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MACH LINES BEHIND FLAP LEADING AND TRATLING EDGES

By J'u.'l'.ian H. Kalner and Jack E. Marte
SUMMARY

Generalized expressions in closed form have been obtained by means
)f linearized theory for the aerodynemic cheracteristics (lift-, rolling-
moment-, pitching-moment-, and hinge-moment-coefficient derivatives) due
to deflection of inboard trailing-edge flaps. The analysis’ considers.the
effects of Mach number and flap aspect ratio, teper ratio, and sweep for
the conditions where the Mach lines lie behind the flap leading amnd
trailing edges. The flap configurations analyzed are limited to the
case of streamwise tips where the foremost Mach lines from the flap tips
do not intersect the root and tip chords of the wing. The expressions
for the hinge-moment-coefficient derivative are limited to configurations
vhere the flap-root-chord Mach line does not intersect the flap tip chord.

Design charts are presented for the rapid estimation of the charac-
teristics due to flap deflection for control surfaces for which the Mach
lines from the flap tips do not intersect on the control surface. Some
illustrative variations of the characteristics with leading-edge sweep, .
aspect ratio, taper ratio, and Mach number are also presented.

The' 1ift-coefficient derivative at constant Mach number is dependent
only on the traliling-edge sweep; whereas the moment-coefficient deriva-
tives depend on the complete flap geometry.

INTRODUCTION

The characteristics of control surfaces at supersonic speeds have
been extensively Investigated by means of linearized theory. Reference 1
presents the fundamentals of the control-surface problem; whereas & pro-
cedure for obtaining solutions for general configurations was given in
reference 2. Another investigation, reference 3, presents detailed
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analyses of specieslized plan forms. The present paper presents the
effects of sweep, aspect ratio, taper ratio, and Mach number on the
lift-, rolling-moment-, pitching-moment-, and hinge-imoment-coefficient .
derivatives of inboard trailing-edge flaps at supersonic speeds. The
analysis covers a range of Mach numbers in which the leading and
trailing edges of the control surfaces are supersonic (component of *
free-stream Mach number normal to the leading and traliling edges is
greater than 1). The plan forms considered have streamwise tips, and
the location of the flap on the wing is limited to cases where the fore-
most Mach lines from the flap tips do not intersect the root and tip
chords of the wing. The analysis for the hinge-moment-coefficient
derivative was limited to configurations where the flap-root-chord Mach
line does not intersect the flap tip chord.

The results of the theoretical analysis, the 1ift, rolling-moment,
pitching-moment, and hinge-moment characteristics due to flap deflection,
are presented in closed-form equations as functions of sweep, taper
ratio, aspect ratio, and Mach number. Design charts have been presented
wvhich permit the rapid estimation of the flap characteristics for a wide
variety of configurations. Some illustrative variations of the flap
characteristics with sweepback, aspect ratio, taper ratio, and Mach num-
ber are presented for representative configurations.

- SYMBOLS
Free-gstream conditions:
v ' velocity
M Mach number
" Mach angle (sq.n"l ll{)
B=\M2 -1 '
P " mass density of air
qQ ’ dynamic pressﬁre (%pv2)

Wing geometry:
b span

Cr root chord
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Ct

ol

S

tip chord

taper ratio (cg/cr)
average chord (;—-ci-(l + A.))

leading-edge sﬁ*eep , degrees

ares

Control-surface geometry:

be
ce,.
cfy
AP

m] = cot A

cot Ao

mp

moB

o

Ap' = AsB

— - e e e e e et vy P ——— ——

spen

root chord
tip chord

taper ratio (Cft ICfr)

1
average chord (chr(l + A,f))
i'oot-mean-square chord
leading-edge sweep, degrees

trelling-edge sweep, degrees

area,

espect ratio (bfa/Sf)

deflection angle in stream direction, radiens

e —— — — — ——
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X,¥ Cartesian coordinates of system of axes with origin at
leading edge of control-surface root chord

