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SUMMARY

This report presents a dynamic gust analysis of the Boeing Model 720B
airplane and outlines two procedures for assessing gust design strength
for future civil transports. This work was conducted under subcontract
for the Lockheed-California Company in support of their study contract I
with the Federal Aviation Agency (FAA) to develop a power spectral gust
design procedure for civil aircraft.

The procedures outlined are based on two approaches. The first is the
design envelope approach, the second is the flight profile approa h. In

[ the design envelope approach, certain flight conditions are established
by successive analyses to determine the most critical flight condition
for a given portion or component of the airplane for either vertical or
lateral gust loads. The one-factor level flight load added to the rms
load times a particular constant will Jlst equal the limit design strength
of the component. This constnnt, aw nd, represents an effective gust
intensity which would just stress the structure to its limit design
strength.

The object of the flight profile approach is to determine the expected
number of flight hours that the airplane could be operated before the
limit design strength of any of its major components would be exceeded.
The flight profile approach requires a description of airplane operation
in terms of flight profiles that best typify the airplane usage. A sep-
arate power spectral analysis is conducted for each of the profile condi-
tions. In addition, a description of the atmosphere applicable to thecondition altitude is determined. From this information, the expected

number of hours required to exceed the limit strength is computed.

The 720B airplane was studied for both concepts, first, by using the
bending moment on the wing, fuselage, and vertical tail as indicies of
their strengths. This procedure was used to locate critical flight con-
ditions, critical portions of the structure, and to obtain preliminary

values of 0w Id by the design envelope approach, and expected hours to
fly to exceed limit design strength by the flight profile approach.

The second step was to study the more critical structural areas using a
joint probability stress analysis approach developed by Boeing. The
critical values of 0 d and hours to fly to exceed limit design strength
of each structural element in the critical area were determined. The
results of these analyses indicate that the design envelope and flight

S. profile approaches give results that are in general agreemer .
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INTRODUCTION

Background

Gust load formulas embodying a number of simplifying assumptions have
been used in the United States for over 30 years to calculate gust loads
for airplanes. The underlying concept in the use of a gust formula is
that measured airplane center of gravity accelerations due to continuous
turbulence can be used to derive effective or derived gust velocities for
specified gust shapes. These derived gust velocities for a specified
gust shape, in turn, can be used to calculate the accelerations on other
airplanes by reversing the process. Therefore, a gust load foru.1a re-
lates the peak gust induced accelerations on a given airplane to theIpeak accelerations expected on other more or less similar airplanes for
flight through the same continuous rough air. It is clear that when newer
airplanes differ significantly from past or present successful airplanes
on which acceleration measurements have been made, the simple gust
formula approach may not be adequate.

When a proposed airplane design or mode of operation does differ signifi-
cantly from past practice, the aircraft manufacturer and the certifying
agency must cope with the problem of providing adequate strength for gust
loading. Ideally, the risk of exceeding the limit design gust loads per
flight hour for the new airplane should be just equal to the risk of
exceeding the limit design gust loads per flight hour for the older proven
airplanes.

An evaluation to establish gust loads for new airplane designs should
rely on rather detailed theoretical dynamic analyses that can adequately
describe the behavior of the new airplanes relative to the older proven
models. A generally accepted analysis technique that is used to account
for differences in airplane dynamic responses and in modes of operation
is power spectral analysis. The theoretical technique for using gener-
alized harnionic analysis or power spectral analysis methods in the air-
plane gust loads problem have been developed and summarized by the
National Aeronautics and Space Administration, (NASA). (1,2)*

The contracting agency, Federal Aviation Agency, (FAA), has assumed that
the manufacturers of given airplanes can best analyze their own designs,
since they are most familiar with the developmental wind tunnel and
structural testing, the detailed construction, and the manner in which
the airplanes have been used in day by day service. After an evaluation

*Numbers in parentheses refer to items in the list of references. I

I

1
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of detailed proposals submitted for this study, the FAA contracted with
the Lockheed-California Company, Burbank, California, to study the

Lockheed Electra, Model 188, a medium weight, straight wing, 4-engine,
turboprop airplane and the Lockheed Constellation, Model 749, a medium
weight, straight-wing, 4-engine, reciprocating engine airplane. In
addition, the FAA arranged to have The Boeing Company, Airplane Division,Iparticipate in the study under a subcontract with Lockheed to conduct a
study of the Boeing Model 720B, a medium range, swept wing, 4 -engine,
jet transport airplane. A view of the 720B airplane in flight is shown
in Fig. 1.

Approach

Even though the basic power spectral technique is well defined, the
problem of establishing specific gust design levels for new airplanes
requires that a concerted effort be made to establish the relationship

between the stresses induced in critical structural elements of existing
successful airplanes and the design strength of these elements. In this
manner, an estimate can be made of the expected number of flight hours
that proven airplanes can be expected to operate before the limit design
strengths of their various structural elements are exceeded. This ap-
proach requires an intimate knowledge of the airplane usage, and is
commonly referred to as the flight profile approach. A second approach
involves computation of the statistical probability of exceeding t 'e
limit strengths of critical structural elements when the airplane . being
flown in a manner to most highly stress that portion of the airplane
containing the critical elements. The level of gust intensity at a
given altitude that would just stress the structural element in question
to its limit strength provides a measure of gust intensity that might
logically be used on a new design for the same altitude. This second
approach is referred to herein as the design envelope approach. Both of

these approaches are exercised in the analyses that follow.

The approach of establishing gust design levels for new airplanes by
strength analyses of older successful airplanes raises the question of
sensitivity of the analysis procedure to the various parameters used in
the analyses. Therefore, the results are studied to determine the sen-

sitivity of the analyses to variations in aerodynamic parameters, the
mathematical model, and in assumed airplane usage.

2

L
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I
NOMNCLATURE

x, e Shear stress, psi

y , f Axial stress, psi

X0 , o Yo, fo Steady stress values, shear and axial stress,

respectively, psi .

F Allowable shear stress, psi

Ft Allowable axial stress, psi

Z Stress vector,

Z Stress velocity vector,

ax, ay, a a , a/3 Root mean square values (standard deviations)
for x, y, a, and [3 , respectively

Ox(CU), oy(c)) Power spectral density functions for random
process x(t) and y(t), respectively

Ox/(W) Cross power spectral density function for

x(t) and y(t)

cCircular frequency, rad. per sec.

P Correlation coefficient for x(t) and y(t)

a , Time rate of change of x and y, respectively

p (x), p(y) Probability densities of x and y

p (x,y) Joint probability density of x and y [

f (x, a ,y,f3) Probability density of x, a ,Y3

MS Margin of safety .

p (Ms<O) Probability that MS is less than zero or
percent time that MS is less than zero t

IlA
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P(MS>O) Probability that MS is greater than or
equal to zero

C A curve on xy-plane

N Unit vector normal on C

[ ] Column matrix

L Row matrix

Nc  Total number of passages across an arbitrary
curve per second or per foot traveled

aw, av Root mean square gust velocity, ft. per sec.

S('w) Probability density distribution of a.

V Velocity, ft. per sec.

G Expected exceedances of limit design strength
per hour

Af, A Root mean square stress response for a w of
unity, psi per ft. per sec.

No  Number of times per unit time or distance
that a time-history crosses its mean value
with positive slope; or negative slope

---
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II

DESCRIPTION OF THE ATMOSPHFE

Gust Power Spectrum

Certain statistical. estimates for Loads, accelerations or stresses flor
flight vehicles can be obtained by generalized harmonic analysis tech- -'

niques if sufficient statistical information is available for the random
forcing environment. If it can be assumed, as has been done ft'r the
current study, that (1) the turbulence is essential.ly frozen and the air-
plane penetrates or passes over the turbulence much as an automobile
would travel a rough road, and (2) if it is assumed that the spanwise
effects of the turbulence are not of major importance, then a one-
dimensional power spectral approach is adequate.

If it is further assumed that the turbulence is isotropic; that is,
statistically invariant for any rotation of translation of the coordinate
axis system; then, a single power spectral density function can be used
for separate vertical and lateral analyses for a given flight condition.
The assumption that there is no significant aerodynamic or inertia
coupling between vertical and lateral airplane degrees of freedom is
made when it is assumed that separate oruncoupled vertical and lateral .

dynamic analyses will suffice. All of these rather restrictive assump-
t tions have been made for the analyses discussed herein; and a constant

parameter normalized power spectral density function was chosen to rep-
resent atmospheric turbulenco for all altitudes.

A meeting was held with NASA and FAA personnel at Langley Field on
March 10, 1964, to disc ss the atmospheric turbulence description to be
used in this program. 3) These discussions resulted in the choice of
an isotropic turbulence power spectral density function and NASA's con-
sent to provide operational VGH data for the three airplane types being
studied. The VGH data was provided to aid Lackheed in determining a
probability distribution for root-mean-square (rms) gust velocity to be
used with the selected spectrum shape. These two functions provided a
sufficient atmospheric turbulence model for the overall study.

LL
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'The atmospheric turbulence of spectrum chosen was as follows:

2 8a22L 1+ (1.339 L 2

17 [+ (1.339 LQ 2

A scale of turbulence, L, of 2,500 feet was selected. This spectrum
shape, designated as the "isotropic turbulence," Case I spectrum, has
been extensively evaluated by NASA and appears to provide a good fit to
their experimentally determined gust spectra.(2) The 2,500 ft. scale of
turbulence is most probably low, and would be expected to give a somewhat
conservative or high number of load or stress exceedance counts per unit
time. NASA's experience indicates a scale of turbulence for the above
power spectrum in the order of 3,000 to 6,000 ft. A comparison of the
Case I spectrum shape chosen for this study, and the commonly used Case
II isotropic turbulence spectrum with a scale of turbulence of 1,000 ft.
is shown in Fig. 2.

Distribution of RMS Gust Velocities

The power spectral analysis approach used herein is applicable only to
stationary Gaussian continuous turbulence, but atmospheric turbulence is
not statistically stationary or Gaussian over long distances. The
statistical quantities used to describe turbulence vary with altitude,
wind condition, terrain roughness, temperature gradient, season of the
year, and a host of other variables. However, it has been observed that
the power spectrum shape from 1,000 to 40,000 ft. above the terrain is
reasonably invariant. As a result, NASA has proposed that atmospheric
turbulence be considered locally Gaussian and stationary and that the
total experience of flying through rough air be considered to be made up
of a range of exposures to turbulence of various intensities all using
the same shape power spectrum. Thus, they have proposed Vh t a statis-

* tical distribution of rms gust intensities be considered.kl) The pro-

*posed probability density function for rms gust velocity is,

I 2

1 /2
bb e

[ I 2
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Eq. (2) leads to an expression for the number of times per unit time that
a given load level, y, is exceeded,

G(y) = PNoeY/bl +P 2N oey/b2  (3)

where,

No  number of times per unit time that the
y-time history crosses its mean value
with positive (or negative) slope

Pl P fraction of time or distance flown in
nonstorm (light) turbulence, and fraction
of time or distance flown in storm (heavy)
turbulence, respectively

bl, b2  turbulence scale parameters for nonstorm
and storm turbulence, respectively

A rms value for the load quantity, y, per
unit rms gust velocity

The zero crossings per unit time, NO, is a function of the shape of the
gust power spectral density function. As a result, when a new spectrum
shape is chosen, the values for P1, P2 , bl, and b2 must be re-evaluated

to provide load results which agree with flight data

Lockheed investigated the turbulence parameters P1, P2, bl, b2 and ar-
rived at the relationships shown in Figs. 3 and 4. These turbulence
parameters were determined not only from a substantial sample of airline
VGH data, but also from data obtained from military operations at higher
altitudes. Most of the basic data was obtained from a summary report
prepared by the Douglas Aircraft Company, Inc., Long Beach, California,
under contract with the Flight Dynamics Laboratory, Wright-Patterson Air
Force Base, Ohio. 4)

I#
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I[

ANALYSIS CONDITIONS

Estimated Airline Usage of 720B Airplane

The airplane configurations analyzed during this study were selected to
provide statistical l6ads and stress information for use with two dif- .

ferent design approaches. One approach, flight profile analysis, re- [
quires information based on actual airplane usage and reflects the speeds,
altitudes, and gross weights experienced during routine airline operation.
The second approach, design envelope analysis, requires the generation
of statistical loads estimates for critical design points on or within
the speed-altitude design envelope.

A survey of the airline usage of 720 and 720B airplanes was made to
determine the airplane usage most appropriate for flight profile analy-
sis. Three airlines, whose route structures were representative of the
fleet usage, were chosen for the survey. These airlines operate a total
of thirty-seven 720/720B airplanes or 30 percent of the entire 720/720B
fleet. The survey consisted of compiling the usage of these airplanes
in terms of the ttal profiles flown for particular profile lengths.
The profile intervals chosen varied from 100 to 2,600 n. miles in 100 n.
mile intervals. One flight profile or segment is comprised of a single i
takeoff, climb-out, cruise, and descent. The results of this survey are --

presented in Fig. 5(a) in terms of profile length as percent of the total
profiles flown. A comparison of thege results with the results of the
NASA VGH data for 707-300 airplanes (3) is shown in Fig. 5(b). The
comparison is made in terms of the percent of total profiles flown versus
profile duration in minutes. It can be seen that there is a definite
similarity between the operation of 707-300 airplanes and 720/720B. air-
planes for the shorter flights. As would be expected, the longer range
707-300 shows a greater usage over longer segments than 720/720B ;
airplanes.

The selection of representative analysis profiles was based on a distri- -
bution of time spent on the various flights.. This distribution, shown
in Fig. 5(c), differs from the percent of segments flown, Fig. 5(a),
because each segment was weighted by the segment flight time. The flight
segment duration information in Fig. 5(c) was used to establish the re-
presentative flight profiles for the analysis of the 720B airplane.

Values of indicated airspeed versus altitude based on the NASA VGH
data (3) were used for the flight profile studies. A comparison of the
recommended airspeeds with the average operational speeds is presented in
Fig. 6. This comparison shows that the actual operating airspeeds are
less than the recommended speeds at the lower altitudes, while at the

L 12
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higher altitudes there is better agreement between the recommended and

operational speeds. The statistical values for indicated airspeed were
used in the flight profile analyses in order to be as consistent as
possible with the operational experience.

Flight Profiles for 720B Analyses

Five profiles were chosen from Fig. 5(c) for the dynamic analyses. The 4
five basic and alternate profiles are shown in Figs. 7 through 11. Pro-
files I through V have ranges of 350, 600, 1000, 1600, and 2500 n. miles
for flight durations of 55, 85, 135, 205 and 325 minutes, respectively.
The variations of gross weight and speed are also given in Figs. 7 through
11. The gross weight at the beginning of each flight profile is based I
on the prescribed fuel loading necessary to accomplish the flight plus
10,000 lb. of reserve fuel for holding or alternate field requirements.
The cargo compartments were considered to be fully loaded on a space
limited basis, and the passenger load factor was assumed to be 55 percent.
This load factor was the 1963 average for 720 and 720B operations by
United States airlines.

Flight Profile Analysis Conditions

A summary of the flight profile analysis conditions is given in Tables 1

and 2. Conditions 1, 2, and 3 were selected to represent the climb
portion of Profile III, Fig. 9. Results from analysis for these condi-
tions allowed a study to be made of the variations of load and stress
exceedance data for climb at an average climb gross weight. Parametric

variations in gross weight at the 15,000 ft. altitude, Conditions 4, 5,
and 6, provided information to account for the climb portions of other
profiles. Three cruise conditions, Conditions 7, 8, and 9, were selected

to examine the varidtions in loads with cruise altitude at a constant
gross weight. These points are indicated on Profile II, Fig. 8, as
Options A and B, and on Profile V, Fig. 11. Two additional conditions,
Conditions 10 and 11, were studied for the same 35,000 ft. altitude at
different gross weights to account for the fuel burn-off during cruise.
Conditions 12 and 13, for altitudes of 10,000 and 20,000 ft., respec-
tively, were chosen to evaluate the descent. The descent portions of
all the profiles are the same; therefore, the results obtained for one
descent were applied to all'profiles.

15
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Design Envelope Analysis Conditions

The design envelope analyses conditions selected initi y were based on
conditions used in the airplane design loads analysis 5J. A summary I
of all design envelope conditions analyzed for the vertical and lateral
analyses are given in Tabled 3 and 4, respectively. The first design
envelope vertical analyses were conducted for the airplane cruise speed,
Vc, of 375 kt. equivalent, Mach .873, at an altitude of 22,000 ft. Four
gross weight configurations were analyzed for this speed and altitude to
determine the most critical condition. The conditions were operating

weight empty, 119,700 lb.: maximum zero fuel weight, 156,000 lb.; fuel I
transfer weight, 186,000 lb.; and maximum flight weight, 221,600 lb. The
conditions that were most critical were then examined at VC speed, 375
kt. at 5,000 and 15,000 ft. and at M0 speed, Mach No. .90 at 30,000 and
40,000 ft. to obtain the load and stress variations with changes in
altitude. At the critical altitudes determined from the foregoing results,
three speed variations were conducted. The speeds chosen for the varia-
tions were VB, 253 kt. EAS; 300 kt. EAS and VD, 445 kt. EAS to Mach .95.

Combining the results from the speed, altitude and weight configuration
variations, the boundary of minimum margins was determined. A tabulation
of the design envelope analyses conditions for the vertical analysis is I
given in Table 3. These conditions are also indicated on the speed

altitude diagram in Fig. 12.

The design envelope conditions selected to isolate the most critical 1.
point for the lateral analyses were slightly different from those for the
vertical analyses because the lateral response is not sensitive to the
specific details of fuel loading. A high gross weight, which tends to I
give lower Dutch roll stability, was selected and six solutions were
obtained at Ve for altitudes ranging from 15,000 to 43,000 ft.

Additional conditions were analyzed to evaluate the effects of other
parameter variations such as wing bending and torsional stiffness, fuel
loading, number and limits of discrete frequencies used in the analysis,
yaw damper operation and lateral aerodynamic stability parameters. A
summary to the parametric variation conditions is given in Table 5.
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ANALYSIS

General Remarks

The Boeing Model 720B airplane was used to idealize the basic mathemat-
ical. models for all analyses. Fig. 1 shows the airplane in flight.
This airplane requires a crew of three, pilot, copilot and flight engi-
neer, and has a maximum range of 3,300 miles. The airplare normally
cruises from 15,000 to 40,000 ft. at gross weights in excess of 200,
000 lb. and at speeds up to 615 miles per hour. The airplane has a
wing span of approximately 131 ft., and an overall length of approxi-
mately 137 ft. A more detailed 3-view diagram of the airplane is
shown in Fig. 13.

All major parts. of the airplane except the horizontal stabilizer were
considered to be elastic in the analyses. Therefore, a rather compre-
hensive mass and stiffness description of the airplane was required.
Simple beam bending theory was used to represent the stiffness char-

acteristics of the major components such as the wing, forward and aft
fuselage, and the vertical tail. The elastic axes were generally lo-
cated on the locus of shear centers along each component, but were ad-
justed to agree with information obtained in previous airplane static
testing.

Structural damping for the various airplane flexible mode4 of vibration
was taken directly from whole airplane shake test resultsk ]7).

Considerable airplane test data was available to formulate the mathe-
matical models that were used in the analyses of the 720B. The methodused to represent the deta;.led aerodynamics, mass, and stiffness
characteristics are not complex, but they do provide a solid basis for

understanding the airplane's dynamic response characteristics. The
airplane responses obtained herein by analysis show good agreement with

static aeroelastic results for slow maneuvers and with flutter analyses
for the higher frequency elastic responses.

Airplane Mass Data

The weight and inertia data for the analyses were originally calculated
from released detailed drawings and have been updated as drawing changes
or actual weights became available. The airplane fuselage was divided
into eighteen panels and the mass properties in the form of weight,
center of gravity, and mass moments of inertia for pitch, roll and yaw
were determined for each section. Mass data for the operating weight
empty (OWE) configuration and for full and partial payloads were cal-
culated to facilitate selection of partial payload conditions.
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The wing structure and contents with the exception of fuel were divided
into ten spanwise panels. Each of these panels was further divided into
five zones: the leading edge, front spar, inner spar, rear spar and
trailing edge. The weight and center of gravity were calculated for each
zone and summed to give the total panel weight and center of gravity.
The total panel mass moments of inertia were computed by rotation and
transfer of zone results into axes parallel and perpendicular to the
wing elastic axis.

