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SUMMARY

Relatlions were enalytically obtained for the prediction of radial
distributions of wvelocity and temperature for fully developed laminar
flow of gases and of liquid metals in tubes with fluld properties
variable along the radius. The relations are applicable to both heat-
ing and cooling of the fluld. By use of the relations for velocity and
temperature distributions, relations were obtained among Nusselt number,
friction parameter, and ratio of wall to bulk temperature.

The Nusselt number and friction parameter were found to be Inde-
pendent of Reynolds number and Prendtl number. The effects of ratio of
wall to bulk temperature on Nusselt number and friction parameter could
be eliminated by evaluating the fluid properties at specified tempera-
tures In the fluid.

INTRODUCTION

Most of the analyses of laminar flow and heat transfer in tubes,
Por instance the uniform-wall-temperature solution given in reference 1,
have been carried out under the assumption that the fluid properties do
not vary with temperature. Somswhat more work on variable fluid prop-
erties has been done for the laminar boundary layer of a flat plate.
(See, for instance, references 2 and 3). In reference 4, veloclity
distributions for leminar flow in tubes with variable viscosity and soms
approximate relations for temperature distributions and. heat-transfer
coefficients are gilven.

Tn the analytical investigation reported herein, which was con-
ducted in the NACA Lewis laboratory, both velocity and temperature dis-
tributions are obtained for fully developed laminar flow in tubes of
gases and of ligquld metals with variable f1luid properties. These
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relations are applicable to both heating and cooling of the fluid. By
use of these velocity and temperature distributions, Nusselt numbers
and Priction parameters are obtalned. The results should be applicable
to Plow abt points where the ratio of distance from entrance to dlameter
of the tube is on the order of one-twentleth of the Reynolds number ox
greater.

SYMBOIS

The following symbols are used in the report:

cp specific heat of fluld at constant pressure, (Btu)/(1b)(°F)

D inside diameter of tube, (ft)

d exponent, value of which depends on variation of viscosity of
fluild with temperature

i friction factor, 27y/(pw?)

5 friction factor with density evaluated at bty

nifol friction factor with density evaluated at wall temperature

acceleration due to gravity, (32.2 £t/sec?)

h heat-transfer coefficient, q_o/(to - %), (Btu) /(sec)(sg £t)(°F)

k thermal conductivity of £luid, (Btu)(ft)/(sec)(sq £t)(°F)
k thermal conductivity of fluld evaluated at 1y,

(Btu) (£1)/(sec) (sq £1)(°F)

kg thermal conductivity of fluld evaluated at tg,
(Btu) (£t) /(sec) (sq £4)(°F)

Nu Nusselt mumber, hD/k
Nuy, Nusselt number with conductivity evaluated at
Nuy Nusselt number with comductivity evaluated at t

Nug Nusselt number with conductivity evaluated at 1,

Pr Prandtl number, cp @ [k

AT
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rate of heat transfer toward tube center per unit area,
(Btu)/(sec) (sq £1))

rate of heat transfer at wall toward tube center per unit area,
(Btu)/(sec)(sq £t))

dimensionless heat-tremsfer parameter, a/g,

redius, distance from tube center, (£t)

inside tube radius, (ft)

dimensionless radius paramster, r/ro

Reynolds number, pubD/p

Reynolds number with density and viscoslty evaluated at tx
Reynolde number wlth denslty and viscoslty evaluated at wall
absolute temperature, (°R)

bulk or average static temperature of fluid at cross section
of tube, (°R)

temperature in fluid, x(ty - %) + by, (°R)

absolute wall temperature, (°R)

dimensionless temperature paramster, t/to

dimensionless bulk-temperature parameter, tb/to

velocity parallel to axis of tube, (ft/sec)

bulk or average velocity at cross section of tube, (ft/sec)
dimensionless velocity paremeter, pou/(TorO)

dimensilonless bulk velocity parameter, uoub/(foro)

number

distence from tube entrance, (ft)

dimensionless parameter, kgtg/(gagrg)
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s dimensionless friction parameter, Toro/ ()

o7 dimensionless friction paremeter with viscosity evaluated at tg
Sy dimsnsionless frictlion parameter with viscosity evaluated at by
U absolute viscosity of fluid, (1lb-sec/sq ft)

