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SUMMARY 
I 
i, 7 

ktbissepspt iow cycle fatigue phenomenon is investigated in t o t a l  s t r a i n  ranges from 
1 t o  2 per cent, and frequencies from 0 . 2  t o  100 cpm. Changes in endurance l i f e  under 
varying s t r a in  and frequency conditions were determined. During the endurance t e s t s  changes 
in the  moment and s t r a i n  values at the c r i t i c a l  minimum section of the  specimens were 
recorded. From the continuous time recordings of these parameters. elastic and plastic 
time r a t i o s  of specimen l i v e s  were defined and their  dependence on s t r a i n  and frequency 
levels found. 
a cumulative fatigue hypothesis, incorporating both frequency and s t r a in  parameters, was 
formulated and shown t o  be valid under varying s t r a i n  and frequency conditions. 

Change of crack propagation rate with frequency was a l so  S tudiedf i f iG- .  

RESUME 

Le present Rapport dtudie l e  phdnomene de la  fatigue h fa ib le  cycle dans tou te  l a  game 
des ddformations a l lan t  de 1 8 2% e t  des frdquences comprises entre  0 . 2  e t  100 cpm. 
modifications de l a  durde de v ie  dans diffdrentes conditions de ddformation e t  de 
frdquence ont dtd ddtermindes. Au cours des essa is  d’endurance on a enregistrd l e s  
modifications des valeurs de moment e t  de ddformation se produisant 8 la  section minimale 
c r i t ique  des dprouvettes. Les enregistrements continus de ces paramktres dans l e  temps 
ont permis de ddf in i r  l e s  rapports dlastiques e t  plastiques dans l e  temps des durdes de 
v ie  des dprouvettes e t  de constater jusqu’8 que1 point ils sont fonction des niveaux de 
ddformation e t  de frdquence. 
avec l a  frdquence a dtd Qgalement dtudike. 
l a  fatigue cumulative, qui  comporte des parametres tant  de frequence que de ddformation, 
e t  qui  s’est rdvdlde applicable dans differentes conditions de deformation e t  de frequence. 

Les 

La modification de l a  v i tesse  de propagation de f i ssures  
On f i n i t  par formuler une hypothkse concernant 

0 
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I 
F O R  E IV 0 R D 

In no category of applications a re  fatigue and its potential  for  damage of greater 
importance than in  aerospace vehicles. I t  is t o  be expected, therefore, tha t  the  
Structures and Materials Panel of the NATO Advisory Group for  Aerospace Research and 
Development devote i t s e l f ,  as it h a s  for  years, t o  the many forms of damage t h a t  might  be 
incurred as a resu l t  of fatigue, in  terms of both a be t te r  fundamental understanding of 
the various phenomena and a be t te r  appreciation and knowledge of the  e f fec ts  under various 
si tuations.  Particular attention has been devoted t o  developing an improved capabili ty 
for  predicting the e f fec ts  of given load spectra on cumulative damage. Experimental data 
defining t h e  e f fec ts  of load frequencies on fatigue behavior are def in i te ly  inadequate. 
These e f fec ts  a re  manifested in various ways t o  various degrees, sometimes in a contradic- 
to ry  manner, depending on the  type and level of loading and on the  range of frequencies 
concerned. 

The present report, therefore, is a welcome addition t o  the existing l i t e r a t u r e ,  in 
t h a t  it deals with very high s t r a in  ranges in low cycle fatigue at  low frequencies. It 
was so l ic i ted  by the Panel for  presentation as a tu to r i a l  lecture a t  its semi-annual 
meeting in Istanbul, in September 1969. It is hoped t h a t  t h e  s t r a i n  r e su l t s  reported, 
together w i t h  t h e  proposed cumulative fatigue hypotheses, w i l l  provide a be t te r  insight 
t o  t h i s  subject and stimulate further discussion and research in t h i s  timely and important 
f ie ld .  

N. E. Promisel Chairman, 
AGARD Structures and Materials Panel 

V 
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EFFECT O F  L O A D I N G  F R E Q U E N C Y  U N  T H E  STRAIN B E H A V I O R  A N D  
DAMAGE A C C U I U L A T I O N  I N  LOW- C Y C L E  F A T I G U E  

D. E. GUcer* and M. Caps* 

1. I N T R O D U C T I O N  

Machine components and structuralmembers which f a i l  by fatigue a re  nearly,always subjected t o  load changes 
of varying frequencies. In practice these frequency changes range from thousands of cycles per minute down t o  
thousands of minutes per cycle. An understanding of the frequency ef fec ts  in fatigue is not only important 
because it m a y  throw l igh t  on the  basic mechanism or  mechanisms of fatigue fai lure;  but a lso because of t he  
need of the  designer for  such data in designing structures i t s e l f  o r  in designing accelerated t e s t s  for  
decreasing the tes t ing  time of these structures. 

