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JET-BOUNDARY AND PLAN-FORM CORRECTIONS FOR PARTIAL-SPAN MODELS
WITH REFLECTION-PLANE, END-PLATE, OR NO END-PLATE
IN A CLOSED CIRCULAR WIND TUNNEL

By Jaurs C. Siverrs and Owen J. DETERS

SUMMARY

A method is presented for determining the jet-boundary and
plan-form corrections necessary for application fo test data for
a partial-span model with a reflection plane, an end plate, or
no end plate in a cloged circular wind tunnel. Examples are
worked out for a partial-span model with each of the three end
conditions in the Langley 19-foot pressure tunnel and the cor-
rections are applied to measured values of lift, drag, pitching-
moment, rolling-moment, and yawing-momeni coefficients. A
comparison of the corrected aerodynamic characterisiics for all
three end conditions indicates that good agreement 18 obiained
with flaps neutral af values of lLift coefficient below the stall and
that somewhat less satisfactory agreement i3 obigined in the
region of mammum [Uft coefficient or with flaps deflected.
Except for the corrections to the rolling-moment coefficient, the
jet-boundary corrections were somewhat smaller for the reflec-
tion-plane condition than for either of the other end conditions
because the induced upwash angle was the lowest; also, the plan-
Jform corrections for this end condition were considerably smaller
because the wing lift distribution was the least altered as com-
pared with that for a complete wing. From every considera-
tion, the use of a reflection plane gave the best results for tests
of a partial-span model.

INTRODUCTION

Because of the demand for greater load-carrying capacity,
the size of bomber and transport asirplanes is being steadily
increased. In order to test models of these airplanes in
existing wind tunnels at Reynolds numbers as large as pos-
sible, greater use is being made of semispan or partial-span
models. The use of such models effectively increases the
Reynolds number at which tests can be made to two or more
times the test Reynolds number for complete-span models.
Such models are used to best advantage to determine the
aerodynamic characteristics of wings, flaps, lateral-control
devices, and ducts.

In many previous tests of partial-span models, wind-
tunnel corrections to the test data have been neglected
entirely. In some instances, however, these corrections may
amount to as much as 20 percent of the uncorrected value
and therefore every effort should be made to determine and
apply the corrections. Davison and Rosenhead (reference 1)
developed a method for determining the jet-boundary
corrections to the angle of attack and dreg of semispan
models with a reflection plene in an open-jet circular wind

tunnel. Kondo (reference 2) by a different method also
determined these corrections for open and closed circular
wind tunnels. Swanson and Toll (reference 3} determined
these and several other corrections for models in a closed
rectangular wind tunnel.

The purpose of the present report is to give a method for
determining the jet-boundary and plan-form corrections to
be applied to wind-tunnel data for partisl-span models with
a reflection plane, an end plate, or no end plate in a closed
circular wind tunnel. Feor the jet-boundary corrections the
methods of reference 3 are fairly closely followed in many

respects after the basic methods of determining the jet-

boundary-induced upwash angle have been established.
In order to determine the jet-boundary-induced upwash

angle for the reflection-plane condition, the method of

reference 1 is revised to apply to a closed circular wind
tunnel and extended so that corrections to rolling and yaw-
ing moments may be obtained. The jet-boundary-induced
upwash angle for the conditions with an end plate and no
end plate is determined by the usual methods for closed
circular wind tunnels. The plan-form corrections described
herein are those which must be applied to partial-span-wing
data in order that the completely corrected data be appli-
cable to complete-span wings.

The corrections derived herein have been applied to the
data from tests in the Langley 19-foot pressure tunnel of a
partial-span model with each of the three types of end con-
dition: reflection plane, end plate, and no end plate. In-
cluded for purposes of comparison are rolling-moment data
from tests of a complete-span model of the same airplane.
A comparison of other aerodynamic characteristics with
those of the complete-span model is not given because the
model configurations were not comparable.

COEFFICIENTS AND SYMBOLS

The coefficients and symbols used herein are defined as
follows:

G uncorrected lift coefficient Measured lift
Ly qS
Cop, uncorrected drag coefficient (Measured drao')
Ca, uncorrected pitching-moment coefficient
Measured pitching moment
gSc’
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rolling-moment coefficient corrected for asymmetry
Measured rolling moment

only 4@
__(Measured rolling moment.);,_oo)
q(28)b

yawing-moment coefficient corrected for asymmetry
only (Measured vawing moment
q(28)b
_ (Measured yawing moment),,=0o>
q(28)d

lift coefficient; no corrections applied (Cr,)
drag coefficient completely corrected (Cp,+ACn)

pitching-moment coefficient corrected for plan
form (Cp,+ACn,)

corrected rolling-moment coefficient for semispan
model with reflection plane

rolling-moment coefficient completely corrected

yawing-moment coefficient completely corrected
(Cryt+AC,)

dynamic pressure (-21; pV’)

mass density of air

airspeed

model wing area

mean aerodynamic chord of complete wing

twice model span

complete drag-coefficient correction (AO'DJ-]-AOD’)
jet-boundary correction to drag coefficient
plan-form correction to drag coefficient

plan-form correction to pitching-moment coeffi-
cient

complete correction to yawing-moment coefficient

((AO"p)1 + (AC,F)2+ (Aoﬂt)z+ (Aoﬂt)s)

plan-form correction to yawing-moment coefficient
due to end condition

plan-form correction to yawing-moment coefficient
due to aspect ratio, taper ratio, and ratio of
aileron span to wing span

yawing-moment-coefficient correction due to re-
flection plane

yawing-moment~coefficient correction due to
boundary-induced aileron upwesh and wing
loading

yawing-moment-coefficient correction due to
boundary-induced wing upwash and aileron
loading

induced vertical velocity; positive upward

= ol o

=~

Qy

|

AC,
AC,

AC,

induced lateral velocity; positive toward wing tip
circulation

radius of circular jet

section lift coefficient

“section chord

mean geomefric chord .

longitudinal coordinate or complex coordinate
used in transformation

lateral coordinate

lateral coordinate, fraction of model span ( b?/}2)
vertical coordinate . ;
jet-boundary correction to induced angle of atlack
streamline-curvature correction to angle of atlack
plan-form correction to angle of attack

complete correction to angle of attack
(Aajt+Aa, .. +Aa,)

- angle of attack for infinite aspect ratio

uncorrected angle of attack

corrected angle of attack (o ,+Aa)

induced angle of attack

section lift-curve slope per radian (57.3q,)
uncorrected lift-curve slope per radian (57.3a.)
corrected lift-curve slope per radian (57.3a)

section lift-curve slope per degree (gg—:)
uncorrected lift-curve slope per degree (‘fg—")
.

corrected lift-curve slope per degree <%%’
aspect ratio

taper ratio; ratio of tip chord to root chord

edge-velocity correction factor <§¢m1p;1;;rr:1eter )
induced-drag correction factor (reference 4)

distance from reference point to aerodynamic
center

factor used to determine z, .. (reference 4)
angle of sweepback of quarter-chord line

jet-boundary correction to rolling-moment coefli-
cient

plan-form. correction to rolling-moment coeflicient

‘complete correction to rolling-moment coellicient

one-half rolling-moment-coefficient correction due
to reflection plane

rate of change of rolling-moment coefficient with

aileron deflection (%%)
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de aileron deflection
k rate of change of section angle of attack with

aileron deflection (aa )

‘1

K factor used to determine induced yawing-moment
coefficient (reference 5)

£ complex coordinate in transformed plane

7 lateral coordinate in transformed plane

¢ vertical coordinate in transformed plane

7=tan'1%

h semiheight of reflection plane or end plate

d distance of reflection plane or end plate from
center line of tunnel

€ distance of wing tip from center line

8 spanwise location of trailing vortex

g spanwise location of trailing vortex in transformed
plane

¢ velocity potential function

¥ stream function

f factorused to determinelift-curveslope (reference 4)

R Reynolds number (pVe!/u)

I coefficient of viscosity

A Mach number (V/V7)

V. speed of sound in air

Subseripts:

) induced

7 jet boundary

D plan form

A model

20 wing of twice model span

W complete wing

e end plate

s.c. streamline curvature

7 uncorrected

All pitching-moment coefficients, measured or corrected,
are about the quarter-chord point of the mean serodynamic
chord of the complete wing. Corrected rolling-moment and
yawing-moment coefficients are about the projection of this
point in the plane of symmetry of the complete wing, although
these moments were measured .about the projection of this
point in the plane at the root end of the model parallel to the

plane of symmetry.
DERIVATION OF CORRECTIONS

The corrections to be applied to data from tests of partial-
span models are of two types: jet boundary and plan form.

