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FORMULAS AND DEFINITIONS.
M =moment around c. g.
¢ =dynamical pressure= /2.
S =area of wings.
¢ =chord of wings.
gi‘{t coefficient of pitching moment. . (1)

I =moment of inertia of airplane around transverse axis=%* IV/y.
W =weight of the airplane.

=radius of gyration.
g =acceleration of gravity

¢;, =coefficient of lift F

The period for fictitious sbatlcal oscillations is

T= 2rvm 21‘7‘;\/: ' — (2)

During this period the airplane travels 2-:1:\/ :—m : ®)
va= 2D (Definition) @

The metacentric height is
Gp="Yn-q/ W= S;% (‘.'L constant (5)
The rate of the travel of the center of pressure is
YV .
— oo ¢ variable (5a)
CL

The long period oscillations of an airplane, due to the variation of speed, have the period

T=x+/2-V/g (6)
v,=2W/pg (Definition) ¢4}
Gy= di" (Definition) ' ®

S =area of the tail plane
cre=lift coefficient of the tail plane

a= S 368 - ©)
The coefficient of stability is | '
VU Va 12 .
G Pa, ) | e

The limit of aperiodic complete damping is

a=1/4
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The limit of statical stability
6=0
The limit of real stability is
o= Gy ki -a¢- P
= (a'_ Z_a':. 2\ 3
or, otherwise-expressed L
Vi Vp==— Qo QP

gc—oi rate of change of the angle of attack with reference to lift coefficient

Z%L rate of change of the angle of attack due simply to section of acrofoil
do _da 8

dCL dey, W

dom Qo | da

da d(,‘], dO},

The angle of downwash is '

u/V=c.-1.8 b§_1r for monoplanes, down to

- 1.5 g——r for bi- and triplanes.

The downwash of the propeller slip stream is

1. r ..
'M/ V= 3 . W‘Sln B
The angle of the self-induced downwashis = _
The efficiency of the tail plane due to the self-induced downwash is

1
n1= t . aa o T T - - = s o
1+z?;;m Co

- 1
) n1_1+1.83 St/Btz
The efficiency due to the downwash of the airplane is

approximately

S 1
m=1-18F % 15

o TE B
(take 1.6 instead of 1.8 if biplane)
8 8
aw_da/ch_Eg._!_ LS'_
801, ﬂ'b,

a’t=St'5-7"71"’h
The lift coefficient of the tail plane at small angles is

0.1 S +pEkE
1+St/ﬂ'bzt St

a and B in degrees, S; entire tail plane, E elevator, k between 1.25 and 1.75.

(15)

(15a)

(16)
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(18)

(19

(20)

(21)

(24)
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THE TAIL PLANE.
By Max M. Munx.

INTRODUCTION.

The following paper which has been prepared for publication by the National Advisory
Committee for Aeronautics deals with the calculation of the tail plane. I try to simplify
the present theory of longitudinal stability for that particular purpose so as to obtain one definite
coefficient characteristic of the effect. of the tail plane. The more general theory hitherto devel-
oped gives no such compact result. It has indeed a wider aim, to calculate not only the tail
plane, but the exact character of flight to be expected. The method is so complicated, however,
and the results so uncertain that at present it seems to be unfit for application in design. For
the present at least it has to be confined to the desks of some special investigators. It is not

impossible on the other hand that the following method may be developed later so far that it~

covers also this more general task. In its present form the aim is not so ambitious.

The coefficient mentioned is obtained by substituting certain aerodynamic characteristics
and some dimensions of the airplane in a comparatively simple mathematical expression.
I take care to confine all aerodynamical information necessary for the caculation of the coeffi-
cient to the well-known curves representing the qualities of the wing section. I am able to
do so by making use of the recent results of modern aerodynamics. All formulas and relations
necessary for the calculation are contained in the paper. They give sometimes only an approxi-
mation to the real values. An example of calculation is added in order to illustrate the appli-
cation of the method.

Moreover, it was necessary to discuss more general and simple questions concerning the
subject before starting with the new contribution. Statical and dynamical stability, slope
of the moment curve, travel of the center of pressure, metacentric height are conceptions which
are old and comparatively simple. They have given rise, however, to controversies and there is
not yet general agreement as to their meaning and usefulness. The discussion of some other
questions related with the tail plane forms the last part of the paper.

The direct result of the investigation is the deduction of the coefficient of stabﬂlty men-
tioned and the method for calculating and applying it. This coefficient indicates not only
whether the effect of the tail plane is great enough, but also whether it is not too great. It
appears that the designer has to avoid a certain critical length of the fuselage, which inevitably
gives rise to periodical oscillations of the airplane. The discussion also shows the way and in
what direction to carry out experimental work. For free flight tests more attention ought
to be given to the relation between the position of the elevator and the corresponding equi-
librium velocity. In mode] tests it appears that the moment of the air force on a wing about
a fixed axis not too far from the average center of pressure ought to be preferred to the investi-
gation of the travel of the center of pressure. It is easy to calculate the second quantity from

the first, but not the first from the second. The other questions touched in this paper give -

suggestions for wind tunne] experimentation.

Before proceeding to attack the problem, I wish to touch one very general question
which is intimately connected not only with this paper, but with the whole complex of tech-
nical and scientific questions* I obtain the essential coefficient by neglecting the variation of
speed of the airplane during one oscillation after having investigated the expediency of this

. b7
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procedure. I caleulate the coefficient by substituting approxm&te theoretical formula.s for
real physical amd more complicated phenomena "What is the meaning of such procedure?

There are people who consider each omission and each approximation or sumphﬁcatlon
as a defect of the method. And they certainly are right sometimes, if the simplification is
not justified. There are questions of abstract science where a more complete understanding
and not 2 numerical caloulation is the aim of the investigator, where the philosophical physicist—
reasons and does not make a,pplications In such cases any simplification may vitiate the pur-
pose. The following paper is not written for philosophers and physicists, but for designers
and engmeers, no matter how much physma.l knowledge they may possess. And for such men
the question is quite different. No engine is the result of a calculating machine, but of a brain.
Certain quantities only can be and must be calculated, and even they approximately. It-is
impossible to take into account all details of all the physical processes. Their laws are generally
known, it is true, but the actual calculation is either too difficult or impossible. It is, therefore,
always a marked progress in technical science if an investigator succeeds in separating impor-
tant and less importent factors, and if he teaches how to calculate anything simply which could
not be properly calculated at all before. The physical process forming the case of the simpli-
fied calculation, of course, can not be identical with the actual phenomenon, but if the method
be a good one it forms, as it were, a skeleton of it. For instance, the most marked progress
in the art of caleulating the tension in beams was the discovery that it is allowable to neglect
the shearing forces and to make the assumption that all plane sections remain plane during
the deflection. This is not true, and it is well known that it is not true. But the method
gives the right dimension of the beam and nothing else is wanted by the_designer.

Neéglecting the influence of the speed variation and not the variation of any other quantity
is justified not alone by the result of the folowing discussion. It is already contained im-
plicitly and hidden in the papers of previous writers. I begin honestly with this smphﬁcatmn
and try to demonstrate its justification by physical reasons instead of only stating its possi-
bilities without any explanation. By this systematic procedurs I am enabled to investigate
the remaining phenomena more closely and to obtsin more compact and useful results. In
the following treatise also the thrust-of the propeller and its slip stream is not very exhaustively
taken into account. It is perfectly correct to omit it for the gliding flight and, as the airplane
must satisfy this condition of flight also, the omission is not llkely to undermme grossly the

-result. Moreover, the increase of speed due to the slip stream is partially neutralized by the
braking effect of the fuselage and the other parts which diminish the velocity of the passing
air. The axis of the thrust-never passes very far from the center of gravity. The resulting
moment can be taken into account by assuming a correspondingly changed posmon of the
center of gravity. The variation of the thrust depends on the propeller and the engine, and
the calculation of its influence is far beyond the aim of this paper. The dimensions of the
tail plane are hardly influencdd by this consideration. Inmy o pinion the omission of the thrust
is by no means as essential as that of the variation of speed. It is only a detail which later
can be elaborated.

It is hardly necessary to make any apologies for the use of general acrodynamical relations
between the angle of attack, the lift, and the downwash. They are perfectly true under some
simplifying assumptions, a,nd they are always as exact as any other technical formulas and as
the methods of calculation used in other parts of applied science. The greatest incorrectness
of the result is not the consequence of this simplification, but is due to the uncertainty of the
position of the center of gravity and to the uncertainty about the arodynamical quality of
the wings. It must be emphasized that these difficulties are not peculiar to the special method
adopted, for they are slready contained in the original method of treating statical stability.

The reader who is not fond of mathematics may pass over the nmathematical development.
He finds all formulas he wants in the list at the beginning, and the example will show him how
to apply the formulas. The next step, however, is not the appdcatmn of the method for design,
but its examination by applying it to actual airplanes. The method is subject to 1mprovement.
which can be made after such applications. I am wholly satisfied if I only succeed in gmng £
suggestion for an lmprovement of the method of calculating the tail plane.
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PART I.

THE ENTIRE AIRPLANE.
1. EQUILIBRIUM.

