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CRITICAL STRESS FOR AN IFFINITELY LONG FLAT PLATE
WITH BLASTICALLY RESTRAINED EDGHS UNDIR
COMBINED SHEAR AND DIRECT STRESS

By Blbridge Z, Stawell and Tdward B, Schwartz
SUMMARY

A gimple interactlon curve is presented for evaluat-
ing the conditions of combined shear and direct astress
under whioch an infinitely long, flat plate with equal
elagtic restrainte against rotation along the edges will
become unstable. The theoretical work that led to the
interac{ion curve is presented in the form of appendlxes.

IXTRODUCTION .

In the deslgn of stressed-gkin structures, considera-
tion muast soretimes be given to.the critical stresses for
a sheet under & combinetion of shear and direct stress.
The upper surface of m wing in flight,. for example, may
Te endbJected to combined shear and compressive strese and
the lower surfece t0 combined shear and tensile astress
sinultaneously. Under this condition the upper surface
may buockle at a lower comprensive stress than if the ghear
were .-not present and the critical shear ctress for the
lower surface will be increaesed by the presence of the
tensile stresr. The purvose of the present report 1s to
speclfy the combination of shear and dlrect stress under
which such surfaceas may be expected to duckle.

INTERACTION CURVE

-
’

For the case of flat sheet between ldentical stiff-
eners, the combination of shear etress T and comprea-
eive atress - o4 ~that will cause buckles to appear in the
sheoet has been exactly solved in appendix A, The values
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of o, and T may be given in the form (reference 1,
PP, 366 and 369) '

kw D
Ox = S
' b3t
K D
o
T = 8
b3t
vhere
D flexural stiffneses of sheet per unit length
Et°
13(1-p2)
X modulus of elasticity
" Poieson's ratio
b wifdth of eheet betveen stiffeners
t thickness of gheet
kc,kg coefficlents dependent upon the restraint supplied

by the stiffeners

Appendix A describees the intricate relationship that
exists between k, and ks, 4s ls usual with exact so-

iutlons O8f buckling problems, this golution is very labo~
rious to apply.

The poseibillity of great simplification in the ocom~
putation of the ¢riticel stresses 1a indicated by the re-
sults of the application of an energy method presented in
appendix B, In this appendix it is shown that if the re-
straint supplied to the sheet by the stiffeners ls inde-
pendent of the wave length of the buckles, the follewlng
relation existe:

By + B, =1 (1)

where
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B, ratio of shear stress when buckling occurs in ecombined
" ‘shear and direct stress to shear stress when buok-
ling occurs in pure shear

R ' ratlo of compressive stress when duckling occurs in
combined shear and direct strese to compressive
stress when buckling occurs in pure compression

‘Inasmuch as design charts for determining the critical

stresses under pure shear and pure compression for flat
sheet with equal elastic edge restraints have been pre-
sented in references 2 and 3, equation (1) may be easily
applied to the combined loading of such sheet. In an ac-— -
tual structure, however, the restraint i1s usually depend-
ent upon the wave length of the duckles, andi the formula
must therefore be shown to hold with sufficient accuracy
in this case also,

Bquation (1) was tested as described in appendix O,
by use of exact values of the critical stresses obtained
by the method of appendixz A, The results are shown 4in
figure 1, in which the curve represente the values ob-
tained by the combined loading formula of equation (1)
and the plotted points are for the exact values computed
by the method of appendix A and listed in table 1, In
some cases, the .restraint was assumed to bde independent
of the wave length; whereas, in others, a relationship be-~
tween restralnt and wave length typical of a gturdy astiff-
ener (reference 4) was assumed., Some values were also
computed for tension in the sheet (k, negative), . 411

values are seen to lle on the curve or close. to it, indi-
cating that squation (1) holds with sufficient accuracy
for ongineor@ng purposes- ln all cases,

OONOLUS IONS

It is concluded that the values of combined shear and
direct stress at which an infinitely long, flat plate sup-
ported along the edges with equal elastic restraints

"agalnet .rotatlon wlll become unstable may be det ermined

for practioal engineering purposeu by the eguation

n + n = 1
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wvhere

B, ratio of direct etress when buckling occurs in com-
bined shear and direct etress to compressive stress
wvhen buckling ocdéurs in pure compression. Tension
1s regarded as negatlve compreesion.

ratlo of shear stresasa when buckling occurs in com-~
"bined shear and direct stress. to shear stress when
buckling ocours in pure shear

Bq

" Langley Memorial Aeronautical Ladorstory.,
National Adviaory Committee for Aeronautics,
Langley Field, Va,

