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NATIONAL ADVISORY COMMfTTEE FOR AERONAUTICS

TECHNIGCAL NOTE NO. 888

‘PORSION OF FLANGED MEMBERS WITH CROSS SECTIONS.

RESTRAINED AGAINST WARPING

By H. N. Hill . g QE———

SUMMARY - _ . =

The longitudinal stresses and the stiffness of flanged
members-I-beams, channels, and Z-bars - were investigated
when these members were subjected to torque with constraint
against cross—sectional warping. Measured angles of rotation
agreed with corresponding calculated wvalues in which the
torsion-bending factor of the crose section was involwved:
the. agreement .was better for the I-beam and the Z-bar than
for the channel. Longitudinal stresses measured at the mid-
span were found to agree with the calculated values that
involved unit warping as well as the torsion-~bending factors;
the channel showed the greatest discrepancy between measured
and calculated values. When commonly given expressions for’
rotations and maximum longitudinal stresses in a twisted I~
beam were applied to the chennel and to the Z-bar, values.
were obtained that were in rsasonably goeod agreement with
values obtained by the method involving the tor51on-bending

constant and unit warping. ’ -

INTRODUCTIQON

When pure torque 1is applied to a flenged member, such
as an I-beam, a channel, or a Z-bar, twisting is accompanied
by werping of the cross sectlons. If one or more cross sec-
tions are restrained against such warping, longitudinal -
stresses are set up th=2t are generally associated with bend-
ing of the flanges. In some instances these stresses becomse
quite large and have an apprecilsable effect on the torsional
stiffness of the member. A knowledge of the torsional stiff-
ness is essential in determining the stabllity of a member
againgt torsional buckling under axial compression or against

lateral buckling under beam loading. T

Bec~ruse of the symmetry of the cross section, the longi-

tudinal stresses resulting from restraint against cross-

1
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sectional warping in a twisted I-beam are confined to the
flanges. The stresses may be considered as being produced
by bending of the flanges in their own planes, In the case
of an unsymmetrical sectlon, such as a channel or a Z-bar,
longitudinal stresses ocecur in the web as well as in theo
flanges, In such cases the stress distribution cannot be
determined by consldering only bending of the flanges.

The solution to the problem of the twisting of I-benma.
with restraint against cross~sectional warping, may be ob=
tained from many sources., (see, for example, references
1 to 3,) Treatments of the same problem involving flanged
members of unsymmetrical cross section are not so numerous,
although some authorities (references 1 and 2) state that
the formulas for longitudinal stresses and angles of twist
or to Z-bars,~ Thé case of a channel has been handled by
“considering thié é¢ross section as composed of two angles
that are constrained to bend about- certain axds (reference
4). A method for- evaluating ‘the longitudinal stresses and
angle -of twist for a-member of any "open section" 1% con~

talned in the works of ﬂagner (references 5 and 6) and Kappus

(reference 7).

EBxperimental studies of the effect of cross—-sectional
counstraint on the behavior of flangod- members under torsion
(references 3 and 4) have been rather meager.

The tests herain reported were made for the ‘purpose of
_.studying ‘the longitudinal stressds and" the stiffnese of I~

beams, channels, and Z~bars, subjected to ‘torque’, with con-
straint against cross—-sectional warping,

MATERIAL

" The material available for these tests consistod of
two pieces of high-strength nluminum -alloy extruded I-beam
about 66 inches lonmg, The cross saétion was the same foF
both beams; that is, the nominal dimensions were: deptih,
2% inches; flange width, 2 inches; and thickness of boih
flanges and web, £ inch. One plece was of 245-T alloy whilo
the other was of X745-T alloy. This material was used be-
cause it had becn left over from previous inveoestigations
(referenca 8) and wes immediately available., Bocause the

tusts mede in this investigation were confined fto the clastic

ronge of the material, valucs of modulus of elasticity and
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of proportional limit are the only mechanical propertles
of immecdiate concern. The following moduwulus wvalues have
been used.in analyzing the test results and in the ensuing
calculations: '

Alloy - | Young's modulus, E Modulus of rigidity, G
(1b/sq in.) . (1bv/sq in.)
2485-T 10,500,000 3,920,000
X748-T 10,300,000 _ 3,860,000

