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Preface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
This volume is a compilation of the edited proceedings of the “Optimum Design Methods for Aerodynamics” course held at 
the von zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAKarman Institute for Fluid Dynamics in Rhode Saint Gentse Belgium, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA25-29 April 1994. The material assembled in 
this Report was prepared and presented under the combined sponsorship of the AGARD Fluid Dynamics Panel, and the von 
Karman Institute for Fluid Dynamics. 

Techniques for designing modem aerospace systems which either maximize a beneficial aerodynamic performance feature, 
or minimize a less desirable characteristic while recognizing other design constraints, have moved from the research lab to 
the design room in recent years. This has become possible because of the integration of efficient aerodynamic and geometric 
codes with optimization methods to form efficient, and powerful, design and analysis computer tools. The objective of this 
course was to distribute and share fundamental information on the development and use of these tools. 

Prkface 

Ce volume est un recueil des textes prCsentCs lors du Cours sur ’Les mCthodes de calcul optimisCes pour l’akrodynamique, 
organis6 par 1’Institut Von Karman de dynamique des fluides zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA?i Rhode Saint Gentse en Belgique du 25 au 29 avril 1994. 

Les cours contenus dans ce rapport ont Ctk klaborks et prksentks sous 1’Cgide conjointe du Panel AGARD de la dynamique 
des fluides et 1’Institut Von Karman de dynamique des fluides. 

Des techniques de conception de systbmes akrospatiaux modemes soit qui maximisent une caractCristique de performance 
atrodynamique, soit qui minimisent une caractCristique moins avantageuse, tout en tenant compte des autres contraintes de 
conception, sont passees du laboratoire de recherche au bureau d’ktude en l’espace de quelques annkes. Ceci est devenu 
possible grfice ?i I’association de codes gComCtriques et abrodynamiques performants zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 des mCthodes d’optimisation, ce qui a 
permis de rkaliser des outils informatiques d’analyse et de conception puissants et efficaces. 

Ce coufs a eu pour objectif de diffuser et de commenter les informations de base concemant le dkveloppement et la mise en 
oeuvre de ces outils. 
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1-1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
SINCLEPASS METHOD FOR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATHE SOLUTION OF INVERSE 

POTENTIAL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND ROTATIONAL PROBLEMS. 
PART I: 2-D AND QUASI 3-D THEORY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND APPLICATION 

P. Chaviaropoulos, V. Dedoussisl and K.D. Papailiou 
National Technical University of Athens 

Lab. of Thermal Turbomachines 
P.O. Box 64069,157 10 Athens, Greece. 

SUMMARY 
A methodology for the solution of the 2-D and 3-D inverse 
inviscid subsonic flow problem is introduced. The proposed 
methodology handles the 2-D and axisymmetric rotational 
and the 3-D potential target pressure problem in a single- 
pass manner. The method is based on a potential function/ 
stream function formulation where the physical space is 
mapped onto a natural one using the potential and stream 
function(s) as body-fitted coordinates. A novel procedure 
based on differential geometry and generalized tensor 
analysis arguments is employed to formulate the method in 
a modular way. The governing equations for the inverse 
problem are derived through the metrics compatibility 
condition on the natural space. Geometry is determined by 
integrating generalized Frenet equations along the natural 
coordinate lines. Rotationality, when present, is due to 
incoming (stagnation) thermodynamic quantities and/or pre- 
swirl gradients. The Clebsch formulation is, then, adopted to 
decompose the velocity field into a potential and a rotational 
part. To validate the method inverse calculation results are 
compared to results of direct "reproduction" calculations. 
The design procedure of some optimized shapes is also 
presented. Part I of this lecture focuses on 2-D and 
axisymmetric inverse potential or rotational flow problems, 
while the fully 3-D inverse potential problem is considered 
in Part II. 

LIST OF SYMBOLS 
a,b,c,d,e.f velocity Eq.(3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) coefficients 

specific heats 
%;;Y covariant and contravariant base vectors 

of natural ( c p , ~ )  coordinate system 
gi j conjugate metrics tensor of natural ( c p , ~ )  

coordinate system 
G . .  metrics tensor of computational (c,q) 

coordinate system 
h enthalpy 
i: position vector 
K 
M Mach number 
N unit base vector in the peripheral 

1 J  

Riemann curvature of the (s) surface 

a 

direction 

entropy 
temperature 
velocity vector 
(physical) Cartesian coordinate system 
drift function 
Clebsch decomposition coefficients 
associated with enthalpy, entropy, and 
swirl gradients 
angle between Vscp,Vsw 
specific heats ratio 
Christoffel symbol of second kind 
entropy gradient coefficient 
swirl gradient coefficient 
total enthalpy gradient coefficient 
computational coordinate system 
density 
modified density 
potential function, stream function 
natural coordinate system 
vorticity vector 

covariant tensor indices 
known position indicator 
reference quantity 
total quantity 
(s) surface component 
N-wise component 
partial derivatives with respect to c,q,cp 
or v respectively 

SuperscriDts 
i,j,l,q( = 1.2) contravariant tensor indices 

1. INTRODUCTION 
The operation of aircrafts, propulsion and energy conversion 
systems and process industry equipment relies heavily on the 
performance of their aerodynamic components, such as air 
intakes, nozzles, wings, cascades, etc. The development of 
reliable automated methods which will reduce the human 
expertise interference in the design loop and will increase 

' Also in Dept. of Industrial Management, University of Piraeus, 185 34 Piraeus, Greece zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Presented at an AGARD-FDP-VKI Special Course at the VH, Rhode-Saint-Gedse, April 1994. 



1-2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the quality and duration of the products is one of the CFD 
challenges for the next decade. Although the optimum 
design concept is so old as the theory of aerodynamics itself, 
the maturation of analysis methods and the continuously 
increasing computer power have placed it back in stage. A 
comprehensive review of the evolution of optimal shape 
design methods has been presented by Dulikravich (Ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI) 
and more recently by Labrujere and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASloof (Ref.2). 

In designing aerodynamic components engineers aim to 
minimize or prevent losses associated with wall boundary 
layer separation and/or the occurence of a shock. It is 
known that boundary layer behavior, as well as the 
occurence of a shock, is controlled by the characteristics of 
the pressure distribution along the walls of the flow field. 
The need, therefore, of having accurate and efficient inverse 
design methods that provide the designer with a shape that 
corresponds to a prescribed wall pressure or velocity (for 
inviscid flow models) distribution is evident. 

First attempts to develop such target pressure methods are 
traced back in mid-forties when inverse potential methods 
based on conformal mapping and potential theory have been 
applied to the design of airfoils. In the fifties, Stanitz (Ref.3) 
developed his inverse potential method for compressible 
flows. Applying a body-fitted coordinate transformation, 
Stanitz derived the inverse potential flow equations on a 
"natural" computational plane employing the potential 
function and the stream function as independent variables. 
The two-dimensional (2-D) inverse problem can then be 
solved if "target" velocity (or pressure) distributions are 
imposed over the complete boundaries of the domain. 
Stanitz's method being more flexible than the conformal 
mapping ones has been extended to axisymmetric flows 
(Ref.4) as well as to turbomachinery flows including the 
planar and the axisymmetric rotating or non-rotating 
cascades (Refs 5-7). The 2-D potential target pressure 
problem has been recently reconsidered by Barron (Ref.8). 
who provided an alternative formulation using the Von- 
Mises transformation by Volpe (Ref.9) who developed 
iterative profile closure conditions for compressible flows 
and by the present authors (Ref.10) who reformulated the 
airfoil design problem using differential geometry principles. 

The computational cost of all the above-mentioned "target 
pressure" -inverse- methods is equivalent to that of analysis - 
direct- methods. For reasons which will be explained below 
we will refer to these methods as "single-pass"methods. The 
"single-pass'' methods are very efficient in terms of the 
computational cost and provide a physical insight to the 
design problem. Conceptually, however, they are restricted 
to 2-D potential flows only. Some extensions to rotational 
flows using the Clebsch transformation are reported by 
Borges (Ref.11) and by the present authors (Refs 12.13). 
Stanitz (Ref. 14) extended his original 2-D potential method 
to three dimensional (3-D) flows. A disadvantage of the 

"single-pass'' methods is related to their inability to 
incorporate flow or geometrical side-constraints. Thus, the 
designers expertise remains crucial for determining the 
"appropriate" target pressure distribution. 

In the effort to circumvent the drawbacks of "single-pass'' 
methods, optimization methods appeared in the design field 
as an alternative. These methods solve a general 
minimization problem, the cost function of which expresses 
desired flow properties along with flow or geometrical 
constraints. This cost function is computed using a standard 
direct solver and the designer may decide upon the 
complexity level of the state equations to be solved. The 
solution of the optimization problem (the "target pressure" 
problem being one variant) is obtained as a sequence of 
direct problem solutions. Although the formulation of the 
design problem seems to be straightforward, these methods 
are still time consuming (some hundreds of direct problems 
are sometimes solved in the optimization process, plus the 
regriding overhead) while in complicated 3-D flows the grid 
deformation and adaption problem may become crucial for 
the convergence of the algorithm. Convergence may be 
accelerated using suitable parametrization techniques 
(Ref. 15) or hierarchical optimization techniques (Ref. 16). An 
alternative approach springs from the reformulation of the 
general optimization problem using optimal control theory 
(Ref.17). Then the descend direction may be obtained from 
the solution of an "adjoint" state equation which is usually 
similar to the state equation itself. This technique reduces 
the computational cost a lot, provided that the adjoint 
equation exists. 

Although optimization methods appear to be a remedy for 
the design problem this is not completely true. There are 
difficulties in specifying the appropriate cost function for a 
precise problem. If, for example, the shock drag 
minimization problem is to be solved for a transonic airfoil, 
a hanging shock solution may be obtained if no curvature 
constraints are imposed on the profile. Optimization of lift 
versus drag at a specific incidence may cause, as a second 
example, severe off-design problems. It seems that the 
formulation of the optimization problem using global flow 
measures (such as lift and drag) in an automated procedure 
is a very risky policy. It seems much better to control the 
flow behaviour at the local level and that explains why the 
"target pressure" conditions are widely used as optimality 
conditions by the optimisation methods as well. Even in this 
case, however, the results may be misleading. If, for instance 
the prescribed inviscid target pressure distribution is not 
consistent in terms of profile closure, the minimization 
algorithm will provide a solution which may be far from the 
desired one in physical terms (the transition point location 
may be altered or flow separation may be produced because 
of local deceleration of the flow). Additionally, optimization 
methods provide no information on the existence and the 
uniqueness of the solution of a flow (design) problem. They 
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lack, therefore, the physical insight of "single-pass" methods. 

The purpose of Part I of the lecture is to present a unified 
methodology for the solution of the inverse target pressure 
problem in a "single-pass" manner. The proposed 
methodology tackles inviscid rotational subsonic flows which 
develop on arbitrary prescribed surfaces in a quasi-3D 
manner and can be applied to the design of 2-D or 
axisymmetric internal (ducts, nozzles, cascades) and 2-D 
external (airfoils) flow configurations. 

The method is based on the potential function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 
streamfunction formulation and in that respect presents 
some similarities with the one developed by Stanitz (Ref.3) 
for irrotational flows. Clebsch formulation is employed to 
decompose the velocity vector into a "potential" and a 
rotational part, the latter expressed as the product of a 
(scalar) drift function with the stream function gradient. 
Exploiting the fact that in inviscid flows, solid boundaries are 
streamlines, a body-fitted coordinate transformation is 
carried out which maps the physical space (on which the 
geometry of the boundaries is sought) onto the potential 
function-streamfunction zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 9 , ~ )  space. The potential function 
and the streamfunction are the independent non-orthogonal 
curvilinear coordinates. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
An interesting novelty of the method is that the main 
second-order nonlinear elliptic partial differential equation 
(PDE) for the velocity magnitude is derived using 
differential geometry arguments rather than manipulating the 
basic flow equations themselves. This equation results 
directly from the metrics compatibility condition which is 
expressed in terms of flow quantities on the natural ( 9 , ~ )  
space. This equation, in conjunction with a transport 
equation for the drift function of the Clebsch decomposition, 
provide the solution of the flow field. 

The calculation procedure involves two main steps. In the 
first step the discretized governing equations are solved for 
the flow quantities using a fast iterative incomplete 
factorization scheme. Having calculated the flow field, the 
corresponding geometry is determined, by straightforward 
integration of Frenet equations along potential lines and/or 
streamlines. For 2-D flows the flow and geometry 
calculations are completely decoupled. In axisymmetric flows, 
however, the radial coordinate R appears in the expressions 
of the metrics implying that the flow field and the geometry 
solutions are coupled. 

To validate the method several "reproduction" calculations, 
including 2-D and axisymmetric nozzles and ducts, 2-D 
airfoils, 2-D and quasi 3-D axisymmetric non-rotating 
cascades, have been carried out. The favorable comparisons 
between inverse results and those of direct, analysis, codes 
indicate the reliability of the method. Results concerning the 
design of optimized blades for horizontal axis wind turbines 

are also presented. 

2. ASSUMPTIONS AND BASIC EQUATIONS 
The design method proposed in this lecture concerns steady, 
subsonic, inviscid and adiabatic flows of a perfect gas. 
Rotationality , when present, is due to incoming (stagnation) 
thermodynamic quantities and or pre-swirl (in axisymmetric 
flows) gradients. In order to present a unified theory for 2-D 
and quasi 3-D flows we consider the conservation laws which 
govern the flow field developing on an arbitrary shaped 
stream surface (S) with varying streamtube thickness An. 
This surface may represent the plane of a 2-D flow, or the 
meridional plane of an axisymmetric flow, or the (S,) -blade 
to blade- surface of a peripheral cascade. 

Under the above assumptions, the (unified) conservation 
laws read. 

Continuity equation 

v,. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcpv,,, =o 

Momentum eauation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(S) surface component 

normal (to S-surface) component 

?,,.V,(RV,) = O  

Enerw equation 

FS. V&,=O 

(3) 

(4) 

Subscript S denotes properties on the (S) surface and 
subscript N properties along the normal to the (S) surface 
direction. Vs stands for the surface gradient operator. The 
defining relation for the N-wise vorticity component nN is: 

n,=v, x vs 

When an axisymmetric flow is considered R is a genuine 
variable representing the radial distance from the axis of 
symmetry. The definition of the modified density p and the 
normal velocity component V N  for the three different cases 
which are considered here is given in Table 1. 
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( S )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsurface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP V, 

I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2-D plane flow 

Table I 

Rearranging Eq. (2) and taking into account Eqs (3) and (4), 
we get the entropy conservation law 

3. vss=o (6) 

The above system of equations is supplemented by the 
following density equation: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-( *) 

( (7) 

where subscript ref denotes reference conditions and y is the 
ratio of specific heats c /c 

The perfect gas assumption implies that enthalpy changes 
are proportional to those of temperature, i.e. dh=c dT. The 
stagnation enthalpy h, is defined as 

P "' 

P 

3. THE INVERSE TARGET VELOCITY PROBLEM 
For a given geometry, the solution of Eqs ( I )  to (8) 
supplemented by an appropriate set of boundary conditions, 
provides the complete inviscid flow field. This solution is 
called a direct solution of the flow problem. When the 
inverse problem is considered, we are looking for the 
geometry which exhibits on it (i.e. on the boundary of the 
flow domain) certain prescribed flow qualities. Evidently, the 
steady Eqs ( I )  to (8) have to be satisfied by the inverse 
solver. 

In the present work, the inverse target velocity problem 
which is tackled, may be defined as follows: 

"For a given shape zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the (S) surface, inflow conditions 
ht.s,VN, I Vs I as well as prescribed magnitude of the 
velocity Vs along the lateral boundaries -solid walk- (in 
terms of their arc length), determine: ( i)  the flow field 
which satisjies the inviscid conservation laws and (ii) the 
corresponding geometry". 

As it will be demonstrated below this inverse target velocity 
problem is a well-posed one. 

4. POTENTIALTYPElSTREAM FUNCTION 

The purpose of this section is to introduce the potential 
function and the stream function which will serve as "natural 
coordinates" in the formulation of the present inverse design 
method. 

FORMULATION 

4.1 Stream Function 
A stream function on the ( S )  surface is introduced through 
the following relation 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfl is the unit vector normal to the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(S) surface. The 
stream function is defined in such a way so that the 
continuity Eq.(l) is satisfied identically. Note that the 
definition of the stream function for the general case is 
analogous to the usual two-dimensional one with the 
exception that the density is replaced by the modified density 
term p .  

4.2 Clebsch Formulation 
Clebsch formulation (Ref.18) is used to decompose the 
surface velocity field into an irrotational and a rotational 
part is usually expressed as a linear combination of Vsht. 
Vss and Vs(RVN) which are responsible for the rotational 
character of the flow [see Eq.(2)].>ince the above gradients 
are normal to the velocity vector Vs and lie on (S) they are 
parallel to one another. Taking advantage of this property 
one may express the rotational part of the velocity using 
one gradient, only, and a single coefficient (e.g. Ref. 12). In 
order to treat all kinds of rotational flow in a unified way,a 
variant of the Clebsch formulation based on the stream 
function was adopted. 

The Clebsch decomposition of Vs used here reads: 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcp is the potential function on the ( S )  surface and a is 
a generalized drift function. It is emphasized that in 
potential flows a vanisies yielding the standard expression 
for the velocity v5ctor Vs=Vs(p. Eq.(9) indicates that Vsw. 
being normal to Vs, is parallel to Vsht, Vss and Vs(RVN). 
Introducing the coefficients X,p,vwe may write: 

v.&,=lvs$ , vsS=pvs$ V,(RV,) =vvs$ (1 1) 

Applying the surface curl operator on Eq.(lO) and taking 
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into account Eq.(ll) i t  is seen that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

V s A ~ V s ~ = V s p ~ V s ~ = V s v ~ V s $  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=O (12) 

As it has been stated above zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVsli, Vsp and Vsv being 
p2rallel to Vsw are normal to the surface velocity vector 
(Vs). We can write, therefore, that: 

cs, VsA zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= cs. Vsp = Qs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVsv =O (13) 

Transport equations (13) simply state that A,b and v are 
conserved along, i.e. remain constant on, the surface 
streamlines. Consequently, we may write that li =li(v), 
p=p(v)and v=v(w) .  Eqs (3), (4) and (6) also indicate that 
ht=h,(w), s=s(w) and RVN=RVN(~) .  

Applying the surface curl operator on Eq. (IO) yields the 
following expression for the N-wise vorticity component 

Introducing Eq.(14) and relations (11) to the momentum 
Eq.(2), we get after some manipulations that 

-v;)vs* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV 

Noting that Vsw never vanishes (with the exception of 
stagnation points), Eq.( 15) yields the following transport 
equation for the generalized drift function a 

.. 

5. NATURAL ( 9 , ~ )  CURVILINEAR COORDINATE 
SYSTEM 

The potential function and the stream function, i.e. the 
natural coordinates, on the meridional plane, are considered 
to be the independent variables. The defining Eqs (9) and 
( IO) provide the contravariant base of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( c p , ~ )  coordinate 
system. Associating coordinate indices 1 and 2 with the cp 
and w coordinates respectively, the contravariant base reads: 

The dot proiuct VScp.Vsw is definitely nonzero since Vsw 
is normal to Vs. This indicates that, unlike irrotational flow, 
in the present rotational one the ( c p , ~ )  coordinate system is 
nonorthogonal. 

The conjugate (contravariant) metrics of the ( c p , ~ )  system, 
which actually define the body-fitted physical space to the 
natural ( c p , ~ )  space transformation, are evaluated via the 
defining relations and Eqs (17). (18) as following: 

where fl is the angle formed between V S v  and V s v  on the 
( S )  surface. The following expression for the (coordinate) 
angle f3 results from Eqs (19) and (21) 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAtanP=-- 
a 8  

The covariant metrics g . .  (i,j=l,2) may be expressed in 
terms of the contravariant ones following standard tensor 
relations (Ref. 19): 

1 J  

In terms of flow quantities the covariant metrics of the ( c p , ~ )  

coordinate system are: 

and the Jacobian of the coordinate transformation yields 

6. GOVERNING EQUATIONS 
The objective of this section is to present and discuss the 
derivation of the equations that are actually solved by the 
present method for determining the flowfield and the 
geometry. Differential geometry and generalized tensor 
analysis arguments are employed in order to derive the 
governing equations. The present procedure, which treats the 
inverse problem as a geometrical rather than a flow one, 
proved to be quite modular and efficient in several inverse 
design applications both in two (Refs 10,12,13)and three 
dimensions (Refs 20,21,22). 
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6.1 Velocity equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
An zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAequation for the magnitude of the surface velocity 
component Vs is obtained from the metrics compatibility 
condition, which has to be satisfied by any parametrization 
of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( S ) ,  including the  natural coordinates one. In two- 
dimensional spaces the curvature tensor has one independent 
component RlZl2 (Ref.19) which is equal to the 
Riemannian curvature K of the (S) surface considered 

(26) 
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ2 RI212 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=K 

K is an intrinsic property of the surface and, in general, is 
non-zero. Surfaces with zero Riemannian curvature are i) 
the plane surface, i.e. 2-D or meridional flow case, ii) the 
cylinder and iii) the cone. 

For any (x1,x2)parametrization of the ( S )  surface the R12,2 
term is expressed as: 

and 

with m,n,l,q= 1,2.Eqs (28) and (29) define the Christoffel 
symbols of the first and second kind, respectively. 

When the (x1.x2) parametrization of ( S )  is an orthogonal 
one, the expressions of the Christoffel symbols are simplified 
considerably and Eq.(27) yields 

Considering that the coordinate system describing the two- 
dimensional space, i.e. the (S )  surface, is the (cp,~)one and 
noting that its metrics are expressed as functions of the flow 
quantities via Eqs (19),(20),(21) and (24). the curvature 
compatibility condition (26) provides a PDE for the velocity 
magnitude Vs in terms of the modified density b and the 
local coordinate angle p. Associating coordinate indices I 
and 2 with the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcp and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw coordinates, respectively, one gets, 
after substitutions, the following equation: 

- L P ,  s i n 2 p  

i -  
s i  n* D tanD 

and subscripts cp and w indicate corresponding partial 
derivatives. The nonlinear second order PDE, Eq. (31). is 
the main governing equation of the flowfield and represents 
the velocity equation sought. For irrotational flows, where 
fl=90° (potential lines are normal to streamlines) Eq. (31) 
timplifies to 

( InV,)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( I np )  e e + P 2  (lnv,) 'p'p 

- (Inp) e ( I nv , )  e- ( Inp)  (32) 

+ P z  ( l n p )  'p ( I nV , )  T=K/V i  

For the 2-D case Eq.(32) is the same with that given by 
Stanitz (Ref.3). Equation (32) can be, also, written in the 
form (Ref. IO): 

[$ ( 1 - ~ 2 )  ( Inv , ) ,  + t p  ( ~ n v , )  ,,I ,,=K/ C P ~ )  (33) I, 
where M is the local Mach number. Noting that the cp- 

direction coincides with the flow direction, the nature, 
elliptic or hyperbolic, of the velocity equation depends on 
the value of the local Mach number. In that sense, Eq. (33) 
is mathematically similar to the full-potential equation. 

It is emphasized that, in the present method, the velocity 
PDE, Eq.(31) is derived in a novel way by considering 
differential geometry arguments only and not by 
manipulating the basic tlow equations themselves (in Ref. 12 
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it has been shown explicitly that the two waysof deriving the 
velocity equation are equivalent). In that respect the present 
methodology is quite modular in formulating inverse 
problems. One has just to select an appropriate natural 
coordinates system and express the metrics in terms of flow 
quantities. The governing equations result, thenafter, using 
a standard procedure. 

The coefficients of Eq.(31) are functions of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj5 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8. The 
modified density function j5, defined in Table I ,  is a function 
of the thermodynamic density zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp which is governed by Eq.(7). 
With the exception of the 2-D flow case p is also a function 
of the (unknown)-design-geometry sought. This implies that, 
in general, the flow and geometry solution procedures 
cannot be separated and carried out in an independent 
manner. To close the problem one has to provide an 
equation for the coordinate angle 8. The latter is related to 
the drift function a through Eq. (22). 

6.2 Transport Equation for the Drift Function 
The drift function is calculated from the transport Eq.(16). 
On the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( c p , ~ )  coordinate system this equation reads: 

(34) 

Eq. (34) is an ODE along the streamlines of the flow field. 
For a given velocity and total enthalpy field the temperature 
T which appears in the RHS of Eq. (34) is computed from 
Eq. (8). The normal velocity term which is present in 
axisymmetric flows only, is computed from the (RV,) 
distribution. It is noted that the drift function is coupled to 
the geometry because of this term. 

The total enthalpy as well as the entropy and the swirl 
(RV,) are prescribed at the inlet of the flow field as 
h,=h,(v), s=s(y) and RVN=RVN(y), implicitly setting the 
level of the rotational character of the flow considered. 
Taking into account that ht,s and RV, are conserved along 
the streamlines, i.e.on “=const. lines [refer to Eqs (3,5,6)], 
it is concluded that h,,s and RV, are known, i.e. are set up 
a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApriori, on the entire flow domain. The distributions 
A.=k(v),p=p(y)and v=v(y )  are determined at the inlet via 
the defining Eqs (1 I) .  Since h , p  and v are conserved along 
the streamlines, Eqs (13). their distribution throughout the 
flowfield is, also, known a priori. 

6.3 Geometry Equations 
The calculation of the geometry is based on the generalized 
Frenet equations. Let (E,,&) be the covariant base for the 
(cp,v)parametrization of the (S) surface. Then, by definition, 

(35) 

where 9 is the position vector, the components of which 

represent the geometry sought. The variation of the 
covariant base along the coordinate line directions is 
expressed in terms of the Christoffel symbols as 

(37) 

Since, on the ( c p , ~ )  parametrization, Christoffel symbols are 
expressions of flow field quantities the corresponding 
coefficient matrices of Eqs (36) and (37) are considered to 
be known. 

The expressions of r (i,j=l,2) are given below for 
completeness 

2 j  

The integration of Eq.(36) along a v=const. line or of 
Eq.(37) along a q=const. line provides the covariant base. 
The Cartesian components of the geometry are determined, 
thenafter, by straightforward integrations of Eq.(35). 

7. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 9 , ~ )  DOMAIN OF INTEGRATION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND 
BOUNDARY CONDITIONS 

The inverse problem has a unique solution on the ( c p , ~ )  
plane provided that appropriate boundary conditions are 
specified for the velocity,the drift function and the geometry 
equations, Eqs (3 1). (34), (35-37) respectively. 

The drift function a is governed by the ODE (34), for which 
initial boundary conditions are required along the inlet 
section.a, which controls the size of tanb, i.e. the local 
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Suction side zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI , Symmetry zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+O / TEI Conditions 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI LE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
skewness of the (cp,v,) coordinate system, is specified as an 
arbitrary constant along the inlet section without affecting 
the final flowfield solution. ht,s and RVN distributions are 
also prescribed along the inlet section, implicitly specifying 
the thermodynamic density. 

iterative solvers apply to the inverse problem solution, as 
well. 

InV=O 
I I I 

Initial conditions are also required for the integration of the 
geometry Eqs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(35-37). The position vector and the 
direction of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(9' ) are fixed at a pre-selected location. fo 
serves as an initial condition for Eq.(35). The direction of (cl)o is sufficient for specifying z1 since its magnitude is 
known It, I =-=(:A',) [see Eq.(24)]. The same holds 
for the magnitude of g2 while its direction is related to the 
g, direction through the coordinate angle @. (zl,$)o form 
the initial boundary conditions for Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(36) or (37). 

1 .o 

A 

The velocity equation, being of elliptic type, requires 
boundary conditions all around the integration domain. In 
practice the designer prescribes the V, velocity magnitude as 
a function of the solid walls arc lengths, i.e. Vs=Vs(L). In 
both irrotational and rotational flows the potential cp is 
related to the arc length-L o," the solid walls (streamlines) 
via the relation dcp=V,.dL. Obviously, the prescribed 
V, =Vs(L) distribution corresponds to an easily obtainable 
Vs=Vs(cp) distribution, where cp is determined to within an 
arbitrary constant. 

The V, velocity magnitude is also prescribed along the inlet 
and outlet sections. 0% theze sections the stream function 
definition yields dv=pVs.dL and, consequently, V,=V,(v,). 
Usually a zero v, value is assigned to one of the solid walls. 
A (cp,v,)domain of integration is, thus, constructed, for which 
velocity boundary conditions of Dirichler type are prescribed 
on the complete boundary while thermodynamic and 
geometrical boundary conditions are fixed on the inlet 
section. 

InV-0 
cp 

Fig. 1 ( c p , ~ )  plane and velocity boundary conditions. 

The defined (cp,v,)domain of integration may have irregular 
shape. An auxiliary numerical transformation is employed 
which maps the irregular (cp,v)domain to a rectangular one 
with square unit cells in a computational (c,q)plane. In most 
cases an H-type grid on the ( c p , ~ )  plane with the q=const. 
lines corresponding to v, =const.lines results from this 
transformation. This kind of computational grid is very 
convenient for the treatment of the transport equations. 
However, in certain cases, like the design of an airfoil with 
rounded leading edge, a C-type coordinate transformation 
improves the quality of the results in the sensitive region 
near the leading edge (see Ref.lO). 

8.1 Coordinate transformation 
Considering the (cp,v,) to (&,q) coordinate transformation all 
the governing, flow and geometry, equations are expressed 
on the (€,,q) plane employing the following operator 
transformations 

1 The shape of the (cp,v,)domain depends on the nature of the 

(cp,v,) domain is trapezoidal, bounded by the v,=O and 

For external flow computations the far field boundary and, 

airfoil design problem is shown in figure I .  One may notice 

the suction side and another for the pressure side), which is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L*( ) = -  ) [ [ - 2 * & (  )to++:( 

L+ ( ) = _  1 I,$; ( ) ct-24c,$q ( ) to+,$; ( ) qr l ]  

GZ 

G2 

problem considered. For internal flows, for example, the 

y~ = v,,,,parallel lines (vmx is related to the total mass-flux). 

G=4+9,-4,+t 

( )*=L,( ) -Lo($) ( ) * - L o ( + )  ( ) +  

( )**=L,$( 1 -L+(rp) ( ) , - L , $ ( 4 )  ( ),$ 

( )e=-&(  ) c - r p t (  ,111 

consequently, its image on the (cp,v,)plane may be arbitrarily 
shaped. The (cp,v,)domain which corresponds to an isolated 

the double image of the trailing edge (TE) point (one for 

due to the circulation. The boundary conditions of the 

1 

normalized velocity V=Vs/V, are also shown in the figure. ( )*=-&( )rl-4q( ) t ]  

(39) 

8. NUMERICAL METHOD 
The governing equations are discretized and integrated 8.2 Numerical Integration of the Velocity Equation 
numerically using finite difference schemes. The standard The velocity equation is linearized by assuming that the p 
procedures for direct methods involving grid generation, and @ distributions are known from the previous iteration 
body-fitted coordinate transformation, discretization and level. Discretizing partial derivatives employing central 
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second-order accurate differencing (in subsonic flows) a 
system of algebraic equations with 9-diagonal banded 
nonsymmetric characteristic matrix is obtained. This is solved 
using the Modified Strongly Implicit Procedure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(MSIP, 
Ref.23) which employes an incomplete L-U decomposition 
of the 9-diagonal matrix. For 2-D potential problems where 
the velocity equation is decoupled from the geometry and 
the 0-terms vanish, the convergence properties of the 
velocity solver are enhanced using the linear restarting 
GMRES (Ref.24) method combined with the incomplete zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL- 
U preconditioner of the MSIP method. 

8.3 Numerical Integration of the Drift Equation 
Once the velocity field is determined, at each iteration level, 
the transport equation for the drift function is integrated 
using a second-order accurate Runge-Kutta scheme. The 
newly calculated a distribution provides a better estimate for 
0 via Eq.(22). A better estimate for p is calculated from 
Eq 47). 

8.4 Integration of the Geometry Equations 
The geometry calculation is performed by integrating Eqs 
(35-37). Computational experience showed that inaccuracies 
associated with the error accumulation of the geometry 
calculation are minimized if one determines a reference- 
central streamline first and then, starting from it, determines 
the wall(s) by integrating along t=const. lines. In order to 
enhance the accuracy of the geometry computation a 
staggering discretization technique is followed where the 
flow quantities are computed at the grid nodes, while the 
Christoffel symbols and the covariant base zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(H,,Z2) are 
computed at mid-cells and mid-nodes respectively. The 
system of Eqs. (36) or (37) is solved using a second order 
accurate Runge-Kutta scheme. Similar schemes are employed 
for the integration of Eq.(35). 

8.5 Artificial Density 
An artificial density scheme is used in the solution of the 
velocity equation when the local Mach number exceeds the 
critical value. Taking advantage of the resemblance of the 
velocity equation to the full-potential equation, the artificial 
density scheme which is employed, is identical to that 
proposed by Holst (Ref.25) for the solution of the direct 
transonic flow problem. In more detail, the thermodynamic 
density is upwinded in the supersonic region according to the 
following scheme: 

where 6s( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) is the (cp-wise) streamwise upwind derivative 
operator and M, is the cut-off Mach number. It should be 
noted that this artificial density scheme, in conjunction with 
the proposed flow field solver, can handle low transonic 
cases only. Special care with respect to the preconditioner of 
the velocity equation should be taken, if strong shock waves 

are present in the flow field. 

9. RESULTS AND DISCUSSION 
The inverse design method proposed in this work has been 
validated for irrotational and rotational flows in several 
"reproduction" calculations. The term "reproduction" is used 
in the sense that. for a given geometry, a direct -analysis- 
code provides the boundary velocity distributions which are 
then used by the inverse method to reproduce the original 
shape. Such reproduction cases are presented for 2-D and 
axisymmetric internal and external flows. The application of 
the inverse method to the design of a family of laminar 
airfoils with optimized suction side velocity distribution is 
also discussed. An automated procedure for achieving closed 
airfoil profiles is presented. 

9.2 2-D Internal Flows 
In this particular case the reproduction procedure has been 
reversed. The inverse solver provides a geometry compatible 
with a prescribed "target velocity" and the direct solver is 
called upon to reproduce the prescribed boundary velocity 
(pressure) distribution. The direct method used for the 
comparisons employs the Clebsch formulation discussed in 
the previous sections and carries out the calculation in terms 
of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcp,a and s, while h, is considered to be constant 
throughout the flow field. 

In all of the rotational test cases the entropy distribution is 
set zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApriori not in an entirely arbitrary manner. Entropy 
level of different streamlines at the inlet section is computed 
according to the relation: 

This relation is derived by assuming that the vorticity which 
corresponds to the velocity gradient at the inlet is compatible 
with the one which corresponds to the entropy gradient. In 
addition, it is necessary to assume that the inlet section is 
straight and that the flow is evolving very slowly in the 
vicinity of the inlet, i.e. that streamlines there are almost 
parallel. A posteriori observations of the rotational cases 
results, see Figs. 4-7 and 1 1-13, satisfy these conditions to a 
great extent. Actually, it can be shown that specifying both 
the velocity and entropy gradients along the inlet section is 
equivalent to specifying the streamwise gradient of the 
velocity. The solution, geometry, therefore near the inlet 
adjusts itself, so that the streamwise velocity gradient is the 
same as the implicitly imposed one. 

Results for the symmetric convergent-divergent nozzle are 
presented in Figs 2-5. Calculations were carried out with a 
(5lx2l)grid with A y ~ = I , h c p ~ ~ ~ ~ , .  wall=l and Mref=0.I5. 
Imposed -target- wall velocity distribution for both the 
irrotational and rotational cases is shown in Fig. 2. The non- 
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DIRECT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- _-- -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

constant part of this distribution is described by a sinusoidal 
function with linearly increasing amplitude. For the 
irrotational case uniform inlet and outlet velocity 
distributions are specified. In the rotational case symmetric 
parabolic velocity profiles with peak values 1.4and 2.5 in the 
inlet and outlet sections, respectively, are assumed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5.0 

- TARGET 
DIRECT - - - -  

4.0 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.0 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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' 2 . 0  - 

1 .o 

0.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.00 0.25 0.50 0.75 1 .00 

#/&a 

Fig.2 Target and direct calculation wall velocity distribution 
for rotational nozzle case. 

Wall velocity distribution for the rotational case calculated 
with the direct method is also included in Fig.2. This 
distribution agrees very well with the target distribution. 
Small discrepancies observed in the divergent part of the 
nozzle may very well be due to the fact that the integration 
of the drift transport equation in the direct method is carried 
out with a first-order accurate scheme. Calculated flow field 
distributions of the Mach number, which achieves values as 
high as 0.72,and the potential function are shown in Figs 3- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5. Inverse and direct solver results, denoted by solid and 
dashed lines, respectively, are entirely symmetric. Their 
agreement is very good, indicating the reliability of the 
present method. 

Fig.4 Potential lines of inverse (-) and direct (-----) 
methods for rotational nozzle case (pmin=O. Ap=4). 

Fig.5 Mach contours of inverse (-) and direct (-----) 
methods for rotational nozzle case (Mmin=O. 15,AM=0.05). 

Fig.3 Mach contours of inverse (-) and direct (-----) 
methods for irrotational nozzle case (Mmin=O. 15. 
AM = 0.05). 

0.00 0.25 0.50 0.75 1 .00 
#/#- 

Fig.6 Target and direct calculation wall velocity distributions 
for rotational elbow channel case. 



1-11 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In the irrotational case uniform velocity distributions are 
imposed at the inlet and outlet sections, the Mach number 
at the outlet being Mref 4.7993.This test case corresponds 
to the well-documented elbow case of Stanitz (Ref.3). The 
Mach number contours calculated with the inverse and direct 
methods, presented in Fig.7 are almost identical. 

Fig.7 Mach contours of  inverse zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(-) and direct (-----) 
methods for irrotational elbow channel case (Mmin=0.4, 
AM=0.025). 

In the rotational elbow case symmetric parabolic velocity 
profiles with peak values of 0.58 and 1.1 are imposed with 
Mref =0.6. Wall velocity distributions calculated with the 
direct method are compared to the target ones in Fig.6. 
They exhibit very satisfactory agreement. Results for the 
potential function, the Mach number and the drift function 
are presented in Figs 8-10. respectively. Inverse method 
results agree quite well with those of the direct method 
(compare solid and dashed line contours, respectively). Small 
discrepancies observed near the outlet of the channel are 
possibly due to inaccuracies involved with the integration of 
the thermal drift equation in the direct method. 

Fig.8 Potential lines of inverse (-) and direct (-----) 
method for rotational elbow channel case (qmin=0,Aq=4). 

Fig.9 Mach contours of inverse (-) and direct (-----) 
methods for rotational elbow channel case (Mmin=0.3, 
AM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=0.025). 

Fig. IO Thermal drift function contours of inverse (-) and 
direct (-----) methods for rotational elbow channel case 

(amin = - 80, A a  = IO). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9.2 hisymmetric Flows - Meridional Plane Calculations 
Reproduction results for two "real-life" geometries, 
corresponding to the (nonbladed) annular duct of a two- 
stage axial compressor (Ref.26) and the duct of a radial 
compressor (Ref.27) are presented here. In both cases duct- 
flow computations were performed for subsonic irrotational 
and rotational flow conditions. The rotationality of the flow 
is due to a linear inlet meridional velocity profile, which in 
conjunction with the assumed uniform temperature and 
pressure profiles produces a compatible nonuniform total 
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(stagnation) enthalpy distribution. The inlet velocity variation 
was of the order of 30% and 10% for the axial and radial 
cases respectively. For flow uniformity reasons, both 
geometries have been extended upstream and downstream. 
A 126x30 grid was used for both direct and inverse 
computations in the axial compressor duct, while a 70x20 
grid was used for the radial compressor case. All inverse 
computations are initialized with a rectangular geometry, 
which is a severe test for the robustness of the numerical 
scheme, especially for the radial compressor case. 

Contrary to the 2-D case the flow field and the geometry are 
strongly coupled in the inverse axisymmetric formulation. 
Convergence of the inverse solver is established within 
tolerance for the r.m.s. value of the velocity equation 
residual. Computational experiments showed that 
underelaxing the velocity solution and the geometry (R- 
coordinate) was necessary to both achieve and accelerate 
convergence. Typically 170 iterations are required for 
convergence using a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.4 relaxation factor for the velocity 
field and a 0.1 factor for the radial coordinate field. The 
computational cost for the rotational case with the 126x30 
grid is about 225 CPU seconds in one processor of an 
Alliant FX-80 machine. The direct code employed for these 
computation is a reduced duct-flow version of a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(w,o) 
meridional code (Ref.28). 

Direct and inverse calculation results for the Mach number 
field along with the original (dashed lines) and reproduced 
(solid lines) geometries for the axial compressor duct with 
irrotational and rotational flow conditions are presented in 
Figs I 1 and 12 respectively. The agreement of the direct and 
inverse results is very good, although different grids and 
numerical schemes [(w,o) formulation for the direct method 
and Clebsch formulation for the inverse one] have been 
employed. 

Fig. 12 Mach contours of inverse (-) and direct (---) 
methods for rotational axial compressor duct 
(Mmi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.=O. 105,AM =O.O IS). 

In the rotational case, part of the incoming rotationality is 
introduced via a linear inlet swirl distribution (associated 
with a constant peripheral velocity distribution). The 
distorted outflow section observed in Fig.12 is due to the 
irregular (v,W)domain of integration. As i t  can be seen from 
Fig.13, where the original and reproduced duct walls are 
compared in more detail, the outlfow section distortion has 
almost no effect on the quality of the reproduction of the 
lateral solid boundaries. This is expected, since in the near- 
outflow region, streamwise gradients of all flow quantities 
are almost negligible. 

ORIGINAL 
REPRODUCED 

0.40 

E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Y 

Fig. I I Mach contours of inverse (-) and direct (---) 
methods for irrotational axial compressor duct (Mmin=O. 135, 
AM=0.015). 

0.00 0.20 0.40 0.80 1 .00 
x ( m y  

Fig. I3 Inner and outer wall geometries of axial compressor 
duct with rotational flow. 

Reproduction results for the radial compressor duct in terms 
of the Mach number field with irrotational and rotational 
flow conditions are presented in Figs 14 and 15. The 
agreement between inverse (solid lines) and direct (dashed 
lines) methods results is verygood despite the facts that the 
mean curvature of the duct is quite high and that the grid 
employed is not fine enough (in the streamwise sense) so to 
describe accurately the strong curvature changes observed 
along the inner wall. 
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0.w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, 

Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA16 Inner and outer wall geometries of radial 
duct with rotational flow. 

compressor 

Fig. 14 Mach contours of inverse (-) and direct (-1 
methods for irrotational radial compressor duct (Mmin=O. 15, 
AM=O.OlS). 

Detailed comparison of the original and reproduced wall 
geometries for the radial compressor duct with rotational 
flow conditions is shown in Fig. I6.The corresponding H-type zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(FA) grid produced is included in Fig.17. It is seen very 
clearly that in the inner flow region grid l ies .  E,=const.and 
q=const.lines are nonorthogonal. corresponding to q=const. 
and v=const. lines, respectively. 

Fig. 17 Calculated gnd of radial compressor duct with 
rOtatiOM1 flow. 

9.3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPlane and Axisymmetric Cascade Flows 
Several zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs*lt io~ry cascade test cases were used in order IO 

validate the accuracy and capablliaes of the present inverse 
method. The cases considered were selected in such a way so 
to cover a wide range of geometric configurations and the 
complete Mach number range of application of the method. 
Complete outline of the test cases utilized for the validation 

Fig. 15 Mach contours of inverse (-) and direct (-) of the method are reported in (Ref.29). Indicatlve 
methods for rotational anal  compressor duct (Mmin=O. 12. “reproducaon” results included here. 
AM=0.015). 
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Fig. 18 The Gostelow cascade test case. 
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Fig. 19 The Hobson cascade test case. 
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( c )  Meridional plane and streamtube varl.tlOn 

Fig.20 Radial inflow turbine test case. 

The Gostelow (Ref.30) exact case (incompressible flow, 
compressor plane cascade) is considered in Fig. I8.The initial 
and reproduced blade section shape is shown in Fig. 18a in 
terms of its meridional and peripheral angle (m.0) 
coordinates. The corresponding normalized target velocity 
distribution is shown in Fig.lSb in terms of the profile arc 
length s. 

Results for the Hobson (Ref.31) exact case (high Mach 
number, high turning, low pitch to chord ratio plane 
cascade) are shown in Fig. I9.The meridional and peripheral 
angle coordinates of the initial and reproduced blade section 
shape are shown in Fig. 19a, while the corresponding Mach 
number distribution is presented in Fig. 19b. 

A radial inflow turbine case (Ref...), with strong variation of 
the radial coordinate R and variation of the streamtube 
thickness An is considered in Fig.20. The initial and 
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reproduced blade shapes are shown in Fig.20a and the 
corresponding normalized velocity distribution in Fig. 20b. 
The streamtube thickness and radial distance variation of the 
considered case on the meridional plane is presented in 
Fig.20~. 

Typically, the number of grid points utilized for the 
calculations presented above is (80x15) and the computer 
time needed for the complete solution was 20 CPU, seconds 
in a single processor of an ALLIANT FX-80 computer. H- 
type grids on the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( v , ~ )  plane have been used in all cases. 
The flow model employed was the irrotational one. 

9.4 Isolated Airfoils 
For airfoil calculations C-type grids were used on the ( v , ~ )  
plane. The adopted flow model is the irrotational one. The 
preconditioned zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGMRES solver was employed for all the test 
cases presented in this section. The validation of the inverse 
method developed was based on two "reproduction" test 
cases: an incompressible and a low transonic one. 

The NACA 632 15 profile was reproduced for incompressible 
flow conditions and zero incidence. A 159x17 C-type 
computational grid was used for both the direct and the 
inverse computations. Convergence history of the inverse 
method is presented in Fig.21 as the maximum residual of 
the velocity equation versus the GMRES(4) iterations. The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-2.0 
n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

VI 
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0 1 2 3 4  6 7 8  
Iter. G M R E s ~ ~ )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-8.0 

Fig.2 I Convergence history of the velocity equation. 

cost of each GMRES(4) iteration consists of four 
preconditioned residual computations and one approximate 
matrix factorization. The original and the reproduced profile 
shapes as well as the corresponding wall velocity 
distributions are shown in Fig.22. The accuracy of the 
reproduction procedure is evident. 

0.0 0.2 0.4 'Ic 0.6 0.8 1.0 

0.2 1 .o 

v/v, 

-0.1 I NACA 63215 Airfoil 
Rep rod u ced _ - _ _  

- Original 

0.0 0.2 0.4 0.6 0.8 1.0 
x/c 

Fig.22 Wall velocity distribution and calculated geometry for 
the NACA 63215 airfoil. 

The Korn profile was reproduced for low transonic (shock- 
free) flow conditions (M,=.75)and zero incidence. A 16Sx21 
C-type computational grid was used for both direct and 
inverse computations. The original and reproduced. profile 
shapes and the corresponding boundary velocity distributions 
are presented in Fig. 23. 
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Fig.23 Wall velocity distributions and calculated geometry for 
the Korn airfoil. 

Having validated the proposed inverse method, it was then 
used for designing new airfoils (see Refs 32, 33). In this 
framework the inverse inviscid method is coupled to an 
inverse integral viscous method. For prescribed values of the 
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1 

lift coefficient (C,) and Reynolds number, the latter method 
can provide an optimized suction side velocity distribution in 
terms of minimum contribution to the airfoil's drag 
coefficient (C,). 

The design procedure was applied to two different kinds of 
design. 

a) A tip blade section design for a Horizontal Axis 
Wind Turbine with Re=106 and 0.2% level of 
external turbulence suitable for wind tunnel testing, 
which took place at the Southampton University 
facilities. The corresponding optimized suction and 
pressure side velocity distributions are shown in 
Fig. 24a. The resulting profile shape, which is 18% 
thick, is shown in Fig. 24b. The above airfoil was zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Wind tunnel tip section oirfoil. Re,,,=1.0 x 10' 
Design angle = 5 deg , CL=0.92 
Mox. velocity 1.65 x U,., 
Extension of lominor port 0 . 6 0 ~  

0'50 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.80 1.00 1.20 
0.00 

7 C  
0.io ' 0.20 ' 0.40 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 thickness 18 % 

Fig.24Wind-tunnel profile a) optimized velocity distributions 
b) profile shape. 

manufactured at Southampton University (see Ref. 
34) and tested at the design Reynolds number and 
turbulence level. The calculated and measured 
characteristic C, and C, distributions versus the 
incidence angle are shown in Fig. 25. 
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Fig.25 C,, C, curves for the wind-tunnel profile. 

b) Three blade sections (hub, mid, tip) according to 
RISO's specifications for optimum wind turbine 
operation (Ref. 34). These designs were aimed at 
improving the performance of an existing Danwin 
Wind Turbine. The Re numbers were 1.8x106for 
the hub and 2.35x106for the mid and tip sections. 
The turbulence level wasat T,=2%,a value which 
was considered to be realistic for wind turbine 
operating conditions, (quite a few doubts exist as 
to the real atmospheric turbulence levels affecting 
the onset of transition in an unpredictable 
manner). The design requirements were: 
1) the maximum l i f t  of each profile given as 
1.79, 1.38 and 1.16 for the hub, mid and tip 
sections 
i i) the desired range of linear operation of 
the three airfoils 
iii) the flatness of the drag characteristics in 
the linear region while maintaining the minimum 
drag value as low as possible 



iv) flat post-stall behaviour of the C, curve. 
The optimized (designed) profile shapes are shown in Fig.26. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.26 Hub, mid and tip profile shapes. 

It is well known that for a fixed suction side velocity 
distribution, the pressure side one cannot be prescribed 
arbitrarily. In order the calculated profile shape to be closed, 
this velocity distribution should satisfy certain constraints. In 
the present work, in order to achieve closed profile 
geometries, a general procedure, similar to that of Volpe 
and Melnik (Ref.35) has been developed which updates the 
wall velocity distributions iteratively. The procedure can be 
applied over the complete Mach number regime. It uses two 
control parameters, the ratio of the arc length of the suction 
side to the pressure one (Ss) and a velocity multiplier zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( a ) .  
The' procedure starts by assuming an initial pressure side 
velocity distribution, which is "nearly" compatible with the 
prescribed C, value. Then assuming that R," and are 
the (normalized by the chord length) x- and y-wise dis Y nces 
respectively, of the suction and pressure side trailing edge 
points, at the nth iteration level, the following iterative 
Newton scheme can be established: 

In general Jacobian (aW aQ)" is computed numerically. It 
has been shown, however, that if the velocity logarithm and 
the flow angle gradients are linearly related, which is nearly 

where 
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true for subsonic flows, this Jacobian can be evaluated 
analytically, see Ref. IO. 

The resulting iterative scheme reads: 

In practice, this procedure proved to be quite fast, resulting 
to closed profiles, to within zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 to IO iterations, with tolerance 
of the order of of the chord. A typical convergence 
history of the iterative profile closure scheme for a design 
test case is shown in Fig. 27. 

O.O E tweee R=R. - R=R, 

I I I 1 I I I J 
-6.0 0 1 2 3 4 5 6 7 6  I 

Number  of i terat ions 

Fig.27 Convergence history of the profile closure iterative 
scheme. 

10. CONCLUSIONS 
The development on an inverse method which could be 
applied to compressible, potential or rotational, 2-D, 
axisymmetric and quasi 3-D flow configurations has been 
described. The method is based on the potential function/ 
stream fuction formulation. The Clebsh formulation has 
been adopted to decompose the velocity vector into a 
potential and a rotational part, which is related to the stream 
function gradient via a drift function governed by a transport 
equation. The method is formulated in a mathematically 
formal, as well as in a modular and universal way in terms 
of a modified density, employing differential geometry and 
generalized tensor analysis arguments. The main, velocity 
magnitude, governing equation is derived through the 
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metrics compatibility condition on the natural coordinates 
spaces. Computational results presented concern 
reproduction test cases and optimized laminar airfoils for 
wind turbines. 
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SINGLE-PASS METHOD FOR THE SOLUTION OF INVERSE 
POTENTIAL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND ROTATIONAL PROBLEMS 

PART I1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: FULLY 3-D POTENTIAL THEORY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND APPLICATIONS 
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SUMMARY 
A potential function/stream function formulation is intro- 
duced for the solution of the fully 3-D inverse potential 
"target pressure" problem. Potential function and two stream 
vectors are used as the independent natural coordinates, 
whilst the velocity magnitude, as well as, the aspect ratio and 
the cross-section angle of the elementary streamtubes are 
assumed to be the dependent ones. A novel procedure based 
on differential geometry is employed to formulate the 
method. The governing differential equations are derived by 
requiring the curvature tensor of the flat 3-D physical 
Eucledian space, expressed in terms of the curvilinear 
natural coordinates, to be zero. The resulting equations are 
discussed and investigated with particular emphasis to the 
existence and uniqueness of their solution. It is shown that 
the general 3-D inverse potential problem with target 
pressure boundary conditions only, is ill-posed accepting 
multiple solutions. This multiplicity is alleviated by consider- 
ing elementary streamtubes with orthogonal cross-sections. 
The assumption of orthogonal stream surfaces reduces the 
number of dependent variables by one, simphfjmg the 
governing equations to an elliptic PDE. for the velocity 
magnitude and to a second order ODE for the streamtube 
aspect ratio. The solution of these two equations provides 
the flow field. Geometry is determined independently by 
integrating Frenet equations along the natural coordinate 
lines, after the flow field has been calculated. The numerical 
implementation as well as validation test cases for the 
proposed inverse methodology are presented in the last part 
of the lecture. 

LIST OF SYMBOLS 
Zn,P covariant and contravariant base vectors 

of (I$,I+I,~) coordinate system 
conjugate metrics tensor of ($,~,q) 
coordinate system 
metrics tensor of ($,~,q) coordinate sys- 
tem 
submatrices of Jacobian matrix aR/aX 
Christoffel symbol of first kind zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

g"" 

h n  

L1 ,L2,%,L4 
[mnJl 
M Mach number 
P Preconditioning matrix 
P1 ,P2,P3,P4 
7 position vector 

R 

submatrices of preconditioning matrix [PI 

Ricci curvature tensor 
vector of residuals of V-,t-equations 

Rrln 

S 

t 

X 

streamline arc length . 
aspect ratio of cross-section of elemen- 
tary streamtube 
velocity vector 
physical space Cartesian coordinate sys- 
tem 
vector (of logarithms) of dependent 
variables V,t 
specific heats ratio 
Christoffel symbol of second kind 
pseudo-time step 
angle between base vectors &,g3 
density 
potential function, stream functions natu- 
ral curvilinear coordinate system 

covariant tensor indices 
known position indicator 
reference quantity 
partial derivatives with respect to $, v or 

q 

contravariant tensor indices 

1. INTRODUCTION 
The need of developing optimum design tools in the context 
of applied aero-thermodynamics has been discussed in Part 
I of this lecture (Ref.1). A brief overview of the currently 
available design methods has been also attempted there. 
Making the distinction between "singlepass" and 
optimization methods their relative merits and drawbacks 
have been presented. In the framework of the "single-pass'' 
methods the present authors have developed an inverse 
target pressure solver which can handle 2-D and axisymmet- 
ric potential or rotational flow problems. The extension of 
this methodology in three dimensions is the subject of this 
lecture. 

Let us first address the question of existence and uniqueness 
of solution of the inverse "target pressure" problem using the 
simplest flow model, that is, the incompressible potential 
flow. In 2-D this problem is equivalent to the solution of a 
Laplace equation for the velocity logarithm on the trans- 
formed plane with Dirichlet type boundary conditions 

' Also in Dept. of Industrial Management, University of Piraeus, 185 34 Piraeus, Greece. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Presented at an AGARLLFDP-VKI Special Course at the VKI, Rhode-Saint-Gedse, April 1994. 
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(Ref.2). In this case the inverse target pressure problem is 
linear and accepts a unique admissible solution in simply 
connected reFons. However, this is not true for multi- 
connected regons, the isolated airfoil case for example, 
where additional constraints should be satisfied zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby the target 
pressure distribution in order to ensure the closure of the 
airfoil profile. A set of integral constraints has been devel- 
oped by Lighthill (Ref.3), but no explicit set of such con- 
straints is available for compressible flows. It is well known, 
on the other hand, that even if these constraints are satisfied 
the closed profile may be non-admissible (e.g. reentering 
airfoils). In 3-D the question has not been answered even for 
the simplest case of incompressible potential flows in simply 
connected geometries. Stanitz's work (Refs 4,s) indicates 
that contrary to the 2-D case the 3-D problem is nonlinear. 
He also reported convergence difficulties in several test cases 
he tried. To the authors opinion this is due to the non- 
uniqueness of the solution. 

As mentioned above, the purpose of this work is to present 
a "single-pass" inverse potential method for the solution of 
the general 3-D target pressure problem. Similar to the 
approach proposed by Stanitz (Ref.4), a potential function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
$ and two stream functions y and q are introduced as the 
"natural" coordinates. A body-fitted coordinate transform- 
ation is employed to map the physical (x,y,z) space on which 
the boundaries of the flow field are unknown onto the 
natural ($,ty,q) space. Computational boundaries on the 
latter space are fixed simply because, in inviscid flows, lateral 
boundaries are stream surfaces, i.e. ty = const. or q = const. 
surfaces, while inflow and outflow boundaries can be 
considered to be potential ones. Thus assuming that the 
velocity distribution (prescribed pressure) is gwen on the 
lateral, as well as on the inflow and outflow boundaries of 
the flow field, one zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis faced with solving a boundary value 
problem on the (+#,q) space. 

The novelty of the present method is that the inverse target 
pressure problem is treated as a geometrical problem rather 
than a fluid dynamics one. A mathematically formal way, 
employing differential geometry and generalized tensor 
analysis arguments has been adopted in order to formulate 
the problem and derive a novel set of governing equations. 
Actually, the metrics of the ($,y,q) natural space, which are 
expressed in terms of flow quantities, should satisfy the zero 
curvature condition of the 3-D Euclidean (flat) space. A 
closed set of three PDEs is, thus, derived in terms of the 
velocity magnitude V and the aspect ratio t and the skew 
angle 8 of the elementary streamtube cross-section. Both the 
formulation of the method and the resulting equations are 
quite different from those proposed by Stanitz (Ref.4), 
although the same set of dependent and independent 
variables has been used. 

It is seen that the 3-D inverse problem with velocity (pres- 
sure) only boundary conditions is an ill-posed problem 
accepting multiple solutions. This is due to the insufficient 
number of available boundary conditions. The extra bound- 
ary conditions required to remove the multiplicity may be 
introduced in several ways. One way, for example, is to 
prescribe desirable €)-values along the lateral boundaries 

(stream surfaces). An alternative way of removing the 
multiplicity is to decrease the degrees of freedom of the 
problem and seek for a particular solution in the resulting 
reduced space of geometries. In this work the latter 
approach has been adopted, thus, avoiding the introduction 
of extra information which is not always available. In this 
context, it has been shown that the problem accepts as a 
particular solution elementary streamtubes with orthogonal 
cross-sections. This way, the number of dependent variables 
is reduced by one and the governing equations simplify to an 
elliptic-type PDE for the velocity magnitude and to a second 
order ODE for the streamtube aspect ratio. The solution of 
these zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAtwo equations provides the flow field in a single-pass 
manner without requiring any feedback from the geometry. 
In a subsequent step, geometry is determined independently 
by integrating Frenet equations along the natural coordinate 
lines. The decoupling of flow and geometry equations is 
obviously attractive from the computational point of view. 
However, the present method being a single-pass one, 
cannot inherently incorporate sophisticated flow or geometri- 
cal constraints. Some control on the geometry is effected a 
priori via the flow-field boundary conditions, e.g. Dirichlet 
velocity conditions on the boundary of the natural coordinate 
space are related to the arc length of the boundary stream- 
lines. 

The governing flow equations are discretized on the (+,y,q) 
space using centered finite differencing. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA staggered V-t 
computational stencil is employed in order to enhance the 
accuracy of the discretization in the near boundary regions. 
The resulting discrete system of equations is Linearized to 
form a Newton iteration step. The explicit Jacobian inversion 
in the Newton step is avoided by employing a fast iterative 
linear system solver, based on the preconditioned restarting 
GMRES(m) algorithm (Ref.6). An imcomplete L-U precon- 
ditioner, resulting from the MSIP approximate factorization 
scheme (Ref.?'), premultiplies the velocity block of the 
Jacobian matrix, while tridiagonal preconditioning is applied 
to the t-block of the Jacobian matrix. 

As it has been already stated, the geometry is calculated by 
integrating Frenet equations along the ($,y,q) coordinate 
lines after the flow field has been determined. Frenet 
equations form coupled systems of ODES expressing the 
variation of the covariant base (g, ,Ez&) and the position 
vector 7 along the natural coordinates lines. In order to 
enhance the accuracy of the discretization, a staggered 
computational stencil is also employed. A Crank-Nicolson 
type, second order accurate, space marching scheme is used 
for the numerical integration of the discrete equations. 

In the last part of this lecture, the proposed method is 
validated for several "reproduction" test cases including 
axisymmetric and fully 3-D flows. 

2. PROBLEM STATEMENT AND BASIC 

The inverse target pressure problem can be stated as: 
EQUATIONS 
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"Given a prescribed target velocity (pressure) distribution 
on the entire (lateral, inflow and outflow) boundary zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof a 
3-0 f low field determine the corresponding boundary 
shape". zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In the present work it has been assumed that the flow is 
three-dimensional, steady, compressible, inviscid and irrotati- 
onal. It has been also assumed that the fluid is a perfect gas. 

Under the above assumptions the flow equations simpllfy to 

Continuitv eauation 

V . ( p f i  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=o 

Irrotationalitv condition 

VxG=O 

Densitv eauation (energy conservation for isentropic 
changes) 

(3) 

In the above equations the velocity V is normalized with a 
reference value Vrefand the density e with the correspon- 
ding erefvalue. Mrefis the Mach number at the reference 
point. y is the ratio of specific heats . p /~ .  

The irrotationality condition of the velocity field expressed 
by Eq.(2) is satisfied identically, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby requiring the velocity 
vector to be the gradient of a scalar function, i.e. potential 
function. The potential function $ is defined by the relation: 

PVl$ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4) 

The continuity Eq.( 1) can be identically satisfied by introduc- 
ing two stream functions y,q (Ref.8) defined by the relation 

p PVJrxVq (5) 

Eq.(S) indicates that the velocity vector is tangent to both zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
y = const. and q = const. surfaces, which are appropriately 
termed as stream surfaces. Obviously, intersections of stream 
surfaces, which belong to a different family, are streamlines. 
Schematically potential and stream surfaces are shown in 
Fig. 1. 

The potential function $ and the two stream functions y,q 
are considered to be the independent variables. The physical 
(x,y,z) space on which the boundaries of the flow field 
sought are unknown, is mapped onto the natural ($,y,q) 
space via a body-fitted coordinate transformation. 

