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DIVERGENCE OF SWEPT WINGS

By Franklin W. Diederich and Bernard Budiansky
. SUMMARY

An analysis of the divergence of swept Untapered and tapered wings
with stiffnesses varying as the fourth power of the chord has been
performed and checked experimentglly. The resulis are presented in g
set of charts and approximate formulas suitable for quick estimates of
the divergence dynamic pressure and hence the divergence speed.

These results indicate that the divergence speed drops rapidly
as sweepforward increases to about 40° but that wings with moderate or
large sweepback camnot diverge. The location of the elastic axis is
found to affect the divergence speed most at low angles of sweep, where
movement of the elastic axis forward (or the aserodynamic center aft)
raises the divergence speed. The effect of wing taper is to incresse
the divergence speed of essentlially unswept wings and to decrease the
divergence speed of wings with moderate and large angles of sweep in
the case of the prescribed stiffness variation. ZEvidence 1s presented
to indicate that these effects may not be observed for actusl stiffness
variations, 1n which cases a more refined analysis must be resorted to.

INTRODUCTION

The emphasis on the use of sweptback or sweptforward wings for
high-speed flight has created widespread interest in the aercelastic
behavior of swept wings. The present paper is concerned with the
theoreticael determination of ome of the most fundamsntal aeroslastic
paremeters, the wing divergence speed.

The divergence of wings or tall surfaces is an instebility
phenomsnon which results from the interaction of aerodynamic and
structural forces. If a wing or tail is given a deflectlon of
arbitrary magnitude, the aerodynamic forces often act in such a way
as to increase the given deflection, whereas the structural forces
always tend to decrease the deflection. Since the asrodynamic forces
increase with the flying speed, whereas the structural forces are
Independent of it, a speed will often exist at which the two sets of
forces are exactly in balance, so that they tend to maintain the glven
deflection. This speed is known as the divergence speed, since any

further increase in speed causes the aerodynsmic forces to predominate__

over the restraining structural forces and tends to increass any
deformation until structural failure occurs.
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The theory of divergence of unswept wings has reached a considerable
degree of refinement. Since H. Relssner's original enalysis of the
problen (reference 1), a great deal of material has been published on
this subject both in the United States and in Great Britain (for imstance,
refersences 2, 3, and 4); the latest methods treat arbitrary stiffness
variation (reference 2) and sccount for aerodynamic induction
(refersnces 3 and k).

The analysis of the divergence of swept wings is complicated by
the fact that, unlike the case of unswept wings, the alr forces depsnd
on the bending deformations as well as on the twisting deformations.

A first approximation to the solution of the problem is presented in
reference 5 by means of a "semirigid" approach that does not take into
account spanwise variation of the wing distortion.

The present peper gives the results of a more exact analysis that
conglders the effect of elastic bending and twisting along the wing span
Theoretical derivations are given for the divergence speeds of swept
wings with constant chord and constant flexural and torsional stiffnssses
along the span, as well as for swept wings with linearly varying chords
and with flexural and torsional stiffnesses varying quartically with
the chord. The results of the theoretical anslysis are presented in
curves of nondimensional parameters from which the divergence speed can
be estimated for a given design. '

In order to verify the theory and establish the effects of the
asgumptions involved, a limited number of tests were made in the
Langley 4.5-foot flutter research tumnel‘on models of constant chord
and stiffness at low Mach numbers. The results of these tests ars
presented and are compared with the theory.

SYMBOLS
2
Span
A aspect ratio <%otal area>
' qa cosei\m.eelcreL2
a dimensionless parameter
(6),,
ap value of parameter a at divergence
q cosgAmecrL3tan.A
4 dimensionless parameter
\ @D,
ip - valus of paramester d at divergence '

c chofd, measured perpendlicular to elastic' axis, fest
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Cr
Ccg
EL

(£1),.

€]l
GJ

(c7),,

K3, K2

chord at effective root (fig. 1), feet
effective chord at tip (fig. 1), feet

effective bending stiffness In planes perpendicular to
elasgtic axis, poundrfeet

bending stiffness at effective root, pound—feet?