During a steady flight the tail plane makes the moment of the air forces around the center
of gravivy vanish, and hence the center of pressure is always at this point and does not * travel.”
To prevent its travel is the function of the elevator, the set of which is changed by the pilot on
passing from one condition of steady flight to another. Without turning the elevator the new
flight would not be steady, for then the center of pressure would have traveled and there would
be a moment around the center of gravity. Through this center of pressure the line'representing
the effect of all the air forces would pass and this would be at sonie horizontal distance from the
center of gravity. This line being almost vertical, the moment would equal the product of
the horizontal distance from the center of gravity and the magnitude of the entire force. This
magnitude is approximately equal to the weight of the entire airplane and therefore constant.
This is well known, but it is necessary to mention it as an introduction. These statements,
however, are very general and therefore very vague; the designer can not do very much with
them. He needs to know how great the effect of the tail plane has to be, for the greater the
desired effect, the greater the necessary dimensions to produce the effect. Now the moment
mentioned is not due to the dimensions of tail and tail plane alone, but also, and to a very
high degree, to the instantaneous velocity of flight, or, better expressed, to the dynamic pressure;
and the velocity, or the dynamic pressure, is by no means constant, for the airplane has a dif-
ferent velocity, smaller, for instance, at a low number of revolutions of the engine than at a
high number, and smaller if climbing than if diving. We think that we can not proceed more
logically and usefully then by separating the two factors which produce the moment, and
obtaining the true characteristic for the dimensions of tail and tail plane.

This is not difficult. Let 3f denote the moment around the center of gravity and ¢ the

dynamic pressure %PV’. Then _q]i_{ is the expression sought, as the reader can easily verify, by

considering that the moment is proportional to the dynamic pressure g. Lot there be a medium
set of elevator (say zero) and a medium condition of steady flight; there is, then, no moment
around the center of gravity and /g is zero. The more the angle of attack is changed in one
or the other direction, the greater is the positive or negative moment which must be neutralized
by rotating the elevator, in order to obtain steady flight. If we divide this moment by the
dynamic pressure of each particular steady flicht, we obtain the expression M/g which is
characteristic of the geometrical dimensions.

Imagine this expression M/g to be plotted against the angle of attack. Then the slope
of the curve represents the effect necessary in order to change the angle of attack by a properly
chosen unit of angle. We intend to use this curve actually and to plot it for a particular air-
plane. We must clearly understand, therefore, by what unit /g can be measured and what
kind of a physical quantity it is. We mentioned that this expression is characteristic of the
geometrical dimensions simply. Now the “tail effect” is proportional to the drea of the tail
plane multiplied by the lever arm, that is to say, to & sort of volume. It is not in the least

59
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surprising, therefore, that Mg is also represented by the cube of a length; it is a sort of volume
and must be measured either by cubic feet or by any other measure of volume.

When comparing several different airplanes with respect to this “volume of moment,”
it is advisable to take its ratio to some standard volume given by the dimensions of the airplane.
The wing area presents itself as a standard area, but the arm is not so easily found. We think
it most convenient to take the chord of the wings or the mean chord, and the resulting
expression,

&Y,

m™=

¢g8Se¢

may properly be called the coefficient of pitching moment and be denoted by ¢n. In figure 1 7

this coefficient-is plotted against the angle of attack. The values are taken from a model test
and are not wholly reliable, the conditions
' not having been quite the same as in real
1} flight. Neither was the situation of the center
| of gravity exactly known, and the shape of the
| cuive depends on its position. The diagram,
| -however, shows sufficiently what we wish to
show. We have represented in asecond curve
i / - and on a corresponding scale the travel of the
center of pressure. The ordinates of this curve
‘ / _are Pfe (e}, where P is the actual travel of the
! / center of pressure, ¢ is the chord and (cv), is
l / the lift cuefficient for steady flight. It should
I i - be.noted that the curve has two branches
! y . asymptotic at infinity. These_two curves of
I ¢m 8nd center of pressure travel coincide at
l Cm/ /| . the angle of equilibrium, where the moment
. -/ 7 as well as the distance between the center of
{ / b{ gravity and the cenfer of pressure is zero.
T
g
I
I
|
.

0/5

010

S.005 /

000

/ curves agree also. But this sgreement of
f . “curves and slopes is the case only because we
/ have chosen tho scale suitably. At all other
‘ angles of attack neither the two curves nor

/[ their slopes agree; they differ greatly.
If for any new project. the designer knows
B L —— T 5 75» the magnitude of the moments around the
Fig./ oL — center of gravity and the velocity for the dif-

ferent angles of attack, he can draw the curve -

of ¢m, and this curve will give him by its slope the first information concerning the condition of
equilibrium that he wants for the design of the tail plane. It gives the information very much
better than the curve of the travel of the center of pressure, which curve agrees with the former
in one point only. It is true that the curve of the travel of the center of pressure is always the
same, wherever the center of gravity may be situated, while the curve of the moment changes
according to the position of the center of gravity.! If the moments are measured around a
transyerse axis which is at a distance 2 forward from the center of gravity, all that is necessary
in order to obtain the values of ¢, with reference to an axis through the center of gravity is to

add to the measured values of ¢, the quantity x—c’“—-— This procedure certainly is not so trouble-
some that it does not pay to perform 1t 1nstea.d of ca.lcu]a,tmg w1t,h & Wrong curve. * 'There is

bR TV

1 Both can be influenced by the prope].[er thrust.
1 Compare sec. 15, where it is shown that the change of the eurve s performed by drawing one straight line.

y T 9 .
/2/ 223 Moreaver, at this point the slope of the two
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so much the more reason to perform this labor, as this curve of ¢,, is important for other consid-
erations which will be described in what follows.
As the result of this discussion we conclude: :
(@) At a set zero of the elevator and for a medium angle of attack the moment around

the center of gravity must be zero. For otherwise the elevator would not be
fully utilized.

(8) The slope of the curve of moment must be moderate, for otherwise a very large

tail plane and elevator would be necessary.
2. STATICAL STABILITY.

It is not sufficient that the airplane be in equilibrium, as the designer knows. The equﬂlb-
rium must be stable or at least it should be only slightly unstable. Now the airplane is in a
different equilibrium for every position of the elevator. Each equilibrium ought to be examined
separately with respect to its stability. But we will proceed to show that this examination
can be much simplified, and that it is sufficient to consider the curve of coefficient of the moment
discussed in the preceding chapter.

We consider a small displacement, consisting of a change of the angle of attack, and assume
the vertical velocity of the airplane and its veloclty of flight to have changed so slightly that
the changes can be neglected. The deflection from the original angle of attack then produces &

moment proportional to the deflection and ta the slope of the curve of moment, i. e., d M= %%—[ da

and hence is proportional to %65 The airplane is said to be “statically stable,” if the moment

tends to bring it back to its original angle of attack. The degres of stability may be described
by the time which would be taken for the airplane to swing back through its original angle of
attack. The airplane is assumed in this case to be oscillating around the center of gravity and
the time for one oscillation is calculated. .

For steady flight and a definite tail setting there will be a definite angle of attack which
may be called a; lot the angle be « at any instant after the disturbance; let the moment
corresponding to « be 1f, measured in the same sense as is a. Hence, the equation of motion,
omitting all other .Lnﬂuenoes, '

Wi @Pa
5 B T(a o)

where W is the weight and k is the radius of gyration.
For reasons which will appear later, it is convenient to introduce two symbols:

v‘=2p—;7=- twice the volume of air having a weight equal to that of the airplane

Vm=—

d(Mjq)
da

where q =r%p V3

= ——%—%‘i—[ﬁ T is constant.

Hence, on substitution,

Vm\ 7?2
= — (E)F (a —_ ao)
There are two cases to eonsider:

k . '
(a) Staticstability. ¥,>0. Thisindicates oscillations with a period 2 17\/2: - (2)

Hence the distance traversed by the airplane in this time is 2 =k 'vm (3
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(b) Static instability. v,<0. The angle would continue to increase according to the
expression ¢./—f v /v, V/k i. e., it would increase to base (¢) times its value in a

time i—cf\/;—v‘ The distance traversed by the airplane in this time would be

by o .
Vm

Both these distances are independent-of the velocity of flight. In case (a), as nated, there
would be oscillations, and under such conditions thé equilibrium condition of steady flight is

said to be statically stable. Expressed mathematically, the condition for statical stability

is, then,
a(Mjg)
]

We mentioned that the stability should be examined for every angle of attack and that
" every angle of “attack has its own curve of moment, since for equilibrium the elevator has s
- different position. Infigure 2 we have plotted
three such curves for the same model as before,
S -/ /' corresponding to the angles of the elevator
/0 " —5°% +5°% and +10°. The reader sees that
.the curves are almost parallel and that there-
fore their slopes are almost equal for the same
values of «, the angle of attack. That is
always so and very natural. For changing
the set of the elevator produces & moment
approximsately independent of the angle of
attack. For this reason it is sufficient to con-
sider one curve of moment only and to use its
slope &t any value'of «, the angle of attack.
The consideration of statical stability leads
to almost the same rules as did that of equi-
librium itself. :
The slope of the curve of moment must
- . be moderate, or zero, for ttherwise weo should
obtain either great-instability or short, quick

' oscillations.
/ : If stability is desired, the inclination of
05 L~ T- the curve must be such that the moment
/ brings the airplane back to its original angle

