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SUMMARY

Formulas have been obtained by means of the linearized supersonic-
flow theory for the lateral force due to sideslip CYg: the yawing moment

due to sideslip C, , and the rolling moment due to sideslip CZB for

-normal tail arrangements consisting of rectangular, triangular, and
sweptback vertical tails of arbitrary taper and sweep mounted symmetri-
cally on a horizontal tail of arbitrary shape. The results are restricted
to cases where the leading edges are supersonic and the Mach line from
the tip of the leading edge of the vertical tail does not intersect the
root section.

. The effect of the horizontal tail on the derivatives was evaluated
for the cases where the Mach line from the leading edge of the root
section cuts the trailing edge of the-vertical tail.

A series of desigﬁ curves is presented which permits rapid estimation’
of the lateral force due to sideslip CYB, the yawing moment due to

g

sldeslip C, , and the rolling moment due to sideslip CZB.

INTRODUCTION

With the advent of flight at supersonic speeds the dynamic stability
of airplanes has become a serious consideration. The conceptions and
usage of the linearized theory of supersonic flow enable an evaluation
of a first-order approximastion of the stability derivatives. Stability
derivatives are now available for various wing plan forms at supersonic
speeds. (See bibliography of reference 1 and references . of reference 2.)
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Information on the stability derivatives contributed by the vertical
tail, which have an important effect on lateral stability, is lacking.
A theoretical analysis is presented in this paper to determine the
lateral force, the yawing moment, and the rolling moment due to sideslip
for a series of tall configurations that consist of vertical tails
mounted symmetrically on a horizontal tail. The tall configurations
considered herein are characterized by supersonic leading edges. The
vertical-tail plan form may be either itriangular, rectangular, or swept-
back with arbitrary taper and sweep; whereas the horizontal tail may be
arbitrary except for the rolling-moment derivative for which case the
trailing edde must be swept at a constant angle. Consideration 1s also
given to the magnitude of the end-plate effect of the horizontal tail on
the values of the stability derivatives. From a knowledge of the deriv-
ative for the vertical- and horizontal-tail combination and the end-
plate effect on this derivative, the derivative of a vertical tail with
horizontal tail removed was obtained. These results are the limits of
the case where the horizontal teil has subsonic edges, and the value of
the stability derivative when the edges of the horizontal taill are
subsonic are expected, thereforé, to lie between the values of the deriv-
ative with the horizontal tail (all edges supersonic) attached to the
vertical tail and the values of the derivatives for the vertical tail
alone.

The calculations of the loading distributions that lead to the
sldeslip derivatives for ponplanar bodies, such as a tall configuration,
are somevwhat complex in the large. FYor a range of Mach number for which
the leading edges of the tail plan forms are supersonic the load distri-
bution due to sideslip over the horizontal and vertical tail can, however,
be determined rathér simply. For a normal tail assemblage, this simplifi-
cation of the analysis results from the fact that the fliow fields within
the Mach cone from the apex of the system are physically separated by
the horizontal and vertical tall surfaces and, therefore, do not inter-
.act. The load distributions for such systems may be determined by an
application of plamar methods together with the evaluation of the induced
load effects if any.

In order to facilitate the use of the formulas and charts presented
herein for the estimation of the stability derivatives, a detailed method
of procedure has been included in the paper.

SYMBOLS

A agpect ratio of vertical tail

LS


http://www.abbottaerospace.com/technical-library

NACA TN 2412 , 3

o 2B v <
<

o'
=

cr
%

VM -1

span of vertical tail
span of wing
root chord

nondimensional pressure coéfficient

c chord

J=4A"(1+ )

x - Slope of leading edge _ SOT AR _ A'(L + A)-

Slope of trailing edge cot A A(1 + ) -2m' (1 - A)

1 distance from z-axis to leading edge of arbitrary section
of vertical tail

Zt distance from center of gravity to root section of verticel .
tail

Ly spanvise loading

M free-stream Mach number

m slope of leading edge of vertical tail

m.0 slope of trailing edge of horizontgl tail

m' = Bm

AP pressure differepce across lifting surface

ares. of vertical teil

area of wing

X-, ¥-, and z-components of perturbation velocity, respecfively
free-stream veloclty

rectangular coordinates (see fig. 2)
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Xg, Zg rectangular coordinates (see tables I and II)

X distance along x-axis to center of pressure of vertical tail
in presence of horizontal tail (see fig. 2)

Z distance along z-axis to center of pressure of vertical tail
in presence of horizontal tail (see fig. 2) .

X increment in X due to removal of horizontal tail
07 increment in Z due to removal of horizontal tail
a angle of attack, radians
g sldeslip angle, radians
A taper ratio of vertical tail
A sweep ungle of leading edge of vertical tail
ATE sweép angle of trailing edge of vertical tail
p free-stream density
¢ perturbation surface velocity potential
CY lateral-force coefficient La;eral force
2
z PV 5
Cn yawing-moment coefficient Ya;ingemoment
5 oVP0,8,
CZ rolling-moment coefficient Rolling moment
2 szvav

XCy
CYB-EB_

Ly
Cng = 3§

aCZ
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Cr, wing 11ft coefficient

aCy,
CL“ ) <—ga£k1-e»0
(CY)t ldteral-force coefficient of vertical and horizontal tail
(Cn)t ,yaWing-mament coefficient of vertical and horizontal teil
(Cl)t rolling-moment coefficient of vertical and horizontal tail
(CY)V iateral-force coefficient of vertical tail without horizontal

tail attached

(Cn) yawing-moment cbefficient of vertical tail without horizontal
v tail attached ; ’

(Cl) rolling-moment coefficient of vertical tail without-horizontal
v . tail attached

\ FB(CY)t—
(CYﬂ)t ) i oB Jg—0
[3),
B | 9B g0
_[3(er)s]
| % Jp—o0
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Cy.'s Cpn.'s Cy,.' contribution of tail to sideslip derivatives about
B g B stability axes based on wing area and span; values
apply to vertlical- and horizontal-tail combinations
unless otherwise noted ’
(CZ ) contribution to CIB of pressure difference across
. :t
B/vt vertical tail in presence of horizontal tail
C contribution to (C of pressure difference across
'8 )t gl
horizontal tail in presence of vertical tail
O(Cy change in (Cy due to horizontel tail
B/t B/t :
AfC change in {C due to horizontal tail
o8)¢ o8/t
A(Pl ) change in (C,y due to horizontal tail
B/vt B/vt
ANALYSTS
Scope

The tail configurations considered in this paper are sketched in
figure 1. The orientation of the teil with respect to a body system
of coordinate axes used in the analysis is shown in figure 2(a).
Figure 2(b) shows a typical tail oriented with respect to the stability-
axes system. The stability derivatives are generally evaluated in this
system for stability studies.

