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SUMMARY

An equivalent aircuit is developed for the hot-wire ancmometer,

ag used for turbulence measurements. Improvements in the frequency
response, which can be produced by fecdback systems, and by the use of
radio~frequency heating, arc also described.
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The Equivalent Clrouit for Direct-current leating.

2.4 The Heat-loss Function,
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Negative Foodback.

Conclusion.

Introduction

When a hotewire is uscd for turbulenco measurements, it is usual

to heat it by neans of a constant dircet current. Velocity variations cause
the temperaturs of the wire to change, and therefore i1ts resistance. The
constant current flowing through the varying resistance causes a voltage
which, for small variations and low frequencies, may be taken as indiecating
the turbulences.
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At higher frequencies, however, the thermal lag of the wire
causes distortion, and it is well known that the effect is that of a
simple timg-constant. (.lef.1)}. The falling response can be compensated
by a condsnser-resistancce time-constant of equal magnitude, but thas has to
be changed with any change ain steady velocaty or direct current. 1t has
been proposed (Refs.2,3), by means of positive feedback, to reduce the
temperature variations, and hence the inheront time-constant.

In Section 2 a simple equivalent circuat is described, from
which it is casy to see what is the offect of positive feedback, and what
is required in the desaign of such a system. It may, however, be expected
that in practice daffaculty will be urperienced in keeping stable any
positive-feedback system which gives a large reduction in the time-constant.

In Section 3 it is suggested that, if radio-frequency current
heating is used instead of direct current, the positive feedback is more
easily arranged, and the instability difficulfy does not arise. An
approximate equivalent circuat for this system is found, from which the
frequency response nay be predicted.

In Section 4, 2 method of testaing the radio-freguency system
by mcans of a diroct-currsnt input signal, simulataing velooity changes,
is described,

In Section 5 it is suggested that, if both diruct-current
heating and radio-frequency heating are <nployed, neg tave fecdback may
be used to improve the frequency response still further.

2. The Squivalent Circuit for Direct Current Heating.

If the temporaturc of the wire at any instant is 8, and che
air temperature is @,, and the corresponding msistances are R, Ry,
we have the approximate relation

0 = e{l =0 (R- RB-) oou(“)
where o 1is a constant depending on the wire.
If the current flowing at any instent is i, heat is being
supplised at a rate 42R, and we may assume that heat 1s being lost at a

rate ¢(e,V), where V 18 the air velocity, and ¢ is an unknown
function. It followa that

® 2
W e = iR—qS (G,V) ..-(2)
at
wherse W is the water-equavalent of the wire.
From (1) and (2) we may write
dr 2
x; = 1R -~ £ (R,V) see(3)

where 3 = oW, and £ (R,V) = ¢(8,V),
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Now supposc that the temperature is steady at & when ths
velocity is V4, and the current is iq, ond that the corresponding
resistance is Ry, If we let V =Vq + 4V, 1 = 14 +Al, and
R = R4 + AR, wo have, from (3}, neglecting highor powers of AV, A1 and AR,

a(aR) 5 Jf Jf
A mmee = 2i4R4AL + 1fAR = -== AR - ~=o AV, eosll)
dt JRY JV1
Writing i4AR = v4, and dividing by 224R4, Wwe have
1 dve Jf 0 1 Jf
----- N = | e - 11 Vc = Al w rmeae e A‘J. 00.(5)
2ifRy |t \gRy 214Ry IV,
2 1 1 Jf 5 1 Jf
With G = =eg=rm ) == S meges | re - iy}, and iy & - weme-e == 4V seelf)
dav Vo
we get C I ige coe(7)
dat 25

In this equation we may regard vy as a voltage rusponse to the
current genorators 1, and Ai, as shown in ¥Fag.(4).

If we now lot Ri=v, and K,i, =v., and v = v, +Av,
we have, approxumeately, Av = 243R + R4di = vy + RqAi, The circuit
shown in Fag.{1) can thus be modafied to give the voltage response \Av,
as shown in Fig.(2). This equivalent circuat is interpreted as follows:
given any change in the velocity 1\, we have an equivalent current
generator i, given by (6); given alsc a current change AL, the
resulting voltape chenge is  Av.

i i

2.1. The Heat-Loss Function

If 1t is assumed that the rate of losing heat is given by

¢ 6,v) = (8 -85)p (V),

we cen easily shew that squations (6) become

L 1 Rq ) i‘l Ur’ ‘ (V1 )
C = -'-2"_ y TT 8 meememssesea— and ia B e e AV, e (8)
211 R4 Rb 2 (R-’ - Ra)R1 2 q;v(VvI ) e

Evidently Ry is typically of the same ordor as R4, and is equal to it
when Ry = 1.5R,.