) of attack. The amount of the desired stability

’ _ - or of the allowable instability ought to be de-

F,y'./g' -5 e 5 5° termined for the airplanes in actual use. No

’ complicated method of testing is required, only

the setting of the elevator must be determined for different conditions of flight. This is dis-
cussed more fully in section 16. '

3. THE METACENTRIC HEIGHT.

In his most valuable paper on the fundamentals of aeronautical designing,? Commander J. C.
Hunseker, in accordance with the suggestion of Commander McEntee, suggests the application of
the naval architects’ metacentric height to calculate and measure the statical stability. Using
the matacentric height as he defines it-gives the same result as our method. He begins as we
did with the curve of the pitching moment plotted against the angle of attack, and divides
this moment by the weight of the airplane, thus obtaining the distance of the center of pressure

¥ Naval architecture In aeronsutics. Aero, Journal, July, 1920.
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from the center of gravity. The slope of this curve is the rate of travel of the center of pressure
with reference to «, and we saw that the slope of the curves agree, in fig. I, at the point of equi-
librium. In this diagram we chose the scale of the travel of center of pressure according to
Hunsaker’s definition, dividing the ratio of the distance between the centers to the chord by
the particular lift coefficient of equilibrium. The metacentric height is defined by

1 di
Gm=_wzz_._ oL

The negative slope of the curve of the pitching moment divided by the dynamic pressure

is written .
E . @

Therefore, writing W= (c.)og S, where (c.), is the lift coefficient for the value of « at equi-
librium

- 4_ Ym
Gomto = Sedo ®

The value of G is therefore proportional to the negative of the slope of ¢y at the point
of equilibrium. ' '
The travel of the center of pressure equals If/E, where L is the lift and equals ¢1¢S; hence
the rate of change with reference to the angle of incidence, provided ¢, may be regarded as
constant for a small range, is

Ve '
—% : (5a)

and ounly at the angle of equilibrium does it coincide with that of ¢m.

These two expressions are apt to be confounded. .

In the paper mentioned, Commander Hunsaker shows an interesting method of making the
metacentric height visible. In the diagram for the center of pressure for different angles of
attack he puts in for every center of pressure the vector of the lift alone, omitting the drag.
The resulting diagram is the complete analogue of the diagram of the naval architect. The
intersections of neighboring vectors of lift near the angle of equilibrium give the metacenter.

We think, however, that this diagram ought to be used only as an illustration for the geo-
metric meaning of the metacentric height. It would require too much labor to draw a new
diagram for every setting of the elevator; and this would be necessary, for his diagram has
not the great advantage of ours, viz, of being valid for all angles of attack and all settings of
the elevator.

4. WHY THE CALCULATION OF STABILITY CAN BE SIMPLIFIED.

There are many designers who would like to spend an hour or even two in order to obtain
a more complete idea of the nature of longitudinal stability and to be able to calculate in a
simple manner whether a certain tail plane will be sufficient or not. For such readers we will
try to go a step further. Wae believe that then we have discussed the problem as completely
as is ever necessary for the purposes of the designer.

Before discussing the next question, that is, the damping (which is a quality of stability
as stability was a quality of equilibrium), we have to examine the justification of our assump-
tions in the last chapter. There we neglected the variation of vertical velocity and speed.
This is allowable indeed for the caleulation of the period only and not for the damping. For
if the angle of attack has slightly increased, the lift increases too, and the airplane experiences
an acceleration upwards. Therefore, it receives a vertical velocity component and the angle
of attack no longer agrees with the angle between a fixed direction in the airplane and the hori-
zontal. The difference equals the ratio, —w/T, of the vertical component to the original
velocity, if we assume T to be great compared with the vertical component w. The effect is
a gradual decrease of the amplitude of the original oscillation, for the effective angle of attack,
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and thercfore the stabilizing moment is increased when the change is opposed to the angular
velocity and decreased when it has the same direction, This type of damping is the subject of
the next chapter, together with the demping moment of the tail plane due to the angular velocity
of the airplane. We merely state here, therefore, that the effect of the variation of altitude is
chiefly a damping of the oscillation, and that, in making calculations of the damping, we are not
allowed to neglect the variation of altitude.

The alteration of the horizontal velocity, however, the discussion of which we proceed
to now, has no damping effect, but it is periodic. This oscillation and the first mentioned one,
it is true, affect each other, but we will show that the interference can be neglecbed We

proceed by assuming in the beginning what we intend to prove and by examining the result

of the assumption.

The smaller the influence of the variation of speed the longer is the perlod of the oscillation
caused by it; and, if it is very long, the influence of the original motion, due to the angular
velocity, has so often changed its sign that the summed up effect on this long oscillation vanishes,
During one short oscillation of the first kind, on the other hand, the velocity is almost constant.
We assume, therefore, that as a first approximation the variation of the drag and of the angle
of attack has no influence on the type of motion, the airplane altering its veloclty, owing to
alterations in gravitational energy. The oscillation consists.in alternately changing the poten-
tial energy due to vertical height into kinetic energy of motion and conversely. The result is
very interesting and simple. Let % denote the height and W the weight of the airplane, then the
potential energy is 2.TW. The variation of this energy is Ak. W, if AR denotes the variation of the
height. The kinetic energy is 1/2(V+v)* W/g, if V is the original flight velocity and v its vari-
ation. If v is small when compared with V, this can be written 1/2 V2. W/g+ Vv W/g, and the
second term is the variation of the kinetic energy. The lift is proportional to the square of the

(V+v)

velocity, hence its ratio to the original lift W is >3 and the variation is 2{0. Corresponding to

this variation of 1i£t, v W, the vertical acceleratlon of the airplane is 2T“ -g. Now we have to
eliminate the velocity v and to introduce instead of it an expression containing the height h.
The sum of the variations of the two energies must, of course, be zero if the energy is conserva-
tive, i. e,

A, - W+V-vgr=0

hence L
,,r#i

2
and the vertical acceleration is therefore—2 Ak -?72 The acceleration is opposite to and pro-

portional to the displacement from the origin. This gives a simple oscillation with the period
T=x+2 Vg ) (6)
The distance traveled by the airplane during one period is
s=m/2 V?g.

T and s depend only on the magnitude of the velocity of ﬂlght and are not influenced by the tail
plane. If for instance V=150 foot seconds (about 100 mi./hr.), we obtain 7'=20.8 seconds.
This indeed is so slow an oscillation that-it can not have much influence on the character of the
motion of the airplane during a short interval. During five seconds, say, the variation of speed
may be neglected. Further, it is easily seen that. this lang oscillation is generally damped.
The tail not only gives an additional drag when the airplane is turned, but during the continuous
change of kinetic energy into energy of height and conversely the sum of the two decreases
continuously. During the motion up and down a certain percentage of the energy is absorbed
due to the variation of the drag, and the vertical amplitude grows smaller and smaller. This
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holds true if the restoring moment is great, so that the angle of attack is almost constant.
With actual airplanes the moment is very small, but the other factors tend to conserve the angle

of attack. But even if the aftitude of the airplane were constant with respect to the horizontal

the damping would not be less. On the contrary, when descending, the angle of attack is in-
creased and the drag and lift are both increased; when rising, both are smaller. In the valleys
and on the summits of the waves the angle of attack is as before. VWhence it follows that the
amplitude of the vertical oscillation is generally decreased, while the period is not much altered,
unless the propeller and its slipstream are the cause of a different behavior.

5. THE DAMPING.

We are now prepared to diseuss the nature of longitudinal stability of an airplane. e

realize that we may neglect the variation of speed, and hence we assume the center of gravity
to move with constant horizontal velocity. The vertical velocity and the angular velocity
are assumed to be small. The difficulty of such a mathematical investigation as the following
one is only that of memorizing the different symbols. In order to facilitate this as far as possible,
we shall introduce some new symbols and take care to choose them so that their physical dimen-
sions are as simple as possible. In the preceding section 2, equation 3, we divided the weight
W of the airplane by half the specific weight of the air, so obtaining the volume v,
_2W
=
which is twice the volume of air having the same’weight as the airplane. The moment of
inertia was avoided by making use of the radius of gyration %, which of course is a length.
Besides we need the distance I (length) between the tail plane and the center of gravity.

Now we proceed to._the forces and moments acting on the airplane. e will confine our-
selves to three, which are really known to the designer. These three are the lift of the wings,
the lift of the tail plane, and the momént of the airplane afound the center of gravity. The lift
equals the product of the dynamic pressure arid the “area of lift,” which itself is the produect of
the lift coefficient and the area of wing. We are interested in the rate of change of the lift with
respect to a change of the angle of attack, because in considering displacements the change in
the lift must be introduced into the dynamical equations. This equals the product of the
dynamic pressure and the rate of change of the area of lift with respect to the angle of attack,
and is ay . ¢, where '

(definition) (7)

Yg

_gdu
Uy = H&‘ : (8)

aw is an area and equals the slope of the curve of the area of lift when plotted against the angle
of attack. In the same way we define a, as the rate of change of the area of lift of the tail
plane, i. e., S ‘

a;=S; T )]
The rate of change of the statical moment with respect to the angle of attack is described by
the rate of change of 3{/g, which is discussed in the previous chapters. We write vy= —d(lc[x/ ).