The vertical tail structure and contents were divided into seven span-
wise panels and the section mass properties were calculated in the same
manner as the wing. The horizontal stabilizer was considered as a
single panel for these analyses. The lumped mass properties for the
horizontal stabilizer were obtained by combining previously panelled
data which were obtained in the same manner as the wing and vertical
tail data.

The mass properties for each JT3D-l engine, naceiie, and nacelle strut
were combined, and a lumped center of gravity location determined. Then,
the nacelle mass moments of inertia were determined for axes perpen-
dicular and parallel to the airplane reference axes.

The fuel mass properties were obtained for conditions representing fuel
loadings of 25, 50, 75 and 100 percent of full fuel. The particular
percentage used was determined by the flight condition being analyzed.
Fuel weights and cg positions were calculated by a computer program

which accounted for the geometry of each tank.

The accuracy of the mass properties used in these analyses is estimated
to be within 1.0 percent for the total airplane weight, 2.0 in. for
total airplane center of gravity location, and 3.0 percent for the total
airplane mass moments of inertia. Also, it is estimated that the
panelled mass data and the major airplane component mass data are ac-
curate to similar limit.

Component Stiffnesses

The stiffness characteristics of each major component of the airplane
was described by a distribution of bending stiffness, EI, and torsional
stiffness, GJ, along the elastic axis. The wing section properties
were computed using front and rear spar areas and all inspar skin for
both the upper and lower surfaces. Values for the modulus and shear
modulus of elasticity, E and G, were 10.3(10)6 and 3.8(10)6 psi, re-
spectively. The body section properties were computed using stiffeners
with full skin effective in tension and 2W widths of skin effective in
compression. The body cutout sections were handled on an individual
basis by special analysis.
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The section properties for determining the bending stiffness of the ver-
tical tail were computed using front and rear spar chord area with 2W
widths of skin assumed effective on the compression side of the rear
spar chord in trailing edge beam areas. Fully effective tension skin
was assumed between the front and rear spars and for balance panel

covers. Near the body intersection, the inspar skin and front spar
areas are assumed to be partially effective because of shear lag. The
section properties for the determination of the torsional stiffness of
the vertical tail were computed using front and rear spar areas and all
inspar skin for both surfaces.

Aerodynamics - Vertical Analyses

The stresses induced into the airplane structure for unaccelerated flight
in turbulent air result from the sum of the one factor aerodynamic and
inertia forces on the airplane, the gust forces, and the dynamic re-
sponse forces. The one factor flight loads and stresses were added to
the respective incremental dynamic loads and stresses to assess the
strength capabilities of the 720B airplane for flight in turbulent air.

The one factor level flight loads, that is bending( oints, shears, and
torsions, were determined by aeroelastic analyses. '''All of the
basic aerodynamic data required for these analyses were obtained from a
series of wind tunnel tests performed for the entire Mach number range.
Wind tunnel pressure model test results were used to establish wing, J
fuselage, ani vertical tail airload distributions. The section lift and
moment coefficients were corrected for model flexibility before they
were used for full scale airplane analysis, and were later refined to
obtain final agreement between the aeroelastic analyses and actual air-
plane flight load survey measurements.

The rigid airplane aerodynamic section coefficients, corrected to pro-
vide agreement with flight measurements, can be used to obtain an
aeroelastic solution for any longitudinal maneuvered flight condition.
Simultaneous equations are solved to obtain an aeroelastic solution.
These equations define the following: (1) wing lift distribution on 10
aerodynamic sections on the wing semi-span, (2) airplane lift balance,
and (3) the airplane pitching moment balance. Specifically, the solution
gives the elastic wing lift distribution, the airplane wing root angle
of attack, and the balancing tail load.

The unsteady aerodynamics used in the vertical dynamic analyses are
based on modified two-dimensional §tvip theory.(8). T e strip theory,
originally developed by Theodorsen?9) and ussner, ,(lO has been modified
to include aerodynamic induction effects(8 ). These induction effects
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account for the aerodynamic pressure carry-over between wing panels and
between the wing and horizontal tail. This is accomplished by using a

downwash matrix based on lifting line theory. The dynamic downwash
matrix includes pressure carry-over and pressure transmittal functions,
to provide the proper magnitude and phasing of tne carry-over pressures.
The section (strip) aerodynamics for zero frequency are made to agree
with the comparable aeroelastic solution. The results of this modifi-
cation have been compared to experimental results and to theoretical
results btd on lifting surface theories; satisfactory correlation was
obtained.

The unsteady aerodynamic expressions for the vertical analyses were cal-
culated for a range of reduced frequencies to adequately define the
airplane dynamic responses. The gust or excitation airforces for a
sinusoidal gust field were also expressed in a modified two-dimensional
form for the same reduced frequency values. The aerodynamic forces
acting on the fuselage were obtained using simple quasi-steady aerody-
namic expressions. The fuselage was first divided into thirteen stream-
wise panels, seven on the forebody and six on the aftbody. A static
pressure distribution was then used to determine the individual panel
lift and moment coefficients. The panel angles of attack were assumed
to arise from the deflection slopes and displacement velocities of the
fuselage.

Aerodynamics - Lateral Analyses

The lateral dynamic response of large'swept wing subsonic jet transports
is generally dominated by the low damped Dutch roll mode. The damping
of this mode, as determined by dynamic analysis, is very sensitive to
the estimated ro- .y stability derivatives used in the equations of
motion. Large changes in the lateral gust loads result.from small
changes in particular rotary derivatives for flight conditions in which
the Dutch roll damping is low.

All of the airforces and inertia forces were referenced to the airplane
stability axes: The stability axes were determined as the orthogonal
set attached to the airplane with the initial orientation of the x-axis
in the wind direction for undisturbed and unaccelerated flight. The
airplane angle of attack for one factor level flight was determined by
a separate aeroelastic analysis for each condition.

The lateral stability derivatives were decomposed into wing, fuselage,
and vertical tail components. The pressure distributions for the fuse-
lage and the vertical tail were determined from wind tunnel pressure
model test data. The aerodynamic side force and moment from the wing
were accounted for by a concentrated side force and a moment applied to
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the airplane center of gravity. The integrated force and moment resulting
from the aerodynamic pressures on the fuselage and vertical tail together

with the concentrated force and moment from the wing were made to agree
with the lateral whole airplane derivatives.

Generalized Coordinates

Each dynamic analysis was conducted for a mathematical model which was in
equilibrium at one factor level flight. When such a system is subjected

to an external sinusoidal gust field, it responds about its static equi- I
librium configuration. This gives rise to lisplacements, velocities and
accelerations necessary to preserve the energy balance with the external
gust loading. The structural deformation of the airplane can be de-

scribed as a sum of incremental displacements in the system's natural
modes of vibration. These deflected shapes and whole airplane rigid
body displacements are used as the so-called generalized coordinates to

describe the airplane motions. The development of the equations of

motion by the Lagrangian approach using these generalized coordinates is

discussed in Appendix A.

The natural modes of vibration of a flexible system can take various

forms depending upon the manner in which the system is restrained. When

the airplane is in flight there are no external restraints, and the
airplane can displace with complete freedom. There are several methods
by which this so-called free-free state can be described. One method is
to define the cantilevered vibration modes Df each major component, such
as the wing, body, and nacelles by separate orthogonal mode sets. A
limited number of these cantilevered modes along with the rigid airplane
freedoms are used as the generalized coordinates to describe the overall
airplane response.

A better set of generalized coordinates is obtained when a large number
of cantilevered modes are coupled with the rigid airplane freedoms to
produce a set of unrestrained free-free airplane normal modes. The ad-

vantages of this approach is that the overall airplane response can be
more accurately described by fewer degrees of freedom or generalized

coordinates than in the cantilevered mode approach. The free-fre'e normal
mode approach was used for the 720B vertical analyses, and the canti-

levered mode approach was used for the lateral analyses. A representative
summary of cantilevered modes which were cou .ed with airplane vertical
translation and pitch freedoms for the vertical analyses is given in

Table 6. Corresponding representative nirplane free-free modal data is
given in Table 7. A summary of cantilevered modes used in the lateral
analyses is given in Table 8.
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TABLE 6

REPRESENTATIVE CANTILEVERED MODES
VERTICAL ANALYSES

No. of Cantilevered Modal Frequency, cps
Airplane Discrete Mode OWE Half Full
Component Masses** Description Fuel Fuel

Wing 10 1st Bending 1.31 1.27 .93
2nd Bending 3.77 3.51 2.81
3rd Bending 7.75 6.59 5.83
4th Bending 1O.67 1O.62 9.28
1st Torsion 2.52 2.52 2.52
2nd Torsion 5.19 5.18 5.19
3rd Torsion 19.79 19.28 18.42

Forward 7 1st Bending 3.99 3.71 3.71
Fuselage

Aft 13* 1st Bending 2.57 2.46 2.46
Fuselage 2nd Bending 9.87 8.62 8.62

Inboard 1 Vertical Bending 4.31 4.31 4.31
Nacelle Coupled Side 2.07 2.07 2.07

Bending & Torsion

Outboard 1 Vertical Bending 4.28 4.28 4.28
Nacelle Coupled Side 2.24 2.24 2.24

Bending & Torsion

*Includes horizontal and vertical tail masses.
**See Fig. 23
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TABLE 7 11
REPRESENTATIVE FREE-FREE NORMAL MODES

VERTICAL ANALYSES

Modal Frequency, cps

Ground Structural
Mode Responding Half Full Vibration Damping,

No. Component OWE Fuel Fuel Test* g**

1 Wing Bending 1.40 1.35 1.08 1.44 .040

2 Nacelle 2.07 2.07 2.05 2.07 .027 j
3 Nacelle 2.22 2.20 2.14 -- .037

4 Wing Torsion 2.46 2.44 2.25 2.96 .022 p,

5 Forward Fuselage 3.32 3.26 3.19 3.75 .030

6 Fuselage 4.07 3.65 3.4o 5.4o .030

7 Wing Bending 6.07 5.30 4.55 6.50 .030

*The ground vibration test was conducted for the 720 airplane with I
the main gear and nose gear restrained. (Ref. 17)

**Damping coefficient, g, is equal to twice the actual damping

divided by the critical damping.
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TABLE 8

CANTILEVERED MODES LATERAL ANALYSES

No. of Cantilevered Modal
Airplane Discrete Mode Frequency,
Component Masses* Description cps

Aft 12 1st Side 2.4+1
Fuselage Bending

Aft 12 2nd Side 7.22
Fuselage Bending

Aft 12 ist Torsion 5.83Fuselage

Forward 7 1st Side 3.66
Fuselage Bending

Fin 13 ist Bending 4.34

Fin 13 1st Torsion 14.62

*See Fig. 24
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Equations of Motion

The equations of motion for the 720B gust analyses were developed by

Lagrange's energy approach. The derivation of vertical and lateral
equations of motion is discussed in Appendix A. The equations for both I
analyses are a set of simultaneous second-order differential equation
in the generalized coordinates described previously. These equations
can be expressed in matrix form as follows:

M i + I D I I ki + IKjjI jq} ICilag (11)

The coefficient matrices of i, 4i, and qi are the generalized mass,

tMij, the structural and aerodynamic damping, [Di.], and the structural
and aerodynamic stiffness, [Kij] , respectively. The right hand side of
the equation represents the gen ralized forces in the degrees of freedom
due to the gust excitation, I Cif.

The generation of the generalized mass coefficient matrix began with the
lumped mass representation of the airplane in terms of discrete masses
and mass moments of inertia about the discrete mass center of gravity
for each mass panel. Then, the center of gravity mass properties were
transferred to their respective elastic axis reference stations. The
total kinetic energy of the system was written in terms of generalized
coordinate velocities. Differentiation of the kinetic energy expression, a
first with respect to the generalized coordinate velocities, and then
with resoect to time, resulted in the generalized mass matrix, [Miji.

The damping coefficients arise partly from the aerodynamic response
forces and partly from structural damping. The aerodynamic damping re-
sults from that portion of the total aerodynamic force which is in phase
with the particular generalized coordinate velocities. The structural
damping is represented as forces that are proportional to tLe structural
stiffnesses but are in phase with the response velocities. The values -

for structural damping used in the vertical analyses were obtained from
ground vibration tests of the j'20 airplane. The damping coefficient for
each mode for the vertical analyses is listed in Table 7. The energy or
work expression for these damping forces was differentiated with re-
spect to each coordinate to arrive at the generalized damping matrix,
[DijI.

The stiffness matrix also results from structural and aerodynamic
sources. The stiffness of the primary airplane structure is represented
in the equations of motion by the elastic potential energy stored in the
tructure when it is deformed in a linear combination of the selected L

vibration mode shapes. The aerodynamic work resulting from the response
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displacements of the primary components of the airplane is added to the
internal elastic energy and the entire expression is differentiated with
respect to each generalized coordinate to form the stiffness matrix,

The yaw damper effects in the lateral equations of motion are handled by
including a generalized force specifically for the yaw damper. This
generalized force is a function of both the gust excitation frequency
and the resulting airplane yawing velocity. The yaw damper system con-
sists of a yaw rate sensor, a yaw axis amplifier, a servo system with
rudder position and rudder angular rate feedback loops, and an hydraulic
rudder actuator unit.

In the airplane, the signal from the yaw rate sensor is filtered to re-
move the effects of both slow maneuvers and higher frequency fuselage

vibrations. The filtered signal is amplified and applied to an electronic
servo which, in turn, drives the hydraulic rudder actuator.

The yaw damper system is simulated in the lateral analyses by incorpora-
ting a transfer function due to yawing velocity. This transfer function
is a composite of the transfer functions for all of the sub-parts of the
yaw damper system. The generalized force associated with the rudder
deflection varies with frequency, but it is a function of yaw rate only
at any given frequency. The generalized force coefficients were added
to the coefficients in the rudder-fixed equations of motion to account
for the yaw damper effects. A more complete description of the mathe-
matical model for the yaw damper is given in Appendix A, Equations of
Motion.

Both the vertical and lateral equations of motion were solved to obtain
the real and imaginary parts of the steady-state complex responses of the
generalized coordinates due to a 1.0 ft. per sec. continuous sinusoidal
gust velocity excitation. Consequently, the accelerations, qi, could
be replaced by -qi and the velocity, qi, by iwqij where c is the ex-
citation frequency. When these assumptions were incorporated into the
equations of motion, the matrix coefficientsco2 [Aj1 icaDij and [Kij]
could be combined into a single complex set of matrix coefficients
[Aij + il ] of the generalized coordinates for each frequency. The
generalized coordinate r spo ses were obtained by premultiplying the
generalized gust forces, Ci , by the inverse of this matrix for each of
the selected frequencies

Solutions were obtained in the vertical analyses to define the complex
frequency response functions over the range from 0.5(10)-5 to 0.6 rad.
per ft. The sensitivity of the rms values, A, and the number of zero
crossings, No, to the upper and lower limits of the frequency range and
to the overall number of frequencies was examined. The lower end of the
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frequency range was talken at 0. 5(l0)-5 rad. per ft which was well below
i the short period mode response frequency. The maximum frequency, 0.6 tad.

per ft., was sufficiently high such that the number of zero crossings
had converged. A total of 95 frequencies between the above limits were
used in the vertical analysis. The major contribution to the rms values
is in the lower end of the frequency range; therefore, the solution fre-
quencies were selected at closer interv.ls in the lower frequency range.

Load Equations

The detailed loads for the aircraft structure were obtained from the
complex frequency responses of the generalized coordinates. This was
accomplished by ti'ansforming the generalized inertia, damping and I
stiffness forces usca in the equations of motion into shears, bending
moments, and torsions referenced to given stations on the elastic axes.
The shear, moment, and torsior coefficients were calculated for unit
deflections in the generalizea coordinates. Then, these coefficients
were multiplied by the complex frequency responses of the generalized
coordinates to obtain load complex frequency responzcs for all elastic
axis reference stvtions.

Co p.lex frequency response functions for stresses were obtained by in-
corporating uni load solution stress coefficients from the airplane
stress analysesll,12,13) into the load equations.

Spectral Analysis j
The complex frequency response functions for the i.ncremental shears,
moments, and torsions were used to defire complex frequency response
functions for incremental axial and shear stresses in the detailed air- 1
plane structure. The output power spectra for the loads and stresses
were obtained as follows:

00Q =OW(Q) I T(il) 12 (5

where,

012 o) output, load or stre;s power spectral density function

! (Pt)2 input, normalized vertical or lateral gust power spec-
tral density function

T(iM) complex frequency response function for load or stress
tK I at a given station in the airplane
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The rms values for the loads and stresses for a rms gust velocity of
unity, A, were determined by integrating the appropriate output power
spectrum.

=[ o()dl/2 (6)

The zero crossings p r t. for all loads and stresses were determined
by Rice's expression14=.

2 a 1/2

No = 5 ... ... .. (7)

Since the actual strength of a detailed structural element is in general
governed by the combined stresses, stress interaction functions and one
factor level flight stresses must be incorporated into the statistical
analysis. The problem was to determine the probability of exceeding the
limit strength for a given flight condition (Design Envelope Approach)
and to determine the number of times the limit strength is exceeded per
unit time (Flight Profile Approach). The joint probability density
function for two components of stress on a structural element, say, axial
stress and shear stress is,

1 1
P(f, ~ =a (l-p172 exp 2(l-p 2 )

a 2 (8)

where,

f axial stress, psi

shear stress, psi

41

'1

http://www.abbottaerospace.com/technical-library


one factor axial and shear stresses, respectively, psi

q .a rms axial and shear stresses, respectively, psi

p correlation coefficient

Statistical Analysis - Design Envelope Approach

The volume under the probability density functionshown in Fig. 14 bounded
by the interaction limit strength envelope is equal to the probability
that the limit strength will not be exceeded, that is, that the margin
of safety is greater than zero. The probability that the limit strength
will be exceeded is 1.0 minus the probability that the limit strength
will not be exceeded. Therefore,

P(MS < o) = 1 - P(MS > 0) (9)

Since the input or gust power2 spectral density varies directly with the
mean squared gust velocity, aw or av , the probability of exceeding the
limit design strength is a function of aw or av . That is, I

a = Af0 w  (10)

and

Consider a stiffened skin-stringer segment typical of those used in wing
panel construction of subsonic jet transport airplanes. A cross section
through the segment normal to the stringer is shown in Fig. 15. It was
assumed that the airplane, of which this structural element is a part,
was flying in turbulent air. It was of interest to determine (1) the
probability of exceeding the limit design strength of the segment and
(2) the expected number of times per hour that the limit strength would
be exceeded for various root mean square (rms) gust velocities, ow.q

Numerical inforwation pertinent to this example is given in Table 9. The
Y'A appropriate limit strength interaction diagram is shown with a s..etch of

the structural segment in Fig. 15. It will be noted that two level-
fliiht stress points, s.:in stress and sepgment stress, are shown in
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ii

TrABLE 9

NUMERICAL EXAMPLE
STRESS DATA FOR STATISTICAL ANALYSIS*

Level Flight Stresses (Based on Appropriate Effective Areas)

Skin Stress, Tension fot, psi 15,600
Segment Stress, Compression, foc, psi 15,200
Shear, o, psi -2,190

Dynamic Analysis Stress Data (Power Spectral Analysis-RMS Gust Velocity,
a = 1.0 ft. per sec.)w

RMS Tension Stress, Aft-psi 184.19
RMS Compressive Stress. A.fc psi 179.51
WIAS Shear Stress, A4 , psi 38.53

Correlation Coefficient -0.2141
(Axial and Shear Stresses)

Zero Crossings per sec
Axial Stress, Nof 1.2205
Shear Stress, No4 2.7235

RMS Stress Rates, psi per ft.per sec

Tension, 1 1,413

Compression an 1,377
Shear, a ) 659

Allowable Limit Design Stresses, psi

Tension, Ft 40,000
Compression, Fc 21,270
Shear, F - 20, 500

*See Appendix B for development of methods for Statistical Analysis

of Combined Random Stresses
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ITable 9 and in Fig. 15. These are reference points for two joint pro-
bability stress distributions. The compression-shear or segment stress
probability distribution was applied to the compression portion of the

[ interaction diagram in Fig. 15, and the tension-shear or skin stress
distribution was applied to the tension portion of the diagram. The
volume of the compression-shear joint probability density function
within the compression region of the interaction diagram was added to j
the volume of the tension-shear density function in the tension region
to determine the probability that the limit design strength will not be
exceeded. A typical plot of P(MS < O,ow) versus aw is shown in Fig. 16.

