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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 3983

EFFECT OF STANDING TRANSVERSE ACOUSTIC OSCILLATIONS ON FUEL-OXTDANT
MIXING IN CYLINDRICAL COMBUSTION CHAMBERS

By William R. Mickelsen

SUMMARY

The effect of acoustic osclllations on fuel-oxidant mixing is ana-
lyzed for acoustic conditions commonly found 1n screeching and screaming
combustors. Transverse acoustic fields in cylindrical ducts are described
in terms of pressure fluctuation, particle velocity, and oseillation
frequency. The effect of such acoustic fields on the fuel-oxident mixing
downstream from polnt sources of Injection is treated theoretlcally to
obtaln expressions relating the fuel-oxidant ratioc to the parameters of
the stream and the acoustic field. Numerical solutions of these relations
are made to illustrate the effect of sound-pressure level, oscillation
frequency, stream velocity, and turbulence level. The results of this
analysls show that, for moderate screech or scream levels, the fuel-~
oxidant mixing wake 1s glven g transverse oscilllatory motion of consider-
gble magnitude and thaet the fuel-oxidant ratio undergoes large cyclic
Tluctuations which are 1in phase with the pressure fluctuations of the
acoustic fleld. A number of possible mechanisms contributing to sereech
and scream in various combustor configurations are proposed, and methods
Tor their control are suggested.

INTRODUCTION

The effect of acoustic fields on vapor mixing is of interest to the
combustion problem in screeching or screaming combustors. If the acoustie
oscillations change the fuel-air or fuel-oxidant ratio, the combustion
proceas will be directly affected. To illustrate the effect of acoustie
oscillations, an analysis has been made of vepor mixing in cylindrical
ducts under conditions usually found in screeching ramjets and after-
burners and in screaming rockets,

Acoustic oscillations in cylindrical chanbers have three general
modes: Jlongitudinal, radial, and tangentiasl, as illustrated by the
following pressure fluctuation diagrems showing pressure fluctuation
conbours at an instent in time:
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Pressure fluctuation meximums alternate in sign with time. The modes
shown are the fundementals; higher modes exist for each type. As pointed
out in references 1 to 4, acoustic oscilletions in ramjet combustors,
afterburners, apd rockets may be any of these types, depending on a
number of aerodynamic and combustion factors.

The pressure fluctuations in each of the modes of oscillation give
rise to acoustic particle velocities which can affect the aerodynamic
mixing in a menner somewhat similer to that of turbulent velocity fluctua-
tions. This effect has been analyzed in reference 5, where it 1s showm
that the action of a transverse acoustic particle velocity produces a
sinusoidal-shaped deformation of the concentration pattern downstream
from e source of heat or mass. A typical deformed mixing weke at an
instant in time is shown in the following sketch:

‘<ﬁixing wake

Source

f T oot

Trangsverse velocity imposed by standing acoustic wave

i

Stream
velocity

(b)

BLET
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The analysis of reference 5 shows that, if the deformation is severe,
the concentration of the heat or mass is changed considerably. In addi-
tion to the transverse motion of the wake, the shape and magnitude of
the concentration profile at any axial station is shown to change with
time. The deformation of the weke is shown to increase with particle
velocity and, hence, with sound-pressure level., The pressure perturba-
tions reported in references 2 and 4 are sufficiently large to produce
transverse particle velocities of the same order as the stream velocity.
Acoustic oscillations of these magnitudes can strongly affect the con-
centration level.

To illustrate the effect of transverse acoustic osclllations on
fuel-air or fuel-oxidant mixing, the analysis in reference 5 1s extended
herein to & range of acoustic conditions which exist in Jet-~engine and
rocket combustors. The acoustic field 1s described in terms of pressure
fluctuation and particle velocity patterns and oscilletion freguency.

An ideglized mixing model is used which consists of a point source of
fuel vapor injected at a constant rate into a flowing, turbulent oxidant
stream, Mixing equations are derived which define the fuel-oxidant ratio
at any point in the field and at any time during the acoustic oscillation.
The effect of tangential acoustic oscillations on the vapor mixing is
shown to be a composite function of acoustic pressure and frequency,
stream velocity, and turbulence. ZEach of these four varilsbles is treated
separately so that trends in fuel-oxidant ratio may be observed
graphically.

In addition to the specific conclusions drewn from the results of
this analysis, a discussion is included which offers mechanisms which
might contribute to the driving of the acoustic oscillations and suggests
methods for thelr comtrol or eliminstion,

PROPERTIES OF THE ACOUSTIC FIEID

Experiment has indicated that screeching ramjet combustors and
turbojet afterburners and screaming rocket combustion chambers have
scoustic fields spproximsted by the closed-end cylinder case. With the
cylinder closed at both ends, the transverse modes of oscilllation are
preserved throughout the length of the combustor. Departure from this
uniformity of transverse modes is dlscussed later in this section. As
a preliminary to the deriwvation of the fuel-oxidant mixing equetions,
the acoustic field in closed-end cylinders is described in terms of
pressure fluctuations (sound pressure), particle velocity, and oscillation
frequency for a range of gas conditions likely to be encountered in
combustors.
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Sound Pressure

The general solution of the wave equation for the pressure fluctua-
tion is glven in reference 6. (p. 398) and includes all possible modes
(longitudinal, radial, and tangential) and their harmonics. The class
of oscillations of interest to the present anslysis 1s the tangential
modes called the pure standing, pure spinning, and combined standing
and splnning. The pressure patterns of thege three tangential modes are
shown 1in sketch (c):

First pure- Combilnation
standing mode spinning mode . spinning-standing

First pure-

(e)

The equation for pressure fluctuation used In reference 4 shows that the
combination spinning-standing mode can be described by two spinning modes
of unequal amplitudes rotating in opposite directions. Similarly, the
pure-standing mode can be represented by two spinning modes of equal
amplitude rotating in opposite directions. Experimental evidence sug-
gests that the first spinning-standing mode usually occurs in symmetrical
combustors, while the first standing mode occurs in combustors having a
sufficient degree of combustion assymetry. For simpliclty, only the
first pure-standing tangential mode will be_ considered.

