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AN IMPROVED APPROXTMATE METHOD FOR CALCULATING
LIFT DISTRIRUTIONS DUE TO TWIST

By James C. Sivells

~ SUMMARY

A new method is presented for calculating the 1ift distribution due
to twist which gives a much closer approximation than the empirical
method of Schrenk (NACA TM 948) and requires about the same esmount of
computing. The new method, based on lifting-line theory, makes use of
the lift distribution due to angle of attack and takes into account the
aspect ratio of the wing. The twist msy be that of the washout incor-
porated in the wing design, of aercelastic deformations, of deflected
flaps or allerons, or of downwash induced by another lifting surface or
by the jet boundary of a wind tunnel. Exasmples are presented for the
four main types of twist: symmetrical, antisymmetrical, continuoug, and
discontinuous. The applicability of the method to swept wihgg is also
presented. ‘

INTRODUCTION

For many purposes it is desirable to calculate quickly an approxi-
mate spanwise 1lift distribution on a wing due to its twist. The twist
may be that of the washout incorporated in the wing design, of aero-
elastic deformations, of deflected flaps or allerons, or of downwash
induced by another lifting surface or by the jet boundary of a wind
tunnel. One approximation, which has been used extensively in the past,
is that of Schrenk (reference 1} modified by fairing out discontinuities
as suggested in references 2 and 3. Although Schrenk's approximation may
be adequate for some purpcoses, it is not as accurate as often desired
since it does not take into account the aspect ratio of the wing and
weights the twist angle arbitrarily according to the spanwise chord dis-
tributlion., The ability to obtain a closer approximation with about the
same amount of computing is therefore desirable. The method presented
herein has been developed to provide such an approximatiocon,

Gdaliahu, using lifting-line theory, has rigorously proved in refer-
ence 4 that the average angle of attack of a twisted wing can be obtained
by a spanwise integration of the local angle of attack weighted according
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to the additional spanwise load distribution. The average angle multi-
plied by the three-dimensional lift-curve slope gives the 1lift coeffi-

cient.

These results are proved hereiln in a somevhat different mamner.

It is also shown herein that the moment of the lift distribution of a
twisted wing can be closely approximated by a simple expression. It is
then reasoned that, if both the 1ift and moment given by .the approxi-
mation agree with the 1ift and moment obtained from more exact calcula-
tlions, then theée approximate spanwise load distribution must agree fairly
closely with the theoretical spanwise load distribution. A few examples
given herein show this reassoning to be correct.

nf

edge~-velocity factor for symmetrical 1lift

SYMBOLS

aspect ratio
coefficients of trigonometric series for 1lift distribution

coefficients of trigonometric series for 1ift distribution
rer unit angle of attack

increment in 1ift coefficient due to twist

coefficlents of trigonometric series for 1lift distribution
due to twist

2
distributions Jl + L cog A
. A

edge-velocity factor for antisymmetrical 1ift
16 cos2A

A2

distritutions 1 +

three-dimensional 1lift-curve slope per degree
two-dimensional lift-curve slope per degree

section lift-curve slope per degree (EALEEEJ})
. | =

span of wing
local chord of wing

mean geometric chord (b/A)
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section 1ift coefficient

" section 1ift coefficient for additional lift distribution

section 1lift coefficient for additional 1ift distribution at
a wing 1ift coefficient of unity

section 1ift.coefficient for basic 1ift distribution
section 1lift coefficient for 1ift distribution due to twist
wing-tip helix angle, radians

spanwise coordinate

spanwise coordinate at position of discontinuity in twist
angle of attack, degrees

induced angle of attack, degrees

angle of twist, positive for washin, degrees

average angle of twist, degrees

megnitude of discontinuity in twist, degrees

correction factor used in fairing discontimuity in twist,
degrees

spanwlse coordinate (?os‘l %z)

sweep angle of wing quarter-chord line, degrees

DEVELOPMENT OF METHOD

The approximate method developed herein for calculating 1lift dis-

tributions due to twist is based upon the determination of exact or
approximate expressions for the area and moment of the lift distributions
due to the twist in terms of the twist itself, the average twist, the
additional 1lift distribution due to angle of attack, and the wing 1lift-
curve slope. The lift distribution due to twist is designated as clec/b

which becomes equal to the basic 1ift distribution Czbc/b when the wing



‘TEEHN[BAL LIBRARY

ABBOTTAEROSPACE.COM

i o NACA TN 2282

1ift coefficient is equsl to zero. In general,

€1.¢ cy; ¢ ¢y C
€ .
= AC1, al + b : (l)
: b
where
1
c, C
2w ®)
Or = = af== 2
ACL = = (2)