Certain structural elements in the fuselage near either the vertical or
lateral bending axis are only subjected to fluctuating compression
stresses and shear. They cannot be stressed in tension as a result of
the gust loading. This occurs, because the location of the neutral
plane through the fuselage section shifts across the element as the
direction of the bendipg moment on the fuselage changes sign. The
element is always on the compression side of the neutral plane. This
compression-compression situation was handled in the statistical analy-
sis of limit strength exceedances by removing the tension part of the
interaction diagram and by subst'tuting another compression, part. Now,
these special cases could be treated in the same manner as normal

elements.

The objective of the design envelope approach was to determine a level
of gust i tensity, awed, which when multiplied by a stress A value for
a critical element would just equal the limit design strength for the
element. Thus, the design envelope approach implies a one-dimensional
probability distribution for design stress. The statistical distribu-
tion of stress values is assumed to be Gaussian and can be completely J
described by the rms stress value for a one-dimensional distribution.

When the probability of exceeding limit strength is governed by a joint
probability function in two dimensions, three parameters, i.e. two rms

stress values and a correlation coefficient, are required. As a result,
no single statistical parameter can be scaled-up to a design strength
level. However, the probability of exceeding the design strength of the f
element can be matched to probability for exceeding an incremental
cg acceleration* for the same flight condition. The distribution of

*The development that follows is essentially unchanged if the c.g. ac- -
celeration is replaced by a generalized load quantity, y/A. Thus it
can be seen that the numerical results are not dependent upon the choice
of the particular output quantity for which the single-parameter proba-
bility distribution is obtained.
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incremental cg acceleration is a single parameter distribution, and a

unique awnd can be determined for that level of incremental cg
acceleration.

The probability of exceeding specified values of incremental cg accel- ,1.

eration is determined as follows:

22

P(An>An, aw) 2 f e -A n /2A aw dAn (12)
/ W A( Ani

This equation is evaluated for various specified Aa values to obtain
the distribution functions shown in Fig. 17. It wiYl be noted that the
diagrams in Fig. 17 are universal, and can be applied to any airplane1
at any altitude.

Of course, the cumulative distribution functions shown in Figs. 16 and 17

will diff-',, because the first is based on joint probability considera-

tions, an, the second is a single parameter distribution. The two dis-

tributi ., 4rictions cannot be made to coincide everywhere. The question
was, where , ;uld they be matched?,

When each probability function is multiplied by (aw), the probability

density of rms gust velocity, and integrated over all aw, we obtain a

new probability number indicating the chance of exceeding the design

strength at any instant in time for all weather and seasonal conditions.

Typical overall probability iensity functions for incremental cg accel-

eration are shown in Fig. 18. Similar typical information for a struc-

tural element is shown in Fig. 19.

It is ovbious that one curve of the family of curves shown in Fig. 18

will best match the curve in Fig. 19. The cg acceleration curve that

best matches the curve for the structural element is the one having very

nearly the same area when integrated. It is noted that the maxima of

the overall probobility density curves for cg acceleration lie on a

straight line as shown in Fig, 18, and it is possible to cross plot the

maximum overall probability density versus acceleration level as shown

in Fig. 20. This diagram is unique for the flight condition. The

straight line will intersect the vertical axis at N(aw) = (O) since
P(An > 0) = 1.0. Now it is possible to determine aw?7d for the struc-

tural element by determining the maximum probability density in Fig. 19,
4 (9.0(10)-1,3). This maximum probability Jeity wo_- urel in Fig. 20 to

determine Ani, (1. §,9), and awqd for t.e element.
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I.

Ani 1. 39awlic = An 01  137 (13) 1

It is obvious that the limit design gust intensity, awld, would vary
with altitude, since the statistical characteristics of atmospheric
turbulence changes with altitude. This variation is accounted for by
use of Eq. (111).

-y/bj -y(4
N(y) =PIN e + P2No e (14)

When we consider y/K to be a limit design gust velocity, awnd; then, i
Eq. (114) is rewritten as follows:

N(owid) -(Uwd)/bl -(awid)!b 2
N =Ple + P2 e (15)

The value, N(aw7d)/No, is thought of as an exceedance ratio. It is the
ratio of the number of gusts exceeding the limit design gust per unit
time or distance at a given altitude to the total number of gusts per
unit time or distance at that altitude.

The analysis procedure for the Design Envelope Approach was as follows:
(1) Determine the lowest allowable values of awi7d or av'ld for the major
components of the reference airplane, the 720B, (2) Ddtermine the ex-
ceedance ratio for the critical elements or components of the airplane
for a particulhr critical altitude, (3) Establish an acceptable ex-
ceedance ratio for each altitude from all design envelope analysis
conditions. Determine the limit design awqd for each altitude.

Statistical Analysis - Flight Prcfile Approach

The Flight Profile Approach involves the determination of the average
number- of times per hour that the limit strengths of the more critical
structural components or e2ements are exceeded. The average number of
limit strength exceedances is a weighted average number derived from the
estimated airline usage of the 120B airplane. A
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The average number of limit-strength exceedances per hour for a given
flight condition is established by determiniig the-number of times per
foot travelled that the limit strength envelope, is perforated or crossed,
NC., It is assumed that the number of limit strength exceedances is
equal to one-half the number of perforations of the strength envelope.
That is, there 'is one peak value exceeding limit strength for each two-
crossings. One-half of the number of strength envelope crossings per

foot travelled times the airplane velocity in ft. per-sec, times 3,600
sec. per hour gives, the number of limit ,strength exceedances per flight
hour for a given rms gust intensi.ty or-ov . A typical diagram show-
ing the limit strength exdeedances per ft. travelled for various rms U.
gust intensities is shown in Fig. 21.

CL
In order to account for the variation in rms gust intensity, the limit

strength exceedances per hour is multiplied-by the probability density
function for rms gust veloc ity as shown in Fig. 22. The integral of z
this new probability function overal aUw is, G,. the expected number of
limit strength exceedances per hour. That is,

z
F0 0  

V

G = l800V NCf (ow) dqw. (16)

0z
The limit strength exceedances per hour-for the' representative flight 

0O

profiles is obtained by multiplyingthe exceedances per hour for each
flight condition in the profile by the fraction of the total profile ( z
time spent at that condition, and then summing-the exceedances per hour z

4for all conditions in the particular profile.

The exceedances per average flight hour for total airplane usage is
then- determined by weighting the exceedances per hour of each profile
by the fraction of total airplane usage represented by the particular
profile: and then summing over all the profiles, This process is re-
presented by the following equation: z

NP %6 (17)
k

where

total airplane exceedances per average flight hour

Gj exceedances per hour for a particular flight condition

,54
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DISTRIBUTIONS OF LIMIT DESIGNSTRENGTH
W7 EXCEEDANCES WITH RMS GUST INTENSITY
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t the time spent at a particular .ilight condition

tT the total 'proflile flight time

tk fractibon of total Airplane usage represented by a
particular profile

J, the number 6ff conditions in a particular. profileI

k the number of' profiles used.~to represent the airpidne
usage
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RESULTS

General-Remarks

In the past, airplane power spectral gust analyses-results have been

used to determine the effects of' airplane dynamic responses on the

bending moients, ,shears, and t6rsions for the major components of an
airplane; These incremental loads, usually the wing bending m6ments,

were compared with comparable, loads from a static aeroelastic analysis,
using the gust load formula, to arrive at a dyamic factor. Then, the

dynamic factor was applied to other aeroelastic solutions to obtain de-

sign incremental loads for all gust desigii conditions.

The basic results of a power spectral analysis, the rms loads, A, and the

number of times these loads cross their mean values with positive (or

negative) slope per sec. or per ft,,No, are not in themselves. adequate

to assess airplane strength. However, the bending moments, shears, and
toirsionsi and the incremental cg accelerations do provide insight into

an airplane dynamic responses in rough air, and can be used as guides to

ascertain critical locations in the airplane structure. Then, the prop-

erly phased combined effects of the bending moments, shears, and torsions
V !should be used to assess the strength at these critical locations.

The rms bending moments, shears, and torsions for the 796B airplane were

determined at the locations indicated in Figs. 23 and 24 for the vertical

and lateral analyses, respectively. The combined effects of vertical

(and lateral gust loads were studied for two locations on the aft fuse-

lage, Body Balance Stations 1000 and 1280. Stress analyses were con-

ducted for the most critical locations on the wing, fuselage, and the

vertical tail. These locations consisted of one wing location, Wing

Station 360 at 'Body Buttock Line 260 or 33 percent of the wing semi-span

( I = .33). The stresses-were studied for three body locations, Body

Balance Stations 480, 1000, and 1280. One location on the vertical tail,
Fin Station 165.5, Elastic Axis (EA) Station 158 was investigated.

Correlation of Dynamic and Aeroelastic Analyses

The total loads and stresses that were used to assess the airplane

strength resulted from the incremental dynamic loads and the one-factor

level flight loads The level flight loads were obtained from aero-

elastic solutions,(6,7 ) and the incremental dynamic loads were obtained

{ from power spectral analysis. In order to determine if these two inde-

7 pendent solutions represented the airplane in a consistent manner, the

one-factor level flight loads were obtained for one analysis condition,

Condition 1, using the dynamic analysis equations of motion. This was

'I5
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Ij
accomplished by setting the pitch and flexible generalized coordinate
accelerations,. the pitch and translation displacements, and all Of the
generalized coordinate velocitiesequal to zero. The vertical trans-

- lation acceleration was set at 1.0g.. In order to allow for a force
balance in the Vertical translation equation and a moment balance in the

Si pitch equation, two-unknowns were introduced to replace the airplane
-pitch and translation displacement freedoms. One of the unknowns was
th-&i* .g-Le of attack which gives rise to the lift necessary to offset the
airplane weight plus the balancing tail load. The other unknown was the
horizontal tail load vhich-must balance the airplane pitching moments.

I The wing bending moments, shears, -and torsions, and the wing static

deflections resulting from the reduced dynamic Solution were obtained to

compare with corresponding values from the aeroelastic solution. The
aeroelastic wing loads shown in this comparison were obtained by sub-
tracting a zero load factor solutioi frpm a one-factor solution. The
comparison is made on the basis of a static incremental one-factor load.The-results in Fig. 25 show the wing bending deflections obtained from

I the two solutions. The wing bending moment, shear, and torsion loads
11 are compared in Fig. 26. The angle of attack required for level flight

was 4.27 degrees for the reduced dynamic solution and 4.32 for the aero-
elastic solution.

Frequency Response Functions

S The),equations of motion were solved to obtain steady state complex fre-
quency response functions for the generalized coordinates due to 1.0 ft.

- I per sec. sinusoidal gust excitation. Examples of the modulus of theseI frequency response functions for the Vertical Analyses, Condition 24,
are presented in Figs. 27(a) through 27(j). The response quantities are
identified as ql through q7 for the seven free-free airplane symmetrical
modes and qT, qp and q7 for the rigid airplane freedoms of vertical trans-
'lation, pitch, and fore and aft translation, respectively. These fre-
qaency response functions illustrate the predominate responses for each
individual generalized coordinate, and indicate the coupling that exists
between the coordinates. The frequency response curve for airplane
pitch, Fig. 27(i), shows the well damped airplane short period or pitch
mode at 0.36 cps; 0.028 rad. per ft. The airplane pitch response has a
large effect on the airplane loads, because of the high energy in
atmospheric turbulence within this frequency range.

I Typical generalized coordinate response curves for the lateral analyses,
- Conditions 10 and lOYD, are shown in Fig. 28(a) through 28(i) both with

and without the yaw damper operating. The Dutch roll response at 0.20
cps or 0.0015 rad. per ft. is the major contributor to the lateral loads.
Thus, the changes which effect the Dutch roll response have a large effect

I
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CONDITION NO. 24
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FIGURE Z'a. FREQUENCY RESPONSE, FIRST SYMMETRICAL
AIRPLANE MODE 11
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FIGURE 27b. FREQUENCY RESPONSE, SECOND SYMMETRICAL
AIRPLANE MODE
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F IGURE 27c. FREQUENCY RESPONSE, THIRD SYMMETRICAL
AIRPLANE MODE

I] f I41
CONDITION NO.24
STRUCTURAL DAMPING, g=.022

~.o______ NATURAL FREQUENCY2.44 cps

0 _ _

0 .02 .04 .06 .08
Q (ra d/f t)

FIGURE 27d. FREQUENCY RES'PONSE$ FOURTH SYMMETRICAL
AIRPLANE MODE
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CONDITION NO.24
L STRUCTURAL, DAMPING, g=. 030

..40 NATURALFREQUENCY=3.26 CPS-

. 20

0 .02 .04 .06 .08
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it

on magnitudes of the- lateral loads. When the yaw damper is engaged, the
rudder is commanded by the yaw damper servo system and will deflect in
a manner to provide p6sitive damping in the Dutch roll mode. The re- , j
sults of the yaw damper operation is readily apparent. By observing
the decrease in the rigid airplane yaw response-not only are the fre-
quency response functions forthe rigidairplane motions attenuatedi but 1
the frequency at which the maximum response Occurs is reduced. 'This is
reasonable, because at the Dutch roll frequency, 0.07 cps, the phase
shift through the yaw damper system causes the rudder displacement to
lead the yaw rate signal. This results in a rudder deflection thatre-
duces the fin aerodynamic force due to yawing displacement which, in
turn, causes-a reduced Dutch roll resonant frequency

The coupling between the flexible modes and the Dutch roll-mode occurs.
.at a.higher frequency with the autopilot engaged. This may seem to
contradict the effect evidenced by the rigid airplane response; however,

4 this difference does exist, and there is a logical explanation. The
explanation again lies with the phasing of the rudder deflection caused

by the yaw damper output. in this casei the frequency, .63 cps, 0.0046
rad. per ft., is such-that the rudder displacement lags the yaw rate I-
signal; therefore, the rudder deflection adds to the fin aerodynamic

force. This increase in force results in a larger flexible mode excita-
tion at this frequency. As the response frequency increases toward a
structural resonance frequency the cut-off filter in the yaw damper
amplifier system attenuates the yaw damper output so that self-excitation
will not occur.

Complex frequency responses for the loads were obtaine by substituting
the complex generalized coordinate responses, into the airplane load
equations. These load equations sum the incremental inertia loads, the *1
airloads resulting from the coordinate responses, and the applied gust
loading. Fig. 29 shows the load responses for Vertical Analyses, Condi-
tion 211, for wing bending moment, shear, and torsion at the most critical 9
wing station, Wing Eta Station 0.33. Similar load frequency response
functions are shown for Wing Eta Station 0.12. Fuselage vertical shear
and bending moment frequency responses at the critical forward body sta-
tion, Body Station 540 and at Aft Body Station 1360, are shown in
Fig. 30.

Fig. 31 gives the vertical tail load frequency responses for lateral
.| analysis Conditions 10 and lOYD. These frequency responses are for

vertical tail bending moment, shear, and torsion at the vertical tail
Elastic Axis Stations 67 and 158 with and without the yaw damper oper-

ating. Fig. 32 shows the lateral bending moment, shear, axfd torsion I
-frequency response functions for Body Station 1375 with and without the

yaw damper operating.

72I

http://www.abbottaerospace.com/technical-library


6.0: s.60

-z
S4.0 4

C., 02o

z20 - .20

z
3t 0 Q rd/r ~0 Q (o/r

0 .02 .04 0 .02 .04

FIGURE 29a. FREQUENCY FIGURE 29b. FREQUENCY
RESPONSE, WING RESPONSE. WING
VERTICAL SHEAR .0BENDING MOMENT

.6 0C

NOTE: CONDITION 24 WING STATION, .~.40

17= 0. 332
z t
0

S.20

z

0.02 .04
9 (rod/fr)

FIGURE 2 9c. FREQUENCY
RESPONSE, WING TORSION

73

..........

http://www.abbottaerospace.com/technical-library


8.
1.-

6.0 -

1.0

S 4.0.0

z [
z u

0 .02 .04 0 .02 .04

Q (rmd/fr) . (rmd/ft)
FIGURE 29d. FREQUENCY FIGURE 29e. FREQUENCY

RESPONSE, WING RESPONSE, WING
VERTICAL SHEAR BENDING MOMENT

NOTE: CONDITION24 WING STATION 7 =0.12 C; .4
z

0

0 2

.02 .04 i'

( /aldf)FIGURE 29f. FREQUENCY

RESPONSE3 WING TORSION

J L,

http://www.abbottaerospace.com/technical-library


CONDITION 24 BODY STATION, 540,

6;0 -

4.o

5%

2.01

0
0 .02 .04 .06 .08

2' (rad/ft)

FIGURE 30a. FREQUENCY RESPONSE,
FUSELAGE VERTICAL SHEAR

1.5z CONDITION 24 BODY STATION, 540

_1 _

zz

0 .02 .04 .06 .08

.Q (rad/ft)

FIGURE 30b. FREQUENCY RESPONSE, FUSELAGE VERTICAL
BENDING MOMENT

75

'I s

w I

http://www.abbottaerospace.com/technical-library


IA

,CONDITIONi4 BODY STATIO N - 1360

3 2.0

CONDITION 24 BODY STATION, 1360 I

<I
i, U

i;

0 .02 .04 .06 .08

(rod/ft)

FIGURE 30c. FREQUENCY RESPONSE, FUSELAGE VERTICAL SHEAR

CONDITION 24 BODYSTATION, 1360

Z .60

z.
-AJ
co

IL

0
0 .02 .04 .06 .08

Q (rod/fr)

FIGURE 30d. FREQUENCY RESPONSEl FUSELAGE VERTICAL
BENDING MOMENT I

76
L"

http://www.abbottaerospace.com/technical-library


15. 15
!iu

z

uJ° A

2 _

cgZ Z 5i ~t
z

0 .02 .04 0 .02 .04

0 (rad/ft) nl~rd/ft)
FIGURE 31a. FREQUENCY FIGURE 31b. FREQUENCY

lEAR RESPONSE, FIN SHEAR RESPONSE, FIN
BENDING MOMENT

yL 30

NOTE: 2

YAW DAMPER ON

YAW DAMPER OFF Z 20 "~
[ CONDITION 10,r 10 YD 6~

FIN ELASTIC AXIS 
•

STA. 67 <

~c0

0
I- Iz

0 .02 .04
FIUR 0 (rad/ft)
FIGURE 31c. FREQUENCYV RESPONSE, FIN TORSION

77
,tN

*1.

http://www.abbottaerospace.com/technical-library


J a

. U

88

.a 6 .N

00

Z 0.

l~C. ccadft Z 0 0

NOTE Z 4 1

O 2

z I z

_._2 .... YAW DAPROv

o(r/d/ft) "2

FIGURE 31d. FREQUENCY FUR (rodt)
RESPONSE, FIN SHEAR FIGURE 31e. FREQUENCY .

RESPONSE, FIN TORSION

LU 15-

i f

NOTE

------- YAW DAMPER ON

______YAW DAMPER OFF

CONDITION 10s 10 YD ZS___5
FIN E.A. STA. 158 0_

0

z L

0 .02.04
ID(rod/ft)i~xFIGURE 31if. FREQUENCY

RESPONSE, FIN
BENDING MOMENT

78U

http://www.abbottaerospace.com/technical-library


2;5 ( 20

2.0 .15

S1.5
.10"

VN1.6

Sz .05,

D 45 Iul

0V$2.0 0 .02 ' .04
0 00 .04 k. 0 (rod At )

0l (roc4/ft) FIGURE 32b. FREQUENCY'
FIGURE 32a., FREQUENCY RESPONSE, FUSELAGE
RESPONSE, FUSEL;AGE LATERAL B ENDING MOMENT

LATERAL SHEAR

>.30

NOTE

SYAW DAMPER ON
YAW DAMPER OFF '-.2

CONDITION 10, 10 YD
BODY STATION 1375

o .10 4

Lu

in 0 .02 .04
U. n(rad/ft)

FIGURE 32c. FREQUENCY
RESPONSE* FUSELAGE
TORSIONAL MOMENT

79,,

http://www.abbottaerospace.com/technical-library


The majgr response peaks for the wing loads result from airplane pitch
and from the first and fifth flexible modes. This is reasonable, be;
cause the first and fifth flexible modes constitute the largest part of
the coupled wing, bending deflection. The wing torsion loads receive
their major responses from the airplane pitch and first and fourth
flexible modes, the fourth mode is primarily wing torsion. The second
and third flexible modes are predominantly nacelle side bending modes;
therefore, they contribute relatively little to the overall wing loads.
The fuselage vertical bending moment and shear loads are derived mainly
from the fifth flexible airplane mode, which is predominantly fuselage
vertical bending.