Fig.1 Natural (g,y,n) coordinate system and elementary 
streamtubes 

3. THECONCEPT 
Differential geometry and generalized tensor analysis 
arguments are employed in order to derive the governing 
equations. For the sake of completeness an overview of 
differential geometry principles has been included in Annex 
A. The line of thought is as follows: 

Consider a representation of the 3-D (x,y,z) Euclidean space 
in terms of the natural curvilinear coordinates ($,y,q). 
Euclidean space being a flat one has zero curvature. Refer- 
ring to the Ricci curvature tensor the zero curvature condi- 
tion reads: 

R, = 0 with r,m=1,2,3 (6) 

From the definition of the Ricci tensor and the Christoffel 
symbols ri, ,see Eqs (A8)-(A10), it is observed that the zero 
curvature condition is expressed in terms of the elements of 
the metrics tensor and their first and second order partial 
derivatives. In that sense, the flat space condition provides 
six metrics compatibility conditions which have to be 
satisfied for any parametrization of the physical space, 
including the ($,y,q) one. In the present formulation the 
($,y,q) natural coordinates have been adopted having the 
advantage that the corresponding metrics tensor is expressed 
in terms of flow quantities only. The governing equations of 
the inverse flow problem in the ($,y,q) space, therefore, are 
provided via the satisfaction of the zero curvature conditions. 

k 

It is emphasized, however, that the six metrics compatibility 
conditions (6) are not independent, since in Riemannian 
geometry the Ricci tensor elements satisfy the following 
Bianchi identities (Ref.9). 

(7) 9 rmRrm, k - 9  *mRrk,,-g i J R i k , j = o  

w i t h  i ,  j,k,r,m=1,2,3 

Bianchi identities provide three (k = 1,2,3) equations interre- 
lating the covariant derivatives (Ri.,k)3f the curvature tensor 

metrics compatibility conditions to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthree only. According to 
elements, thus, reducing the overa i 1 number of independent 
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According to the discussion in Malvern (Ref.10), satisfaction 

the off-diagonal ones only, is not sufficient for the flatness 
of the physical 3-D space. For a simply connected region, 
this is established if either one of the set of the three 
conditions is satisfied in the interior of the field and the 
other one on the boundaries. Evidently, this combination 
results to a boundaw value problem. 

of either the diagonal zero curvature conditions, Eqs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(6), or d s 2 = 9 i i ~ 2 + 9 2 2 d ~ 2 + 9 3 3 d ~ 2 + 2 9 ~ 3 ~ d r )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(11) 

Introducing Eqs (9) in the defining relations of the 
Christoffel symbols [see Eqs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A8) and (A9)], expressions of 
the latter in terms of the dependent variables -V,p,t,& are 
derived. For example: 

4. METHOD zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFORMULATION ril=- ( i n m e  

coordinate system is: 
The contravariant base of the natural curvilinear ($,y,q) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

cl=* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( Inme-& ( I n v ) ,  

where indices $, y and q denote partial derivatives. 

The governing PDEs for V, t and 8 are derived by the 
following combinations of the zero conditions for the 
elements of the Ricci tensor: 

where indices 1,2,3 are associated with the $,y,q coordinates 
respectively. 

The metrics and the conjugate (contravariant) metrics of the 
($,y,q) system are evaluated, using Eqs (4) and (5) and 
standard tensor relations. In terms of flow quantities the 

system are: 
metrics and conjugate metrics of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4,y.q) coordinate - R l 1 /  9 1 1  = O  (13) 

sll=' 
V 2  

t 
g 3 3  = ovsine 

91, =g,, = g 1 3  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 9 3  1 = 0 

3 3 -  P V  
- t s ine  

g12,gZl,g13,g31=o 
Eqs (13)-(15) supplemented by Eq.(3), constitute a closed set 
of PDEs for the quantities V, p, t, 8. Satisfymg three only . -  
compatibility condkions is in accordance with the number of 
independent variables considered (V,t,8) as well as with the 
overall number of independent conditions. Strictly, Eqs (13)- 
(15) constitute necessary but not sufficient conditions for the 
flatness of the 3-D space considered. 

where 8 is the angle between if2 and if3 (or the angle at 
which a y=const. surface intersects a 7 = const. stream 
surface on a potential, $=const., surface, see Fig.1) and t is 
a variable defined as: 

Variable t represents the aspect ratio of the cross-section 
($ =const. section) of the elementary streamtube defined by 
the stream surfaces y, yr+dy=const. and q, q+dq=const., 
with dy=dq. 

The off-diagonal elements of the metrics and conjugate 
metrics tensor, g. . and gi j (with i = 1 and j =2,3) respective- 
ly, are zero since via the defining relations (4) and (5) both 
Vy and prl are normal to V$, i.e. V$.b=V$.Vq=O (note 
that in general @.Vq=g23*O). 

11 

The elementary distance ds expressed in terms of the natural 
coordinates is: 

As it wdl be demonstrated in the following sections, tlus 
particular linear combination of the individual Ricci tensor 
elements, leads to a tractable set of governing equations, 
which can be solved for the flow quantities in a self-con- 
tained, "single-pass", manner requiring no geometry feed- 
back. The geometry is determined in a subsequent step by 
transforming the flow solution on the natural space, to the 
physical, Cartesian, one. 

5. GOVERNING EQUATIONS OF THE =OW 

For the sake of simplicity, the developed form of the 
governing Eqs (13) to (15) is given for the incompressible 
case only. Respectively, these equations read: 

FIELD 
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where cot8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= (tan8)" 

Eqs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(16) to (18) form a closed system of PDEs for the 
dependent variables V, t and 8, representing therefore the 
governing equations for the general 3-D inverse potential 
(incomDressible) problem. The above system of equations 
forms a boundary value problem for the three dependent 
variables. According to the definition of the "target pressure" 
inverse problem, complete boundary conditions are only 
available for the velocity magnitude, while there are no 
boundary conditions for t and 8 along the lateral boundaries. 

Following the discussion presented in the previous section it 
was investigated whether the two compatibihty conditions 
which have not been taken into account could provide this 
extra information for t and 8. The development of these 
conditions revealed that it is not possible to obtain a set of 
equations which contains information intrinsic to the lateral 
boundary only. This is mainly due to the presence of second 

order mixed derivatives, e.g. (lnv) in the R,2=0  condi- 
tion, along with first order ones a h  respect to all three 
coordinate directions. These cannot be eliminated using the 
available information. It could be argued, therefore, that the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3-D inverse potential "target pressure" problem, as adressed 
above, is ill-posed, accepting multiple solutions. 

The multiplicity of the solution could be removed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby 
providing extra information for either t or 8 along the lateral 
boundaries (stream surfaces). An alternative way of remov- 
ing the multiplicity of the solution without introducing extra zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a priori unknown information, is by reducing the degrees of 
freedom of the problem. In this work the latter strategy has 
been adopted. Actually, the dependenq of the solution on 
8 may be removed by observing that @-equation (18) is 
satisfied identically for constant 8 =90°. This implies that a 
flow with elementary streamtubes with rectangular cross- 
sections represents a particular solution of the inverse 
potential target pressure problem. Assuming that 
8 = const. = 90°, %equation becomes redundant, while V- and 
t-equations, (16) and (17) respectively, are simplified 
considerably and a unique solution may be obtained with the 
available velocity boundary conditions. A similar analysis is 
valid for compressible flows as well. 

Hereafter, therefore, we deal with the following well-posed 
version of the general 3-D inverse target pressure problem: 

"Given a prescribed target velocity (pressure) on the 
entire boundary zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof a 3-0 flow field made u v  of 
orthogonal elementary streamtubes, determine the 
corresponding boundary shape". 

With the assumption of orthogonal streamtubes the resulting 
governing equations for compressible flow are: 

5.1 Discussion on the Flow Equations 
Appropriate boundary conditions for the solution of the flow 
equations are discussed in this section. The analysis is 
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restricted to the compressible form of the goveming equa- 
tions which have been derived with the assumption of 
orthogonal streamtubes cross-section. 

Assuming a gwen t-field, then Eq.( 19) represents an elliptic- 
type quasi-linear PDE for (lnv). In accordance with the 
standard "full potential" equations the mathematical, elliptic 
or hyperbolic, character of the velocity equation (19), in the 
streamwise sense, is controlled zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsize of the local Mach 
number; i.e. subsonic or supersonic flow conditions respect- 
ively. Considering Eq.(3), it can be shown that 

where M is the local Mach number. Introducing Eq.(21) to 
(19) and rearranging the second order partial derivative 
terms, it is straightfoward to show that the resulting 
equation is elliptic in the streamwise (-$) direction when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
M < 1, and hyperbolic when M > 1. Evidently, for subsonic 
flows, velocity boundary conditions should be specified all 
round the integration domain. 

In the context of the present work, where internal configur- 
ations are considered, velocity is specified (Dirichlet type 
conditions) on the limiting lateral stream surfaces (walls), 
either as V=V($,w> I n=const or V=V($Jl) I w c o n s t  and on 
the inlet and outlet sections, which are assumed to be 
potential surfaces, as V=V(y,q) On the solid walls 
potential 41 is related to streamline arc length s via the 
relation d$ = Vds. It is obvious, therefore, that 
V = V ( ~ W )  I n=constr for instance, could be considered as 
V=V(S,V) I n=const' The distribution V=V(s) is usually 
specified rather than V = V($). 

The aspect ratio Eq.(20) may be considered as a second 
order ODE along the streamlines (i.e. in the +wise direc- 
tion). In that respect, Eq.(20) forms a boundary value 
problem requiring boundary conditions for t on the inflow 
and outflow boundaries only. Dirichlet type boundary 
conditions are imposed on the inlet section, the actual value 
depending on the y-q discretization (e.g. t =  1 for Ay=Aq).  
Assuming that the flow on the outlet section is "non-evolv- 
ing", i.e. fully developed, a zero Neumann boundary condi- 
tion is specified there. 

It is emphasized that the closed set of Eqs (19) and (20) 
which govern the flow field without requiring any geometry 
feedback, form a strongly non-hear problem for V and t, 
even for the simp!est, the potential incompressible, 3-D case. 

5.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAReduced Forms of the Flow Equations 
In order to check the validity of the new governing equations 
proposed for the general 3-D inverse problem, some simple 
cases have been examined. 

5.2.1 2-D Compressible Case 
The 2-D form of the compressible flow equations is derived 
by considering that the flow derivatives vanish along one of 
the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy- or q-directions and that the corresponding metric is 
constant, say equal to one. Obviously, the assumption of 
orthogonal streamtubes is valid also for the 2-D case. 

Assuming that g33 = 1 and 8=90°, then t is implicitly defined 
via the metrics expressions (9) as 

t=pv (22) 

With t given by Eq.(22) and takmg into account that ?wise 
derivatives vanish, Eqs (19) and (20), governing the V- and 
t-field respectively, become identical with one another 
reducing to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

( I n n  +++ ( l n p )  *+p2 ( I n n  88 

- ( I n p )  ( I n n  +- ( Inp)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf (23) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+p'(Inp),,(lnv),=O 

Eq.(23) is the well known equation of Stanitz (Ref.2) for 2- 
D potential compressible flows (see also Part I of the 
lecture, Ref.1). 

5.2.2 Axisymmetric Compressible Case 
Another case where the assumption of orthogonal streamtu- 
bes is self evident is the axisymmetric flow with zero periph- 
eral velocity component. Associating q = const. surfaces with 
meridional planes and, thus, neglecting the ?wise defiva- 
tives, Eqs (19) and (20) are reduced to 

( I nn  +++ ( I n p )  +++J$ ( I n n  ,,,, 

Treating the axisymmetric case as a particular 3-D one, we 
get the advantage of solving V- and t-equations simulta- 
neously. This way, the need of iterating between the flow 
field and geometry solutions, required by other axisymmetric 
approaches which are extensions of standard 2-D inverse 
methods and have the local radial distance R as a principal 
variable (e.g. Refs 1, l l ) ,  is alleviated. The flow field and 
geometry calculation procedures, therefore, remain entirely 
independent. Effectively, t-equation plays the role of a 
R-e uation. Note that it can be shown that t is proportional 
to R . 9 

6. GEOMETRY CALCULATION 
Ultimately, the objective of an inverse method is to calculate 
the geometry which complies with the prescribed flow 
qualities -properties-. In the previous sections it has been 
shown that the flow Eqs (19) and (20) governing the 3-D 
inverse potential target pressure problem form a closed set 
of PDEs on the natural coordinates space, requiring no 
information, feedback, from the physical geometry itself. The 
purpose of this section is to demonstrate how the target 
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geometry is obtained, once the flow field has been deter- 
mined. 

According to the analysis presented in Annex A the 
Cartesian coordinates of the geometry position vector 7 can 
be evaluated in two steps zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby integrating Eqs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A7) and (Al) 
along any one of the natural coordinates lines. If, for 
example, a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy= const., zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfl= const. streamline is considered, 
Eq.(A7) provides the following system of ODES 

where the matrix [A ] elements, being a sub-set of the 
(twenty seven) Christoffel symbols, are analytical expressions 
of the (known) flow quantities and their partial derivatives 
on the natural space. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAUJ 

Eqs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(26), which represent a generalized form of the Frenet 
equations, may be integrated to provide the covariant vector 
base if appropriate initial conditions are prescribed for 
(g1,g2,g3). The Cartesian coordinates of the geometry can 
be evaluated then, by integrating the covariant base along 
any one of the natural coordinates. Starting, therefore, from 
a known position f,, then 

It should be noted that the evaluation of the [A@] matrix 
elements involves inner flow information even when the 
integration of the system of Eqs (26) is performed along the 
flow field boundaries. This is the reason why the solution of 
the flow field equations precedes the geometry calculation. 

7. NUMERICAL INTEGRATION OF FLOW 

The objective of this section is to discuss in detail the 
discretization, the linearization and the iterative solver 
employed for the numerical integration of the system of flow 
Eqs (19) and (20). 

EQUATIONS 

7.1 Discretization 
(lnV) and (lnt) are considered to be the dependent computa- 
tional variables. First and second order partial derivatives 
are discretized using second order accurate central differenc- 
ing on a uniform (+,y,q) grid. Derivatives of (lne) are 
directly related to the (Inv) derivatives through Eq.(3). 

On the cross-flow plane the discretization of the equations 
has been effected on a staggered grid. t-nodes are off-set 
with respect to the V- and e-nodes, which are considered to 
be the actual grid nodes, by half a cell distance, both in the 
\v- and q-directions. Namely, if I, J and K indices are 
associated to the grid nodes in the +-, y-, 7-directions 
respectively, then V and e are stored at (I,J,K) locations, 
whilst t is stored at (I,J + 1/2,K+ 1/2) locations, see Fig.2. 

Fig.2 Staggered computational stencil for the flow field 
and geometry calculations 

The advantage of this staggering practice is twofold. From 
the numerical point of view, the first order cross-flow 
derivatives of (lnv) and (lnt) are tightly coupled. At midrcell 
locations, (Inv) and (lnt) cross-flow derivatives are approxi- 
mated assuming linear variation within the cells. For 
example 

This implies that there is no need of one-sided differencing 
on the boundary cells for the discretization of (Inv) and 
(Inv), contained in t-equation (20). The required mixcells 
values, V I ,  J+,,Z K+1,2 for the t-equation and t for 
the V-equation (19) are approximated assuming h e a r  
variation of (lnv) and (lnt) in the corresponding cell. The 
definition o f t  as the elementary streamtube aspect ratio, on 
the other hand, requires t to be stored at the centroid of the 
streamtube cross-section. In that respect, the adopted 
staggering practice is also physically sound. 

I,J K 

The central differencing practice for V-equation limits the 
present approach to subsonic flows only, where the equation 
is elliptic. In the case of transonic flow, upwind differencing 
in the streamwise, +-wise, direction should be used. 

7.2 Linearization 
The V- and t-equations are highly nonlinear and have 
different mathematical character. It has been decided, 
therefore, to solve them in a coupled iterative mode. A 
Newton procedure, where nonlinear terms are expanded in 
the iteration space using Taylor series is employed to 
linearize the discrete system of equations. This linearization 
procedure results to the following iteration: 
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where superscript (n) denotes the iteration level and R is the 
residual vector of the V- and t-system of equations. 

In writing the linearization relation (29), the dependence of 
the governing equation on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp is not shown explicitly. This is 
because zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ is frozen during the (V,t) iteration (a practice 
which is very common in subsonic flow computations). The 
density field is updated after (V,t)"+' have been determined, 
using the algebraic Eq.(3). 

7.3 Solution Algorithm 
The solution of the discrete block system of Eq.(29) is 
camed out using an iterative technique based on a precondi- 
tioned gradient method. Preconditioning is essential since 
matrix (dR/aX) is stiff. The most obvious choise for the 
preconditioning matrix [PI is 

[PI - [ $3, 
Indicating the dependence of (aR/aX) on the unknowns V 
and t this Jacobian matrix can be expressed in terms of 
corresponding submatrices as: 

Neglecting the effect of submatrix [L2], a preconditioning 
matrix may be obtained in the form: 

(33) 

where 

In  its discrete form [P,] is derived zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby an incomplete L-U 
decomposition of [L,] using the MSIP technique (Ref.7). 
[P4] is approximated by 

(35) 

Operator [P4] is related to the inversion of a tridiagonal 
matrix since [L4], which expresses the dependence of t- 
equation on (ht),  is an one-dimensional three-point discrete 
operator. The pseudo-time term ( [I] /AT) serves as a 
relaxation parameter, while its positive sign contributes to 
the diagonal dominality of the tridiagonal matrix. Appropri- 
ate values of AT have been determined via computational 
experimentation. 

The preconditioned form of the Newton step, i.e. Eq.(29) 
premultiplied zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby the [PI matrix, is solved with the Linear, 
restarting GMRES (m) algorithm (Ref.6). 

8. NUMERICAL INTEGRATION OF GEOMETRY 

The calculation of the geometry which exhibits the p r e  
scribed flow properties is the actual objective of an inverse 
method. In that sense the numerical schemes which are used 
for the integration of the geometry equations should be very 
accurate. Compared to the inner-flow region the calculation 
of the lateral boundaries is more demanding, because the 
required flow information is not completely available there. 
This effect is more pronounced on the edges (intersections 
of the limiting stream surfaces of different family) where the 
ly- and q-wise surface derivatives are discontinuous. To 
circumvent thus difficulty stagger grid techruques have been 
employed. Details of the discretization and integration 
procedure of the geometry equations are discussed in this 
section. 

EQUATIONS 

8.1 Discretization 
The covariant base (g,,g2,g3) is computed on the aqua1 
grid nodes (I,J,K) which are V- and e-nodes. Depending on 
the direction of the integration of Eq.(26), the corresponding 
Christoffel symbols appearing in its RHS are stored at 
different locations. Noting that the Christoffel symbols are 
expressed in terms of the first order derivatives of the flow 
quantities (V,t,p), the staggering to be adopted should be 
such, so that the discrete form of these derivatives use inner- 
grid information avoiding, as much as possible, variables 
extrapolation. Thus, the Ti, Christoffel symbols, which are 
associated with the streamwise ($wise) direction of the 
covariant base integration, are calculated at (I + 1/2,J, K) 
locations. Accordingly, the I-. and I-i3k symbols, associ- 

12 
ated with the I- and q-wise integrations respectively, are 
calculated at (I,J+ 1/2,K) and (I,J,K+ 1/2) locations respect- 
ively (see Fig.2). It is noted that the assumptions adopted for 
the variation of the flow variables in the grid cells are also 
used in the actual evaluation of the I- . . symbols. 

8.2 Solution Algorithm 
The numerical integration of the geometry Eqs (26) and (27) 
is performed in two steps. First, the covariant base gi is 
determined applying an implicit second order accurate 
Crank-Nikolson scheme along the natural coordinates. Along 
the streamwise coordinate, for instance, the discrete form of 
Eq.(26) reads: 

11 

or, dropping the cross-plane indices 

where 
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with x,y,z indices indicating the corresponding Cartesian 
components. Quantities appearing in Eqs (36) and (37) are 
compatible with the discretization strategy presented in the 
previous paragraph. Assuming that [GII is known, [GII+, is 
provided through 

(39) 

with [I] being the 3x3 identity matrix. Equations similar to 
Eq.(39) hold for the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAyr- and q-wise integrations. 

To determine the covariant base distribution on the com- 
plete grid, Eq.(39) is first applied for the center-line. The 
integration of Eq.(39) starts from the inlet section on which 
the orientation of the orthogonal covariant base is arbitrarily 
specified, its size being controlled by the corresponding 
metrics which in turn are expressions of the V and t bound- 
ary distributions. On each cross-flow plane, i.e. potential zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= const.) surface, [GI is determined via a combination of 
yr- and Twise integrations. Starting from the calculated 
covariant base on the central grid node (center-line distribu- 
tion), two yr-wise integrations (in the positive and negative 
sense) are carried out in order to determine the [GI distribu- 
tion along the central q-family grid line. This latter distribu- 
tion provides the initial conditions for the q-wise integrations 
which are carried out along all yr-family grid lines. Obviously, 
the order of yr- and q-wise integrations performed for the 
calculation of the [GI distribution on the cross-flow plane 
may be interchanged. An averaging practice has been 
adopted in this work. In duct flow applications the above 
directional integration scheme was found to be the most 
effective in terms of minimal error accumulation. 

. 

Having calculated the [GI field, the geometry is determined 
by straightfonvard second order accurate numerical integra- 
tions of Eqs (27) along the ($,yr,q) grid following a similar 
directional integration strategy. On the crossflow plane 
(4 = const. surfaces) for instance, the yr- and q-wise integra- 
tions read respectively: 

In accordance with the scheme used for the covariant base 
calculation, the sought geometry at (I,J,K) locations, i.e. the 
position vector PI , J  ,K, is finally obtained with straightfor- 
ward averagmg. 

The magnitude of the covariant base vectors is directly 
related to the metrics (note that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgi ' E i  =(gi) '=gi i  repeat- 
ed indices are not summed here). The metrics, on the other 
hand, are expressed in terms of the flow quantities V, t and 
e. It is evident that the covariant base vectors, calculated via 
the numerical integration of the geometry Eqs (26) and (27) 
should be compatible with (the already known) correspon- 
ding metrics. Stanitz (Ref.5) found it necessary to incorpor- 
ate a magnitude correction within the geometry calculation 
procedure, so to ensure the compatibility between the 
geometry and the flow field (a direction correction for the 
base vectors was also incorporated). The velocity equation, 
that Stanitz (Refs 4, 5) is using, has coefficients which are 
explicit functions of geometric parameters. It seems, that 
corrections are necessary so to minimize possible adverse 
(nonlinear) feedback of geometry errors, within the overall 
calculation procedure. In our method and for the design test 
cases attempted it was not necessary to cater for any 
geometry correction technique. Perhaps, this is due to the 
principal characteristic of the proposed 3-D inverse method 
that the flow and geometry calculation procedures are 
decoupled, i.e. they are entirely independent. 

9. RESULTS AND DISCUSSION 
The inverse design methodology proposed here has been 
applied to determine the geometry of several axisymmetric 
and one 3-D duct. In axisymmetric flows the reduced form 
of flow Eqs (24), (25) is used. Since these equations consist 
a special form of the 3-D set, i.e. Eqs (19), (20), the experi- 
ence gained from the numerical integration of the reduced 
set of PDEs is directly transferable to the fully 3-D one. In 
order to establish the accuracy of the method, inverse 
calculation results are compared to direct 'reproduction' 
results. Note that the term 'reproduction' is used in the 
following sense: 'The boundary velocity distributions calcu- 
lated by a direct -analysis- method, which is applied to the 
geometry produced by an inverse method, should ideally be 
the same, remoduce, the velocity boundary conditions -target 
distributions- of the inverse calculation". 

9.1 Axisymmetric Duct Test Cases 
Results for an accelerating duct, with 0.2 inlet Mach number, 
are presented in Figs 3-5. Imposed -target- wall velocity 
distribution is shown in Fig.3. The non-constant part of this 
distribution is a half cycle sinusoidal function. 

The grid (i.e. potential lines and streamlines) 'generated' by 
the inverse method and calculated Mach number contours 
are presented in Figs 4 and 5 respectively. The wall velocity 
distribution calculated with a direct method (Ref.13) is also 
included in Fig.3. This agrees very well with the target 
distribution, indicating the accuracy of the proposed method- 
ology. 
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Fig3 Target and duect calculation wall velocity distribu- 

tions for the acceleratlng duct case 

Fig.4 Calculated grid for the accelerating duct zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcase 

Fig.5 Inverse calculation Mach contours for the acceler- 
ating duct case 
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Fig6 Target velocity distribution for the convergent- 
divergent n d e  case 

Fig.7 Inverse calculation Mach contours for the axisym- 
metnc convergent-divergence n d e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcase 

Fig3 Inverse calculation Mach contours for the 2-D 
convergent-divergent zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAnozzle case 

Calculations for designing a convergent-divergent axisymmet- 
ric noale. with 0.15 inlet Mach number, have been also 
carried out. The target wall velocity distribution is shown in 
Fig.6. The non-constant pari of the distribution is described 
by a full cycle sinusoidal function with linearly increasing 
amplitude. Mach wntour results are presented in Fig.7. I1 is 
interesting to compare this axkymmetric noale with the one 
shown in Fig.8, which is a 2-D nozzle, with almost the same 
aspect ratio, designed with the same target velocity distribu- 
tion (Ref.12). 

9.2 3-D Double Turning Duct Test Case 
This case concerns the reproduction of a 3-D subsonic, 
double turning converging duct. T h e  geometly of the duct, 
which is shown in Fig9a, has been defined analytically 
(Workshop on Selected Inverse and Optimum Design 
Problems, organized by Brite Euram Project 1082 partners, 
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June zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1992). Inlet Mach number is set to 0.2, leading to a 
high subsonic exit Mach number of the order of 0.75. 

A full-potential 3-D solver (Ref.14) is employed to obtain 
the flow field and the velocity distribution on the lateral 
walls of the duct. The wall (as well as the inlet and outlet) 
velocity distributions calculated by the direct solver are used 
as input by the 3-D inverse method in order to reproduce 
the geomeny of the duct. The 3-D inverse solver, however. 
requires the velocity distrihutions along the boundary 
(limiting) streamlines which, in general, do not coincide with 
the boundary grid lines zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the direct solver. A special 
purpose post-processor has been developed "translating" the 
flow field calculated by the direct code to a form which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcan 
be comprehended by the inverse method. The numerical 
errors accumulated in the interpolation procedures. carried 
out by the postprocewr,  affect to some extend, the a m -  
racy of the "reproduction". To minimize the numerical errors 
involved, a relatively fme (30x15~15) computational grid was 
used in the direct computation. 

A 43x15~15 uniform grid was generated on the ($,y,q) space 
The computational cost assoaated w th  the inverse problem 
solution is of the order of 650 CPU secs cn one processor of 

Flg.9 Perspectwe views of (a) the original and (b) the 
reproduced 3-D double turning duct 
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Fig.10 Projections OS the center-he of the original and 
the reproduced duct on (a) the (x,z) and (b) on 
the (qy) plane 
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Fig.11 Mach number distributions along the center-line 
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an Alliant FX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA80 computer. A representative view of the 
original and reproduced duct geometries is presented in Figs 
9a and 9b respectively, while projections of the correspon- 
ding center-lines on the (w) and &,z) planes are compared 
in Figs 10a and lob. It should be noted that the center-line 
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Fig.12 Mach number contours of inverse (-) and direct 
(---) method on sections normal to the center-line , ,  

of the duct at (a) s=1/3sm,, (b) s=1/2s,,, and 

( 4  s = 2/3s,,, 

of the reproduced geometry is not a direct output of the 
inverse method. Its geometry is determined by averagmg the 
calculated Cartesian coordinates of the four streamhe 
vertices. This practice is acceptable since the duct under 
discussion has square cross section. The satisfactory compari- 

sons of both the center-line and the lateral wall geometries 
indicate the accuracy of the proposed 3-D inverse method. 
Inevitably, some discrepancies are introduced by the interpo- 
lations and the different discretization schemes which are 
used in the direct and inverse solvers. Small discrepancies of 
the geometry near the vertices of the duct are due to the 
singular behaviour of the edge-streamlines. 

Mach number distributions calculated with the inverse and 
direct solvers along the center-line of the duct are compared 
in Fig.11. As the flow proceeds downstream, the Mach 
number is increasing, which is expected since the duct is 
converging. The agreement between direct and inverse 
calculation distributions is very good. It is believed that the 
small discrepancies observed near the exit region are partly 
due to the error accumulation of the geometry integrations 
and partly due to the inappropriate "non-evolving'' zero 
Neumann boundary condition for t (actually the direct 
calculation indicates that the flow is "evolving" near the exit). 
Inverse and direct solver Mach number contours (solid and 
dashed lines respectively) on three cross sections normal to 
the center-line at the locations s =  1/3,1/2,2/3 s,,, s being 
the center-line arc length, are presented in Fig.12. In spite of 
the fact that a 3-D interpolation procedure was used to 
produce these contours the reproduction is quite accurate. 

10. CONCLUSIONS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
An inverse potential methodology is introduced for the 
solution of the fully 3-D target pressure problem. The 
method is based on a body-fitted coordinate transformation 
which maps the physical space onto a natural one. Potential 
function and two stream functions are used as the natural 
coordinates (independent variables), whilst the velocity 
map tude ,  as well as, the aspect ratio and the skew angle of 
the elementary streamtube cross-section are considered to be 
the dependent ones. 

A novel set of governing equations for the inverse 3-D 
problem is proposed which is derived using differential 
geometry and generalized tensor analysis arguments. The 
general 3-D inverse problem is treated as a geometrical one 
which has to satisfy the zero-curvature metrics compatibility 
conditions of the 3-D Euclidean, flat, space. It is shown that 
in the general case the 3-D inverse "target pressure" problem 
is ill-posed, accepting multiple solutions. 

A particular solution of the 3-D inverse problem is shown to 
be the one with elementary streamtubes with orthogonal 
cross-section, i.e. orthogonal stream surfaces are assumed. 
The governing equations and their boundary conditions are 
presented and discussed for this case. Reduced forms of 
these equations for the 2-D and axisymmetric flows are also 
examined. It is shown that resulting system of governing 
equations can be solved with velocity only boundary condi- 
tions because of the special form of the aspect ratio equa- 
tion. On the natural coordinates space the flow field is 
determined in a self-contained manner without requiring any 
feedback from the actual geometry. The geometry is deter- 
mined after the flow solution has been calculated, by 
integrating the generalized Frenet equations along the 
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natural coordinates lines. 13. 

The inverse method is validated in several "reproduction" 
test cases. The very good agreement between direct and 
inverse solver results indicate the reliability of the proposed 
method. 

14. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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ANNEX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

DIFFERENTIAL GEOMETRY OVERVIEW zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In this zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAnnex key elements of differential geometry are 
presented. More details may be found in any differential 
geometry or tensor calculus book (e.g. Ref.9). 

Let x' (i=1,2,3) be the Cartesian coordinates and uJ 
(j=1,2,3) a body-fitted parametrization of the flow field 
considered. Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgi and gJ represent the covariant and 
contravariant orthonormal vector bases defined as: 

where 

are the position vector and the gradient operator respective- 
ly. 6i is the Kronecker delta. 

The covariant and contravariant metrics tensors are defined 
respectively as: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11 . = -  gi' 3 j g i j=g i .g l  ('43) 

The contravariant metrics (or conjugate metrics) gi j 
represent the cofactors of the covariant metrics satisfylng the 
following identity: 

g i j g .  =a: ('44) 
Jk 

where repeated indices denote summation (Einstein conven- 
tion). 

The Jacobian J of the coordinate transformation may be 
expressed in terms of the covariant (or contravariant) 
metrics as 

J2=det ( g i j )  =det-l ( g ' j )  ('45) 

and the metric (infinitesimal distance) is expressed on the 
transformed domain as: 

d s 2 = g i j d u  'du zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi ('46) 

The partial derivatives of the covariant (and contravariant) 
bases with respect to the curvilinear coordinates are 
expressed in terms of the Christoffel symbols of the second 
kind Ti as: 

The space curvature tensor is expressed in terms of the 
Christoffel symbols and their derivatives. It has six indepen- 
dent entries that form the symmetric Ricci curvature tensor 
R,,, defined as 

The Euclidean space being a flat space has zero curvature. 
Referring to the Ricci curvature tensor the zero curvature 
condition reads zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

R,=O ( A l l )  
w i t h  r ,m=1,2,3 

The Christoffel symbols of the first and second kind, [ij,k] 
and r. .k  respectively, are defined in terms of partial 
derivatives of the metrics tensor as: 

! J  
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ABSTRACT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Thcse lectures dcscribc the implementation o f  optimiza- 
tion techniques bascd on control thcory for airfoil and 
wing design. I n  previous studies [ IO, 111 i t  was shown 
that control thcory could be uscd to devise zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAan effcctivc 
optimization procedure for two-dimcnsional profilcs in 
which the shape is determined by a conformal transfor- 
mation froni a unit circle, and the control i s  the mapping 
function. Rccently the nicthod has bccn implcnicntctl in 
an altcrnative formulation which does not dcpcnd on con- 
formal mapping, so that i t  can more easily be cxtcntlctl 
to trcat gcncral configurations [ 161. Thc mcthod has also 
bccn exlcndcd to trcat the Euler equations, and rcsults 
are presented for both two and thrcc dinicnsional cascs, 
including the optimization o f  a swept wing. 

1 FORRlULATION OF THE DESIGN PROIILERI 
AS A CONTROL PROBLEM 

Ultimately, the dcsigncr sccks to op t i i i i i x  thc gcomctric 
shapc of a configuration taking into account (he trade-ol'fs 
bctwccn acrodyniunic pcrforniancc, structure weight, ancl 
tlic rcquircmcnt for internal volunic to contain fuel ant1 

payload. The subtlety and complexity of fluid I low i s  
such that i t  i s  unlikcly that rcpcatctl trials in ;in interactive 
analysis and design procedure can lcad t o  a truly opti- 
mum design. Progrcss toward automatic tlcsigii has been 
rcstrictcd by thc extrcmc computing costs that might hc 
incurred from brute forcc nunicricnl optiniization. How- 
cvcr, uscful dcsign mcthods have bccn clcvisccl I'or vnri- 
ous siniplilicd cascs, such zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;IS tw~)-di i i ic i isioi i~i l  airl'oils iii 
viscous flows [ 171 and wings in  inviscid Ilows. The coni- 
putational costs tor these mcthods result dircctly l.roiii the 
vast number of' l low solutions t1i;it ;ire rcc1tiirccI to obt:iin zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a convcrgcd dcsign. 

Alternatively, i t  has bccn recognized tI1;it the dcsigncr 
generally has an iden 01' the kind 01' prcssurc clistrihu- 
tion that  wi l l  lcacl to the tlcsirctl performance. Thus, i t  i s  
uscful t o  consider the inverse problem o f  calculating tlic 
shapc that  wi l l  Icotl to ;I given pressure tlistrihution. Thc 

Lcclurcs for llic Von K;irin:in l i is l i lu lc,  Hrusscls, Aliril, 1004. 

nicthod i s  advantagcous, since only one flow solution i s  
rcciuircd to obtain the tlcsircd design. Unfortunately, a 
physically rcalizahlc shape may not nccessarily exist, un- 
less tlic prcssurc distribution satisfies certain constraints. 
Thus the problcni must bc very carct'ully formulated. 

The problcni o f  designing ii two-diincnsional profilc 
to attain a dcsircd pressure distribution was Iirst studied 
by Lighthill, who solvctl i t  for the case of incomprcssiblc 
Ilow with ;I conform:il mapping of the prolilc to a unit 
circle [ 131. Tlic specd over the profilc i s  

whcre C$ is the potcntinl which i s  known I'or incompress- 
ible l low and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/L i s  the iiiodulus of the mapping function. 
The surl icc viiluc ol' I L  c;in be obtained by setting (I = ( i d ,  

whcrc ( 1 ~ 1  i s  the tlcsirctl spccd, and since thc mapping func- 
tion IS analytic, i t  i s  uniqucly dctcrmincd by the vnluc o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
h, on the hountlary. A solutioii exists lora given spccd qW 
at inlinity only i f  

. .  

and thcrc arc atltlitionnl constraints on (I i f  thc prolile i s  
rccluircd to he closccl. 

Thc dil'ficulty that  tlic objcctivc may be unattainablc 
can he circumvcntccl by regarding the design problcni as 
;I control prohlcm in which tlic control i s  tlic shapc of tlic 
bount1:u.y. A variety of  nltcrnntivc formulations o f  the 
clcsign prohlcm c;in then he [rcntcd systcniaticnlly within 
t Iic I'rainc wor k o 1' t he in at lie m:it i ca I t licory for con I rol of 
systems governed by partial tlil'fcrential cquutions [ 141. 
This approach to oplininl aerodynamic dcsign was inlro- 
tlucccl by  Jnmcson [ IO .  I 11, who cxiunincd the dcsign 
prohlcm for coniprcssihlc I low with shock w;ivcs, and 
clcviscd atljoint cquiitions to tlctcrmine the gratlicnt for 
both po~cntial I low and ;dso Ilows governed by the Eulcr 
cquutions. More rcccntly Ta'asnn, Kuruviln, a n c l  Salns, 
iniplcmcntcd a one shot approach in which the constraint 
rcprcscn\ctl by  ~ h c  I low equations i s  only required t o  he 
satisfied by the final convcrgctl solution zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 2 0 ] .  Pironncau 
has also stuclictl the usc 01' control theory I'or optinium 
s1i;ipc clcsign of  systems govcrnctl by elliptic cqu:itions 

IS] .  

Presented at an AGARD-FDP-VKI Special Course at the VKI, Rhode-Saint-Gedse, April 1994. 



3-2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Suppose that the control i s  dclincd by ;I function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF(E) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

of sonic independent variable zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE or i n  the discrete c;isc ;I 
vector with components zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF,. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAlso suppose that tlic tlcsirctl 
objective zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis measured by a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcost function I .  This inay, foi 
example, nicasurc the deviation from a tlcsirctl surf:icc 
pressure distrihution, but i t  can also represent other nica- 
surcs o f  pcrl'ormancc such as l ift and clrag. Thus the 
dcsign problem i s  recast into a nunicrical optimization 
procedure. This has the advantage that i f  the objective. 
say, of a target pressure distribution, i s  unattainnhlc, i t  i s  
s t i l l  possible 10 find a minii i ium oftlic cost function. N o w  
a variation 6 3  i n  the control produces a variation SI in 
the COSI. Following control theory, 6 1  can he cxprcsscd 
to first order as an inner product zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

61 = (G, 6F), 

whcrc the grndicnt G i s  intlcpcntlcriI o f thc  particul:rr v ~ i -  
ation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.F, and can be determined by solving ; in  ;idjoint 
cq uat ion. For a tl iscrctc systcin 01' cquat ions 

and for an i i i  f i  ii i tc I y d i iiicnsioii;i I sy htc 111 

(I;, hF) z G ( E )  hFdE. s 
I n  either c;isc, i f  one niakcs a shape chniigc 

6 3  = -XI;, ( 1 )  

where X i s  sul 'k icnt ly si i ia l l  and pohitivc. thcn 

61 = -X(G,G) < 0 

assuring a reduction in I .  
For flow abou t  ;in airfoil or wing, the acrotlyn;iiiiic 

propcrtics which dcfinc the cost I'unction ;ire I'uiictions 0 1 '  
the l low-l icl t l  vnriablcs (a i )  ; inc l  tlic pliysicd Ioc;itioii ol' 
the boundary, which inay be rcprcscntccl by the I'unctioii 
F, say. Then 

I = I(711, F), 

ancl :I change in .F results in  ;I cliangc 

in the cost function. As pointed out by B:iys:il L i n t 1  Elc- 
shaky [2 ]  cnch term in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 ) ,  cxccpt for &,tu, c;in he easily 
obtainctl. and can be oht:iinctl directly without 
a l lowlicl t l  evaluation since they ;ire pnrtial derivatives. 
6 3  c;in he tlctcrniiticd by cirhcr working out [lie c x a c ~  

analytical vnlucs I'roni ;I m;ipping, or by succcssivc grid 
gencrntion for c;ich design v:iri;ihlc, so loiig ;IS this cost 
i s  signilicantly less then the cost ol' tlic I low solution. 
Brute forcc mc~hods cv:iIuate the gr:itlicnt hy ni;iking ;I 

small  change i n  c x l i  design variable s c p ~ ~ i t c l y ,  micl then 

recalculate both the grid and I low-l icld v:iri:ihlcs. This 

rcq u i res ;I 11 u ni bcr o I' add i I ion :I I 110 w ca IC u lat ions cq ual to 
the nuriihcr- ol'tlcsign varialdcs. Using control theory, h e  
governing cqu;i[ions 01' tlic Ilowliclcl arc introducctl as  a 
constr;iint in such ;I w:ry that the lin:il expression for the 
gradient t locs not require rccv;iIu;iIioii o f  the I lowlicld. In 
order lo iicliicvc this 670 must be eliminated I'roni (2). The 
governing cqu:iIion R exl~rcsscs ~ l i c  dcpc!ndcncc ol'?ii and 
3 within the I lowlicld domain D ,  

R(?li ,  F) = 0, 

Thus 6w i s  tlctcrniincd I'roni the equation 

6X = [E] 6 w  + [ g] SF = 0. (3 )  

Next. introducing ;I Lagr;ingc Mult ip l ier  +. we have 

Choosing 4 to satisl'y the :itl.ioint equation 

the l i rst  term is cliniinatctl. ancl we lint1 that  

Tlic :itlvant:igc i s  that  ( 5 )  is indcpcnclcnt o f  6?u, with the 
I.CSIIII t ha t  the grntlicnt ol' I with respect to iiii arbitrary 
ntiinbcr 0 1 '  dcsign val-iahlcs c;in he dclcrininctl without 
I Iic ncctl l~or atltl i I io n;i I I1 ow- l ie I d c v;i I u;it i o i ls  , The mi i ii 
cost is in solving tlic xl jo i i i t  equation (4). I n  general, the 
atl.ioint prol>lcni i s  ;ibout ;IS coiiiplcx ;IS a l l ow solution. I f  
tlic niiiiibci. ol'tlcsisn v;iri:ililcs i s  I;rIgc. the cost dil'fcrcn- 
tiill between one xI.ioiiiI solution ; inc l  the large number 01' 
I1 ( w lie Id c v;i I u;i I i c  )ns rcq U i red I(  ) (IC Icrin i tic I he grad icii I 
by brute forcc hccoi i ics conipclling. 1nstc;itl 01' introtluc- 
ing ;I Lagrangc i i iti ltiplicr. 4;. one can solve ( 3 )  for 67ri 

;is 

;iiid insert tlic result in (2). This i s  the impl ic i l  gr;itlicnt 
appro;ic h . w h icli i s  csscii I i ;I I I y c q  u i vale ii t to I he con t ro I 
theory appro;ich. ;IS 1i;is been ix)inlcd out by Shubin and 
Frank I I X .  191. In iiny event there i s  ;in ndvnntngc in 
dctcrminiiig the grxl ic i i t  I; by the solution o f  the adjoint 
cclu:it ion. 

Al'tcr i i iaking such ;I niot1ilic;ition. the gratlicnt can he 

stccpcst descent ( I )  until ;I i i i i i i i i i iui i i  i s  rc:rchcd. I n  order 
rcc:llcul;llctl antl the pr-occss repc;lIctl to l i ) l l O W  ;I p;lIh o f  
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to avoid violating constraints, such as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa minimum acccpt- 
ablc wing thickness, the gradient may be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAprojected into 
the allowable subspacc within which the constraints arc 
satisficd. I n  this way zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAone c;in dcvisc procctlurcs which 
must ncccssarily converge at least to a 1oc;il niiii iniuni, 
and which can be accelerated by the use of iiic)rc so- 
phisticated dcsccnt nicthods such as conjugate gradient or 
quasi-Ncwton algorithms. Thcrc i s  the possibility o f  more 
than one local minimum, but in  any case the method wi l l  
lead to an improvcmcnt over the original dcsign. Fur- 
thermore, unlike the traditional inverse algorithms, any 
nicasure o f  performance can be used as the cost function. 

The next section presents the formulation for the case 
of airfoils in  transonic Ilow. The govcrning cquntion i s  
takcn to  be the transonic potential I low equation, ;incl the 
profilc is gcncratcd by conformal mapping I'l-om :I unit 
circlc. Thus the control i s  taken to be the modulus 01' 
thc mapping I'unction on the boundary. This lends to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAii 

generalization of Lighthill 's nicthod both to compressible 
Ilow, and to dcsign for iiiorc general criteria. Nunicri- 
cal results arc prcsciitcd in Section 3. The mathcmaticol 
dcvclopmcnt resembles, in  certain respects, the method 
of calculating transonic potential flow dcvclopctl hy Bris- 
tcau, Pironncau, Glowinski, Pcriaux, Pcrricr ant1 Poiricr, 
who rct'ormulatccl the solution o f  the I low cqii;itions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;IS ii 

lcast squnrcs problem in control theory 13 I 

2 AIRFOIL DESIGN FOR POTEN'TIAI, FI,O\Y US- 
ING CONFORMAL R4AI'PING 

Considcr t lie case o f  t wo-d i nicnsion;il coni press i blc i n v is- 
cid Ilow. I n  the ahscncc o f  shock w;ives, : i n  initially irro- 
tational I low w i l l  rcmain irrotational, and we can assunic 
that the velocity vector q i s  the gradient 01' a potential 4. 
I n  thc presence 01' weak shock w;ivcs this rcniaitis ;I fairly 
good npproximntioii. 

D 

D 

l a :  t-Plane. 1 b: a-Plane. 

Figure 1 : Conformal Mapping. 

Lct zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp, c, and A4 be the pressure, dcnsity, spcctl-01'- 
sound, and Mach number q/c .  Then the potentid I low 
equation i s  

v. (PV4)  = 0, (6) 

whcrc the tlcnsity is given by 

while 

Here A/ r ,  is the Mach number in the frec stream. and the 
units hove hccn chosen so that p and (I have ;I value of 
unity in  the far licld. 

Suppose that tlic domain D cxtcrior to thc profile C 
i n  the t-plnnc is conformally mapped on .to the d o m a i n  
exterior io ii unit circlc i n  the g-planc as skctchcd in 
Figure I .  Let Rand H be polnr coordinates in the a-planc, 
and let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1' he tlic invertcc1 rncIiaI coortiinate zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4; AISO ~ c t  11 

bc the modulus o f  the derivative o f  tlic mapping function 

Now the potential I low equation hccomcs 

where tlic density i s  given by equation (7), and the cir- 
cu ni fcrcn t in1 ;incl r;id iul vcloc i r y coni poncn ts arc 

while 

(12) 
7 7 7  

(I- = 11- + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv-. 

Tbc conclition o f  I low tiingeticy lcntls to the Ncumann 
bou ntlnry con d i I ion 

I a@ 
U = - - = 0 on c 

1 L  d l  

I n  the 1.x l iclt l . the potential i s  given by an asymptotic 
cstini;itc, Icacling to i i Dirichlct bounclnry condition at 1' = 
0 161. 

Suppose [hat i t  i s  tlcsil-cc1 to achicve ;I spccilictl vcloc- 
ity distribution (1,1 on C .  Introduce the cost I'unction 

I 
I = 2 JI. ( q  - (/,,)* $8, 

The tlcsign problem is now trcatctl as  a control problem 
where the control I'unction i s  the mapping niodulus h, 
which i s  to bc chosen to minimize I sub-jcct to the con- 
sti;iints dclincd Iiy tlic I low equations (6-1 3). 

A modification 611. to tlic mapping modulus w i l l  result 
iii variations 64. 6,ir.. 6 ~ .  ant1 6p to the potcntial. velocity 
coniponcnts, ;itit1 density. The resulting variation in the 
cost wil l  he 
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whcre, on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAlso, 

640 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA611 6$hr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA611. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6u = r -  - U - - ,  6.u = r - - U - - ,  

h h 11, I/, 

while according lo equation (7) 

pu a/, (1 II zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA80 - 
a,u c2 ' Ov , 

- - -- ---- - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
It follows that  6d satisfies 

whcre 

Thcn, i f  $ i s  any periodic tlil'lkrcii~iahlc I'unction which 
vrinishcs in the far  field, 

whcre dS is the area element r d r  do, and the right hilnd 
side has heen integrated by parts. 

Now we can wgi i icnt  cquntion ( 1  4) hy suhtracting the 
constraint (16). The auxiliary I'unction $ thcii plays tlic 
role o f a  Lagrange multiplier. Thus, 

with the hounclary condition 

Then, integrating hy p;irts, 

and 

611, 
I I ,  

61 = - ((1 - 1/ , { )  11 - (10 

611, 
pAd*V$-V$- tlS. (19) 

Here the first term rcprcscnls the clirccl cl'l'cct 01 '  tlic 
change in  the iiietric, while the area inlcgr:il rcprcscnls 

a correction for  the cl'fcct o f  coiiiprcssihility. When tlic 

i. 
+ /D 11, 

scconrl icriii i s  dclctccl the rncthod rcduccs t o  ;I variation 
01 '  Lighthill 's mcthocl I 131. 

Equation ( 19) c;in he I'urthcr simplilictl to reprcscnl 
61 purely ;IS a hountl;iry integral hccausc thc mapping 
I'unction i s  I'ully t lc~cri i i inct l  hy lhc v;iIuc 01' i t s  tnodulus 
on the I ~o l l I l t l ~~ ry .  se1 

ll i 

rlrr 
log - = F + ip ,  

AF = 0 iii D .  

:incl il. ~ h c r c  i s  iio stretching iii the I'N l icltl, F ---t 0. 
Also 6 3  satislies tlic s;iiiic conclitioiis. Introduce anolhcr 
;it1 x i I iary l'u ncl ion P which sal  i slics 

:1nd 
f = 0 011 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc. 

-. I hen. llic :irc;i inlcgr:il in equation ( 19) i s  

This suggests setting 



where only negative powers arc retained, bccaux othcr- 
wise zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(g )  would beconic unbounded for large zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa.  Thc 
condition that 3 + 0 as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc -+ CO implies zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

CO = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0. 

Also, the change i n  z on integration around a circuit i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A2 = / & d .  = 2 x i c l ,  

da 

so the profile w i l l  he closed only i f  

C1 = 0. 

I n  order zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto satisfy thcsc constraints, we can project6 onto 
the admissible subspace for 3c by setting 

CO = CI = 0. ( 2 3 )  
- - 

Then the prqjectcd gradient G i s  orthogonnl to G - G, and 
i f  we lake 

6 3 c  = -xG, 
i t  follows that to first order 

XGQdO=-  x ( Q + g - q G d H  
JC 

I f  the flow is subsonic, this procedure should converge 
toward the dcsircd spccd distribution since the solution 
w i l l  remain smooth, and no unbounded tlcrivativcs wi l l  
appear. I f ,  however, the flow i s  transonic, otic musi ;illow 
for the appearance of shock waves in the triol solutions, 
even i fqd i s  sniooih. Then q-qd i s  not dil'l'crcntinhle. This 
d i I l icu I i y can be c i rcu iii vc t i  ted by :I iiiorc so ph i si icnt ctl 
choice of the cost function. Consider the choice 

where X I  and A 2  arc paramctcrs, and the periodic function 
2 ( B )  satisfies tlic equation 

(25 

Then, 

Thus, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 replaces (I - q d  i n  the previous forinulns, ancl i f  
one niodilics tlic houndnry condition ( 1  8 )  io 

(26 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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the I'oi.inulii for the gratlicni liccoiiics 

instcad of' cquaiion (21 ) .  Smoothing can a lso  he intro- 
duced directly in  the tlcsccnt procedure by choosing 6 3 c  
to  saiisly 

d d  
80 80 

fi3c - -p- 6 3 c  = -x, 

wlicrc ,h' i s  ;I smoothing p:ir:inicicr. Then to l irst ortlci 

The sniooihcd corrcciion shoulcl now be projccicd onio 
t l ie ad m i ss;i tile su hspncc. 

The final design proccdurc is ilius as  l'olltiws. Choose 
; in  initii i l profilc antl corrcspontling mapping function 3. 
Then: 

I. Solvc thc I low cquallon.\ (6-1 3) for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4, / I ,  71, Q, / I .  

2. Solve the ordinary tlil'l'crcntial equation (25) I'or 2. 

3 .  Solve the adjoint equation (1 5 antl 17) or 4 suhjcci 
to the boundary contliiion (26). 

4. Solve i l ic auxiliary Poisson cquaiion (20) I'or P. 

5 .  Ev;iluaie by cqiiaiion (27) 

6.  Cor iw t  thc bountlnry mapping I'unction 3= by 6 3 =  
calc u Intcd I'rom cq uat i on (2 8). projccicd on t o  ihe 
adinissable sul isp~icc tlcliticd by (23). 

7. Rciurn i o  step I .  

3 NUMERICAL T w r s  OF OPTIMAL AIRFOIL  
DESIGN FOR POTENTIAL FLOW USING CON- 
FO R Ril A L Ril A PPI N C; 

The pr;ict ic;i I real i /.;it i on o I' t lie h i  g n procetl U re clc pcnds 
oii tlic availability ol'sul'licicntly I'rist and ;iccuratc nunicr- 
iciil procctlurcs I'or i l ic implcmcntaiioti ol' the csscniial 
steps, in p;irticul:ir the solution ol'hoth ihc I low antl the 
x1.jo i t i  t cq uat i o tis. I I' t he t i  U mer ica I procctl U res arc not 
;~ccur;~tc enough, the rcsuliing crrors in the grntlicnt may 
impair or prevent the convergence 01' the descent procc- 
durc. II'tlic procctlurcs arc too slow, the cumulative com- 
puting time inay become excessive. I n  this case, ii was 
possihlc to build i l ic design procedure around the author's 
computer progrom FL030, which solves i l ic triinsonic 
potcnti;il I low cquntion in conservation form in ;I doninin 
mnplicd to the unit disk. The soluiion is oliti\inetl by ii very 
rap i tl ni U I i grid a I IC rnat i ng tl i rcct ion met hod . The or i g  i nal 
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scheme i s  described in  Rcl'crcncc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 7 ] .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe program tins 
been much improved since i t  was originally dcvclopcd. 
and wcl l  converged solutions oftransonic flows zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon a iiicsli 
with 128 cells i n  the circumferential direction and 32 cel ls 
i n  thc radial direction are typically obtained in  5-20 multi- 
grid cycles. The scheme uses artificial dissipative terms 
to introduce upwind biasing which simulates the rotated 
difference scheme [6], while preserving the conservation 
form. The alternating direction method i s  a gcncralization 
o f  convcntional alternating direction iiicthotls, i n  which 
[he scalar pnramctcrs arc rcplnccd by upwind dil'l'crcncc 
operators to produce a schcmc which remains stnhlc wlicii 
thc type changes from elliptic to hypcrholic a s  the I low 
hccomcs locally supersonic 171. The conl'olmal niapping 
i s  gcncratcd by 11 power scrics ofthc I'orni ol'cqu;ition (22) 
with an additional term 

( 1  - ;) log ( 1  - -!) 
to allow for a wcdgc angle E at the trailing ctlgc. l'hc 
cocflicicnts arc dctcrmincd l iy ;in iterative process with 
the aid o f  l i s t  Fourier transli)ri i is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 6 ] .  

The adjoint equation has ;I form very siiiiil;ir to the 
f low equation. While i t  i s  l inear i n  i t s  dcpci)tlciit v;iri;ihIc. 
i t  a l s o  changes type from elliptic in suhsoii ic m n c s  ol' the 
flow to hyperbolic in  supersonic zones 01 '  the Ilow. Thus. 
i t  was possihlc t o  atlnpt cx:ictly the s;mc nlgoi.ithin to 

solve hoth the adjoint and the I low cquations, hut with rc- 
vcrsc biasing of  the d rciicc opcrators in the downwind 
direction in  the adjoint equation, corresponding t o  the rc- 

vcrscd direction o f  the mile o f  dcpcntlcncc. The Poissciri 
equation (20) i s  solved hy the Buncman algorithm. 

An altcrriativc procctlurc would h e  10 tlcrivc Ihc cx-  
act acl.joint cqu;ition corrcspoiding t o  the tliscrctc cqu;i- 
t i  ons w Ii ic h approx i i i i  :itc t he potc ii I i a1 I1 o w cq unt ion. Th i s  
would produce the exact clcrivativc ol' the cliscrclc cost 

function with rcspcct to the discrete control, at the c x -  
pciisc of very coiiiplicatcd foriiiulas and ;I costly inversion 
procedure. The cliscrctc atl.ioint equation would t l ici i l i e  

a part icu Iar <I iscrct i zat i on o I' t Iic d i I'l'crcn t i ;I I acl.joi n I et1 u;i- 

tion corresponding precisely to the discretization used I'or 
rhc I low cqu:itiori. The cflicicncy of t l i c  present a p p r o d i .  
which uses separate discrctizations 0 1 '  the I low uit l  ; id- 

joint equations, tlcpcnds on the f x t  that in the l imit ol. 
x r o  mesh width the discrete acl,joint solution convcrgcs 
to the true :icl.ioint solution. This allows the use ol ' i i  rather 
s i  m plc cl iscrct i zat i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon o I' t lie x l j o i  11 t eq ti ;it ion in ode I cd ;I I't er 
the tl iscrct iznt ion of the I low cquat ion. Nu ii1cric;iI e x  pcr- 
imcnts conlirm that  i n  practice scp;irntc tliscrctimtions 01'  
the I low n n c l  atl,joint equations yicltls good convergence 

to an optimuni solution. 
As an example of the :ipplicatioii ol' the iiicthotl, Fig- 

ure 3 prcscnts ;I calcu1;rtion in  which ; in airl'oil was rc- 
designed t o  improve i t s  transonic pcrl'oriiiancc hy rctluc- 

ing the prcssurc clrag inclucctl hy the appc;ir;incc ol';~ shock 
wave. The drag cocl'licicnt was thcrcl'orc incluclctl iii the 

cost I'unction s o  that  cqii;ition (24) i s  rcplnccd hy 

whcrc A3 i s  :I p;ir;iiiictcr which may he varied t o  alter the 
trade-ol'f hctwccn drag reduction and dcvi,ation from the 
tlcsircd prcssurc tlistrihution. Representing the drag :is 

the ~xwx t lu rc  01' Section 2 inay hc used t o  tlctcrminc the 
grxl icnt by solving the acI.iciirit cqu;ition with a modil icd 
hountlnry condition. A pcn;ilty on the desired prcssurc 
tlistrihution is still nccdcd to ;ivoid ;I situation in  which 
the optiiiiuiii shnpc i s  ii llat plntc with no l i l 't and no drag. 

I t  was ;dso desired to prcscrvc the suhsonic charac- 
teristics 01' the ;iirl'oil. Thcrcl'orc two design points were 
spccilicd, Mach 0.20 :incl M x h  0.720. and i n  each case 
[lie Iil't cocl' l icicnt w;is I'oi.cctl t o  he 0.6. The coiiipositc 
cost I'unction was taken t o  he the sui11 ol ' ihc viilucs o f  the 
cost I'unction ;I[ the two elcsign points. The transonic drag 
cocl'licicnt was rcducccl I'rciiii 0.0 I9  I to 0.0001 in X design 
cyclcs. I n  orclcr- to achicvc t1ii.s reduction Ihc airl'oil had 
to hc niotlil ictl s o  that  i t s  sul isonic pi'cssiirc distrihulion 
hccaii ic iiiorc pc;iky ;it the Icatling ctlgc. This is  coiisis- 
i c i i  I w i t h  the rcsu I ts of e x  pcri i i i cn tal research o n  tr;insoii ic 
airl.oils, in which i t  has gcncrally hccn I'ound necessary 
t o  have ;I pc;iky suhsonic prcsurc tlistrihution in order 10 

dcl;iy the onset ol'thc transonic drag rise. I t  is also impor- 
t i i n t  t o  control the :idvcrsc Iwcssurc gradient oii [he r e x  
upper surl';~cc. which c;in Ic;id t o  prcii1;iturc scp;iration o f  
ihc viscotrs liounclary I;iycr. I t  c~in he seen t1i;it 1hci.c i s  no 
stcclicning 0 1 '  this grxl icnt  tluc to the iu lcsign. 

4 DESIGN FOR P0'II':N'IIAL FLOW USING A FI- 
N I TI< VO I,U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR I  I< I) I SC It E l  I Z AT1 ON SC 1-1 E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR I  E 

While the use 01 '  coii1'oriii;iI iiupping, ;IS i t  h x  hccn prc- 
scntctl in sections 2 ; inc l  3. Iciitls IO ;in cl'l'cctivc design 
iiicthocl I'or two c1iiiicnsioii:il prolilcs, i t  i s  not easy to treat 
i i iorc coi i ip lcx  coiifiguratioiis Iiccnusc 01' the tlil'liculty i n  
(IC v i s i  iig ;i p propr i ;itc 11 u nicr i c;i I mi p p i ng i i i c  t hods. M ore- 
over. conl'orriial ni;ipping i s  l imited to two tlimcnsion;il 
I i x n s  ['or i i iat  i 1 II s .  I 11 I Ii i s sec I i o ii ;I 11 ;I I tcrii;it i vc I'oriii u I a- 
t i  on usi iig ;I gciicr;il cooid i ii;i[c t r ans  I'ormat ion is xloptcd. 
I his i s  intcntlctl to l ie ;I pi~ccui~sor  10 the thrcc tlimcnsionnl 
p r ~ l l i l c l ~ l ,  

Consi der t l ie case o 1. t wo-tl i i i icii s i oii;iI coni press i hle 
in v i  se i rl I1 ow. A gc 11 cr ;~  I I r;i n s  I.( mii ;it io 11 I'rom cartcsi a n  
coordin;itcs :I: and to tlic coorclinarcs ( and '11 cmi he 
rcprcscntcd hy [ l i e  tr;insI'oi'iii;ilion 

_ _  
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The potcntial flow equation can bc written in divcrgcncc 
form as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(29) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd d 
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( p ~ )  + - (p.) = 0 in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAD ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
O X  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd?J 

whcre U and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv rcprcscnt thc Cartcsian velocity cotnpo- 
ncnts. Thc coordinntc lransl'ormntioris zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmny bc tlclincd 

Also 
- 

whcrc J i s  thc Jacobian 

Hcrc, U and 1' rcprcscnt thc contravariant velocities 

Considcr first thc case i n  which the cost I'unction i s  
dclincd such as to achicvc ;I targct spcctl tlistrihutioii: 

whcre qd i s  thc tlcsircd spcctl tlislrihutioii ancl C is lhc 
airfoil surface. 

Thc design prohlcm i s  now treated ;IS ;I control proh- 
Icm whcre the control function i s  thc airl'oil shnpc, which 
is to bc choscn to miniinizc I suhjcct l o  the constraints 

defined by the I low equalions (29-33). The first variation 
o f  the cos1 function i s  

sincc oii the w;iII 

84 a+a€ 
Cl,,, = - = - - . 