distance from elastic axis to asrodynamic center
(positive forward), fraction of chord

effective torsionsl stiffness in planes perpendicular to
elastic axis, pounﬁrfeet

torsional stiffness at effective root, pound—feet?
chord ratio, c/cp

constants

running air load along elastic axis, pounds per foct
length of one wing along elastic axis (see fig. 1), feet
frss—stream.Mach number

critical Mach number of section psrpendicular to
elastic axis

section lift—curve slops, per raedlan

effective section lift-curve slope, per radlan
R By2

dynamic pressure, pounds per square foot 5

dynamic pressure at diﬁergence, pounds per square fooi

Ev«?)
<2D

free—gtream velocity, feet per aecond

free—stream velocity at divergence, feet per second

component of free—stream velocity normal to elastic axis,
feet per sscond

distance along elastic axis (see Fig. 1)}, feet
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effective angle of attack of a section perpendicular to
elastic axis, radians

pemispan position along elasstic axis (y/TD

local dihedral angle, radisns, or slope of wing deflection
curve at elastic axis (see fig. 1)

angle of sweep measured to elastic axls, positive for
sweepback, degrees ’

taper ratio (?t/ci) '
density of air astream, slugs per cublc foot

angle of twist in a plane perpendicular to elastic axis,
radians

THEORETICAL RESULTS

Untapered Swept Wings

A theoretical analysis of the divergence of a swept wing of uniform
chord (fig. 1(a)) and stiffness is contained in the eppendix. The
analysis involves the following limitations and assumptions:

(a)} Aerodynamic induction 1s taken into account only insofar as
an over—all correction 1s applied to strip theory

(b) Aerocdynsmic as well as elastic forces are based on the
assumption of small deflections

(c) The wing is clamped at the root perpendicular to.a straight
elastic axis (see fig. 1(a)), and all deformations are given by the
elementary theories of bending and of torsion about the elastic axis.

Within the limjtations of these asSumptions an exact theoretical
solution for the divergence speed is obtained. The solution consists
of a relationship between two nondimensional parasmeters, '

o - dp cosQ.AmeelcreL2 . (1)
v (67)
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dp cos_eAmecrL3tan A
(ED) .

& = (2)

which is presented in figure 2.

It is seen that the ratio of these paramsters

dp (GJ)r L
2 = | 22| ten A (3)
ap  [(EI),||e1°r
depends only on the known geametrical and physicel parameters of the
problem. Thus, from the theoretical plot of ay against dp/ap shown

in figure 3, the divergence speed can be obtained for any particuler
uniform wing. In order to cover the entire range of valuss of the
independent paremeter, it ie convenient to plot dp against aD/&D for

large positive and negative values of dp/ap.

Tapered Swept Wings

A theoretical solution for the divergence speed of linearly tapered
swept wings (see fig. 1(b)) has also been effected in the eppendix.
The assumptions listed in the foregoing section apply to this case as
well., The bending and torsional stiffnesses are assumed to vary as

"the fourth power of the chord; this variation is realized for a wing

having geometricelly similer cross sections, such as a solid wing or one
all structural dimensions of which are proportional to the local chord.

Theoretical curves similar to those of figurs 3, relating the
nondimensional parameters ap and dp, have been computed for swept
wings having taper vatios A of 0.2, 0:5, and 1.5. The varilous branches
of these curves, together with those for the uniform wing (taper
ratio 1.0} are, for convenlence, given separately in figure 4(a), 4(b),
and 4(c).

Effective Lift-Curve Slope

In the calculations of the 1ift acting on the individual wing secticns,
it has been assumed that the serodynamic interaction of the sections may te
neglected if an over—all span correction is made to the section lift—curve
3lope. Thus, the value of m, to be uséd is the two-dimensional valus g
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.

for sectlons normal to the elastic axis multiplied by a suitable correction
factor. In reference 2, Shoranick, in computing the divergence speed of
unswept wings by strip theory, spplles the asspect—ratio correction

e

T = Iy (%)

A
5 + 2

For the case of an unswept uniform wing with %—: 3.1%, +this assumption

yields a divergence speed that differs by less thsn 1 percent from the
result calculated by Hildebrand and Reissner (reference 3) by lifting—line
theory. (The parsmeter B calculated by lifting—line theory in reference 3

mey be compared directly with / ap \/;2 of the present paper.)

Equation (4) may be extended to swept wings by means of the reasoning
used in reference 6. If the elr forces asre considered to act in planes
perpendicular to the elastic axis instead of parallel to the planms of
symmetry, the following relation iz obtalined

A
= (ll-a)
T mo.A + 4 cos A

This approximation for finlte—span effect may be used for subsonic snd
subcritical Mach numbers. For supersonic and supercritical Mach numbers,
i1t is inapplicable; no span correctlon is avallasble at present for these
speed ranges. Neglect of the finite-span effects, however, will always
tend to give comservative results.

Location of the Effective Root

If the results of the precedigg analysis are applled to an actual
wing, it is necessary to assume that the wing i1s clamped along & line
rerpendicular to the elastic axis. From the data and the anslysis
rregented In reference T it appears that the amount of wing twist can
o2 estimated closely by assuming the wing to be clamped at a line
“trough the intersection of the elastic axis and the side of the fuselage,
if the carry—through structure is fairly rigid.

