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Summary.

The problem of calculating the response of an aircraft in rolling manoeuvres when the mass distribution of
the aircraft is such that the inertia terms in the equations of motion effect a cross-coupling of the usual lateral
and longitudinal motions is considered. Solutions are outlined to two formulations of this problem: (1) Response
to a given applied aileron and (2) Response corresponding to a specified time history of rate of roll. Detailed
calculations are made only for the first of these, and the results compare favourably with digital-computer

solutions.
Possible simplifications to the method of calculation are discussed.
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1. Introduction.

The trend towards long slender fuselages more evenly loaded than hitherto and often combined
with considerable reduction of wing span has led to a new class of dynamic problems involving
cross-coupling of the lateral and longitudinal motions. One of these is the complex cross-coupled
motion associated with rapid rolling manoeuvres of some present day éer.oplanes. This problem
is the subject considered in the present paper.

"The dynamics of aeroplane motion including cross-coupling effects have been the subject of much
investigation recently, but most of the studies have emphasised the dynamics of specific aircraft,
and have been conducted using either an analogue or digital computer for solving the equations of
motion®%% &1L In contrast little has been done of a general analytic nature®?. However, as far
back as 1948, W. H. Phillips' gave a simplified analysis of the stability of the coupled longitudinal
and lateral motion following a disturbance from steady rolling flight. Neglecting damping and
gravity terms Phillips arrives at two simplified criteria for stability. These can be written:

- ac, _
0-196 AQ/{_W“} .
(_p_s kB) wis )7

V,) (T
0.1§6 /\/{ aa_%n ” } > 1 (1)
(ﬁ) (@) (WiS)(1-L/1,) ’

V $

€.

and

and show why certain design trends should aggravate the problem of cross-coupled motions, for
we see that there are four features tending to push the aircraft towards instability:
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Increase of kg (the radius of gyration, i.e. mkg? = I,) and the usually associated increase of
(1—1I,/1,) due to redistribution of the mass of aircraft; increased wing loading, W/S; increased
operational height, that is, reduced values of o.

Furthermore, whilst the value of — 8C, [0« tends to be high for many supersonic alrcraft the

aC,
values of —" have been tending to get smaller and decrease with increasing Mach number.

B

Interesting and instructive though this simplified analysis may be, it is not a sufficient basis for
design of trouble-free aircraft since, away from the divergent or near divergent response, there can
occur convergent responses having undesirable characteristics. It therefore becomes necessary to
study the behaviour of an aircraft during practical rolling manoeuvres. As mentioned earlier, there
have been a number of investigations relating to specific aircraft in which the computers have
been employed to obtain numerical solutions. There is clearly a need for an extension of the analysis
to cover either the response of the aircraft to a prescribed aileron input or that corresponding to a
given rate-of-roll time history. The first attempt to do anything of this nature was made by Pinsker?
who, on the same basis as Phillips, considered the response of an aircraft in the case when the rate
of roll is represented by a square wave function. The present investigation is concerned with the
more general problem. It was considered unwise to start with the drastic simplifications of the sort
underlying these analyses. This naturally means that the resulting algebra is very complex, but the
authors consider that adequate working approximations should be sought only when it has been
demonstrated that the basic approach gives answers in agreement W1th the direct solution of ‘the
equations of motion using a digital or analogue computer.

Before proceeding to the description of the approximate method of deahng with the five degree
of freedom equations, we shall make some general observations concerning the interplay of the
inertia cross-coupling terms and the aerodynamic terms.

2. Choice of Axis System and some General Observations.

In discussing the dynamics of an aircraft it becomes necessary to define one or more systems of
axes. The choice usually lies between the two systems of body axes usually referred to as the
wind-body and the principal inertia axes systems. Each of these has particular advantages. The first,
being defined by the steady state of flight condition, is best suited to the discussion of the stability
of the aircraft and often facilitates physical description of factors involved in the motion. The other
being of fixed orientation relative to the aircraft for all flight conditions, is preferred for problems of
control systems using sensing instruments within the aircraft. It also has the mathematical advantage
that it avoids the added complication of the product-of-inertia terms in the analysis.

The equations of motion of a rigid aircraft referred to any ssfstem of axes fixed in the body are of

the form: ‘
w(U—rV+qW) = X (2)
m(V—pW+rlU) =Y (3)
m(W—qU+pV) = Z 0y
— (L= L)gr — L(@? =) ~ L(# +pg) — Ly (§—7p) = L )
I,G — (L= L)p — Ly(r*—p%) — Ly(p+qr) — L(F—pg) = M (6)
Li = (I,—1)pq — Ly(p*— ¢*) — L{g+7p) — Ly(p—gr) = N. )
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For the rapid manoeuvre we are considering, and for usual aeroplane layouts (symmetrical with
respect to the xz-plane) we may assume that the forward speed is constant, and 1, =1, ~ 0. Our
equations can then be written:

V' oy s Ymy, 8)
@

dgf = —Vp+q+ ZmV, ©)

P = —d.qr —e,(F+pg) + LII, ‘ (10)

g = — 8,pr — e,(r*—p?) + M/I, D

= = 8,pq — e(p—qr) + N|L,. - (19

If the principal inertia axes system is used, the terms in e,, ¢,, e, disappear simplifying the
equations as mentioned earlier. We shall now consider the nature of the second-order terms which
are usually omitted, but which are of considerable significance in the present problem. The nature
of the effect of the first terms on the right-hand side of the force equations can be appreciated most
readily if we consider the limiting case of no aerodynamic forces and suppressed yawing (» = 0)
and pitching motion (¢ = 0). Under these circumstances, we should have a cyclic interchange of
the relative wind direction in the longitudinal and lateral plane with the aircraft rolling about its
minimal inertia axis. 'This being so this effect is more readily appreciated in the principal inertia
axes system. Suppose the x-axis of this system has an initial trimmed angle of incidence ¢,, then we
would expect the motion referred to this axis system to begin with a decrease in angle of incidence
(cf. Figs. 11, 13, 14).

The further point we note from an examination of the force equations is that, in the absence of
aerodynamic terms, we would require a rate of yaw which varies as ¢,p, to make dVidt, and
hence ¥ or B, very small, while the rate of pitch, ¢, has to remain zero.

In the first of the moment equations we see that the inertia cross-coupling terms are unlikely
to be large being in the principal inertia axes system of order gr. Of the aerodynamic terms we may
expect that the term due to the rolling moment induced by sideslip (Z,7) cannot generally be
* neglected. We would expect some deviation from the simple one degree of freedom solution. The
direction of the sideslip development, as we have seen above, depends primarily on the inclination
of the principal inertia axis. Initial sideslip is positive when the roll rate and the initial angle of
incidence (not small) of the principal inertia axis are of the same sign, and generally negative when
the signs are opposite. For small incidence, matters depend more critically on detailed aerodynamics.

In the equation for the acceleration in pitch we have two inertial terms which may become
important; these are 8, pr which is of order pr, and this term has become known as the gyroscopic
term (cf. action ‘occurring during precession of a conventional gyroscope) and the term e, (r2— p?),
which is of order Wp? or 6,p% When the roll rate is large and of the same sign as the rate of yaw,
then the first of these terms causes an upward pitch acceleration of appreciable magnitude, and can
lead if opposed by only a small amount of aerodynamic restoring moment to a tendency.to diverge
in pitch. The second term is such that it will pitch the nose down if the forward principal inertia
axis lies below the line of flight, and vice versa. It does not appear if we refer the motion to the
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principal inertia axes but we have to bear in mind that the rate of yaw differs by W,p in the two
systems of axes. Its effect is therefore included in a modified gyroscopic term.
In the last of our equations of motion we have, similarly, two inertia terms whose order is pg
and — W, respectively. The first of these plays a similar role in the yawing equation to that of pr in
the pitch equation.
The action of the second term is again determined by the inclination of the forward principal
' inertia axis relative to the initial flight path (or #-wind-body axis). Its action is obscured by the use of
- principal inertia axes since the term then disappears. We recall, however, that the yaw acceleration
differs by W,p in the two systems of axes, and the sideslip response is the same in both systems of
axes as it should be since the W,p component of the rate of yaw which no longer exists in principal
axes is compensated by just this difference in the Wp term of the sideslip acceleration equation.

Of the aerodynamic terms the most important is usually the N,V term (yawing moment due to
sideslip) which will tend to reduce the sideslip response. The action of the damping in yaw term,
N,r, is different in different flight conditions. It restricts the development of rate of yaw, 7, and this
is undesirable in the case of large positive W; for a positive rate of roll. Unaugmented, the
contribution of this term is probably not large, but the effect is of significance in considering aero-
planes with yaw autostabilisation. The yawing moment produced, by deflection of the aileron has
an effect on the motion whose significance depends on the sign of yawing moment due to aileron,
and the magnitude and sign of W, or ¢,.

The above discussion is clearly of restricted usefulness only, since the interaction of the various
factors is intrinsically simultaneous, and this cannot be allowed for in the above description. It does
nevertheless outline the nature of the equations of motion to which we are seeking a solution.

3. Approximate Solution of the Equations of Motion.
3.1. Equations of Motion.

We now rewrite the equations of motion by introducing a set of non-dimensional quantities
formed by dividing forces and moments by pV,2S and p¥,2Ss respectively, time by i = m/pV,S,
mass by the mass () of the aeroplane and introduce the semi-span, s, as a characteristic length so
that moments of inertia are divided by s This is the usual system of units used in the uncoupled
lateral motion, and so all lateral derivatives retain their usual form. The longitudinal moment
derivatives are, however, modified thus*:

M, @
eV,Ss s

M,  (&\®
oV, Ss2 (E) ">
M, (&

5= () me

* It may be worth noting that although the derivatives themselves are modified the corresponding concise

quantity has exactly the same value as it would have had if the more usual characteristic length had been used
in the definition of p, 75 and the derivative.



The equations of motion can now be written in the form:

~ AA l Z Py Z Y l A
Dp+ 89 =g g 2p 4 g
ta T4 t4 T4
e £\2 &2
Dj+ 6,pf = ——— D+ —— §+ " — DD
ip ip i
7 7 n, iz 13
Di+8pg =g 4 e 4 Top g Ty (19)
o] 0] o e} ",
A A 7\ A A A ‘CLC :
Do —(+W)p +7# = y,0+ — cos Osing

- C
DD — § + 9p = z,® + —X (cos Bcosd — cos f,).

