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THE CALCULATION OF TAKE-OFF RUN

By WaLrer 8. DIeEL

SUMMARY

A comparatively simple method of caleulating length
of take-off run is developed from the assumption of a
linear variation in net accelerating force with air speed
and it is shown that the error involved is mnegligible.
The run formula is reduced to

KV,
&

w
Where V, is the take-off speed, T, is the initial net
accelerating force, W is the gross weight and K, a coeffi-

cient depending only on the ratio of initial fo final net
accelerating force. Detailed instructions are given for

S=

application of the formula and for the caleulation of all

Jactors involved.
INTRODUCTION

Exact calculations may be made for the distance
run during the take-off of a landplane if sufficient data
are available on propeller, engine, and airplane char-
acteristics, and if some assumption is made regarding
the pilot’s technique. The calculations are neces-
sarily laborious since the relations are such that step-
by-step integration is required. In most cases lack of
exact data on power plant and airplane prevents an
exact calculation even if such were desired, while for
all practical purposes a close approximation is all that
is needed.

A number of formulas and methods have been pro-
posed and used extensively in the past for calculating
take-off runs. Most of these methods are based on
average thrusts obtainable with the power plants
formerly in use, and under favorable conditions gave
satisfactory results. However, the advent of high
performance has brought about changes in propeller
design, for example, that greatly affect the take-off
run so that a complete revision is required to accom-
modate the new variables.

The present study is concerned with the develop-
ment of a method suitable for routine take-off calcula-
tions in the Bureau of Aeronautics of the Navy
Department. Such a method, to be satisfactory, was
required to be reasonably simple without neglecting
any important variable. The method derived in this

or has been in use long enough to justify consider-

able confidence in its validity. All attempts to obtain
& more simple method have resulted in unsatisfactory
reliability. While the method here presented is in-
tended as a practical approximation to a difficult
problem, it is highly probable that greater accuracy
would have no significance in view of lack of definite
Inowledge regarding basic data.

Unless otherwise specified the take-off run is to be
the run required to attain a given air speed in a calm;
Ib.-ft.-sec. units will be used.
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FIGURE 1.—Foroes acting during take-off run

GENERAL CALCULATION OF TAKE-OFF RUN

The major forces acting on the airplane during take-
off are thrust, air drag, and friction drag. In the
gimplest case, at constant angle of attack, the air drag
will vary as the square of the air speed and the friction
drag will vary with the load on the wheels. The net
accelerating force will then be the difference between
the thrust and the total drag as indicated on Figure 1.
For convenience, the forces may be reduced to unit
values by dividing each by the gross weight. .

In general the take-off may be considered to consist
of three stages: A short initial period during which the
tail is raised to normal position, a relatively long
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period of acceleration at a substantially constant
angle of attack and a short period during which the
angle is increased for take-off. It is possible for the
third stage to be partially or wholly suppressed, de-
pending on the airplane characteristics and pilot’s
efforts. If a definite sequence be assumed, the corre-
sponding curves for air drag and friction drag may be
determined. The variation of thrust with air speed
may be celculated fromh engine and propeller test datea.
The normal tendency is for the thrust to decrease
slichtly with increase in speed and with a substantially
linear relation, as indicated on Figure 1. In some
cases, however, the thrust may remain constant, or
even increase with air speed.

Assuming that the thrust and the drag are known as
a function of air speed, the calculation of take-off run
is made as illustrated by Figure 2 and Table I. The
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FI1GURE 2

curve of net accelerating force F/W in Figure 2 is the

same as that in Figure 1. The acceleration is given by
a=g (%) @
: dsS dav
Since V' T and a T
VvV 48,
v @

it lg is plotted against V as in Figure 2 the area under

the curve is proportional to the run S. This area may
be found by any convenient method, such as by a
planimeter, the trapezoidal rule or Simpson’s rule.
The trapezoidal rule used in Table I is ordinarily the
simplest method. By this method the area under a
curve, between any number of equally spaced ordi-
nates, is equal to the product of the sum of the inside
ordinates plus one-half of the end ordinates, by the
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spacing between the ordinates. It is usually given in

the form '
A=Cah+ya+ys . . . . ¥y, AX

where 41, ¥, %2 . . . . ¥a are the ordinates of the curve

equally spaced at the distance AX apart.

