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SUMMARY

Spring arrangements are described that provide flexible supports of
very low stiffness for a limited range of movement. They are suitable as

supports for vibration isolation provided the levels of vibration are not
too large.

Some particular applications of the arrangements for vibration isola-
tion and in other fields are discussed.
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! Introduction

The problem of vibration isolation arises in all fields of engineering
where rotating or vibrating machinery is used, Unbalanced forces in the
machinery produce urwanted vibrations in the surrounding structure and the
problen is either to isplate the machinery {rom the structure or, if this is
impracticable, to isolate components mounted on the struoture from the
structural vibrations.

The usual practice in vibration isolation is to mount the component to
be isolated on flexible supports so that the rigid body frequencies of the
component on the supports are very low by comparison with the frequency of
the troublesome vibrationsls2, In this circumstance the level of vibration
transmitted through the supports is a function of the ratio of the rigid body
frequencies to the vibration frequemy3. Obviously the ideal requirement
for such supports is that they should provide zero rigid body fregquencies,
i.e. their stiffness should be gero.

One support satisfying {this ideal requirement is the sine spr‘ingl",
which provides a pure zero stiffness for a oonsiderable range of movement.
However, the latter feature can be an embaryassment since it implies that
any slight change in the effective mass of the supported component leads fo
large excursions of the component on its supparts, with no restoring foroce
to return it to the datum position. Further, the sine spring is not well
suited for supporting very large loads,

In principle it is adequate for vibration isolation if the support rro-
vides zero stiffness over a greater range of movement than the amplitude
level of the troublescme wvibration. B8uch levels are generally of the order
of humdredths of an inoch,

In what follows a spring arrangement with a non-linear stiffness
characteristic is described® that provides zero s Or very small stiffness for
a limited range of movement. Though the stiffness characteristics of the
arrangenent are non-linear the components used are conventional linear
gprings. Some applications of the arrangement to vibration isolation and in
other fields are discussed.

2 Spring arrangements

2¢1 Inclined springs

Consider first the spring arrangement shown in Fig.,1. Here there are
two inclined compression springs AL and AC each of stiffness k freely
hinged at A, B and C to form & triangle of base BC = a and vertex A.
Let the unstressed spring lengths AB, AC equal ¢, where

-2—5.—; SE0 ¢ . {1}

Now suppose a load W is applied at A so that A moves to Al, the
springs AB, AC being compressed, taking wp an inclination 6. The loca~
tion of A' on the line AA' is defined by

x-g%'tana. (2)

Then the expressions for the load W and the stiffness % along the axis
AA'Y are:

* Patent applications 10722/56 and 24268/56.
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-1% = {sec g ~ sec 8) sin @ (3)
"lk . % = 2(1 - sec g cos 8) . (&)

A negative valus for % corresponds to positive stiffness, for x

decreases as W increases,

I% is apparent from equation (4) that the stiffness along AA' is
ZeXro when

1
cos © = cos’® g (5)

and there is a meximum in the load-displacement curve for this condition.

Cos o defines the ratio of the uitimete compressed length of the
gprings to the unstressed length. 1In Fig.2 the load and stiffness functions
(equations (3) and (4)) are plotted for variocus values of o«

It is apparent that this spring arrangement oan provide zerc stiffness,
but it has little practical value as a support for vibration isglation,
since the conditions for zero stiffness result in unstable equilibrium of
the system. Any slight inorease in load beyund the optimum value leads to
a negative stiffness cordition, and A then moves rapidly to the opposite
side of the datum BC, ultimately coming to rest when the extension in AB
and AC balances the applied load.

It is apparent that it is not sufficient merely to satisfy the ocondi~
tion that the support stiffness must be zero; a stability requirement must
also be satisfied. The stability requirement is satisfied if the support
provides zero stiffness for some optimum load, and positive stiffness if
the load is increased or decreased from this optimum value, i.e. the zero
stiffness point must be a minimum for the stiffness—displacement ourve.
This requirement also has the effect of limiting excursions of the load on
the support since in any such excursion there will be a restoring foree to
return the load to the zero stiffness condition.

From a further differentiation of equation (4) we have

&
* 2

dx

% = = 12 sec g cos}'l'e sin 8 (6)

which indicates that the stiffness is a minimum when © is zero (as can be
seen from Fig.2b).