2

3.2. Approximations Made in Dealing with Inertia Product Terms.

To proceed we write:

P =p®) + 9, Dp = Dpy+ Dp',

where py(t) is an approximation to  such that we may further approximate as follows:

B = (By+ D) ~ B
B8 = (o900 ~
% = (b )0~ hid,

and (Wy+@)p ~ Wop + 4p, ~ Wb + &Py + Wop', »', 4, #, @, #, 8 and f, being assumed
small of first order. The term §,4# is accordingly neglected.

Substitution of these approximations in the equations of motion, (13), do not greatly simplify
matters unless we can make py(f) = p, = constant.* The next step is to assume that over certain
intervals of time we may approximate in this manner. It is, therefore, seen that the method of
calculation we shall now develop can be described as a step-by-step integration of the equations
involving only few steps and with the integration formula within each step being an analytic solution

of approximations to the equations of motion.

* It may be mentioned that high rates of roll, and hence cross-coupling effects, may follow rudder application
* for aircraft having large ‘Dutch-roll’ ratios. In such a case, an alternative (and in some ways a more desirable)
course. would be to insert the linearised solution for the product terms. The solution may then be sought as a
perturbation of the linear solution. This would result in linear equations with time-dependent coefficients.
"To reduce the problem to the same extent as done herein would require substitution for product terms only
and treating these as inputs into the system of equations. We did not pursue this line of approach any further
as it was considered that it would not be so accurate where large values of p are involved whilst at the same
time not offering much simplification.



We are thus led to consider equations of the form:

— . A+~A
iy iy +1AP zAr

A A A I‘me 4 A 52/\ mzi) 4 2 A

D 8P f =—= |- |- —=|-) D&

4% Sy g (s) * p (s) a+ ip (s)
7 ) n n
Di+0.p = ey 0oL 22p 0 (14)

lo i o g

3.3. Treatment of the Gravity Terms.

Apart from the gravity terms the equations (14) are in a linearised form admitting of standard
solution. The effect of these gravity terms has been found to be small in such investigations as have
been made, but these have usually involved only low values of C, and their significance will increase
for larger values of Cy,. An assessment of the importance of these terms was made when the
aeroplane was assumed to perform a constant rate of roll manoeuvre as in Phillips’ analysis. The
details are given in Appendix II. This analysis shows that the effect is small provided the rate of
roll is in the range where inertia cross-coupling effects are appreciable, and Cp, is small to moderate
in value, see Figs. 3 to 10. It is, however, unnecessary to neglect the gravity terms completely to
render our problem manageable and within the assumptions underlying equations (14) we may
approximate by writing:

$ =i+ D7+,

sing = sin(¢;+ P+ @)

& sin ¢$; cos PoT + COs P, sin Py
and
cos$ R Cos; cos Po7 — sin¢,;sin o7,
where ¢ is a perturbation angle of bank.
This implies the neglect of terms of order Cp.p, which is consistent with the neglect of terms

ATA

such as p'®, p'7 etc.

3.4, Solutions of the Final Approximate Form of Equations.

We are thus led to consider our equations of motion in the form:

(D+w)p — + o = — ¢
D+v)§  + 8,p + (0 +xD)® =0
Vnpﬁ + 82130@ + (D+ Vn)i) - wn@ = - Sngf
. : ‘ C (15)
— Wop 4 7 — P + (D+F,)0 = »-ZI‘—G (sin ¢; cos Py 4 cos ¢, sinfy7)
A A A A CLB A . A
—§ + (D —z,)d + P2 = 5 (cos ¢; cos Pyr —sin ¢ysinPyr—1).
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In operational form, including terms representing initial values of ?, 4, 7, 9, D, these equations
become?:

(D+w)p — vt +wp = — Szgg + pD
(D+v)g 4 8,5 + (w+ xD) = §;D + y&,D
VapD + 8,500 + (D+v,)? —w,d = =8, L+#D
Ci, (sin ;D% + cos ¢, 5, D)
2 (D2+ o)
. Cre(cos ¢;D? —sin ¢, p,D)
_A D_ AA=A4‘D Le K 10 _
q + ( zlb)w + .P()v Wy + 2 (D2 +ﬁ02)
_ CLe .
2
The solution of these equations is now reasonably straightforward but the detailed algebra is-
extremely lengthy and is accordingly omitted almost completely.

- W, + 7 — P + (D+7,)6 = 9D +

e

f (16)

For the case of constantaileronangle, ¢ = £, = £ (Heaviside operational equivalent) the operational
solution of the above equations has the form:

_ HyD" + Hy Db + Hy D5 + HyD* + H, D? + H,D?* + HyD + H,,
- (D2 +P*) (GoyD>+ GyD* + G,D3 + G,D? + G D+ Gy) ’
.\ §2D7 + Hy, DY + Hyp, D% + HyyD* + H,,D? + H,,D? + Hy,D + H,,
1= (D2+543) (GoD* + G D"+ G,D° + G, D% + G,D + Cy) ’

with similar expressions for #, #, 9. The second number of the suffix of the H’s denotes the variable

-~

(17)

in question according to the scheme 1, 2, 3, 4, 5 correspond to p, g, 7, @, . (Formulae for G’s-and
H’s are given in Appendix I.) The second factor in the denominator can be written:

D+y, 0 1 + W, D+v w+yD
w, D4y -y, -1 D—z,

wy - Vi +

- w

n ‘D + V’?’I;
—w, vy, D+,
+ Po? [(D +v}(D+v,) (D+v) - 8y82(D —2,)(D+) (D+5,) — O+ xD) (D +w) + Sywn(D +v) —
zﬁOZ(D'*' Vl) + Vanlr(D+ V) + 8 yVnp® + 4 D{S Vlr(w +XD) - 8y8 wl(D zw)}]

The first term represents the product of the two uncoupled motions and the second term represents
the coupling effect and as such disappears when $, is zero.

To proceed we have to split the right hand side of equation (17) into its partial fractions. It is seen,
cf. Appendix III, that the polynomial

GoA® + Gyt + G + GoX® + G + Gy

in a typical case factorises into
(A2 @A+ By) (X g+ By) (A by)
or
(A2 +a A+ b,) (A+bg) (A+bg) (A+55).

Transforming we thus have solutions of the form:

Ay + A1y + e7727( Ay, 08 sy7 + Ay, Sin sy7) + ¢ 17( Ay, COS 547 + Ay, sins;7)
or
By, + Bine " + Bye 7 + By et + ¢17( By, cos s, 7+ By, sin $17) .
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The coefficients 4 and B can be evaluated directly from equations (17) by well known methods,
see, for example, Refs. 8 and 9. Usually &, is large (indicating a fast mode) and in Appendix III
use is made of this to develop approximate expressions for the coefficients A,, By, 45, B and
the factors of the above polynomial.

3.5. Discussion of Choice of the Value of B,.

To apply the method outlined above to the calculation of the response of the aeroplane to a given
aileron input we need to specify the value or values of p, to be used. We recall that during the initial
stages (and often beyond this) the response in roll is not expected to differ appreciably from that
given by the simple single degree of freedom calculation. For the two aileron inputs considered
herein this is illustrated in Figs. 1 and 2. It was anticipated, and the examples calculated confirmed,
that it would be unnecessary to commence with a very low value of p,, since the error incurred
would be small for small initial values of @, 9, g and 7. If the simple roll calculation indicates a
relatively slow growth of p, it seems reasonable to select for initial value of p, a value of the order
of 3 pax- In'such cases as the single degree of freedom calculation indicates a rapid growth of rate
of roll as, for example, for aileron input of the multi-square wave type, Fig. 2, a higher value can
be used without much apparent loss of accuracy (see Figs. 13, 14, 15, 16 and 17).

The choice of the subsequent steps in f is determined by the trends indicated by the single
degree of freedom calculation suitably modified, if necessary, by any marked departure of the more
exact time history of p from the simple roll result. Thus, although the response in « (or @) and
B (or $) may be of most immediate interest, it is advisable, in dealing with a general aileron-angle
input, to compute the rate of roll as well.

Having described the method of calculation in general terms, we now proceed to discuss the
results obtained for an aircraft having the aerodynamic derivatives set out in Table 1.

4, Numerical Examples.

To check on the validity of the approximations made in the solution outlined above we shall
compare the response as calculated by this method with that obtained by exact solution of the
equations of motion as obtained by use of the DEUCE digital computer.

An aeroplane having the aerodynamic characteristics, geometry, and inertias shown in Table 1
is considered, as well as one which has its forward inertia axis inclined 5° below the flight path in
steady flight instead of 5° above but which is otherwise identical. Flight at one speed and height only
is considered, namely, M = 0-8 and 40,000 ft. The responses to two types of aileron input have
been calculated (see Figs. 1 and 2). ‘

Fig. 11, which refers to a positive value of inclination of forward inertia axis, ¢, = 5°, shows the
response in the rate of roll, (p), the incidence, (), the sideslip angle, (B), the rate of pitch, (g), and
the rate of yaw, (r), following a simple single wave input of aileron angle (¢ = 8° for
0 < t < 1-8 sec, and zero thereafter). '

The full-line curves are the exact solutions, and circled points are used to indicate the results
obtained by using the approximate method of Section 3. Values of pq used at different stages of the
calculations are indicated on the rate-of-roll curve. The agreement of the two solutions is good
throughout. ‘

The same calculation was repeated with €, = — 5°, and to illustrate the effect of changes in pg
step pattern a rather crude approximation is used, see Fig. 12. As might be expected the agreement
with the exact solution is not so good but is still reasonable. Comparison of the response in this

11



case with that illustrated by the preceding figure shows the importance of the parameter ¢,, as
mentioned in Section 2 and as found by other investigators. '

"The simple aileron input used in the calculations just described leads to a somewhat unrealistic
rolling manoeuvre. It may be argued that it is more desirable to specify the rate-of-roll time history
but, as the analysis is developed for a solution following a specified aileron input, this is not immediately
practicable. A more realistic rate-of-roll curve can, however, be obtained if the single degree of
freedom calculation is used for determining the aileron input required to give a specified rate of
roll, and the aileron input so obtained modified to suit the convenience of the five degree of freedom
calculation. Such a process is described in Appendix V, and is the basis of the second type of aileron
input (Fig. 2) considered. It should be noted that this aileron input depends on the two aircraft
characteristics, damping in roll (Z,) and the moment of inertia in roll (Z.).