I
mode; however,, when the yaw damper is on the fin and dft body flexible
modes become more important. The pincipal side bending moment,, shear,
and torsion at Body Balance Station 1360 again results from the Dutch [
roll response when the yaw damper is off. All of the frequency response
functions shown in Figs. '27 through 32 are the modulus of the complex
frequency responses. The load frequency response functions were multi-
plied by the gust power spectra which resulted in output load power
spectra. The rms loads were obtained by taking the square root of the,
area under the load power spectra. Typical variations of the rms load
for the wing, fuselage, and vertical tail are showm in Figs. 33, 34, 35
and 36, respectively.

Determination of Critical Flight Conditions and Critical I
Structure, Vertical Analyses

Initial efforts to arrive at design frequencies of exceedance using the I
mission profile concept and to arrive at values of aw d using the design
envelope approach were based on limit allowable bending moments. The use
of bending moments alone to estimate allowable limit strength is not
exactly correct, because the limit design stresses result from combined
loading; therefore, properly combined shear, moment, and torsion loads
should be considered. Since the stresses in critical areas are more
sensitive to bending moment, and reasonable assumptions are made as to
the magnitude and phasing of the associated shear and torsion, it was
assumed that the critical structural areas and the critical conditions
could be established by a bending moment criteria. [
Four weight conditions were analyzed in the vertical analyses for an
altitude of 22,000 ft. at the design cruise speed of 375 kt. EAS. The
resulting rms wing and body bending moments for a unit rms gust velocity I
were obtained and divided into the incremental limit allowable bending
moments to give allowable values of Owe7 d. These allowable Owc d values
are plotted in Fig. 37 versus fraction of wing semi-span and in Fig. 38
versus Body Balance Station. It will be noted from Fig. 37 that two

"1 L
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weight conditions, the fuel transfer weight condition, 186,000 lb., md
the maiximum flight weight condition, 221,600 lb., appear to be equally
critical inboard of 33 percent wing semi-span. Since neither condition
was clearly critical, both weight conditions were further examined for
flight altitudes of 5,000, 15,000, 30,000, and 40,000 ft. The results
of these altitude variations are given in Fig. 39, wherein values of
A are plotted for wing bending moment at Wing Eta Stations .12 and .33.
The corresponding altitude variations of the one fector aeroelastic
loads are given in Fig. 40. The altitude conditions were analyzed at
design cruise velocity, V?; thus, the true airspeed and Mach number in-
creased with altitude until the design cruise Mach number was reached.
Above this altitude the true airspeed decreases for a constant design
Mach number up to 35,000 ft. Above 35,000 ft. the true airspeed remains
constant with increasing altitude. The effect of this variation of true
airspeed is aparent in the altitude trends for the rms and one factor
-flight bending moments.

Values for cw d were calculated for each of the two weight configura-
tions mentioned; previously for various altitudes. This information is
showm in Fig. 41. The discontinuities in the curves reflect the abrupt
change in cruise velocity at 24,000 ft. The preliminary boundary of
minimum Ow 17 d is defined by Conditions 26, 27, 17, 28 and 21 at 5,000,
15,000, 22,000, 30,000 and 40,000 ft., respectively.

Sneed variations to further define the boundary of minimum a,?d were

'i exanined for altitudes of 15,000 and 22,000 ft. The velocities chosen
were the gust penetration speed, VB, 253 kt. EAS; an average cruise
speed, 300 kt. EAS, and the design dive speed, VD, 445 kt. EAS or MD),
95. The fuel transfer weight condition was chosen for the 22,000 ft.
speed variation, and the max:imum flight weight was chosen for the

15,000 ft. variation. These conditions were deemed to be the most crit-
ical for the respective altitudes. The results of the speed variations
are given in Figs. 42 and 43. The most critical speed for the 15,000 ft.
altitude, maximum flight weight condition, appeared to be very near the
design cruise speed, VC, 375 kt. EAS or 472 kt. TAS; however, at 22,000
ft. the critical speed was found to be less than VC . One additional
condit ion was analyzed for 22,000 ft. to pinpoint the critical speed at
340 kt. EAS or 480 kt. TAS. Finally, center of gravity variations were
studied for this condition, and the minimum aw d values were obtained
fo[ a cg location at .25 MAC, Condition 24C. The resulting boundary of

S u m,7minimum ld is presented on Fig. 44. As can be determined from this
figure, th6 most critical or least value of aw qd for Flight Condition
24C, Wing Eta Station .33 is 108.3.

Minimum values of Gwl7 d for the fuselage were obtained by observing the
j variation of rns fuselage bending moments with altitude and speed. The

JNT . forward fuselage appeared to be more critical than the aft fuselage.

The one factor loads for the forward body remained nearly the same for
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all gross weight conditions; therefore, the variation in Gw wd was
largely a function of the incremental bending moments. The variation of
fuselage A values with altitude at design cruise velocity is given in
Fig. 15(a).. The effect of speed variations on the rms bending moments
at 22,000 ft. is given in Fig. 45(b). Representing these variation as

Silld in Fig. 46, it was concluded that the vertical gust loading on
the fuselage was most critical at Body Balance Station 480,* for Flight
Condition 16. The minimum value of aw-d for this body station was
112.2.

The average number of exceedances per hour of limit vertical bending
kmoment were calculated for the wing for Wing Eta Stations .12 and .33 and

for the fuselage for Body Balance Stations 480* and 1160. These results,
shown in Figs. 47 and 48 respectively, were based on the flight profiles
describing the average airplane usage described in Analyses Conditions.
The design frequency of exceedance for the wing was determined as
3.7(10)-b exceedances per hour. The corresponding design exceedance
level for the fuselage is 3.3(10)-7 exceedances per hour. It will be
observed that the highest or most critical frequency of exceedance occurs
at Wing Eta Station .33, the same station that showed the minimum aw nd.
The highest frequency of exceedance for the body also occurs at the same
body balance station that gave the minimum aw qd for the fuselage) Body
Balance Station 480. Therefore, it appears that these two rather dif-
ferent approaches are consistent in arriving at the most critical stations
based on the bending moment criteria. A comparison of the mission profile
and design envelope frequencies of exceedance of wing limit strength may
be of interest. By examining Fig. 44 herein, it is seen that the crit-
ical wiw7 d occurs in the altitude range 22,000 to 27,000 ft., and corres-
ponds to an N(y)/N o value of 1.1xlO

-8 . For the critical condition the
bending moment zero crossings are 1.20 per sec., which gives the follow-

ing N(y) value:

(1.1xlO-8 ) (1.20) (3600) = 4.8xi0"5 exceedances per hour

As shown in Fig. 47, the frequency of exceedance value as calculated by
the flight profile analysis is 3.7x10"6 . The ratio of design envelope to
flight profile frequency of exceedance at the limit strength level, is
therefore

4.8xio-5
3.7xi0-6 = 13.0

To extend the comparison to a load basis let us suppose that the flight

profile frequency of exceedance were to be applied on a design envelope

*This corresponds to Body Station 54o (See Fig. 23)
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basis - for example, in order to provide for operation of the airplane

value for the critical design envelope condition using the flight pro-

file N(y) with the design envelope No is:

-0 10

= (3.7x10-) ( 1 ) (- = 8.6x10i 0No3

At an altitude of 22,000 ft., the corresponding Gaw'd, from Fig. 47 is
138 ft. per sec. But strength has been provided only for awn d = 108.3
ft. per sec. As a result, the incremental loads would have to be in-

creased in the ratio 138/108.3 = 1.27. The corresponding ratio of
increase of net loads, assuming a one-factor bending mo ent of 8.06xl06

in.lb, and a limit allowable bending moment of 22.25O 6 1

(22.25 8.00).(1.27) + 8.00 = 1.17

22.25

J Determination of Critical FlightConditions and Critical Structure,
Lateral Analyses

Previous lateral analyses of 707/720 type airplanes have indicated that
the magnitudes of the gust loads for flight in continuous turbulence is
largely dependent on the Dutch roll stability of the airplane. Naturally,J the 1'ads are influenced by the damping in the Dutch roll mode, and can
reach lU.ge amplitudes as the damping decreases. There are-regions
within the flight regime where the Dutch roll damping decreases to the
extent that the Dutch roll response would reach significant amplitudes
if the contr6Ls were locked. However, the pilot would apply corrective
control inputs either manually or automatically through the yaw damper
system before such a situation would develop. Since this corrective
action is at the discretion of the pilot, it is beyond the scope of this f
study to establish a threshold for corrective control.

Therefore, the lateral analyses for the design envelope approach were
conducted for flight conditions defined by the design cruise velocity,
VC, at a variety of altitudes. An airplane configuration was chosen to
give the greatest Dutch roll response. This configuration exhibits the
maximum airplane yaw inertia, a high gross weight and a large yaw-roll
product of inertia, all of which are associated with reduced Dutch roll
stability. The rms fin, and aft fuselage bending moments were divided-
into the limit allowable bending moments for the fin and aft fuselage,
respectively, to give values of av ld These av nd values were plotted
against Fin Elastic Axis Station and Body Balance Station, and are shown
in Figs. 49 and 50. The minimum value of avld, 61.9, for the fin occurs
at Fin Elastic Axis Station 158. The most critical aft body balance
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station is 1080 where the av d value was 94.3. The critical aft fuse-
lage station from the lateral analysis standpoint is very nearly the same
as critical aft fuselage station determined fr6m the vertical analyses.
Resultant values Of Ov v d obtained for other altitude points on the de-
sign cruise speed: envelope are shown in Figs. 51 and 52. The critical
altitude for both the aft fuselage and fin is 23,500 ft. All of the
above analyses conditions were repeated with the electronic yaw damper
engaged. It will be noted from the results shown in Figs. 51 and 52 that
the yaw damper is very effective in reducing the peak amplitude of the
Dutch roll response, and therefore provides a large reduction, approxi-

o mately 140 to 60 percent, in the fin and fuselage loads. The degree to-
which the yaw damper is effective in reducing the loads is largely

dependent upon the effective Dutch roll damping it can provide.

The number of exceedances of limit design bending moment per average
flight hour were calculated for the vertical tail Elastic Axis Stations
67 and 158 and Aft Fuselage Balance Stations 1020 and 1335. These values,
obtained both with the yaw damper engaged and disengaged, are shown in
Figs. 53, 54, 55, apd 56. The most critical design value for the verti-
cal tail, 1.05 (1 0)

-4 exceedances per hour, occurs at Elastic Axis Station
158 with the yaw damper disengaged. When the yaw damper is operating
full time the value is increased to 4.0(10)-6 exceedances per hour, thus
showing the capability of yaw damper system to reduce the level of the
lateral dynamic loads. The design frequency of exceedance for the aft
fuselage occurs at Bod Balance Station 1020 and with the yaw damper
disengaged is 2.0(10)- exceedances per-hour. The corresponding values
with the yaw damper engaged is 1.50(l0)-9 exceedances per hour.

'The critical or design values of "vyld based on bending moment from the
lateral analyses occur at the same vertical tail .station and aft body '
station as the critical design frequency of exceedance obtained by theflight profile approach.

A summary of the exceedances of limit design load, as obtained from the
Flight Pi'ofile Analyses using the bending moment criteria, are given in
Fig. 57. Also shown in this figure, expressed as exceedance ratios, are

N( d) N(avri)
the design values of N and N as determined from the Design

Envelope Analyses. 
N

Results - Incremental CG Acceleration

The rms values, A, of incremental center of gravity acceleration due to
" unit rms gust velocity are shown in Fig. 58 for gross weights of 221,600

lb. and 186,000 lb. These values were obtained from the dynamic loads (
P solution for points on the design cruise speed boundary of 375 kt. EAS
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to Mach .90. As a matter of interest, the A values for 186,000 lb. gros
weight were a so calculated using the one dimensional expression developed
by Y. C. Fung(16) and given below:

P VTCL a

n= 2(W/S) a (19)

where, A

{ p atmospheric density at altitude,
slugs per cu. ft.

SVT 'true airspeed, "ft. per sec.
CL flexible airplane life curve slope,

a per rad.

W airplane gross weight, lb.

S airplane wing area, ft.

K0  gust response factor based upon the isotropic
turbulence spectrum and a scale of turbulence
factor of 2500 ft.

The AAn values determined by the one-dimensional equation are about ten
percent higher than those obtained from the full dynamic solution. This
difference can be attributed to flexibility and aerodynamic effects which 4
are more precisely accounted for in the dynamic solution. .1

Values for the frequency of exceedance per hour for incremental center
of gravity acceleration are shown in Fig. 59 These values were deter-
mined from flight profile analysis. The cg acceleration exceedances for
the 707-300 series airplanes are also show.m in F' 59. These data were
collected by NASA from actual airline operationsU). At the time of this
report, sufficient acceleration data was not available for the 720B air-
plane, so an attempt was made to adjust the 707-300 data to represent
720B usage. This adjusted data can be compared to the 720B analytical{ data in Fig. 59. This comparison indicates that the predicted cg accel-
eration exceedances are somewhat higher than the adjusted usage values.
The disagreement increases as the acceleration level increases. This

j would indicate that the turbulence intensity parameters, P1, P2, bl, and
b2 should be readjusted.

Ii
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Boeing Ahalysis Results for Lockheed Model 749

A comparative analysis was conducted by The Boeing Company on the Lock-
heed Model 749 airplane. The Lockheed-California Company furnished the
basic airplane data in the form of lumped mass distribution, bending and
torsional stiffness distributions, wing lift distribution, and basic
airplane lift and moment data. From this description, the analysis was
condu' ,d by Boeing using the analysis procedures used for the 720B
study. The resuItz pf this- analysis are expressed as A,, the rms load
due to a oneft. per sec. rffis gust velocity,, and No, the number of zero
crossings per second for wing shea , bending moment, and torsion. A
comparison of these values with those obtaine by Lockheed are shown in

Figs. 60 ahd 61. Values for A and No for cg increiental acceleration
are also listed. The agreement between the Boeing and Lockheed A values
is generally not as good as might be. desired. Possible reasons for this

disagreement are explored in Reference 18. The agreement UP the No
values is seen to be much more satisfactory.

Parametric Variations - Vertical'Analyses

" The riaults of the parametric variations conducted for the vertical anal-
yses are shown in Fig. 62 as they affected the rms wing bending moment I
at the critical wing station. Fig. 63 shows how these parametric var-
iations affect the airplane incremental cg acceleration. The trends,
exhibfited by bending momeht and cg acceleration are similar for all
variations except for the variation of winm torsional stiffness. In

this case, a reduction in wing torsional stiffness of 20 percent re-
suited in a slight, less than ohe percent, increase in cg acceleration

while the rms wing bendihg moment actually decreased by one percent.
The wing rms bending moment and incremental cg accbleration are quite
insensitive to variations in wing torsional stiffness.

When gradual penetration effects were neglected, the resulting rms wing
bending moment and 'the airplane incrementai cg, acceleration were reduced
by 10-12 percent. This implies that 'results obtained from analyses in
which gradual penetration was neglected may be unconservative. The rms
wing bending moments and incremental cg acceleration were also affected
by the inclusion of structural damping. Including structural damping in

I' the amount of g = .03 reduced the rms wing bending moment and cg accel-
eration levels from 5 to 8 percent. Moving the airplane denter of
gravity aft by 9 percent of the MAC increased' the wing bending moment
and cg accelerati6i 2 to 3 percent.

The rms wing bending moment level was reduced about 8 percent when the

wing bending stiffness was decreased to 80 percent of its nominal value.

113
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!'

The general conclusions that can be dram from the vertical analyses
parametric variations is that the dynamic analyses should include gradual
penetration and structurl. d-amping effects.

Parametric Variations,- Lateral Analyses

The results of the paranetric variations conducted for the lateral anal-
ysis are given in terms of vertical tail bending moment at Fin Elastic
Axis Staflion 158. These results are shown in Figs. 64 through 66(c).
Variations in A for fin shear, bending moment, and torsion are showm in
Fig. 64 for changes in airplane gross weight. The gross weight changes
were made by adding wing fuel. The addition of wing fuel causes a
corresponding increase in airplane yaw and roll inev-tia. The trends in
the rms loads, therefore, reflect the influence of these inertia changes
as well as the ,weight changes. These results indicate a 11 percent in-
crease in the rms fin loads for a 25 percent increase in gross weight.

The variation in A for fin loads, resulting from changes in altitude,
with gross weight, Mach number and true airspeed constant at h75 kt;,
are shown in Fig. 65. The effects of increasing altitude under these
circumstances is to decrease the dynamic pressure and decrease Dutch roll
damping. The reduction of Dutch roll dam-ping wo'xld tend to, increase the
resulting loads; however, for this airspeed, the reduction of dynamic
pressure more than offsets the effect of the damping loss, and the end
result was an overall decrease in the loads. Previous studies on similar
airplanes indicate that increasing the altitude at reduced airspeeds can
increase the loads significantly due to a loss of Dutch roll stability.

The curves in Figs. 66(a) through 66(c) show the effects on rms fin loads

of variations in the yaw damping derivative, Cnb./2V, the yaw-roll

coupling derivative,, Cnbi2V, and the airplane product of inertia, I

As was mentioned previously in Analysis, the lateral gust loads are

closely associated with the Dutch roll damping. When the Dutch roll
damping is large, variation in the damping derivatives and airplane pro-
duct of inertia have only a small effect on the lateral dynamic loads;

however, when the amount of inherent '";tch roll damping is low, these
same parameters can have a tremendous effect on the dynamic stability and

the resultant dynamic loads. I

Statistical Correlation Between Wing Loadstt

to obtain tne correlations between the wing shear, bending moment and

torsion loads. These correlation coefficients were obtained for each

118
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set of load quantities using cross power spectral density equations
derived in AppendixB. The results are 5plotted versus Wing Eta Station
iii Fig. 67.

Outboard of the outboard nacelle thb wing shear and bending moment afe
almost exactly correlated while the torsion and bending moment are
correlated very poorly. This indicates that shear and bending are very
nearly in phase but that torsion is very nearly indePendent of either
bending moment or shear. Inboard of the outboard hacelle, the effects
of the nadelle are readily apparent. The -orrelation between shear and
bending moment is poorer due to shear loads arising from the outboard

nacelle. 'However, the correlation between shear and torsion is improved,
due to the nacelle inertia 'loads. A somewhat similar tendency is shown
at the inboard nacelle. The correlation between the three load quan-
tities improves inboard of the inboard nacelle. This is a result of
transferring shear and bending-moment into torsion as theelastic axis
sweep angle changes near the wing root..

Results - RMS Stress Analysis,

The individual structural elements for the detailed stress analysis were
selected at locations around the critical wing, body and fin stations to
give the best strength evaluation possible. Included among these ele-
ments are those which demonstrated the least mpargin of safety as deter-
mined by the static stress analysis .-1,1213) The numbering system
used for all the elements is the same as that used in the stress anal-
ysis referenced above. In Fig. 68 is a sketch identifying the structural
elements of the wing box at Wing Eta Station .33. -The elements for which
design values f ;wq d and number of exceedances were calculated are
indicated by the solid circles. Thestructural element array and the
elements analyzed for Body Stations 5 0, 1040, and 1360 are shown in
Figs. 69(a), 69(b), and 69(c), respectively. The same elements were
analyzed in both the lateral and vertical analyses with the exception
of Forward Body Station 540'hich was analyzed for the vertical analyses
only. The detailed stresses for the critical Vertical Tail Elastic Axis
Station'158 were calculated for the elements shown in Fig. 70. The
stress analysis for the fin was conducted assuming the elements on the
left and right side were symmetrical- about the fin chord line.

