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FOREWORD

Several years ago it became evident from the results of some -exploratory
studies by the NACA that the helicopter, vibrationwise, coiuld no longer be
thought of as a simple system composed of several unconnected spring mass
systems. In reality, all the spring mass systems are interconnected and each
influences the other. It became evident that interaction or coupling of the
components is important and must be considered in any vibration study.
Coupling is of particular importance for helicopters, of which the components
(fuselage, blades, ete.) have natural frequencies near one of the harmonics of
rotor speed that is a multiple of the number of blades. - In actual practice
helicopter fuselages very often do have natural frequencies near one of the
harmonics of rotor speed.

As a result of the increasing importance of this problem, a flight and
analytical investigation was undertaken concurrently to investigate the
coupled response of a tandem helicopter. This type of helicopter was selected
because preliminary study indicated that the results might have more im-
mediate application than would be true for other types available for flight
test work.

The results of this joint investigation are reported herein.
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FLIGHT AND ANALYTICAL METHODS FOR DETERMINING THE COUPLED
VIBRATION RESPONSE OF TANDEM HELICOPTERS !

By Joaw E. YeEaTss, JR., GEORGE W. BrOOKS, and Joun C. HouBorr

CHAPTER 1

FLIGHT MEASUREMENTS OF THE VIBRATIONS ENCOUNTERED BY A TANDEM HELICOPTER AND A
METHOD FOR MEASURING THE COUPLED RESPONSE IN FLIGHT

By Jomx E. YeaTes. Jr

SUMMARY

A discussion of flight-lest and analysis methods for some se-
lected helicopter vibration studies is presented. The use of a
mechanical shaker in flight to determine the structural response
i3 reporied.

The analysis methods described are based on the determination
of the power specl al density of the force and of the response due
Lo the force through use of analog frequency-analysis techniques.
Results obtained by these methods are presenied to show the
coupled response of a helicopter in flight for two different blade
configurations. The flight results are compared with resulis of
ground lests to show the presence of coupling in jlight. Avatlable
theoretical caleulations of the coupled structural frequencies are
included to show how these approximations compare with flight
data. Some of the limilations of these tests and suggestions for
refinement of flight vibration iesting are discussed.

In addition, natural-vibration measurements of some of the
more important harmonics of rotor speed are presented for a
range of speed and power conditions.

INTRODUCTION

As helicopters have become larger and more flexible, the
magnitude of the vibrations associated with these machines
has increased. Available information indicates that high
vibration levels are attributable to many sources, the primary
sources being aerodynamic loading of the rotor blades and
resonance amplification of the structure.

Because of speed changes and periodic variation in the
angle of attack encountered by the rotor blades, alternating
air forees act on the blades once per revolution and at mul-
tiples of this frequency. In general, only those forces which
have o frequency that is & multiple of the number of blades
per rotor are transmitted to the structure in the vertical
direction. The alternating forces which are transmitted are
usually small in comparison to the weight, but if the fre-
quency of the transmitted force is near the structural reso-

nance frequency, then large amplification may occur. In
some of the early designs, attempts were made to lower the
vibration level by setting the natural frequencies of the heli-
copter components, such as the blades, fuselage, and engine,
between the multiples of rotor speed. This approach to the
problem was only partially successful. Some calculations
indicated that coupling of rotor blade bending and fuselage
bending might bring about structural resonance at frequencies
where none was apparent from considerations of each compo-
nent separately. It became apparent that the helicopter
must be treated as a coupled system and that the effect of
the interaction of the components (blades, fuselage, engine,
etc.) is important. The problem is to design and calculate
more accurately so that determination of the coupled response
frequencies of the structure is possible before the prototype
is built.

As a result of the increasing importance of this problem,
a flight investigation of the vibrations encountered by a
typical tandem helicopter has been undertaken at the Lang-
ley Aeronautical Laboratory. Concurrently a theoretical
investigation (ch. II}) was undertaken to determine the
coupled natural frequencies of a helicopter whose physical
characteristics are practically identical to those of the heli-
copter used for the flight tests. The purpose of the present
investigation was to determine the importance of coupling
and to find out which structural components are of primary
importance in calculating resonances. The helicopter chosen
for this investigation was known to have a high vibration
level under certain conditions; any changes that were made
to this vibration level by the test methods would be recog-
nized.

The response of the helicopter structure to mechanical
shaking was measured at the front rotor under actual flight
conditions. In addition, some flight surveys were made for a
range of speed and power conditions and the natural vibra-
tions were recorded.

\ Bupersedes NACA Technleal Noto 3852 by John E. Yeates, Jr., 1858, and NAOA Technical Note 3840 by Georgo W. Brooks and John O. Houbolt, 1958.
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EQUIPMENT AND INSTRUMENTATION
HELICOPTER

A typical tandem helicopter with three-blade rotors was
used for the investigation. During the tests the helicopter
was equipped with two sets of blades (metal and wood) having
different mass and frequency characteristics. (See fig. I-1
for details.)

INSTRUMENTATION

Motions of the structure were measured by using MB
vibration pickups (type 124). Three components of velocity
(vertical, longitudinal, and transverse) were mesasured at the
front rotor, the rear rotor, and directly under the pilot’s
seat (fig. I-2). There were two pickups on the engine, and
one on the fuselage near the engine-which measured the
vertical velocity only. Time histories of the output of these
velocity pickups were recorded by an oscillograph. The
velocity-pickup—oscillograph combinations have response
curves which are similar to that of figure I-3. Response
corrections have been applied to all the data. To provide
the in-flight excitation a mechanical shaker (force varies as
frequency squared) was mounted on the front-rotor gear box
to shake in a vertical direction only. A tachometer measured
the frequency of the shaker.

The flight conditions (airspeed, pressure altitude, etc.)
were obtained through use of standard NACA recording
instruments synchronized with the oscillograph by means of
2 common timing circuit.

ANALYSIS EQUIPMENT

The frequency-analysis equipment consisted of a two-
channel, variable-filter-width heterodyne harmonic analyzer
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Ficore I-1.—Mlass and stiffiness characteristics of the two sets of
blades used for the tests.
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and associated playback and recording equipment. This

device provides a reading of the mean square of the signal
passed by a tunable filter with a specified accuracy of +%
decibel. The absolute accuracy with which the center fre-
quency of the filter is known is estimated to be within 2 cps.
In this case the data were analyzed at 20 times normal tape
speed and therefore the center frequency is known to within
0.1 cps. The effective band width of the filter used for the
data analysis was about 0.30 cps.

TESTS AND ANALYSIS METHODS
GROUND TESTS

Ground vibration tests were conducted with the same in-
strumentation as for the flicht tests. The rotors (from tho
flapping pins out) were removed and the fuselage was sus-
pended at the rotor hubs (fig. I-¢) by soft springs (shock
cord). The frequency of the fuselage as a whole on this
spring suspension was less than 1 cps and would therefore
have little effect on the elastic modes of the structure. Tho
vibration response of the structure to excitation by a me-
chanical shaker was measured at the locations shown in
figure I-1. The shaker, which was mounted on the front-
rotor gear box, applied a sinusoidal force F=0.45(Fro-
quency)? in a vertical direction over the frequency range of
8 cps to 24 cps.

Since the natural frequency and effective mass of the rotors
vary with rotor speed, only in flight are all the dynamic and
aerodynamic characteristics of the helicopter correctly repre-
sented. In order to obtain some numbers for calculation
purposes, the rotors were replaced by known weights and the
change in fuselage response with change in weight was
measured. The results of the measurements are shown in
figure I-5. It can be seen that the first bending frequency of
the fuselage, as indicated by the peaks, is decreased from
13.6 to 9.8 cps as the weight at each rotor is increased from
0 to 250 pounds.
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Figure I-2.—Test helicopter showing location of vibration pickups
and number of components measured.
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F1guRrEe I-3.—Typical response curve for vibration-pickup—oscillograph
combination used.

FLIGHT TESTS

In a helicopter the natural vibrations are present to
varying degrees for all flight conditions. Since the largest
shaker available had a force output of about 75 pounds at the
3-per-revolution frequency (designated herein as 3-P) it was
necessary to conduct the tests at flight conditions of minimum
vibration. If the tests had been conducted at other flight
conditions, the shaker force might have easily been over-
shadowed by the natural input, and the analysis would then
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Ficure I-4.—Test helicopter, with blade assemblies removed, showing
method of suspension used for the ground vibration measurements.
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Ficure I-5.—Variation of fuselage response measured at the front
rotor with sinusoidal excitation applied at the front rotor (both
blade assemblies replaced by weights from the flapping pin outward).

be very difficult if not impossible. In order to show the
effect of changes in rotor speed, a series of rotor speeds was
selected which encompassed the allowable range (250, 273,
and 290 rpm). In the test helicopter the 3-P natural input
occurs near & structural resonance frequency and structural
vibrations are amplified. The vibrations in this frequency
region are of most interest for several reasons—structural
fatigue, pilot and passenger comfort, and so forth. The
frequency of the shaker was therefore set to change slowly
from 8 cps to 17.5 ¢ps, the frequency range of interest. The
sweep rate of the shaker was set at 6 seconds per cycle,
which allowed approximately 1 minute for the traverse.
The flight plan for the tests consisted of setting the power,
airspeed, and rotor speed at predetermined values and hold-
ing them constant while the frequency of the shaker was
varied from 8 cps to 17.5 cps. A similar run was made
while the frequency of the shaker was varied in the reverse
direction ; thus two runs were made for each flight condition.
Data were obtained for each of the three rotor speeds
previously mentioned (250, 273, and 290 rpm). At 250
rpm the natural vibrations were so large that the additional
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response due to the mechanical shaker could not be separated
in the analysis. The results presented in this report are
therefore for two rotor speeds only, 273 and 290 rpm.