The analysis is limited to tail configurations having surfaces of
vanishingly small thickness and of zero camber. The vertical tail is
assumed to be yawed an infinitesimal amount (B—>0); whereas the hori-
zontal tail 1s always at zero gecmetric angle of attack. Essentially
then, the vertical tail produces the disturbance velocities (similar
to a wing at an angle of attack) and the horizontal tail acts as a
barrier or end plate to the propagation of the verticel-tail disturbances
(similar to end plate attached to lifting wing).

For the tail arrangements considered in this paper, the horizontal
tail must completely shield the root chord of the vertical tail; thus,
the leading edge of the root chord of the horizontal tail must at least
coincide with or be forward of the leading edge of the root chord of the
vertical tail and, similarly, the trailing edge of the root chord of the
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horizontal tail must coincide with or be -in back of the trailing edge of
the root chord of the vertical tail. The results to be presented in the
following sections for the vertical tail completely shielded by the hori-
zontal tail and for the vertical-tail-alone case may be used, however, to
obtain rough estimations of the derivatives -for tail arrangements for

" which the horizontal tail does not completely shield the root chord of
the vertical tail. Estimates can be made in this manner by interpolation
with a falr degree of accuracy because the end-plate effect of the hori-
zontal tail is relatively small even for the cases considered in this
peper where the horizontal tall is a perfect end plate.

The stability derivatives are valid for a range of Mach number for
which the leading and trailing edges of the taill surfaces are supersonic;
that is, the Mach number of the flow component normel to these edges is
greater than 1. The results for the derivatives (CYB)t for the case of

vertical-tail - horizontal-tail combinations have the added restriction

that the Mach line from the tip of the leading edge of the vertical tail

does not intersect the root section. The derivatives (Cnﬁ) and (Cl )
- t B/t

have the same restriction as mentioned prejiously and a further restriction
which requires that the Mach line from the rocot section must intersect
the trailing edge of the vertical tail. For the derivatives Cnﬁ)t and

and (C3 ) , however, values were obtained for the limiting case for which
B/t

the Mach line from the root section is colncident with the leading edge

of the vertical tail. From this result, together with the results

obtained when the Mach line intersects the tralling edge, an estimation

of the values of the derivatives (C ) and (Cz ) can be obtained for
g)t B/t

the range of Mach number where the Mach line from the root section cuts
the tip of the vertical tail. The results for the effect of the hori-
zontal tail (the so-called end-plate effect) on the derivatives are
restricted to cases where the Mach line from the root section cuts the
tralling edge of the vertical tail and to cases where the Mach line from
the leading edge of the tip of the vertical tail does not intersect the
root section.

Basic Considerations

The evaluation of the tail contribution to the derivatives CYB,
s and CIB essentially involves a knowledge of the lifting-pressure

C .

N
distribution over the tail surfaces associated with sideslip (angle of
attack of the vertical tail). The lifting-pressure, coefficient can be

determined from the perturbation velocity potential by the well-known
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relationship
Acp=lAP2=%Au
z
or
0o, -2 2 My (1)

vwhere AP is the velocity-potential difference across the surface.
Equation (1) is consistent with the small perturbation theory only if
the magnitudes of the perturbation velocities are equal across the
1ifting surface. When the magnitudes of the perturbation velocilties
are not equal across the lifting surface, equation (1) should contain
differences in the squares of the velocities v and w. The squared
terms lead to derivatives which are linear functions of 6; therefore,
these terms will vaenish because the derivatives are to be evaluated as
B—>0. - .

The real problem of finding the pressure distribution over the tail
surfaces is therefore to find the velocity potential on each side of
each tail surface. The tail configurations considered, as mentioned
previously, are of the nonplanar type and are, of course, unsymmetrical
with respect to the y- and z-axes. The determination of the velocity
potential or its derivatives for nonplansr systems of the unsymmetrical
type is usually quite difficult, particularly when the leading and
trailing edges of the configuration are subsonic. For these same tail
configurations, however, when the leading and trailing edges of the hori-
zontal tail are supersonic, linearized expressions for the surface velocity
potential and 1lifting pressures may be easily obtained. If reference is
made to the sketches of the tail configurations presented in figure 1,
it can be seen that so long as the leading and trailing edges of the
horizontal teil surfaces are supersonic, the horizontal tail acts as a
reflecting plane. The flow over the lower surface of the horizontal tail
is therefore undisturbed; hence, the component of perturbation velocity
in the plane of the horizontal tail surface is zero. The solution for
the potential in the region affected by the vertical tail is therefore
the solution for a symmetrical lifting surface which is made up of the
vertical tail surface and its reflection through the horizontal tail
surface. The potential remains unchanged if the horizontal taill is
altered outside the Mach sheet from the leading edge of the vertical tail.

As stated previously, only the potential on each side of each surface
is needed. The potential and pressure across the vertical tall surfaces
considered herein can be determined directly from the results given in
reference 3. Formulas for these potentials and pressures are presented
for convenience in tables I and II, respectively. It should be noted
that the potential and the perturbation pressure are zero on the lower
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surface of the horizontal tail. The potential and perturbation pressure
on the upper surface of the horizontal tall were found from the potential
solution for a lifting surface made up of the vertical tail surface and
its reflection in the horizontal tail. The source-distribution method
presented in reference 4 was used to find these potentials and the corre-
sponding pressures. The expressions for the potentials and pressures on
the horizontal tail surface are presented in tables I and II, respectively.

If the horizontal tail has subsonic edges in the region behind the
Mach sheet from the leading edge of the vertical tail, the potentials
and pressures for the horizontal tail given in tables I and II are no
longer correct. Similarly, if the horizontal tail has a subsonic .leading
or trailing edge in the region behind the Mach sheet from the leading
edge of the vertical tail and if the subsonic-edge disturbances affect
the vertical tall, then the pressure and potentlal given in tables I
and II for the vertical tall are also invalid.