In the first of the calculations for the aileron input of the type illustrated in Fig. 2 the aileron
angles were so arranged as to give a rate of roll corresponding to $ value of — 6-76 approximately,
s0 as to enable use to be made of data already computed for Po = — 6:76. The value of p, is kept
constant at this level for the time interval corresponding to 0 to 0-35 in . After this time the motion
is assumed virtually uncoupled, that is, $, = 0. The method of Section 3 gives again results in good
agreement with the exact solution (see Fig. 13). Also shown on the same figure is the response as
computed using the simplified analysis of Appendix III. This is in sufficiently good agreement
with the other solution as to provide acceptably good estimates of the maximum disturbance in
« and B. The initial incidence of the forward principal inertia axis was taken as -+ 5°.

To study the effect of a faster roll, the aileron displacements were increased to give a maximum
negative rate of roll of about 136°/sec. Fig. 14 illustrates the effect of these changes on the response
in the other variables. Again agreement of the approximate solutions with the exact values is fairly
good, although naturally not so good as in Fig. 13 which refers to the somewhat slower roll.

Lastly, the calculations were repeated with the input as in the preceding example, but with the
principal inertia axis inclined below the flight path initially by 5° (¢, = — 5°). The results of this
set of calculations are shown in Fig. 15 and again, as in the previous examples with ¢, negative,
the rate of roll does not tend to decay after the final centralisation of the aileron. The time interval
over which the response is known, in all the calculations already referred to, is insufficient to give
a clear indication of the behaviour of the aircraft some time after the aileron had been centralised.
The practical significance of the subsequent behaviour may be questioned on the grounds that the
pilot would increase either the interval of time over which reversed aileron is applied, or the amount
applied. These actions can, provided the rate of roll at the moment the aileron is finally centralised
is small, result in the return to virtually uncoupled damped motion as shown in Figs. 16 and 17.
However, as this is a matter of judgement, it is clear that the subsequent behaviour in the event of
finishing with too rapid a rate of roll is of some importance. The response to the input of Fig. 15
over-a prolonged time interval is shown in Fig. 18. It is Interesting to compare the results of digital
'computer with the analysis of alternative steady states which emerge if gravity terms are neglected.
'The non-linear steady-state equations have solutions other than that giving zero values for all the
variables, p, ¢, 7, ®, and 8. These involve steady rotation about all three axes and constant incidence and
sideslip. Details of the calculation of these steady states and their stability are given in Appendix IV.

For the aircraft characteristics assumed throughout the present investigation, the motion seems
to be alternate oscillations about two values of the variables which are in fair agreement with
steady-state values as given by the analysis of Appendix IV.
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These steady states are in the present instance unstable with respect to small disturbances.
Accordingly the completely linearised response would show a tendency to depart from the steady
state. This is illustrated in Fig. 19. Here a point in the time history of Fig. 16 was chosen at which
the main deviation from the steady-state conditions is in rate of roll, incidence and rate of yaw, and
the linearised response to these initial disturbances calculated. At first the rate of roll varies more
or less in accordance with the linearised response but after half an oscillation has elapsed it departs
appreciably from the exact (digital-computer) solution. To what can we attribute this departure?
It is either the effect of the gravity terms (which on the basis of Appendix II we would expect to be
negligible when p is fairly large), or the effect of the inertia cross-coupling terms, that is, we are not
permitted to write these as $,8§ etc. as in Appendix IV but should treat them on the lines of the
main text or Appendix III. To assess the first effect directly the digital-computer calculation has
been repeated omitting gravity terms. For a comparison of the two sets of results see Fig. 20. It
is clear that we may rule out the gravity terms as being the primary factor, and so we conclude that
in the type of motion illustrated by Figs. 15 and 18 the lateral and longitudinal motions are both
affected by the inertia terms in pq etc.

5. Conclusions.

In calculating the response to aileron application of an aircraft in which the yawing and pitching
inertias are large compared with the rolling inertias it is necessary to include producté of the rate
of rotation about the roll axis and either of the other two axes (pg and pr terms).

Such calculations are normally performed using either analogue or digital computers. The method
developed in the present paper or its simplified version (Appendix ITI) offers an alternative, with the
added attraction of possibilities of further simplification. Comparison of the results of the method
described herein with those given by the digital-computer calculations indicates a satisfactory
accuracy.

The next step is to simplify as much as possible without undue loss of accuracy. It is considered
that many of the aerodynamic terms, retained here for completeness and to remove all possibility
of doubt in the assessment of accuracy, may be neglected. For example we may be justified in
retaining only terms in s, and #, with ‘effective’* m, and n,, together with /,.

Although the main purpose of the present investigation is the proving of the accuracy of the
proposed method, we find, in agreement with other investigators, that the inclination of the forward
principal inertia axis to the flight path in the initial equilibrium condition is an important
parameter (Refs. 2, 3, 6, 11). The effects of changes in the aerodynamics have not been considered
numerically but it is clear that the emphasis lies in the derivatives #, and m,,, and it is this which
makes it reasonable to anticipate the possibility of further simplification.

On the basis of the calculations for an aircraft rolling continuously at a constant rate, comparisons
of digital-computer solutions with and without gravity terms, as well as comparison of the results
of the simplified calculation of Appendix III with other results, we conclude that, provided the rate
of roll is not small, the gravity terms may be neglected.

# ‘Effective’ is used in here in the sense that the values are adjusted to give correct damping of the uncoupled
motions, e.g.
Effective my, = m, + m,

13



Aerodynamic derivatives have been treated as constant throughout the present paper. The most
serious omissions in this way are any non-linear properties of m,, and n,, with dependence of /,,
ng, and n,, on incidence being of secondary importance, but still having some significance in certain
cases.

"The method described can be adapted to deal with the rolling pull-out manoeuvre, and this is
particularly straightforward if the elevator is applied and centralised sufficiently ahead of the aileron
for the response to it to be calculated as an uncoupled motion. :

For some applications, for example in checking structural integrity, the analysis of Appendix VI,
namely, the calculation of the response in incidence and sideslip when a prescribed rate-of-roll
time history is achieved, will be a more appropriate approach than the direct problem considered.
elsewhere.
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LIST OF SYMBOLS

Aircraft span

Lift

Llft Coef.ﬁcient = %p—wg

Pitching-moment coefficient = ———
g 1pV2SE

Wing mean chord = §

b
Total differential operator with respect to time
— L,/I, ) ratio of product of inertia to moment of inertia about each axis

- zx/Iz

Coeflicients in operational solutions (see Section 3.4 and Appendix T)

Moment of inertia about x-axis
Moment of inertia about y-axis
Moment of inertia about z-axis
Product of inertia with respect to x-axis
Product of inertia with respect to y-axis
Product of inertia with respect to z-axis
I, /ms?
I/ms®
I /ms?

Rolling moment about x-axis

Rolling-moment derivatives with respect to the principal inertia axes (see
Royal Aeronautical Society Data Sheets)

Pitching moment about y-axis

Pitching-moment derivatives with respect to the principal inertia axes (see
Royal Aeronautical Society Data Sheets)
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LIST OF SYMBOLS—continued
Mq
v, Ss?
Mw
V,Ss
M,

pSs?

-

modified longitudinal moment derivatives

©

4

Yawing moment about z-axis

Yawing moment derivatives with respect to the principal inertia axes (see
Royal Aeronautical Society Data Sheets)

Rate of roll about x-axis
pt, angular velocity in roll (non-dimensional form)

An assumed angular velocity in roll (non-dimensional form) used in the
analysis of Section 3.2

Perturbation rate of roll (non—dimensionalk form) = $ — P,
Rate of pitch about y-axis

gf; angular velocity in pitch (non-dimensional form)

Rate of yaw about z-axis

rt, angular velocity in yaw (non-dimensional form)

Wing area

=, wing semi-span

2
Time

m
oV,8

Velocity component along x-axis
Velocity component along y-axis
Resultant steady-state velocity

Velocity component along z-axis

Small disturbance valpes of Vand W

2]V, = B, sideslip angle
w|V, = o — €, change in angle of incidence
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(88722)

"Vl

Vi

np

LIST OF SYMBOLS—continued

Force component (including gravity terms where applicable) along x-axis
Force component (including gravity terms where applicable) along y-axis

Force component (including gravity terms where applicable) along z-axis

Y-force derivative (¥,= —¥») (see Royal Aeronautical Society Data
Z-force derivative Sheets)
Angle of incidence of principal inertia axis
Sideslip angle E

-1,

} . . . . ..
— ‘3, concise aileron effectiveness derivative

ta

iy . . d . o
— L=, concise yawing-moment due to aileron derivative
el

(= W) Initial angle of incidence of principal inertia axis

Angle between x-axis and horizontal

A

m V.t . . . .
e relative density of aircraft referred to semi-span
s -

pSs

(5)2

-| m,

s . P . . .

~ 27 ___ concise derivative for rotary damping in pitch

g

l . o o
— 2, concise damping-in-roll derivative
7
4. \

l . . ..
7 concise rolling-moment derivative due to yaw
]

7, : . o
— 22 concise yawing-moment derivative due to roll
! 10 -

7, . . o
— X concise damping-in-yaw derivative
o

Aileron angle

, time parameter (see Section 3.1)

o | Sk
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Suffices

LIST OF SYMBOLS—continucd
Angle of bank
Perturbation angle of bank (= ¢ — ¢, —Hy7)

ig

® } "y,
— ———, concise restoring-moment derivative in pitch
g :

M—,-l’, concise weathercock stability derivative
o

Y , concise rolling-moment derivative due to sideslip

4

Denotes the initial value of the quantity. (When $, changes value the initial
conditions are defined by the end conditions of preceding time interval)

Denotes initial steady-state value of a variable

Denotes steady-state values of a variable
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APPENDIX I

Coefficients of Numerators and Denominators in the

Operational Solutions of the Approximate Equations of Motion
Denominator.