Xg,¥a Cartesian coordinates of system of axes with.origin at
leading edge of control-surface tip chord

%7 coordinates of center of lift. of infinitesimal
lift trianglg

x! normel distance from center of 1ift of infinitesimal
1ift triangle to hinge line

Force and moments:

L 1lift

L! . rolling moment

M pitching moment

H hinge moment

CL 1ift coefficient (L/qSp)

Cy rolling-mioment coefficient (L'/gbeSe)

Cp pltching-moment coefficient (M' /qbfé fz)

Ch hinge-moment coefficient (H /q_b n (é £ ') 2)

Ap pressure differential existing across surfaces of
flap plate

Analysis parameters:

. horizontal perturbation velocity
t = &

X
tg = Ja

Xa

s area of Integration
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Subscript:

6] ‘ refers to partial derivative of each coefficient with
. ' ‘ =9
respect to 8; for example, _CLS = a—s-(CL)

ANALYSIS

Scope.- The analysis is based on the’ solution of the linearized
equation for steady supersonic flow. The results are valid for a
range of supersonlc speeds in which the components of the free-stream
velocity normal to the leading and trailing edges are supersonic.
(Hereinafter these edges are referred to as supersonic leading and
trailing edges.) In addition, the Mach lines from the tips of the
control surface are assumed not to intersect the root and tip chords
of the wing. (See fig. 1.)

Within the first order the derivatives have the same values in the
stability system as in the body-axes system.

Derivation of formulas for Crg, C3g, Cmg, @nd Cpg.- In order
to evaluate the derivatives CLy> Clgs Cmg, and Chy, it is necessary

to Integrate over the appropriate areas the pressures ceused by the dis-
turbances induced by the deflected flap, which within the limits of the
linearized theory may be treated as a flat plate. Thus, the deriva-
tive CLg is obtained by integrating Ap/q -over the area supporting

the 1ift forces and then taking the derivative of the 1lift coefficient
with respect to &. Similarly, the moment derivatives are obtained by
considering the respective moments due to the 1ifts over the proper
areas. Since the 1lifts and moments vary linearly with respect to 9,
‘the desired quantitlies may be expressed as follows:

cung [ w

- [EF
' > (1)
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vwhere the integration for the first three characteristics includes the
regions (OAB and 0'B'C' of fig. 2) on the wing supporting the lifts
induced by the interference between the control surface and the wing.
The induced lifts on these regions contribute no hinge moment and, hence,
are not included in the derivation of Chg-

Pressure distributions.- The pressure differential across the sur-
-face of a deflected flat plate is-

= -~ fXx

q v

where ¢x is the perturbation velocity in the x-direction. The pres-
sure distributions for the control surfaces, which can be treated as
lifting wings of finite aspect ratio, were obtained with the use of the
methods of references 4 and 5. The deflected flap was superposed on &
wing at zero angle of attack. (See reference 1 and fig. 1 of present
paper.) The control surface is shown in figure 2 isolated from the

wing. Since the foremost Mach lines from the tips of the control surface
intersect the trailing edge of the adjacent wing (fig. 1), the dis-
turbances within the root and tip Mach cones are similar, and the dis-
cussion may be limited to either ome.

When the control surface is deflected with respect to the wing at
zero angle of attack, an interference between the wing and flap takes
place within the Mach cone with its apex at point O of figure 2. The
gep between the deflected flap and the wing is assumed to be sealed
completely; therefore, one surface is prevented from affecting the
other. The pressure distributions may be obtained in the manner of
reference 4 or 5 and are presented in table I.

The conical form of the equations for Ap/q_S suggests the use of
polar integration for obtaining the characteristics. The derivation
of Cpmy is given in the appendix as an example of this use of polar
integration; illustrative data for the integration are given in figure 2.