EQUATION FOR TAKE-OFF RUN

An extended analysis of calculated take-off runs in
comparison with observed runs leads to the following
conclusions:

1: The effects of thrust variation, gross weight, take-
off air speed, and wind speed predominate to
such an extent that in practice all other vari-
ables may be neglected.

2. The effect of normal variations in power is so
great that considerable latitude is allowable in

simplifying assumptions.
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FI1GURE 8.—Major forees acting during take-off run

3. The effect of thrust variation from the static con-
dition to take-off is of such primary importance
that proper allowance must be made for the
propeller characteristics. ’

4. The effects of wind speed and actual teke-off
speed are best handled in the form of correc-
tions to the run required to attain stelling speed
in & calm.

The most promising method of simplifying the calcu-
lations appears to be in the assumption that the net
accelerating force varies linearly with air speed as
indicated on Figure 3. The calculations of Table II,
based on this assumption, shows a run of 448.8 feet,
as compared with 439.3 feet obtained in Table I.
This is an error of less than 2.2 per cent, for what may
be considered an average case. Such an error is
entirely negligible in comparison with the uncertainty
in power or propeller characteristics, and the variation

in piloting.
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THE CALCULATION

With the assumpfion of a linear variation in net
accelerating force the relations are as shown on Figure
3. The thrust per pound varies from T,/W at the
start, T, being the static thrust, to T./W at take-off,
T, being the thrust at take-off speed V. The total
drag per unit weight varies from p=F/W at the start to

%= 1/ (%)=_]Z2, at the take off. The net accelerating
force per unit weight at the start is

T Ta
'ﬁ}“ A @
The net accelerating force at take-off is
Te T. D
WL @

Since the net accelerating force varies linearly with air
speed it follows that

F T
W“W}(l‘KVV;) (5)
where (1—K) is the ratio of the final to the initial

accelerating force. That is,
— T,
(1-K) . or K 4 T1
The resulting equatlon of motion is .

dav_ _F vV (6)
@~ om(1-Ky,)

or

_vdv

T 7 ds (N
(-xp) "
Integrating this glves
g(l 1y - () s(1-57,)| <
For take-off at speed Vs equation (8) reduces to
S=%§[§r{(—l—%hg (I—K))]
w

The term within the brackets on the right hand
side of equation (9) depends only on the ratio of the
final net thrust to the initial net thrust T%/T\.
Hence we may write

K, V32
So= ‘<—Tl—' (10)
W
where S, is the total run to attain the speed V,in a calm
11 1
and Kt“'g[z(— 1—zlog (I—K)):I'
Calculated values of K, are given in Table ITI and

plotted on Figure 4.
In order to use equation (10), the static thrust and

(9)
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the thrﬁst at take-off speed must be known. Methods
for calculating the thrust will be given.

TIME REQUIRED FOR TAKE-OFF

In some cases the time required for take-off is of

importance. This may be obtained from equation (6)
written in the form
dVV = %;}dt - (6e)
1-K
V.
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Vemtake-off air speed-ftysec.
T.=static thrust—pounds.
Wm=gross weight—pounds.
& =coeflicient of traction.
from which, by integration
(T)log(l KV) (11)
: gK
For time to take-off speed V=1V, this becomes
(12)

;‘é’g[@og -5 |

As in equation (9), the term in the brackets depends
only on the ratio of the net thrusts. Hence

V. a3)

K,
t,= (21
w,
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where ¢ is the time in seconds to attain the tale-off

speed V, (in {t./sec.) in a calm and K,==£')—-_I—{1 log (1—K).
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Calculations for K; are given in Table II and K, is
plotted as a function of the ratio T»/T; on Figure 5.
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INITIAL NET ACCELERATING FORCE

