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DOWNWASH IN THE VERTICAL AND HORIZONRTAL FLANES OF
SYMMETRY BEHIND A TRTANGULAR WIRG IN
SUPERSONIC FLOW

By Harvard Lomax and Lome Sluder

SUMMARY,

A method developed In a previous report for finding the induced
veloclty field behind a supersonic wing with known load distribution
is used to find the downwash behind & triangular wing with subsonic
leading edges. Results aré glven for the chord plane in the extended
vortex wake of the wing and for the vertical plane of symmetry up to
about 20 percent of the wing span above the plane of the wing.

INTRODUCTION

A method has been developed in reference 1 for computing the
downwash behind wings of Ikmown loading flying at supersonic speeds.
The solution was based on the distribution of superscnic doublets
over the plan form end wake of the wing in a manner determined by
the load distribution. The method wma applied in reference 1 to
the calculation of the downwash behind a triangular wing with
leading edges swept behind the Mach cone from the vertex. Near the
trailing edge, however, these calculations were limited to a region
close to an extension of the center line of the wing, that is, the
x axis (fig. 1), and in fact were exact only on this line itself.

A simple first approximation was advanced for the downwash variation
about the x axis; namely, that the difference in the downwesh at the
position (xz,y,z) from the value at the position (x,0,0) was a linear
function of the z distance and independent of the y distance.
However, the accuracy of this approximation could be tested only for
large values of x where the downwash was known for all values of |
y and z.

The purpose cof this report i1s threefold: TFirst, to continue
the exact celculations so as to include all points on the xy and
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xz planes behind the trallling edge for distances up to about a
semispan from the x axis in the xy plane and up to about 40 percent
of a semispan in the xz plane; second, to compare these values of
downwash with those obtained from the approximate method given in
reference 1; end, third, to serve as a guide through some of the
more Gifficult mathematical manipuletions so that the caelculations
can be extended to other plan forms.

LIST OF IMPORTART SYMBOLS

8¢ velocity of sound in the free streanm

Co root chord of wing
E,E, complete elliptic integral of the second kind with
1
modulus k,k , respectively <E - f /J-'i'k%‘i dt>
o -
E(t,k) incomplete elliptic integral of the second kind with
& 2
argument + and modulus k [E(t,k) =f /l—‘—kfg— dt:l
: LN 1-t
H 2aVg
E.B
X, 1-6,°
K complete elliptic integral of the first kind with
1
modulus k[K = f _t ]
L o/(1~t2) (1-%2t2)
F(t,k) incomplete elliptic integral of the first kind with
£
argument t and modulus k [F(t,k) =f dt :I
- o 4(1-t2) (1-k2t2)

Mo free—stream Mach number (f;)
P stetic pressure =

Ap PPy

q free—stream dynamic pressure <épov02>
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Te

u,v,w

Aug

Yo

X,¥,2
X1,¥1s21

Xo

¥(x=x1)2—p2(y—y1 ) 2p3(2—21 )2

perturbation velocity components in the direction of the
X, ¥, and z axés, respectively

U7

free—stream velocity

.

gz component of velocity induced by doublet.distribution
over plan form

z component of veloclty induced by doublet distribution
over wake

Voo
Cartesian coordinates of an arbitrary point

Cartesian coordinates of source or doublet position

X
Co

By
o
Bz
Co
angle of attack

gL

. B tan V¥

density In free stream

perturbation velocity potential

0,0,

semivertex angle of triangular wing
sign denoting finite part of integral
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Subscripts )
u conditions on upper portion of surface S
1 conditions on lower portion of surface !
L.E. conditions at leading edgse

T.E. conditions at trailing edge

W wake

P plan form

8 conditions on discontinuity surface (at z,=0)

A,B,C,D,E  conditionms in regioms A,B,C,D, or E, in wake of triangular
wing (figs. 1 and 2)

THEORY

The theoretical development in this report is subdivided into
two parts. First, the problem of determining the dowmwash behind a
flat-plate triangular wing swept back of the Mach cone is reduced to
the solution of certain types of elliptic integrals. This material
has already been presented in reference 1, and the brief description
presented here should be a sufficient review. Second, an evaluation
of the resulting integrals is made in both the xy and =xz planes.
Some of the detailed evaluations are given because the methods and
substitutions presented may be useful in the solution of downwash
problems for cther plan forms.