The bending deflections are estimsted in reference T by consldering
“%2 wing supported flexibly at a lins through tke innermost point of the
~ralling edge (in the case of a sweptback wing) or of the leading edge
(in the case of a sweptforward wing). This effect may be taken into
eczount in the preceding esnalysis by modifying the root boundary conditions.
If the carry—through structure is fairly rigld the resulting divergence
speed is the same, for all practical purposes, as the value obtainsd by
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consldering the wing mounted rigidly at a line through the intersection of
the elastic axis and the side of the fuselage. This line is consequently
consldered the effective root of an actual wing, as shown In figure i{c).

APPLICATION OF THE THEORETICAL RESULTS

_Selection of the Aerodynsmic Paremeters

Both the section lift—curve slope my- and the aerodynsmic center

(and consequently the distence from the asrodynamic center to the elastic
axis, ej) vary with Mach number and, in the transonlc range at lsast,
with the angle of attack. The parameters should be chosen at the angle

of attack near the deslgn velue which ylelds the most conservatlve results.
The choice of the Mach number depends on the purpose for which the
divergence speed or dynamic pressure is calculated.

If the divergence speed 1s calculated for its own sake, the parsmeters
should be chosen st the Mach number corresponding to the divergence speed;
resort to a triel and error procedure may therefore be necessary. If, on
the other hand, it 1s deslred to calculate the divergence speed or dynamic
pressure a8 a reference value for one of the other aerocelastic phencmens,
the aerodynemic parameters should be chosen at the Mach number of Interest
for the particular phenomenon. The dynamic pressure celculated in this
menner will not usually be the true value but appeasrs to be the divergence
value only at the given Mach number and will very with Mach number. If
the varistion of this reference divergence dynamic pressure gp is

plotted against Mach number and the actual dynamic pressure gq 1s plotted
on the same graph, the Intersections of the two lines will determine the
trus values of the divergence Mach number and dynamic pressure; this
procedure therefore constitutes another way of calculating the divergence
speed.: Such a plot ls shown in figure 5 for a straight and a sweptforward
wing designed for high—speed flight.

The values of the aerodynemic parameters are best obtained fronm
expsrimental section data for the 1ift and pitching moment of the glven
section et the Mach number of interest. If such data are not avallsble,
the section lift—curve slope mn, may be approximated by the Glauert—
Prandtl and Ackeret relations in the subsonic and supersonic regiomns,
respectively, and by an arbitrary constant value which depends on the
critical Mach number in the transonic region, ss indicated in figure 6.
The aeredynamic center 1s located near the quarter—chord point at subsonic
speeds and at 40 to 45 percent of the chord at supersonic speeds. Its
location at traensonic speeds 1s not well esteblished; it may move forward
of the quarter—chord point, however, before receding to the supersonic
position.

T T T T T T o Ty R T I T T e
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Use of the Curves

The aserodynamic paramsters are selected for a given Mach number and
the section lift—curve slope 1la corrected for Tinite-span effects in the
manner previously indicated. With these psrameters and the given gsometric
perameters the ratio dD/éD may be determined from equation (3). The
valus of ap or dp 1s then obtained from figure 4 and the divergence

dynamic pressure calculated from elther of the two following relations:

) ap = ap ((;J)r 5 I; (5)
myc,L> cos“A 1
= dp (il)r 5~ cot A (52)
BeCpl? cOsA

The dlvergence speed 1ls given by the relation

4p
Vp =)/ o2 _ (6)

If the values of qp as calculated in thils manner is negative the

wing cannot diverge, since a negative dynamic pressure does not correspond -
to any real spesd. A negative value, however, is still useful as a
refersnce velue.

Unless the wing under consideratlon 1s solid or has geomstrilcally
similar cross sections elong the span, it must be kept in mind that the
actual divergence speed or dynamic pressure msy be below that calculated
by this msthod for reasons cited subsequently in the "DISCUSSION."

Use of Approximate Formulas

The relation between the velues ap and dp may be approximated
closely by a straight line. The agreement between the exsct curves and
curves representing the linear relation is seen in figures 2 and 3 in the
case of a uniform wing. ZFrom the linmear spproximstion sn expression for
the divergence dynamic pressure may be obtained of the following form:

;JLD = (G9)x L ) L | (7 .
2" e
mooyls cos o 1-Ko ggi ( ; )t A |

elcr
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http://www.abbottaerospace.com/technical-library

A e e e S 7 ottt
ll
. :

NACA TN No. 1680 9

where the constants K; and Ko are given in the following teble:

A Ky Ep
0.2 2.81 0.61hL
5 2.74 o7
1.0 2.h7 «390
1.5 2.22 .326

I -

Equation (7) msy be used with almost the same accuracy as the curves
of figure 4. This equatlon should be particularly convenient for calculating
the stiffnesses required for a glven value of the dynamic pressure at
divergence.