The jet-boundary corrections are due to the influence of the
tunnel wall on the induced velocities, which in turn affect
the aerodynamic characteristics of the model. The main
factors contributing to the jet-boundary corrections are the
shape of the tunnel wall and the size of the model relative
to the tunnel. The geometric characteristics of the model
also contribute to the corrections. The plan-form corrections
may be divided into two parts. The first part is due to
differences in the span loading of a complete wing and
that of the model with a reflection plane, end plate, or no
end plate. The second part is due to differences in aspect
ratio, taper ratio, and the ratio of aileron span to wing span
if the model span is less than the semispan of the complete
wing.

For the sake of simplicity, not only in deriving the cor-
rections but also in applying them to data, the lift due to
flaps is not separated herein from the lift of the plain wing
as in reference 3 which derives separate corrections for each
part of the lift. Instead, the total lift is considered and the
alteration of the span loading due to flaps is neglected. This -
neglect introduces a slight error in the results but is believed
to be warranted by the resulting simplification. Several
other corrections are also neglected when the magnitude
of the corrections is within the limits of accuracy of the
measurements.

The derivation of nearly all of the corrections begins with
the spanwise lift distribution of the wing. In order to
simplify the computations, the lift distribution for a Iift
coefficient of 1.0 is used. The lift distributions used herein
were determined by lifting-line theory. For straight tapered
wings, the tables of additional lift L, in reference 4 are prob-
ably the most readily available source of information for the
present purpose.

The distribution of the jet-boundary-induced upwash angle
along the span must then be determined. This angle, in
radians, is the ratio of the induced vertical velocity to the
stream velocity. For a particular type of tunnel, tables
may be devised that give the boundary-induced vertical veloe-
ity at any point in the tunnel due to a vortex of unit circula-
tion placed at any point in the tunnel. The model generally
is located close to the horizontal center line of the tunnel;
consequently, the induced-vertical-velocity distribution along
this center line only needs to be computed. The lift dis-
tribution is broken into several steps and each increment is
multiplied by the proper value of induced vertical velocity
per unit circulation to obtain an increment of induced
vertical velocity. The summation at each spanwise point
of these increments due to all the image vortices is the in-
duced vertical velocity at that point.

The induced upwash angle per unit lift coefficient at each
point in & circular tunnel is expressed as

?L‘r
IT" ZrZI‘ D_c (1)

where wr/T is the induced vertical velocity per unit circula-
tion for & tunnel of unit radius.
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Angle of eattack.—The jet-boundary correction to the
induced angle of attack is defined in reference 1 as

Aay=7 f BdL
but the lift L of a partial-span model may be expressed as

L=g¢c bf c’cdy

and
dL=qcx % dy’

After substitution and rearrangement, the induced angle of
attack is, in radians,

Acx,= OL Twr Z'c#
or, in degrees,
1
Aay=57.3C, T% %

The correction for streamline curvature must be added
to the jet-boundary correction to the induced angle of
attack. The streamline-curvature correction, as used
herein, is applied entirely to the angle of attack instead of
partly to the angle of attack and partly to thelift coefficient
as in reference 8. This procedure simplifies the computations
of the data, and any differences in the results obtained by
the two methods are well within the experimental accuracy.
The magnitude of the curvature is obtained from reference 6
in which derivations are made for a circular tunnel and for a
1.41:1 elliptical tunnel. The derivation for the circular
tunnel produces a nondimensional constant, proportional to
the curvature, which in terms of this report is

P
L VG,
LA A .
Ve, " 2r

A similar constant for the elliptical tunnel is derived on
the basis of the tunnel width but, when converted to the
basis of the tunnel height, becomes identical with that for
the circular tunnel. This fact indicates that this constant
is a function of the tunnel height and is relatively independ-
ent of the tunnel width. Since only the width of & circular
tunnel is affected by the introduction of a reflection plane,
for the purpose of this report it is assumed that the constant
derived in reference 6 applies whether or not the reflection
plane is used.

The curvature of the streamlines is practically constant
along the wing chord. The streamline-curvature correction
for the wing may be determined from the difference between
the induced upwash angle at the quarter-chord point where

the lifting line is assumed to be located and the induced
upwash angle at the three-quarter-chord point where the
tangent to the streamline is the zero-lift line. This differcnce
in the angles is

7w
VC, 0.75¢—0.25¢

A2 ) w1
Ve, EX: —V'CL w d_x_ __27‘
m 2r
w
=1059; yey

This angle must be added to the induced angle at the lifting
line so that the complete correction to the angle of altack
due to the jet boundary is

tw e\ e ,,
Aa,—l—Aa:.c.=57.30LL m<1+1.05 E‘-)-C’_E d

or approximately

bayt Ay . =57.3C, <1+1 05 2r)f ‘[}"a £1e =dy’ (2)

| This approximation and the assumptions made for the uso

of the constant of reference 6 are sufficiently accurate for
the present purpose, since the streamline-curvature correc-
tion is only a small fraction of the complete correclion to
the angle of attack.

Although the greatest accuracy would theoretically be ohb-
tained if the lift distribution of the model in the {unnel
were used, the free-air lift distribution gives a resultl that is
well within the accuracy of either experiment or the lifting-
line theory. If the tunnel lift distribution is desired, an
approximate result may be.obtained from the free-air dis-
tribution by the equation

CzC cic m w ¢
CLC U—cm+m(1+1052r T/GLUL—E‘ (3)

where the primed values refer to the tunnel distribution and
the unprimed values refer to the frec-air distribution. This
equation weights the induced upwash angle according to
the lift distribution and would be exact if the quantity

¢\ w R .
<1+1.05 W)W’; were constant along the span. For the

conditions usually encountered in 2 wind tunnel, a very close
approximation is obtained by using this equation. This
equation may be used for a partial-span model with or with-
out an end plate, for which cases other methods, such as the
influence lines of reference 7 as used in reference 3, are not
applicable.

The plan-form correction to the angle of attack is the cor-
rection to the slope of the lift curve nccessary because of
differences in aspect ratio between the model and the com-
plete wing; that is,

= an' au) Ce ()
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* where the model or wing lift-curve slope is

[
a=2 (5)

%
57.3 oA

1+ ‘E'.:K

and corresponding values of E and A are used. This equa-
tion was developed for an elliptic wing in reference 8 but is
used herein for other plan forms because it has been shown
to give good results even for the model with no end plate.
For the model with an end plate, neither E nor A is known
and the lift-curve slope is obtained by use of the lifting-line
theory, as is shown later.
The complete correction to the angle of attack is

Aa=Aa;+Aa, .. A, (6)

Drag coefficient.—The jet-boundary correction to the drag
coefficient involves the same integral as that for the angle of
attack before the streamline-curvature correction is added;
that is,

aCo=0z [ o 5y )

The plan-form correction to the drag coefficient is that due
to the difference in the induced drag of the complete wing
and the model; it may be expressed as

AOpp= OD’W— OD‘J{ (8)
For the reflection-plane condition
1 1
AC{D’ _(TAW’MW_ Ly Azﬂzu) % ©)

where u is obtained from reference 4. For the other end
conditions Cp 1y TNBY be obtained from lifting-line theory.

The complete correction to the drag coefficient is

AGD=A0D1+AOD’ (10)

Pitching-moment coeficient.—The correction to the pitching-
moment coefficient is entirely due to plan form since the
effects of streamline curvature mey be neglected when the
wing alone (no tail) is involved. The plan-form correction
is a function of the sweep of the wing and would be zero for
zero sweep. The correction is the ratio of the difference
between the chordwise locations of the aerodynamic center
of the model and that of the complete wing to the chord
upon which the pitching-moment coefficient is based; that is,

Ta c. xd -
ACy, —"T—“’ Cr

(11)

Both %...,, and .., must be measured from the same
point and are considered positive in the direction of the air
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stream. These distences may be obtained by the following
equations:

Xgo.= 2H% tan A-}+ Constant (12)

[

The value of the constant is the distance between a chosen
reference point and the quarter-chord point of the root
chord. For a model and reflection plane, the value of H
may be obtained from reference 4. For the other end con-
ditions, the integration (equation (13)) must be performed
to obtain H.