Boundary Conditioms and Their Solution
The load distribution for a trisngular flat—plate wing (fig. 1)

has been determined under the assumptions of thin-airfoil theory and
is given as .

Ap _ 2w _ __ 46g7ax e
4 Vo E,pu6o7x17B7y:7

Since the loading coefficient determines the jump in the wu Induced
velocity in the plane of the wing, the definition of the perturbation

4
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velocity potential @ gilves

b:4
Jat- =[ Nug dx
E.

where AP, represents the jump in the velocity potential in the xy
plane. In any lifting-surface problem there are three regions in the
xy plaene for which the equations for A¢; are different: the region
defined by the boundaries of the 1lifting surface itself, the region of
the vortex wake behind the lifting surface, and the remainder of the
plane. TFor the triangular wing the Jjump in potential over the lifting
surface 1s given by the equation

~

Ay = H 4/7902112—'523'12 . (2)
where
x1 < c¢p
and
g = 2V
Eoﬂ

In the vortex wake (the semi—infinite strip behind the wing extending
from tip to tip with sides parallel to the free—stream direction),
A®; 1is independent of x; and is given by

A% = HAf6,2c B3y, 2 (3)

7

where
X3 Z Co

Everywhere else in the xy plane A®; 1s zero.

The basic partial differential equation satisfied by the pertur—
batlon velocity potential in supersonic flow 1s well known to be

2 2 2
- pr 2222 220 (%)
. dx Jdy Oz :

The general solution of equation (4) is given in reference 2 in the
form

o e e o — e — L i—————— e Ay A — —
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o -2 [T 1) @) - ) Jom

(5)

where

ro = af(x~x1)282(y-y1)283(2—21 )

and the subscript s indicates that the function is to be evaluated
at 23 equals zero. The region T 1s the portlon of the combined
area of the plan form and wake bounded by the leading edge of the
wing, the sides of the vortex wake and the trace In the ;=0 plane
of the Mach forecone with vertex at the point (x,y,z). The sign [
is to be read "finite part of" and is used in both references 1 and 2.
It has the property that

b .
i’(I) _ ax = £(x)—£(b) . _ 2£(b) 6)
U (v=)"% (o) /2 N | (

Since the particular problem of this report is a lifting plate
without thickness

oy _ 99y
0z; Oz

and equation (5) reduces to the form

o(x,y,z)= ‘D(xJY)Z)P + @(x,y,z)w

__z 2 /" A@S dx; dya

g plan form [(x’xl)z’ﬁz(F‘Y1)g—ﬁzz

2]8/2

N A A®g 6x; 7, (7)
ZER [(x—!xl)a—Bz(Y"Yl)é—Bzzz]s/z

Solution in the xy Plene

1r is convenient to divide the study of dowmwesh inte t 7 perde:
one , the study of the effer~3 of the double™s distribuvted ov-. .he
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plan form; and, two, the study of the effects of the doublets distri—-
buted over the wake. Such a division has already been implied by the
arrengement of equation (7). Hence, In the following w; and wp
willl be derived separately and the total downwash will be their sum,

w=W+WPo

Effect of doublets in the plan form.— For the purpose of integration,
it is convenlient to divide the area behind the wing into three regions
a8 shown in figure 1. The division line separating these regions are
formed by the Mach cone traces from the tralling—edge tips. The limits
of integration which form the bases of the division differ in each of
the three regions and are discussed In more detail in reference 1.

The following symbols will be used in the derivation of the
expressions for downwash, in the xy plene, induced by the distri—
bution of doublets over the plan form of a tria;ngular wing swept
behind the Mach cone:

E,, Ez, Eg complete elliptic integrals of the second kind with
modull- k;, ko, and kg, respectively

K1, K3 K5 complete elliptic Integrals of the first kind with
moduli ki, kz, and kg, respectively

) = .
I, / 1 "'71
71
s

s ( y

2 <n 2> Yot
k ZQ(%——'—BS

3 B, \p 'y

(up +62)— #/(£3443) (£3412)

71 L
E(utn?)—4/26(n ') (u+E) (u'—E)

72 pu—L t4+28

y (pe 4£2)+ 4/ (£302) (£2013)