The flight tests for the natural-vibration survey were
conducted in a little different manner. The helicopter was
trimmed for level flight at 45 knots and a desired power
setting. The pilot then slowly traversed the range of speed
above and below this trim speed, allowing as much as 3
minutes for the complete traverse. The rotor speed was
set for 273 rpm and remained at this setting throughout the
tests. Data were taken for four power conditions: take-off
(87 in. Hg manifold press.), cruise (30:;jn, Hg manifold
press.), low (20 in. Hg manifold press.)"g:_"'ﬁia autorotation
(15 in. Hg manifold press.), over a speed range of approxi-
mately 15 to 90 knots.

ANALYSIS METHODS

In this helicopter the fuselage is considered to be similar |
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to a free-free beam and the response of the structure is
assumed to be the vertical motion of the front rotor resulting

from the vertical force input of & mechanical shaker. Thus,
___ Output
Response—Sh&ker input

This relationship holds over the complete frequency range
traversed by the shaker except for a small region near the
3—-P frequency. The reason for this limitation is that the
phase angle between the shaker force and the natural input
force can have any value (0° to 360°) as the shaker sweeps
through this 3—P frequency region, and these forces can
either add or subtract.

Analog frequency-analysis techniques (ref. 1) were used
for the data analysis. The sample records shown in figure
I-6 were taken for flight conditions where the vibration was
8 minimum, & forward speed of 55 knots and a rotor speed of
290 rpm. The frequency of the shaker is indicated by a
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Fiaure I-6.—Typical record of some of the velocity components measured. Forward speed, 55 knots;
rotor speed, 290 rpm; shaker operating.
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revolution counter, the trace of which is shown in the lower
part of the figure. Since the response measured at the front
rotor in a vertical direction is considered representative of
the structure, and because of the time required to work up
the data, only this trace was analyzed. .

The record was divided into four 15-second lengths for
analysis to provide a larger ratio of signal to noise. The
vertical velocity at the front rotor and the shaker force for
each of the four sections of the records were transcribed
manually from the original oscillograph record onto magnetic
tape. The tape records were formed into loops and run
through an electronic frequency analyzer. The output of
the analyzer is in the form of a variation with frequency of
the average square velocity or force passed by the filter as
it sweeps through the frequency range. This output
divided by the filter ares provides an estimate of the
power spectral density of the velocity and force time his-
tories averaged over the length of the record, expressed as
(in./sec)?/cps and 1b*/cps, respectively.

To illustrate the method for determining the coupled
response of a helicopter in flight, figure I~7 is presented.
The power spectral densities of the vertical velocity and
shaker force at the front rotor are plotted against frequency
for the four 15-second lengths of record, indicated by the
numerals 1, 2, 3, and 4. During the first 15-second part of
the record the helicopter responds to the shaker, as indicated
by the velocity at the front rotor, in the frequency band
swept by the shaker (8.5 to 11.6 ¢ps). Since the natural
vibrations are always present, & measurement of the first,
third, and sixth harmonic inputs is also obtained. During
the second 15 seconds of the record, the shaker sweeps from
11.6 to 13.9 cps and the output spectrum shows the heli-
copter responding in this frequency band and also provides
a2 second measurement of the natural vibrations. It will be
noted that, during the third 15-second portion of the record,
the output due to the shaker and that due to the natural
input are vectorially additive and no estimate of response to
the 3P frequency is obtained. In the fourth part of the
record the helicopter responds in the frequency band swept
by the shaker (15.9 to 17.6 ¢ps) and an additional measure-
ment of the natural vibrations is supplied. By breaking the
record into four parts, it was possible to obtain three measure-
ments of the 3-P component and four measurements of the
1-P and 6-P components without taking a separate record
with the shaker not operating.

An indication of the variation of the natural input during
the 1-minute record can be seen in the change in levels of
the 1-P and 6-P components. There appears to be about
415 percent variation in the components over the total
length of the record. With the information from figure
I-7, the coupled response of the helicopter can now be
determined. The total velocity-output spectrum (fig. I-7(a))
is divided by the shaker force spectrum (fig. I-7(b)) point
by point, except in a small region near the 3-P frequency
for reasons already explained in this section. The resulting
curve is shown in figure I-8(b) and is a faired line through
all the data points. In the small frequency band near the
3-P frequency, indicated by the hatched region in figure
I-8(b), the response curve is unreliable. Data for the remain-
ing response curves were handled in a similar manner.

1055
RESULTS AND DISCUSSION

In order to show the effect of blade configuration and rotor
speed, coupled-response curves for two types of blades (wood
and metal) are presented for two rotor speeds. The flight-
determined coupled-response frequencies are compared with
those determined by the theory of chapter II for the wood
blade configuration. Curves are alsp presented which show
bow the natural vibrations vary with forward speed for some
selected flight conditions.

COUPLED RESPONSE WITH WOOD BLADES

In figure I-8 a comparison is shown of the coupled-response
curves for 273 and 290 rpm. The two curves are similar,
both having two peaks, but the relative heights of the peaks
are different for the two rotor speeds. There appears to be
an effect due to change in rotor speed; that is, when the rotor
speed decreases, the height of the second peak decreases.
It was concluded from the trend in the second peak for the
two curves and from other data that there would be only
one peak in the coupled-response curve for 250 rpm. It
appears that at 250 rpm the natural input frequency and the
fuselage coupled frequency would be so close together that
large structural amplification would occur. This conclusion
seems quite compatible with the fact that the records could
not be unscrambled for this rotor speed.

COUPLED RESPONSE WITH METAL BLADES

In figure I-9 a comparison is shown of the coupled-response
curves for 273 and 290 rpm. Here again the two curves are
similar, both having two peaks, with the relative heights of
the two peaks being different for the two rotor speeds. The
effect of rotor speed is indicated by a reduction in height of
the second peak as rotor speed decreases. The data through
which these curves were faired had more scatter than those
for the wood blades. Because the blade input is higher for
the metal blades, the ratio of blade input to shaker force
input is larger and it is barder to separate the responses in
the frequency analysis. Near the 3—P frequency the separa-
tion of the response due to the shaker from that due to the
natural input is very unreliable, as indicated in figure I-9.

The fact that the minimum level for the wood blades is
lower than the minimum level for the metal blades near
13.5 cps evidences a possible change in the coupling of the
helicopter components (blades, fuselage, etc.).

COMPARISON BETWEEN FLIGHT AND GROUND TESTS

In figure I-10 is shown a comparison of one of the flight
response curves (273 rpm, wood blades) with the ground
response curve for 100 pounds (45 percent flapping weight)
at each rotor. The ground response curve for 100 pounds
at each rotor was selected because the effective mass of
each rotor was calculated to be 100 pounds in the first
bending mode. Both the flight and ground measurements
of vertical motion were taken at the front rotor. The
comparison shows the presence of coupling. The ground
response curve has one peak, whereas the flight response
curves have two peaks in the frequency region of interest
(10 to 16 cps).
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Fieure I-7.—Power spectra of the force and velocity at the front rotor with the shaker operating. Forward speed, 56 knots; rotor speed,
280 rpm: wood blade configuration.
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Figure I-8.—Coupled response of helicopter structure, measured at the front rotor, showing the effect of change in rotor speed for the wood
blade configuration at a forward speed of 55 knots.

COMPARISON OF FLIGHT RESULTS WITH THEORY
Since flight results are sometimes the only means for
checking theoretical calculations, figure I-11 is presented
to show a comparison between flight measurements and
calculations by the theory of chapter II. The calculations,
which were made by using blade parameters that correspond
to those of the wood blades of this report, predict three modes
of motion in the frequency range from about 12 to 15 cps.
From an examination of several raw flight records, it was
concluded that the two flight-measured structural modes are
predominantly symmetrical. It was not possible to tell
from the vibration records whether the predicted anti-
symmetric mode was present. However, since this anti-
symmetric mode is not one involving fuselage resonance, the
fuselage acts primarily as & mass and very large blade motions
are needed to produce any effect on the fuselage. On this
" basis it is not surprising that the antisymmetric mode would
not be excited enough in flight to be measurable. The agree-
ment between flight results and theory leaves room for
improvement, but it does show how approximations for
design purposes can be made.
SUGGESTIONS FOR REFINED FLIGHT-TEST TECHNIQUE
During the workup of the data some difficulties were en-
countered which were the result of flight-test techniques.
Some suggestions for refinement in flight-testing techniques

and some of the difficulties encountered are discussed in the

following paragraphs.
Mechanical shakers were found to be very sensitive to

speed control when exciting multidegree-of-freedom systems
such as a helicopter. For the shaker used in the present
investigation, the size and type of the drive motor was such
that speed control was marginal. While cycling over a
frequency range, the shaker tended to “lock in” whenever a
resonance frequency was reached. This response of the
shaker force to structural motion causes peaks in the average
force input and motion output, frequency bands are skipped,
and information is lost. In additon, the frequency is not
known more precisely than to £0.1 cps and when the
velocity spectrum is divided by the force spectrum, scatter
is introduced in the coupled-response curves.

