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By BE. R. Van Driest
SUMMARY

In the present investigation of the flow of air in a thin laminar
boundary layer on a flat plate, the Crocco method has been used to solve
the simultaneous differential equations of momentum and energy involved
in such flow. The Crocco method was used because it gave accurate
results for arbitrary Prandtl number near unity. The Prandil number

was taken at 0.75, the specific heat was held constant, and the Sutherland

lew of viscosity-temperature variation was assumed to represeht the
viscosity data starting with an initial ambient temperature of -67.60 F
The main results presented here are the skin-friction and heat-transfer
coefficients as functions of Reynolds number, Mach number, and wall-to-
free-stream temperature ratio. Variations of shear, velocity, tempera-
ture, and Mach number across the boundary layer are included. The
Crocco method is discussed in detail.

INTRODUCTION

In the present investigation of the flow of air in a thin laminar
boundary layer on a flat plate, the Crocco method (reference 1) has been
used to solve the simultaneous differential equations of momentum and
energy involved in such flow. The Crocco method was used because it
gave accurate results for arbitrary Prandtl number near unity. The first
assumptions for the present discussion are as follows:

(1) The boundary‘layer is thin

(2) The pressure gradient is zero

(3) The plate surface is smooth

(%) The motion is two-dimensional and steady

(5) The Prandtl number is constant
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SYMBOLS

Variables, parameters, and functions

X,V geometrical coordinates parallel and perpendicular to flat
plate, respectively
u,v velocity components of boundary-layer flow in x- and
y-directions, respectively .
3] mass density
L coefficient of viscosity
k coefficient of thermal conductivity
T absolute temperature
i enthalpy
Cp specific heat at constant pressure
V4 ratio of specific heat at constant pressure to specific
heat at constant volume
T shear stress
M ‘ Mach number
Pr Prandtl number (cpﬁ/k)
. 2
g, shear function |, [——3 gz(;a
PegHoo ko
® exponent of viscosity-temperature power law
S Sutherland constant

3] thickness of boundary layer
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6 ratio of Sutherland constant to free-streamktemperature
0 o
(110° /T K)

1,7,0L,611 functions connected with enthalpy distribution

& shear function near outer edge of boundary layer
g correction to Ei- near outer edge of boundary layer (in
* computations, at uyx = 0.98)
R, Reynolds number (pwuwx/uw) '
Cp Jocal skin—fricﬁion coefficient (2Tw/pwum2>
x 2
Ce mesn skin-friction coefficlent %\/ﬁ Tw‘dx p@qw1§
. o]
q rate of heat transfer
h local heat-transfer coefficient, difference between wu; and

unity as u, approaches unity
Stanton number

r recovery factor

P, = P[0,

My = UL/LLoo

M, = M/Mco

T, = T/T,

Y, distance parameter GEJEE;
2(uy) = 2uxpxps

B

Y
£
n
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Subscripts
® free-stream conditions
w wall conditions '

TRANSFORMATION OF BOUNDARY-LAYER EQUATIONS

The equations governing the steady two-dimensional motion of a
compressible fluid in a thin boundary layer on a flat plate with zero
pressure gradient are:

g%(pu) +-§%(pv) =0 (continuity) (1)
pu -gl; + pv %—3 = %(u %1—;) (momentum) (2)
2
F)u B—a}—{(i) + pj %( i) = u(%) + %(k %T;) (energy) (3)

Because of the thinness of the layer, Op/dy = O, and hence for a per-
fect gas the density varies inversely with the temperature. Upon
assumption that the Prandtl number cpu/k is constant and use of

cp = 01/dT, equation (3) becomes
oi di _  (du 213 ai> (%)
pu&+pvss—r—u§;’ +Pr§u‘d?r

The independent variables are first transformed from x and y
to x and u by means of

u = u(x,y)

Use of T = p du/dy and the elimination of pv +then yield the fol-
lowing two equations:
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dyomy, P _
(&) + S5 -0 (5)
31 o di
(l - PI‘)E B—_ (—u— + PI‘)T - Pr upp 'a—x' =0 (6)
with boundary conditions

T = e at x=0, 0<uc<nu, (Ta)

oT
=0 i=1iy at x>0, u=0 (7o)
T:O’ i=i at X>0, u=1u (70)

© o

It is now assumed that the enthalpy is a function of u only; that is,
di/dx = 0. (This can be shown (reference 2) to be the case for a
Prandtl number equal to unity, whether the wall is insulated or not.)
Hence it follows from equation (6) that a type of solution is

T gl(x)gg(u) Whence, since p end p are functions of temperature,

and. therefore enthalpy, and therefore velocity u alone, there results
from equation (5) and boundary condition (7a) that T = ge(u)/VEE.
Bquations (5) and (6) now become

" —
8,8 5 tup =0 (8)
1" - t 1 —
(4" + Pr)g2 + (1 - Pr)i'g 5 =0 | | (9)
with boundary conditions
g'p=0,i=1,  at u=0 (10a)
g =0, 1=1_ at .u=u_ (10b)

where the prime signifies differentiation with respect to wu. When the
variables i, u, p, and p are made dimensionless by putting
i, = i/iw, u =ufu, p, = p/bm, and p = p/um’ it is seen that g

2
pm“mumB

must then be equal to gg(u). Equations (8) and (9) become

finally

J— e e s e . oy T Y T ot P A A+ i A L g o i e
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Belx" + 2Dyl = O (1)
2
17 um 1 1
<1* +Pr—i:—>g*+ (1-Pr)i,'g,'=0 (12)
with boundary conditions
ge' =0, iy = iﬁ/im at u, =0 (13a)
g =0, i, =1 at u, =1 (}3b)

The factor 2 is inserted in equation (11) so that when Peky = 1, equa-

tion (11) will become the Blasius equation (reference 3), the exact
solution of which will be used as the first step In the Crocco method
of solving equations (11) and (12) in the case of gases.

The boundary-layer equations (equations (1), (2), and (3)) have thus
been transformed into two simultaneous ordinary differential equations
which lend themselves more readily to solution. Having the solution of
equations (11) and (12), one can then compute the coefficients of skin
friction and heat transfer and also the variation of certain properties
across the boundary layer.