Previous tests had indicated that the prbportional limits
in tension and compression for both materials exceeded
25,000 pounds per square inch,

The pilece of X74S8-T alloy was first tested as an I=-
beam, The material of both Flanges_on one side of the webd
was then machined away, and a specimen of channel cCross.
section was lefst. The piece ‘of 248-7 I-beam was reduced % to
a Z-bar by mechining away tHe material of the two flanges
on opposite sides of the web. The dimensions of the various
cross sections, as obtained by measuréement, are shown in
figure 1, " '

TESTIXG APPARATUS AND PROCEDURE

The specimsns wers subgected ‘to s torque applied at
the middle of an unsupported lLength of 64% inchss. . The
general arrangement of the test setup a2nd the method of
applying torque ars clesrly shown in fizure 2. The diameter
of the loading disk is 9.75 inchaes. A load of 100 pounds
therefore corrcsponded to & torque of 488 inch-pounds, The
load was applicd in incraments of 20 pounds; the loading
bar and lood pnn coansiitutod the first incremont. A total
lo~d of 160 pounds (780 ian.,~1bd) was applied to the I-beam
and a maximum lond of 100 pounds (488 in.-1db) was applied
to the channel and to ths Z-bar, - ' s

The manner in which thes ends of the specimens were,
supportaed ecan bdbeo ,seen in figures 3 and 4, 4n opening 25
inches wide by 2— inches desp was cut in each supportiang
bracket. Flller blocks were then cut and carefully fittead
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to accommodate the shape of the specimen. The photographs
show filler blocks in place for the Z~bar. Similar blocks
were used to accommodate the I-beem and the channsl. As can
be seen in figure 4, the edges of the opening.and of the
filler block that bore on tlhe specimen were chamfered to
provide a bearing about 1/32 inch wide. The corners of
these bearing edges were slightly rounded, A graphite bear-
ing grease was placed on the bearing surfaces to minimize
the friction that might develop when the specimen was
twisted. The object of this type of end support was to pro-
vide restraint against twisting without constraining the

end sections agalnst warping. That this objective was
practically attained was indicated by the small bending
stresses measured in the flanges near the ends of the I-
beam, (See fig. 11l.) The same method was used for mounting
the loading disk at the middle of the specimen, with the
exception that the bearing surfaces on the opening and the
filler blocks were the full thickness of the disk (1/4 in.).
The two halves of the specimen rzacted ggainst each other
under torque to prevent the middle cross section from warping.

Strains were measured on bYoth edges.of the top flange
at numerous locations on one-half of sach specimen. Measure-~
ments were also made at one.location on the bottom flange on
the .same half of the specimen and _zlso at one location on
the top flange on the other half. These strains were meas-
ured on l/z—inch gage lengths with Huggenberger tensometers,

Angles of rotation were measursd at the middle and both
.ends of sach specimen and at numerous stations along one
half. An adjustable protractor and spirit level were used
for tHese measurements. Successive determinations of the
angular slope of the top flange could be consistently re—
reated with a maximum variation of 5 minutes.

ANALYTICAL TREATMENT

The longitudinal stresses resulting from restraint
against cross—ssctional warping in a twisted member and the
angle of rotation depend on a proporty of the cross section
which has boen called the torsion-bending factor (references
5 and 9). The differential equation for torsion in such a
member can be written (references 5 to 7 and 9 to 11)

s 48 18 | .
T iz ~ ¥ Osr ;v (1)

Pa
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where

i twisting moment . o
8 angle of twist

x distance along axis of shear centers i
G modulus of rigidity T

J section factor for torslon - | e

B Young!'!s modulus . I

GBT térSionﬁbegding factor for séction about sheg: penter

FPor sections .composed of narrow resctangles the section
factor for torsion J may be determined approximately as
the sum of the factors for the individual rectangles. The
value may be determined more exactly by equation (21) of
reference &, - Thls exact method was used for the evaluation
of the values of J given in figure l. C(Corresponding val-
ues obtained by the approximate method, with overlapping
rectangles considered, were about 5 percent lower for the
channel and for the Z~bar gnd about 10 percent lower for
the I-beam than results obtained- by the exact method,