Aileron distributions.—In order to determine the correc-
tions to be applied to the rolling-moment and yawing-
moment coefficients, two additional distributions are neces-
sary: the lift distribution due to aileron deflection and the
induced-upwash-angle distribution due to this lift distribu-
tion. The aileron lift distribution for a complete wing may
be determined from Ilifting-line theory or by use of the
influence lines of reference 7. This distribution must be
altered to account for the effects of the reflection plane or
other end condition. A reflection plane ‘reflects’ the
distribution over the model so that the model distribution
is the same as would be obtained for a complete wing with
both ailerons deflected in the same direction. The distri-
bution for a model with a reflection plane therefore is ob-
tained by adding the increment due to the “image’” wing
to the distribution of the “real” wing (reference 3). For a
wing with or without an end plate, such a reflection is not
present and the eileron lift distribution must be obtained
directly from lifting-line theory. After the shape of the
aileron lift distribution is determined, for convenience the
ordinates are multiplied by a constant that makes the
moment of the area equal to 4 if the abscissas are in fractions
of the model span. This operation converts the ordinates to

y’ dy’+ Constant (13)

the load coefficient %‘—g and the rolling-moment coefficient
i

to unity. _

The induced-upwash-angle distribution due to the aileron
lift distribution is obtained in the same manner as for the
wing. The aileron lift distribution is broken into several
steps, each increment is multiplied by the value of induced
velocity per unit inerement, and the summation is made of
all the Increments at each point; thus,

Gzc

AT (14)

Vo= 21-2 =

where wr/T is the induced vertical velocity per unit circula-
tion for a tunnel of unit radius.

Rolling-moment coefficient.—The ]et-bou.ndary correction
to the rolling-moment coefficient is the moment of the incre-
ment in the aileron lift distribution due to the induced
velocity; that is,

bna

AC,—— <1+105 ) Sy dy (15)
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The increment in aileron-lift distribution is similer to the
increment in wing-lift distribution given as the last term in
equation (3). For this reason, equation (15) is approximate
in the same sense as equation (3). A more accurate method
of determining this correction to the rolling-moment coeffi-
cient could be used for the reflection-plane condition (see
reference 3) but such & method would not be readily appli-
cable for the end-plate and no-end-plate conditions. In
reference 3 an aerodynamic-induction factor J is introduced
that is approximately equal to 2 for a semispan or partial-
span model. In equation (15) the three-dimensional lift-

curve slope m is therefore approximately equal to 4fJ and

the wing load coefficient Ci% approximately accounts for the

difference in the loadings of the actual wing and an elliptic
wing. Although these conditions would not exist for a
complete-span model, equation (15) may be used with suffi-
cient accuracy for a semispan or partialspen model. As in
the case of the wing, the tunnel distribution should theoreti-
cally be used to obtain this correction but, practically, the
free-air distribution may be used.

The plan-form correction to the rolling-moment coefficient
is, for convenience, divided into two parts; the first part
corrects for the effect of the end condition on the aileron lift
distribution and the second corrects for the difference in
aspect ratio and taper ratio of the partial-span model and

Cy,
of the complete wing. The first part Z’— is the ratio of
!5“‘_
the rolling-moment coefficient per unit sileron deflection for
2 full-span model of twice the model span to that for the
actual model. For the reflection-plane condition this correc-

. 240
tion is equal to the reciprocal of the correction 1+ 0 k of
de

reference 3. For the end-plate or no-end-plate condition,
this correction may be obtained from lifting-line theory.
The second part of the plan-form correction is required only
if the model is not a true semispan model and may be obtained
from figure 16 of reference 7. For the particular aspect
ratio and teper ratio of either a wing of twice model span
or the complete wing, a value of C,,/k is obtained by taking
the difference between the values of C,/k for the outboard
and inboard ends of the aileron. The desired correction is
the ratio of the value of Cyfk for the complete wing to that

for the wing of twice model span.
The completely corrected value of the rolling-moment

coefficient is
(%),
AC !
0,=0.u( ”) -2t ( )
Yawing-moment coefficient.—The jet-boundary correc-

tions to the yawing-moment coefficient are derived as in
reference 3 and are due to the interaction of the wing and

(16)
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aileron lift and induced-upwash-angle disteibutions. The
equations for the corrections are '
a.C. m
(AC’"‘)2= 1;1 & ”‘% érig vy dy (17}
and
O C., ¢
(80 == [ v av (18)

The plan-form correction to the yawing-moment cocflicient
is d1v1ded into two parts in the same manner as that for the
rolling-moment cocfficient. The first part, due to the end
condition, may be expressed as

(AC,*)1=O,.M—0

Rar
- - =—Eu 0,0y, +-KuCiC,
=0C,y (_K,M+K,, g‘—::i) (19)
where
Roe=> f (C’Lw - U—)y dy’ (20}
Keif, (GobaroSgver o

and the distributions of the lift and induced angle (in radians)
per unit coefficient are identified by C; for the wing and C;
for the aileron in the denominators. For the reflection-planc
condition, the correction (AC,), is equal to the correction
(ACy)), of reference 3. For the end-plate or no-end-plate
conditions, the integrations for Ky and Ky musi be per-
formed, the value of K,y being independent of the end
condition. . )
For the second part of the plan-form correction, due to
differences in aspect ratio and taper ratio between the com-
plete wing and a wing of twice model spen, values of X may
be obtained from figure 13 of reference 5. . Interpolation is
simplified by plotting K for the inboard end of the aileron
against 1/4 since such a plot is practically a straight line.
If the outboard end of the aileron is some distanco from the
wing tip, the value of K must be modified as indicated in
reference 5. The equation for this part of the correction is

(Aoﬂp): L) Oﬂzu

=—KyCrC+ Ksx OLCyy,,
(.Cﬁﬁ_)
=00, —Kw-l-I{w(C]f&———«”‘- (22)
),

The value of Ky from equation (20} may differ slightly from
that obtained from reference 5 because of slight differences
in the methods of computation. If this value does differ,
the value from equation (20} should be used in equation (19)
and the value from reference 5 in equation (22).
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The complete correction to the yawing-moment coefficient
is ‘
Aoﬂ=(A0ﬂ,)1+ (AORF)2+ (AOI1)2+(AOIH)3 (23)
CORRECTIONS FOR MODEL WITH REFLECTION PLANE
DETERMINATION OF INDUCED UPWASH ANGLE

A reflection plane used with a partial-span mode] in a
circular wind tunnel reflects both the model and the tunnel;
therefore the effect is that of a wing of twice the model
span in a bipolar tunnel (fig. 1). This reflection satisfies the

S

n§ —plone

FIGURE 1.—Diagram of the blpolar tunnel ineluding the reflected half of the jet and the
complete transformed jet.

condition that the stream function must be constant over
that part of the boundary of a closed tunnel formed by the
reflection plane. In order to satisfy this condition over the
circular-arc part of the bipolar tunnel, vortices that are
images of the vortices inside the tunnel must be introduced
outside the tunnel. The locations of these image vortices
and their effects within the tunnel are well known for a
circular tunnel. This knowledge may be used to determine
their effects within a bipolar tunnel by transforming the
interior of the bipolar tunnel into the interior of a circular
tunnel by means of the conformal transformation of refer-
ence 1.
The transformation may be expressed as

-1 p— ~1
tan™ t=n tan reny

137
where, in the yz-plane (bipolar tunnel),
r=y-+1z

in the g¢-plane (circular tunnel),

E=n+1¢
and
S
2(r—7)
Also,
h=r sin v
d=r cos v

It should be noted that the axes of reference 1 have been
revised to agree with the standard wind axes used in

figure 1. A point 5 on the y-axis that corresponds to & point y
on the y-axis may be obtained by the relation
-1, -1 ¥
tan~ly=n tan 780y

Furthermore, if there are vortices of strength 4T at the
points y=+¢ on the y-axis, there are vortices of equal
strength at the points =+ on the y-axis where

tan~lo=n tan"1—
o=n tan™ o —

The complex potential due to the vortices £ T at n=L¢ is

E—o
T

. LT
¢1+’L¢1=—;_T log o

The complex potential due to the image vortices in the
n¢-plane is

A
2t 5\02:12'—5 log '—;’
ts
The condition that ¢ is constant at the boundary of the iet
can be easily seen since |§[=1 at the boundary and 1+ s
becomes equal to zero. The complex potential due to the
original vortices in the yz-plane at y= ¢ is

. iT —
G+ 1Ys= —-;—; log ;—4—%

The complex potentigl due to the jet boundary is the differ-
ence between that in the n{-plane and that in the yz-plane;
that is,

¢+ iv=o1+da—ds 1 (Y1 +v—1ta)

The induced vertical velocity at the y-axis due to the jet

boundary is one-half that due to vortices extending to
infinity in both directions; that is,
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The induced velocity due to ¢, is
di

el
1 2

& &
SE

|
N | =

\._/&-

~(~2

( )(-a )%
dn

an n{1+4++%) -
v rsin'y(l-{-’—d??i’llj;)

By collecting terms,

where

8

T ar 'n@-l-n’)
"o = sm 7(1“' )

The induced velocity due to ¢ is, similarly,

1 dis dy
2 dn dy

a n(1+7%)
e —1 .
sy (1 +r7§?i/:1Ty)
and the induced velocity due to —ys is

ws:""zl"d(__y%) L

Wo= —

L
~5—

5 ..
~r___r __
27 (g)‘_('s)’
7 r
The net induced velocity is

W=+ W+ s

It may be noticed that the value of w according to the final
equations for w4 and w; becomes indeterminate of the form
o — o at the point y=s or g==¢. This is the only point

at which singularities occur inside the tunnel. At this point,

however, w may be determined in the following marnner:
Before the terms are combined,
<y—8 y+w)]