SOLUTION OF EQUATIONS FOR ARBITRARY PRANDTL NUMBER NEAR UNITY

AND ARBITRARY VISCOSITY LAW

In order to solve equations (11) and (12), it is necessary to
assunme a law of variation of viscosity with temperature. Two laws
have been frequently used to represent viscosity data, namely, the
power law and the Sutherland law. The power law is

n, = (T, \°
By (%) -
T, = T/T_

where, in the case of air, ® ranges from 0.76 for ordinary temperatures
to 0.5 for higher temperatures. The Sutherland law is
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1/2 1 +6
1+ ie;T*)

|
*|—3

By =
| (15)
o

s/T

oo

where S 1is a constant depending upon the gas used. From data of
Tribus and Boelter (reference L4), the constant S is found to be 110° K
for air. Both laws are plotted-in figure 1 using initial cornditions
corresponding to the standard isothermal altitude range of 35,332

to 104,987 feet. It is seen that the Sutherland law fits the data much
better than the power law; therefore, since both w and 6 depend
upon the free-stream temperature T, it follows that the Sutherland
law is most suitable for use in equation (11). When it is assumed that
the specific heat is constant and i, 1is set equal to cme’ then iy

can replace T, in equation (1%) or (15), and p, = i,~l. If the varia-

tion of the specific heat is to be taken into account, then it is only
necessary that the relation between enthalpy and temperature (from gas
tables) be available in order to comvert the viscosity and density to
functions of enthalpy.

Following Crocco, equation (12)‘18 written in the form

2
- u -Pr
& (5, g, 2PT) + pr s g, 1T = o

©0

the solution of which is, in terms of g, and boundary conditions i, (0)
end 1,'(0),

: | ,
1,08 = 4,(0) + L(OI(n) - Pr = w) . - (26)

1,
\  —1
- [ B

where
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This solution can be written in terms of the boundary condition in
equation (13b) instead of 1,'(0) by letting i, =1 at u, =1 in

equation (16) and eliminating i,'(0) between the resulting equation
and equation (16). Thus

2 .
1=1.(0) +1 '(0)I(2) - Pr e J(1) (162)
* * i

[+2]

from which and equation (16),

w2
ix(ug) = 1x(0) - py(0) -1 il + Pr — o) J(1) - J(uy)
I i [T

or

2
(0 = 7 - (2 - 1)t + 52 6Ty (1)

Where

o (ue) = 2L

611 (u,) = Pr IiGI(u*)J(l) - J(u*):l

The methed of successive approximations suggests itself for calcu-
lation of the shear function from equations (11) and (17). That is, a
first approximation to g, .would yleld from equation (17) an iy which

in turn would lead to a new g, through solution of equation (11), upon
satisfaction, of course, of the boundary conditions in equetion (13).
The new gx could then be used to compute another ix which would. give
another gy s and so on.

After extensive calculations Crocco observed, however, that the
enthalpy distribution ix(ux) was practically independent of the law
of variation of puu, with enthalpy, that is, essentially independent
of the law of variation of viscosity with temperature. This can be
deduced upon inspection of the expressions for T and- J in which g,
and g*(O) appear as a ratio. It is apparent that although a change
in the viscosity-temperature law would affect the absolute value of gy
in equation (11), nevertheless such a change could hardly affect the
value of g*/g*(o), because g*(O) would be affected in much the same
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way as g, because of the variation in viscosity law. Furthermore, for
Prandtl numbers near unity, the effect of viscosity-law variation on
enthalpy distribution would be even less. In his numerical proof of

this important observation, Crocco used values of ® from.1/2 to l% and

values of 6 from O to 3 when i, =T, in equations (14) and (15).

*
As a result of the gbove observation, one concludes that it is not
necessary to cerry through a lengthy iteration process between equa-
tions (11) and (17). Rather, the enthalpy distribution can be immediately
computed using the shear function corresponding to any viscosity law.
The final shear function is then obtained as the solution of equa-
tion (11) by using an exact viscosity-temperature law. This simplifica-
tion of solution of the simultaneous equations (11) and (17) is the crux
of the Crocco method of laminar-boundary-layer analysis.

The shear function which may be readily used to compute the
enthalpy distribution is that corresponding to the viscosity law such
that pupy = 1. (Since Py = T*‘l, it is then necessary that p, = Ty,
whence ® = 1 in equations (14).) Therefore, equation (11) reduces to
the Blasius equation which has already been solved exactly.

Table I gives the Blasius solution of equation’(ll) when Pyhy = 1.

Table II gives the values of I and J based upon the Blasius solution;
table IIT gives the values of 61 and 61L. '

It may be well to interject here that the special case PyMy = 1
represents a gas or state of a gas for which there 1s no effect of com-
pressibility on skin friction for thin laminar boundary layers, although
the temperature of the fluid rises because of dissipation of the kinetic
energy, and properties of the fluid vary accordingly.

Now that the enthalpy distribution has been calculated, attention
will be directed toward the details of solution of equation (11).
Writing equation (11) in integral form, taking into consideration the
boundary conditions (13), one obtains the integral equation

1 Uy e e Py
= . 1

in which P M, is a kpnown function of u, depending upon the viscosity

law assumed. The method of successive appréximations will again be
utilized. However, as Crocco pointed out, the direct method of
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substitution, integration, resubstitution,\and reintegration does not
converge upon a single solution but yields values of g, which oscillate
about the exact value. For, if an initial value of the shear func-

tion By equal to Ag* > in wvhich A is a constant and g, is the

exact value, is substituted into the right-hand side of equation (18),
the new g*2 obtained upon integration will be equal to g*q/A resub-

stitution of which will yield g*3 = Ag* =8, - Therefore, it is seen
e 1
that the next substitution should be g*lg*2 = g* . In the iterative

process of solving equation (11) (equation (18)), it then follows that
successive values for resubstitution into equation (18) should be
the geometric mean of the two previous substitutions. Although an
exact viscosity-temperature relation is now used in equation (18), the
iterative process may be started with the Blasius solution (table I)
which corresponds to a linear viscosity-tempersture law.