EXPERTMERTAT, RESULTS

As a check on the theory several divergence tests on uniform swept
wings were made in the Langley k4.5-foot flutter research tunnel. In the
first series of tests a thin plate of 24S—T aluminum alloy, 5 inches
bv 30 inches by 0.126 inch, was held in the tunnel essentially as
shown in figure 1(e); the angle of sweep was varied by means of the
rotating root fixture. The experimental divergence dynamic pressure was
taken to be the highest value at which ths wing would remain in an
undeflected posltion when the root ssction was at zero angle of attack
relative to the true alr stream. From ths experimsntal dats obtain=d,
shown in table I, the divergence dynamic pressure is plotted against iths
angle of sweep in figure T(a). The veriastion of divergence dynamic
pressure with sweep obtained from the theory of ths present paper 1is _
also shown in figure T(a). No experimental data have been obtained for
sweepback; the wing fluttered, rather than diverged, at zero sweep, and .
flutter would undoubtedly be critical at any angle of sweepback. However,
the agreemsnt between the present theory and experiment for angles of
sweepforward up to 40° is excellent.

A gimilar series of tests was run for another rectangular sluminum
wing, % inches by 24 inches by 0.0977 inch. (See table I.) The results
given in figure T(b) also show good agreemsnt between theory and experiment.

A third series of tests was run on flat—plate aluminum models,
5 Inchss by 30 inches by 0.125 inch, that were not rectangular but were
clamped at the root and cut at the tip parallel to the wind stream
(fig. 1(c)). A seperate model was used for each angle of sweep, but
the length slong the leading edge was held constant at 30 inches. These
wing plan forms do not correspond to thoze assumed for the theory, but
they do represent more closely conventional swept—wing plan forms. The
experimental resulis are prssented in table I and plotited in figurs ().
The theoretical variation of the divergence dynanic pressure with sveep

L aotiis

Y T TR TR TR TIT NI U T TSR T PR Y Ty e T S T Y T I T T e

R e Sl

" A AT S v T

-
'

. gy


http://www.abbottaerospace.com/technical-library

v

g

-

10 NACA 73, ».

obtalned by using the effective root discussed previously (rg-: z -+ --
is shown by the solid—line curve. The variatlon obtained frcx ;..

the effective root is considered to be at the line through ti. trr. .-
point of the leading edge (root B of fig. T(c)) is shown by tiec :p. :-.
curve. It appears that the use of root A ylelds conservative ».;.u'-. - .-
all sweep angles of practical concern, but that the results obig’n..: 1.
using root B are on the asverage in somswhat better agreement wii: ~r.. -

data for low and medium angles of sweepforward.

The curves of figure 7 are based on calculated values of (GJ)..

and (EI)yp. The section aerodynamic center was assumed to be at
the c¢/b point, so that e; is 0.25. A section 1ift slope of 2r we

assumed and corrected for span effects as shown in equation (ka).
Compressibility effects were neglected In all comparisons, since the
tegt Mach numbers were too low to warrant a correction.

DISCUSSION

The aercdynsmic and structural. assumptions mads impose limitations
on the accuracy of the analysis. The aerodynemic assumptions are
concerned with the magnitude of the deflections involved as well as ithe
treatment of the asrodynamic induction and compressibility effects. The
assumptlon of smsll deflectlons made in obtainipg the effective velocity
component Vp (see =ppendix, equation (ASz)) yields results which are

too low at high angles of sweep. The air forces ere consequently
underestimated and the divergence speed 1s overestimated. The correction
for aerodynamic induction is only approximate; 1t is simple to make,
however, and yields good expsrimental agreemsnt. For most alrplanes the
divergence speed lles in the transonic or supersonic region, where the
induction effects are greatly diminished, so that no correction need
ordinarily be applied. The manner in which compressibility is teken imto
account in the analysis has not besn ¢hecked experimentally and is
consequently somewhat uncertain.