The rms loads were transformed into axial and shear stresses using the I
stress coefficients obtained from the conventif-nal stress analysis. The

rms stress quantities for the structural elements at Wing Eta Station
.33, Condition 24C, are shown in Tables 10(a) and 1O(b). The rms qhear,

*Corresponds to Body Balance Stations 480, 1000, and 1320 (see'Fig. 21)

1243
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skin, and segment stress ievels,.A, are given in Table 10(a-with their
associated number of zero crossings. Table 10(b) contains the correla-
tion coefficients between the shear and axial stresses and the respective

stress rates. Similar values were calculated for all the structural
elements indicated in rigs. 68 through 70.

Results - Statistical Analysis

Following the procedure outlined in the Analysis section, the rms stresses,
correlation coefficients, and stress rates were used to determine the
probability of exceeding limit strehgth, P(M< 0, w), and the number of
times Der hour that the limit strength envelope is penetrated. The re-

sultant probanbilities, P(MS< 0, Gw),are given in Table 11 for Structural
Element 9, Condition 24C., The probability, P(MS<, 0w), for all the
structural elements analyzed by the design envelope approach were plotted
and are shown in Figs. 7i(a) through 74(d). The most critical element
for each profile condition, i.e., the element which demonstrates the
highest probability of exceeding limit strength, was selected using the
techniques described on Page 58. The valueA resulting from the multipli-

. cation of these critical P(MS < 01 a.) with .1 (aw) are shown in Figs. 75
through 78. The maximum values of these 6ojrall probability curves were

used with the curves of P(An>An )f(ow) in Figs. 79 and 80 to determine

the design incremental cg acceleration. The design levels of L710d and

Ov 7d were then calculated and appear in Table 12. Corresponding exceed-
ance ratios as determined by Eq. (15) are also given in Table 12.

SThe altitude variation Of aw-1d determi'ned by the joint probability
method is shown in Fig. 81 for Wing Eta Station .33 and for the Vertical

tail E. A. Station 158. Similar information is given in Fig. 82.

The altitude trends obtained by the joint probability approach indicate
that the critical altitude of 23,500 ft. for the lateral analyses and
22,000 ft. for the vertical analyses as. chosen by the bending moment

TL criteria were correct.

The variation of Ow nd around the wing structural box at Wing Eta

Station .33, Condition 24C, as determined by the joint probability
method, is shown in Fig. 83. The static margin of safety for each ele-
ment as obtained by the static stress analysis (12) for a high bending
moment condition is also shown in Fig. 83. The comparison indicates
that the strength capability as determined by the statistical approach
e:hibits ,the same trend as the static margin of safety. There is, how-
ever, a difference in which element is most critical. Element 9 and the
lower surface has the lowest margin of safety while Elements 117 and 122
on the upper surface display the lowest awId. The significance of this
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FIGURE 71 (d). PROBABILITY OF EXCEEDING ZERO MARGIN -
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AValues ofP x f (aw) piottdin thisfligur are :cmd
on one dimensionT value of P (MS -0) vs 0-w. The
rmon Is that ' orrelation coefflcints are very
near unity and the predominance of one stress over the
other has led 'to inconsistent numerical" integration
of 4e joint prbo"lity- function. It- Is betved that,
the one dimensional value is sufficiently accurate to
represent airplne sitength.
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FIGURE 76. OVERALL PROBABILITY OF FAILURE FOR CRITICAL
ELEMENTS- BODY, VERTICAL ANALYSIS
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BODY LAERAL ANALYSIS,

vatotpx (od. )plotted In'this fig ure are based
on one dimensionalv value of P (MS': 0) vs m,. The
near unity and~te predbminanc' of one stress over the
other has led -to incnsitent numerical'integration'ofthe joint probability fuonctlon., It is believed thatthe one dimensional value-is sufficiently accurate tor represent of'Irpan strength.
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difference is that an allowab'1e bending moment for the section would
probably be determined' by Element 9 while actually under a random type
of loading Elements 117 and 122 may be the most critical.

The evaluation of strength capability following the Flight Profile

Approach results in number of exceedances per hour of the limit strength
envelope. Representative values of the number of exceedances per hour,

, for structural Element 110 are given in Tables 13 through 25 for all
the flight profile conditions. Th6 G values for the remaining elements
and conditions appears in Volume II, Data +Report. The total number of
-exceedances of the limit design ehvelope per' average flight hour, Np,

were obtained -by multiplying'-the G values by the appropriate time

* factors. These Values are sunmarized in Tables 26(a), 26(b) and 26(p).

A summary of the exceedances per hour obtained ,for the Flight Profile
Analysis using the joint probability approach are given in Fig. 84. Also
shown in this figure are the design values of 4w nd andcv 1 d expressed

asenN(awd) N(v7 d)
ceedance ratios, and • N -o "
as ex ~ N(o).N(T

1

$
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-~ ITABLEt 13. EXCiEEDANdES-PER HOUR - ,CONDItION 2-

Ti l wl INOUIIO 'I VEQTICAL 4UST ANIALYSIS,

-* f "ISI1A STAIN ii 0.33 STRUCTURAL ECEMENT ItO

TUR~lOCEPARAMETERS

It - 1.300000
82 .10.600000

f IS~1 STRESSFS CFO$SINSGMN

SHEAR SI EN"

V TRUE gTISECI *624.9

0 GAR * 1404693C-OS PFR HOUR

I MS NC P ISIMW NC PESIGWlf OUST VFLOCITY 9 I600V I
IPTISECI IPER PT)

Ice 0., 001?1994E-03 0.

IS* 0.1IS3160E-19 04402W4-0 @.1016999E-IS

220 0.2713?44E-I0 0922110AIE-05 0.1065801E-I0
2*. 0.55469SBE-09 0.1SO6094E-09 0.9411113F-09

*6. .5726~tEfiA0.964?AR-O&0.6201907E-04
28. 0,.3630455E-01 0.9MSO1F-l6 64440678F-01
30. 09161415SE-06 -0*356668?F-OA 0.64T5955E-0?

-32i, 0.S14'3I4F!-06 0.?04101F-06 00124594f-06.
34. 0.IsossS3E-Os 09114161)F-06 0.tV31379F-OA
36. 0.SI13q4-OS 00612246IF-01 0024211soE-04
M R. 0.fl 04e4E-O5 O.-31690s1E-oT 0.254R3SE-04

*40. 0013?9647[-04 O.1552662F-01 04?361394F-06
45 so 0437Z390[-04 0.2368?90E-ON 00111462SE-l4
SO. 0.tO?'.&RNE-03 0oZ964?OOF-09 0.33?49I-01
%so 0,1974612F-03 0.*?U922,E-1O 0.403N515E-OU1
600 00 1109628F-03 0421549?hE-.1 00MSIGIOE-09
65. fl.4S19060.-01 0.135770?E-12 0.6199906E-lo
Me. 00#604) VqE-OS 0,66MOIF1-14 0*4540641E-11
is* 0?7141492E-03 0.2i54615F-IS O.21947?IF-12
Slo. 0*944043F-01 0*43?4110F-t1? 046S94102-14
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TABLE 14. EXCEEDANCES PER HOUR CONDITION 4

IfssoCONOiTliO 4 -VERTICAL Gust ANALY ISIS

104 WIN TA:STATION *0.43 STRUCTURAL ELEMENT -110

P1 e *.000i00

J 1S2 010.A@0000

is SlTRESSES IPSIP

HAR SNNSEGMENT

-1,147.0 -40650.0 -101000

v RUE IPT/SEio .624.9

S Sam * *.R)949??E-05 PER HOUR

McS C P SIGNI NC, FISIGWI
GUST VELOCITY so

IPTiSECI (PER FTI aoo

10. 0. O.1719964f-03 0.
Is* 0.i92i206F-22 017540zs4E-Os O.2511528f-21
20. Del@?qZ34E-13 O.33O0692E-O05 006977170E-13
220 0* Il34891 E- II 0*2Z?1063F-OS 0.44319SIE-11
24. @.S419869E-10 O.1500094E-0S O.09394I29f-I0
2S.. 0.789IRMSE-09 Oo966424ME-06 O68SIIIIE-09
26. 006601456f-os 0*5976501E-06 O.44E.Z431F-06
so* O.3S4976?E-0V 0.J5A6NTE-06 09I4?Z)02E-0T
3?. Q.149270SE-OS 0.20540FV-06 O.34469?2E-0T
t4. O.4774964E-0S 6.1141613F-0i 0.6131720E-07
34. 001?65Z0?E-OS 0.61?ioh1e-07 0.6713639E-0?
36. 002661ZE-0s 0*3169051E-07 0*10?NSIIE-0S
40. 0058358s4f-!!05 00I N88?E-07 O.1039041E-@6
4s. 00 22919 TOE-04 0.238AM9E-0S 0.6s15?z66-OT
SO* 005098791E-04 0.ZAN4?OOE-09 O.:19?464E-l7
55. 0*1Z56393E-03 0.2789?9E-I0 0.3948154.E-08
60. 0*2163747E-O3 0. 21 tsq? 6F- II OoS303193F-09
1.5. 0.335SZOSE-O3 O.133170YE-12 00SO4aS3SE-10

fe :47?Z346E:03 0:. 63510 If - 4, 0:3523817[-Il
is* 00.62?STOE-03 O.263746flE-IS 0.13745507F-12.
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ITAJBLE 15. EXCEEDANCES P ER H4OUR - CONDlTiON53

lice Owatsngvou, S Wiqtc~tA G101 £4A1.vss

WING -ETA STATION -'0.33 STRUCIPJAAL 1EfEtl 110

I uimateNC PARAMPTERts

Si. 3.'sT0o"f 5? 010.600000

to STRESSES IPSII

-1101.0 -ItffZO.@ -112900

V 'TRUE IFTISECI 0624.99

SM*0.30144491-05 PER HOUR

INS NC ISIOWI W. PISIGWI
OUTVELCITY It isoov

optisiC) IPER FT)

200 @.513q4?hE-IZ 0*3300692E-05 00190111E-i1
22. 0.2s9594sf-10 0.22110431-05 Ct,6631S96E-10
24. 0.5123109E-09 0.1s06094-os0549 M0
24. 0.521?@63f-0S q.964246F-04 0.S6?2256E-06
26. 0.3261941-Ot 0.S914501E-06 *.2211426E-01
30e 0.1453013E-06 0.35646R-06 005629.40-07,
32. 0.49001371E-06 002054103f-06 0.1132202E-04'I34. 0.1341919E-05 O.11416131-04 0.17232371-04
36. 0.3121549F-05 0*61ZZ041E-O? 0.21498961-04
36. 0.43774451-05 0*31690511-07 0022733441-06
40. 0.1t13683-04 0.ISOZSE.21-01 0.20697111E-04345. 0. 3836632F.-04 0.92366290E-06 0.10312)31-04
Soo0 0.8908662E-04 0.2884?OOF-09 o*29o711-o?
55. 0.14774971-01 06.2189229E-10 M.263ME-06
400 0*210367Z1-03 fl.21569?4E-I 0.G54424?1-093 'e 0.3921506-01 0.1)3?107F12 0.5900755E1t
Too 0.52?0184E-03 O663S20t1-14 0.39169S1I
?5. 0.698671-01 O.26346t51-IS 0.196%1?9f1t
S0. 0.86S50001 0.63141S01-It 0.7491299ft,14
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TABLE 16. EXCEEjDANCES PER HOUR - CONDITiQN 6

P700 CONIll0' 4 VERTICAL. Gust AN4ALYSIS

W IG fEI SiTTI ON *0.33' $tiUCTURA EI.F14FNT lid

TURBULENCE PAR'AmETies

Pt 0AS0000

atI .110000
9z .10.4i00060

J IG SIRF SSES 4 PSI I

SMEAR SKIIN SEGMENT

-133.0 -11970.0 -11440.0

V TRUf IPT/SECI .124.9

" ARm .267EO PFR HODUR

RI4S NC F ISlGW) NC FIS1GW)

GUST -VELOCITY x loony

IFT/S(C) IIPER PT1

10. 0. 0.1?1Q994E-63 0.
IS. 0.1209854E-zo 9.?640?54E-05 061046961r-19
20. 0.143610?6f-12013lAZ' 0*511316171-1

UZ. 0.l&?E1 47f'~-50*232WOiF-10
24. .?1161?-090.I1%lAM94E-01 0,363646IE-09

2.0.2%012 nF -08 O.qA64AE-06 00?72121,6r-0s
06.o1t6000a(-07 0.5 a 7 1-01F -06 00133if-0?

3 0. 0.48,1039E- 0 0. 1 smAa ?F. 06 e3401 n4E-0 F
3.0.107864?F - 06 M.OS410ir-04 0.?111514E-o?

34. 0.p6q1&'F-O6 0. 1141 A11F 06 0149346E-006

16. o.?IRQIt4E-fl5 0.61 ??R&tIF-01 00.15006Il7E-06

30. 0.E4hA'1f%fl'% o,.itim. I ~F-n7 0,1664360E-04

40. o.P91?4 7pirO m 1. 1 'APA&?F ? n,3'I A&4 IF-0

S)45. 0.1179AREr04 0.,1%0'Qr'r-nft 0*8408115E-0?

50* mhnn41r-n4 M.*'qA4106r-0q 0,7494457F-40?
55. ~ ~ ~ 0 0.4Vt7FO 0.7ImVQ 0 0,469fl9IF-0A

t'. S . 0 . 4 90 1, 7 ?F- 0 1 0 Itfl 0f 7 17 S AF -0 9
A. 0. -4't..104 -O '11 .3 71 A-4-0 -I 113%tirt

~ 168

http://www.abbottaerospace.com/technical-library


TABLE 17., EXCEEDANCES PER HOUR -CONDITION 7

7208 CONO"ITION, 1 vVRTICAL GUST ANALYSIS

MING ETA STATION a0.33 STRUCTURAL ELEMENT '110

TURSULENCE PARAMETFRS~ .oot'n

16 STRESSES IPSI)

SHEAR SKIN SEGMENT J

j-2274.0 -11?40.0- -112?O.0

V TRUE IFT/SEC) 881O.?

G BAR a O.241551E-OS PER HOUR

SSNC F ISIGWI mc Fistrow,

GUS4 VELOCITly I IA00V

IF I/SECI IPER PT)

10.oo 0.?27630(S-04 0.

Is, .0.11194410-20 0.?6?4668E-l5 0,4369217E-70

20. 0.116,%SN-12 0.I3iq46E-05 0,269?814E-12

[22. 0.8?2?9-11 0.,9?RS?74F-06 0.124651RE-10
24. 0 . f06091?F-09 0,&6634?F-06 002OOSAIZE-09

26. 0,2414129F-08 0.46?4416F-06 0,1646464E-06

28. O001015OE-0T 0. 3085-18AF-06' 0, 76608 14E-06

30. 010Z?196SE-0? 0.1974640P-06 0,2369146E-07

32. oo 294631F- 06 0.I2%4AOF-06 0.53403slE-of
14. 0. $69E,3ifE-O 0,13?44P2F-01 0,93%8f#74F-O&

36. 0.71.!991IE05 0.4)034AP'OT
34. 0.454CW96OF-05 0.2435ITTE-0T 0.1ftI541F-06

40o.O $84016F -05 f0.1316?fl?F-O? 0, 169149F-04.

45. Q.3fl%4543F-fl4 o0,4Af46;R-0@ 0.1161I07P-Of'
So. o.1%1.!609F-04 fl.4104745F-09 0,4592059E-O?

ss 05 f. 14623OqF-Ifl fl5%%?4?Qf-Ifl 0.11tsssq.-ft?

.w 00 0.74??SOqr-03 0,604101?F-11 0.7154076F-06

65. 0.1602802F-03f.~~t3EI 0.268?9?4F-fr

10. 0.4911 IT6F-0) 0.409'94~f-11 Oo29449311E-10
r 1% fl.1%R"-03 00751%311F-14 0oZ311Sfl9F-I1
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TABLE-~18. EXCEEDANCES PER HOUR - CONDITION 7 (3 1, 00 FT.)

,?.mo cON~.ntiome T, vFrpttAL 1.Us,; ANALVSI%1

V146r ETA STAtiOn * f.i STRUICTURAL ELFMFNT 116
ALTTUE 31,000 FT.

TUiSIR.FNCF PARAME1PF O

0.01000 2

S*irAs' SKIN SFGMPNI

-2714.0 -11740.0 -11,770.0

V TRUE If T/SFC I R1l.?

G' PAO - o.zashihqr-n, 'PER sHOum

'4!. NC ISItWI NoC F151GW) I
rmsT V[LnCITY x 4no0V,

IFT/SFC) M~R FT) I

In. 0. O0l1T77&7-O4 0. 0
let. 0,I111'441F-7r) 0.ZA63fl7IC05 0.411099?E-?O
70. 0.1lhl%RRr-I7 0.13i44W1-O5 0.26231651-12
?7. 0.9T~ql0crF-jj 0.947267F -0 0.120t%&OF-Ifl
24. 4?0lSP91F-09 fl.655M rott 01tqlfl65F-Oq
7!. fl.7414t7qF-OR 0.4411695F-06 ol'hmc0

74. .110111#2F -01 01A3M~346C-0b 0.7t1qt1S!F-08
Me O.P 141 I F- 7IR7)Mfl-06 0.21011494F-h7

34. 0.R#,16I1Ot-06 0. 11 itIs__o&o 0.A464IF:0?
34 .7qq611IE-06 0.6637no5P-o? 0.41614?F-b

36. 0. 21790 10-05 0.)R14%4IE-0T O.IISS64IF-fl!
34, 0.4%4%%O(-O% _fl.71757W~-0? 0. 1410117)E -Ot
40. fl.P!h4tt6f-O% 0.1141MNF-67 0,14%4617E-06. ~
4S. 0.(154#141F-04 0.2141ZI34E-08 0,95454ISF-O?
in. 0,75IZ(V9F-04 O.)7?AFOIE-09 0. VS94191 V0?

0,1462IM~-01 0.4170434F-10 0.8R7s4yr-0fl
'40. 0,24?711-09F-01 0.47%0onni-it O).I55%%it-0

70. 0.49111&F-0) 0.Z500019F-t 0.I79QOSE-)
Ti f1#%7NE0 0.1425144F14 0.I372A64E-I V

R. 0.11000R~6F-01 0.46?3441F-16~ 0.7611?40F-11
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TABLE' 19. EXCtEEDANCES PER HOUR -CONDITIONS8

w,14.~i 'FIASTAYIfl no 6.:11 %bS4ifflufJAi t rF44F41 Ito

1111101101,2;: NCC 6AAM TVGW 1t

G RAO (1f.704774SF-(10 pro 1411114

I /(r s. aqI7% "T I

I no n~mvnrn )A ()4111-l noAjr~rn

I r . 6: 4w vict1r-lP I fl44 %-0-lAS4 I 7

plo. 7 1 onItotI-f 1 4).9,1 M7A%1-nih 0.69441%6F- Ii

tn. 0. 19 . If ,-n .6qr1 1 f0.! ?R0 m-it ?

74 0."1i 4'-IA ) 4%l"I -ns0 11n W 1

4%. ~ ~~~~~~~ ~ ~ ~ ~ ~ ~ -0 opIAr Qn 71 410-hn 0 lf 1

no~~~~~~~~~ ~ ~ ~ ~ 640 4 '2t7"74 : h 0174~.0
(0, sfi~q ? -010. 0%410%n--()? n lo1711

17 .1 41 e 1 )*%?1fW 01n m ,s.n
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TABLE 20. EXCEEDANCES PER HOUR - ,CONDITION 8 (33,-000 FT. )

tflat CONO1ITIOM VERTICAL GUST ALS

WING EVA STATION *0.3) STRUCTURAL ELEMUFWT 110
5ALiTI3 33#000 FT.