3

P!
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(' +£2)+4/(£242) (£213)

B pHLT
5 E(ptnt)+4/28(up) (pef) (u'—%)
2
=y *+28
5 (upt+62)—a/(654%) (£%4172)
° ph?
1 B(y=y21) .
. I
o
K Yo o
bt Yo * 281;_1
13 RS
Co ,
o Xo—1
The downwash wp(x,y,0) may be obtained by considering zléi% -Z&;
z

in equation (7). It can be shown that, in this case, this limiting
process corresponds to taking the partial derivative of equation (7)
with respect to z and then simply setting 2z equal to zero. Thus
the expressions for wp in the regions A, B, and C are, respectively,

Zo

Xo M!
HB Nt=n) (1)
WPp T T oq L/§; d§j11 (£2-n2)°/2 dﬂ:m%ﬂ:E h/;o L & (8)
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Totie%o
[5G [ [ gt

i
VPB = —"2"1%
1+90
y + x
X
- _EB () l+90
- ”/;o,eozo I, at + 5,0 Io af (9)
1+6,
" YotfoXo
._EB f’° as [ A (ol o, fm° ae [ Gral g,
o T e (o 1 (Ene)om
Joto®a  H Yo~foTo
1+8, 1+0¢
;y' —6 x
o (8t=n) (=
+ d!f (12 2)3/2 dn
Yot0eXo Yo 5%
““’%n;? f’o Ilﬂ+£lwo I, ar + flw° Iy di (10)
TotfoXa oY% to

146, 148,

€0BT ‘oN NI VOVH
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The solution of the three integrals I, Ip, and Iy, will be discussed in Appendix A,

The expreaslons for downwash in regioms A, B, and C may then be expressed as the following
single Integrals which can be handled by standard numericel methods:

i} ___[ o L ) (gom) a (11)

x

Ry T -2 [f jeozo PEZY g(u:u) (Er-Ea) 48

= °x° Bz(u—u'+2§)—2§u Bz [(tu) (g;pr)
fy {Kafg—u) (e’ ) £2 ]‘2524 Yo }dd (12)
X
c_m[ [ s pop g
VPC x [‘Z;.yeoxo eg2 X, 151
l+9
+5 .
, [ {KZ e [oamuntiaty | B [ (i) Gt g
v—6x V(&) (twt) E 2t
L J « I =
1+,
e S 4
"%w_og 1 §(u'—u) 5 L
¥ ° e (Eg%Es) at (13)
E

o

€0gT ‘oM KL VOVH
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Effect of Doublets in the Wake.— The study of the downwash induced

on the xy plane by th.e doublets distributed over the wake will also
be divided into the three regions indicated in figure 1, and the symbols
listed as follows will be used In the derivations:

2A <8 A—'V
7BV v*)
B 73 Sy—v*
vI-%
ag v,
Yo

Ep, Ep, Eg complete elliptic 1ntegrals of the second kind with
modull k,, kg, and k5, respectively

incomplete elliptic integrals of the second kind with
arguments 1/es, l/aB, and ac/kc, and with modulil kA,
kp, and kg, respectively

=
£l
&
N
~"

KpsEg, Kq complete elliptic integrals of the first kind with
moduli kp, kp, and kg, respectively

7 1 inecmplete elliptic integrals of the first kind with
&B’kB > arguments l/a , 1/ap, and ac/kc, and modull k,, kg,
and kq, respectively
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—'V'
N7p ( A"‘”)
( 7B—v )
V—')’B
ﬁc <V'—Bc>
4
g \7gV

undefined limits of integration.

(vvreg )= /(£ 22) (£ 2v1?)
V4!

e {vvi)—#26 (v—v?) (v—t,) (E +v?)
v'-v+2§

(s 2)a 48 27) (6,5v12)

v+v?e

(Wi 2)+ 4/ (£ ,2v3) (E2—vI2)
vy ?

e (vrvt )+ 28 (v=vt) (v=t ) (§ +v7)
VI—V4+2E

(i 5=l P—v2) (5°—v")
w4y



http://www.abbottaerospace.com/technical-library

NACA TN No. 1803 ' 13

n B(Z—n)
o

v Yotbo

V! Yobo

o 51

On integrating the second term in equation (7) with respect to x;
and using the notation Just presented

_ HB £o%ZoCo =) (v') | (1k)

2t B 112+202) A E0Z N2z z ¢

The limits on the integral as previously noted differ in the
regions A, B, and C shown in figure 1; however, 1n each case the
limits are roots of one of the two radicals in the integrand.