Hy absolute viscosity of fluid evaluated at 'tb, (1b-sec/sq £t)

T absolute viscosity of fluid at wall, (1lb-sec/sq £t)

o mass density, (1b-sec?/rt%)

Py bulk or average density at cross section of tube, (I1b-sec?/ft?)
o mass density of fluild at wall, (lb-secz/sq £t%)

T shear stress in fluild, (1b/sg £t)

T shear stress in fluld at wall, (I1b/sq ft)

ANATYSTS

In the present analysis, equations for the velocity and temperature
distributions in a laminar stream of gasses or of liguid metals through
a tube are derived for the fully developed boundary layer. From these
equatlions, relations for the Nusselt number and frictlon factor are

obtained.
Flow of Gases

Agsumptions. - The analysis for gases applles when the following
agsumptlions hold:

1. The velocity u at any glven distance from the wall is inde-
pondent of distance along the tube. This assumption holds for fully
developed Pflow when the rate of density change in the direction along
the tube is small. The effect of denslty change becomes less important
as the velocity is increased. ZLeminar flow can exlst at these velocitles

if the tube dlameter 1s small.

2. The temperature difference T, - t at any distance from the

wall is independent of distance along the tube. This condition holds
for fully developed temperature distributilons with uniform longltudinal
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dlstribution of heat transfer in the tube when the £luid properties are
constant and holds for variable properties when the heat-transfer rate
varies slightly along the tube.

3. Frictional heating effects can be neglected. These effects are
small when the Mach number for the flow is small compared with unity;
the Mach number 1s generally small when laminar flow through a tube
exists.

4. The viscoslty, the thermal conductlivity, and the density vary
with temperature; the specific heat and the Prandtl number are constant.
The veriations with temperabture of the specific heat and the Prandtl
number of gases are of & lower order of magnitude than the variation of
viscoslty, thermal conductivity, and density.

5. Heat transfer by conduction in the gas In the direction along
the tube can be neglected. This heat transfer is generally small com-
pared with that transferred by convection along the tube except for very
small velocities.

Velocity distributions. - For laminar flow the shear stress is pro-
portional to the velocity gradilent, or

du
T = =] e— l
Hoan (1)
The relation for the varlation of shear stress with radlus for unaccel-
erated flow (assumption 1) is obtained by equating the shear forces to

the pressure forces acting on a cylinder of fluld of arbitrary radius
and differential length (reference 5). This relation gives

T
T =Tn — (2)
Oro

From equations (1) and (2)

r du

In order to convert this equation to dimensionless form, the follow-
ing quantities are introduced:

1L
u = FO (4)
r o= e (5)
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Then

du’ HO du
T = T, ar (6)

Equation (3) becomes, when written in dimensionless form,

du!
rt = - }-J,%d? (7)

The variation of the viscosity of a gas or liquid metal with
temperature can be shown from viscosity data to be given by an equation

of the form
d
B t a
oot ) = %
Ko <t03 ®)

Substituting this value for p/po in equation (7) and separating
variebles results in

-bl

Integration of this equation between a point in the fluld and the wall
resulbts in

LI ._Il.. dr!
u = ) (9)
rl

In order to solve this equation, the relatlion between +' and r' must
be obtained. This relation is obtained in the following section. :

Temperature distributions. - For obtalnlng temperature distri-
butions, a heat balance is first written for an annulus of fluid with
inside redius r, oubside radius r + dr, and length dz. The heat
entering the outer cylinder of the amnulus is 2n(r + dr)(q + dq)dz and
the heat leaving the imner cylinder is 2x r q dz. The net heat trans-
ferred Into the annulus through the cylinders is, if differentials of
higher order than the first are neglected, 2x dz(rdq + qdr) or