As shown in appendix B, the pressure fluctuation field in the first
pure-standing mode mey be described in terms of the root-mean-square
pressure fluctuatlion:

2
_VeE | 1.718 3y (1.841 -;-) (1)

‘Ezf cos 0O

BLCY
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where sz is the root-mean-square pressure fluctustion at the cylindri-

cal coordinates (r,6), Vpﬁ is the root-mean-square sound pressure at
the pressure antinodes, and Jl( ) is the Bessel function of the first

kird and first order. (All symbols are defined in appendix A.) The
coordinate system is

(a)

The pressure peremeter Vp2 /‘/pﬁ cos 8 given by equation (1) is shown
In figure 1 as a function of the fractlon of duct radius r/R.

Particle Velocilty

Equations are derived 1n appendix B which relate the transverse par-
ticle velocity components V. and Vg to the sound-pressure level of the

acoustic field. In order to lllustrate the relative magnitude of the par-
ticle veloclity across the duct, eguetions are derived in appendix B for

the root-mean~squere particle velocity components v% and Yvs:

‘f—E

D

R r

‘/vrE = 0,859 2 1T X8 [JO 6.8411.1_1') - Jp (1.841 ﬁ)] cos @ (2)

T Pg

s(%

R r
=5 (]..841 ﬁ) sin 6 (3)

a
' '6 = T
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The root-mean-square particle veloclbty components expressed by equatlouns
(2) and (3) are shown in figure 1.

At the duet axls, the resultant transverse particle velocity is

2
\/@ = 0.859 Tﬁ % (4)

This resultant particle velocity is shown in figure 2 for a range of

sound-pressure levels Vpg/po and a range of values of a and r.

As can be seen from figure 2, the particle velocities &t the duct axis
are of the same order of megnitude as the stream velocity for the condi-
tions commonly encountered in screeching or screaming combustors.

In summery, the magnitude of the root-mean-square particle velocity
at the duct center can be determined from figure 2 for particular sound
field and anmbient stream conditions, The varietion of root-mean-square
particle velocity in the duet cross section is illustrated in figure 1
where particle velocity profiles are shown along the duct raedius.

Oscllletion Frequency

The frequency of acoustic oscillations in the first pure~standing
mode is given by the expression (ref. 6, p. 398)

0,293
[ = ——jEJE (5)

This frequency is shown in figure 3 for a range of duct radii and for
a range of the speed of sound =a.

Nonuniformity of Transverse Mode in Realistic Conmbustors

In reslistice combustors the acoustlic field mey depart from the ildeal,
uniform trensverse mode described in the preceding sections. For example,
date reported in reference 2 show a considersble attenuatlion and phase
shift upstream of the flame in a counected-pipe 6-inch screeching com~
bustor. A theoreticel analysis described in reference 7 predicts an
attenuation upstream of the combustion zone, but no phase shift. The
attenuation in both of these cases is due to the change in the speed of
sound between the burned and unburned gases and to the lack of a suffi-
clently strong closed-end condltion at the combustor Inlet. The

RICY
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gpplication of the present analysis to realistic combustors must be
limited to those cases where the ascoustlc field sufficiently approximates
the pure-standing transverse mode.

TURBULENT MIXTNG IN A TRANSVERSE ACOUSTIC FIELD

The point-source model is developed in this section to cobtain mixing
equations which define the fuel-oxidant (or fuel—air) ratio at points
downstream as a function of time, ges stream velocity, and turbulence
parameters., The transverse displacement of the coneentration wake by
the particle velocity is defined for vapor injection at any polnt in
the inlet station of the simulsted cylinder combustor. Finally, the
transverse displacement of the concentration wake is Included 1in the
mixing equation so that the fuel-oxidant ratio i1s defined as a funetion
of the stream and acoustic fleld paremeters,

Turbulent Mixing From a Point Source

The concentration C at any point (X,Y,Z) dowenstream from a point
source emitting vepor at the rate wp 1into a gas stream of homogeneous
turbulence is (ref. 8)

(X-Ut) 2472422

c=a%ﬁ\[}% o at (6)
0

It is assumed that the vapor abtains the stream veloclty immediabtely
after injection. In terms of fuel-oxlidant or fuel-air ratio f/A
equation (6) becomes

i 2,
po(f/A) L L - (X- Ut)ém 27

Ve (an) /2 372 © dt (7)

2

where U is the stream velocity, t the residence time, and «w +the
turbulent spreading coefficient.

As discussed in reference 8, the tuwrbulent spreading coefficlent
is a function of the residence time +, the turbulence intensity

V 2 and the Lagrangisn correlation coefficient #. In the present

analysis, the Iagranglan correlation coefficient will be assumed to -
have the form :

R = e-t/'b*
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where t¥* = &/ ‘}qu:, end & is the Lagrangian scale of turbulence. With

this essumption and with the equatlons for « given in reference 8, the
spreading coefficient becomes

ct

V'2 _?
o= L2 —Z,,—T-t-ue . (8)

The spreading coefficlent given by equation (8) is shown in figure
4 as a function of the turbulence intensity and scale. For convenience
in physicel interpretation, a¢ 1s plotted agalnst distance downstream
X = Ut, but must be treated as a function of time in equations (6) and
(7). The figure shows that near the injector the spreading coefficient

depends only on the turbulence 1inteunsity ‘/v,%/U and resgidence time.