This has the dimensions of a volume. - We describe thus all forces acting on the airplane and
occurring in this discussion by two areas and one volume, which can be determined in each
perticular cese. The moment contains the force on the tail plane resulting from its instan-
taneous angle of attack. We need a, only for the calculation of the moment due to the angular
velocity of the airplane. If this angular velocity is denoted by w, the tail has a vertical velocity

downward, . w; and its angle of attack is increased byl—;;- The corresponding change of the
restoring moment of the tail plane is therefore '

L .
I—,.at.l.g



66 REPORT NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS.

The change in the restoring or staticel moment discussed in the previous chapter is
Vg @
where « is the change in the angle of attack, and the variation of lift is
dw q-a _
In the problem before us we shall assume dy, @; and vn to be constants for the ranges dis-
cussed, and also that a, and a; are always positive; v, is, of course, a positive constant.
In describing the motion of the airplane, the motion will be referred to moving axes, follow-

ing Bryen and others. Let w be the velocity of the center of gravity along the Z-axis, and let «
be the angular velocity around the transverse axis. Then the acceleration along the Z-axis at

any instant is %U+ V w, and the change in the angle of attack is— %{- For small displacements

the equations of motion for the three forces mentioned are

Vs P2 (%’+ Vw)= —agq 1—13, i. e., %—f= —%" Vw—Vw | - (10)
and -
de . do_ Vm 4 :
v pf2 I V= :'IU-,—a.Z’ q -‘I‘-’,, i e, ?2?=7::—-v. Vw— atv. Vo. (11)
Hence by elimination _
dw, dw ., (ay Kol Vm |, Gwk® . @ P _
@ Vv —W—)+w V‘(m:-l-—m:,—- =0 (12)

or the same differential equation for w.
The solution of this equation is of the form w= AeM, where \ satisfies the algebraic equation

A Afag B +al? Vm | Qw K3 - @ P\ _
3+ D)+ (i + = m) -0 oW

Write this, for a moment,
x 2 _.x —_
(V) 'I.a '[7 '[‘bfo

@ may be assumed, for the case under consideration, an essentially positive constant, while b
is & constant which may take either + or — values, owing to the presence in it of V. -

The roots are .
—a++a®—4b _
2

Case 1. If b<0, one root is+giving rise to instability, one is—giving rise to a damped non-
oscillatory motion, i. e., to stability. -
Case 2. If 4b=0, one root is zero; the other is negative, giving rise to a damped nonoscilla-
tory motion. . .
Case 3. If 46 >0, and < a?, both roots are negative. -
Case 4. If 4b=a?, one negative root.
Case 5. If 4b>a?, both roots are complex, with a negative real part, giving rise to 2 damped
periodic motion.
Summary: Stability if 5=0. N
Damped aperiodic motion if 0 = 4b=a?
Damped periodic motion if 45 =a?..
In the formula
a=aw7c”+aJ’ e
P20,
Vi |, Quk?+ @1

T T
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The condition for damped periodic motion is that

vm + awkz «a f_Zz (a'kz + atzz) 3
W; k"‘l;‘._’ > 4 7:"?}.,’

. (ank?— ail?)?
i. e. that vm> Y=

Let us define the absolute coefficient
V¥ k2

=P — oy 4o

Hence the condition for damped periodic motion is ¢, > é The limit of oscillations is then ¢, = :i

Similarly, the condition for damped aperiodic motion is

o=2m +awk’-aJ’=(a,Jc’ +a?)?
<o, kol 42

1

Near the limit of periodic motion, therefore c,= i

Near the limit for undamped motion
a—m—'kz' Wz

Vn
s
or

R = o 4

The limit of stability is when ¢ equals this fraction. In case ayk? nearly equals a2, it will be
best to use the equivalent expression
Ve — awasl? (152)

The condition for statical stability is v, >0, i. e. ¢s>0. So that it is apparent that cases
may arise when there is static instability, i. e. ¥yn <0, and yet there will be a damped aperiodie
motion, and therefore the airplane is stable.

Summary:

Cs >% damped oscillations.

Cs =% limit between oscillations and aperiodic motion.

agk3. ad? 1 Lo ) q
_Eﬁ)_’ == aperiodic motion.
(awk?. a;l?

= Tt = aP) lfimit of true stability
OF VUmle= —Auail?

cs >0 statical stability.
=0 limit of statical stability.

2
0>c> —ﬁiﬁ—ﬁiw statically unstable, but damped aperiodic motion, i. e. stable.

Thus ¢, is a quantity characteristic of the stability and it may be called the coefficient of stability.
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6. THE AIRPLANE WITHOUT TAIL PLANE.

The exact determination of vn, the slope of the volume of moment, is so difficult that it
seems useless for the present to discuss the possible improvement of the other terms. We will
rather proceed to discuss briefly the determination of those parts of ¥m which are produced by
the wings, although this is only indirectly connected with the subject of this paper. As for ay,
also produced by the wings, the same considerations are valid as for a; and we have opportunity
later to discuss them,

The moment produced by a wing depends on 1t.s situation with respect to the center of
gravity. We have seen that for a condition of steady flight the entire moment must vanish,
The tail plane has to neutralize the morment produced by the other parts of the airplane at that
angle. Besides, the tail plane has to produce stability and damping. These three tasks are
generally too much for it, the last two can be performed by it, but the first and second tasks are
inconsistent with each other. For this would mean that the tail plane would not-only be a sta-
bilizing organ, but a lifting aerofoil too. In that case the system of wings extends up to the tail
itself and an increased travel of the center of pressure is the consequence. This requires a greater
tail plane, and fuselage and tail plane are heavier and move the center of gravity even more
backward. This again requires a greater tail plane, etc. The case of nose heaviness is not much
better. It is evident then, that the moment for all air forces, those of the tail plane excepted,
must also be zero, or at least small, for a medium angle of attack. The tail plane must have such
an inclination that at that angle its lift is zero. The angle of attack of the tail plane in steady
flight has to be smaller, therefore, than that of the wings, a fact which is well known to every
designer.

This is not all. Experience has shown that alrp]anes were never very satisfactory if the
moment vanished as the result of large moments neutralizing each other. All good airplanes
have wings which are so situated that they counterbalance themselves for a medium angle of
attack by means of their position with regard to the.center of gravity. Airplanes with large
stagger are now rare, and are only chosen if there are important reasons for them. Thisis not
surprising. The greater the single moments are, the more difficult is it to counterbalance
them for a considerable range of angle of attack. A small deformation of the wing, a small
error of the assembly or inexactness of fabrication is sufficient to produce a great disturbing
moment. The center of gravity ought to be situated not far from the vertical through the center
of pressure for the medium angle of attack of each wing. For most wing sections this is from
about one-third to 0.4 of the chord from the leading edge. . _

The moment is the product of force and lever arm. If it is given with respect to any par-
ticular point, the moment with respect to any other pomt equals the sum of this moment and
the moment of lift and drag with respect to the new axis if imagined to be apphed at the first
given point. This is well known.

When calculating from a model test, the slope of the moment or of its volume with respect
to the angle of attack, it must be remembered that thecenter of pressure as well as the coefficient
of moment belong to and are dependenton the coefficient of lift and not on the angle of attack.
This must be noted especially if the aspect ratio of the wing is différent from that of the model
or if the model was & single aerofoil and the same section is used in a biplane. In all these
cases & different angle of attack corresponds to the same coefficient of lift. It would be best
to begin always with the slope of the coefficient of moment with respect to the change of the
coefficient of lift, which is independent of the aspect ratio, and to divide it by the differential

quotient %—' which depends on the aspect ratio and on the section.

dtn_den /de
da ~dor/ T’ | - a8

The influence of .the wing section on the moment and its slope can be studied in the publi-
cations of the different wind tunnels. The slope of the travel of center of pressure is charac-
teristic at that particular angle of attack only where the center of gravity coincides with the
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center of pressure. Another method is to plot the coefficient of moment with respect to some
particular point, not too far from the mean center of pressure, against the lift coefficient. This
curve runs very regular, it is practically the same for models having different aspect ratios, and,
as gﬁ is almost independent of the section, for small angles it is sufficiently characteristic of the
slope of the coefficient of moment with respect to the angle of attack. In order to obtain the
moment for any other position of the center of gravity, draw a straight line from the origin to
that particular point of the curve where the moment around the new center of gravity is zero
(Fig. 7). The distances between this line and the curve in the direction of the axis of moment
-give the new coefficient of moment, and the angle between the line and the curve gives the slope
exactly enough. .

We have discussed now the function of the tail plane, and have seen how both the equi-
librium produced by different settings of the elevator and the statical stability are characterized
by the samse curve of the volume of moment around the center of gravity. Its slope, together
with the two areas of damping of the airplane, that of the wings and that of the tail plane, pro-
vides us with the coefficient of stability. In the second part of this report we will proceed to
discuss the details and see how they affect equilibrium, stability, and damping.
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THE TAIL PLANE.

PART II.
THE TAIL PLANE.
7. EQUILIBRIUM.