2x [5 (ra) /Br]dr dz. The heat transferred through the ends of the annulus

by conduction is neglected (assumption 5). The heat picked up by fluid
pagsing through the annulus is 2x r dr pgu cp dt or

2r r dr dz pg u Cp Ot/dz. The heat balance can then be written as

¥S12
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d(rg) _ ot
S, - rPe w cp - (10)

The heat balance for the whole cross section of the tube is

Zn:roq0=1tr02 pbgu-bcpatb/az

or
2q, =Vro Pp 8 Up Cp 3ty /92 (11)

From assumption 2,

o(to - t)

oz

or )

ot

ao“%g‘?? (12)

Dividing equation (10) by equation (1l) and using condition (12) and
constant ¢, (assumption 4) give

1 of=x* a/ag) gt

£ T L 13
R~ o (13)

ﬁl;:

The static pressure is uniform across the tube. From the perfect gas
law,

t
op t
Substituting equation (14) in equation (13) and integrating produce
AN
d(r'q') = 2 rt,u:dr

rl

or

1
1 2 t‘b u'
_?-f/ Ty (15)
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Another expression for q' 1s obtained as follows: The law for
heat conduction is

at
=k ir (16)

Equation (16) can be written in dimensionless form as
k dbe

Q' =A ;& (17)
where
knt
= 070 (18)
%0

With the assumptlions of constant Prandtl number and constant specific
heat (assumption 4), the law for the variation with temperature of the
conductivity must be the same as the law for variation with temperature

of the viscosity, or

d
X (.’E_) = t1d (19)
K, \%g
Substitution of equation (19) into equation (17) gives
dt?
q! = Atrd I (20)

Equating equation (15) to equation (20) gives

1
1
12 eI ow L ged 88

rl rl t u_bf drf
rl
This equation can be integrated to give
1
1 -t == 1 r'u'arr ar' (21)
)\. r! u'b

! t'd

In order to solve equation (21), tp', up', and u' must be
obtained in terms of t' and x'.

QT2
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o
tou rdr
t'b 0
To
pu rdr
0]
or
1
-P— .e_ u'rfd_rf ufrldrl
0 0 Po
0
tb' = T = T
_& utrtdr! 11']'1" ar!
Po t
0 0
Similarly, ’
T Fro
ur dr
2
0 by
r dr
0 Jo
or

(22)

(23)

(2¢)

(25)

(26)

When equation (26) and the value for u' from equation (9) are substi-

tuted in equation (21), there results
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1
lf]_ P! .
d [av]
r' :: rtdr! §
1 1 1 1 r!
tt=1-= —— | = - = ar'  (27)
A t'd r' r! 1
* r_'d_r'
o £1d
T rtdr)
0
rl

Equation (27) gives the relation between +' and r' for various

values of A Ffor laminar flow of gases. The equation can be solved by

the method of iteration; that is, an assumed relation between +' and

r!' 18 substituted. into the right-hand side of the equation and new -
values &are calculated by solving the equation. The new values are then
substituted into the equation and the process is repeated. After the
relation hetween +' and r' for each value of ) has been obtained
from equation (27), the relation between u' and r' can be obtained
from equation (9).

Flow of ILiquid Metals

Assumptions. - Assumptions 1, 2, 3, and 5, which were used in the
analysis of laminar flow of geses, are also used in the analysis of
laminar flow of liquid metals in tubes. Assumption 4 18 altered, how-
ever, inasmuch as the variations with temperature of the density and the
thermal conductivity for most liquid metals are small compared with the
variations of viscosity. In the present analysis, it is assumed that
only the viscosity varles with temperature.

Velocity distributions. - In the derivation of eguation (9) for
velocity distributions in ges flow, variable density and thermal con-
ductivity did not enter the analysis. Eguation (9) therefore applies
also to liquid metals.