APPENDIX A
SOLUTION BY DIFFERENTIAL EQUATION

The exact solution for the critical stress at whigh
buckling oeccurs in a flat rectangular plate subjected to
-combined shear and compression forces in its own plane
may be obtained by solving the differentiasl equation that
expresses the eaquilibrium of the buckled plate. The plate
is asgumed to be irfinitely long, and equal elastic re-
stralnte against rotation are aseumed to be present along
the two edges of the plate,

Figure 2 shows the coordinate eystem used. The dif-
ferential equation for equilibrium of a flat plate under
shear and direct stress in the direction of one axls 1s
(reference 1, p. 306)

’ 4 -4 . a .8
(;’W g 0¥ 23w +3-r+,a"+axt-—a"=o (a1)
L?x axabya dy* ox9dy dx?

where

. 3
£ To(1.
D flexural stiffness of plate per_unit length [;2(1—u3)]

3 modulues of elastlcity



L-340

TECHNICAL LIBRARY

B Poisson's ratio

e

t thicknesgs of, plate

v deflection of plete at (x,y) from unstreseed position

T uniformly distributed shear stress

Ox uniformly diegtriduted compressive stress in the direc-
tion of x

It 1¢ known that the oritical streasses are of the form
(reference 1, pp. 356 and 359)

koﬂ D
b3%

(a3)

where b 1s the width of the plate and k, and k; are

congtants which, for an infinitely long plate, depend only
upon the elastic restraints along the edges of the plate,
Bubstitution of expressione (42) in equation (A1) givees

4 4 4 a 8 3 8
9 : + 3 o' w 3 : + an;;i dw . m :Qfa : = 0 (43)
ox dx?dy® oy b 0xdy 2 ox

If the plate 1s infinitely long in the x~direction,
all dlsplacements must be periodic in x, and the defleo-
tion surface may be taken in the form

e

w=Teg (a2)

wvhere Y 1s a function of y  oply and A 1s the half
wave lengtk of thé buckleas 1n the x-direction,

Subetitution of expression (A4) into the differential
equation (A3) gives as the ecuation which determines ¥
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a‘y 2n° °t @ 2n’ik, AY w'kg
- - + — T — .

ay G dya A% N ay 2%

Y=0 (46)

when m 1s a root of the characterigtio equation

2 4 8
b a b b gf nh
nt + 2(7) m o~ 2119(1-15‘—>ksm + (%—) -n (ITX- k, = 0 (46)
Y By Ay
Except for the subastitution of (%C) -2 ("T)kc for (i—)

equation (A6) 1s identical with equation (A6) of reference
2, in whioch equation (Al) of this appendix was solved with

k, = O, With this change, all the results ottained in

that appendix are applicable here. The stabllity crite-
rion for comblned compression and shear is therefore for-
mally the same as for shear alone as glven by equation
(419) of reference 2, This oriterion is

2
2ap(av®- %'><505h 20, cos 2B - cos 4Y)
] . . ]
--[4'Ya (Ba - a.a>-(ﬂa+ a.a> - (4'Ya - Ba + “a>% ]sinh 3a sin 29
3 -] 2
+ € [m(}Y + o + B.> cosh 2 ain 2B

+ B av® - ma - B%) ginh 3a cos 3B ~ 4apfY sin 4Y] = 0 (A7)

where the relation between k, and «, B, and Y 1g
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7
the same as in reference 3, squation (A33)
3 , g9
kg = ov(a® + 6) (a8)
)
T\
but in the present report
. : ~
3 2 N\ 2
2 1 /nd 4 nh 3 n3(nd
a = J/Z +_Z<;;> +V/£Y + (;&) Y o+ EE<577 Ko
F(49)
/B L bB /‘ B 3 a 3 v 3
. m n fm
B = /=Y « ZG%—) + /4Y + (—-}-‘-—> Y + E(k) kg
-t

The restraint coefficlent € is a measure of the relative
reslstance to rotation of the restraining element at the
edge of the plate; it 1s discuesed more fully in refer-
ence 2,

The procedure for evaluating ks. after values of
ks and an expresslon for € have been chosgen, 1s as

follows: A value aof b/A is assumed; a series of values
of Y are taken until one ie found which, together with
the corresponding values of o and B as computed from
equations (A9), esatisfies equation (A7); kg is then com-
puted from equation (A8), Another value of b/A is as~
sumed, a new set of values of Y, o, and B are found
that satisfy the stabllity oriterion, and a new value of
k; 18 computed. The entire process is repeated until by

plotting kg against bB/A the minimum value of kg 18

found. In the cas®s where € 48 a funotion of bB/A, €
must be re~evaluated each time a different value of Db/A
is assumed, Thile minimum value of kg and the chosen

value of k,, when inserted in equations (A3), give a
critical combination of ghear and direct s@ross.
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APPENDIX B
SOLUTION BY ENERGY METHOD FOR OONSTANT =«

In appendix B of reference 23, an energy solution wae
given for the etability of a plate under pure shear by
use of oblique coordinatee. This solution may de extended
to cover the case 0f combined shear and compression load-
ing by eimply adding to the work done by the shear force
an additlonal term expreesing the work done by the compres-
slve force.