The initial net accelerating force per unit weight is
defined by equation (3)

T,
Tk il ®3)
In .reference 4 it is shown that the static thrust may

- be calculated by the equation

_KToXb. hp
" r.p.mXD
The static thrust coefficient Kr, may be plotted as
a function of blade angle at 0.76 R as in Figure 6.
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sotting at 42’ station. Positive (+) values of Afto be added to setting
at 427 station, negative (—) values to be subtracted, to get blade angle

at 0.75 radlus.
Example: For 10 ft. dia. prop.

A9=—0.9°
Gprsp =’ —.0°

Since it is common practice to adjust or read the blade
angle at a given station regardless of the propeller
diameter, a correction must be applied to obtain the
setting at 0.75 E. Figure 7 gives the correction
A8 to convert the blade angle at the 42-inch station to
the corresponding value at 0.75 R. The 42-inch
station is 75 per cent of 56 inches, so that the correc-
tion is zero for a diameter of 9 feet 4 inches. For
diameters less than 9.33 feet the 0.75 R station will
therefore lie inboard of the 42-inch station and con-
sequently will have greater blade angles, i. e., A¢ is
positive. For diameters greater than 9.33 feet the
0.75 R station blade setting will be less than at the
42-inch station, 1. e., A8 is negative.
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Kr, may also be plotted against the V/nD for
maximum efficiency as in Figure 8. In design studies
it is problably more convenient to use V/nD than
blade angle. Under normal conditions the two
methods give identical results, but in general the
blade angle is slightly preferable owing to the practice
of setting the pitch instead of changing diameter to
obtain the desired revolutions.

The coefficient of traction x must be selected accord-
ing to ground conditions. It varies from about 0.02
for a smooth surface such as a concrete runway or a

flight deck to as much as 0.30 for a sandy surface. In
the absence of exact data, the following values may
be used:
Smooth deck or hard surface_.__..___ r=0. 02
Good field, hard turf________________ p=0,04.
Average field, short grass_ _._________ #=0. 05
Average field, long grass.. ... #=0.10
Soft ground, gravel orsand__________ n=(). 10 to 0. 30
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FINAL NET ACCELERATING FORCE

The final net accelerating force per unit weight is
defined by equation (4)

I @
where T, is the thrust at take-off speed and D/L is
the ratio of drag to lift.

T, may be obtained from the thrust horsepower at
take-off speed V, by the use of Figure 9, which is a plot
of t.hp/t.hp, against V/V,. The thrust horsepower
at take-off speed is the product of the maximum t.hp
by the ratio t.hp/t.hp,, from the curve, or

167

_ t.hp
f.-.hp = t.hpm X t-_'.tﬁ (15)
The corresponding thrust is given by
T,=550 t.hp (16)
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The value of D/L may be taken as the reciprocal of
the maximum yalue of Z/D for the airplane, which is
usually known. Figure 10 is a plot of (L/D),.. 8s 2
function of aspect ratio and total parasite coefficient
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EFFECT OF WIND ON TAKE-OFF RUN

While the effect of wind may be obtained directly
from the integrated equations of motion, it is always
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more convenient to apply a correction to the run in &
calm. Analysis of a series of take-off runs under
various assumed conditions shows that a single curve
(fig. 11) is sufficient to give the correction factor.
In Figure 11 the ratio of the run S, in 2 wind V,, to
the run S, in & calm is plotted against the ratio of
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Fi16URE 11.—Effect of wind on take-off run

wind speed V,, to the take-off speed V,. When the
run in a calm is known, the run in any wind is

S,

Sp=8S,X TS’E; (17)

the value of S./S, being read from Figure 11 for
the value of V,/V, corresponding to the-desired V.
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EFFECT OF CHANGES IN WEIGHT AND TAKE-OFF
SPEED

The effect of & change in weight is to change both \
the take-off coefficient K, and the take-off speed V,.
Since W/V,? is assumed constant

S p (Y
575 \W;
where F is a correction factor to allow for the varia- .
tion in K,. Figure 12 gives F as a function of Wy/W,
and T&/T; It will be noted that for small changes
in weight (%25 per cent) and for normal values of
T/T: (. e., 0.60 to 1.00) the value of F' may be taken
as unity for most purposes, the average error probably
being of the order of 3 per cent.

