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ANAIETIGAL AN.D EKEERDIIENTAL DIVESTIC‘ATION
OF BOLTED JOINTS

By Samiel J.« Rosenfeld
STMMARY

Results are given of an analytical and experimental investigation
of stresses ‘in symmetrical butt jéints. .The methods of analysis,
vhich are based on the preliminary investigation of NACA TN No. 1051,
are presented in the first part of the paper. A recurrence formula
is developed which in conjunction with the appropriate-boundary
equaticns can be used to obtain sete of simultaneous linear eguations
the solutions of which result in the bolt-loed distribution for .
Joints of wniform dimensions with bolts in line with the loasd. A

. -procedure is also given in vhich the recurrence foxrmula is applied

as a homogeneous finite difference equation of the mecond .order.

In addition, an approximate.analysis besed on the shear-lag solution
of a substitute single stringer structure 1s presented which may be
employed in most practlcel designs with some galn in time at a small
pacrifice in accuracy. An example is solved to demonstrate the use
of the shear-lag solubtion and a comparison is made with the other
methods of .analysis. .

The second part of the paper describes strain-gege tests for
Joints with five and nine bolte in line. (The preliminary investi-
gation analyzed jointe with cnly three bolts in line.) Because of
the generally satlsfactory agreement obtained in these static tests,
it appears probable that thls snalysig may serve as an adequa.te
basils of design of Joints Sub,jec’c to fatigue loads.

" INTRODUCTION

L

- In g preliminary Investigatlon of bolted Joints the inadequacy
of the elementary engineering formules for the stress eanalysis of
bolted Joints within the elastic and plastic ranges s but excluding
failure, was clearly indicated. In this investigation (reference 1)
& method wag developed for calculating the loads cerried by the
individual bolts in symmetrical butt Joints. The general bolt-load
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behavior in the elastic range for jolnts was given as an equation
which expresses the relationghip betwsen the loads on any two
successive bolte in line with the load. Although this expression
is applicable to Joints: of variable bolt spacings, stiffnesses, and
naterials, 1ts application 1s somewhat tedious, especially in the
case of long Joints. '

The present paper contelns the developmenb of & recurrence
formula for the bolt loads for the simplified case of a symmetrlcal
butt joint with bolis spaced evenly in line with the applied load.
The method presented herein is'besed on the fundamentsl relationship
which was developed in reference 1 between the losds on any two
guccessive bolts. The recurrence formula together with the
appropriate bourdsry equations furnishes the stress analyst'a
simple method for the basic analysis of Joints.

In order 'to reduce the amount of computation inveolved in the
stress analysls of ‘relatively long Joints of uniform dlmensions,
the recurrence formunla is also treated as a second order filaite *
difference equation with conetant coefficients. Application of the
golution. of thls equation results in a gimple ahd direct detenmination
of the bolt lecads. This solution, of ‘course, may also be readily
applied to shorb Joints of constant parameters.:

In addition to thése methods of analysis an approximate procedure
" 'is ‘developed based on the shear-lag theory of reference 2. A
"substitute Joint", such ss that used in reference 3 with a continuous
connsction between plate and straps instead of connections at discrete
points is analyzed, Nquations analogous to those useéd in shear-lag
problems are derived and a numerical camparlson is made with the
golution .of the finite-difference equation. -

The present’ paper also gives the results of an experimental
inveatigation conducted to substantiate further the adequacy of the
elastic theory as well as to yield additional data on the critical
bolt load and the behavior of long Joints in the pldstic range and
at the ultimete load. The critical load as used in the present paper
is defined as that bolt load at which either yislding of the plates
in bearing under the most heavily' loaded bolts or yielding of the
bolts in shear or bending occurs. The test specimens were symmetrical
Tive—~ and nine-boll Joints. A summary of the teat data from the
presont investigation and those of réference. 1 is made to hulp
formulate principles for design above the limit- of elastic action,
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SYMBOLS

A cross—sectional area, square inches

c bolt constant, dependent upcn elastic properties, gecmetric

shape, dimensions and manner of loading of bolis, and
upon bearing properties and thickness of plates, inches per
kip

bolt diameter, inches
Young's modulus, kei
shearing modulus of elasticity, kei

gecametric mament of inertia of bolt, inchesh

R H @ =B O

plate constent for tension or compression loading, dependent
upon geometric shape, dimensions, elastic properties of
plates, and assumed stress distribution, inches per kip

length of Joint, inches

external applled load, kips

bolt leoad, kips

plate width, inches

O - S~ v B B

shear-lag constant, dependent on-pitch, Young's modulus,
bolt constant, and plate areas

P pitch, inches

q shear flow, kips per inch

t thickness, incheg

X distance measured along longltudinal axis of Joint
o, B coefficients in finite-difference equation

(5} total longitudinal displacement between main plate and Dbutt
strap, inches

FAY plate deformation



‘TEEHN[BAL LIBRARY

ABBOTTAEROSPACE.COM

L NACA. TN No. 1458
€ tensile strain
A= oosh-l Q. + g-)
_ 2K§ + Ks
¢ = c
T shearing stress, ksl
Subscripts:
av average
b bolt

bb bending of bolt

b bearing

bs shear of bolt

cr critilcal

i designation for any bolt
n number of bolts in Joint
P designation for main plate
8  butt gtrap

exp experimental _
theor theoretlcal

ult uwltimate load

METHODS OF ANALYSIS

Development of Récurrence Formula

' Bagic agsumptions of present theory.- The distribution of loads
in a bolted Joint is a statically indeterminate structural problem.