It was found from an examination of several runs for the
same flight condition that the phase angle between the
shaker force and the rotor force was different for each run.
For this reason it was decided that a different flight-testing
technique would be necessary for any future tests. The
following flight-test technique is suggested for vibration
response measurements. The forced excitation could be
provided by a hydraulically actuated mass the frequency of
which would be electronically controlled. With this type of
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Fiaure I-9.—Coupled response of helicopter structure, measured at the front rotor, showing the effect of change in rotor speed for the metal
blade configuration at a forward speed of 55 knots.

shaker the amplitude of the force would be variable-and, in
addition, could be held constant over the frequency range.
The same technique of sweeping would be used over most of
the frequency range, except that within 45 percent of any
harmonic of rotor speed (1-P, 3-P, 6-P, etc.) a point-by-
point approach would be used. In addition, the shaker
would not be set on any frequency corresponding to & har-
monic or rotor speed, since the phase between shaker input
and structural output would be unknown, and the response
at this frequency could not be determined. The response
curve would be faired through these small regions near the
harmonics of rotor frequencv

In the analysis the processing of the da.ta. could be greatly
speeded up by recording the output of the vibration pickups
directly on the tape, bypassing the transcriber. The data
measurements could be handled more easily by using a
flight tape recorder or by telemetering the information to the
ground where it would be recorded on tape. This procedure
would also allow the determination of the phase between the
pickup locations.

NATURAL-VIBRATION MEASUREMENTS

The flight technique used for these measurements enabled
the pilot to cover a range of speed for a minimum of light
time. Through the use of the previously mentioned fre-
quency-analysis methods, it was possible to obtain time
histories of some of the more important harmonics of rotor
speed, such as the 3-P and 6-P components. For these
time-history records, the filter was set at the component fre-
quency (13.5 cps for 3-P and 27.0 cps for 6-P) and the entiro
length of tape was run through the analyzer. Figure I-12
will serve to illustrate a time history of one of the com-
ponents, in this instance the 3-P. This is a 5-second samplo
record and is shown at 13.5 cps, the 3-P frequency. It can
be seen that the 3—P component was not steady but varied
somewhat in amplitude, even during this short record.
This amplitude variation is apparently independent of
airspeed.

In order to show the variation with airspeed of the har-
monics of rotor speed, the 3-P and 6-P time-history records
were read for 5-knot increments of airspeed, no attempt
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Fieure I-12—Sample record, showing the time variation of the 3—P
component.

being made to average the variations in these components.
The data points so obtained were converted to units of aver-
age displacement and are plotted against airspeed in figure
I-13.

In figure I-13 the variation of the principal harmonics of
rotor speed with airspeed are shown for four power condi-
tions (take-off, 37 in. Hg; cruise, 30 in. Hg; low, 20 in. Hg;
and autorotation, 15 in. Hg). All the natural-vibration
data presented here were measured at the front rotor in a
vertical direction and are for the metal blade configuration.
In addition, all of the results shown in figure I-13 were
obtained out of the ground-effect region. The scatter of the
data points is indicated by the width of the bands in figure
I-13. Tbe 3—-P component in this figure apparently is differ-
ent for each power condition; however, two facts are evident:
(2) in the low-speed range the higher the power setting, the
higher the amplitude of vibration, and (b) the speed for min-
imum vibration is different for each power condition. In
figure I-13 (b) the left portion of the 3—P curve was recorded
on one day and the right portion on another, and the result
illustrates how the records can vary from day to day.

For take-off and cruise power conditions the 6-P com-
ponent shows its highest level of vibration near the low end of
the speed range. The 6—P component for take-off power
rapidly decreases to about 0.007 inch near 25 knots, and re-
mains about constant over the remainder of the speed range.
For cruise power the 6—P component slowly decreases to
about 0.005 inch near 50 knots and remains near this
amplitude over the remainder of the speed range. The 6-P
component for the low and autorotation power conditions
remains nearly constant over the speed range at about
0.006-inch amplitude.

It can be pointed out here that the relative magnitudes of
the harmonic components change for different flicht condi-
tions. This variation could account for the fact that proto-
type changes which reduced vibration for one flight condi-
tion might be ineffective or adverse for another.

Measurements near transition in ground effect.—It was
not possible to make a frequency analysis of the vibration
measurements during transition because of trace overlap;
therefore it was decided to analyze the records near transition
to compare the output of all the vibration pickups. Transi-
tion is generally used to refer to a flight condition inter-
mediate between hovering and the speed for minimum power,
and is defined in this report as the speed region from 15 to
30 knots. Since flow asymmetries and associated vibrations
tend to reach a peak in this region, the term is loosely used
to refer to the speed where vibration first reaches a maximum.
In table I-1 are given all the measured vibratory amplitudes
(near transition) in terms of average displacement for each
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Fi1gure I-138.—Variation of the principal harmonics of rotor speed with airspeed for four power conditions. Metal blade configuration.

TABLE I-1.—VIBRATION MEASUREMENTS MADE DURING
APPROACH TO TRANSITION

Double amplitude of vibra-
tion, In., for—
Vibration-pickup location
1-P 3-P 6-P
Wood blades
Phlot, longitudinal 0. 0043 0. 0016 C. 0010
Pilot, vertical . 0080 .0103 . 0027
Pilot, transverss. .0132 . 0039 .0013
Front rotor, longitudinal .0160 . 0033 . 0020
Front rotor, vertical . 0015 . 0075 .0010
Front rotor, transverss. - . 0070 . 0045 . 0010
Rear rotor, vertical 0 . 0081 . 0020
Rear rotor, longitudinal 0 0114 0040
Engine, rear, vertical 0 - .0141 0
Afetal blades

Pilot, longitudinal 0. 0078 Q. 0054 0
Pilot, vertical . 0071 . 0077 0016
Pilot, transverse. . 0170 . 0088 0
Front rotor, longitudinat. __ .0120 .on7 0
Front rotor, vertleal e eeaemee . 0074 . 0094 0020
Front rotor, transverse . 0074 .0053 0
Rear rotor, vertical [} . 0153 0
Rear rotor, longitudinal .0230 .0352 0
Rear rotor, trangverse 210 . 0308 [1}
Engine, rear, vertical 0 .0126 0
Engine, forward, vertioal.. . 0098 . 0078 0
Fusel vertical 0120 .0051 0

of the two blade (metal and wood) configurations. It can
be seen in the table that the major vibrations are at the rear
rotor, the longitudinal component being the largest. The
raw flight records show that 4 seconds later, when the heli-
copter is experiencing transition conditions, the vertical
component at the front rotor is the largest. From rough
measurements of the raw records it is estimated that the
vertical component at the front rotor (metal blades) has
increased fivefold to about 0.05-inch double amplitude,
whereas the components at the rear rotor have decreased
markedly. In addition, it was concluded from an examina-
tion of the raw records (metal blades) for each of the two
flight conditions previously mentioned that the fuselage
mode of motion was primarily symmetrical. There is some
evidence of the presence of an antisymmetric fuselage mode
which could account for the change in the ratio of the vertical
components of the front and rear rotors as the helicopter
enters transition.

Estimate of forcé input at front rotor.—In order to define
the magnitude of the force input at the front rotor and to
illustrate how response curves of the type shown in figure
I-8 can be used, the following example is presented: For
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calculation purposes continue the response curve of figure
I-9 (2) (273 rpm) through the hatched area; the response
at the 3-P frequency in the hatched area of this figure is
considered to be accurate within +30 percent. By making
use of the survey data of figure I-13, an estimate of the
natural force input (metal blades) at the front rotor can be
made for each of these power conditions over the speed
range. Tor example, the response at the front rotor near
the 3—P frequency is about 3.6 X 1072 in./sec/lb (fig. I-9,
273 rpm) and the average displacement of the 3—P com-
ponent for take-off power is 0.02-inch double amplitude near
26 knots (fig. I-13). Converting 0.02 inch at 3-P (13.7 cps)
to velocity gives 0.86 in./sec; dividing this value by 3.6 X
10-3 in./sec/lb indicates about 240 pounds of vertical force
input to the front rotor. This value of force is estimated
to be correct within +75 pounds. If survey records of the
natural vibrations were available for the wood blade con-
figuration, similar estimates of the force could also be made.

: CONCLUDING REMARKS

A method is presented which enables the coupled struc-
tural response of a helicopter in flight to be determined.
This method, which includes the use of a mechanical shaker
for flight excitation, provides a great saving in flight and
analysis time by using the technique of sweeping rather than
a series of steady conditions. Results are presented which
show the coupled response of a helicopter in flight for two
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different blade configurations. A modified flight-testing
technique is suggested for future work. In addition, natural-
vibration measurements of some of the more important
harmonics of rotor speed are presented for a range of speed
and power conditions.