Control-surface parameters,- The expressions for the contributions
of each region (fig. 1) to BCLg, BClgs FCmg, and (—;—f—) B sec Ay Chg

are presented in tables II to V, respectively. The following expressions
. are for the deflection of one flap when the foremost Mach lines from the
tips of the flap are assumed to intersect the trailing edge of the

ad jacent wing surface:

ACrg = B-(CLS)OAC' * B(CLS)O'A'C' + B(CLS)«, 3
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BC1g = B(szs)oAC + 5(015)0'.11.'0' + B(Cza)w (%)
BCmg = B(Cmg)opc * \B(Cms)o'A.c. + B(Cma)w (5)

N2
cf _
(Ef) B sec by Cpg = [B sec A1(Chg)gpe + P %< A1(Chg)grgrpe *

B sec A]_(Cha) ;I(;;;L)e (6)

The rolling-moment- and pitching-moment-coefficient derivatlves
have been obtained gbout the axes of a Cartesian coordinate system
located at the leading edge of the root chord of the flap (fig. 2) end
may be transferred to any convenient reference axes by

BC15* = BC1g + gLACLy - (7)
= 2_ X
FCmg* = BCmg + T+ g cfrBCLS (8)

vhere the asterisked characteristics in equations (7) and (8) refer to the
transferred quentities, and x &and ¥y represent the horizontal and
vertical distances between the present axes and the desired ones.

The quantities in equations (3) to (6) were made nondimensional by
the use of control-surface parameters. Equations (3) to (5) may be
defined in terms of wing paremeters with the use of the following
equations:

S Dbyp Cfr .l_t_)i - (9)

(10)

SeSe by Cfr)z(l + *f)z ' (12)
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where equations (3) to (5) are multiplied by equations (9) to (11),
respectively. The area Sy 1is the area of one flap and S 1is the

entire area of the wing.

DISCUSSION

Generalized expressions in closed form, which were obtained by
means of linearized theory, are presented for the characteristics of
deflécted inboard trailing-édge control surfaces PBCry, BCigs, BCmg,

1
end (;—g—) sec A] Chy in tables II to V, respectively. The control

surfaces have erbitrary sweep, aspect ratio, and taper and the Mach
lines are behind the control-surface leading end trailing edges. The
expressions for the hinge-moment-coefflicient parameter are limited to
configurations where the root-chord Mach line does not intersect the

flap tip chord, that is, m' > 1 . Design charts are

2hp

: Ae' (1 + Xg) :
presented in figures 3 to 14 for configurations where the Mach lines
from the control-surface tips do not Intersect on the flep.  In the
vicinity of the sonic leading edge (B cot Ay = 1), BCLg, BCigs

and chﬁ have finite values which Increase with taper ratio and become

infinite for an untapered configuration. The large values associlated
with the less-tapered configurations are attributed to the large 1lift
carry-over region which occurs for the wing-flap conflgurations which
are within the scope of the present paper. The parameter BCI,5 and,

hence, BC and B become Infinite for configurations having
) 1y

sonic trailing edges (B cot Ap = l) since the 1ift carry-over region
becomes infinite. Since the carry-over regions on actugl configurations
are small, the large values of BCLS, BCZS: aend chﬁ predicted in

the vicinity of the sonic leading and trailing edges will not be
realized. The hinge-moment-coefficient parameter remains finite for
both sonic leading and trailing edges since the 1ift carry-over regions
do not contribute any hinge moment.

Figure 3 presents the variation of BCLg with IB cot Agl. The
nature of BCLy (dependent only on B cot Ap ) is due to the inter-

ference on the control surface (reference 1). No leakage is assumed
to occur through the gap between the wing and the control surface. The
loss in 1ift within the tip Mach cone on the flap is reduced; whereas
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an induced 1lift 1s supported within the Mach cone on the wing. The
induced lift compensates the loss of 1lift on untapered flaps only.

The solution for BC];,8 as a function of B cot Ao may be more

easily obtained from equation (1) by integrating the velocity potential
eveluated at the trailing edge in the manner of reference 6.