A rough qualitative estimation of the effect of the subsonic edges
of the horizontal tail on the derlvatives considered herein was obtained
by the evaluation of the so-called end-plate effect of the horizontal
tail, that is, the change in the values of the derivatives for the complete
configuration when the horizontal tall with all edges supersonic is
completely removed from the vertical tail. The values of the stability
derivatives when the edges of the horizontal tall are subsonic¢ are expected
to be somewhere between the value of the derivatives with the horizontal
tail ((all edges supersonic) attached to the vertical tail and the values
of the derivatives for the vertical tall alone. The expressions for the
potentials and pressures for the vertical tail alone were obtalned by an
application of Evvard's method (reference 5) and are presented in tables I
and IT. Illustrative plots of the chordwise and spanwise pressure distri-
butions across the vertical teil with and without the horizontal taill are
glven in figure 3. Figure 4 shows illustrative plots of thechordwise
and spanwige pressure distributions of the induced pressure on the hori-
zontal tail. Illustrative plots of the spanwise loadings for the vertical
and horizontal tails are presented in figure 5.

Derivative (GYB>t . .

The nondimensional lateral force due to sideslip derivative may be
expressed as )
_ Lateral force

(CYB>1: =~ @,

The lateral force can be obtained by integrating the pressure distribution
over the vertical tail surface in sideslip. (See table I.) The pressure
distribution over the vertical tail in the presence of the horizontal tail
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is the same as that for a wing which is composed of the area of the
vertical tail and its reflection in the horizontel tail. The magnitude
of the derivative (CYB)t of the vertical tail, therefore, is the 1lift-

curve slope CLa of a wing of which the vertical tall is one panel
(semispan of wing). Formulas for G&B>t were obtained by transforming

the results for CLa presented In reference 3. Since the vertical taill

is a duplicate of one panel of the wing, the transformation merely con-
sists in replacing the aspect ratio of the wing by twice the aspect ratio

of the vertical tall, The resulting expressions for CJIa> in terms of
t

the aspect ratio of the vertical tall are as follows:

Mach line from the root section coincident with leading edge:

For an arbitrary taper ratio,

_ -l KVvVK -1 3 1
(CYB>‘° ® | (1 - M2(K + 1) m[‘”s (8r - 1) - cos 1?:] )

A VMK - 1) . K -1

(L -M/@-0K+1) XK@ - M2 + 1) '

) 2
[ - ax + 1)] coa-l 2K+ M1 - ) ()

2v2(1 - M2 + 1) VEVEK + 1 2K - MK + 1)

For a taper ratio of 1,

Cy - =L |2 cog-1 2A' -1,
\*BJt m'B 2 oAt + 1

, . 8 1loar
VAL -2 V! (3)

3


http://www.abbottaerospace.com/technical-library

et et e c—— .

e —— e e——
1

Mach line from the root section cuts the tip:

For an erbltrery taper ratio,

(°cs).

-1 olem'k + A'(x - )8 |1 1
[ ( -)] —.COB_l-—-"'

wym'e - 1 A'(K2 - 1) K m'

K 12 g - 1 v _ Al -
m [cos"l E'mlT ~ cog-l Zm'(2A’ - 1) —A'(K + 3):! )

VEm' + 1yKm' -1 2Km' + A'(K - 1)

[owk - a(k - 1]2VET T 2Km'(1 - 24') ¢ A'(3K + 1) .
AYK - DVEVER v T ZKm' - A'(E - 1) ‘

[2o'x + A'(1 + 3K)]2ym' - 1 og-l (A - 1) + A'(K - 1)

AVK + 1)K JKn' + 1 SKm' + A'(3K + 1)

2THE NI VOVN

T
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¥or a taper ratio of 1,

m|2(m:2 _ 2)

Cy = -2 - cos—1 X __o° .
< B)t @m'BVm'2 - 1 m'2 - 1 m' m'2 - 1
m|2 m' - 2 t ' t
———( ) + 2A'm' cosL z 24" (m 1) +
2(m' - 1) m' \
(m' +2a")2ym -1 _qm'(2a' - 1)
co8~" —————————
2ym' + 1 2A' + m'
n'VA'[m' - A'(m' - 1)]
Jmt - 1 : (5)
Mach line from the root section cubs the trailing edge:
For an arbitrary taper ratio s
a2 |efwx +arx - 1)]2 /1 1
E A" (K ﬂ —cos™l — &

(GYB>1; T Baym'? - 1 AY(K2 - 1) K m'

Kym'® - 1 cop-l = _ﬁ@@' ~a'(K - 1)]2Vm 1 (6)

VEm' - 1VEm" + 1 Km' A'(K - 1) JKJ/Km" + 1
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For a taper ratio of 1,

( ) m|2(m|2 - 2) 3 1 m'2
Cy = - cos~t — - +
B>t MBA'Ym'? - 1 m'2 - 1 m' m'2 -1
n'2(m' - 2) '
—_— s oAa'm' | x 7)
2(m' - 1) (

For an arbitrary taper ratio where K -

= o or O,
-l 1 22
(Yﬁ)t B(1 - ) |7 JI[F - 2(1 - M] (8)

For rectangular vertical tails,

(). 30 - 2) e

B/t
evaluated by integrating the pressure distribution over the vertical

tall that is induced by the horizontal tail. The induced pressure distri-
bution was obtained by subtracting the pressure distribution of an
isolated panel at an angle of attack (or sideslip) from the pressure
distribution of the vertical tail with horizontal tail attached. The
corresponding nondimensional increment to the lateral-force derivative

is glven by the following equations:

The effect of the horizontal tail on the derivative CY ) was
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Mach line from the root section cuts the trailing edge:

For en erbitrary teper ratio,

cos-1 = &+

T 16m' X ,
A(GIE‘)t CBag(l o+ A) | (L - x2) /w2 - 1 m'

. K2n i @
2(1 - IVE V(@K - L){n' + 1) (1L- K2) Vi 1kt D1 X!

For e teper ratio of 1,

m?2! p._m? 1 1 1 A(m' + 2)
A = cog~t — - + (11)
( B) -m' 2(!]1'2 _ 1)3/2 nt 2(111'2 _ l) h(ml + l).fme -1

For an erbitrary taper ratio where the leading or trailing edge is perpendicular to the free-

stream direction,
. L = \JAT 1
AlCy = ¥ (12)
( —B)t B(} ~2) \/(l n h)[}'(l +A) + 2(1 - li] 1+

2TH2 ML VOVN
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For rectangular vertical tails,

A(0xp), - = | (13)

Data taken fram reference 2 were used to obtain curves for B<?Yﬁ>t
for taper ratios of O, 1/2 and 1 for various values of sweep angle,
Mech number, and aspect ratio. These data are presented in figure 6.