1 b

Reference 4 and appendix A prove that

L. 1 |
l 2 €1.:° . :
: a(_Z) Ca | e ltan a(?l”l) (3)
b \b , b b
-1 -1
80 that
1 o4 C )
1 .
acy = he | (lall d(?.y_) (1)
> b v/ -
-1
and the average twist
AC
g= =L
a
l .
[ c
A lal gz) -
= A —8l g
2 [ Ty (b (5)
L1

SYMMETRICAL TWIST DISTRIBUTIONS

For symmetrical twist distributions, the integral of equatlion (1)
can be written as '
Le, ¢ C3a1C e €141¢
1 : - o -
| __g_d(f_%z)= g el Ex)+ (e-)__%_l_.ad(?z (6)
0 b b, o b - \b . b b
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by using the preceding relstionships. Since the last integral of equa-
tion (6) is the integral of the basic lift distribution, it is equal to
zero and may be divided by any arbitrary constant without changing its
value. Therefore,

1 1 g
f “le” d(gi) = 24 o= )t d(?l) (7)
o Db \b o F b b

From a consideration of the moment of the 1ift distribution due to twist,
appendix A shows that

1 ¢ 1
1¢C _ =\ C1_.C
oy d(’a‘y) N -, £ E al” Eyd(Qy) (8)
b b b o F b b b
where
_ 360 a
F=14% " T

Since the areas are equal {equation (7)) and the moments of the same
areas are approximately equal (equation {8)), it is reasoned that the
distributions are approximately equal. Therefore,

€l - ¢ - £)°%larc
~ + - a
b (E F b (9)

A comparison of equations (1) arid (9) shows that the additional part of
the 1lift distribution due to twist is given by the exact expression

o c Cc Cc .
la_ . g lal o y (10)
b .. b ’

and the basic part of the 1ift distribution due to twist is given by the
approximate expression '

C‘z C — Cz C
b (&= €} al o (11)
b F b
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Since

equation (12) may be written as

Cipc LAle - @) €151°

b Y OAE + 6 T (13)

Antisymmetrical Twist Distributions

For antisymmetrical twists, ACY and & are both equal to zero, so

cy C cy. C .
1 1 E .
that € = b . From a consideration of the 1lift for one semispan of

b
the wing, appendix A shows that

1 1
cy,C ¢y, .C
s o3)= | e d®) )
0 0
where
180 =
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From a consideration of the m-ment of the 1ift distribution, it is also
shown in appendix A that '

1 1
Cl C Cl (o]
e 2y d(gz) L | & Ctel” 2y d(?z) (15)
b b b a I3 b b b

Again, since the aréas are approximately equal (equation (14)}) and the
moments of the same areas are also approximately equal (equation (15)),
it is reascned that the distributions are approximately equal. Therefore,

CZ (o4 CI [ad
LI S = (16)
» T F' Db
or .
Cz c Cz c
‘ob T El & (7
14 =2
= A
which may be further approximated as
c C c Cc
le Ac Yal (18)

b ~AE + b+ D o

The use of the edge-velocity factor E for symmetrical 1ift distribubtions
is inherent in the method developed herein. For antisymmetrical twists,
the use of the edge-velocity factor E' has been shown to give results
which a¥e in closer agreement with those obtained by lifting-surface
theory. (See reference 5.) In order to take this effect into account,
equations (17) and (18) may be modified by multiplying the right-hand sides

by the factor éE—i—iﬁ, or a fictitious lift-curve slope a' = a AE +.2
AE' + b . AE' + 2

mey be used in equation (17) instead of the lift-curve slope a.
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ILLUSTRATIVE EXAMPLES

In order to illustrate the degree with which the 1ift distribution
due to twist may be approximated by the method described, results of
calculations are presented in figures 1 to 7 for the four main types of
twist: sgymmetrical, antisymmetrical, continucus, and discontinuocus.