In order to solve this problem certain basic assumptions end
definitions must be made. The assumptions and definitions used
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herein are the same as those used in reference 1l and are summarized
ag Pollows:

(1) The joint is a symmetrical butt Joint where the
butt straps are of the sams thickness and material.

(2) The ratio of stress td gtrain is constant.

(3) The stress is vniformly distributed over the crose-
gections of the main plate and butt straps,. '

(4) The effect of friction is negligible.

(5) The bolts fit the holes initially, and the material
in the immediaste vicinity of the holes is not damasged or
stressed in meking the holes or inserting the bolts.

(6) The relationship betwéen bolt deflection and bolt
load is linear In the elastlic range. .

General relationship between the loads in successive bolts.-
On the basis of the aforemsentionsd assumptions, refersnce 1 shows
that, for symmetrical butt Joints, the general relationship between

the loads on any two successive bolts in & lins with the applied
load 1s '

(EKP + Ks)
Ry,q = C1 ;- s S S £ “{iﬂ R (1)
Cis1 Cis1 Cis1 0 '

where R 1s the bolt load; P, the Joint load; Cy and Cj,.,,
the bolt constants for the 1 and 1+l bolts, respectively; Kp
and K5 are the plate constents for the part of the main plate

and butt etraps between these bolts, respectively; and ; R is the
0

sum Of the bolt loads Ry to Ry.(See fig. 1 for bolt and space

designations.) The general expression for the bolt constant C “as
derived in reference 1 1s '

oo 2t By Btg3 + 16t526, + Btgtp® + 4,3
Kby 192Fpplp

2t + ¢
8 P s

+ - L s _=2 (2)
i e e
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and for the plate constant is

X = B (3)
btE

This anelysis was baged upon the lawe of statics and upon the
principle of elastic tontimuity, which requires that after load is
applied the deflection of bolt 1 plus the elastic deformation in
the butt straps betwesér the bolits must equal the deflection of
bolt i+l oplus the elastic deformation in the main plate between
the bolts. Eguation (1) may be generalized to apply to joints with
tapered straps and with bolts of variable specling and stiffness.

Derivation of recurrence formula for Joints of congtant
aramoters.- A case that frequently occure in design is thet in .
which all the boltas are of the sames material and size and are spaced
uniformly in line with the applied load. Then.

Ci =
and equation (1) becomes
o2 SK_ 4+ K, 4. | o
Ri-l-lgRi -%P-F.—-E—E__—S_ :_-R . .. (}4’)

0

Similarly for bolts 1 and 1-1

K K. + K =

p Kp + Kg Lol

Subtracting equation (5) from equation (4) yields the basic o
recurrence formula for the bolted-joint problem

) -y
2K 4+ K :
R, _ i2+..32._.5 Ry + Ry,q = 0 (6) -
For Joints with a butt-strap thickness of one-half the main

t
plate thickness Q"s = 'éP' ’

EKb =
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and the recurrence Tormuls becomes

QKS
Ri.p = \2+ T /)Ry #Buy =0 (7

) t
When the Joints are made of 24S-T plates with tg = -2,
alloy-steel bolts, the expression for the bolt constant (equation (2)) -
reducss’ to , (

C = .13 (33)9 2.12 + (%3)2}+ :L.871

T | f

Equations (7) and (8) ave directly appliceble to the Joints tosted
in the present investigation. TFor other symmetrical butt-joint
arrangements, expressions for C similar to equation (8) and based
on equation (2) may be found in appendix A of reference 1. A
recurrence formula similar to the one in eguation (7} can easily be
obtained for Joints with varying bolt and plate constants by the use
of eguation (1) directly instead of the simplified bolt-load
relationships of equations (&) and (5).

fastensd by

(8

Boundary conditions.- Before the system of simultaneous equations
can be solved, the boundary conditions at the ends of the plate mast
be defined. In the joint shown in figure 1l(a) the applied load is
distributed through a fork-like fltting which consists of a main
plate and two butt straps. The boundany'equation for the left end of

the Joint is _
L“(EK ZK)J Ro + RL= - B P (%8)

end for the right end is

e o] B

-t

Thege equations were derived in a mammer similar to the gemeral
bolt-load relstionship in appendix A of reference 1.

The Joint shown in figure 1(b) is composed of two ldential
plates carrying equal loads and separated by a filler or idler
plate connected to the main plate by a row of bolts. For this case
only one boundary equation is required owing to the double symmetry
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of the joint and is glven as

A

1;(.252.%_1.{.3.)30.-31'=2,_I§£P : (20)

Solution of recurrence formulss and boundary condition equationa.-
By the use of the reccurrence formula glven-in equation (7} and the
boundary equations (9), a system of n simultancous linear equations
involving n unknown bolt losds is obtaihed. A rapid and accurate
solution of these equations may be obtalned by using the Crout method
described in reference 4, When the Joint parameters are variable,
however, the system of simultaneous equations resulting from the
application of squation (1) can be solved more rapidly by the use
of the method presented in reference 5. This method tekes advantage
of the enalogy.between these simultaneous equations and those '
obtained for the current distribution In g direct-current network.