For the lower intenditles, the spreading coefficient is relatively in-
dependent of turbulence scale even at distances far downstreasm, so that
in approximetion the turbulence scale need be estimated only roughly.

Injection on Duct Axis

The analysis in reference 5 provides equetions describing the motlon
of a mixing wake lmposed by a plane transverse gsound wave. The anslysis

asgsumes thet the root-mean-square particle velocity \/\? is constant
in the region encompassing the deformed wake. The particle velocity
profiles in figure 1 show that,if the point source is located on the
duct axis snd if the wake 1s not displaced too far from the duct axis,
the condition is epproximetely met so that the displacement y of the
councentration wake is given by

Y = ¥pax 8in (—1%-}-{-) gin <2:cf’r - ﬁfﬂ_}_f_) (9)

where

Ymax = (10)

vz V2
A

The ratio Y/Ymax is shown in figure 5(a) as a function of the dimen~-

sionless axial distance fX/U and the fractional cyele Jfr. The trans-
verse motion of the concentration wake is cyclic and produces definite
nodes at whole number multiples of the dimensionless dlstance fX/U.

RICH
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The maximum wake displacement Ymexs Which occurs at the antinodel sta-

tions, 1s plotted in figure 5(b) for a range of particle velocitles and
oscillation frequencies.

An expression relating Vmex to the duct radinvs R and the sound

presaure VPg in the first pure-standing tangential mode mey be obtained
by combining equations (4) and (5) with equation (10):

‘f;z
Ymax o L.32 R

R T P

(11)
0

Comparison of equation (11) with figure 1 shows that,for moderately high
acoustic amplitudes (say, ‘/p%/po = 0.2), the assumption of constant
perticle velocity is fairly good.

The nmegnitude of the pressure fluctustions encountered by the mixing
weke during 1te transverse motion sbout the duct axis will be of interest

in leter discussion. The magnitude of the pressure fluctuation sz
at the extreme wake displacement y,.. can be estimated by evaluating

equation (1) at r = Ymex &long the line 6 = O, and substituting Ymax

from equation (11):
VE V2 Jl(2.45 o ) )

——— = 1.718 &
Do o T o

The pressure fluctustion at Ymex €Xpressed by equation (12) is shown

in figure 6 as a function of the pressure ratio Vpgfpo and of 7y.

From figure 6, it 1s seen that, for injection on the duet axis, the
mixing wake encounters only small pressure fluctusbions when the sound
field has a2 moderate amplitude.

From the preceding discussion and from the derivetion in reference
S5, a mixing equation may be written for Injection at the duet axis. This
expression is an extension of equation (7) and accounts for the deforma-
tion of the mixing wake by inclusion of the transverse displacement of
the weke cenbter y:
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polz/A) 1 ) L - (X-Ut)zzagy_y)&l_zz -
e (a2 w/2 € at (13)
0

where ® is given by equation (8) and y by equations (9) and (10).

Injectlon &t Points Away from Duct Axls

6LEY

If the point source of injection is placed at a point away from
the duct axis, the "solid-body" motion expressed by equation (9) no
longer obteins. The pressure gradient encountered by the wake exerts
an alternately compressive and expansive motion in the transverse direc-
tion so that the gaussian fuel-oxidant profile expressed by equetion (9)
will be altered. This effect can be described by deriving the exact
expression for particle motion along the line € = 0. The particle
velocity along € = 0 is given by equation (B19) which may be rewritten:

v

& 1,215 = 5 ETo (1.841 %) -~ Jp 6..841 %)] sin (2n/x) (1)

By separating the varisbles and integrating over the distance yg - ¥y
travelled by a particle during the time interval T, - Ty, there results:

2/R

PZ To
a(y/R) L 0.66 YR ﬁ sin (2xfc) av
olend) -amfend) ¥ o I

R R
v./R ' (15)
Ir fq:l = 0 and fq:z = l/ 2, equation (13) represents the meximum
displacement of any particuler particle in the direction towards the

wall: :
R |
7o a(y/R) - _ L.32 \@ (16)
Bfeand)-5fead ¥ P
y/R

Equetion (16) expresses the meximm displacement of a particle starting
from eny point y, et time T = 0. The integral in equation (18) was

evaluated numerically to obtain a curve such as shown in the following
sketch:
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a(y/R)
JbCLBLl%)-JéG“&l%)
Jex

£
& o
0 Y, Yp V3 T, ¥/R

® E R R
(e)

A fluid particle initially at y; moves to yp during the same time
interval in which a particle initially at yz moves to Vo From the
sketch it can be seen that,in a given time interval, a particle initially
at y; at one side of the wake moves farther than another perticle ini-
tially at ¥z on the other slde of the weke. To estimate the degree of
departure from the solid-body motion, the ratio (y, - VS)/(YZ - yp) is
shown in figure 7 as a function of the initlal position of the wake
center (yl + y3)/2, the sound pressure ‘fsg, and the initial sepsarstlon
of the particles ¥z = ¥qp- The sound pressure ‘Kég has little effect

in the range shown, while the Initial separation has a lerge effect.
For small initial particle separation, the solid-body motion is closely
approximated for point-source positions as much as halfway to the wall.