Temperature distributions. - The analysis of temperature distribu-
tions for liquid metals is the same as that for gases except that p/pb

in eguation (13) and k/ky in equation (17) are both set egual to 1.
The equation for temperature distributions 1s, with these alterations,
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1 — —
1
l T
Ld:r' rtir!
! t’,d
1 1 1 r! .
£ = - = —_ - =
1 }\ r! r! 1 1 dr' (28)
Ld_rt rtdr!
ot £1d
r! 0

This equation can be solved in the same way as equation (27). The
dimensionless bulk temperature t,' for liguid metals is calculated

from
1
f tru'rtdr!
, 0
' = TAT
[T
0

rather than from equation (23), which was used for gases.

(29)

Nusselt Numbers and Friction Parameters

Nusselt numbers. - The Nusselt number with the conductivity evalu-
ated at the wall temperature 1ls defined as

hD
Nug = (30)
0
where
a0

From equations (30) and (31) and the definition of AN in eguation (18),
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Rug = X‘(ﬁ,—y (32)

where t,' is obtained from equations (23), (9), and (27) for gases or
from equations (28), (9), and (29) for liquid metals.

Similarly the Nusselt number with the conductivity evaluated at the
bulk temperature is

2

Nuy, = (33)
DML - ) e
An arbitrary temperature in the fluid ty 1s defined by
b = 5 + x(tg - tp) (34)
or
E’E: ' o+ (1 - ty') (35)
%9

where X 1is some number. The Nusselt number with the conductivity
evaluated at tx is

T 2 (36)

TN - tb')(tx/to)d

Friction parameters. - The friction parameter with the viscosity
evaluated at the wall temperature is defined as

Toro
B = Tyig (37)
or
1
50 - ubl (38)

where up' is calculated from equations (25), (9), and (27) or (28).
The friction parameter with the viscosity evaluated at any temperature
tx 1is, then

1

= 39
u‘b' (tx/to)d o

O%

¥ST2
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The conventlonal friction factor with density evaluated at the wall
o can be shown, from the definitions of f,, 8y, and Regy, to be

glven by

450
fo =/R'-"e'o“ (40)
or
45
X
fx = ‘B;e; (4:1)

Conventional Veloclity- and Temperature-Distribution Parameters

The conventional velocity-distribution parameter u/ub can be
wriltten as

4 o= ul (42)
u-b u‘b

where u' is calculated from equation (9) and up'  1s calculated from
equations (25), (9), and (27) for gases, or equations (25), (9), and (28)
for liquid metals.

Similarly the temperature-distribution parameter (to-t)/(to—tb) can
be written as

th-t
O l"t! (43)

Toty, | Loty

where +' 18 calculated from equation (27) for gases or equation (28)
for liquid metals, and tb' is calculated from equation (23) or (29).

Special Case of Uniform Fluld Properties

Equations (9) and (27) or (28) can be integrated for the special
case where the f£luld properties are congtant by setting the value of tf
on the right-hand sldes of these equatlons equal to 1. The results of
these Integrations are

o= %(1 - r2) (44)
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1{3 2 4
t'=l-r(z-l" +—4—-> (45)

Also, u,' is found by Integration of equation (25) to be

1
up' =7 (46)
and, from equation (29),
11 1
by =1 - X (47)
From equations (32) and (47), the Nusselt number is
48
Tu = 1T (48)
From equations (38) and (46)
5 =4 (49)
and, from equations (40) and (49), the friction factor is
1
=38 (50)

Re

RESULTS AND DISCUSSION
TLaminar Flow of Gases

Velocity and temperature distributions. - Veloclty and temperature
distributions for fully developed laminar flow of gases in tubes with
varisble fluid properties are shown in figures 1 and 2, respectively.
The profiles were calculated from equations (42) and (43), where the
various quantities in the equations were calculated as Indicated after
the equations. The exponent d was found from viscoslty data to have
an average value of 0.68 for air and most common gases for temperatures

between 00 and 2000° F.

