (417.1x 10-5)+ (139.0 - 99.6)(304.1 x 1075)

=0.416 + 0.120

= 0.536 kip
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The corresponding stresses at the

The stringer stresses at the
stringer segments are obtained by

- -0.335

reactions are

= 5.505 = 1.136 ksi

_ 0.328 _

= 5318 = 1.031 ksi
0.536

- = . 2 k
0. 477 1.124 ksl

midpoints of the
the use of equations

similar to equation (7) and are computed in table 3.

TABLE 3

CALCULATION OF STRINGER STRESSES

17

Station | Dsplacement Elogg;;igg of Averagg stress
u Au (ksi)
Stringer A
1 1120 -
662.1 4,470
2 457.9
457.9 1.550
S 0
Stringer B
1 575.0
157.9 1.070
2 417.1
417.1 1.410
3 o
Stringer C
1 376.8
72.9 0.491
2 304.1
304.1 1.030
S5 o
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The shear stresses are computed in table 4 wilith the
ald of equations similar to equation (8).

TABLE 4
CALCULATION OF SZEAiR STRESSES
Relative dis-|Shear stress| Relative dis-| Shear stress
Sta-|placement of between placement of between
tion| stringers A stringers A | atringers B stringers B
( and B and B and C and C
Up = ug) T (ug = up) T
A8 (kei) B~ %o (ksi1)
1 544.6 £.880 1¢8.2 1.650
40.8 0.433 113.0 0.939
0 0 0 0

If the stringer streasses computed 1n table 3 are
corpared with the curves of flgure 6, which were obtalned

from the solutlion of 24 equations,

it 1= apparent that

there 1= little difference between the rimple 6-polnt
solution and the more detalled 24-polint sgolution.
Fvidently for the problem of the elmple-tension parel
only a small number of equations 13 requlred to compute
the maximum rtresses.
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APPENDIX B
— ° """ - SOLUTION OF EQUATIONS - -

Of the several numerical methods avallable for the
solution of simultaneous algebraic equatlons, the method
which appears to be most satisfactorlily applied to the
equations arising from the numerical procedure 1is
Doolittle!'s method es glven In reference 7. Thls method
for the solution of systems of normal linear equations
(1inear simultaneous equations svimetrical about the
principal diagonal) 1s the Gausalan substitution method
shortened by taking advantage of the symmetrical
distribution of the coefflclenta 1n the equatlons.

The solution of the =1x simultaneous equatlons
obtalned 1n table 2 of appendlx A is given in table S..
Only those coefficients to the right of the prinecipal --.
dlagonal are given in the equations in rows (1) to (6)
of the table. The numbers In the column at the extreme
right of each row are the algebralc sums of all the
coefficlents and the constant terms that appear in the
actual equatlons contalned In the rows and are used to
provide a continuous aritkmetic check., RPRecanse of the
sy'metrical form of the original equations, these
summations (including the tcrms not written) can be
obtained by adding the numbers from right to left 1n the
rowe as far as the main dlagonal and thon continuing
the additlon vpward. 1In each row the same arithmdtical
operations are performed on the sumation terms as are
performed on the actual terms of the rquations and the
summation therefore provlides a continual check on the
arithmetical work.

The equations are solved systematically in the
following manner, as indicated by the operations given
at the right in table S: The flrst equatlion ls entered
in row (7) and the coefficients of the displacements
other than the first one are placed in brackets to
facllitate reference. It shouvld be noted that the
surmation term is also entered. In thc next step
{row (8)) the equation 13 divided through by the negative
of the Upq coefficient, giving in effect a solution of

uAl in terms of the remaining unknowns and the constant,
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A double line 1s drawn to indicate that the equation 1s

in its modified form. Evidently the summation term checks
the arithmetic for 1t 1s equal to the sum of the quanti-
ties to 1ts left. The second equation ls wrltten in

row (9). In order to represent ug; in terms of the

remalning varilebles, 1t 1s now necessary to eliminate the
uAl term from this equation. Because of the form of

the equations, thls elimination is readlly accomplished
by multiplying the coefflclents in row (&) by the
coefficient of uB in row (7) and adding the products

to the equation rnprescnte by row (2) in order to
obtaln row (11l). The heevy herlzontal line incdicates
that row (11) 1s the result of adding rowe (9) and (10).
In row (12) the disrlacement ugy i1s given in termms
of the remaining wvarlahles and a constant. A check on
the preceding calculatlions 1s obtalned by comparing
the summation term wlth the sum of all the valuves to
its left.