It is next observed that a singularity exists at ux = 1 owing to
the boundary condition (13b) that. g = 0 at that point. Therefore,
integration is carried out only to an upper value of wu, =1 - h,
where h is an arbitrarily small value greater than zero. Equation (18)
becomes then

-h - Uxq £(ug)
gx(uy) = ge(l -- h) +_/:: dwlﬁ g*(u*)du*2 (19)

vhere f(u,) = 2u,p.n,. In order to avoid double integration, equa~-
tion (19) is written in the form

L-h
g.(u,) = g, (1 - n) + (1 - u,) J[u* f(u*) du, - h Jg ég%%ij-du* +

f-h (1 - w2 (20)
" ") gy

_Since the first term g, (1 - h) on the right-hand side of equa-
tion (20) is unchanged by .successive iteration, it is necessary to
derive s method to adjust g*(l - h) in each iteration so that the
boundary condition (l) 0 is more nearly approached. Hence the
problem is now reduced to that of determining an accurate value

‘of g, (1 -h) which is compatible with the boundary condition gx_(l)

A method of estimating g,(1 - h) 1is now given.
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Following Crocco, one notes that for u, —» 1 equation (11)
approaches

"4+ 2=0 (21)

Al

Ex

o

which can be integrated in closed form. The double bar is used to
designate the solution of this approximate equation. The first integral
of equation (21) yields

| ' = -2 \/‘loge(B/E*:) (22)

where' B. 1s an arbitrary constant and the minus sign is chosen because
of the sense of g '. Further integration gives

1-u*=-%'fg*———-—dg* (23)

0 Viog (B/g)

in which the boundary condition g*(l) = 0 1is satisfied. Upon substi-
tution of loge(Bfgi) = t~, this equation can be expressed in terms of

x .2
the tabulated error function @(x) = 2 et dt, thus
‘ Yo

1w, - oveh - \IeeER| e

The constant B can be eliminated between equations (22) and (2L4).
Hence ‘

. (= /o2
(1 - u)/&g = Jg—?e(g* /2) [l - ¢(_—§;'/2)J (25)

from which &(1 - h) can be calculated, given h =1 - u, and the

slope éf}(l - h). Since the slopes of g,. and are to match

el

at u =1 -h, one puts


http://www.abbottaerospace.com/technical-library

12 NACA TN 2597

g.'(1 -1n) = g,'(1 - 1) (26)

which is computed from the firsf integral of equation (11), nemely,

1-h
s*'(l-h)=-j £o,)

(0] 8y u*

du,, (27)

The ratio h/éi(l - h) 1is plotted against & '(l - h) in fig-

o Z(1 - 1)
ure 2. Crocco noticed that the combination T§§1(1 = h” 5 -1

can be represented by the straight line 0.7828 + 0.0178 |§;'(1 - h)|

over the practical range of é:'(l - h) between -2.2 and -4 (fig. 2).
Now the error between (1 -h) and g (1 - h) will depend upon
the smsllness of the h, that is, upon how weil the approximate equa-

tion (21) represents the exact equation (11). As Crocco points out, i,
and therefore p,H,, Varies rapidly for Pr < 1 when u, approaches

unity (cf. tables II and III and equation (17)); hence it may be
necessary to apply a correction so that

g (1-n) = (L-h) +8g (28)
Rewriting equation (18) in the form
v, £(u,) ‘jpl fu,)
* *
= (1 - du, + 1 - d 2
g (u,) = ( u*)\jg E;ra;y Uy, y ( u*)'g;(a;y u, (29)
and combining with the integral of equation (11), namely,

1 - - U f(u)(-) _ N ‘,_ _ U f(U*)
O A R R ACEL I A - R C

there is obtained
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uy f(u )

(ug) = -(1 - u)ee'(1 - h) + (1 - uy) d
& Uy Uy) 8x + Uy lh——(— Uy +

1 flu,) -
7w oy (31
Yy
Similarly from equation (21) one obtains
— Uy o
a()=-(l-u)g*(l-h)+(l-u*) du, +
1-h Be(w)
Lo gy e
(1 - uy) duy (32)
u, .
Subtraction of this equation from the preceding one gives
.= (33)

1
5g,(u,) = (1 - u) f & f 1 - =
g, (u, u N g*>du* + " ( u,) & T
is avail-

which can be solved in principle by iteration since £ _is a known func-
tion of uy. That is, starting with an assumed g,(_l, g_*“l
is computed, whence

able from equation (25), whence Sg* (ux-)
8*2(11*) = Ee(u*) + Sg* (uy), and so forth

However, the above iterative process can be rearranged as follows

Write equation (33) thus

5 () <1-u*>fu*< -—i—--i—ﬂz)au“
2, B
fl (l-u)_f_‘---i.—--,e—_.-+-—;.>du* (34)
*(s* B & Bx
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1
Bg*(u)-(l—u*)f* - du*+f (l-u_’(_)f 2c].u._)(_+ -
1-h & uy
(l-u*)f 1 )fdu*+jﬂ(l-u*)<i-—%->fdu*
Ex 8, u, & g
(35)
The term L-—é— can now be expandedinthe form
8y €y
2
I L . (36)
BT T

o] . 3]
whereupon, when —gg is neglected' since =g* is small, equation (35)
g, B
becomes
*f -2 L £ -2 .
Baw(ux) = (1 - uy) — dug + (1 - ug) =—=— duy -
1-h g* u, g,
L 1 '8g
(1-u*)f —Efau - | (L-w)—=Xfay (37
1-h g, Uy "

If the first approximation to 0g, is obtained by letting Bg, = 0 on . f
the right-hand side of equation (37), then

6&1(11*) = (1 - uy) 2 auy + f (1 - u*)
' Y By, 1 By,
Bexnp(ux) = Bgeq(ue) - (1 - ux) = Uy -fu* (1 - ue) —5~ £ dux
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‘ Uy D&y 1 Bey
Bex,(ux) = Bax, (ux) - (1 - wy) —=—2-g £ dug -f (1 - uy) =__22 T dux /
/ 1-h g Uy g,

and so forth. Stopping with the third approximation, the value
of Bg, at u, =1-h is then

1
Bgy(1 - B) =fl‘ (1 - u,) fg'gdu* f (1 - uy) g*g* £ du, (38)

~h

Crocco now gives an approximate expression for equetion (38) in
the form

2

Bg*(l-h)—E—é— a(i, - 1)|A Alt) +A<—>-
*

A3a(i-x--l)(=) + . .]+b(i*-1) E -Bl(.h_) + :|+

B z,

c(ix - l)BEO cl(—i—)2 + .. :l - hEEO -'Dl(-—h=7>2 + . :l}
g, g,

4

(39)
where
_1__1
B3 "F +1
1 a
bE B8 r1
1 b

are the coefficlents in a Taylor series expansion of Pyy about the
point i =1 using the Sutherlend law (equation (15)) for