It is desirable to express equation (14) in a different form in

order to obtaln an expression for downwash in the plane of the
airfoil, Integrating by parts

HB co — y —t £on *
oy = 25 %2 [J_—<v M) e 2 ]Z

/Ll vivi-2n . }
2|
; en/ (v=1) (=v1) Zo; S S o

e v e 4 n o T T e e e\ e e e ——— .~ ~ o ——— s o+
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When lj—').mo S is considered, it can be shown that in a1l three reglons the contribntion o
Zo
the downwash mede by the doublets in the wake 18 given by the expreasion

HR fi-l VAV

‘The 1dentities

= (15)
LA Ay ey = R
The solution of equation (15) in reglons A, B, and C will be considered gseparately.
Regloa A
In region A, TLy=v and Ip=y'. The gubstitution n = _A:-EA_ eliminates the linear term in
. 7/
the radical of the integrand, and equation (15) becomes
£ 25,2
274 1- .__A_)ta
EB Eo™ oK vyt L : o i
5, = = (o) [, | ] [— 2] (16)
A oxe o () (7avY) VI7p L2(y 48 ,t) (1+t) (1+%) 1o (BN
BA—V' V—-?'A

s

08T °ON KL VOVH
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(B=v) (Vi=ry) + (Bp—v?)(v—,) = O

€0gT *oN NI VOV

are npeeful In the integratiom.

B g—v
The transformstion o = ‘:f—')'- t 1s nmext Introduced, and the expressitn for downwash beccomes
’ A

1
2

2 [ e G, i
LA _ Ty CCATTA) A\ 7A
h o 2x o (Vo) (7a?) Bp=v/ . 2ra(L+ ago)(14 A B'Am) N 1o

__fl 1 Ikp®a” &D]
—_ 1 A 2 -2
(5 )

GT
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Integrating the second term by partse and applying the fundamental properties of even and

odd functione yield

B0 =" ) { vav! [ 1 1
od (W7a) (74*) y a7 f 27y U TP 1~ @'& Ea

1 A,
+ Ba E—-lgA_EIDE

TA d l—CDE
7 AB'A <1+ g:t: aAm>

Pt e(1-k,2)
*[1 % .;A 20,2 [ 1_(7 )wg ]4(1— %i? (1—m2)}
1
_ _EB N/ Y ~ly 0"
25Eq N (v=54) (74~¥1) (8y~7,) aA-> { 7AA<1+ ')r2 aAm) 1-aF 3
' o * BAE(L-RA ) Yo

1;7(1—155_%2) (l—wE;

%2] =

(Bp==72%8y") (1-<n?)‘ar/2 g PP " e T (1-ap%0?) A/(l—kﬁn‘?) (1-a?) } (1)

The Jecoblen transformation @ = sn u reduces the integrals in equation (17) to standard

elliptic forms (reference 3), and

9T

£0QT 'ON NI VOVN
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Wy o e [(gj—-v"*) (e.f—v'a)]

Reglon B

1/4

1-xp2 {

aA ) [KAE<E%,]£A>—EAF <g_'—-,kA)] +

5/ (5p2-ap?) (1-ap2

In region B L; = £, and Lz = v' and equation (15) may be written

E
_ _HS °[<MJL 2 _<vw'
WUB Eﬂgo v! 21]I EO 2

YB+3pt
1+t

The trensformations N =

and o =

)"]—§02 +T]2}

p-v!