I n  gcncral we nccd t o  find how ii niodificntion to the airfoil 
gcoinclry c;iuscs ii v;iri;ilion h&. ;is wcll  ii v u i i l i o n  in the 
grid pariimclcrs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.4, 6a41', 6.422, xiid 6.1. The variations 
in U ,  V a i d  / J  arc 

8 s  O<ds  

whcrc 
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I f  $ is any periodic function vanishing in  the I'ar liclcl, 
cquation (36) can bc multiplied by $J and intcgratcd over zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the domain. After integrating the right h a n d  side by parts 
we arrive at 

Finally the variation can bc dclincd ;is 

N o  gcncial ; i d  y t ic grid t rii ns I'oriiiat ion i s  general I y 
avai I ;iblc l.or t l i e  t i  n i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIC vol u nic I'orni u zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1;) t i on. Fu rihcrm ore, 

the v:iri;ition with respect to tlic grid quantities i s  now 
sprc;id into 6 A I  1 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.412, 6A22. a n c l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.1 instcad o f  just thc 
inoclulus ol'thc trnnsl'ormatioii ;is w;is the case l o r  confor- 
111;il iiiqy? i 11 g . Thcrc I'orc, to con struct 61, an i ndc pc ndc n t 
basis slxicc 01' perturbation l'unctions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb i ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi = I ,  2, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 1 1  = nunilicr ol' clcsign vari;ihlcs) i s  chosen t h a t  ;iIIows 
for the nccclcel frccclom ol' the design spacc. Thus, the 
shape F now becomes F(bi), whcrc the functions bi now 
represent the control. The variations 6,411, 6A12. 6,412, 
and 6 J  :iix obtained by ;I direct linitc dil'l.'crcncc procc- 
durc with respect to each design variable 6,. Once 6 1  i s  
o ht a i n cd , ; in y o pt i iii i zat i o n procctl U rc can he c iii p I o y cd t o  

niiii iniizc tlic cost with rcspcc~ t o  the given basis bi. 
1I'thc I low is subsonic. this prt)cccIurc should converge 

IO w arc1 t lie tlcs i red s pcctl d i s  t r i h u t ion s i  ncc t l ie so I uti o n 
w i I I rciii:ii n sniootli, and no u 11 I>ou nclcd deri vati vcs w i I I 
appc;ir. It'. however, thc flow is rransonic, one must allow 
l'or tlic ;ippc;iixncc 0 1 '  shock w;ivcs in [tic triiil solutions. 
even i t ' q ~ ~  i s  s i i ioot l i .  111 such iiist;iiiccs (1 - qci i s  not dit.- 
I'crciitiahlc. As in section 2 ,  tlic cost I'unction i s  i.cdclincd 
:is 

Then. 

l'hiis. 2 rc~~I; iccs (1 - ( / , I  in the previous 1'orinuI:i ancl one 
iiiorlilics the hountlary condition (40) to 

For tlic c x c  w1ici.c the coxt I'unction is drag. (34) i s  

The l irst v;iri;ition 01' the cost I'unction i s  now, 
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Thus, (4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 ) bccomcs 

where thc boundary condition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI), (40) or (42), i s  rc- 
placed with 

o r  

The entire proccdurecan be summarized I'or the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcost f'unc- 
tion based on targct spccd distribution as f'ollows: 

1 .  Solve the flow equations (29-33) for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4, U ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq ,  p, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U,  and V .  

2. Smooth the cost function i f  necessary by (42). 

3. Solve thc adjoint equation (37 and 39) for lC, suhjcct 
to tlic boundary condition (40) or (43). 

4. For each i indcpcndcntly perturb tlic design vari- 
ablcs, bi, and calculate the necessary metric vari- 

ations ( ~ A I I ,  6A12, SA22,  S J ,  and 6 (g)) by rc- 

calculating the perturhctl grid with autoiiiatic grid 
gcncration. 

5. Directly evaluate 6 1  by equation (4 I ) .  

6. Projcct 61 into a feasible direction suhjcct to any 
constraints to obtain Sf. 

7. Fccd Sf as thc gradient with rcspcct to hi to ii qu;isi- 
Newton opt i ni i %at ion procccl u rc. 

8. Calculate the search dircction with ;I quasi-Ncwton 
algorithm and pcrforni ;I linc sc;irch. 

9. Return to I i l ' t l ic proccss has  not converged. 

I n  practice tlic method rcscmblcs that used by Hicks zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcl  

ul. [ I71 with tlic control theory replacing the hrutc I'orcc, 
finite diffcrcncc bascd, gradient calcu1;ition. Tl ic current 
formulation has an advantage by requiring coiiiputational 
work propoi-tionnl to 2 + 7ri flow solver cvaluations ( 7 n  

bcing the numbcr o f  calculations rcquircd per l ine scnrch) 
pcr dcsign cycle as  opposcd to I + 711 + 71 .  Thus, uii- 
1 i ke con vcn t ional dcsig n opt i ti1 i zat ion programs, tlic cur- 
rent method's computationnl cost docs not hinge upon tlic 
nu tii bcr of tlcsig n varia h Ics prov itlcd t lie grid rcgc tic rat ion 
i s  Fast and automatic. The method ;11so has tlic ndvant;igc 
of being quite gcncrnl, allowing nrhitrnry clioiccs I'or hotli 
the dcsign variilhlcs and the optimization tccliniqiic. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5 NUhlEllICAL IMPLEhlENTATION OF THE 
GENERALIZED I'OTENTIAL FLOW DESIGN 
METHOD 

Tlic practical implcmcntntion o f  thc gcncralizcd potcn- 
tial flow tlcsign method, as  with the conformal potential 
mcthod, relics hcevily upon I'nst accurate solvers for both 
the state ( 4 )  and co-state (+) liclcls. Furthcr, to improvc 
the spccd and rcalizahility ol'thc methods, a rohust choice 
of the optiiiiiziition dgor i t l i i i i  must hc niotlc. Finally, ap- 
propriate design variahlcs must hc chosen which allow 
suflicient I'rccdom i n  realizable designs. I n  this work, the 
author's F L 0 4 2  full potciitinl computcr program and the 
QNMDIF  (by Gill, Murray ancl Wright [41) quasi-Newton 
optiinization algorithm ;ire employed. 

I n  F L 0 4 2  the l low solution i s  obtained by ii rapid 
mult i  grid ;i I tern ;it i iig d i rcct ion met hod [ 71. The sc hcmc 
U scs ;I rt i f i c i ;i I cl i ss i p;it i vc tc riii s to i n t rod ucc up w i nd h i - 
tising which siiiiulatcs the rotntcd difl'crcncc schcmc 161 
wh i IC prcscrv i ng tlic coiiscrvation form. The ;iI tcrnati ng 
cl i rcct ion met hod i s  ;I gc iicw I i mt ion o I' CO ti vc n I i onnl til [er- 
nating direction methods in which tlic sciiliir pornnictcrs 
;ire rcplacccl hy upwiiid cliI'l'ci.cncc operators to produce 
;I schciiic which rciiiains stable ;is tlic equations change 
type from clliptic to hyperbolic in ;iccord;incc with the 
flow becoming locally supersonic [7 I .  

QNMDIF  i s  ; in  unconstrained quasi-Newton optimiza- 
tion algorithiii tli:iL colculotcs updates t o  a Cholcsky I'nc- 
torctl Hessian iiiatrix hy the BFGS (Broydcn-Flcrchcr- 
Go Id I'N h-S h:i n no) r;in k -  t wo proccd u re. Hcncc, i ti forma- 
tion ahout tlic curvature 01' tlic design spacc fcctls in 
through tlic succcssivc griitlicnt calculatiotis. 

Si ncc t l ie pr i m x y  con1 pu tat i on;i I costs arisc l'ro ni 11 ot 

oiily the Ilow solutioii ;ilgoritIiiii but also the ;id.joint solu- 
tion algorithm, hoth ncctl to he coiiiputationnlly cl'licicnt. 
Tl ic atljoint cquation has  ;I I'oriii very similar to tlic flow 
equation. While i t  is 1iiic;ir in i ts  tlepcndcnt variable, 
i t  also changes type I'rom elliptic (in suhsotiic zones ol' 
the I low) t o  hypcrholic (in supersonic zones 01' the Ilow). 
Thus, i t  was possible to ;itl;ipt cx;ictly Ilic s;iiiic algorithm 
to solve hoth the ;itl,ioint ancl the I low cqu;itions. hut with 
rcvcrsc hi;ising ol' the tlil'l'crcncc operators in the clown- 
w i ntl d ircct ion I'or the atl.joi nt cquat ion, corrcspond i ng 
to i ts  rcvcrsctl tlircction 01' [lie m i c  01 '  dependence. A 
tnul t ig i i l  i i icthotl is ~ r s c t l  to ;icccIcr;itc [ l ie convcrgcncc 
ol' i i  gcncralizctl :iltcrating dircclioii schcmc iii ;I iii;inncr 

siiiiil:ir to  tlic flow solver. 
Design vari;ihlcs :ire chosen with the I'ollowing I'oriii, 

l1lpl l , , .0 /,? 

b (1:) = :/:',I ( I - 2:) e- '?r ,  

/ J ( n : )  = s i i i  ( = : E - )  

wlicrc tI ;iiitI t.2 control thc cciitcr ;incl thickncss of thc pcr- 
turhation ; i n0  :I: is thc nor i i ia l i xd  chord Icngth. Whcn dis- 
trihiitctl over tlic ciit ire chord on hotli uppcr :incl lower sur- 
I':iccs t licsc ;in;ilyt ic pci~tui~h;it ion t'u iict ioiis ;it1 iii i t ;I largc 
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possible design spacc. They have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe advantage of  hc- 
ing spacc based functions, as opposed to I'rcqucncy b a d  
functions, and thus they allow for local control of the dc- 
sign. They can bc chosen such that syminctry, thickness, 
or voluinc can be cxplicitly constrained. Further, particu- 
lar choices o f  thcsc variables w i l l  concct1tr;itc the design 
effort in  regions whcrc rclincnicnt is nccdcd, while Icav- 
ing the rest of the airfoi l  section virtually undisturbed. The 
disadvantage o f  thcsc functions i s  that they do not foriii zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;I 

complctc basis spacc, nor arc they orthogonal. Thus, they 
do not guarantee that a solution, for cxaiiiplc, 01' the i i i -  
verse problem l o r  a rcalizablc target pl-cssurc distrihution 
wil l  necessarily be attained. Here they arc cmploycd due 
to their casc of use and ability t o  proclucc a wick variation 
of  shapes with ;I l imited number o f  tlcsign v:iri:ihlcs. 

The general izcd potential I low design algorithm lxiscd 
on the finite volume scheme has bccn applied to ii vari- 
cty of test cases, which arc dcscrihcd in the I'ollowing 
paragraphs. Thcsc include both non-1 

a syminctric target prcssui-c tlistrihution i s  spccilictl anc l  

the optimization i s  st;irtctl I'rom ;in :irhitr;iry syiiiiiictric 
initial guess, and lil'ting eases wlicrc tlic t;irgct prcssurc 

distribution is  specified, and finally c;iscs which vcril'y the 
capahility of the iiicthod to find prolilcs with i i i i i i i i i iui i i  
drag. 

The first non-lifting cx:iiiiplc shown iii Figure 4. illus- 
trates that  lor subsonic Ilow, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAd, = 0.2 ;incl CI = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO', ;I 

given airl'oil shape, in this case ;I NACA 64012. c;in hc 
rccovcrcd hy starting I'roiii ;in arbitrary s1i:ipc ; ind  spcci- 
fying the tcirgct prcssurc clistrihution. A close l o o k  :it tlic 
final solution shows that ii sinal l  t1iscrcp;iiicy i s  cviclciit ;it 

the trailing edge. This iii he ;issoci;itcd with tlic lack 0 1 '  
coniplctcncss ol'our hasi pace. 111 the next cx;illlplc. scc 
Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 ,  the design takes pl;icc ;it Mm = O.X. f.1 = 0'. 
whcrc the initial NACA 0012 iiirl'oil i s  tlrivcii tow;irds tlic 
subsonic pressure tlistribution 01' thc NACA 0402 I .  In  
this case the target prcssurc distribution cxccctls C ~ J *  l'or 
Ad, = 0.8. Thcrcl'orc, the pressure distrihution rcprc- 

scnts shock I'rcc transonic Ilow. Since, in gcncriil, such ;I 
prcssurc clistrihution iiiay not hc rciilizahlc, the progr;iiii 
nppronchcs the target with the ncairst I'casihlc prcssurc 
cl i sir i b u  t ioii. An c x ; in1  i 11 at i on o I' Fig u re 5 tlc 11 i o l ist r ~ c s  
that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi i very weak shock in the dcsignctl prcssurc tlistrihu- 
tioii rcpl;iccs tlic s i i iooth transition to suhsonic I low sccii 
i n  the target distrihution. I n  the filial cx;iiiipIc iioii-lil'tiiig 
c:isc of Figure 6, a i  arbitrary prcssui .~  t l istr i l~ution which 
docs contLiin ;I shock wave x i c l  i s  rc;ilizal.,lc. i s  uscc1 ;is 

the target. Here the computer progr;iiii w;is ;iI>Ic to obtain 
the corresponding airfi)it gcoiiictry along wilh the corrcct 

shock wave location with :I high tlcgrcc 01' :iccuracy, ;is 
can hc sccn both in tlic prcssui .~  tlistributiori ;incl iii the 
ai r fo i Is. 

The sccoiid group of test c;iscs ~it l t l rcss the prohlciii 01' 

att;ii ni  ng :I tlcsir-ctl prcssurc tlistri 1x1 I ion I'or I i 1'1 i iig ;ii 1. I'oi Is. 
The most convcnicnt i i icthotl 01' oht;iining such solutions 
with the present design iiicthocl i s  to clctcriiiinc [ l i e  Iit't co- 

c I'lic icn t ;issoc i nt et1 w i t li t l ic ~ i r g c t  pi'css ti re CI i st 1.i l., ut  i ( )ii. 

aid niatcli this l i l ' t  with the initial air lhi l .  The clcsigii pro- 
grcsscs with the I low solver a n c l  the :idjoint systciii hcing 
tlrivcn by cons tmt  circulation instcad of fixed angle of 
attack. l 'hc lirst cxniiiplc using this technique, shown in  
Figure 7, drives the N A C A  001 2 airfoi l  toward the tar- 
get J X C S S U ~ ~  tlislr-ihution I'or the N A C A  64/44 I O  airfoi l  at 

Ad, = 0.735, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALY = O 0 ,  ;id C1 = 0.75. This c;isc requires 
a shift in the shock location ant1 ;I significiinl change i n  
the profile shape such that the targel pressure tlistrihution 
i s  oht:iinctl. The linal solution almost cxactly rccovcrs 
the prcssurc tlisti.ihution ant1 tlic airl'oil shnpc. I n  the next 
cx;iiiipIc. Figure 8, the NACA 00 I 2  air loi l  i s  again used 
;is the starting conclition t o  oht:iin ( l ie pressure distribution 
01 '  the CAW72 airl'oil o p x i t i i i g  at A[, = 0.7. ct = -2", 
and C1 = 0.57. 'I'his c;isc i s  tlil'licult sincc the target air- 
lOil 1i;is :I c~spc t l  trailing ctlgc wli i lc the initial airl'oil has a 
fiiiitc trailirigctlgc. As was sccii i n  soiiic ofthc non-lif'ting 
c;iscs. thcrc ;ire s i i i i i l l  discrcp;iiicics evident near the trail- 
ing ctlgc t1i;it iiiny be cluc to tlic incoinplctc basis of the 
chosen clcsigii v;irihlcs. Thc tlil'l'crcncc in the prolilcs 
hctwccn tlic lin:il tlcsign ;iiitI actual CAW72 i s  partly due 
to the Ilict t1i;it the 'SAW72 cooidinatcs p l x c  the trailing 
ctlgc ; i t  ;I iioii-/.cro;i/ ort1iii;itc while the N A C A  00 I 2  pl;iccs 
the trailing ctlgc ;it = 0. Also. the rctlcsigncd airfoi l  i s  
suhjcct to ; i n  xhi t rary rotation siiicc the angle of att:ick i s  
f'rcc during optiiiiiz;ition. 'fhc 1;ist test c;isc i n  which the 
tlcsign piugrxiii i s  run in i i i vc iw  iiiotlc involves driving 
the NACA 001 2 ;ii ifoil ; i t  Mm = 0.75 to obtain the target 
pressure tlistrihutioii 01' the RAE airl'oil ;it the snii ic Mach 

I'rivorahlc p r c s s ~ ~ r c  gradient at the Icacling ctlgc upper sur- 

I ' x c  aiit l tlic strong shock cxliihitccl (sec Figure 9 )  hy tlic 
RA13 ;iirliiil ;it Ihcsc coritlitioiis this cast i.cprcscrits quite 
;I clil'licult test I'or ( l ie progr;iiii. The  mctl iot l  rccovcrs thc 
t ~ g c  t p i u s ~ i  re cl i st r i I., ti I i ( ) 11 ;I I I i i  ()st c x ;IC I I y . A c(  )in pari s o n  

of' t l ic prolilcs rcvc;iIs t1 i ; i I  tlic the tlcsignctl iiirl'oil h;is no 

01~scrv;ihIc tliI'l'ci.ciiccs when ovcrlaycrl with the original 
;I i r IO i I, 

Tl ic 1;ist group 0 1 '  rcsults iiitroduccs clrag ;IS the cost 
I'uiiction. Again tlic clcsigii process i s  carried out in the 
lixctl IiI't iiiotlc. I n  Figure IO. tlic lirst tlriig iii iniii i izatioii 
cx;iiiipIc. ;I NACA 001 2 i s  iigaiii tisctl ;IS ;I skirting iiirl 'oil. 
Vic dcsigii t;ikcs place at Mm = 0.75 i i i id  C, = 0.50 
wI1ci.c ;I. strong shock c;iuscs c o i i s i t l c d ~ l c  w;ivc t lr~ig in 
tlic iiiili;il :iirl.oil, To i i inkc the problem interesting, the 
optiiiii/.;ilioii is c;irrictI out such 11i; i t  symmclry o f  the t lc- 
sigil is ~ ~ r c s c r v c t l .  l ' h c  l i i ial rlcsigii i s  ;I syiiii i ictric airl'oil 
with ; i n  iiicrcasctl i i1 ; ix i i i iu i i i  tliickiicss th; i t  opcr;itcs ;it the 

S:I I I IC lift cocl'liciciit. bu t  hxs ;I r-ccluction in drag f'roiii 

C,1 = 0.0 I27 to C,i = 0.00 16. In the lin;il test c;isc (sec 
Figure 9 )  the ci i i i ihcr tlistrilwtioii i s  optimized instead of 
thickness rlistrihution. The design s ~ a r t s  froiii ;I N A C A  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
64.44 Io ;iirI'oil operating at  M ,  = 0.75. ant1 C1 = 0.60 
w I1 icli c l  isp1;iys 42 cou 11 ts o I' cli.ag ;iccoi.d i iig to t he potent i:il 
Ilow c:ilcul;ition. 13y ;illowing only c1i;ingcs to the camhcr 
c l  ist  r i  hiit ioii. ;I ti n;iI ;ii r I'oi I i s  prod ucctl which mii ntai ns 
C, = O.6O hut doc?; s o  with only 4 counts oI~tIi~ag. 

11tlliihcr, <I  = 1.0'. ;i1it1 CI = 0 . X O .  DUC to the S ~ C C ~  
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6 DESIGN OF AIRFOILS USING THE EULER 

EQUATIONS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
This scction extcnds the application of control theory zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor 
aerodynamic shape optimization to the Eulcr cquations for 
two dimensional Ilow. Considcr the case ofconiprcssiblc 
flow over an airfoil. I n  the absence ofscpnration nnd other 
strong viscous cffccts, thc flow i s  wcll  approxiinatcd by 
the Eulcr equations. I n  contrast to the previous iinplcmcn- 
tations which rclicd on thc isentropic potential equation, 
here strong inviscid shocks arc niotlclcd corrcctly with 
entropy production. Considcr thc flow in  a domain zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAD. 
The profile dcfines the inncr boundary C, while thc outer 
boundary L3 i s  assumed to bc distant from the profile. Lct zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU ,  U,  E and H denote thc prcssurc, density, Cartcsian 
vclocity components, total cncrgy and total cnthnlpy. For 
a pcrfcct gas 

and 
pH = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[JE + 11, ( S O )  

wherc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy i s  the ratio o f  the specific heats. 

equalions niay then he writtcn a s  
The Eulcr 

where z and y arc Cartesian coordinates, t i s  the time 
coordinate and 

7u= { } ,  

I) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 

( 5 2 )  

Considcr a coordinate trnnsformntioiis t o  computa- 
tional coordinates t, q with the traiisl'ormatioii matrix 

82 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo x  _ -  
I ( = [ ;  $ 1 ,  

and tlic Jacobian 

ax ail ax a,, 
at all all at. 

J = -2 - -2 

Introduce contravariant velocity conipoiicnts 

The Eulcr equations can be written ;IS 

O W  DF BG 
- + - + - = O  i n D ,  
at at arI 

{ : }  

(53) 

with 

F = ,I 

(54) 

Assumc now t ha t  tlic computational coordinate systcin 
conlornis to  the airfoil section in such a way that the 
surfacc C i s  represented by 71 = 0. Then the l low i s  
dctcriiiinccl ;is the steady state solution ol' the cquation 
(54) suti.jcct to the I low t:ingeiicy condition 

1 .  = 0 on c. (55) 

At \tic l'nr l icltl houiit1;rry 13, conditions arc spccilicd f o r  
incoining waves, while w tgo ing  wavcs arc dctermincd 
by the solution. 

Consider the case of  the inverse prohlcm whcrc the 
cost function may bc tlclincd ;IS 

whcrc p,/ i s  the tlcsirccl prcssurc. The tlcsign prohlcni 
is now trc;itctl ;is ;I control prohlcm wlicrc thc control 
I'unction i s  thc air loi l  sliiipc, which is to hc chosen to 
minimizc I suti.jcc[ to the constraints tlclinctl by the I low 
equations (5.7-5.5). A variation in the sh;ipc will c;iusc ii 

variation 6 1 ~  in the prcssurc in addition to a variation in  
the geometry nnd consequently the variation in the cost 
l'u nc I ion hcc o iiics 

Siiicc 71 dcpcnds on ' i i1 through the equation ol'  st;^ 

(5 I -52), the variiition b p  ciin tic clctcrminctl I'rom the 
viiriiition h a ) .  Dclinc tlic J;icohi;in iiiiitriccs 

Then the cqu;ition (or 6 w  in thc stcatly state becomes 
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where 

Now, mult iplying by a vector co-state variahlc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1/1 and 
integrating over the domain 

and i f  ?i, i s  dil'fcrcntiablc this niny zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbe integrated by parts 
to give 

(7LI'$T6F + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7L"$b7'6G) I / < ,  

+ I C  

where 7 ~ ;  arc the components of ;I unit vector norin;il 
to the hountlary. N o  boundary intcgr;rls appc;ir i n  the 
71 direction because the mesh i s  assuincd to hc of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0- 
typc, with the result that the solution i s  periodic in  the 
( coordinate thci-chy canceling the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA71 bountl;iry intcgr;ils. 
Thus the variation in  the cost function inay now he written 

On the prolilc n 1  = 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand 7/,2 = - I .  I t  I'ollows I'roiii 

equation ( 5 5 )  that 

Suppose now that $ i s  the stc:itly st;itc solut ion ol.tIic 
adjoi nt  cq u:it ion 

At the o u ~ c r  houndary incoming chalactcrislics for cor- 

respond to outgoing charxtcristics for 6w. Conscqucntly, 
one can choose houndary conditions lOr 4 such that  

ni,*7'Ci61r, = 0. 

Then il'tlic cooidinate tr;insI'oriii;ition i s  such that 6 ( J K - ' )  
i s  ncgligihlc i n  the I'ur liclcl, the only rcninining houndary 
tcrin i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI;, ,J,%Grl(. 

Thus hy Icctiiig s;itisfy the hountlary conclition. 

we lind fin:illy that  

I f t h c  I low i s  suhsonic, this procctlurcshoulcl converge 
toward tlic clcsirccl pressure tlistrihution since the solution 
w i I I rciiiai n sinootli, ancl no u nhou ntlccl dcri vati vcs w i I I 
;ippc;ir. 11'. however. tlic flow i s  transonic. one niusl allow 
t'or tlic ;ippc:ir;iiicc 01 '  shock w;~vcs in  the trial solutions, 
cvcn i f ' p (1  is smooth. In such instances 7~ - 71d is no( d i l -  
l'crcnti;il~lc, As in the c;isc ol'potcntial flow. this tlil'ficulty 
c;in hc circuiiivcntccl hy ;I i i iorc sophisticntcd choice of 
the cos t  I'unction. Coilsiclei. ~Iic clioicc 

wlicrc A1 ;ind X ?  arc paramctcrs, ; i nd  the periodic I'unction 
2(() s:ilisfics the cclu;ition 

-l'Ilcli. 

'rhus. 2 rcpI;~ccs p - p ( /  with ;I corresponding moelification 
to the h o u n h r y  condition ['or t l ic adjoint equations. 

A coiivciiiciit way to t i u t  ; in airfoi l  is t o  usc ii confor- 
1ii;il mipping 01' the profi le i n  the z plane to ;I near circle 
iii tlic zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIT pl;inc. fi)llowccl hy s1ic;iring of' the rac1i;il coor- 
cliii;rtc to iiiakc tlic system hountl:~ry conl'ormiiig. POIN 
coorc1in;itcs ;ire introclucctl i n  the iiiappcd plane cr. When 
m;ippctl h x k  to the physic;il plane this gives ;I smoc)th, 
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nearly orthogonal grid. This procedure is intcrnicdiate 
between the use of a fu l l  conformal mapping as in sec- 
tion 2 and an arbitrary numerically gcncrated grid as i n  
section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4. We can now specialize our gcncralizcd dcsign 
procedure to treat this grid system. Definc the first con- 
formal mapping from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg by lctting the derivative of 
the mapping function be 

dz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAhe”. 
da 

first transformation matrix is 
Now using polar coordinates r ,  and 8 i n  the g plane, thc 

> 

and we can define contravariant vclocities 

{ ; } = [ :  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-”I{ : } ,  
where 

s = sin ( p  - 8) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc = cos ( p  - 8) .  

The Eulcr equationscan now be rcprcscntcd i n  tlic a planc 
as 

= 0 i n  D ,  (64) 
d (rh2W) d ( h F )  d(r/t,G) +-+- 

d t  88 dr  

where 

F =  

W =  

PU 

p Ull. + s p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
puv - c p  

PUH 

Now let the final computational coordinntcs be tlcfinccl by 
a radial shcaring transformation 

and the transformation matrix 

Now wc can idcntify the complctc translhrination matrix 
as 

while tlic lluxcs arc 

ILF = h ( s f  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcg)  

= :t/J-z,.9 

and 

Thus the Eulcr cquntions ;issunic the form 

d 
at 
- ( (7 ,  + S )  l L ’ W )  

whilc tlic surl‘xc tnngcncy condition on thc vclociry bc- 
COll lCS 

Z t ’ U  - ye71 = I 1  [ (TI  + S )  v - scu] = 0. 

Now wc take S(<) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;IS the control. I t  is also convenient lo 

rcprcscnt the inversc prohlcni hy  tlic cost I’unction 

This climinntcs terms i n  6 ($) froin thc gradient. The 

variations i n  thc lluxcs bccomc 

6(It ,F) = C16,tt~ 

6 [h ((rl + S )  G - ILS~ F ]  = C26w + ILGSG - 1~6Sc F 

whcrc CI ancl C2 arc thc Jacobian matriccs dclincd i n  
cquation (57). Choosing .J/ to satisly thc adjoint cqu;ition 
(60) with the hou ndary CO nd i I ion 

Z(’I/I3 - ?//E& = / L  [ ( ‘ / I  + s) S + sec] = 1) - p d  

the variation i n  the cost rctluccs to 

whcrc F and G arc tlic lluxcs tlclincd i n  equation (65), 
arid E ancl ;ire F ancl G with tlic prcssurc tcrms dclctcd. 
Dcfinc 
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Then 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ,ChSdE, 

where the gradient i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
d P  

C = Q + - .  
% zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(66) 

The entire procedure can be summarized as follows. 

1 .  Solve the flow equations (5 1-55) l o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp,  71,. 11, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI), E ,  
H ,  U ,  and V .  

2. Smooth the cost function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAif necessary by (63). 

3. Solve thc atljoint equations (60) for $J suhjcct to tlic 
boundary condition (6 I). 

4. Calculate P and Q from the varintion in  tlic control zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
s ( E ) .  

5. Evaluate zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG by equation (66) 

6. Project G into a fcasihlc direction sulijcct to any 
constraints to obtain c. 

7. Corrcct the mapping i n  tlic direction of stccpcst 
decent 

SS({ )  = -AG.  

or by using G as the grntlicnt in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAii quasi-Newton or 

conj ug at c grad ic n t sc;irc h ni c t 11 od . 

8. Return to I. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7 IMPLEMENTATION OF THE EULER IMSED 

DESIGN METHOD 

The practical iiiiplcmcntation o f  design incthotl relics 
heavily upon fast  accurate solvcrs for  both the stntc (711 )  

and co-state ($1) ficlds. Furtlicr, to improve tlic spcctl 
and realizability of the method, a roliust choice o f  the 
optimization algorithm must be macle. I n  this work, the 
author's FLOX2 full computer program has been used to 
solve the Eulcr equations. This prograin uscs a mult i  
stage time stepping scliciiic with mult i  gr id acceleration 
to obtain very rapid steady state solutions, typically in 25 
steps [8, 91. The ad.joint cqu:itions arc solved hy ;I siniilar 
method, in which the flux calculations l'or the Eulcr cqua- 
tions are rcplnccd by the corrcspontling 1'oriiiul:is I'or the 
adjoint equation. 

I n  the initial tests a siiiiplc gradient procedure has  
bccn used ;IS tlic optimization process. To prcscrvc tlic 
smoothness oftlic profile the gradient i s  smoothed at cx l i  
stcp i n  a siiiiilar iiianncr to thnt usctl in tlic inctliocl ol' 

section 2. Thus the c1i:ingc i n  tlic slirrpc lunction S ( I )  is 
dclincd hy solving 

wlicrc p i s  ;I smoothing p;ir;imctcr. Then, to first order, 
the viiriation in the cost i s  

< 0 

The option to minimize tlic pressure drag cocl'licient 

wlicrc is the c l io id  length, has  also hccn included. To 
prevent tlic procedure I'roiii trying to reduce tlri~g hy rc- 
tlucing tlic prolilc to ;I non-lil'ting flat plate ;I target pres- 
sure distriliution i s  retained in tlic cost l'unction. which 
hccolncs 

wlicrc R I  and R2 arc weighting p;ir;iiiictcrs. Also the 
c;ilculations ;ire pcrl'oriiictl at ;I l ixcd Iil't cocl'licient corrc- 
spontling to t l ia t  01' tlic target prcssurc distrihution, while 
the angle 01' :itt;ick i s  allowctl IO vary ;IS ncctlctl. Thrcc 
test c;iscs arc prcscntctl I'or the tlcsign :ilgoritlim. The 
l irst two at1tlrcs.s tlic prohlcni ol'att;rining it dcsir-cd prcs- 
SLI rc tl i st r i Ii ti t ion, T h e  Ii r s t  c x ;I m 13 I C  us i 11 g t 11 i s  tech n iq uc. 
s l iown in Figure 12. drives the Korn  airl'oil toward the 
target pressure tlistrihution for  the N A C A  64A4 I O  air- 
I'oil ;it Agm = 0.75. cr = 0'. a n c l  C1 = 0.7. This case 
rcquircs ;I sIiil'[ in tlic shock location and ;I signilicant 
clinngc i n  tlic prol i lc shape such that the target prcssurc 
tl istrihut ion i s  ohtai ncd. The li n i i l  s o l  ut ion til most exact I y 
rccovcrs tlic pressure tlistriliution and tlic iiirl.oi1 shape. In 
tlic next cx:iinplc. Figure 13, the Korn airl'oil operating 
;it M ,  = 0.7X i s  used ;IS the starting conclition to ob- 
ta i n t lie press U rc cl i st r i b ti t io 11 o I' t lie s ; ~  iiic ai r 1'0 i I o pcrat i ng 
at Mm = 0.75. CI' = 0'. and c', = 0.64. This c w c  i s  
tlil'licult sincc the target prcssurc tlistrihution Inay not he 
rc;iliz:itilc I'r(iiii ;I physical prolilc. Note that while the 
ochicvctl prcssurc tlistrihution i s  very close t o  the target 
pressure tlistrihution. tlic d r q  01'77 counts i s  much larger 
then the ~ r o  drag cxpcricncctl hy the Korn airl'oil at i t s  

tlcsign point. The third test c;isc introduces clrag ;is the 
cost I'unction. Again tlic tlcsign process i s  carried out in 
tlic lixccl Iil't iiiotlc. I n  Figure 14, ;I NACA 64,4410 i s  
:ig;iiii used ;is ;I st:ii'tiiig ;iitfoil. T h e  tlcsign takes place iit 
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M ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.75 and C, = 0.68 where a strong shock causes 
considerable wave drag in the initial airfoil. To prcserve 
a reasonable lifting airfoil shape the cost function is con- 
structed as a blend of prcserving zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe original pressure 
distribution and reducing the drag. The final dcsign has a 
reduction in  drag from Cd = 0.0144 to Cd = 0.0018. 

8 THREE DIMENSIONAL DESIGN USING THE 
EULER EQUATIONS 

In order to illustrate further the application of control 
theory to aerodynamic design problems, sections 8 and 
9 treat the case of three-dimensional wing dcsign, again 
using the inviscid Euler equations as the niathcmatical 
modcl for conipressible flow. In this case i t  proves coii- 
venient to denote the Cartcsian coordinates and velocity 
components by zI, 2 2 .  z? and u I ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu2. U ? ,  and to use the 
convention that summation over zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi = 1 to  3 is implicd by a 
repeated index i. The three-dimensional Euler equations 
niay be written as 

aw aji zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
at axi - + - = O  inD, (67 

where 

w =  (68) 

and 6ij is the Kronecker delta function. Also, 

(69) 

p H = p E + p  (70) 

and 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy is the ratio of' the specific heats. Consider zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
transformation to coordinates tI, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA€ 2 ,  t-3 wlicrc 

Introduce contravariant velocity componcnts a s  

The Euler equations can now be written as 

with 

W = J  

dW aF, 
- + - = 0  inD, 
at a& 

Assume now that the new coinputational coordinate sys- 
tem conforms to the wing in such a way that the wing 
surface I?iv is rcprcscntcd by ( 2  = 0. Then the flow is 
dctcrminctl ;IS the stcetly SIOIC solution of equation (7 1 )  
subjcct to the Ilow tangency condition 

At the far field boundary LIP, conditions are specified for 
incoming wavcs, as i n  the two-dimensional case, whilc 
outgoing wavcs are dctcrmincd by the solution. 

Supposc now that i t  is desired to control the surface 
pressure hy varying the wing shape. I t  is convenient 
to retain ;I fixed computational domain. Variations i n  
tlic shape then result in corresponding variations in the 
mapping tlcrivntivcs defined by H .  Introduce tlic cost 
f u  n c t i o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn 

where r)d is the desired pressure. The design problcm is 
now trcntcd as a control prohlcm where the control l'unc- 
tion is (lie wing shape, which is to be chosen to minimize 
I subjcct to the constraints dclinctl by [lie Ilow cquations 
(7 1-72). A variation i n  the shape will cause a variation 
6p i n  the pressure anc l  c o n q u c n t l y  the a variation i n  the 
cost I'u iict ion 

Sincc p dcpcnds on I O  through the cquation of state 
(69-70), tlic variation 6 p  can be determined from the 
variation 6111. Dclinc tlic Jacobian matrices 

( 7 5 )  

Then the cqu:r[ion I'or 6?u i n  the steady statc becomes 

where 

Now, multiplying hy ii vector co-state variable .li, and 
intcgrating over the tlomain 

and i l '  I/) is dil'fcrcntinhlc this mny he integrated hy parts 
to give 

whcrc nj arc componcnts of' a u n i t  vector normal to the 
houndary. Thus thc variation i n  the cost f'unction niay 
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now be written 

(77) 

On the wing surface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABw, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAnl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= n 3  = 0 and i t  follows 
from equation (73) that 

bF2 = J 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 (J2) 
6 (JZ) 
6 ( J Z )  

0 

Suppose now that + is the steady statc solution of the 
adjoint equation 

a+ 
at ali 
_ _  "* Cy- = 0 i n  D. (79) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

At the outer boundary incoming characteristics for qh cor- 
respond to outgoing characteristics for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& U .  Conscqucntly, 
as in the two-dimensional case, one can choose boundary 
conditions for $ such that 

n,+TC,610 = 0. 

2a: z;, :ij-Plane. 

2b: E ,  77-Plane. 

Figure 2: S h e a r e d  Parabol ic Mapping. 

Hcrc z = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx l ,  ?J = 52, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = z3 arc the Cartesian coordi- 
nates, and E ;incl T/+S correspond to parabolic coordinates 
gc ne rat ctl by t lie ni a p 13 i n g 

I 

2 

at a lixcd spnii s t a t i o n  C. 50 (C) and ?JO (C) arc ~ h c  coordi- 
nates ofn singular linc which is swcpt to l icjust inside the 
leading edge of a swcpt wing, while U (C) is a scale factor 
to allow I'or spnnwisc chord variations. The surface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr/ = 0 
is a shallow hump corresponding to the wing surface, with 
a hcight zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS ( E ,  C) dctcrmincd by the cquation 

z + z y  = X() + iy() + - ( I ,  (C) { E  + i (?/ + S)}* 

<+is= JW, 
whcrc zfj,,, ( 2 )  :ind yll,,, ( 2 )  arc coordinates ol'points ly- 
ing on tlic wing surf~icc. Wc now ~rc;rr S ( E ,  C) as rhc 
control. 

I n  this case tlic tr~rnsl'orm~rtion matrix ih becomes R I  

is negligible in the far field, the only remaining boundary 
term is 

- /Lw v!lT6F2 ( R t d G .  

Thus by letting 1c, satisfy the boundary condition, 

we find finally that 

A convenient way to treat a wing is to introduce sheared 
parabolic coordinates as shown i n  figurc 2 through thc 
transformation 

whcrc 
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and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( J I P )  = 

whcre zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

0 
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6Y€ 

a6S 

0 
6"€ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

r 

6 J  

Inserting thcse formulas in  cquation ( X I )  we find that the 
volume intcgral in  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA61 i s  

whcre S and 6s are independent ofi). Thcrclhrc, intc- 
grating over zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7, the variation in  the cost function can be 
rcduced to a surfacc integral of the form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(P(E1C)6S - Q ( € , C ) 6 &  - WE" dF 4 
61=J,, 

Hcre 

P = a ($2 + S,$7 + C$4) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp 

- / { F f l  + (TI  + S ) f 2  + (FA + (TI + S ) . W f 7 }  dll 

R = J$4p 

where 

*J zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C = ~ U ( ~ / + S ) S C - A - - S € + - .  

a 

Also the shape changc w i l l  bc confinctl to ii boundary 
rcgion of  thc [ - C plane, so wc c;in intcgratc by parts to 

obtain 

Thus to rcducc I wc can choose 

wlicrc X is sul'licicntly small and non-ncgativc. 
I n  order to impose a thickness constraint we can define 

a baseline surface So (E l  C) hclow which S (tl C) i s  not 
allowcd to fall. N o w  i f  wc takc X = X (t, C )  as ;I non- 
ncgntivc I'unction such that 

Then the constraint i s  satisliecl, wl i i lc 

9 IMPLEMENTATION OF THE THREE DIMEN- 
SIONAL MErHOD FOR WING DESIGN 

Sincc thrcc tliiiicnsionnl cnlculations arc much morc cx- 
pensive than two dimcnsional calculations, i t  i s  cxtrcmcly 
important I'or thc pr;icticnl implcmcntation of tlic mctliod 
to use fast solution ;ilgoritlims I'or tlic l low and thc adjoint 
equations. I n  this c;isc tlic ;ruthor's FL087 computcr pro- 
gi';iiii l ix  hccn used ;IS tlic hosis of tlic clcsign incthod. 
FLOX7 solvcs tlic tlircc tliiiicnsional Eulcr equations with 
;I cell-ccntcrctl linitc voluinc scheme, ant1 uses residual 
avc rq ing  anc l  multigrid ;icccIcr;ition to ohtain very rapid 
steady state solutions, usually in  25 to SO multigrid cyclcs 
[X,  91. Upwind biasing i s  used t o  protlucc nonoscillatory 
solutions, antl ;issure the c1c;in capture o f  shock wavcs. 
This i s  introtlucctl through tlic iiddition ol'c;ircl'ully con- 
trolled numerical tlil'l'usion terms, with ;I magnitutlc o f  
orclcr An:' iii s i i ioot l i  p:irts ol' the Ilow. Tl ic program 
coricspontls closely to FLOX2, which MUS usctl t o  implc- 
mcnt the design inctl iotl I'or the two climcnsional Eulcr 
cquations. The ;itl.joint equations arc trcatctl in tlic s;inic 
wny ;IS tlic Ilow ccliiations. The lluxcs arc l irst estimated 
hy central tlil'l'crcnccs. ;incl then inotlil ictl hy downwind 
hi ;\si ng t li r( ,ii g 11 n ti I iicric;iI tl i I'l'us i vc icr i i i  s w 11 ic 11 arc sup- 

plied hy tlic s;iinc suhi'outincs t1i;it wcrc used l.or tlic I low 
cquations. 

The nictliocl l i i is  hccn tested for tlic optiinization 01' 
a swept wing. The pl;inl'orrn W;IS lixccl wliilc the wing 
sections were I'rcc to hc ch i igcc l  arbitrarily by the design 
mctliocl. The wing 1ias ii unit-semi-span, with 36 tlcgrccs 
Icatling edge swccp. I t  I ias ;I coin pound trapczoit1;il plan- 
forin, with strniglit t;ipcr l.roiii ;I root chord o f  0.38 to a 
chord of' 0.20 ;it the 3 0  percent sp;in station, and straight 
taper froin tlicrc to ;I chord ol' 0. I 2  ;it the tip, with a n  
aspect ratio 01 '  X.7. Tl ic iii itial wing sections wcrc hnsccl 
on tlic Korii ;iirl.oil. wliicli was clcsigncd I'or shock frcc 
I low at Mnch 0.75 with ;I Iil't cocl'licicnt ol'O.63, anc l  hiis ;I 

thickness to chord ratio 01' I I .5 percent I I I. The thickness 
to chord ratio was inc rcxcd  hy ii factor ol' I .2 at thc root 
antl clccrc;isccl by ;I r;itio 01'0.8 ;it tlic tip, with ;I lincnr vari- 
ation ;icross the span. The inhoarcl sections wci:c rotated 
upw;ircls to give 3.5 tlcgrccs twist ;icross tlic span. 

The two diiiici1sioii;il pressure distrihution of the Korn 
airl'oil at i t s  design point was introduced ;IS ;I target pres- 
siirc tlistrihiitioii unil.oriiily ;icross tlic spxi. This i;irgct is 
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presumably not realizable, but scrvcs t o  favor the cstab- 
lishmcnt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof rclativcly benign prcssurc distribution. Thc 
total inviscid drag cocflicicnt, duc t o  thc comhination of 
vortex and shock wavc drag, was also included in thc cost 

function. Calculations wcrc pcrforiiicd with thc l ift cocf- 
licicnt forccd to approach a l ixcd valuc by acljusting thc 
anglc o f  attack cvcry l i f th iteration o f thc  l low solution. I t  
was found that thc computational costs can bc rcduccd by 
using only zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA15 mult igrid cyclcs in  each I low solution,and in 
each adjoint solution. Although this i s  not enough for full 
convergcncc, i t  provcs suflicicnt to provide a shape mod- 
ilication which leads to an improvement. Figurcs I5,16. 
and 17 show the result ofa  culculation at Mach number ol' 
0.82, with thc lift coefficient forced to approach ;I vnluc o f  
0.5. This calculation was pcrformctl on a incsh with I92 
intervals in  the < direction wrapping around the wing, 32 
intervals in the normal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArl direction and 48 intervals in the 
spanwisc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC direction, giving a total o f  2940 I2  cclls. Thc 
wing was spccilicd by 33 sections, each with I28  points, 
giving ;I total o f  4224 design variables. The p lo ts  show 

tlic initial wing geometry ;incl prcssurc distrihution, nntl 
the modilicd geometry and prcssurc clistrihution iil'tcr X 
design cyclcs. The total inviscid c l r q  was rcducctl l'rom 
0.01 X5 to 0.01 1 X. The initial tlcsign cxhihits ;I very strong 

shock wavc in the inboard region. I t  can he sccn t1i;it this 
i s  complctcly climin;itctl, leaving ;I very wciik shock w;ivc 
in the outboard region. The clrag reduction i s  mainly :IC- 

complishcd in the lirst four clcsign cyclcs hut the prcssurc 
distribution continues to be xlsjustcd t o  hcconic niorc l ikc 
thc Korn prcssurc clistrihulion. 

To verify the solution, tlic final geometry. al'tcr 8 tlc- 
sign cyclcs, was analyzcd with rrnothcr mcthotl using the 
computer program FL067 .  This progrnm LISCS ;I cel l -  
vcrtcx formul;ition, and h n s  recently hccn inorliliccl to 
incorporatc ;I loc;il cxtrcniuiii cliniinishing algorithin with 
;I very low lcvcl of  numerical tlil'l'usion 1121. When run 

to full convcrgcncc i t  was found that thc rctlcsignctl wing 
has a clrag cocl'licicnt 01' 0.0 I07 ; I I  Mach 0.82 at ;I Iil't 
cocl'licicnt 01'0.5, with ii corrcsponcling Iil't lo clrng r;itio 
of 47. The result i s  illustrated in Figure I X .  A c;iIcu- 
lation at Mach 0.500 shows ;I t1r;ig cocl'licicnt o f  0.0 IO0 
for a l i f t  cocflicicnt of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.5. Since in this case the Ilow i s  
cntircly subsonic, this provides ;in estimate of the vortcx 
drag lbr this planIi)rni and l i l 't tlistrihution. Thus the tlc- 

sign niclhotl has rcduccd tlic shock wave clrag cocl'licicnt 
to about 0.0007. For a rcprcscntntivc tr;insport Liircra1.t tlic 
parasite drag cocl'licicnt ol'thc wing tluc t o  skin I'riction i s  
ahout 0.0050. Also the fusclngc d i ~ g  cocl'licicnt i s  ;iI>oiit 
0.0050, the n;iccllc drag cocl'liciciit i s  a h o u ~  0.00 I S .  tlic 
cmpcnn;igc drag cocl'licicnt i s  ahout 0.00 I S .  ;incl CXCIYS- 
ccncc c l r q  cocl'licicnt i s  about 0.0006. This would give 
a tot;iI drag cocflicicnt CO = 0.0243 I'or ;I lil't cocl'licicnt 
of 0.5, corresponding t o  ;I lil't t o  drag ratio L / D  = 20.5. 
This would he ;I suhstnnti:il iniprovcnicnt over tlic v;iIucs 
obtai ncd by currcn t I y I1 y i ng t ran sport ai re r;i 1'1. 

As ii I'urthcr test the rcclcsign was also pcrl'orinctl ; i t 

a higher Mnch nunihcr of  0 . X S .  The initial gcoiiictry 

a n c l  prcssurc tlistrihutioiis, ~ i n t l  the result of the rcdcsign 
al'tcr I 0  tlcsign cyclcs ;ire tlisl>laycd in Figures 19, 20 and 
2 I. In  this c;isc the t o t ~ l  inviscid drag was rcducccl from 
0.026 I to 0.0 132. Ag;iiii this result has bccn chcckcd with 
FL067,  ontl whcn the I low colculation is ful ly converged, 
i t  i s  I'ound that thc ~ o t a l  inviscitl drag cocl'licicnt i s  0.01 18 
at ;I l i l ' t  cocl'licicnt 01' 0.5, inclicnting a shock wiivc drag 
cocflicicnt o f  0.001 8. Allowing for tlic Other sourccs o f  
drag for the complctc tiircra1.t. i t  i s  l ikely that the best 
operating point for in;ixiiiiuiii IiI't t o  drag ratio would bc 
at  ;I sonicwh:it higher lift cocl'licicnt. 

10 CONCLUSION 

I n  tlic pcriocl sincc this approach 10 optimal shape dcsign 
was l irst ~miposcd hy the author I IO]. die inethod h a s  bccn 
vcrilictl by nuiiicric;il implcnicnt;ition for both potential 
I low and Ilows morlclcd by the Eulcr equations. I t  has 
bccn t1cnie)nstr;itccI t k i t  i t  can he succcssl'uIly used with ;I 
li n i IC vo I U i i ic form u I at ion I (  1 perf( )rni c;i IC u I ; i t  ions w i I h N- 

hitrary nuiiicric;illy gcncr;ilccl gritls I 161. The l i r s t  results 
wl i icl i  h a v e  hccn olmi i ic t l  I'or swcpt wings with Ihc thrcc 
tli i i~crisional Eulcr cqu;iIIoiis suggcst 11ia1 11ic method has 
now iii;iturceI tu tlic poiiit wlicrc i t  c u i  hc ;I very usel'ul 
tool I'or tlic ilcsign 0 1 '  new ;iiipl:iiics. Even in the case 01' 
tlircc tliniciision:il Ilows. the conil,ut;ition~iI rccluircmcnts 
arc s o  inoilcrate t1i;it tlic c;iIcuI;itioiis c;in he pcrl'orinctl 
with workst;itioiis such ;is tlic IBM RISC 0000 series. A 
tlcsign cyclc on ;I 192x32x4X nicsh takes ahout 1 hours 
on ;t i1 I B M  niotfcl 5 3 0  workslalion, allowing ovcrnighl 
coi i iplct ion o l ' i i  tlcsign calculation I'or ;I swcpt wing. 

1 1 A C K NO \VL 13 I)(; RI 13N'I'S 

l 'hc iiutlior is gixtcI.ii1 to Jaincs Rcuthcr not only I'or his 
;issist;incc in ;issciiil>ling tlic tex t  with BTEX, hul also I'or 
supplying resul ts l'roiii our.ioinl work on tlic use ol'control 

11icc1i.y to optiiii izc I l o w s  calculalccl on arbitrary gricls with 
discretization hy the l initc voluiiic mcthocl 1 Ihl. This rc- 
sc;ircIi has hciiclitctl g i u t l y  I'rom the generous support of 

u~iclcr grant nuiiihcr NO00 14-92-5- 1976. USRA through 
RIACS. ancl 113M. The w;irin Iiospitality ol' the Acronau- 
t ics ; incl As~roi iaut ics Dcp:ii~I i i i cn t ol' Stan I'ortl U n  i vcrsit y. 
ancl N A S A  Aii ics Rcsc:irch Ccnlcr, pixivitlctl ;I very fa- 
vorah IC c n v i r( ) 11 11 ic n t l.or t hc pi1 rsu i t o I' t h i s  re scar cl1 w h i Ic 
thc autlioi' w;is on Ic;ivc I'roiii 1'i.iiiccton University. 

the AFOSR tllidcl.gr;iIi[ Iiuliihcr AFOSR-9 1-039 I, ARPA 

12 



3-19 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Aerospace Scicnccs Meeting, Reno, Nevada, Jan- 
uary zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1991. 

[3] M.O. Bristcau, 0. Pironncau, R. Glowinski, J. Pcri- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
aux, P. Perricr, and G. Poiricr. On the nuiiicrical solu- 
tion of nonlincar problems i n  fluid dynamics by least 
squares and finite clement mcthotls (11). application 
to transonic flow simulritions. I n  J. SI. Doltsinis, cdi- 
tor, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAProceediiigs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe 3rd lriteriintioiicrl Coi!ferericcJ 
OIZ Fiiiite zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEleineiit Metliods in Noiiliiienr Meclzrriiics, 
FENOMECH 84, Stiittgurt, 1984, pages 363-394, 
North Holland, 1985. 

[4] P.E. Gill, W. Murray, and M.H. Wright. Prrrcticcrl 
Optiiiiizutioii. Academic Press, I98 I. 

[5] R. M. Hicks and P. A. Hcnnc. Wing design by numcr- 
ical optimization. Joririicrl of Aircrufi, 15:407-4 12, 
1978. 

[6] A. Jamcson. Iterative solution of  trnnsonic llows 
over airfoils and wings, including Ilows ;it M x h  I .  
c~) i i ? / /~ r r i i ; c f r t ;~ i i . ~  o i i  Pure c i i i d  A p p / i d  Mcrtlie/riatics, 
271283-309, 1974. 

[7] A. Jamcson. Acceleration ol‘transonic potcntinl flow 
calculations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon arbitrary mcshcs by the niultiplc grid 
mcthod. AlAA pnper 79-1458, Fourth AlAA Com- 

burg, Virginia, July 1979. 
putational Fluid Dynamics Conference, Wi1li.i ‘ 111s- 

[8] A. Jamcson. Solution of the Eulcr equations by a 

mu1 tigrid method. Applied Mntheirrrrtics o/id CO///- 
l > / / t ~ t i o i i . ~ ,  13:327-356, 1983. 

[9] A. Jamcson. Multigrid algorithms l o r  coriiprcssiblc 
llow calculations. I n  W. Hackhusch and U. Trot- 
tcnhcrg, editors, Lectiue Notes i r i  Mcrtlieiiirrtics, Vol. 
1228, pages 166-201. Proceedings ol‘ the 2nd Eu- 
ropean Conference on Multigrid Mc\hods, Cologne, 
1985, Springer-Vcrlag, 1986. 

[IO] A. Jaiiicson. Acroclynnmic tlcsign via control theory. 
Joririiul of Scieiit(fic Coiiiputiiig, 31233-260, 1 9 X X .  

[ 1 I ]  A. Jamcson. Automatic clcsign ol’ transonic air- 
foils to rcduce the  shock induced pressure drag. I n  
Proceerliiigs of [lie 3 1st Isrciel Aiiiirrol Coi!feiwicc, 

oii Aviutiriii uiid Aeroii(r/rtics, Tel Aviv, p:igcs 5- 17, 
February 1990. 

[ 121 A. Janicson. Artificial dil’l‘usion, upwind biasing, 
limiters and their cl‘l‘cct on accurncy ancl  niulti- 
grid convcrgcnce i n  transonic and hypersonic flows. 
AlAA pq>er Y3-335Y, AIAA 1 1 t h  Computationnl 
FI u id Dy nnni  ics Con f’crcncc, Orlanclo, Floritla, J u  I y 
1993. 

[ 141 J.L. Lions. Opti/iicrl Coiitrol c$ Systeiris Governed 
by P~rrt irr l  l ~ ( @ r c r i t i r r l  Eqrr(rtioiis. Spri ngcr-Vcrlag, 
New York, , I  97 1 . Translated by S.K. Mittcr. 

[ IS] 0. Piroiincau. Optiirifrl S l i q w  Desigii j b r  Elliptic 
Syste/irs. Springer-Vcrhg, New York, 1984. 

[ 161 J. Rcuthcr anc l  A. Jumcson. Control theory bascd 
airfoil design lo r  potcnti:il f1,ow and ii finite volume 
discretization. AIAA pcrper Y/-4YY, 32th Aerospace 
Sciences Meeting and Exihit, Rcno, Nevada, Jan- 
uary 1994. 

1171 J. Rcuthcr, C.P. van D m ,  and R. Hicks. Sub- 
sonic ; i d  tr;insonic low-Reynolds-nuinhcr airfoils 
w i t h re tl uccd p i tc 11 i ng m ( ) iii c n t s. Jor r niol cfA ii-crtft, 
29:297-298, 1992. 

[ 1x1 G. R. Shuhin. Ohtaining cheap optiniizotion gradi- 
ents I’rom coin pu tnionnl ncrocl y n;ini ics codes. 1iitc)r- 
iirrll’ril’er AIZIS-TK- 164, Bocing Computcr Services, 
Junc 1991. 

[ 191 C. R.  Shuhin ;incl P. D. Frank. A coinparison ofthc 
i 111 p I ic i I griitl i cn I appro;ic t i  anc l  t tic variat ionnl ap- 
proach to ncrodyn;iniic design optimiza(ion. iriter- 
/ io l l ’~r l ’c~/ -AMS-TK- 164. Bocing Computer Services, 
Apri I I99 I . 

1201 S. Ta’win,  C. Kuruvila, :incl M. D. Salas. Acro- 
dynamic design ancl  oplimiza\ion in one shot. A l A A  
pupc’r 9/-00.5,3Oth Acrosp;icc Scicnccs Meeting and 
Exihit. Rcno. Ncv;itIa. J;inii;rry 1992. 

[ 131 M.J. Lighthill. A new method ol‘ two-dimensional 
acroclynnmic design. K J; M 11 I I ,  Aeronautical 
Rcscarch Council, 1945. 



3-20 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

J zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

+'* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t t  

.+ 

. 
. .  

3a: C, after Zero Design Cycles. 
Design Mach 0.72, C, = 0.5982, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACd = 0.0191. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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3b: C, after Zero Design Cycles. 
Design Mach 0.2, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC1 = 0.5998, C,1 = -0.0001 
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3c: C, after Eight Design Cycles. 
Design Mach 0.72, C1 = 0.5999, Cd = 0.0001. 

3d: C, after Eight Design Cycles. 
Design Mach 0.2, C1 = 0.5998, Cd = -0.0001. 

Figure 3: Optimization of an Airfoil at Two Design Points. 
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t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4b: 7 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Cl = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.0000, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACd = 0.0001 Cl = 0.0000, Cd = 0.0000 

Figure 4: Subsonic Non-Lifting Design Case, A4 = 0.2, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcy = 0". 
-, x Initial Airfoil: NACA 0012. 

- - -, + Target C,: NACA 64012, A4 = 0.2. 
Inverse Design 
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5b: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 Design Iterations 
C1 = 0.0000, C d  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.0003 

Figure 5: Transonic Non-Lifting Design Case, A4 = 0.8 cy = 0" 
-, x Initial Airfoil: NACA 0012. 

- - -, + Target C,: NACA 64021, A4 = 0.2. 
Inverse Design 
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6b: 8 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C1 = 0.0000, Cd = 0.0063 Ci = 0.0000, C,, = 0.0015 

Figure 6: Transonic Non-Lifting Design Case, M = 0.8, a = 0'. 
-, x Initial Airfoil: NACA 0012. 

- - -, + Target C,: NACA 64X, M = 0.8. 
Inverse Design 
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7b: 20 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ci = 0.7315, C d  = 0.0252, (Y = 2.664' C1 = 0.7334, C d  = 0.0086, cx = 0.032' 

Figure 7: Transonic Lifting Design Case, M = 0.735 Fixed Lift. 
-, x Initial Airfoil: NACA 0012. 

- - -, + Target C,: NACA 64A410, M = 0.735, C1 = 0.73. 
Inverse Design 
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8a: Initial Condition 
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8b: 30 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ci = 0.5492, Cd = 0.0047, Q = 2.709' C1 = 0.5496, C,1 = 0.0045, Q = - 1.508' 

Figure 8: Transonic Lifting Design Case, M = 0.70, Fixed Lift. 
-, x Initial Airfoil: NACA 0012. 

- - -, + Target C,: GAW72, M = 0.70. 
Inverse Design 
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9a: Initial Condition 9b: 27 Design Iterations - 
C1 = 0.7946, Cd = 0.0358, Q = 2.364' C1 = 0.797 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI ,  Cd = 0.01 08, Q = 1.053" 

Figure 9: Transonic Lifting Design Case, M = 0.75 Fixed Lift. 
-, x Initial Airfoil: NACA 001 2. 

- - -, + Target C,: RAE, M = 0.75. 
Inverse Design 
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: ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  

I 

I 

1 Oa: Initial Condition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C1 = 0.5037, C d  = 0.0127, CY = 1.856' 

lob:  2 Design Iterations 
Ci = 0.5042, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC,i = 0.00 16, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALY = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 .990' 

Figure 10: Transonic Lifting Design Case, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAd = 0.75, Fixed Lift. 
-, x Initial Airfoil: NACA 0012. 

Symetric Drag Minimization. 
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1 la :  Initial Condition 
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C1 = 0.5964, Cd = 0.0042, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACY = -0.464' 
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........ .. . . . .  
. - . c~ ............ .... 

11 b: 2 Design Iterations 
C/ = 0.5966, Cd = 0.0004, CY = 0.175" 

Figure 11: Transonic Lifting Design Case, Ad = 0.735 Fixed Lift. 
-, x Initial Airfoil: NACA 64A410. 
Camber Only Drag Minimization. 
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12a: Initial Condition 12b: 40 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cl = 0.7019, c d  = 0.0015, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACY = 0.266' Cl = 0.6612,'Cd = 0.0136, (Y = -0.037' 

Figure 12: Lifting Design Case, M = 0.75, Fixed Lift Mode. 
-, x Initial Airfoil: Korn. 

- - -, + Target zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC,: NACA 64012, A4 = 0.75. 
Inverse Design 
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13a: Initial Condition 13b: 20 Design Iterations 
c1 0.6432, c d  = 0.0155, (Y = -0.229' c1 = 0.6297, cd = 0.0077, Ly = 0.033' 

Figure 13: Lifting Design Case, M = 0.78 Fixed Lift Mode 
Initial Airfoil: Korn. 

Target C,: Korn, M = 0.75. 
Inverse Design 
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14a: Initial Condition 14b: 25 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Cl = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.6778, Cd = 0.0144, (Y = -0.096' C1 = 0.6855, C,, = 0.0010, (Y = -0.722' 

Figure 14: Lifting Design Case, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA4 = 0.75, Fixed Lift Mode. 
Initial Airfoil: NACA 64A410. 

Drag Reduction 
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15a: Initial Wing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Cl = 0.5001, Cd = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.0185, (Y = -0.958' 

15b: 8 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ci = 0.4929, Cd = 0.01 18, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcx = 0.172" 

Figure 15: Lifting Design Case, M = 0.82, Fixed Lift Mode. 
Drag Reduction 
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UPPER SURFACE PRESSURE LOWER SURFACE PRESSURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 16: Lifting Design Case, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM = 0.82, Fixed Lift Mode. 

Initial Wing: Modfied Korn. 

Drag Reduction zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACL = 0.5001, CO = 0.0185, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACY = -0.958" 
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UPPER SURFACE PRESSURE LOWER SURFACE PRESSURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA17: Lifting Design Case, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM = 0.82, Fixed Lift Mode. 

Design after 8 cycles 

Drag Reduction 
CL = 0.4929, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACO = 0.01 18, CY = 0.172' 
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18b: span station zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = 0.25 
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18c: span station z = 0.50 18d: span station z = 0.75 

Figure 18: FL067 check on redesigned wing. 
M = 0.82, Cr, = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.4975, CO =0.0107, ( 1 ~  = 0.200' 



19a: Initial Wing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Cl = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.5033, Cd = 0.0261, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACY = -1.236' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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<::: :.-::-- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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19b: 10 Design Iterations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Cl = 0.4956, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACd = 0.0132, CY = -0.028' 

Figure 19: Lifting Design Case, M = 0.85, Fixed Lift Mode. 
Drag Reduction 



I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-32 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

LOWER SURFACE PRESSURE UPPER SURFACE PRESSURE 

Figure 20: Lifting Design Case, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM = 0.85, Fixed Lift Mode. 
Initial Airfoil: Modified Korn. 

Drag Reduction 
CL = 0.5033, CO = 0.0261, (Y = - 1.236' 
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UPPER SURFACE PRESSURE LOWER SURFACE PRESSURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 21: Lifting Design zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACase, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM = 0.85, Fixed Lift Mode. 