Calculations for the effect of the horizontal tail on the derivative (pyﬁ)t

were made. These calculations are presented in figure 7 for taper. ratios
of 0, 1/2, and 1 for various values of sweepback angle, Mach number, and
aspect ratio. ‘

Figure 8 presents some illustrative variations of the derivative CYB'

with and without the horizontal tall for various values of Mach number,
aspect ratio, sweep angle, and taper ratio.

t

Since the derivative <CYB> and the effect of the horizontal tail
on this derivative are based on the area of the vertical tadl, both.(CYB)t

and A(CYB> must be multiplied by the ratio Sy/Sy before they are used
. t ~

in stability calculations. Since the lateral force is the same for both
body and stability axes, then CYB' and CYB> are related by the
t

equation CY = (CYB>

Derivative Cn )
B/t

It is convenient to express the yawing moment due to sideslip of the
vertical tall relative to the body axes, the origin of which is located
at the center of gravity of the airplane a distance Zt from the leading

edge of the root section of the vertical tall. The yawing moment of the
vertical tall in the presence of the horlzontal tail is then given non-
dimensionally as

\ - () w
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where X 18 the x-component of the distance of the center of pressure of the verticel tail
from the leading edge of the root sectlon, and 14 18 the distance along the x-axls between
the center of gravity of the airplane end the leading edge of the root section of the vertical
tail.

9T

The distance X was calculated in the usual manner from & consideration of the moment due
to pressure_distribution over the vertical tall surface. The resulting equations for the
distances X ere as follows:

Mach line from the root section coincident with the leading edge:

For an arbitrary taper ratilo,

z =.2vaT3(K - 12 - 63%(K - 1) + 12J'K2] (1 - UX2) .

(CYB)t3nKE(1 F MO £ A+ 1) J3(1 - Kg)é

EIE(K - 1)%(2K2 + €K + T) - WK(K - 1)(2R2 - K - 16 «+ 121{2(18k9 -X - 2)] \/ax + J{1 - K) )

15J2(1 - ¥2)= J3(1 + K)

2
W3(1 + 2X°) (cos'l J(1-XK) +K -1 E) -

I3(1L - K2)2YK + 1YXK - 1 K ‘ K

2/2

((mnr-lea)\/(ux-ecrman?l CKR(h - 3) - (I - T - 2K) [(7 + 2% - WIVE KT
30[a(x + 1)]5/2 JK(L + X) T efaux + 13]372 -

(JK + J +2K)2Kl/2 cog-l 30K = J - 2K
83(1 + K)3/2 JK +J + 2K

2The NI VOVN
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For a taper ratio of 1,
= 1 -2by 2 56 |
X = L(36a' + 200" + 9) - +
(CYB)t Y5t/ 24" [ \laA']
2] ‘o n r
Wovy2 ]9 - 5" 2" -5 [ gy
3n/AY | 13ar' . 16A0
(2a' + 1)2 28! -1 : 16
2v2a" . 2A' + 1 ) | (16)

Mach line from the root section cuts the trailing edge:

For an arbitrary taper ratio,

|
]

1 K3nWm'2 - 1
OB-l +

_3é1nrbv : Km' (3K2 - 15 . 1 ,
It(CYB)tJQ(l + X)Jm'g -1 3(x2 -.1)2 m' 2(K2 - l)(K2m|2 - 1)

‘ K3m' (2m' 2% - k2 - 1)m'? - 1 =
cos™t ———
3(K2 - 1)2(n'%? - 1){m'K + LVn'K - 1 Km'

Bo'K - 3K - 17)2x | (1 - bn'k® + 2w’k - KW@' ¥ 1
8 6m' (X - 1)2(1 + m'KNKYI + m'K

(17)

J(3K + 2m'K® + 2m'K + L)ym' + 1
12km'2(K - 1)(1 + m'KWEKVI + m'K
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For a taper ratio of 1,

z -by n'2(-3n' " + lom' - k) os-1 2 m'h . o512 .
= c —— g ———————————
(GYB)tA'2 3ﬂ(mf2 -1)2ym's - 1 n' n(m'2 - 1)2 ;;mfz -1
A|(2m|2 + m:) 6m16 _ 8!11:5 _ 17111')"' + 2!11'3 + 511'112
+ (18)
(m' +1)\ym'2 - 1 12(m'2 - 1)2ym'2 - 1

An expression for X in a somewhat different form from the preceding
equations is presented in reference 6. The values of (CY ) used in the
B/t

preceding equations must of course be valid for the particular Mach line
arrangement over the tail for which the distance X is to be determined.

The results for the derivative (Cnﬁ) are given relative to a system

of body axes located at the leading edge of the root section. (See

fig. 2.) The transformation formulas for conversion from body axes to
stability axes are given in reference 7. To the first order in «
(small angles of attack) the formulas for the contribution of the tall to
the derivative CnB , based on the wing area and wing span, is gliven by

Cng" = ::SS—E (Cnﬁ)t ) CJL<c7'l3>t (29)

where the prime refers to the stability axes with the origin located at
the center of gravity of the airplane.

The end-plate effect of the horizontal tail on the derivative (Cné)
t

may be expressed in terms of the change in the center-of-pressure -

distance X and the change in (CYB)t The change AX 1in the center-

of-pressure distance X is equal to the difference in the distance X
with the horizontal tail attached to the vertical tail and with the
vertical tail alone. Mathematically, the increment in X 1is glven by

A - (CYﬂ) * by 80mp),
(%re) * (%)

(20)

-
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where the quemtities X, (CYB)t’ and the change in (Cyﬁ)t due to the horizonmtal tail, have
Previouely been determined. The guantity A(cnﬂ)t depends upon the plan-form geametry and Mach

line location. For the condition where the Mach line from +the leading edge.of the root gection
cuts the trailing edge, A(Cnﬁ)t is given by the following expressions:

ZThe NI VOVN

For an arbitrary taper ratio,

32m' %3 r 3K2 - 1 cos-l 1. _ Va2 - 1

A(Cnﬂ>t 3xAT2(1s + x)3./m'2 - 1Ec2(1 - K2)2 m'  (m'2§2 - 1)(1 - K2) *

(2m'2gM - k2 - 1)ymw'2 - 1 cog-l L. . VB - 1(3K + 2m’ _ \K2n' - 1)n (21)
(1 - E2)2(m'@2 - 1)yn'K + 1yn'K - 1 ko' (1 - K)2(m'K - LEEE - 1