The wing chosen for four of the exsmples had a taper ratio of 0.5, an
aspect ratio of 6.74, and .a corresponding edge-velocity factor of 1.043.
To show the effect of aspect ratio, an additional example is presented
(fig. 3) for a wing with a taper ratio of 0.5, an aspect ratio of 13.92,
and a corresponding edge-velocity factor of 1.010. A two-dimensional
lift-curve slope of 0.1097 was assumed. The additional 1ift distribution
(due to angle of attack) was obtained by the method of reference 6. Equa-
tions' (12) and (17) were used inasmach as they yielded slightly closer
approximations than equations (13) and (18) for the comparison with results
obtained by the more nearly exact methods of references 6 and 7 utilizing
linear section 1ift curves. Also presented are results obtained by -
Schrenk's approximation as described in references 1 to 3 but modified

by using the section lift-curve slope ag = %? instead of the two-

dimensional slope &aw«. Therefore,

CI_bC c
s

~ &
b 2

olo

G0 ‘ (19)

Symmetrical Twist Distributions

Continuous twist.- The 1ift distributions shown in figure 1 are for
the induced twist due to the jet boundary of 'a wind tumnel. The resulting
distributions contain both the additional and basic parts. The main dis-
crepancy between the two curves occurs at the root where the approximate
method is unable to show the zero slope required by potential theory.

The basic parts of these distributions are shown in figure 2 along with
that calculated by Schrenk's method. Both approximate methods show the
same discrepancy at the root but Schrenk's method shows a much larger -
discrepancy near the tip. The differences between Schrenk's method and
the method of this paper are more clearly shown in figure 3 for the wing
of aspect ratio 13.92 and the same twist as for figure 2.

Discontinuous twist,~ The lift distributions due to the deflection
of 50-percent-span flaps are shown in figure 4. The direct application
of the method will give a discontinuity in the 1ift distribution which
is impossible according to potential theory. In this figure, the dis-
continuity in twist distribution was faired with ellipses as indicated
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or in terms of a correction factor to be added to the discontinuous
twist dlstrlbutlons

2y . 2y¥
For O« e < -
6% 2y/b 2
€c = - — |1 ~\(1 - (20a)
2 2y* /b
2y* . 2y
For - =L « 1
b b
>
€% 1 S
= — |1 -1 -} ——— 20b
€ =3 | e (20b)
b

vhere e* 1s the magnitude of the discontinulty in twist at the span-
wise position 2y*/b of the discontinuity. This type of fairing is
arbitrary and some other type might be used to give better results. The
discrepancies shown in this figure are wholly due to discrepancies in
basic 1ift distribution as shown in figure 5. The unfaired distributions
are shown for comparison. The root bending moment of the unfaired curve
obtained by the method described herein is less than 1 percent different
from that of the more nearly exact curve. Furthermore, if the ordinates
of the faired curve are multiplied by a constant to give the same root
bending moment as that of the unfaired curve, a much closer approximation
will be obtained. The closeness of the approximation obtained by Schrenk's
method cbviously depends upon proper fairing not only at the discontinuity
but also near the tip.

Antisymmetrical Twist Distributions

Continuous twist.- The 1ift distributions of a wing rdlling with

a tip helix angle of 0.0l radian or 0.573° are shown in figure 6. In
this case the agreement between the-approximate method and the more
nearly exact method is extremely good, whereas Schrenk 's method is not
- nearly so good,

Discontinuous twist.- The 1ift distribution due to the deflection

of 50-percent-span ailerons is shown in figure 7. As in the case of
the partial-span flaps, both the unfaired and faired distributions are
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shown; the root bending moment of the uhfaired curve 1s practically
identical with that of the more nearly exact curve. The discontimuity
in twist was faired in the same manner as for the case of the 50-percent-
span flaps, the difference being that the signs of the correction factors
were reversed. Agaln, if the ordinates of the faired curve are multi-
rlied by a constant te give the same root bending moment as that of the
unfaired curve, a much closer approximation will be obtained. The inade-
quacy of Schrenk's method is clearly shown.