When the stalling speed is varied, with weight held
constant, there will be a slight change in the ratio
Te/T; and a corresponding change in K,. In general
these changes are negligible so that for all practical

purposes s .
s=(v2)"

INSTRUCTIONS FOR CALCULATION OF TAKE-OFF RUN

(18)

(19)

In general the use of equation (10) requires the
following steps:

1. Obtain the static thrust coefficient K, from Fig-
ure 6 or Figure 8 and calculate the static thrust
T, using equation (14);

2. Divide the static thrust by the gross weight, and
subtract the proper value of the coefficient of
traction p to obtain the initial net accelerating

force per unit weight %} (equation (3));

3. Calculate the thrust available at take-off speed
T, using the method described above, equa-
tions (15) and (16) with Figure 9, and divide
T, by the gross weight;

4. Calculate or estimate the maximum L/D of the
airplane (using Figure 10, if necessary) and
subtract the reciprocal from 7,/W to obtain the
final net accelerating force per umit weight
T#/W (equation (4));

5. Take the ratio of T%/Tr and read the correspond-
ing value of the take-off coefficient K, from
Figure 4.

6. Calculate the take-off run in a calm, using this
value of K, with equation (10);

7. Apply corrections as required; for wind using
equation (17) with Figure 11, or for a different
gross weight using equation (18) with Figure
12,

An example of a calculation for take-off run, showing

method of tabulating work, is given in Table IV.
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BUREAU OF AERONAUTICS, TABLE II
Navy DEPAR‘I‘MENT, CALCULATED TAXE-OFF RUN USING ASSUMED
Wasamaron, D. C., Sept., 1932. ﬁgEUAR% Té\IET ACCELERATING FORCE SHOWN ON
REFERENCES -

1. Wood, R. McKinnon, and Bradfield, F. B.: The Distance Alrgpoed Netao- | dcsgler) Distance
Required to Take Off an Aeroplane. R. & M. No. 680, lngfgres | L =3)]| 8
British A. R. C., 1920. i ftjsec. | TP | ftfsecr | TQV ft.

2. Rolles, B. H., and Stevens, H. L.: The Effect of Wind, -

Weight, and Atmospheric Conditions (Including Semi- 0 0.450 | 1448 0 0 0
Tropical Conditions) on the Distance to Take OFf and | 5| k| T@| ve| &£f
{,3;;1 an Aircraft. R. & M. No. 1172, British A. R. C., § ;ﬁ %% %?“i” E% §§

3. Warner, Edward P.: Airplane Design-Aerodynamics. % 1398 }igg &g ;ﬁﬁ ébﬁl.é
McGraw-Hill Book Co., Inc.,, New York City, 1927. o S0 ne B mE ) s

4, Diehl, Walter 8.: Static Thrust of Airplane Propellers. 100 300 9.65 10.35 4488 48.8
T. R. No. 447, N. A, C. A, 1932.