TR~y

dn
WI(v=1) Eo+m)] (=) (V1))

t where

(rg=V) & -Bp) + (Eg—rp) (By~V*) = 0

and

reduce equation (19) to

(e,+78) (v=8g) + (¢, +Bg) (v—og) = 0

Ep
1-k,2

(18)

(15)

£0QT °*ON NI VOVN

LT


http://www.abbottaerospace.com/technical-library

1 2 =
(in)g ( 1 1 fa:]
iy " Eiiojl [9713(1*-3“’) (l+ i )- vg )52( mgm) o'+ B (lMBm):]»/(l-reB o) (1)
o1+ —
By b
5p
EB 7888 1 t + * 2, 2 Wy go {(wv') (Bg=rp)
= — = — (53 =£.7) (1~
o 1+:,§ag3m"/(l_k5 o) (1-07) | L ° ( e 27333(1'“32‘”2)
_ (BB“'?’B) (53'7]3) am (20)
(1_% (1% (- )(1_33%2) f1-%P) (1-0)

When the transformation ® = sn u is made, equation (20) is readily Integrable (reference 3),
end, after algebraic simplificetion, may be written

_ _Ep Q&B(BB-\J')E A/ (w=1) (vi+1) . _
ww:B n8g 5E7(v1e-1) (1+ap) {(1 ) 5 (ag—E5)

o [ n) 20 (30

(ep—lp) /(ep"-1) (ag™lp®)

£0gT ‘ON HIL VOVH
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Region C

In region C, Ly = EO ard Iz = —§ , and equation (15) is written -

o .

E T vdvi=2y ["""

"W T - goa_ﬂz dn (22)
2o "¢, 2n/(v=n) (n=v')

The derivation of the expression for o is gimilar to that for Wy, with the exceptlon

that in this case the substitution = / ;% t 1g made, and equation (22)may be written
1/4 '
8 [ 0 T { s [ () n (2]

Wo T L07° ° ¢ ke,) (1-8,%) o Xy ° ¢ kb’kb '

E }_ ' »

+ - -
1_kt§ Xg (23)
Solution in the xz Plane

Just as In the study of dowmwmsh in the xy plane, so also in its study in the xz plane it

is convenient to consider separately the effects of the doublets distributed over the plan form
and the wake, The subscript notation for wy end wp 18 the same as before and agein w 18 equal
to WW + 'WPo

Effect of doublets In the plan form.~ In the xz plane two reglone are indicated In figure 2,
Region E lies between the Mach wedge from the treilling edge and the line of inmtersectlion of the
two cones from the trailing—edge tips. Reglon D commects this reglom to infinity. Again the

€0RT °ON NI VOVN
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limits of integration form the basis of the division into the two

reglons.

The symbols listed below will be uded in the derivation of the
expressions for downwash in the xz plane, induced by the distribution
of doublets over the plan form of the wing.

E4 ’Es ’E4 ’Eso

4’K5 45 K 54

complete elliptic integrals of the second kind
with modull k,, ks, k40, and k‘-"’o ,respectively

complete elliptic integrals of the first kind
with modull k., kg, k, ,and kg ,respectively
’ o o

OoX1
§ (x-x1) 2-p22

8oCo

ARI-'GQ) 2_g2,2

«/ (x—x; ) 2-p=22
foxa

¥ =R
6oCo
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Region D

In reglon D, the first term in equation (7) is written

0, n__Lf axlf_%L Yoo x1 2y, ® (o)

(s ) poya2pa? 72 &2

Integrating with respect to yi

_ﬂ.f

Q

Changing the variable of integration

L4

- Mo g, [m-a/eo%s"‘z?( k.Ho"*):I e ) kg
n ﬁ/b°212+BEzE(k42—902)

Taking the partlal derivative of °P with respect to z gives the expression for ths downwash as
D

€0QT ‘oM NI VOVH
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w2y Gt ) vty [~ R |
+fj N ([eogxaa‘?::l(tioa—e 2)1/2 ~ ) ( ) (%) dk} )
Reglon E |

In reglon E, a gimilar derlvation ylelds the solution

~

EB il KsgEse ‘E’c[’“"'\/"2]‘502‘5‘02*"9'2"2 (1-%5,%057) ]
L P (

R 020021!'.502 1-Xk 502902 V 4 x\zk502902+5222 ( 1*50290 3

PR .%0," ) o,
ﬁs kS _kSEGDE [ﬁ52902+5212(1_,k526°2)]3/2

8o x°K40° _
f () oo T (x o) 72 ) ‘“"*J (26)

K ! Hpkg.— The limits of integratlon agalm necessitate the divlsionm of tha
portion of the pla.ne behim‘l 'bh.e tralllng—edge wave 1nto two reglons D and E. The following list of
symbols will be used in the derivation of downwash in the xz plsme, induced by the doubleks distributed
over the vortex wake:

£0gT °OoN L VDVN
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&p

a.'D

g

a'E

Ep, Eg

E(a'D,k'D)
E(a's,k'g)

Kn, Kg

F(a'D:k'D)
F (B'E,k'E)

kp

k'p

klp

N
Bz

A/zi-co)a—ﬂzzz

(x—o)

04Co

/BEZE_‘_G 02002

complete elliptic integrals of the sscond kind with
moduli kp and kg, respectively

incomplete elliptic integrals of the second kind with
arguments a'p and a'p and moduli k'p and k'y,
regpectively

complete elliptic integrals of the first kind with
modull kp and kg, respectively

incomplete elliptic integrals of the first kind with

erguments a'p and a'y and moduli k'p and k'gm,
respectively

0oCo

J (z—co)®-p%2"

1k

JQXFCO)Z-Beza

5%

Won
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sn?( 1ay)) - ap?

en?( 1oy ) - ap®
Region D

In reglon D, the second term in equation (7) becomes

8oco - yl‘o‘d-ze

B
_  £Bp® f 4/9 2,2 2 2 f dx;
= - -y dy
T | % °TT T e (a2 ) (7272 1

Integrating with respect to x;, and using the definttion of [
N
zH(z-co) f B Veoacoa_ﬂaylz
By = x (722+22) 4/l (;'0055-—4;-?1&-3222

D

- H(x—c,)

= Bz«/(x—c )%e”f s )JT dm

where

m=ﬂ3‘1
)

Q0

(27)

72

€0gT ‘ON NI VOVN
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Applying the Jacobian transformation @ = sn u

2 2 D 2
0, - B{x—4)85 0o len®u o (28)
1+ep2kpZanu

D Pz (x—co)z—ﬁez2

The expression for &, a8 glven in equation (28), is integrable (reference 3) and becomes
D

H(x—co)eo o> {KD (KD 1+apkp ><1 )[ﬂ,(a Eip) 18p 4/ 1+ap°Ep”

% Bz A (20, ) "B 2" l4ap

k
- :L'E(aIDJkID) ~ 1F(a'p, k') E]_I;,] } .

AT TR | ‘
- - 222 Jarpkip Ky + —ﬁ% [KD F(a'p,k'p)-Fp Fla'p,k'p)Ep E(a'n:k'n)] } (29)
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Since 1t may be shown that

&
d B [ (1_ab2klnaj]
— [ F(atn,k? — F(a'n,k' — Epy E(a’y,k’ } = — )il '
5, (B Fa'p,k'p) — Ep Fla'p,k'p) — Ky E(a'p,k'p) e (Ep-Ep) a'yEp 2t

the expression for the dowmwash wyp obtained by teking the partlel derivative of QOwp with respeoct
to z may be written

_B [ Fp , Kp(-elp®) ity

WD T X Y = P [kp F(a'p,k'p) — Ep F(a'p,k'n) - Kp E(a'n,k'n)]} (30)
D D D

Reglon E

In reglon E 8 similar derivation glves

VRPN « '
iy = 'E&E{ _:vi : ( g}? ~ a'g® KE) - Vl-atp® [Eg Falgk'g) — B Fa'pk'g)

— KE E(B-'E,k'E) ]} — (31)
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DISCUSSION

In reference 1, the downwash behind the triangular wing was
computed along the x axis only; but it was indicated that only
slight varistions with y should be expected for some distance on
elther side of the axis. The value of w/wo1 along the x axis
derived in reference 1 for various Go's is8 shown in figure 3.

The results presented in figure 4 can be used to assess the
accuracy of the prediction of reference 1 in regards to the span—
wise varlation of downwash. The downwash in the xy plane is pre—
sented for various 6,'s and spanwise stations and for all values
of x from the trailing edge to a point where the asymptotic value
is closely approached. In figure 4 the curve for Yo =0 represents
the results of reference 1. The region covered in the y direction
extends from the x axls out to about % 65, Where in the coordinate

system used x, equals x/cy, y, equals By/cy,, and 6, is the
semispan of the wing. Within about a half span from the trailing edge of
of the wing no general statement can be made as to the variation of

w/wo 1n the y direction except that in the region considered the

increase or decrease in the values of downwash from those at y, = 0]