#) 2

Ounly the second term of this equation is indeterminate and
may be written as

w1+w3_4—7r [(n-—a 1+ao/d

<3/—|-8 n+od 1—¢c d?/

—&=[—0—0-9

(y—s)(n—oa)

and evaluated at the limit by taking the second derivative
of both the numerator and the denominator; that is,

r dn
Km _E[(”_U)—(y—s)_ a—j T nor siny—s
e (y—8)(n—o) “4x * sin? v &

At the point y=s, therefore,

T )1 1_L ¢ ) ‘nﬁ_—l—o’) o
W=z {———
21rr4_.g 40 ' o' — in 14- )
- r sy r’sm’
8
nasm'y——

pE=o)

The induced velocity may be expressed as

'w—l F

where
F=f(y; 8,1, a')
It is convenient to use the nondimensional form

wrF

2x

which, for a tunnel of unit radius, is the induced velocity
per unit circulation. Values of wr/T' are given in table I and
are plotted in figure 2 for a reflection-plane location of

C—'1'=0.730'26. Table II and figure 3 preseni values for a

reflection-plane location of é =0.49781. These values of dfr

correspond to 83.25 inches and 56.75 inches, respectively, in
a tunnel 19 feet in diameter.

ILLUSTRATIVE EXAMPLE

An example of the procedure involved in the determination
of the. corrections is worked out herein for a reflection-plane
location of 83.25 inches from the center line of the Langley
19-foot pressure tunnel (fig. 4) and for the model shown in
figure 5.

Angle of attack.—The wing lift distribution is shown in
figure 6 for both free-air and tunmnel conditions. The
boundary-mduced upwash angle shown in figure 7, from
equation (1), is

W T W, ef
Vo w2 T A0z
The jet-boundary correction to the angle of attack, from
equation (2), is
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1
The integral J; % 8—2 dy’ (equation (2)) is the area under

the curve obtained by multiplying the values of figure 6 by
those of figure 7 and, in this case, has a numerical value of
0.01542. Therefore,

Aas+Ac, . =57.3C; (1.158) (0.01542)
=1.019C;
The uncorrected lift~curve slope obtained experimentally is
a,=0.1041

This slope is corrected for the jet-boundary effects by the
relation

1 1._Aa,—|— Ad._c_

al au 01.'.
so that -
1 1
Tme 010411019
and
(12M=0.0941

842051—50——11
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FIGURE 3.—Boundary-induced velocity along the horizontal center line due to a unit counter-
clockwise vortex at varfous distances ,!_ from the reflection plane. %—0.—&9781.

This slope is used to obtain the two-dimensional slope by
substitution in equation (5) as

o
Hax
57.3 0.

M
l+ TAW

Q=

_Ca
1.039

G
57.3 7039

72X 10.84

0.0941=

1+

from which
a;=0.1162

This two-dimensional slope is used in the same formuls
to determine the slope for the complete wing of aspect ratio
11.09, which is

ap=0.0945
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The plan-form correction is then obtained from equation
(4) as

aW am

1
=(0.0945_o.0941) Ce
——0.038C,

The complete correction for the angle of attack, from
equation (6), is
. Aa=Aa,+Aa,...+Aa,

=(1.019—0.038)C%,
=0.981Ct

which is added to the geometric angle of attack of the
model in the tunnel.

Drag coeficient.—The ]etrboundary correction to the drag
coefficient, from equation (7), is —

Lw ee
80,,=C2 |, v, cl5 o
=0.01542C;2

The plan-form correction, from equation (9), is

1 1
AGD’ =<7"Aw’uw_ 7 AonUa

Cp?

— 1 2
—(T><11.09><o.974 1X10.84><0'.9'76) e
— —0.000620,

The complete correction to drag coefﬁciént, obtained from
equation (10), is

AOD=ACD1+ ACDP
=(0.01542—0.00062)C;?
=0.0148C;?

which is added to the uncorrected drag coefficient.

Pitching-moment coefficient.—The value of H taken from
reference 4 is 0.202 for both the model and the complete
wing. The location of the aerodynamic center, from equa-
tion (12), is

oo =2H % tan A+ Constant

The reference point is taken as the 0.25 chord of the root
chord of the complete wing so that for the model

Za.c. = (2X0.202X150.21552)+0.186
=1.491 feet
and for the complete wing
Ta.e.;m—2X0.202X15.8623X0.21552
=1.380 feet

The correction to the pitching-moment coefficient is obtained
from equation (11) as

La.c.r,— La.c.
AOm’___.M—c’_W (o

1.491—1.380
T 3.226 Co

=0.0344C,

which is added to the uncorrected pitching-moment

coefficient.
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Rolling-moment coefficient.—The aileron lift distribution
is shown in figure 8 for both free-air and tunnel conditions.
The boundery-induced upwash angle shown in figure 9 is
obtained from equation (14):

¢ wr e
=52 T A0s

The jet-boundary correction to the rolling-moment coeffi-
cient, from equation (15), is

~—1 tw e\ce
——1 (5.392) (Cy) (0.0605)
=—0.0816C,,

The plan-form correction due to the effect of the reflection
plane on the aileron lift distribution is obtained from figure
10, which was taken from reference 3, as

0”25{_ 1
Cy. . 240,
R

1

1.054

=(.949

From figure 16 of reference 7, values of C,/k were found to be

C,
(T)w=0.395

(0" =0.423
_E‘ 2M_ )

The corrected value of the rolling-moment coefficient from
equation (16) is

and

0.395
=0, (1—0.0816)0.949 57552

=0.8140,
Yawing-moment coeficient.—The two parts of the yawing-

moment-coefficient correction due to the jet boundary are,
from equation (17),

C.C, (1 CiL et
4 J:) WT;OLC:U ¥

__0 05408 C’LO;“

(AC,),=—

= 0.0 1 350"011(

and, from equation (18),

C'LO';_‘ w L ,

o VG, Oz V'

(AO"‘)3= -

_ 0. 0776

.0y,

The plan-form correction due to the reflection plane is
obtained from figure 11, which was also taken from refer-

ence 3 _
(AO"P)1=(AO“‘)1
OLOIZM OIGOL
=-—0.0070

In order to determine the plan-form correction due to aspect
ratio and taper ratio, values of K were found from figure 13
of reference 5 to be

Kz=0.075
and
Ku=0.077
T T T T 1
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Free-air looding /7 \'\‘\
ey Il \‘1
=0
3 \
<
+w & /
$ \
L
t'Lq: & - A4
o .
o /
g
Q Z
N| ey
o — L
z ——
o . 2 .3 4 5 .6 7 .8 g Lo

Spanwise stotion, y'

FIGURES;COmpBrISOn of the free-air and tonnel spanwlse load dlstribution duo to the
afleron deflection. Reflection-plane condition.
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so that this plan-form correction (equation (22)) is

The complete correction to yawing-moment coefficient, from
equation (23), is

0’;,)
(ACL),=CLC1 | —Ky+Kanw (T ot ACw=(ACx),+ (AO"p)z+ (ACk),+(AC,),
2
(_Ck‘a ] — —0.00700,C,,,+0.007C,C,—0.0135C,C,
—0.0194C,.C
o b
=0,0, (—0.075+0.o77 Di
) It is usually most convenient to express the correction to
=0.007C.C; the yawing-moment coefficient in terms of the final corrected
. . b
Aileron span ratio, —bf-
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FIGURR 11,—Increment of yawing-moment-coefficient correction due to the reflection plane for allerons extending inboard from the tips of the wings of referunce 7. (From reference 3.)
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value of the rolling-moment coefficient; therefore,

(0"),, Cy, C.,

AC,=| —0.0070 25 /2% ) PO +0.007—0.0135 50,0194 oo
A 0.423 1
_( 0.00705522+0.007— 001350814 001940814)0,,0,
=_0-04100L01

which is added to the uncorrected yawing-moment coefficient.