The form of the denominator is:
GoDS + G D + GyD* + GyD* + G,D + G,
where
GO = 1
Gy = ki + Ry ,
Gy = ko + kog + kpykog + P¥(1-35,8,) + Wy,
Gy = kyy + Rygkyy + kykgg + P~ 8,8,(n—2,+7,) — Sx + v + Vo + i} +

+ Wowl(yn+kll) - Wy,
Gy = kaokyy + kiskgy + Po?{— Sygz(yufl—ﬁyzw_zw"l‘f‘ﬁoz) + Syw, — 8(vy+w) +
+ vn(v+v) + v+ v + Wolw(key + Vakir— 8,8, P0%) + vi(8,Po%x —wpky)}
G5 = kBOkgl + f)Og{_ 81/82(?02—_)7”3,_0)121 + 8y<wnvl+ Vnpwl) - 8le(‘U + V(anl + Vanlr)} +
+ Wolw(vuka + 8,8, 5422,) + Vi 0,Bo%w — w, ko )}

and
Ry =y + v, +
Rag = Fovitva) + vy + vy, + w0,
Rag = Fo(vin + vpvyp) + gy, + @y
kyn=v+yx—=s, '
ky = w —vz,.
Nimerators.

The numerators are of the form:
’ 1
m [Hy, D" + H,, D% + H, D5 + H,,D* + H,,D® + H,,D? + H,,D + H,].
Numerator for p.
The numerator coefficients are given below:
Hy = py'=p;/ + P,
Hyy = 5'My + P — 0,0 + #0, + $,Gy
Hyy = B/ Ag1 + Phyy — Dphyy + Pryy + 1 Q — S 4+ D8y, — po(8,m,R— Gy) + PP + Gy)
Hyy = p/2s; + Phy — Dhoi + Pryoy — Sthyy + D8y — T + 1,0 + e R +

CLc

)

(cosp;—1)81; + $oGy + Po2(P+ Py Ay + v+ Gy)

Footnote.—It will be noticed that in the numerator functions given herein the incremental rate of roll, §’, was
used as one of the basic variables. The use of the total rate of roll, p, would have yielded slightly simpler
expressions (cf. Appendix III), but as the complicated analysis including gravity is considered to be only a
stage towards a more simplified solution it was not considered worthwhile attempting the slight improvement
that results from rearranging terms,

20



where

H41 =

Pi' Mg + Phgy — Ohay + Piyay — Sty + 0,831 — Tihyy + 721 Q + Udyy + en R+

C € . A A A A
+ ZL (cos by — 1)8g; + PoGy + Do (By Asa + Phyy + iy + v, Q + Go) —

- ﬁ03(wl V‘VO + SlerR)

. R
Py — Sihgy — Tihgy + Qyar + —ZL (cosd;—1)85; + Uy + poGs +
V C e N A T
+ P’ (ﬁi')‘sl + Plyy + Py + Oy + Reyp — ——ZL 8y + Ga) — P*Wobns

~ AT A i C e A T
Udyy — Tifas + P (P’i Mgy + Phyy + Piysy + Oyay + Reyy — _211 o1 + G4) — PP Wby

A C ¢ 5.0
Pe? [P/\41 + Oys — ZL 8g; + G5 — POWOS['sl:l

wl(kll + Vn) — WV
ko + vRy) — ki + Po¥(— 8,00+ v,8,x)
(leh - anlr)kZI + ﬁozgz(aywlzw + Vlrw)

kll + Vn +J71)

= k21 + kll(vn +37v) +w, v, + Y, + (1 —-81/85)1'%2

kél(”n +J7v) + kll(wn_l' Yy +_)71;) + f?oz{‘_ Syaz(yv"zw) - SZX + Vp + V}

= kzl(wn TV, +J70) -+ ﬁoz{ - Sy(szﬁoz - Szzwyv - wn) - Szw + VV'n}

vilkia +F) + @

Vi(Roy + Ry P+ Bo?) + By

Vil Fokar +5o’v) + 8,0 Pe® + Rgro;

Po(vudox — )

Dolw(8x —v—wy) + viplwn+ 8x Ty + 8,)}
(3.0 8,880 = 1) + m{war +8,5,0)}
Polvi(8,2— 8.7,) — w1 +8)}

Potv(wn — 8,P0*+ 8,2, 7,) + (8,2, — v}

>

- Szgg - Vlﬁo
- Sngg - Vnpﬁo
s + x5

N C,. .
Wopo -+ "fo sin ¢,

DA C ~
03P + ZL ® Pocosg;

C . ’
21‘6 Posing;, throughout this Appendix.

AN 2
Wi Po” —
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Numerator for §.

Hos

H12

H22

€42

= @z
C ~ A A
= Rey, + ;8,5 + ZLe (cos by —1)x + Po(Dix — 6,75)
CLc

= Reyp + ;855 + (cos;—1)81p — Uy + Obys + Piyie + Aads’ + Rpo® +
+ po(Sx—6,0)

= Regy + ;839 +

2

C A A AL
ZLG (cosp;—1)8gp + Udyy + Dbon + Fivas + ApaDy + Sifyp +

A a C AA
+ Thox + Qvis + Phip + B (Relz + X % - SyPOTa:)

= Reyp + ®;845 + ZL (cosp;—1)8zp + Ubyy + Dybag + Sthae + Tty + Piyze +
Cre

+ Oyas + D' Aga + Phyy + Bi? (Rezz + 5 Sug + Wope2x + Fiyas — 8,500 + ﬁi'/\m)

C e Tr A
= ZL (cos py— 1)845 + Udgy + Sihgs + Tihgy + Qyae + Phgy + Wopohss +

A C G A Nl
+ Po® (Resz - ”—ZL 822 + Pivas + Oyia -+ D' Agp + P)‘lz)
Lr A ~ . C C A AT
= Uy + Tihso + WoPo*bas + Bo” (R€42 - __21: 83 + Piyae + Ovas + Py Ase + P/\zz)

A Tr A C e s
= Po® (WOPO‘/‘M - “ZL“ S840 + Oyse + P)\az)

= Dol — wndy + x(n+ 7)) + @}

= Dol — 8@y + W — @2,) + (it va) + Xt vpvan)}
= Pole(vivn + vpvnp) + 30 @Sy + @ndy)}

— (xkyp+ w)

= — (xkao+ whyo) — Wy

= — (xhao+ wkao+ D0, 8,) + Wo(w, vy — wppyx — )
— {wkg + ?ozsy(wl%p + o)} — Wow(wp, — v,
Do Wox+ 8yvny)

ﬁO{Vnp( = 8,2, + x+98,7,) + Wo(w +Vax— wnSy)}
Polvan(— 8, T+ e+ 8, 5% + Wilw, +@,8,3,)}
Pol— 3y(Futw—2) — X

i

Il

I

2 = ﬁo{— 87/(37”Vl — Vol — V% +ﬁ02) —yx —w+ WO( _w18y+ Ver)}

= Pol— 8,u(Pe? —Fo2u) — v + Wo(vye + 8,w;2,,)}

= ki — 2y

= kgy — Zypkio + Po® + prl

= Rag — Bypkag + PoP(vitv,) + Wolw(v,— =) — WV}
= P2(vvu+ vvnp) — Butkan — Wol@nyy—w,v,)} -
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Numerator for 7.

where

H03
H13
H23

33

A
3

'}’137’;'5 + Q + wn@z‘ - Vnpﬁi, + Szﬁo(xibi_ R)
yosfy + Ovis + Babys + Sw, + P Az — vl + Regg + D;015 +
+ Podex == (cosé;—1) + Po'F

vashs + Oves + Dthas + Sths + Tevy, + P’ Aog + PAyg + Regy + 0;005 +

CLe

) (cos ¢, —1)815 + U8, Pox + Po(Fiyis+ Qb vap— 8,p0R)

+

yasPs + Oyss + Dlgg + Sthag + Tihys + D5’ Ass + Py + Reyy + 9,835 +

C A A AT
+ ZLB (cos ¢y — 1)8y5 + Ubys + Po®(Piyas+ Oyis+Ps Ms— Vapl + Régs) +

- C -
+ ﬁos (Wown - SzX %)

C

Oyus + Sthag + Tifhay + Phgs + zL (cos y— 1)855 + Uys +

A A AN C ¢ V.5
+ Py’ (7’{}’33 + Oygs + D' Ags + PAyg + Reys — —ZL“ 813) + Wobo*us

A A AT C C Tr A
Ty + Uy + Po? (”i'}’43 + Oyss + P/ Agg + Phyg + Regg — —ZL‘ 823) + WoPobas

A C Tr A
B (Q)’43 + Py — ZL 2 833) + WoboPbss

wn(k11+ Vl) + Wy — Szﬁozx
ke + (W, + @)k — 8P (vix + w)

A
= (wpp T 0k — 8, viw

| | | I
%

— Vpp(PotEur) + W,
— Vup(Rar + Pokas +Ho”) + Wo(waky — 8.56%X)
— Vi Foker +vPo?) + Wolwnky — 8, Do)
o+ vtk
(Fo+ v)kyy + kg + Ty + P® + Woay
(Fot v)kor + kyy Fovy + PoP(v+v) + Wowikyy
oy Fovi + DoPvvy + Woerkyy
8. DPo(Rw— Fu— 1)
Po{8.(Fu2is— T+ viZiy — Bo®) + @, — WowS.}
Dol Foviz— BoPui+ Wowiy) + Ony + 0,1}
PolBulw +xFy+ x7) + @}
o{ By + v+ X T+ Wowrx) + @y + 0 + 047}
Potdwu+ Woww) + Hawyy, +w,v)}
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Numerator for 4.

where

Hy,

— N
= W;

C
= ;8 + “f (cos;—1) + R — pyd; -

A C ' A A A TN A
= D;0y + —ZL“ (cosd;—1)814 + U + Rhkoy + Pryyy + Dby — SPy — Wopobs

A CJ A A 7 A
= @;03 + ‘ZI—E (cos;—1)8as + Udyy + Reyy + Piyng + Oyyg + Py’ g + Dfrgy +

PS Ce A Tr A
+ St bt (R = SfF) = T, — P,

Cre

2
A A C e S Tr A Tr A At
+ Obas + Shyy + Ty + By (Rk%"‘ TL S1a + Pyia — Wobo? — Wopop, )

= @04 + (cosp;—1)83 + Udyy + Reyy + yauf; + Oyas + Pi'Agg + PXyy +

Cre
= ZL (cos b, —1)84y + Udyy + Qygy + Phoy + Sthsy + Tihay +

A A C ¢ Al ’ Tr A Tr A
+ Bo* (”i)’m - _ZL* 8og + Reyy + Oyyg + Py + Wo?o¢’14) - WipyPP
L 42 ) CLc A AT Tr A
= Uy + Tifsy + Po? | Reyy ~ 5 Og4 + Piyas + Qvag + Py + Py Ay + WoPo‘/’m)
A9 CLG Fr oA
= po® | Oysa — 5 8gs + Phyy + W0P0¢34)

= — Pov+v,+w)

= — Po(vvp + v+ vy + YV + Oy, — 6,8, P07

= — Po(vvuyi+ Wb vy + vy, + 8wy —8,8,50%,)
= — Pofrnn(1=8,) + Wy(v+w,)}

= — Polvnp(ByTutv) + Wl = 8,852+ v+ 8,0,)}
= po(1- 8z/)

= Po{— 8, (n+7) + v+ v — Wow}

= Polulv—8,3,) — Wy(vw, + 8,0}

= kyy — 8,P9> + Wy,

= kgy — 8,Po?y — WO(w’nVlT?—le‘n_ 0,2 Do?)

