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SUMMARY -

A procedure for snalyzing statically indeterminate trusses in the =
plastic stress range is presented which is applicable to trusses hav1ng 1*"
any number of redundant members. A numerical example is used to illus- o
trate the procedure. _ woT o -
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INTRODUCTION

Although the truss has generally been replaced by the stiﬂ;eged
sheet as the preferred structurel form for the wing and fuselage, fE__f N
still constitutes a useful configuration that finds application in air- .
craft. The elastic stress analysls of the truss with redundant members
is a classical problem with which all structural engineers are familiar.
Aeronsutical engineers, however, are interested in the maximum strength
of trusses and therefore a plastic analysis of the structure is necessary
Two somewhat different procedures for analyzing statically indeterminate
trusses with members stressed beyond the proportional limit have recently '  o
appeared in the aeronautical literature (refs. 1 and 2). Reference 1° o s
describes a procedure which in essence applies the princ1p1e.of ‘minimum '
complementary energy to plastic truss analysis but the method is limited Ttz
to a single redundency. The method of reference 2 is an extension of the =~ '
relaxation technique of R. V. Southwell and, in general, requires the -
determination of more unknowns than the static redundency of the truss.

Presented herein is an applicatlon of the principle of minimum com-
plementary energy to the analysis of statically indeterminate trusses
having members stressed beyond the proportional limit and having any num-
ber of redundent members. The number of unknown gquantities to be deter-
mined is equal to the number of static redundancies. The use of the =~ N
Ramberg and Osgood (ref. 3) analytical representation of the stress straln .
curve that applies to aluminum alloys, magnesium, and stainless steel per- B
mits a concise snalytic formulation of the problem for trusses mide of A
these materials.
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THEORY _ . ' -

Of the possible combinations of forces, in the members of & truss,
which satisfy equilibrium among themselves and are In equilibrium with

the external loads, the corrett combination i1s the one that minimizes the

complementary energy (see ref. 4 for a discussion of the method of com-

plementary energy):

mn nPx

U=Zf ex aPy | (1)
k=1 vO

where : T B -

U complenentary energy

m total number of members in "truss ’ o ' S
e change in length of a member
P force acting in the member

In addition to the usual assumptions of truss analysis, such as the
assumption that the deformations are not sufficient to disturb the geo-

metric relations between the members, the followlng assumptions are made:

(1) Any movement . of & support is perpendicular to the reaction at
the support.

(2) No forces are acting in the members before the application of
the external loads.

(3) The final stresses in the members are on ‘the stress-strain
curve and therefore have not resulted from plastic stress reversal.

The integration indicated in equation (1) can be performed analytically
through use of-the Ramberg-Osgood representation of the stress-strain
curve (ref. 3). This representation yields the following equation
relating e and P: . '

B IEE @
vwhere
E elastic modulus i
L length of the member ; ) . - - T

A cross-sectional area of the member
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Py force causing a stress in the member equal to the O.7TE secant yleld

s8tress

n shepe parameter used by Ramberg and Osgood for the stress-strain
curve

Relation (2) expresses the change in length as the sum of two terms:

the first is recognlized as the change in length that would occur if the
member were elastic; the second term is the additional change in length
caused by plastic deformation.

Substituting equation (2) into equation (1) and subsequently inte-
grating yields

n: 41 -
Il e . e S L (3)
o7 |28xBx T (mx + 1)AkEk\PR
Let -
Pk=POk+8.lP1k+"'+&1Pik+"'+aijk (l[-)
where
Pox statically determinate force in the kth member caused
by the external loading when J redundant members are
assumed missing T
Piy statically determinate force in the kth member caused
by & unit tensile force in the 1ith redundant member
_when the applied loads and the forces in the other
redundant members are assumed equal to zero
81y - - -« &8y coefficients to be determined

When equation (4) is substituted into equation (3) and the resulting
expression for the complementary energy is minimized by equating to zero
its partiasl derivatives with respect to each a, there results a set

of J nonlinear simultaneous equations which determine a;, . . . ey
The generel equation obtained by setting . } e

U _o (1=1,2 ...4J) (5)
Bai . o
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is

Pyy P L P41 2L P 43P Lic
alzn‘ikk ...+alzikk -..+aJZ—J——kik
=1 AxEx k=1 AxBx k=1 AxPk

m
-5 PorPule
k=1 AkEk

2%: PRkPikLk/POk +@alPix + + + - + 8iPik + ¢ ¢ - + aJPJE>nk (6)

(1=1,2, ...1J)

With ‘the exception of the second summation on the rlght-hand side, equa-

tion (6) is the same as would have resulted from an analysis of an elastic

truss. The additional summation in. equation (6) accounte for the effects
due to plasticity.