Solution of Problem by Means of
Finite-Difference Equation

Since the recurrence formula previously shown in equation (6)
is a hemogeneous finite-difference equation of the second order with
constant coefficients, a solution to this equation may be obtained as
described in reference €. Application of the polution results in &
very simple and direct determination of the bolt-load distribution
in joints of uniform dimensions. The solution of equation (6) is
shown as

Al

Ry = oo™ + Be'}; ) (11)

vhere the exponent A may be obtained from the relation
A = cosh "\l + 3 (12)

where

Q& —iB - - (13)
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The constent coefficients « and B of equation (11) are
determined by the use of the boundary equations (9)‘, as shown in
appendix A,

The results are

o (-

. ‘P*"'E"( " %)l |
-. (enk_ n)‘)( —A 3) g -

o + 2KD(_:::L)\. _ 1)

e )

where n denotes the mumber of bolta in: the jJoint. With the
oonstants a«, B, and A -deteymined, the load carried by each bolt
may be found directly by successive application of equation (11},

In appendix B, a numerical example uslng thls method of analysis

is given. .

-

Approximete Solutlon by She@—hg fnalogy

Comparison between the bholted—Jloint problem snd the shear-lag
rroblem.— The fundamental action of a bolted Joint under load closely

parallels the action in skin and single stringer ccmbinations used
as axlally loaded panels. (See reference 2.) In both cases. the axial
load is transferred fyrom one component of the structure to another
through a shear carrying medium. Tho difference between the two
actlons is that in a bolted Joint the loads are transferred in finite
apounts at definite points rather than through infinitesimel elements
as in the single-stringer structure. In the bolited Joint, moreove:r,
the deformations of the connscting agent are not solely due to shear,
but the bolts, being dlscrete comnectors, deform by bending and
bearing as well as shearing action. Therefore, in order to apply the
basic equations of the shear-lag analysis, a "substitute structure"
mist be used. .

ressions for bolt—losd distribution based opn modifications
of the shear—lag theory.— An actual joint (fig. 2(a)) may be idealized

as shown in figure 2(b). The substitute structure is obtained by
distributing 'the 'bolts 5 OF shea.r—ca.rrying medivm, over the pitch
distence p as’ a “"cementing layer" and considering the resisting
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shear flow 4q in this material to be
R

g ==

2p

This expression is analogous bo the shear flow wt 1in the shean-lag
problem. Also, in conformance with the basic assumptions previously
outlined, the elastic defoxmations of this fictitious continuous

" cementing medium are assumed proportional to the bolt load; thet is,

5 = CR _ (15)
2

whers © 1s now defined es the total 1ohgitudinal displacement
between ‘the main plate and. strap. Eguation (15) is analogous to the
shear-strain relationship (b} given in reference 2.

By substituting these "equivalent" expressions into the funde-
mental equations of the shear~lag analysis, the eguations used for
the solution of the bolt—~load distiibution in bolted Joints of
constant dimensions are obtained., For the praotical case shown in
figure 2 the following equation applies

.Ri = =p - I_A cosh kx + AR cosh kl(L - x):lP (16)
Ap sinp kL 1-° 2

A
where Am = A  + EE and, the constant k. which 1s analogous to the

shear-lag parameter appearing in analytical solutions for single~
stringer structures, is defined by

2 _ 1N 2.
E = vl 4 S 1
pEC(AB + Ap) (1)

When the butt-strap thickness equals one—half the main plate

t
thiokness (—bs =..§.)

8
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and. equation (16) reduces %o

.'R cosh k(-é- - )9 : (18)

where X 1e now defined by
ke = - 2
pECAB

(19)

It is convenient to take the positive x—direction as shown in
figure 2, starting at a distance of one-half the pltch from the first
bolt. Thus, the length of the Joint L may be considered simply to be
equal to the mumber of bolts in the jJoint times the piteh (I = np).

These expressions, strictly speaking, are only "exaci" for Joints
fastened by bolts spaced inhfinitely close together. The agcuracy of
this method when applied to Joints with pltches of Tinite length,-
however, can be shown by & numerioal camparison with the exaoct
solution of the finlte-difference equation. Appendix B illustrates
the application of the method; and & compsrison for a nine-bolt joint
is made of the results obtailned by use of the thrse solutions presented
herein., For this case the bolt loads determined by using the shear—
lag analysls are only sbout 2 percent less than those computed by the
exact solution.