Figure 3 shows the coordinate system and the plate
dimensions. The procedure 1s to evaluate the terme in the
equation

To + Ty = V3 + Ty (B1)

where

Te work done by the compressive force per half wave length

Ty work done by the shear force per half wave length

V, setrain energy in'the plate per half wave length

V2 6&train energy per half wave langth in the elaﬁtic
regstraining members assumed to be present along the

edges of the infinlitely long plate

The deflection surface is faken to be the same as 1n
reference 2, equation (B2); that is,

nef v2 1 € my X -
W o= Wy [2 ;:; - é) + (} + E)coa ;:J cos (B2)

where € is the re<traint coefficlent defined as in ref-
erence 2. The values of T3, V,, &and V; may be taken

directly from eauations (B3), (B4), end (BE) of reference
3: : .

-]
™ b,t gin 8 2 4 1
Ts = woa 1 g [(" + -]-'--.- _>€a+ (-]L- —>s+ —] T (33)
2A 120 8 m® 2 2 2
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e e (I - D6

@ G- G2

1
3

+
+ 3(1 + 2 gin3 ¢) [ LI _2_>€a+ /-];- i>e+ E-]} (B4)
24 n*® \2 3 2
3
T DAe
Zbl cos ¢
The work T, done by the compressive etress o, 1s given

by

L/:)lf (aw\ dx dy ccis o

By use of the sssumed expression (B23) for w, T, 1is
found to be

-] 3
o y.3 0yt cos o m +£_.§_>8 1_4)\,1 36
To=Wgq e I\T55* 5~ 73 e+ (3-73)c* 5 ox (B6)

¥hen eauations (B3), (B4), (B6), and (B6) are sud-
gtituted in ecuation (315, the result is

w3D
O'x = ko. ;-5; - 27T tan ¢ (37)

where

3
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(é) o 1.+ 2 slndy
cos“¢ ( ) va cos? ¢

The angle of inclination ¢ and the ratio b/A will
adJust themeelves to make O, =& nininmum; that is,

acf\ = 0 (38)
A
3 (A )

Y

So = 0 (B9)

If the shear stress T 18 congldered as & given constant,
and the restraint coefficlent ¢ 1e independent of ©b/A,
the values of b/A end ¢ resulting from the operations
indicated by eauationsg (B8) and (B9) are:

(g) = 476, cos o (810)
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T (B11)
(= /72950

Insemuch as the value of b/A given by equation (B10)
and the value of ¢ given by egquation (Bll) are the val~
ves which make the stress oy & nminlmum, 1t 1s necessary

t0 subetitute them in ecuation (B7) to obtain the critical
compressive stresa. When this substitution 1s made and
the result expressed in nondimensional form, it is found
that ' : .

v . - - ¢ :__tan-?

B13)

- S L . -
IR (/o) (me o ()

In order to identify the denominators in equation
(B12), 1t is neceesgary to refer to the energy solutions
for pure compression and for pure shear. “From equation
(B14) of referencs 3, 1%t is found that

-]
b C,
kpcﬂ(i) + b3+-ca
(f)

vhere kpo ig the value of k, for pure compresgion; or,
€ being_qssumed congtant and kpc min}mized with respect
to b/, '

n kpg' = 2 /¢, + ¢ (313)

From squation (B6) in reference 2, it is found that

2\’
o1 {\X) , G cos%
“pe sin =¢ !oosa¢ <;)a
{ A

L

+ 05(1 + 2 ein3d)
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vhere kpa 1s the value of k, for pure shear. If the
value of € 1e assumed constant and kps is minimized
with respect to b/A and ¢, k;, becomee

3
Kpg = 2 v/dl +3 /0y 05 + 7 05°

or
kp83= 4(014- QE ca+'% 033> = (3JE;+ 3°a)<3 /G-1+ G‘a> (B14)

Substitution of relations (B13) and (Bl4) in equation
(B12) gives the combined loading formula

3 ()
n?D/p%t 1 - n®D /vy
" ¥pe Kpg™
or
k K
[«} ]
P ;—;> = 1 (B15)
pC Ps
Ox

and

where k, and kg are written for

3D /b2¢
—;—;—;—. respectively., IEquation (B16) may also be writ-
w°D/b %

ten 1n the form

Ro + B =1 (see equation (1))

where

ohE—~1
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‘These definitions of -R; and- B, .are equivalent to

the definitions given in terms of stresses under sections
Interaction Curve and Oonoclusions in the body of this re-

‘port.