DISCUSSION

Comparison of Methods

The exsmples shown were chosen to indicate some of the similarities
as well as the differences between Schrenk's method and the method devel-

€y .C
oped herein. In the case of an elliptical wing for which -E%Q— = %, it
is readily evident that Schrenk's original approximation, which uses the
two-dimensional lift-curve slope .

c o4 -
- e-§&cq

b 2 b

o

will give the same result as the improved approximation for an aspect:
ratio of approximately 6 for symmetrical twists and for an aspect ratio
of approximately 4 for antisymmetrical twists. An apparent improvement
in Schrenk's approximation would be the use of the appropriate aero-
dynamic induction factor, A for symmetrical twists and A

\ AE + 6 AR + L
for antisymmetrical twists, rather than the factor of %. Such a method

would then become that of the so-called strip theory modified by the
aerodynamic induction factor. The factor Eii%_é’ however, should be

used to obtain the basic lift distribution due to symmetrical twists

rather than the factor —=— commonly used. .
AE + 2 ‘ Y

In addition to taking into account the aspect ratio of the wing, the
improved method makes use of the additicnal 1ift distribution instead of
the chord distribution used by Schrenk. As the departure from elliptical
1ift and chord distributions becomes greater, the method developed herein
becomes better as compared with Schrenk's method. Although the additional
1if$ distributions are not quite as readily available as chord distributions,
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those of a large variety of plan forms can be found in reference 8.
Even using the approximations of reference 1 or 9 for the additional
1ift distributions is better than using the chord distribution. Once
the additional 1ift distribution has been obtained, the time required
for computing the basic 1ift distribution is essentially the same for
the improved method as for Schrenk's method.

Application to Swept Wings

Inasmuch as the approximste method presented herein makes use of
the additional 1ift distribution and three-dimensional lift-curve slope,
it might be expected to yleld satisfactory results for swept wings even
though the method 1is based upon lifting-line theory. The adaptation of
the formulas for swept wings is given in appendix B. Comparisons for
two sweptback wings are presented in figures 8 to 10. Tor figure 8, the
sweepback was h5°, the aspect ratio was 1.5, and the taper ratio was 0.5.
For figures 9 and 10, the sweepback was 60°, the aspect ratio was 3.5,
and the taper ratio was 0.5. The additional 1lift distribuiions and
three-dimensional lift-curve slopes were obtained from reference 10 for
use in equations (12} and (17). Curves from references 1l and 12 are
used for comparison. In the application of Schrenk's approximation to
the case of the sweptback wings, 1t was evident that using the two-
dimensional lift-curve slope would give exaggerated values for the 1lift

) a, Cos A
distribution. Equation (19) was therefore used, for which ag = S

in order to provide a more nearly equal basis for comparison.

Figures 8 and 9 for linear symmetrical twist distributions indicate
that the improved approximation does yleld reasonably satisfactory results
even for the extreme configurations selected. The fairly good agreement
obtained in figure 9 with the modified Schrenk's approximation is for-

AE
cos A
of 6 for this configuration. For the configuration of figure 8, the value
of -AE was much legs, and Schrenk's approximation is in error in the

cos
oppesite direction from that shown in figure 3 for a high aspect ratio.

was of the order

tuitous in the same manner ag in figure 2 since

Figure 10 for the antisymmetrical twist distribution of a rolling
wing indicates less satisfactory results. The general shape and lateral
center of pressure are in agreement with reference 12, but the magnitude
is about 18 percent too great. Eguation (17) was used directly for this
calculation. The suggested modification of using the fictitious 1lift-
curve slope a' would decrease the error to about 10 percent. This error
may be too large to be tolerated for the computation of the damping-in-
roll derivative but may be sufficiently close for other purposes in which
antisymmetrical twists are involved.
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CONCLUDING REMARKS

An improved approximate method has been developed for calculating
the basic 1lift distribution due to any of the four main types of twist:
symmetrical, antisymmetrical, continuous, or discontinuous. The method -
makes use of The additional 1ift distribution due to angle of attack
and takes into account the aspect ratio of the wing. Although the
method ig based upon lifting-line theory, 1t gives reasonably good
results even for swept wings.

Langley Aeronautical Laboratory .
National ‘Advisory Committee for Aeronautics
Langley Field, Va., May 24, 1950
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APPENDIX A
DERIVATION OF APPROXIMATIONS FOR AREA AND MOMENT OF
' LIFT DISTRIBUTIONS DUE TO TWIST
General Equations from Lifting-Line Theory
In the followlng derivation, lifting-line thecry is used and the -

section 1ift curves are assumed to be linear. The spanwise Lift dis-
tribution is expressed as the trigonometric series (reference 6).