The presence of the coupling of the components (fuselage,
blades, etc.) is evidenced by the fact that the flight response
curves show two peaks whereas the ground response curves
show only one. The coupled-response curves for the two
blade configurations (metal and wood) show the effect of
change in rotor speed; that is, when the rotor speed is de-
creased the height of the second peak decreases.

A comparison of calculated coupled frequencies from
available theory with those determined from flight tests
indicates that the theory caun give fair approximations to the
coupled frequencies.

Numerical results on natural vibrations have been obtained
and serve to confirm the expectation thet significant vari-
ations in the relative harmonic contents of these natural
vibrations occur with variations in flight conditions. The
ability to make these measurements of the natural-vibration
spectra should help in the evaluation of prototype helicopters
and should point the way to changes for overall improvement.
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CHAPTER 1II

ANALYTICAL DETERMINATION OF THE NATURAL COUPLED FREQUENCIES AND MODE SHAPES AND THE
RESPONSE TO OSCILLATING FORCING FUNCTIONS OF TANDEM HELICOPTERS

By Georce W. Brooks and Jorn C. HousoLT

SUMMARY

A method 13 presented for the analytical determination of the
natural coupled frequencies and mode shapes of vibrations in
the vertical plane of tandem helicopters. The coupled mode
shapes and frequencies are then used to calculate the response
of the helicopter to applied oscillating forces. Degrees of freedom
included in the analysis are translation, pitching, and bending
of the fuselage; translation, flapping, and bending of the blades;
and translation of the engine. The method employs the La-
grange dynamical equations for free vibrations in conjunction
with the kinetic and potential energies of the system in order to
obtain the differential equations of motion for the coupled
system which are then written in matriz form. The elements
1r the determinant of the mairiz equation include the natural
ofequencies, mode shapes, and mass distributions of the un-
coupled components of the helicopter (such as fuselage, blades,
and engine) and permit the inclusion of experimental data of
the uncoupled componenis in the evaluation of the coupled fre-
quencies of the coupled system.

The results of calculations made for a particular tandem
helicopter show the variation of the coupled frequencies with
rotor speed and indicate the changes in the coupled frequencies
which result from changes in the structural properties
of the individual helicopter components. Calculated response
curres show how the vibrations of the cockpit vary with the fre-
quency and method of application of oscillating forces applied
ot the hubs. Suggestions for further refinement of the analysis
to aid in the determination of the coupled frequencies for more
complex and realistic systems are also presented.

INTRODUCTION

In many cases the development of the prototype of a
particular helicopter is impeded because severe structural
vibrations are encountered. Such vibrations often limit the
utilization of production articles because of fatigue of the
component parts of the structure as well as of the operating
personnel. Available information indicates that the high
levels of vibration are attributable primarily to two factors;
namely, the high periodic content of the aerodynamic loading
on the rotor blades and the amplification of the structural
deformations due to proximity of resonance. Accordingly,
it appears that the vibration levels may be reduced either
by reducing the levels of the oscillating aerodynamic loads,
by the inclusion of appropriate damping, or by choosing the
natural frequencies of the coupled structure so that they are
as far as possible from the integral multiples of the rotor
speed. :

The present report relates to resonance amplification and,
in particular, to the determination of the natural frequencies,
mode shapes, and response of the coupled helicopter struc-
ture as it exists in flight. Conventional methods such as
those of references 1 and 2 may be used to predict the natural
frequencies of the various components of helicopters such as

fuselages, blades, and engines. Reference 3, which reports
on the initial part of the present investigation, presents a
method for the prediction of the natural frequencies and mode
shapes of the structure which result when the various com-
ponents are coupled together. The purpose of this analysis
is to elaborate on reference 3 and to present a method for
utilizing the resulting coupled frequencies and mode shapes
in computing the response of the helicopter to applied oscil-
lating loads.

The method is an energy method that involves chosen
modes and frequencies of the uncoupled components which
may be determined either by expressing the potential energy
of the components in terms of given stiffness and mass dis-
tributions or, preferably, from experimental vibration tests
of the components. The method is given in terms of a
tandem-helicopter configuration but other configurations can
be treated in an analogous manner.

The present report is concerned primarily with vibrations
in the vertical plane—in particular, with fuselage transla-
tion, pitching, and bending; rotor-blade translation, flapping,
and bending; and engine translation. The characteristic
frequency determinant is derived, and calculated values for
the natural coupled frequencies and mode shapes for a
particular tandem helicopter are presented. These mode
shapes and frequencies are then used to determine the vibra-
tion amplitudes of the cockpit which occur when oscillating
forces are applied at the front and rear rotor hubs. The
results of some trend studies are also presented to show the
effect of variations of the uncoupled frequency of the fuselage
and of the Southwell coefficient of the rotor blades on the
coupled frequencies of the helicopter.

SYMBOLS

Gy, @y coefficients of front-rotor-blade modal de-

flections ;Z—’ and 2, respectively, in.
F

Ao, Ay, By, B; coefficients of frequency determinant (de-

C’o, 01, Do, Dl fined after eq. (11))

be, by, 0) coefficients of fuselage modal deflections 1,
8 . .
7 and y,, respectively, in.

Co, C1 coefficients of rear-rotor-blade modal de-
flections 17;.:—3 and z, respectively, in.

B

ET structural stiffness of helicopter at station o,
1b-in.?

(EDr structural stiffness of front rotor blades,
1b-in.?

(EDg structural stiffness of rear rotor blades,
Ib-in? |

(ED), structural stiffness of fuselage, 1b-in.?

F applied forcing function (see eq. (12)), Ib

K amplitude of applied forcing function

ga structural damping coeflicient
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radius of gyration of mass of fuselage about
front rotor hub, in.

spring constant for engine mounts, 1b/in.

Southwell coefficients for blade first elastic
flapwise bending mode (defined after eq.
(11))

distance between front and rear rotors, in.

distance from front rotor hub to center of
gravity of fuselage, in. )

distance from front rotor hub to engine, in.

overall length of helicopter, in.

mass per unit length of helicopter at station
o, Ib-sec?/in.?

mass per unit length of front rotor blade,
1b-sec?/in.?

mass per unit length of rear rotor blade,
Ib-sec?/in.?

mass per unit length of fuselage, 1b-sec?/in.?

mass of front rotor blade, Ib-sec?/in.

mass of rear rotor blade, 1b-sec?/in.

mass of engine, Ib-sec?/in.

mass of fuselage, 1b-sec?/in.

effective mass of fuselage (defined after
eq. (11)), 1b-sec¥/in.

effective mass of helicopter in rth mode (see
eq. (17)), lb-sec?/in.

number of blades on front and rear rotor,
respectively

real and imaginary parts of response of
helicopter in rth mode (see eqs. (23) and
(24)), in.

radial position of any blade element on front
rotor (see fig. IT-1), in

radiel position of any blade element on rear
rotor (see fig. II-1), in

radius of front rotor, in.

radius of rear rotor, in.

longitudinal position of any fuselage element
(see fig. I1-1), in

time, sec

centrifugal force on bladé at any radial
station, 1b; kinetic energy, 1b-in.

centrifugal force on front and rear rotor
blades, respectively, Ib

o

WF, 1) Wr,1

@r,1
We
,

Q
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centrifugal force divided by square of rotor
speed, 1b-sec?

potential energy, 1b-in.

deflection of engins, in.

deflection of engine with respect to fuselage,
in. .

deflection of element of front rotor blade, in.

uncoupled first-bending-mode shape for front
rotor blade

real and imaginary parts of response of heli-
copter (see eq. (26)), in

deflection of element of fuselage, in.

uncoupled first-bending-mode shape for
fuselage

deflection of element of rear rotor blade, in.

uncoupled first-bending-mode shape for rear
rotor blade

coefficient of deflection of rth coupled mode
of helicopter (see egs. (13) and (23)), in.

amplitude of «,, in

distance measured rearward from leading
edge of front rotor disk (see fig. IT-1), in

value of ¢ where oscillating force is applied

deflection of helicopter in response to ap-
plied force F' (see eqgs. (13) and (25)), in

rth-coupled-mode shape of helicopter

amplitude of ¢ (see eq. (26)), in

natural frequency of coupled modes; fre-
quency of applied oscillating {force,
radians/sec

first natural uncoupled flapwise bending fre-
quency of front and rear rotor blades,
respectively, radians/sec

first natural uncoupled vertical bending fre-
quency of fuselage, radians/sec

natural vertical frequency of engine on its
mounts, radians/sec

natural frequency of rth coupled mode of
helicopter, radians/sec
rotor speed, radians/sec

The deflection in the first bending mode of the fuselage,

measured at station s, is denoted by y,(s).

For example,

#1(0) is the deflection of the fuselage in first mode bending

at the front rotor hub.

(See fig. I1-1.)