Figures 4 to 6 present the variations of the rolling-moment-,
pitching-moment-, and hinge-moment-coefficient parameters, BC7,8 s BCmg,

ce'\2
('E—g_) B sec Ay Cha; respectively, with B cot A; for several families

of ApB and Ap.

Figures 11 to 14 give some illustrative variations of CLgs Cigs

' cpt\2
Cma, and ('c':—:_) Chg, respectively, with Mach number, aspect ratio,

leading-edge sweep, and taper ratio.
CONCLUDING REMARKS

Generalized expressions in closed form have been obtained by means
of linearized theory for the aerodynamic characteristics due to deflec-
tion of Inboeard traliling-edge flaps. The analysis considers the effects
of Mach number and flap aspect ratio, taper ratio, and sweep for the
conditions where the Mach lines lie behind the flap leading and trailing
edges. The flap configurations analyzed are limited to the case of
streamwise tips where the foremost Mach lines from the flep tips do not
intersect the root and tip chords of the wing. The expressions for the
hinge-moment-coefficient derivative are limited to configurations where
the flap-root-chord Mach line does not intersect the flap tip chord.

Design charts are presented for the raplid estimation of the aero-
dynamic characteristics due to flap deflection for configurations for
vhich the Mach lines from the flap tips do not intersect on the control
surface. Some illustrative wvariations of the characteristics with
leading-edge sweep, aspect ratio, taper ratio, and Mach number are also
presented.

The lift-coefficient derivative at constant Mach number is dependent

only on the trailing-edge sweep; whereas the moment-coefficient derivatives
depend on the complete flap geometry.

et e m e e = e — —_— - ——-
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The general expressions and curves were expressed in terms of
control-surface parameters; formules are given for converting all
characteristics to wing parameters.

Langley Aeronautical Leboratory
National Advisory Committee for Aeronautics
Langley Air Force Base, Va., August 7, 1950
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APPENDIX

DETATLS OF POLAR INTEGRATION; DERIVATION OF Cmg
AS AN EXAMPLE
. The pitching-moment derivative Cmg 1is derived by polar integre-
tion as an example of the manner in which the characteristics due to
flap deflection were obtained.

The 1ift on an infinitesimal triangle (fig. 2) is assumed to be
constant; therefore, the center of pressure (or lift} is located at

. X= Ex
"3
(A1)
= _X
y=2t
B
where
- By
t =L (a2)
The area of the infinitesimal triangle may be shown to be
1 1 . '
d_s’ = =X = —-]gdt
5 dy 28 (a3)
If the equation of the trailing edge is written as
¥y =mo (x - Cfr) (Ak)

then with the use of equation (A2) the following equation can be written:

x=2%r (85)
my' -t
Hence, -
2 2
Y e
as' = (m2 ) Tr at (A6)

28 (m2, _ ‘b)2

v e m e smm e ey e et ren MR e ST e Pt R Ty A Mt & o Smmem W RN B AR~ W s AL Mt e A— = =
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The moment arms of any point (x,y) or any value of + are x for
pitching moment, ¥ for rolling moment, and X' <for hinge moment.
These moment arms, written in terms of +, are

2mpy'ce

A (AT)
3(me' - %)
s _ amp'ce. g '
Y= 3P " (A8)
- ! cos A v
X' = (i - -—y-)cos A = 22 r 1 m k (A9)
m] 3my mp' -t

vhere the equations (Al) to (A9) refer to the region OAC. The equations
for region O'A'C' are obtained by replacing t by t5 in the respective

equations, where

tg = o (A10)

a
The pitch:l.ng—moment coefficient In region OAC, given generally ‘by equa-
tion (1) of the text, is

- z 2P as '
ot | FEE (a11)

3 3
kmj t(mo?) " 3 1-m't
(') etz (—-'1—) cos 1L " ap  (a12)
3.“5 Sf ml)2 Liiln) —t‘ m - %

t=-1
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Integration by parts gilves