For completeness itxshould bo nentioned here that if it is further
aisumed, as suggested by King, that Y (V) = a + bW, the oxpression for i,
3aones

14 AV
i S v mw mEemmmmeee 000(9)
Lb m + bV

2.2. Constent-ourrent hoating

If the wire is heatefl by & constant direct curremnt, Ax =0,
and the cquivalent circuit simplafics to that shown in Fig.(3). The
time-constont under these condations, T; say, is evidently CRy.

2.3./
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2.3. Heating by a General Linear Circuit

If the wire is heated by connection in a direct-current circuit
containing linear elements, we may write

Vv = v, - Rsi on.(10)

end the operating values V4, i4, aze gaven by the intersections of
this 1linc with the hot-wire characteristic, as shown in Pag.(4). The
wire may be regardod as being supplied wath current from a constent
voltage v, through a resistancc Rg.

From (10), \v = = Rghi eo s (21)

so that the general eguivalent circuit of Pig.(2} is here to be modaified
Ciy, (R1 + Rg)
as shown in Fig.(5)« The time-constant is now =w—-rme———-—e '

Evidently the time-constant would be much reduced if Ry could
be made negative, and Ry + Ry small, This can be done by positive
feedback, as shown in Pig.(6). Here the constant voltage v, and the
output of a d-c amplifier of gain n are connected 1n series to thu hot
wire H and a resistance r, The voltage across r is connected to the
input termanals of the smplifier, so that v, + mir - {(r + Hp)i = v,
where Ry is the output resistance of the amplafier. Wwo can write
v=vy+ [{me-1)r+ RmJi = vy, + o1, say. This gives an antersection
with the hot-wire characteristins as shown in Fig.%?). Evidently
the smaller v, is the smaller will be Ry - Rg, and the greater
will be the improvement achieved.

The ratio (Rp + Fq = Rg)/(Rq = Rg) we may call the
improvement factor, being the ratio of the tame-constant under constant-
current conditions to the new time~constant.

The value of Rg can be mado ruch less dependent on the
amplafier gain if additional feedback from v is cmployed, in some
such manner as is shown in Fig.(8). Here the two resistances W are
rmach larger than r or the hot-wire resistance, so that the input to
the amplifier is nearly (r1 - v)/2, ond we have

2v, (n - 2)r = 28n

V' = eewwmm + -——-n—?————--u-.l )

2 +m 2 +1n

(m - 2)r - 2Rm
80 that Ry = =-wem-- e , oand the larger m is the niore independent
n+2
of m does this becone.

There are various ways in whach the method aindiocated hero may
be attempted in practice, but the difficultics associated with direct-
current arplifiers make it doubtful whether really large improvement factors
gould be achieved.

It might be easier to use an a.c. amplifier instead, and, with
o method of testing the system, as described in Section L, there seecms
no necessity for retaining d.c. amplification,

3/



3. Radio-frequency Hsating

Consider the circuit shown an Fig.9, which is that of & tuned
rogenerative amplifier, It bchaves in exactly the monner indlcated ain
Fig.6s o constant voltags v, from the oscillator is induced in tho
tuned circuit, and a voltage is fed back which is proportional to the
current flowing through the hot wire R. There is a phase~shift of 90°
between the current and the condensor voltege, and a compensating phoge-shift
butween the current in the velve and the fced-back voltege., This cirrudt
thus fulfils the feedback conditions roguired for improvement of the hot-
wire froquency response, as described in Section 2, The greater the degree
of feedback the greater the inprovenent, untal therc is so much feedback that
the circuit bucomes self-oscillatory. The input oscillater cen then bo
removed, and we have an arrangement in which resistance, and therefore
temperature variations may be expected to have boen reduced to a minimum.