Each cycle generally consists of hringing down thse
next equation to be considered and eliminating from it
the unknown dlsplacements previously considered. The
elimination is accomplicshed sysstemuticalily by adding
to this eguation the products of the bracketed terms
in the column above the first term that appears In the
equation and the nurbers in the row immediately below
and to the right of each bracketed number. =Ry dlviding
the sums by the nergatlve coefficient of the first
number in the row of sums, an squation 1g¢ obtalned that
In effect expresses the dominent term of the equation
consldered In terms of the remelninrg varlables and a
constant. Thls procces 18 continred until the last
unxnown uco 1e determlned In terms of a constant

only. The remaining unknowns riay be computed by
substitutlion in the double-underliined equations. In
rows (37) to (4%) this substitution is done system-
atically. The terms from left to right 1In row (37)
are the constents in the double~underlined egusations
obtained by starting at row (3) and going down to

row (36). The guantities In row (3€) are the products
of u02 end Lre coeffliclents of Uge from the

double-underlined equations and are entereé 1in a
manner similar to the constant terms. The value of
upo 1s obtalned by adding the numbers in rows (37)
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and (38) in the ug; column. With up, available

the values in row (39) are calculated as were those 1in
row. (38) .. The process is_continued until the last
unknown is determined as in row (43).

The solution of the six equations indicates that
the computations may be carried out readily on a
81lide rule if slide-rule accuracy 1ls sufficlient. 1In
addition the practically mechanical procedure and the
constant check ensure a rapld and accurate solution
of simultaneous equationa. If the system of simultaneous
equations 12 to be s=solved by a computer using a
calculating machine, more repid solutions can be obtalned
by using the Crout method which is described in detall
in reference 8.
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TABLE §
SOLUTION OF EJUATIONS
Row u‘l “81 “"1 qu uB'2 “02 Constants| 5 » Oporlltion
(1) |-188.8] 6¢.8 59.2 | es4.8 120,000 |120,000
(2) T|-258.8] 49.8 | 64.8 | 27.4 | 49.8 o 0
(3) «262.8 49.8 | 188.2 0 [}
()] ~403.2] 194.4 [+ -84.8
(5) «578.7 | 149.4 [} -92.9
(&) | -501.4 [ -139.0
(") |-188.81 [64.8] [9.2] | (6¢.61 120,000 {120,000} (1)
(8 | (1) Jo.3a352 0.3136 | 0.3432 5.6 | €35.6 |(7) 4 ~(-168.8)
(9) -256.6] 49:8 | €4.8 | 27.4 | 49.8 0 0 (2)
(10) 22.2 20.3 | 22.2 41,190 | 41,190{(8) x [84.8] from (7)
(11) -234.4| [@9.8] | [es.1] | [49.6) | [a9.8} 41,190 | 41,190](9) + (10)
(12) (-1) jo.2125 |o.3631 | 0.2116 | 0.2125 176.7 | 175.7](11) + -(-234.4)
(13) ~262.8 49.8 163.2 o 0 |(3)
(14) 10.6 18.08 | 10.5 10,6 8,750 | 8,750}(12) x [49.8] from (11)
(15) ~262.2 | [18.0d) [60.3] | Q7s.q) 8,750 8,750 {(13) + (14)
(16) (-1} |0.0717 | 0.2391 | 0.8891 34.69 | 34.69(15) 4 -(-252.2)
(17 -403.2 | 194.4 [ -84.8 [(4)
(18) 18.6 20.3 37,630 | 37,630 ((8) x [59.2] from (7}
(19) 30.9 18.0 { 18.08 | 14,950 | 14,950((12) x [@S.1] from (11)
(20} 1.3 4.3 12.46 627 687 [(16) x [18.08] from (15)
(21) -352.4 | [237.0][ [50.54) | 63,210 | 53,120 [(17) + t18) + (19) + (20)
(22) (-1) |o0.6725 | 0.0867 151.0 | 180.7 [(21) 4 «(-352.4)
(23) -578.7 | 149.4 0 -92.9 {5}
(24) 22.2 41,190 | 41,190((8) x [84.8) from (7
(25) 10.5 10.5 8,715 8,715 ((12) x [49.€] from (11)
(26) 14.4 41.6 2,092 2,092 [(16) x [80.3] from (15)
(27) 159.4 20,5 33,780 | 35,720 (22) x [237.0] from (21)
(28) L372.3 | [e22.0] | 87,780 | 87,620 (23) + (24) + (25) + (26) + (27)
(29) (-1 0.5963 235.8 | 235.3((28) £ -(-372.3)
(30) «501.4 0 -139.0|(8)
(31) 10.6 8,750 8,750 [(12) x [45.8] from (11)
(32) 119.8 | 6,029 6,029 |(16) x [173.8] from (15)
(33) 2.7 4,611 4,602 {(22) x [30.54] from (21)
(34) 132.4 | 52,350 52,2401(29) x [222.0] from (28)
(35) -235.8 | 71,740 | 71,480((30) + (31) + (32) + (33) +(34)
(38) (-1) 304.1 303 |(385)4 -(-235.9)
(31| 636.6 | 175.7] 34.69 [151.0 [235.8 | 304.2 Constants from (8), (12), (16), (22), (29), (36)
(38) 64.6 | 200.6 [26.4 181.3 30441 = ug, ug, * Coefficlent of ug, from (12}, (16), (22}, (29)
(39)| 243.1|88.3 | 99.7 |280.5 [417.1 = up, up, X Coefficiert of Uy ~from (8), (12}, (IF., (22)
(40) | 143.6 ] 166.3| 32.8 |457.9 = qu LY x Coefficlient of U, from (8), (12), (16)
{41) 80.11 376.8 = vo, ug, X Coefficlent of ucl from (12)v
(42)[ 19.73 575.0 * ug, ug, * Coefficient of ug from (8) -
(43)] 1,120 =y P