Design after 10 cycles 

Drag Reduction 
CL = 0.4956, CD = 0.0132, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALY = -0.028' 
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SUMMARY 
The present paper discusses the 
problem of inverse shape design, where 
the geometry of a wing should be 
determined such that it will have a 
prescribed surface pressure dis- 
tribution at the design condition 
considered. A survey is given of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs o -  
called decoupled-solution methods for 
this problem. With this type of 
methods the flow field around a 
current estimate of the wing and a 
subsequent new estimate of the wing 
are determined by two separate compu- 
tational steps in an iterative pro- 
cess. A global description is given of 
the main features of the underlying 
theories and some examples of applica- 
tion are given. A detailed description 
is given of the NLR method for inverse 
shape design based on the residual- 
correction approach. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
LIST OF SYMBOLS 

angle of attack zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA{X 
ratio of specific heats 
boundary of flow domain 
velocity or pressure defect 
geometry correction 
relaxation factor (see 

co-state variable 
independent coordinate 
par ame t e r 
density 
velocity potential 
flow domain 

Eq. (12) 1 

coefficient 
pressure coefficient at 
sonic speed 
t a r g e t  value of pressure 
coefficient 
functional associated with 

design problem (see Eq.(l)) 
M, free stream Mach number 
n unit normal vector 
P 
q total velocity zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 unit tangent vector 
U disturbance velocity 

component in x-direction 
U* ,utar disturbance velocities 

associated with Ci and CPtar 
respectively 

v n  normal velocity 
vt tangential velocity 
W weight factor 
x,z Cartesian coordinates of 

airfoil contour 

+ 

pr e s sur e 

subscripts 
C refers to camber 
1 refers to airfoil lower 

le refers to airfoil leading 

sub refers to subsonic part 
SUP refers to supersonic part 
t refers to thickness 
te refers to airfoil trailing 

U refers to airfoil upper zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
00 refers to free stream 

conditions 

side 

edge 

edge 

side 

superscripts 
t refers to target velocity 

or pressure 

1. INTRODUCTION 
The present paper considers methods to 
solve the problem of inverse wing 
design, i.e. to determine the shape of 
a wing such that on its surface an a 
priori prescribed (target) pressure 
distribution exists at the flow condi- 
tion considered. The formulation of a 
well-posed inverse problem is not at 
a l l  t r i v i a l ,  a s  has already zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbeen 
demonstrated by Betz (Ref.1) and by 
Mangler (Ref.2) for incompressible zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Presented at an AGARD-FDP-VKI Special Course at the VKI, Rhode-Saint-Gentbe, April 1994. 
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flow. Incorporation of inverse methods 
in the practical design process has 
led to additional user requirements 
with respect to control over the 
geometry. As a consequence, the 
problem is often complicated by the 
introduction of constraints with 
respect to the geometry. Furthermore, 
in attempts to extend the range of 
applicability of inverse methods, 
increasingly complicated flow equa- 
tions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( full potential, Euler, Navier- 
Stokes) are being used. Both factors 
have led to a considerable increase in 
effort for the development of inverse 
design methods. 

The paper will focus on iterative 
methods in which the flow variables 
and geometric variables are decoupled 
in the solution process. There are 
three major types of such methods: 
Dirichlet type methods, Neumann or 
residual-correction type methods, and 
variational type methods. All methods 
start with an initial guess of the 
geometry to be determined. Firstly, in 
each subsequent iteration step, a 
boundary value problem is solved for a 
given estimate of the geometry. With 
the Dirichlet type method this 
boundary value problem is of Dirichlet 
type. With the Neumann or residual- 
correction type methods, and with the 
variational type methods, this bound- 
ary value problem is of Neumann type. 
Secondly, a correction to the geometry 
is derived from the solution of this 
boundary value problem. With most 
methods it is tried to reduce the 
computational effort for the geometry 
correction as much as possible. 

The idea to decouple the flow and 
geometry solution in inverse design is 
in most cases inspired by the desire 
to take maximum advantage of the fact 
that analysis methods have been devel- 
oped for many applications, in 
different flow regimes, and in some 
cases with complex geometry. Another 
advantage of the decoupled-solution 
methods is the fact that, in general, 
geometric constraints can be 
implemented much easier in a separate 
geometry update procedure than in a 

complete system of equations for flow 
as well as geometric variables. 

In the last decade a large variety of 
the type of methods considered here 
has been developed. Nearly all 3-D 
design methods are of the Dirichlet or 
Neumann type. The least developed 
approach to the inverse design problem 
is that of optimal control (calculus 
of variations). Pironneau (Ref.3) gave 
an extensive survey of possible 
applications to optimum shape design 
for systems described by elliptic flow 
equations. Jameson (Ref.4) has also 
drawn attention to possible advantages 
of applying this approach. But up to 
now there seem to be few practical 
applications. However, because it 
seems to offer some perspective with 
respect to robustness and flexibility, 
attention may be paid to this type of 
approach. 

The formulation of the aerodynamic 
wing design problem will be discussed, 
paying attention to the specification 
of design requirements, aspects of 
well-posedness, and the need for 
geometric constraints. A global 
description will be given of all three 
types of solution methods mentioned 
above, emphasizing the essential 
features. Some details will be given 
of methods which may be considered as 
representative of different approaches 
and of methods illustrating the latest 
developments. The paper addresses in 
particular the residual-correction 
approach. Developments at NLR are 
described in detail and computational 
results are shown for 2D as well as 3D 
applications. 

2. THE AERODYNAMIC WING DESIGN PROBLEM 

2.1 Design requirements 
The aerodynamic wing design problem 
pertains to the determination of the 
shape of a wing such that it will ful- 
fil requirements, which comprise both 
design goals and constraints in terms 
of aerodynamic characteristics and 
geometry. 
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The formulation of the aerodynamic 
design goals is in most cases done by 
defining an objective function or cost 
function, the minimum of which repre- 
sents the solution to the design 
requirements. However, the actual form 
of the objective function, or rather 
the type of aerodynamic 
characteristics to be specified, is 
not at all obvious. Both specification 
of design goals in terms of force 
coefficients and specification in 
terms of target pressure distributions 
have their supporters. 

According to Hicks (Ref.5): "The 
objective function can be any quantity 
which can be calculated by an aerody- 
namics code, e.g. drag, lift/drag 
ratio,etc. However, experience has 
shown that the choice of force coeffi- 
cients as the objective function can 
lead to unacceptable pressure dis- 
tributions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

With respect to target pressure 
distributions, Lores and Hinson (Ref. 
6 )  remark: "Even with experienced 
designers, there is no assurance that 
the specified pressures will minimize 
drag, or weight, or whatever the 
aircraft design objective may be. 
Moreover, the need to specify design 
pressures implies a point design, and 
optimum aircraft efficiency might not 
be produced by an optimum point 
design". But, they also state : 
"Because of the inaccuracies in drag 
calculations, most successful three- 
dimensional transonic designs done by 
numerical optimization involve the use 
of a design objective based on 
pressure distributions" . 

And, finally, Volpe (Refs.7, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 )  may be 
cited : 'I An obvious advantage of 
inverse methods is the control the 
designer has over the force character- 
istics of the airfoil profile and over 
the boundary layer development on its 
surface, a control gained through the 
pressure (speed) distribution that is 
specified" . 

terms of force coefficients is its 
directness. But as mentioned above, it 
may lead to unacceptable pressure dis- 
tributions associated with undesirable 
flow phenomena. On the other hand, the 
specification of pressure 
distributions to satisfy the design 
requirements provides more direct 
control over the flow quality, e.g. 
over the boundary layer development. 
At zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN L R ,  those considerations have led 
to the conviction that design 
requirements should be formulated in 
terms of prescribed pressure 
distributions, notwithstanding the 
fact that the specification of 
pressure distributions relies to a 
large extent on the experience of the 
designer. 

Typically, the residual-correction 
type and related approaches consider 
the design problem formulated in terms 
of target pressure distributions. This 
implies the minimization of a cost 
function of the form 

( 3 )  

where the integration is over that 
part of the surface where the pressure 
has a prescribed value. This type of 
design problem is usually indicated as 
inverse shape design. 

2 . 2  Well-posedness 
The first method, applicable to the 
inverse design of 2D airfoils in 
incompressible flow, devised by Betz 
(Ref.1) and reconsidered by Mangler 
(Ref.2), was based on conformal map- 
ping of the airfoil onto a circle. It 
was shown that three conditions had to 
be satisfied by the prescribed pres- 
sure distribution in order to ensure 
the existence of a closed airfoil gen- 
erating that pressure distribution at 
a prescribed free stream condition. 
These constraints are given by the 
integral relations : 

Of course, the main advantage of 
defining the design requirements in 
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where qo(w) is the tangential velocity 
on the airfoil surface derived from 
the prescribed pressure distribution, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
q, is the freestream speed and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw is the 
angular coordinate in the circle 
plane. 

The first constraint expresses the 
regularity condition establishing a 
unique relation between the prescribed 
velocity and the freestream speed. The 
other two constraints are derived from 
the requirement of a closed airfoil 
contour. 

Later, attention was again drawn to 
these constraints, amongst others by 
Lighthill (Ref.9, 9). Since then, the 
necessity to take these "Betz-Mangler 
constraints" into account in order to 
formulate a well-posed problem for 
inverse airfoil design has been the 
subject of discussion. The possible 
existence of similar consistency 
constraints for other types of flow 
has also been studied. Woods (Ref.10) 
was able to formulate such constraints 
for compressible 2D subcritical flow 
as described by the Von Karman-Tsien 
gas model. But, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs o  far, no explicit 
formulation of similar constraints for 
more general types of flow has 
appeared. Nevertheless, it is commonly 
assumed that similar constraints exist 
for all inverse 2D (and probably 3D) 
airfoil design problems. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2.3 Geometric constraints 
The early 2D conformal mapping methods 
demonstrated yet another consequence 
of arbitrarily prescribing the pres- 
sure distribution, viz. the appearance 
of self- intersecting geometries 
("cross-over" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, "fish tail" airfoils) as 
a solution to the problem. S o ,  even if 
all consistency constraints are sat- 
isfied zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby the target pressure dis- 
tribution so that the inverse design 
problem is well-posed in the sense 

indicated in the previous section, the 
result might still not have practical 
value. 

Some authors have drawn the conclusion 
that in this case the design problem 
has to be reformulated by modifying 
the target pressure distribution. 
This, however, leads to a trial and 
error process of which the success 
strongly depends on the expertise of 
the designer. 

Other authors have devised methods 
that allow the incorporation of 
geometric constraints in an attempt to 
reduce the class of admissible sol- 
utions to "realistic" airfoils. In 
this way uncertainty with respect to 
correct pressure distribution behav- 
iour near the leading edge stagnation 
point can be removed by prescribing 
part of the leading edge geometry. In 
this way the inverse problem may be 
recast in a mixed direct-inverse prob- 
lem, where one part of the geometry is 
prescribed whereas the other part is 
designed. Alternatively, the inverse 
problem may be formulated as a least 
squares minimization problem such that 
the prescribed pressure distribution 
as well as the geometric constraints 
are satisfied approximately in a least 
squares sense. Then, also such 
constraints as trailing edge thickness 
can be handeld. Unfortunately, the 
existence of a (unique) solution of 
the minimization problem has never 
been proven. 

Apart from the above described need 
for constraints related to the well- 
posedness of the inverse problem and 
constraints to prevent non-physical 
solutions, geometric constraints may 
be required for a more practical rea- 
son, e.g. from the point of view of 
the structural engineer. This may lead 
to constraints on airfoil thickness, 
leading edge radius, trailing edge 
angle, wing twist, wing-body junction 
etc. The development of computational 
design methods reflects the search for 
methods offering well-posedness (i.e. 
to take into account the Betz-Mangler 
type constraints) as well as options 
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for additional geometric and also 
aerodynamic constraints, such as a 
prescribed lift coefficient. 

2.4 Free parameters 
The problem of formulating a well- 
posed inverse design problem can be 
partly solved by introducing auxiliary 
functions containing free parameters 
in the prescribed pressure 
distribution C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. The values of the 
parameters areP&termined as part of 
the solution so that by means of the 
auxiliary functions the prescribed 
pressure distribution is modified such 
that the (unknown) consistency 
requirements will be (automatically) 
satisfied to the best possible extent. 
Of course, the specific choice for the 
type of adjustable free parameters and 
auxiliary functions determines 
implicitly the class of admissible 
solutions. 

Some guidance with respect to the 
choice of the free parameters has been 
presented by Volpe & Melnik (Ref.7) 
They have shown that for 2D airfoil 
flow the regularity condition 
associated with the relation between 
the free stream speed and the 
prescribed pressure distribution may 
be satisfied by introducing the free 
stream speed as a free parameter while 
maintaining a specified location of 
the leading edge stagnation point. 
Drela (Ref.11) chose to fix the free 
stream speed, but left the location of 
the leading edge stagnation point in 
physical space unspecified. 

The consistency constraints associated 
with trailing edge closure are some- 
times neglected and it is hoped that 
these will be implicitly fulfilled. 

The introduction of auxiliary 
functions with free parameters has 
been extensively investigated by 
Soemarwoto (Ref. 12) for inverse 2D 
airfoil design in incompressible flow. 
He introduced functions allowing 
displacement of the leading edge 
stagnation point and adjustment of the 
pressure distribution behaviour near 
the trailing edge for avoiding the 

occurence of "fish tails" and allowing 
trailing edge closure. Three free 
parameters were introduced for control 
of the modifications. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3. DIRICHLET TYPE METHODS 

3.1 Global description 
The idea underlying the Dirichlet type 
methods is similar to the idea of 
simulating boundary layer displacement 
effects by means of a normal velocity 
prescribed at the boundary. Firstly, 
it is assumed that a sufficiently 
close estimate of the geometry to be 
determined is given zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso that only small 
modifications are required for 
computation of the new geometry. 
Considering the flow fields about both 
geometries, it may be assumed that the 
streamlines around the new geometry 
can be generated from the streamlines 
around the given geometry by 
superimposing a flow normal to the 
given streamlines. This implies, of 
course, the assumption of a 
transpiration (outflow as well as 
inflow) at the boundary of the initial 
geometry as illustrated in Fig.1. 

in- and outflow ( transpiration ) 

\4 
new geometry zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.1 Surface displacement simulation 
by transpiration. 

The iterative process of the Dirichlet 
type methods (see Fig.2) is based on 
this concept. The first computational 
step comprises the solution of a 
Dirichlet boundary value problem in 
which the boundary condition is 



4-6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

DlRlCHLET BOUNDARY 
VALUE PROBLEM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

derived from the target pressure 
distribution. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
< BEGIN > 

yes 

UPDATE 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.2 Flow chart of Dirichlet type 
method 

In the case of 2D airfoil design for 
potential flow the derivation of such 
a boundary condition is 
straightforward. In potential flow 
there is a unique relation between the 
value of the pressure coefficient at a 
point on an airfoil contour and the 
magnitude of the tangential velocity 
at that point. Based on the assumption 
of small modifications for the 
determination of the new airfoil 
contour, and the consequently small 
values of the transpiration velocity, 
the tangential velocity distribution 
along the given airfoil contour in the 
new flow field may be approximated by 
the specified velocity distribution 
along the new (unknown) airfoil 
contour. Then, by integrating along 
the given airfoil contour, the value 
of the potential along the airfoil 
contour may be determined apart from 
an arbitrary constant. This determines 
the Dirichlet boundary condition. 

In more complex cases, such as 3D wing 
design, the derivation of the 
Dirichlet boundary condition is no 
longer obvious. 

\" I "  - 
6ni -vti transpiration model 

61 + 

streamline model 

\ 
Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm 

Fig.3 Geometry correction based on transpiration model and on streamline model 
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For instance, assuming again potential 
flow and the availability of an 
approximation of the tangential 
velocity components in chordwise and 
spanwise direction, the conversion, by 
integration, into values of the 
potential at the wing surface leads to 
an additional unknown function of the 
spanwise coordinate. 
Detailed discussion of this problem is 
considered to be out of the scope of 
the present paper and the reader is 
referred to the relevant literature. 

The second computational step in the 
iterative process comprises the 
determination of geometry 
modifications. Solving the Dirichlet 
boundary value problem leads to a flow 
field around the given geometry with a 
non-zero normal velocity 
("transpiration") distribution at the 
surface. The geometry modifications, 
determined according to either the 
transpiration model or the streamline 
model, aim to remove this transpira- 
tion. Fig.3 illustrates these concepts 
for 2D airfoil design. 
The transpiration model is based on 
mass flux conservation. Considering 
the cell formed by the points i-1 and 
i on the old and on the new airfoil 
contour, application of the mass 
balance results in 

A(pVt6n) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= pV,Gt, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  

which may be discretized as 

piV zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt i  6ni - pi-1Vtc,6ni-l = 

From E q .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 6 )  the successive 6ni values 
can be solved. 

The streamline model is based on 
alignment of the airfoil contour with 
the streamlines. This implies that the 
tangent to the contour is+dirzcted+ 
along the local velocity V = V, + V,. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In discretized form this results in 

xi, - - xi, + 

r 

- zi, - zi, + 

r 
6t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
T""' 

In the majority of Dirichlet type 
methods, existing flow solvers have 
been modified in order to accept 
Dirichlet type boundary conditions 
(derived from the prescribed pressure 
distribution), usually in addition to 
the common Neumann type boundary con- 
dition (zero normal velocity). In this 
way, methods have been developed for 
solving purely inverse as well as 
mixed direct-inverse problems. 

3.2 Survey of developments 
A typical example of a Dirichlet type 
method is that of Henne (Ref.13) for 
transonic wing design, where the tran- 
spiration model is used for determina- 
tion of the geometry update. The 
computational process utilizes the 
transonic full potential code FL022 of 
Jameson and Caughey (Ref.14) with a 
specified velocity potential as 
Dirichlet boundary condition. In Ref. 
1 some examples are presented showing 
the capability of the method for 
redesign of existing wings. 
Application of constraints is not 
discussed. 

Another typical example is the 
conformal mapping method of Volpe 
(Refs.7, 8)  for inverse design of 
airfoils in transonic flow. Here, the 
geometry corrections are calculated 
utilizing the streamline model. 
Being a purely inverse method, the 
Betz-Mangler constraints are taken 
into account, but there is no 
possibility for applying additional 
constraints. 
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In 1987 Gally and Carlson (Ref.15) 
presented an extension of an earlier 
Dirichlet type method developed for 
orthogonal grids (Ref.16) to a body- 
fitted non-orthogonal curvilinear grid 
for the mixed direct-inverse transonic 
wing design problem. The method 
utilizes the finite volume full 
potential code FL030 of Jameson and 
Caughey (Ref.17) in which the boundary 
condition of zero normal velocity, 
applied in analysis, is replaced by 
specification of the perturbation 
potential in the inverse design 
regions. During the iteration pro- 
cedure the actually used geometry is 
periodically updated by aligning it 
with the streamlines. By excluding the 
wing leading edge region from the 
inverse design regions, the problem of 
how to apply the regularity condition 
at the leading edge is circumvented. 
But this implies, of course, that the 
possibility for modification of the 
leading edge region is limited. 
Prescription of the trailing edge 
thickness is made possible by means of 
a relofting process in which a 
deviation of the calculated trailing 
edge thickness from the desired 
trailing edge thickness is removed by 
distributing it along the entire wing 
section contour. See Fig.4. As a 
direct consequence of this procedure, 
deviations from the target pressure 
distribution have to be accepted as a 
result; there is no further means of 
control. 

Original Design Surface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.4 Relofting to force trailing edge 
closure (Ref. 16) 

Dirichlet type methods based on panel 
methodology have been developed by 
Fornasier (Ref.18) and Kubrynski 
(Ref.19). Despite the limitation with 
respect to the description of real 
flow, panel methods are still widely 
applied because of their capability to 
treat complex configurations. 

Fornasier (Ref.18) has developed a 
panel method for direct/inverse shape 
design of general 3D configurations in 
subsonic and supersonic flow. Surface 
distributions of sources as well as of 
doublets are utilized. This offers the 
opportunity to relate the local source 
strength to the normal component of 
the free stream velocity and to relate 
the tangential derivative of the 
doublet strength to the tangential 
velocity. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  such, the source dis- 
tribution provides direct information 
on the geometry, and the doublet 
distribution provides direct 
information on the flow field. Direct 
and inverse problems lead to the same 
type of equations, and as a conse- 
quence mixed direct-inverse problems 
can be treated equally well. In the 
regions with given geometry the source 
strength is pre-determined, whereas in 
regions with prescribed velocity the 
doublet strength is pre-determined 
using the current guess of the 
geometry. Application of the boundary 
condition of zero internal pertur- 
bation potential leads to a linear 
system of equations from which the 
remaining unknown singularity 
strengths are determined. The new 
source distribution is then used to 
update the geometry. 

The panel method of Kubrynski (Ref.19) 
has features similar to that of 
Fornasier. Here, also, source as well 
as doublet distributions are used, 
although the definition of the 
singularity strengths is different. 
The source strengths are related to 
the mass flow through the body surface 
(zero in the analysis case) and the 
doublet strengths are related to the 
velocity potential at the body 
surface. The boundary condition of 
zero internal potential is applied to 



derive inte 
doublet zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs tr eng 

ral equation for the 
hs. An inverse or mixed 

direct-inverse problem is solved by 
the following iteration process. For a 
given guess of the geometry, the 
doublet distribution is determined for 
a source distribution of zero 
strength. Then a geometry correction 
is determined aiming at minimizing the 
difference between the approximated 
actual pressure and the target pres- 
sure. The geometry is not actually 
updated, but using the transpiration 
concept the required geometry 
correction is related to a mass flow zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Ma,= 0.1 

(2 iterations) 

section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 1  

- 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 0  

result 

start 

target zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.5 Wing and fuselage, before (top 
and after (bottom) design zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAprocess 
(Ref. 19) 

through the body surf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4-9 

e and thus 
determines a new value of the local 
source strength. The source 
distribution thus determined gives 
rise to an incremental doublet dis- 
tribution associated with a change in 
the approximated actual pressure 
distribution. After minimizing the 
differences between the approximated 
actual pressure and the target pres- 
sure, the shape of the configuration 
is updated and the whole process is 
repeated until satisfactory conver- 
gence has been obtained. 
An interesting feature of this method 
is the fact that the pressure dis- 
tribution may be prescribed on one 
part of the configuration and that a 
different part of the configuration 
may be reshaped in an attempt to 
realize that pressure distribution. 
This is of particular interest for 
e.g. fuselage-wing, pylon-wing, pylon- 
nacelle interference problems. Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 
shows an example of wing-body design, 
where the shape of the fuselage has 
been redesigned such that a straight 
isobar pattern on the wing is 
obtained. 

4. NEUMANN OR RESIDUAL-CORRECTION TYPE 
METHODS 

4.1 Global description 
Solving the Neumann problem for a 
given estimate of the geometry to be 
determined leads to a pressure dis- 
tribution along the contour, which 
deviates from the target pressure dis- 
tribution. In the methods based on the 
residual- correction approach, the key 
problem is to relate the calculated 
differences between the actual pres- 
sure distribution on the current esti- 
mate of the geometry and the target 
pressure distribution (the "resid- 
uals") to proper corrections of the 
geometry. The iterative process 
obtained when following this approach 
is illustrated in Fig.6. 

Obviously, the art in developing a 
residual-correction method is to find 
an optimum between the computational 
effort for determining the proper 
geometry corrections and the number of 
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iterations needed to obtain a con- 
verged solution. In order to solve 
this problem two different approaches 
may be followed. In one approach the 
geometry corrections are estimated by 
means of simple correction rules, 
based on relations between local 
geometry corrections and pressure dif- 
ferences known from linearized flow 
theory. In the other approach the 
geometry correction is determined by 
solving an approximate inverse prob- 
lem, which is derived from the actual 
inverse problem e.g. by applying 
similarity rules or by linearizing the 
flow equations. In the latter case, 
the gain in computational effort is 
due to the reduced complexity of the 

BEGIN zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ 

approximate inverse problem as 
compared with the actual inverse 
problem. The Neumann type methods try 
to utilize the analysis methods for 
the solution of the Neumann problem as 
a "black-box'' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

4.2 Survey of developments 
Since Barger and Brooks (Ref.20) pres- 
ented their streamline curvature 
method for invers design .of 
supercritical and subcritical airfoils 
in which they utilized the possibility 
to relate a local change in surface 
curvature to a change in local 
velocity, quite a number of methods 
has been developed following that 
concept. Subsequent refinements and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I 

;.BOUNDARY VALUE 
: PROBLEM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj. 

DETERMINE 
RESIDUAL 

(*) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 'GEOMETRi' ;ORREC. 1 
SMALL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi: APPR. INVERSE 

NOUGH? 

m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAno zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.6 Flow char t  of the  Neumann type methods 
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Eications made the concept 
applicable to design problems based on 
the full potential equation (e.g. 
Campbell and Smith (Ref.21)), the 
Euler equations (e.g. Bell and Cedar 
(Ref.22)) and the Navier-Stokes 
equations (e.g. Malone et zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa1 
(Ref.23)). Greff et a1 (Ref.24) 
described a 2-D airfoil design code 
for viscous-transonic flow. They 
followed the approach of formulating 
an approximate inverse problem for 
subsonic flow. This problem is defined 
using a modified Von Karman-Tsien rule 
for the derivation of an equivalent 
subsonic target from the calculated 
differences between the transonic 
pressure distribution on the current 
estimate of the geometry and the 
transonic target pressure distribu- 
tion. The approximate inverse problem 
is solved by means of an inverse panel 
method. 

Takanashi (Ref.25) presented a method 
for transonic wing design using for 
the geometry correction an integral 
equation method that solves an 
approximate inverse problem on the 
basis of transonic small disturbance 
theory. 

So far, the method of Takanashi 
(Ref.25) seems to be the most widely 
applied residual-correction method. It 
has been coupled with analysis methods 
on the basis of Euler equations as 
well as Navier-Stokes equations. It 
has been applied to 2D as well as 3D 
transonic and supersonic design prob- 
lems (Fujii & Takanashi (Ref.26)). Hua 
& Zhang (Ref.27) have modified this 
method by replacing the numerical 
integrations applied in the integral 
equation method by analytical integra- 
tions, thus reducing computing time. 

TARGET zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 

ACTUAL Cp 
CL etc. 
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They also added a smoothing technique 
in order to smooth the curvature of 
the designed geometry. The approach of 
Takanashi (Ref.25) has also been 
followed by Zhu et a1 (Ref.28) for 
transonic airfoil design; they 
introduced a modification for taking 
into account the regularity condition 
at the leading edge stagnation point. 
Also the method developed at NLR for 
transonic wing design (Ref.31) follows 
the approach of defining an 
approximate inverse problem, utilizing 
linearized compressible flow theory. 
Constraints on the geometry are intro- 
duced, leading to a least squares 
minimization problem which is solved 
with the aid of linearized panel 
methodology. The method will be 
described in some detail in section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5. VARIATIONAL TYPE METHODS 

5.1 Global description 
Application of the calculus of 
variations ("optimal control theory") 
to the solution of the inverse design 
problem leads an iterative process as 
depicted in Fig.7. In each subsequent 
iteration step two strongly related 
flow problems have to be solved. One 
is the Neumann problem of flow 
analysis for a given geometry, the 
other is the so-called adjoint problem 
in which the residual differences 
between current and target pressure 
distribution determine the boundary 
condition. Usually this adjoint 
problem is of the same type as the 
corresponding analysis problem, which 
implies that a solution method may be 
readily derived from an available 
analysis method. It is attempted to 
determine the geometry correction as 
accurately as possible using the sol- 
ution to the adjoint problem for the 
determination of a search direction 
for the geometry update. Application 
of this type of geometry correction 
method leads to an increase of compu- 
tational effort as compared with 
simpler types of geometry correction 
methods. It might, however, be more zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
robust zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand the speed of convergence of 
the whole process might be increased. 

The concept of the variational 
approach may be best explained with 
the aid of a simple inverse airfoil 
design problem. To this end, consider 
the non-lifting incompressible 
potential flow around a symmetric 
airfoil zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso that the leading and 
trailing edge stagnation points are 
fixed. Assume the tangential velocity 
on the airfoil contour to be 
prescribed as a function of the 
chordwise coordinate x and the airfoil 
contour to be represented by z(x). 
Then the inverse design problem may be 
formulated as the minimization of the 
functional zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 

Here t is the arclength of the 
contour, 4, is the actual tangential 
velocity and V, is the target velocity. 

Considering incompressible potential 
flow around a given airfoil the 
equations 

A 4  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 in n, 

on r ,  

( 9 )  

determine the velocity potential 4 in 
the flow domain n apart from a 
constant which may be determined by 
prescribing the potential at some 
point. The flow domain n is bounded on 
the inner side by the airfoil contour 
r and on the outer side at infinity by 
rQ. For a given airfoil contour and 
given velocity potential 4 in the flow 
domain, the adjoint problem amounts to 
the determination of the co-state 
variable A ,  apart from a constant, 
from the following equations: 
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6. THE NLR RESIDUAL CORRECTION METHOD 

A A  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin n, (12a) 

= -2 a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(d t -V , )  o n r ,  (12b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAxi 7E 

g=0 on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArm. (12c) 

With the aid of the solution to this 
problem, the variation of the 
functional F can be determined from: 

6F = f h(x) 6z(x) dx, (13) 
r 

with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(14 )  h(x) = -VAVd + [ d, -V , ]  2 - .  dz arr dt 

For two successive estimates of the 
airfoil contour zi and zi+' the 
difference between the associated 
values of the functional F is to first 
order approximated by 

(15) Fi+l - F' = 6F. 

Thus, applying a geometry correction 
by choosing 
Gz(x)=-eh(x) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE > O ,  such that 
6F < 0, a reduction of F is ensured. 

zi+' = zi+6z with 

5 . 2  Survey of developments 
Pironneau (Ref.3) gave an extensive 
survey of the possibilities for appl 
cation to optimum shape design for 
systems described by elliptic flow 
equations. 

An application of the variational 
approach to the inverse design of air- 
foils in subsonic potential flow is 
the pioneering work of Angrand 
(Ref.32). Beux and Dervieux 
(Refs.33, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 4 )  treated the case of 
inverse design for internal subsonic 
flow governed by the Euler equations. 
Cabuk et a1 (Ref.35) applied the 
variational approach to the problem of 
optimizing a diffuser such that a 
maximum pressure rise is provided. 

6.1 Basic principle 
The NLR residual correction method is 
based on the assumption that it is 
possible to split the design process 
into two major steps, which can be 
iterated until satisfactory results 
have been obtained. In the first step, 
the flow about the current estimate of 
the geometry is calculated by means of 
an analysis code for the flow regime 
under consideration, thus giving the 
deviation from the specified target 
(the residual). 

geometry 

transonic 
analysis 11 , c o d e l l '  

/ current / 
/ c P  / 

I2 
calculate 

eq.inc.vel. 
defect 

I 

STOP 

U incompr. 
inverse 1 1  4 

method 

geometry 

Fig.8 NLR Residual correction method, 
outer loop 
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In the second step, a geometry cor- 
rection is calculated from the current 
residual by means of an approximative 
procedure involving the specification 
of an equivalent incompressible 
inverse flow problem which is more 
amenable to fast computational 
methods. For simplicity the method 
will be described in more detail for 
two-dimensional airfoil design.The 
computational process is initiated by 
specifying zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 

- the design condition in terms of 
angle of attack, Mach number and 
Reynolds number, 

- a target pressure distribution, 
- a starting airfoil at a starting 

angle of attack, 
- geometric constraints, 
- weight factors for the design con- 

ditions, for the geometric 
constraints and for the upper and 
lower surface target pressure 
distributions. 

The computation proceeds by utilizing 
the following loop in an iterative 
fashion (see Fig.8): 

below, obtain a new estimate for the 
airfoil geometry from 

z[x] z[x] + 6z[x]. 

5.Iterate the whole process until 
satisfactory results in terms of 
approximations of the pressure 
distributions and geometric 
requirements are obtained. 

/ current / / target / 

defect 

thin-airf. T; 
add up 

V 
1. Calculate the flow about the cur- 
rent estimate of the airfoil geometry 
z=z[x] for the operating condition (or 
design point) considered and obtain 
the current pressure distribution C,[x] 
on the airfoil surface. 

2. Decide whether or not the current 
airfoil geometry z=z[x] needs further 
improvement, by comparing the current 
pressure distribution C,[x] with the 
target pressure distribution CPtar[x] 
and by considering the convergence 
history. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 .  If further improvement of the cur- 
rent airfoil geometry z=z[x] is con- 
sidered necessary, calculate the 
equivalent incompressible perturbation 
velocity defect 6u on the airfoil con- 
tour from the target pressure dis- 
tributions CPtar [ x] and the current 
pressure distributions C,[x]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 .  Calculate the airfoil geometry cor- 
rection 6z=6z[x] as will be described 

uivalent 

geometry 
m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.9 Calculation of incompressible 
perturbation velocity defect 
(NLR method) 

During the process, the weight factors 
mentioned above may be used to balance 
the different design requirements. 
The inverse calculation consists of 
two major steps as indicated in 
Fig.9.In the first step the transonic 
pressure-defect distribution is 
replaced by an equivalent subsonic 
perturbation velocity defect dis- 
tribution by applying a so-called 
pressure defect splitting technique. 
In the second step this equivalent 
velocity distribution is used for the 



determin 
tions. 

tion of the geometry c rrec zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 

6.2 Equivalent subsonic velocity 
The pressure defect splitting tech- 
nique, which is used to distinguish 
between a subsonic and supersonic part 
of the pressure defect, is illustrated 
in Fig.10. The split made is based 
primarily on the assumption that sub- 
sonic thin-airfoil theory is 
applicable if the local actual pres- 
sure and the local target pressure are 
both subsonic, and that supersonic 
wavy-wall theory is applicable if both 
pressure coefficients are supersonic. 
In case one pressure coefficient is 
subsonic and the other supersonic the 
critical pressure coefficient is used 
as upper or lower limit. In Ref.30 a 
detailed description of the deriva- 
tions is given. 

The subsonic and supersonic parts of 
the pressure defect 6Cp are defined as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

dsUpCp = min(Cpm, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACp‘) -min(Cp, Cd) , 

dsUbcp = max(Cpw, cp’) -max(Cp, c;) , 

(17a) 

(17b) 

-cP 

cp* - 

whe e C, is the actual p 
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essure 
coefficient, cPtar is the target 
pressure coefficient, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC; is the 
critical pressure coefficient.The 
subsonic and supersonic parts of the 
pressure-defect distribution are each 
converted into incompressible 
perturbation velocity defects bsubu and 
dsupur from which the equivalent incom- 
pressible perturbation velocity 
defect is obtained as 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE is a relaxation parameter. 

6.3 Geometry corrections 
Utilizing thin-airfoil theory and 
consequently splitting the velocity 
defect in a symmetrical and an anti- 
symmetrical part, the determination of 
the geometric corrections is formu- 
lated as a least squares problem. 

TARGET Cpta, 

--- ACTUAL Cp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.10 Pressure defect splitting (NLR method) 
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M R  

TEST zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACASE 1 4  

VISCOUS FULL POTENTIAL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

The solution to this problem is 
obtained by solving a system of linear 
algebraic equations for camber and 
thickness corrections, which are 
derived from the minimization of a 
functional of the form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- TARGET 

. 50 ITERATIONS 

wU (equiv.vel.def.res.)i + 

NLR 

TEST CASE 14 

INVISCIO FULL POTEHTIAL 

+ w l C  (equiv.vel.def.res.)l 2 + 

- TARGET 

. 25 ITERATIONS 

+ Cwt(thickness constr.res.)2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 1 9 )  

+ wc ( camber cons t r . res . ) 

Constraints on the geometry have been 
limited to the requirement that the 
airfoil thickness and/or the camber 
will approximately satisfy prescribed 
values. Weight factors are given by w; 
the subscripts u,l,t,c refer to upper 
and lower side, to thickness and 
camber respectively. 

- 1 . 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- . 5  

0.0 

.5 

9’.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I .5 

t I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I ! +  X 4 C  

0.000 0,200 0.400 0.600 0.800 1.000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 . 4  Computational results zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Test case 1 .  

The translation of the transonic 
design problem into an equivalent 
incompressible design problem raises 
the question of feasibility. The 
results obtained by running a recon- 
struction test case may demonstrate 
the feasibility. The NACA64A410 
airfoil has been specified as initial 
geometry. 
Both the inviscid and the viscous 
transonic pressure distributions were 
calculated for the Korn airfoil at 
zero angle of attack and Mach number 
0.75. Hence, in fact two test cases 
were defined by prescribing each of 
these pressure distributions as a 
target for the design process with the 
NACA airfoil as a start. 

. 5  

1 . o  i 
i 

1.5 -- 
X(C +w I 

0,000 0,200 0,400 0,600 0.800 1.000 

Fig.11 Reconstruction of Korn airfoil ; pressure distributions 
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In the inviscid case, application of 
the design method led to recovery of 
the Korn airfoil in about 25 iter- 
ations, each iteration involving one 
flow analysis calculation and one 
geometry update. 
about 50 iterations were needed for 
recovery of the Korn airfoil. 
In Fig.11 the pressure distributions 
on the reconstructed airfoils 
(inviscid and viscous) are compared 
with the target pressure 
distributions. The pressure 
distributions on the reconstructed 
airfoils deviate only slightly from 
the target, which reflects the almost 
complete recovery of the original air- 
foil. The convergence history of the 
process is presented in Fig. 12, where 
the value of the cost function defined 
by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 

For the viscous case 

F =f( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACpa-Cpt) 'ds (20) 

1 

COST I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

10-2 

CTION 

I 
I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi 
I NUMBER OF ITERATIONS 

0.0 10.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0 . 0  30.0 40.0 50.0 

and the value of the Lz norm defined 
by: 

(z,-zt)2dX + 
L2 (') = Supper side 

( Z, - zt)' dx 
+ Slow er side 

are given as a function of the number 
of iterations. The integration is 
along the airfoil contour, subscript 
I, a I t  refers to the actual and subscript 
"t" to the target pressure 
distribution or airfoil contour. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Test case 2. 

This test case is a 3D wing design 
problem, which is used to demonstrate 
the applicability of the 
residual-correction approach. 

x10-1 

0.2000 

L Z  ( 2 )  1 0.1000 

0.1600 4- 
0.1400 

0.1200 

0.1000 

0.0600 

0.0400 

- - - - - _ _ . _ _ _ _ _ - - - -  _ _  --.--,..__._-.. 
0.0000 I 

I , NUMBER OF ITERATIONS 
I I 

0.0 10.0 2 0 . 0  30.0 40 .0  50.0 

Fig.12 Reconstruction of Korn airfoil ; convergence history 



4-18 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
This design aims to improve the 
inviscid low speed high lift pressure 
distribution for a known wing-body 
configuration. 
Starting point is the DLR-F4 wing-body 
configuration for which a target pres- 
sure distribution is specified in a 
number of chordwise wing sections. The 
target has been obtained by modifying 
a calculated pressure distribution, 
such that, at a certain lift coeffi- 
cient, the supersonic pressure peaks 
were reduced to subsonic values, 
retaining approximately the original 
spanwise lift distribution. 

This design problem requires modifica- 
tions at the wing nose region mainly. 
It is known to represent a difficult 
case for the NLR approach, which 
relies on a linearized approximation 
of the inverse problem. The resulting 
wing geometry is shown for five compu- 
tational sections in Fig.13 in com- 
parison with the initial geometry. 
Comparison of the pressure distribu- 
tion on the designed wing with the 
target pressure distribution at the 
same sections (see Fig.14) shows that 
it appears to be possible to design a 
wing geometry with the desired 
characteristics along almost the full 
span. Fig.15 shows the resulting 
isobars. The leading edge region shows 
acceptable reasonably smooth contours. 

Fig.16 gives the values of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL, and 
L, norms for the differences between 
actual and target pressure 
distribution defined by: 

r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 2 )  

as a function of the number of iter- 
ations (analysis computations). These 
figures, showing a sizeable reduction 
of the norms in iteration zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 to 13, are 

typical for straightforward applica- 
tion of the residual-correction 
approach starting with a given mate of 
the wing geometry. However, at that 
point of computation, the design 
process was continued with 
refinedestiadjustments of the geometry 
and geometry constraints in order to 
improve geometry regularity (both 
chordwise and spanwise). This "fine 
tuning" requires a relatively large 
effort, but is quite effective in 
terms of geometry, and results in an 
improved approximation of the target 
pressure distribution. The obtained 
reduction of the norms is about 1 to 2 
orders of magnitude. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7. CONCLUDING REMARKS 
A survey has been given of strongly 
related inverse aerodynamic wing 
design methods. The main feature that 
the methods considered have in common 
is the fact that the flow field around 
a current estimate of the wing and the 
subsequent new estimate of the wing 
shape are determined in two separate 
computational steps. The basic 
principles of these methods have been 
discussed and some examples of 
application have been given. Some 
attention has been paid to the 
question of well-posedness of the 
design problem. In the case of 2D 
airfoil design plausible strategies to 
address this aspect have been 
indicated in the literature. Though 
successful applications for 3D wing 
design have been reported, an answer 
to the question of well-posedness of 
the 3D inverse wing design problem has 
yet not been found. 

The majority of methods for inverse 
design of 3D wings seems to be of the 
residual-correction type. The main 
reasons for this include: the possi- 
bility to take full advantage of the 
existence and improvement of analysis 
methods, which are implemented as 
"black boxes", and the possibility to 
combine different analysis methods 
with the same correction procedure in 
order to solve the inverse problem for 
flows of different complexity. 
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Fig.13 Wing design : initial and resulting geometry 
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Fig.14 Wing design : chordwise pressure distributions 
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In this respect the application of the 
variational approach seems to offer a 
perspective, especially for problems 
where the design requirements are 
formulated in terms of prescribed 
pressure distributions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe approach 
does not particularly lead to 
limitations in geometry representation 
and allows for the implementation of 
geometric and other constraints. 

Also at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBANLR, these considerations have 
led to the development of residual- 
correction methods for 2D airfoil as 
well as 3D wing design. 

For real practical applications there 
is a need for further development of 
the inverse methods, even in 2D, due 
to the lack of methods that take 
geometric constraints (apart from 
trailing edge thickness) into account. 
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Fig.15 Wing design : isobar pattern 



4-22 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
' T  

I"'" TEST zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACASE TI4 - - - - -  

L / L TAR1 ! 

10-2 1 
NUMBER OF ITERATIONS -- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.0 10.0 20.0 30.0 4 0 . 0  50.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.16 Wing design : convergence 
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RESIDUAL-CORRECTION TYPE AND RELATED COMPUTATIONAL METHODS FOR AERODYNAMIC 

DESIGN 
Part I1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: MULTI-POINT AIRFOIL DESIGN 

Th. E. Labruj ere 
National Aerospace Laboratory Theoretical Aerodynamics Department 

A.Fokkerweg 2 1059 CM Amsterdam 
SUMMARY 
The present paper considers the 
problem of multi-point airfoil design, 
where the geometry of an airfoil is to 
be determined such that it will 
approximate simultaneously, at 
different design points, a priori 
specified aerodynamic requirements. 
Some attention is paid to approaches 
published in the open literature. The 
main part of the paper concerns work 
in progress at NLR. Some preliminary 
results are shown. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
LIST OF SYMBOLS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r T  
r m  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 
62 
x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P 
PT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e 
U 

r 

P 
4 
n 
cd 

C1 

CP 

F 

L 

MAD 

MAS 

angle of attack 
inner boundary of flow domain 
discontinuity line 
outer boundary of flow domain 
velocity or pressure defect 
geometry correction 
co-state variable 
doublet strength 
doublet strength on slit r T  

independent coordinate 
par ame t e r 
source strength 
parameter used as independent 
variable for airfoil contour 
specification 
dens i ty 
velocity potential 
flow domain 
drag coefficient 
lift coefficient 

, pressure - P -Pm - 
0.5 Pad 

coefficient 
functional associated with 
design problem (see Eq.(l)) 
augmented functional 
associated with variational 
approach (see Eq.(28)) 
aerodynamic influence 
coefficient for a doublet of 
unit strength 
aerodynamic influence 
coefficient for a source of 
unit strength 

MAW 

U 

The Netherlands- 

influence coefficient for a 
unit value of the co-state 
variable 
free stream Mach number 
unit normal vector 
pres sure 
parameters used for 
modification of target 
velocity distribution 
total velocity 
least squares functional (see 
Eq. (26)) 
re s i dual 
arclength 
unit tangent vector 
total arclength of airfoil 
contour 
disturbance velocity 
component in x direction 
normal velocity 
tangential velocity 
weight factors 
weight on first and second 
target respectively 
Cartesian coordinates of 
airfoil contour 
vector of design variables 

sub s c r i p t s 
C refers to camber 
d refers to doublet 
1 refers to airfoil lower 

le refers to airfoil leading 

S refers to source 
t re fer s to th i ckne s s 
tar refers to target 
te refers to airfoil trailing 

U refers to airfoil upper 

Q) refers to free stream 
conditions 

superscripts 
i refers to operating condition 

side 

edge 

edge 

side 

refers to the inner side of the 
airfoil 

+ refers to the outer side of the 
a i r f o i l  

Presented at an AGARD-FDP-VKI Special Course at the VKI, Rhode-Saint-Gen&e, April 1994. 
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1. INTRODUCTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Aircraft have to operate under a 
number of quite different conditions, 
which in general implies that for the 
aerodynamic design process different 
requirements will be formulated for 
different flow conditions. 

Ideally, aerodynamic design aims at 
the fulfilment of all requirements. 
Mostly, this is attempted by initially 
optimizing the aerodynamic shape for 
the cruise condition, for instance 
with respect to lift, drag and 
pitching moment. Possible optimization 
with respect to requirements for other 
(off-design) operating conditions is 
then a matter of painful trial and 
error. 

Nowadays, computational design 
algorithms are available from the 
literature which can help the designer 
to determine the shape of a wing such 
that it meets a priori specified 
requirements for one single flow 
condition. Surveys of these methods 
can be found in Refs.1-7. 

The present paper discusses the 
problem of designing an airfoil such 
that it will meet, to the best 
possible extent, a priori specified 
requirements for a number of flow 
conditions. Solving this problem 
should lead to one single airfoil 
shape, optimized with respect to all 
specified requirements and satisfying 
a number of constraints on aerodynamic 
and geometric characteristics. Methods 
for solving this problem are only in 
the early stages of development. It is 
emphasized, that the present paper 
does not present a ready to hand 
method for the solution of the multi- 
point design problem, but rather tries 
to indicate key problems yet to be 
solved. 

Most methods based on the direct 
numerical optimization approach, and 
originally developed for single-point 
design, are equally well applicable to 
the multi-point design problem. S o ,  
not surprisingly, up to now, most 

applications to multi-point design use 
direct optimization (Refs.8-12). Some 
other applications show the use of 
inverse shape design methods (Refs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 3 -  
15). At NLR work is in progress to 
explore the possibilities to solve the 
multi-point design problem for 
subsonic/transonic flow, by applying 
the residual correction approach 
(Refs.16-18). 

The paper discusses the formulation of 
the multi-point design problem. A 
global survey of the above mentioned 
approaches is given by reviewing some 
examples of application. A more 
detailed description of the NLR 
residual-correction approach is given 
and preliminary results are shown. 

The approach applied at NLR is based 
on the assumption that it is possible 
to split the design process into two 
major steps, which can be iterated 
until satisfactory results have been 
obtained. In the first step, the flow 
about the current estimate of the 
geometry to be determined is 
calculated by means of an analysis 
code for the flow regime under 
consideration, thus giving the 
deviation from the specified target 
(the residual). In the second step, a 
geometry correction is calculated from 
the current residual by means of an 
approximative procedure involving the 
specification of an equivalent incom- 
pressible inverse flow problem which 
is more amenable to fast computational 
methods. When this approach is applied 
to multi-point design, the second step 
leads to the specification of an 
equivalent incompressible multi-point 
design problem. 

The feasibility of the residual- 
correction approach for multi-point 
design, in particular the replacement 
of the actual problem by an equivalent 
incompressible multi-point design 
problem, is addressed by presenting 
results of a two-point reconstruction 
test case and results of a two-point 
viscous subsonic/transonic airfoil 
design problem. The latter example 
concerns the design of an airfoil 
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which combines favourable,high speed 
and low speed performance. The design 
requirements are formulated by 
specifying a target pressure 
distribution for each of the two 
operating conditions, defined by angle 
of attack and free stream Mach number. 

Preliminary results are shown of 
developments for obtaining a robust 
and fast geometry correction method, 
involving the solution of the 
equivalent incompressible multi-point 
design problem. 

2. THE MULTI-POINT AIRFOIL DESIGN 
PROBLEM 

2.1 Design requirements 
The multi-point airfoil design problem 
involves the optimization of a single 
airfoil shape such that a priori 
specified requirements with respect to 
a number of operating (design) 
conditions will be met to the best 
possible extent. Thus, the design 
problem considered here can be defined 
as the minimization of an objective 
function of the form 

n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
i - 1  

F zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= W' Fi(fi), 

where the summation is over the n 
operating conditions and the vector zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 
is the set of design variables. The 
function Fi will attain its minimum 
when the design requirements for the 
corresponding operating condition i 
are fulfilled. The W' are weight 
factors that balance the requirements 
for the different operating 
conditions. 

With respect to the specific form of 
the objective function, i.e. the 
formulation of the design requirements 
in terms of aerodynamic 
characteristics, the same type of 
discussion may take place as with 
single-point design. When considering 
direct numerical optimization for 
solving the present problem, an 
objective function is easily 
formulated in terms of global 

aerodynamic characteristics. For 
instance, improvement of overall 
airfoil performance may be attempted 
by considering the minimization of 

n 

F = 1 Wicd[~',d,2], 
i=1 

possibly subject to constraints on 
e.g. lift- and moment coefficients and 
constraints due to geometric 
requirements. 

Just like in single-point design, led 
by the wish to have more direct 
control over the load distribution and 
over e.g. boundary layer development, 
the designer may prefer specification 
of the design requirements in terms of 
target pressure distributions. In 
airfoil design for e.g. full potential 
flow this implies specification of 
target tangential velocity 
distributions, and thus the objective 
function may assume the form 

Here, the aerodynamic designer has the 
difficult task to specify each target 
pressure distribution as the balanced 
result of desired (sometimes 
conflicting) aerodynamic 
characteristics and of aerodynamic 
constraints that are better not 
violated. 
The form ( 3 )  of the objective function 
is a necessity when considering the 
application of inverse shape design 
methods or residual-correction type 
methods . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 . 2  Well-posedness 
In contrast with the single- point 
inverse design problem, the multi- 
point design problem as stated above 
has never been investigated with 
respect to well-posedness, at least 
not to the present author's knowledge. 

Moreover, assuming the existence of 
solutions to the multi-point design 
problem formulated in terms of global 
aerodynamic characteristics, as in 
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Eq.(2), it seems questionable whether 
the solution would be unique. For 
instance, given the fact that there 
may be designed many airfoils with the 
same value of the drag coefficient, it 
seems obvious that multi-point drag 
minimization might easily lead to more 
than one solution even if the same 
minimum value of the objective 
function is attained. 

These doubts about the existence of 
unique solutions seem to be enforced 
by the investigations reported in 
Ref.10. Here, a procedure is described 
for transonic airfoil design based on 
wave drag minimization. This procedure 
is directed such that certain 
aerodynamic constraints are 
deliberately violated, at least 
initially, in order to speed up 
convergence. This is motivated by the 
observation that violated constraints 
have a large influence on the 
definition of the search direction for 
the optimization. Also, it is observed 
that the value of either term in the 
objective function does not 
necessarily decrease during 
minimization. It is concluded that 
constraints have to be formulated in 
addition to the objective function in 
order to obtain a more completely 
defined design problem. 

The above considerations suggest that 
the multi-point design problem will be 
"more completely" defined, if the 
problem is formulated in terms of 
target velocity distributions for all 
operating conditions, like in Eq.(3). 
Moreover, when considering single- 
point design for any specified 
operating condition, the existence of 
a unique solution seems plausible 
(Ref.7) for target velocity 
distributions satisfying the 
consistency constraints, formulated by 
Betz (Ref.19) and Mangler (Ref.20). 
So, when the multi-point design 
problem is formulated with the aid of 
this type of targets, the problem 
seems, at least, to be better posed 
than when considering problems that 
have the form of Eq. (2). 

In the case of single-point inverse 
shape design, the question of well- 
posedness has led to the introduction 
of auxiliary functions with free 
parameters, enabling modification of 
the target velocity distribution. 
During the solution of the design 
problem, these functions are 
determined such that the modified 
velocity distribution satisfies the 
Betz-Mangler constraints. In fact, the 
parameter values are obtained as part 
of the solution, and an airfoil shape 
is obtained that produces the modified 
target. The introduction of a set of 
such auxiliary functions with free 
parameters for each of the specified 
velocity distributions in the case of 
multi-point design is an obvious 
consequence of that approach. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2.3 Geometric constraints 
In general, the role of geometric 
constraints in the multi-point design 
process is not different from the role 
in single-point design. Typically, 
they control the shape zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the airfoil 
and must be satisfied irrespective of 
the operating conditions. 

However, in some approaches to the 
multi-point design problem, especially 
those where purely inverse single- 
point design methods are extended, 
different parts of the geometry are 
used to satisfy different design 
requirements (Refs. 13-15). In such 
cases, particular geometric 
constraints are associated with 
particular operating conditions. 

2.4 Design variables 
With respect to direct numerical 
optimization, it is commonly 
acknowledged that this approach is 
feasible only if the number of design 
variables is small enough to keep the 
computing cost within limits. This is 
attained via a careful selection of 
shape functions and associated 
parameters for modification of the 
geometry. Of course, this will be even 
more true for multi-point 
optimization, because of the fact that 
each objective function evaluation 
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then involves the computation of a 
number of analysis problems instead of 
only one. 

Most inverse shape design methods and 
residual-correction methods, based on 
completely different geometry 
correction procedures when compared 
with direct numerical optimization, do 
not lead to such a strong demand for 
limitation of the design variables. In 
most cases, airfoil contour 
coordinates or coefficients of some 
parametric representation of the 
contour are introduced as design 
variables. Extension to the multi- 
point design problem does not 
substantially change this situation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3. SURVEY OF DEVELOPMENTS 

Though little has been published so 
far on the development of multi-point 
design methods, a few examples of 
application, found in the literature, 
may be used to illustrate the 
usefulness of computational multi- 
point design. The methods presented in 
Refs.8-12 are based on direct 
numerical optimization involving 
minimization of objective functions 
formulated in terms of global 
aerodynamic characteristics. Refs.13- 
15 present inverse shape design 
methods adapted to multi-point design. 

Renaux and Thibert (Ref.8) have shown 
that two-point design can be used 
effectively to improve the design of 
helicopter blade airfoils. They 
considered as objective function the 
sum of the drag coefficients for two 
design points corresponding to the 
advancing (low drag, high Mach number) 
and the retreating (high lift, low 
Mach number) blade conditions in 
forward flight. As initial geometry a 
single-point optimized airfoil OA213 
was chosen and a new blade airfoil 
OA312 was designed. Fig.1 and 2 
demonstrate the improvement obtained 
in comparison with the starting 
airfoil. Fig.1 shows that the new 
airfoil has lower drag under 
advancing-blade conditions. This will 
be due to the reduction of the average 

velocity level, which has a favourable 
effect on the boundary layer 
development leading to a reduction of 
the viscous drag, and also the 
strengths of the shocks are reduced. 
As a consequence, there is also a 
decrease of the nose-down pitching 
moment coefficient. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.1 Measured aerodynamic 
characteristics of the OA213 and OM12 
airfoils in advancing-blade conditions 
(Ref. 8) . 
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Fig.2 Measured aerodynamic 
characteristics of the OA213 and OM12 
airfoils in retreating-blade 
conditions (Ref. 8). 

Fig. 2 shows that the new airfoil also 
has a lower drag under retreating- 
blade conditions at the high lift 
level. Furthermore, Fig.3 gives a 
comparison of airfoil shapes and total 
performance, showing that improvement 
of the performance at high speed has 
been obtained without loss of chax at 
low Mach numbers. 
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Fig.3 Performances of O M 1 3  and OA312 
airfoils. Experimental data. (Ref.8). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Another two-point design application 
aiming at drag reduction, is presented 
by Drela in Ref.11. Here, the 
objective function is a weighted sum 
of the drag coefficients at two 
operating conditions with different 
lift coefficients but at the same Mach 
number zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(M,,,=O.l) and relatively low 
Reynolds number (Re=250.000). The 
purpose of the computations was to 
improve an existing airfoil LA203A. 
The effectiveness of the two-point 
design is demonstrated by comparing 
the result with that of the single- 
point designs at each of the two 
operating conditions.Fig.4 shows the 
calculated polars for the three 
airfoils thus obtained in comparison 
with that of the original airfoil. It 
appears that the single-point designed 
airfoils (at c,=1.08 and cl=1.5) have a 
considerably reduced drag coefficient 
at the design points. However, with 
the cl-1.5 optimized airfoil such a 
drag reduction is realized only at the 
design point, whereas with the cl=1.08 
optimized airfoil the reduction in 
drag is paid for by a large negative 
effect on the high lift behaviour. The 
latter observation was the motive to 
place a larger weight on the drag 
coefficient at cl-1.5 than on the other 
drag coefficient in the objective 
function. The two-point optimization 
polar shows a far more attractive 
overall behaviour of the airfoil with 
a considerable overall reduction of 
the drag at the cost of a significant, 
but perhaps acceptable deterioration 
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0 . 5  

0 . 0  

A I R F O I L  
- LA203R 

CL.1.08 OPT 

CL.I.50 OPT 
........ 2 POINT OPT 

--- 
_---. 

50 IO0 150 200 

1 04 '  c, 

Fig.4 Calculated polars for original 
LA203A, single-point, and two-point 
optimized airfoils. (Ref.11) 

of the high lift performance. Fig.5 
shows the new airfoil shapes in 
comparison with the original airfoil. 

Fig.5 Geometry comparison between 
optimized airfoils and original LA203A 
airfoil. (Ref.11). 

Close examination of the shapes learns 
that rather small changes in the 
geometry are responsible for the 
rather large differences in overall 
behaviour. It should be remarked, 
however, that this is typical for the 
low Reynolds number flows considered 
here. It could be expected that a 
similar design exercise for high 
Reynolds number flow should show far 
smaller discrepancies between the 
respective polars, especially in the 
lower drag region, implying a less 
explicit optimum than in the present 
example. 
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airfoil geometry comparisons. 
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As a last example of numerical 
optimization, results presented in 
Ref.12 by Hager et a1 may be 
mentioned. These results have been 
obtained by two-point optimization for 
inviscid transonic flow, considering 
also a weighted sum of drag 
coefficients. In contrast with the 
previous examples the design points 
considered were rather close, viz. 
&=0.726 at angle of attack a=2.44" and 
&= 0.730 at angle of attack a=2.78". 
So,  not surprisingly, the two-point 
optimization result closely 
resembles the result obtained with 
single-point optimization for the 
first operating condition. See Fig.6. 
As a consequence, also the cd-Mach 
curves presented in Fig.7 show a close 
agreement between the single-point and 
the two-point optimized airfoils. The 
design goal of drag reduction in the 
operating region considered has been 
attained, apparently. This is paid 
for, however, by an increase of the 
drag in the lower Mach region up to 
about Mach=.7 and an unattractive 
behaviour of the drag rise curve from 
a flight dynamics point of view. 

In the above described examples, the 
multi-point design problem has been 
formulated such that the resulting 
solution represents a compromise 
between, in general, conflicting 
requirements associated with different 
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Fig.7 RAE 2822 alpha/Mach design, drag 
rise curves for the angles of attack 
of the operating conditions 
considered. (Ref. 12) 

operating conditions. In some cases, 
however, in particular when designing 
airfoils for the low Reynolds number 
regime (e.g. for sailplane wings), the 
requirements for different operating 
conditions can be associated with 



5-8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
different parts of the geometry. In 
such cases it is possible, in 
principle, to satisfy the requirements 
to the same level of accuracy as in 
single point design for that 
particular part of the airfoil. 
Selig and Maughmer (Refs.13,14) have 
presented a method for multi-point 
inverse shape design based on 
conformal mapping. The method is based 
on the assumption that the airfoil 
contour can be divided into a number 
of segments, each of which should be 
designed such that a prescribed 
velocity distribution is generated on 
that particular segment at a certain 
angle of attack. If the thus specified 
targets satisfy the Betz-Mangler 
constraints it is possible to fulfil 
the different requirements exactly. In 
order to demonstrate the capabilities 
of the method an example of such a 
two-point airfoil design is presented 
in Ref.13. The resulting airfoil shape 
together with the velocity 
distributions for both design angles 
of attack is shown in Fig.8. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.8 Airfoil and velocity 
distributions at a=1.19" and a=11.81". 
(Ref. 13). 

The linear velocity distribution for 
a=11.81" on the upper surface has been 
prescribed along the upper surface 
forward part of the contour and the 
linear velocity distribution for 
a=1.19" on the lower surface has been 
prescribed along the lower surface 
forward part of the contour. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4 .  NLR RESIDUAL-CORRECTION APPROACH 

4.1 Introduction 
At zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN L R ,  the applicability of the 
residual-correction approach to multi- 
point subsonic/transonic design is 
investigated. In algorithms based on 
this approach, analysis calculations 
with a current estimate of the 
geometry are used to determine the 
subsonic/transonic residuals for each 
of the specified design conditions. 
According to the technique described 
in Part I (Ref.7), each of these 
residuals is subsequently used for the 
specification of an equivalent target 
velocity distribution for a 
corresponding incompressible design 
condition. In this way, an equivalent 
incompressible multi-point design 
problem is obtained, the solution of 
which leads to a correction of the 
geometry. 

The success of the residual-correction 
approach highly depends on the 
flexibility of the correction 
procedure with respect to application 
of geometric constraints, its 
robustness with respect to large 
geometry modifications and the 
computing time needed for the solution 
of the equivalent incompressible 
design problem. Therefore, at N L R  a 
few alternatives for the geometry 
correction procedure have been con- 
sidered. 

In the current N L R  methods for single- 
point airfoil and wing design 
linearized thin airfoil theory is 
utilized to reduce the equivalent 
incompressible design problem, defined 
in the inner iteration loop as 
described in part I (Ref.7), to a 
linearized inverse flow problem. In 
that approach the flow disturbance, 
caused by the airfoil, is split into 
an anti-symmetric disturbance 
attributed to the camber of the 
airfoil and a symmetric disturbance 
attributed to the thickness of the 
airfoil. Reversely, by splitting a 
required disturbance velocity into an 
anti-symmetric and a symmetric part, 
corrections to camber and thickness 
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can be determinec This linearize1 
inverse problem can be solved by means 
of a least squares approach utilizing 
a planar panel method with singularity 
distributions along the airfoil chord 
(Refs.21,22). The extension of this 
approach for the solution of a multi- 
point design problem has been 
considered. An apparent disadvantage 
of the thin airfoil linearization is 
that it deteriorates near the leading 
edge of the airfoil. Therefore, the 
least squares approach without this 
linearization is considered as an 
alternative. Furthermore, the 
application of the calculus of vari- 
ations, involving the formulation of 
the design problem as a minimization 
problem, has been considered in 
particular with respect to its 
flexibility to handle geometric 
constraints. All three algorithms 
developed in this way are based on 
panel methodology for simulation of 
the incompressible flow around an 
airfoil. 