We saw that for a medium angls of attack the airplane ought to be in equilibrium without
the tail plane producing a lift. A small lift is indeed allowable, but it is better to make no use
of it in the first design and to keep it back for an emergency in case the airplane turns out to

be slightly nose heavy or tail heavy. The problem of the tail plane is simple, therefore, as far

as equilibrium is concerned, and there remains only the question of its angle with s fixed direction
in the airplane. This angle must be such that for the medium angle of attack of the airplane
mentioned the effective angle of attack of the tail plane is zero. Without the downwash of the
wings and the slip stream the direction of the tail plane which gives the lift zero would be parallel
to the direction of flight. It must be turned by the angle of downwash and that of the slip
stream. We will proceed to give the formulas for these two angles. We need not be too
scrupulous in this respect, for a small subsequent change of the angle of the tail plane is always
possible without great difficulties.
The angle of the downwash in degrees may be written *

1.8¢. %, - 57.3 for, monoplanes, and

S )]
L5ew « —5 - 573 for biplanes.

For a more exact calculation we propose to take the factor %c—? where £ is the factor of the

effective span of the biplane. (See Technische Berichte IT, p. 187.)
In these two formulas—

¢. denotes the coefficient of lift gL_S

S the area of wings.

b the maximum span of the wings.
L the lift.

V the velocity of flight.

The dyramical pressure ¢= V?p/2= V?/390 for low heights, in Ibs.fsq. ft., if Vis in -

p/2 half the density of air.

The influence of the slip stream on the angle has not been discussed satisfactorily in any
publication, as far as I know, and exact experimental work in this respect is defective too.
We are dependent, therefors, on theoretical considerations, which we must greatly simplify in
order to make its bulk agree with the value of the result. The question is complicated in the
first place by the mutual influence of the propeller and the wings. We are forced to neglect
this, the change of the final result by it is likely to be small because the effect is & double one
and neutralizes itself partially. In the next place we will neglect the fact that a propeller with
an inclined axis works unsymmetrically. For calculating the remaining main influence we

4 Bee the papers of the author: Technlsche Berichie IT, p. 187; Technischs Betichte IIT, p. 10; Repoits N. A. C. A., No. 121; whers more
exact data can be found.

53006—28—6 71
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may apply the ordinary momentum theory, the angle between axis and direction of flight being
always small. This effect is partially neutralized by the wings, but this only holds true for the
effect itself and not for its rate of change, which we have to consider afterwards. Let Vv and
% be the velocity components of the slip stream relative to the airplane at & pomt in the air
some distance behind the propeller, 4 being downward. The mean components in the neigh-
borhood of the propeller are V+1/2 v and 1/2 4 and the air at a great distance in front of the
propeller has the components relative to it V and zero. The thrust may have the components
Tand T'sin B where 8 denotes the angle between the axis of the shaft and the velocity of flight.
Let D be the diameter of the propeller. Hence we have

Tsm6—==u’p VD’
i. e.
% Tsing T sin
AT (Dinfa* Sm B (18)

The angle in degrees is 57.3 times greater. The angle of the tail plane with the direction of
flight is the sum of this angle and the angle of downwash, if the tail plane is wholly surrounded
by the slip stream, otherwise a corresponding fraction can be taken.

Most designers wish the tail plane to lie within the slip stream. If the airplane flies at a
great angle of attack and the propeller stops suddenly, the airplane should receive an impulse
to decrease its inclination without the pilot acting. This takes place indeed if the tail pla.ne
is met by the slip stream, for at-high angles the tail plane ususally has a positive lift, which is
increased by the slip stream, so that the positive lift decreases as soon as the slip stream ceases,
thus setting up & turning moment. The same effect is obtained by an eccentric position of the
center of gravity with respect to the axis of the thrust.

The problem of equilibrium also embraces the effect of the elevator necessary to produce
equilibrium for all other angles of attack. It appears, however, that this consideration would
give small values, the statical stability being almost zero. We shall discuss the question of
the size of the elevator in the other sections.

8. STATICAL STABILITY.

The subject of this chapter is the rate of change of the moment if the setting of the
elevator is fixed. We have to discuss in particular that part of this rate which is caused by
the teil plane. It is chiefly due to the change of the lift of the tail plane; the travel of the
center of pressure of the tail plane gives only & small rate of change of the moment.

If a single aerofoil or a biplane is inclined to the direction of the relative velocity of the
air, the effective angle of attack does not agree with the apparent or geomstricel angle of
attack. The direction of air in its immediate neighborhood can be affected by some other
body, so that the aerofoil is in a downwash and it is always affected by the aerofoil itself, so
that it is in & self-induced downwash &also. The angle of the seli-induced downwash or shorter,
the self-induced angle of attack has the magnitude ®

%% . . '(19)

wherein _
. denotes the coefficient of lift of the aerofoil Si% .

S; denotes the area of the aerofoil.

b denotes the maximum span. a
L denotes the lift. ~
g denotes the dynamical pressure V?p/2, ~
V denotes the velocity of flight.

p denotes the density of air.

+ See Technische Berlchte T, p. 187,
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The rate of change of the self-induced downwash with reference to the lift coefficient is,
accordingly, 3’_ The rate of change of the entire angle of attack is the sum of this rate and

the original rate, which may be written % This original rate depends on the section and
indeed ought to be determined by model tests for the section used in the wings. It is not
always very variable, however, and for small angles is seldom very different from ——10 for
the angle in degrees, 10/57.3 for the angle in radians. This holding true especlally for small
angles of attack, it will be sufficient in most cases to assume £=10/57.3=0.174 for the

dew
tail plane. It follows that a particular lift requires an angle of attack about M%z/l@
times as great as without the existence of the self-induced downwash. The aerofoil behaves
like one having a decreased area without self-induced downwash. The factor of decrease is

approximately 1-!-1—813,5’,/55 The exact expression is

1
m=T8 1 | (20)
1+b’r " dafie.
The formula for the downwash of the wings is mentioned in the last chapter. Its rate of
change with reference to the angle of atiack depends on the section of the wings and on their
effective aspect ratio */S. Introducing the effect of the self-induced downwash of the wings
on their effective ares, it is expressed by the formula

e,
185 S S
=b? (14-1.83 S/6%)
?L is the rate of change of the lift coefficient with reference to the angle, due to the section

only, and is not very different from 57.3/10 as mentioned before. The last factor is the rate
of change of the lift coefficient with respect to the real angle of attack, including the effect
of the aspect ratio of the wings S/6*. For biplanes the first factor is smaller in the ratio 5:8.
The éffective angle of attack on the tail equals the angle of attack on the wing less the angle
of downwash, i. e.,

S 3o
dov=dea\ 1= 185 [T 5575~

whers
Bes
S e
Hence
dos,_, dov
doe e

so that the factor, which indicates the decrease of efficiency of an aerofoil due to the downwash
of the wings is 7, where again the factor 1.8 refers to monoplanes and is smaller by 17 per cent
for biplanes.

We have thus obtained the two factors, one due to downwash, self-induced, and the other
due to wings, which give the effective area for statical stability, and for dynamical stability

and damping also. The final value of a, since % =5.7, is

atBSt' 5.7 M1 N2 B (22)
The effect of the slip stream is neglected.
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The investigation of the dynamical stability in the first part of this report has shown
that the airplane is stable even if the statical stability is zero. For this reason the statical
stability-may be ever so small if only there is no statical instability, and this is what the de-
signers aim to obtain. The calculation of course seldom gives the exact value zero for the
stability but there remains always some definite value. In order to see whether the stability
obtained from the calculation is small or not, the period of the statical oscillation imegined
may be caleulated from (3). If this period is a considerable fraction of one minute the
stability is certainly small. The coefficient of stability gives a measure of the magnitude of
the stability. :

The preceding consideration gives exactly enough the size of the tail plane. We only
need the dimensions of the airplane and the aerodynamical properties of the wing section.
We will exemplify the method in the next part of this report; the reader will there convince
himself that the whole calculation can be made in s fraction of an hour. We have to add
still that the downwash is somewhat greater if the tail plane is very close to the wings; the
formula given refers to the usual position. We realize thus that we have now determined,
as it were, the statical moment of the tail plane surface Sy-I- The next chapter deals with
the moment of inertia S;- -

9. DAMPING.

We have seen in the general discussion of dynamical stability that the coefficient of stability
¢, indicates the degree of damping. ¢,=0 indicates the limit of the statical stability though
not at all that of the dynamical or real stability. A regular use of the elevator, however, requires
a positive coefficient of stability. ¢ =1/4 indicates the beginning of oscillations. Now the
designer does not have it in. his power to obtain the exact slope of moment which he wishes, nor
is it possible to obtain a constant slope of moment for all angles of attack. He wishes, therefore,
to have the range for this slope sufficiently great—at least as great as that of other successful
airplanes. Our theory of the coefficient of stability shows how one may increase the range.
The coefficient of stability has the magnitude

Vm Vs B3

* (ag F—a: P)?

and has to lie within a particular range, say, between 0 and 1/4. The range of v, of the slope of
the volume of moment is therefore proportional to the denominator (aw %*-a: I*), where only
the second term depends on the tail plane and its position. Whence, it follows: Take care and
do not let the damping moment of inertia of the tail plane (a, I} become equal to that of the wings
awk*. This means for practical cases, as we shall see: Do not make the fuselage too long.

We proceed to consider the single terms which give the coefficient of stability. v, was the

volume of air which has twice the weight of the airplane. The specific weight of air is 0.080

lbs./cu. ft., therefore ”“:6%:25 W where W denotes the weight of the airplane in pounds.