The compressive effect of pressure gradient on the fuel-oxidant
profile across the mixing wake was investigated further by means of a
simple model. It was assumed that the mixing from a point source had
produced a given concentration profile centered on the injector sxis.
Then the acoustic field was assumed to act on the wake, pushing it alter-
nately toward the duct axis and the duct wall. At the initial position,
the profile was assumed to have a gaussian form such as given by the
approximate solution of equation (7) given in reference (8):

X2+(y-y,) 2
- i
po(f/A) 1 Loy
v Loy © (17)
where y; 1s the lateral disteance from the duct axis to the point of
injection, ogx was evaluated at X = 1.25 feet, and U was assumed to
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be 500 feet per second. For a given value of the sound-pressure param-
eter 1.32 Vfg/rpo , the profiles nearest the duct axis and nearest the

duct wall were comstructed with the aid of equation (16) and sketch (e).
In using this graphical method, it was noted that, although the density
of a fluid partlicle changes as 1t passes along the pressure gradient,
1ts fuel-oxidant ratio remeins constant. The results of this procedure
are shown in figure 8 for two different sets of the injector positions

¥4/R end the sound-pressure parameter 1.32 1@/1-90. The solid lines

in both cases represent the initial geaussian profilile directly downstream
of the point of injection. All the dashed lines represent the distorted
profiles when the wake 1s farthest from the injection axils in both direc-
tions. The distorted profiles have been transposed to the injection axis
to facllitate dlrect compsrison. For the sound pressure and injector
position chosen for figure 8(a), the effect of pressure gradient on the
fuel-oxidant profile was small. When the sound pressure was increased
and the Injector position moved farther from the duct axls, a substantial
change occurred in the fuel-oxidant profile as shown in figure 8(b).

In summary, when injection is at the duct axis and when the sound-
pressure level 1s not too high, the transverse motlon of the mixing weke
in the first pure-standing mode is nearly a solld-body motion as described
by equations (9) and (10). When injection 1s at points considerably away
from the duct axls and when the sound-pressure level is high, the solid-
body motion no longer describes the motion of the mixing weke with accu-
racy. In this case, an accurate description of the motion of the mixing
wake can be obtained by graphical means, but the shape of the fuel-
oxident profile can only be approximated. When injection 1s at points
considerably away from the duct axls, a rough approximetion of weke mo-
tion can be obtained by using the solid-body motion (eq. (9)) and by
evaluating the perticle velocity for that equation at the injector axis
from equation (4).

With vapor injection at poilnts swsy from the duct axis, pressure
fluctuations at the injector will cause cyclic changes in the fuel-oxidant
ratlo. The mixing equation mey be corrected for this effect by noting
that the fuel-oxidant ratlo of a fluld particle leaving the injector is
proportional to po/(po + py) where p, is the ambient mean density and

py is the deneity fluctuation et the injector. This density ratio may
be inserted into the mixing equation as follows:

® (X-Ut) 2 (T-y) B4z?
po(f/A) 4 1 1 e- 4o
Ve (ex)3/2 [ | P1 o8/2
0 ¥Po

at (18)

6LET
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where p; is the pressure fluctuation at the injector as given by equa-
tion (B5). The effect of pressure gradient may be included in equation
(18) by using equation (15) to determine y. Equation (18) is not actu-
ally used in calculeting fuel-oxidant ratios in this report; it is in-
cluded only to illustrate the effect of pressure fluctuations at the
injector.

MIXING IN FIRST PURE-STANDING TANGENTIAL MODE

In this section the mixing equations developed in the preceding sec-
tion for vapor injectlon at a point source are spplied to acoustic fields
and gas streams with properties in the range encountered in screaming or
screeching combustors. The effects of sound-pressure level, oscillation
frequency, stream velocity, and turbulence on fuel-oxident patterns are
treated for injection at the duct exis in the first pure-standing tangen-
tial mode. InJjection away from the duct axis is discussed gqualitatively.
The first pure-standing tangentisl mode is assumed to exist throughout
the length of the simulated combustor, and the gas stream properties are
assumed constent throughout the cowbustor for any particular set of
conditlons.

Effect of Amplitude and Frequency of Acoustic Oscillations

To investigate the effect of sound-pressure level and frequency,
fuel-oxidant ratio profiles were calculated from equation (13) by numeri-
cal integration with a high-speed digital computer using Simpson's rule.
The profiles were calculated for a fixed exiel station X = 1.25 feet
and for two instants in time T=0.5 and /T = 0.75. The turbulent

stream properties were fixed at U = 500 feet per second,‘Vv%/U’= 0.05,
and % = 0.1 foot, so that Wy = 1.603%10-3 gquare foot. The profiles

were calculated for = range of particle velocities and oscillation fre-
quencles. The frequencies were chosen so that the axiasl station X = 1.25
feet was an antinodal station in each case. (Antinodal stations are
1llustrated in fig. 5(a) and are at fX/U = 0.5, 1.5, . . ..) Antinodal
stations were chosen for the calculations because the weke attains its
meximum lateral displacement there. The group of fuel-oxidant ratio pro-
files calculated for f% = 0.5 are shown in figure 9(a) and have the
following geometrical relation to the mixing wake:
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Center of
concentration weke

Frequency,
3% cps
Point
source 600
}
1000
MNWV\ 2200

(£) |

As shown by sketch (f), increases in frequency reduce the lateral dils-
placement and internodal dlstences of the wake.