With regard to the geometric shape of 
the airfoil it is assumed that the 
contour is a closed curve of which the 
coordinates are given by x and z (see 
Fig.9) as functions of a parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.9 Airfoil axis system 

The parameter 7 is chosen such that 
r = O  denotes the trailing edge lower 
side and r=1 denotes the trailing edge 
upper side, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso that 

x =x(r) with x(O)=x(l)=l, 
( 4 )  

z =z(r) with z(O)=z(l)=O. 

Furthermore, the arclength, measured 
along the airfoil contour is given by 
t=t(r), with 

t(0) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0,  

t(r) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdt d d  , 
dr’ 

t(1) = T ,  

where 

( 5 )  

By considering two points with the 
same x-coordinate on the upper and the 
lower side of the airfoil, camber and 
thickness can be defined as 

(7 )  

4.2 Geometry correction by means of a 
linearized panel method 
As indicated in the previous section, 
the correction procedure in the 
current N L R  residual-correction method 
for single-point airfoil design is 
based on (linearized) thin-airfoil 
theory. And consequently, the velocity 
defect is split in a symmetrical and 
an anti-symmetrical part. The 
determination of the geometric 
corrections is formulated as a least 
squares problem in terms of camber and 
thickness corrections. 

Using the equivalent incompressible 
velocity distribution, symmetrical and 
anti-symmetrical perturbation 
velocities &U, and &U, are defined for 
each design condition. 
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According to thin airfoil theory there 
exists an integral relation between 
changes in thickness and symmetric 
perturbation velocities. This leads to 
the definition of the following 
residual 

A similar relation exists between 
changes in camber and anti-symmetric 
perturbation velocities. This leads to 
the definition of the residual 

e(x) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= SU,(X) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 9 )  

By setting zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR t  (x)=O the symmetric 
velocity defect 6ut is related to the 
required correction of the thickness 
distribution, and by setting zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARi (x)-0 
the anti-symmetrical velocity defect 
Su, is related to the required 
correction of the camber distribution 

Constraints on the geometry are 
limited to the requirement that the 
airfoil thickness and/or camber will 
approximately satisfy prescribed 
values. Accordingly, the camber and 
thickness corrections are determined 
such that the following functional is 
minimized, 

F(z, ,z , )  = 
X t e  

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc Wtj[6Zt(Xj) -6z;(xj)]2 + 

The first summation is over the 
different operating conditions, indi- 
cated by the superscript i. 
The second summation is over the 
points j where the value of the 
thickness is prescribed. The third 
summation over k concerns the pairs of 
points (k,ik) where the camber is 
prescribed by means of the difference 
between the values in these points. 
The weight factors are given by w'; the 
subscripts u,l,t,c refer to upper and 
lower side, and to thickness and 
camber respectively. 
Utilizing a planar panel method with 
constant singularity strengths on the 
panels, the above functional is 
discretized. By setting the 
derivatives with respect to the 
unknown parameters of the discretized 
functional thus obtained equal to 
zero, a linear system of algebraic 
equations is obtained. Its solution 
leads to corrections for the design 
variables thickness and camber. No 
attempt has been made to take the 
Betz/Mangler constraints into account. 
Undesirable geometric shapes are 
avoided by making use of the options 
for geometric constraints as described 
above. 

4 . 3  Computational results 

Two-Point reconstruction 
The translation of the transonic 
multi-point design problem into a 
sequence of equivalent incompressible 
multi-point design problems raises the 
question of feasibility.In order to 
demonstrate the feasibility, a two- 
point reconstruction test case has 
been run. To this end, inviscid 
pressure distributions were calculated 
on the Korn airfoil for an angle of 
attack a-0" and Mach number b-0 .75 ,  
and for an angle of attack a-5" and 
Mach number b-0.3. These pressure 
distributions were prescribed as 
targets for a two-point design problem 
with the NACA64A410 airfoil as 
starting geometry. 

Application of the design method led 
to an almost complete recovery of the 
original Korn airfoil in 10 iterations 



(see Fig.lO), each iteration involving 
two flow analysis calculations and one 
geometry update. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv c  I I 
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.000 0.200 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.400 0 600 0 BOO 1 .ooo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.10 Two-point reconstruction of 
Korn airfoil ; geometry 

In Figs.lla and llb the pressure 
distributions on the reconstructed 
airfoil are compared with the target 
pressure distributions. The pressure 
distributions on the reconstructed 
airfoil deviate only slightly from the 
targets. 

Two-point design - 

An example two-point design case has 
been run to investigate the 
possibility to determine the geometry 
of an airfoil such that it combines 
favourable characteristics at two 
different operating conditions. 
Similar design problems may be 
encountered e.g. at the design of a 
transport aircraft outer wing section 
(no flap, no slat) or at the design of 
a helicopter rotor blade section such 
as described in chapter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 when 
discussing the results presented in 
Ref.8. 

The present design problem was defined 
by prescribing two viscous target 
pressure distributions, one for Mach 
number &=Of 2 (Re=O. 5*107) associated 

I TARGET 

0 10 ITERATIONS 
OPERATING CONOlTlON zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

ALPm=5.0 *Ytn=0.3 

-3.0 

-2.0 cp i 
- 1 . 0  

0 . 0  

1 .o 

0.000 0 500 1 000 

Fig.lla Two-point reconstruction of 
Korn airfoil; pressure distribution 
for operating condition 1. 

I TIRGET zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 10 ITERATIONS 

OPERATING CONDITION Z 
ALPtU=O.O LUCHn0.75 I 

-1 .0  

- . 5  

0.0 

. 5  

1 .0  

pf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

I I X,fC I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

0.000 0.200 0.400 0.600 0.800 1.000 

Fig.llb Two-point reconstruction of 
Korn airfoil; pressure distribution 
for operating condition 2. 

with a high lift capacity, and another 
for Mach number &=0.77 (Re-107) chosen 
for its favourable high speed perform- 
ance. Two weight factors were 
introduced to balance the require- 
ments. Dealing with viscous target 
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pres sur 

TWO-POINT DESIGN 

VISCOUS FULL-POTENTIAL 

distributions 

GEOMETRY 

re 

z/c 

special problem if a viscous zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1-1 

ts no 
full - 

potential interaction code is used in 
the computational outer loop of the 
residual correction method. 

The target pressure distributions have 
been obtained by means of a separate 
computational process (Ref.23) in 
which the pressure distributions 
themselves were optimized with respect 
to desirable aerodynamic charac- 
teristics (one for high lift, and one 
for low drag) without making an 

z/c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.000- 

-0.500 - 

iori nnection with the airfoil 

I U l - 1  w2-4 I 

that should produce these pressure 
distributions. Such an a priori 
connection could be, for instance, 
that the two-point design problem was 
in fact a redesign problem, where the 
targets were expertly changed in some 
small detail with respect to the 
velocity distribution of the original 
airfoil. Therefore, it may be expected 
that the present two-point design will 
in general involve substantial 
discrepancies between targets and 
realized pressure distributions. 

0.500 T 

z/c I i U l - 1  w2-0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 
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Fig.12 Two-point airfoil design with different weight factor combinations ; 
geometry 
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Calculations have been performed for 
four choices of the weight factors 
showing the transition of a high lift 
airfoil (weight factor zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW2 set equal to 
zero) into a high speed airfoil 
(weight factor W1 set equal to zero). 

The NACA4412 airfoil has been used as 
starting geometry. Fig.12 shows the 
different airfoil shapes obtained in 
this way and Fig.13 shows the 
corresponding pressure distributions. 

-4 .0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7- 

MACH-0.2 RE-S.000.000 -3.5 

-2.0 

-2" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 
-1.0 - 1 ' 5  1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I 1 X{C I 
I I I I 

0.000 0.200 0.400 0.600 0.800 1.000 

Transonic code 
failed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.13 Two-point airfoil design with different weight factor combinations ; 
pressure distributions. 
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Fig. 13 (contd) Two-point airfoil design with different weight factor 
combinations ; pressure distributions. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As such, the results demonstrate that two-point design involves two 
the design process in itself works. completely incompatible targets, in 
However, it does indeed not directly the sense that there does not exist 
lead to the determination of a new one single airfoil which will produce 
airfoil fulfilling the design both specified pressure distributions 
requirements, as was already expected at the specified operating conditions 

above. The reason is that the present 
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The question of how to deal with such 
incompatibility is one of the subjects 
of current investigations at NLR with 
respect to multi-point design. 

But even for the single-point designs, 
there are discrepancies from the 
targets. There are two obvious reasons 
for this. Firstly, the geometry 
correction procedure, based on a 
linearized panel method, frequently 
gives rise to distortion of the 
leading edge airfoil shape, as 
illustrated in Fig.14. Usually, this 
leads eventually to a breakdown of the 
iteration process. The consequent 
discrepancies from the target are 
evident in the upper left result in 
Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 3 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

. . . - . . - . previous iteration step I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-0.003 0.014 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.031 0.040 0.066 0.083 0.100 

Fig. 14 Distorted airfoil shape 
leading to breakdorim of iteration 
process. 

Secondly, it will in general not b 
possible to specify a pressure 
distribution with a (weak) shock such 
that it is fully consistent with the 
shock-capturing properties implied by 
the analysis code. This is probably 
one of the causes of the discrepancies 
between target and realized pressure 
distribution appearing in the lower 
right result in Fig.13 (contd). But 
these discrepancies will also be due 
to the premature end of the iteration 
process caused by the limitations of 
the geometry correction procedure, as 
illustrated in Fig.14. 

For the present example no attempts 
have been made to overcome the 
problems discussed above. The results 
presented, were considered 
satisfactory for the present 
demonstration. 

4.4 Conclusion 
With the computational results 
presented above it has been shown that 
the N U  residual-correction method 
with its replacement of the actual 
design problem by an equivalent 
incompressible design problem, is a 
feasible approach to the multi-point 
design problem. Application to the 
reconstruction test case indeed led to 
an almost complete recovery of the 
target geometry, and application to 
the design problem resulted in an 
apparent compromise between two 
incompatible requirements. The 
shortcomings of the present method are 
to be found in the correction 
procedure, especially at the airfoil 
leading edge. 

A major difficulty with the present 
formulation of the multi-point design 
problem has been indicated, viz. the 
question of how to deal with 
incompatibility in the design goals. 
The two-point design example presented 
here illustrates this problem very 
clearly. On the other hand it may be 
expected that in practice, multi-point 
design will indeed appear in the form 
of a redesign problem, where the 
targets will be specified by expertly 
modifying existing velocity 
distributions for a number of 
operating conditions. The 
incompatibility will then possibly be 
not zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso extreme. 

As is remarked above, the feasibility 
of translating the actual design 
problem into an equivalent 
incompressible flow problem has been 
demonstrated. Therefore, the remainder 
of the present paper will focus on 
attempts to improve the solution of 
the equivalent multi-point design 
problem. 
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5. NON-LINEARIZED APPROACHES TO THE 
EQUIVALENT INCOMPRESSIBLE MULTI-POINT 
DESIGN PROBLEM 

5.1 Redefinition of the problem zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The equivalent incompressible multi- 
point design problem is defined such 
that for each design condition i a 
desired velocity distribution is 
specified as a function of the 
fractional arclength 

- t  t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= =. 

The requirements according to the 
Betz-Mangler constraints, associated 
with trailing edge closure and 
compatibility of target velocity and 
free stream velocity, are addressed by 
introducing a certain amount of 
freedom in the target velocity 
distributions. To this end, the 
specified target velocity distribution 
is augmented with auxiliary functions, 
containing three parameters which may 
be utilized to modify the target, 
simultaneously with solving the design 
problem such that the Betz-Mangler 
constraints will be fulfilled. Such a 
set of three parameters is associated 
with each operating condition and 
their values will be determined as 
part of the solution. 

Thus, following Ref.24, the target 
velocity is considered to have the 
form 

Here, pi scales the tangential 
velocity level such that compatibility zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of the target velocity and the free 
stream velocity is established. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  has 
been remarked in part I of the present 
paper (Ref.7), the forward stagnation 
point location can be used as a second 
degree of freedom in the target. One 
of the auxiliary functions chosen in 
Ref. 24 achieves a coordinate 
transformation correlating the 
stagnation point location with the 
parameter pi . A third degree of 
freedom (with a parameter pi) is used 
to adjust the velocity level near the 

trailing edge for compliance with 
trailing edge closure (or a prescribed 
trailing edge thickness). If the 
target is specified such that all 
consistency constraints are implicitly 
fulfilled, the parameters assume the 
values pi -1, pi -0, and p3i 4, and the 
original target is not modified. 

Both alternative algorithms considered 
here for solving the present 
equivalent incompressible multi-point 
design problem are based on 
application of a first order panel 
method for the determination of the 
flow around an airfoil, utilizing 
piecewise constant doublet and source 
distributions on the airfoil contour. 
A description of this method is given 
in appendix A. 

According to this flow simulation, the 
total velocity potential is determined 
by 

where the velocity potential of the 
undisturbed flow 4: is given by 

i 'i - 4, = q,. x ,  

with 

and where the magnitude of the onset 
flow velocity has been set equal to 
one. 

The velocity potential due to the 
doublet distribution d i  is determined 
by 

(16) . .  
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - = t e  

X-Xte 

i + pTtan- -, 

and the velocity potential due to the 
source distribution is determined by 



+ ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz (t) -Z ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS )  ) '1 '"d~ . 

Applying the panel method, the design 
problem may be defined as the 
minimization of the functional 

F = C  W i F i ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
i 

with 

F' = Jo1(Vi-Via,)2dr 

under the condition 

4; + 4; = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ,  

which is equivalent to the Neumann 
condition of zero normal velocity on 
the airfoil contour, and the condition 

which takes account of the Kutta 
condition at the trailing edge. 

A discretized form of Eq.(13) is 
obtained by evaluating the integrand 
at the midpoints of the panels and 
taking it constant along the panels. 
Solution of the design problem then 
involves the minimization of the 
discretized functional zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F = C  WiF'= 

i 

under the conditions 

for k=2(1)N, and 
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Here, the indices k refer to the panel 
midpoints; k-2 denotes the first 
midpoint near the trailing edge on the 
airfoil lower side, k=N denotes the 
last midpoint near the trailing edge 
on the airfoil upper side. 

Considering the minimization of the 
functional, obvious design variables 
are the angles of attack zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAai and the 
velocity parameters pi . With respect 
to the representation of the airfoil 
contour, x as well as z may be 
considered as unknown functions, that 
are to be determined during the design 
process. Above, it has been assumed 
that the velocity distribution is 
specified as a function of the 
fractional arclength. The prescribed 
velocity will be attained on the 
airfoil contour at given values of the 
arclength. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASo, because of the fact 
that the contour coordinates x and z 
are connected through the arclength, 
only one of these functions is 
actually required as design variable. 
However, it has appeared that a 
greater flexibility for modification 
of the airfoil contour is obtained 
when both x and z are considered as 
design variables while prescribing the 
arclength. Thus, the functional will 
be minimized with respect to the 
design variables ai,  x, z and the 
parameters pi. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5.2 Least squares approach 
The design problem as formulated in 
the previous section may be solved in 
the least squares sense by considering 
the minimization of the augmented 
functional 

Q = F + H =  
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This functional will attain its 
minimum (zero) when the design 
requirements for all operating 
conditions are fulfilled zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( the first 
term then vanishes) and when for all 
operating conditions the Neumann 
condition of zero normal velocity on 
the airfoil contour is satisfied (the 
second term then vanishes). 

During the investigations based on 
this approach to the solution of the 
design problem it appeared to be 
necessary to have some control over 
the values of the parameters pi . 
Furthermore, the designer obviously 
wishes to keep the deviations from his 
specified targets as small as 
possible. Therefore, the functional 
(25) is augmented further (in 
discretized form) to 

The weight factor in the last term 
enables the designer to control the 
deviation of the free parameters from 
their ideal values zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1 ,0 ,0 )  if no 
modification is needed to satisfy the 
Betz-Mangler constraints. 

The functional Q has essentially the 
form 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 is the vector of design 

where the f, form together a vector f .  
This type of minimization problem can 
efficiently be solved by means of the 
method described in Ref.25. The 
computational algorithm proceeds as 
follows : 

variables zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa i ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAxj, zj, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApm i and pi , and 

1. Given zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz=??i), compute the vector of 
residuals ? ( i )  and the Jacobian 
J(i) ; the Jacobian is derived by 

differentiating the residuals f, 
with respect to the design 
variables. 

2. Determine the search direction by 
com uting z ( i ) = - J ( i ) + . $ i ) ,  where 
J(i) Y 

is the generalized inverse of 
J(i). 

3 .  Set z(i+l)-??i)+Az(i), and 
determine X>O such that 

4 .  If preset conditions with respect 
to the variation of 2 ,  or with 
respect to the residuals fn, are 
fulfilled, convergence is 
considered to be attained; then 
terminate the iteration process, 
otherwise repeat from 1. 

I .  Q [ z(i+l) ] <Q [ z(i) 

5.3 Variational approach 
As an alternative to the least squares 
approach for solving the equivalent 
incompressible multi-point design 
problem as defined in section 5.1 the 
variational approach may be 
considered. To that end consider the 
augmented functional 

L = F + G =  

= [W'F' + G'] - - 
i 

where Xi(r) is a differentiable 
function. By minimizing the functional 
L with respect to the functions x ( r ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z ( r ) ,  Xi( r )  and p i ( 7 ) ,  and the 
parameters pli, pZi, p3i and ai ,  the 
solution of the multi-point design 
problem will be obtained. To that end, 
the variation of L is considered. 

Variation of the functional with 
respect to Xi leads to the observation 
that 

will be identically zero if pi is 
varied within the class of functions 
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satisfying Eqs.(20) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(21), i.e. 
potential flow with zero normal 
velocity at the airfoil contour and 
satisfying the Kutta condition. 

Similarly, it may be observed that the 
variation of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL with respect to pi will 
vanish identically if the co-state 
variable X i  is varied within the class 
of solutions of the adjoint state 
equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

+ ( 7 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ 

Just like in the previous section a 
discretized form of the functional is 
obtained, 

L = c  [W' Fi + G'] = 
i 

k=N 

Here, the adjoint state variable zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX is 
assumed to be piecewise constant on 
each panel. Then, the computational 
procedure for calculating the design 
variables zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAai,  pi  , X i  , xj, zj and pi 
proceeds as follows : 

1. Solve the analysis problem for each 
design condition for an estimate of 
the airfoil shape. Application of the 
panel method, described in appendix A, 
involves the solution of a system of 
algebraic equations of the form 

( 3 3 )  
.i =N i=N-1 

for k=2(1)N, and 

i i i  
= pN-p2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 4 )  

By solving this system of linear 
equations, the doublet strength is 
determined. Then the velocity 
distribution along the airfoil contour 
is calculated by means of a finite 
difference approximation of 

2. For each operating condition, solve 
the adjoint problem which in its 
continuous formulation is defined by 
Eqs.(26) and ( 2 7 ) .  Its discrete form, 
associated with Eqs(29) and (30)  is 
given by 

k=N 

wwm,kX:A7k + 

k=2 

(36 )  

for m=2(1)N, where 

= MADk,2-MADk,1 3 

Here, the right hand side is 
calculated from the current velocity 
distribution determined in step 1. 
From this system of equations the 
discrete values of the adjoint state 
variable X i  
airfoil contour at the operating 
condition considered. 

are calculated for a given 

3. Determine the gradient of the 
discretized functional as defined by 
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0.50. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Eq.(28). The gradient is calculated 
using the derivatives of the 
functional L with respect to the 
design variables. Determine a new 
estimate of the design variables by 
applying a suitable optimization 
procedure, using the above gradient 
information. Thus, obtain a modified 
airfoil shape, defined by X(T) and 
z ( T ) ,  new angles of attack zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAai and new 
values for the velocity parameters pi 

-0.50. 

4. Iterate 1 through 3 until 
convergence has been achieved. 

In the third step of the latter 
minimization procedure any appropriate 
optimization method can be applied, in 
principle. However, because of its 
flexibility with respect to applying 
geometric constraints, at NLR the 
optimization method available as 
subroutine E04UCF in the NAG Fortran 
Library (See Ref.26) has been chosen. 
This subroutine is based on a 
sequential quadratic programming (SQP) 
algorithm in which the search 
direction is the solution of a 
quadratic programming problem. The 
algorithm treats bounds, linear 
constraints and nonlinear constraints 
separately. 

5.4 Computational results zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

" 1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 -  

2 -  
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lower side 
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U V U ~ r i O  " zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe-" 0 "-"-"-I, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4-0 I \ upperside 
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-1  

0 modifidtarget 

Fig.15 Velocity distributions of a 
design exercise presented in Ref.24 

Auxiliary velocity functions 
Prior to presenting results obtained 
using the algorithms described in 
sections 5.2 and 5.3, some remarks may 
be made on the role of the auxiliary 
functions and free parameters 
introduced in the target velocity 
distribution as indicated in section 
5.1. For the time being, the auxiliary 
functions and their parameters have 
been chosen according to Ref.24, where 
an inverse airfoil design method is 
described following essentially the 
same algorithm as described in section 
5.3. 

Results for a design exercise 
presented in Ref.24 are reproduced in 
Figs. 15 and 16. The target velocity 
distribution specified in this 
exercise violates the Betz-Mangler 

X 

Fig.16 Airfoil producing the velocity 
distribution depicted in Fig.15 

constraints in a rather extreme 
way,such that large modifications were 
needed in order to obtain a consistent 
velocity distribution. This is 
illustrated in Fig.15 where the 
originally specified target is 
compared with the modified target and 
the eventually obtained velocity 
distribution on the designed airfoil. 
The degrees of freedom introduced in 
the target velocity distribution, as 
described in section 5.1 are turned to 



full account, as appears from the 
large displacement of the forward 
stagnation point and the modification 
of the behaviour near the trailing 
edge on the lower as well as on the 
upper side of the airfoil. The 
NACA0012 airfoil was chosen as 
starting geometry for the design 
process. Attempts to apply the design 
procedure without modifying the 
original target led to divergence of 
the minimization process, indicating 
that the problem was ill-posed. 
Application of the design procedure 
with simultaneous modification of the 
target showed convergence to an 
optimal solution represented by the 
airfoil of Fig.16 and the actual 
velocity distribution depicted in 
Fig.15. The airfoil that resulted from 
this design exercise is not attractive 
from the aerodynamic wing designer’s 
point of view. It illustrates, 
however, the flexibility and 
robustness obtained for single-point 
design by introducing the auxiliary 
functions to obtain some degree of 
freedom in the prescribed target 
velocity distribution. 

Feasibility 
The feasibility of the algorithms is 
examined by considering a single-point 
test case, which involves the 
reconstruction of the NACA4418 airfoil 
starting with the NACA0012 airfoil. 
Fig.17a shows the 
recovery of the airfoil contour and 
Fig.17b shows the recovery of the 
velocity distribution. 
The same result is obtained with 
either of the alternative algorithms. 
However, there is a large difference 
between both algorithms with respect 
to the computing time involved. This 
is illustrated in Fig.18 where the 
value of both objective functions 
divided by their starting value is 
plotted against the number of function 
evaluations. During the larger part of 
the computational process, the rate of 
convergence of the variational 
approach, involving the actual 
minimization of the objective function 
defined by Eq.(20), is much smaller zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 , 5 0 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.000 

-0 .500 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I N I T I A L  

V A A l A T I O N A L  A m .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
__ TARGET 

0.000 0.500 1.000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.17a Reconstruction of NACA4418 
starting with NACAOO12 
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0.00 

-1.50 
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, S/STOT 
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Fig.17b Recovery of velocity 
distribution, for the reconstructed 
NACA4418 airfoil 

than the rate of convergence of the 
least squares approach, involving the 
solution of the set of non-linear 
equations following from the 
optimality conditions for the 
objective function of Eq.(18). 
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Design zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- variables 
In section 5.1 it has been remarked 
that it would be beneficial to obtain 
more flexibility in the contour 
representation by introducing the x- 
coordinates as additional design 
variables. This may be demonstrated by 
means of a second single-point design 
test case. This test case involves 
the determination of an airfoil shape 
which, in the incompressible inviscid 
flow considered here, will produce the 
pressure distribution specified as 
target for subsonic viscous flow (Mach 
number &=0.2 and Reynolds number 
Re=5.106) in the two-point design 
problem defined in section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 . 3 .  
Approximation of a viscous velocity 
distribution near the trailing edge of 
an airfoil in inviscid flow will 
inevitably lead to a cusped contour. 
Moreover, it is likely that a cross- 
over of upper and lower side of the 
contour will be encountered. Hence, it 
may be expected that the target cannot 
be fully realized in incompressible 
inviscid flow, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso that the auxiliary 
functions should take care of an 
appropriate modification of the 
target. 

Both algorithms described in section 
5.2 and in section 5.3, were applied 
to this test case. And either 

algorithm was applied with two 
different sets of design variables; 
one set composed of the z-coordinates 
of the airfoil contour and the free 
parameters of the auxiliary velocity 
functions, and a second set obtained 
by adding the x-coordinates. The 
NACA0012 airfoil was used as starting 
geometry. 

RESIDUAL-CORRECTION LINEARIZED LSQ 
o LEAST SQUARES ALGORITHM 
x VARIATIONAL ALGORITHM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-0.600 

-0.200 0.200 0.600 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwc 1.ooO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.19 Single-point design (fixed x) 
for the subsonic target defined in 
section 4.3 (resulting airfoil 
shapes). 

The results obtained with the first 
set of design variables (fixed x) are 
shown in Figs.19 and 20. There is a 
rather large discrepancy between the 
results of the two alternative 
algorithms. This will be due to the 
fact that a converged result could not 
be obtained by means of the 
variational algorithm because of 
cross-over near the trailing edge; the 
larger part of the discrepancy between 
both results is caused by violating 
the Kutta condition. This could have 
been avoided by applying a constraint 
on the trailing edge angle. But with 
respect to the present investigation 
the result in the leading edge region 
is of more importance. Both algorithms 
produced a solution with a 
qualitatively wrong behaviour in that 
region (see also Fig.21). 
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Fig.20 Single-point design (fixed x) 
for the subsonic target defined in 
section 4.3 (resulting velocity 
distributions). 
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Fig.21 Single-point design (fixed x) 
for the subsonic target defined in 
section 4.3 (resulting velocity 
distribution in the leading edge 
region). 

A far more satisfactory result has 
been obtained by applying the two 
algorithms with the second set of 
design variables (variable x). 

Discrepancies between the results of 
the two alternative algorithms are 
hardly noticeable as illustrated by 
Figs.22 through 24. 

0.600 

0 * 000 

-0.600 

RESIDUALGORRECTION LINEARIZED LSQ 
0 LEAST SQUARES ALGORITHM 
x VARIATIONAL ALGORITHM 

-0.200 0.200 0.600 1.000 

Fig.22 Single-point design (variable 
x) for the subsonic target defined in 
section 4.3 (resulting airfoil 
shapes). 
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Fig.23 Single-point design (variable 
x) for the subsonic target defined in 
section 4.3 (resulting velocity 
distributions). 
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In Figs. 23 and 24 the high degree of 
convergence of the computations is 
reflected in the close agreement 
between the realized velocity 
distribution and the modified target. 
From these results the conclusion can 
be drawn that the introduction of the 
x-coordinates as extra design 
variables leads indeed to a greater 
flexibility, and as a consequence to a 
better result. 

LEAST SQUARES ALGORITHM 
VARIATIONAL ALGORITHM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- 1 . 3 0 l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I S/STOT I 

I I I 
0.400 0.500 0.600 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.24 Single-point design (variable 
x) for the subsonic target defined in 
section 4.3 (resulting velocity 
distribution in the leading edge 
region). 

Two-Doint design test case 
As a final example of application, 
preliminary results for a two-point 
design test case are presented. The 
test case closely resembles the test 
case discussed in section 4.3, but it 
has been defined in a different way: 

- First of all two airfoils were 
defined. One airfoil is very similar 
to that discussed in the previous 
single-point example, i.e. an airfoil 
with a favourable high lift capacity 
in subsonic operating conditions. The 
other airfoil has low drag under 
transonic operating conditions (see 
Fig. 25). 

HIGH LIFT 
LOW DRAG 

T 
0.600 

-0.600 

I I 1 x 1  I 
I I 

-0.200 0.200 0.600 I .ooo 

Fig.25 Two-point design test case, 
basic airfoils. 

- For these airfoils the velocity 
distributions in incompressible 
potential flow were subsequently 
calculated for an angle of attack 
a=10.8" with the first airfoil (high 
lift) and for an angle of attack 
a=1.0" on the second airfoil (low 
drag). These calculated velocity 
distributions define the target 
velocity distributions for the two- 
point design test case. 
- As a starting geometry for the 
design process the NACA0012 airfoil 
was chosen again. 

The computations have been performel 
by means of the least squares 
algorithm, using as design variables 
x ,  z, pl,p2,p3 and the angle of attack 
associated with the second operating 
condition. The values of the weight 
factors in the functional defined by 
Eq. (26) were chosen to be W'-W2-0. 5 and 
W1=W:=0.3. It may be noted that for 
Wp-0 and for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW2=0 the design problem is 
reduced to a single-point problem, 
and, because of the way in which the 
targets have been defined, in fact 
into a reconstruction problem. 



The results are presented in Figs.26 
through 28. It appears from Fig.26 
that, just like with the result of 
section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 . 3 ,  the designed airfoil has 
characteristics of both basic 
airfoils. 

Due to the incompatibility of the 
targets, neither of the targets has 
been realized completely. The velocity 
distributions at the lower side of the 
airfoil are closely approximated (see 
Fig.27), but in the region near the 
leading edge at the upper side of the 
airfoil rather large discrepancies 
remain. Apparently, this region in 
particular, determines the specific 
characteristics of the basic airfoils 
used for the definition of the present 
test case. 

The auxiliary functions in the target 
velocity that enable modification of 
the specified target, such that the 
Betz-Mangler constraints will be 
satisfied do not play a significant 
role in the computational process. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.26 Two-point design test case; 
airfoil shape compared with both basic 
airfoils. 
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Fig.27 Two-point design test case; velocity distributions. 
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Because of the fact that velocity 
distributions computed for the basic 
airfoils have been assigned as 
targets, the auxiliary functions are 
not needed to fulfil the Betz-Mangler 
constraints. On the other hand, 
modification of the specified targets 
could possibly have removed their 
mutual incompatibility. Although 
thetargets are slightly modified (see 
Fig.27), the freedom introduced by the 
auxiliary functions is apparently not 
adequate for that purpose. As a 
consequence of the incompatibility the 
minimum of the functional will not be 
zero. This is shown in Fig.28, where 
the convergence history of the 
iteration process is illustrated by 
presenting the subsequent values of 
the functional versus the number of 
its evaluations. Though a significant 
reduction of the value of the 
functional is obtained, the minimum is 
still rather large when compared with 
the minimum obtained in the case of a 
reconstruction problem (compare 
Fig. 18). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.28 Two-point design test case; 
convergence history. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 .  CONCLUSIONS 

The feasibility of multi-point airfoil 
design has been demonstrated with the 

aid of some examples. Its benefit is 
most obvious in situations where 
requirements for completely different 
operating conditions, such as with 
helicopter blades under advancing and 
retreating conditions, must be ful- 
filled. But it appears also possible 
to improve e.g. the drag polar of an 
airfoil by applying multi-point 
instead of single-point design. The 
existence of a unique solution to the 
multi-point design problem seems 
questionable, in particular if the 
design requirements are formulated in 
terms of global aerodynamic character- 
istics. From this point of view, it 
seems likely that formulation of 
design requirements in terms of 
prescribed pressure distributions is 
to be preferred. On the other hand, 
when operating conditions are 
considered that lead to the 
specification of conflicting require- 
ments, the prescribed pressure 
distributions will in general be 
incompatible, in the sense that there 
does not exist one single airfoil that 
will produce the specified pressure 
distributions at each specified 
operational condition. 

Most applications found in the 
literature concern redesign of 
airfoils aiming at drag reduction. 
Direct numerical optimization 
techniques are applied to a cost 
function that is the weighted sum of 
drag coefficients. Alternatively, the 
cost function may be a weighted sum of 
the squared differences between the 
prescribed target pressure 
distributions and the actually real- 
ized pressure distributions for a 
number of operating conditions. Such a 
cost function is considered when 
applying a residual-correction method 
for inverse shape design. By taking 
one of the weights equal to one, and 
the other weights equal to zero, the 
thus formulated design problem reduces 
to a single-point design problem. If 
each of these single-point problems 
can be formulated such that it is 
well-posed, in the sense that there 
exists of a unique solution, the 
corresponding multi-point design 
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problem can be expected to be at least 
"better-posed" than without such 
premise. 

At NLR research is in progress on a 
residual-correction method. This 
method assumes the availability of a 
computer program for the calculation 
of the pressure distribution on an 
airfoil in full-potential flow, 
possibly taking boundary layer effects 
into account. Deviations from the 
specified target pressure 
distributions (the residuals) are 
translated into airfoil geometry 
corrections, using an approximate 
inverse method. This approximate 
inverse method is formulated as an 
equivalent incompressible multi-point 
airfoil design problem. The feasibil- 
ity of this approach has been demon- 
strated for a two-point reconstruction 
test case. An example two-point design 
case has also illustrated the applic- 
ability of the approach to reach a 
solution, even if there are 
conflicting requirements. 

The requirements for the above 
introduced equivalent incompressible 
multi-point design problem are 
specified in terms of prescribed 
target velocity distributions. 
Auxiliary functions with free 
parameters are introduced for each 
design point in order to allow the 
adjustment of each target to fulfil 
the Betz-Mangler constraints. The 
efficiency of this procedure to ensure 
the existence of a solution for 
single-point design is illustrated. 
Indeed, the introduction of such func- 
tions allows the prescription of 
highly arbitrary velocity distribu- 
tions. In the case of multi-point 
design the auxiliary functions with 
free parameters have, of course, 
exactly the same role. However, it was 
found that he freedom introduced by 
the functions considered here is not 
adequate for solving the incompati- 
bility problem. 

The equivalent incompressible multi- 
point design problem is formulated as 
a minimization problem. Two 

alternative approaches for the 
solution of this problem have been 
considered. One approach is based on a 
least squares approximation and 
involves the solution of a set of non- 
linear equations. The other approach 
is based on a gradient search 
technique, derived using the calculus 
of variations, and involves the 
solution of an adjoint .problem. The 
algorithm based on the least squares 
approach uses much less computer time 
than the algorithm based on the 
gradient search approach. Otherwise, 
results obtained by the two algorithms 
are in perfect agreement with each 
other. A converged result has been 
shown for a two-point design test 
case, demonstrating the still existing 
inc ompa t ib i 1 i t y problem zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
The equivalent incompressible multi- 
point design problem is solved, 
utilizing the method of singularity 
distributions for simulation of the 
flow around the airfoil. Numerical 
calculations are performed by means of 
panel methods. A fast computational 
method is obtained by using a planar 
panel method to calculate corrections 
to camber and thickness separately. 
However, the geometry corrections thus 
obtained frequently give rise to 
distortions of the leading edge 
geometry. Completely satisfactory 
results are obtained only when a non- 
planar panel method is applied for the 
calculation of corrections to x- as 
well as z-coordinates of the points 
representing the airfoil geometry. 

Further investigations at NLR will 
concern the incompatibility problem 
and, with a view to practical 
application, the implementation of 
geometric constraints in the least 
squares algorithm. Possibilities to 
accelerate the algorithm based on the 
variational approach will be examined. 
Moreover, although the present NLR 
residual-correction method is formally 
based on transonic full-potential 
flow, its applicability is not 
strictly limited to such flow. Because 
the residual-correction approach only 
requires geometry corrections in the 
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right direction, extension to inviscid 
flow governed by the Euler equations, 
or even to viscous flow, is 
straightforward, as long as a computer 
program for the analysis of such flow 
is available and the flow conditions 
considered are such that transonic 
full potential flow is a reasonable 
approximation of the inviscid outer 
flow. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Appendix A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFIRST ORDER zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPANEL METHOD 

Consider the incompressible potential 
flow in a domain n, bounded on the 
inner side by the airfoil contour l? 
and on the outer side at infinity by a 
contour rc (see Fig.A.l), where the 
undisturbed velocity is given by 

vf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.A.l Two-dimensional flow domain 

In order to allow the existence of a 
discontinuous velocity potential, as 
in the case of a lifting airfoil, 
assume a discontinuity line rT ( upper 
side of the slit in Fig.A.l ) which 
extends from the trailing edge to 
infinity downstream, but of which the 
precise location is otherwise 
irrelevant. 

In n the flow is governed by the 
Laplace equation 

A 4 i  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ,  (A. 2) 

while the flow around a given airfoil 
satisfies the following conditions: 

(A. 3) 
on I ? ,  

o n r  , 

(Kutta condition). 
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(Continuity). 

This system of equations determines 
the velocity potential apart from a 
constant which may be chosen 
arbitrarily. 

The flow may be simulated by means of 
a distribution of sources and doublets 
on the airfoil contour zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr and a doublet 
distribution of constant strength pT on 
the slit rT. The Kutta condition is 
fulfilled by taking the doublet 
strength on the slit equal to the jump 
in doublet strength at the trailing 
edge zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 

pT = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp ( 1 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- p ( o )  * zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( A .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 )  

The doublet distribution gives rise to 
a velocity potential 

The source distribution gives rise to 
a velocity potential 

+(z(t)-z(s) )2]1'2d~ 

The undisturbed flow has a velocity 
potential 

where 

os zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( a i )  

and the magnitude of the onset flow 
velocity has been set equal to one. 

The total velocity potential is given 
by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

di = 4:+4:+4: ( A .  10) 

The doublet distribution gives rise to 
a jump in potential across the airfoil 
contour 

( A .  11) (qP)+ - (4 ' ) -  = -/d. 

The source distribution gives rise to 
a jump in normal velocity across the 
airfoil contour 

( A .  12) 

Zero normal velocity at the outer side 
of the airfoil surface will be ensured 
by choosing the strength of the source 
distribution equal to 

( A .  1 3 )  

and determining the strength of the 
doublet distribution such that 

<4;+4:>- = 0 ,  ( A .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14) 

which implies that 

a <4;+4:>1- = 0 ,  ( A .  15) [-z 

and thus 
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On the inner side of the airfoil 
contour there holds zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

t4:+4:1- = 

[&+&Ii = 

for k=2(1)N, 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp i  denotes the constant doublet 
strength on the slit rT,’ which is 
related to the doublet strength on the 
airfoil contour by means of the 
approximated Kutta condition 

+ (z(~)-z(s>)~]~’~] ds’. (A.17) 

Upon application of condition (A.14), 
this expression produces an integral 
equation for the doublet strength pi. 
And, by virtue of Eq.(A.10) and 
Eq.(A.14), the tangential velocity at 
the outer side of the airfoil contour 
is determined from 

A straightforward solution of the 
integral equation can be obtained by 
applying a panel method. A simple and 
cheap panel method can be derived if 
it is assumed that the airfoil contour 
will be given by N discrete points 
(upper and lower trailing edge point 
included) and that an approximation 
of the contour may be obtained by 
connecting these points by straight 
line segments (the panels), and 
furthermore taking the source and 
doublet strengths constant on each 
line segment. 

Solving this system of linear 
equations, the doublet strength is 
determined and subsequently, the 
velocity distribution along the 
airfoil contour is calculated by means 
of a finite difference approximation 
of Eq.(A.18). 

Taking as collocation points the 
midpoints of the panels, the integral 
equation is reduced to a system of 
linear equations for the unknown 
doublet strengths pj , j=l(l)N 
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Abstract zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
After a brief recall on the history of the field of optimal shape design, we 
shall present a few applications to aerodynamics, then recall the variational 
approach, the numerical methods and the recent developments both in applied 
mathematics and in computer sciences 

Plan : 

1.  Introduction 

2. Industrial examples. 

3. Existence results. 

4. Principle of resolution 

5.Numerical implementation 

6 .  New approaches. 

1. INTRODUCTION 

Among applied mathematicians, optimal shape design is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAan old problem. How- 
ever very few cases could be solved analytically until recently, especially when 
the physical system involves a Partial Differential Equation (PDE). 
Hadamard (1910) is credited with the first formula for the sensitivity of a PDE 
with respect to the shape of the domain. However the field as we know it now, 

Presented at an AGARD-FDP-VKI Special Course at the V n ,  Rhode-Saint-Genbe, April 1994. 
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really began with Cea et a1 (1973) as an off spring of optimal control thcory 
(Lions (1968)) and the calcul of variation developped by the Chicago school 
in the nineties. 
In France the author (1973), Murat-Simon (1976), Cea (in Haug et a1 (1978) 
gave methods to derive optimality conditions for the continuous problem and 
Begis et a1 (1976) Morice (1976) and Marrocco et a1 (1978) for the discretized 
problem with their numerical solutions. 
There are now at least four books on the field: 
-Two which are proceedings of summer schools (Haug et a1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1 98 1) and Dclfour 

- One by the author (Pironneau (1984)) 
- One with analytical solutions (Banichuck (1980)) 
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA recent one by Haslager et a1 (1989) 
Thcorctical results on the existcnce of solutions were obtaincd by Chenais 
(1975) and counter examplcs produced by Tartar (1 975) in a key paper which 
linked optimal shape design with homogenization theory, though this concems 
structures more than fluids. 
For fluids, numerical results were few. Scveral rcasons but mostly becausc these 
computations are quite costly and very delicate, particularly in 3D. The situation 
is changing. The design of wave riders and optimal supcrsonic transportcrs are 
sufficiently important to invest in the field. In Europe there is a Brite program 
on optimal shape design. 

( 1992)) 

These lectures will bcgin with a few applications of Optimal Shape Dcsign 
to aerospace enginecring. Then we will spend a good deal of time on the 
numerical procedure by gradient methods. 
Most design engineers do their optimization by hand. But it is generally be- 
lieved that intuitive optimization is not possiblc beyond 8 dcgrecs of frccdom. 
Thus if it is ever shown that 3D wings can zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbe optimized with respect to shape, 
i t  will be done by computcr. 
A numerical fluid solver can zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbe vewed as a black box with an input, thc wing 
shape, and an output, the drag. Thcrc are commcrcial packages which find 
the minimum of a functional with respect to parameters and require only a 
subroutine to evaluate the functional for a given design. These packages are 
usally based on local variation methods (Powell( 1970)), involving polynomial 
fits of the functional from point cvaluations. They are expensivc hcre because 
thcy require zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO ( P 2 )  solutions of the flow solver when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP is the numbcr of design 
van ables. 
Whenever possible, i.e. when thc problem is differentiable it is much cheaper 
to use a gradient or a Newton method. The drawback is that one must do a 
sensitivity analysis to find the gradient of the functional with respect to the 
design variables. 



There are interesting developments in computer sciences around what is known 
as"differentiati0n by program". It has been shown on a problem of meteorology 
that these derivatives could be found automatically. We will end the 1ectur.es 
with an introduction to this new field. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2. INDUSTRIAL EXAMPLES. 

2.1 Wing design 
The best example is the optimization of a wing with respect to drag or lift. To 
reduce the drag by a few percents means a great cost saving on commercial 
planes. 
For viscous drag the Navier-Stokes equations must zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbe used. For wave drag the 
Euler system is sufficient. 

For a wing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS moving at constant speed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAuCx, the drag is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
l F zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=  VU + v u T )  - - V . U I ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2P - pn s, 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

As usual zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU is the fluid velocity, p the viscosity and p the pressure. The Navier- 
Stokes equations should bc used (e is the temperature): 

2 
3 ~ , [ p E ] + V . [ u p E ] + V . ( p u )  = V . ( K V O + [ ~ ( V U + V U ~ )  - -p ) IV .u ]u )  (4) 

The definition of energy 

U2 
E = - - + O  

2 

and the law of perfect gas p = ( y  - 1)pe closes the system. 

The problem is to minimize F A ,  with respect to the shape of S .  
There are several constraints: 

- A geometrical constraint: the volume of S greater than a given value or the 
solution will be a point. 



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAn aerodynamic constraint: thc lift must be greater than a given value or the 
wing will not fly. 

The problem is difficult because it involves thc compressible Navicr-Stokes 
equations at high Reynolds number. It can be simplified by conserving only 
the wave drag ie thc pressure term only in thc dclinition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF (Jameson (1987)). 
Then the viscous terms can zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbc dropped in thc Navicr-Stokes equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(p  = 

Assuming irrotational flow an even grcatcr simplication rcplaces the Euler 
equations by the compressiblc potential equation or cvcn the incompressible 
potential flow: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK = 0). 

U = v q ,  p = (1 - ~vq~2)”+’), p = py, v.pu = 0. (6) 

Or even, if at low Mach numbcr, by thc imcomprcssiblc potcntial flow equation: 

But then the full cxprcssion for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF must bc kcpt. 

Constraints on admissible shapes are numcrous: 

- Minimal thickness, given length. 
- Minimum admissible curvature 
- Minimal angle at thc trailing edge ... 

Another problem arises due to instability of optimal shapes with respect to 
data. It will be seen that the leading edge of the solution is a wedge. Thus 
if the incidence anglc for U, is changed the solution becomes very bad. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 
multi-point functional must bc uscd in the optimization, X u L F ’  at given 
lift F’; where F’ is computed from a Navicr-Stokcs equations with boundary 
conditions U = u k .  

2.2 Ribblets 
Consider a flat plate with grovcs dug on the surface parallel to the mean flow. 
It has been shown that such configurations have less drag than the flat plate per 
unit surface area. 

The phenomenon may actually be turbulent in its principle (Moin (1993)) 
because these groves or ribblets trap the largc vortices and prevent horse shoe 
formations. It is bcyond the limit of present computers to hope to solve such 
problems by optimal dcsign methods. Howcvcr cvcn the laminar casc lcads to 
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an optimization and it is not true that the flat plate is the best surface for drag 
per unit surface area for a Poiseuille flow. 

Ribblets are well within the logarithmic layer and near the viscous sublayer. 
Thus Poiseuille flow is a rough but sensible approximation. Then the problem 
is: 

with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( U ,  p )  solution of 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;=( 0 ) and p = p ( z )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Y )  

V p - v A u = (  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaz 0 0 ) = 0  

* - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAvA,,+ 

Let, with p = kz,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-U AU + k = 0 (1 1) 

With a preiodic distribution of groves zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC and a Neumann condition on the upper 
artificial boundary which simulates the matching with the boundary layer S the 
problem becomes: 

with (U, k )  solution of 

- v A u + k = O  in 52 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
u = O  on C 
au  
an 
- = 0  on S 

U = x - periodic 

A constraint on the flux needs to be added to fix k: 

U = d ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL 
2.4 Shock wave sound reduction 



6-6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Some supersonic carrier are considcrcd too noisy. An optimization of the 
shock wave jump and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ or thc jcts can be pcrformcd with respcct to the far 
field noise. Again the full problem involves thc Navicr-Stokcs cquations but 
simpler approximations likc Lighthill’s can be uscd and in the far ficld it is the 
wave equation which is solved. 

2.5 Stealth airplanes. 
In this line of problems a simplcr onc is the optimization of thc far-ficld cnergy 
of a radar wave reflected by an airplanc in flight. 
The equations are Maxwell’s but thc constraints may zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbe aerodynamical ( lift 
above a given lower limit) and thus requires thc solution of the fluid part. The 
design variablcs arc: 

- The shape of thc wing 
- The thickness of thc paint 
- The material characteristics zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( E ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp) of thc absorbing paint. 

A simple representative in this class is the case of T.M. polarization for the 
incoming radar wavc and a 2D dcsign: 

The class of admissible forms 0 may includc a constraint on thc l i f t  given by 

(6). 

Here again, the thcorctical complcxity of the problcm can bc apprcciatcd from 
the following question: 
Would ribblcts of the size of thc radar wavc improve thc dcsign? 
Actually homogenization can answscr the qucstion as in Achdou (1991) (sec 
also Artola (1991) and Achdou et a1 (1991)) It shows that indeed ribblcts 
improve the dcsign. 
But thcn boundary condition on S in (15) can bc replaccd by an averagcd 
condition on a surface without ribblcts: 
arp + barp/an given with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa and h dcpcnding on the ribblct shape. 

2.6 Academic test cases 
To illustrate the tcchnics the bcst is to considcr a simplc problem such an 
optimization for potential flow 



or with a stream function in 2D 

min( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlV$ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAudI2 : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-A$ = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 in  R, +Ian = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf )  (17) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ L  
This is in fact an "inverse problem" because one seeks a shape which produces 
a velocity as near to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu d  as possible in the region D of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ. 

3. EXISTENCE OF SOLUTIONS 

Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAud E L2(sZ), f E H - ' ( Q )  and $(R) be the solution of 

Given 0, D non empty and bounded with 0 3 D we seek 

L 

with 0 a subset in the the class of open sets R of R" such that 0 3 52 3 D , 
mes(52) = 1. 

Chenais (1975) showed that there exists a solution provided that the class 0 is 
restricted to R locally on one side of their boundaries and verifying the Cone 
Property: 

For every x E a 52 it is possible to place the vertex of a cone C, ( x )  with angle E 

such that R 3 C, ( x )  fl B, ( x )  where B, ( x )  is the sphere of radius E and centre 
X .  

This condition rules out oscillating boundaries. We also know (Pironneau 
(1984), see also Crouzeix (1991))that i f  J($) is the energy of the PDE 

then there exists a solution with the single hypothesis that 52 be an open set 
included in 0 because (1)(2) is equivalent to 

In 2D an intcresting result has been obtained by Sverak (1992): 

Theorem. 
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Y O  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 is the set zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof open sets containing D (possibly with a constraint on 
the area such as area zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) and whose connected components are bounded by 
N then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1)(2) has a solution. 

In other words, if a numerical algorithm generates a sequence of shapes which 
have each a small criteria, then two things can happen: 
- Either thc accumulation points will be solutions 
- Or therc will be more and morc holcs. 
This result is false in 3D as it is possiblc to make shapes with spikcs such that 
the 2D approximation will look likc a surface with holcs and yet the 3D surface 
remains singly connected. 

Proof. Thc proof will not zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbc givcn in thc lccturc. It is sketched hcrc for thc 
reader to see the kind of tools which are uscd in such studies. 
The proof relies on a compactness result for the Haudorff topology and on a 
result of potential theory which is valid only in 2D. 

The Hausdorff distance between 2 closcd sets A ,  B is S ( A ,  B )  = 
max(d(B, A ) ,  d ( A ,  B ) )  whcre d ( A ,  B )  = supxEA d ( x ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB ) .  For this distance 
we have the following : 
if F, is a uniformly bounded sequence , then therc is a closed bounded set F 
and a subsequence converging in the scnsc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof Hausdorff to E 
Equivalently let 52, be a sequence of open sets in Rd with 52, c 0. Then 
one can extract a subscqucnce, also denoted by 52, converging in the sense of 
Hausdorff to a 52, that is, vcrifying: 

VC c R,3m : C c R,Vn z m  andVx E 0 - 52,3x, E O - a n  : X n  -+ X. 

(21) 

So a minimizing subsequence for (2) will have the following propcrties 

-A+,, = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf i n  Qn, + E H'(Rn) and +,, -+ + in H ' ( 0 )  weak with, 

But we do not know how to show that 



$ = O i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 - Q  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(24) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
For this zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAan information on the characteristic function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx,, of 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA52" is needed 
because 

Sverak uses another argument to replace(25). First he shows that it is sufficient 
to study the case f=l. If $2" denotes the solution in Hi(52,) of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-An"  = 1 
then the convergence of Q" towards its weak limit is almost uniform (this is 
the difficult point) when the number of connected components is finite. This 
results from the theory of sub-harmonic functions is not true in 3D. 

Corollary 
With the Navier-Stokes equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor incompressible jlows there exists an op- 
timal wing projile with given area in 2 0  

Proof 
Let 52" be a minimizing sequence. Let U" be the corresponding solution of the 
Navier-Stokes equations : 

-vAu" + V.(u" @ U") + Vp"  = 0, V.u" = 0 i n  52" (26) 

Let Q" be boundcd with two connected components, the wing profile S" where 
U" = 0 and the boundary which approximates infinity 852" - S on which 
U" = um. 
As U" is bounded in H;(0)2 there exists a subsequence which converges 
weakly; let U be the limit. As V.(u" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA63 U " )  + V.(u  63 U) in W-'*P(O) for all 
p we must show that [ R", U") is a solution of the Stokes problem 

-Au" + Vp" = f" V.U" = 0 ~ " 1 s "  = 0, 

Then f" -+ f in W-'J'(O), 0 - Q" -+ 0 - 52 Hausdorff, , U" + U in H' 
weak impl ies that 

-Au + V p  = f V.U = 0 U " ~ S  = 0. 

A similar result is also shown in Sverak(1992). 

4 SOLUTION BY GRADIENT METHODS 

4.1 Optimal shape design problem in Stokes flow 
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Energy conservation allows to reframc thc minimum drag problem as: 
Find 

min E(R) = min zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ, 1viil2 
QEO QEO 

subject to 

An example of 0 is : 

I 

o = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(sz : volumc s = I ,  an = s U r,), 
where 
For deriving the optimality conditions, we nced to do some calculus of variation 
on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE(S2). So, we consider that !2 is the optimum solution and SZ’ E 0 is a 
domain “near” R (sec figure 3) dcfincd by its boundary r’ = an’, with 

= the domain dcfincd by the closcd boundary S. 

r’ = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( x  + 01(x) i i (x ) ,  s.t. 01 = regular, small, vx E r )  

r = an 

For every 01 admissible, wc have : 

and associate a convcntion to it, that 

Define also 

sii = i i(Sz’) - i i (s2) 

extending U’ smoothly in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS. Then 
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When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA852 is smooth zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand Vu' is continuous, then 

(CfJ91). 
In order to complete the computation of SE, we need the following lemma zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 

Lemma 1. Equations(7) impLy 

-VASU + VSp = 0 in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA52 (33) 

V . Su = 0 in 52 (34) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Proof : We have the relations : 

SuIr, = 0 

if uco is constant and Tc*, the same in 52 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQf.  Finally 

(39) 

Using Taylor's expansion, we obtain : 



au 
a n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-a-(Q’)lst + o(lal ) ,  sincc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu(Q’ ) (x ’ )  = 0 

and 

so, 

u(s2) Is= 0. 

Finally, if all equalities are up to higher ordcr tcrms, wc have : 

(42) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(43) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Remark : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA lot of regularity is needed to pcrform the prcvious calculation, but 
i t  can be justified by othcr methods also such a in Murat-Simon (1976). and 

because, ifs’ dcnotes thc tangent component, 

a u  a u  .+ a u  
a n  an as’ Sulr, = 0, Suls = -a- and n . - = --S. - = 0 on r. (46) 

Hence. 

and 

We have proved the 
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Proposition 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe variation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof E with respect to 52 is : 

Consequences 
1)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASupposing that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = (S : S 3 C) ,  sincc I l2 > 0, C is the solution. Indced 
any a c 0 will give 6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE > 0. In other words, any fairing around C will increase 
the drag in Stokes flow. 

2 ) I f O  = ( S : V o l , $ = l ) , t h c n 6 E  ~ O f o r c v c r y a w i t h  

ady  = o( l4) .  

Hence, if U is smooth, (47) and (49) imply 

a u  

a n  
1-11,. = conslant. 

(49) 

Lighthill (cf. Pironneaau (1986) ) showcd that ncar the lcading and the trailing 
edge the only possiblc axisymmctric flow which can give 1 %  I = constant on 
S is an S conical of half angle cqual to 60". 

To compute an axisymmetric surfacc S which satisfies (7) and (50) we could 
try one iteration of gradicnt mcthod starting from thc ellipsoid with minimum 
drag to which is added a conical front and rcar cnd near the leading and trailing 
stagnation point. 

The result is shown on figurc 1. A dccrcasc of drag of 5% was found with 
respect to the optimum ellipsoid. 
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4.2 Optimal shape design in lamiiiar flow zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Wc considcr thc minimum drag cncrgy problcm whcrc thc statc cqualion is thc 
Navicr-Stokcs equations. 
The mathematical formulation of such a Imblcni is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 
Find 

with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU subjcct to 

(51) - U A U  + V p  + 14v14 = 0, in R 

We shall dcnvc thc optinialiry condilion l’or I h i x  problcm. In ordcr to do this 
we must cxprcss Lhc varialion of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE(S2) in Icr i i is of thc variation of R. 

We considcr that Q is thc op~inial solurion and lhat 52’ is a domain obtaincd by 
a small pcrturbalion of R dcfincd as bcforc : R’ has thc boundary 

39‘ = S’ U Tw whcrcS’ = (.x i- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu n  : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS). 

We call U’ thc solution of (5  1)-(54) on R’ atid wc dcfinc : 

We can provc thc following i n  lhc sanic way \vc provcd Lcmma 1 : 

Lemma 2 : Equations (31)-(34) imply Ihal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- v A ~ u  + V6p + U0614 + 6IiVu = 0 

v ‘ s u  = 0 
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0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Lemma zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 is not sufficient to get rid of the second term in the right side of (55). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
So, we introduce the adjoint equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 
Let (s, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq )  be the solution of: 

(60) 

(61) 

(62) 

-i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt 

- v A P  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+Vq - u V P  - ( V P ) u  = -2vAu in C2 

V . P = O  in 52 
t 

t 

Plr = 0 

In order to compute 6 E we use Lemma 2 and equations (60)-(62). 
Multiplying (60) by 6u and integrating on 52, we obtain : 

A M .  6u  = -v s, A 6  Su- 
-2v s, 

V?u . 6u - uV? . 6udx + V q  ’ 6u s, 
We use Green’s formula and integrations by parts in (63) : 

V?u.Su = s,uV6u.P-S,(?.Su)(u.n)dy = u V d u - P d x  (64) -s, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL 
t 

because V e U = 0 in 52 and P ( r  = 0. Now 

t 

as V a 6 u  = 0 in 52 and Plr  = 0. 
The last integral in (63) is zcro, because : 
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6-16 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

as V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASu = 0 in R and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

0 on rm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S u . n =  { - a E . n = O  on s. 

Using these results in (63), we obtain : 

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU V S U  . p' + s, S U V U  . I; 

+ J , S u  * vu * r;. 

If we multiply (36) by ?, integrate on 52 and use Green's formula, we obtain : 

+ + s, V 6 p  P = - SpP . ndy = 0, 

+ + + a(su) 
since V P = 0 

so (66) gives 

in R and P I,-= 0. In addition, v h- P . - d y  = 0, 
an 

because of (58) and (59). 

Using Green's formula in the left side of (68). we find : 

The equality of (68) and (69) gives : 



From equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(44) we know that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA: 

Using zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(44) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(70) in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 3 ,  we find that : 

We have proved the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Proposition 4 : The variation of E with respect to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA52 is : 

0 

For the chosen admissible set zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 we have that 6 E 2 0 forevery a with lr ady = 
0. 

So, the optimality condition for this problem is : - . (- - -) = constant 
au  ai; au 

an an a n  
on S .  

We remark at the equations (60)-(62) and (51)-(54) that when U + 00, the 
solution P' + 2u, so the previous result on the optimality condition for the 
Stokes problem is recovered. This is how far we can go without using a 
computer. 
If we wish to use a computer in order to solve this problem, we must use a 
gradient method. 
A gradient method is based on the following observation : 
Suppose we have to find minZe,NJ(z). Taylor's expansion of this function 
gives : 

(72) 

so taking 6z = - XgradJ (z ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX > 0 we find : 

J ( z  + Sz) = J(z)  + grad,J Sz + o(lSzl), 

that is if IgradJ(z)I # 0 and A << 1 we have 
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and we obtain : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

J ( z  - A g r a d J ( z ) )  < J ( z ) .  

In other words, the sequence defined by : 

zo given 

(74) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z"+' = Z" - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAgradJ(z") ,  n = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0, I ,  2, . . . 

is such that J ( z " )  converges to a local minimum of J ( z ) .  
An improvement of the method is, with every computation of z " ,  to compute zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A" = solution of min zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ (z" - AgradJ (z " ) )  (75) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1dR 

and to use A" instead of A to compute z"+' according to (74). 
We have to remark, however, that minimizing a one parameter function is not 
simple and is usually done by trial-and-error methods. 
An application of a gradient method to the optimum design problem in laminar 
flow would be : 
Start with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASo, n = 0 
loop 

1. Solve (51)-(54) for (U, p )  around S" 

2. Solve (60)-(62) for ( P ,  q )  around S" 

I and take 

a = a - - l S s . a d y  1 I '  IS"I 
4. Set s"+' = S" + a'n 

i f  a is too small, stop 

Notice that this algorithm achieves 

This method also has certain difficulties. 



First of all, we have to solve the Navier-Stokes equations and this is not simple 
because of the presence of the boundary layer where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIu zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI has a large gradient zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A boundary layer C develops around C when the Reynolds numbcr is large. 
In order to solve (51)-(54) we observe that : 

U' 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu v u  = -U x v x U + V(-) 

so taking : 

IUl2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p = p c a - -  

2 

v x u = o  

v . u = o  
will satisfy (51)-(52) but not the boundary conditions (33)-(34). 
We can use however this observation to derive the following numerical method: 
a) In C = 52 - C find 4 such that : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A $ = O  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(79) 

b) Solve Navier-Stokes equations in C only with rm replaced by ax and 
u)ac = V4Jac. It can be shown that this step can bc carried out by one 
relaxation sweep in the direction of the flow only (Prandtl's boundary layer 
approximation). The same method can be used for the adjoint system 
Another disadvantage is that the convergence of the method has the form of 
figure 2 : 

iterations n I 
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Figure 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The hnctional E(R") oscillates near the minimum. This is due to numerical 

noise, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE ,  that is the error on the computation of E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI S  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1s. These errors 
depend mercly on the discretization emrs of thc numcrical methods we used 
to solve Navier-Stokes and the adjoint state equations. 
These errors can prevent thc computation of the optimal solution below a certain 
precision, sometimes not so low (Figure 6). 
Since we use a discretization to solve equations (51)-(54) and (60)-(62). we 
should change the problem and try to compute the optimality condition for the 
discrete problem. 
More preciscly, if we discretize R by the points zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ q ' ) ,  i = 1, . . . , N ,  wc have 
that E ( R )  is approximated by Eh(R) = Eh(q') and we have to compute the 
derivatives 

a Eh - , i = l , . . . ,  N , j = 1 , 2  
34; 

in order to computc the vanation of Eh with respect to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ. 

An alternative to this computation is to usc Newton's method in order to find 
S such that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(U, p )  is solution of Navicr-Stokcs equations 
(?, q )  is solution of adjoint state equations 
au ai; au 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 2 0, (bccausc this algorithm could find a maximum instead of a 
minimum). 

(= - %) is constant 

In order to introduce the discrctized optimization methods, we considcr a sim- 
plcr problem. 