This holds true, however, only for small heights; at about 20,000 feet height the specific gravity
is only half this value, as is well known, and accordingly the coefficient, of stability has twice the
value as before. The airplane is damped much less than at small heights.

k is the radius of gyration of the airplane with respect to the horizontal transverse axis
through the center of gravity. & is the ratio of the moment of inertia to the mass of the airplane,
and the moment of inertia is the sum of the mass of each single part of the airplane multiplied

by the square of its distance from the axis mentioned. The calculation of the radius of gyration

has no theoreticel difficulty whatsoever; it is performed by using the list of weights. Each
factory has the radii of gyration of their airplanes and can estimate the radius for a new project.
There are, however, very few data published, and for the example in the next part the author is
forced to take an estimation less reliable.
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! is the distance between the center of gravity and the center: of pressure of the tail plane.
This center of pressure can be assumed to be constant at the first third of the chord.
Introducing the effect of self-induced downwash,

1 o1 .
=S . m—s ‘a; — : (23)
den xb? EC—L' .

as we have seen before. For the first estimation and especially for small angles, :?‘: can be

considered to be constant and equal to 0.174. The denominator of (22) is independent then of
the aerodynamical property of the wing section and depends only on the area and the shape of
the wing.

The slip stream effect is not taken into consideration in this formula for the slope of the tail
plane moment. This problem is so complicated that it can not be treated properly theoretically.
A series of experimental tests would be useful. e will show, however, that the change due to
the angle of downwash of the slip stream theoretically neutralizes about half the effect of the
change of the velocity in the slip stream. The increase of the velocity in the slip stream is
approximately ° _

12T .
wfV= Dx fiq : .
where.
T denotes the thrust of the propeller.
D denotes the diameter of the propeller.
q denotes the dynamic pressure of ﬂ.ight

The slip stream angle of downwash is gn'en by equation (18), section 7, whence the rate of

change with respect to the angle of the axis is seen to be

1 T
*x/d q

Now the lift of the tail plane is proportional to the square of the velocity. Only half the effect
is neutralized therefore. In reality it is often more than fully neutralized. The reason seem:s to
be that the increase of speed is only inside the slip stream, the slip stream downwash also on
top of it and below. See the very interesting results of R. & M. 629.

10. THE ASPECT RATIO.

The last chapters gave information only as to a;, the effective area of the tail plane. Now,
the same effect can be obtained with a greater area and a smaller aspect-ratio 5/S: and with
& smaller area and a greater aspect ratio. We have considered only steady flight and small
deflections and even then we were compelled to neglect some difficult factors. Besides, the
tail plane must give its effect under extraordinary conditions of flight. The maximum lift of
the tail plane and its slope at high angles of attack chiefly depend on its area, and so does the
maximum elevator effect, provided the elevator is allowed to rotate sufficiently. It can be
assumed that, for a certain type, a particular maximum effect of the tail plane is necessary
which can not be calculated but is given by experience. Now, if the wings have a small aspect
ratio #2/S a great tail plane effect is required, and in this case it may be advisable to increase
the effect of the tail plane by giving it a greater aspect ratio. If, however, due to a great
aspect ratio of the wings and maybe also by the choice of a wing section of small instability,
only & small tail plane effect is necessary and allowable, the choice of a small aspect ratio of
the tail plane enables the designer to apply a great tail plane area without improperly increasing
the stability. The aspect ratio of the tail plane ought to depend on the tail plene area desired,
and this area, or, better, its product with the arm [, can be determined only from experience.

¢ Report No. 114, National Advisory Committee for Aeronautics,
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11. THE SECTION.

The influence of the section on the stability of the airplane is only indirect. In the pre-
ceding discussion we have totally neglected it. It is known that the choice of an unsymmetrical
section, however, has the effect of changing the angle of attack of the tail plane and in this respect
is apt to change the equilibrium. The problem of the tail plane section is as difficult as that
of the wing section. It is not so important, indeed, because the tail plane area is smaller than
the wing area. Thatis one reason, we think, why almost no experimental work is extant on
this subject, which is to be regretted, for this problem can only be solved by & great many tests.

Figure 3, which is taken from & publication of the author on tests with flat tail planes,’
shows that for small angles the curves are straight and parallel and can be described by two co-
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efficients. We have repeatedly mentioned that at small angles the lift is proportional to the
angle and the lift coefficient is about

CL=a - 0.1 (e in degrees)

1+58

b?
A change of the setting of the elevator changes the effective angle of attack. If 8 is the angle
of setting of the elevator, « should be replaced in this formula by (a+mg), where m is a certain

factor, in order to take into consideration the setting of the elevator at small angles.

The angle of the elevator is measured in the same sense as that of the tail plane. This
. is the only natural method and the only one that leads to mathematical expressions which
have the same meaning as usual. In all countries, accordingly, we find this method of meas-
uring the setting of the elevator. We should not mention it as a matter of course if lately

there had not appeared in this country one or two articles where the two angles are measured
opposite to each other.

1 Technische Berichte 1, p. 168,

il
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The factor m depends chiefly on the ratio of the elevator ares, E, to the entire tail plane
area, including the elevator, S, and only slightly upon the section and the plan form, and can
be written k¥ E/S:. If the tail plane consists only of an elevator, E/S;=1; and then obviously
k is one too. Experiments of the author, mentioned before, show that & for flat sections equals

1.25 for E/S; smaller than % For curved sections k seems to be greater. We could find one

test only, the arrangement of which allowed an exact interpretation. This test was made by
the aeronautical staff of the wind tunnel of the Navy Yard, Washington, D. C., and is not yet
published. This test gives k=1.7; the space between the stabilizer and the elevator was
closed, however. The true factor seems to be between 1.25 and 1.75. This one test can not
decide the question, nor does it contain anything on the moment of the elevator around the
hinges. The lift coefficient of the tail plane is accordingly

0.1 a-:S'H—Z:BE
e S (24)
1+25 . ,

e and f in degrees.
12. THE SHAPE.

The influence of the plan form of the tail plane defies calculation at present. Model tests
show no great differences, nor does experience, for we find all kinds of shapes of the tail planes.

Curved elevator . Lrevator with

= prajecting balonce
H Fig. Fig. 5

This does not include the influence of the aspect ratio, of course, which is discussed in the pre-
vious chapters. ) _ o
Many elevators have a curved shape (fig. 4), for instance. There is one English pu-bhcatlon
(R. & M. No. 532) on full scale experiments with different shapes of tail planes. This author
draws the conclusion from his experiments that a long rear edge is better than a long leading
edge. A certain amount of damping of the elevator alone is necessary, and this damping is
increased either by increasing the rear edge or by making it curved. A longer leading edge
on the other hand decreases the hinge moment and the necessary deflection of the elevator for

producing a particular lift. It seems to be generally known, but nowhere published, that if.

there is a projecting small part of the stabilizer in front of the counte:.rba.la‘ncing part of the
elevator it gives rise to oscillations and vibrations and ought to be avoided (fig. 5). .

The scarcity of scientific experimental work with respect to the tail plane and its parts
is compensated for by the experiments of the designers and factories, for no part 9f the a,.lrpla.ne
is so easily altered and exchanged as the tail plane. These results are not published directly,
but they are found implicitly in all descriptions of successful airplanes. It seems useless to make
an abstract of them, for it could never replace the original information,
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PART III.
THE TAIL PLANE OF JN4H.

13. PREPARATION.

A method of calculating the fail plane can be justified only by the result, that is, if it gives
the right tail plane, no matter whether the assumptions which are the foundation of the method
are in reality facts or only fictitious. A quite exact agreement is not to be expected at all from
our method, the calculation being too much simplified. But the result itself will be so much
the better and the method the more natural, the more closely the fictitious phenomena are
made to agree with the real ones. In order to give to our readers an opportunity to examine
the exactness of the method, we choose as an example the JN4H. This airplane is already
known to the regular readers of the National Advisory Committee for Aeronautics reports from
reports Nos. 70 to 96. Ithappens thatMr. F.H. Norton has just finished a long series of tests with
this airplane, and has determined the forces on the tail plane for many conditions of flight by
measuring the pressure distribution over the tail plane. This very valuable and instructive
paper furnishes us with some material for the comparison.

We have the following needed data on the airplane JN4H:

Upper MAID PlaNe, ATB8.uuncecneeeanecacnccceonesoeesnsessennannscasnseones 203  sq. fi.
Lower main plane, BI68. «u.uu e eeca e ce e ie e ice e ceceeeeaoneacacens 150 sq. ft.
8= 363 &q.ft.
Stabilizer, ares-.ou ciiiiiie e iereiiecaeaaaaas eememenanens 28.5 sq. ft.
g0 (=3 ) S - N E= 21.8 gq.ft.
S= 50.3 sq.ft.
Maximum SPan Of WingS. - ceueemee e e e aean e amcm e enae e raeannn b= 43.6 ft
Maximum span of tall PIane. . ... ceee e iiie e ieieieia e iaaaaanoeaan b= 10.261t
(8] 7o) c = 4,96 ft
£ T 4.96 ft.
STy 1.46 ft.
“Length of fuselage ™. ... cieee e i e iicicieiiieeeieeeceerar e n—————— I = 158 ft.
Center of gravity behind leading edge:
85303 2t S 2.5 ft.
P01 T P 1.04 ft.
BT RPN 7=2,281 lbs. .
0T B POW T« eeeeie e cecoeeeocncancaneancenosencensansaann acaaeanaeooea 150 bh.p.
Radiusof gyration.......oceeeoeo...l e eesesmeeesseneneeneneneenneaanan—nn E= 6 ft.