EXPERTMENTAL INVESTIGATION

Test Specimens and Procedures

Specimens .~ Tests reported in reference 1 had been confined to
short Joints with two and three bolts with a large pitch. In order
to obtain experimental data on longer Joints with a smaller plitch and
a greater plate—thiclmess range, tests were perfommed on six
symetrical buti—~Joint specimens,

The specimens were constructed of 24S-T aluminum-glloy plates
fastened by %-mch airoraft bolts. All specimens weve made symmetrical
about thelr longitudinal center lines. Only two, however, were short

enough to be tested as doubly symmetrical jolnts, thet is, symmetrical
also about the transverse center line, In all joints a pitch
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of 1%' inches was uesed. This pitch was determined by the minimum

space needed to accommodate the stiain geges. Ths bubt-strap
thickness in all specimens wes ono--half of the thickness of the
mein plate. The six specimens were divided into two groups of
three Joints each. The Joints of one group, group C, had five bolts
and those of the other group, group D, had nine bolts. (Groups A
end B were those of reference 1, which are included agein in this

vaper.) The specimens of group C ha.d. a width of J% inches, whereas
those of group D had & width of 3- inches. A tabulation of the

dimensions of the specimens of groups ¢ and D is shown in table 1
and photographs of the fractured specimens are shown as figures 3
and. k4,

In each group of specimens there was one joint for each of +the
three cases found in actual struoctures. Specimens G-l and D-1 were
of balanced design, specimens C-2 and D-2 were designed so that the
bolts would fail in sheer, and specimens C-3 and D-3 wers dosigned so
that the plate would fail in tension. All the designe were based on
the usual assumption that the load is divided equally among the bolts.
The seame precautions that were taken in the investigation of refer—
ence 1 to eliminate bearing of the plates on the boll threads and
frictlon of the nuts on the plates were cbperved.

Testing procedure.— The test setup of & typical specimen is
shown in figure 5. The .]oin'bs were tested In tension hy means of a
hydreulic testing maechine having a 300-kip capacity and an accurasy
to about 1/2 percemt. Strains were measured on the butt straps with

electrical resistance-type gages of l-—inch gage length in 16 to 20
I

increments until failure occurred. Two gage patterns were used as
shown in figure 6, the second pattern baving been considered more

suitable for the Joints with the wider plates. DIach specimen was

preloaded three times to approximetely 50 percen'b of the estimated
ultimate load.,

Ca;Lcu letion of bolt loads from s;m;n data.~ The load on any
bolt was considered to be the difference betwesn the loads in the

butt straps at sections midway between the bolt in questlon and 1ts
two adjacent bolts. In order to study the influence on the bolt loads
of the method used to obtain the butt-strep loads, two independent
methods were used to convert the strain-gage data to butt-strap loads.

By the first method, the butt-strap load was computed simply
as the gross area of the butt strap times the aversge stress., The
everage stress was considered to be the product of the arithmetigal
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average of the five sitrain readings on a gage line and the modulus
of elasticity (assumed to bs 10,600 ksi). By the second method the
butt-strap load was computed by multiplying the arss wnder a curve
Formed by connecting the five strain readings with straight lines
by the thickness of the sitrap end “the modulus of elasticity. This
area. wis found by uslng the 'brapezoida.l ruls. ) )

Sincs the trapezoidal method approxirates an integ;cation of
strain acrdss the bubt strap, it naturally ls the more accurate
method. The loads computed. on the dbasis.ef average strain, however,
corresponded closely to the ones compubed by the trapezoidal method.
except in some instances where the variabtlon of strain across the
cross section of the strap was large. In all cases the strain . €3

meagursd directly in lins with bolts tended to reed lower then the

outglde strain. This dendency was asccentudted at higher loads when

the bolt began to bear against the plates, this effect resulis for

some cages in a change-of strein from tension to compression. Even

with these largs varistions im strains the greatest dlffsrence in loads

_ cglaulated. by the two methods was about 23 percent and this difference
occurred.at a critical  Joed. 4t lower Joint loads all differences
were smaller. - : '

- It is also of importance to note that strain measurements taken
at the center line of the Joint and reduced to loed by the trapezoidal
rule and compared to the machine load indicéted that the .intermal
_load in the atrap was determined within about 5 percent of the

dgctual Joint load. Curves representing this relatlon between the
applied Joint load and the measured internal load were linear up to
Joint failure. This linsarity proves that the presence of the lateral
bending of the butt strep duve to eccentric loading that was evident
in Joints tested in the preliminary Invegtigation was entirely &bsent
or negligible in the present tests. The oliminatidén of bernding in
these - Joints may be attributed, to & largs extent, to the fact that

& grester mumber of bolts wers used. to resiat load. and alsc that the
incrsased plate width of these specimens afforded greater flexural
reslstance, Since no correction of i,he plate loads 1s nescessary,
these plots are not shown.

The plotted points in figures 7 to 15 are based upon the
trapezoidel rule. The analytic curves shown in conjunction with
these polnts, however, assume the stress to be uniformly distributed.
To modify the theory for the Irregularity of stxess caysed by stress
concentrations, large bearing deformations and effect of small
pitches would involve & corrgetion of the plate constants Ky and K

- which would result in nénline_ar curves of Joint loasd ageinst boli
load for all bolts of a . Joint. An approximete gnalysis assuming the
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stress distribution foynd in specimen D-1 indicates that, In the

bolt carrying the greatest load, & 1t percent increase in K increases
the bolt loed only 5 percents: It is apparent, therefore, that the
caloulations for the plate loads aie not sensitive.to small changes

in the plate constants. For the other Joinks, calculations made by
use of stress patterns typical of each speoimen indicate this same
tendency to an even greater extent.,

Elastlic Behavior

Curves showing the relationships between the Joint load *P
and the bolt loads R for all test Joinis ere shown in figures 7T
to 12. Plotted foir comparison are the analytloal curves, which are
shown only up to the loed above which they are no longer considered
appliceble. The calculated bolt and plate constents and amelytlcal
bolt loads based on meessured dimensions are shown in table 2.
Figures 13 to 15 show the thsoretlcal and experimental bolt~load
‘distribution for each Jolnt at the load at whioh the critical bolt
load R was reached. The bolt load i exprossed as a dimensionless

ratio of the bolt load to the average bolt load P/n.