Re Rr
L, Blade reference axis-” * P
- | 3 L
_—— Yt —_—_——_ = —
xtp) )
y(O) ) \-ﬁ—\
Fioen R
by T f ' ; w wr
o Jo s y Fuselage reference axis~” ‘r_r——y (2 T T botho
1 ﬁjl y(1)

Figure IT-1.—Coordinates and displacements.
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ANALYSIS ~
EQUATIONS FOR FREE VIBRATIONS

General considerations.—The analysis presented in this
portion of the report deals with the determination of the un-
damped, natural coupled frequencies of the vertical vibra-
tions of a tandem helicopter. The following degrees of
freedom are considered: vertical translation, longitudinal
pitching, and structural bending of the fuselage; vertical
translation, flapping, and flapwise bending of the rotor
blades on the front and rear rotors; and vertical translation
of the engine. This analysis does not treat fuselage side
bending and torsion; however, an analysis of the structure
for side bending and torsion can be made in a manner par-
allel to the present analysis. Although the analysis is given
in terms of a tandem helicopter configuration, other con-
figurations may be treated in an analogous manner.

The method follows the Lagrange energy-equation ap-
proach wherein the derivation of the equations of motion
consists of writing the kinetic and potential energies of the
structure in terms of the displacements w, z, ¥, and z. (See
fig. II-1.) These displacements are in terms of generalized
coordinates and chosen uncoupled modes of the structursl
components (fuselage, rotor blades, and engine). The energy
equations are substituted in Lagrange’s dynamical equa-
tions for free vibrations to obtain the equations of motion
which yield the coupled frequencies and mode shapes.

Energy equations.—The kinetic energy T and the poten-
tial energy V are, respectively,

o4 [l (B ()

2 (™ my () tertl " ma() dre @
and
v=; [ @D, (F) ds+3 K o—y@or+
B[ D (22) ot [ 0 (82
2 ﬁ e, (diif;)a dretd L B, (}‘%)2 drz @

Special attention is called to the fact that the energies of
the front rotor with p-blades may be different from those of
the rear rotor with ¢-blades. For this reason, in the deriva-
tion of the energies, the deflections of the front and rear
rotor blades are denoted independently by z and 2, respec-
tively. It is assumed in the present analysis that all the
blades on a given rotor behave in & similar manner; how-
ever, equations (1) and (2) are readily extended to treat each
blade as an independent degree of freedom.

Choice of modes.—The next step toward obtaining the
differential equations of motion is to express the deflections
w, x, 9, and z in terms of chosen mode shapes. The choice
of the translation mode, the pitching mode, and one bending
mode for the fuselage; the flapping mode and one flapwise
bending mode for the blades on each rotor; and one frans-
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lation mode for the engine leads to the following equations
for the deflections:
For engine translation:

w=by by by 1)+, ®)

o

For front-rotor-blade translation, flapping, and bending:
z="by+- blyl(0)+a0 +a1x1 @
For fuselage translation, pitching, and bending:
y=bo+Boj+biys (5)
For rear-rotor-blade translation, flapping, and bending:
e=burtBot-buys (O 0 T +orz (©)

where the coefficients aq, a1, bo, bo, by, o, €1, and w, are un-
known functions of time, and z;, ¥, and z, are the chosen
spatial functions or mode shapes. If higher modes aro
desired, it is only necessary to add appropriate terms to
equations (3) to (6).

Substitution of equations (3) to (6) into equations (1) and
(2) leads to the following equations for the kinetic and po-
tential energies, respectively:

13 = 2 -
T3 [ o (bort ot bay, ) s3] bot Bop
blyl(la) +’lbf -+
Ry . 2
gj; mpl:bo'l‘ bxl/l(o) +do%+d1f¢1] dre+

L mal bt Bt b +6s fot i [ars @)

and
1 R
V= [ @D b s 5K )+ [ EDran et
Bg Ry 2
% J; (ED rler 2‘1")2d7‘}z+g j; Ty (‘%‘l‘aﬂ?l') dret

%LRR Tk (’l—?:+01 21'>2d"12 )

where the dots denote derivatives with respect to time and”
the primes denote derivatives with respect to space or length.

After the energies have been calculated, the next step is
to apply Lagrange’s equation for free vibration to obtain
the differential equations of motion; that is,

oT . oV
bao+bao

dt aa,,
<bT> aT OV ()]
N\oa,/) om bal
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In the application of Lagrange’s equation (egs. (9)), great simplification is obtained if the chosen modes are the natural modes of the uncoupled com-
ponents; the rest of this report is based on this choice. Equations (7) and (8) are then substifuted into equations (9) to obtain the differantial equations
for free vibration. The characteristic equations for free vibrations are found by considering harmonie motion, that is;

cG=G s ol
- G1-=dl gin wl (10)

where the amplitudes of @, a1, . . . are denoted by &, &, . . . . The result of substituting equations (7) and (8) into equations (8) and making use of
equations (10) leads to the charncteristic equations which are given in matrix form as follows;

[ MM MMt 4 B Moo+ 4, B, M| {5 )
PM:",' !ZMB I, - PMrlll 0+ .
Mrf QM.:% 03]
3 .
Mttt M(5)+ o . B M by + 0 B, Mk i,
2
Ml (%Y +gs M)
A, 0 0,[1-(%)'] 0 1 (0) 4, 0 0 0 i,
B, B, ¢ o[i-(F)] w3, 0 o0 .
' i | . 4 wf 1 . l -
PMyO+  MIn@+ w04 0B [1=( )’] Mot w04 %) B, MaGy | |
M ) ~ > —() i1
M+ a0 | M)+ {n
Maﬂl (l.) 7 PMr%’(Oj +
QM.B%:(!)
A 0 0 0 (04, G [1—(“” ‘) 0 0 é
a
(3]
B B, 0 0 w () B, 0 Dy [1_(‘%_1)’_ 0 2
Pl Q 4
a(3) ]
i, ) . @,
M, M, T 0 0 Mayl (la) 0 0 M [1—-(;)] ~13f—‘

BHALIOOTITH WHANVL 40 TINOJEEH NOILVHELY dETINGD HHL DNINDREELEJ Y04 SAOHLAN

G901
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where
40_ P F & _q Rp &
P, —Rr Mpry AT'p O—R_R 0 Mperr arg
Rp Rp
A1=PJ; M2y dre B1=QJ; Mgz dre

Ry
00=£3J; Mmprs® dry
Rp R
8! 1=Pf MFo* dre D1=q mgz.? drg
0

Rp __ Rp__
Kr.1=%j; r Te(2y)2dre KR.1=“5—IJ; RTR(zll)zdrR

!
M.r. 1=J; mey? ds “’ag———f;—:

In the abbreviated notation used in the appendix, equation
(11) can be written as

[H]{n}=0
COUPLED FREQUENCIES AND MODE SHAPES

The values of w, the natural frequencies of the coupled
modes of the helicopter, are determined by setting the
determinant of equation (11) equal to zero. The coupled
mode shepes are determined by substitution of the modal

coefficients By, by, and so forth, obtained from equation (11),
into equations (3) to (6).

Inspection of equation (11) reveals that, although there
are eight degrees of freedom, the frequency term « appears
in only six of the diagonal terms when 2740 and in only
four of the diagonal terms when @=0. Thus, the amount of
work involved in the solution of the determinant can be
reduced by changing the order of the matrix from eight to
six when 2540 and from eight to four when 2=0. The steps
involved in this transformation as well as the final matrices
obtained for 2=30 radians per second and 2=0 for the basic
configuration are given in the appendix. The appendix also
conteins some pertinent remarks regarding methods for
obtaining the modal coefficients.

(11a)

EQUATIONS FOR RESPONSE OF HELICOPTER TO APPLIED LOADS

Once the natural frequencies and shapes of the coupled
modes are obtained, the next objective is to determine the
response of the helicopter to applied aerodynamic loads.
The calculation of the response necessitates a consideration
of the damping of the structure. In the analysis that follows,
a method is presented which permits the coupled mode shapes
and frequencies determined by the methods presented in
previous sections of this report to be utilized, with the
inclusion of structural damping, in the determination of the
response of the helicopter to arbitrary forces.

If ¢(o, t) be designated as the deflection of the helicopter
at station o at time ¢ (fig. I1-1), the differential equation of
motion for an element of the helicopter at station o is

(+ig) o (EI +mé=F(s,1) (12)
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where F'is the applied force, g, is the conventional structural
damping coefficient, and simple harmonic motion is implied.
If it is assumed that the total deflection can be expressed as
a superposition of the natural coupled modes of the structure,
then

#(e,)=3 a:(t):(0) (13)
where ¢,(¢) is the rth-coupled-mode shape and a,(t) is the

time-dependent coefficient of the rth mode. Substitution of
equation (13) into equation (12) yields

(1-+ig)en () %(EI%:%)HW%MZ(» (e ¢’)+

+tigan(®) o BISE == moi~

az(t)md’a“ . _hn(t)m¢u+F(‘T;t) (14)

Since the natural modes of vibration are defined by
2
(FI° ¢')_w,=m¢, (15)

equation (14) can be written as
(1+ign)e @) o'mér+ (L +ign)oa @) w’mep+ . . . +
(I1t+ignan) o' mes=—t1 (t)mepr—a&:Omé— . . . —
&n(O)mee+ F(o,t) (16)
Upon multiplication of equation (16) by ¢,, integrating over
the length, and observing the conditions of orthogonality for
natural modes, namely,