- - b e o e e e ——— e — o — = & T ey o b 2 e i o A e e . A e -
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viscosity-temperature variation. The other coefficients in equation (39)

are

_ o1
o~ 3 - (2-Pr)y

’ 2 1 A
Al=2—(2-Pr)n[1+2(l-ﬂ) '5-(1+-Pr)nJ

Ay =3 (2lL Pr) - -
{2 - PO
1l} + 2(1 - n)J[l + 4(1 - n)]
Ao
{5- (h-Pr)n][7— (6-Pr)fﬂ
2 i 1 Ao

3= -(@-PomE-(3-Fon  &- (5 - 2or)m

1
Bo = (3 =

o E B,

]

B. = 1 _ 0 j
173-(3-2r1+2(1-1) 6-(5-2pPr)y

c - 1 ,
°© "5 - (4 - 3Pr)y

2 1 Bo

Cl=u-(1;_31>r)n[1+211-n)'6-(5-2Pr)n

°o =3

Dy = 52 - - i
1 " 2-qi1+2(1-1) 2+ 3(1-n17)

|

vhere 1 =-— T '. In equation (39), the values of T, E,',

*OQ

]

NACA TN 2597

!

and i

-
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are to be determined at wuy = 1 - h. It will be found that the terms
Included in equation (39) will give sufficient accuracy to 8g.(1 - h).
In fact, in the calculations carried out in the present report it was

found that Jgy, was negligible, being of the order of lO'h.

SKIN-FRICTION AND HEAT-TRANSFER COEFFICIERTS

: (u) ) / ~
Since T = &2 and g, = 2 ge(u), it follows that the
shear stress T and the shear functidn gx are related by
1 2
T = 50l St
VR,
P BoX

vhere R, = , the Reynolds number in terms of the length x from

o]
the leading edge to the point in question on the plate. The surface
stress is then -

1 2 g(0)
T = - um ()-I-O)
VoEEE R,
In terms of the local skin-friction coefficient cp defined by
_ 1 2
Ty = cf'—épwuoo , (hl)
there results
cp\[R, = &(0) (42)

Furthermore, in terms of the mean skin-friction coefficient Cp defined
by

x
1 2
L T, 4x = Cp 5Pty X (43)

there follows

cf\/&z: 2g,.(0) (L)
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Comparison of equations (42) and (44) shows that regardless of Mach num-

ber, Reynolds number, or wall-to-free-stream temperature

Cf = 2Cf

NACA TN 2597

ratio

(45)

The heat transferred from the wall to the fluid per unit width of

plate is given by
%)
=_k(
L w\3y /.,

- ki_(.d_i)
cPW du w

&),

From equation (16a) one has

2
I uoo
T — - —
1,'(0) = {63 Il 1,(0) + Pr J(1) T I
so that equation (46) becomes

- .
o = 1 i, l:l+PrJ(1);—°°—-i*(oﬂ

—— 2T
Pr I{(1) u, ¥ o

for variable specific heat, or

_ 1 % y-1.,2
qw————-————'l' {Twli:l-+2PrJ(l)——2_-M°°]—TW

Pr I(1) Y% ¥
for constant specific heat.

(46)

(¥7)

(48)
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Defining the local heat;transfer coefficient by

1 Cpow
CPr I(1)

(49)

and the Stanton number by CH

h /(chpmum) y there follows , utilizing
equation (41), that : :

: Sl (1) 2 (50)

It is now interesting to observe from teble II, that, closely,

2

Pr 1(1) ~ Pr2/3

and
2Pr J(1) %Prl/ 2

so that practically

¢ -—L.f (51)
H PI.273 2
and . | ! ‘
2
u .
ay = -Cgp u, <i°° + Pr]‘/2 —g;) - iy (52)

when the specific heat is variable, or

9y = -Cgepe,u, E(l + Pr:l‘/2 %l Mwe) - Tﬂ (53)

when the specific heat is cons‘tga.nt; (Specifically, for Pr = 0.75,
Pr T(1) = 0.8302 and Pr2/3 = 0.8258; 2Pr J(1) = 0.8654
and Prl/2 = 0.8660.)

g U g A T T
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Suppose now there is no heat transfer into or out of the boundary
layer (insulated wall). Then g, = O and

1, =1+ Pr1/2 Efg— ’ (varieble cj) (54)

or

o0

Tw-= Tm(l + Prl/z-z;%—l M 2) (constant cp) (55)

which is the wall temperature due to viscous action alone. However,
the "recovery factor" is defined by

v~ e (56)

r = ———
uqs/é

Hence, it follows upon comparison of equations (54) and (56) that,
closely,

Recovery factor = r = Prl/2 (57)

for laminar boundary layers.

In.the determination of the friction and heat transfer at the
plate, it was not necessary to know the internal geometric distribution
of properties of the boundary layer. However, if the geometric distri-
bution of properties, such as velocity and temperature in a stability
analysis, are desired, then a suitable distance parameter is

*

U, u du
y =§ﬁ:=2ﬁ —Lg*—-* (58)

since T = u-6§.

RESULTS OF CALCULATIONS

Calculations of the skin-friction and heat-transfer coefficients
for laminar boundary layers on flat plates have been carried out for
Mach numbers up to 20 and wall-to-free-stream temperature ratios of l/h
to 6. Although the results for the higher Mach numbers are academic
because of the assumptions made concerning the variation of properties
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of the gas at high temperatures, these calculations were performed in
order to indicate trends and compare with more accurate results. The
Prandtl number was taken at 0.75, the specific heat was held constant,
and the Sutherland law for viscosity-temperature variation was assumed
to represent the viscosity data starting with an inifial smbient tempera-
ture of -67.60 F. The ratio of specific heats was taken at 1.400.

The calculation procedure vas as follows: The enthalpy distribu-
tion was calculated using the Blasius distribution of the dimensionless

shear function as given in table I; that is, values of 6T end 6II from

table III were used in equation (17). The final shear distribution was
computed by integration of equation (11) by the method of successive
approximations from ux = 0 to ux = 0.98 starting with the Blasius
solution in table I. In the iterative process, the value of the shear
function at uy = 0.98 was obtained from the solution of equation (21)
(fig. 2). The required accuracy on ge(uy) was within 0.0025, hence
within 0.5 percent for friction and heat transfer at the plate over the
variation of wall-to-free-stream temperature ratios chosen herein. It
was unnecessary to apply the correction &gy of equation (28) because

dg, was always found to be very small (of the order of lO‘h). A work-
sheet for carrying out an iteration for g, is given in the appendix.