It is seen from figure 1 that heat eddition to the gas sharpened
the peak of the velocity profile in the central portion of the tube,
whereas heat extraction causes a flattening of the profile at the center
of the tube. These results agree qualitatively with the sketch glven in
reference 6 (p.186). Inasmuch as the viscosity of a gas inereases with tem-
perature, the viscosity near the wall for heat addition is greater than
that near the center of the tube so that the gas 1s slowed down near the
wall and accelerated in the center of the tube for heat addition to the

$Sie
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gas. The opposite effect 1s produced for heat extraction from the gas.
The variation of density across the tube apparently has a smaller effect
on the velocity distributions than does the variastion of viscoslty.

The changes 1n sharpness of the temperature profile at the tube
center with heat addition and extraction, as indicated In figure 2, are
In the same direction as those for veloclty profiles because the thermal
conductivity varies in the same way with temperature as does the viscos-
ity. The shapes of velocity and temperature profiles for laminer flow,
however, dlffer somewhat in contrast to turbulent flow where velocity
and temperature profiles are similar (reference 7). Although equa-
tions (1) and (16) have the same form, the shear stress varies linearly
with redius vhereas the heat transfer per unit area does not, and hence
the shape of the velocity and temperature profiles may be expected to
differ. TIn turbulent flow the profiles are so flat that it makes little
difference what assumptions are used for the variations of shear stress
and hest transfer wlth radius.

Nusselt numbers and frictlon parameters. - Nusselt numbers and
friction paremeters are plotted as functions of to/tb in figures 3 and
4, respectively. The Nusselt numbers were calculated from squa-
tions (32), (33), and (36) and the friction parameters were calculated
from equations (38) and (39). It is seen from the figures that the
parameters vary considerably with to/tb when the fluld properties are
evaluated at either the wall temperature or the bulk temperature. The
effect of tg/tp on the paramsters can, however, be nearly eliminated

by evaluating the conductivity in the Nusselt number at
t_0.27 = -0.27(tg-t) + t; and by evaluating the viscosity in the fric-

tion parameter at tg g = 0.58(t0-tb) + t,. The fluid properties in

the Nusselt nmumber must be evaluated at a different temperature than that
at which the fluld properties in the friction parameter are evaluated,
Inasmuch as the veloclty and temperature profiles are dissimilar and the
bulk velocity and the bulk temperature are weighted differently (see
equations (22) and (24)).

Laminar Flow of ILiquild Metals

Velocity and temperature distributions. - The velocity and tempera-
ture distributions for laminar flow of liquid metals shown in figures 5
end. 6 were calculated in the same way as were those for gases. The
exponent d was found from the limited viscosiby data avallable for
liquid metals to have an average value of about -1.6 for lead, bismuth,
and sodium potassium alloy at temperatures between 300° and 1500°0 F.

The changes in velocity-profile shapes shown in figure 5 are
opposite to those for laminar flow of gases, because the variation
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with temperature of the viscosity of liquid metals is opposite to that
of gases. It 1s seen in figure 6 that the effect of 'bo/tb on the
shape of the temperature profile is slight for liquid metals » becausge
the thermal conductivity is considered constent, so that any change in
the temperature distribution must be caused by variation of viscosity.

Nusselt numbers and friction paramsters. - Nusselt numbers and
friction peremeters are plotted as functions of 6o/t in figures 7 and

8, respectively.

The curves in figure 7 show that the friction parameter can be made
substantially independent of +tq/t;, by evaluating the viscosity at
to.54 = 0.54(tg-ty) + ty. This temperature is close to the temperature
used for evaluating the viscosity in the friction parameters for gases.