The angle between the two main planes is zero. A small difference would considerably
change the stability in consequence of the stagger. '
From these data we obtain the ratios

S/b? =353/43.6=0.186=1/5.88 (wings)
S/b?=50.3/10.262=0.48 =1/2.1 . (tail plane)

B er
e =1.46/4,96=0.3
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Moan center of gravity position; i. e., mean of ratio of distance from leading edge to chord
Upper wing 2.5/4.96 =0.51
Lower wing 1.04/4.96=0.21
Load per unit area W/S=6.5 lbs./sq. ft.

For the calculation of the mean center of gravity position it is not sufficient to take into

account the fact that the upper wing ares is %g—g= 1.85 greater than the lower wing; for at great

angles of attack the upper wing, being in front, produces more lift than the lower does. The
author found by experiments that for a stagger of 50 per cent of the chord this increase is about

L50

, 29 ' VZ
S$:52:="9 »
100 . 3:) . 'Q ‘ /
| s | y

ll / | | 400 | /

W

--
™.
Oy =
N
N

.50

Gy —
\
\\

/|

- 5° A 7] '
Fig.6 2 By Y OB P A

20 per cent.® In our case we may sssume, therefore, 20X 30/50 =12 per cent. Whence we
obtain the mean center of gravity position '

0.21+(0.561 X 1.35X 1.12)
1+(1.35X1.12)

=0.3%

But this is not all. 'The ratio of the lift of the upper wing to that of the lower wing is constant
only for great angles of attack. For small angles the ratio is variable and depends considerably
on the angle between the two wings. For parallel wings an additional instability results, and
there is not yet known & method to calculate this, and we need a model test with the two main
planes united to one model. It would be better still to have a test with the entire airplane, the
teil plane excepted. Not having these tests, we must see how we can make the best of it and
try to calculate the instability. We must content ourselves with a very imperfect method.
We hope to have opportunity to discuss these questions more exactly in a later paper. They
are indeed very loosely connected with the subject of this paper. From the experimental re-
_sults mentioned it is seen thet the moment curve of staggered biplanes is almost straight at its
lower end. Besides, the inclination seems slightly greater than for no stagger. Accordingly,
we will change the moment curve by adding a small increment of moment as can be seen in
figure 7. '
We need finally the aerodynamic properties of the wing section, The section is very
similar to Eiffel 36 (N. A. C. A. Report No. 93, p. 70). The travel of the center of pressure

* Toohnische Berichte 1T, p. 187.
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given there has to be transformed into the coefficient of the moment, and, for convenience,
wo will take this around the leading edge. Figures 6 and 7 give the angle of attack and the
coefficient of moment around the center of gravity each plotted as absciss® against the coeffi-
cient of lift. In order to obtain the values of angle of attack and ¢y, referred to leading edge
for our particular airplane, we have to replace the two axes of ordinates by oblique straight
lines through the origin and to mesasure the values of @ and ¢, by the horizontal distances of
the curves to this line instead of to the original vertical axis. The new axis of the curve of

the angle of attack runs through the point ¢.=1, a=57?'3 (%— %)' The new axis for the

moment diagram runs through e.=1, ¢»=0.39 (the position of the mean center of gravity).
We want chiefly the slopes of the two curves. Theseslopes equal the original slopes increased
by the slope of the new axis, that is to say, by constant values,

14. EQUILIBRIUM.

The diagram of moment shows the coefficient of moment to be zero at ¢.=0.70. The

diagram of the angle of attack gives for ¢ =.70 the angle a=5.5°. The downwash, according
to our formuls, is

57.3 ¢ S/B 1/x-1.6. _
57.3 0.70 1/5.38-1/r-1.6=3.8°

The difference is 5.5°—3.8°=1.7°
The actual angle as observed was 2°, showing satisfactory agreement.

15. STATICAL STABILITY.
The examination of statistical stability consists in calculating the volume of stability v,

V= -—S-c%+l-ag

From the two diagrams we take

CL «20 .40 .60 .80
dem

oo 18 .18 .18 .19
da
I - 21 .22 .26 .37

.*. First term of v — 1500, — 1430, —1210, —940

168F_, 16 1
xda/dey 5.38-7  da/de.

.55 .57 . 64 .74
Factor due to self-induced downwash

Factor of downwash #,=1—

1 1
MET+183 [/ 1+1.83/2.1

.53

ae= S¢ . 5.7 X factor of downwash X factor of self-induction.
ay= 50.3 X 5.7 X factor of downwash X factor of self-induction.
s ag= 835 866 960 113
Soad= 1320 1370 1520 1790
Hence '
Y= —180 —60 +310 4850

§ Technische Berichis II, p. 187; N. A. C. A, Report No. 114,
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It appears that the statical stability is considerable for great lift coefficients, that is, for
small velocity. For high velocity the airplane is statically unstable. The length of the path
of flight for an increase of amplitude to the “e” fold is for vm= —180 cu. ft.

% [36X2281%25
k-\/—;n;— \/___-_180 =107 ft.

The velocity is

L/S-850 6.5X850 ..
/ e = 20 =15.5 ft./sec..

The time corresponding to the path 107 feet is 107/165=0.66 second. This would be a short
time only. The investigation of the dynamical stability will show, however, that the insta-
bility is damped out. Before proceeding to it we will compare the values obtained of vm with
those obtained from, the actual flight. We think this test and its interpretation to be so impor-
tant that it is worth while to discuss it in a special section.

16. CALCULATION OF STATICAL STABILITY FROM FREE FLIGHT TESTS.

The free flight of an airplane allows one to determine experimentally its statical stability
by & very simple method. There are almost no preparations necessary for this test; every
pilot can perform it, and the result is so important that the test ought to be made quite general
with each new type. . Up to now it seems to be made only occasionally.

The desired information is obtained from the observation of the position of the elevator

for & series of velocities and of constant revolutions of the engine. Tests can be made at several

numbers of revolutions. This observation of the elevator can easily be made, for instance, by
observing the position of the control. The velocity and the density or the pressure of a Pitot
tube ought to be determined too. It is hardly necessary to discuss the details of this simple
test. The interpretation is founded on the fact that for an indifferent airplane the elevator
would always have the same position for any steady flight. A change of the position of the
elevator indicates an additional moment, and this moment can be calculated exactly enough
from the proportions of the airplane if the change of the setting of the elevator is known.
The moment is the same as if the airplane had no fixed stabilizer, but only the elevator increased
by 25 to 50 per cent, according to the section and with the same aspect ratio as the entire tail
plane and as if this fictitious elevator has rotated by the same angle. The subject is discussed
in section 11. Let E be the area of the elevator and ] the distence of the tail plane from the
center of gravity. The volume of moment produced by the change of the elevator position
is then approximately :
5.7E1
1+1.83 8i/b2°
57El dB

V=3 T1.83 S/b7 do’ where § denotes the position of the elevator. We take the re-

quired date from the report mentioned, by Norton. As an average from his approximate
diagram, we draw a diagram where the set of the elevator is plotted against the velacity. The
density of air is not given; we therefore take the normal density, the tests not being performed
at a very great height and small differences of the density being of no importance. We recom-
mend, however, for future tests that one always determines the dynamie pressure or the velocity
or the density of air. From this diagram we take the first two lines. of the table below and
calculate the dynamic pressure and the coefficient of lift. The dynamic pressure is

g=1/390 V7 Ibs.fsq b, if the velocity 7 is in mi/hr. The lift coefficient is c.=Zlo- For

each lift coefficient we take the angle of attack from the diagram (fig. ). Now we determine
from a diagram the slope of the set of the elevator against the angle of attack.
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The slope ¥y of the volume of moment is calculated from the last formula. We obtain

€ 20 40 60 80
a —1.86 1.1 3.9 7.6°
g—ﬁ 0.7 0.45 —0.08—-0.16
144
V= 15.8% 21.8x1.25 5. 7 Szﬁ
.. 1.8 da
1 +
2.1
=—180 —60 +310 +850, whereas
n=—920 —590 +105 +210 (from flight tests)

The agreement is not so very bad, inasmuch as the general type agrees. It is difficult to say
which values are better, or, better sald worse. Our first calcula.tlon is not satisfactory because
we had to change the curve of the moment coefficient somewhat arbitrarily. The values from
the free flight test are qualified by the investigator himself as “approximately.” But this
lack of special data makes the method not less useful and our general discussion not less suited
for general application. e think that first the method must be developed; afterwards it is
not difficult to obtain the data for its application.

17. THE COEFFICIENT OF STABILITY.

This coefficient is
Ve

C= [ - a3

We assume £, the radius of gyration, to be 6 ft., not knowing it more exactly. m and @ are
calculated a.].ready in the sectlon on the statieal stabﬂlty v, =25 W=25 - 2280=57,000 cu. ft.