=kyg+v

= koo + vhyy — 8,8,p2 + Wy,

= ko + vhy — 8,8,P%(v+5,) + Wilwp+ wp, — v,w,)

= vhy — 8,8, 9,29,y + W(wpv, — vy, — 8,8, pw) .
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Numerator for 9 or B.

. A
Hy; =0

p
H15 = @“/’15 + S - 77«; -+ Z?’1‘150 + Woﬁi’
Hys = Dghos + Sths+ T+ ﬁi’vn;a — Pfy1s — 0+ Po(1+ S)R + 0,015 +

C e A T Al
+ 21: Po(cos py— 1) + WP+ (v, +ka)}

Hyy = Dgbgs + Sthas + Tihys + Py A5 + v — Pivas — Oyis + Regs + @;005 +
C

+ ZLe (cos;—1)8;5 + Upy + PWy(vp+ko) + W;)ﬁoa' + BB/ Wo—#2)
Hyy = Oys + Sihas + Tihas + WohoPhss + D' Aas + PAis — Pivas — Oyas + Régs +

CLe
2

+ PMvnphi — Fiyis— O + WoP + Wop, (vy+kat)}

C
+ ;855 + —ZL—G (cos ;—1)8g5 + Udys — P’ + RPP(1+3,) +

_ Cre
Hyy = Sthys + Tihgs + Phys — Qyss + 'zi (cos ; —1)835 + USys +

where

A Tr A AL B A C T
+ B {WOPO‘/‘% + P’ A5+ Py — Piyas — Qyis + Régs — ZLG 815 + Wo(Vn+k21)P}

A Tr A ‘At A C
Hys = Tipys + Udgs + Bo? {Wopolﬁas + P Ags + PAiy — Piyas — Qvas + Regs — ZLE 825}
Ho = P2 | Wob P, — .CLes |
75 = Do oDothas + Phos — Oyss — 5 O35

s = v+ v, + Ry

hos = ku(v+vy) + Ry + VpVpy + vive — 8y0:P¢”

das = kor(v+Hv) + Ry, +vivn) + Sygzﬁaz(zw— V)
Pas = Ron(ViVap ¥ viva) + 8,806V ‘
A5 = VppRu + Wo(”nku"'kzl_sy‘szﬁo’?), |

Aos = vpp(Rax+ 8,507 + Wo(”nk21+zw8y8zﬁ02)

vis = ki + v — Wou

ko + viki + 8,502 — Worn(v +x—20) .

2
8
i

Y35 = Vl(k21+8yf’02) - WOVlrk21

€15 = ﬁO{Sz(Vl_zw_ W(]Vlr) + -+ Vn}
€5 = ﬁO{VZ(Vn_ 8zzw) + Vlr(Vnp + Woszzw)}
815 = Po(m+v+vy—0:x)

825 = ﬁo{az( - 8y.Z/SO2 —w—= XVl+ WOVlTX) + Vl(Vn + V) + vy, + Vernp}
835__ = ﬁo{sz( - 82/1502% — Wi + I/’I\/Oylrf"") + V(Van + Vlrvnp)} .
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APPENDIX ‘11
A Study of the Contribution of the Gravity Terins to the Solution in Steady Rolling Flight

As mentioned in the text, the question of the importance of the gravity terms has to be resolved
before we can proceed with the approximate solutions proposed herein. To examine this more
fully, we turn to the steady rolling flight in which we assume that the aileron is operated so as to
maintain a constant rate of roll ($,) throughout. In this special case the inertia cross-coupling terms
are accurately represented and the gravity terms with improved accuracy, but not exactly. The
equations of motion in operational form are (cf. Section 3 and Appendix VI): -

(D+v)§  + 8,pf +(w+xD)yd = (§;+ x®;)D
0. 000 + (D+w ¥ — w,*d = 7D — v %Py
? 4+ (D+7,)0 — bot = 0D + Wyp, +
' CLc : D? AOD
+ 5 {smd)i Dy g + cos ¢, o +f)02} ?
. A N Cre De - DD
—§ + P + (D—2,)0 = &,D + ZL {cosg&im—mngﬁiﬁiﬁw} —
- CLe
5
where ‘ ... (18)
‘ wn%'—wn_*'wlz-ﬁ’n—g’
ol
v vy + vy, 4 @’
ol
-Vnp;yF = Vpp — Y 2%
ZC £y
with the aileron angle being defined by:
= 8l = (D+u)p — wp? + wd = upy — v, + w.
. The operational determinant of the above system of equations is:
D+v 3§,p, 0 xD + w
Szﬁo D + V?L% - wn* 0
0 1 D+y, —p
-1 0 Po D—2z,
= GyD* + G,D? + G,D? + G,D + G, (19)
if we write:
ky* = 3, + v, ko* = w,* + o™,
and Ry=v+yx—2,, ky = w = vz,
Gy =1
Gy = ky* + ky
Gy = koo™ + kyy + kyg*Ryy + pe2(1-8,8,)

2

= Roy*kyy + kyg*Ryy + Po¥{y + v, * — ;X — Sygz(yv_zw)}
= Roy*ky + f)o’z{w’n’ys — (Bw— 8wy *) — 80 Do® — Fo2u)} «
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In general, the numerator for & can be written:

1
DE 1§t {Hy DS + Hy,D® + HypD* + H3D® + HyD* + HyD + Hgy
However, when §; = #; = @, = 9, = Oand ¢, = 0 the coefficients become:
Hy = Hyy =0
Hy = — lﬁono
H34 = - CLelﬁoz - ﬁﬂz{Vnp*(l - Sy) + WO(V+ Vn*)}
C -
Hy = — ’TLeﬁ02(2V+Vn*+k10%) - ﬁoz{vnp*(v'— 81/371’) + Wﬂ(ﬁoz[l - 81/82] + v, * + Bywn*)}
c o
Hy = — e Po*(Rao™ + vhy* — 28,8,p4"+ Sy + v *) = Po*{rnp*(1— 8,) + Wo(v+ v, *)}
C A A O — A — ) ' : A
H64 = - 2Le 1702(]"1320%k - Syszpozyv) - P04{Vnp*(v_ Syyv) + WO(VVn% + Sywn* - ayazpoz)} .
Similarly, we have for 9:
1
D+ bt {HosD® + HisDP + HysD* + HysD? + HyD? + HysD + Hes)
0
where again for the above initial conditions:
Hy; =0
Hy; = Woﬁo
Cron o res
Hy; = 21?3 Po + Dol Wo(vs™ +kus) + Vip™}
CLc A * A TIT * A2 *%h -
Hgy; = ) Polkar + %) + Bl Walkar + v*Ryy + (18,8807} + Vnp™heui]

Cr. .. N
Hy; = 21? Dolkay + Ruvn™ — PoP(1+38,8,); +

+ P Wolvp*kay + Po’(v™ + Ryy+8,8,2,)] + vnp*lRar + (14 8,) bo*1}

C A A A A T o A
Hy = ZLe Polvy ¥k + 8,8.D0°% — Po?(v + v ¥ — 8,%)} + Do WolRar + v ¥k —8,8,00%) +

+ V™ Rar}

C A A A T | A . A
2Le P03(8zw + Syszpoz - VVn*) + POB{ Wo(kzl”n* + 8y8zpozzw) + Vnp*(kzl + Sypoz)} .

Hss =

These solutions are readily transformed by means of the tables of Ref. 8. The response in @ and 9
for our example aircraft is calculated including gravity terms (Cr, = 0-358) and neglecting gravity
terms (equivalent to setting Cr, = 0).

Two values of $, are chosen for these calculations; p, = 4 which gives a stable motion, and
$o = 6 which yields a divergent motion (see Figs. 3 to 10). In both cases the effect of the gravity
terms is small. Furthermore, the effect for a given €, (or T¥,) is proportional to Cy,, and so we may
conclude that as a reasonable approximation these terms may be ignored for modest values of Cz,.
The approximation used in the main text, which includes the main part of these terms, can also
be accepted. ‘
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APPENDIX III
Simplified Response Calculation

The analysis of Appendix II and the results of other investigations such as References 3 to 6
indicate that for modest C; values the contribution of the gravity terms to the response is small
und can be neglected. The linearised equations of motion in operational form are then:

(D+7)0  — Wyp + 7 — pot = 9,D )
w@ + (D+w)p — y,? = — 8¢+ p;D
— w,d + Vnpd + (D4, )P+ 8,50 = — 8, & +#D e (20)
Oy Pof + (D +)§ + (w+ xDYDd = (§;+ xB,)D |
Do —§ +(D—2)® = dD. ]
"The characteristic equation can be written:
Gol® + GiA* + Gyl + G2 + G A + Gy = 0 (21)

where the expressions for the coefficients G,, are those of Appendix I. For high roll rates the factors
of the characteristic equation are of two types:

(a) (@A 4 by) (B +ah 4 by) (A+ ;) = 0 (22)
and _
(b) - (A2 +a A +b;) (A+b3) (A +b,) (A+8;) = 0. ' \ (23)

The factor D? + a,D + b, in both cases is associated with a high frequenéy mode of small amplitude
(b1 > ay, a3, by, by, by, and bs).

Approximate Roots,

Equating the coefficients of equations (22) and (23) to those of equation (21) the following
relationships are obtained:

a1+P=G1N’
by+a,P+ 0 =G,
Pby + Qa; + R = G, .
Ob, + Ra; = G,

(24)

Rb,

i
@

5 -
where . .
P =ay+by orby+ b, +b,

O = byay + by or bydy + bybs + bsb,
R = bb, or byb,b;.
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From these equations:

and if the approximation P & Ggfb, is made, and if 5,* > G, G;

and from equation (25) we have:

a1=G1'—P
bI=G2_Pa1—Q
Gs
=1
G, — Ra;
9=—7
sz_aT_%"l‘_R
1
G
alzGl—b—‘q’
1
G G
bxG-—(G——?’)—?’——‘%
1 2 1 bl bl bl
Gy\ (Gs\ G,
~G2"(G1“é;)(@)‘@
G
R=3
G, R( Ga)
~ 22 G, — 22
Q by, b\ ' B
G, R 0O G,
P G
a1=G1—P.