The curve in figure 8 shows the variation of Fusselt number with
to/t-b for 1liquid metals. The effect of to/tb on the Nusselt numbers
cannot be ellminated as in the case of friction parameters, inasmich as
the thermal conductivity of liquid metals is assumed not to vary with
temperature. The variation of Nusselt number with tp/t; is caused by
the variation of viscosity with temperature and can be nearly eliminsted
by multiplying the Nusselt numbers in figure 8 by the empirical correction

for liquids usually given in the literature (uo/ub)0°l4. (see, for
example, reference 6, p. 190.) The fact that the Nusselt number for
liquid metals varies with tg/t; indicates that Nusselt numbers for gases

are probebly affected by variation of viscosity as well as variation of
conductivity. Evaluating the conductivity at & certain temperature in
order to eliminate the effect of to/'bb seems to be only a convenlent way

of presenting the results.

Comparison of Laminar and Turbulent Flow of Gases

A comparison of lsminar and turbulent flow of gases 1s given in
figures 9 and 10.

In figure 9 are shown calculated laminar Nusselt numbers from the
present investigation and calculated turbulent Nusselt numbers for a
Prandtl number of 1 from reference 7. The laminer Nusselt number is
independent of the Reynolds and Prandtl numbers, whereas the turbulent
Nusselt number is dependent on them. In order to eliminate the effects
of 'to/'b-b, the fluid properties including the density in the Nusselt and

Reynolds numbers are evaluated at the average of the wall and bulk temper-
atures tg.5 for turbulent heat transfer and at a temperature between
the bulk temperature and the temperature at the center of the tube t.g.27

for laminar heat transfer. The fluid properties for heat transfer in the
transition region should evidently be evaluated at temperatures between

these two.

va12
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In figure 10, the laminar friction factors were calculated from
equation (41) and the turbulent friction factors were taken from refer-
ence 7. The lamlnar frictlon factor f 1s independent of Prandtl
number. (The leminar friction parameter ® 1s independent of both
Réynolds and Prandtl numbers.) For friction factors, the fluid prop-
erties including the density for both leminar and turbulent flow are
evaluated at temperatures close to the average of the wall and dbulk
temperatures .

SUMMARY OF RESULTS

The followlng results were obtained from an analytical investi-
gation of laminar flow in tubes:

1. Variation of fluld propsrties across the tubes for laminar flow
of gases caused a sharpening of the peak of the veloclity and temperature
profiles at the center of the tube for heat addition to the gas &and
a flattening of these profiles for heat extraction.

2. Variation of fluld properties across the tube for laminar flow
of liquid metals caused a flattening of the veloclty profile at the cen-
ter of the tube for heat addition to the liquid metal and a sharpening
of the profile for heat extraction. Variation of fluld properties had
but a slight effect on the temperature profile for liguid metals.

3. The effects of ratio of wall to bulk temperature on Nusselt
numbers and friction parameters for laminar flow with variable fluid
properties could be eliminated by evaluating the fluid properties In
these quantlties at various temperatures in the fluild.

4. The velocity and temperature profiles, as well as Nusselt number
and friction parameter, were independent of Reynolds and Prandtl number
for fully developed laminar flow with fluld properties that varied
across the tube.

National Advisory Committee for Aeronautics,
Lewls Flight Propulsion Laboratory,
Cleveland, Ohio, February 1, 1951.
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Flgure 9. - Varlation of Nusselt number with Reynolds number for flow of gases with
fluld properties including density in Nusselt number and Reynolds number evaluated
at temperatures of t_g,p7 = -0.27 (tg-tp) + t, for laminar heat transfer and at
temperatures of to.5 = 0.5 (to-tb) + tp for turbulent heat transfer at Prandtl
number of 1,
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Figure 10. - Variation of frictlon factor with Reynolds number for flow of gases with
fluid properties including density in friction factor and Reynolds number evaluated
at temperatures of tg g4 = 0.54 {to-tp) + tp for laminar flow and at temperatures

of tg.5 = 0.5 (tg-tp) + tp, for turbulent flow. 4
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