The location of the aerodynamic center may not be known very
accurstely; fortunately, however, the divergence speed of a swept wing
is not very sensitive to the aerodynamic—center location at large angles
of sweep, as mey be seen from figure 4(c). The change in dp, end hence
the change in divergsnce speed, will be found to be fairly small even for
rather large changes in the value of e; produced by changes in the

aerodynanic—center location or elastic—axis location. At low angles of
sweep the effect of the locaetion of ths aerodynamic center relative to
the elastic axis is much more pronounced; movemsnt of the elsstic axis
Torward or the aerodynamic center rearward will tend to ralse thse
divergence speed. If the serodynamic center is behind the elastic axis,
negative values will usually be obtained for the dynamic pressure at
divergence, so that divergence will be impossible.
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The most important of the structurel assumptions Involves the existence
of a straight elastic axis, which permits bending and torsion to be treated
independently. This assumption appears warranted in most cases. Although
the exact location of this axis is often difficult to ascertaln, only an
epproximate value is needed in view of the foregoing considsration, at
least for large angles of sweep. Near the wing root, where the elastic—
axis location is most uncertain, swept wings are so stiff that the location
is immaterisal.

[ .

The assumption of the effective root at the locatlon indicated in
figure 1(c) (root A of fig. T(c)) leads to comservative results. This
assumption appears, therefore, to be preferable to the assumption of the
root at a point farther outboard, such as root B of figure 7(c}. On the
other hand, the assumption of the effective root B leads to results which,
at least in the case of the filat-plate models tested, agree someswhat more
closely with experiments for angles of sweepforward up to about hi

The insensitivity of the divergence speed to the relative location
of the serodynamic center and the elastic axis indicates that the effects
of bending predominste at large sngles of sweep (actually at large values
of dp/ap). Even at low values of sweep, bending is quite significant;
the divergence pvhenomenon of swept wings should thsrefore be referred
to as "bending-torsion" divergence rather than "torsionsl" divergence
as in the case of unswept wings.

The stiffness variation.used in the analysis for tapered wings
(EI end GJ vary as oY) is realized for wings with geometrically
gimilar cross sections; it is obtained for solid wings and closely :
approximates that of actual wings with a taper ratic of ths order of 0.2.
For higher taper ratios, actual wlngs are more flexible at the tip than
the fourth-power varistion would dictate. In order to lnvestigate this
effect, the parameter ap has been plotted ageinst taper ratio in figure 8

for unswept wings with gtiffness verlations dictated by constant bending- e
gtress lovels. The assumption has been made that the torsional stiffness
is proportional to the flexural stiffness which, in turn, is based on a
load distribution given by strip theory. The computations Tfor the
divergence speed were performed by a method similar to that of reference 2.
Figure 8 indicates that the divergence speed of wings with this typs of.
stiffnesa distribution is in genersl lower than thet obtained for wings

the stiffness of which follows the quartic variation. The divergence spasi
of actual wings may be expected to lie between the two curves of figure 8
end will in generasl be lower than that for wings the stirTfness of which
follows the fourth-power variation. This point must be considered when
figure 4 is used; the results furnished by the curves of figure 4 may be
somswhat unconservative for actual wings.

The effect of sweep may be seen from figures 3, L, and 7. Figurss 3
and bt ghow that as the sweep angle (and hence the perameter dp/ap) is
increased negatively, that is, towerd increased swespforwerd, the
perameter ajp {and hence the divergence speed) decreases rapidly, all e

: : Sy v S e——er T - YT
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other physical parameters remaining the sesme. Beyond a certain angle of
sweepforwerd the cos A term in the parameter ap becomes dominant

and tends to Increase the divergence speed again as sesen in figure T.
Sweptback wings with a velus of dD/aD larger than about 2 and positive
values of e;, which normally correspond to subsonic speeds, cannot
diverge; nor can any sweptback or unswept wing dlverge for negative values
of e3 vwhich may exlst at supersonic speeds. In either case a negative
divergence dynamic pressure is obtained. This fact does not preclude

the possibility of flutter in these cases, however.

The effect of taper on the -divergence of swept wings of the assumed

stiffness veriation (GJ end EI varying as ch) is seen from figure k4.
For positive values of ey (subsonic case) and positive or small negative

values of the sweep angle, conventlional taper increases the divergence
gpeed; for all other configurations it decreases the divergence speed.
The effects of inverse taper are the opposite of those of conventional
taper. These consilderations mist be modified in the case of actusl
wings, becausé of their deviation from the assumed stiffness distribution,
so that elther the curves of figure 4 must be used with some degree of
conservatlsm or more refined analyses must be resorted to.

Although the low—speed wind—tunnel tests for divergence have been
performed only on uniform wings, they serve to corroborate the theoretical
analysis for uniform wings and hence, indirectly, thaet for tapered wings,
since the assumptions are the same in elther case. The rapid decrease .
of divergence speed with increase In sweepforward agrees with thes predicted
variation both qualitatively and quantitatively (up to about 40° sweep—
forward). This agreement indicaetes that the assumptions made concerning
the structural and aerodynsmic behavior (at low speeds) are justified.