L
f mébido=0  (r>s)
0

) (17)
f mdudo=M, (r=s)
(1]

equation (16) becomes
'L
(1+igh)ar"’r2ﬂ{r=—&er+f F(tr,t)dz,da‘ (18)
0

In general, F will be a distributed force and, if necessary,
the integral term of equation (18) can be evaluated. Tor
purposes of illustration, however, it is assumed that I7 is a
concentrated force and the rest of the analysis is based on
that assumption, The integral term of equation (18) is

L”F(a,t)¢,d&'=F¢,<u> (10)

where Fis the force applied and ¢,(c,) is the deflection of the
rth mode at the point of application of the force. Therefore,

(L +ign)eyw M+ &M, =F¢,(c4) (20)

If « and F are expressed as the real parts of a,q¢f“ and
Fye'~t, respectively, then

(1 +’igh)ar:0wr2Mr_ wzanoMr=Fo¢r(¢TA) (21)
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The amplitude of «, is
F 0Pr (O'A)

— W, dViy
[2-(@) e
and, by definition, the coefficient of the motion in the rth
mode is given by the real part of the following expression:

Fu (00
7 w:M,
[1-(2) J+io
F o‘.'br (UA)
gcat
Eﬂ;&fﬁ
- T+e”

Substitution of equation (23) into equatlon (13) yields the
total response ¢

(22)

e'ot=(P,—1Q,)e*** (23)

where

L (24)

$o)=] 2 P—ifs, | (25)

the amplitude of which is

I¢l=\/(§: P,¢,>’+ 304 ) =XFT o

Then |¢| is the amplitude of vibration at any station ¢ in
response to a harmonic force, applied at o=o,, which has an
amplitude Fj and a frequency . It should be noted in the
application of equation (26) that ¢, ¢, . . . ¢« are the
values of the coupled modes at station ¢.

In the event that it is desired that the response at any
station bhe calculated for loads applied at several different
stations, then some reduction of the work required may be
obtained by suitably modifying the coefficients P, and Q,.
Assume, for example, that (P,); and (Q,); are the in-phase
and out-of-phase components of the response in the rth
mode to an oscillating load applied at the front hub and des-
ignated by subscript I. From equation (26), the response
in the rth mode at the same station to & load of the same
magnitude applied in the same direction at the rear hub,
and designated by subscript II, is given by the compo-
nents:

(P u=(P,) % (04)uld: (n)l}
@27)

(Qr) o= (Qr) 19:(0.0) n/®: (ea)1

The in-phase and out-of-phase components of the response
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due to all the modes is then given by
=§ (P r)n¢r

(28)

Yn=;‘;;‘:: (Qf)n¢r

The response due to any combination of forces applied at
either or both hubs in the same or opposite directions is
then obtained by adding X;, X, ¥, and Yy in the proper
sense and proportions.

DISCUSSION OF RESULTS
CALCULATION OF COUPLED FREQUENCIES AND MODE SHAPES

Scope of the calculations.—The analysis derived in this
report was used to calculate the natural coupled frequencies
of a tandem helicopter having the structural parameters
given in table II-1. The resulting modal coefficients are
given in table II-2 and the natural frequencies andmode
shapes are given in figures II-2 and IT-3. Some additional
calculations were made to evaluate the effects of the natural
frequency of the uncoupled fuselage system and the South-
well coefficient of the blades on the natural frequencies of
the coupled system. These results are shown in figures
II-4 and II-5. Calculations were also made for a three-
degree-of freedom system (bending of the fuselage and bend-
mg of the blades on the front and rear rotors) and the result-
ing frequencies are compared with appropriate frequencies
for the eight-degree-of-freedom system in figure II-6 to
obtain some idea of the relative contributions of the various
degrees of freedom to the overall problem.

TABLE II-1.—PARAMETERS USED IN CALCULATIONS
(a) -Blade parameters (blades on front and rear rotor assumed to be 1dentical)

[wry = wg.g = 25.3 radiansfsec; Kr. = Kz, =82 Rr=m Rg= 210 In.j p = ¢ =3;
Ay = Mg = 0.1 Ib-sec?/In.]

Radial Mass First-bending,

locatlon, | distribution, | mode shape,
Statfon | rrorre, 1My Or ME norzn

in. Jb-secyin} | (nondimen-
slo:

1 10.5 3.03X1073 —0.09
2 3L6& 1.53 —.27
3 52.5 .67 —. {2
4 73.5 .59 -—.50
5 [N ] .59 -.5
6 115.5 .53 -.50
7 138.5 .45 —.34
8 157.5 .40 —.07
9 178.5 .50 .28
10 199.5 .59 .76

(b) Fuselago and engloe paramsters
{wsa = 89.2 radiansfsec; o, = 130 radians/sec; Af, = 2.861 Ibsec’/in.; 1/l = 0.735)

Length of Massof | First-bending|
Fusel fasel. mode shape,
Station | location, element element, mﬂm
L As, my AS, (no! en-
in, 1b-sec?/In. slonalized)
1 0 3244 128 Q.76
2 .123 32.44 1.98 .38
3 250 32 44 .42 153
4 .876 324 .80 —.21
5 500 32,44 2,12 —.38
[ . 623 24.46 .80 -—.38
7 . 735 40. 42 .23 -.27
8 .878 32.44 .81 .28
9 1. 000 32.44 L.58 1.00
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TABLE II-2—MODAL COEFFICIENTS

Nodal coefficients for natural frequencies—
@ @y ©y @y @y @y
0=0
Bo | commeee | commeeeee —~2.362 §6.38 —0.02010 0. 2635
-3
[ —— —0.6313 —157.3 0.1588 —1.786
) 2,652 —144.2 —L224 —1.301
% 3.209 15.7 —~1.888 1.174
b 1 1 1 1
L TR —182.1 2,802 L1043 L032
T —226.5 ~2,250 1.607 —0. 9300
-7 2 . —0.1233 —L212 | —0.1182 4.266
2=20 radiangfsec
% | -3 123.1 —0.2716 ®.21 —0.01219 0.03148
=
% | —0.9353 | —2253 —0.04228 —56.51 0.1701 —L748
T | 153.4 —2,183 —0.9310 —6222 —1.310 —1.330
w | 187.5 1,782 —1.308 43.95 —2.028 1.204/
B 1 1 1 1 1 1
W 0.6102 —28.11 —2L.40 1,060 1684 1.148
& 0.7558 21.31 —30.08 43.05 2.608 —1.040
O | —0.1227 —1LM6 —0.1252 —-2.282 | —0.1171 4.278
Q=30 radiansfsec
T | —1.552 62.72 —0.07493 35.59 0. 009242 0. 04096
E-3
b | —0.4512 | —113.6 0. 09565 —60.30 0.2010 —L775
T 6L00  {—L123 —1.369 —60.88 —L 425 —1.368
G 77.30 1.8 —2.045 4557 —2.242 1268
[ 1 1 1 1 1 1
6]} 0.1760 —15.41 —4.054 1,188 3.734 1.359
Y 0.2225 2.1 —6.968 —776.4 5.883 —L274
w | —0.1239 —-1312 -0.1223 —5.588 | —0.1128 4.203

Frequencies and mode shapes for the basic configura-
tion.—The basic configuration is designated by the param-
eters given in table II-1 which correspond closely to those
of an existing tandem helicopter. The natural frequencies
and mode shapes of the coupled system were calculated for
this configuration for three rotor speeds: namely, 0, 20, and
30 radians per second. The natural frequencies are plotted
in figure 1I-2 as a function of rotor speed, and the modal
coefficients are tabulated in table II-2 for each of the six
natural frequencies and for each of the three rotor speeds.
A rotor speed of 30 radians per second corresponds very
closely to the normal operating rotor speed for the chosen
helicopter. The modal coefficients presented in table I1-2
for this speed were used in equations (3) to (6) to obtain
the mode shapes which are presented in figure 11-3 and which
are also sketched in figures II-2, 114, and II-5 to identify
the modes of vibration that correspond to the different
natural frequencies of the coupled system.

The effect of coupling of the various degrees of freedom
on the natural frequencies is indicated in figure IT-2 by a
comparison of the coupled frequencies (shown by solid lines)
with the uncoupled frequencies (shown by short-dashed
lines). The curve for uncoupled blade first bending repre-
sents the blades of both the front and rear rotors. There
are also short-dashed curves for uncoupled blade flapping;
however, these curves cannot be seen inasmuch as they are
coincident with the frequency curve for the lower coupled
mode. The frequencies of the 2- and 38-per-revolution
harmonic component of the aerodynamic loading (desig-
nated 2-P and 3-P herein and indicated by the long-dashed
lines in fig. II-2) are also presented to permit comparison
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F1aure II-2.—Variation of natural frequencies with rotor speed.

with the natural frequencies. With the exception of the
engine translational frequency and the fuselage first-bend-
ing frequency, the differences between the coupled and un-
coupled frequencies are negligible at low rotor speeds. As
the rotor speed is increased, the uncoupled frequencies of
the fuselage mode and the blade bending modes approach
each other, and, as expected, the effects of coupling becomo
pronounced.

The helicopter used as an example for these calculations
has three blades on each rotor, and, therefore, the 3—P com-
ponents of the aerodynamic loading on the rotor blades are
additive at the respective hubs. Thus, the region of primary
importance on the frequency diagram of figure II-2 is the
region at or near the crosshatched marks on the 3-P line
which brackets the normal variation of the design rotor
speed.