In figure 3 is plotted the mean skin-friction coefficient as func-
tion of free-stream Reynolds number, free-stream Mach number, and wall-
to-free-stream temperature ratio. Figurek4 gives the local heat-
transfer coefficient as function of the same dimensionless variables.

In figure 5 are compared results obtained using the Sutherland and power
viscosity laws. Figure 6 shows the variation of the thickness of the
laminar layer as a function of the above independent variables; the
thickness was arbitrarily taken at the velocity ratio wuyx = 0.995
obtained by estimating the g, distribution to that point.

- Figures T to 12 show the dimensionless shear-function distribution
for various Mach numbers and temperature ratios including the insulated-
plate case. Figures 13 to 15 give the variations of the velocity
ratio wu,, the temperature ratio T/Tw and the Mach number ratio M/M,

as functions of free-stream Mach number M, and distance parameter

% ¢§m in the case of the insulated plate; figures 16 to 30 show the

same dependent varigbles as functions of the same independent vari-
ables in the case of wall-to-free-stream temperature ratios 1/k, 1,

2, 4, and 6. Figures 31 to 47 show the same dependent variables as
above but as lines -of constant temperature ratio instead of as lines
of constant free-stream Mach number, the distance parameter now being
the relative distance y/B. For purpose of comparison with figures 13
to 15 the internal characteristics of the boundary layer are plotted
in figures 48.to 50 for Pr = 1.
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Figure 51 shows the variation across the boundary layer of the

2
ratio of the total enthalpy per unit mass (E =i+ %;) at any point

to thaet of the free stream for an insulated plate. For Pr =1 the
ratio would be constant at unity. The fact that Pr is less than
unity in these calculations brings about the transfer of the energy
from the inner to the outer layers of the boundary layer; this is due
to the readjustment of the relative effects of viscosity, heat capacity,
and heat conductivity in favor of the heat conductivity.

Aerophysics Laboratory
North American Aviation, Inc.
Downey, Calif., Jamusry 9, 1951
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AFPPENDIX A

WORK EHEET FOR CARRYING OUT AN ITERATION FOR g,
The following headings and equations are used in carrying out an iteration for g,:

1 2 3 4 5 6 7 8 . 9 10

' ™ P ()
1,{u,2 (v Hael Uy % Bey (g
U |(table I11)|(tavle 1xx) (9 = T[T (equ:.‘tion an g;g‘ﬁ?;},i:?,) (;‘:;‘”;; i:ﬁs;{ 200t = 200 (oogimeq)

2
1,(w) = i_: - (:_: - 1)91(u*) + -ui% o™ (w,) (colum 6)

nyn) = 2,2 1—1?2—22 (colama 7)
+
T,

. 2 .
With constant specific hest, %:— = (7 - DM2 and 1, =T, Tor i, = c)Te.

-\
11 12 13 14 15 16 7 18 19 20

f(u.) et B e P (U:..)
g.l(u,,) J; * Ef' %y | (5oe ']golcw) (see velow)| P ~ E Q-w) Z'l (see below) 8(1 - 1) (equation (20)) Bag = ‘513*2

’ Y £(g,)
PE e o g Ty

“h £(uy)
E=h / Wd“'

‘, -n f(u)
F-f (1 - u) any

Ly 1

g.g(u,)-g.(l-h)+D-E+F

g (1 - 1) = E(L - 1) + g, (tg, is negligible in present calculations)

e - o] o oo -
gil -

1-h
Te-w-g-n-- [T Ly

e
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TABIE I
Shear Function g, When pp =1
11* g* u-)(- g—)(- U.* g*
0 0.66411 | < 0.45 | o.61772 0.875 | 0.27994
.05 .66405 .50 .60013 .900 .23881
.10 .66361 .25 .57€36 -925 .19293
.15 66242 .60 .55183 .95 .14097
.20 .66009 .65 .51985 .96 L11797
.25 65625 .70 18161 .97 .0933k
.30 .65050 L5 43607 .98 .06659
.35 .64245 .80 .38189 .99 .03681
.ho .63167 .85 .31715 1.00 0

25
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TABLE 1T

VAIUES (0F I AND J BASED UPON BLASTUS SOLUTION FOR

g*
Pr = 0.5 Pr = 0.725 Pr = 0.75 Pr = 1,00 Pr = 1.25 Pr = 1.50 Pr = 2.00
Uy
I J I J I J I J I J I | J I J
0 0 0 0 0 0 10 0 0 0 0 0 0 0 0
.1 | .1000| .0050| .1000| .0050| .1000| .0050| .1000| .0050{ .1000| .0050| .1000| .0CB0 | .1000| .0050
.2 | .2002| .o200| .2001| .0200]| .2001| .0200| .2000| .0200| .1999| .0200| .1998| .0200| .199T7| .0200
.3 | .3008] .ok52l .3004| .ou51| .3004| .oL51| .3000} .0450! .2996| .ol4g| .2992| .0oLUB | .2985| .okt
Al Jhozs| .0806( Jholk| .0803| .4012| .0803| .4oOO| .0800| .3988( .o797| .3975| .OT9k| .3951| .0768
5| .5062] .1269| .5034| .1260| .5031| .1260| .5000| .1250| .L969| .12 L1939, 1232 | 4881 .1213
.6 | .6135| .1849| .6073| .1827 .1824| .6000| .1800| .5935| .1776| .5872( .1753| .5750! .1T708
1 .1267 .2567] .Tids| L2512 .T130| .2507| .TO0O| .2450] .6875| .2396| .6756| .2342| .6531] .2246
.8 | .8505| .345L4| .B268| .3337| .8243| .3324| .8000| .3200% .TTT6| .3086| .7564| .2980| .7186] .2787
.9 | .9967| .4612| .9500( .4343| .9451| .k315| .g9000| .L0S0| .8605| .3817| .8251| .3613| .TEEO| .32T6
.92]1.0390| .4899( .9770| .45T9| .9715| .bSk2| .9200| .k232| .8T5T| .3965| .B367| .3731| .772T} .3353
94| 1.0696| ------ 1.0056 [-==-== 9991 |-=mmun 9400 {mmmrmn 8901 [-=amm- 1Ty (-3 PR LTT80 | ==
.9611.1131| .5591/1.0363| .5103{1.0286| .5050| .9600| .4608| .9037| .h2ks| .B8564| .3941 | .782k( .3475
.98(1.1671| --—--- 1.0708 |-=aeum 1.0614f-—mm-- 9800 [~-==-- 9159 |- -==== .8638|---nu- (<)o) [Rr—
99| wmmmmm 6369 - ~mmn- 5602 [~-—m=- .5523( .9900| 4901 |--w-m- e R e 1060 |wmmmaa 3527
1.00(1.2806] .7039|1.1210] .5871|1.1070! .5768|1.0000| .5000| .9252| .u4hk73| .8682| .%080 | .7863 3532