(25)
(26)

(27)
(28)

(29)

(30)

(31)
(32)
(33)

(34)

Equations (30) to (34) give approximate values of a;, b;, P, Q, and R of sufficient accuracy for
moderate to large values of $,. For small 5, values, which are unlikely to enter into practical
calculations, use must be made of an iterative solution of equations (25) to (29) if reasonable accuracy
is to be achieved. The values of a,, b,, b5, b, and b, can be calculated from the following expressions,
derived from equation (24), when a, b;, P, Q and R are known:

b — Pby? + Qb — R
R
b42+( —Q~)b4+;—

by* by

R

63—0

R
=5
a, = P — by
by = Q_“zba

(35)
(36)
(37)

(38)

(39)

A comparison of exact and approximate roots and root coefficients is given in Table 2, for various

W, and $, values. The agreement is excellent for moderate and high rates.of roll.
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Charts (Figs. 22 to 25) are provided to expedite the solution of the by cubic {equation (35)}.
They are derived using the following method which is that of Reference 10. If b, is replaced by

Lm where:
L = k3/~ R,

the cubic can be written in the form:

1
m? + Am? + Bm + — =0

e
where
- P
ARy
0
B = k¥ — R)%
and where

ER=+1 for R>0
k= —1 for R<0.

Equation (41) will factor into either one real root and one complex pair of roots:

i:m * (L,} [m? + 20w'm + (w')?] = 0

w')?

or three real roots:

hiﬁﬂW+MW+M=O

(40)

(+1)

(42)

(#3)

(44)

(45)

where the plus sign in the first factor of equations (44) and (45) is associated with 2 = + 1 and the

minus sign with & = — 1.

If equations (44) and (45) are equated to equation (41) the following relationships between

coeflicients are obtained:

1
A=2Cwi(w1)2
B= (o)
w
or

A =b,+b +__1
ST by
be + by
B = b, + by

Figs. 22, 23, 24 and 25 are graphical representations of expressions (46) and (47)

(46)

(#7)

Thus, to determine the real roots of equation (35), 4 and B are computed using expressions (42)
and (43), choosing the value of % appropriate to the sign of R. The values of ' and { or b and bgb,

are then obtained from the appropriate chart and the roots computed using the relationships:

b — k|R1/3|
3 = (wl)z
or
kIR%I
b= g,
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Response.

The response in $, §, #, @ and & can be represented by the operational fraction:
p(p) < HowD? + Hu/D' & Ho /D + Ho D + Hyy'D + .
GyD® + G D* + G,D? + G3D? + G,D + G
if the effect of gravity is neglected. If the factors of the denominator are of the type of equation (22)

(48)

the response can be expressed:
Fu(7) = Ag + Are b5 + e~127(A,ycos sy7+ Aysinsyr)
, e 17(A, cos sy7+ Agsins;T) (49)
or if the factors are of the type of equation (23) the response expression will be:
Fy(7) = By + Bie " + Bye %47 4 Bye %" + ¢"17( By cossy” + Bysins;7) (50)
The coefficients 4,, and B, in the above expressions can be calculated directly u'sing the method
given in Section 4 of Reference 9, or by use of the tables of Reference 8.
The A4, and B, expressions are as follows if b, > a;. (It should be noted that the formulae given

in Reference 9 are in the notation of the Laplace transform and must be re-expressed if the Heaviside
notation is used.)

BN

H !
4 = He'
O bbby
= Hy,'b® + Hy,'bs" — Hy,'b5® + Hy,'bs® — Hy,'by + Hy,)/
! (—by) (bg? — aybs+ by) (by® — aghs + by)

Ay = F 0) — (Ap+ 4, +4y)

1
Ay = . [F.4(0) + bydy + 714, + 734, — $145]
2

G , o Hy A+ (2= s H T  onH, + H,
O [yt oty + 2 LOEZD | G, [, - et B
4,= 2 1 1
G2
b (55 + 6
' 2_ .2 ’ ' -
Vs b — 1 + W mo) oo [Hy - T e
4 - L b B YO
b, (5—32 + GZ)
1
H !
B. = 51
O bybgbybs
B, = - ‘H’[m/b:}5 + Hm’b34 - HZ'nIbsg + H3nlb32 - H4n’b3 + Hﬁn,
' (—bg) (b — ‘flba +by) (by—b3) (b5—bs)
B, = _ Hy,'b® + Hy,'b* — Hy,'b,® + Hy, b — Hy,'by + H,)/
(—by) (b2 — ayby+b1) (s — by) (B, — by)
B, = — H,,'b5 + Hy,'bs* — Hyy'bs® + Hy, /b — Hy,'bs + H,,/
° (—b5) (bs® — arb5+ by) (b3 — b5) (by—b5)
B, = Fg(0) — (By+ By + By + By)
1
By [F5'(0) + b3By + by By + b5 By + 71.B,].

S1
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The numerators of the expressions for 4,, By, B, and B, can be computed rap1dly by a desk
calculating machine using the routine of Section 2.1 of Reference 9.
The numerator coefficients H;,’ of the operational fraction can be derived from the equations of
motion and are as follows (cf. Appendix I):

|'§>

I

H01' = ﬁz

’ A A A Fa l
Hy' = Mip; — s + w#y + pé i'é
A

Hyy' = APy — dua®s + yiafs — 8, Pgvpdl; + (811 8, Do x)D; +

+uf(5Au+—vW)

ta

Hy)' = My By — hon®; + yarfs + €118, + (enx+ 821)73 + pé ( Edg + 2 ?’11)

’ A A A A A F l R
Hy' = APy — dands + varfy + €018 + (emx + 8a1)®; + pé (75 Ag + z-f')’m)
4

, o= n
Hy' = pé (—g Ay + -*g')’31) .
. 24 ) 1o
Hy' = g
Hyy' = €108 + (€10 + 810)2; — 8y Pof: + Pox?;
’ A ' A A A =R A
Hyy' = €550; + (ConX + Bog) By + 1985 + thiob; + Mgy — pé i 8,Po

’ A A A A A / = Z 7,
Hyy' = €558, + (€aox+ B30); + vaoPy + thon; + Mg Py + € (2‘5_ Mg + 275}’12)

2
’ A A A g A r lE ”5
Hyy' = €40; + (€anx + 8u0)D; + yaofy + thondy + Ase; + pué = Agp + i Yas
4

Hgy' = ué ( d Ags + *'}/32) .

! A
Hy' =1,
!

’ A A A AA =R
H13 = Yiaty + w,0; — VapPi — 82?0% + ,u,g l_é
(0]

’ A A A i l n
Hoys'" = yogfs + P1ad; + Aa Py + €159 + (€1ax + O1a)®; + pé (—' z_g Vpp + £ ')’13)
, 4

3
>

Hyy' = yaaf; + hag; + Mogh; + 6239@ + (€asx + 8a5)®; + pé (~ Mg+ = ’)’23)

H43’ = ')/437,;,5 -+ ¢33€)i + A:;Sﬁi =+ 633Q7: -+ (633X+ 833)@7: + ME (i—E

7
Aoy + -t 733)
4 to
Hy' = pué (E Ass + _7’43)
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IS

H04, = Av;
Hy' = (81a+x)0; + §; — Bo?;
Hy' = (890 + xhoo)®; + kogl; + 1D — WoPoPs + vads

Hy,' = (8344 X€10)D; + €140 + PhaaD; + MaDi + vasfs + pé (

Hy' = (8g0+ x620)@; + €0 + P3aDs + Aaals + yadly + pé (

X
I

iy n
wé (_g Agg + i ?’34) .
Ty 7]

|

’ A
Hy' =9

’ A A Tr A
Hig' = 50y — 75 + Wb,

s A
Hys' = thos?;

+ Bo?;
R . [k 2 g
+ Po(1+6,)3; + pné [-— Wy — ‘-—]

Hys' = sy — vasPs + Aishy + (E1sx + So5)B; + €150, +
[k 1z 7y
+ ué = {Wo(vn +kar) + v} — i 315
A
Hys' = dusD; — vasPs + Ao Py + (6asx + 835)®; + €050 + pié I:

)
Hss = be [g /\25 - *Vssil

24 %]

=yt + [Wo(Vn+kz1) + voplPi + [Po(1+8,)x + S15l; +

lg N
— Wopo + = 714
LY ig

Edu+ 724)
tq

n
¢ )‘10 g 725]
L]

s

(55)

(56)

The calculated response, using this simplified method and neglecting the fast oscillatory mode, is

compared with the solution of the equations linearised as in main text and a digital-computer solution

of the original non-linear equations in Figs. 13, 14 and 15. It can be seen that the agreement is

quite good.

In the simplified-method solutions shown in these figures the calculation has been broken down

into three sections. In the first $, has a constant non-zero value and ¢ the three values &,(0 < ¢ < ty),

E(fy <t <ty and &k, <t < ty).

As the initial conditions p;, §;, #;, @; and 9; for this first interval are all zero, the numerator-

coeflicient expressions {equations (52) to (56)} can be greatly simplified and become proportional

to £. It is therefore possible to superimpose solutions to obtain the response to the varying ¢ in

this interval, thereby considerably shortening the computations.
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In the second interval (¢, < ¢ < #3), Py = 0, but £ = ;. The equations of motion in operational

form are thus reduced to the familiar uncoupled form (without gravity terms):

The operational fraction representing the lateral response is therefore:

9(D) =

(D+3,)0 — Wop +# = 6,D

L -
wf + (D+w)p = nf =EE 4 pD
A

rS A A By A
— w0+ VP + (D+Vn)7 = /Z_-§§+71D
(o}

(D+)§ + (w+xD)d = (§;+ x@;)D
— g+ (D~z,)0 = .D.