A method for evaluatlng the torsion-bending factor R
Cyp may be found in:'references & to 7 and 11, The factor
is defined by the equation : : . Ca s

Ozz = f u® ok - (2)

where w is the "unit warping" of the arsa dA from a
reference plane through the shear center and normal to the
axis, when df/dx = 1, Torsion-btending factors Cym for
each of the sectioas <involved in this investigation are
given: in figure 1, The cvaluatiop of the integral of equa=-
tion (2) for sach scction is shown in the appendix., For
the channel specimen, this evaluation involves location of
the shear center of the section.

For pure torque applied at midspan, with the ends of
the member free to warp, the solution of equation (1) in
the form given in reference 3 is most convenient. '
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x
5 = l x sinh a‘ (3)

GJ cosh _L_

28

where

EGBT ) h e oo ’
a = —— 4
57 . (4)

and L 1is the length of span, In this equatibon, x varies
from O at the end of the span to L/2 at midspan. The
torque T is that existing at the end of the gpan and is
therefore one-half the applied torque. The equation is
applicable only to one-half the span. e

.It - has been shown.in references 5 to.7 that the longi-
tudlnal stresses ¢ resulting from restraint against cross-
gsectional warping can be found from the values of unlt warp-
ing u, by the. equation : : S -

C e ..

2 -_.." . 3 . - .
.a 0 u . . PRt (5)

_Byfsﬁbstituting-the value of - 8 f;ﬁm gquation (3), equation
(5) can be expressed as T

X
ET 'sinh & . . '
c=—"——— 1 (8)
GJ a cosh L

2a

The values of.the unit warping wu needed to solve this
equation were obtained in connection with the evaluation
of eguation (2) to obtain expressions for the torsion-—
"bending factor Cmpp for the various sections. (See
appendix,)

N .
-~
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DISAUSSION OF RESULTS

Rdtations

The measured rotations agreed very well with corre-
sponding values ¢alculaeted by equation (3), as can be seen
in figures 5, 6,and 7. ¥or the I-beam and for the Z-bar,
the rotations measured at midspan were within 2 percent of
the calculated values., For the channel, the measured ro-
tation at midspan was about 5 percent lower than calculations
indicated.

A comparison of measured rotations with the values in-
dicated by .the straight lines in figures 5, 6, and 7 in-
dicates that the restraint against warping was responsible
for a decrease in rotation at midspan of about 36 percent
for the I-beam and about 23 psrcent for the channel &nd
for the Z-bar.

The relationship between angle of rotation and applied
torque was linear, oxcopt for slight doeviations at the higher
loads (figs. 8, 9, a2nd 10)., TFor these higher loads, at
which the angle of twist becam: quite large (greateor thrn
20°), socondary longitudinal stresscs (reforcnce 1) bocamo
great onough to produco a slight but noticoeable incroasc
in the resistance of the mombor to twist. At midspsan, the
maximum deviatlion from a linear relatjionship is about 2
percent. The values indicated by the straight lines of
figures 8, 9, and 10 were plotted in figures 5, 6, and 7.

In references 1 and 2, it is stated that the eguation
derived for the rotation of an I-beam under torque, with
restraint against cross-sectional warping, is also applicable
to a channel, 1In reference 2, it is also stated that the
equation can be used for a Z-bar. For this purpose, the
angle of rotation 2t midspan can be expressed as

GM CJ 5 = altan > (7)
where
e =2 AL (8)
2 GJ
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where h is the- depth of section, and I is the moment

of- inertia about the yy axils. (See fig, 1.) The use of- .
this equation for calculating the angle of rotation for the '
ehannel and for the Z~bar tested in this investigation glves ]
values that are about 6 percent lower than corresponding e
values calculated by the more exact method involving the
torsion-bending factors for the sections. (See table 1.)