For a taper ratio of 1,

.A o ) . j_,_mle '. _@114 - 1Om'2 + L COB"l i. ) 3]11'2 N K(Gm'B + lll-m'e - 3m' - 5)
( "B/t 3A'2ﬂ\/£'2 -1 WMm'2 - 1)° Com' 4 (m'2 - 1)37E 16(m'2 - 1)(m' + 1)
, (22)
For a straight trailing edge,
: rﬁ(C - 16 e = — (23)
: 31 - x) AL+ M2 (LA a)AT(L+ A [T+ A) + 2(1 - )]

6T
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For a leading edge which is perpendicular to the free-stream direction,

A(CDB>’°= % 1 % X{A‘(ll-‘l- M)

(1 -X) +A7(1 + )

‘|(24)
B -» +a @+ M]VA' A+ MR -N) + A (1]
For rectangular vertical tails,
A(C ) -2 ' . (25)
%)t  3(a')2

As previously indicated, the derivative (C ) may be expressed in
8t
terms of the derivative (CY ) and an arm X. Calculations for the

distance X were made for taper ratios of 0 and 1 for various values of
sweep angle, aspect ratio, and Mach number. These results are presented
in figure 9. Since the formulas for X for the case where the Mach
line from the root section of the vertical tail cuts the tip were not
found, the curves ¥for X .were faired through this region. The faired
parts of the curves are dashed in figure 9. The change in the dis-
tance X due to the horizontal tail was calculated for taper ratios

of 0 and 1. The results of these calculations are given in figure 10.

Figure 11 presents some illustrative variations of the derivative CDB

with and without the horizontal tail for various values of Mach number,
aspect ratio, and sweep angle.

. Derivative <FZ )
B/t

The rolling moment due to sideslip may be calculated by integrating
the moment of the pressure loading about the root chord of the vertical
tall. Although the pressure distribution over the horizontal taill does
not contribute to the lateral force or yawing moment it does affect the
rolling moment due to sideslip. The integrations of the first moments
of the pressure for slideslip were therefore performed over both the vertical
and horizontal tall surfaces.

13
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The total rolling-moment derivetive may be written as

(re)e

]

<C7’B>vt " (Clﬁ)ht i} @t?ZQbiomelZ) ¥ (C lﬁ)ht

(CYB)t(%>+ (C2g)u : (26)

The first térm of the preceding expression, which gives the vertical-
tail contribution to the rolling moment, has been expressed in terms of
a force (CYB)t and an arm Z. The rolling-moment axm Z was determined

1]

by evaluating the rolling moment (due to sideslip) about the x body

axis and dividing the moment by the lateral force. For the condition
where the Mach lines from the leading edge of the root chord are coin-
cident with the leading edges, 7Z 1is given by the following expressions:

For a taper ratio of 1,

—_ - I_ «l 2 l_
5 - 8by (2a 1)(2a' + 1) cos_lZA l+i+

Y] :
A "BCYg 6k 2A' + 1 15

[132a'2 - 208" - 15] /28"

480

(27)

For an arbitrary taper ratio,

’ ; - |x3(ex2 5 ' :
= 6ty K3(2K= + 1) K cos-l L _

(1 + MKmCyy |6(1 - ¥2)2 T 2(1 - K2)2K + 1K - 1 K

COS-l

3(1-X) +K} VEK [3(1 +X) - 2] [3(2 +K) + 2£] 2 J(3K -1) - X
+ cos-1 +
K 128(1 + K)A\1 + X J(1L+X) +2K

K|J2(1 -X)2(1+K) (7K + 3) + 8JK2(1 —K2) - 12k2(1 +§)2] JE(1-K) + ]
96(1 - K=)2 , 1+K

(28)

e m mt e n e e e o T e e e e e < = == e . e ey e
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For the configuretion where the Mach line from the leading edge of the root chord cuts the
trailing edge of the vertical tall, Z 1s given as follows:

For an arbitrary taper ratio, -

-~ . -16by 2K2m'3(1 + X2) 1
7 = -l
372(1 + }\)B(cYﬁ)t (1l - ¥2)2ym'? - 1 cos " +
ok 3(-3 + 2K2m'® 4 k2) cos-1 L. _ schm'3 N
r/¥n + 1VKn - 1(K®m'2 - 1)(1 - X=)2 Kn' w(l - X2)(K2m'2 - 1)
J(L - K) + em'K T2(1 - K)2(3K - K2 + 3E3 + 2K2m' + k3w’ |
‘,/_?\/(l + m'K)(m' - 1) [ ( v i i ¥
8m'2%3 + fm'K + 3) + MK=m'J(L - K)(m' + 1)(ém'K2 + K2 - kK + 3) +
1&(2 12 ; - 2 - 1wl 3 w3 hm'2K3 _’ 1 ’
m'2(3K - TK° - 10m'K® + 3KJ + 2m'K 3)] (1 TR T m'K)E}- (29)

For e taper ratio of 1,

e T L O I GG
A‘QB(CYB)t 3a(m'2 - 1)5/2 o 3n(m'2 - 1)2

m' I:._‘ELI:AL'E(m'2 -1)2 C1am'(m' + 1)(m' - 1)2 + n'2(-2n'# + Tm'2 - 6m' - ll):l
' 12(m'2 - 1)5/2 l

(30)

2Th2 WL VOVN
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An expression for Z in a different form for the cases given by equations (29) and (30) is

presented in reference 6. The conslderation regarding the contribution of the horizomtal tail

to the rolling moment due to sideaslip (CZB) requires speclal emphasis, Because of 1ts end-
‘ ht

plete effect, the horizontal tall induces a pressure on the vertical tall. The vertical tell in
turn induces on the horizontal tail a pressure field that is bounded by the trace on the hori-
zonbal tail of the Mach cone springlng from the leading edge of the root section- of the vertical
tail. Thie pressure on the horizontal tail induced by the vertical tall gives rise to the
rolling-moment contrlbution of the horizontal tail. For positive sldeslip (positive angle of
attack), the perturbation flow over the right-side surface (outward normal to purface in direction
of positive y-axis) of the vertical taill induces a downward force on the right panel of the
horizontal teil and, similerly, the perturbation flow over the left-side surface of the vertieal
tall Induces an equivalent upward force on the left panel of the horizontal tell. For aideslip,
the rolling-mament centributions about the body axes of the vertical end horizontal tall are of
oppealte signs and tend %o counteract each other. The quantity ( B) was found by integration

oIS NL VOVH

and is given by the followlng expression for an arbitrary taper ratithincluding & taper ratio of 1):