CORRECTIONS FOR MODEL WITH END PLATE
DETERMINATION OF LIFT DISTRIBUTION

The lift distributions are considerably more difficult to
obtain for a model with an end plate than for & model with
a reflection plane. The method used herein is described in
reference 9. In this method, the wing is represented by a
lifting line that is perpendicular to another lifting line rep-
resenting the end plate. In addition to the vortices trailing
from these lifting lines, image vortices outside the tunmnel
are introduced to satisfy the condition of constant stream
function at the jet boundary. The complete trailing-vortex
system is shown in figure 12. According to the Biot-Savart

riz / h
zid? / H
—_— \____[___,:'__ ——

law, the induced velocities are related to the strength of the
vortices by the following equations, which are given in the
symbols of this report as

V) 8rf Clo) y— ?/1 %
FREGW

(due to wing)

dy (due to wing images)

g;_C
* d(‘-“)z y1+d

S5 dz (gi+dyra 4@ (due to end plate)

a(%¥
-+ dz  rE2yrdtyi(E+d)

(due to end-plate images)

0[] w

and

{r‘ -2rd%+zz;)
Kattal i it 2.2 EN

zt+d

l

Fi1GURE 12—Dfiagram of the model and end-plate trafling-vortex system and the corresponding reflected fmages,
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Also
¢
oy 240,
(Tf), 81rf A z—zl dz  (due to end plate)
2
J‘h d(G;C) ?__CEE": —& 7
" 8x)-n dz r'— 227':3_(1;;1—221)_1_ ’-I-d’ ¢

(due to end-plate images)

d (%c)" 21

8z) s dy  zEF(y+dy dy (due to wing)
(%),
)
3 4y (26)
81rf¢ dy 12+(;—2+d

(due to wing images)

(5),-F@), @)

and

In the last equation, 2x is used as the lift-curve slope of
the end plate for want of a more exact value.

If the free-air lift distribution is desired, the terms duc to
the image vortices are omitted. The only practicable
method of solution of these equations is graphical by
means of successive approximations. The evaluation of
the integral over the region near y=y, may be approximated

by means of the expression
(%) . a(%)
€ /mtay C /yi-ay
dy

dy

cic
Ay d 1 )
f dy

h—Aaf

Y= %y
where Ay is a small spanwise increment. After the lift
distribution is obtained for some value of the angle of attack,
the distribution may easily be converted for a lift coef-
ficient of unity.

ILLUSTRATIVE EXAMPLE

An example of the method used in determining the
corrections is given herein for the model shown in figure 5
to which an end plate is attached (fig. 13). The lift distri-
bution for this model arrangement for both tunnel and f{ree-
air conditions is shown in figure 14.

Fi6URE 13,—Qeneral arrangement of tapered-wing model and the end plate In the Langley 19-foot pressure tunnel, (Al dimengions in inches,)
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Angle of attack.—It should be theoretically possible to
obtain the correction to the angle of attick by taking the
difference between the angles of attack at unit 1ift coefficient
for the tunnel and free-air conditions. The accuracy
involved, however, in obtaining the lift distributions for this
end condition generally is insufficient for the purpose of this
report and, in addition, such a correction would not include
the streamline-curvature correction. The jet-boundary
correction to the angle of attack from equation (2)

S 1
Doyt Aty o, =57.3C, (1-[—1.05 2—1) ﬁ Vi@ ZCT'GE dy’

is used; in this case, w/1VC, is the upwash angle along the
model span due to the images of the wing and the end plate.
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F1GURE 14,—Comparison of the free-alr and tunnel spanwise load distribution. End-plate
condition,
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This upwash-angle aistﬁbution is shown in figure 15. For
the end-plete condition,

AaytAa,. . =57.3Cg (1.153) (0.01845)
=1.219C,

Applying this correction to the experimental value of lift-
curve slope of 0.0935 results in a lift-curve slope of 0.0839 per
degree or 4.809 per radian.

The plan-form correction is obtained from equation (4)

Aa,=<—1——i)01,

Ay Gy

although in this case ay and e, are obtained in a different
maenner from that for the reflection-plane condition. The
edge-velocity correction factor E ecannot be determined for
the model with an end plate; therefore, lifting-line theory
without the aid of this factor is employed to obtain ap and
@¢ix. The section-lift-curve slope of 0.122, obtained from
tests in two-dimensionsl flow, is used. In the solution of
equations (24) to (27) an angle of attack of 0.2 radian
gave & lift coefficient of 1.042 for the model in free air;
therefore,

go 1042

¥70.2X57.3

=0.0909

The correction factor E is not employed in the results of
reference 4; these results can therefore be used to determine
aw for the complete wing. The equation

__Jw

A=
LT

accordingly is used for the complete wing, where f is the
factor obtained from reference 4. Then,

- 0.997<0.122
“"H_57.3><0.122
7 11.00

=0.1013
Therefore,

1 1
Aa’_<0.10 13‘0.0909) C
—=—1.127C,

The complete correction to the angle of attack is

Aa=(1.219—1.127)C; B
=0.0920;,

Drag coefficient.—The jet-boundary correction to the drag
coefficient, obtained as for the reflection-plane condition



148

from equation (7), is
I w e
2 _ r
ACDf_ o J:) T’C}, ¢ d‘_l/
=0.0185C.*

For the plan-form correction, the induced drag of the model
is obtained by the relation

Ta e, ,
Co =02 |, & Gz

where a/Cy, is the self-induced angle of the model and the
end plate in free air. Then

OD M=0 .046601,2

£

The plan-form correction to the drag coefficient is obtained
from equation (8) as

AOD"= OD‘W— OD{_M

=(0.0295—0.0466)C;?
=—0.0171C;2

where the value CD¢W=0-0295 is the same as previously

used in the case of the reflection plane. In addition to these
corrections, there is in this case the induced drag due to
both the jet-boundery-induced angle and the self-induced
angle over the span of the end plate. This correction is a
combination jet-boundary and plan-form correction and
may be determined as a single value by use of

h
—(.2 v (e
AOD‘-—OL f—h m Cz‘;:)‘ dz
where 9/V(C, is the total induced angle over the span of the
end plate due to the model, the end plate itself, and all
images ,<Zc;‘—cz> is the tunnel lift distribution over the end
L/ e

plate; and all values are based upon the model dimensions
so that ACp, is based upon the model area. For the example,

ACp,=0.0030C;*
The complete correction to the drag coefficient is
AC»,=(0.0185—0.0171+0.0030) C;?
=0.0044C,?

Pitching-moment coeficient.—The location of the aero-
dynamic center is obtained from equation. (13)

b e
za.c.M='2‘ tan A j; E—E y d-y’-l—Const-a.nt

which gives ., =1.569 feet from the quarter-chord point
of the complete-wing root chord. The value g0y =1.380
feet is the same as previously used in the determination of
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the correction for the reflection-plane condition. From
equation (11},
Ta.c.pr—Ta.e.p .

ACn,=—"22

_ 1.569—1.380
=7 3226

=0.0586C",

Cu

Rolling-moment coefficient—The aileron lift distribution
is obtained by the same general formulas as the wing lift
distribution for the model with the end plate and is shown
in figure 16. The upwash angle due to the jet boundary is
shown in figure 17. The jet-boundary correction, from
equation (15), is

1 1w ¢
A_C"=_Z mC,u j; -[—7‘01 (1-'-105 E‘

—— (4.809)(C,)(0.0681)

Ly
Ca VY

—=—0.0819C,,

The plan-form correction due to the effect of the end plate
on the aileron lift distribution was found from equations
(24) to (27) for the model and from conventional lifting-line
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FiaURE 16.—Comparison of the free-air snd tunnel spanwise lond distribution due to the
afleron deflection. End-plate condition.
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FIGURE 17.—8panwlise distribution of the boundary-induced upwash angle due to tho afleron
deflection. End-plate condition.
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theory for the wing of twice model span. The resulting
ratio is

The plan-form corrections due to aspect ratio and taper
ratio are independent of the end condition so that the
corrected value of rolling-moment coefficient from

equation (16) is
i, (s

01 i
e (T e

0.3956
0.423

C=0,, <1+ o
L"

=, (1—0.0819)0.956 ==2

—0.820C,

Yawing-moment coeficient.—The corrections to the
yawing-moment coefficient due to the jet boundary are,
from equation (17),

GOy 1w g ,
(AC,£)2=— 4 TO;myl dy

—0.06064
=—z GG
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and, from equation (18),

a.cC
AC)=—"5" ) vo, eV &

—0.07188
=—7 G0

=—0.0180C,C;,

The plan-form correction due to the end plate is found from
equation (19) to (21). From equation (20)

Kyu=0.0741

and from equation (21)
K=0.0650

The plan-form correction. from equation (19} is

c
(AC,’)I = CLOhy(—KgM—l—KM O“a.!{)
8234,

- 1
_0L0“<—o.o741+0.0650 m)

=—0.0061C:0%,,

The planform correction due to aspect ratio and taper
ratio is the same as for the model and reflection plane.