TUPSULENCE PARAME lft S *

'P2 a .0009O

a , * Z .9 7 0 0 0 0

IG STRESSES IPSIl

SHEAR -K I N SEGMENT

-224?.0 -12360.0 -11810.0

V TRUE OMTSK$I *802.3

G BAR 0 .442914SE-06 PER ,I0UR

Hms NC F ISIGWI NC FISIGWI

GUST VELOCITY xilo

10. 0. 0.159462@E-04 0.

is. 0.439239SE-22 0*2449926F-05 O.155395GE-ZI

20. 0,2190014E-13 0.00F1-S0)464.-13i
22. 0.1912510E-11 0.7369660E- O6 0.20354.0E1

24. O.5?iI040f-10 0.4816636E-06 0.39062E-10

t26. 0.608?38SE-09 04103)744E-O6 0.3540816F-09

26. 0.6600714F-oS O.1841420E-06 O.I755209F-on

30. 0.)59)091E-O? O.01MIt -06 0.55A8814E-08

32. 0414301'04F-06 0.607?98E-O7" 0.126093SE-07

34. 0*4539660F-06 0.3Z98414F-O?, 0.216?300E-01

36. 0,118964?F-05 fl.I?26701-01 0.2966,412E-or

36. 0,26861E-05 0,8711743E-08 0.338231WE-O7

40. 0.5)9J32E-05 O.42)SSY1F-O8 0*3299024E-0?

45. 0.2086166E-04 0.593RZ90E-09 0.1,S8938F-01

s0* 0*549001dIE-04 0.660?168F-10 0.52.39084E-04

ss 5. 0.1l?3P3E-01 0. 58)462 ?E -11 O.946ARE-09
6.0.1910156F-03 0040RM984F-12 0.114'430E-09

65. O.92 l8E0 0. 2 ?4 ?4 E- 13 0.9t3O481E-11

10. 0.41tSOiWE-03 0.Ioo)859r-'4 0.601?lI9E--Ak,
15O.S451336-01 0. 351661 FF-16 0.2766314E-13,

60. .6819FAE03 .91681SE-16 .962?29SE-15 j
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TABLE 21. EXCEEDANCES PERHOUR - CONDITION 9

726CINOI.Tio#.0 9 vl-T~ AGusT APEAMYIS 10

TURIULENCE PARAMETERS

'e 3.00000

Si a 9.170000

Ic STRESSES IFSIIt
tHfAi ~ SitI SEGMENT

!-1661.0 -12630.0 -12240.0

V TRUE OFT/IC) 0602.3

C DAR a 0.346SSIE-01 'PER HCUA

RA ES NC F ESiOWI NfC FISIGWI
GUST VF'LOCITV I is00V I

300 0. 0*136493Q-04 0.
Is1. (0.219369?E-25 0.114)3ME-05 @.IIOS404F-24
20. 0.35N9259E-IS 0.942%sm6f-04 0.4ARS3PRE-Is

22. 0.614Ii??E-I3 0.3R4166tE-04 '0.S3646ol-l
240 0,316 317 7E- 11 003459464F-06 0..163021SE-11
26. '0.o?9 R3 50?E-O 10os~fl 0.1?I101-o '* 0TSE-O9
2. 002C1ZsN1E-o? 0.2A9V3qzf-06 00.109E-09
lo 0.S 4 0.54 %E!! 0 0O.S465911f-0? 0.43q943f-09

324 0.3t214lE-0400 6 O.?15 2 E-0 1 O.2fqs)39-O4
36. 0.t037R.2-O6 0.Z1f71l3n(-0S 0.29S46SE-06
360k, 0.13411-06 0.5114?ilE-Oo 046111369(-04

so* 0*2?ZP?liE-'. 0.403111TE-1I 0.Z75T-~
53. 0*.4?75fl6(-04 0.3O3111'E-1z 0.2730603[-10

6s. 0*1916%46E-O3 0.326S660~4-15, 0.9038143[-Il
10. 0.ZN8qe,7,ErO 0.61"QO1IE-I 062864111-14

75. 1.eA667F-03 0.1?Mso5-106 0.4Z99999E-16

so .Si01A71ZE-031 0. 31 u 4 -z 0.qa737?E T-1 0
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TABLE ZZ. EXCEEDANqCES PER HOUR -CONDITION 9 (-38, 000 ,FT.)I TOS CONOf1N4t- 9 VERTIAL rGUSI ANALYSIS

'WING ETA-STATION * 0.01 I~tRIJCTbL FLEmrNT, 110

TURSULENCE PARAMETERS

P:,0.008300

S2 * 9.500000

16 STRESSSIPSt)

SHEAR SKIN SEGMENT

-1661.0 -12830.0 -12260.0

,V TRUE IFT/SECI -402.1

6 BAR s 0.4021656E-07 PER HOURI

44 NC F ISIGWI NC FISIGWI

GUST VELCOCITYx 40
6PTISECI (PER FT)

109 0. 0*1200366E-04 0.
1is. 0,299369?E-25 0.242009SE-05 0.OJ46ZZSE-24
20. 0.3589?59E-15 0*9157799E-06 O.4?465RIE-15
22. 0.6361527E-13 0057'501R3E-06 O.%28MO6E-13
24. 0.3263377E-11 00345401?E-06 0*1621106E-1i
26. 0.69893'5?E-10 001944803E-06 0*20032?lE-10
26. 007q4852OE-09 001091095E-06 0.1252M7E-09
30. 005649"ZSE-OS O.5?3198ZE-O? 0.4681436F-09
32o 002812499E-07 0*2ZSAbV30E-O7 Oo11?2419E-OR
34. 0,10635?SE-06 '.13 893 3',-O0T 0.Zt33836E-08
36, 0*32kZ319E-06 0.6396730E-08 0.2995013E-08
3680 0.83?7642E -Ob 0 *2 174 78E -08 O.3388ZOE-O8
400 0*186406E-05 0, 1 RT175SE-l 0*319453ZE-08
45. 0.6909196E-Osl 09112103&F-09 0o144q99TE-fl
50. 0.21ZOT1SF-04 0*61104854E-11 0.3195954E-09
ss. 0.6241506E-04 0.44246O1E'-12 0.3991TIE-10
60. el,11733t)E-01 O.1629732E-13 O.31001?6E-I1
65. 0).1916566E-03 0.5135050E-15 Oo1%874?)F-12
T0. 0,2819474E-01 0'.1363OZISE-16 0.55696211f-14
IS* 0.)s6626?0 0*2455)24E-18 0.137430llF-15
go* (4.5016112E-03 09335201SE-20 0024Z622ZE-1?

S 174
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TABLE 23. kEXCEEDAP4CES PER HOUR - CONDITION -10

1206 CO"flIT ION 10. VERTICAL GUST ANACYSIS

WING EIA STATION .0.33 STRUCTURAL ELEMENT 110

-~ TURSULEN4CE PARAMETERS

F2 a0.000090
81 a2.950000

10 STRESSES CPSI)

1,SHEAR SKIN SEGMENT

-1660.0 -12440.0 -1189000

- V TPUE IFT/SEC) -802.3

B AN u 0.942185?E-0? PER 14CUP

I NS NC P (SIGNI NC FlSiGUI
GUST VELOCITY x 1600V

-. IMTSEC3 (PER F11

1100 0. 0.1343433E-04 0.
15. 0.6825464E-24 0.2ZQ3401ZE-05 0.2260463E-23
20. Oo 1980235F'-" 0.92?9008E-06 0*2653'.04E-14

22o 0. 2562953E-l1~ 0.6018662F-06 0*22Z1540E-12
24. 00103499lE-10 093746223E-06 0.5599060E-11
26. 0.1639855E-09 0.?237600E-06 0.5944948F-10
30. 0*1138379E-01 0.7054160E-01, 0*1159624E-09

32. 0-513914SE-01 O.M13226E-01 0*276309IF-08
34. 0:1792147F-06 0.'1485769E-01 094880306E-08
360 GoS1O45?2E-06 0.9165430E-08 0.6 ?5604.6E-08

V36. 0*123?806F-05 6.4Z74?65E-08 007640991E-08
.40. 0.2636902E-05 0. 1913228E-08 0.7285ZT1E-08
'45. 0. 114594oE-04 1C.2140765E-09 0.3542549E-08
Soo 0.3276019E-04 c:.1851253E-10 0.876318?E-09
55. Oo71351O2E-04 0*1231248[-11 0.1274814E-Oq
60. 0.1289484E-03 0.6390609E-13 0.1189989E-10
6s. 0.2044269E-03 00255106RE-14 0.1530068E-1Z
l oo 6.ZV.155YE03 0.1?03'92E-16 0*3349991F-13
?So Oa3961485E-03 0. 1865?lk-11 0.1073515E-14

1 0.' 09S503'E-O3 0.3458024F-19 0.2521283E-16
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TABLE 24. EXCEEDANCiESPjERk HOUR - CONDITION 11

pa a 0.010500T
P2 a 0.000090
I - 2.950000

10, STRESSES fpsts

SHEAR SKIN sE6nmrN

-1648l 329.0 -1229 0.0

V TRUE 4PI/SECl '00.3

G RAR 0 .13469iRF-06 -PER HtUR

AMI NC F tIC~b3 NC FISIGWl

GUST VELOCITY 9 14O0V

IM1SECI woV rID

10. 0. 0.114343IF-04 0.
15. 01101#1189E-22 0a2291402f-05 0. 331401ISF-ZZ
20. 0,89191E-14 0 9279008F-06 0,1203831E-1)

2a. 0. 18 4e~f-I? 0:6018662(-06 0.?1&SlZE-I?
24 0Zq~ilE10 0,1?46223E-06 Ol1519110E-i0

24. 0.2921143F-09 0.236001-06 0. 142916?E-Oq
20. 0*4C74R4)0Nf1?2?fE0 0.10S2233E-09

lOo 0.?1FRIM-0? 0.?O54180E-01 Of'P2FO

3?. 0.901,69A8E-Of 00)1232261-0V 0.4R63417F.-08

14. 0,2943696E-06 0.14e5?6qf-Ol 0.8016161E-04
36o 0, 7912S4.f -06 O.'916%49OF-04 0. 104 12SAF -0

1#. 0. 1 ?6YrvEF-OS 0.4?765F-08 0. 1 IlI I E-of
40. 0.3l12441E-05 0.191322NE-0S 00103120SE-01

4S. 0. 1495i1%IE -0' 0.21401ASF-09 0.462? 116F-0N

50. o.40ISS6SF-04 0.NIS12SIr-t 0 0,1016435F-08

Ss. 0. A413090C -04 0. 12 3?2401-11 O.1503tlE-o9

'60. 0.14MICIE-0) O.61906 qff-ll 0.II%779RF-10

65. 0122111()4-01 0.2%510681E-14 O.4114htOF-IZ

10. 0, 3111t644-01 0.IR?039f-16 0.3650119E-1)

80. 0. 5140111f -01, 0.31AO204F-19 0. 766691?F- 16
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TABLE'25. EXCEEDANCdES PER HOUiR t ONDITIN 12

WING F ?A, SIAIIUN*011 iUIIA ItNI'3

T ~ ~1M9ULEFCt PAiAht1FAS P

* IllSa 3.5scooo
"? 9.100000f

It -SIRFSSFS IPSI)

S14FAR kKIN SEGHENI

-?1?.O -10110.0 -407%fl.f

V'TRUJE IFIISECI '523.6

G-RAN & 0.?S9159OEC-OA PbR HMIR

1: ENS F M~GWI NC P15GW)
GUSI VELOCITY x MNOW

IFtISECt lPfR Fit

to. 0. o.532lo7-3 0
IS. 0.I3R613E-22 0.l?91400F9-04 O.216S47F-1

22. 0 131165SE-11 003?691'46F-O5 0*44111 r?f-I I
24. 0:4532670E-10 0.tmOir-os 0.961?I 2F - 10
26. 0.6flq6673E-Oq 0.135894IF-05 0*66126?Aq?-0
28. 0059812"0E-0I O 16%i I I?F-06 0,4315w~r -om

30. 0.34.17333E-07 0, 4I1 374.1F-Of# 0*13310O1E-O?
32. 0,142291RfE-06 0.21 192 4F-06 0.286144 K-0?
34. 0.4641149E-06 0.IO'4O29OF-06 0.46illOOf-01
36. 00125002?-OS 0.5fl341%tE-07 0.s93601%C-0?
38. 0.2891313r-os 0.?79148 mr-oy 0.6M5RF-0?
40. 0.5914142F-OS 0*10016a6V-01 0.i5S64'97F-01
45. 0.231?7%lE-04 0.jo46A~qu-0N 0.Z3404E-01
SO. 0.64#32291E-04 0.81A7I"'.Q-I0 0.S08414ir-os

60. 0.23SMIE-0) 0.21?,S9EI-I 2 O.S360,IIE-I0i
65. 0. 1840106(-O I 0.I1761SN-14 ol0O5ul 11

10. .i 149SI 3E-0t 1 .24?%3?Rf-I% ot I I lor-1?
Is. 0.,819MIE-O3 0.S1IAIf -11 Oe 110194%F-14
80. O.RAq46?F-oI 0.04146piF-19 6.610140.0-16
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TABLE 2-6 (a)

EXCEEDANCES-OF LIMIT STR ENGTH PER AVERA( JE FLIGHT HOUR
FOR TOTAL AIRPLANE USAGE, NP"

' ,, 'VERTICAL ANALYSIS, WING-

Structural
Component Startion Element i~p

S0 2.5xlo - 8

.1 i.Ox1- 8

7 .1X10o-6

T9 2.1x0

Wing Eta 17 iEe5X10 -7

: • 3399 .1.O "

100 3.5x1o-11

101 6.7xlO- 10

110 1.0x?10 -7 l l.l~xlc -6

91 2.lxlO7WingEta17 l.53x1o-

122 6.5xl0-6

1.99 9. x10-8

4%
11 -

1J cl

-- -

_ ] , ... . . .. ... . . . . .
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TABLE 26 (b)

EX(CEEDANCES OF LIMIT STRENGTH PER AVERAGE FLIGHT HOUR
FOR TOTAL AIRPLANE USAGE) N I

Structural

Component Station ElementP

100 1.2(10 11)

R 3 2.3(1011I)
4 9.l(1O3.Q0)

Boy8 9.O0(19L9 )II
Boy9 2.0(103.3)

54o 16 6.9(10 12)
20 3.0(1011)-

2700 2.9(10 i6)
29 31 (I14)
30 2.9(loio")
3 0__ _ _ _ _ _ 1 . 1 ( 1 0 )1J100, 3-0(':15

2 2. 1(1'0-1)
3 8. 0(1034)

Fuselage Body 49.3(0'IIi 140 8 1
16 3-5( 'M5)
20 3 .0o( '~27
23 3.3(l01
27 5.4( ioL1)
28 1.8(10

-14100 1.02(13.4)
2 26(io

3 1.1(10L15)
Body 4 34V1360 8 5.6("'L48)

1200 2.0(1033.1)
3.4 8.2('L20)
16 2.2( 1OLL23 7.8l

2912
33. 2.7(10 )
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TABLE z6 (c)
EXCEEDANCES OF LIMIT STRENGTH PER AVERAGE FLIGHT HOUR

~FOR TOTAL AIRPLANE USAGE, 'Np

LATERAL ANALYSIS

f Yaw Yaw
Structural Damper Damper-

Component Station Element On Off

100 9.1(10"13) 3.4 (10-10)
(012) 10.2 1.2 (lO ) 4.o(lo " )

3 9.5(10-13) 7.1(10 _l )
4 8.5(1o- 1 ) 1.5(10-1° )

Body 8 9.9(l 1 3 ) 5.(101- 0)
1o4o 16 8.1(1o- 13) 3.7(10-10)

(012) 1120 3.5(10" ) 6.3(10 - 1 )
23 1.6(lO27) 1.7(1lO" 9 )

2764l-32) 2227 6.4(0) 3.2 (10-,

28 2.3(10 -2 3 ) l.o(lo - 16

Fuselage
100 4.8(16"19 ) 2.2 (I0"13 )

2 2.0(l0-19 ) 1.8(io-13 )

3 4.8(1o -16) 1.6(lo11)
4 1.2(10 - 13) 6.8(10"10 )

Body 8 6.9(10 "11) 7.5(10"8)
136o 1200 4.3(1 °  .l(-7)

-93(0 ) -6i4 5.5(4o'8- 1.4(lo -6 )

16 2.1(10" . 3.5 (106 )
23 9.6(10"9) )
27 3.0(1010) 3 .2(lO"7 )

28 2.1(10O9 ) 6.1(0-8)

29 1.1(1010) 6.0(10-8)

3100 3.1(1011) 9.8(108 )

0 2.6(1o"9 ) 8.o(lo "6 )

Elastic 1 4.7(10 - 9 ) 1.3(10 - 6 )
Fin Axis 5 1.0( l O 1 t

158 10 9.8(lO 15) 5.2(101 °

_16 11110 2.4 (10 " ) 3.9(10 "I i OO4.7(10-9) 3. ( -6)

3.80
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FLIGHT PROFILE DESIGN ENVELOPE
APPROACH APPROACH

,WING ETA STATION .33
* -10 -5 -1 6 --5

,')FIN E.A. STATION 158
(YD OFF)

(BODY LATERAL
10-6  I {BODY STATION 1360 10 -6

](YD OFF)

-7 BODY LATERAL 10-7
0 BODY STATION 1360 10 STATION 158

OY ON)FIN'E.A. TIO15(YD ON)
.fn (YD OFF)

( 10.  FIN E.A. STAIiONI58 108 IWING ETA STAION .33
0 (YD ON)

u1 -BODY VERTICAL O FIN E.A. STATION 158
0 10 1BODY STATION 540 ! 10- I(Y D ON)

BODY LATERAL ju BODY LATERAL
BODY STATION 1040 Z BODY STATION 1040-10 (YD OFF) < 00 0(YDOFF)

u BODYVERTICAL /BODY VERTICAL

. 0-1 BOD (BODY LAERIAL<BODY STATION 1040 uO
a IBODY STATION 1040

10211- 10"11  BODY LATERAL"- " BODY LATERALwoBODY STATION 1040
0i {BODY STATION 1040 L
I (yD ON) 0 0,(YD ON)

10- BODY VERTICAL BODY STATION 1360 k,

IBODY STATION 1360

r
10"1  1013

10-14 10-14

Lk5,
"

I FIGURE 84. SUMMARY OF DESIGN VALUES OF EXCEEDANCE RATIOS

AND FREQUENCY OF EXCEEDANCES BASED
ON JOINT PROBABILITY
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coNcLt sIONS

IGeneral
The use of power 6ectral techniques ,o assess the strength- capability
of aiirplanes subjected: to continuous turbulence appears to be the most
rational approach to the airplane gust design problem. The statistical
methods which were developed basically in the comunications field arer well founded and understood; howeer , their application to. complex air-

I craft structure in dynamic loads analyses has only been pursued in-
recent years.

,I There are two rather g~neral orgblems associated with a detailed gust
power spectral analyses. The first is the "long chain ' of c alculations
that must be conducted lo arrive at the solution, and the second is theI: of the.statistical resuit, Aa terms that are meaningful tointerpretationl tnhe toe

the -design engineer. In the for~going exialysis, the first' problem was
partially overcome by proper 1-sniking 6.. the individual digitPA. computer

f programs required to calculate the dynainie responses in the. f _=ible
1. modes', the rms loads and strsses, and finally the statistical results

into a chain program. This allowed for orderly flow of data by the use
of t±pe storaga3 from one program to anothr. This enables an engineer
t6 analyze many conditions in a rlatively 'short period of time. The

results of this study will serve as a guide to th'6 'solutio of the
sec6nd problem.

I mynanic 'n&lyses leading up t6 an assessment of the strength of struc-

tural elements or compohents is complex and can be very- senitive to
the mathematical description of the airplane being analyzed:. ,Even when

L. the analysis is conducted 4or an airplane that is ctrrently in seivice,
a vehicle for which a great deal of inf6rmaion is available, the anal-

- ysis is till difficult to accomplish. Experienced personiel 'who are
t capable -_' exercising good judgment on estimates of sensitive airplane

parameters are needed to use this approach in the preliminary design
.stage.

Certainly, power spectral gust analyses should be conducted early in the

design stages to "raige-the-flag" on possible problem areas. Further-

more, these lanalyses should include parametric variations of sensitive
L parameters', which nee'd better definitioh. The analyses may become more,

complex as thr -'XLsign nears the final stages, but the analysis should be
assessed, ?d , , .t.ge ,by comparing reduced .solutions of the basic equa-
tions with separatie ,ieuver and flutter solutions.
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One Parameter Versus Joiht Probability Approaches

If the structure being analyzed is sensitive primarily to an axial stress
which results predominantly from bending, the bending moment approach
and the joint probability approach should lead to nearly the same result.
ThLs is true, because the other load quantities contribute only slightly
to the margin of safety in the more critical structural elements. Since
the effort involved in -a single parameter bending moment approach is
about one-half of that of the full joiftt probability stress analysis, it U
is advantageous to use a bending moment criteria when suitable.