. ) _hcramOEm' 2m02‘1m12 -1 . ’ n'2x
( zﬂ) Svby 3B m'? - 1- (:321310 l) En'E - BEEOQ(mvE l)] 2<m’ - Bmo\/m’e - 1)2

BomoPym'® - 1(B%mo? - 3m'2(8%mo? - 1)) sin-l = . Z). ‘
B2m02 . l(BemOE ED"Q 2%2(m|2 JE Bm'O 2
1 1 2m 2 12 - ! -
n2fm'2 + Ben2(n 132 ool YE'P -1 (31)
I_-m,g _ BEEOE(mQ - lﬂ ' m'

ke
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The results for the rolling-moment derivative were given relative to a
system of body axes located at the leading edge of the root section.

(See fig. 2.) The transformation formule for conversion 'of the rolling-
moment derivative from body axes to stebllity axes is given in reference T.
The rolling-moment derivative about the stability axes based upon wing

area and wing span is given by

b .
Cy." VSV c + afC (32)
B bwsw ng )+,
when only first-order terms 1n a are retained.

The end-plate effect of the horizontal tail on the derivative (Clﬁ)t
is made up of three effects: The change in (CY ) "the change in the

distance Z, and the change in the rolling moment due to the horizontal
tail (C ZB) ‘t. The change in (CYB) and the change in the rolling
h t

moment due to the horizontal tail have already been evaluated; hence;
only the change in the distance 7 remains to be evaluated. This
change AZ in the center-of-pressure distance Z can be written mathe-

matically as .
A7 = ), * ™ Cog), -z (33)

()40

where A(C, ) ig the change in the rolling moment due to the vertical

tail. The quantity A<C7'B)v‘t wgs found by‘ integration and is given by
the following equations:

For-.an arbitrary taper ratio,

cos -

xJ2(1 + A)m'2 - 13(1 - K9)2 m' - 301 - K2)(K2m'2 - 1)

K/n'2 - 1(-3K + ok3m'2 + K3) cos-L =L 4
3\/m’K + 1(1 - ¥2)2(m'2K2 - 1)ym'K - 1 Km'

om' - 1(-2K3w'2 + 5K2m' - K3m' + K2 - 3K) (3k)

12(w'K - 1)2(1 - ¥)3kfm' - 1

A(C _ 32m! 3K2 1+ K° -1 1 K2m2 - 1 .
1 - H
Y
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~

For a taper ratio of 1,

]

m13 mlll- - 2];1!2 + )+ -1 1
o8 — +

A(CZ ) = (o4
BVt 3qmar2 | (w2 - 1)2Vm'2 -2 m'

AL a(cem'd + Tm'2 + 6m' - 11)

+ .
(m'2 - 1)2 W' - 1)2Vm'2 - 1

(35)

Equation (26) indicates that the derivative (CZB)t' can be expressed

in terms of the derivative (CYB)t’ an arm Z, and a moment due to the

horizontal tail. Figure 12 shows calculated values of the arm Z for
taper ratios of O and 1. The dashed parts of the curves of figure 12
are falred since formulas were not found for this region. Figure 13
shows calculated values from which the moment due to the load on the
horizontal taill may be evaluated.

The change in the distance 7 due to the horizontel tail was
calculated for taper ratios of O and'l for various values of sweep angle,
Mach number, and aspect ratio. These calculated data are presented in
figure 14. Figure 15 presents some illustrative variations of the
derivative CZB' with and without the horizontal tail for various values

of Mach number, aspect ratio, and sweep angle.

DISCUSSION

¢

The calculated results for the derivaetives of the combination of
the vertical and horizontal tails show the expected trends; however, a
few results concerning the end-plate effect of the horizontal tail may
warraent discussion. Figures 6 and 7 indicate that maximum decrease in
(FYB)t due to removal of the horizontal tail is from 25 to 30 percent

of the value of (CYB>t. This maximum appegrsvto occur at a taper ratlo

of 0 for low values of the parameter BA. From this maximum the end-
plate effect decreases to values which are negligible compared to the
values of CYB % for large values of the parsmeter BA. The effect of

the horizontal tail on the derivative /C depends on and
( nﬁ)’c A(cYﬂ)t

on the length of the arm (zt-+ }‘f). Generally, the length 14 1s
somewhat larger than the length f; therefore the change in X due to

- e o e S e e A Ao A S (A o a5 TR
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the horizontal teil has a smsell effect on the arm (lt + f). In these
cases the effect of the horizontal tail on the derivative (CnB has

t
the same trends as those of the derivative (CY ) . The end-plate effect
of the horizontal tail on the derivative (Cz ) is made up of the change

in the distance Z, the change in the lateral force A(CY ) , and the

rolling moment due to the»horizontal tail. The rolling moment caused by
the load on the horizontal tail opposes the rolling moment due to the
load on the vertical tail so that it is possible for (CZ ) to. be

B/t

increased or decreased by removing the horizontal tail. This effect is
shown in figure 15(b) or 15(c).

b4

PROCEDURE FOR CALCUIATION OF STABIT.ITY DERIVATIVES CYB, CZB

AND C FOR GIVEN TATL ARRANGEMENT AND MACH NUMEER

ng

The results of the preceding anelysis of the sideslip derivatives
may not be conveniently presented in a form from which values of the
derivative can be directly obtained. The purpose of this section is to
set forth in detail a procedure for the calculation of the stebility
derivatives for a given tail arrangement and Mach number.