At values of sweepforward sbove about 40° the observed increase in

divergence speed falls ghort of the predicted increase. This observation
agrees qualitatively with the statement made previously that the anslysis
would tend to overestimate the divergence speed for large angles of sweep.

It 1s difficult to meke a direct comparison with the results of the
simplified epproach of reference 5, but it is quite apparent that since
the method of this report tekes account of the spanwilse variation of
bending and twisting it should furnish mors relisble results. If ths
Tirgt natural bending and torsion frequencies of & uniform cantilever

bw
beam are substltuted in the expression for RFQ of reference 5, a
D

relation may be obtained for gqp which will have both ths sams form as
equation (7) and the sems valus of K, 1if a proper finite—sepan correction
is applied; ths value of K5, however, will be 0.299 instead of 0.390,
ag determined by the thsory of this papsr for the uniform wing (A = 1.0),

30 that ths effect of sweep will be unierestimated somswhat. This )
discrepancy inilicates that, if the results of a semirigid analysis are

adplied to actual swept wings, a certain amount of caution must be exercised.

YNt = I - = e = . =


http://www.abbottaerospace.com/technical-library

e

m‘wmw-w—g mpr-aar y-

NACA TN No. 1680 ' 13

CONCLUDING REMARKS

On the basis of certain assumptions theoreticel results have been
obtained for the divergence of uniform and tapered wings. These results
are presented in the form of charts and approximate formulaes suitable
for obteining quick estimates of the divergence dynemic pressure or speed.
A limited number of low-speed wind—tunnel tests on untapered models glve
good. agreement with the theoretical results for engles of sweepforward
up to 40C and appear to Justify the assumptions made in the anslysis.

The results indicate the following conclusions:

1. The divergence speed drops rapidly as sweepforward increases up
to about 40°., Wings with sweepback beyond a fairly low value cannot
diverge. :

2. Moving the elastic axls forward raises the dlvergence speed
appreciably for low angles of sweep but has less effect at higher sweep
angles. Wings with the elastic axis forward of the aerodynamic centexr
(supersonic case) can only diverge for moderate or large angles of
sweepforward.

3. For most practical cases, the effect of conventional taper is to
increase the divergence speed of essentlially unswept wings and to decrease
the divergence speed of wings with moderate and large angles of sweep 1f
the stiffness varies as the chord to the fourth power. For siiffness
variations closer to the ones which are obtained for actual wings, this
effect msy not be observed. In order to obtain accurate results in these
cases a more refined analysis must be resorted to. -

Langley Memarial Asronauntlcael Leboratory
Rationsl Advisory Committee for Asronsutics
Langley Field, Va., April 16, 1948
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- ' APPENDIX
- ANALYSIS OF THE DIVERGENCE OF SWEPT WITGS
! N Agsumptlons

The analysis involves the following limitatlons and assumptions:

(a) Aerodynamic induction is :i:aken into account only insofar as
an over—all correction is applled to strip theory

(b) Aerodynsmic as well as elastic forces are based on the
essunption of small deflections .

- (c) The wing is clemped at the root perpendicular to a straight
elagtic axis (see fig. 1), and all deformations are

L considered to be given by the elementary theories of

g _ bending and of torsion sbout the elastic axis

-

Asrodynamic Forces

In keeping with sssumptions (a) and (b), the force per unit width
on a wing section in a plans perpsndicular to the elastic a.XlB resulting
from bending and twisting deformationk is given by

= m.q, VA_2 c . . (A1)

where ag and VA_ are the effective angle of attack and the componsnt

of the free—stream veloclty in the plane perpendicular to the elastic
axis, respectively. If the free—streem velocity is resolved into three
components, one along the locel tangent to the elastic axls, one parallel
to the chord, and ons perpsndicular to the other two, the effective

N angle of attack may be obtained as the ratio of the third component to
the second and the effective velocity as the vector sum of the two
components. Thus,

sing cos A —cos ¢ sinl sin A

tan oy = (a2)
cos @ cos A + sing sinT sin A
- and
VAE =v2 [(cos 9 cos A + sing sin I sin A)®
1
+ (sinp cos A —cos @ sin T sin A)E] (A3)

The most coavenient way of obuain_ung these’ relatlons is probably br use
of vector analysis.
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For small values of ¢ and I' these rslations simplify to

e ='cp — T tan A (Ak)
V) =V cos Ayl + aBQ (A5)
2V cos A (A5a)

go that, for small deflections, equation (Al) can be expressed as follows:
1= (p —T ten A) mg£V2cosPhc (46)

The moment of this force about the elastic axis is assumed to be
given by the product 1lejc. The presence of a moment at zero 1ift due

to camber will not affect the resulis In any manner, since the divergence
speed depends only on the rates at which the asrodynamic and structural
forces Increase with the deformastions.