G0c2 NI VOVN

S O M Gt . <9 S0 S e S
M s )21 | (me - 92 mlom | ()2 - (m - 9

1
sin"l 1l - me:t Ein'l 1l- ml:t
| mel Bin-ll'mﬂlt_ 1 'b—m2 ) t—ml L
[(EE:)E _ JJ3/2 t - mo my + i) (m2|)2 -1 (mll) -1
“4=1
(a13)

B(Cug) oac

o tm(my)] L @ mm)Eer
3L )E - 2 (me'-l)"(mr-me')fcme'ﬁ-ﬂ‘ﬂ"’

( 1 ')2 )2 - n ' )

m '+ my (ma')a -1

The corresponding formulas for the region O'A'C' may be obtained in the same mamner or by
aimply changing the signs of m' and my' and inverting the taper ratio in the formulas for

the regilon OAC., When m' or my' is negative, the negative square roots should be used.

€1
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TABIE I.- GENERALIZED FORMULAS FOR Ap/q DISTRIBUTIONS

FOR A CONTROL SURFACE AT CONSTANT DEFLECTION ANGLE &

B oot Ay >1; [ cot Ap| Z1; my' =

1
1 2(1 - a2)

m"' ~ Ep'(1 + Ag)

Region
(See sketch)

Formulas for Ap/q contributed by constant &

hdmy
V(m)2 -1
1 45my cog-1 X = B1'BY
x\’(ml')a -1 m'x - By
I ' -m!
2 | cos™1 - w
n\/(mlv)E -1 m 'Xa - BYa
3

3,3, -

c et e e e s e e —mm e g e e ———
- - -
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mn.-cmmmnmmsmmcm

Beot Ay >1; |Bcotas| 22
[P ot 22> [p cot ro] 1]

M ——— Mach lines

/j

Region
(8ee sketch) Formilas for BcIG

Tepered; m' # =; mpy! £ @

v

<
s 8my '(my")2 ( 1 \[ml' -1 [(mlf - 1]
ae'( 4 30)2\[(m )2 - 1 ' - m'fme -1 | (=) -2

16m (mp*) 20

Tyt 1 _
- A 2P\(m)? -1 [(;2')5 - 1] (P )ouc
by [ () ][‘f RVAREL _1_]
ae'(2 + 22)3\(m )2 - 21 [L("a'fa =t M’)(l ml')(l "2'> )
® Af'(1+xf)1+i%,.xiﬂ
2(1 + 'm%
Tota) gt [\[(me?)? - 2
Untapered; m' # w
2(!!')3
OAC Afl [(ml)a - ]]3/2
O'AC! 2(m')3
Af' [(m.)a - ]:]?72

"'—————h' [Af' - (m.)a ]
Afl\’(ml)a -1 (m')z -1

Total hm'7\/(m')2 -1

mt = o
0AC 2/ag
0'A'C! 2/Ap ,
® -1
- )
Total %
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TABLE ITI.- GENERALIZED FORMULAS FOR BCzy

[B cot Ay > 15 |B cot Ap| 2 1]

(se?’ glln;.:ch) Formilas for fCig
Tapered; m' f o my' £
32‘1'(“?(')3 [ my' -1 1 . (,,2-)2, ,(ml )2 1
0AC 3(ae')%1 + M)3\/(m;,_')2 -1 2@’ - D) ]..2 -1 2(m' - mp)[(=)? - 1]37'2
1 mp' IO
O i (e 1]]
oa'c' Glemy '(mp' PAe
3(a¢")3(2 + 2)3\f(my ") - 1[(;:2 )2 - 1]2 15)0&0 (w"s)om 0!
26m; ' I 1 A2
- 3(a2*)2(1 + 2¢)3\(m")2 - 1[_\ )[—Ar ¢ M)] (m;z- ) )
G wte-2)-1]
Untapered; m' £ o
oAC (') ¥{n + &)
. 3(ae' )2 [m)2 - 1]5/2
o'AtC! B(n')h _T(ec
3(Af')2|_im-)2 - 3]5/2 K 15)0%‘]7»91 "'[(”Le)owcv Apel
on? [ , i
] ot S SR Cab I Gl R ]}
oAC 1/3(53.')2
otac’ $ (2 _ _35% )
* €2)
Total 2