In practice, in order to produca gufficient r.f. current to heat the wire,
it is better to have a tuncd-anodeo arrangenent, as shown in Fig.10,

3:1. The Equivalent Circuit pith Radio-f roquency Heating

If we assume that the r.f. current uaed is of sufficaently
high frequency to give a abstontinlly constant heating effoct in the ware,
the analysis of Section 2 may be followed through exactly, substituting
R.M.Sy reofs current for the darect currcnt, and thzs same oquavalent cirouit
results. The only medification will bg that the magnitude of the r.f.
resistance will daffer from tgc d.c. resistanou.

It romains now to find a relation between Av and Ai, as was
done in Scction 2.3, ensbling a circult samilar to Fig.5 to be deduced
fren the general circurt of Pig.2., This may be done by consadering the
gncrgy changes whach take plaae in a radio-frequency cycles N

Suppose, as before, the gquilabrium values of R and 1
(whach is now K.M.S. r.f. currunt) to be Ry and iy, and R =Ry + AR,

1 =213, + 31 at a gaven instank of tame, GConsider this instant of time
to be token when the r,f, ocurrent has ite meximum value, so that the
energy stored in the inductance is Li€. Vhen cno half of a radio=frcquency
cyclc has elapsed, say time ¢, the energy stored will be approximately
ai di

L{i2 + 2i~ ), =nd the incroase of cnergy 2Li~-§ will be equael Yo
dt dt
Volg » (R = Ro)i%T, approximately,
di
Thus 2l = vO - (R = Rc)i ---(1‘2)
dat

Under equilibrium condifions this beocmos O = Vo .- (Rt ~ Rgliy,

dAd
sc that 2Iq-~ = =1,4R - (Ry = R )4,
at
. ani :
or AV = RAL = 2Leem see(13)
at

This may bo comparcd with the equation (41) of Section 2.3, Evidently the
only change roquired in the equivaient cairouit of Fag.5, aacording to this
appreximate theory, is to include an inductance 2L as shown in Fig.ii.

3.2,/
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S0 2a The; Mreguency Response with Radio-frequency Heating,

In Pig.11, either Av or A1 may be regarded as the
response to the velocity variations., In practice, the more convenient
to use is Ad, since the r.f, voltage across the tuned circuit, which
is proportional to it, is much larger than the volfape across the
resistance. The r.f., voliage may be demodulated in any conventional
MManner,

The results of an analysis cf Fig.11, to find the frequency
1 1 Ry - Rg)2

response, are as folloys: if — - - = w? 53y,
@1

is positive, the response at the frequency pon is the sane as at zero
&

" -
frequency. The response at a frequency 5 is 10 log 10[1 + B2m2(t.12-w$)]

decibels below the zero-frequency respomse, where B = 2ICR /(R + R, =R.).
W

1
A% the frequency e

a maximum occurs, where the response is

B2
i 1V log10 <1 - i w%) decibels ebove the zero~frequency responses

Detailed discussion of these results is deferred to a later
paper, in which it is hoped to include experamental date. However, same
curves are given in Fig,12 to indicate the sart of results to be expected
in a practical cases The time—constant T, has been taken as me

millisecond, and R, as 10 chms, giving C = 100uF.

Curve 1 shows the response wnder constant-cu~rent conditions.
Curve 2 shows the response whuch would be obtained in a de.c, feedback
system with R4y = Rg = 0.2 ohms, though it is most unlikely that sich a small
value could be stably obtained, Curve 3 shows the response in a radio-
frequency system, also with R4 — Ry = 0.2 ohms, and L = S5y, Curve 4

shows what happens in this r.f, system when R1 -~ Re = 0, i.e., the
circuit is selfwoscillatory.

Actually, in the self-oscillatcry system, the effective value
of R4 - R is not necessarily zero, and a small deviation frem zero has
a considerable effect, If the effective value is in fact negative, an

audio-frequency oscillation may develop,  However, any excessive peaking
of the response curve shows up clearly when the system is monitored by

a rectangular-wave testing signal, as descrabed in Section 4, and cen thus
be avoided,

L. Testing

Suppose that a wire is heated both with a direct current iy
and a radio frequency current of il S. value ir. Let the d.oce
resistance he Ry and the r.f, resistance Rn, and let the other
variables be distinguished by similar subscripts, Then the basio
equivalent circuit, corresponding to Fig.1, becomes Figs13, where,
corresponding to equations (§), we have