APPERDIX ©

PEST OF INTERACTION FORMKULA

The theory of appendix B, although based upor an ap-
proximate deflection surface for the buckled plate, indi-

_cates a eimple algebralec relatlonship between k, and

ks' wvhen the restraint coefficient ¢ 18 independent of
the wave length A, of the form

ky N /ks \2

= ) : (c1)
%50 \ps)
whera .

kyg value of kg when ky = 0 (pure compression)

kps value of kg when kg = O (pure shear)

The exact solution found in appendix A provides the
means by which equation (Cl) may be tested. An exact nu-
merical check could not be expected beceuse some error
would be introduced in reading the charte for kpc and

kps and in the graphical work involved in obtaining ki

the test chould reveal, however, whether the formula 1is
sufficiently accurate for engineering computations.

Hquation (Cl) was tested for the follewing values of
€
€ = 0

€ = 10

€ = o

£ = +

A2
b

o[>
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) The first three values of ¢ are independent of the
vave length, and are therefore representative of the val-
us¢ of € upon which equation (Cl) ie based. The final
value of € varles with the wave length in a manner typ-
1cal of a sturdy stiffener (reference 4), and this varla-
tion is therefore representative of a practlcal ocase.

For each value ¢f € a valus of k, was cthen,
and the associated value of k;, required to cause the

plate to buckle was computed ae dercribed in appendix A,
Four ocases were computed with tenslon on the plate (kc

pe and kps were then read .

from their reepective charts in references 3 and 3, For
the case of constant ¢, the values of kpg and kpy

were read at the minimums of thelr appropriate e-curves,
(The values of b/A at which the plate buckles under pure
compression, pure shear, and under the combined loading
are, of course, all different.) ¥or the case of variable
€, 1t ig necessary to ghift from one €~curve to another,
in conformity with the assumed relationghip between ¢

and ), untll zinimum values of kpc and kps are found.

negative). The values of k

The results of the numerical teet of the interaction
formula are shown in table I and in figure l. The final
column of table I indicates the value of the left-hand mem-
bers of eguation (Cl). TFor the camses in which ¢ i@ in-
dependent of A the difference in thieg value from unlty
1s only a fraction of a percent, except when R, bhas a

large negative value, in which case the difference 1s 23 to
5 percent; the values in the last column of table I will be
more in error for these values of HR; becguse thelr ocom-.
pPutation involves subtracting quantities of the same order
of ragnitude, For the case in which € varies with A

the difference from unity is 1 or 2 percent. The validity
of the interaction foramula is therefore established for all
engineering purposes,
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TABLE I
TEST OF ACCURACY OF INTERACTION FORMULA
[Values computed by the method of appemdix A]
k k R '=i— ® k R, = Xa_ R.+R8.°
[+] pcC “*c k a Ps g [+ 8
no s
€ = 0
4.00 1.00004{ 0 1) 1.0000
3.00 .7500 | 23.682 .5027 | 1.0037
2.10 | 4.00 .5250 | 3.690{ 6.336 .6917 | 1.0034
1,00 .2500 | 4.623 .86656 | 1.0008.
0 0 6.3235 1.0000 | 1.0000
~-30.00 -6.0000 | 13,997 2.4363 .9468
€ =10
6.606 1.0000] 0O 0 1.0000
6.00 .8921 | 2.380 . 3274 .9993
2.80 .4996 | 6.115 .7073 .9999
1.30 | 5.605 .2319 | 6.357 | 7.270 .8744 . 9966
0 0 7.270 1.0000 | 1.0000
-1.30 ~.2819 | 8.053 1.1076 .9949
-6.00 ~1.0706 | 10.418 1.4330 .9830
€ wm B
6.98 1.0000 | 0 0 1.0000
| &.40 7736 I 4.272 L4767 .9999
8.49 .5000 | 6.847 .7068 /9996
1.80 | 6.98 .2579 1 7.737 | 8.98 .8616 | 1.,0002
0 0 | 8.980 1.0000 | =.0000
-18.00 —2.57ae| 15.953 1.8879 .9864
€ o J + s r
@
b b/ _
6,119 1,0000 | © 0 1.0Q00
5.50 .8988 | 2.315 .3363 | 1.0119
3.00 | 6.119 .4903 | 5.018 | 6.883 .7290 | 1.0817
1.00 .1634 | 6.338 .9194 | 1.0087
0 0 6.8853 1.0000 | 1.0000
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Pig. 2

T

Figure 2.- Infinit,i‘iy long rectangular plate under combined
shear and compressionj coordinate system used in
appendix A.
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