The proper use of the formulas derived in the previous section
requires the following consideration of the radical sign. The radical

sign \/ is defined as the positive root of the quantity under the
radical; thus 1f a 18 a positive number,

\/(ia)e =
However, note that
Ve Vo = 1Ve 1\a = -a £ \/(-a)(-a)

Lateral-Force Coefficient for Vertical
Tail in Presence of Horizontal Tail

The derivative (QYB)t may be determined as follows. First, the

products BA and Bm are evaluated. The second step depends upon the
value of the taper ratio of the vertical tail together with the degree
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of accuracy desired. If the taper ratio of .the vertical tail is 0, 1/2,
or 1 the value of (CYB)t may be obtained directly from figure 6. If

the value of the taper ratio is not O, 1/2, or 1 and if extreme accuracy
is not desired the values of (CYB)t may still be determined from

figure 6 by interpolation. If greater accuracy is desired the position
of the Mach lines on the vertical tail must be determined. The values
of C}gﬁ)t may then be evaluated from equatioms (2), (4), (6), (8), or (9)

depending on the plan form of the vertical tail and on the Mach line
configuration. The conversion of the lateral-force coefficient from body
axes to stability axes and the conversion from a coefficient based on

the vertical-tail area to a coefficient based on the wing area is given
by the expression

Sv
Cy.' = = (C
s~ 5y ( YB)t

Lateral-Force Coefflcient (CY'> of Isolated Verticel Tail

v

The lateral-force coefficient for a vertical-tail alone (CY )
' v

may be determined for the case where the Mach line from the center section
cuts the trailing edge of the vertical tail. The lateral-force coeffi-

cient is given by (CYB)v = (CYB)t + A(CYB)t The procedure for eval-

uating (CYB)t has been discussed previously. The procedure for eval-
uating A<9Y5>t is as follows. For taper ratios of 0, 1/2, or 1 the

values of A(CYB) may be found from figure 7; if, however, the taper
t

ratio is not 0, 1/2, or 1, good approximations to the value of A(CYB)
t

may be determined from figure 7 by lnterpolation. If greater accuracy
is desired, the value of AA(CYB) must be calculated from equations (10),
t

(12), or (13) depending on the plan form under consideration. The
conversion of the lateral-force derivative for a vertical tail alone from
body axes to stability axes including the conversion of the derivative
based on the wing area is given by the formula

Cy.' = §3<9 ) _ oy (c + afc
T " 5\Tsl T 5y [\ s/t YB)t

e e e e e~ o e e No——
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Yawing-Moment Coefficient for Vertical Tail in
Presence of Horlzontal Tail

The derivative ) mey be expressed in terms of the quantities
1y, /by, (CYs)t’ and X/hv as follows:

() (CYa)ta*“

The geometric quantity Zt/bv is known. The procedure for finding the
quantity (CYB)t has been given previously. The evaluation of the

quantity X/by may be determined as follows. First, of course, the

products BA and Bm are evaluated. The next step depends upon the
value of the taper ratio of the vertical tail. For vertical tails which-
have a taper ratio of O or 1, X/by can be obtained directly from

figure 9. If the taper ratio of the vertical tail is not O or 1, inter-
polation may he used to obtain X/bv if the degree of accuracy desired
is not great. When greater accuracy is desired the procedure to be
followed depends upon the Mach line configuration of the vertical tail.
If the Mach line from the root gection cuts the trailing edge, i/bv
may be evaluated from equation (17). For the cases where the Mach line
from the root section is coincident with the leading edge, X/by can
be evaluated from equation (15). If the Mach line from the root section
cuts the tip, X/by cannot be directly evaluated; it can be approxi-
mated however, by interpolation between the values of i/bv‘ for the case
where the Mach line from the root section is coincident with the leading
edge of the vertical tail and for the case where the Mach line from the
root section cuts the trailing edge. '

The conversion of the yewing-moment coefficient for a vertical tall
in the presence of a horizontal tail from body axes to stability axes
(including the change in the coefficient so that it is based on the wing
area and span) is given by

R CANEECAN

where a, of course, is assumed to be small.
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Yawing-Moment Coefficient for Vertical Tail Alone

The yawing-moment coefficient for a, vertical tail alone‘(Cnﬂ)
v

Investigated for the case where the Mach line from the root section cuts
the trailing edge. This derivative can be expressed as

O ORI

The procedure for evalusting the quantity (CYS) has been given
v

previously. Once the products Bm and BA are evaluated, the quantity
Ax/bv may be found directly from figure 14 for taper ratios of O and 1.

For other taper ratios between O and 1 the quantity Ax/bv can be esti-

mated by interpolation by use of figure 1k.
If greater accuracy is desired in the evaluation of (C s the

n6)v

ng )y

following procedure may be used. The derivative (C can be expressed

() - <Cna>t )

The method for calculating the quantity (Cpg), hes been set forth
previously. The quantity A(?nﬁ)t can be evaluated from equation (21).

as

The conversion of the yawing-moment coefficlent for a vertical tail
alone from body axes to stabllity axes and from a coefficient based on
the vertical-tail area and span to a coefficilent based on the wing area
and span is given by

B Zs>]

where o 3is assumed to be smgll.
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Rolling-Moment Coefficient for Vertical-Tail
and Horizontal-Tail Combination

The rolling-moment coefficient for the vertical-tail and horizontal-
tail combination (?1B>t can be expressed as

()~ () ” (Cls)ht & % *(Cp)ue

The procedure for finding the quantity (gy has been considered
. B £

previously. Once the products Bm and AB are evaluated Z/b, may

be found from figure 12 for taper ratios of O and 1. If the taper ratio
of the vertical tail is not O or 1, approximate values of Z/bv can be
obtained by Interpolation. For accurate evaluations, the Mach line
configuraetion on the vertical tail must be determined. For cases where
the Mach line from the root section is coincident with the leading edge
of the vertical tail, values of Z/by can be found from equation (28).
For cases where the Mach lines from the root section cut the trailing
edge, values of Z/bv can be found from equation (29). If the Mach line
from the root section cuts the tip, Z/by .can’only be approximately
evaluated by interpolating between the values of Zybv for the condition
" where the Mach line from the root section is coincident with the leading
edge of the vertical tail and for the condition where the Mach line fram
tHe root section just cuts the trailling edge.

The quantity'(CZB)ht was investigated for a horizontal-tail plan

form for which the trailing edge 1s swept at a constant angle, for
Mach numbers for which the Mach line from the root section cuts the
trailing edge of the horizontal tail, and where the Mach cone from the
leading edge of the tip section of the vertical tail does not intersect
the horizontal tail. TFor this case, the quantity (CZB can be found

with the use of figure 13 or it may be calculated from equation (31).