Differential Equations
The differentisl eguations of bending and torsion of the wing
referred to the elastic axis are

% GJF %) = —lejc (a8)

respectively. Substituting the small-deflection expression for 1
(equation (A6)) into squations (A7) and (A8) yields the two simultansous
differentisl equations:

.

2

g ar\ - Pv2... - .
;;5 EI e _gV coshmee (@ — ' tan A) | (A9)
% GJ %} =—§V2 cos®m_e,c2 (@ ~ T tan A) (A10)

These equations are subJect to the following boundary conditions:

Zero local dihrdrdl and twist at the root,

r (o)

g (0)

o) (A11)

0 (Alla)

T KT R T T R NS = pAre iy 3 bl O g f e
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Zero moment, torque, end shesar at the free end,

(EI 95) =0 (A12)
. dy y=L
<GJ @> =0 (A12a)
W)
(EI <y =0 (A12D)

y=I- '

Equations (A9) and (A10) msy be solved by numerical methods for
any arbitrary stiffness and chord varlation. In the case of untapered
wings and linearly tapered wings with the stiffnesses verying as the
chord to the fourth power, thsy can be solved directly, as shown in the-
following sections.

Solution for Uniform Wings

If the bending stiffness, the torsional stiffness, and the chord
of the wing have constant values of (EI)r, (GJ)yp, and cy, respectively,

along the wing span, equations (A9) and (A10) become

It tan A = d{p — ' tan A) (413)

- @'t = —alp — I tan A) (a1k)

where the differentlation denoted by the prime is with respect to 17 = %
and the two dimensionless paremsters a and d are defined by
q cosez\mee]_crEL2

a= G- (a15)

g cos@Am.c,L3tan A
d = _ - (n16)
(BE1), -

Differentisting equation (All) once end combining it with equation (413)
yields the single differential eguation

agtt? + aay? +dag = 0 (A17)

where ag =@ — I tanA.
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The general solution of this equation is

3

5 ri
Oy = Aje n

i=1
where the ri's ‘are the roots of the characteristic equation
r3+ar+d=0
and the A4's are arbitrary constants. -
The boundary conditions for equation (Al7) are:

From equations (All) and (Allaj

ae(0) =0

From, equations (Al2) and (A12a)
ag?(l) =0

From eq_ua:tioné (A1) and (A12b)
o't (1) +ace(l) =0

Subet ituting equation (A18) into these boundsry conditions gives

-
i A.i = O
i=
i=1
r
i (rie + a)Aie i_0
i=1

w
‘The condition for divergence is that there be a nonvanishing

17

(A18)

(A19)

(A20)

(A20a)

(A20b)

(A21)

solution for the A;'s; that is, a solution for which oy is not

zero along the entirs span. Therefors, ons or more of the Ajls
P 3 i

must

be different from zero (sees equation (A18)). Hence, the determinant of
the coefficients of the Aji's. in equations (A21) must vanish. Thus,

i ks

L4 R CN o B O Yl it Al gy ol ini

TR T LT
- . - T

U s g
' »

o
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1 1 1
rlerl r26r2 r3er3 =0 (a22)
(r12 +a)e L . (r22 + a)e 2 (r32 + a) e'3

Critical combinations ap and dp of the paramsters a and 4
are obtained if the combinations give rise to roots rj, rp, and r3

for equation (A19) such that equation (A422) or its expanded equivalent
is satisfied. The curve of ap. against dp in figure 2 constitutes a

plot of these critical combinatlons; points on the curve were computed
by assuming values of ap end solving for dp by trial.

Solution for Tapered Wings
For tapered wings the chord varies linearly and the bending and
torsion stiffnesses are assumed to vary as the fourth power of the chord.
Then, .
¢ = kcp
vwhere
end A 1s the taper ratio ci/cn. Furthermore,

GJ

(GT) i

' ED = (D)

The differential eguations (A9) and (A10) then becoms

0 (a23)

ten A[k3r“” + 8KopIt 4 12kPT — dTE_I + dgo

I
o

[kch" + blp? + a.I@] — apl* tan A (a2L)

where
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The differentiations denoted by the primes in equations (A23) and (A2k)
are with respect to k rather than 7. This .procedurs places the
differential equations in the form of the Euler (or Cauchy) egquations,
which are easlly tractable mathematically.