was less than 0.1. For distances greater than a half span from the
trailing edge, however, the variation is quite uniform and w/wo

deviates from its value at y=0 only slightly for -— % 60<fyo<f% 85e

° For 60=O.6, a more extensive study was made of the variation
of downwash with y. Figure 5 presents values of w/wo across the
gpan for several positions behind the trailling edge. Immediately
behind the tralling edge the value of w/wo falls and approaches
- &8 the wing tip is approached. However, at 0.4 of a root chord
behind the trailling edge (x,=1.4), w/w_, rises and reaches the
valus of 0.7 as the wing tip is reached. At x,=2.2 +the spamwise
variation of w/w, 1s essentially constant. The approximation of
reference 1, that the downwash is independent of y in the nelgh—

borhood of the x axls, is also shown 1in figure 5. It 1s evident
that this approximation is useful out to about a third of a semispan.

1The variable w/w, (i.e., (wp + wy) /w,) represents the total
downwash behind the wing divided by the lnduced vertical velocity
on the wing itself. If ¢ 1s the downwash angle and a the
angle of attack of the wing then

W de
o da
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The variation of downwash in the xz plane is presented in
figure 6. The curves represent values of w/wo from the trailing—
edge wave downstream to & point where the asymptotic value is closely
approached. In the immediate vicinity of the Mach cones from the
trailing-edge tips (i.e., xo ® 1 + 6,) the curves were not continued
because Ww/w, becomes very large and approaches negative infinity
as the Mach cone 1s approached. (Since this effect results from
infinitely large values of the radisl component of Induced velocity
at the Mach cone, it does not exist in the =z =0 plane.) Such a
behavior is consistent with the mathematlcal ideaslization of infinite
Pressures at the leeding edge and of an abrupt fall of lcad at the
tralling edge. However, iu an actusl flow fleld where these
pPhenomena do not exist the flow will experience a milder change in
passing across the Mach cone. Even in the theoretical results
presented in this report the growth.of the vertical induced velocity
in the neighborhoocd of the Mach come 1s logarithmic, and the interval
in vhich Ww/w, is appreclebly distorted from the general trend is
very small.

Some further insight into the behavior of w in the vicinity
of the Mach cone from the trailing-edge tips can be obtained by
studying a single vortex which extends infinitely far ahead from the
origin at an oblique angle to the flow and infinitely far behind the
origin parallel to the flow (fig. 7). The half of the vortex which
extends ahead makes an angle with the free—stream direction less than
the Mach angle so that the component of free—stream velocity normal
to 1t will be subsonic. Thus, outside of the Mach cone originating
at the sudden bend in the vortex at the origin, the flow will be
exactly like that of a linearized compressible subsonic vortex with
8 superimposed uniform velocity parallel to the line of the vortex.
Inside the Mach cone, however, the flow is completely changed.
Figure T gives an indication of the change. The term "bent" vortex
refers to the vortex along the x axis which is turned suddenly at
the origin from the angle it had maintained from -—ca The term
"unbent” vortex on the other hand refers to a vortex which maintains
the same angle from ~—~o to +«, The unbent vortex is included
to show the effect of the sudden turn. The figure shows that on
the 2=0 plmne (sectiocm AA) the downwash is finite and continuous
in passing through the Mach cone, but that above the 2z=0 plane’
(section EB) the value of W becomss infinite as the cone surface
is approached from the inside. This bebavior at the Mach cone
may aild in interpreting the discontinuity in the results for the
complete wing as given in figure 6.

A comparison of the simplified study made in reference 1 with
the results of this report in the xz plane is given in figure 8.
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The conclusion of reference 1 was that to a first order the variatlon
of wfw, with z,/6, was linear with a slope ~(1/E;). The figure
ghows that the approximation is useful up to about a third of & semi—

span.

Values of w/w, were not computed for points off of the xz
and xy planes although the methods employed are quite capable of
hendling the problem. The results already given would apparently
indicate that the approximations of reference 1 are yalid in the
ylcinity of {1/3)80 sbout the x axis. This assumption can easily
be checked for large distances behind the tralling edge by conslder—
ing the flow field as x, approaches =, Thus figure 9 shows a com—
parison between the exact value of w/wo derived by means of the
linearized equation and the approximate value given in reference 1
for all points greater than about one chord length behind the
trailing edge, Once agaln the agreement 1s fairly good out to about
one—~third of a semlspan either vertically or horlzontally from the
x axis.