In figure 9(b), the wake motion has progressed one-quarter cycle to

Jt = 0.75, and the calculated fuel-oxidant profile lies in a plane normal
to the weke center:

Profile plane Center of

concentration wake

Frequency,
/[, cps

600

1000
AN

\/\/\/\/\/\X\\/\, 2200

~ s~
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The profiles were calculated for planes normal to the weke center to
facilitate comparison with the profiles in the absence of screech (solid
lines in fig. 9(b)). For a frequency of 2200 cycles per second, the rise

in fuel-oxidsent ratio to the left of center in the curve for sz = 600
feet per second is due to the preceding wake wrinkle,

As the particle velocity is increased, the peak fuel-oxidant retio
decreases in all cases shown in figure 9. In addition to this general
decrease in fuel-oxidant ratio, a eyclic change in fuel-oxidant ratio is
also shown. (The profiles in fig. 9(a) will be repeated at ST =0 and
those in fig. 9(b) will be repeated at /T = 0.25.) As shown in refer-
ence 5, the fuel-oxidant ratio will be highest in portions of the wake
having zero slope and lowest in portions having maximum slope. This in-
dicetes that the fuel-oxidant ratios shown for /T = 0.5 (fig. 9(a)) will
form the upper limit of the cyclic variation, and the fuel-oxidant ratios
in figure 9(b) will form the lower limit. By comparison of figures 9(a)
and (b) it can be seen that the magnitude of the cyclic varistion in
fuel-oxidant ratio is greatest for the lower oscillation frequency and
increases with particle velocity.

Consideration of figures 5 and 9 shows that a time and position
relation exists between the fuel-oxidant and pressure fluctustion. When
the weke is &t its meximum latersl displacement, the fuel-oxident ratio
at the antinodal stations is at a maximum, and the pressure is also st
& waximum. This relation is expressed by equation (BZS), derived in
appendix B, which defines the pressure change experienced by the wake
center during its transverse motion. The pressure fluctuation cslculated
from equation (B26) is shown in figure 10 in comparison to fuel-oxidant
fluctustions obtained from figure 9. This comparison is made for two
axial stations: /fX/U=0.5, 1.5, . . . and fX/U = 0.75, 1.75, . .
At the antinodsl stations /X/U = 0.5, 1.5, . . ., the pressure and fuel-
oxidant fluctuations are exactly in phase as shown in figure 10(a). At
stations away from the antinodal, such as fX/U = 0.75, 1.75, . . .

(fig. 10(b}), the pressure and fuel-oxidant fluctuations ere no longer
in phase, but the magnitude of the pressure fluctuation is considerably
reduced.,

Effect of Stream Velocity

The effect of stream velocity on the mixing pattern is shown in
figure 11 in which fuel-oxidant profiles sre shown for the axiel station
X = 1.25 feet for two instants in time /v = 0.5 and JT = 0.75. The
profiles were calculated for a fixed oscilllation frequency of 1000 cycles
per second and a spreading coefficient of 1.603%x10-3 squere foot. The
ge?m§try of the concentration wake and fuel-oxidant profile for figure
11{a) is:
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Profile | Center of
plane—_;| concentration wake

Point sowrce

Stream velocity,
ft/sec

278

500

833

(n)

In figure ll(b) the wake motion has progressed one-quarter cycle, and
the calculated fuel-oxidant profile lies in a plane normal to the wake
center:

Point source Profile plane Center of
concentration weke
~\| Stream velocity, £t/sec
278
500
\ 833
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Comparison of figures 11(a) and (b) shows that stream velocity has
an effect on fuel-oxidant ratio similar to that of osclllation frequency
as discussed in the preceding section. The general decrease in fuel-
oxldant ratio with stream velocity is more marked than thet with oscilla-
tion frequency. A cyclic fluctuation in fuel-oxidant retio is again noted
and is most pronounced for the lower stream velocity.

Effect of Turbulence and Residence Time

The effect of turbulence pesremeters is illustrated in figure 12
where fuel-oxidant profiles are shown for two sets of turbulence condi-
tlons. The profiles were calculabed for a stream velocity of 500 feet
per second, an oscillation frequency of 1000 cycles per second, a time of

/T = 0, and an exial station X = 1.25 feet. The pesk fuel-oxidant ratio

has the same percentage decrease as the particle velocity increases in both
cases. From this observation, it is concluded thet for the range of con-
ditions investigated the turbulence does not affect the mixing in any weay
other than normal turbulent mixing.

Since the spreading coefficient is also a function of residence time,
it also may be concluded that,for the range of conditions investigated,
the residence time, or distance downstream, does not affect the mixing in
any but the usual meanner.

Injection at Points Away from Duct Axls

As discussed in the earlier section titled Injection at Points Away
from Duct Axls, injection at points away from the pressure node introduces
a pressure fluctuation effect as expressed by equation (18). A qualitative
picture of this effect is illustrated in figure 13 where the fuel-oxidant
wake is shown for successive intervals of time along with the pressure
fluctuation curve. The width of the wske represents the magnitude of the
peak fuel-oxident ratio. When the pressure fluctuation is negative, the
fuel-oxidant ratio at the injector is high, but is low when the pressure
fluctuation 1s positive. The figure shows that, when the richest portion
of the waske has reached 1ts maximum excursion towards the duct wall, the
pressure fluctuation has reached ite meximum positive value. A second,
lesser maximum of fuel-oxidant ratio reaches its meximum excursion towards
the duct center when the pressure is at 1ts other meximum positive value.
In this way, the pressure fluctuations at the injector accentuate the
fuel-oxidant ratio fluctuations previously discussed in the section
Effect of Amplitude and Frequency of Acoustic Oscillations.