Inasmuch as the two rotors rotate in opposite directions
with a phase difference of blade position on the two rotors of
approximately 60°, blades from both rotors are advancing
into the wind simultaneously three times per revolution of
each rotor. This condition suggests that the resultant 3-P
periodic forces at the two hubs are in phase and would be
particularly effective in the excitation of the symmetrical
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Frgure II-3.—Mode shapes of coupled rotor-fuselage system.

modes of the helicopter which have natural frequencies in
the general region of 85 radians per second. Figure II-2
shows that there are three coupled modes of the helicopter
which have natural frequencies reasonably close to the 3—P
frequency, two of which are symmetrical and the other anti-
symmetrical. In view of the preceding discussion, the date
of figure IT-2 indicate that at the higher rotor speed (30
radians per second) the response of this helicopter in the
third symmetrical mode to the 3-P oscillating excitation
forees would be increased substantially by resonance amplifi-
cation. TFurthermore, if there is a component of the 3-P
acrodynamic loading at the two rotor hubs which is out of
phase, it appears likely that the structural response in the
second antisymmetrical mode would also be increased by
resonance amplification.

The mode shapes presented in figure II-3 show that the
mode shapes alternate between symmetrical and antisym-
metrical configurations. The relative motion of the engine
with respect to the fuselage is shown to be negligible for the
lower frequency modes but becomes relatively large at the
highest frequency mode (sixth-coupled-mode shape).

EFFECT OF VARIATIONS IN UNCOUPLED COMPONENTS

Effect of natural uncoupled frequency of the fuselage.—
The anslysis presented in this report permits the inclusion
of the natural uncoupled frequency of the fuselage as one of

the parameters. This frequency can be calculated by ana-
lytical methods such as those of references 1 and 2; however,
this requires an accurate knowledge of the mass and stiffness
distribution of the fuselage which may be difficult to obtain.
The accuracy to which this frequency can be obtained ex-
perimentally for a given helicopter depends upon such con--
giderations as the manner of support and the type of shaker
installation. Since this frequency is one of the primary
parameters, it is of interest to determine to what extent the
natural frequencies of the coupled modes are changed by
variations of the uncoupled frequency of the fuselage. Con-
versely, if the natural frequencies of the coupled system for
8 known design value of the natural uncoupled frequency of
the fuselage are of such a magnitude as to lead to resonance
amplification of the structural response, it is desirable to
evaluate the extent to which the coupled frequencies can be
changed by varying the uncoupled frequency of the fuselage.
An indication of the change in the natural frequencies of
the coupled modes due to changes in the uncoupled frequency
of the fuselage is shown by the curves of figure II-4. The
calculations show that the frequencies of the second and
third symmetrical modes are changed appreciably whereas
the frequencies of the antisymmetrical modes are not af-
fected. Since the amount of fuselage bending in the anti-
symmetrical modes is negligible in comparison with the
amount of fuselage bending in the symmetrical modes, the


http://www.abbottaerospace.com/technical-library

180 I e

—
hii_‘todeshapesl
Blodes.

1A
160 = ____,./\/El\zh
¥

1

Engme ’ “

)
(]

\

3

3
|

T
B
\
A
\
kN
SoF s

v

0
60 70

80 90 100 110
wr,y, rodians/sec

Fraure II-4—Effect of natural uncoupled frequency of fuselage on
natural frequencies of coupled system. Q=30 radians per second.

results shown in figure II4 are in agreement with expecta-
tions.

Effect of Southwell coeficient for the blade first elastic
flapwise bending mode.—The value of the Southwell coef-
ficient chosen for the blade first elastic flapwise bending
mode has a direct effect on the uncoupled frequency of the
rotating blade. An indication of the effect of this parameter
on the coupled frequencies is shown in figure II-5. The
value of Ky, estimated by means of reference 4 for the blade
considered is 6.2 and the range of values chosen for these
calculations is believed to be more than adequate to allow
for estimation errors. These calculations show that the
coupled frequencies of both the symmetrical and antisym-
metrical modes which have frequencies approximately equal
to the uncoupled blade-bending frequencies are increased
slightly as the Southwell coefficient is increased, and that
errors in the values of the coupled frequencies due to the
estimation of the Southwell coefficient K, should not
exceed 2 or 3 percent.

COMPARISON OF RESULTS OF THREE-MODE AND EIGHT-MODE ANALYSIS

Figure IT-2 shows that the uncoupled modes which are
primarily affected by coupling in the frequency region of the
3-P excitation forces are fuselage bending and the bending
of the blades on the front and rear rotors. Calculations were
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Fieure II-5.—Effect of Southwell coefficient for blade first elastic
flapwise bending on natural frequencies of coupled system. 2=30
radians per second.

made to determine how well the frequencies of the coupled
modes could be predicted by using only these three uncoupled
modes. The calculation procedure consisted of retaining
only the fifth, sixth, and seventh rows and columns of the
frequency determinant of equation (11). The results are
given in figure II-6 together with the corresponding fro-
quencies obtained from the eight-mode analysis. A com-
parison of the frequencies for the two cases shows that the
frequencies calculated by the three-mode analysis are from
3 to 6 percent lower than those obtained by the eight-mode
analysis, and suggests that a three-mode analysis might be
useful for obtaining a first approximation of the coupled
frequencies in this region for configurations similar to the one
treated herein.

CALCULATION OF THE RESPONSE OF THE HELICOPTER TO
APPLIED LOADS

The methods developed in the previous sections of this
report were applied to calculate the amplitudes of the re-
sponse of the helicopter at the location of the cockpit for
harmonic oscillating forces applied at the front and rear rotor
hubs. The amplitudes of vibration were calculated as a
function of frequency of the periodic force for one value of
damping (g,=0.1) and at a rotor speed of 30 radians per
second for the four cases which follow:
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from three-mode analysis with corresponding frequencies from eight-
mode analysis,

Case I: Oscillating force of unit magnitude applied in a
vertical direction at the front rotor hub.

Case II: Oscillating force of unit magnitude applied in a
vertical direction at the rear rotor hub.

Case IIT: Oscillating force of one-half unit magnitude
applied in a vertical direction at both the front and rear rotor
hubs in the same direction.

Case IV: Oscillating force of one-half unit magnitude
applied in a vertical direction at the front and rear rotor
hubs in opposite directions (producing a pure pitching mo-
ment on the fuselage).

The in-phese and out-of-phase components of the response,
or cockpit deflections, are given in figures I1-7 and IT-8 as a
function of frequency for cases I and II, respectively. The
natural coupled frequencies are indicated by the vertical
dashed lines at’ the bottom of the figures. The response
curves are presented to familiarize the reader with the nature
of the components and as an aid in the calculation of the
cockpit deflections due to other combinations of loads at the
front and rear rotor hubs. The cockpit deflections for cases
IIT and IV as well as for cases I and II were obtained by
suitably combining the in-phase and out-of-phase compo-
nents of figures ITI-7 and II-8 as outlined in the analysis
gection.

The amplitude of the cockpit vibrations resulting from the
oscillating forces applied to the hub in the four cases pre-
viously outlined are given in figures II-9 to II-12, respec-
tively. Before discussing these figures, the reader’s atten-
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tion is again directed to figure II-2 where, at the rotor speed
of 30 radians per second for which these response calculations
are appropriate, six distinet natural frequencies are indicated
within the range from 0 to 180 radians per second. These
natural frequencies are indicated by the vertical dashed
lines at the bottom of figures II-9 to II-12. For the hypo-
thetical case of zero damping, it is expected then that the
response curves similar to those of figures 1I-9 to IT-12
would indicate six peaks of infinite amplitude at frequencies
corresponding to the natural frequencies. With the in-
clusion of & small amount of damping, these peaks become
finite and as the damping is progressively increased some of
the peaks disappear. The peaks which remain when the
forces are applied in a given manner indicate the modes in
which the given forces are more effective in doing work.

The curves of figures II-9 to II-12 show the responses
obtained for g,=0.1 for the four cases investigated. The
manner of application of the load in each case is indicated
in the figure by the accompanying sketch of a tandem
helicopter. In a few instances where the number of cal-
culated points, indicated by the small circles, are insufficient
to define the peaks completely, the peaks are indicated by
the long-dashed lines. All the figures indicate peaks at
frequencies of approximately 32, 72, and 92 radians per
second and show that the coupled modes which contribute
most to the responses are the second, third, and fifth coupled
modes, respectively, of figure I1-3. This effect was also
observed during the calculations by inspection of the values
of the individual values of P, and @,. (See eq. (24)). The
most significant deviation from the general trend of high
responses at forcing frequencies near the natural frequencies
of the aforementioned coupled modes is found in figure
IT-12. In this case, the response to forces applied so as to
produce & moment on the helicopter is found to diminish
considerably at the higher forcing frequencies. This redue-
tion of the response at the higher frequencies appears signif-
icant because it indicates that, if the aerodynamic forcing
functions which are usually encountered in flight could be
forced to occur in an antisymmetric manner, the response
at a frequency of 3—P or 90 radians per second would be
substantially reduced over that obtained for symmetrically
applied loadings as shown by figure II-11.