In order that some idea of the variation of downwash with Mach
number at various positions downstream could be obtained, 'figure 10
was prepared. This figure shows values of w/wo on the x axis
plotted as a function of M, for various velues of x,. The value
of the sweepback angle is 45° and the Mach number range covered

could be extended to 1.4t and the leading edge of the wing would still
be subsonic.

Ames Aercnsutical Laboratory,

National Advisory Committee for Aeromautics,
Moffett Field, Calif.

APPENDIX A

EVATUATTON OF SPECIAL INTEGRALS
Integral I,
Since there are no singularities in I3, the f£inite part sign

may be discarded. The linear term In the radical 1s eliminated by
the tremsformation 1 = (73+5:t)/(1+t) and the integral becomes
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B1—' )
-1

- /(u'-n) Gy) f = ~/1'< ,

(51—’71)7’1 '—71[ <5i> T/E

By—!t

The expressions for 8; and 7y may be canbined to give the useful identities

2
g

(72-#) (By—ut) =

‘canonical form

= 7181

nl=ra

(ht~71) (Ba)
Noting that the integrand is an even functiom, equation (Al) may be reduced to the

It -2 [n'-*h) (ras)
- (B1~71)72

by the substitution

B!

)[ (1—-k )5/2 w

)

By the introduction of the Jacobian elliptic functions (reference 3) in the transformation

o = gn u, the Integratlion may be completed, and

By,

ot

(A1)

(a2)
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oo [B1=3) (71—u)< ) 2 _1f u'-u< )
tr=® (B1~21) 728  \B1-u! ed £= ky i (43)

where od u = on u/d.n u.

Integral To

As the first step 1n reducing I- 1o canonical form the integral is written

' [ e EEmb (! )t E7E (T )yt dn
© -[ [ 2g(n—¢) 2E(n+¢) ]J(§+n) (wt=n) /(e=n) (n+)

In this case the following ldentities may be obtained directly from the definitions of
Y2 and Bp,

(7,4 (684 (7 ) (1D ) =

and

(E+75) (=B )+ (nty,) (£48,) = O
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7at+bat
1+t

L
Ao}

The transformations n ™ end o = §’7—z——_u1'-1- t are made, and after algebraic simplifications

equation (A%) becomes

Bz /L_t'—u{ (utr) () (ute) | () (5m) (6eut)
28

T (wi2) (o) (62u') (82¢8) (28)  (Bu) (7)) (2) Hf 7"‘"(1_}:22&2""‘“‘?') (107 ]

1
B

T e —

By appl the fundamental propertles of even apd odd functione, the first two integrals
in equation (A5) can readily be integrated. The procedure for handling the finite part sign
over the third integral willl be consldered in detaill. Bince,

1l

f (L+w) i = 2
L1 (1-0?) o/ (1-ka%?) (1-o”)

' 1
aw
‘[ (1~02)™ " Afikaa?

i :
£(w) = 1 =

. (o (1+0)/2 \ A Pe? 5
1 =

£(1) e é’
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then by equation (6)

1 1 1
f = 2 \: f 33‘3 - f 3/;2 3%3 - = }
o 1-—co2) 4/1— 2P o (1-02) " Wf1ka®e® b 2 (1) | lke® 42(1-ke®)

- = deo T = L
- F [z[ (1)~ /1-ke"a® 551 2(1-w) (1—1:22)]_
Ko

- D du 1 1
l: A E"; caj—'gl ;2(1—0.)) (l—kag)]

R R R =l A

= D —_
<K2 1—k22>

The solution of equation (A5) becomes, after algebraic simplification,

[ ko Bolp—u t+28 )—Rut _ 1 [(e) (E+u?)
() (&n )[ .2 }KE 2£2 ko EE} (46)

Iz
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Integral I,
The procedure for integrating Ig 1s similar to that previously
discussed In comnection with I;. In this cese, the integral is

canonicalized by the substitution o = / ;ﬁ t and the solution may he
) 3

written
Ig = El" /28(utu) k' (KgEg) (AT)
s
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