Honl/DS + HlnllDz + HznllD + H3nll

DB -+ kyoD? + (kog+ Wow)D + {kyo + Wy(wpp, — WV} )

and for the longitudinal response:

#(D) =

HDnI/Dz + HlnllD + Hzn’/
D?+ kyy D + kyy

where the fraction numerator coefficients H,,," are:

s

| >

~>

”
HOI
Hyy"

"
Hy

”
H
”
Hy,
”
H, 22

s

H03
”

H13

”
H. 28

”
H 33

i

A= __ ./ _ n
= Pi(yvvn+wn) + (wl'l' Vlr.yv)ri + 6i(anlr—len) + V‘f |:Zi (yv+ Vn) + ;(‘i Vlr:]

Il

"?)

=

ﬁt(yv_{'vn) + Vhy -9 Wy + §

-l n
‘uf 1:_5 (tun + wn) + _5 (wl+ Vlryv)jl
(P o

A

q;
— Ryll; — D@+ x2,)

A
ri

Pi(Pptw) + ww@i inz -+ M—né 3
P Forr+ Wow) + B wpn,+ wn"z) + DA Wown—Fovup) +
+ .“g BE (Potm) — % Vnp]

E [ £ Mo =50,) + 5 (o )|
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| ®

Hy" =,
Hy' = dx+v)+ 4 (63)
Hy," =0
iH
Hos” = 77@‘ A
Hy" = dn+vy) =P+ Wops |
” A A T A T E l T (3 L . 64‘
Hy" = 9(vy+ viyvnyp) + P Wovy— v) + P Wovn+ vnp) + 16 ‘:i W, — ;ﬂ ~(64)

i

”
Hys

-1l “ e o
WE [ gt W) + 5 (o= ")
ta o

In these expressions B;, §;, #;, @;, and 9; are the final values in the preceding interval.

During the third interval $, and ¢ are zero. The calculations for the lateral response will therefore
be similar to those in the second interval, the £ terms in the H;," expressions being dropped. The
Py sy #1, @; and 9, values are again the final values of the last interval. It can be seen that new
coefficients will not have to be computed for the longitudinal response which is, in the uncoupled
regime, independent of £. The calculations of the second interval should therefore be continued

into the third interval.
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APPENDIX IV
Alternative Steady States, and their Stability

When gravity can be considered as making a negligible contribution to the motion we have a set
of equations yielding steady states other than that correspondingtop = g =7 = w = 9 = (. Rough
approximations to the values defining these alternative steady states have been given by Pinskers S,
We shall begin by calculating the steady-state values p,, §,, 7, @, and 9, with no additional
approximations. _ '

The equations defining the steady states, with aileron centralised, are obtained from the equations
of motion by dropping all terms in dld+. They are:

viPs — vl + ws + 893@3773 =0
v§s + wi, + Syﬁs'ﬁs =0

Vnpﬁs + V'/fs + Szﬁ.ﬁs =0 (65)

Rl

- WO?S + 7,;3 _ﬁs@s + yvﬁs =0

~ A AN
ds — 2, Ws + pO; = 0. J

To solve these equations we treat the last four as equations for §g, #,, @, and 9, in terms of Py
Their solution can be written: '

(Cot Cipi+Cops = 21D 2 + 2,50
(Cot G102+ Cobos = Zibs + Ty
(CotC1h+€ap, = Bi, + Pod?

(Cot C1p2+Cop N, = P2 + aphs

(66)

where
Gy = (@ 13,) (@0 Fuv)
C1L = w,d, + 8,8,2,7, + v, — w9,
€y = — 5,5,
2, = w(VnWO—]-Vnp) + 8,2, W, — SyRaVnp Vs
2y = 8yvp
Ty = o Wo(w—=2,0) = W, 7, + 2,99, 7,
Ry = — S0W, — Yy

B = (w— vzw)vnWo — WV, — Fv,,
Bz = 8,(8,2,Wy+v,,)
Ay = 8 (v Vi — 0, W) — Yy — v, W
ay = 8,8,W,.
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Inserting these in the first of the equations we have a quartic in p 2
2P + 2vE 1€ s+ 8, 2. %5+ C oo+ CoTavy,) Ps® +
+ (2v % Ey+ G2+ Cofrw,+F 132‘0: +8,2,% o+ 8,25%, + vy R1C o+ v C 1) st +
+ (20,8, & 1+ C1Prw+ CoBowy + 8,21y + vyC 1 Fy + vy G o) i +
+ Co(n o+ oy + Rymy) = 0. | | (67)

This yields four values of p2, with corresponding values of §;, 75, 9;, @, and &;.
In as much as we have in the main text regarded ¢ and 7 as small of first order, and so neglected
the §# term we shall examine the effect of this approximation on the steady-state solutions. The

above quartic in p2 simplifies to a quadratic:
1 Eopt + (v 1+ wfs+ v, Ro) Pt + (Covy+ oty +vpy) = 0. (68)
It may be noted that this is equivalent to the equation:
(G8)po=ps = 0 (69)

The other relationships remain unaltered. Numerical solutions have been obtained for the

aeroplane used in our response calculations, and are given in the table below.

Steady-State Conditions

.ZA)S V q\S ?S Z?)S 7/56‘
Including gr term | — 10-1965 —~ 1-1533 — 0-2126 0-1038 0-1353
— 4-8788 — 0-9585 1-1738 — 0-2690 0-0765
—~ 9-215 —120-28 15-34 - 202 12-56
— 5-5146 — 7124 10-382 — 1-8285 0-5706
Neglecting gr term — 10-1864 — 1-1676 | — 02115 0-1037 0-1368
— 4-7705 — 0-8010 1-4825 — 0-2278 0-0640

Having determined these other steady states we consider the linearised motion around these.
We consider a small perturbation represented by 85, 83, 67, 69 and §4. The equations of motion
are, again retaining in the first instance the term in gr:

(D +w) (Bs+ 8P) + D5+ 89) — v+ 8F) + 8o(Gs+ 89)(Fs+67) = 0

Vnp(Ds+ ) — wn(Ds+80) + (D +v,) s+ 87) + 8,(Ps+ 8p) (3, +8§) = 0

h'S

(D+) s+ 89) + (w0 + xD) (D + 30) + 8,(ps+8p) (s +0F) = 0 (70)

- (ﬁs+8ﬁ)(W0+z®s+8@) + (D+3,) (94 80) + (P, +67) = 0

~ (s +34) + (D —3,) (B;+ 0B) + (s + 8p) (9, +89) = 0. ]
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By virtue of the fact that p, 4, #;, 9, and @, satisfy the steady-state equations we have on neglecting

products of the perturbations:

(D+v)3  + w0+ (3, — 0P+ 5,7,80 =0 )
(Vnp + 8:05)8P — w80+ (D4v)  + 8,559 =0
8,8.5p + 8,057 + (D+1)8) + (w+xD)sB = 0 ¢ 71y
— (Wo+ D)8 + (D +7,)80 + & — P SD =0
| BSH 4 pdd _ 8§ + (D—2,)5% = 0. ]
The stability equation can be written, (o = W,+9,),
A5,  —a 1 0 -5,
o Aty (—v+8,4) SF O
A= —w, (1,+84) A+v, 8p, 0 |=0. (72)
0 + 8,8, + 8,0 Aty -t yAl
P b, 0 -1 A-z,

In this form we can express it as the sum of three determinants, the first of which is identical

in form with the denominator of the main text. We thus have:

A+Fy = o 1 0 =P |+ |A+F, -
w, Advy = +8,4 0 0 w, Aty
—on Vap+ 04 Atv, 8P 0 — Wy Vap + 0.4
0 0 8P Atv oty 0 0
Ps 0 0 -1 A—-z, P, 0
| +A+7 0 1 0 —p
o 0 —wmt 84, 83, 0
—w, 0 At oy, 3.Ps 0
0 3,7 8, Ps A+ v w+ yA
P B, 0 -1 -2z,

Expanding these, we have a quintic with the following coefficients:

AB:

1 =G,
)\.4: _

v;l—x—zw+vl+vn+37v =G,
A8

(G} + (g By )y — 88,82 — 8,8,82 + gl + 8,08,

38
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— Vp 890@3 8a:7/’\s 0

A+,

A

8yp.sz

0 — P | +
0 0
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AZ; .
(GS) + 82(‘01@8 + (V TX— 3y + 3711) (8ler - Sa‘:vnp)gs - Smsz(l’ + X3y +J7v)Qsz -
- 8a;8y(Vn +¥,— zw)i'\sz + wl(”n +vtx— zw)@s - Vlrwn@s +

+ 'Sy(SmVnp - 8z”li‘)ﬁsi’\s + (Szxylr— wl)ﬁsﬁs + Zszgygzp.ﬁs?s -
- Swngﬁst@s + Saz(w +xVs+ Xvn)@sfs + 8:1:“’%“3@3 + 8.70X‘xsﬁsi>s

A
(G4) + (Szvtr - Sanp) '{w — vy, + _’E,(V +Xx —zw)}gs + 8zwl(V'*' X— zw)és -
- 8;582 w — vy, + 371:(1"*— X_zw)}gsz - Smsy{wn + 571; - zw(vn +37v)}7)>32 +

+ wfw —vR ), + (W — ) (v + x — 3,)B5 + (Savi— 80vnp) PG5 +

+ 8w — 8,0) BB + {8y(Fo — %) (Bavmp — 8ov) — 8,(1+ &)y + Sy X3P —
— 8,8,D283 + {on(Box—v— ) + vl + S0+ S x TN DDs +

+ 8,8,{28(F,— 20) + X3P — 8B+ xF0) + @i} PsllsDs —

— 8,8,5405> + 8{0(Fp+ Vi) + x(@wn+Fvn)0Fs + Spon(v+ x — 2 )ods +

+ S0+ vux — 8ywp)opfs — 8,0,0,P:%; .

Const.:
(Gs) + (w0 —va3 8@+ Tovy) = 8uFoupllls — 828,70 —v2,)35" +
+ 8,8, 2u(@n + Fovn)iad + (00— v2y) (w0 — 0, 1) By + {880y + (8 — Bovap) 1 Plls” +
+ 8 (v + 8,02, ) PP + {Syvny + 8,820 — By — wny) + 8, TS0y — 8uvy )} Bl -

- Swsyynﬁs%sz + Sy(Sanp - 8ler)ﬁs:a?s + {Bza}(wl'i'yvvlr) - V(len_ wn"lr)}ﬁs‘z,)s +

A

+ 8ySzwlﬁs)‘g@s + Swgywnlﬁszﬁsrs + 896{85(” - Sywn - 28y8zzw5iv}ﬁsési>s -
- Sx(wnv"_ Szwyv)ﬁst@s + 28x8y8zﬁ53és?s - SzSzVﬁszgsz + Szw(wn_l'ynVn)@s?s +
-+ Sy — vay)otds + S {wvy, + Syzwwn)asﬁs?s - ngzwasﬁszqsza
where (Gy), (G5) etc. are the G,, Gy etc. of Appendix I with p; in place of p;.