C-LC . -
— = sin né Al
oy § A (A1)

where 6 1s defined by the relation cos 8 = %g. The 1ift distribution

is also related to the section lift-curve slope by the expression

C'LC a.oc:'
5 =5 e - o) (42)

where the induced angle of attack, in degrees, is expressed by

ay = _180 zz:nAn‘sin né (A3)

Ly sin 6

The lift distribution can be divided into two distributions by the
substitution of Ap = aBp + Cpn 1in equation (Al). This substitution

gives

csC ’
—%~ = G'E::Bn sin né + EZ:Cn sin né (Ak)

where j{: B, sin nf is the 1ift distribution per unit angle of attack

and E:: Cp sin n@ 1is the 1lift distribution due to twist. The additional
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lift distribution (that due to angle of attack for a wing 1ift coefficient

of unity) is
CZ C
al 1
— = & sin né
b Ei:Z:Bn

The 1ift distribution due to twist is designated

cz€c‘
= ch sin né

An integration of equation (A5) along the span yields

1 ¢y .c Tt
tal’ d(?l) =2 | 3 B, sin n0 sin 6 4o
b v/ = .
-1 0
2 _ 7B
A 2a
or
By = EE

wh

The increment in 1ift coefficlent due to twlst is

1
1% 2y
cr = A “le - ____)
AL =5 b (b

i
_A S
—EIZCH sin n@ sin 6 A8
0

(A5)

(A6)

(AT)

(48)
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Bubstituting ec';:uation (A8) into equation (A9) yields

C
ACL = a ==
B1
The average twist is
e |
a8 By,

which can be combined with equations (Al) and (A3) toggive

a,C
ZAn sin no =—-%—-(d,+e ~-—-}—-§-Q——-ZnAn sin nG)

by sin @

Equation (A13) can be divided into the two equations:

1t

b n sin 6

a,C
> Bp sin nd Ji-(l - —25__ ¥ By sin ne>

and

x sin @

a.c
}::Cm gin mé —-(—;— (e - _h5__ chm sin me)

where n has been replaced by m for subsequent use.

can be rearranged in the following manner:

€ sin 6 - E:ri chm sin mé =EEE:_ ZCm sin mP sin B
'. o

15

(A10)

(A11)

{(A12)

(A13)

(Alk)

(A15)

Equation (AlS)

(AL6)
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Multiﬁlying equation (Alk) by equation (Al6) yields after rearranging:

eZBn- gin n® sin & -—-ZCm sin mP sin & +

ET?. 2 2 (m- n)BuCy sin 8 sinmd  (AL7)
n m -

which is the basic equation used hereinafter. Only odd values of the
index n exist because the 1lift distribution given by equation (AS) is
symmetrical. Values of the index m are odd for lift distributions due
to symmetrical twist distributions and even for 1ift distributions due
to antisymmetrical twist distributions.

Symmetrical Twist Distributions
o
For symmetrical twlst distribvutlions, the same result will be obtained

whether equation (Al7) is integrated along the entire span or along the
semispan. Integrating the double-summation term of equation {A1l7) gives

1:/2

%?— > S (m - n)ByCy sin nd sin'mé 6 = O
n i}

s0 that

n/2 L7 _ .
| €) Bnsinnd sin6df = 3 Cp sinmd sin 6 a8 (A18)
o . 0

Therefore, |
1 <y lc' o L ¢3.C oy
a Jy _ .
O e—E——ad(b)— S a(2) (419)

which was proved in a different manner in reference 4. Equation (A19) can
be readily shown to be valid for asymmetrical twist distributions if the
integrations are performed along the entire span. If ¢ is replaced

by & in equation (A18), the integration yields '

which is consistent with equation (A11).
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where

Antisymmetrical Twist Distributions

For antisymmetrical twist distributions, the average twist & is
¢y ¢ ¢j.C ' '
equal to zero, so that —75— = g). For this case, the integration of

equation (Al7) along the entire span is zero. In order to obtain a
relationship involving the 1ift of one semispan, equation (Al7) is

integrated along the semispan. Thus,

n/2

: n/2 _
€ z:jBn sin né sin 6 4@ = 2:: Cm'sin mé sin 8 a6 +
0 ~Jo '