The agresement between the experimental points and thecretical
values can easlly be seen in figures 13 to 15. The general trend
of the experimental test polnts follows the theoretical curves;
however, in scame of the spscimens there are disorepancies in the
individual test polnts a8 high asg 50 peicent. In most of the cases
where these large errors sppear, an adjacent bolt has an error of
approximately the same amount but of the opposite sign. This
interohange of load is presumably due in large part to irregularities
of fabrication. If a bolt does mot Fit tightly 3t will not "plck up"
ite share of load and the load that it does not pick up will be
teken by the adJacent bolts.

" On specimens D-1 and D-2 bekellte gages wore used. These gages
did not adhers well, and the results obtained with them are open to
oonsiderable doubt. On specimen D-2 the gages became detached
completely during the test, and the last five'bolt loads could not
be determined.

Inelastio Behavior

Determination of the "ecritical bolt load" .- Examination of the
date obtalned from the present teste shows that, as was the case in

the previous investigation, there 1s scme definite load for each
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Joint beyond which elastic action no longer continues. The yielding
of any compdnent, either plate or bolt, is considered to constitute
the beginning of the imelastic action of the whole Joint. Yielding
in small regions of stress concentrations, however, is not incluvded
as such yielding has no e.p‘orecia.'ble effect on the over-all elastlc
behavior of the- joint.

The samwe method that was described in veference 1 1s used
herein to obbtain the limit of elastic action known as the critical
bolt load. Examination of the test date shown in figures 7 to 12
shows that the test points for all bolt-loed curves tend to break
away from the linearity-of the lower part. The bolt load at the
Intersection of the straight-line portion of the lower part of the
P-R curve with that of the upper part determines the critical bolt
load. The curve, of “the bolt carrying the greatest load when yielding
ococurs is a,lwa.ys used. to determine the critical bolt loed of a Joint.

. In téble 3 the critical loads end stresses for tests of the
present investigaticn are given and in table U4 all the critical loads
for the tests of this seriss and slso for those of ¥eference 1 are

listed with their corraspénding . '%-' and g-z'-atios. A comparison
of the critical-bolt-load valuss shows that although 1t -appears '

generally true that the criltical bolt load is largely dependent on ‘the '
parameter D/tP (s was indicated by Volkerson in reference 3) it

also is influenced to some extent by the ratic of b/D.

Behavior of bolts for loads sbove Ry, and at fallure.- In the

preliminary work on two- end three-bolt- joints (reference 1), it was
observed that, for loads ebove the critical bolt load Rgn, & process

of bolt-load equalization ook place as a result of the ylelding of
plates and bolts so that, at failurs of the Joint, the bolts carried
egqual loads. This phenomenon was represented by & stralght lins
connecting the polnt representing Rgp with the point plotted for
the average bolt load at Joint failure. Examination of the test
resulte shows that the same general tendency for the bolt-loed curves
to depart from linearlty at Rgpy that was found in reference 1 1s
seen in plots of the present tests. The bolt loadg, howsver, do-not,

in gensral, approach the average load at failure Cult . This failure

of the bolts to equalize their loeds can be explained in the sawe
manner as was the failure of the experimental bolt loads below Rep

to agree with the theoretical values. Examination of the plots in
Pigures 7 to 12 shows that in most cases the bolt loads that did not
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agree with the theoretioal values In the elastic range were also in
disagreement with the average load close to the ultimato values.

Despite the faot thal the loads in the individual bolts did
vot approach P/n at loads Just below failure, satisfactory
agreement was found between tho observed ultimate and the caloulated
ultimate Jolnt loads based on the conventlonal method of design
except for the Jjoints of balanced design. .JIn table % & comparison
between the obmerved and celoulasted ultimate loads is made for all
grovps. In the calculation foir the ultlmate loads an allowable
chear stress of 83 kei was used for the bolte. This dallowable
shear stress wns based on the felllng stresses of nine alrgraft
bolts., Iu order to include the effeats of stress concentrations
. and filled holes, the sllowable tensile stresses were deteimined
from a nmumbor of riveted Joimts with diffevent ratlos of 1/D.

The allowable streseds used are based on the ultimete tensile stress
of gtandard tensile specimens of 24S-T with solld cross seotions

(70 xs1) corvested for these effects. For these Joints, with retios
of b/D of 5, 7.5, and 1%, the allowable stresses were taken'

as 66.7, 65.3, and 60,7 ksi, respectively. In addition, a value of
90 ksl was used for the bearing allowable stress, as stipulated in
refersnoe T. .

CONCLUSIONS

The analysis of the data from tests of twelve symmetrical buth
Jointe (inclvding six of NACA IN No, 1051) made of 24S-T aluminum-
alloy plates Joined by elther two, three, five, or nine alloy-~steel
- bolts of tho same slze with the bolts in line wibh the axigl load,
leads to the following conclusions:

1. ThQ'analytiqal formulas presented were adequate for describing
the actlon of these Jjolnts in the elastlc wange because, in general,
the differences between the test results and the calculated results

. for the maximum bolt loads are smaller than socatter of test resulis
. caused by unoontroll&ble irregularity in the behavior of the
structures, . .