9c

L6G2 NI VOVN
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TABLE TIT

VALUES oF 67 AND 6™ BAGED UPON BIASIUS SOLUTION FOR g,

Pr = 0.5 Pr = Q.725 Pr = 0.75 Pr = 1.00 Pr = 1.25 . Pr = 1.50 Pr = 2.00 -

o

e e e ke e = e e

.0781] .0250{ .0892| .034k4| .0903} .0353| .1000| .0450| .1081| .0542| .1152| .0630] .1271| .OT798
1562 .obkso| .1785| .0615| .1807| .0633| .2000| .0800| .2161| .0958| .2302| .1109| .2539| .139k%
.2348| .0601| .2680| .0813| .2713| .0835| .3000| .1050{ .3238| .1249| 34467 .1436| .3796| .1788
.3143] 07031 .3580| .09k2| .3625| .0966| .k4ooO| .1200| .4310| .1¥14| .4579] .1611] .5026( .19T%
.3953( .0757| .4k91| .0998| .4545| .1020{ .5000| .1250( .5371| .1452| .5689( .1736( .6206{ .1959
Amgof L0761, 54181 .0982| 5480| .1002( .6000| .1200| .6h15]| .136T7| .6763] .1509 ] .T7311| .1T7k9
B6TH LoT12| 6373 .0891( .6441| .0906| .700O| .1050| .Th31| .1160| .7781| .1250| .8305| -.1375
L6641 .0610| .T378[ .OT20| .TLu6| .0T728| .BooO| .0800| .BkoS| .084k2| .8T712| .0862| .913G| .0882
LT183| .0431| 8474 .0458| .8538| .0ok55| .9000| .obS50| .9301| .ok2hk| .9503| .0391| .97h0| .0328
.Bosh| .0385( .8715( .0390| .8T76| .0390( .9200( .0362| .9L65| .0336( .9636|( .0301 | .982%| .0234

8352 awmmm 8970 |~==rwm= 9026 | = mumm 9400 | ~mw = (9621 |---—-- 9757 | ~=mmmm 9894 | -———--
.8692| .0263| .ookki .0235| .9292| .0232| .9600] .0192| .9768| .0155( .9863| .0124 | .99k8| .0078
«9113| ~mmmmm 19352 (=== 9589 |=-mmum .9800 [----—- 9900 |------ 9949 [-=—--- | 9984 (------
.9397| .0123( .9733] .0084| .9760] .0080| .9900( .0050| .9957] .0030{ .9981| .0018 | .999k 0006

i
18889080 0~ vl -l o b

L6GZ NI VOVM
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Figure 2.- Shear function &g (1l - h) as a function of gz*'(l - h).
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Figure 3.- Mean skin-friction coefficlent for laminar'boundary layer of

Prandtl mumber, 0.75;

a compressible fluld flowing along a flat plate.

6 = 0.505.
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Figure 7.- Shear distribution in laminar boundary layer of a compressible
fluid flowing along an insulated flat plate at various free-stream
Mach numbers. - Prandtl number, 0.75; 6 = 0.505.
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stream temperature ratio of 1 and various free-stream Mach numbers.
6 = 0.505.

Figure 9.- Shear distribution in laminar boundary layer for wall-to-free-
Prandtl mumber, 0.75;
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Figure 10.- Shear distribution in laminar boundary layer for wall-to-free-
stream temperature ratio of 2 and various free-streem Mach numbers.
Prandtl number, 0.75; 6 = 0.505.
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Figure 11.- Shear distribution in laminar boundary layer for wall-to-free-
stream temperature ratio of 4 and various free-stream Mach numbers.
Prandtl npumber, 0.75; 6 = 0.505.
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Figure 20.- Temperature distribution across laminar boundary layer for
wall-to-free-stream tempersture ratio of 1 and verious Mech numbers.
Prandtl number, 0.75; 6 = 0.505.
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Figure 22.- Veloclty distribution ecross laminasr boundary leyer for wall-

to-free-stream temperature ratio of 2 and various Mach numbers. Prendtl
mmber, 0.75; 6 = 0.505. ‘
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Figure 23.- Temperature distribution across laminar boundary layer for

' wall-to-free-stream temperature ratio of 2 and various Mach mumbers.
Prandt]l mmber, 0.75; 6 = 0.505.
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Figure 2L.- Mach mumber distribution across laminer boundary layer for
wall-to-free-stream temperature ratio of 2 and various Mach mmbers.
Prandtl number, 0.75; 6 = 0.505.
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Figure 26.- Temperature distribution acrose laminar boundary layer for
wall-to-free-gtream tomperature ratio of 4 and variocus Mach mmbers.
Prandtl mumber, 0.75; 6 = 0.505,
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Figure 27.- Mach number distribution across leminar boundary layer for
wall-to-free-stream temperature ratio of 4 and various Mach mmbers.