Longitudinal Stresses

Phe longitudinal stresses measured in the region of mid-
span on the top flange of the I-beam and of- the channel spec-
imens were in very close agrcement with corresponding values
calculated by equation (6).( figs. .11 and 12.) For the Z~-
bar, the measured stresses on the top flange at midspan were -
about 7 percent higher than calculatiocn indicated (fig. 13).
Stresses measured on the bottom flange of the I-beam at mid-
span varied from those measured on the top flange by less
than 1 percent. The stresses in the bottom flange of the
channel and of -the Z-bar were about 8 percent and 10 perccant
lower, respectively, than corrssponding values for the top
flange. If an avarage for top and bottom flanges is consild~
ersd, the measured and calculated values for longitudinal
stress at midspan agreed within about 4 percent and the
ngreement was poorest for the channel, For all three speci- «
mens, the stresses measured on thé two halves of the span i
agreed within the limits of—error of the measurements.

As can be seen in figurss 12 and 13, the agreement
between calculated and measursd values of longitudinal -~ .
stressos was not so ‘good near the ends of the specimens as -
at midspan. In addition to the lohgitudinal stresses re-
sulting from restraint against crogss~sectional warping,there
arc secondary longitudinal stresses that exlst even in a
twisted member without cross—-sectional restraint (reference l).
The magnitude of. these secondary stresses varles as the square
of the rato of twisty—that is, as (d8/dx)2., TFor tests of the
sort made in this investigation, consequently, there will dbe
no sccondary strasses at midspan, that is, (48/dx = 0), and -2
such stresses will attain a maximum value near the ends of
the span where d48/d4x 1is greatast, Ths offect of these
secondary stresses on the valucs of the measured stresses is -t
cvident in tho curves for the channel and for the Z-bar (figs
12 and 13), PFigure 11, however, shows close agreement be-~
twecen measured and calculated values o6f stress for the I-beam
for the full length. Baecause -of the symmetry of this scction,
the stressos measured on the two edgos of the flange were
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averegged and the offects of the socondary stresses ware o
‘thus eliminated.- That this secondary~stress-effect was

also present in the I-specimen 1is shown by the circles in

figure 11, which indicate the stresses measured on each

edge of the flange., -

If the equation obtained for calculating the bending
stresses in the flanges of a twisted I-beam is applied to
the channel and to the Z-bar, as suggested in reference 2,
values of maximum longitudinal stress are obtained that are
in suprisingly good agreement with the measursd values and
also with values calculated according.to.ths more sxact
method of egquation (6). (See table I.) ©For the I-beam,
equation (6) can be expressed.as T e

c = EEE tanh ji . (9)
th 2a

whare

/
8.-'-‘-13 /EIy
2 GJ

b 1is the flange width, and ‘the other terms are as praviously
dofined. This equation i's obtained by substituting in equa~-
tion (6) the oxpressions for Czp and u given in t2ble IT
(see appendix) nnd the rclationship Iy = 2 Ip. When equa-
tion (9) is applicd to a channel or to' a Z-bar, the term b
is defined as twice the distance from the y-axls to the ex=-
treme fiber (rofarance 2).

CONCLUSIOXNS

»

The following couclusions woere indicated by the results
of this investigation of flanzed members, I-beam, channel, and
Z-bar, subjected to a torque at midspan and supported at the -
ends in such a way that rotation was Preventesd without re-
stralning the end oross. sections agalinst warping: Lo

1. The measured angles of rotation were in agreement
with corresponding values calculated by an equation that
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involves the torsion-bending factor of the cross sectlon.
The agreement was within 2 percent fdr the I-beam and for
the Z-barj; whereas the measured rotation of the channel
was about 5 percent lower than calculations indicated.

2. The longitudinal stresses measured at midspan
agreed within about 4 percent with values calculated by
an equation that involves unit-warping values as well as
the torsion-bending factor, The agreement was poorest
for the chanrnel specimen.

3. (Commonly given expressions - for rotations and nax-—
imum longitudinal stresses in a twisted I-beam, in which
the effects of restraint against warping are sxpressed in
terms of the lateral moment of inertia, whan applied %o
the channel and to the Z-bar, gavé values that were In
reasonadly good agrsement with measured valuss. Tha angles
of rotation obtained by this approximate method weroc about
6 porcent lower than corresponding values calculated by the
more cxact msthod involving the torsion-bsnding-factors for
the sections. The maximum longitudinal stress valuoss thus
calculated were about 2 percent lower for the-channel and
about 8 percent highor for the Z- bar than the values obtailned
by the exact method.