A complete study of the stability of the linearised perturbation motion around the steady states
would require solution of this complicated quintic for the various steady-state conditions given
carlier. Tt was decided that rather than pursue this matter further it would be more interesting to
see how nearly the linearised solution, neglecting the term g in the equations of motion, followed
the solution of the full equations. ,

An instant of time in the neighbourhood of steady state p, = — 10-186 was chosen, for which
there would be practically no disturbance other than in p, @ and 7.

The linearised response is compared with motion given by the digital-computer solution in Fig. 19,
which shows that the two solutions are in poor agreement in the later stages. To rule out the
possibility of this being the result of neglecting gravity, the digital-computer calculation has been
repeated neglecting gravity (see Figs. 19 and 20). We may thus conclude that the motion around these
steady states is also essentially non-linear, and its calculation would require a procedure similar
to that used in the main text or Appendix ITI. '

39



APPENDIX V
Derivation of Aileron Input to Give Approximately Trapezoidal Rate-of-Roll Response

The single-square wave aileron input used in the earlier stages of the calculations yields a response
in rate of roll which was not strictly typical of-the flight records available. Furthermore, it is
unrepresentative in that the pilot makes no effort to terminate the roll manoeuvre. Accordingly a
more realistic manoeuvre may be achieved if the rate-of-roll time history is specified and the aileron
required to produce this calculated on the basis of the simple roll equation:

(D+w)p = — 8;¢. (76)

This procedure will yield a variation of ¢, This will be realistic to a degree which depends on how
soon and how rapidly the pilot has to check the stick deflection and this in turn depends on the inertia
and the damping-in-roll characteristics of the acroplane (Reference 12). It can never be truly
realistic in that instantaneous application of aileron is implied initially by the finite slope of the
rate-of-roll curve. A

The required aileron movement is readily obtained from the above equation (76). Suppose the
rate of roll is such that it has a value p, at time =, p, = kp, at time Ty, Z€ro at time 7, and varies
linearly between these points. (The trapezoidal variation 2 = 1 is illustrated in F ig. 21.) We then
have for the aileron angle: '

-

£ = —Pl—(1+1/ﬂ-), O<r<
,7'181g
pik—1 p
¢ :(f:(— 7'1)3)l§ Lt wlr=m)}+ %1;_1, nSTST 8 | 7
— kP 1 |

The aileron angles required to produce a trapezoidal variation of rate of roJll are obtained from
these expressions by setting k =1, see Fig. 21.

It is seen that within each interval ¢ does not vary much and for the inverse problem of calculating
the response to a given aileron input it would be an advantage to assume ¢ constant within each
interval,

The solutions to the equation of motion (76) for each interval give:

-

-6
té(l—evm) = By
Yy
T ) < ot i) | 79)
Y
ial_s”g? {1 _ e_yl(TS_TZ)} — i)ze—l/l(T;;—Tg)
Vl .

-
Again integrating the equation of motion with respect to = we have:

_ slgf Edr = ]ﬁ|g+v,f pdr (79)
0 ) 0

" [T + (ra— 7)€ + (r3—19)&5] = 6. (80)

This yields four relationships {(78) and (80)} between the quantities &, &, &, Py, Pay ™1, To,
7 and ¢, and so enable any four of them to be determined if the other five are specified.
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APPENDIX VI

Calculation of Aircraft Response when Rate-of-Roll Time History is Specified

In the main text and elsewhere, we have touched on the two alternative approaches to the
problem, namely the response in rate of roll, incidence and sideslip etc. may be calculated for a
given aileron input, or the rate-of-roll time history may be spec1ﬁed and the appropriate aileron

input has to be determined.

As both approaches are likely to find application in design, it is worthwhile to outline the analysis

in terms of the second approach. No numerical examples are given.

We return to equations (13), and now write p = f(7), where f(7) is a prescribed function. In
particular, we may take a trapezoidal variation of $ specifying, for example, the initial rate of growth
of $, its maximum value, and final rate at which  is reduced to zero, together with the value of 7 at

which it becomes zero.
We now write the equations of motion in the form:

: — 8 = (D+w)p — wf + w® )
(D+v)§  + 8,pf + (w+yD)d = 0
VapD + 8068 + (D+v, ) — w0 = - 8n§§ |
- C
~ Wop +P+ (D7) b=
A AN A CLG .
—q + Ped + (D—2,)B = 5 (cosp—1)

o~

(81)

in which $, is some constant specified.value of $ as in the analysis of Section 3 of the main text.

These equations may be re-written as follows:

(D+v)§ + 8, P +(w+xD)® =0 h
Sp+ (D4v R = w0 - (- nt) 1)
7+ (D+5.)0 — P = (7)
A A A A CLe
~4 + Pod ~ (D—2,) = —= (cos 1)

o

with the equation for the rolling moment giving the aileron angle ¢ as function of 7z

— 84t = (D+)f(7) — v + w0,

where
) in
v = V-n+8_n§Vlr'— Vo't Vi Allj
I to
é z n
3 v4"E
Vn:p* = Vap — —8?_5 Vi = Vap T C'l£
and
8 im
wn*zwn_.}_.igwl:wn—‘—wl_A_g
815 Zolg

(88722)

(82)

(83)



The above equations (82) are readily solved for §, #, 9 or B and @, either with an approximation of
the gravity terms as in the main text, or neglecting these terms (cf. Appendix III).

Substitution of the solutions in the last equation (83) gives the aileron angle, £, as a function of
7 or time. ' ' :

The characteristic equation is a quartic and can be written:

GoA* + G128 + GoA2 + Gy) + G, =0 : (84)

where :

G, =1

G, = km% + Ry

Gy = Roy® + kyy + Ryp*kyy + Po?(1-38,8,)

G; = k21k10* -+ kzo*ku - 8z?ozx + 1602(”“" Vn*) - Syszﬁoz(y-r_zw)

Gy = kyg*hoy + Po¥(80,* — 8,00) — 8,8, 50X Pe® — F20)
where

Ry* = 7y + v, *
k20* = wn* +.:V17Vn*
kyy=v+y— zw
ky = w — vz, (cf. Appendices I and IT).

Let us consider the solution of the equations neglecting gravity terms. In operational form, the
equations of motion can now be written:

D+ + 8,0 + (w4 xD)d = s+ xd)D
: ) -
S0+ (D+u)  — = 2D+ (5D = ,,%) FD)
O (85)
P (DR = = 0D + Wof(D)
.y 50— (D=2,)0 = &,D

where f(D) is operational equivalent of f(r) and thus DF(D) is operational equivalent of df(r)/dr
_since f(0) = 0.

To proceed further, it is necessary to specify f(r). A relatively simple and reasonable choice is a
trapezoidal variation as mentioned earlier. The calculation in this particular case would proceed
along lines very similar to those indicated in the text immediately following equation (56). As no
numerical exlamples are available for illustration, complete details of the calculation are omitted.
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TABLE 1

Geometric, Inertia and Aerodynamic Derivatives (with Respect to Principal Inertia Axes)
Assumed for the Aircraft Used as Example

S = 400 sq ft =35 ft W = 25,000 1b
1, = 900,000 Ib ft? i,=0-12
1, = 4,100,000 Ib £ ip = 0-54
1, = 5,000,000 Ib ft2 -« ig = 065
Mach No. 0-8 Height 40,000 ft
po=186-2 . = 42318 sec
Ve = — 0-32
= —0-25
l,=—0-25
L,=—0-10
ng = — 0:07c
7, = 0-05 — 0-3«
n, = 0-20
n, = — 0-46
gmw = — 0-083
(92 my = — 0-218
(g—)z my, = — 0-376
2, = —2-175
=0
Yp=0
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TABLE 2

Exact and Approximate Roots of Stability Quintics for varying p, and W,

+he| W, |Gy| G G, G, G, Gs by a, by a, b by by
2:96| 0-0873|1-0|6-3024|126-9737| 500-3804| 2090-4965| 2573-2332 iﬁ;cr;x. }jg;‘;‘* }:23319 3212655 22%48 1215865
6-76| 0-0873|1-0|6-3024| 187-5488 | 722-8127| 1130-3395|  502-9505 i’;crtox‘ e bl P I
10-00 0-0873|1-0(6-3024 | 276-6047 | 1049-8272| 2889-5993|  3800-9897 i’;;crtox_ %jggqs 3:;?47 32225492 %12372 ZI%Z”

2:96) —0-0873|1-0| 6-3024 100-9653 | 396-8045| 1101-1672) 17017464 i’;;"rtox_ 5:1293 }:2249 ,;3?;55 }3%76 212295
6.76| —0-0873| 1-0| 6:3024| 161-5404| 619-2368 | 4738013 | —1705-7514 i’;;crtox. :i:ggss 32%858 %gg:igﬁ ::i?s 112846
10-0 —0-'0873‘ 1-0|6-3024 | 250-5063 | 9462512 3815739 | — 373-6607 i’;"rtox_ :8:1105 323237 333:2788 gigiH i:ggm

Gods + Gidy + Godg + GoX2 + G + Gy = (R+aA+by) (R +ap)d+by) (A+bs)

or (A +a;A+by) (A+by) (A+8y) (A+by)
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15-0

-10-0

(b) THE REQUIRED AILERON INPUT AS DETERMINED
BY SINGLE DEGREE OF FREEDOM.

Fie. 21. Trapezoidal variation of rate of roll and
the related aileron angle as given by single degree of
freedom calculation.
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F1c. 22. Chart for determining roots of the cubic equation (k = + 1-0, one real

root, one pair of complex roots).

0-9

08

—é —; o] +l 2 3 4 5 6 7 8 9 10 1l lZB|3
F1e. 23. Chart for determining roots of the cubic equation

(8 = — 1-0, one real root, one pair of complex roots).
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Fic. 24,

Chart for determining roots of the cubic equation

(& = 1-0, three real roots).
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Fic. 25. Chart for determining roots of the cubic equation (k = — 1-0, three real roots).
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