4.3. Nozzle optimization problem 
Find S such that 

subject to : 

- A + = O  in R 
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where g is a function with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgdy  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0, gls = 0 and r = aSt. 
The geometry and the function g are shown in the figure 3 : 

Figure 3 

Figure 3 shows half of the nozzle, where the horizontal boundary is a symmetry 
line. 
We shall derive the optimality condition using the adjoint state equation for 
the continuous problem first and we will give an idea of what happens in the 
discrete case. 
Consider the variational formulation of (85) : 

Find 4 E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH 1  (Q)/R such that 

V 4 .  V w  = gwdy ,  Vw E H ' ( S t ) .  

We have also : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 E  = 2 ( V 4  - U )  V64dx.  J, 

We differentiate (77) and we obtain : 

because gls = 0 and the rest of thc boundary is supposed fixed. 
When the perturbation of S to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS' is "small", so we can write : 

s' = { x  +an : x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE SJ 

and we obtain : 

V 4 .  V w  = aV$. V w d y .  

We introduce the adjoint state equation : 

(89) 



Findp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH'(S2) suchthat: 

V p .  V w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Vq5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~ u ) .  V w d x ,  Vw E H'(S2).  (91) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ, 
Taking w = 8+ in (91) we find (scc (88)) : 

6 E  = k v p  .vs+ 

Taking w = p in (89) we find (using zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(90) t w )  : 

L V p .  V6+ = - 

and therefore : 

(93) 

We have to find an expression similar to (94) for the discretc case. 
For discretization we use the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFinite Element Method of degrec 1 on trianglcs. 
More precisely, we divide B in triangles and approximate 0 by ah = UrTk, 
where the Tk are triangles. 
The division of B is such that ihe veniccs of a& belong 10 8.Q and for h e  
intersection of 2 triangles we allow only one of the three possibilities : 

T, n T, = or 1 edge. i # j [ :r 1 vencx 

An admissiblc triangulation would be onc like in figurc 4. 

Figure 4 

We consider the function space : 

ffh = (wh E Co(f&) : whlTb E P') 



The dimension of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH h  equals the number of vertices zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq' of the discretization and 
every function +), belonging to H h  is completely determined by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA&, (4'). 
We define the hat functions : 

. .  
w'(q ' )  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsi; 

In one dimension these functions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare as shown in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfigure 5 : 

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 

We have: H h  = span(w' ) .  

We define the discrete form of the variational formulation (87) 
Find &, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE H h  such that : 

0 

So, the discretized optimization problem is : 
Find 

min zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS, l v 4 h  - u12 = min E(%) 

with &, subject to (95), Sh discrete approximation of s. 
Since we want to find zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs h  , the optimization parameters are the vertices q1 E s h .  

But, if we change an intemal vertex q' 4 S h ,  then E ( n h )  changes. 
"IS, in fact, E(Q, )  is a function of all vertices 4 ' ,  . . . , q N .  
If we note E ( & , )  = E ( q ' ,  . . . , q N ) ,  we have to find the derivatives 

s h  s h  

aE . -, i = l ,  . . . ,  N , j = l , 2 .  
aq,! 

Let us show how the calculus of variation of E ( n h )  works in the discrete case. 

Calculus of variations of E(%) 
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We suppose that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqk is an internal or boundary node of the triangulation and 
that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqk $ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAD (the case qk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE D is uselcssly complicated but contains no major 
additional di fficul tics). 
We move qk to the position qk + 6qk .  
We write formally : 

and from (93, we obtain by differentiation : 

because gls = 0 and w J  varies i f  we change the triangulation (this variation 
gives the last integral in (78)). 
We observe also that 64h $ Hh, because the two solutions which give the 
variation 64h are not obtaincd in thc Samc triangulalion. 
Since by definition 4 h  E Hh, we have : 

so 
N 

We call 
N 

But the second sum in(100) doesn't belong to Hh. 
In order to use the equation (98), we have to state the following lemmas : 

Lemma 3 : When qk moves to qk + 6 q k ,  then the function wi ( x )  changcs to 
w i ( x )  + 6 w i ( x )  with 

6 w i ( x )  = - W k ( X ) V W i  * 6qk + o(6qk)  (101) 

0 

We can explain better Lemma 3 by rcfcring to figurc 6 : 
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if qk moves, then w i 

associated to qi doesn't 

change, since qk doesn't 

belong to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsupp w 1 

in that case we change the 

supp w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi 

qk , so  i changes by 

the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 w i given by 

Lemma 2 

if we move 

Figure 6 

Lemma 4 : If zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf l ~ ,  E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC', then 

For the proof of these two lemmas, see 0. Pironneau (1984) 

The previous lemmas allow to compute all the integrals in (98) and to obtain 
an expression for S E ( Q h ) ,  if we define the (discrete) adjoint state equation : 
Find p h  E f f h  such that 

We can prove that the discrete variation of E ( Q h )  is given by the following 

Theorem When qk moves to qk + 6qk ,  the E(Rh) varies by 
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0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
According to the theorem, we can writc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= x k .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6qk (1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA05) 

and therefore a gradient method is : 
Change qk to qk - A x k ,  with A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN optimum step size. S top whcn x k  ‘v 0, V k .  

5. PROBLEMS CONNECTED WITH THE NUMERICAL IMPLEMEN- 
TATION. 

5.1 Independence from E 

Notc that the adjoint statc p depends on thc criterion t .  On thc othcr hand i f  
the software is to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbc provided as a black box to the industry i t  must bc such 
that it is easy to : 
- change the design criterion 
- add gcometrical contraints. 
Supposc that wc minimize a functional of the general form : 

( 1  06) 

Since the second mcmbcr of the adjoint statc equation(l03) is 6 E ,  wc must bc 
able to compute 
This computation can be donc by fnitc diffcrcnccs bccausc : 

indepcndcntly of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA€(4, SZ). 

This computation is not cxpcnsive. Thc numbcr of clcmentary computations 
is of ordcr N .  Indccd, i f  N is thc numbcr of thc mcsh nodes, thc calculation 
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cost is of the order N ,  which is the same cost as the solution of a laplacian (cf. 
Ammugam( 1989)). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5.2 Add geometrical constraints 
To add geometrical constraints is easy if we give a parametrized description of 
the domain and its triangulation. 
If the boundary to optimize is described by r parameters zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa,, we can define i t  
by a curve (ex. spline) defined by a, and thcn generate the triangulation with 
vertices zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(q i ] ,  i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1, . . . , N on the c u m .  
Since in this case only the parameters aj move independently, we must compute 
the variation of E with respect to CY,. But 

Therefore, we must be able to compute $ and this is done also by finite 
differences : 

which is not computationaly expensive. 

Remark : One could think that we can compute everything by finitc differ- 
ences. even 

but this is far too expensive, since we have to solve the state equation every time 
wecomputc E (qk). So, thccomputational cost of(  100) is 2 N * O ( N )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN O ( N 2 )  
which is the cost of solution of N partial diffcrential equations. 

5.3 Other discretization methods 
We have shown above that the finite element method is well suited to Optimal 
Shape Design because the same principlcs can be uscd on the discrete sys- 
tem. In Brackman (1987) and Makinen (1990) an extension to Iso-parametric 
elements can be found. Chenais (1993) shows also that with Cea’s artificial 
domain velocity it is possible to have the discrete derivatives equal to the con- 
tinuous derivatives discretized. Finally Finite Volume methods computations 
of derivatives can be found in Dervieux zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1 993). 

5.4 Automation of the computations. 
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Computation of derivatives of functional is, as we have seen a lengthy and 
crafty work. Further very often it is found in practice that the criteria must be 
changed and adapted to the problem bccause the solution found do not satisfy a 
forgotten constraint or because of instabilities with respect to data. Each time 
the computation must be done again! 

One way out, as we have said is to work with Quasi-Newton methods on the 
optimality conditions rather than on gradient algorithm for the minimization 
problem. Then it is no longer important that the derivative of the discrete 
problem be exact. It suffices to discretize the derivative of the continuous 
problem. 
With the GMRES algorithm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( Saad (1986), our experience is that this second 
method works well when the problem is not too stiff like inverse problem (Vossi- 
nis (1992)). For the minimum drag problem on the Navier-Stokes equations it 
failed . 

We have also explained above that it is possible to use a finite difference formula 
for the terms which change often, i.e; the cost function and some part of the 
constraints. It is not possible to use i t  to find the adjoint equation. There thc 
only hope is automatic differentiation as shown bclow. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5.5 Remeshing. 
Working in the physical domain with changing shapes requires rcmeshing. The 
possible approaches. 

1. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA Delaunay-Voronoi automatic mesh generator is used at each step. Though 
the motion of inner vertices affects the derivatives (it can zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbc computed by finite 
differences) these effects are small usually. 

2. The inner vertices are linked to the outer vertices. From the programming 
point of view this is usually hard. It means that the mesh gencrator is fully 
parametrized. 

3. The motion of the inner vertices is linked to the motion of the outer ones 
(Marrocco et al (1978) ): 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAqk is a boundary vertex and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq' is an inner vertex. 
It is wise also to test that no triangle area becomes negative in the motion. This 
is the easiest and also best method in most cases (even in 3D). 



5.6 Computation of the adjoint equation by differetiation by program. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Usually the computer program for the flow solver is writtcn beforc hand and 
the optimal shape design analysis comes after. 
The idea is to say that the PDE is known from a long sequence of equgities 
each of which is easy to differentiate. If each program line is thus differentiated zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a linearized flow solver is found. Then an adjoint equation is easier to found. 
A review article on these methods can be found in (Gilbert et al (1991) for 
example). 
Consider the equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

+ sinu = 1, Vx €10, I[, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu(0) = u(1) = 0, (1 12) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd2u -- 

discretized by the finite difference method : 

U0 = 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
do zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi = 1..N - 1 

ui = sinui 

UN = o  

2 N (2ui - u,+l - ui-1) + sinui = 1 

enddo .  
As is often the case, while programming, the intermediate variable 21; is intro- 
duced. 
A DO loop being in fact identical to a long sequence of program statement let 
us introduced a lagrange multiplyier for each line and construct the Lagrangian: 

N-1 
2 L = p O ~ O + p 2 ~ N + ~  pi+l(ui -s inu i )+N PN+i(2ui-ui+]-ui-l+Ui-l) 

1 
(1 14) 

This Lagrangian contains only simple function so it can be differentiated with 
respect to U and U by any formal computation program (Maple, Mathematica ...) 
Thus the adjoint program is obtained: 

6-29 
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This way the left hand side of the adjoint equation can zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbe computed and all can 
be automatized. The limit of the mcthod is the memory of the computer 
Branching instructions are no problem. consider the case where sin zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU is replace zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
by sin zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIu I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand programmed as 

if U; > 0 then U; = sinu; 

else Ui = sin(-u;) 

Then there will be two lagrangian and after differentiation one will obtain 
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Convergence 

Figure , S 
comparison for a real problem 

Nozzle optimization with 50 optimization parameters. Convergence 
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An efficient numerical approach for the design of op- 
timal aerodynamic shapes is presented in this paper. The 
objective of any optimization problem is to find the optimum 
of a cost function subject to a certain state equation (Gov- 
eming equation of the flow field) and certain side constraints. 
As in classical optimal control methods, the present approach 
introduces a costate variable (Lagrange multiplier) to evaluate 
the gradient of the cost function. High efficiency in reach- 
ing the optimum solution is achieved by using a multigrid 
technique and updating the shape in a hierarchical manner 
such that smooth (low-frequency) changes are done separately 
from high-frequency changes. Thus. the design variables are 
changed on a grid where their changes produce nonsmooth 
(high-frequency) perturbations that can be damped efficiently 
by the multigrid. The cost of solving the optimization problem 
is approximately two to three times the cost of the equivalent 
analysis problem. 

LIST OF SYMBOLS 

pressure coefficient 
cost function 
kth shape function 
unit vector in z-direction 
unit vector in y-direction 
free stream Mach number 
unit normal 
unit tangent 
free stream velocity 
y-coordinate of the upper and lower surface of the 
airfoil 
amplitude of shape functions (design variables) 
direction of change of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAct 

components of ct (upper and lower surface 
amplitudes of the kth shape function) 
circulation 
ratio of specific heats 
magnitude of change of ct 
angle of attack 
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B corrected for Mach number 
angular position of a far-field location 
Lagrange multiplier 
kth component of the gradient of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF 
density 
full velocity potential 
target potential 
coefficient of the delta function 

1. INTRODUCTION 

Analysis of Row fields using computational fluid dy- 
namics (CFD) has come a long way. Today, accurate com- 
putation of the flow field around realistic aircraft .configura- 
tions using the Navier Stokes equations with turbulence mod- 
eling can be done at affordable cost and reasonable turnaround 
time. Design and optimization of aircraft configurations, on 
the other hand, is far from this level of maturity. In the 
last two decades, many different techniques have been devel- 
oped to design aerodynamically better aircraft. These tech- 
niques can be classified into three broad categories, namely 
inverse design methods, loosely coupled optimization (LCO), 
and tightly coupled optimization (TCO). 

The inverse design method,"6 pioneered by Lighthill. 
requires a priori knowledge of a desirable pressure or velocity 
distribution and some strategy for obtaining a ,shape that 
produces this distribution. The quality of the shape obtained 
from the inverse design method is strictly a function of the 
distribution it is required to match. Therefore, a weakness 
of this approach is its dependence on the experience and 
knowledge of the designer to establish desirable velocity or 
pressure distributions. In addition, the method does not lend 
itself to the imposition' of constraints. 

In the LCO approach, an analysis code interacts with a 
numerical optimization code to find a shape that meets some 
design objective (i.e., minimizes some cost function). To 
achieve this goal, the analysis problem is solved many times 
to find the best combination of perturbations to the design 
variables that both minimizes the cost function and satisfies 
the constraints. This process is repeated until the cost function 
cannot be further reduced. Examples of this approach are 
found in Refs. 7-10. The approach can be viewed as a two 
part process: an inner loop that finds both a direction and 
a step size to update the design variables and an outer loop 
that repeats the inner loop until the cost function reaches a 
minimum. I f  each inner-loop pass requires N solutions of 

Presented at an AGARD-FDP-VKI Special Course at the VKI, Rhode-Saint-Gedse, April 1994. 
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the analysis problem (where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN is proportional to the number 
of design variables) and the outer loop requires C iterations 
(where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC depends zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon how far the initial conditions axx from a 
minimum), then the cost of this approach is approximately N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x C times the cost of the analysis problem. The LCO method 
can be improved by analytically evaluating the sensitivity 
derivatives needed to update the design variables." Usually 
this requires the inversion of a very large matrix. For three- 
dimensional problems, the size of this matrix can render the 
method impractical with current computer technology. 

Even greater efficiency can be achieved through a TCO 
method. With this method, the optimization and analysis 
problems zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare attacked simultaneously. The TCO problem 
requires the solution of an adjoint problem equivalent in 
complexity to the analysis problem. This results in an overall 
cost that is proportional to 2C. The factor of 2 results from 
doubling the number of equations that govern the problem. 
This approach has been discussed in Ref. 12. Even this 
procedure can become prohibitively expensive for practical 
aerodynamic design and optimization problems. 

The One-Shof overcomes the unacceptable 
cost of the existing design and optimization procedures. It 
brings the cost of design and optimization to the same order 
as that of a single analysis. IIigh performance is achieved by 
exploiting the property of the partial differential equations (as- 

sociated with the scales (fiequency) of the errors) which gov- 
em the physics of the flow and by the efficient damping out 
of high-frequency error components with multigrid. Consider 
the subsonic flow over an airfoil profile. The change in the 
shape of the profile of a given wavelength produces changes of 
the same wavelength in the solution. These changes penetrate 
into the Row field only up to a distance that is proportional 
to the wavelength of the perturbation. Thus, while the high- 
frequency changes in the shape of the airfoil produce changes 
in the solution that are of high frequency and remain local to 
the neighborhood of the airfoil, the smooth (low-frequency) 
changes in the shape produce smooth changes to the solution 
and are global in nature. Typically, any relaxation scheme 
quickly damps the high-frequency components of the error 
on a grid. Multigrid efficiently damps the whole spectrum of 
error components by relaxing the goveming equations on a 
sequence of grids of varying resolution. 

Therefore, the basic idea of the One-Shof method is to 
change the shape of the airfoil profile in a hierarchical man- 
ner such that smooth changes are made separately from high- 
frequency changes. Because each of these changes involves a 
different scale, the governing equation of the flow field can be 
solved efficiently on grids of appropriate resolution. Thus, the 
flow field due to smooth changes in the shape of the airfoil is 
solved on coarse grids, and the flow field due to increasingly 
high-frequency shape changes is solved on increasingly fine 
grids. This breaks the optimiiration procedure into a sequence 
of suboptimization problems. each of a given scale; therefore, 
the problem is well conditioned. The resulting optimization 
procedure is very efficient because the work on a particular 
scale is done on the appropriate grid. (U1 conditioning results 
from working on many scales simultaneously.) The One-Shof 
method is implemented within a full approximation scheme 
(FAS) full multigrid (FMG) algorithm. The solution process 
starts on the coarsest grid, where only the smooth component 
of the shape function is updated. This solution is interpolated 
to the next finest grid, where it serves as an initial approxi- 
mation of the solution on that grid. This process is continued 
until the finest grid is reached. Thus, smooth (low-frequency) 
shapes are updated on coarse grids; high-frcqucncy shapcs 

are updated on finer grids. The fine- to coarse-grid transfers 
arc designed such that the optimization problem at each grid 
level is driven by the fine-grid residual. The resulting algo- 
rithm has an estimated overall cost that ranges from two to 
three times the cost of the analysis problem. 

The successful application of the One-Shof method to 
the aerodynamic shape design problem was first reported in 
Ref. 14. The capability of the method was demonstrated by 
using the small-disturbance potential equation as the govem- 
ing equation of the flow field. However, in that study, the 
issue of updating the grid was avoided. In the present study, 
the full potential equation is used as the governing equation; 
hence, the grid must be updated as the shape changes. In this 
work, the adjoint equation and the corresponding gradient of 
the cost function are derived. The solution procedure and 
some typical results am also presented. 

2. CONSTRAINED MINIiMIZATION PROBLEM 

A general constrained minimization problem can be 
stated as 

inin F[b ,  Q(b) ]  
h,CI 

subject to 

and 
C, , [b ,Q(b ) ]<U ( 7 1 = 1 , %  ,...,. V)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(2.3) 

when: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF is the cost function; b the design variables; and Q, 
the state variables. The set of state equations is denoted by R 
and the side constraints are denoted by C,; C,, is referred to 
as a side constraint because the state equation is considered 
to be the primary constraint of the problem. 

In aerodynamic minimization problems, the cost func- 
tion is, for example. the drag coefficient c d  or the ratio of 
drag to lift CI/CI.  The design variables are, typically. the 
shape parameters that define the shape of the body in the 
flow field. The state equations are the governing equations 
of the flow field and their boundary conditions. Depending 
on the level of fidelity of the mathematical model, the gov- 
erning equations are the Navicr-Stokes equations, the Euler 
equations, or the potential equations. The side constraints arc 
either geometric constraints like the maximum thickness of 
the airfoil section, the volume of the wing, or aerodynamic 
constraints like maximum lift (max Cl). 

2.1 The Necessary Conditions 

The objective of the minimization problem is to find b' 
and the corresponding Q' such that Fib' ,  Q') is a minimum 
and the state equations and the side constraints are satisfied. 
A necessary condition for b' to be at a minimum is 

(OhFwill be referred to as the gradient of F). This necessary 
condition can be provcd by contradiction as follows. The 
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Taylor-series expansion of F in the neighborhood of b' and 
Q' can be written as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F(b'  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~ b ,  Q' + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcQ) = F(b ' ,  Q') + €bTVhF(b ' ,  Q') 

+ O(E2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(2.6) 

where E is a positive zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAscalar and b is a vector; ~b is the change 
in b', and €6 is the corresponding change in Q' that satisfies 
the state equations and the side constraints. If VhF( b', Q') 
is nonzero, then a vector b must exist for which 

bTVhF(b',  Q') < 0 (2.7) 

(e.g., b = -VhF(b*, Q')) .  A vector b that satisfies (2.7) is 
called a descent direction at b'. Given any descent direction 
b, a positive scalar 5 exists such that for all positive E that 
satisfy E 5 5, 

EbTVhF(b', Q') + O ( E ' )  < 0 (2.8) 

If we substitute (2.8) into (2.6). then 

F(b' + ~ b ,  Q' + E Q )  5 F(b' ,  Q' )  (2.9) 

for all such E .  Hence, unless VhF(b', Q')  = U, the neigh- 
borhood of b' contains points with a lower function value 
than F(b* ,  Q').  The other necessary conditions that must be 
satisfied at the minimum zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare the state equations and the side 
constraints. 

2.2 The Minimization Process 

At some initial b, any minimization process seeks to find 
a descent direction b and a step size E in which to change b 
such that 

F (b + €6, Q + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEQ) 5 Fib,  Q )  (2.10) 

where EQ is the corresponding change in Q that satisfies 
the state equations and the side constraints. This process is 
repeated several times until a minimum is reached. 

The Descent Direction 

A descent direction b can be determined as follows. The 
Taylor series expansion of F about b and Q can be written as 

F ( b  + €6 Q + EQ) = F(b,  Q )  + EbTGhF(b, Q )  (2.11) 

+ O(E2) 

where VhF is given by (2.5). Equation (2.11) clearly shows 
that if 

(2.12) 

then (2.10) is satisfied. Equality occurs in (2.10) at the 
minimum when VhF(b', Q') = 0, where b' is the optimum 
value of the design variables and Q' is the corresponding 
value of the state variables that satisfies the state equations. 
Therefore, to obtain the descent direction, the gradient of F 
must be evaluated. The efficient and accurate evaluation of 
this gradient is one of the important but difficult steps in any 
minimization scheme. The formula for the gradient of F ,  
given by (2.5). is not a very useful one because, in general, 
d Q / d b  is difficult to determine . However, by using the 
adjoint method, this difficulty can be easily overcome. This 
method is outlined in section 2.3. 

The Step sue 

Once the descent direction has been determined, the next 
step is to evaluate the step size E .  One approach is to do a 
line search. The objective of the line search is to find E such 

that IlVhF(b + ~ b ,  Q + E Q )  112 is a minimum. That is, 

a((VhF (6 + EL, Q + €0) (1' 
a€ = o  (2.13) 

If we use a Taylor series expansion, then we can write 

2 

= lIVhF(b, Q )  + EOZ,F(b, & I & +  c 2 C  + O(e3)1) 

=[VhF( b, Q)lTV,F(b, Q )  +zE[VhF(b, Q)ITV;F(b, Q)b  

+ e2(bT(O;F (b ,  &) lTV; fF(b ,  Q ) b +  z[VhF(b, Q)ITC} 

(2.14) 
+ qE3) 
where C denotes the O(E ' )  term of the expansion. Note that 
V;F includes the variation with respect to Q .  If we set the 
derivative with respect to E on the right-hand side of (2.14) 
equal to 0 and solve for E ,  then 

E = -  [VhF(b, Q)]*V;F(b,  Q)b  

bT[V;F(b,  Q)ITV;F(b,  Q)b  + z[VbF(b, Q)ITC 

+ O(E7 
(2.15) 

Near the minimum, because V h F  is small, the second term 
in the denominator is negligible in comparison with the first 
term; hence, it is dropped. Therefore, if we also neglect the 
0 ( c 2 )  terms in (2.15), then the step size becomes 

where V i F  is a symmetric matrix and is often referred to 
as the Hessian. Computation of the Hessian is expensive; 
the cost is propomonal to the number of design variables. 
However, VzFb can be evaluated relatively easily with finite 
differences as follows: 

V h F  (b + 56, Q + 54) - VhF(b,  Q )  
V i F (  b, Q ) b  = 

E 
(2.17) 

where 5 is a trial perturbation. To find the step size, the 
design variables are perturbed with an arbitrarily small 6, and 
the new values of the state variables that satisfy the state 
equations and the side constraints are determined. Next, the 
new gradientVhF(b + ~ b ,  Q + €0) is evaluated, followed 

by V i F (  b, Q)b. Then, the step size is determined with 
(2.16). 
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2.3 The Adjoint Method zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

As stated earlier, the efficient and aaurate evaluation 
the gradient of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF is one of the important but difficult steps 
in any minimization scheme. The most elegant way of deter- 
mining this gradient is to use the adjoint method. The adjoint 
equations, also referred to as the costate equations, can be 
derived as follows. In the following derivation and in the rest 
of the paper. we assume that no side constraints exist. For a 
small change eb  in b and a corresponding change E Q  in Q 
that satisfies the state equations (2.2), we can show that 

T ~ b ~ ( g ) ~ + ~ Q ~ ( g )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+O(e2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= U  (2.18) 

With (2.5). we can write 

where 

(2.20) 

If we add a term, which is the product of (2.18) and an 
arbitrary multiplier A, to (2.19), then we get 

J 

(2.21) 
The arbitrary multiplier X is often referred to as either the La- 
grange multiplier, the costate variable, or the adjoint variable. 
If we rearrange (2.21). then we get 

If we choose X such that 

(g)TXt d F  = "  

then (2.22) becomes 

(2.23) 

Equation (2.23) is the set adjoint equations or the costate 
equations. The adjoint equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare similar to the linearized 
form of the state equations. They include the adjoint boundary 
conditions that correspond to the boundary conditions of the 
state equations. If we neglect the O ( E ' )  terms of (2.24), then 
the gradient of F can be written as 

(2.25) 

The gradient of F given by (2.25) is much easier to evaluate 
than the one given by (2.5). By introducing the Lagrange 
multiplier, the need to evaluate Q has been eliminated. The 

adjoint equations form an additional set of necessary condi- 
tions that must be satisfied at the minimum. In summary, the 
necessary conditions that must be satisfied at the minimum are 

(2.26) 

The derivation presented above is for a general con- 
strained minimization problem. In the following section, the 
adjoint equations and the gradient of the cost function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare de- 
rived for a specific set of state equations and a cost function. 

3. DESIGN OF OPTIMAL AIRFOIL SHAPES 

The design of optimal airfoil shapes is a constrained 
minimization problem. The objective is to find the optimal 
shape of the airfoil that will minimize a cost function F sub- 
ject to the state equation of the flow field and side constraints. 

3.1 The State Equations 

The analysis problem, defined by the state equation, con- 
sists of finding the Row over a specified shape for a given 
free-stream Mach number and angle of attack. In order to fo- 
cus on the optimization procedure, the flow model considered 
is the subsonic potential flow over an airfoil profile. 

Consider the steady irrotational Row past a two- 
dimensional airfoil."*'6 The governing equation of the flow 
field, known as the full potential equation, is 

The boundary condition on the airfoil is 

At infinity the boundary condition is 

For the Kutta condition, the circulation r around the airfoil 
is such that 

the velocity at the trailing edge is finite and cont inuous 

In these equations, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd = d( 2, y )  is the full velocity potential, 
p = p(  d) is the density. 7a is the unit normal, and U, is the 
free-stream velocity. The density p is given by 

(3.4) 

where d l ,  is the free-strcam Mach number and y is the ratio 
of specific heats. If C is the angle of attack of the airfoil, then 
the free-stream velocity is given by 

(3.6) U ,  = U,[COS (0; + sin i() j ]  

where i and j are the unit vectors in the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx and y directions, 
respcctivel y. 
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1. Computational domain. 

3.2 The Computational Domain 

The computational domain is shown in Figure 1. The 
interior of the flow field is denoted by R; the upper and lower 
surfaces of the airfoil are denoted by U and L, respectively. 
The far-field boundary, located at a finite distance from the 
airfoil (30 to 50 airfoil chord lengths) is denoted by 0. To 
impose the Kutta condition around the airfoil, an artificial 
boundary or cut that begins at the airfoil and extends to the 
far field is introduced. A jump in potential that is equal to ‘2 
is allowed across the cut. For convenience, this cut is chosen 
to emanate from the trailing edge of the airfoil. The top and 
bottom sides of the cut are denoted by T and B, respectively. 
The jump across the cut can be written as 

The value of the is determined by requiring that the velocity 
perpendicular to the trailing edge bisector be equal to 0 at the 
trailing edge. A good approximation for r is given by 

(3.8) 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL e .  refers to the trailing edge of the airfoil (refer to 
Appendix C for details). To satisfy mass conservation across 
the cut, derivatives of the potential normal to the cut are 
required to be continuous. 

At the far-field boundary, the circulation modifies the 
velocity as follows: 

where 

1-5 

3.3 The Design Variables 

The airfoil is represented as follows: 

( 0  5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 1) (3.11) 

b= 1 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAat and a; are the amplitudes of the shape functions f k  

on the upper and lower surfaces of the airfoil, respectively. 
The design variables (Yk  must be determineb to obtain the 
optimal shape of the airfoil. Let ct denote a vector whose 
elements are the design variables. That is, 

u u  U L L  L T  
ct = [a1 , a2 , ..., aIi, a1 , a 2 ,  ..., a,] (3.12) 

The functionality of the shape functions will be presented 
later. 

3.4 The Optimization Problem 

The model problem chosen is the design of an airfoil 
shape that can match a given target potential. Given a target 
potential distribution bo around an airfoil, the objective is to 
find CI that will minimize 

F [ n ,  b(ct)]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 (4 - bo)2da (3.13) J 
U t L  

subject to the state equations, where da, which is an element 
of the airfoil, can be written as 

do2 = dx’ + d y 2  (3.14) 

Note that the choice of this particular cost function does not 
make it an inverse-design problem. Unlike inverse-design 
problems, the minimization is done over a finite number of 
design variables. This approach also can be used, for ex- 
ample, to find the optimal shape of an airfoil that has the 
minimum D / L  (&%/Lift) subject to geometric and aerody- 
namic constraints. 

To make the presentation of the derivation of the adjoint 
equations simple and easy to understand, the flow is assumed 
to be incompressible (i.e., .If, = 0); therefore, p = 1. In 
this case, the full potential equation reduces to the Laplace 
equation. Also. no side constraints are considered in this 
derivation. Therefore, the specific optimization problem con- 

(3.9) sidered here is 

(3.15) 

div(Gb) = 0 in R (3.16a) 

Gb .11. = 0 on the airloil (3.16b) 

Gb . 71. = U ,  .n+-G@.71. i n  the far field (3.16~) 

T along the cut (3.16d) 

and B is the angular position of a far-field point. For conve- 
nience, n is the unit normal on the boundary. The far-field 
boundary condition given by (3.9) is consistent with the in- 
finity condition stated by (3.3). 

r 
2 r  

b - b B = r  

where r is given by (3.8). 
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Figure 2. Domain after perturbation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.5 The Adjoint F4uations 

As zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAstated earlier, the objective of the optimi7ation pro- 
cedure is to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAseek a descent direction and a step size in which 
the design variables can be changed so that the cost func- 
tion is decreased. To determine the descent direction and the 
step size, the gradient of the cost function with respect to 
the design variables zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF must be evaluated (refer to section 
2.2). As shown in section 2.3 the adjoint method offers an 
elegant means of evaluating the gradient. The derivation of 
the adjoint equations is presented below. 

Let the design variables be perturbed such that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c t - c t + E c i  (3.17) 

where E& is the change in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa; E and ci are the step size 
(magnitude) and direction, respectively, of the change in a. 
Figure 2 shows the domain after the perturbation, where U 
and L denote the upper and lower surfaces, respectively, of the 
new airfoil and 0 denotes the new domain. The shape of the 
resulting airfoil gUvL and the corresponding potential 2 that 
satisfies the governing equation and its boundary conditions 
in the new domain can be written as 

Y -  - U &  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- Y u , L  + E y u , L  (3.18) 

2 = s + E i  (3.19) 

where ~y represents the change in the airfoil shape and .ci 
represents the corresponding change in the potential. We can 
show from (3.13) that 

(3.20) 

+ J P ( d - d o ) i d a  

U t L  

where yz = d y / d x  and t i s  the unit tangent (refer to Appendix 
A for details). The objective of this derivation is to eliminate 
i, where 

(3.21) 
- dd . 
b = - a  

From the governing equation and its boundary conditions 
(kt 

(3.16), we can show that 

i n  R (3.22a) 

Vi .  i a  = G(yVd . t ) . i  on the airfoil (3.22b) 

Vi . 1% = -G@.n at  the far field (3.2%) 

&I 'T - d B = i '  . along the cut  (3.22d) 

r 
Lr 

where 
(3.23) 

If we introduce a Lagrange multiplier X and use (3.22a), 

' E  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi- = ik. - Q 4 . c .  

then (3.20) can be written as 

(3.24) 

+ JJ div(Gi)XdR 

n 

If we integrate by parts, the last integral can be written as 

J/ diV(Gi)XflR = JJ div(GX)idR 

n n 

r 
(3.25) 

where the unit normal i t .  points into the flow field 0; d r  is 
an element on r ,  which is the path of integration around the 
domain R and can be expressed as 

r = L + U + T + O + B  (3.26) 

If the integrals arc split along r into different components and 
substituted into (3.24), then we can write 
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Because zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA04 is continuous across the cut and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 1  points in 
opposite directions along the top and bottom boundaries of 
the cut, we can write zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

T + B  c u t  

If we assume that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOX is continuous across the cut. then we 
can write 

(GX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn)&r = p GX . n d r  (3.29) J 
T t B  cut 

If we use (3.28), (3.29), and (3.22b-d), then equation (3.27) 
can be written as 

R 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ XO( ijGb . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt )  . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi d a  +] (OX . n)&a 

U t L  U t L  

cut cut 

f 
- - J X ( V O .  n)d r  + J ( O X .  i a ) J d r  

(3.30) 
If we substitute for p from (3.23) and rearrange, then (3.30) 
becomes 

2r  
0 0 

+ JJ div(VX)4dR 

+ ( O X .  r z ) i d r  - J (AT - AB) ( ~ 1 .  n) dr 

0 cut 
(3.3 1) 

J 
We choose X such that 

div(OX) = 0 in 

GX . t a + 2 ( h -  bo)  - Y 6 ( z  - z t e  ) = 0 on L 

01'U 

i n  the far field 

along the cut 

OX . n + + ( h -  do) +Y6(2  - l : t  c ) = 0 

OX . l a  = 0 

X~ - X~ = o 
(3.32) 

where 

Y = J GX . mir - - / X V O . t a d r  (3.33) 
Lr 

c u t  0 

and 6 denotes the Dirac delta function (Le. stands for trailing 
edge of the airfoil). Equations (3.32) are the adjoint equation 
and its boundary conditions (also called the costate equations). 
These equations are similar to the linearized state equations. 
The size of the system is the same as the size of the state 
equations and can be solved with the same technique used to 
solve the state equations. 

Because div( OX) = 0 in R, we obtain the following 
from the divergence theorem: 

J OX . lEd r  = o 

J 

(3.34) 
r 

Therefore, for (3.32) to have a solution, we can show that 

( b  - bo)du = 0 (3.35) 

U t L  

Equation (3.16) clearly shows that a constant can be added to 
h. We can choose this constant bc such that 

Therefore. 
J ih - d o ) d a  

U t L  

I = - 
U t L  

3.6 The Gradient of F 

(3.37) 

If (3.32) is substituted into (3.31), then it reduces to 

L (3.38) 
+ J ( b  - b0)2==-da 

1 + YZ 
U t L  

- J XvjgGb. t )  . i da  

U t L  

If we integrate the last integral by parts, then we get 

- J XG(~~GI. t )  . ida 

U t L  

(3.39) 
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If (3.39) is substituted into (3.38) and rearranged, then we 
can write zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

CiTG, F 

(3.40) 
If we substitute for y from (3.1 I), then (3.40) can be written as 

li li 

ciTG,F zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& : p x  + 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAh i p i  (3.41) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k = l  k = l  

where 

G d .  t f k  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[Z(h - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdo)y, - GX . ray, + GX . t ] -  + ! d = [ l 0  

U 

and 
(3.42) 

Gd . t fk - J [Z(d - do)y, - GX . ny ,  + GX . t]- 
L 

(3.43) 
Equations (3.42) and (3.43) are the components of the gradient 
of F. When d satisfies the state equations (3.16) and X 
satisfies the costate equations (3.32), then the components 
of the gradient of F can be evaluated with (3.42) and (3.43). 
Because 0, F = 0 at the minimum, we can clearly see that 

3.7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA Design Strategy 

Figure 3 shows a typical design strategy. In this process. 
at some initial conditions the state and adjoint equations are 
solved, and the gradient of F is computed. I f  the gradient is 
equal to 0, then a minimum has been reached and the iteration 
is terminated; otherwise, the new descent direction ci and the 
step size E are computed, and the design variables are updated. 
The iteration is repeated until the gradient vanishes. The cost 
of this strategy can be estimated as follows. Let the cost of 
solving the state equations be equal to K. The cost of solving 
the adjoint equation is at most equal to K. Let the number 
of design iterations required be N. Therefore, the total cost 
of doing the optimal design is approximately 2KN with N. 
at best, equal to the number of design variables. In  practice, 
especially for nonlinearproblems, N is many times the numbcr 
of design variables. A factor of 100 is not unrealistic. One 
way to bring the total design cost down is to reduce the 
magnitude of K. One of the most practical and proven ways of 
achieving this is by using multigrid. Here, a multigrid scheme 

is used to relax the state and adjoint equations. At the end 
of one or several multigrid cycles, the optimizer is called and 
the design variables are updated. In this process, the design 
variables are updated only on the finest grid. A schematic of 
this strategy is shown in Figure 4. 
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Figure 3. A design strategy flowchart. 
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Figure 4. A multigrid strategy. 

4. THE ONE-SHOT METHOD 

The One-Shof method goes one step further by embed- 
ding the design process within the multigrid cycles. This 
method essentially makes N = 1. Thus, the cost of optimal 
design is approximately equal to 2K. In this method, high ef- 
ficiency is obtained by exploiting two key phenomena. The 
first one is the ability of multigrid to efficiently reduce high- 
frequency components of the error due to a perturbation. and 
the second one is the nature of propagation of perturbations 
in a flow field. These phenomena are explained below. 
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4.1 Multigrid Efficiency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

In any relaxation (smoothing) process, the high- 
frequency error components of the space discretization op- 
erator of the differential equation under consideration zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare 
generally damped in a few iterations. The low-frequency 
components are the slowest zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto be damped. Consider a one- 
dimensional domain of length L discretized into zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAr cells of 
uniform grid spacing h = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL/.V, where the grid index ranges 
from 0 to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN .  This grid will be referred to as the h grid. If 
we assume periodic boundary conditions, then the error at the 
nth grid point can be written in Fourier series as 

where ,4j is the amplitude of thejth harmonic and i = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa. 
The phase angle B can be written as 

The phase angle covers the domain ( -a ,x )  in increments 
of x /X .  The value 101 = x corresponds to the highest 
frequency that is visible on this grid, namely the frequency 
of wavelength 2h. If a coarse grid (H grid) is constructed by 
removing every other grid point of the h grid, then the highest 
frequency that is visible on this grid corresponds to 101 = x / 2  
(i.e., the frequency of wavelength 4h f 2 H ) .  Therefore, the 
frequencies that correspond to x / 2  < 101 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 x and are visible 
on the h grid cannot be represented on the H grid. These 
frequencies are considered to be high frequencies on the h grid 
and the relaxation scheme can damp these frequencies in a few 
iterations. The remaining frequencies in the spectrum, which 
correspond to U 5 101 5 x / 2  and are well represented on the 
H grid, k referred to as low frequencies on the h grid. The 
frequencies that are visible on the H grid can also be separated 
into high and low frequencies, based on how well they are 
represented by the next coarsest grid. The high frequencies 
that correspond to the H grid can be damped quickly by a few 
iterations of the relaxation scheme on this grid. 

In the multigrid method,”o16 high efficiency is obtained 
by relaxing the discretized equation on successively coarser 
grids, where the high-frequency error components that cor- 
respond to each grid are damped efficiently. In the design 
process, high efficiency is obtained by changing only those 
design variables that produce high-frequency perturbations in 
the flow field on any grid. Therefore, the basic premise of 
the One Shot method, on any grid, is to make changes in the 
design variables that produce high frequency perturbations in 
the flow field. 

4.2 The Effect of Airfoil Perturbation on the Flow Field 

The other phenomenon that is exploited by the One- 
Shot method has to do with the way in which a disturbance is 
propagated in a flow field. In a subsonic flow, for example, 
a smooth perturbation is propagated through the entire flow 
field and a high-frequency perturbation is felt only in a small 
neighborhood around the s o u m  of the perturbation. That is, 
high-frequency components of the perturbation decay rapidly 
away from the source. This phenomenon is illustrated in the 
following analysis. 

Consider the small-disturbance potential equation in the 
-CO < z < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA00. If the flow is half-space U 5 y < 00, 

incompressible, the governing equation is 

Q2S = O (4.3) 

and the boundary condition applied at y = 0 is 

(4.4) 

where f ( z )  is the shape of the boundary over which the flow 
must be determined. If ++d is the potential due to a changein 
shape to f + j ,  the goveming equation for change-in potential 
i is 

vi = 0 

and the boundary condition at y = 

a i  af - = -  
ay az 

Let 

(4.5) 

U is 

(4.6) 

(4.7) 

where w is the frequency of the perturbation. A solution to the 
goveming equation (4.5) that satisfies the boundary condition 
is 

(4.8) = e - l w l Y e c w z  

The magnitude of i is 

(4.9) 

Figure 5, which is the plot of (4.9) for a few select frequencies. 
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Figure 5. 141 versus y. 

shows that the region where 4 is large becomes thinner as the 
frequency increases. Let y’ be a location where 8 is less 
than some small E .  That is. 

(4.10) 

If we substitute for i, then 

e- IwIY*  = e-’ (4.1 1) 
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w 114 1/2 1 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
y' 27.6 13.8 6.9 3.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Therefore. 

4 

1.7 

4.3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe Shape Functions 

As presented earlier (section 3.3). the airfoil is repre- 
sented as follows: 

(4.12) 

Equation (4.12) clearly shows that as the frequency of the 
perturbation w increases y' decreases. Table 1 shows y' for 
a few select frequencies when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= lo-'. For the discrete 

Table 1. y' versus w 

problem, (4.9) can be written as 

Id1 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, - ( l 4 h ) ( d h )  = e-lm-l) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( J  = ] , 2 ,  ...J + 1) 

(4.13) 
where T/ J 5 8 5 ;T is the frequency scaled to the grid spac- 
ing h. Figure 6 shows the response to different frequencies 
for the discrete problem. Table 2 shows the grid location * 

beyond which Id1 5 lo-'. It shows that the high frequency 
perturbations are significantly damped by about the fifth grid 
point (j = 0 is the first grid point). 

0.8 

0.6 

0.4 
la 

0.2 

0.0 
0 1 2  3 4 5 6 7 8 9 10 

j 

Figure 6. Id1 versus J .  

Table 2. j' versus 8 

In the One-Shor method, a shape function is perturbed on 
a grid where it produces high-frequency error components. As 
described above, these errors penetrate only a small distance 
into the flow field. Hence, they can be quickly damped 
by a few relaxations of the discrete equations in a small 
neighborhood around the airfoil. 

k =  1 

(4.14) 

where cr: and a i  are the design variables and f k  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA811: the shape 
functions. As explained in the previous two sections. to ob- 
tain high design efficiency. the changes in the design variables 
on a grid should produce nonsmooth (high-frequency) pertur- 
bations in the flow field. This is achieved by using a set of 
orthonormal functions as shape functions. Orthonormal func- 
tions are increasingly oscillatory. Each of them is assigned 
to a grid where a change in the amplitudes causes nonsmooth 
perturbations in the now field. Often, basis functions that cor- 
respond to some known airfoil shape must be used. If these 
functions are not orthonormal, the corresponding orthonor- 
mal functions can then be determined by a Gram-Schmidt 
process.'* A Gram-Schmidt procedure for orthonormalization 
can be developed with the property of orthonormal functions, 
namely, 

Let gkiz)  be the functions that are not orthonormal. First, the 
orthogonal set L i z )  is found from the following relations: 

where 

(4.17) 

Finally, the orthonormal functions are found by normalizing 
f k i z )  a~ follows: 

The Gram-Schmidt process described above can be pro- 
grammed in symbolic language to find the expressions for f k ,  

or it can be implemented by numerical integration, in which 
case the shape functions are defined as an array of numbers. 
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As zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAan example, consider the NACA zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0012 airfoil, defined 

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
YU zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC P k g k ( 4  i o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 1: 5 1 )  

k =  1 (4.19) 
L U 

Y = - Y  

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi9k and g k  are given in Table 3. The NACA 0012 
shape has been slightly modified to ensure that it closes at the 
trailing edge. The same shape can be expressed in terms of 
the orthonormal functions as 

Table 4. Orthonormal shape functions 
and amplitudes of NACA 0012 

3 

2 

1 

fk 0 

-1 

-2 

-3 
0.0 0.2 0.4 0.6 0.8 1 .o 

I 

L U 
Y = - Y  

where the orthonormal functions f k  of the basis functions and 
their corresponding amplitudes ak are given in Table 4. The 
orthonormal shape functions are shown in Fig. 7. Note that 
the number of zeros of fk is equal to k + 1. 

Table 3. Shape Functions and 
Amplitudes of NACA 001 2 

Figure 7. Orthonormal shape 
functions of NACA 001 2 airfoil. 

4.4 The One-Shof Design Strategy 

In the One-Shof method, the optimizer is embedded 
within the multigrid cycle as shown in Figure 8. The de- 
sign variables are updated on a level where the correspond- 
ing shape functions produce high-frequency error compo- 
nents. In general, the low-frequency shape functions are 
updated on coarse levels, and higher frequency functions 
are updated on finer grids. For example, the design vari- 
ables ay and a? are updated on the coarsest grid zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8h; 
ay, ay CY:, ay, a:, akl a), and a: are updated on the 
next finest grid 4h. Some overlap of the design variables is 
permitted. Thus, ay, and a: are updated on grid 4h also. 
None of the design variables are updated on the finest grid 
h. The cost of solving the state or the adjoint equations on a 
coarse grid is only one-fourth of the cost of solving them on 
the next finest grid. Because the shape functions are perturbed 
only on levels where they generate high-frequency errors, a 
local relaxation around the airfoil is sufficient to damp out the 
errors, which reduces computing costs. Therefore, the overall 
cost of the design is dominated by the cost required to solve 
the state and adjoint equations on the finest grid. The total 
cost of the design process is approximately two to three times 
that of one analysis. 

Fine 

h 

2h 

4 1  

8h 

c o m a  

Figure 8. The One-Shot strategy. 
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4 5  The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADiscretization and Solution Procedure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.5 

1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

The State Equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- - 

' I ' I I I ' I 

The computational domain is discretized with an 0 type 
of grid. The governing equation and its boundary conditions 
cast in curvilinear coordinates are discretized with the finite- 
volume approach. The Gauss-Seidel line-relaxation scheme 
is used to form the tridiagonal systems of equations in both 
curvilinear coordinate directions. These systems are solved 
with the Thomas algorithm. Note that the tridiagonal system 
is periodic in the direction that is around the airfoil. A FAS 
multigrid scheme is used to accelerate the convergence rate of 
the solution. The FMG process is used to obtain a good initial 
solution on the finest grid. The details of the discretization, 
the relaxation, and the multigrid acceleration are given in 
Appendix B. 

5. THE RESULTS 

Test Case zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

As our first test problem. we recover the NACA 0012 
airfoil shape using the potential distribution obtained from 
the analysis of NACA 0012 at an angle of attack of Oo and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
,If, = 0 as the target potential 40. Figure 9 shows the 
computed C,  distribution obtained from the analysis run. 
A five-level W-cycle multigrid with 128 x 64 cells on the 
finest grid was used. The FMG process was used to obtain 
a good initial approximation for the finest grid. The analysis 
converged to machine zero (< lo-'') in 10 multigrid cycles. 

The Adjoint Equations 

The adjoint equations are discretized and solved in the 
same manner as the state equations. As in the case of the state 
equations, a FAS multigrid scheme and the FMG process are 
used to accelerate the convergence rate of the solution. 

The Gradient of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF 

The gradient of the cost function involves only quantities 
on the airfoil. These quantities are discretized in a manner 
that is consistent with the discretization of the state and adjoint 
equations. The gradient is transferred to the coarse grid in a 
FAS manner. 

Updating the Grid 

During the design process, the grid is updated by moving 
only the grid points close to the airfoil and linearly decaying 
the change at the airfoil in this neighborhood. The outer 
boundary of this region is determined as follows. Let 

where 7 is an arbitrary constant; q = 10 in this study. Among 
the grid lines that go around the airfoil, the one that is nearest 
to the ymax location is taken to be the outer boundary of the 
region within which the grids are changed. The entire grid is 
regenerated at the beginning of each FMG stage also. With 
this approach. by the time the FMG process reaches the finest 
grid, only a few lines around the airfoil must be moved. 

I - 
Figure 9. Computed C, distribution for NACA 001 2. 

The design run was similar to the analysis run. During 
the design process, both the state and costate equations were 
relaxed at any multigrid level. The shape functions used were 
the orthonormal functions based on the NACA 0012 shape 
functions. The design variables were distributed such that on 
the coarsest level (8 x 4) only ay and a? were updated. On 
the next finest level (16 x 8). all the design variables (cry,$3,,) 
were updated. None of the design variables were updated on 
the next three levels, including the finest level. Thus, most of 
the design overhead was limited to the two coarsest grids. The 
FMG process was used to obtain a good initial approximation 
of the shape for the finest grid. Figure 10 shows the results 
of this run. The residuals of the state and costate equations 
and the gradient of the cost function reached machine zero 
in 12 multigrid cycles. The cost function at convergence was 
equal to 3 x which indicates that NACA 0012 was 
indeed recovered. 

0.0 0.2 0.4 0.6 0.8 1.0 
X 

0.10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 Target ahape - Final shape 

Y 0.00 

-0.05 

0.0 0.2 0.4 0.6 0.0 1.0 
I 

Figure 10. Test case 1. 
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Test zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACase 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAobtained from the shape fitting is not clear, one reason may be 

the poor quality of the grid because the airfoil is not smooth. 

For test case 2, we selected the airfoil FX 60-126/1, 
a cambered airfoil whose coordinates zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare tabulated in Ref. 
19. Figure 1 1  shows the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC, distribution for this airfoil at 
an angle of attack of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0' and .If, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0. This airfoil is not 
smooth, which is reflected in the computed C, distribution. 
Using this solution as the target, we tried to recover the shape 
with the NACA 0012 shape functions. Figure 12 shows the 
resulting shape. Although the designed shape did not fall 

-1.0 

-0.5 

cp 0.0 

0.0 0.2 0.4 0.6 0.8 1.0 
r 

Figure 11. Computed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC, distribution for FX 60-1 2611. 

right on top of the target shape, the residuals of the state and 
costate equations and the gradient of the cost function reached 
machine zero, which indicates that a minimum was reached. 
The cost function reached a value of 6 x lo-'. 

.......... Initial shape 

0.05 O.1° E /- 
....................................................... Y ........................... 
................... 

-0.05 I , I , I n I t I a I  
0.0 0.2 0.4 0.6 0.8 1.0 

L 

0.10 

0.05 

0.00 
Y 

-n n=, 

.......... Target shape 

-.-- 
0.0 0.2 0.4 0.6 0.8 1.0 

I 

Figure 12. Test case 2. 

Next, an experiment was done to see how well the FX 
60-126/1 airfoil can be represented with the NACA 0012 
shape function. Figure 13 shows the result. The NACA 
0012 shape functions clearly do a good job everywhere except 
near the trailing edge. The reason why the optimum shape 
in the previous experiment does not correspond to the shape 

.......... FX60-126/1 

- Pitted xi& NACA 0012 shape fundions 

Y -0.05 T c 2 2  0.00 

0.0 0.2 0.4 0.6 0.8 1.0 
t 

Figure 13. Shape fitting with . 
NACA 0012 shape functions. 

Tesf Cuse 3 

A third test was done; this time the fitted airfoil was 
used to generate the target potential. This shape is very close 
to the FX 60-126/1 airfoil and is smooth because it is based 
on smooth shape functions. The result of the design is shown 
in figure 14. As expected, the final shape fell on top of the 
target shape. The residuals of the state and costate equations 
and the gradient of the cost function are shown in figure 15. 

.......... Initial s h a p  

........ - Y 
0.00 

-0.05 
0.0 0.2 0.4 0.6 0.a 1.0 

X 

.......... Target shape (Based on NACA 0012 shape functions) 
- Final shape 

Y -0.05 0.00 I : k L 2 %  
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X 

Figure 14. Test case 3. 
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Figure 15. Convergence history. 
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The Efjciency of One-Shot Method zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Finally, the performance of the One-Shot method with 
respect to pure analysis is presented. The effciency of a 
design method is defined as the ratio of the central processing 
unit zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(CPU) time that is required for the complete design 
process zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto to the CPU time that is required to do one analysis 
f . 4 .  Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA16 shows this ratio tolt.4 plotted against the 
number of grid cells for the last test case. The figure shows 
that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas the grid becomes finer the cost of design drops in 
comparison with the cost of one analysis. For the finest grid 
considered here, this ratio dropped below 4. The efficiencies 
for the other cases were similar. 
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Figure 16. Efficiency of the One-Shot Method. 

6. CONCLUDING REMARKS 

An effcient method for the design of optimal airfoil 
shapes has been presented in this paper. This method brings 
the cost of the design process to the same order as that of the 
analysis problem. It offers great potential in designing optimal 
aircraft configurations efficiently at a reasonable computer 
cost. However, much work is still required before practical 
use can be made of this method. 
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Appendix A 

The Normal and the Tangent 

Let the upper surface of the airfoil be 

Y - / ( % I  = 0 (A.1) 
I f  the unit normal 7a. and the unit tangent t are chosen such 
that the normal points into the flow field and t x n points 
out of the paper, then 

- f l i  + j 



where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj are the unit vectors in the z- and y-directions, 
respectively, and fs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd f / d e .  From zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A.2) the following 
inverse relations can be written 

i = ( - f s l l .  + t)/J" 
1% + fMJm 

64.3) 

Let the upper surface be perturbed in the y-direction such 
that the new shape is 

j = ( 

The new normal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn and the new tangent f can be expressed as 

Figure 17. Perturbation of upper surface. 

With some algebraic manipulation we can show that 

fl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 + f s  

t = t + € -  d7v2 + O(E2) 

If the lower surface of the airfoil is given by 

y - f i x )  = 0 (A.7) 

and the normal and the tangent are such that 12 points into the 
flow and t x 12 points out of the paper, then 

f l i  - j 

- i  - f x j  
.la= Jm 
t =  Jm 

From (A.8), the inverse relation can be written as 

Figure 18. Normal and tangent on lower surface. 

(A.9) 

The new normal and the tangent on the lower surface (per- 
turbed in the y-direction) are also given by (A.6). 

a = (  $12 - WJKE 
j = (-.la - fxt ) /dKE 
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The Infinitesimal Segment da 

The infinitesimal segment d a  on the original airfoil can 
be written as 

d a 2  = dz2 + ay2 

= dzZ + ( g ) 2 d x 2  + h.0.t. (A. 10) 

= dz2 (1  + fz )  + h.0.t 

The corresponding infinitesimal segment d 3  on the new airfoil 
can be expressed as 

dU2 = dz2 + dY2 

= d x 2 [ l +  ( f Z + € j X ) ' ]  +h .o . t .  
(A. 1 I )  

From (A. l l )  we can show that 

(A. 12) 

A. l  The Gradient of the Cost Function 

Let the change in the design variable be such that 

a - + a + E &  (A.13) 

The resulting airfoil shape guvL (Fig. 19) and the correspond- 
ing potential $ that satisfies the governing equation and its 
boundary conditions in the new domain fl can be written as 

$ = 4 + E d  (A.15) 

The cost function on the original airfoil is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F[a ,b (a ) ]  G ( b  - bo)2da (A.16) s 

U+L 

On the nsw airfoil, the cost function can be written as 

F ( a +  E & ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2) = (a - b o ) 2 d 3  (A.17) J 
ot f ,  

If we use a Taylor series expansion, the potential on the new 
airfoil can be shifted to the original airfoil as follows: 

Figure 19. Perturbed airfoil shape. 

(A.18) 
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If we substitute for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt lu from (A.12) and for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 from (A.18) 
and use (A.3) and (A.9), (A.17) can be written zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

F ( a + ~ & , d )  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF(a,d)  

+ €1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2(d - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdo)&!u + O ( E 2 )  

U t L  
(A.19) 

The left-hand side of (A.19) can be expressed as 

F ( a  + E & ,  2) = F ( a ,  d)  + F + O ( E ' )  (A.20) 

where - 

(A.21) 
V,F - 3 F  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(E)"% 

am 
and V,F are the components of the gradient of the cost 
function. If we compare (A.19) and (A.20), we obtain 

L 
(A.22) 

dU 
2 YZY, 

1 + Y3 
+ J ( d - d o )  - 

U + L  

+ J 2(d  - d0)ldU 

U + L  

A.2 The State Equations 

The Governing Equalion 

For incompressible flow, the governing equation in the 
domain R is 

div( Vd) = 0 (A.23) 

After the airfoil is perturbed. the governing equation in the 
new domain fi is 

The Airfoil Boundary Condition 

The boundary condition on the airfoil is 

G b . , a = O  (A.29) 

where TI. is the unit normal on the airfoil. If fi is the unit 

normal on the new airfoil, then the boundary condition on the 
new airfoil can be written as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

G b + E d  . i i = 0  (A.30) 

With (A.6) and (A.18). the boundary condition on the new 
airfoil, shifted to the original airfoil, can be written as 

( '> 

(A.31) 
If we expand (A.31). substitute (A.29). and neglect the high- 
order terms, we can write 

Note that (A.32) is true on the original airfoil. 

tion (A.29) we can show that 
With (A.2), (A.3). (A.8). (A.9) and the boundary condi- 

Because V2d = 0 (the governing equation), we can write zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
o& . 3a = G( jGb . t )  . i on the airfoil (A.34) 

The Far-Field Boundary Condilwn 

At the far field, 

(A.35) 

where i a  is the unit normal on the far-field boundary. After 
the perturbation, we can write 

r 
G d .  11. = U ,  + -VQ . ? a  

Lr 

G(d + E i )  . l a  = U ,  ' 11. + - + Er  V 8  . v a  (A.36) 
2 r  

I f  we subtract (A.35) from (A.36), we obtain 

(A.37) 
r 

Gd . i a  = -VQ . i a  
2 r  

The Cut 
div(G2)  = 0 (A.24) 

where 
& = d + E d  (A.25) 

In the region that is the intersection of both domains, we can 
write 

div(V8)  - div(Gd) = 0 (A.26) 

From (A.26) we can show that 

d iv  Vd = 0 i n  Rnf i  (A.27) ( '> 

Therefore, in the limit as E + 0, we can write 

(A.28) 

Along the CUI 

(A.38) T B  b - - b  = r  

r = d t c  - d t e  
where 

(A.39) T B 

After the perturbation, 

(h + - ( m  + = r + Er  (A.40) 

From (A.38) through (A.40). we obtain 

(A.41) d 'T - d B = F  . 

where 
(A.42) . 'T ' E  r = h , ,  - d t e  



A.3 Summary zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1-17 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
B.l The Grid 

From the cost function, we get zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
" 

(A.43) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 -t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAYr 

U t L  

where E& zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare the changes in the design variables and V,F 
are the components of the gradient of the cost function. 

From the state equations, we obtain 

in R 

on the airfoil 

a t  the far field 

'7;. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAir = V(yVd . t )  . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
(A.44) r 

0 1 . 1 ~  = - T O .  I Z  
L r  

-T - 
a5 - $ h B = i .  along the cut 

where 

r = iTe. - &Fe. (A.45) 

Because 

(A.46) 

then 

(A.47) 

If we use the divergence theorem, then we can write 

div(Vd)dR = / V & .  t r d r  = U (A.48) 

n r 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr denotes the boundary of R. Equation (A.48) implies 
that in order for (A.44) to have a solution 

These integrals can be easily shown to be equal to 0. 

Appendix B 

Presented here is the discretization and the solution pro- 
cedure for the governing equations and the boundary condi- 
tions. Note that the compressible full potential equations are 
considered here. 

An 0 type of grid is used to discretize the computational 
domain. The grid lines form a set of curvilinear coordinates 
(E ,q ) ,  where 

The (-direction is clockwise around the airfoil, and the 9- 
direction is radial away from the airfoil. Figure. 20 shows 
a coarse schematic of an 0 type of grid. The cells in the E- 
direction run from l to /, and cells in the q-direction run from 
1 to J .  The grid-line j = 1/2 from 8 = 1/2  to i = I + 1/2 
represents the airfoil. Not shown are the ghost cells around 
the boundaries of the domain, where the boundary conditions 
are applied. 

Figure 20. The grid. 

B.2 The Governing Equation 

The goveming equation is discretized with the finite- 
volume approach. The velocity potential 4 is a cell-average 
value and is located at the cell center (i, j). The fluxes at the 
cell faces are evaluated with central differences. Hence. this 
discretization is effective only for subsonic flows. In the gen- 
eralized curvilinear coordinate system ( E ,  q ) ,  the compressible 
full potential equation (3.1) can be written as 

where 

is the density and 

(B.4) 

are the contravariant velocity components; E l .  Ey, qJ, and 
qy are the metric coefficients; and J is the Jacobian of 
the transformation. Note that J is also used to denote the 
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outermost cell in the q-direction. The velocity components zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4I and 4y can be expressed as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(B.5) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb ( L  + d,,qr 

b y  = bcty + b S 9 Y  

If the inverse of the transformation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI = z ( ( , q )  and y = 
y([, 9 )  is known, the metric coefficients and the Jacobian can 
be expressed as 

E= = JY, 

( - - J x ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
91 = - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ Y ~  

9 Y  = J”, 

(8.6) 
Y -  

J = l / ( Z < Y ,  - 2 V Y O  (8.7) 

Figure 21 shows a typical cell in the flow field. The coor- 

i+ l i2 ,  j 

- X  

Figure 21. A cell in flow field. 

dinates of the vertices of the cell are known from the grid 
generation. That is, 

By choosing 6( = 6q = 1, a finite-volume discretization of 
the governing equation (8.2) for the cell ( 1 , ~ )  can be written 
as 

Equation (B.9) is a consistent approximation to the integral 
form of the full potential equation. 

Consider the first term in (B.9). If we substitute from 
(B.4) and (B.6), then we can write 

where 

( x o ) t + + , J  = “ f + + , J + +  - “ t + + J - +  
(B.l l) 

The evaluation of yo is similar. If we use (B.6), then the 
velocity components given by (B.5) can be written as 

bz = .igoa5, - .iY,b, 

by = -JZ,,b, + J q b ,  
(B.12) 

To ensure that the numerical discretization satisfies a uniform 
flow field identically, (8.12) is discretized as 

and 

where 

Evaluaticn of and i j , ,  are similar. J is evaluated as 

J = l / ( f<i j , ,  - z,gc) (B.16) 

Similarly, we can write 

where 

(B.18) 

and y( is evaluated similarly. 
velocity components given by (B.12) are discretized as 

The various pieces of the 

(B.19) 

where z ; , ~  is givcn by (B.15). 
evaluated. 

Similarly, j i c  and go are 

B.3 T h e  Boundary Conditions 

The boundary conditions are imposed with one set of 
ghost cells around the computational domain. For the cells 
adjacent to the airfoil ( 3 ,  I ) ,  the metric coefficients except 
(Zc) , t , ,2 , ,  are computed as 

Similarly, the corresponding metric coefficients that are func- 
tions of y are also evaluated. 