17
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TABLE IV.- GENERALIZED FOFMULAS FOR pc"b

[p cot 81 > 15 |8 cot An] 2 1]

~—— = «——— Mach lines

(Sm) Formulas for PBlmg

Tepered; m ' # o my' #

oac 3g'(1 + )3 \(m ! )2 1 "2 Yy ll'a)[(ma)2 1]3/2
( )2 (mY)° -1
m' - [\[(m')F -1
T '(ma )l"').fs 1 xfs Apt
oA'C ) LA
Be'(1 + 2P\ k) - 1]2 (ome)onc * 27 s )ornve
. 16m) ' { (,,2-)3 P&,-(l +Ag) (1 +_]___)+ 1]3 ) sz.zs i
Songra s a3z oz (e * L e\ w (me' - D2
- Ap'(1 + Mp) 3
(e + Y ] ]

' 'Untspered; m' #

0AC (') (k' + 1)
e [(mn)2 - 1]5;2
- 8(m')? \
o | i e el
2m' (m)3 Jur e 2] 3 _ (mr)3 3fm’
v 3Af'\/ (2 -1 ((m' +1)2 {Af l:(m-)2:| 1} (m* - 1)2 - (A") (mm-)s )
ohe 4/3n¢"
orC! W/3ng"
: e -3

Total
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TARLE V.- GENERALIZED FORNULAS FOR (,_::—')2 B sec Ay Cny
. [B cot &y > 15 |B cot ap] 2 1]
v
L e ——— = —— Mach lines
¥
Nl . -
N - //
v
x AE c\ ] Bt
Y
(sef:e ﬁ:ch) Formilss for (gi"rl)2 B sec Ay Cny
Tapered; m' f o5 mp' #
L) "1 TR i) -
oxc 3aae'(2 + 2P\ )7 - 1 -1 (m)
W B m -my m 'y N cos
=" - B Iyt (mo")2 - 1] [(,.z)e 1]375 st - =" _1}
cos™(-1/m ') - P
O'A'B! 3uhe'(2 + l‘-'~')3V( n2-1 (na )2 - '2 M 1 )"2 *1
V=2 -1 {J - mpt m g con (1) + cos"Y 1/m 1) ]
m'-m |mfm)? -3 [ Jw VEE -1
160! (ma")3 F‘t(1+"r)(1+ )”_]3_ =2")3 LA N
e el T e DL = =’ o A
- e'(1+2n)]3 | 2 f met Varra +2e) g0 3
("’1 1)2[ ? ] ﬂl\ﬂz'+1 l_ 2 nl)-l]}
Untapereds m* # « ]
k{m')3 _ V@)2 - 1 oL o ,
030 3mAg' [(m')2 - ;|J3f§|: at o’ Hafm )]
tATRY "(m’)3 \R-IT)E-—I - L ol ~1/mt
o'a's 3yt [(m")2 - 172 2[ o ol 1/m)]
2a! (m1)3 Jreeil 3 _mim' +1)
- 34’ \’(nl)g -1 ((ll' +1)2 [‘f I_(m')e ] 1] mt -1
(n' + 1)2§Af'!3 mt \ 1 3
(n*) * (m* + I)EE“ (1 o) 1])
oz CERP
SATRY 3
O'A'B o (x-1)
y 1
- s -5)
Total o_ 8 _
3“"

—r a——— e - o  g——
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Figure 1l.- Typical configuration of wing with control surface.
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Figure 2.~ Illustrative data for polar integration.
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Figure 6.- Concluded.
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