2. The ultimate strengths of the btest Joints With thin plates

(ratio of bolt dlameter to plate thickness %w = 1.3k to 3.12) were

b
predioted within about U4 percent by the usual assumption that the load
ie uniformly distributed among the bolts, For Joints with thick plates
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°p

G— = 0.33 to 0.59 the prediction bassd on the assumption was
about 3 percent coneervative.

3+ In the witimate strength calculations of the balanced-design

Joints of this investigation (—2—- = 0.67 to 0.89, however, the
e

prediction was about 12 percent unconservative, this result
indicategthat the question of determinetion of the failing loads is

by no means settled.

Langley Memorial Asronautical Laboratory
Natlonal Advisory Commitiese for Asronautics
Langley Field, Va.; July 29, 1947
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APFERDIX A .

DETEEMIHATION oF COEFF"CIENmS USED TN
FINITD—DII’FERENCD—EC,UATI o SOLUTL ON

When the general wrecurrence formula (equation (4)) is oonsidered
88 & homogeneous finite~difference equatwn of the second. order, the
seolution 1s .

By = w™ & ﬁe'f.'\i (A1)

where
A = gosh (1 + E)

and
E‘KP + Ky

c L]

(p:

For the butt Joint, the expression for the left boundary condition
ma.y be given in the form of eguation (9a) as

o
—~(1 + cp)Ri + Ri+:{, = - -—T;K-?- P (a2)

When equations (Al) and (A2) (1 =0 and i = 1) ave combined, the
result is

. 2k
(l+cp-e>")oc+(l+cp»-e"7\)ﬁ=—CiDP (A3)

The equation expreseing the condition tha.{; the surmstion of
the intermal bolt loads must equal the applied load is simply

.,
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en)» - e—nk _ )

BCEE NG

Solving equations (A3) and

(ak) sinmlta.neously glves the arbltrary

coefficients « and B. Thus,

0 Py |

T

and

ECE

!3=(n
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APPENDIX B
NUMERICAL EXAMPIE OF METEODS OF ANALYSIS

As a nmumerical example to illustrate the application of the
three methods of analyals developed, the analysis of test specimen
D-1 will be given. This nine~bolt joint is made up of the following
componsnts §

Steel bolts:

2481 plates:

3
D § in.

ct
1]

ot
]

3.
B = 3Z in,

1
l4 in.

Lo
1t

o
1t

3% in.

2!
I

= 10,500 ksi

Analysis by Reourrence Formula
Since the butt-strap thickness equals one-half the mein plate
thickness (ty = ry
(equation (6)) epplies:

in thls Joint, the recurrence formuls

ﬂﬂﬁ
Ri-—l - (2 + ey Ri + Ri-l-l =0 (B1)
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The plate oonstent is

Ky = B I W, S _ 1
- btE  (3.5)(0.1875) (20300} 551k

The bolt constant may be determined from eguation (8); thus

& ;13‘--223,24.r t—£2+17
C=tpEbb . Cf) [ (D>J .87j

Sp 0315 15
D o.25
and.
1
€ =133
X
=2 . 23 _0.07855
C 551l
XKy
'—E— = 0.157L

With these coefficlents determined, the system of equations
found acoording to eguation (Bl) and the appropriate boundary
equation (9b) is

— 1.1571 By + Ry = ~0.07855 P

Ry~ 2.15T1 Ry + By = 0
0

By — 2.157L B, + By =
Bs ~ 21571 Rg + Ry = 0
Rg — 2.1571 B + By

R, — L.157L By = -0,07855 P

0
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The solution of this system of simultaneous equations ylelds the
bolt loads carried by the individual bolts. Inasmuch as this set.
of equatlons 1s symmetrical about the middle equation, only the
first five expressions need be uaed. The results are listed in

table 5.

Comparing the bolt loads computed by this procedure with the
bolt lcad predicted by the oonventional analysis in which each bolt

is assumed to carry the same load CF = —) shows that the two ond

bolts sre overloaded and that the interior bolts carry less than
they are considered to support. Thus,

=)

=

R. R
2.6 _0.83
R R

2, R
3.3 _0.68
R R

R,

— = 0063
R

Analysils by Solution of FiniteéDiffe‘enoe Lguation

EQuation (11) is the cloged-form solution of the recurrerce
formula applied as a finite-difference equation and is given in the
form

By = GEXi +'Be"Xi - - (B2)

i
—2;-(3 = EE = 0.07855

EK? + Ké
Q =-—-—6-—- = 0,157L

Since for this cawme,
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therefore, from equation (12)
A = ooéh’l(l + -‘-E) = cosh—l(l.07855) = 0,394
2

The coefficlents o« and B are determined from expressions (12)
and (13), respectively. Since n = 9 for this case, the resulis are

- -
Q + %{-P(e—nx - l)

_(en)h - e_m') (e-'\ -1

P

u
]