POSSIBLE MECHANTSMS CONTRIBUTING TO SCREECH AND SCREAM

The complexity of the aerodynamic and chemical processes which occur
in a combustor has prevented the formulation of a straightforward, all
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inclusive descriptlon of the screech and scream driving mechanisms. The
role of pressure fluctuations in driving screech is discussed in refer-
ence 2 where 1t is suggested that a periodic change in pressure is ex~
pected to cause an even larger periodic change in heet-release rate.
Consideration of the equatlon for chemical-reaction rate indicates that
fuel-oxident fluctuations would also cause fluctuations in hest-release
rate. For example, conslder the second-order reactlon rate:

2 -E/R,T
Reection rate ~Cg(f/A)e /R

(19)
where C, 1s the initial concentration of oxidant, E the activation
energy, R, the gas constant, and T the flame temperature. The flame

temperature is a strong function of the fuel-oxidant ratio so that the
hegt-release curve has the following form:

¢ Stoichiometric £/A
Heat~
release
rate

£/

)

The pressure and fuel-oxident ratio driving mechanisms are only two of a
number of possible screech and scream driving mechanisms. Other mecha-
nisms are described In references 9 and 10.

The results of the present analysis have shown that the fuel-oxidant
mixing wake downstresm of the inJectors 1s affected by transverse acoustic
oscilletions in two principal ways:

(1) The fuel-oxidant mixing wake is given an oscillatory transverse
motion which is quite lerge for moderate screech or scream intensities.

(2) During its trensverse motlon at antinodal stations, the mixing
wake undergoes periodic changes in fuel-oxident ratio which are exactly
in phase with the pressure fluctuations.

With fuel injection at the duct axis, the fuel-oxidant fluctuations
caused by the transverse acoustic oscillations may be more lmportant to
the screech or scream driving mechanism than the fluctuetions in pressure.

_BLE¥
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As shown in figure 6, the pressure fluctuations encountered by the mixing
wake during its transverse motion are quite small with injection at the
duct axis, but as shown in figure 10, the fuel-oxidant fluctuations may
be gquite large for this case. These observations and results suggest
that the actions of the mixing wake mey be important to the driving mech-
enism of screech and scream. To pursue this notion further, possible
screech and scream mechanisms are discussed in detail in this section,
and methods for their control are suggested.

In the case of ramjet combustors end afterburners where InJjectors
are positioned upstream of flameholders, the axial distance between the
injector and flameholder stations may be of critical importance to the
screech mechanism. As shown in figure 5 the mixing wake may be periodi-
cally displaced a considersble latersl distance at antinodal axial dis-
tances from the point of injection. If the distance from the injector
to the flame front is at or near a waske antinodal distance, then the fuel-
air mixture might pass alternately back and forth across the flameholder
and cause significant periodic changes in heat release in the two opposing
flame fronts. The prevention or control of this type of screech mecha-
nism may lie in the distance from the injector to the flame front. By
changing this distance by a fraction of the internodel distance, the time
and position phase relation between the fuel-oxidant ratio fluctustions
and pressure fluctustions might be sltered to attain a suppressing effect
on the screech driving mechanism.

The possibility of contributions to screech by periodic fuel-air
ratio fluctuations is discussed in this paragraph. Unpublished NACA dste
on full-scale combustor operation, shown in figure 14, show that screech
occurred at lean over-all fuel-alr rstios. In the absence of screech,
the peaks in the fuel-air ratio profile at the flame front may be expected
to be at stoichiometric or lower for such lean over-all fuel-air ratios:

Spray bar

e N

—— =2

> - T SI/_-Stoichiometric f/A

0 /A
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In the section MIXING IN FIRST PURE-STANDING TANGENTIAL MODE, it was shown
that transverse scoustic osclllatlons cause both a general decrease in
peak fuel-air ratio at any stetlon downstream from the injection station
and a periodic fluctustion in pesk fuel-gir ratio at antinodal staetions,
which is in phase with the pressure f£fluctuations. This situation is
illustrated in sketch (2}:

Spray ber

v —

|
|
|
|

1§

4 :Stoichiome'bric £/A

0 £/A
_—Stoichiometric f/A
Heat -
release
rate

(1)

The fuel-air ratio profile shown by the solid line represents the upper
limit of the fuel-sir ratio fluctuation, and the dotted line represents
the lower 1limlt. The fuel-air ratio profile shown 1s assumed to be at
the flame front, which is at one of the antinodal distances JX/U = 0.5,
1.5, . . . downstream from the spray bar. Since the mean fuel-air ratio
profile is lower than stoichiometric, a fluctustlon towards higher fuel-
alr retio will result 1n an increased heat-release rate as shown by the
reactlion rate curve sbove, This incresse iln heat relesse due to a rise
in fuel-air ratio 1s directly in phase with the increase in heat release
dvue to pressure rise, so that the screech is driven to even higher
emplitude. If the mean fuel-air retio were higher than stoichiometriec,
then a rise in fuel-air ratio would tend to decreasse the hest-release

6LCY
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rate and thus exert a suppressing effect on the screech driving mechanism.
To obtain a mean fuel-air ratio higher than stoichiometric, the number of
injection points could be reduced with a higher fuel flow rate through

esch:

U | - -

cr

- ;}/— Stoichiometric
0 'oz/a

(m)

An alternste method could be to move the original spray bar

downstream:

b
S'_pra% ar

[\f

h.

L Stoichiometric

0 ' £/A

(n)
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Another method of suppressing the effect of fuel-air ratio fluchua~
tlons 1s control of the fuel-flow rate. The stretching of the mixing
wake by the acoustic oseillations could be compensated by mechanically
varying the fuel flow rate in proper time-phase relation with the pres-
sure fluctuations, Overcompensation of the stretching effect would cause
e phase ilnversion of the fuel-alr ratio end pressure relation, thus
tending to suppress further the screech driving mechanism.