The complete correction to the yawing-moment coefficient,
from equation (23}, is

ACy=(ACh,),+(ACy,)sF (80a)s+ (ACk))s B

0,,)

k Jon

=| —0. 0.007—0.0152
0.0061 _<?13— +

k/w

0.423
0.395 T

== —0.04:00 0)’,01

=<—0.0061

CORRECTIONS FOR MODEL WITH NO END PLATE

DETERMINATION OF INDUCED UPWASH ANGLE
For & model with no end plate, the determination of the
jet-boundary-induced velocity is easier than for the other

end conditions. In & closed circular tunnel, if there is a

trailing vortex of strength T' at a distance y=s, there is an
2
image vortex of strength —I at & distance y=%- The

stream function due to the image vortex is

L 1og(4-2)
T 2x 0g\Y 8

0.007—0.0152 550

Oty ¢ 0180 Y

a - F‘ OI,O[

1
St 0.018003—20) 0,0,

and the induced vertical velocity is

w=—>r 1t
4x ___P

8

Values of the boundary-induced vertical velocity per unit
circulation for a tunnel of unit radius

41r }1%—8/_7‘

are given in table III and plotted in figure 18. These values
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are for a counterclockwise vortex in the right-hand side of
the tunnel and may be used for a clockwise vortex in the
left-hand side of the tunnel by changing the signs of y and s.
For vortices of signs opposite to these, the sign of the in-
duced velocity must be changed; that is, the induced velocity
is negative. These values may be used for any wing in a
closed circular wind tunnel. For & loading symmetrical
about the vertical center line of the tunnel, a further simpli-
fication may be made by adding the induced velocities for
negative values of y to the induced velocities for positive
values of ¥ and by using only the semispan loading.

N
1]

Boundory-induced velocity for unit circulofion, wriT’

Vortex focation, +=09
/6 /1 /
// 8/ | /
1Z // ///
/ // 'T //
9.1 ///‘ 1 .61
I = o e e g R
e e e e e i T —— ] = —
2,
i
0 =& =6 =4 =2 g - 2. 4 .8

Distonce from center of circulor jef, w?‘

FI6URE 18.~Boundary-induced veloclty along the horizontal center line due to a unit
counterclockwise vortex at varlous distances -:; from the center of a olreular jet.

ILLUSTRATIVE EXAMPLE

An example of the procedure involved in the determina-
tion of the corrections is worked out for the model shown in
figure 5 with no end plate. The lift distribution, obtained
from lifting-line theory for this model configuration, is shown
in figure 19 for both free-air and tunnel conditions. The
spanwise distribution of the boundary-induced upwash
angle, which is obtained for this model arrangement from
equation (1)

w € e
Vo,~5 =T AGE

is shown in figure 20.

L4
- L Tunne/ /oaol/ng'__
o Pphd s Free-oir loading
’ f, I
10 / IS
\‘ ‘
8
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3

A

Load coefﬂE/bnt ocl,E

o . 2 .3 4 5 .6 .7 .8 .9 L0
Seanwise station, y'

FIGURE 19.—Comparison of the free-airand tunnel spanwise load distributions, Noend plate.
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FIGURE 20.—Bpanwise distribution of the boundary-Induced upwash angle. No end plate,

Angle of attack,—The jet-boundary correction, from
equation (2), is

¢ tw er
AcytAay..=57.3C, (1-[— 1.05 ﬁ)j; VZY[, ?jL—'E dy’
=57.3C.(1.153)(0. 01979)
=1.305C;,

The uncorrected lift-curve slope obtained experimentally is
a,=0.0800

This slope is corrected for the ]et.-boundary effects by the
relation L

1 1 Ac;tAa,,,
aTll Qy OL
so that
1 1
du 00800 1-30°
and
au=0.724
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This value of a is used to obtain the two-dimensional slope
from equation (5).as
g

73Vt

57. BE
1+ TAM

G0
1.186

a
57317186

7X5.423

0.0724=

1+—Z5 797

from which
a;,=0.1136

This value of @, agrees fairly well with the value of 0.1162
obtained for the reflection-plane condition. It should be
noted that the aspect ratio of the model with no end plate
is one-half that of the model with the reflection plane, and
the edge-velocity correction factor is increased since the root
chord of the model is part of the perimeter when no end plate
is used. The fwo-dimensional slope is used to determine the
slope for the complete wing of aspect ratio equal to 11.09 as

0.1136
a 1.039
T8
57.3 21138 3;35
14 —1:089
X 11. 09

=0.0927

The plan-form correction is then obtained from equation (4)
as

aw Gu

_ _1___1_) o
—\0.0027 0.0724/ 7%
= 3 .0 140[,
The complete correction for the angle of attack, from equation

(6), is
Aa=Aast-Ac, .+ Ay

=(1.305—3.014)C,,
=—1.709C,

Drag coefficient.—The jet-boundary correction to the drag
coefficient is obtained from equation (7) as

c;¢

b3
20o=C2 | v, 5
=0.01979C?

The induced-drag coefficient of the model, obtained from the
coefficients of the Fourier series determmed in the SOIUflOD
of the lift distribution (reference 4), is T

02 &= ndt
TA.vnE-I le

— %1 0048
TxX5.423

=0.0643C;*

OD ‘M=

where 4, is the first coefficient and .4, the nth coefficient of
the Fourier series. The induced-drag coefficient of the
complete wing has been previously determined herein to be

Oy, =0.0205C;*

The plan-form ecorrection, obtained from equation (8}, is

AC,,= Owa_ Cpix
=(0.0295—0.0643)C;2
= —'0.034801,2
The complete correction to the drag coefficient, from equa-
tion (10), is
AC’D=AODJ+AODF
=(0.0198—0.0348)C;?
=—0.0150C,?2

Pitching-moment coeficient.—The location of the aero-
dynamic center is obtained from equation (13)

Taceyq= 2tanAf

which gives z,.. ,=1.682 feet from the quarter-chord point
of the complete-wing root chord. The value 2, ,.=1.380
feet was previously used in the determination of the correc-
tion for the reflection-plane condition. The plan-form cor-
rection to the pitching-moment coefficient is obtained from
equation (11) as

Cuc =y’ dy’+Constant

Ta.c.re— Te.c.
MGy, =Tt Teew ¢,

1.682—1.380
T 3.226 Cu

=0.0936C,

Rolling-moment coefficient.—The aileron lift distribution
for the model with no end plate is shown in figure 21 for both
free-air and tunnel conditions. The boundary-induced
upwash angle shown in figure 22 is obtained from equation (14)

é cic

w
VO~TE T ATs



152 . REPORT NO. 843—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

T T ¢ T T 1 g
1 24 ——— Turnet toodin -—4#
Free-air loading| y: DN
" / N
G/
<
<
+w 8
& \
By
&6 /
) /
3] /
N A
0 4 //' .
N =
2 - L __//
—
A
o . 2 .3 4 5 6. 7 .8 9 Lo

Sponwise stofion, y'

FIGURE 21, —Comparison of the frec-air and tunnel spanwise load distribution due to the
aileron deflection. No end plate.
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Fiourze 22.—B8panwise distribution of the boundary-induced npwash angle due to the aileron
deflection. No end plate.

The jet-boundary correction, from equation (15), is

c;¢

1 1w [ ’ ’
20,=—3m0, [ (14105 £) g5 v dy
1
=~ (4.149)(C,)(0.0794)
=—0.0824C,

The plan-form. correction due to the effect of no end plate on
the aileron lift distribution was found from lifting-line theory
to be

The plan-form correction due to aspect ratio and taper
ratio is the same as for the other end conditions; hence, the

C,
AC,= (AO ) + (Ao"p)f!‘ (AO"{) + (Aaﬂt)s— —0.0011 (7r2'

(%),

0.423
0.395

=<-0.0011

+0.007—0.0166 -~

+0.007—0.0166 so=r

rollmg—moment coefficient for the complete wing, from equa-
tion (16),

=, (1—0.0824)0.974 9—39%

=0.835C,, -

Yawing-moment coefficient.—The jet-boundary correc-
tions to the yawing-moment coefficient are obtained from
equation. (17) as

01,0:,, w e
(AO":)2= —z ), VG, C’:,c y dy

0.0264 a0,

=—0.0166C,.C,, i T

and, from equation (18),

C"zf W e s g
(Cu)===1", v TV
_ 0.0204 .0,

The plan-form correction due to no end plate is found from
equations (19) to (21). From equation (20)

sz= 0.0741
From gquation (21)
K,=0.0711

From equation (19)

(’ ]
(AO,,)1=CLO,2M( —EuctKu 7, ")

Y%,

=G0, (—o.o741+0.o711 E‘s}ﬁ)

= ""0.001101,0[“{

The plan-form correction due to aspect ratio and taper
ratio is the same as for the other end conditions so that the
complete correction to the yawing-moment coecfficient, from
equation (23), is

0, C.

—0.0226 vl CLC,

1
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APPLICATION TO TEST DATA
MODEL AND TESTS

The tests were conducted in the Langley 19-foot pressure
tunnel for the partial-span tapered wing model shown in
figure 5. The model represented 94.6 percent of the true
semispan. The aspect ratios of the wing of twice model
span and the complete wing were 10.84 and 11.09, respec-
tively. The taper ratios of the model and complete wing
were 0.26 and 0.25, respectively. The model was equipped
with a fullspan duplex-flap arrangement. The inboard
slotted flap, the.outboard balanced split flap, and the
aileron were of constant chord and approximately 24, 20,
and 15 percent, respectively, of the average wing chord
over their portions of the wing span. The aileron was
provided with a completely sealed internal aerodynamic
balance.