A 1 1 [0y R 3fx
CX = ) zx y ——— = 2 —— - ix% bad "2'1 iy% ’ and jm = """‘"'g’""'" —— m -o-(‘“—!-)
2igRx Ry ZiggRxd ORy1 Ryt 2ix1Rx1 ovy y
If,
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If the direct current voriations are taken to be the rosponse, we set
x=d, and y =r, while if the r.f. currcnt variations ars the
respunse we set x =1, and y =4,

We may cenclude from Fig,13 that when we arc using a radio-
frequency system, variations in direct current heating the wire will
gimulate velocity voriations, Similerly, with a d.c. system, modulation
cf a radio-frequency heating current will sirulate a variable velocity.
This provides o means of testing cither system., The testing signel may
be sinysoadal, in which casu the response at various frequencies is found,
or 1t may be a reotangular wave, when the respense is displayed on o
cathode-xey cscilloscope,

The foregoing theory assumes variations in the darect current
small compared with tho mean dircet current, and suailarly forathe R.M.3.
radio-frequency current. However, when testing a radio-frequoncy system
it is unncoessary to have a steady direct ocurront. Suppose the direct
current, always small compared with the R,M.S5. p.f. current is ig at
any instant, and the average velue of is is 45, Then the equivalent
circuit i1s exectly as in Fig,1, wath paramoters correaconding to the r.f.
systen, with an additional current generator in parallel with i, gaving

5, Fai
a current (1§ - ig) —wemme— /  If the testing signal is sinusoidel, say
2riRet
) d
i3 = Igsingt, ig - ig == w=cos,2wt, so that this input simulates velocity
2

variations at twice the frequency. When using a wave~analyser for
measuring the frequency response, there is a considerable advantage

in the fact that the output signal is at twice the frequency of the testing
aignal, as voltage pickeup difficulties, which arise particularly at high
audio-frequencies when the system is attenuating, are thereby much reduced.

A small rectangular input sipnol, having e nonyzero average value,
will simulate sudden velocity changes, and, with the response displayed on a
cathode-ray oscilloscope, this enables rapid monitoring and adjustment for
the best rosults,

Any d.c. system may be simalarly tested by a modulated r.f. input,
or by tho injection of r.f. pulses,

5« Negntive Feadback.

It is evidunt from Fig.13 that when two types of heating are
used the possibility arises of overall negative fecdback, sincs, whichaever
of the heating ongencies is regarded as gaving the response, variations in
the other correspond to soms equivalent velocity variations,

For example, if tho direct current is kept constant, as in
Segction 2.2 wo could use the voltage variations to nodulate a radio-
frequency curront which also heats the wirc., The equivalent circult would
then be as in fag.il, where M is a modulater (compare Fig.3). This can
easily be shown to be squivalent to Fig.15, so that the time-constant has
boen reducod by fecdback fron ORp to CR/(1 + Rpg). It is noteworthy
that heru the magnitude of the rosponse 1a reduced by the overall negative
feodback, whereas with the positive feedback considered sarlior the
rgsponse may be inereased.

1t/
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It should be made quite clear thot the type of feedback
considered in this Section 18 quite different from that of Sections 2 and 3.
There the feedback connsctions only concerned the voltage and current
variations, and nc signal wos produced which corresponded with a veloclty
variation., The fecdback was thus internal to the system, end was
unconnected with the input signal, It was not in fact feedback in the
normal sense, so thet we had the apparently unlikely result that positive
feedback increased both the magnitude of the response and the bandwidth,
With two types of heating, however, we may indeed have feodback in the
usual sense, since we can then preduce a fecdback signal to add. to the
input signal.

If a radio-frequuncy system is used, it should be possible to
improve the frequency response by a negative feedback, usang dircot-current
heating for this purpose, and there is no reason why a testing sagnal
should not be gsupcramposed on this direct current an addition. Owing to
the more complicated equivalent circuit with r.f. heating, however, the
application of negative foodback is not so stroightforward as with d.c.
heating, and detailed consideration cf this matter is deferred to a later
paper, in which it is hoped somo experimental results may alsoc be given.

6. Conclusion,

It is hoped that the equivalent cirouit developed in this paper
clarafies the operation of the hot-wire anemometsr for turbulence
measurements, and that the use of radio-frequency hoating will provide
a means of obtaining an improved frequency responsoc.
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