There remains only a-,,=:$’/ E’ which differential quotient is also contained in the section on
statical stability. We obtain thus the following table:

Cr 0.20 0. 40 0. 60 0. 80
G 1760 1600 1360 955
auk? 63, 500 57, 600 49, 000 34, 400
a; 83.5 86.8 95. 8 113
al? 20,900 21,700 23,600 28,250
(Guk*—al®) 42,610 35,900 25,400 6, 150
awk3/al? 0.31 0. 38 0. 48 0. 82
Denominator _
' 1,000,000 1770 1290 865 38
Um — 180 —160 310 850
Numerator
1,000,000+ =370 —329 635 1750
Cs —0.2 —0.23 0.97 - 46

That is to say, at a high velocity ¢, is slightly negative, and in the range of ordinary flight ¢, is
smaller than 1/4 and each oscillation is damped out. At high angles of attack ¢, grows very
large in consequence of the denominator becoming almost zero. This only means oscillatory
motion. If is chiefly due to the change of the slope of the well-known curve of the angle of
attack against the lift coefficient. The damping moment of inertia of the wing ¢y grows smaller
and that of the tail plane greater. Their ratio is put into the table. The smallest ratio in the
table is 0.31. The limit of stability for that ratio is —O0. 31/(1—0.81)*= —0.716. This is con-
siderably greater than ¢,, and therefore the airplane turns out to be stable for all lift coefficients
investigated.

1 The question is also discussed by Rota, © Metodo perls determinazione sperimentale del coefficiente df stabilita Iongitudinale det velivole.”
This test gives the same result—statical stability for low velocity and Instability for high velocity.
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18. CONCLUSION.

Our theory of stability lies in between the imperfect calculation of statical stability only
and the bulky theory of Bryan, Bairstow, and others. We believe that the simplified theory
gives as good results as the latter. For the present, at least; our theory is more than sufficient
considering the lack of knowledge of the aerodynamical properties. Qur theory is the natural
continuation of the statical procedure; the more complicated theory can be developed from
ours, but we think, for scientists only, when all doubts about the coefficients have vanished.

It is remarkable that the coefficient most difficult to be obtained is that one which is also
the foundation of the statical theory—v,. Everything than can be said against the preceding
celculation with respect to the uncertainty of the values proves nothing against the application
of the coefficient of stability but holds true for any calculation of stability. The missing infor-
mation on the radii of gyration can easily be obtained if there is general interest to procure it.

We think that the question of longltudmal sta,bﬂlty and the necessary proportlons of the
the sta,blhty of as many airplanes as possible in accordance with the d]scussuon and to procure
all information concerning the quantities occurrin—that. we think, ought to be the next aim
for solving the problem of the tail plane. :
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PART IV.
THE STRUCTURAL STRENGTH.

19. STATIC TESTS.

The tail plane is a small wing with a changeable section. The maximum forces per unit
area on the tail plane are not very much smaller than those for the wings, although the forces
on it during an ordinary steady flight are, or at least ought to be, smaller. The angle of attack
is not very much smaller than that of the wings and the difference is neutralized by the greatest
possible deflection of the elevator. At high angles of attack of the entire airplane the downwash
decreases the effective angle of the tail plane and the greater aspect ratio of the tail plane has
the same effect. But there are conditions imaginable when, in spite of it, the tail plane experi-
ences a greater force per unit area than the wings. The only factor which definitely gives
rise to a smaller maximum lift is the section of the tail plane, which has generally a smaller
maximum lift coefficient. In accordance with this, the different specifications prescribe a
smaller specific sand load for the tail plane than for the wings. For instance, the United
States. Army examines small airplanes with a sand load of 35 lbs./sq. ft. on the tail plane, but
with eight times the unit load, i. e., about 6 lbs./sq. ft., which gives about 50 lbs./sq. ft. sand
load for the wings.

There have been several investigations of the pressure distribution of different fail planes -

under different conditions. - Norton measured & maximum average pressure of 2.3 Ibs./sq. ft.
But in the tests described he investigated only steady flight conditions, and the differences
of the absolute maximum specific lifts are likely to be smaller. The tests show an odd and
somewhat irregular distribution of pressure; it is almost surprising that the entire lift, the
integral of these pressures, is so regular a function. The truth is, however, that the integral
is not merely the sum, but it is subjected to particular physical laws, and it is not only the
consequence but also the cause of the pressure distribution. We find similar phenomena in
many parts of applied physics, for instance, the distribution of stresses or of brightness in
several directions. Most of the results of the investigation of the pressure distribution refer
to small lifts and hence are not applicable to our present problem. These distributions at
the same time are the more irregular ones, as is to be expected.

The magnitude of the pressure at one particular point of the surface is not important in
the consideration of the stresses in the structure. The cover will always be strong enough,
and the sand load tests do not even try to test these sorts of stresses. There is always an
uncertainty about the forces on the linen, for they depend on the pressure inside, and this
pressure is generally not kmown. The pressure over small parts of the surface affects only
the secondary members of the structure—the ribs. They are mostly strong enough, and the
cover tends to distribute the differences of pressure and to neutralize them partially. Nor is the
breaking of one rib the chief danger. The stresses of the primarily structural members of
the beams depend almost solely on the magnitude of the entire force and on the position of
its center of pressure. The moments of the air forces, while their sum is small, are not danger-
ous. Now there is no reason why the center of pressure at high lift should be situated very

85
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far from its ordinary place; that is, the first third of the chord, the elevator included. The
tests confirm this rule. The transversal center of_pressure lies, roughly speaking, near the
center of gravity of each side. The most natural method for performing the sand load test
is, therefore, the application of the same rules of distributing the load as with the wings. There
is no advantage in exanmmng too carefully the method of distlibuting the sand, if only the
center of gravity is in the right place, for the pressure produced is irreguler and in no way in
strict conformity with the distribution of the sand. The elevator, indeed, ought to be examined
separately, too, chiefly in order to test the different contrivances for its rotation.

There is one particular condition of steady flight where the forces on the tail plane are
considerable. This. is flight vertically downwards, as occurs in air fights. For the calculation
of the force on the tail plane we need the moment coefficient for zero lift ** and also the drag
coefficient; the knowledge of. the center of pressure is less useful. The entire airplane is
carried by the drag of the wings and that of the other parts, and we can calculate in each smgle
case the fraction of the entire weight carried by the wings. The lever arm for that fraction is

cc: that is, the chord multiplied by the ratio of the two caefficients mentioned. This arm,

multiplied by the share of the wings in carrying the entire weight, gives the lever arm for the
force equal to the entire weight, and the force on the tail plane has to produce the same moment
around an axis lying in the wings. The resulting lever arm is sometimes equal o the chord,
but can be as great as 2.5 chords. It depends on the type of the sirplane and on the section.
The prescrlbed safety can be smaller than that resultlng from this calculation. The designer
ought to give attention to this fact and choose & proper section, and the examination ought to
be extended to this point.
20. THE OSCILLATIONS.

A phenomenon not yet much investigated, which tends to increase the structural stresses,
is that of the oscillations and vibrations. The tail plane is more subject to them than the wings.
There are two different kinds.

The motion of the passing air generally is not perfectly steady, even if the flight is, I
changes rhythmically, and so does the force produced by the motion. The period depends on
the shape of the body and on the velocity; it is /¥, where ! denotes a characteristic length.
This length is never very different from the transverse dimension of the body—in this case the
thickness of the tail plane. There are not many experimental investigations on it.? The
oscillation is only dangerous if its period agrees with the period of oscillations of the body the
force acts on. Assuming the velocity to be 150 ft. /sec. and the characteristic length 3 inches,
we should obtain 150/0.25 oscillations—that is, 600 oscillations per second. That is very high,
and, therefore, this kind of oscillation will generally not be dangerous. The period may, how-
ever, be greater at the burble point of the elevator. This kind of oscillation and the stresses
arising from them can not be examined by moving the teil plane through water. The period
is increased then and so is the damping of the water.

More importarnit than these oscillations are those whose perlod is determined by the dimen-

sions of the tail plane and whose amplitude is increased by the air forces. It is not possible to

discuss all possible oscillations of this kind generally; each one must be examined with respect
to the sign of the damping by air. As an illustration, consider & tail plane with two beams
and let their proportions and the distribution of mass be such that the two beams have the
same period of elastic oscillation. If they oscillate af the same time, but the beam in front is,
say, 90° ahead in phase, the lift of the tail plane is greater when it moves upwards than when
it moves downwards, and thus the air forces will increase the .amplitude. The stresses can
grow so intense that a fracture occurs, Whence it follows that the two beams, or their ends,
must not have the same period. This oscillation and several other ones can not be discussed
thoroughly without exact mformatmn for each single case. We, therefore, must confine our-

1 Unfortunately the tables of the N. A, C., A, Reports Nos. 93 and 124 do not contain this very Impori:atrt_cootﬂc{ent.
12 See paper by de Bothezat, N. A. C. A. Report No. 97,
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selves to this general remark. It will be favorable with respeet to such possibilities if the
deflections are small, and it will be possible perhaps to decrease the prescribed load if the de-
flections at the same time are limited. The question of such oscillations ought to be examined
experimentally by observing all possible kinds of oscillations and measuring their periods and,
if possible, their damping. It is only then that & more detailed discussion can be made, and
that we are less likely to forget the most important type of oscillation.

21. CONCLUSION.

There are many things concerning tail planes which we have not mentioned or not thor-
oughly discussed. The last part of this paper in particular is comparatively short, but the
things discussed in it can not be decided without more experiments. We have tried to bring
out only such matters as are not well known.
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