The bending moment Analysis is useful in the -design envelope approach to
- lp locate the critical flight c pnditioni The selection of critical
conditions for vertical -analyses in this program required 20 separate
analyses. I. all of these analyses- had been carried through the joint
probability solution, the analyses time would have been extended several
months. Since all of the load quantities tended to increase as the
critical condition was approached , the behding -moment served as a good
measure of the criticalness of the condition.

The success of using the bending moment to locate the critical structure
'is dependent again upon whether or not the structural element is more
likely to reach limit load under an axial stress condition or a combined
-Itress condition. If it -is a stress condition which results from com-
bined loadings then the bending moment alone will lead to -erroneous
results.

The joiht piobability method, while more rational in considering combined
loading, has some drawbacks in regards to ?.ts use in a design sense. One,
of these problems is in obtaining the detailed stress coefficients,
another is the definition- of the strength envelope.

Model 720B Analysis Results

Limit-strength values of w ld and of hours to exceed limit design -
strength, for the -model 720B, are summarized in Figures 85 and 86. Re-
sults based on both the bending moment analyses and the more -exact, joint
probability analyses are shown.

Recommendations for Design

Specifically, the following recommendations are offered concerning the
use of gust power- spectral techniques in airplane design:

1. Gust power spectral analysis techniques appear to be the most
rational approach to the gust loads design problem. However,
they should be used in such a -manner that they can truly as-
sutve timely design information, and hence a properly designed
airplane from the standpoint of gust loading. This can be
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r accomplished by a continual study during the airplane dcsign-
fstages using the best available data at each stage to eliminate

the possibility of unpleasant surprises after the UfrPlane is
-f in service.

-' 2. Initially, the aerodynamic, structural, and stability augmenta-
tion, data used in the analyses'will be rough; therefore, these
initial analyses should be simple and should include parametric
variations on the more significant input data.

1 3. Then, the more sensitive parameters 'should be isoiated and
studied further through separate test and nalysis 'programs.

4. Later studies will be Used to evaluate the limit bending moments,
shears, and torsions for the major components. Also, the phas-
Ing or correlation between these loads -should be obtained and
used as a guide in the design.

5. Joint probability techniques to properly account for the phas-
ing of the loads or stresses should be employed only for the
,more critical components of the airplane when the margin of
safety is highly dependent on combined loading and the statis-
tical correlation between the loads or the stresses is poor.

L 6. All of the studies should be subjected to a set of checks with
separate maneuver and flutter analyses or test results in order
to keep the studies in perspective and to provide confidence
in the results- as the analyses become more complex during the
later design stages.

7. Stability augmentation systems and control dynamic effects
sho-ld be incorporated in the early studies and developed a-
long with the basic airframe in coupled dynamic loads gust
analyses.
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W""

APPENDIk.A

aeEQUATIONS OF MOTION

General Comments

The degree of success in evaluating the strength capability of a complex
airplane structure subjected to flight in atmospheric turbulence relies
almost entirelyupon the-ability to construct a mathematical model of
'the phystcal system. An airplane in f'light is considered to be an
elastic-dynamic system which when acted upon by external aerodynamic
gust velocities-undergoes motions necessary to maintain an energy balance.
The analysis procedure generally used is referred to as the Energy. Method
and is applicable to a system where the total change in kinetic energy is
equal to the summation of the work done by all forces acting during a slight
deflection from the equilibrium-position,. In other words the application
of the energy method is contingent on the principle of virtual work which
may be stated as follows:

If a body is in equilibrium under the acti6n of prescribed external
forces, the work done by these forces in a small additional dis-
placement, compatible with the constraints is equal to the change in
strain energy.

The above statement can be expressed as Eq. (Al)

8 e + 8W 8v (Al)
e in

where

8W = the' external work done
e

8Win = the internal work done

8V = the change in .strain energy

The airplane motions, as given by Eq i'A2), are expressed as the summation
over a set of independent generalized coordinates which are defined ex-
plicitly in terms of space and time.

n

J=l

A-2
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where

i the jth normalized mode shape which is a function
- of geometry only. i

j = the jth generalized coordinate which is -a function
of time only.

- Using the above coordinate definition and Lagrange's specialized form of

the energy equation, the equations of motion for the physical system are.
formed using Eq. (A3).

d ( T ~ OT + a i (A3)

. where

T = the kinetid energy of the system.

V = the strain energy of the system.

I Q = generalized external force due to the system's response.

= generalized external force due to the gust velocity.

I 0 , = the Jth generalized coordinate displacement.

= the Jth generalized coordinate velocity.

- For a linear elastic system such as the airplane structure the elastic

forces are given by aV/ Oj and the kinetic energy is not dependent upon
the displacement, thus aT/ V= 0, leaving the Lagrangian equationL . I as Eq. (Au) below.

I d (oT, g A4

VERTICAL ANALYSES

I" Generalized Inertia

The kinetic energy, T, in the above equation is obtained by multiplying the
" individual lumped masses by their respective velocities squared and theii

summing over the generalized coordinates. This can be expressed in matiix
form as Eq. (A5).

A -3
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ip

1 I ,

I "where

1w1; = the mass and inertia properties described about the

principle axis at the lumped mass center of gravity.

I ar = the transformation matrix transforming lumped ,mass
center of gravity displacements to elastic axis dis-
placements.

I•-iJi = the normalized mode> shapes.

Wh6n this kinetic energy matrix, T, is substituted into Lagrange's equation
and the appropriate differentiations carried out the following inertia
matrix is generated:

d OTt

d I I = M3 "_r (A6)

where

= generalized coordinate acceleration
j!

I ii]= jaril I Mr1- aril

as described above.

Generalized Stiffness

The second portion of equations of motion by the Lagrangian approach are

the strain energy terms. The strain energy associated with a deflection

in the generalized coordinates could be generated by considering the elastic

axis as a series of springs having stiffnesses of ki. Then the strain

energy would be given by Eq. (A7).' III III II 1
2V = Ij, I'kij i 1 ij I I (A)

xA-4a A-l!
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LD

and: when substituted in Lagrange's equation would result as Eq. (A8)

VI
= K~J (A8)

where

[KJ j1,:j iki. j1

However, it is more convenient to use the natural frequency of the Jthnormal mode to represent the generalized'stiffness as expriessed by Eq. (Ag):,

M13 ] 2 KjjJ (A9)I.i

A tabulation of the natural frequencies used in the -analysis are given
, 1 in Tables 6 and 7 in the Analysis Section.

Generalized i.e sponse Aerodynamics

The generalized external forces which result from the motion of the system,
are the aerodynamic lift and mom rits. These force expressions are

based upon a modified strip theory ()' which incorporates the aerodynamic
in d u ct io n b e tw e e n the individual aerodynamic panels. The transmittal time
associated with this aerodaiyn ic induction is also incorporated as a phase
lag between the resultant force vector and the originating panel motion.i" I The strip theory coefficients which give the aerodynamic forces on a panel i

due to its wn motion are used as they were originally expressed by
Theodorsen ?9) and Kssner (10) with two exceptions. These exceptions -are
the two dimensional lift and moment expressions, 2n, and (1/2+a) are changed

to values more representative of the aerodynamic surface being examined.
The adjusted values are obtained by reducing the oscillatory lift and moment
coefficients to their steady state values and using the static induction
matrix (7) to solve for the lift and moment coefficients that give the
proper steady state lift and moment distributions. These values are then
used with the dynamic- induction matrix and oscillatory lift and moment co-

U efficients to give the generalized external aerodynamic force due to system

c response. A representative equation for this generalized external force
is given below in matrix form as Eq. (AlO):

2[ 2 I,'.f(t)JA x 0 ALa 1[j AO

wing ITISi1 fB)Ax t
tail

I]
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• I where
4

P = atmospheric density - lb.,sec, 2 per in.

b = reference semi-chord -in.

Cu = response frequency - rad,. per sec.,

SA xi = span of the ith aerodynamic panel - in.

T = distance from panel quarter chord to panel rotation
axis - in.

j S1 1 f(t)I = dynamic induction matrix - in.

ALh = oscillatory panel lift coefficient due to the translation
motionof the panel rotation axis.

Aa = oscillatory panel lift coefficient due to angular motion
about the panel rotation axis.

Amh = oscillatory panel moment coefficient due to translation
motion of the panel rotation axis.

A = oscillatory panel moment coefficient due to rotation
ma motion about the panel rotation axis.

Selecting a frequence, C, the evaluation of the above generalized external
force expression results in an aerodynamic matrix with complex coefficients,
Since this expression is for a discrete harmonic frequency these complex
coefficients can be expressed by Eq. (All).

a+ibl +l (Al)

where

esicot

i jt

%= pe

2
'.j =- ) ,j

Applying this to I Q41 in Eq. (AlO) gives a set of aerodynamic coefficients

for the generalized coordinate displacements and velocities as shown in
Eq. (A12).

A-6
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iWST I IAi I + JA (A12)

The aerodynamic forces acting upon the body panels are treated separately.
Quasi-steady expressions are used which 'account for apparent -angles of at-
tack due to traislation velocities, ,rotation displacements and rotational
velocities of each body panel. The expression for these forces are given
below in Eq. (A13).

I JIB
= 2 pb r 3 w~ ~ (A13)

where

h quasi static lift coefficient due to translation

,N a = quasi static lift coefficient 'due to rotation

= quasi static moment coefficient due to translation

Am =quasi static moment coefficient due to rotationI ma

These are calculated for each frequency and converted to displacement and
velocity coefficients and added the generalized forces calculated for the
wing and horizontal tail to give total generalized external force due to

*" system response.

Generalized Excitation Aerodynamics

The remaining external force arises from the turbulence velocities, U.
The expressions used to describe this generalized force are similar to
those used to describe the aerodynamic forces due to response. The only
essential difference is that these forces arise from gust ,angles of attack.
When employing the power spectral density approach, it is necessary to ob-
tain the response of the airplane to discrete gust frequencies. These
gust angle inputs are expressed by Eq. (A4).

U iwit

ag=~ e (A14)

its U = gust velocity, usually taken as 1 ft. per sec.

VT = true airplane velocity, ft. per sec.A = gust excitation frequency, rad. per sec.

"A-7
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I

As the airplane penetrates the ,ust the excitation force is felt progres-
sively along the direction of flight. The gradual penetration effect is
represented as a phase lag by Eq. (A5),.

U, i (O+),
VT

I J i where

Ib!+ i
Ai+ bi = the distance from the leading edge of the foremost panel

to the mid-chord of-panel i.

Substituting the expression for G into Eq. (A15) gives Eq. (A16).
i i(i+bi)

a = e VT (4A6)
g VV

The end expression for the generalized external force due to a sinusoidal
gust velocity is given by Eq. (A17).

C 2 3 2 1)[~ j [ ij [ l f (t )i x]~i a g e' " e VT A 7,
where

[\1 = modified two dimensional lift coefficient due to gust

ag angle of attack.

Structural Damping

The final item that may be included and is not shown in Lagrange's equa-
tion is the structural damping force. This force is assumed to be pro-
portional to the generalized stiffness but in phase with the generalized
coordinate velocity. An expression for this is shown below:

structural damping a i g ki *j: (A18)

. ",, iA-8
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where,

:g = damping coefficient approximately equal to twice the damp-
4 ing ratio c/ce.I

i phasing operator which shifts the force vector 90 degrees
ahead of the displacemeht *j..

k = generalized stiffness for 'the Jth mode.

The expression used in the equations of motion is given by the following

i g k2 (A19)

The equations of motion for the mathematical model of the airplane system: are formed by collecting all of the above expressions into a matrix equa-
tion as follows:

[WO, +IA + gJM Nii
I~1~IT I2 (.A20)io+b±)

+ M3 j j~N21 $j.i V[A e V e

or simplified i ak+bi)

I M1..+[M1.+IM1 = C VT e (A21)
M

n Substituting for and under the assumption of harmonic motion as shownn( ) o
inAEq. (All) we-'obtain

Solution of'Equations of Motion
The final step is the solving of the equations of motion to obtain the re-

sponse of the generalized coordinate, ,b. This solution, obtained for

A-9 4
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I'. - -

" ..each discret e frequency, 6),as showia by Eq . (A23), results in the 46ector
, magnitude and phase angle relati-ve to. the gust input ofeach tof the gn

']J erializetd-coordinates.

M' +" 1-7 , (A3

1V 1

eRe iesentatie frequencyre ons cu e Eq.e sh),in Fig.e 2ul of the

/ iLATERAL, ANALYSES-

: Areas of Similarity between Vertical and Lateral Analyses,

, ! The equations of motion for the lateral analyses are also formed using the
Lagrangian approach The formulation of the generalized inertia and

stiffness m 'atrices for the lateral equations of motion follow the same
procedure as outlior d for the vertical analyses. The generalized coordi-f natesusedin these lateral equations are the Vtisymmetric body (and

vertical tail canilevered modns 'as listed in Table n of the A talses

. ResultSection.

Generali ze iodynamic s

V The aerodynamic response anfo excitation forces, however) are based on

' quasi-steady expressions which are convoluted with the-Wagnor andIVE~ssnerliftgrowth functions. The Wagner and ssner lift growth effects wre
represented by the step response functions (recommended on Page 344,
Ref. 18) for an aspect ratio of three Thefrequency doainanalysis re-
quires that lift growth effects be presented by the impulse function

Sewhich is obtained by writing the Laplace transform of the first time de-

rivative of the step function.

V!

nYaw Damer Simulation

The yaw dynaper is designed to reducethe ywresponse to disturbances and)
in doing so, increases the Dutch rolnolu stabidlity. The yaw damper system is
best defined as a electromechanical and composed of rate gyro which pro-1- vides an output signal proportional to yaw rate The signal from the rate
gyro is appliedto a bandpass filterewhich removes the low frequency con
w hnents resulting from steady state turns and the higher frequency compo-

3nents associated with the structural vibrations. After filtering, the

A-10
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sighal is ,amplified -and applied to a- servo-motor which results in a
N hydraulically actuated rudder deflection to-oppose the yawing.motion.

The method: of simulating the,-yaw damper is illustrated by the simplified
block diag am below:

[ 5s .217

Yaw Rate .08 Band Pass e ,Servo Amplifier ui
Goo- Filter a otor /'aAcduatMror

l-jIc....
-.. 02-88 Generat Rudder

-. 0268 Position- j

LI ; where:

Ii C u = yaw rate, .deg/sec.

eo = input to summation point from filter.

I. 8v = servo output-drum rotation, deg.

I. 8r = rudder rotation, deg.

The transfer function of the servo amplifier and motor combination is ap-t. proxim~ated by
1

0.01s2 .j. .14s 4+ 1

The response time of the servo is assumed to be negligibly small and the
expression for eo can be expressed by the following equation.

4 A-i1
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'~ ~~~~ ~~ i " /4•e ".:Z3s+ , .?s + 1) (1 .(.0, + .o1)),# - o

t r- .217

. , 8.r (.ls + i-)' Osv

i "8'r - IlM3s +, 1),(l .72s + 1).is + X) (.O8P + 1)7 (+

S-" ,wh'ere

~T(6) ° v yaw damper transfer function

Solution of Eduaitions of Motion

The input format for the digital computer program, requires: that coeffi-
cient matrices be formed as indicated.

4 . 5where:

i generalized stiffness matrix.

P~

' O V

no:=gnecraed espatons aerodynamicdapnmtrx

'5.' + 8 .21

generaized iertiatatrix

[,i --

8 '- instantaneous gust angle.

, r indicates the ap plication of Dhamel's integral to4 " include Wagner o mssner effects.

; The generalized: force coefficients associated with rudder deflection die

ou the i a mp uation f ormotot matrices

Tinptotfr the digital computerioprogrratrequires.t.hTt coeffi-in ie

cinAarie-e1o2da idctd

4 
[1.A
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I, I

for the equations of motion, are then modified from the above form to, int-
S clude the yaw damper effects as shown by the following expression:

Mil "[ Nm i 8, T,)
1 1 throu

17 where

I~il = *the new coefficient matrices of, ,,jand

I 1Mi1 = the original ,coefficient matrices of i i% and'

The digital program used for the lateral solution solves for the responses
by +using the Laplace transformed equations of motion with the Laplace
transform variable set equal to icj. The solution then proceeds as follows:

N - [-I+ i 1 g+ i5J*g

- Laplace transform of 1st time derivative of Wagner

[ f = Laplace transform of 1st time derivative of'K-Ussner

I" This procedure yields a set of complex generalized responses for the fre-
quency under consideration. The complex generalized responses are then
used to compute the load responses. A set of representation solutions for

S for lateral Conditions 10 and lOYD are given in Fig. 28 of the AnalysesI!
Section.

IA1
I r
[

12 !
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STATISTICAL ANALYSIS FOR COMBINED RANDOM STRESSES

Design Envelope Analysis ,Stress Relationships

The' cumulative probability function, P(MS<_ 0), is derived from the
strength envelope for the structural element in question, the Gaussian
joint probability density distribution for the incremental axial and
shear stresses on the structural eiement, and the" one-factor level flight
stresses. Consider the diagram in Fig. B1 where the joint probability
density function for axial and shear stress is shown in relation to the
strength envelope defined by the appropriate interaction curves. The
probability, P(MS > 0, ow), that the combined axial and shear stresses
will not exceed the limit strength for a given root-mean-square gust
intensity is equal to the volume of the probability function wi-thin the
regi9n, R, bounded by the appropriate limit strength envelope.

P(MS > o) = ffp(f,)fde (Bl)

R

Of course, the probability that the margin will be less than zero, that
is, that the ma'rgin will be negative is,

P(MS <_ 0,w) = 1 - P(MS > ,ow) (B2)

The probability function, P(MS O,low), pan be obtained by several inte-
grations for various aw and plotted as illustrated in Fig. B2.

The joint Gauissian probability density function illustrated in Fig. B1
can be expressed as follows:

P(fle) = 1 e-G/2 (B3a)

B-2
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where

G [(17) 2 o - 2°ff 2 (B3B)

The parameter, P, is the correlation coefficient expressing the statis-
tical correlation between the axial and-shear stresses. It can be de-
fined from the cross-power spectrum between the axial and shear stresses
as follows:

1tPofr= J~f(W~dW= ave'lf(tie(tJ; (B4)

Eq. (B4) is derived as follows: Assume that hf(t) and he(t) are im-
pulse response functions for the axial and shear stresses. Then, the
time histories of axial and shear stresses for an arbitrary gust loading,
w(t), can-be determined by convolution.

f(t) = fhf(rl)w(t- 1 )dr 1  (B5a)

r) j0 o I

(t-r) f h(r2 )w(t-r-r2 ')dr2  (B5b)

0

By definition the cross-correlation function for the axial and shear
stresses is,

T
Rf() i f f (t)e(t--,)dt. (BNa),

b

B-5 [.

http://www.abbottaerospace.com/technical-library


io

f - i t

Rf r) =Jir f -if(,)W(t . J)d,] [ h ('2)w(t-,-r 2 )d (B6b)
j 2

If we assume that the gust loading has been acting prior to time zero,
I. the lower limits on the convolution integrals can be extended to minus

infinity; Also, the, order of integration can be changed.

S ffhf(rl)hf(,2) i w(t-, I )w(t-.Z 2 )dt dridr2  (B7a),

)-T

ff fBb

The cross-power spectral density function is)

f 'ff((Aef =1'i' (B8a)

fS ffhr)h()f~rrre
O)f 2 [( r) -1 hr2 e "  drldr2  (B8b)

__ _ 6If we set !-rl+ 2 rnT and rewrite the interior integral we obtain,

• ' _® ® r "i 3+ rl- 2e d r

"l.. ff(f =j- i . Rw( 3) e  d dld2

'I,
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Rearranging again, we obtain

cd (', -i 2  of-i ,

'=(. f-lhf~r)e drlih (e 2 )e d*2 fR,(' 3 )e 3

However, we note that

.ir 3  2

HW)f( , hfR l e i I  r  ,(B9b).