SOLUTION: OF THE NONLINEAR SIMULTANEOUS EQUATIONS

A description of-a convenient procedure for solving the nonlinear
simultaneous equations follows. (Experienced computers may prefer a
method with which they are more familiar.)

The set of equations (6) may be written
Dﬂ131 = ‘KE' +-|F(aﬂ (7

or

jof = B Hea] + 1Y) ®

L
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where B

[AJ sqﬁare matrix having as elements the summations sppearing as e
coefficients of the a's in the left-hand sides of the T
equations . T o~ T

-1

Dﬂ inverse of [A

fal column matrix of the a's . - LT

|KE| column matrix consisting of the first (elastic) terms in the ) o
right-hand sides of the equations S

IF(a)I column matrix of the second (plastic) terms in the right-hand

sides of the equations

Were stress and strain related by the elastic modulus for all forces )
in all members, the solution would be e Wi

[+ = [ ) O

Equation (9) represents the elastic solution and mey be used es a
first approximation to the values for the a's which are to satisfy
the nonlinear eguations. The second approximetion will then be

la(l)l = Ia(o)l + [A]'llF(a(o))l (10)

end the rth approximation after the first will be L

@] - [a©)] &[] efat-2) ()

Each set of values for the a's should be compared with the pre- R
ceding values to determine whether or not continuance of the iterstive
procedure indicated by equation (11) is justified. For trusses having
geveral redundant members, repeated application of equation (11) may
yield varying rates of convergence or divergence for successive values _
of an a. If the iteration appears unsatlsfactory, the procedure can

usually be altered to produce rapid convergence. o o T
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NUMERICAL EXAMPLE

For illustration of the procedure, a truss having two redundant
members will be considered. If the stress-strain curve for the matérialm_
of each member is the same, and if the tensile and compressive portions
of the curve are symmetrical about the origin, equation (6) yields:

'ﬂ
P13 Ly PipPoyly PoxPiklk _
alz + ap Z—“‘—— Z

k=1 Ax Ay k=1  Ax

m Pp P ' : . \ 0
3 R 1.‘k K POk + &lPlk +-8,2P2k
T k=1 k Ry

> (12)

m m - m .
Py Poxly PEkELk _ PoxPoxlx
ay E —=22 + ap =% - . Z —a e B
Ax k=1 Ak k=1 Ak

Prp P ‘ : '
__3_ i Rk Qk.Lk/POk + alPlk + 8.2P2k n
TR A\ PRe

For the statically indeterminate truss given in figure 1(a), the
statically determinate load system is shown in figure i(v) and the two
redundant load systems are shown in figures 1l{c) and 1(d). Lengths and
areas of the truss members are summarized in table I, along with the

statically determinate forces. : — - i -

The stress-strain curve used was arbitrarily chosen and has a 0.7E
secant yield stress of 40.5 kips per square inch and a value of 6.56
for n.

The sums obtained from table II are used (as indicated below the
table) to determine the elastic solution, which is the first approxima- -
tion. The sums required for the second approximetion are given in
table III, and the application of equation (10) to obtain the second
approximation is indicated below table III.
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Further iterations indicated an oscillatory divergence of the coef- : S,
ficients a; and an oscillatory convergence of ao. Convergence ‘was o

obtained when averages of successive values of the coefficient were _ -
used in the iteration. The final values for a; and a, are used in e

table 1IV; convergence is indicated when successive solutions of equa-
tion (11) result in identical values. : -

CONCLUDING REMARKS

The enalytical expression for the stress-strain curve used in the = ___~
present method for analyzing statically indeterminste trusses having B
_members stressed above the proportionel limit has a form which permits = L

the analysis to be divided into two perts. The first part, or elastic o
solution, is simply an application of the familiar principle of least Lo
work to an elastic truss. The second part of the procedure is a2 routine
iterative process which accounts for the plastic deformmtions of the
truss and ylelds & correction to the elastic solution. '

The method is applicable to a truss having any number of redundsnt’
members. The number of unknown quantities to be determined is equal to -
the number of redundsnt members in the truss, and the evaluation of these ’
unknown quantities determines directly the force acting in each member . _ . ...
of the truss. When the forces are known, the deformations can readily o
be found. ' '