The reflection-plane arrangement is shown in figures 4
and 23. The reflection plane was fastened to the tunnel af
its top and bottom and extended beyond and behind the
model as shown. The gap between the model and the
reflection plane was automatically maintained at 0.09,
4-0.03 inch, by a telescoping seetion in the end of the model.
The end-plate arrangement is shown in figures 13 and 24.
The end plate was elliptical in plan form and was rigidly
fixed to the model. For the wing with no end plate, the
model was tested as shown in figure 25.

The tests were conducted at a Reynolds number of
approximately 8.9X10* and at a Mach number of 0.17.
The angle-of-attack range was from —4° through maximum
lift and the aileron deflection range was +20°.

The tests were made for three flap arrangements: flaps
neutral and partial-span and {full-span flaps deflected.
The aileron tests were made at two angles of attack for each
flap arrangement and end condition.

UNCORBECTED CHARACTERISTICS

The uncorrected aerodynamic characteristics of the
tapered-wing model for the three flap arrangements and the
three end conditions are presented in figure 26 in terms of
the uncorrected nondimensional coefficients.

Drag.—The uncorrected drag characteristics are presented
in figure 26 (a). The drag coefficient at zero lift coefficient
is increased slightly for the model with no end plate and to
a greater extent for the model with the end plate. These
increases in drag coefficient are due to the abrupt tip form
of the model with no end plate and to the drag of the end
plate. The differences between the drag coefficients in-
crease with lift coefficient because of the differences in the
self-induced and the jet-boundary-induced drag for the
three end conditions.

Lift.—The uncorrected lift characteristics are presented
in figure 26 (b). The slope of the lift curve is decreased for
the model with the end plate and with no end plate because
of changes in the effective aspeet ratio. The maximum-
lift-coefficient values for the three end conditions are reduced
similarly because of the changes in the stalling character-
istics. The angle of zero lift is slightly affected with the
flaps neutral.

163

FIGCRE 23.—Partialspan tapered wing model with reflection plane mounted in Langley
18-foot pressure tunnel.

FieURE 24.—Partisl-span tspered wing model with end plate mounted in Langley 19-foot
pressure tunnel,

FIGGRE 25.—Partisl-span tapered wing model with no end plate mounted in Langley 19-foot
Dressure tunnel.

Pitching moment.—The uncorrected pitching-moment
characteristics are presented in figure 26 (¢). The slope of
the pitching-moment curve becomes more negative for the
model with the end plate and still more negative for the
model with no end plate. There is no change in the pitching-
moment coefficient at zero lift with the flaps neutral.

Aileron.—The uncorrected rolling-moment and yawing-
moment characteristics are presented in figures 27 to 29,
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The change in the rolling-moment and yawing-moment
characteristics for the three end conditions is small. There
is no consistent relationship between the characteristics for
the various angles of attack and flap arrangements.

CORRECTED CHARACTERISTICS

The corrected aerodynamie characteristics are presented
in figure 30. The values of the corrections applied to the
uncorrected coefficients are given in table IV. The abso-
lute values of the data for partial-span models have certain
limitations which are inherent in the test conditions and
procedure. The determination of the effects of the tare
and interference of the model support system was impractical
for the model described herein. The gap between the model
and the reflection plane was kept to a practical minimum
but may have introduced some slight errors in the data
which could not be determined. For the end-plate and
no-end-plate conditions the stelling characteristics were
affected in a manner unsusceptible of correction.

Drag.—Application of the drag-coefficient corrections
brings the characteristics (fig. 30 (2)) into good agreement,
with the flaps neutral. The main difference remaining is due
to the drag of the end plate and to the tip drag for the model
with no end plate. With partial-span and full-span flaps
deflected, the agreement is not so good as with flaps neutral,
although the corrected characteristics are in much better
agreement then the uncorrected ones. The remaining dis-
crepancies for these flap arrangements are due to differences
in profile drag and induced drag not included in the correc-
tions. The plan-form correction to the drag coefficient is
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JET-BOUNDARY AND PLAN-FORM CORRECTIONS FOR PARTIAL-SPAN MODELS

lowest for the reflection-plane condition and it is therefore
believed that this condition is the most representative of the
complete wing. This fact is a point in favor of the use of &
reflection plane rather than the other end conditions.

Lift.—The corrected lift characteristics are presented in
figure 30 (b). With the flaps neutrsl, the agreement of the
characteristics for the three end conditions is very good below
maximum lift. Contributing to the good agreement may
have been the fact that no exiremely low aspect ratio was
involved even for the model with no end plate. The slight
change in the angle of zero lift displaces the curves for the
model with the end plate and with no end plate. The differ-
ences at and near maximum lift are due to alterations of the
lift distribution for which corrections cannot be applied.
With the partial-span and full-span flaps, the agreement of
the characteristics for the three end conditions is not so good
because of the change in the effectiveness of the inboard flap.
The effectiveness of the outboard flap is approximately the
same for all three end conditions. The greater maximum
lift coefficient obtained with the reflection plane is another
point in favor of the use of the reflection plane since the load
distribution is most nearly that of a complete wing.

Pitching moment.—The corrected pitching-moment char-
acteristics (fig. 30 (c¢)) indicate only fair agreement for the
three end conditions. The relative order of the curves for
the three end conditions is reversed by the corrections. This
reversal may be due to the effect of the sweepback on the
lift distribution, which was not taken into account in the
corrections. In any case, the differences between the char-
acteristics are attributed to inaccuracies in the determina-
tion of the lift distributions and, since the lift distribution
is least altered by the reflection plane, it is believed that the
pitching-moment characteristics for the reflection-plane con-
dition are the most nearly accurate.

Aileron.—The corrected rolling-moment and yawing-
moment characteristics are presented in figures 31 to 33.
The general relationship between the characteristics for the
three end conditions is unchanged. The inconsistent rela-
tionship between the uncorrected characteristics for the three
end conditions precludes any consistent relationship of the
corrected characteristics. At the low angles of attack and
with the flaps neutral, the characteristies for the three end
conditions agree very well whereas, at the other angles of
attack and with the flaps deflected, the characteristics agree
slightly better in some cases and worse in other cases than
the corresponding uncorrected characteristics.

The difference and inconsistent relationship between the
characteristics are due in part to experimental inaccuracy
and to the pronounced vibration of the model with the end
plate and with no end plate. :

COMPARISON OF AILERON EFFECTIVENESS FOR PARTIAL- AND
COMPLETE-SPAN MODELS

The comparison of the rolling-moment characteristics de-
termined for the partial-span model with & reflection plane
and for a complete-span model is presented in figures 34 and
35. With the flaps neutral (fig. 34), the general agreement of
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the aileron effectiveness is good, except at the high angles of
attack at which some differences exist. With the full-span
flaps deflected (fig. 35), the agreement is good at the low
angles of attack and rather poor at the high angle of attack.
The loss in effectiveness at the high angle of attack for the
complete-span model is due to a change in the flow over the
aileron as evidenced by a complete change in the stalling
characteristics of the complete-span model. The change in
the stalling characteristics is due in part to the decreased
Reynolds number and to some difference in the models.

CONCLUDING REMARKS

A method is presented for determining the jet-boundary
and plan-form corrections to be applied to test data for a
partial-span model with a reflection plane, an end plate,
or no end plate in a closed circular wind tunnel. These
corrections have been applied to the measured values of
lift; drag, pitching-moment, rolling-moment, and yawing-
moment, coefficients obtained from tests in the Langley
19-foot pressure tunnel of a partial-span model with each
of the three end conditions.

With the exception of the corrections to the rolling-
moment coefficient, the jet-boundary corrections were
somewhat smaller for the reflection-plane condition than
for either of the other end conditions because the induced
upwash angle was smaller. For all corrections depending
upon the wing lift distribution, the plan-form corrections were
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considerably smaller for the reflection-plane condition
because the lift distribution was more nearly like that of &
complete wing. Any errors in determining the lift distri-
bution were therefore minimized and the corrected values
of the data were the most representative of the complete

wing.

From all these considerations, it was found that a refleec-
tion plane should be used wherever possible for tests of

partial-span models. If it is necessary, from other consider-
ations, to use an end plate or no end plate, it is possible by
the methods described herein to determine suitable correc-
tions to be applied in order to obtain reasonable results,
particularly with flaps neutral and below maximum lift.