Prandtl number, 0.75;. 8 = 0.505.
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Figure 28.- Velocity dis'ﬁribtrbion across laminar boundery lsyer for wall-
to-free-stresm temperature ratio of 6 and various Mach mumbers. Pranctl
mmber, 0.75; 6 = 0.505.
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Figure 29.- Temperature distribution ecross laminar boundery layer for
well-to-free-stream temperature ratio of 6 and various Mach numbers.
Prandtl mmber, 0.75; 8 = 0.505.
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Flgure 30.- Mach number distributlon across laminer boundary layer for
wall-to-free-stream temperature ratic of 6 and various Mach numbers.
Prandtl nmumber, 0.75; 6 = 0.505.
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Figure 31.- Velocity distribution across leminar boundary layer for M, =0
and various wall-to-free-stream temperature ratiog. Prandtl number,
0.75; & = 0.505,
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Pigure 32,- Temperature distribution acrcss laminar boundary layer for
M, = 0 and various wall-to-free-stream temperature ratios., Prandtl

number, 0.75; 6 = 0.505.
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Figure 33.- Veloclty distribution across laminer boundary layer for
M, = t  apnd verious well-to-free-stream temperature ratios. Prandtl
number, 0.75; 6 = 0.505.
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Flgure 34.- Temperature distribution across leminar boundary layer for
M, =14 and verious wall-to-free-stream temperature ratios. Prandtl
number, 0,75; 6 = 0,505,
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Figure 36.- Velocity distribution acrose leminsr boundary leyer for
M_ =8 eand various wall-to-free-stream temperature ratios. Prapdtl

mmber, 0,75; 6 = 0,505,
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FPigure 37.- Temperature distribution across lsminar boundary layer for
M, =8 and various wall-to~free-stream temperature ratios., Prandtl

number, 0.75; 6 = 0.505,
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Flgure 39.- Velocity distribution across leminar boundary layer for
M, = 12 and various well-to-free-stream temperature ratios, Prandtl
mmber, 0.75; 6 = 0.505.

L6G2 NI VDVN


http://www.abbottaerospace.com/technical-library

NACA TN 2597

67

: ! s
: B
ﬂumm” HH —~
11 r %
(o =]
H o
5 A
mum| Wﬁ
i o -
—~ o
HIH o]
1 ‘Mi
o
©
= g H
o
. i ,W W
! iShes B
g s b
W_mn m m_
3 39
3 ~ P
¥ o g
m o
i, H m.m
? 2 @ @
i g0
b o]
1 i m
5%
0 O
= P
T g o
i § o *n
m B QL o
; = m 0
P
TR
.m m. >
H piy
i3 K BE
1 °s
: EE
it 1. Lt h ..m
: H i M_Mm H
5 t 7 =S
f i .
Am s ; . FREESESY SRS .o



http://www.abbottaerospace.com/technical-library

68
NACA TN 2597

oS LIRS R Kod~u shausbua:
ehea R 1 HH 1 " salses T ymenamilnanke | fAwvnypun ol
- t 1 T 1 T T - n
=y s T T rEEsi ey LA e ST )
ey IH T d I oY 1 LT i £ -
vem sy yy e Syam s Saans -t yess o
S I e e =
- ud. £ T > : T e HTH Syyussyey 1 e quuu
pS ; H =i e H
uvrﬁxﬁ— £ o, +JF -
seibn i 3 1 1 et
SRR " o '
o [ ++
L 12t hy “ 37 Eygd B¢
5 B .uu . 1 1 ; L 3
* bl ) )}
EinH HH s H H
1 NOWHEHFAH +HE B EHT R
~HHh : sH T BT R A
B Y F : Tl R
a T pa s 3o HH 3 bhad S 130 PPRHI T ~
: L S oo eziol BRI Eread dd
Tt . ; T +
o l 5 3as s : SanavEngBe, T 1 - g
BT T Hiih i R o d
ElRHE £ enis: o) HN{ T 1 This e Tya f-efe - o
. T Yyt ¥ T E 4 HrH
e o gaent 1 Y HNTNT N e utﬂ ELTRT (e} H
o ey O SAjiaaiiig; PR e &2
=L HEEH, % s e e e iR 1
i e R R A : S i i i
Mav. 3 e sresiial TR X A R T T T~
ol THE R HY T T = = 1 d
i > + ] BHRETHE A pErisali = 24
H- B = ity 1 " SRR T ] s}
S sEdi s RmLie T N N S i o
-+ i =
5 =2 Ea AR = L e Evariga st | w_..
H ry b e nt Ht 1 i 1 L + t
T pans 1 i 1 i X + H o o
ry TT T YT + j= 1
St et i ) iz ¥ HiEEd B g H
H T P 25 ! t TR THY H - m
b L T I 4
= R el 7 X : o
PEckaessiassses s phy stk lpeti oat TR 7 2 o
e Ferr R Pt e T R z= 2 Q
ol N i H
£5] [RLER R LS EEE bR o Ets foted H L e SHHe ._nun..
T o g T 5} raq
e e torkt +4 “ T - 5 e p 7 T H
L T BT T ¥ o I H: a4 =
=t T IF I | = t
pa-y - S BApRY § puars T $ X saRRlItER
Ha el s besats] T 1 s TR R re . T 9
B34 peaistabet beot} Hded irght pBhE HH R I AR =]
RS S vesaaps sy popt prant s o da b B LT 1 o @
B EErpe copas asv e Rb Fesaa ot H HH 1 gaess ips
[P} Eete et rpash poet] psashos: bl H 33 iaTaas it ~
E H  Saet
F‘u..&luﬂuhm b al T 1
- bl yuds S plnd a5 vuo a
- + sy T X 1% 1| [#0]
e T T X L 1 Bt 1
IHW setopelstay T s e a1 R . mn enr L ! w0 o L
b 13 ks b [ERaa rpays Faas. oyl 1 1 'y T - 05
T T e ey Tt s = &' B 52 1.} [
Ll Sxsaf e T 0
ENFLLT + ..hlmmnmm;o_u—_ H wd [ T N @© w
O veusvea H r .L jamny e fens [ : 1
...Pmnr.ﬁ el s b TR 5% 158 d o
; b B H
st ol : 1 4 ) 4 : o pa T -FH-E_-_ ' 1 HEH Qo
ur_,r.mm.._.*.. sk nyigpadise e H T  THRE ERTE |8} 5 4 H
pohe s} suon - a T
i el Rt Y £Y
7 s R g EETy rom 1L 1L A e e R g ¢
S & =i AT prETiaazy a0
it T T o hersnies
s e e e g ] SR « T
[t Lonas t L I 1 4 ¥ ) B Wﬁ L
EHE S h 3 Hh L £ 0% {ERTeR) IEnIERER | +© :
(2l byny{ sdaen sowns 1 - r
T
._41 e tlie s : 2
g pvw foa 0 8 robel TR 13 WP W 5
b g4 5.5 08 11
= = HHH X u o .
rege T - AT ILS=aa ks
Im. 17 =staitauils i 1 e ﬂ m e
adaed g Y P 1 1 ud T I} r...._ul
1 -
e S EES STy Se oo : LY i H 1 3
o1 Eoti panad Lyaty bu e t TR N o
Mt iy ke b SR i H®
=] |
bR BTn b R s o : ot : H
b1 e gspas] taansasiod palnaind fral b H -
e 1 b =7 H
53 S ST ? FE 2 v § "
S ek T R AR ERER i gF L
B na I 3 =0 .
: rh . -
FsEs Pilcss s izayranata o : o ! ©
<3 R R T : . _nlr_ -
o3 .
-1 : "
S R HE R i 7 o
S f: g2 o
1 =T T o 1
t IRt 8
: e o=
i
pEt + I‘ i
Tt =]
3 2%
S
i A
2 i} .
ey A\t
fas,
i
N
.
] .