Differentiating equation (A24) once, multiplying it by k, and

cambining the result with equations (A23) and (A24) yields a single
differentlal equation In ag:

Ka 1+ 8iPag i + (12 + ap)kug! + (2ap — dp)ag = O (A25)
The solution of this equation is

% = ; Bkt | (a26)
- :

where the si's are the roots of
s(s —1)(s —2) +8s(s —1) + (12 + ap)s + (2ap — dp) = O
or
83 + 582 + (6 + ap)s + (2ap — dp) = 0 (a27)
‘and the Bi's are arbitrary constants..
The boundery conditions are:

From equetions (All) and (Alla)

d.e(l) =0 (A28)
From equations (A12) end (Al2a)
at(d) =0 (A28a)
From squations (A2k), (Al2a) and (A1ZDb)
Mgt (M) + apag(d) = 0 (A28b)
Substituting equation (A26) into the boundary conditions gives
om0 7
i=1
3. s )
L SiBi?\. 1 =0 L (A29)
i=1L -
[si(si —1) + aTJ Bt = 0
i=1 ’
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Setting the determinant of the coefficients of the E;'s in

equation (A29) equal to zero yislds, after some simplification,

1 1 1
| slxsl szxse ' s 3xs3 =0 (£30)
(?12 + aT)kBl <522 + aT)kSE (932 + aq)ks3

-

Equation (A30) is very similar to the corresponding determinantal
equation (A22) for untapered wings. For particular values of the taper
ratio A, 1t determines.criticel combinations of a eand d. Calcu—
lations have been carried out for taper ratios of 0.2, 0.5, and 1.5, and
the results are given by the curves of ap eagainst dp/ap end dp
against ap/dp in figures L4(a), 4(b), and L(c), together with ths
results of the analysis for the uniform wing (taper ratio 1.0).
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A

S &Flutter.

PModel thickness, 0.123 inch.
i CCorrected for discrepency in thickness.
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. TARIE I.— RESULTS OF DIVERGENCE TESTS
. A ap 9p
- (deg) (experiment) (calculated)
(1b/sq £t) (1b/sq Tt)
Seriss 1
5 in. by 30 in. by 0.126 in.; square tips; e; = 0.25;
(G),. = 13,330 1b-in.?; (EI), = 8,830 1b-in.2
0 2112.80 178.6
5.0 83.20 80.7
k.7 kL 21 k0.9
30.0 26.50 27.0
) 5.0 2k i1 26.2
t 55.9 ok, 84 31.1
55.9 2k, 95 3L.1
63.2 26.65 39.7
: Series 2
k in. by 24 in. by 0.0977 in.; square tips; e = 0.25;
(GJ),. = 4,980 1b-in.2; (EI), = 3,300 1b—in.2
o] 8306.90 163.1
5.0 T6.99 73.8
1k, 7 £3.10 37.4
30.0 26.51 ok.7
1s.0 2.4k 23.8
60.0 23.36 32.0
69.6 23.7h 50.5
Series 3
5 in. by 30 in. by 0.125 in.; tips parallel to plane
of symmetry; e; = 0.25;
(G3)p = 13,050 1b-in.2; (EI)y = 8,560 1b—1n.Z
Root A | Root B
5.6 79.87 Th.0 74.8
15.5 %1.80 38.3 40.8
_ 30.1° 31.72 26.5 | 30.3
h 45,2 28.90 25.3 32.8
b59.7 ©38.18 ©33.7 | s3.1
Th.6 5k, 62 79.3 232,k
' SNACA
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©
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Effective //

z

(a) Assumed constant-chord - (b) Assumed tapered wing.
wing.

Vl Aerodynamic center
\Shear center

root -L- ==
, ST -
/ J l:---‘ -
//
4 /// r< c >
¢
1 L7
I’/
L - ~——————- Elastic axis
€ Span
/ r
(c) Actual wing.
\I:LACA

Figure 1.- Definitions of geometrical parameters.

.
PRI NI R O S ey dsL T . T TR TR Y T T AT

Limatoses o s gl M e v e

tupptp @

tren AT

L N L e Y


http://www.abbottaerospace.com/technical-library

i=

‘ 7
s i’
i ¥
[ L
3 /V .
3t L //,/
! Exact relat!
[ —_—— A:;iozainatec’ Ii‘elal:if.m /
[ (2p = 247+ 0,300 ) /
2t /
ap ; et
X
| [ /r/
ot A
[ e
]
_,f
E ~
7 |
ol /
W7 )
el AR~
3:4 -2 -0 ~8 -6 ip -4 -2 0 2 4
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() Negative values of dp /a‘L.D .

Figure 4.- Divergence oi swept wings. - -
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Figure 4.- Concluded.
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Figure 5.~ Divergence of a straight and a swaptforward wing.
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Figure 6.~ Ifs.pproximate value of the section lift-curve slope m,.
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Figure 8,- Effect of taper on the divergence of unswept wings,
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