Perhaps one of the most significant points brought out
by these studies is the fact that it is not always possible to
obtain the natural frequencies of all the coupled modes of a
structure by observing the response of the structure to
arbitrary inputs. Conversely, if the applied loads are
realistically chosen to be representative of those encountered
under normal flight conditions, the peaks of the response
curve appear to give fairly good indications of the natural
frequencies of the more important coupled modes.

CONSIDERATIONS REGARDING FURTHER REFINEMENT OF THE METHOD

The studies presented in this report—although believed
to be useful in the evaluation and reduction of the critical
vibrations of tandem helicopters by emphasizing the im-
portance of coupled natural frequencies and mode shapes,
providing a method for estimating them, and, in turn, using
them to determine the response of the helicopter to applied
loads—do not provide a complete answer to the problem.
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unit magnitude applied at front rotor hub.
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F1aure [I-9.—Effect of forcing frequency on amplitude of vibration of cockpit. Oscillating foree of unit magnitude applied at front rotor hub.


http://www.abbottaerospace.com/technical-library

METHODS FOR DETERMINING THE COUPLED VIBRATION RESPONSE OF TANDEM HELICOPTERS 1075

_-——I

i
|
| |
|
!
|
*\

" L p‘ [I \
NI
Il

| I

|

f’

.06

Not frequencies.

.02

¢] 20 40 60 100 120 140 160 180

w, radions /sec

Fiaure 11-10.—Effect of forcing frequency on amplitude of vibration of cockpit. Oscillating force of unit magnitude applied at rear rotor hub,
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Fiaure II-11.—Effect of forcing frequency on amplitude of vibration of cockpit. Oscillating force of unit magnitude equally divided between
front and rear rotor hubs and applied in same direction.
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front and rear rotor hubs and applied in opposite directions.
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For one thing, the number of degrees of freedom treated,
although they are believed to be the more important ones,
are not nearly sufficient to predict all the coupled frequencies.
A more complete analysis would also include the fore-and-aft
motions of the front and rear rotor hubs, the pitching motions
of the engine, and the chordwise motions of the blades in
bending and rotation about the drag hinge. In fact, each
blade should be treated as an independent flexible structure,
subject only to the boundary conditions imposed by the
vibrating hub to which it is attached. The complexities
of treating such a system analyticelly are apparent and
they exceed the intent of the present report. )

The method of analysis presented in this report for the
longitudinal. vibrations—namely, the coupling of the struc-
tural properties of the uncoupled components of the heli-
copter to obtain the natural frequencies, mode shapes, and
response of the coupled system—also appears applicable to
the treatment of the case of coupled side bending and torsion
of the fuselage. Vibrations of this type have been observed
in tandem helicopters and a study of the effects of the
significant parameters involved would provide useful design
information.

CONCLUDING REMARKS

A method is presented for the calculation of the coupled
frequencies and mode shapes of vibrations in the longitudinal
plane of symmetry of tandem helicopters. The coupled
frequencies and mode shapes are then used to calculate the
response of the helicopter to applied loads. Sample calcula-
tions were made for an existing helicopter and these calcula-
tions yield the coupled frequencies and mode shapes and the
deflection of the cockpit to oscillating loads applied at the
front and rear rotor.hubs. The mode shapes, both sym-
metrical and antisymmetrical, show the relative deflections
of the various components of the structure when excited in
a given mode.

REPORT 1326—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

The results of the calculations for the helicopter chosen
show that the natural frequencies for the coupled modes may
differ considerably from the natural frequencies for the un-
coupled modes; therefore, there may be a need for making &
rather comprehensive coupled-mode analysis so that regions
of adverse dynamic response can be detected and avoided.

The results of calculations for different values of the
uncoupled natural frequency of the fuselage indicate that
the natural frequencies of the symmetrical coupled modes in
the general range of the uncoupled frequency of the fuselage
vary appreciably with changes in the uncoupled frequency
of the fuselage; however, the effect on the natural frequency
of the antisymmetrical coupled modes is negligible. An
increase in the values of the Southwell coefficient for the
blade first elastic flapwise bending mode resulted in a small
increase in the coupled frequencies of both the antisym-
metrical and symmetrical coupled modes having frequencies
in the proximity of the blade frequencies.

The response calculations show that the amplitude of theo
vertical vibrations of the cockpit changes appreciably with
changes in frequency, point of application, and manner of
application of applied oscillating forces. High amplitudes
occur when the frequencies of the applied oscillating forces
are approximately equal to the natural frequencies of the
second, third, and fifth coupled modes of the helicopter and
the results of calculations indicate that the contributions of
other modes to the vibrations of the cockpit are secondary
for the specific forces chosen. The results indicate that the
vibration of the cockpit due to oscillating forces having a

frequency of 3 per revolution (3-P) or 90 radians per second

are substantially greater for forces applied symmetrically at
the front and rear rotor hubs than for forces applied anti-
symmetrically. The results also emphasize that it is very
unlikely that all natural frequencies of a helicopter could bo
obtained by observing the response of the helicopter to
oscillating forces applied at any given point.
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APPENDIX

STEPS IN REDUCING THE ORDER OF THE MATRIX EQUATION
PROCEDURE WHEN 0340

When 2540, the matrix of the differential equations of motion, equation (11) of the text, can be written in concise

notation of submatrices as follows:
_[led 1817 {m3\ _1[007f{m}) _ '
(] {n) [Lﬂ'[al {na} w*[me {m}} 0 @y

where

MAMA MMy M4 Mot 0
= l l k\? IAY 42
Mot 2 (5)+4(%) +oe

|:Ao B, Ma’.lll(la)+PIVIF’1/1(Q)+§ZMB’!!1(Z) A, By M,
[8]=

l . l (A3)
0 B M,T"yl (le) F+aMryi\l) 0 B M,—l’-
|8)'=Transpose of |S] (A4)
B G 0 7:(0) 4, 0 0 0 N
0 D, (D) B,y 0 0 0
1A yi()Bo My +Myll)+ 104 1B Myl
= vl a5)
0 0 17:1(0). 4, G 0 0
0 0 1 (8) By 0 D, 0
| o 0 M@ 0 0 M, |
0,08 -
Dy0?
[d= fon Mo (A6
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and

{m}="1 bl (A8)

o3
If [e)=a, {m}=n, and so forth, then the algebraic expressions for the mdtrix equation, equation (A1), are as follows:

emy+Bn=0 (A9)
Bt om=; em (A10)

If equation (A9) is solved for 7, and the result substituted into equation (A10), then
(6—B'a™h) m=§ eng (A11)

Multiplication of equation (A11) by the inverse of e reduces it to the desired form; however, the resulting matrix is
unsymmetrical and poorly conditioned. These characteristics are undesirable if iteration procedures are used to determine
the frequencies and mode shapes, particularly so in this case because the frequencies are in some instances nearly equal
to each other. The condition of the matrix can be improved and the matrix can be made symmetrical by the following

transformation:
1/; m=£ (A12)

which yields the final matrix
[Ve e—praone =5 =0 (A13)

The natural frequencies are then obtained when the determinant of equation (A13) vanishes. When the natural fre-
quencies are substituted back into the matrix (eq. (A13)) and the value of unity assigned to one of the coefficients (for example,
£), the rest of the coefficients &, &, and so forth, can be obtained. If an iteration procedure is used, the values of £ are
determined simultaneously with the natural frequencies. In either case, the mode shapes are then obtained as follows:

m=—a"BJe ¢ (A14)
m=-e & (A15)

The relative magnitudes of the elements of equation (A13) are illustrated by the following matrix which results when
Q=30 radians per second and the parameters are those for the basic configuration:

and

~ .. oA
0. 0001715—-‘% —0. 00002270 0.00008273 —0.00001944 0.0001195 —0.00002808 &
—0.00002270 O. 00004242—;,-1; —0. 0000004435 0. 0000001042 —0.00003199 0.000007518 &
0. 00008273 —0. 0000004435 0. 001030—% 0. 00001907 0.00002841 —0. 000006676 I

: { Y=o (a16)
—0. 00001944 0. 0000001042 0.00001907 O. 0001563—% —0. 000006676 0. 000001569 &
0. 0001195 —0.00003199 0.00002841 —0.000006676 0. 001039—% 0. 00001684 &
—0. 00002808 0.000007518 —0. 000006676 0.000001569 0.00001684 O. 0001568—% &

d0 J
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PROCEDURE WHEN 0=0

When =0, the frequency parameter 1/w® occurs in only the last four rows and columns of equation (11). The traps-
formation of the matrix for the solution in this case is accomplished in the same fashion as for 2740 except that the submatrices
(a, B, B, 8, ¢ m, and n, of eq. (A1)) are of the fourth order. The relative magnitudes of the elements of the final matrix for
Q=0 and for the basic parameters are shown by the following equation:

1

. =
0. 0001516—(—:; —0. 00006283 —0. 00009185 —0. 00001905 (El

—0. 00001905 —0. 0000003405 0.00002506 O. 00004143—‘%J E‘J
-

—0. 00006283 0. 001515—-? 0. 00001759 —0. 0000003405 &
It (A17)
—0. 00009185 0.00001759 O. 001521—(% 0. 00002506 &
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