/2 |
45 5;:;;: (m - n)ByCp sin né sin md de (A2k)

E3

The integrations of the right-hand terms of equation (A24) yiéld

/2 .
. _ 20y Koy &g
E:: Cm sin mé sin 6 d6 = 3 "5 + = + e
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and

/2 _

) S Z (m - n)BCy sin no sin mb a6 =

T n mnm

2B 2B ‘uB 1B LB :

4 02( 1 2 + ...) - Ez Cu( L + 3 + 2 + ...) +
B8 3 7 7 > T 9 '

9
Therefore,
/2.
2C Ty 6C
€ E:TBn sin né gin 8 dg = ( 32 - 15b_+ 35§ + .'.>(1A% %? Bl) +

| 2B 2B | 8B 4B 4B -
Ez CQ(——Q + ) + . - Cu( 1 + 3 + 2 L
b4 5 T 15 7 9

2&31 6By 6By .
C6( 5 + 5 fll + )+ . _ (A25)

If the last term (in brackets) of equation {A25) is neglected, equa-
tion (A24) becomes

x/2

€

= B 'sin n6 sin 8 48 » E C gin m&¢ sin € d@
9]

1 - -
Cl C C'L c
Do)y | £ sl o) © (a26)

or
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where

=1+ 428

Il
l_]
+

|

In order to obtain a relationship inveolving the moment of the basic
1ift distribution, each term of equation (AL7) is maltiplied by cos 6 48
and then integrated along the semispan., These operations give

/2 n/2
¢ > By sin nd sin 6 cos 6 40 = > Cm sin mf sin 6 cos 8 46 +
0 O
/2
_ ?? z: > (m - n)ByCy sin n@ sin mo cos & do (a27)
o m

= %Cg + %5[(131 - 133)02 + (B3 - }35)01L + (;35 - 37)06 + ]

Therefore,

/2
€ > By sin nb sin 6 cos 6 @6 =
0 .

gCQ(l + 5;2 B]_) - %-‘}33(02 - Cy) + Bs(Cy, - 06) + ] (.A2§)

If the last term (in brackets) of equation (A28} is neglected, equa=
tion (A2T) becomes

n/2 n/2 .
% ZBn gin r;e sin & cos & A0 z Z Cp sin mé sin & cos & 40
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APPENDIX B
ADAPTATION OF FORMULAS FOR SWEPT WINGS

For swept wings, both the edge-velocity factors and the three-
dimensional lift-curve slope must be modified to include the effects of
sweep. The edge-velacity factors are listed in the section entitled
"Symbols."” The formulas as listed are different from those given in -
reference 5 in that the cos?A term used herein is given as a cos#A
term 1n reference 5. Although there 1s ne rigorous proof that either
factor is correct, the use of the cos2A term has been found to yield
answers in better agreement with those given in references 10 and 12.
For example, the 10-percent error mentioned previcusly in connection
with figure 10 would be increased to 16 percent by using the coshA
term. The three-dimensional lift-curve slope can be written ‘

=%
Y

124

cos A

.and the fictitious lift-curve slope used for antisymmetrical distribu-
tions can be written :
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As 3 matter of interest, using the edge-ve1001ty factors as defined

herein ‘yields the result that the term CAE 5 approaches the value of 2
os

t .

and the term approaches the value of 4 as the aspect ratio

cos A
approaches O, This result iIs in accordance with low-aspect-ratio theory

(reference 13).

Using the relationships for a and ‘&' in equations (12) and (17)
ylelds the following equations: Co- o o } . _

For the symmetrical twists,

b~ 360 a b . o .
; _ 5 A
or
C‘lbc . A(E - _e___,) Clalc . - (BE)
b ¥ AE b ® |
+ 6
coSs A
where
- 1 ‘
C?’ C y .
§=A ¢ -—;-'-'-l- d(—‘?—’) : | (B3)
For antisymmetrical twists, -
cy C c c
Lb - . v € . T'al ot (Bl{.)
b T, ,180a ®
72 A
or
¢y, C . e c .
lb . Ae .Ze.l a : (35)
b AE” 4+ b 0% ' -
cos A

For discontinuous twists, the digcontinuity must be faired out. For
convenience, this fairing may be accompllshed through the use of ellipses
ss indicated in equations (20).
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