Aluminum Research Laboratories,
Aluminum Company of America,
New Kensington, Pa., November: 20, 1942,
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APPENDIX

EVALUATION OF THE TORSION-BENDING FACTOR GBT

‘The torsion-bending factor for a section depends on
the axis about which the section is considered to rotate.
For rotation ebout the shear csnter, the factor can be
expressed (references 5 to 7 and 11) .

Cpp = f u® da (10)
“A

where u is the unit warping of the element of area dA
from a reference plane through the shear center and normal
to the axis, whéen the angls of twist per nnit length (de/dx)
is vnity. (See referencs 7.)

The unit warping, which has the dimension of an arca,
is given by the equation

S

u-='u5 + JF ryds + r,.n - (11)
o .- .
. whare a . _ L T #:,"' ..1;;1J-
Ug unit werping at point on midian llna of section
where -8 = 0 :
s. distance measurcd along median linc from point where’
s =0 . _ - b e
Ty - perpcadicul~r Jistanca. from.canter of rotation (shear
center in tuis instbnc=) to a tangent to median
line a5t s = s '
n distence measured along perpondlculﬁr to median line
at s = s ' . SN o
rﬁ perpendicular distance from center of rotation (shé;}___

conter) to perpendicular to median line at s = s .
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The first two terms of equdtion (1l1) depict the unit
warping of the median line of the section. Tho last fernm
includes the variation ind wArping across the thicknoss of
the section. In relatively thin scctions, such as tested
in this investigation, this last serm is reolatively unim-
portant and may generally be neglcected. The tarm ue in
cquation (11) can be ovaluated from tho exprossion (refor-
eace 7) - . .

d/‘u da = 0 (12)

By the use of equations (10) to (l2), the unit warp-
ing and the torsion-~bending factors have been derived for
the I-beam, the channel, and the 2Z-bar and expressed in the
dimensional notation of figure 14, The dimensions shown in fig-
ure 1. have been substituted 1in these expressions for torsion-
bending factor to obtain the walues of (Cpp wused in calcu-
lating rotations and stresses. The expressions for unit
warping have likewise been evaluated for tha calculation of
the longitudinal stresses by equation (6).

In"arriving at the expression for the torsion-dbending
factor Cgp in tadle II, the last term of equation (11)
was neglected. Including this term would slightly increase
the valus of Cgp. The percentage: increase would be greatost
for the channel section. Inasmuch as the greatest discrep-
ancy between calculated and measured angle of rotation
occurred for the channel and inasmuch as the measured rota=
tion was smaller than calculations indicated, it 1s desirable
to determine the effect on ths calculated value for the angle
of rotation of including the last term of equation (1ll). It

has boen shown in roference 5 that the amount On to bo added

to the value alroady determined for GBT to take account of
tho warping across the thickness, can be expressed as

S

= L. 3 2 : .
C, = is JF t® r 2 as (13)
. 5 :

where % is the thickness and the other terms are as prev-
iously defined. Expressed.in the dimensional notation of
table II, - the equivalent sxpression for tho channel is

“»
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- a
’ " 1l ) e
- - 1. As+24:é.3|.—+—+<—>:& (14)
- -__on=-——{W F L 3 \% |

144

By substituting in equation (14) the dimensions given in
figure 1, ©, for the channel is found to be 0.,00042 inchS®,

This value is less than 1 percent of the value of (Cpp for

this section (fig., 1). It is evident then that neglecting
the effect of warping across the. thickness in determining

the torsion-bsnding constant is certainly Justifiable for

the.sections involved .in this investigation,

LOCATION OF THE SHEAR CENTER OF THE CHANNEL SECTION

.. The expressions for the torsion-bending factor and unit
warpling for the channel section involve the dimension e

which is the distance from the middle . of the web to the center
of rotation or shear center, An equation for evaluating e
can be obtained directly from the expression for the torsion=-
bending factor, The section will rotate about the center of
.least resistance, that 1s, the center for which the torsion~
bending factor 1s & minimum, The location of this center of

rotation can be found by setting ——

aCc BT
de

-

and solving for e, This operation yields the equation

1
A
SAF

(0]
1}
o lo’

(15)
+ 1

This equation is the same as that attributed to Ostenfeld
in reference 4 for locating the shear center.