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics, _ L
Langley Field, Va., September 16, 1952. ° L L T T
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TABIE I.- DIMENSIONS AND STATICALLY DETERMINATE

FORCES USED IN NUMERICAL EXAMPLE

Member Length Ares Py P;. Po

a 30 ° 0.25 7.5 -0.6 0

b 50 .20 12.5 1.0 0

c 50 .20 o 1.0 o

a 30 .25 -15.0 -0.6 0
. e Lo .20 0 -0.8 -0.8
i 30 .25 7.5 0 -0.6
) 50 .20 0 0 1.0
h 50 .20 -12.5 0 1.0
i 30 .25 0 o 0.6
J Lo .20 10.0 0 -0.8
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TABLE II.- COMPUTATIONS FOR EILASTIC SOLUTION

(FIRST APPROXIMATION)

. 2 . - . .
Member P1°L P, PoL Po%L° | PuPiL PoPoL
A A A A A
a 43.2 0 0 -540 0
b 250.0 0 0 3125 0
c 250.0 0 0 0 0
a 43.2 0 0 1080 0
e 128.0 128.0 128.0 0 0
£ 0 0 43.2 0 ~540
g 0 0 250.0 o] 0
h 0 0 250.0 0 -3125
i 0 0 43.2 0 0
3 0 0 128.0 0 -1600
> Lk 128.0 8. b 3665 -5265
[a]-1 = |7k 128.0]' _ |0.00143895 -0.0002186k
’ 128.0 8244 0.0002186L  0.00122031
2O _[qg-1 |-3665
5265
a1 (0 |-6.u219
a,(0) 7.2262
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TOR SECOND APPRCXIMATION

SeRe | NI YOVN

| PgRal | PgPgl P p \6: 56
Menmber PR 5 y alP:!" apPo P_1; (f’;) @ X @ x
(a)

a 10.125 | -729 0 3.8509 | © 1.1215 2.1214 ~1546.5 0

b 8,100 2025 0| ~6.424g | o . 7500 .1515 306.8 0

c -8.100 | -2025 0 | -6.4249 0 . 7932 .2188 -443.0 0

a -10.125 729 0 3.8549 0 1.1007 1.877L 1368,k 0
e ~8.100 1296 1256 5.1399 | -5.7810 OT9L | mmemmm | e o
r 10.125 0] -T29 | O ~4.3357 | .3125 . 0005 0 -k
g - 8.100 0| 2025} o0 7.2262 | .8921 729 0 951.7
h -8.100 0| 2025 | 0 7. 2262 .6511 .0599 0 ~121.3
i ~10.125 0 79 | © -4,3357 4282 .0038 0 2.8
3 8.100 0] -1296 | © -5.7810 . 5209 0139 0 -18.0
8gign chosen to give positive L- Z -314.3 | 820.8

3 -
2 % Z 134.7 | 351.8
a‘(l)| - |al)] 4[4y 237
' -351.8
g, (1) ~6. 4249 0.2707 ~6. 1542}
) an(1) 7.2262 -0.4588 6. 7674 '
! o .
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TABLE IV.- COMPUTATIONS FOR FINAL APPROXIMATION

—0 T OT-OOT—0OTO—T®
6.56
P P
Member ajPy §2P2 51; (-1;1;) @ X @ X
a 3.7855 0 L1146 2.0378 -1485.5 0
b -6.3092 0 . 7643 .1715 347.2 0
c -6.3092 o . 7789 .19k2 -393.2 o]
a 3.7855 0 .1076 1.9550 1425.2 0
e 5.0k7h | -5.5489 0619 | mmmmmm | mmmemem | memeee
f 0 -4.1617 . 3297 0007 0 -.5
g 0 6.9362 .8563 . 3615 0 732.0
h 0 6.9362 . 6869 .0851 0 -172.4
i 0 -4,1617 .h110 0029 o} 2.1
J 0 -5.5489 . 5495 0197 0 -25.5
E -106.3 533.7
a;(r-1) = -6.3092 % % g _ -45.56 | 229.6
ap(7-1) = 6.9362 |
a (T) -6. 4249 [a]-1] 45.56
7.2262 -229.6
aq (%) -6. 4249 0.1157| | -6.3092
lan(™) 7.2262|  [-0.2900 6.9362 WA
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(c) Py loading. : (d) Py loading.

Figure 1.~ Truss and load systems used in numerical example.
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