The bars over the metric coefficients and the Jacobian indicate 
that they are evaluated with some mean values of 1: and y. 
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The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAirfoil zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

If we use zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3.2), (B.4). and (B.6), then we can write that 
(on the airfoil) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(Gd zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.q/-= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 (B.22) 

Figure 22 shows a ghost cell adjacent to the airfoil. The 

Figure 22. Ghost cell adjacent to airfoil. 
Figure 24. Ghost cells along cut. 

value of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd i , o  is set such that 
The Cut 

(:) i , +  = 

The Far Field 

Figure 23 shows a ghost cell adjacent to the far-field 
boundary. Similar to (B.22), we can show from (3.9) that at 
the far-field boundary 

The value of d,, J + ]  is set such that 

(B.25) 
is given by (refer to Appendix The value of the circulation 

C for details) 

Figure 23. Ghost cell adjacent to far-field boundary. 

Figure 24 shows the ghost cells along the top and bottom 
sides of the cut. The potential along the cut has a jump 
prescribed by (8.26). However, because the gradient of the 
potential normal to the cut must be continuous, the potential 
in these ghost cells is set as follows: 

(B.27) 

B.4 The Solution Procedure 

The discrete equations are solved with a Gauss-Seidel 
line-relaxation scheme. The nonlinearity introduced by the 
density p is handled by lagging its value by one iteration. 
Two systems of tridiagonal equations, one implicit in the [- 
direction and the other implicit in the 7-direction, are solved 
sequentially with the Thomas algorithm. Note that the tridi- 
agonal system implicit in the [-direction is periodic. A full 
approximation scheme (FAS) multigrid is used to accelerate 
the rate of convergence. Line relaxation is used to avoid the 
degradation in the performance of the multigrid scheme be- 
cause of the presence of grid cells with large aspect ratios. 

B.5 The Multigrid Acceleration 

A multigrid scheme is used to accelerate the conver- 
gence rate of the governing equations. In the multigrid 
process, starting with the fine grid, the problem is solved on 
a succession of increasingly coarser grids, and the corrections zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
64 from the coarser grids are successively transferred back to 
the fine grid to obtain a new approximation to the solution. In 
this process, the component of the error that appears as a high 
frequency on a grid is damped very quickly by the iteration 
on that grid. Thus, low-frequency components of the error 
are damped on coarser grids, and the high-frequency compo- 
nents are damped on finer grids. This property of the multi- 
grid is exploited by the One-Shot method during the design 
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA25. Location zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof 4 in fine and coarse grids. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
process. Because the full potential equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare nonlinear, a 
FAS multigrid is used. 

A two grid FAS multigrid algorithm is presented below. 
Let the fine grid on which solution is sought be represented 
by h and the coarse grid be represented by H. Also, let h 
and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH represent grid sizes, where H > h. A coarse grid 
can be built by removing every second grid point from a fine 
grid. This makes H = 'Lk. For the cell-centered scheme, this 
method of coarsening combines four fine grid cells to form a 
coarse grid cell. Figure 25 shows the location of dh and dH 
on a fine and a coarse grid, respectively. Now, consider the 
following problem on grid h: 

L'(q5") = 'Rh (B.28) 

where L?(4h) is a nonlinear equation and 'Rh is its right- 
hand side. Equation (B.28) represents the discretized full 
potential equation or any of the boundary conditions. After 
a few relaxations of (B.28) on grid h, if we assume that 
the remaining error is smooth enough to be approximated 
on a coarse grid, then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb and its residuals are transferred to 
the coarse grid H and an equivalent coarse grid problem is 
solved on this grid. The equivalent coarse grid problem can 
be written as 

C H  bH) = aH 

performed between successive grids is done in various ways. 
Two of the more popular methods, V cycle and W cycle, 
are shown in Fig. 26. The V cycle consists of a sequence 
of relaxation and transfer to coarser grids with the "exact" 
resolution on the coarsest grid, followed by a sequence of 
relaxation and transfer back to the finest grid. In the Coarser 
levels are visited more often in the W cycle than in the V 
cycle. The W cycle, although 50 percent more expensive 
than V cycle, is more robust. 

Figure 26. Multigrid cycling strategies. 

Appendix C 

The Kutta condition states that the circulation r around 
the airfoil should be such that 

the velocity is frnite and continuous at the trailing edge. 

The value of r is determined by requiring that the velocity 
that is perpendicular to the trailing edge bisector be equal 
to 0 at the trailing edge. In Fig. 27, let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu t  and U, be the 

r j V  

-----!!$e,, --_ 
I - x.u / 

- -__  -_  ll 
Cd&' - - . 

-_ --- 
-----!!$e,, --_ 

(8.29) 

Figure 27. Velocity at trailing edge. 
where 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAif and 1; are the restriction operators that transfer dh 
and its residuals to the coarse grid. Equation (8.29) is solved 
on the coarse grid, and the corrections 6dH are transferred 
back to the fine grid h to update dh as follows: 

dk," = b k d  + 1 ! W H  (8.31) 

where 
(8.32) 

and 1; is the interpolation operator that transfers the cor- 
rections to the fine grid. This process is repeated until the 
residual of (B.28) reaches machine zero. 

In the two-grid algorithm described above, we assume 
that the solution to (B.29) is accurate. In the multigrid 
algorithm, the solution on grid H is obtained by another two- 
grid iteration, where H is the fine grid and 'LH = 4h is the 
coarse grid. If this process is repeated this process on grid ZH 
and so on, the "exact" solution is obtained on a very coarse 
grid. The sequence in which the transfer and relaxation are 

bd H = d H  -1;dh 

velocity components along the cut and perpendicular to the 
cut, respectively. Let the unit vectors in the corresponding 
directions be t and 32, respectively. Let 6 be the angle 
between the trailing edge bisector and the cut. The velocity V 
perpendicular to the trailing-edge bisector, can be written as 

where 

As shown in Appendix 8 ,  the Cartesian velocity components 
U and v can be expressed as 

and the unit vectors can be expressed as 
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where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJG (C.5) 

If we substitute (C.2) through zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(C.5) into (C.l), it can be 
written as 

To satisfy the Kutta condition, we require that V = 0. That is, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
If the cut is aligned with the trailing edge bisector, then 6 = 0. 
If the grid is orthogonal, then Z ~ Z ,  + yey, = 0. Therefore, if 

the grid is orthogonal and the trailing-edge bisector is aligned 
with the cut, then (C.7) reduces to 

01 

where T and B refer to the top and bottom sides of the cut, 
respectively (see Fig. 1) and t.e. stands for the trailing edge. 
The value of r is easily obtained from (C.9). 

In practice, particularly while designing.an airfoil, the 
grid is not orthogonal nor is the trailing edge bisector aligned 
with the cut. However, numerical experiments have shown 
that the effect of the second term in (C.7) is of high order. 
Hence, a good approximation for the value of can be 
obtained from (C.9). 
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Tools for Applied Engineering Optimization zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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1 Abstract 

This paper is an introduction to applied optimiza- 
tion of engineering problems, with an emphasis on 
aircraft design. First, the optimization problem is 
described-namely, the objective function and the 
problems often involved in its optimization, the vari- 
ables or parameters over which the objective function 
is optimized, and the constraints upon the objective 
function. Formulation of the optimization problem 
to ensure rapid and accurate convergence is discussed 
and illustrated with specific examples. Three classes 
of optimization methods: evolution, downhill sim- 
plex and gradient optimization, are discussed. The 
robustness and speed of these optimization methods 
are evaluated and compared. Finally, a number of 
practical implementation issues related to optimiza- 
tion are highlighted. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 Introduction 

Over the last twenty years, many methods have been 
developed for optimizing aircraft solutions for vari- 
ous objectives (e.g. minimum cost or weight). In- 
dustry has traditionally optimized aircraft by vary- 
ing parameters with respect to each other, and then 
comparing the respective cost or objective functions. 
Even though the variation of parameters is useful for 
optimization over a few parameters, it is impractical 
for the hyperdimensional zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( N  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> 20) problems encoun- 
tered in the design of aircraft. 

If we consider, for example, a simple problem with 
ten possible discrete values for five pa.rameters, we 
will have to calculate and compare lo5 discrete so- 
lutions. For a typical objective function evaluation 
time of five minutes, a year of CPU time would be 
required to merely calculate the various configura- 

Aerospace Specialist, Deutsche Aerospace Airbus GmbH, 
Hiinefeldstrasse 1-5, D-28183 Bremen, Germany. 0 1 9 9 4  by 
A. Van der Velden. 

tions. Because of this immense cost, industry has 
been limited to investigating a tiny fraction of the 
design space. A possible solution to this problem is 
to reduce the design problem to an objective func- 
tion topography that has as many dimensions as de- 
sign parameters and then to find the global minimum 
using optimization algorithms. Constraints are en- 
forced by locally increasing the objective function to 
values higher than the global minimum. The devel- 
opment of robust nonlinear optimization algorithms 
which can rapidly solve hyperdimensional optimiza- 
tion problems with current computer technology is 
therefore essential if we wish to evaluatc the entire 
design space and thereby restore flexibility to the air- 
craft design process. 

3 The Objective Function 

The objective function is the function which will be 
minimized--i.e. its value will determine whether the 
parameter or variable values are “optimal.” 

3.1 The objective function topography 

The objective function will often have a complex to- 
pography. All optimization methods ha.ve at least 
some difficulty with topographical features such as: 
narrow valleys where the function is low for a nar- 
row range of one or more parameters; large relatively 
flat plains where the function does not vary signif- 
icantly, and multiple valleys, or local minima. An 
ob jcctive function f which illustra.tes thcse complex 
topographical features can be described by the fol- 
lowing system of nonlinear transcendent equations 
(Fig. 1): 

Presented at an AGARD-FDP-VKI Special Course at the VkY, Rhode-Saint-Gendse, April 1994. 
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3.2 Minima and saddle points zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A minimum is a point where varying each parame- 
ter results in a higher objective function value. If a 
function has more than one minimum, the  smallest is 
described as a global minimum a.nd the  others as lo- 
cal minima. Although the  opt imum we want t o  find 
is the global minimum, every optimization strategy 
can mistake a local for a global minimum. 

A saddle point is a point where all the part ial  
derivatives with respect t o  the  parameters of the ob- 
jective function are zero zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( i . e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa critical point),  but  
a variation i n  a t  least one parameter will result i n  a 
better (more opt imal)  objective function value. 

Figure 1: Objective function topography. 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

Ai zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(U;$  sin ~j + b i j  COS aj) , 
j=1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

j=1 

and 

1.0 2.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 , 

-2.0 -1.5 
b =  [ -1.0 - 0 . 5 1  * 

(3) 

The  vector zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp represents the free parameters. The  
minimum value of f is reached when p = cr. The  
topography of this function is relatively smooth, but 
all the parameters are strongly coupled, and this ob- 
jective function is difficult to optimize because of i ts  
numerous local minima and saddle points. This func- 
tion will be used later in this paper t o  i l lustrate and 
evaluate various optimization methods. In the rest of 
this section we will describe the  types of topogra.phi- 
cal features which complicate optimization problems. 

3.3 Narrow valleys or gorges and large 
plains 

Narrow valleys or gorges occur when there exist pa- 
rameter(s) with a very narrow range over which the 
Objective function value is small. Since the existence 
of gorges implies tha t  the objective function param- 
eters are strongly coupled, improvements in the ob- 
jective function value are possible only when several 
parameters are varied simultaneously. In this case, 
the optimization can converge only slowly, especially 
for curved gorges. 

Only strategies with a good selection of step sizes 
and direction have a chance of finding the  minimum 
of such a narrow valley. This type of topography is 
typically encountered in the  optimization of a highly 
constrained system; we have i n  practice observed up 
t o  fifteen coupled constraints in such cases. Even i f  
we develop an optimization strategy which is success- 
ful in narrow valleys, the  design corresponding t o  the 
minimum may be difficult i f  not impossible t o  imple- 
ment. 

Large flat plains, although the  inverse topography 
of gorges, also pose problems: Over large parameter 
variations, l i tt le changes. In this topography, i t  is 
difficult t o  decide in what direction t o  search for the 
minimum. 

3.4 Holes or singularities and poles 

Holes or singularities are the extreme case of na.rrow 
valleys-minima which occupy a vanishingly small 
volume in space, which often occur i n  the middle 
of large plains. Again, we have strong coupling be- 
tween the  parameters. Holes are often due t o  numeri- 
cal error i n  the optimization, and should therefore be 
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considered inherent features of the objective function 
only when they are greater in extent than the error 
associated with the numerical method. Although a 
hole may correspond to an interesting design, usu- 
ally the design parameter range is so limited that it 
is impossible to manufacture. 

A pole is a point where the optimization program 
generates an infinite objective function magnitude. 
This can be, for example, due to a divide by zero 
inside the analysis or to the choice of an an unsuitable 
objective function, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe.g. choosing to maximize zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACI;/CD 
by minimizing CD/CI; while allowing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 0 values of CI;. 

3.5 Steps 

Steps (steep cliffs) occur in both analytically and nu- 
merically defined objective functions. If we then con- 
sider such a “steplike” objective function at the edge 
of the step, we find that the derivative of the param- 
eter is infinite. Similarly, in the middle of a step, the 
derivative will be zero. 

3.6 Roughness and noise 

Roughness in the objective function is defined as 
stochastic (over the parameter being varied) variation 
in the objective function value around a mean value 
when the parameters are varied slightly. It is distin- 
guished from noise, which is defined to be the nonre- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
producible random variation in the objective function 
value, in that roughness, remains constant over suc- 
cessive evaluations of the objective function for iden- 
tical parameter values. Practically, however, these 
two fine-scale features cause similar optimization dif- 
ficulties and are usually not considered parts of the 
solution. 

3.7 Topographical improvement 

A great deal of time and effort can usua.lly be saved by 
preconditioning the objective function and its param- 
eter space before we even begin to optimize the ob- 
jective function. Since the convergence criteria or op- 
timization tolerances are fixed during the optimiza- 
tion, the objective function should be normalized by 
an estimate of its global minimum, to ensure that 
the objective function does not vary too slowly with 
respect to the convergence criteria. The objective 
code should also be searched extensively for singular- 
ities and poles [8]. If possible, poles and singularities 
should be removed, or the parameter range(s) should 

be conditioned to exclude them. The roughness of 
the objective function can usually be improved by 
increasing the numerical accuracy of the iterations. 
Note however that this conditioning may corrupt the 
optimization, and in certain cases it may be simpler 
and cheaper to use an appropriate method to opti- 
mize the unconditioned objective function. 

4 The Choice of Variables and 
Constraints 

4.1 Variables 

We should select the set of design variables (param- 
eters) which result in an objective function topogra- 
phy which best avoids the topographical difficulties 
described in the previous section. The number of 
parameters should be minimized, to speed up con- 
vergence and to simplify the objective function to- 

The variables should also be decoupled as much as 
possible, to minimize the number of gorges. For ex- 
ample, if we are interested in optimizing the length 1 
and the diameter D of a fuselage with respect to su- 
personic (wavetfriction) drag for a given minimum 
volume, and define 1 and D as the two variables, the 
drag topography will show a diagonal valley in the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 - D plane, and therefore for every improvement in 
drag, both 1 and D will have to be varied. If we 
select 1 and 1/D as the variables, however, the drag 
topography will be much simpler: the optimizer will 
find the optimum value for l / D ,  and keep it rela- 
tively constant as it reduces 1 until the volume hits 
its minimum constraint. Decoupling design variables 
is, unfortunately, more an art than a science, since 
it is very difficult to predict or visualize hypcrdimen- 
sional interactions. 

Finally, we should select a set of variables which 
minimizes the number of local minima in the ob- 
jective function topography. A common mistake 
which is made in airfoil optimization is the choice 
of Fourier series as shape functions for airfoils. Al- 
though Fourier series are a convenient decomposition 
from both a mathematical and computa.tiona1 point 
of view, the resulting objective function will be in- 
herently periodic, with ma.ny local minima, making 
it difficult to find a global minimum with any opti- 
mization method. 

pography. 
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Constraints here are constraints on either individual 
parameters or upon functions of the design param- 
eters. They can be applied by imposing a penalty 
upon the objective function that is quadratic in the 
extent of constraint violation. In our case a fixed 
penalty to the normalized objective is added for a 
predefined constraint violation (tolerance). In gen- 
eral, there is still a sizable negative objective func- 
tion gradient in the direction of an active constraint 
(Fig. 2). An improvement in the objective will then 
result in a constraint violation. This problem can be 
solved by making the constraint more severe. How- 
ever it is not very smart to make the constraints too 
severe, since severe penalties create gorges in the to- 
pography. The author only classifies constraints as 
violated when they exceed their limits by an allowed 
tolerance. If the constraint lies i n  between his con- 
straint boundary and its tolera.nce a constraint is ac- 
tive but not violated. 

The selection of constraints is always tricky. For 
every active constraint imposed, a mriable has to ex- 
ist that can be varied to improve the constraint vio- 
lation. Although this may result in a larger number 
of variables, it is generally better to optimize over 
a large flexible set than a small rigid set of param- 
eters. An “optimal” selection of variables and con- 
straints will depend greatly upon the intuition of the 
designer. 

5 A Comparison of Optimization 
Tools 

5.1 Criteria 

Although optimizers promise a faster and more ex- 
tensive investigation of design space, to be useful in 
aircraft design, they must meet these criteria: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 The optimizer should be robust. Robustness 
here means that the optimizer finds the global 
minimum for a given objective function. 

0 The optimizer should be able to cope with hy- 
perdimensional parameter spaces. 

0 The optimizer should be practical in terms of 
computational time and cost. In our evaluations, 
the computation time did not exceed 16 hours 
(overnight) on workstations. 

1 .o 

constraint zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 allowable 

increment 

Design parameter 

Figure 2: A n  active constraint. 

In our study [4], a number of optimization meth- 
ods were investigated wit h respect to these crite- 
ria. In general these methods can be divided into 
three groups: evolution, downhill simplex, and gra- 
dient methods. These methods will be described in 
the rest of this section. 

5.2 Evolution methods 

The most advanced evolution methods use mutation 
or recombination and selection to minimize the ob- 
jective function. We start out with a large number 
of points randomly distributed over the design space, 
i f  possible with at  least one point for every dimen- 
sion of the problem. In mutation, each of the points 
produces a number of new points that are normally 
distributed around the original point. The best point 
out of this next generation of points is selected. In 
recombination, a random number of points exchange 
parameter values. Again, the best points are selected 
for the next iteration. This recombination mecha- 
nism allows points to move towards a point with a 
low objective function value. A standard deviation 
represents the average step size. This standard devi- 
ation adds one dimension to every parameter in each 
point i n  our algorithm [4]. In this way those points 
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3: Evolution method. 

with the best standard deviation have the highest 
chance of finding the global minimum. 

Initially, the evolution method converges very 
rapidly, but it has trouble converging to the exact 
solution. It does however deal well with complex to- 
pographies. Fig 3 illustrates this method on the ex- 
ample of Figure 1. Only the best point for every new 
iteration (generation) is shown. Initially, the strategy 
goes down the slope in the direction of the left cen- 
tral plain. After this plain is reached, it “escapes” to 
the local minimum in the corner with the second low- 
est objective function value of the topography. More 
than 1200 function calls were required to reach this 
local minimum. 

5.3 Downhill simplex methods. 

A simplex, ageometrical body with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn+ 1 vertices [3], 
is in two-dimensions a triangle, and in three dimen- 
sions, a tetrahedron. The downhill simplex method 
calculates and compares the objective function for 
the vertices of a simplex in the variable space, se- 
lects the worst one, and moves this point through 
the opposite face of the simplex to a, lower point. If 
this new vertex is better, the old one is deleted. If 
there is no improvement after a number of steps, the 

method “shrinks” the simplex by reducing the length 
of each side. Figure 4 shows this method applied to 
the Figure 1 example. Initially, the method cannot 
decide whether to go right or left. It then jumps to 
the right, bounces agains the constraints and finds 
the global minimum, after only 48 function calls. 

Contrary to popular belief, this method has the 
highest probability of finding the global minimum 
when it is started with very big initial steps (up to 
10% of expected range). The initial simplex will then 
span a greater fraction of the design space and the 
chances of getting trapped in a local minimum are 
lessened. However, for complex hyperdimensional to- 
pographies, the method can easily break down inside 
the simplex. This can be avoided at some cost by 
often restarting the optimization. 

This kick-start method [GI is based on the premise 
that since it is impossible to know whether one has 
reached a global or a local minimum, large step sizes 
should always be allowed unless one is certain that 
the global minimum has been found. This modified 
simplex method is a systematic repetition of the regu- 
lar simplex method with a minimum number of large 
steps. The number of steps in the inside loop should 
be sufficient to allow the simplex to converge if the 
start vector is optimal ( w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG N ) .  This way the step 
sizes remain large until the optimum is reached. Con- 
vergence is achieved when convergence is achieved 
both in the inside as well as in the outside loop. 

5.4 Gradient methods 

Gradient methods follow the path of the steepest gra- 
dient to the local minimum. The partial derivatives 
of the objective function with respect to the design 
parameters are calculated, the search direction is de- 
termined from these derivatives, and pursued until a 
local minimum is found. The whole procedure is re- 
peated until the objective function shows no further 
improvement. 

Fig 5 shows a gradient method applied to the ex- 
ample of Figure 1. At the starting point, the gra- 
dients are calculated, and encouraged by the initial 
downward slope, the algorithm immediately jumps to 
the opposite side of the design space, hitting the do- 
main constraints. The algorithm then travels along 
the domain constraint in the direction of the negative 
gradient. This leads it to a saddle point where it gets 
stuck. More than 120 function calls were required to 
find an objective function value that was more than 
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Figure 4: Downhill simplex method. 

nine t imes the  one found by the  simplex strategy. 

The  various gradient methods are  distinguished by 
how the  derivatives are  determined. Some require 
explicit ma t  hematical derivatives, while others use 

a finite difference a.pproach like the variable metric 
method [7] used here. They are fur ther distinguished 

by differences in the  s tep sizes and the number of 
steps per i terat ion. T h e  selection of the algori thm 
is often of lesser importance than the choice of min- 
imum and max imum allowed step sizes. T h e  min- 
imum step size must  be greatcr than the objective 
function roughness, or else the method will break 
down immediately. The  maximum step size, on the 
other hand,  should be small enough t o  properly i n -  
vestiga.te the  objective function topography, and t o  
avoid optimizer failure when a n  erroneous search dire 
ction is chosen. 

Gradient methods converge very rapidly for simple 
objective function topographies. They are usually 
not appropr ia te for complex topographies, since their 

speed is great ly reduced and they seldom find the  
global minimum-usually, the  strategy will become 
stuck i n  the  first local minimnm found. 

b GM I 

-3. .2. -1. 0. 1. 01 

Figure 5: Gradient method.  

5.5 Optimizer performance 

These methods were investigated and cal ibrated in 
terms of speed and robustness. Speed was defined 
here as the number of function calls required t o  find 
the  global minimum plus t h e  t ime spent  and lost 
by the  designer restart ing t h e  algor i thm when i t  be- 

comes trapped in a local min imum. Typical ly half a 
day is spent simply interpret ing t h e  result of an opti- 
mization over several hours. This  interpretat ion cost 
usually exceeds the function call cost. 

Robustness zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR was defined as t h e  mean harmonic 
error of the  best optimized object ive zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQbest normalized 
by the  local opt imum g,,opt for a set of 24 randomly 
chosen s ta r t  vectors : 

(4) 

T h e  s ta r t  vectors were identical for every optimizer 
test .  

Th is  criterion was chosen based upon the experi- 
ence of the  author ,  who was intcrcsted i n  the  opti-  
mization of aircraft configurations. It is very sensitive 
when the local minimum t h a t  was found dur ing run zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
i, g l , o p l ,  is near the  global minimum g b e s l ,  and qui te 
insensitive whcn the optimization completely fails. If 
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6:  Robustness of optimizers for the trigono- 
metric problem. 

Figure 7: Computational cost for the trigonometric 
problem. 

a design is terrible, it is thrown away immediately. If 
a design is close to the value expected for the opti- 
mum, it could easily be confused with the optimum. 
Since in aircraft designs we are usually interested in 
improvements of even a few percent, such mistakes 
should be heavily penalized. Other advantages of this 
criterion are its simplicity and its general applicabil- 
ity. Finally, this criterion ha.s the advanta.ge that all 
the optimization results a.re considered. 

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 shows the robustness of the optimizers for 
the example problem of Figure 1. For this problem 
every optimizer started at the same random point; 
the problem was evaluated for identical randomly 

.7 

.6 

- 

- 

generated arrays a and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb, as well as vector zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcr. Fig- 
ure 7 shows the corresponding relative computational 

.2 - 
Y 

.1 - 
cost. 

In Figure 8, the robustness R of the problem of - 
minimizing the weight of a multi-bar truss system 
with a varying number of trusses of standard dimen- 

4. 6. 8. 10. 12. 14. 16. 

# variables 

sions is shown. The standardization of the trusses 
further complicates this highly non-linear problem; it 
introduces steps in the objective function. Figure 9 
shows the corresponding relative computational cost. Figure 8: Robustness of optimizers for multi-bar 

Although one could argue that for this problem 
the gradient method is more robust for a given com- 

truss system. 
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putat ional  cost, note t h a t  computat ional  cost is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAnot 
organization (corporate) cost. For example, i f  t he  
workstat ion is used overnight, it is irrelevant whether 
the  machine takes one or sixteen hours. IIowever, it 
does ma t te r  whether t h e  machine comes up with the  
right answer in the  morning, since one more workday 
could be lost. We also found tha t  t he  only reason 
the  gradient optimizer found any right answers at 
all was related t o  t h e  fact t h a t  the  optimizer s ta r ted  
near the  op t imum by chance. For t he  higher dimen- 
sional problems with a complicated topographies this 
chance diminishes rapidly. 

In view of t he  very different behavior of t he  opti-  
mization methods  i t  is not  possible t o  select a single 
“opt imum optimizer.” Only the  genetic algori thm 
and kick-simplex methods were reliable enoiigh t o  
even be considered for appl icat ion t o  the  miiltidis- 
ciplinary aircraft design problem described in refer- 
ence [6]. T h e  kick-simplex method has be t te r  perfor- 
mance for t he  rough objective functions created by 
the  calculat ion of drag in our  CFD codes. For t he  
relatively smooth drag  objective function calculated 
with panel codes, gradient methods had performance 
comparable t o  the  kick-simplex method.  Cocktails- 
combinations of optimizers-are even more robust 

t han  simple restar ts  of one scheme. Given the  huge 
number of possible combinations, we were l inable t o  
include this possibil i ty i n  our  evaluations. A n  esti- 
ma te  of the  op t ima l  sequence of optimizers, and num- 
ber of steps per opt imizer,  can be obta ined by run- 
ning the  problem for each individual optimizer and 
determining the  sequence by finding the  optimizer 
with the  most rapid convergence for a given optimiza- 
tion phase. One robust rapidly converging cocktail 
would then be t o  s ta r t  with the  evolut ion strategy, 
then switch near t h e  end to t he  kick-simplex method.  
Similarly, a good cocktail for smooth  topographies 
would be the  combination of a Monte  Carlo ( ran- 
dom)  method with a gradient method.  The gradient 
method is s ta r ted  from numerous randomly gener- 
a ted  points i n  space, and the  best resul tant  point is 
ret ained . 

6 Implementation Aspects 

In this section we will discuss some aspects pert i-  
nent t o  the  practical implementat ion of opt imizat ion 
methods i n  t he  industry. 

6.1 Objective 

If a t  all possible, one should use the  s a m e  objective 
functions (codes) t h a t  will later be used t o  deter- 
mine the  final performance of t he  design. Keeping 
the  1/0 format  of an exist ing industr ia l  code is also 
highly recommended, t o  take  advantage of t he  expe- 
rience of other engineers wi th  these analyses. In ad- 
dit ion, opt imizat ion,  at least i n  aerodynamic design, 
improves the  design by only a few percent; therefore, 
the  difference (error) between the  objective op t imum 
and  the  objective used t o  determine the  final perfor- 
mance must  be significantly less than  t h e  incremental 
improvement due  t o  the  opt imizat ion.  The indus- 
tr ial  organization will then be less skeptical about  
the  improvement claimed. In industry,  where a large 
group of engineers must  agree upon the  validity of the  
claimed improvement, th is acceptance issiie is crit i- 
cal. 

Figure 10 maps o u t  t he  organizational implemen- 
tat ion of these recommendations. The optimiza- 
tion program is independent  of t he  objective function 
analysis code, which keeps i ts  T/O fo rmat .  An inter- 
face program between the  opt imizer and the  analysis 
code creates a new input  file based upon the  recom- 
mendat ions of the  optimizer. The interface program 
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Figure 10: Optimizer analysis code organization. 

then calls the analysis code, reads its output, and 
converts the output into a value for the objective. 
On a workstation network, the analysis code does not 
need to run on the same machine as the optimizer 
and interface. If the analysis code or the workstation 
executing the analysis routine crashes, the interface 
will interpret this as a bad design result and pass 
a large (nonoptimal) objective function value to the 
optimization algorithm. This approach allows easy 
parallelization of the problem. 

6.2 Sensible objective functions, variables 
and constraints 

Apart from the obvious requirements for a sensible 
objective function, we need at  least as many zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAactive 
degrees zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof freedom to improve the design as there are 
active constmints.  In industry, many engineers have 
a tendency to put too many constraints into the de- 
sign, effectively freezing the design in its previous 
form. In academia, many researchers use too few 
constraints, and therefore work with oversimplified 
topographies. These topographies are of course easy 
to optimize, but seldom yield useful results. 

The fewer problematic topgrahical features the ob- 
jective function has the more rapidly convergence is 
achieved with an appropriate optimizer. For very 
smooth objective functions without many local min- 
ima it is even possible to use gradient methods. In 
practical cases, we rarely have a smooth design space; 
such rapidily converging algorithms are therefore sel- 
dom useful. We are therefore practically limited to 
evolution and simplex- methods, which despite recent 
developments are still much more computationally in- 
tensive than classic gradient methods. Since for most 
complicated topographies the optimizer almost never 
finds the global minimum, a.nd instead wastes a lot 
of computational time meeting convergence criteria, 
it is usually better to roughly determine thc location 
of local minima and restart the optimizer as often zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas 

possible. 

6.4 Post-optimality processing 

It is probably a wise policy to be sceptical towards 
any optimization results. Try to understand what the 
optimizer has found. A good approach is to make a 1- 
D parameter scan of the design space for every design 
variable while monitoring the constraint violations. 
Such a parameter scan is show in Figure 11. The 
bypass ratio of a supersonic transport is constrained 
by noise regulations at  values below 1.2. Above 1.6 
the aircra.ft is no longer able to meet its range. The 
unconstrained objective function has an optimum be- 
low 1.0. With this approach one can ea.sily illustrate 
the active constraints. These active constraints to- 
gether with the objective function can also suggest 
design improvements by applying technologies that 
change the constraints. If the rcsult is identical to 
that before optimization, the solution was probably 
not allowed enough flexibility. If the solution is too 
good to be true, most likely the analysis is no longer 
valid, and the design variables should then bc limited 
to the range of analysis validity. 
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Figure 11: Post-optimality parameter scan. 

8 Conclusion 

In this paper we have discussed strategies for min- 
imizing various complex engineering objective func- 
tion topographies. The concept of robustness is de- 
fined, and used to compare various optimizer types. 
In general it is not possible to recommend a single op- 
timizer as the best. However the use of many restarts, 
large step sizes and combina.tions of different optimiz- 
ers significantly improves the chance for success. Us- 
ing a single optimizer and tight convergence criteria 
does not help to find the global minimum. In addi- 
tion we discussed a. number of pra.ctica1 issues related 
to optimization. 
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1 Abstract 

This work describes the methodology used to com- 
pare supersonic design concepts and its use in indus- 
try. The design concepts are analyzed with a modular 
synthesis model and compared on the basis of operat- 
ing economy with specified performance and environ- 
mental impact. The analysis routines of the synthe- 
sis model are mainly configuration independent and 
represent fixed levels of structural, aerodynamic and 
propulsion technology. The specialist departments 
are responsible for the content of the routines, and 
later verify the design with more refined methods. 
At present more than two hundred variables describe 
the aircraft geometry, engine characteristics and mis- 
sion. More than twenty of those variables represent- 
ing the aircraft and its flight-profile are optimized 
simultaneously as a function of Mach number, pay- 
load and range. Because the various designs are an- 
alyzed with the same routines and optimization pro- 
cedures they can be easily compared. This aircraft 
pre-optimization results in a significant reduction of 
the number of follow-on detail-design cycles, espe- 
cially for non-conventional designs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

2 List of Principal Symbols 

1 

h 
BPR 
DEM 
DA 
DASA 
M 
MTO 
OFW 
S 
SMC 
SCT 

L / D  

length 
lift-to-drag ratio 
altitude 
engine bypass ratio 
design empty mass 
Deutsche Airbus 
Deutsche Aerospace 
Mach number 
maximum takeoff weight 
oblique flying wing 
reference wing area 
seat mile cost per passenger 
Supersonic Civil Transport 

*Aerospace Specialist Deutsche Aerospace Airbus GmbH, 
Hiinefeld strasse 1-5 P.O. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABox 107845 D-28183 Bremen 1 Ger- 
many Copyright: 1994 by A. Van der Velden. 

s.f.c. 
SLS 
SWB zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t 
C 

Tt,4,mllz 

W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
%,,ax 

A 
A03 

AP 

specific fuel consumption (N/hr/N) 
sea level static 
symmetric wing body 
thickness to chord ratio 
maximum turbine entry temperature 
width 

Greek Letters 

maximum engine pressure ratio 
sweep angle 
ozone depletion 
sonic boom sea-level overpressure 

3 Introduction 

In the early days of aviation, the technology to design 
aircraft was less complex and the requirements on 
product safety minimal. As a consequence, aircraft 
could be designed by small groups of people. Such 
small groups can communicate directly and therefore 
work very efficiently. For instance: In 1936 it took 
Kurt Tank exactly one year to conceive and produce 
the Focke Wulf Condor, the first transatlantic air- 
liner. However as the technology became more com- 
plex, aircraft designers had to specialize to cope with 
the increased flow of information. In addition, the 
growing market required improved safety and accu- 
rate performance guarantees. Such performance and 
safety guarantees could only be made by extensive 
analysis and testing of the aircraft design. Due to this 
increased work-load an aircraft is no longer designed 
by a single group, but by hundreds of specialists in 
many departments. This subdivision of work further 
increased productivity and enabled the development 
of the complicated but safe transport aircraft we have 
today. 

Although the specialists can fit the aircraft with 
the best technology available in their field, it is un- 
clear whether this will always lead to the best air- 
craft. The best aircraft can only be designed with a 
truly interdisciplinary effort. The number of people zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Presented at an AGARD-FDP-VKI Special Course at the VKI, Rhode-Saint-Gen2se. April 1994. 



9-2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and independent locations increases the design cycle 
time and decreases the amount of interaction between 
the disciplinary groups. Progress is thereby limited 
to incremental improvements making it difficult if not 
virtually impossible to achieve the breakthroughs in 
aircraft design still common thirty years ago. This 
paper will present a possible solution to this prob- 
lem that was developed at  Stanford University and 
Deutsche Airbus. This paper is similar to a previous 
paper presented at the AIAA Aircraft Design Con- 
ference in Monterey [12]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 Overview 

We will first discuss a design strategy which given 
a mission finds the optimum aircraft design in the 
analysis parameter space. This parameter space is 
determined by the various disciplinary groups. Based 
upon this input robust physically correct analysis 
modules are developed. Finally improved non-linear 
optimization techniques are used to find the best de- 
sign using these modules in this parameter space. 
This strategy reduces the number of design cycles 
and allows us to evaluate more configurations. 

As an example we will describe how this strategy 
is applied to the design of an SCT configuration. The 
main assumptions of the analysis routines will be de- 
scribed as well as the objective function. Finally we 
will compare several near-term technology supersonic 
configurations as a function of mission specifications. 

5 MIDAS: A Design Process 

How doe we best achieve flexibility and efficiency 
in our design process while effectively using the tal- 
ent available to the organization? Figure l shows 
our solution called Multi-Disciplinary Intergration of 
Deutsche Airbus Specialists. 

On the highest level there exists a global model of 
aircraft performance and economy as a function of its 
specification and a set of design variables. The anal- 
ysis routines in the global model are supplied by the 
departments who have final responsibility. In about 
an hour numerical optimization of these design vari- 
ables will provide an estimate of the aircraft's main 
characteristics and geometric dimensions. Figure 2 
shows the convergence history of a global optimiza- 
tion. 

After the optimized design is finished it is criti- 
cally evaluated by the specialists. Once the decision 
is made to develop a design further, the departments 
verify the pertinent results of the global optimiza- 
tion in greater detail. This verification includes the 
design of a more detailed geometry on the basis of 
the global optimization output, much like putting 

management 
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Range. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApax. 
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Figure 1: Overview of the MIDAS Design Process 
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Figure 3: Intermediate Aerodyna.mic Optimization 

the flesh on a skeleton. The values predicted by 
this intermediate model are compared to those for 
the global model and if necessary the global model 
is corrected and the process is repeated. Typically, 
no more than three iterations are required. In some 
cases the intermediate design level is also automated 
resulting in a closed global-intermediate loop. In this 
case only computational limitations prevent further 
integration. Note that at  the intermediate design 
level, within each department a new group of param- 
eters must be optimized which justify the simplifying 
assumptions made at  the global level. For instance 
in the global aerodynamic model, the assumption is 
made that there exists a wing camber distribution 
that has near minimum potential drag for a given 
planform. The wing planform is optimized during 
the global optimization cycle. At the intermediate 
level, the camber (represented by shape functions) is 
then optimized to achieve minimum lift dependent 
wave drag for this planform and lift. Finally the re- 
sultant ratios of the achieved minimum lift depen- 
dent wave drag to the global theoretical minimum is 
used as a correction factor in the next global opti- 
mization. Figure 3 shows the convergence history of 
the intermediate aerodynamic optimization for sev- 
eral optimizers. 

If this ratio exceeds an allowed percentage, the 
model itself should be corrected. The intermediate 
model should not introduce parameters that conflict 

with the global model variables. Given the extent 
of this subject we will not present the intermediate 
models in this paper. To date we have used this 
method to obtain two SCT configurations. The con- 
figurations presented here have many of the features 
of these proprietary designs. 

5.1 Analysis Method Requirements 

For successful optimization of a parameter space we 
also have to make the analysis routines suitable for 
this purpose. A number of points have to be con- 
sidered in addition to the ones mentioned in part I 
[ll]: 

0 Coordination of input and output. This 
requirement forces the development to be co- 
ordinated by only a few people and therefore 
presents the most significant “bottleneck” for 
industrial application. . 

0 Modelling: What to model? In principle 
we are always modelling cost and benefit. Clear 
paths should be established between the ma- 
jor design parameters and the cost equations. 
The benefits of a noise suppressor are ea.sily de- 
fined, the number of dB suppressed at a refer- 
ence condition can simply be used as an input 
parameter. But at what cost? Here is where 
the specialist is invaluable. He will calculate 
how much benefit to the aircraft he can guaran- 
tee as a function of various physical quantities 
(jet exhaust velocity ...) for what cost (thrust- 
loss and suppresser complexity..). An accurate 
prediction of these relations is of course to his 
professional advantage since that will indirectly 
determine his task in the intermediate detailed 
design. 

0 Modelling: Generality versus accuracy. 
In many cases design optimization has consisted 
out of coding up hand book methods and run- 
ning an optimizer on top of this. Unfortunately 
handbook methods require common sense which 
computers don’t have. Computers are bad with 
rules of thumb since they do not know what 
is behind them. But computers are fast and 
can solve the general equations upon which the 
rules of thumb are based. In general good pro- 
gramming practices are: 

Handbook methods have been developed for hu- 
mans, not machines. The handbook methods 
tend to categorize each problem into a narrow 
group and provide the solution for the narrower 
problem. It can be easily understood that this 
will lead to physical inconsistencies in the for- 
mulation of the problem which prohibit the use 
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of an optimizer. After coding up ten thou- 
sand lines of code with inconsistent physics the 
chances that any useful information would be 
generated are very small indeed. Good pro- 
gramming practices are: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- Use only one equation to describe one vari- 

able (e.g. one equation for wing weight). 
If this is not possible make sure that each 
equation representing the same variable con- 
tains the identical set of parameters and 
that the derivatives at  the cross-over points 
are continuous if possible. Boundary con- 
dition discontinuities between the equa- 
tions representing the same parameter are 
definitely unwanted. 

- Base the equations on physical realities, 
do not fudge the model beyond reason- 
able levels to fit one existing data set. In 
my thesis [2] the structural model for the 
wing was (almost) the same as for the fuse- 
lage. Wing and fuselage were both ana- 
lyzed with shell theory. In general such 
generalizations are less accurate for indi- 
vidual cases, but globally more correct. 
Accuracy is not a problem since the er- 
rors caused by these generalizations can 
be ironed out at the more detailed levels 
and fed back to the global optimization in 
the form of a correction factor. 

- Keep the number of variables to an ab- 
solute minimum. Ask yourself whether a 
variable is really necessary. 

- Be careful with iterations inside the objec- 
tive function and evaluate their effect on 
objective function smoothness. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 Present Method Advantages 

The present method as a number of advantages over 
more traditional design methods. This method: 

0 clarifies the goals of a design project and pro- 
vide a means of communication between the 
disciplines. Most of the time it is not very clear 
what the objective of an aircraft design is. By 
agreeing on an objective function (for instance 
SMC) and a number of constraints it is possible 
to settle interdisciplinary differences. 

0 automatically debugs the analysis routines. 
Small model inconsistencies are usually not no- 
ticed by the expert user because he only trusts 
his model in a limited range. The optimizer will 
exploit any weakness in the model and there- 
fore make it clear. 

0 cleanly compares between competing config- 
urations. To compare aircraft they have to be 
analyzed with the same technologies and mis- 
sions. In addition they have to be preferably 
analyzed with the same set of equations. 

0 reduces the number of detail-design cy- 
cles. As the experiences at DA have shown, 
a good baseline design will cut the number of 
follow-on detail cycles, thus significantly reduc- 
ing the time required to design an aircraft. 

0 shortens the design cycles. Project man- 
agement will get a fast first estimate of influ- 
ence of the specification or technology on the 
aircraft performance and economy. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 allows post optimality analysis. Assum- 
ing that the objective function can be linearized 
with respect to the design variables at  the (lo- 
cal) minimum we can verify whether we found 
a (local) minimum by determining the partial 
derivative of the objective function with respect 
to the design variables. They all should be zero. 
A good impression whether a minimum is local 
or global can be found by plotting ea,ch design 
varia.ble with respect to the objective function 
over a range including the (local) minimum. 

0 reduces the amount of data produced. No 
more complicated biased thumbprint plots are 
necessary to understand a single design point. 
Simple graphs can be used to scan the entire 
design space of best configurations. Active and 
nearly active constrains can be monitored to 
indicate important performance criteria or im- 
portant technologies. 

0 allows the progress that is made in the anal- 
ysis routines to be directly tra.nslated into an 
improved design . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

7 Application of the Method to 
Supersonic Civil Transports 

7.1 Introduction and Basic Assumptions 

In this study the synthesis model is used to make 
a comparison between conventional' supersonic and 
subsonic transport configurations and the oblique fly- 
ing wing transport based on operating economy and 
other figures of merit for a range of missions with 
specified performance and acceptable environmental 
impact. 

of the Comparison 

'Del ta wing or swept wing type 



We will consider two types of aircraft: the OFW’s 
or oblique flying wings and the SWB’s or symmetric 
wing bodies. The symmetric wing bodies include air- 
craft geometries as varied as those of the A340 and 
Concorde. The OFW was described in detail in pre- 
vious references by the author [2] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[7] [8] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[9] and by 
Waters, Ardema and Kroo [6]. The passenger com- 
fort level was held as constant as possible to allow ob- 
jective comparison between the configurations. The 
seat layout is 10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA% first class (40” pitch), 30 % busi- 
ness (36” pitch) and the rest economy (32” pitch). 

All aircraft are evaluated with the same analy- 
sis routines. All aircraft are designed with the same 
level of structural, aerodynamic and propulsion tech- 
nology. This level is based on that achieved by the 
next generation of transports. Features are: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

e Aerodynamics: Skin friction is based on fully 
turbulent flow with characteristic sand grain 
roughness. The ’potential’ flow drag is based on 
the theoretical minimum drag for a given distri- 
bution of lift and volume. This drag is then cor- 
rected based on the actual achieved drag levels 
in the detailed design. This correction factor 
therefore reflects the potential drag improve- 
ment that is still achievable. Factors of 1.1 for 
the volume dependent wave drag and 1.2 for the 
lift dependent wave drag are typical. Ref. [2] 
describes the 1992 status of the aerodynamic 
global model. 

e Structure: Structural calculations are based on 
a mix of composite materials and metallic al- 
loys. DA experience shows that intermediate 
carbon fibers with BMI resins achieve strain 
levels in excess of 0.5 % resulting in weight sav- 
ings over conventional primary structures in ex- 
cess of 25 %. The airframe life was specified 
to be over 75,000 hours with 50,000 supersonic 
flying hours and 25,000 pressure cycles. A min- 
imum skin thickness of 2 mm was specified to 
minimize foreign object damage. Weight is cal- 
culated with shell-theory. An overview of re- 
cent developments in structural technology in 
Germany can be found in prof. Arendts publi- 
cation [5]. 

e Propulsion: A turbofan engine with mixing and 
a variable throat area was used. Polytropic 
component efficiencies are typical of the cur- 
rent generation: between 88 and 93% for the 
compressor, fan and turbine. Noise suppres- 
sion of up to 9 dB is allowed. A more detailed 
discussion of powerplant optimization at DASA 
(intermediate level) can be found in reference 
D I .  

In addition the supersonic aircraft will have some zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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technology that is not yet available for subsonic air- 
craft: 

e An active gear to reduce the taxi and landing 
loads by 16 % on supersonic aircraft. 

e Flutter mode control load alleviation, which 
would allow increased sweep with thin wings. 

e Active stability and control for the unstable 
oblique flying wing. A commercially safe active 
stability and control system for the oblique fly- 
ing wing has not yet been demonstrated. With- 
out such a system the oblique flying wing is not 
possible. 

design. 

trol systems. 

subsonic aircraft. 

e Powerplant variable geometry inlet and nozzle 

e Improved navigational and environmental con- 

e Noise suppression up to 9 dB versus 6 dB for 

The costs of these additional technologies are in- 
cluded in the cost model. This level of technology is 
based on the current DA-SCT development program. 
The objective function that is used throughout this 
study is operating cost relative to a subsonic refer- 
ence. The influence of the cost of development on 
sales price is included. The objective is calculated by 
the algorithm shown in Figure 4. This study com- 
pares the relative operating cost of various aircraft 
for the same mission, permitting comparisons of one 
concept with respect to the other. 

7.2 Variables and Constraints 

Input requires more than 200 variables for a full def-. 
inition of the aircraft. Roughly one third of these 
variables are technology constants and are assumed 
to remain constant. 

All designs were optimized with respect to 19 of 
the following 24 engine cycle, mission and geometry 
variables. The variables marked with a star (*) were 
used on all designs. The other variables were used 
only when their best value could not be determined 
in advance (For instance, in the case of the flying 
wing the length of the fuselage is set to zero.). For 
these variables the default best value is given. 

1. * Maximum takeoff mass zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAMi, 
2. * Bypass ratio BPR. 

3. *Maximum turbine entry temperature sea- 
level static Tt,4,ref 

4. * The corresponding total pressure ratio 
CC 
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design variables, constraints 
mnstants zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I 

fixed- geometry 

bads@ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmlm.rnio.mzl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
takeoH.landing.manoeuvre.gus1 
sizing winghselage stations based on mitical 
structural bads 

component mass 

aerodynamics.populsin 
sonic boom. ozone depletion 

I emnomy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI l i l d  performanat. noise 

design 
converged? zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

obictive lunction 
I constraints I 

optimum 
found? 

optimized design variables 

Figure 4: Objective Function Algorithm 

design rule that  the payload should fit in- 
side the structure without excess (vertical) 
space. 

14. Fuselage length 1,. This is only a design 
variable for wing-body configurations. 

15. * Cabin diameter. Determines the fuse- 
lage diameter of SWB’s wings and the max- 
imum absolute thickness of OFW’s. 

16. * Spanwise location of two powerplants on 

17. Spanwise location of two fuel tanks on half 
wing: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAytank l  and ytank2 and the spanwise 
width of the tanks. For most long range 
wing-body configurations a large fraction 
of the available wing volume for fuel was 
actually used, so rearranging fuel tanks 
does not affect the wing bending weight 
greatly. For flying wings this did turn out 
to be an important design variable since 
only about half of the available wing vol- 
ume for fuel was used by the fuel tanks. 

18. * Spanwise location of the main gear legs 
Ygear 

19. Wing Root thickness-to-chord ratio [f],OOt. 

This is an important variable for wing- 
body configurations, but flying wing con- 
figurations all converged to  the maximum 
allowed thickness of 16.3 %, so i t  was fixed 
at  this value. 

half wing: Ypropl and ~ p r o p 2  

5.  Combustor temperature cutback during 

6 .  * Combustor temperature cutback a t  take- 

takeoff A ~ 4 , t ~ .  

off noise control point and start  climb zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAT4,cutback. 
20. Climb sweep &limb. This is only of signif- 

7. * Initial cruise altitude hcruise. icance for variable sweep configurations. 
I 

8. * End of first climb segment Mach number 
Mclimb, or the altitude at  the end of the 
first climb segment hclimb for fixed Mclimb. 

9.  * Holding Mach number Mhold for given 
altitude; Mho[diS also the Mach number at 
the start  of climb. 

10. * Diversion Mach number Mdiv or alti- considerations: 
tude. 

Only used as a design variable for wing- 
body configurations. In particular, the delta- 
wing configurations tend to take off a t  lift- 
off speeds greater than this value because 
of high take-off drag. For flying wings the 
value of VLOF/V, is set to  1.2, the lower 
bound. 

21. Take-off sweep At,. This is only of signifi- 

22. * Cruise sweep Acr. This is the same as 

cance for variable sweep configurations. 

the sweep for fixed sweep configurations. 

The variables are constrained by the following 

11. Ratio of stalling speed to  lift-offspeed V L O F / V S  Geometry (22 Constraints); location Of 
to 

4 powerplants, 3 gear legs and 4 fuel tanks, as 
well as the structural box. The x-location of the 
centroids of these items is determined by bal- 
ance considerations. The y-location of the pow- 
erplant, fuel tanks and gear legs are determined 
by the optimization of these variables with re- 
spect to  the objective function. These vari- 
ables are constrained to  not interfere with each 
other’s location. The powerplant is placed out- 
side the direct vicinity of the passenger cabin 
to  protect passengers from engine explosion de- 
bris. The relative location of these items is es- 
pecially important for the oblique flying wing 
in order to  achieve the benefits of span loading. 

12. * Wing Area S. 
13. Wing Aspect ratio AR. It is only a de- 

sign variable for wing-body configurations. 
For flying wings, the aspect ratio is deter- 
mined by the wing area S and the wing 
thickness-to-chord ratio and the heuristic 



The gear track was limited to 35 m to enable op- 
eration from runways that are at least 150 feet 
wide. The maximum thickness-to-chord ratio 
could not exceed 16.3%. The volume of the fuel 
tanks was sufficient to accommodate all the re- 
quired fuel as well as a fuel volume equivalent 
to half the payload. The mean trailing edge 
sweepback angle was limited to 30° for arrow 
wings due to  the expected aero-elastic and con- 
trol problems of more highly swept thin wings 
[lo]. The maximum aircraft width is limited 
to 65 m. (B747-400) and the length to 102 m. 
This leads to a maximum structural span of 120 
m for OFW's. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

a Engine Cycle (3 Constraints). The engine is 
constrained by the required top of climb thrust 
margin of 10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA% and the required climb gradi- 
ents. There was no upper limit to the engine 
size. The turbine entry temperature was not 
allowed to exceed 1800K. The bypass ratio was 
between zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 and 6. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 Flight Profile Settings (7 Constraints). The 
flight profile is shown in fig. 5. Thrust, sweep, 
altitude and Mach number can be set at takeoff, 
takeoff thrust-cutback, midpoint climb, start 
cruise and end cruise. For a specific mission 
segment definition point either the Mach num- 
ber or the altitude was fixed during the opti- 
mization. The turbine entry temperatures and 
pressure ratios were always kept smaller than 
the maximum reference numbers selected for 
the cycle. The variable mission thrust settings 
make it possible to meet the noise regulations 
with thrust-cutback. Since the design loads are 
calculated based on the prescribed mission it is 
possible to minimize the aircraft loads in con- 
junction with the geometry. The lift-off speed is 
not less than 1.2 times the trimmed stall speed. 

a Performance constraints (4 Constraints). The 
range was constrained to a value not smaller 
than the design range and not more than 200km 
greater than the design range. The takeoff field 
length was constrained to 3300 m (11OOOft) to 
allow operations from most international run- 
ways. The one-engine out screen height climb zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 5: Flight Profile 

suming conventional combustors. This level of 
predicted depletion is consistent with the cur- 
rent HSCT program goal described in reference 
[3] assuming that low emission combustors are 

-used. The mean sonic boom overpressures are 
not allowed to exceed 144 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3. 

7.3 Comparison of Optimized Configura- 

In this section we will compare optimized configura- 
tions. The comparisons are made for designs with 
fixed mission parameters, such as constant range, 
payload, and Mach number. 

Reference Aircraft 
The baseline mission is 250 passengers over a 9000 km 
range. Figure 6 shows the top views of the optimized 
conventional configuration and the optimized OFW. 

For a cruise Mach number of 0.8 table 1 shows a 

tions 

- - typical cruise lift-to drag ratio of 20.4 for the OFW 
requirement was set in accordance with the FAR25 as compared to 19.8 for the conventional configu- 
regulations. A minimum all engine climb gra- ration. The SMC of the oblique flying wing is also 
dient Of '% must be maintained at the takeoff 5 % lower than that of the conventional configura- 
FAR-36 cutback thrust level. tion. Another salient difference between the two is 

the cruising altitude. The start cruising altitude of 
the OFW about a kilometer higher than for the SWB. 
This is due to the lower wing loading of the OFW. 

a Environmental constraints (4 Constraints). All 
the designs in the study meet the FAR 36 stage 
3 levels. In addition the total ozone depletion is 
not to exceed 5*0% for a fleet the cur- 
rent B747 (capacity: 1.25 x 10l2 skm/year) as- 

2The results are very similar for symmetric flying wings. 



9-8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure 6: Optimized Configurations that Transport 
250 Passengers Over a 9000 km Range 

The  required thrust is about the same for both config- 
urations. For payloads of 250 passengers and higher 
the flying wing seems t o  be economically competi- 
tive with subsonic aircraft. Both configurations will 
be able t o  meet more str ict noise regulations with- 
out excessive weight penalties. The  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA% advantage 
in SMC probably does not outweigh the development 
risk and the lower cabin volume per passenger in an 
O F W  as compared t o  a wide body subsonic airliner. 

Table 2 compares a 250 passenger O F W  and an 
SWB for a cruise Mach number of 1.6 and a range 
of 9000 km. The Mach number of 1.6 is chosen for 
easy comparison with the O F W  as well as t o  easily 
meet the proposed ozone layer depletion constraint. 
At this Mach number the O F W  is clearly superior 
t o  the SWB. Interestingly enough, the cruise lift-to- 
drag rat io of the  O F W  is only 10 % better than tha t  
of the SWB. The  optimizer chose t o  improve the lift- 
to-drag of the SWB up t o  the level of the O F W  at 
the expense of the structure. The  structure of the 
SWB is almost 40 % heavier than for the OFW. In 
the case of the O F W  lift-to-drag ratios of around 11 
during cruise were achieved without a large structural 
penalty because of span loading and the fact tha t  the 
O F W  wing is much thicker. Even though the O F W  is 
much better than the SWB its SMC is still not close 
t o  those of the subsonic transports. Though both 
configurations are not constrained by sonic boom or 

I Item I OFW I SWR I - -  

Cruise Speed M 0.8 M 0.8 
passengers 250 250 
Ranae 9200 km 9200 km 
Geometry: 

Root ,Tip zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt/c 0.163,0.12 0.145,0.104 
cabin 1 x w (m) 
total 1 x w (m) 
Weights: 
DEM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(k.4 62544 70101 
MTO ( ka )  134623 146554 

Wing Area zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(ma)  965 357 

32.5 x 5.9 
92 x 13.5 

42 x 4.8 
60 x 60 

102 

Table 1: Comparision of Subsonic Aircraft 

ozone layer depletion, they are both constrained by 
takeoff noise. Because of i ts  better takeoff lift-to-drag 
rat io and lower wing loading the  O F W  cuts back the 
engine a t  takeoff t o  meet the noise requirement. Since 
the SWB is more constrained by performa.nce require- 
ments i t  has t o  be designed with an  increased bypass 
ratio. The  bypass rat io for the  SWB is more than 
twice the BPR of the  O F W .  T h e  O F W  is close t o  vi- 
olating the ozone depletion requirement because i t  is 
flying higher. I ts maximum sonic boom overpressure 
is only half of tha t  of the SWB. 

Figure 7 shows that this OFW is able to achieve ranges of 
up to 6500 nm (12000 km) without excessive cost. Span- 
loading enables the OFW to improve both range and SMC. 
From a range of 7000 km on the OFW is constrained by the 
maximum span of 120 m. The SWB seems to be most at- 
tractive for the transatlantic range. Beyond 11000 km its 
maximum takeoff weight snowballs, even with our agres- 
sive technology assumptions. 

At Mach 2.0 the SWB’s performance stays about the same 
while the OFW’s performance worsens. Even though the 
cruise lift-to-drag of the OFW is less than that of the 
SWB at Mach 2.0, their difference in SMC is about the 
same as the Mach 1.6 case. Beyond Mach 1.8 the OFW 

Effect of range 

Effect of cruise Mach number 
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" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA\ I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Root,Tip t/c 
cabin zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx w (m) 
total zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 x w (m) 

Item I OFW I SWB 
Cruise Speed I M 1.6 I M 1.6 

0.163,0.12 0.042,0.030 
32.5 x 5.9 
120 x 13.5 

62 x 3.7 
93 x 45 

I Dasseneers I 250 I 250 I 

Weights: 
DEM (kg) 
MTO (kc) 

" 
Range I 9125 km I 9010 km 
Geometry: I I 

96675 133784 
222805 297542 

1 Wine Area zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfrrz') I 1193 I 720 I 

L) D 
s.f.c. 
h 

11.5 10.4 
0.95 0.93 
15790 13650 

. -, 
I PowerDlant: I I 1 

4 x 261 

1780 1780 - .  , 
I ODeration: I Initial Cruise I 

Rel. SMC 
Environment: 

102 
I 

T.0 Noise (dB) I 104 I 105 
I -4.11 % I -1.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.0 
SMC 
SMCrer 

2.5 

2.0 

1.5 

1 .o 

.5 

.O 

Table 2: Comparison of Supersonic Aircraft 

Mach 1.6. 250 passengers 

6. 8. 10. 12. 14. 16. 

Range (Mm) 

Figure 7: Relative SMC as a Function of Range 

3.0 
I 'highly' constrained design SMC 

SKEFf 
2.5 

2.0 

1.5 

1 .o 

.5 

.O 

conventional 
fuels 

ref 

250 passengers, 9000 km 

.5 1 .o 1.5 2.0 2.5 

Mach # 

Figure 8: Relative SMC as a function of Mach num- 
ber 

has to be swept too reduce volume dependent drag. The 
constraint on its maximum size prohibits the increase in 
the span to offset the corresponding higher lift dependent 
drag. Figure 8 shows the influence of the increase in speed 
from Mach 0.8 to 2.0 on SMC for the SWB's and the 
OFW's. The dominant influence is the price of wave drag 
added to supersonic configurations. A t  supersonic speeds 
there is still an increase in SMC with increasing Mach 
number due to the increased specific airframe complexity. 
Mach numbers in excess of 2.0 where not considered due to 
thermal stability problems with conventional fuels for trips 
in excess of 3 hours. In addition we found that the SWB 
designs were constrained by as many as a dozen constraints 
a t  the same time. This is caused by incompatibility of 
low-speed and high-speed flight that does not exist by the 
OFW aircraft. 

Because of the poor volume efficiency of the OFW con- 
figurations, the optimum SWB payload of 250 passengers 
may not be large enough. For the OFW a payload of 400 
passengers is better. It is not possible at this time to de- 
sign a 400 passenger SWB SCT configuration since such 
an aircraft would have an excessive mtow. But in the case 
of the OFW the increment in performance is such that it 
outweighs the reduced market size. Figure 9 shows the 
effect of increased payload on the SMC of the OFW. If we 
compare the 250 and 400 passenger OFW's we find that 
the maximum takeoff weight has increased 35% while the 

Effect of payload size: 
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3.0 

SMC zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA’ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S-mzZ 

2.5 

‘highly’ constrained design 

- 

1.5 ’ 

1.0 . 

.5 . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I Mach 1.6, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9000 km 

of missions. The best O F W  in terms of SMC, are large zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(400 passengers) and long range (12000 km) with cruising 
speeds around Mach 1.7. The best SWB’s have around 
250 passengers and fly transatlantic with a cruising speeds 
around Mach 1.8. In terms of operating cost per passen- 
ger, the best OFW is 73 % better than the best SWB. 
Even though the symmetric wing body design presents a 
lower risk solution due to the extensive database that is 
available for such a design, this configuration is only viable 
with high ticket surcharges. The oblique flying wing does 
promise this economic viability but the unavailability of 
an extensive database prohibit near-term launch. 
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payload has increased 60%. Increasing the payload further 
decreases the SMC to values close to those of competitive 
subsonic transports. A more detailed explanation of the 
improved economy of the oblique flying wing transport 
over the symmetric wing body can be found in ref [2]. 
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9 Conclusion 

In this paper we discussed a design strategy which given a 
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the various disciplinary groups. Based upon this input 
robust physically correct analysis modules were developed. 
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and allowed us to evaluate more configurations. 
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1 Abstract zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
This paper will discuss examples of aerodynamic 
shape optimization at Deutsche Airbus in Bremen. 
First, we will introduce a general approach to aerody- 
namic shape design based on minimization of aircraft 
life energy cost. Realistic constraints are introduced 
on lift, pitching moments and thickness. This method 
is applied to the quasi-3D design of multipoint tran- 
sonic wings which are analyzed by a full potential 
code with a coupled boundary layer calculation. Fi- 
nally, this method is applied to the wing-body design 
of a Supersonic Civil Transport that is analyzed with 
a linear potential code with real flow corrections and 
a decoupled boundary layer calculation. 