http://www.abbottaerospace.com/technical-library

69

pi i) o ol i T by ) § u wary
U T H 4 ‘ AT
i Hi HHH >t t
! 1 b H 1
1 1 snvedspry
T Hi a3 n T
FATH s T HHE -y
THH : HH-
. JHEHH ¥ i
T T 1 T ]
1 ; f
1 T T ry
T | g T . 1 1
(1 I |Tf1r|._ Ht e »
1T | pupas 1t  Bay " IR E e it 1
»mary gy T
g A 4 1 T T
ma e v T T
il + S B 1 T
: : R HH T T —
T t T ¥ = +
T 1 13 1 La)
+T
a1 i T H o
1 1 FHH H o
: : 1 g i 1B
i i T E O
T : o E
1 1 I | k
I T 1 F 1 o HO.
H t ¥ 3 » o
zznds t [
I
B T » O
= H h -~
L4 H .% '
H H .
T n ym r- r
] =y =
T it
14 11
I : m 2
o+ —
5L, e : H +
HH T Hh = H £ [} m
=T . T 1 1
B L " 48 H £ - Q
a 1 ks R = H c
HINHIE o L3 i B
T i H
E e liastoe: : Y
I ! gseh Franaialuls + . i 4
e . T a ) i
k-
f S : T R f 3 g
i B HE] EsEEE T = o
. b 5  aoe FRe E Qv
: o e e S Rl E o h
- 1m0} _JJr R edavaaanatn ,Im& ee-hs] m .—ﬂlﬂu
. - THT a2 rsanaas LTS, H
quw 1 +W _ra 14 + i B TJ? 1t T o 1
= : 1 L P it i R e 3
T B LR O Ees e .. g
t uirg S & T
a I t rLLkm.PL _I..n ._M..I n
T I i 4 1 T 4q
T T e : T oy ™ o1
- t H H et i amasaalytnkes Feuni Lusal -3
116r H HCE Ay _“ Th ot aL J_“ T = ._._M._H ._nbu
11 & t s eng B <11 117 g
HHEHTHt T ..Fr.u.runﬂh »_ 14 i T 3
o d 1 - I 1T bl 1 — 111 -
inepam = T - pu; I ea, = Dot O« | u .
d i t —HH Ht 1 ! - 1)
; t < HaooO
X n =i T BT T E
¢ jiieealan HpE b o 0
H .
i ey t F o
b ] H 15aest Ees: H .m.ﬁ.q H 1 b ...m m
aug F
e H R ams sEEAS Ease ! H r aon
fE R it e G b
5 Tt o k."qluﬂn-r. T H 2 H D
T i Suliaw T ~ @
I HH I uTv uql— v
il m e i L T
T T 1] mr\ﬂ 1 I A b 4 hy
R T R ot ST o m 0
1 TRt
i it HERE AL o .
I F 1 (@]
1 1 - T
s sje] TR T 1
i | 3 am s T T X 2 \0 -
H T o B T i n
m) ] makn o .Jrln.m: T i r m ~ Kk
& i RS Ui s v
pr,
i ¥ .|
i S Eazs EEnl =8 o » g
HH o o FHEHHHT 8
H gl man t 1 ﬁ” NI T 3 M A
1 1 H R
B R R
s T » mli 1% byul s T T iy
i L T =
oo - o = ! 4
1 T F
tn. T ] Jnmw;
n e 1 ¥
b jaat
T et - ~+ TH
- ' HHH 0
k| L
! b I . 7 tH
H 1 1 TENT
. el
1 B T whﬁwnu
- . e -
i N ] Gaifurdysk ik o
H1H Pttt 1 hif S mar o
asa 1 - . T 2 p o s 1
Hivtde R HH e
o -1 T 2
H T w L .._..m 1]
I Lus] I T
b ammmnnl T HE
=t v e 1
a a e i TH T
H 1 HH
TTraTmeT LAl ELRRA Iy LARS 2R LRL}


http://www.abbottaerospace.com/technical-library

T

.......

oL

wu
HH

ik

T

ST

=
H
H
Lt Tt
T
= T
: [
3 . H wawdm
H Eﬂ! amen
3t : HHHH
TN
i1
N T
I H '
- . . ar . h o
i t FEIREEE zh 53
it o
mRaam, v saudn .
e
Y
Seisiiys
.t
T
. 1 T
3 Syien v paaghen ; ora;
Y Y ¥ 1 1T T = T r t
R I T T 51 I A Paninmanudaamndann s T T Tt
mysseyspugun T HH ¥ i + T Hv an HHHH rrte H

Figure 43.- Temperature distribution across laminar boundary layer for
M, =16 and various wall-to-free-streem temperature ratios. Prandtl
mmber, 0.75; & = 0.503,
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Figure 46.- Temperature distribution across leminer boundsry layer for
M, = 20 and various wall-to-free-stream temperature ratios. Prandtl

nuiber, 0.75; & = 0,505,
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© Figure 47.- Mach number distribution across laminar boundary layer for

M, = 20 and various wall-to-free stream temperature ratics. Prandtl
number, 0.75; & = 0.505,
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Figure 48.- Veloeity distribution across leminar boundsry layer on an
insulated flat plate for various Mach mmbers. Prandtl mmber, 1.0;
6 = Ot %5-
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Figure 50.- Mach mumber distribution across laminar boundary layer on an
insulated flat plate for various Mach numbers. Prandtl mumber, 1.0;
9 = o. 505.
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