The conversion of the rolling-moment derivative for the vertical-tail
and horizontal-tail combination from body axes to stability axes (including
a change in the derivative so that it is based upon the wing area and

wing span) is given by

‘CZB' - %[(Czs)t ’ a(cne>t:|

where o is assumed to be small.
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Rolling-Moment Coefficient for Vertical Tail Alone

The rolling-moment coefficient for vertical tail alone (CZB) was
v

investigated for the case where the Mach line from the root section cuts
the trailing edge of the vertical tail. The derivative (CZ ) can be
B/v

expressed as

(?ZB>V f (Cyé>v g%'+ %% (36)

(CZB)V = (Cls)vt + A(CZB>W (37)

The procedure for the determination of (CY > 5 Z/bv, and Cy has
v (%

or

vt
been given previously. For taper ratios of O or 1 the quantity AZ/bv
can be found directly from figure 14. Thus, (CZ ) can be found from
B/v

equation (36). If the taper ratio is not O or 1 the value of AZ/by

may be estimated from figure 14 by interpolation. For precise evalu-
_ations, the quantity ‘ﬁcjlﬁ)vt may be evaluated from equation (34).

]

Thus, cjlﬁ)v can be found from equation (37).

The conversion of the rolling-moment coefficient for a vertical tail
alone from body axes to stability axes and from a coefficient based on
the vertical-tail area and span to a coefficient based on the wing area
and span is given by

Crp' % (CZB)V i G<C~ns)v |

vhere « is assumed to be small.
CONCLUDING REMARKS

The linearized theory has enabled an evaluation of a first approxi-
mation to the lateral force due to sideslip CYB, the yawing moment due

to sideslip Cnﬁ, and the rolling moment due to sideslip CZB for a
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number of tail configurations. The influence of the wing on these tail
derivatives has not been considered.

The suitability of the results for full-scale flight stability
calculations is necessarily limited because of the restrictions of the
linearized potential-flow theory. ‘

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va., February 2, 1951
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TABLE I.- FORMULAS FOR POTERTTAL DISTRIBUTION DUE TO SIDESLIP

- Hach lines

Verticel tail Horizontal tafl
(mn:ﬂ::m,) Vertical tail with horizomtsl tail, g(x,0%,s)
1 _¥B(mx - x
VeeZ -1
2 TR T 'ﬁ._ l[(mx - z)cosL ;(;:fm:) + (mx + z)coe™) ;(;B?‘;)]
2B + 1 ]
e e e
_ w8 Tt (B4 l) 1-mx,+nan2z.+bv(nﬂm2-1)]
x\Be2 - 1 n‘-xa)[co' e - I Bamxa - Ta)
% .
(o et ).
v8 4 DXy + T, (2Bm - 1) + 2,
5 -’———’x Bame_lkm“Jd“*a’V)c“l mna*"!a*'a‘v +2\f-:u(mxa+hxu+ﬂ>v)(.nn-l)]
: Vertical tail without horizontal tatl, ¢(x,0%,z)
_¥(mx - 1)
t -1
3 - rj’—gz—fl[(m - ze)cos™t %fi-::;n + 2 \[-mza(xa + Bza)(Bm + 1)]
vB ) T+ 5p(2BmR1) :.(23m-1)+ﬂ:v(nn-1)-
-xmkm"‘)[ml Ty - I ot T - ]+
h -
2\f[xs + by)[mte + By - Bu(z, - b)[(Ba - 1) + 2\osgn(xy + B, )(Ba + 1)}
Upper surface of _hoai-:.zontal ta1l, @(x,5,0%)
1 . o
8 (2o s s PR 1) | T 0 Bagg(aeneu)
2 mjﬁ%ﬁ._l[mw'l _3%2(32::2-:3 Br\ana 1 cos (e . 1)
g -1(2-1::252); 32,72(32:12 ) ) ‘(2::2- a1 B%Bame+1)-l!emaxa—l
3 . -1[ 2 PR 1) T P2 weee? 1))

T
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FABLE II.~ FOEMULAS FOR PRESSURE-DIFFERENCE COEFFICIENT DUE T0 SIDESLIP

4 z z,
/
’ y‘
Vertical tail
(ene cimcctes) Verticel tail with barizontal tail
1 VB2 -1
o hm__ | o1x-B%ms -1 x+Bome
2 «\B22 - 1 °r B(mx-z)+co. B(mx+s)]
ham _lmx,+:¢(2m+1)
3 VB2 o1 e - Ta
 m 'co,,-l ooy + 2,(28m + 1)] ' cogl T2 " B2y, - (B3R - Db, .
xVBa2 - 1f - e Ta Bo(mxa - %a)
.3 _lmxa+32maza+'bv(32m2+1)
cos
Bm(mxa+2bv+za)
Mm% - %(1- =)y
B B2 - 1 mr, + x4 + 2y
Vertical tail witbont harizontal tail
1 Yy
ham m._lm-z(zh-l)
2 -::B -1 o - %
_ g cop-l 2t 2,(2Bz + 1)
3 2R - 1 [ra - Ta
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(b) Horizontal tail.

Flgure 5.- Spanwise loading for vertical and horizontel tails with B = 1,
A=2, m=2, A=0.5, and my = 6.
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(b) Taper ratio of 1/2.

Figure 6.- Continued.
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Figure T.- Concluded.

NACA TN 2412

T T T T

é T T


http://www.abbottaerospace.com/technical-library

Wrthr Ahortzontal for/
— ———— Without horrzontal #cri/

ZThe ML VOVN

2.0 2.2 - a4 2.6

(a) Illustrative variation with Mach mumber. 4 = 2; A = 0.5; A = 53°,

Figure 8.- Some illustrative variations of CYB' with Mach number, aspect o
ratio, sweep angle, and taper ratioc for i‘-“—e = 10.
Cr =
g
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Figure 8.- Continued.
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Figure 8.- Continued.
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Figure 10.- Variation of Ai/Bbv with B cot A for various values of BA
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(a) Dlustrative variation with Mach number, A = 2; A = 1.0; A = 40P,

Flgure 1l.- Some illustrative veriations of an' with Mach number, aspect

ratlo, and sweep angle for -F-’-W—=10, b—-‘i=8, a3 w 3, end o = O.
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(b) Illustrative varistion with aspect ratio. M =2; A =1; A= Lo°,

Figure 11.- Continued.
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Flgure 11.- Concluded.
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Figure 12.- Variation of Z/by with B cot A for various values of BA
and for taper ratios of 0O and 1.
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Flgure 15.- Continued.
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Figure 15.-~ Concluded.
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