This minimm provides zero (rather than negative) stiffness only when
a is also zero (equation (5)), i.e. when the unstressed spring length 4
—32 , the springs then lying along the datum BC. From equation (3)

this requires that there is zero applied load, so that the arrangement is
useless as a load carrying flexible support.

equals

2.2 Inclined springs and axial spring

Now consider the effect of adding a further spring IE of stiffness
gk along the axis AA'! (Fig.1). Prior to coupling E to 4 let E be
at a distance s from the datum BC,
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With E coupled to A4 the expressions for load and stiffness along
the axis AA! are

W . q a
o = (sec o - sec 8) s:.ne+-£<s—2tan e) (7)
--112 . gjxg = 2 {1 - sec a cosja) +q (8)

and from a further differentiation of equation (8) we have

%.%:-128%&008""635116- (%)
dx

From equations (8) end (9) the stiffness has a minimum value of zerc
when © d1s zero and when

880 g = 1+% (17)

and for these oonditions there is a point of inflexion in the load dis~
placement curve, the optimum lozd being given from squation (7) as

W = gks, (41)

It is appaerent from equations (1) and (40) that the retio ¢ of the
axial spring stiffness to that of an inclined spmring is determined scolely
by the ratio of the unstressed length to the ultimate compressed length of
the inclined springs. Further, from eguation (11), the cptimum load is
simply the load required to extend the axial spring to the datum BC, and
the optimum load for the support can therefore be wvaried simply by moving
the anchorage D of the axial spring so as o vary 8.

In FPig.3 the load function of equation (7} is plotted against 6 and
tan § for two different initisl conditions for the inclined springs
(x = 30° and ¢ = 60°), In both cases the value of s for the axial spring
is % . The point of inflexion when € is zero can be zeen. Also plotted
against tan @ is the corresponding load fumction for the axial springs
alone, and it can be seen that for values of © between ¢ and zero the
combined system carries more load than the axial spring alone, and between
zero and ~a it carries less load.

The stiffness function for the two conditions is plotted in Fig.h,
together with the curve for the axial springs alcne. The stiffness of the
combined system is less than that of the sppropriste axial spring for an
aprreciable range of tan 6, and in particular has a minimum zero stiffness
wien 6 1s zeroc.

The significant parameter for vibration isolation is the support fre-
quency, and accordingly the frequency function for the support is plotied in
Figs5. This function is the square root of the ratio of stiffness function

\ . (23 A
to load function, i.e. @; . %E) .



When o« is 60° the frequency function for the combined system is less
than that of the axial spring for a wide range of tan 6, and in particular
is zero when & is zero. When o is 30° the range of reduced frequency is
more limited., However, since the frequency of the axial spring under
applied load is inversely proporticnal to the sgquare roct of the extension
of the spr:'ng’ s the range of reduced frequency for the combined springs
over that of the axial spring alone will depend on the initial value of =8
for the axial spring., Whatever the value of s the frequency of the com-
bined springs will be very low for a limited range of movement in the
region of © = 0, thus satisfying the requirements for a support for
vibration isolation.

2.3 Genersl purpose support

In Fig.6 a general purpose support for vibration isolation is shomn
that is based upon the arrangement of inclined springs and an axial spring
described above. A series of inclined compression springs are spaced
around a central pillar which carries the component fo be isolated. The
springs are so spaced that there is no net side load on the pillar for
axial movement. An axial compression spring is provided, and its stiffness
is determined from the general form of equation I(D‘IO). When there are n
inclined springs each of stiffness k it is easily shown that the general
expression for the ratio q of stiffness of the axial spring to that of
an inolined spring is given by

_ 4
seca-1+n- (12)

With this condition satisfied it is then only necessary for the
inclined springs to be at zero inclination under the applied load for the
support to provide zero stiffness., If the applied load is too great the
inglination becomes negative and the adjusting screw must be screwed in
until the zero inclination requirement is satisfied, and conversely. The
range of load that can be supporited with zero stiffness on a partioular
support is therefore determined by ths range of the adjusting screw and
physical limitations on the axial spring.