LaneLEYy MEMORIAL AERONAUTICAL LABORATORY,
Narronar Apvisory COMMITTERE FOR ABERONAUTICS,
LavereY FieLp, VA., February 4, 1946.
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TABLE I—BOUNDARY-INDUCED VELOCITY 1—01,1 ALONG HORIZONTAL CENTER LINE DUE TO UNIT COUNTERCLOCK-
WISE VORTEX AT VARIOUS DISTANCES % FROM REFLECTION PLANE FOR %=0.73026

o g1 0.2 0.3 0.4 0.5 0.6 07 0.8 09 | 10 L1 12 18 14 1.5 1.6

0 0.0083 | 0.016¢ | 0.0243 | 0.03156 | 0.0387 | 0.0482 | 0.05 0.0566 | 0.0618 | c.0a60 | o.oo0 | o.ov% | 0.0787 | o0.0823 | 0.0855 | 0.0885
.1 .01 0238 |0 .0312 | .osss | .ou8 | .0 0564 | .0616 | .0864 | .0708 | .or49 | .oy | .o0s28 | .08 | .08SQ
.2 c0156 | L0231 o304 | 0375 | .0441 | L0500 | .0586 | .0610 | .06%6 | .0706 | .0748 | .0788 | .0828 | .0360 | .0898
3 0076 | 0140 | .022¢ | .0205 | 0368 | .0428 | .0488 | .0645 | .0800 | .0852 | ..0700 | .0748 | .0789 | .0830 | .08(8 | .0%08
.4 0071 | L0142 | o212 | 0282 | 0353 | 0415 | .0478 | .0582 | .0589 | .0643 | .0694 | .0744¢ | .079L .0837 L0880 | .o0922
"5 0007 | o135 | .0202 | .0267 0335 | .0a97 | .0458 | .0615 | .0%@ | .0632 | 0088 | .0743 | .0795 | .0847 | .0300 | .0044
.8 0062 | 0128 0188 o250 | 0316 | .0378 | .0441 | .0408 | -0 o621 | 0082 | .0742 | 0800 0S0L | .0%18 | .0975
7 0117 0176 38 | 0208 0360 | .0422 0618 | 0678 0746 0811 087% 0946 1013
.8 0053 0108 0164 020 | .0280 W41 | Codm 0486 .0675 0740 0824 ORI | 1003
.9 0049 0100 | .0182 0206 | .0283 | 0324 | 038 0522 0508 0669 0758 0840 1026 1126
1.0 0046 0003 ola 0182 | .0247 0307 | 0369 0434 | o510 0670 0763 0071 1 1

11 0042 | 0086 | .0131 | .0180 | .0283 | .0281 L0853 | .0s2 L0808 | .0582 0672 | . o801 | .1020 1157 | 1314
L2 003 | .0070 | .0122 | o068 | 0219 | .028 | .0888 | .0407 | .048% | o577 | .0674 | .O788 | .0828 | .1085 | .128L | 1456
1.3 0036 | .0074 | o114 o8 | .o207 | .02 | o3¢ | ‘oses | .o/ | o573 | .oes0 | .0%06 | .09 | .76 | L1378 | L1061
14 0033 | o069 | o105 | .0148 | L0195 | .0P4e | o031t | .0382 | .046% | .0568 | .0686 | .0%28 | .1030 | .12%0 | 1544 | .18%7
L§ 003 | .0084 | L0089 | .0130 | .0184 | .0287 | .02 | .037L | .0 057 | o600 | .ossd | 1080 | .10l [ L1771 .2381
Le 10020 | 0080 | 0098 | .0131 | .0174 | .0226 | 0287 | 0361 | o463 | .0567 | .07i2 | .0902 | .11 1830 | 2088 | .2730

TABLE II.—BOUNDARY-INDUCED VELOCITY %r_ ALONG HORIZONTAL.CENTER LINE DUE TO UNIT COUNTERCLOCK-
WISE VORTEX AT VARIOUS DISTANCES —: FROM REFLECTION PLANE FOR %=0.49781

I N -
ur & 0.1 0.2 0.2 0.4 0.5 0.8 07 0.8 0.9 1.0 1.1 12
T N
0 0. 0092 0.0177 0.0346 W 0. 0427 0. 0508 0.0881 " 0. 0653 00729 0. 0786 0.0847 0. 0908
.1 0081 0175 . 0262 L0344 0428 . 0505 . 058D . . 0852 .0720 .0788 . 0848 . 0907
.2 0089 0174 0281 . 0340 0420 . 0501 .0577 06850 0 . 0787 .0852 .0913
.8 5 0170 0 .0332 0414 . 04908 .0572 0847 0719 .0790 0857
.4 0083 0168 0248 .0325 0407 . 0489 .0 0644 0719 L0794 0938
N 0080 0159 0241 . 0318 0397 . 0480 .0 0719 .0798 0878 0058
.8 0077 0154 0232 . 0308 0386 0470 . 0555 0638 0719 . 0807 0804 0985
.7 0074 0147 L0208 0377 . 0631 0718 .0816 0915 .1019
.8 .0070 . 0141 0214 L0288 0366 0448 .0538 0718 . 0830 0940 1
.9 0047 0135 0205 .0278 0355 0439 og .0628 . 0850 5 1119
L0 . 0064 L0128 L0198 . 0287 L0344 .0428 L0581 ~ L0628 | .0730 .0872 1017 L1187
11 . 0081 .0122 . 0187 . 0257 . 0333 L0418 L0514 . 0624 L0748 .0902 .1072 . 128
1.2 . 0057 .0116 L0178 . 0247 .0322 . 0408 05& . 0624 . 0763 . 0035 L1144 L1404

TABLE IIL.—BOUNDARY-INDUCED VELOCITY _wFr ALONG HORIZONTAL CENTER LINE DCE TO UNIT COUNTERCLOCKWISE
VORTEX AT VARIOUS DISTANCES% FROM CENTER OF A CIRCULAR JET

\ afr .
yir \ 0.1 0.2 0.3 0.4 0.5 0.8 0.7 6.8 [+X°]
—0.9 0.0073 0.0135 0.0188 0.0234 0.0274 0.0310 0. 0342 0.0370 0. 0300

-.8 . 0074 .0137 L0192 0241 0284 .0323 0367 .0388 L0416

-7 0074 0140 0197 0240 0295 . 0338 0374 L0108 M30

-.8 0142 .0202 L0257 . 0306 . 0351 .0392 . 0430 0405

-.5 0076 0145 .0208 . 0285 . 0318 . 0387 0413 . (4858 0404

—.4 0077 0147 . 0218 L0274 .0332 .0388 .0482 0527

-3 0077 L0150 L0219 0284 . 0346 0406 0460 . 0513

-2 o078 L0153 . 0225 .0205 .0362 . 0426 . 0489 . 0548 .0607

-1 0078 0156 . 0232 0378 . 0450 0521 . 0588

0 G080 0150 .023¢ 0318 . 0308 L0477 0587 . 0637 0718
.1 0080 Q162 .0248 . 0332 0410 0508 . 0599 . 0682 0787 -
.2 . 0081 0108 0254 . 0346 . 0442 0543 . 0848 0768 .
.3 0082 0160 .0262 . 0382 (408 . 0582 . 0705 .(838 . 0981
.4 . 0083 L0173 .0271 .0379 . 0497 .0628 0774 0838 117
.5 . 0084 1T 0281 (368 . 0533 . 0682 . 0857 . 1061 1302
N . 0085 . (181 . 0201 T.0419 . 0568 L0746 . 0900 L1224 . 1587
7 . 0088 .0185 . 0302 0442 . 0612 L0823 . 1092 . 1447 . 1938
.8 . 0087 .0189 . 0314 . 0488 . 0683 .0018 .1266 L1768 .2558
.8 . 0087 0194 .0327 . 0497 0723 .1038 . 1508 L2274 .3768

TABLE IV.—~CORRECTIONS APPLIED. TO GUNCORRECTED COEFFICIENTS OF REPRESENTATIVE MODEL FOR TIIREE
END CONDITIONS

Reflection plane End plate No end plate

Correction

bouj;%ary Plen form Total boul.:(tlary Plan form Total bouIl%ary Plan form Total
AafCL 1019 | —0.088 0.981 Lae | -1z 0.02 | 1806 | —3014 | —1.708
ACD/CL? L0156 | —.0008 .0148 L0185 | e—.01417 L0044 0108 | —.038 | —.01%0
PN — L0344 o | . L0887 | L0586 | ... w6 | .0m8 o
WaCIYC, —.082 —.104 —.188 —.082 —.088 | —.180 —.082 -.088 | —.165 '
ACMCLCr [ —.005 | —. 0005 [ —oa0 —. 0406 oooa‘l 040 | —.0488 l .0058 | —. 0411 g

« Includes 4Cp, (see text).
ACE Qi ACy AC,
& For purpose ol this table er'=a; —l= o te