[ 0.1571 + 0.0786 (9“3-55 - 1) |
(63.5’?_ 6-3.55) (e-0, 9% _ 1) P = 0,00713 P

¢+—2§E(em-l)-h -

b= _(em" - e"m') (e)" - l) F

i 0.1571 + 0.0786(93'55 - 1).
" 3 (0 ) P = 0.1677P

Starting with the flrst bolt, successive expressions for each unknown
bolt load are written in the following mamner by means of equation (B2):

RBy=Rg=a +B = 0,00713P + O0.1677P = 0.1748P
Ry =Ry = ae + pe ™ = 0,01058P + 0.1131P = 0,1237P
R, = Bg = ae®" + Be " = 0,01569P + 0.07628P = 0.0920P
By = R, = ae3* + pe~3* = 0,02323P + 0,05155P = 0,0748P
R, = ae™ & pe = 0.03468P + 0.03L68P = 0.069kP
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By this enalysis the individual bolt loads are determined directly
from a single expression, obviating the solution of simultaneous
equations, The results are tabulated in table 5 for comparison
with the other two methcds. .

Analysis by Shear-lag Analogy

Since in this Joint A4 = AP, equation (18) me.y be used
in the analysis by shear—lag analogy. Thus,

gosh k(-g - x)

2 ginh XL
: 2

3

According to equation (19), the modified shear-lag perameter k
is

X2 = . 2xh33 . . = 0,1004
PECAL (1-95)(105001(3 5)(0.1675)

oY
X = 0.318

The positive x~direction is taken as shown in figure 23 therefore,
the length of Joint I may be considered as

L =mnp = (9}(1.25) = 11.25

By applying equation (B3) swocessively, the expressions for each
bolt are given as Ffollows:

cosh 0.318(—1-3-'—'-25 _ .l.@:z)

Ry = Rg = (0.318)(1.25) (0.315)(14.25) P = 0.1748P
2 ginh 5

R, = 37 = 0,068k cosh 0,318(6.675 ~ 1.5 3¢ 1.25)FP = 0.1230P

Ry = Rg = 0.068% cosh 0.318(6.675 — 2.5 X 1.25)P = 0.0916P

33 = 35 = 0,068k cosh 0,318(6.675 — 3.5 X 1,25)P = 0,07heP

Ry, = 0,0684 cosh 0,318(6.675 — 4.5 x 1.25)P = 0.0684P
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ELEMENTS OF TEST JOINIS

[EIIS-&‘ plates; S.A.E. 2330 (or equivalent) 'bolta:[

. Msasured dimensions

Tumber of Nomlnal,
1'-111, dimensions ’
S .
pecimen ] L b D D & by 3 A, Ap Remarks
olts per} 1 | % % b , .
Jolnt tp o | (in.) | (in.){(1n.) (in.) {(sq 1n.) |(aq 1n.)
4 of (8 1 (a)
c1 7.5(0.668{1.34[0.183 0,374 |1.875|1.875| 0.344 | 0,701 | Belanced design
ce 7.5 .334] .67] .3%0 | .749 }1.856]1.859).  .705 | 1.408 | Joint desimmed o
. ’ fall in bolt shear
5 ) ) .
-3 7.5{3.09 {6.25] .0392| .0803 1.874{2.875]° .075 1. .1506| Joimt deaiM to
' s - - fall in tension
D-1 14.0{ .668|1.34| .89 | .377 {3.5013.502] - .662 | 1.320 | Balamved design
p-2 1.0{ .334] .67 .bo1 | .751 [3.502(3.902] 1.406 | 2.630 | Joint desigmed to
fail in bolt shear
9
D3 14.0|3.09 |6.25] .0393 | .0805|3.500]3.502 .138 .282 | Joint desigmed to
- - fail in tension

8Groas ares = b

COMMITTEE FOR AEROEAUTICS
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MBIE 2

BOLL AKD PIATE CONSTANTS AND ANALYTICAT, BOIT IOALS

EBased. on measured dimansibn.e]

R, /P

Bo/®

Specimen | Dfty| € K, L Ryf? IR, /P 35/9 RfP 37/P Ro/P RQ-/PI
c-1 0.67( 1/433 | 1/2885 | 1/5800 | o.247| 0.174 | 0.152 |0.276 0.251f ===~ memme | mmman | e
c-2 33| 1/181 1/5920 | 1/11696| 212 .19k | .188| .194| .212|emmmm | mecme | meeen | enea
C=3 3.02 { 1/151 | 1/617 | 1/1265 L2701 61| 31| 163 275 mmeem | meees ] e feeas
D-1 67| 1/433 {1/5561 | 1/1a000 | W17h| L2241 092 | L075 | .070|0.075 {0.092 {0.12h {0.17h
D2 .33 ] 1/169 |1/11806 | 1/22088 .J_é7 26| 087 .103 | .101) .102 | .106 | .113 | .12k
D-3 3.12 ) 1/352 |1/1056 | 1/2368 L0210 251 o8| 060 053] 060 | 08 ) 128 | .206

NATIORAL ADVISORY

COMMITIEE FOR AERONAUTICS
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BXFERIMERTAT, LOADS AND STRESIES AT R, AND FAITURE