TABLE I
CALCULATED TAKE-OFF RUN USING NET ACCEL-
ERATING FORCE SHOWN ON FIGURE 2
e g ot 5| Y P
force a 3 z(l’) 8
F a
ftheo. | T | ttfesea | "dV ft.
0 0. 4500 14.48 0 1} 0
10 L4305 1413 0.71 0.35 -85
20 . 4280 13.77 1.45 L43 143
30 . 4185 13.38 2,25 3.28 32.8
40 S4020 | 1293 309 595 | 5.5
50 . 3876 12.48 4.01 9.50 850
60 3720 1L97 5.02 14.02 140.2
70 . 3566 11 43 68.12 10.59 105.9
80 . 3380 10.87 7.86 26,323 263.2
90 .3195 10.27 876 34.38 343.8
100 . 8000 9.85 10.35 43.93 430.3
1.40 —q
// // RN
1.20 /E//I/ wZd AN <~ \\‘
59
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=hs7.00
e T —
s "\\\ T~ //'— —
28 ol R 14\(& LT
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s e e
\S \\\\‘.97 N, \ / / A \0609 // e
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TABLE III
CALCULATION FOR K, AND K,
Ty log(1—K) 1 K, ( K,
Ir el —log(1—K)
T K log(1—K) i’g E 5 4 _F ﬂ?__ —log (1= KD
=(1—K) A B g [7:3
130 —0.30 0. 202364 2. 915159 —3.3333 0.41817 | 0.01300 0. 8745 0.02718
120 —-.20 . 182321 —5. 0000 44106 01374 . 9116 .
110 —.10 . 095310 9.531021 | —10.0000 .46808 . 01458 . 02962
LO5 —.05 <. 048700 19. 51608 —20. 0000 . . 01504
100 (. 50000) | (.01554) (1. 0000) . 031
.95 | 40.05 —.051203 | —20.51732 | -+20.0000 51733 | .01609 1.0259 . 03180
.90 .10 —.105360 | —10. 53603 10. 0000 . 53603 . 01668 1.0538 .
. .15 —. 162519 —7.223053 8. 66667 . 55639 .01720 1, 0335 . 03368
. —. 223143 —5. 578387 5. 0000 57859 . 01768 1.1187 .
.75 25 —. 287682 | —4.602012 4.0000 60201 | .01874 11507
.70 .30 - —3. 963053 3.333 .62072 . 1.1889 . 03695
.60 .40 —. 510328 —3. 102058 2. 5000 . 69268 . 02153 1.2771
.50 .50 —. 693147 —2 772589 2. 0000 . T7259 . 1 1.3863 .
.40 . —. 916201 —2. 545252 1. 6868 . 87859 . 1.5272 . 04747
.30 . —L 203973 | -—2 457037 L428671 | 1.02852 | .03197 1. 7200 .
.20 .80 | —1.609438 | —2 514748 1.25000 | 1.28475 | .03031 2.0118 .
.10 20 —2 302585 -2 Lim 1. 73158 . 05382 07952
TABLE IV TABLE IV
EXAMPLE OF CALCULATIONS FOR TAKE-OFF RUN | EXAMPLE OF CALCULATIONS FOR TAKE-OFF RUN—
Continued
Remarks
Remarks
Alrplane type. Biplans
Gross welght Wib 3, 000 ] n /T
bWi' hnpglpro D. T "";t “’%‘” W W‘—n) g 02 .393 | Equation (3).
M Ratlo V.V, .373
gpﬁ'ﬂfﬂ v s gomtf(r‘nm?iegf'
pal qua .
Stalling speed V, ft./sec. 82 A 1 B 169,
Raxt ol o0 W at V. T, , 240. a3 quation
TMaximmnT %D 9.0 See Figure 10.
r L3
Propeller diamater D femnaeaceaeacmoccmamnr| 2.0 -5 : .302 | Equation (4).
Vind - 7370 Wo\W T
tbp =7mXb.bp- Ratio Tr/Tr .10
Take-off mico‘t}?dent Koot .0183 | From Figure 4.
Propeller blade settng 42" R oovoovameeeaas Setting given. Run S,= 1t 313 Equation (10).
Propeller blade setting 0.75 F...-_- Figre # = Tuw)
Sta mrgslg%geﬁd t ?Kr Py
ool igure Gor Figurat. Wind voloclty Varttsee o
Statlo thrust Tym o gy —-rmmememneees 1,240 | Equation (14). Ratio ,g:/q -205 | From Figure 11
T Se it :7] Equatfon (17),
W .413