NATIONAL ADVISORY
COMMITTER FOR AERONAUTICS
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*'"i* 1 *“r 1 *l('b“ g e

a

Q o'o'o Q|
] 1 [}

i ok r r
2R RN
-

i

.

L

| il
_;,LJ_

L

r
<

2
2>— 1t

|

n 0
"B o + +
) P B .JLL L
v 2 2 g g
/__A/ZI 4@ 1/2, VZ] l/z

EOI5 E[Two strips 129 each

@

2

ber

I
F
le—
AN
-

‘T%XZ strip from rootf fo midpoint
(b) (c)

t panel
790 .033]

# == NATIONAL ADVISORY
. COMMITTEE FOR AERONAUTICS

’ T—Two strips .0987 each _I L
7@3§=21F el st

@

Figure 4.— Details of structures analyzed.


http://www.abbottaerospace.com/technical-library

Fige 5 NACA ARR No. L5C0O9a

0
A Numericdl procedure
s | 7 E“P ——- Substitute single-stringer method x/
7 B + x  Experimental 4
£
6 7 &
4 F .
Stringer A+
G X
2lx x X
0
3
5 P
> i
X =
7 s

C+
2 + Ex
X -y - =X ¥
¥ * o
o} * —
D+ NATIONAL ADVISORY
2 COMMITTEE FOR AERONAUTICS

- = +-- .
+’§+\‘\
0 1 2 1 2 2 1 1 1 ;\‘+‘r\\_i‘l\+.\x

48 44 40 36 32 28 24 20 16 12 8 4 0
Distance from tip, in.

Figure 5.— Comparisons between calculated and experimental stresses for tension
panel with concentrated loads; P=12 kips. (Test data and results of substitute
single - stringer method from reference |.)
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Figure 6.- Comparisons between calculated and experimental stresses for approximately
uniformly loaded box beam; P=0.225 kips. (Test data and results of substitute
single-stringer method from reference 1)
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Fig. 7
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Figure 7 - Comparisons between calculated and experimental stresses for tip-loaded
box beam with cut-outs; P =0.6 kip. (Test data and results of substitute single-

stringer method from reference 1)
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(Test data and results of simplified three-stringer method and
modified two- stringer method from reference 2.)
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Figure 9.- Simplified tension panel
used for analysis in appendix A.
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