A support of this {ype used for mounting equipment in an aircraft,
would normally only provide zerc stiffness for the straight snd level
flight condition., In a climb, dive or other manceuvre the stiffness will
be positive with consequent loss in effectiveness for vibration isolation.
This problem has been considered by Shapiro! in relation to the sine
spring, and he suggests a method for its alleviation by applying "g"
sensitive bias to the system. The method could be used with the present
device, the adjusting screw being geared to a "g" sensitive lever so that
inoreased "g" inoreased the compression in the axial spring amxd vice
verga, while maintaining the auxiliary springs at zero inclination.

To support large loads, such as a complete aircraft for ground reson-
ence tests?, very powerful springs can be used, or aliernatively a series
of aupports with less powerful springs can be arranged along an axial shaft
which carries the main load.

2.4 Alternative arrangements

In the arrangements discussed above the inclined springs are helical
compression springs, but alternative arrangements using tension springs
or cantilever springs can be devised, as shown in Fig.7. Similexly,
different types of springs can be used for the axiel spring.

Furthermore, the principles involved are not limited to providing a

zero linear stiffness but can also provide a zero torsional stiffness for
a system under torque load. Consider, for example the system shown

- -



in Pig.8. A linkage arm AB is clamped to the ftorsion member and has com~
pression springs AC, BD of stiffness k and unstressed length £ at its
ends. Following a similar procedure to that for the axial load system it

can be shown that the torsional siiffness of thé loaded shaft is a minimum
when the shaft is twisted so that DBAC are in line. The springs are then

under maximum compression with a compressed length of % « The stiffness
minimum is zerc (rather than negative or positive) when

24
a~1+

(13)

] fte)

where the torsional stiffness of the shaft is defined as qkbz.
This equation is identical in form with equation (10) since

24
s$eC - -
& a

Further the torsion load T in the sheft when the stiffness is zero
is given by

T o= q kb (t4)
which, for a given spring system depends only on the initial angle ¢ of

the shaft when unstressed. This equation may be comparec with eguation (11)
of the axial lcoad system.

3 Some applications to vibration isolation

A few special applications of the linear and torsional systems to vibra—
tion isolation are considered. ¥ig.9 shows their application to road wvehicle
suspension systems., Coil spring, cantilever spring and torsion bar suspen-
sions are all in current use, but by the addition of an inolined spring the
stiffness of the suspension can be markedly reduced, without increasing the
deflection. By reducing suspension stiffness a greater degree of ilsolation
of the body from road shocks is obtained,

Fig.10a shows how the stiffness of a cantilever bucket seat can be
reduced, isolating the ocoupant from vibration snd shocks end providing
greater comfort. Such seats are in common use on agricultural machinery.
Applications for other types of sprung seat can be visualised.

Fig.10b shows the suspension for a siesmic type of vibration transducer.
This provides very small stiffness for a limited range of movement, which is
a necessary requirement for instruments of this type.

4 Other applications

Applications of these spring arrangements in fields other than wvibration
isolation can be visualised., Three such applications are shown in Fig.{1.

Fig.11a shows a mechanical tension meter, that provides a sensitive
indication of small variations in tension about some predetermined level.
It could be used, for example, as & weighing device to detect small varia-
tions in weight of nominally identical objects.

Fig.11b shows a non-lincar torque meter, that could be used as the indi-
cator in a variety of instruments. This provides a sensitive indication of
torque variations about some predetermined level.

-7 -



Fig.t1c shows a torque regulator, providing a sensitive means of
detecting variations in the torgque transmitted vy a rotating snmaft, It
could be used in conjunction with an automatic gear changing device,

5 Gonclusions

The inclined spring arrangements whicn have been described are capable
of providing low stiffness for a limited range of movement, They can, wiin
advantage, be used as support springs in vibration isolation mecnanisms
provided tne levels of vibration are not too great and for moderate levels
of applied acceleration, In aircraft applications the applied acceleration
aspect is an important one, because of the accelerations encountered
during manosuvres, The inclined spring arrangement is, however, no worse
off in catering for tnis case than the conventional type of spring mounting

and has the advantage of providing improved isolation under normal
conditions,

There are many other possible applications for spring arrangements
based on tnls principle. Some of these are deseribed in the paper.
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