LI Ye fd(*) r3 7 fRW( 3 )cos wT3 dr3 (B)
-0®

H () = ih(r3)e dr 3  (B9Cb)

® .iWr3

where,
JI

Ow(0) gust power spectral density function

Hf(W') icomplex frequency response function for axial stress
in the strudtural- element

H* ()) complex conjugate frequency response function for
shear stress in the element,

jf Therefore,

() w() Hf ())H (W) (Blo)'

A B-T'
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C. (W)~ relatKdset

Obvsouslyote crs-oersethldniyatin i opex hti

1q +-qfW rqfe(-) (Blib)

wheret,.

PJ$(i (B13a)

0LfO W Hf ((0 (cai) -qf(AW BI

Thereo,

00 0

av Pat~() 0 9 fOW.cvW= f .()*= fcd(o )c (Ba),

-00

14 -B-8 (l3
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(Bl4b)

,1/2,

ve fI(dj ¢(W1)> d

( It will be noted that the correlation coefficient, P, can vary from
minus one to plus one.

The strength envelope can be obtained from the expressions for the mar-
L gin of safety

M. S. E1 (B15)

Sao, "7"72

. "2])

(.E 2 (f),2
2

M. fS. 2 (4017]

where,

I F Allowable in shear

Ft Allowable- in tension

Fc Allowable in compression

i f Applied normal stress

B-9
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Applied- shear stress

MS Margin of safety

Setting the margin of safety equal to zero ,and solving for the normal
stress irn terms of the shearing stress one obtains

°V Shear f (B18)

I2 Tension f = Ft (B19)

Ft

SCompression f = Fc (li - (B20)

The resulting envelope is shown in Fig. B3.

Flight-Profile Analysis Stress Relationships

The number of times per hour that zero or negative strength margin will
occur on a structural element for a given flight condition can be ex-
pressed as follows:

'" Ms <o) =36oo f N(aw)A(OwL < 0) daw  (B21)
" 0

where,

A
f(w) the probability density distribution o' rms gust

velocity for the appropriate altitude is given by
Eq. ( 2 ), and is repeated below

2 2A

/2b 2 2
• / -w/2b

f =bf2 
bw 1 e• f(w =ebT + b2V e 2B2

A Pl~ewl ~~n 2(B22)

- The constants PI' P2, bl, and b2 are those given in
Figs. 5 and 6.

'4 i:.. B-10
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N (0~w Number of crossings of the strength eftvel~p--per second

IC V

for two correlated random stress time histories. The
"derivation of Nc(vw), is given in the following

i ii ,' discussion.

Crossings. of-,an trbitrary Strength En-velope

( Consider a probability density function

, p(x,,y,,'j3)dxdddydP3.= Prob [x<&<x+dx,a<f_ a+da) y<f~y+dy,

where,

f axial stress, psi

= tine rate of change of axial stressy psi per sec.

° I! shear stress, psi

a ) time rat e of change of shear stress, psi per sec.

i !Ford given period of time, the above expression represents the fraction
of timepeuit tier t at the stress vector 1(t), (t)i + (t)jspends

Sderin(x,x+dx; y,y+dy) with velocities in the intervals

Thefexpected number of times per unit time that the stressvector, (t),

i passes through the interaction boundary interval (z (x.,Yy, zC(x~y+dn) is
equal to the time spent in the interval divided by p time required to

scross the interval.

The time required to cross the interval, d , is equal to d divided by
the velocity component of I normal to C, te interaction bounary curve

i I" indicated in Fic. B4.

A unit vector normal to C is,

S-I gtad C l

B-1
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Oil I%

If C is a function of x and y, such as

y =Ft F-

where this function represents an interaction curve for shear and tension,

g. 2, C'= y- Ft + 0t=

C.=y~~FtT

The gradient of C, denoted, grad C, is

1 = Ft +

I The length of the gradient vector is,

, 00c2 _ hx2  
-

+ BF 4Ft X2 +,ax *t f + ( ay-)

Therefore, the unit normal vector on C is

-2x Ft

Vf -tx2+p 2 + -4 -'j(B25)
hx2 ++F

F t
iI

The velocity vector, T, is

V Tt) a (tli + A(t)lj

Then, 'the rate at which the interval dq is traversed is equal to the dot
product of the unit normal vector with the velodity vector.

I B-14.
----- -----
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grad C ) 2ax t

TgradCI' Z(/J = I _T + f7

If the time required to cross the interval dl is r, then,

' di7

r- ga I . (r > O) (B26)
grad CJ

The expected number of times per unit time that the curve C is crossed
by I with velocities a and 0 is equal to the time spent in the interval

dn divided by the time required to cross the interval.

NC . d as (B27)

grad 
C

f grad C[

The total number of passages both into the interval dq from the region R
and into the interval toward the region R is obtained 'by integrating for
all possible velocities a and 0. Therefore, the total number of pass-
ages, NC is.,

NC  = f h (x,ay,1 grad C . dS dad€ (B28)

- p=-0 a=- 0 grad C z

Now, if the process is Gaussian, the probability density can be written

as follows:

L

B-15
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-N N

P(xlx ,x 3 ,x4,**xN) 1 211J 2/M/x~ 1MIE EMjxx~
i=1 j=1

(B29),

where IMI is the determinate of the time averages-of the products and
cross products of xlx 2 ,x 3 ,**, XN, and Mij is the co-factor of the ij
element of IMI.

If we let

xl-- x(t)

~ X2 a (t) = x(t)
x 3  y(t)

i x4 =:(t) = )r(t)

then IMI can be expressed as,
x(t)" Lx(t) a(t) y(t) 1(t)] dt

IMI lim- 1t)j (B3Oa)

or

x a2  ay aoI
IMI= T-. 002f[yx y: y2  dt (B3ob)

-O Lx Pa Oy 2
A' -T

The elements of IMI are deteroined bl, carrying out the integration over-
time to obtain the following for the (i,i) elements.

B-16
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[im

x T?

T

LT - T 00

a ~ ~ go 2T .iAi.i = f .2uoj)dW~
x2=~ =T-4.o6 T 0

T".o - 0(B30c)

Y 2 =lin f y2(t')dt =f

T-.o -T 0

T

!2 2 i -mL f 2tdt f
= = 2T fat

T-.00 -T0

For the (1,2) and (2,1) elements we obtain,

If T
lim 2 f x(t)k(t)dt = 0

S ' This is determined by integrating by parts and by taking the limit,

j T T-(,- T T

Then,

T

lim1 f x(t)k(t)dt = limT ix(T)- x(-T)] m 0
T-0-0 -T To L

B1

I ji

1
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This integral is identically equal to zero, since the respective values
of x(T) and x(-T) are always finite and they are divided by T which is
'arbitrarily large.

*I " Therefore,-the (12) and (2,1) elements of IMI' are zero.

The (1,3) and '(3,1) elements are by definition of the cross correlation
between x(t) and y(t) and are

T

T'; xY = f= im f x(t)y(t)dt = 2 )xY( a (B 2)
-T -

where P is the' correlation coefficient which varies in the interval

L (1, -1).

All other elements are more obscure will be assumed equal to zero.

Therefore,

x02 PaO 0U

0 o2 0 0
IMI = (B33)

1~ y

0 0 0 o 2

The frequency density is now expressed as follows:V
1. -1 [xpl 2 2pxy __

P(xa,y,3) = - - P;2 I -- c

x a (B34i)

4 expf- lI2- +%Jj

If we assume that x and y shown in Eq. (B34) are incremental or time
variant values varying from the mean or one-factor flight values, then,
x is replaced by (X-Xo) and y by (y-yo).

It

AL
B-18
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2o

I. [(X-x0)2IL (1~)jP) expr''.ILI.,
(2w)2 ,a 047 0ip" 12(1-IP2 ), 42

I (x-x0)(y-y) . x ) 2 .1 -Y2 2]"
-x, V2 ' 1, expl 2- +:lf (B35)

0x~ cy ) 'a ~

Substituting Eq. (B35) into Eq. (B27), we obtain

. 2 92 - grad C

[ l'l'~ft  (2,/2 . ..... /';:>exp- , •
xO,NC.a? Y(" ) lL2 Igrad Cl

1 [: (xxo)2 (xxo) (y->o) (yeollexp ) 2- - + - ( -)l) dSdad$S (B36)

L a x y -i a

The number of crossings per unit time is obtained from Eqs. (B28) and
(B35).

(2 w)2 ____ 
'

c - - f.... a d

a. - yo1o)p= (B37)(x1° ^ -o (Xxx°) ( ' °): (Y- 2
Y'xY2  i dexp 2 lSdada

ex ,- , -'°x~ °yJj (2 Lf" °I!
2 X a( ._)

If we assume zero mean values for x(t) and y(t), we can easily obtain the
familiar expression for the number of times per unit time that
T(t) = x(t)i + y(t)j crosses a constant level, y = a.

I,.
B-19
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The generl equation for the number of crossings per unit time is ob-
tained in Eq. (B37). If we assume that

C=y-a; o ;

and the grad C = .Oi + lj. Then, 1grad C= 1. The velocity vector
conioonent of ai +.3j normal to, C is,

S( 3= (Oi '4 1j) (ai +0j)

Then,

grad C

,. Igrad c=

If Eq. (B37) is- rewritten for this example, we obtain,

S Nc = 2-f %k31 exp !I +3

c 1 ______'__=- _ L° [x
t (B38)

i ' We note that integra! over x is identially equal to

00 y2•~=- yjX-

Go. -y / a
f V12_r a

B-20
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ii

and the 'double integral can, be rewritten in simpl'er form, after the, follow-
f ing integrations are made:

f e da/2 d = Va since, (B3gb)

'a-

1 6 -a2/2o?-.

I
- e da = (B39c),1.a

The integral over can be written 'as,

/ _#/212a 22

f 101Ie 'd = 2f e dp = 2 (B394)
je=?- 0 0 .

S The double integral over a and S is equal to

I /f 2 ir,0au ,2 (B39e)

Substituting Eqs. (B39a) and (B39b) into 'Eq. (B38) gives,

1 1 2 1 -y 2 /20 2

NC (2V---)-- e (B39f)

Reducing Eq. (B39f) gives,

~y2/2cr2

NC " ye (BhiO)

B-21
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S I

This iS the well T'nown expression for the total number of -cfo ings of a
level y = a, where a is arbitrary in magnitude and in sign. l1I)
The preceding derivation treated a continuous envelope C; however, the

. aldebraris simpler if the envelope is defined by a series of straight

Sline segmlents. In the following developmentP an expression for the valuej+ !of NC is determined for one of these line segments. Through a cycling
process the NC.for any envelope can be determined.

-Consider the number of crossings per unit time of an arbitrary Straight

line segment from (xlyi) to (x2,y2 ). The equation of the line through

-+ the point is,

- ory ( kl-) xlx) + Y (B41a)

~or

y =m(x-x 1) + 1

where m is the slope.

Therefore,

C - y - Y(X-x,) - y 0 -0

q 1 OC m; O-=l; grad C -mi + j (B42)
Ox ay

The absolute value of the grad C is,

I grad C = iv' 11

1.

B-22
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";j t . . . ...1 ..

Li!

Then,

grad C * j (.ii+j') (i +lei)

ie 'I'grad C i 2 +j

Assuming x0 = y 0 = 0, we can rewrite Eq. (B37) as,

L1 .

Se 1 +  dS (B4)

f + 0J a2+ 1_py
""+ dadis

Eq. (B44) can be irearranged and applied to the k-th segment of the

strength envelope:

00-00 -In 2 2-

Iyr 3. f .,,x 2'z~~ ~ ~ -0 -m+1 2 O l( 4 )X2 ,Y2  ra 2pxy + 1

2 r xay(l-p2 ) 1(- 2 Pa ax Oy a2Id2iT 1/2 [1f xly

Eq. (B45) ishows that Nc is the product of a slope-velocity function,

which is constant for a 'given line segment, and a line integral over the
joint probability function, P(x,y). While it is possible to express

B-231.
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?i

both functions in series form, it has been found to be ;advantageous to

evaluate the slope-velocity term by an infinite series and to evaluateI the second function directly.

The suggested method of solution is to numerically evaluate the crossing

density, dNc,,/ds, at a sufficient number of points along the various line
segments around the strength. envelope.

N .0 72 cc, h (0+2 2n
-k a (-) (2n.(,rs '.

d 2 (ni') I

m2 2 e =o " I +(B)

/2 e2 ir ~ a:p~ 4  2ax cy a2 ~'

The crossings of the k-t segment of the strength envelope can be de-
termined as follows:

6(nI)

(B47)

Eq. (B47) can be properly evaluated, if the series converges and if the

second term, the line integral, is carefully evaluated over each line

segment. The convergence of the series in less than 30 terms can be as-

sured if (1) the ratio %/Q is normalized to unity, and if the line

, segment slopes are restricted to the interval (-1,1).

The ratio 0/0, can be made equal to unity by stretching the strength
envelope and a l x-dependent parameters by the ratio a/alf_ The

2-' stretching, of course, will change the slopes of the linesegments. Nck
-can be evaluated directly after transformation for all line segments

with slopes in the interval (-1,1). Segments with slopes outside the

interval (-1,1) can be handled by exchanging the coordinates in Eq. (B47).

* ,i' B-24
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I !
IS 10

Combined Stresses. for Vertical and Lateral Gusts

Calculations to estimate airplane loads and stresses zesulting from
,f flight in continuous atmospheric turbulence are nearly always. carried

out under the assumption that the vertical and lateral motions of the
e airplane are not couled. As a result, two separate ,analyses are

usuallyconducted; one for the Vertical component of the tubulent ,gust
velocity field and a separate analysis for the lateral. However, cer-
tain parts of the airplane, .particularly the fuselage and empennage, areJ stressed significantly by the simultaneous action of both the vertical
and lateral gust comonents. It is shown in the following development,
that stresses derived separately from vertical and lateral power spectal
gust analyses can be combined a simple manner if the turbulent gustI anlye combinedner s
velocity field is isotropic.

I | Consider two stress components in a structural element in the fuselage.
. Let fv(t) be the axial stress time-history that results from the ver-

tical component of turbulence, and let fL(t) be the shear stress re-

sulting from th& lateral component of turbulence. The cross correlation
between these two stress components can be expressed.as follows:

Rfv( r)- = lim f fv(t)fL(t-r)dt (B48)

AL T-o..o -T

Expressions for the time-histories of fv(t) and L(t) can be written in
V J terms of the stress impulse response functions hf(r)and h41 (r) and the

gust time-histories using summation integrals.

fv(t) = f hf(rl)w(t-r)dr

Ilf L(t-r) = f h e(f,)v(t-r-r2)dr2  (B4+9b)

B-25
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I 1

T" " ' Rfv (:r) = lim t / - hf (rl)w(t -T l)drii

A"0 (B50a)

[f he ( r2)v(t-r-T2 )dr2 ] dt

Rearranging the order of integration, we obtain,

00 0 T

A T
Rfv (T) = ffhfv(rl)h L(r2) li 2

(B5Ob)

It will be noted that the term in brackets in Eq. (B5Ob) is the cross-
correlation function for the vertical and lateral gust velocity
components.

T
.Rw(r-?I+Ta) = lim1 f w(t-rl)v(t-r-'2 )dt .(B51)

T. 0 -T

The cross-power spectral density function for the two stress components

fRw( e d (B52)

where,

=r - 2(3)

B2
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VI

After substituting Eqs. (B53) and (B51) into (B5Ob) and rewriting Eq.
(B52), we have,j

O v Lf(W) = ;ffhfpv(rl)h L( F2), r 3') e d( dld)r2

T (B541.

Rearranging the order of' integrationt in Eq. (B54) gives,

00 -iwj 00 ICU2  -iWrOfv () =.fhfv(l)e d,1 fh'T2 )e 2

L~r2)e r2 fRi~r(r 3 )e -dr 3
-00 -0 -OO

I
where,1. 1 Hf ( ) complex frequency response function for axial stress on

v the element resulting from the vertical component of
., atmospheric turbulence

HfL(&)  complex c6njugate frequency response function
for shear stress on the element resulting from the
lateral component of turbulence.

i 0wv(W) cross-power spectral density function for the vertical
and lateral -gust velocity components.

L t
) The integral of the cross-power spectrum in Eq. (B55) gives

Pf Ofv% --' f Hf (0)) H (w) (k)do (B56)

where pf is the correlation coefficient.
v L

B-27
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AO
A L - - - }

Eq. (B56) provides the same re-ult as the following integral: 
L

T
,fvJfw L = liram- f fv(t)eL(,t)dt (B57) -

: The axial and shear stresses .at a ,point'- in the airplane structure re-

sulting from the vertical component and the lateral component of atmos-

pheric turbulence are as follows:

f(t) = fv(t) + fL(t)
++" '(B58)

}, (t) -- T(t) + f L,(t)

'The matrix of mean squared stresses used to define the joint probability

distribution is, I
?T

[eLv

- ~ ;0 (ff%, + fO( v e-'v ( v+ eL) T

[Mi = lim 1 fdflLt + ~ (v+ d
T -oT ifv + f)(v

[MI '.-T [(v+ 2 (fV + CL)2~ e

'(t59)
T 2 -2'

[MI --- -,- f ( v +2fv j;L f ) :(fvev+ v .L+ Le+.-f- -L)

t,02T ]dt-T. [+ (f+f, rL+f%.+f TfLD. (fv v + '9L+£ )Jd

If it is assumed that the turbulence is isotropic the time avraged

product of two.gUst velocities w(xlt) a'rd v(x2,t) at two points xI and

x2 along the airplane fuseldge is,

B-28
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~ 0"

I

T

, 0 I' w(xi'tiv(x2 t')dt

p v 2 f Ov= I urn
x x T-0. -T

-- (B6o)

=w Iv(xr-x2I

It would-be expected that the above space correlation would be sensitive.
to the absolute value of x. mintis x2 . However, in the same manner as
von Karman and HowarthI-),l it can be shown that this correlation is
always identically zero for isotropic turbulence for any x, and x2.

If we rotate the coordinate axis system about either the y or z-axis by
800, and denote the transformed velocities w and v, respectively, we

observe that

W iv= WV 6la)

1 . But by the isotropic property,

wv- WV (B61b)

Therefore,

Sinewv 0 (B61c)

! Since,

aw 0 Ov 0 (B62a)

then,

- 0 (B62b)
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to cow INSI

Therefore, the vertical and lateral components of isotropic turbulence
are not correlated, and the cross power spectral density function for
the vertical and lateral components of gust v

for all freauencies. Now, by Eq. (B56) we see that all of the correla-
tion. coefficients relating stress components arising separately from
the vertical and lateral components of isotropic turbulence are also
equal to zero.

The matrix of mean- squared stresses used to define the joint probability
distribution is obtained by integrating the remaining terms in Eq. (B59).

2 2

L Lf~~ Lf (B63)
v ' V P00L + LLL at +J

~v~f~ + L~fLL ~ fL

Now, the total mean squared stresses from the vertical and lateral analy-
sis results are,

2 2 2f = fv + f

2 2 2 (

and the correlation coefficient relating the total axial and total shear
stresses is,

Pv f + (B65

1 The power spectral density function for the total axial stress can be
obtained froi,, the total autocorrelation function

T

" Rf(r) = lira f (t) + fL(t)v[fv(t+T) + fL(t+r) dt (B66)
-T

.1
B-3C)T
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Then,

I o@ -icor

f(c) = fRf(r) e dr (B67a)

0

T

+Ti 7 im f (t)fv(t+r)d

T
+ () m-t r e 4 dr (B67b)

Of(f)f~ r efr) dr (B68),

I The total number of level crossings per second with both positive and
negative slope for one stress component can be obtained from Rice's
expression 1i().

00 i/2

N0 f r 0 c (B69)

Substituting Eq. (B68) into Eq. (B69), we have

S0 f0 1/2

= i L (B70)

(c)do+(od

0 v 0 L

L

ii
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J ~Th'-Then,.

!,,

.2 2

-N 1/ FU L
2 2~ ~ iT (B71a)

A - I Tevle -v +B]-bT.

.. The alues c, 'jg , af o~ and p derived from Eq. (B65) , (Byla) and

[ (B~lb) can be used in the joint probability statistical analysis described'

4
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APPENDIX C.

j NrJERICAL RESULTS

The wing, body and vertical tail loads resulting from a one foot per
Vsecond rms gust, A, and corresponding number of' crossings -per second,

N0, are tabulated' ox the following pages. The-conditioni numbers cor-
respond with those shown in Tables 2 through 5 in the Analysis Conditions
section.

2C-
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