The expression for torsior-bending factor for the
channel, obtained by equations (10), (1l), and (12), can be
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simplified by substituting for e the valie indicated
in equation (15),  This simplified expression for the torsion-
bending factor for the channel is given in table II.

By substituting the dimensions of the channsel section
(fige 1) ianto ‘equation (15), a velue for e of 0,36 inch
is obtgined." -
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TABLE 1

COMPARISON OF CALCULATED AND EXPERIMENTALLY DETERMINED VALUES

OF ROTATION AN HAXIMUM LOWGITUDINAL STRESS

Rotation at midspan

Maximum stress at midspan

- Torque at . _(giog) (1b/sq in.)
Spocimen { midspan .. : —
(in.~1d) | yopsured ‘Celoulatod Moasurod Caloulated
: Exact -| Approximate Exact | Approximate
B (1} (2) (3) (%) (5)
I-boan 780 ' 25.9 26.4 26.4 23,200 | 22,900 25,900
Channol - hgsg - - P9.5 . . 30.9 . 29,2 23,000 2L, 600 24,150
Z—bar 488 27.5 27.1 25.4 23,800 23,200 24,400

1By oquation 3) for x = L/2.
aBy oquation (7).

SAvordgo for top and bottom flange,

4By oquation (6) for x = Lf2.
5By oquation (9).

*of eq0§ TEOTUYOST VOVH
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TABLE II
BIPRESSIONS FOR TORSION--BELOIHG FACTOR AND

UNIT WARPING FCR SECTIONS INVESTIGATED"

Sﬁe;imen Cap Uq ug nx ug

Ton® o

I-béam o el hb _

. 2 0 0 iy

Chennel Cy Iyh® b6 E o h n Cny oty

T 2 b t5e '-!T'é(b"a) ;"_E(e+—é~
. - :

- Irh / A hbh AF | hb Ap | —bb Ap h /AR by

- = — _— — ] - Mg = = py—

S (LSVE B S R R G Y - s

The area of one flange is designated Ap =bby; area of web,. Ay = hty; area of cross section,
A = Ay + 2ky; noment of inertia of one flange, Iy = b°tp/l2; and the other symbols are defined

in fig. 14.

.-
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Figure 2.- General arrangement of test setup showing
method of applying torque at midspan.
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Figure 3.- Bracket for supporting end of specimen without
restraint against warping, outside face.
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(1 block = 10/40") :
100 ¢ <9 <
AENSNGNANEN \ g r
—
NN \\\ N N\ |
- \ \\ \‘ \\\ \‘ \\ \ l
& |eo SUINAN \.\\ AN o N \
@D
< \\\\\ \\\\ \\ A
g \ ™ \\\\ \\ \ \\ 1
ﬁg o0 \\\:::\ \:: “\\\i ' \\\ N N
— .
2 NNIANAN N N\ Y
e[ AN N B
g f— 4 — $ 2% 5 74 1012815 20 25 32%
3 Rotation, degrees Distance from mid-span, ?nj _ (e?d)_

Figure 10.- Specimen, Z-bar of 248-T aluminum alloy.
Load-rotation curves for torque of 4.88P inch-pounds.



20,000

16,000

12,000

Bending stresa, lb/aq in.

g

: 0

i

Figure

ty

+
Fi
7
+
+
Q Measured at one edge of flange /
-+ Numerical average for both edges /
/+'
=
/+
¥
¥ of
\
A
/ Calculated
+/
o) 0 .
0 /,//+ .
""/] Q
o L~
/ C
P
(9] L//+/
/
L/+' s
/L/-/ -
/+ o]
0 4 8 12 16 20 24 28 32
Distance from end, in.
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Figure 12.-
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Figure 14.- Dimensional notation used in the expressions gilven in table II for the torsion-
bending conetant Cpyp and for the unit warping u.
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