2 Introduction 

Since the early days of aviation history, engineers 
have sought to improve wing design methods. The 
first successful attempts at designing an airfoil were 
made around 1900 by Kutta and Joukowski. The 
next major development was the use of simple geo- 
metric shape functions to characterize airfoil shapes; 
the NACA airfoil classification system using this 
method is described in reference [l]. Unfortunately 
these- NACA airfoils had high drag at transonic 
speeds, and therefore more refined shapes with re- 
duced (or no) transonic shocks were required. More 
recently, successful transonic airfoils have been de- 
signed by defining a (nearly) shock-free transonic 
pressure distribution and using an inverse solver to 
find the corresponding airfoil geometry. At DA the 
SUPDES method developed by Greff and Mantel [8] 
[7]-a decoupled solution solver which uses residual 
correction-has been used for several years. This 
method starts with an initial guess for the geome- 

*Aerospace Specialist, Deutsche Aerospace Airbus GmbH, 
Hiinefeldstrasse 1-5 P.O. Box 107845, D-28183 Bremen Ger- 
many. 0 1 9 9 4  by A. Van aer Velden. 

try and calculates the pressure distribution for this 
geometry. Then the geometry is revised based on 
the difference in pressure between the calculated and 
desired pressure distributions. Although this full po- 
tential code has a viscous analysis option, the analysis 
is inviscid in the initial design phase. 

Although this method is presently used, it suffers 
from a number of weaknesses: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 The method can cope with only one pressure 
distribution per design, and it is therefore dif- 
ficult to develop a design for more than one de- 
sign point. Multipoint designs are possible only 
through the intuition-and experience of the aero- 
dynamic designer. This experience is not always 
pertinent for designs with significantly different 
missions. 

0 It is sometimes physically impossible to derive a 
geometry for a given pressure distribution. One 
is therefore limited to small modifications to ex- 
isting pressure distributions in the leading and 
trailing edge regions. Unfortunately, the lead- 
ing and trailing edge geometries greatly influ- 
ence the lift and drag of the airfoil. Further- 
more, even small pressure distribution modifica- 
tions often result in a wavy geometry that must 
be smoothed. 

0 This method is able to design airfoils for a given 
pressure distribution, but it is not always clear 
whether these airfoils have the lowest drag. Fig- 
ure 1 [2] shows an example of a “shock-free” 
transonic airfoil with a wave drag of more than 
200 counts zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(CO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.02). This result clearly 
demonstrates that the wave drag of an airfoil de- 
pends on the entire flow field and is not directly 
related to a smooth pressure distribution. 

0 It is difficult to analyze the effects of complex 
airfoil geometry constraints such as spar depths 
and pitching moments. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Presented at an AGAiW-FDP-VKI Special Course at the VKU, Rhode-Saint-Gedse, April 1994. 
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Figure 1: Design of a shock-free high wave drag airfoil 
by Volpe (1989) using an inverse method. 

Figure 2: Design of a single point airfoil using direct 
optimization by Lee [5]). 

0 The inverse airfoil design method can be com- 3 
putationally quite expensive. This is especially 
true if the airfoils are evaluated based on over- 
all performance, instead of at a single design 
point. In a recent case, it took skilled engi- 
neers more than half a year to design a single 
high-performance wing for the next generation 
of transports. 

General Methodology 

Multipoint aerodynamic optimization can in general 
be described using the form of the general engineering 
optimization described in [IS]: 

0 Select objective function. 

0 Select variables and constraints. 

A solution to these problems was proposed by Van- 
derPlaats and Hicks [4]. They used the numerical op- 
timization techniques to modify a geometrical shape 
such that an arbitrary objective function representing 
the design goals could be minimized. Even though 
this breakthrough took place almost twenty years 
ago, computer speeds have not increased sufficiently 
to make this method practical with the shape func- 
tions they proposed. Even now, recent literature re- 
views such as Labrujere and Slooff zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[6] note that prac- 
tical direct numerical optimization of wings is not 
possible due to the great computational expense. 

Despite its drawbacks, some authors, for exam- 
ple Lee [5], have applied direct numerical optimiza- 
tion, minimizing the drag of a single point airfoils 
(Fig. 2). Unfortunately, the designs produced with 
these methods are inferior to designs from experi- 

0 Select optimizer(s). 

0 Optimize and analyze the results. 

3.1 

Consider the objective function 0 described by the 
total energy loss due to aircraft drag during the op- 
eration of the aircraft over n missions: 

Drag as an objective function 

In this expression, pi is the the probability of mission 
i ,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAri is the block range for that mission. This ex- 
pression can be simplified by weighing the drag over 
a number of representative design points: 

m 

(2) 
enced engineers using inverse methods. 

In this report we will show that it is possible to 
produce true viscous multipoint designs that com- 
pare favorably with designs ma.de by experienced en- 
gineers. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = c w i c d .  

i=l  

In our experience, five design points are enough to 
adequately describe a good multipoint design. 
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3.2 Variables zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The variables of our problem describe the aerody- 
namic shape of the aircraft. Over the last two 
decades, many engineers have tried to accurately de- 
scribe the shape of a wing with only a few parameters 
while still keeping flexibility. There are three general 
classes of aerodynamic shape functions: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALinear combination of existing airfoils. This geo- 
metric approach to the airfoil design problem is 
a derivative of the original NACA method [l]. 
Although this method is computationally effi- 
cient, at DA this method has often given only 
trivial solutions (e.g. the old airfoil) due to the 
low flexibility inherent to this geometrical rep- 
resentation. In addition, there is little physical 
foundation for the implicit assumption that the 
drag (objective) of a linear combination of air- 
foils is linearly or at all related to the drag of the 
individual airfoils. 

0 Analytical shape functions are linearly superim- 
posed to define an wing geometry. Examples 
of these include Hicks-Henne functions, Wagner 
functions and the patched polynomials discussed 
in reference [5], as well as the Legendre polyno- 
mials used by Reneaux [18] and the splines used 
by Cosentino [19]. Unfortunately, the number 
of parameters required for these shape functions 
is usually too great to allow multipoint three- 
dimensional design. In every case a minimum 
of 30-40 points are required to accurately de- 
fine each airfoil. Even if only five airfoils are 
sufficient for defining a wing, about 200 parame- 
ters will be necessary. This number of variables 
is simply too great for practical optimization at 
present. Cosentino optimizes a 3D wing, by al- 
lowing variations over only a small portion of 
the wing. Lee has proposed patched polynomi- 
als as a way of flexibly modeling an airfoil sec- 
tion with only sixteen parameters. Although this 
approach does produce a flexible geometry, the 
performance of the sections designed with this 
method cannot compete with those produced by 
experienced engineers using inverse methods. 

0 Special aero-functions were proposed by Re- 
neaux [18] as a means of designing airfoils with 
a minimum number of parameters. This ap- 
proach automates the steps which an experi- 
enced designer follows when using an inverse 

method. ‘Good’ pressure distribution types are 
defined, along with the shape or special aero- 
functions which produce these pressure distribu- 
tions. Unfortunately, for a given pressure dis- 
tribution type, these aero-functions vary with 
Mach number, and this method is then imprac- 
tical for multipoint designs. This method there- 
fore has all the disadvantages of inverse methods 
discussed in the Introduction. 

At DA [14] the author has introduced another type 
of function, a highly nonlinear special aero-function, 
which could optimize the shape of a 3D transonic 
wing with adequate flexibility using current computer 
technology. It is currently in the validation phase at 
DA. Its application will be demonstrated in the next 
section. 

3.3 Constraints 

The type and number of constraints are highly 
problem-dependent zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. Typical constraints for commer- 
cial wing designs are: 

0 Lift and angle of attack. Either the lift CL or 
angle of attack (Y are constrained or defined as 
input values. For the horizontal tail plane, both 
can be simultaneously constrained. 

0 Minimum and maximum lift. Maximum lift 
at low speed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(z 50m/s)  CL,^^^ for a given 
Reynolds number influences takeoff and landing 
performance and is therefore an important is- 
sue. For horizontal tails, the minimum lift at  
low speed CL,,,,, is an important constraint. 

0 Buflet onset at 1.3g relative to l g  cruise. Even 
though buffet onset is difficult to predict exactly, 
a conservative estimate can be made using the 
trailing edge separation criterion [17] based on 
trailing edge pressure coefficients. 

I 

0 Pitching moment C,. This is usually not par- 
ticularly important for subsonic transports but 
is a major issue for supersonic transports. The 
hinge moment Cm,h is an important constraint 
in the design of control surfaces. 

0 The aircraft thrust must be at least equal to the 
drag also at off-design points, of which the most 
critical are usually at the high lift and high Mach 
number corner of the envelope. The allowed drag 
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creep as a function of Mach number or lift is also 
often constrained. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGeometry. The airfoil thickness and thickness 
distribution are usually subject to structural and 
geometric constraints. 

0 Engine installation. The airfoil pressure distri- 
bution should take into account the disturbances 
due to engine installation. This can result in lim- 
itations to  the lower leading edge suction. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.4 Optimization and testing 

The objective function space for our shape function 
was wavy ( i .e. had several local minima) and had 
surface roughness, which was due to the iterations in 
the CFD analysis. The existence of local minima is 
clearly illustrated in Figure 3. Each solution here is 
at least a local minimum drag solution for the tran- 
sonic airfoil problem. 

In case 1, transition strips were simulated at  0 . 0 5 ~  
at the upper surface and 0 . 0 7 ~  at  the lower surface. 
The design converges to a drag of 115.0 counts with 
a weak shock at 0 . 3 ~ .  The design parameters were 
then randomized and the transition on the upper sur- 
face was changed to 0.15~. The optimizer now takes 
advantage of the laminar flow on the upper surface, 
resulting in a negative pressure gradient up to the 
0 . 1 5 ~  point. This, however, results in a much stronger 
shock at  0 .4~ .  The optimizer now finds a local min- 
imum drag value of 115.2 counts, 0.2 counts higher 
than the first case. After repeated restarts, the de- 
sign finally reconverges to the first solution, implying 
that the possibility of laminar flow on the upper sur- 
face does not help to lower the overall drag. To avoid 
getting stuck in such local minima, the kick-simplex 
method was used in every case. 

When the objective function is evaluated with 
the code used to do the performance prediction- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
as in the previous example-little additional testing 
is required. After the optimization has converged, 
the complete set of polars is calculated to search 
for anomalies between the points where the objec- 
tive function was evaluated. At the design point, 
additional calculations are done with 3D Navier- 
Stokes/Euler codes to verify the simplifying assump- 
tions made in the objective function analysis. 

X/L 

Figure 3: Two (locally) optimal pressure distribu- 
tions. 

4 Quasi 3D Transonic Multi- 
point Design 

4.1 Optimization and analysis methods 

At DA the production codes VICWA, XLS and Ep- 
pler are used. To calculate the drag polar of the entire 
wing, the quasi-3D polars created with these methods 
are used in combination with a Truckenbrodt vortex 
lattice method that calculates induced drag. Quasi- 
3D assumes the absence of spanwise pressure gradi- 
ents along the iso-chord points. A Navier-Stokes cal- 
culation verifies the absence of these gradients. The 
Navier-Stokes method is not yet accurate enough to 
be used for performance calculations, and is therefore 
at  this time not used for objective function analysis. 

The Eppler code [12] couples a conformal mapping 
incompressible flow calculation with a semi-empirical 
boundary layer method. It is used to calculate the 
incompressible maximum and minimum lift and cor- 
responding angles of attack. 

XLS is a nonconservative ful l  potential code with 
a momentum integral boundary layer and a nonisen- 
tropic shock-point operator which includes the effect 
of sweep and taper [ l l ] .  Comparisons of an early zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 
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Figure 4: VICWA conical transonic analysis. 

version of this code with other codes can be found in 
reference [ 101. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

VICWA, the successor of XLS described in refer- 
ence [13], analyzes a viscous conical transonic flow. 
The boundary layer is calculated using a finite dif- 
ference numerical method. For an isobaric transonic 
wing, this method predicts the drag and the pressure 
distribution quite well, even with fairly strong shock- 
boundary layer interactions. Figure 4 shows mea- 
sured and calculated pressure distributions as well as 
the 3D boundary layer development for the DLR F4 
configuration. One flow analysis takes about 3 min 
on an 80 Mflops HP workstation. 

In our optimization code, the user is free to select 
any of these methods for any of the points where the 
analysis is performed. The methods all have flexi- 
ble constraints on thickness, pitching moment, lift, 
drag, buffet and maximum and minimum lifts. From 
a “good” starting solution the code requires about 
50 flow field calculations per design point to find the 
global minimum. If started from other points, the 
code will still find the global minimum, but at least 
one restart is typically required. 

6, 
buffet 

2 

5 

0.7 M 

Figure 5: Transonic wing design points. 

4.2 A multipoint wave drag-bucket wing 
section 

The objective of this study was to design a wing with 
a large envelope of low wave drag to achieve superior 
operational flexibility. The wing, which had moder- 
ate sweep and was operated between Mach numbers 
0.7 and 0.8, had been previously been designed using 
inverse methods. Figure 5 shows the design points of 
this wing section. Since the quasi-3D method treats 
the wing as a number of sections we will limit our- 
selves to the description of the 38% semi-span section 
design. Figure 6 shows the optimization convergence 
history for the most important parameters describing 
this airfoil. The highly nonlinear interaction of the 
design parameters can be observed. To illustrate the 
flexibility of the method the engineer responsible for 
the inverse design was allowed to select the design 
starting point shown in Figure 6 

This starting point was a 16% thick reflexed air- 
foil that was totally unsuitable for transonic speeds. 
The code was only barely able to analyze the de- 
sign points for the starting airfoil. The thickness was 
constrained to be at least 12.5%. The drag rise be- 
tween points l and 2 and points l and 3 was limited 
to 10 and 25 counts respectively. Nevertheless, the 
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Figure 6: Design convergence history. 
Figure 7: Comparison of the 12.5% inverse and direct 

direct numerical optimization algorithm was able to 
find a good solution to the problem. Figure 7 com- 
pares the performance of the multipoint inverse de- 
sign, which incorporates departmental transonic de- 
sign experience, with the optimizer design. 

At the primary cruise Mach number both designs 
perform equally well, but outside the normal opera- 
tional lift range the inverse design is slightly better. 
However, the higher drag values during buffet onset 
for the direct numerical design are not necessarily 
bad, since we do not want to operate the aircraft 
here. At the extreme end of the envelope the direct 
numerical design is clearly superior to the inverse de- 
sign. At point 3 in the cruise envelope, a difference 
of 20 counts in drag exists between the inverse and 
direct numerical designs. To operate the aircraft at  
this point a larger engine would be required for the 
inverse design. 

To investigate the influence of tradeoffs we modi- 
fied the objective function to include thickness. Ev- 
ery 0.01 increment in aircraft thickness-to-chord-ratio 
was weighted as 10 counts in drag. The design con- 
verged to a thickness of 15.3%. Figure 8 shows its 

designs. 

I 

direct 1 
0.005 I 15.31 

L 1 I 

0.005 

.I 
I 1 

c, -.2 .O .2 .4 .6 

Figure 8: Comparison of 12.5% inverse design and 
15.3% direct designs. 

drag polars. 
The maximum thrust required is the same for both 

wings, even though one wing is much thicker. The di- 
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Figure 9: Pressure distributions at  point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 for 12.5% 
(top) 15.3% (bottom) thick direct designs. 

rect design seems to have a completely flat wave drag 
topography over the design range. The drag is equal 
at both the low and the high lift coefficients. The 
drag creep constraint of 15 counts between points 
2 and 3 was active. The author has never before 
observed such a wave drag behavior for a wing sec- 
tion. The physical explanation of this phenomenon 
is shown in Figure 9, which shows the pressure dis- 
tribution at point 3 for the 12.5% and 15.3% direct 
designs. For the 15.3% thick airfoil, we see a flat 
rooftop pressure distribution with a normal shock re- 
compression and a Stratford-type recovery at  CL,^. 
At zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA CL,^, we see an even stronger shock on the lower 
surface. The optimization procedure has balanced 
both shock systems to produce an quasi-constant to- 
tal wave drag. This design was later rejected because 
of its high wing-nacelle interference. 

4.3 

Figure 10 shows the horizontal tail plane design 
points of a current large transonic passenger trans- 
port. Our objective function is the weighted sum of 
the drag at four design points. The design opera- 
tional range of the horizontal tail is between M 0.8 

A multipoint horizontal tail design 

CL 

0.1 

0.0 

-0.1 

-0.2 

-0.3 
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Figure 10: Horizontal tail plane design points. 

and 0.9f. The wing was rather highly swept. 
The design had the following constraints: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 Thickness: 8.8% < t / c  < 9.2%. 

0 Minimum lift:  CL,^^^ < -1.4. 

e Minimum angle of attack: (Y < -12". 

0 Hinge moment: -0.0015 < Cm,h < 0.0015. 

Surprisingly enough, the optimized design was very 
similar to the inverse design. It showed only slight 
improvement in terms of drag and displayed the same 
solution type. Figure 11 shows the inverse and the 
direct design pressure distributions at  point 4. Even 
though there are some obvious differences, it is sur- 
prising to see that the pressure distributions are so 
similar. One can even observe the slight reflex in the 
trailing edge pressure distribution which relieves the 
hinge moment. 

The optimization of this horizontal tail was much 
harder than that of the transonic wing design due to 
problems in the calculation of the minimum lift and 
angle of attack. During the optimization there is a 
continuous struggle between the constraints on min- 
imum lift and the demands on low high-speed drag, 
which was why a double sided thickness constraint 
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11: Comparison of the inverse and the direct 
design design horizontal tail pressure distributions at 
point 4. 

was used. Thicker airfoils allowed good minimum lift 
performance but had bad high speed performance. 

5 Supersonic Civil Transport De- 
sign 

5.1 Optimization and analysis methods 

A linear panel code with real flow corrections was 
used to analyze drag for 3D supersonic wing body 
configurations. This analysis code was developed by 
the author from Woodward’s wing-body code [21], 
and solves the linear Prandtl-Glauert equation for 
a thin panel geometry. The power plants are mod- 
eled as stream tubes which displace ambient fluid 
and hence cause wave drag. Friction is calculated 
stripwise over the curved geometry assuming a fully 
turbulent boundary layer. No effort was made to 
couple the boundary layer equation to the potential 
flow pressure distribution. Potential drag is calcu- 
lated with surface integration and a calculated value 
of the leading edge thrust. The correct leading edge 
thrust is found by combining the far-field drag as cal- 
culated by the Lomax supersonic area rule [24] and 

Prandtl-Glauert 

non- inear corrections d== 
Figure 12: A coarse panel method with empirical flow 
corrections to evaluate forces and moments. 

Treffz-plane integration. The 1ea.ding edge suction is 
then corrected for real flow effects using the method 
of Carlson [23]. The Torenbeek quasi-empiric method 
[28] is used to model the effect of flap deflection. An 
overview of this method is given in Figure 12. A more 
detailed description can be found in the author’s the- 
sis [3]. 

The forces and moments calculated with this 
method compare well with values measured from the 
NASA Ames Oblique Wing development program, a 
generic SCT, a generic fighter and the Munroe NASA 
arrow wing tests. Figure 13 shows the calculated and 
measured forces and moments for a generic SCT with 
12 degrees leading and 3 degrees trailing edge flap 
deflection at  Mach 1.05-a difficult case for panel 
calculations. Our method, which was applied to a 
panel half-model with a resolution of no more than 
120 panels, took one second per flow point on our 
workstations. The Euler method EUFLEX [27] with 
a decoupled boundary layer calculation took about 
an hour on a Cray. 

5.2 3D supersonic thickness, area and 
camber distribution 

The design presented here is part of a MIDAS design 
cycle described previously in ref. [16]. The global 
design was optimized for a Ma.ch number of 1.8 and 
therefore had a fixed wing area, leading edge sweep, 
taper ratio and thickness distribution. The fuselage 
was defined by its mean diameter and its length. 
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA13: Forces and moments of a generic SCT. 

In  the  global model a preliminary area distribution 
was determined, and the assumption was made tha t  
there existed a thickness, area and camber distribu- 
tion which would produce a l i f t-to-drag rat io of 10.4 
at Mach 1.8 with ,a lift coefficient of 0.135. The  ob- 
jective of the aerodynamic shape optimization is to  
find the best aerodynamic shape for this condition 
and compare it with the  value t h a t  was projected by 
the global model. In this detailed geometric shape 
optimization we must therefore derive a shape tha t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
does not interfere with and enables the assumptions 
of the multidisciplinary global optimum. 

The  design is defined with with analyt ical functions 
that  are similar to  the NACA four series definition. 
Because pressures a t  supersonic speeds are related to  
the local gradients of the geometry d z l d x ,  it is not 
necessary to have shape functions which model the 
second derivative well. The  camber is represented by 
a l inear combination of a NACA four digit mean line 
[l] to  model parabolic camber p and a transformed 
sine function t o  model reflex T .  

Forward of the maximum ordinate p ,  the camber 
y, is described by: 

y, = -+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm (2p ,z  - x 2 )  * 

P P  
(3) 

Behind of the maximum ordinate p ,  the camber y p  is 
described by: 

To this parabolic camber a transformed reflexed 
camber distr ibution is added. Forward of the maxi- 
mum ordinate p ,  t he  camber y, is described by: 

(5) 

Behind of the maximum ordinate p ,  the camber y ,  is 
described by: 

The  reflexed camber has a discontinuity in the 
derivative around p , ,  which is smoothed by the coarse 
panel resolution. The  shape functions mentioned in 
this section are superceded by the proprietary shape 
functions mentioned in the previous section and only 
serve t o  i l lustrate the method. The  wing thickness 

is modeled on the basis of the transformed piirabolic 
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camber equations. Equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 is transformed so that 
it touches a circle with radius zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT at the leading edge. 
The nose radius T is used explicitly by the analysis 
method to  calculate the leading edge suction. Since 
for a single supersonic design point a sharp leading 
edge parallel to to local flow direction is always bet- 
ter than a rounded nose, a value for the leading edge 
radius of 0 . 0 0 5 ~  was selected to improve off-design 
performance. The wing thickness 2, area zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS and the 
leading and trailing edge sweeps were previous de- 
termined in the global optimization; modifying their 
values would invalidate the global aircraft weight cal- 
culations. The wing shape is was defined by four air- 
foil sections. Six design variables are used for each 
section: 

0 Angle of attack zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa and twist angles at, 

0 Parabolic camber amplitude zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmp, location p p ,  

0 Reflex camber amplitude yr and location p r ,  

0 Parabolic thickness location pt .  

The fuselage is defined by 22 fuselage crossections, 
which bring the total number of variables to 46. The 
analysis method assumes that a geometry of mini- 
mum drag exists between these discrete crossections. 
The time required to reach a fully converged design 
was about an hour. 

The following constraints were used: 

Cr, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< 0.135, 

0 c, = 0, 

0 Cruise floor angle < 3", 

0 Minimum dimensions for cockpit, landing gear 
and fuselage diameter (3.5 m), 

0 Bank, pitch wing and nacelle clearance, 

0 Acceptable wing-body fairing, 

0 Twist angles limited to f 5 " .  

Figure 14 shows the initial and final wing shape. 
The coarse panels do not resolve the 0 . 0 0 5 ~  leading 
edge radius. Figure 15 shows the convergence of the 
lift-to-drag objective function versus the number of 
function calls for various optimiza.tion methods. All 
methods converged to the same solution. The opti- 
mized panel geometry is shown i n  Figure 16. The Ca- 
tia 3D model based on this coarse panel geometry is 

Entwicklung der Flfigelschnitte zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 14: Optimization of the wing sha.pe. 

shown in Figure 17. This geometry was in turn used 
by other departments to make more accurate struc- 
tural calculations and systems integrations studies, 
and is also suitable for Eider or Navier-Stokes flow 
calculations. 

6 Conclusion 

In this paper we present a general method for aero- 
dynamic shape design, based on direct numerical op- 
timization of aero-shape functions. The method was 
applied to the multipoint design of a transonic wing 
and a horizontal tail, and also with simpler shape 
functions to the design of a 3D supersonic wing body 
configuration. This method is computationally ef- 
ficient and competitive with designs obtained using 
current industrial methods, resulting in overall orga- 
nizational time savings of a.pproximately a factor of 
three and producing designs of comparable to better 
quality than those produced by inverse methods. It 
is therefore pra.ctica1 for industrial application. 
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Figure 17: Catia 3D View. 
Figure 15: Optimization of the wing shape. 
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1. Introduction 

Despite progress toward automated shape design in Industry has been 
penalized until now by excessive computing costs, useful innovative design 
methodologies have been recently proposed (cf. Dervieux /9/ and Jameson zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI1 0/, 
Young /15/, Salas zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/I 6/) for computing different academic and industrial designs of 
nozzles, airfoils and wing-body combinations operating in inviscid flows modelled 
by the potential and Euler equations. 

Since the designer has a precise idea of the pressure distribution that will 
produce the desired performance, not only optimization problems but also inverse 
problems have to be considered in current design. 

The goal of this lecture is to describe the major ingredients of new 
algorithms developped by european partners of the AERO 89-0026 project which 
allow accurate and cost effective numerical solutions of optimizations problems 
and also to illustrate the capabilities of design sofwares on test cases proposed in 
a Workshop for validation purpose. Industrial applications illustrating these 
methodologies are also presented. 

Finally a new emergent search method for non linear optimization 
problems provided by simple Genetic Algorithms (GAS) is briefly described and 
illustrated by a few examples related to inverse problems and applied to reduction 
of viscous drag. 

2. Choice of criteria and constraints 

Shape design problems in Aeronautics require that aircrafts operate under 
a number of quite different conditions. Different criteria or objective functions are 
defined such as the linear combination of aerodynamic coefficients (Cd, Cm, CI, 
Cp) or the distance between the pressure on a current airfoil and a targeted 
pressure distribution at one (single-point) or several (multi-point) operating 
conditions of the shape in order to compute one solution of the constrained 
minimization problems. 

constraints that should be applied during the optimization process: feasibility of 
industrial shapes including physical acceptability (wing thickness, trailing edge 
thickness and pressure gradient, base drag), redesign (translation, rotation and 
contour of wing section), structural limitation (local thickness, trailing edge 
thickness, angle and radius) require the satisfaction of equality and/or inequality 
constraints attached to a design problem. 

It has been shown in the project that a careful numerical implementation 
of constraints is essential in order not to deteriorate the efficiency of an optimizer. 
Moreover satisfaction of constraints drive severe limits on the class of admissible 
solutions. 

Another important part of the design problem is the specification of 
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3.Development of methodoloaies for solvina inverse and optimization 
problems. 

Most of partners have proposed from existing softwares the 
extension or development of novel optimizers based on exact or estimated 
gradient for solving reconstruction, inverse and optimization problems. 

proposed test cases of a Workshop and also applications are described 
thereafter: 

Some of them which have been used intensively to compute 

i) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 3-0 panel method using a potential flow analysis solver ( Deutsche 
Airbus). 

A panel code capable of treating complete configurations has been 
extended by an inverse option.Two types of patches are considered: "design 
patches", whose surface is derived from given pressures and "analysis 
patches ", whose pressures are given from given surface. To solve such 
mixed problems the panel code is embedded in an iterative loop, 'which 
minimizes the sum of squared pressure deviation by a cost effective 
variant of the Levenberg-Marquardt strategy. 

ii) a 2-0 finite difference BFGS Newton method using a full potential flow 
analysis solver (Alenia ). 

The integrated optimization procedure is composed of three 
modules: an optimization module, an aerodynamic module and an interface 
module that handles the geometric modifications of the airfoil. The 
optimization routines are coming from the ADS package zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ l /: for 
unconstrained problems a quasi- Newton method like the BFGS variable 
metric method is used while for constrained problems a method based on 
the feasible direction algorithm /2/ has been selected. 

iii) a 2-0 finite element (resp. finite volume) GMRES (resp. GRAD-GMRES) 
method without adjoint operator evaluation (resp. on optimality 
conditions) using a full potential (resp. Euler ) flow analysis solver 
(Dassault Aviation). 

For the potential flow solver reconstruction and inverse problems 
are solved by gradient methods and by the GMRES algorithm /3/ with an 
estimated gradient computation using a Krylov parameter equal to 
five.These methods are used and compared for airfoil reconstruction 
problems. In the case of optimization problems, a penalization method is 
applied to take into account the constraints and the associated 
unconstrained minimization algorithm is a descent method based on an 
estimated gradient. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ 



vi) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa linearized panel residual correction method applied to multi point 
airfoil design and single point wing design for subsonic and transonic 
conditions (NLR). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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For the Euler flow solver, the optimization is based on gradient 
algorithm combined with hierarchical techniques developped by INRIA 
Sophia Antipolis. 

iv) a 2-0 finite element GMRES method via an adjoint equation using a 
transonic potential flow analysis solver ( INRIA Rocquencourt ). 

The nonlinear version of the GMRES algorithm is used in order to 
solve the optimality conditions in unconstrained optimization problems; 
the exact computation of the gradient of the cost function is done by the 
use of an adjoint state using the theory of control. /4/,/5/ 

v) a 2-0 finite element hierarchical parametrization method using an Euler 
flow analysis solver (INRIA Sophia Antipolis). 

A hierarchy of levels is introduced in a gradient-based 
optimization process and applied to a shape optimization problem with 
subsonic and transonic Euler flow analysis solver in which a smooth 
parametrization of the iterated shapes is a severe prerequisite. A large 
number of parameters is handled progressively and the convergence is not 
deteriorated by increasing the nodes n u m b e h  the case of approximate 
gradients computed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby divided differences, the hierarchical approach is 
still more favourable. /6/ 

The method is based on full potential theory and minimizes a cost 
function weighting the deviations from specified target pressure 
distribution zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor each design condition in a least square sense. Deviations 
from specified target pressure distributions (residuals) are translated 
into airfoil geometry corrections, by means of an approximate inverse 
calculation using a linearized panel method./7/ 

vii) a single pass finite difference method for the solution of the inverse 
potential problem (NTUA). 

Potential and streamfunction variables originating from a Clebsch 
formulation are introduced in order to map the physical space onto a 
computational one via a body-fitted coordinate transformation. A fast 
novel procedure based on differential geometry and generalized tensor 
analysis arguments is employed to formulate the method.The assumption of 
orthogonal streamsurfaces reduces the number of dependent variables by 
one, simplifying the governing equations to an elliptic partial differential 
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equation for the velocity magnitude and a second order ordinary 
differential equation for the streamtube aspect ratio. 

4. Geo metw rewesentation and mesh reaeneration. 

In most cases the airfoil or wing geometry is done with spline 
approximation .The general basis function which have been investigated 
are the so called Bezier-splines curve segment approximation or the 
B-spline functi0ns.h many optimization procedures developped by partners 
the use of Bezier splines has been favoured (Dassault Aviation, Deutsche 
Airbus, Alenia,lNRIA, UPC) because changes in the position of a control 
vertex often maintain a smooth curve.This approach has been also 
intensively used by Deutsche Airbius with local parameters in section 
definition of 3-D inverse designs. 

In the context of shape optimization problems analyzed by finite 
element methods the sensitivities of the different ingredients (B-spline, 
finite element mesh, flow behaviour and error estimator) have been 
studied in details by UPC .They provide informations to build up a finite 
element mesh from one design to the next with a specified and controlled 
level of error.The robustness and reliability of the methoddogy has been 
checked out via several 2-D applications. 

The extension to 3-D problems remains the most critical step 
which requires the control of the mesh deformation during the iterative 
design procedure. 

5. Workshop. 

A workshop has been organized within the AERO-0026C contract to 
validate optimum design methodologies developped within a two year 
period. During the kick off meeting partners agreed to define a set of test 
cases to compare in terms of accuracy and efficiency optimum shape 
design computations issued from their respective methodologies.The 
selected cases included zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthree types of problems: 

Type 1 : Reconstruction test cases where pressure distribution for 
a given configuration serves as target criterion to rebuild this 
configuration from an initial guess; 

as design criterion to calculate an optimal configuration corresponding to 
the target; 

shapes (not unique !) that correspond to a minimum of the criteria. 

Type 2: Inverse test cases where a pressure distribution serves 

Type 3: Optimization problems with possible constraints to design 

The flow analysis solvers used in this Workshop are solutionsof 
the fulVpotential (resp.Euler) equations for a given shape. These solvers 
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correspond to the simulation of compressible/incompressible irrotational 

flows (resp. compressible rotational flows). Among the test cases 
described in the sequel two of them involve the coupling of the full 
potential equation with a boundary layer model in order to simulate the 
viscous effects of the flows. 

5.1 Definition of ninetest cases. 

The following nine mandatory test cases including various 
parameters of the design - criteria, possible constraints, type zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof equation 
of the flow analysis solver, values of Mach numbers, angles of attack and 
possible Reynolds numbers- and output formats have been defined by 
partners: 

Testcase 7 : 
2-D half nozzle reconstruction problem : subsonic case; Mach=.2; 

Test case 2 : 
2-D half nozzle optimization problem: subsonic case; Mach=.2 ; 

Test case 3 : 
2-D half nozzle optimization problem: subsonic case; Mach=.5 ; 

Test case zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 : 

Mach=.75, alfa= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0"; 
Korn airfoil reconstruction problem: shockless transonic case; 

Test case 6 : 

transonic case; Mach=.73, alfa= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2"; 
Single point RAE2822 airfoil drag minimization problem: shocked 

Test case 8 : 

corrections : subsonic target (Mach= .2; alfa=7.8", Re=.5*i 0**7) and 
transonic target (Mach=.77; alfa=Oo, Re= 10**7); constraints: chord=l ; 
trailing edge angle >loo, thickness t/c=l 1%; weight factors: (.5 ;.5); 

two point NACA4412 airfoil inverse design with viscous 

Test case 10 : 

subsonic case (Mach=O; chord angles of the design profiles: teta1=1.67, 
teta 2= 10.1 3); 

Williams two element configuration reconstruction problem: 

Test case 74 : single point DLR -F4 wing : subsonic case; Mach=.3, alfa = 6"; 

Test case 17: 3-0 double turning nozzle reconstruction problem: 
incompressible case (Mach= 0 )and subsonic compressible case (Mach=.2). 
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Other zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoptional test cases can be found in the available report 
entitled "Workshop on selected inverse and optimum design problems". 

The nine test problems were defined with the following features: 

i) they should be on simple 2-0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAor 3-D analytical or well 
referenced geometries well suited for a wide range of solution and 
optimization methods (finite diff erences,finite volumes, finite elements; 

ii) accurate flow analysis solvers and efficient optimizers should 
be used simultaneously to compute efficiently feasible shapes; 

iii) they should not include at this stage laminar Navier Stokes 
flow solvers too much costly for shape optimization problems. 

Test cases T4 and T10 and T14 were chosen because of existing 
well documented results. 

The main challenge was the search of shapes - reconstruction or 
optimization- with subsonic and/or transonic inviscid flows including 
possible viscous corrections. 

5.2 Contributors 

Participation to the workshop was based on a final assessment 
task for partners having developped optimization softwares during the 
contract. After two years most of partners or teams contributed to this 
event and their involvement is described on Table 1. Very few people run 
multi point or 3-D test cases with viscous corrections which still require 
large and costly computer facilities. Different approaches for the flow 
analysis solvers and optimizers have been used by authors as shown on 
Tables 2, 3. 

5.3 Results and comments. 

Some of the most significant results obtained by contributors are 
shown on the following list of figures: 

Fig. 1 : Use of adaptive mesh refinement techniques and sensitivity 
analysis : initial shape and initial mesh- final shape and final mesh 
(Tl-UPC); 

Fig. 2: Distribution in the final nozzle shape and convergence 
history (T3- I N RI A); 



solver: mesh of the initial profile, initial and final Cp distribution, shape 
and cost function convergences (T4-Dassault Aviation); 

Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4: Optimized RAE 2822 airfoil with BFGS variable metric 
optimizer using an augmented objective function : Cp distribution and 
convergence history; drag and total cost function convergence (T6-Alenia 
and Dassault Aviation); 

Fig. 5: Optimized RAE 2822 airfoil with drag minimization using 
the non linear GMRES solver for the optimality conditions : initial and final 
Cp - initial and final airfoil (T6-INRIA); 

Fig. 6: Two point airfoil design with different weight factor 
combination; geometry (T8-NLR); 

Fig. 7: Comparison of final and target pressure distribution with 
the Marquardt method (T1 0-Deutsche Airbus); 

Fig. 8: Wing design: initial and resulting geometry with the 
residual correction approach (T14-NLR); 

Fig. 9: Comparison of initia1,target and converged pressure 
distributions at inner four stations with the modified Levenberg Marquardt 
strategy (T14- Deutsche Airbus); 

Fig. 10: Perspective view of the reproduced 3-D nozzle ; mach 
number from direct and inverse calculations with the one pass method 
along the center line and on three sections normal to the center line 
S=1/3,1/2 and 2/3 smax (T17-NTUA). 

Among the various methodologies used by partners some 
associated algorithms have shown good potentiality for further industrial 
applications: 

A l .  The extended inverse option of the panel code capable of 
treating complete wing-pylon -nacelle- fuselage configurations (Deutsche 
Airbus zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/9/); 

A2. Exact gradient optimizes with Euler and Navier Stokes solvers 
if further extension to second order approximation of the advection terms 
can be obtained via automatic symbolic differentiation requiring 
reasonable programming efforts (INRIA /1 O/ and Dassault); 

A3. Hierarchical methods providing undoubtedly a significant 
increment in efficiency when combined with different methods of 
optimization and mathematical parametrization (INRIA); 

11-7 
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A4. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOptimality conditions and a hierarchy of parametrization 
allowing the use of fast " one shot" methods relying on simultaneous and 
hierarchical solution of the optimality system (INRIA); 

A5. Extension of the inverse inviscid potential-streamfunctions 
method introduced by Stanitz to rotational flows, a very fast method 
needing only one equivalent "direct" problem solution (NTUA /11/); 

A6. A residual correction method for single and multi-point 
transonic inverse design formulated as an equivalent incompressible 
design problem using a fast integral equation methodology (NLR /1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU); 

A7. Sensitivity analysis and automatic adapting meshes for 
complex flows (UPC); 

From a first comparison of the results it appears that the 
discrepancy of computed solutions is much larger for optimization zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAor 
inverse design problems than for usual direct problems solved by flow 
analysis solvers . 

At the present time the difficulties encountered by several 
existing design methods can be explained by the following remarks: 

R I  .Existence and uniqueness of the discretized design solution is 
still an open problem; 

R2. Conceming nozzle reconstruction problems without constraints 
the results look quite similar and significant CPU time differences occur 
only in the choice of the methodology (two examples : a 2-0 reconstruction 
nozzle obtained in18 mn of CPU on a Personal Iris 35TG workstation 
(UPC) and a 3-D reconstruction nozzle obtained in 100 sc for 20 GMRES 
iterations on a Alliant FX 80 (NTUA); 

R3. Airfoil inverse problems solved with specified pressure 
distribution and constraints both on the geometry and the aerodynamics 
characteristics to prevent nonphysical solutions suffer from a lack of well 
posedness. In multi point design the optimization of the aerodynamic shape 
still remain highly dependent of the a priori weighted compromise between 
the required characteristics for different design conditions 11 3/; 

R4. Direct optimization methods seems much more flexible and do 
not rely on the designer's knowledge by the minimization of any 
aerodynamic cost function; but a designed solution seems highly dependent 
of the initial guess and the choice of the optimizer which should operate 
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with non linear constraints. Moreover a major role is played by the 
number of control variables and the concept of hierarchical 
parametrization seems a very interesting concept to reduce the 
computational effort (two examples: a 2-D transonic potential 
optimization of an airfoil obtained after 40mn of CPU on a CDC 910/600 
workstation(A1enia) and a 2-0 transonic Euler optimization of a nozzle 
obtained after 4000 sc on a Convex C210(INRIA). 

R5. Until now no accurate design with complex viscous flows on 
complicated industrial geometries has been achieved. The computation of 
3-D accurate design with complex flows using adapted meshes remains a 
great challenge in a near future. 

For some progress on these problems some lines of research are 
suggested the re aft e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr: 

L1. improvement of the accuracy of the design by 3-D automatic 
adaptive remeshing and appropriate choice of control variables; 

L2. acceleration of the convergence by fast one shot methods and 
hierarchical parametrization with appropriate preconditionners; 

L3. systematic use of new parallelizable algorihms on new MlMD 
parallel architectures; 

It is noticeable that the best designs were provided by optimizers 
exhibiting a part of the above properties. 

6. Applications to industrial desian. 

After two years research activities several industrial examples 
solved with a 3-D subsonic inverse panel method at Deutsche Airbus have 
demonstrated the power and usefulness of automated tools to actual 
aircraft design problems. One selected example described on Figure 11 
deals with an airplane configuration with propfan engines at the tail . The 
rear part of the panel model with fuselage-tail,fin, pylone and nacelle is 
depicted .For such a configuration the flow on the pylon has to be 
controlled accurately since a too high velocity level should permit shock 
induced separation on the pylon ,a situation which cannot be accepted 
aerodynamically.The problem which has been solved by the inverse method 
is to design a part of the fuselage tail geometry controlled by a pressure 
distribution on the pylon. Figure 12 shows the resulting fuselage surface, 
the solid lines corresponding to the initial geometry and the dotted lines 
to the designed one.The target pressure distribution is achieved three 
iterations. 
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A preliminary investigation of the behaviour of riblets under 

laminar viscous flows conditions for drag reduction has been proposed by 
Tritech. The numerical results obtained demonstrate that flows for 
Reynolds numbers up to 10**8 can be stabilized with a suitably designed 
riblet. A further development in design procedure using Navier Stokes or 
turbulent viscous flow analysis solvers /14/ is the next step to allow a 
better understanding of the mechanism of the riblets. 

7. Genetic Alaorithms (GAS) : a robust search procedure for optimization zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p rob1 ems. 

"The real world of search contains discontiniuties and multimodal 
search spaces.Traditiona1 optimization methods suffer from restrictive 
requirements of continuity and derivative existence and are insufficiently 
robust in unintended domains" (Goldberg, /17/). 

This section introduces briefly the main ingredients for 
understanding genetic algorithms and present two applications in shape 
optimization. 

7.1 Introduction. 

Details of the introductory material described in this section can 
be found in Goldberg (ref /17/), Davis (ref /18/), Poloni (ref /19/), Galante 
( ref /20/). 

Genetic Algorithms (GAS) are search procedures based on the 
mechanics of natural selection (Darwin); they have been introduced by J. 
Holland , Univ. of Michigan , the field's inventcr in the early 70' who 
explained the adaptive process of natural systems and designed artificial 
systems softwares based on mechanisms of natural systems. He laid down 
the two main principles for GAS: the ability of simple representations (bit 
strings) to encode complicated structures and the power of simple 
transformations to improve such structures (schemata theory). 

quantitative study of optima and introduced a major thrust in the 80' in 
research into the GAS 

More recently D. Goldberg brought GAS in optimization theory for 

7.2 Why GAS are attractive ? 

A major line zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof research for GAS has been robustness .GAS are 
computationally simple yet powerful in their search for improvement; they 
are not limited by restrictive asumptions about the search space 
(continuity, existence of derivatives, unimodality). 
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discontinuous environments : a classical example in structural 
optimisation described in Galante (ref zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/204 is the minimisation of the 
weight of trusses where multiple peak functions are unsuitable for search 
by traditional methods. 

GAS are search procedures which use semi-random choice: 
randomized search which does not imply directionless search allow a 
wider exploration of the search space compared to conventional methods 
which are not so robust but work well in a narrow problem domain; 

7.3 How GAS are different from conventional numerical oDtimization tools 
- ? 

Genetic Algorithms are different from traditional methods of search and 
optimizations in the following way: 

(a) GAS are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAblind or indifferent to problem specifics and treat 
them as a black box : an example in shape optimization is the value of the 
drag on an airfoil; 

(b) GAS use codings of decision variables by adapting artificial 
chromosomes or individuals rather than adapting the parameters 
themse1ves.h practice the GA user codes the possible solutions as finite 
length strings; 

(c) GAS process successive populations in successive generation 
compared to point by point conventional methods which use only local 
information and can be trapped on a false optimum: 

(d) GAS use randomized operators instead of strictly 
deterministic rules. 

Items (a) to (d) contribute to the robustness of GAS. 

7.4. Mechanics of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGP.s 

GAS as search procedure to optimize airfoil shape in Aerodynamics use the 
following tools with the correspondence terminology: 

(i) gene = design parameter 
(ii) individual= design configuration 
(iii)population= group of configurations 
(iv) generation= population evolution 
(v) fitness function = quality of the design 
(vi) social success= optimality of the design 

As in the natural process of reproduction the genetic informations stored 
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individuals. An airfoil defined by cubic spline coefficients (i) is 
represented by a bit string.The optimization process will start from 
multiple points of the configuration space (iii) created randomly; the 
quality of individuals of the population are evaluated through a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfitness 
function (v) and the search process is repeated with new generation of 
individuals until optimality of the design (vi). 
The process of evaluating the fitness and the reproduction process are 
inherently parallel making the implementation of GAS on parallel 
computers very attractive. 

The following transformation operators (reproduction, cross over 
and mutation ) are applied to get a new population until the best individual 
is reached : 

(R) reproduction : parents with highest fitness have the highest 
probability of selection (roulette wheel); 

(C) crossover: a randomized yet structured recombination 
operator. Simple crossover proceeds in 3 steps: two strings are selected 
using reproduction ; then a cross site along the string is chosen uniformly 
at random; finally position values are swapped between the two strings 
following the cross site. 

One example of crossover : if A=l1111 and B= 00000 and a random 
selection of a cross site turns up a 3, we obtain the two strings A'=l 1 100 
and B'=0001 land these strings will be placed in the new population. 

(M) mutation : in a binary -coded GA, mutation is the occasional 
alteration of a bit position (the changing of a 1 to a 0 or vice versa); it is a 
protection against the loss of important genetic material at a particular 
position. 

mutation and a ramdom routine provides the successive random values 
(.760,.473,.894,.001) then the 4-bit old chromosom (0010) will be replaced 
by the new chromosome (001 1) 

The combined action of reproduction and cross over provide most 
of the innovation of genetic search; the low level of mutation in artificial 
genetic search is secondary importance of the operator when compared to 
reproduction and crossover. 

One example of mutation: if pm= 0.001 is the probability of 

7.5 Two examdes in optimum shape design with GAS: 

The GAS strategy is used two optimisation problems in current 
aerodynamics design: the first one (EX1) deals with the symmetric airfoil 
reconstruction which realizes a target pressure distribution on its surface 
for a given potential flow condition (ref. /21/). The second example (Em) 
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presented is the optimization for minimum drag of a symmetric profile 
cascade (ref. /19/) for a given laminar Navier Stokes flow condition. 

Innovative solutions of other critical non convex optimization 
problems such as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmulti-point transonic design can be investigated with 
GAS. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

U: (from Periaux et al, ref /21/). 

The control points representing the symmetric airfoil are coded in 
both binary or real value strings.(lO control points ). For the sake of 
comparison, we have constructed the target pressure from a NACA0012 
airfoil by solving the full potential flow equation using a finite difference 
flow solver. As a reconstruction problem we expect to find an optimal 
shape to be the given shape.A L2-deviation from the target pressure for 
each individual is calculated for any shape via the solution of the non 
linear full potential equation which results in that the computing cost is 
directly proportional to CFD evaluations. 

With the GA approach we have tested different flow cases.The 
parameters Pc=0.75, Pm=O.Ol are not carefully selected but fixed for most 
test flow cases.The present method uses a population of 50 strings each of 
length 80 bits for the binary coding. Each string represents one possible 
configuration to the problem. 

Figures GA 1-3 show the fitness function for all the examined 
configuration with three different Mach numbers 0.01, 0.3 and 0.6. It can be 
noted that the method presented can realize near optimal shapes after 20 
generations which indicates that GAS seem to be slightly independent of 
the Mach number.Figure GA 4 shows the shape convergence for the Mach 
numbek0.3. The minimum shapes for Generation#l (dash line) and 
Generation#20 are presented in comparison with a standard NACAOO12 
(solid line). 

Based on the above tested cases, the fitness function can quickly 
approach near optimal value, thus a hybrid technique ( Davis, ref. /18/) 
can be considered in practical applications, particularly in the case of 
costly CFD evaluations. 

EX2 ( from G. Mosetti and C. Poloni ( Ref./l9/). 
The design problem is the minimisation of the viscous drag of 

symmetrical bodies with geometrical constraints. The shape of the body is 
parametrized by Bezier polynomial (3rd and 4th order) key points.five 
parameters are used to define the position of the key points in the 
optimization procedure. Figure GA 5 shows the position and the constraints 
imposed to the key points.€ight possible values for each variable are 
considered and therefore the size of the search space to be explored is 
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extensive use of a full Navier Stokes finite element solver (FIDAP zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.04) 
at Re=400 with a chord zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=1 and a profile thickness of 10% and 21%. The 
initial population of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA20 individuals has been created randomly and evolve 
for 70 generations.Figure GA 6 gives an idea of the configuration space 
explored and Figure GA 7 shows the computed drag coefficient for all the 
examined cases. Finally Figure GA 8 shows the typical mesh used in this 
computation and the shape of the optimum profile found for the two 
thicknesses considered and the evolution of the generation is depicted on 
Figure GA 9 where the drag of the best individual at each generation is 
plotted. 

It has been found that the parameters that have the largest 
influence on the drag are the value of the first (curvature of the leading 
edge) and last gene (inflexion in the rear part of the airfoil). The total drag 
of the optimized profile is equal to the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA80% of the mean drag found for the 
profiles computed in the first population. 

7.6. Conclusion on GAS and future directions 

GAS are described as simple methods for solving complex problems 
with good parallelization properties. 

The classical numerical optimization methods start from a 
guessed point and from it the search is performed until the nearest 
minimum is reached. On the contrary using GAS the search starts from a 
set ofpoints which forms the initial population and explore the space 
using semi random reproduction,crossover and mutation operators. 

The two examples presented have shown the method robust and 

Its discrete formulation in encoding and ability in searching 
efficient and a new tool in shape optimum design now works. 

make the GA a powerful tool in Engineering. 

The application of GAS to fluid optimization suggest the 
possibility to solve other great challenge problems (transition among 
others Challenges) in modern Aerodynamics requiring in a near future 
active control methodologies. 

8. Conclusion. 

Subsonic and transonic airfoil and wing optimization procedures 
have been developped to treat optimization problems namely drag 
minimization, lift maximization or target pressure recovery with possible 
non linear constraints to satisfy geometrical requirements and control 
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aerodynamic characteristics in off-design conditions. The most 
significant outcomes of this project concems progress accomplished in 
design with Euler solvers, fast one pass inverse methods for rotational 
flows, parametrization of non linear surfaces, hierarchical multi level 
method for control variables and automatic adaptive remeshing. 

Results obtained from a workshop indicate quite large 
discrepancies both in design due to the quality of the flow analysis solver 
and the parametrization of the shape and in efficiency with the choice of 
the optimizer. These comparisons can provide useful guidelines for 
choosing optimization or inverse methods with inviscid potential or Euler 
flows. 

effects much effort remains to be done.ln particular achievement of cost 
effective and accurate designs with the above available novel 
methodologies and associated algorithms will have to be implemented in a 
near future on massively parallel computers. 

It is clear that for practical 3-D applications including viscous 
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Fig.7. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAConverged state 

(courtesy of Deutsche Airbus) 
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Figure M-6 Profile shape for the maximum and 
minimum value of the optimization variables. 
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Figure 

geometry zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAtested. 
Computed drag coefficient for all the 



t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure GA-8 shows the typical mesh used in this 
computation and the shape of the optimum profile 
found for the two thickness considered. 



1 1-43 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+Cd zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmin +Cd min 

Thickness 21 % Thickness 10% 

G.GB45 

0.08386 

0.08321 

0.08257 

0.08193 

0 Q8129 

0.08064 

0.08 
1 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 4 5 6 7 8 9 1 0  

Generation number 

0 . 0 5 8  

0.05771 

0.05743 

0,05714 

0.05686 

0.05657 

0 . 0 5 6 2 9  

0 .056  

Figure GA-9 Drag zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the Best Individual in the Generation 
(Courtesy of Univ. of Trieste) 





REPORT DOCUMENTATION PAGE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1. Recipient’s Reference 2. Originator’s Reference 3. Further Reference 4. Security Classification 

of Document zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
AGARD-R-803 ISBN 92-836-1007-5 UNCLASSIFIED 

5. Originator Advisory Group for Aerospace Research and Development 
North Atlantic Treaty Organization 
7 me Ancelle, 92200 Neuilly-sur-Seine, France 

6. Title 
Optimum Design Methods for Aerodynamics zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1. Presented at 
An AGARD-FDP-VKI Special Course at the VKI, 
Rhode-Saint-Genkse, Belgium, 25-29 April 1994. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

8.  Author(s)/EditorW 9. Date 

Multiple November 1994 

0. Author’slEditor’s Address 11. Pages 

Multiple 280 

2. Distribution Statement There are no restrictions on the distribution of this document. 
Information about the availability of this and other AGARD 
unclassified publications is given on the back cover. 

3. Keywords/Descriptors 

Aerodynamics Optimization 
Wings Euler equations of motion 
Design Value engineering 

4. Abstract 

This volume is a compilation of the edited proceedings on the “Optimum Design Methods in 
Aerodynamics” course held at the von Karman Institute for Fluid Dynamics in Rhode-Saint- 
Geni?se, Belgium, 25-29 April 1994. 

The course addresses the major ingredients of new algorithms for accurate and cost effective 
numerical solutions of design problems. A special emphasis is given to the following topics: 
fundamental mathematical properties of methodologies for solving optimization problems using 
control theory and variational formulations; numerical aspects of fast algorithms coupling 
constrained optimizers and flow analysis solvers and their implementation; geometric 
representations and choice of design variables: and real life 3-D applications encountered in 
Aerospace Engineering in order to demonstrate the usefulness of these design methodologies to 
practical design problems. 





(r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 .- 
Y 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm 
% zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 

- 

m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9 
2 
+ 
d zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c3 
4 

- 

E 
0 

0 
.- CI 

E 



E; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
CO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W 

Y 

,? - 
0 
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx 







NATO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-9- OTAN zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
\,’ 

7 RUE ANCELLE 92200 NEUILLY-SUR-SEINE 

FRANCE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADIFFUSION DES PUBLICATIONS 

AGARD NON CLASSIFIEES 

Telecopie (1)47.38.57.99 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 Telex 610 176 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Aucun stock de publications n’a exist6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB AGARD. A partir de 1993, AGARD dktiendra un stock limit6 des publications associCes aux cycles 
de confkrences et cours spCciaux ainsi que les AGARDographies et les rapports des groupes de travail, organisCS et publits B partir de 1993 
inclus. Les demandes de renseignements doivent Ctre adressCes B AGARD par lettre ou par fax B I’adresse indiquCe ci-dessus. Veuillez ne 
pas te‘lkphoner. La diffusion initiale de toutes les publications de I’AGARD est effectuCe auprks des pays membres de I’OTAN par 
I’intermCdiaire des centres de distribution nationaux indiquCs ci-dessous. Des exemplaires supplementaires peuvent parfois &tre obtenus 
auprks de ces centres ( B  I’exception des Etats-Unis). Si vous souhaitez recevoir toutes les publications de I’AGARD, ou simplement celles 
qui concement certains Panels, vous pouvez demander B Ctre inch sur la liste d’envoi de I’un de ces centres. Les publications de I’AGARD 
sont en vente auprks des agences indiquCes ci-dessous, sous forme de photocopie zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAow de microfiche. 

CENTRES DE DIFFUSION NATIONAUX 
ALLEM ACNE ISLANDE 

Fachinformationszentrum, 
Karlsruhe 
D-76344 Eggenstein-Leopoldshafen 2 

Coordonnateur AGARD-VSL 
Etat-major de la Force aCrienne 
Quartier Reine Elisabeth 
Rue d’Evere, 1140 Bruxelles 

Directeur, Services d’information scientifique 
Ministkre de la DCfense nationale 
Ottawa, Ontario KIA OK2 

Danish Defence Research Establishment 
Ryvangs All6 1 
P.O. Box 2715 
DK-2100 Copenhagen 0 

INTA (AGARD Publications) 
Pintor Rosales 34 
28008 Madrid 

NASA Headauarters 

BELGIQUE 

CANADA 

DANEMARK 

ESPAGNE 

ETATS-UNIS 

Code JOB-1 
Washington, D.C. 20546 

O.N.E.R.A. (Direction) 
FRANCE 

29, Avenue de la Division Leclerc ’ 
92322 Chitillon Cedex 

Hellenic Air Force 
Air War College 
Scientific and Technical Library 
Dekelia Air Force Base 
Dekelia, Athens TGA 1010 

GRECE 

Director of Aviation 
c/o Flugrad 
Reykjavik 

Aeronautica Militare 
Ufficio del Delegato Nazionale all’AGARD 
Aeroporto Pratica di Mare 
00040 Pomezia (Roma) 

Voir Belgique 

Norwegian Defence Research Establishment , 

Attn: Biblioteket 
P.O. Box 25 
N-2007 Kjeller 

Netherlands Delegation to AGARD 
National Aeros ace Laboratory NLR 
P.O. Box 9050g 
1006 BM Amsterdam 

ForGa ACrea Portuguesa 
Centro de Documentacao e Informacgo 

ITALIE 

LUXEMBOURG 

NORVEGE 

PAYS-BAS 

PORTUGAL 

AI fragide 
2700 Amadora 

ROYAUME-UN1 
Defence Research Information Centre 
Kentigem House 
65 Brown Street 
Glasgow G2 8EX 

Milli Savunma Bavkanligi (MSB) 
ARGE Dairesi Baqkanligi (MSB) 
06650 Bakanliklar-Ankara 

TURQUIE 

Le centre de distribution national des Etats-Unis ne detient PAS de stocks des publications de I’AGARD. 
D’Cventuelles demandes de photocopies doivent Ctre formultes directement auprks du NASA Center for Aerospace Information (CASI) 
ti I’adresse ci-dessous. Toute notification de changement d’adresse doit Ctre fait Cgalement auprks de CASI. 

AGENCES DE VENTE 
NASA Center for ESADnformation Retrieval Service The British Library 

Aerospace Information (CASI) European Space Agency Document Supply Division 
800 Elkridge Landing Road’ 10, rue Mario Nikis Boston Spa, Wetherby 
Linthicum Heights, MD 2 1090-2934 75015 Paris West Yorkshire LS23 7BQ 
Etats-Unis France Roy aume-Uni 
Les demandes de microfiches ou de photocopies de documents AGARD (y compris les demandes faites auprks du CASI) doivent 
comporter la dknomination AGARD, ainsi que le numCro de sCrie d’AGARD (par exemple AGARD-AG-3 15). Des informations 
analogues, telles que le titre et la date de publication sont souhaitables. Veuiller noter qu’il y a lieu de spCcifier AGARD-R-nnn et 
AGARD-AR-nnn lors de la commande des rapports AGARD et des rapports consultatifs AGARD respectivement. Des rCfCrences 
bibliographiques complktes ainsi que des rCsumCs des publications AGARD figurent dans les joumaux suivants: 

Scientific and Technical Aerospace Reports (STAR) 
publit? par la NASA Scientific and Technical 
Information Division Springfield 
NASA Headquarters (JTT) 
Washington D.C. 20546 Etats-Unis 
Etats-Unis 

Government Reports Announcements and Index (GRA&I) 
publiC par le National Technical Information Service 

Virginia 22 16 1 

(accessible Cgalement en mode interactif dans la base de 
donnCes bibliographiques en ligne du NTIS, et sur CD-ROM) 

Imprime‘ par le Groupe Communication Canada 
45, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbod. SacrC-Ceur, Hull (QuChec), Canada K I A  OS7 



m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I. NATO -$ OTAN 

7 RUE ANCELLE 92200 NEUILLY-SUR-SEINE DISTRIBUTION OF UNCLASSIFIED zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
FRANCE AGARD PUBLICATIONS 

Telefax (1)47.38.57.99 Telex zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA610 176 

AGARD holds limited quantities of the publications that acmpanied Lecture Series and Special Courses held m 1993 nr later, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof 
AGARDographs and Working Group zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAreprts published zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfrom 1993 onward. For details. write 01 send a telefax to the address given above. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Please do nor telephone. 
AGARD dces not hold stocks of publications that accompanied earlier Lecture Series or Courses or of any other publications. Initial 
distribution of all AGARD publications is made to NATO nations through the National Distribution Centres listed below. Furlher copies PR 
sometimes available from these centres (except in the United States). If you have a need to receive all AGARD publications, or just those 
relating to one or more specific AGARD Panels, they may be willing’ lo include you (or your organisation) on their distribution list 
AGARD publications may be purchmxl f” the Sales Agencies listed below. in photocopy or microfiche form. 

NATIONAL DISTRIBUTION CENTRES 
BELGIUM LUXEMBOURG 

See Belgium 

NETHERLANDS 
N&erlands Delegation to AGARD 
National Aeros ce Laboratory. NLR 

1006 BM Amsterdam 

Norwegian Defence Research Establishment 

P.O. Box 25 
N-2007 Kjeller 

Cwrdonnateur AGARD - VSL 
Etat-mjor de la Force &rienne 
Quartier Reine Elisabeth 
Rue d‘Evere. 1140 Bruxelles 

Director Scientific Information Services 
Dept of National Defence 
Ottawa. Ontario KIA OK2 NORWAY 

Danish Defence Research Establishment 
Ryvangs All6 I 
P.O. Box 2715 
DK-2100 Cooenhagen 0 

CANADA P.O. Box 9050r 

DENMARK Am: Biblioteket 

. -  
FRANCE 

O.N.E.R.A. (Direction) 
29 Avenue de la Division Leclerc 
92322 Chiitillon Cedex 

GERMANY 
Fachinfmationszentk” 
Karlsruhe 
D-76344 Eggenstein-Leopoldshafen 2 

GREECE 
Hellenic Air Force 
Air War College 
Scientific and Technical Library 
Dekelia Air Force Base 
Dekelia, Athens TGA 1010 

Director of Aviation 

Reykiavik 

ICELAND 

cl0 Flugrad 

SPAIN 
INTA (AGARD Publications) 
Pintor Rosales 34 
28008 Madrid 

MillF Savunma Bqkanli I (MSB) 
ARGE Dairesi Ba$kanl i~ (MSB) 
06650 Bakanliklar-Ankara 

UNITED KINGDOM 
Defence Research Information Cenhe 
Kentigem House 
65 Brown Street 
Glasgow GZ SEX 

TURKEY 

. 

ITALY- - UNITED STATES 
NASA Headquarters 
Code JOB-I 
Washington. D.C. 20546 

Aeronautica Militare 
Ufficio del Delegato Nszionale all’AGARD 
Aero rto Pratica di M m  d Pomezia (Row) 

The United States National Dmtribution Centre does NOT hold stocks of AGARD publications. 
Aoolications for cooies should be made direct to the NASA Center for Aerospace Information (CAW at the a d h  below. r r -  

Change of address requests should also go to CASI. 
SALES AGENCIES 

ESA/lnformation Retrieval Service 
European Space Agency 
IO. rue Mario Nikis 
75015 Paris 

NASA Center for 
Aerospace Information (CASI) 

800 Elkridge Landw Road 
Linthicum Heights, MD 21090-2934 

R 
Unired st h- 

Prirued by Canado Conununieation Group 
45 Socr6-Caur Blvd.. Hull (QuJbebec). Con& KIA OS7 

ISBN 92-836-1007-5 

The British Library 
Documeitt Supply Centre 
Boston Spa, Weherby 
West Yorkshm LS23 7BQ 

-1nit 

. ’  I 

h. 