The effect of offcenter injection on fuel-oxidant ratio fluctuations
has been discussed in the second section titled Injection at Points Away
from Duct Axis, where it was shown that the pressure fluctuation at the in-
Jector produces fuel-oxident retio fluctuastions in phese with those caused
by the deformation of the mixing wake by particle velocity. It should
be noted here that the transverse particle velocity decreasses as the
injection axis is moved away from the duct axis in the first pure-standing
tangential mode. Since the particle veloclty decresses, the magnitude of
the fuel-oxidant ratio fluctuations will also decrease as shown previously.
From these considerations it appears that, as the fuel injector is moved
avey from the pressure node, the changes in magnitude of the pressure
fluctuation and perticle velocity act in a manner to compensate each
other, thus diminishing the effect of change in injector position on the
fuel-oxidant ratio fluctustions. If thils compensation is exact, then
the fuel-oxidant ratio fluctustions will be of the same magnitude as
obtained with injection at the pressure node. However, the mixing wake
will encounter more severe pressure fluctuations during its transverse
motion so that the screech driving mechanism might be strengthened by
positioning the injector away from the duct axis.

CONCILUSIONS

In summery, equations have been derived for the calculstion of fuel-
oxidant ratio profiles downstream from injectors simulating point sources
in combustors with tramsverse scoustic oscillations.

For combustors having the first pure-standing tangential mode of
acoustic oscillation and injection occurring on the combustor axis, the
following conclusions are mede:

1. Acoustic osclllations of the megnitude present in screeching or
screaming combustors can cause considersble transverse motion and distor-
tion of the fuel-oxidant mixing wake,

2. In general, the peak fuel-oxidant ratio is lowered by the trans-
verse scoustlc osclllations, For example, when the peak-to-peak asmplitude
of the pressure fluctuation is equal to the mean chamber pressure, the
peak fuel-oxidant retio may be reduced as much as 60 percent in a gas
stream at 4000° R flowing at 300 feet per second in s 2-foot-dilameter
duct.

[a3 Rac
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3. The decrease in peak fuel-oxlident ratio becomes more marked as
the amplitude of the acoustic oscillatlon increases.

4, The decrease 1ln peak fuel-oxlidant ratio becomes more marked as
the stream velocity decreases.

5. At any particuler combustor stetlon, the peak fuel-oxidant ratio
has a cyclic veristion with time. The phase relstlon between the peak
fuel-oxidant ratio and pressure fluctuations 1s s function of +the posi-
tlon of the station, the stream veloclty, and the oscillation frequency.
For the cases of low oscillatlon frequency and low stream veloclity or
both, the portions of the mixing weke which are displaced ferthest from
the duct axis have a cyclic varlation in fuel-oxidant ratioc which is
exactly in phase with the pressure fluctuations (i.e., maximms of fuel-
oxidant ratio and acoustic pressure occur at the same time).

For combustors where injection occurs st other than the pressure
node of the first pure tangential mode of acoustic oscillation, the
following conclusion 1s made:

1. With counstant fuel injection rate, the pressure fluctustions at
the point of injection accentuaste the fuel-oxidant fluctuations at
stations downstream,

Iewis Flight Propulsion Leboratory
National Advisory Committee for Aeronautics
Cleveland, Chic, March 18, 1957
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APPENDIX A

SYMBOLS
constant
speed of sound, ft/sec
concentration of diffusing vapor, Ib/cu £t
initial concentration of oxidant
activation energy
Neperian base
frequency, or frequency of combined transverse and axial nodes, cps
frequency of combined transverse modes, cps
frequency of axial mode, cps
fuel-air or fuel-oxidant ratio by weight
Beggel function, first kind, order n
length of cylindrical duet, £t
Lagrangisn scale of turbulence, ft
wave nuber for radial mode
wave nurber for tangential mode
wave number for axlal mode
sound-pressure fluctuastion, Ib/sq in.
pressure fluctuatlon at injector, lb/sq in.

sumblent mean static pressure, lb/sq in.

root mean squere of sound-pressure fluctuation, lb/sq in,

cler
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Vi

H QO W

H

t#

Ymax

%,n

root mean square of sound-pressure fluctuation st pressure anti-
node, 1b/sq in.

radius of cylindrical duct, ft

gas constant

Lagrangian turbulence correlatlon coefficient
radial coordinaste in cylindricel coordinate system, £t
flame temperature

residence time in £luild stream, sec

cheracteristic time of tuwrbulence, sec

stream veloclty, ft[sec

resultant particle velocity, £t/sec

resultant particle veloelty along duct axis, f‘t/sec
radial particle velocity, :f.‘t/sec

tangential particle velocilty, ft/sec

root mean square of psrticle velocity, ft/sec

intensity of turbulence, ft/sec

fuel £low rate from point sowrce, ].'b/sec

position of particulser point in rectangular co&ﬂnates , £t
axial coordinste in cylindrical coordinate system, ft
lateral displacement of mixing wake center, ft

lateral distance from duct axis to point of injection, ft
maximm lateral displacement of mixing wake center, ft

roots of the equation [dJ, (ra)/da] = O
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ratio of specific heats

angle of cylindrical coordinates, radlans
density fluctustion at point source, lb/cu £t
mean ambilent density, Ib/cu ft

time scale of acoustic oscillations, sec
turbulent spreading coefflclent, sq £t

turbulent spreading coefflclent at axial station X, sq ft

6LC7
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AFPPENDIX B

DERIVATION OF EQUATIONS
Pressure Fluctuation

The general solution of the wave equation for the pressure fluctus-
tion p is given in reference 6 (p. 398):

2 ot
D= - PoAT, (“fm 2} 1) cos (n8) cos (_E) e-:LZsrf'c (51)
My, Oy a Y

where the minus sign is used for convenlence in later aenalysis and vwhere
the cylindricel coordinate system (x,r,0) is used. The various frequen-

cies are -
o & n a
m,n X l’ 2 2
fm:n TR fx =2 /= fm,n + fx (82)

where the values of “m,n are given in reference 6 (p. 398). The m, n,
and ny sare wave numbers for the radlsl, tangential, and axial modes,
respectively.