Joint loed| Critioml| Streas et critieal Average piress at
Specimen [at criticel|bolt lead bolt loed Joint load mumnuf Joi;t Typo end locaticn
bo(g JJ)oad. (ipe) (ko1) et fallure (Xa1) of failure
v8 {Xxipe)
[Bearing |Sheex Fenoion Bearing! Sheax |[Tensicon
(=) (2}
c-1 21.40 Bs.00 | 53.5 | 52.0] 35.2 35.13 | 7.3 | 72.8{ 57.8 | Temeiom; at bolt 10
. through net secticn
of main plate
o2 30.%0 520 | 2h.g | k9.h| 25,0 k250 | b5y | 86.8| 35.3 | Shear; all bolts
0-3 5.23 Y11 | 69.9 | 1h.3| %01 8.2 | ®.3 | 164 @.9 | Temelon; tirongh net
sectionr of one butt
strep at balt 5, md
throngh other butt
strap st bolt 6
D=1 38.00 5£0 |55.3 ]|%53.0]31.0 63.50 | 7h.9 | 72.0| T8 | Temstonj at bolt 1,
through net sectitm
of pain plate
D 42,00 525 |28,0 |53.6|1T2 7500 | B4k | 85.0| 0.8 |Shear; all bolts
»=3 8.00 1.33 | 66.4 |13.6]30.6 15.05 | 8.0 | 17,1 %00 |Tens at bolt 9,
ﬂmﬁg net section
of butt strepe
20anpubed ‘maing net exvea.
bmmge of meximm bolt loads in npper and lower joint,
FATTONAY, ADVISGRY
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@Specimens A end B fram reference l.
Ppased on measured dimensions. .
Ccalculated ultimate loads sre based on conventional design method.
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TABIE k4
SIMMARY OF CALCUIATED AND EXPERIMENTAT, RESULTS
FOR 2, 3, 5, AND 9 BOLT JOINDS
Specimen| D/t | b/p |Observed|Calculated| P Joint load{ R

() (b;‘P 1P P —WE b s R or

ult ult Gale. 2. cr |{kips)

(kips) (c1ps) (kips)
(c)

A-1 0.8 5 15.96 16.30 0.98 7.00 3.88
A2 50 5 16.0k 16.30 «99 8.00 4.8
A-3 11.52 5 10.62 10.78 .99 c—e- ———-
| B-1 67 5 23,40 2L.50 .96 11.40 4.16
B-2 «50 5 2k .20 2k .50 .99 13.56 k.8
3-3 103J+ 5 12.02 ]2.% .96 8.25 3.2’-‘-
c-1 67 7.5 35.13 39.60 .8 21.ho 5.00
Cc-2 ¢33 T.5| 42.50 40.70 1.04 15.00 5.20
c-3 |3.12 7.5; 8.02 8.60 <93 5410 1.kl
D-1 67 | 4.0 63.50 T73.40 .87 38.00 5.20
D2 .33 | 14.0} 75.00 T340 _ 1.02 L2 .00 5.25
D~3 |3.12 | 14.0{ 15.05 15.95 .95 8.00 1.33
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COMPARISON OF BOLT IOADS IN SPECIMEN D-1

AS FRACTION OF TOTAL LOAD

Bolt; Methods of enalysis
Recurrence | Finite-difference Shear-leg
formmla equation analogy
0 0.1748 0.1748 0.1748
1 1237 1237 1230
2 0920 «0920 «0916
3 0748 L0748 OT7h2
L 069k 069k 0684
5 07h8 0748 O07h2
6 +0920 0920 0916
7 1237 1237 1230
8 1748 1748 1748
P=)R 1.40000 1.0000 0.9956

NATTONAL ADVISORY
COMMITTIEE FOR AERONAUTICS
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Figure L—ngme'h'ica! butt joints with bolts in line with the

aoxial

load.
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1
{ S
P_V 'E_ 7 / / —}‘—>-P/2
P<— W /
+ Tt A VAV, > Pp/2
Ry o lpy2
L
X =<
(@ Actual Jom'r.
s
+ - 3} —> P/2

P

=~ f[ —— - p/2
f tq

) Substitute Jonn?.

ftS
p/2-<-—~| A

L’fp/Z 7X—‘Cemem‘ing
X |Qlj er

(c) Half - structure .

NATIONAL ADVISORY
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Figure 2.—Axicllmj loaded butt Joint.
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Test setup of a typical specimen.
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of *test SPecimens n groups € and D.
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Bolt kad, R, kips

Figure 7—Observed relationships belween opplied jolnt load and bolf foad for specimen C-|

and comparison with calculofed volues.
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Bolt load , R, kips

Figure 8.--Observed relalionships between appiied joint load and bolt lbad for specimen C-2
and comparison with calcukied values.
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Failure of joint, P= 8.0Z Kips =y

Applied joint load, P, kips
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Bolt load , R, kips

Figure 9—-Observed reldionships between applied joint load and boit load for specimen
C-3 and comparison with calculated values.
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Failure of joint, P=63.5 Kips —
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Figure 10— Observed relafionships between applied joint load and bolf load for
Specimen D~} and comparison with calculoted values.
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Figure |1-Observed relationships between applied joint lood and balt load for specimen D-Z
and comparison with calculoled values.
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Figure I2-Observed relationships belween applied joint load and bolt load
for specimen D-3 and comparison with calculated values.
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Figure 13-Comparison belween the experimental and theoretical
bolt-load distribution af R for joints of balanced-design.
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