The expression for the pressure fluctuation in the first pure-
standing tangential mode is

2nf,
0 -12% T
p = - p.AJ. (————’-]-'I) cos @ e fo’l (B3)
o1 a
which may be written as
ernf .
P = - AT, \—5—r) cos 6 [cos (2n/7) - i sin (2x/7)] (B4)
Uslng the resl part
21f
P = - PoAJ; \— r/ cos 6 cos (2x /) (B5)
at the pressure antinode, where 6 = 0 and 1 = R, and noting that
J/ = 0.293 a/R give
PZ
—‘/-12;0—3 = AJq(0.5861 =) ' (B6)
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so that
P
A= 2,45 == (87)
Substituting equation (B7) into (B5) gives
p = -2.45 ypf Iy (1-.841 %) cos (2n/x) cos 8 (88)
from which
== pZ .
!; R r
= 1.718 —— J (1.841 =) cos 6 (B9)

Tangential Perticle Velocity

For the megnitudes of pressure fluctuastions considered herein, the
particle velocity is related to the pressure fluctuation by the acoustic
relation given in reference 6 (p. 295):

v o= i—sz;-g gred (p) (B10)

The tangential component Vg 1s obtained from equation (BlO):

T B
Vg = Tonfrp (B11)
Substituting equation (B7) into equation (Bé) results 1n
P = -2.43 Vpﬁ J1<1.841 -11%) cos 8 [cos (2x/T) - 1 sin (2x/7)] (B12)

By noting that /= 0.293 a/R and g(ep) = a/(rp,) the Ffollowing equa-
tion is obtained:

‘/: 2
vg = 1.32 = A L Jl(l.84l 3) sin 6 [-i cos (2n/%) - sin (2n/7)]
¥ Py T R
0 (B13)

6LEY
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Using the resl part results in

‘/ 2

P

a RR r

vg = -1.32 = oo T 1(1.841 i’) sin 6 sin (2n/7) (B14)

In terms of root-mean-squsre particle velocity, equation (Bl4) becomes
‘}PZ
2 a R R r
Vve = 0.9335 = _IT - 1(1.841 ﬁ) sin 6 (B15)

In the limit at r = O and along 6 = n{2, equation (B15) becomes

@ = 0.859 = —@ (B16)

¥ Py

Radisl Particle Veloclty

From equation (B10O) the radisl particle velocity component is

- 8 B17
T = Tads (B17)

Noting thet /= 0.293 a/R and gfap = a./‘rpo and using equation (B12)
result in

2
1.215a !PR r r
v, = o- e I:JO (1.841 'ﬁ) - Jy (1.841 ﬁ)] cos @ [-1 cos (Z-n:f’l?) -

T Pg

sin (2n/t)] (B18)

Using the real part gilves

‘} >
1.215a YFR
= IR

i [JO (1.841 %) - 2(1.841 %)] cos 8 sin (2n/T) (B1S)

In terms of the root-mean-square particle velocity the equation is

‘} 2
P
ng = 0,859 ? ?3 [Jo (1.841 %) - Iy (1.841 %)] cos @ (B20)

0
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and at r = 0 along 6 = 0 1t becomes
= = VPR
= 0,859 = —— : B21
VI‘ T PO ( )

Pressure Fluctuations Experienced by Mixing Wake with
Injection on Duct Axis

To augment the discussion of results, 1t 1s of interest to describe
the pressure fluctustions encountered by the mixing wake during its
transverse motion. The pressure fluctuation experienced by the wake

center can be expressed by using the weke displacement y in place of
the radius r in equetion (B8):

P m ~2.,43 ‘@ Jq (1.841 %) cos (2n/%) (B22)

By noting thet the perticle veloclty neer the duct axis is approximately
given by equation (4), equation (9) may be written:

U

y = 2:859 Ve ‘/Z sin (-ﬂ—'{;-}s) sin (Zrtf't: - ﬂfx)

= B WA (B23)

Substituting equation (B23) into (B22) and noting that /= 0.293 a/R
give

2
D = -2.43 V=P=IZ{ 3 .Z_T@._E. sin (ﬂ) sin (Z:tf‘t - %}5) cos (2n/%)

P U
° (B24)

Expanding the Bessel functlon in its infinite series and noting that its

argument 1.841 y/R is small (see eq. (11)) so that the higher-order
terms mey be neglected glve

a
p = =1.215 Jg 2.43 E sin (ﬁ) sin (Zstf't - 1t-é) cos (2n/%)

T Pq U T

(B25)

cres |
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Normalizing gives the following equation:

T_ng = -2,95 sin (5{;2) sin (ertf'l: - %) cos (2n/7) (B26)
PR

At antinodel stations, /X/U = 0.5, 1.5, . . . and equstion (B26) becomes

Tigp = 2,95 cos® (2x/) (827)
Pr
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Pressure fluctuation and particle veloclty parameters
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Figure 1. - Pressure fluctuation and particle velocity profiles
along specific radii in first pure-standing tangential mode.

33


http://www.abbottaerospace.com/technical-library

34

Root-mean-square particle veloclity at duct center, A/;E; ft/sec
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Figure 2. - Relatlon between particle velocity at duct axis and sound pressure
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Figure 3. - Oscillsation frequency of first pure-standing tangential mode.
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Figure 4. - Turbulent spreading coefficient for range of
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Figure 5. - Concluded. Motion of concentration wake with point source on duct axis in first
pure~standing tangentlal mode.
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Figure 13, - Mixing in first pure-standing tangential mode with injection at points
away from duct axis.
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