In recent years, at tention has increasingly been drawn t o  t h i s  problem. However, most of the  work has been 
carried out in the range of frequencies of conventional fatigue machines, which is roughly 500 t o  10,000 cycles 
per minute (cpm), and under loads giving long endurance l ives .  Under these conditions frequency ef fec ts  have 
been found t o  be small, usually of the order of a few percent. In the investigations above t h i s  range, a con- 
tinuous increase in fatigue strength, w i t h  o r  without a maximum depending on the type of material and t e s t  
conditions, was observed. Below t h i s  range resu l t s  a re  more conflicting and sometimes contradictory. Study 
of existing information shows t h a t .  there is a need for  extending the  investigations t o  very low and very high 
frequency regions. There appears that  frequency ef fec ts  originate from specimen heating due t o  high damping; 
physical changes taking place in the structure of the  material as a resu l t  of s t r a in  aging or other phenomena, 
corrosive influence of a i r  or other media, and f ina l ly  from rheological effects  related w i t h  s t ra in  ra te  or  
creep. Reviews of l i t e r a tu re  dealing with the effect  of frequency on fatigue have been given by Van Leeuwen', 
Forrest ', Stephenson3, Bradshaw' and Weller'. 

The present investigation studies the frequency ef fec ts  in  the low-cycle fatigue f ie ld .  Since endurance 
l ives  in t h i s  f i e l d  are below lo4 or lo5 cycles, machines with high frequency load application a re  not sui table .  
Usually fatigue t e s t s  of axial ,  rotating bending or direct  bending type a r e  carried out a t  frequencies below 
500 cpm. Existing information indicates tha t  mechanism of fa i lure  in low cycle fatigue is, most probably, 
different from fa i lure  a t  long endurances, a s  evidenced from the appearance of the fracture surface which 
resembles more that  of the s ta t ic  tens i le  fracture than tha t  of the typical fatigue fracture. Also at  low 
cycle fatigue endurance is more related t o  duct i l i ty ' ,  ' and s t ra in  hardening capacity', whereas high-cycle 
fatigue is be t te r  correlated with t ens i l e  strength of the  material. Information on the  effect  of frequency in 
low cycle f ie ld  is limited and fragmentary. 
frequency with endurance l i f e  and subsequent efforts", 
adaptation by Harris" t o  include the  effect  of corrosion as a parameter should be mentioned. ' 

Eckel's work'. based on,his  investigations on lead, t o  correlate 
t o  extend t h i s  relationship t o  other materials and its 

2 .  E X P E R I M E N T A L  A R R A N G E M E N T  

The tests were made by direct  reversed bending of a cantilever beam specimen under constant deflection con- 
di t ions.  The tes t ing  machine, shown in Figure 1, was constructed t o  enable continuous frequency changes by 
means of a mechanical variator. Frequencies chosen for  t e s t s  were 0 . 2 ,  1, 10, 100 cpm. The t e s t  specimen i n  
Figure 2 ,  was developed during previous investigations', 1 3 -  l q  . I t  has biaxial  s t a t e  of s t r e s s  at the center of 
its s l igh t ly  notched c r i t i c a l  section. A l l  specimens were cut from the same plate  with the i r  longitudinal axis  
i n  the  direction of rolling. Chemical composition and mechanical properties of the t e s t  s t e e l  are  given in 
Table 1. Specimens were cut by oxygen, planed, and normalized a t  900°C for  50 minutes. They were then grooved 
by milling, and a s t r e s s  r e l i e f  treatment a t  6OO0C for  50 minutes was performed. 
the  groove surface by a specially prepared sand be l t  t o  2/0 f inish.  
t h e  gkoove is small (1.001) it helps localize the cracks. 
f i x  the moment arm a t  the same length at each t e s t .  Endurance l i f e  is taken as  the  number of cycles t o  the 
formation of a crack of 3 mm length. Triplicate t e s t s  were run for  each tes t ing  condition, Strains were 
recorded by means of inductive s t ra in  gages of 40 mm gage length, throughout the endurance l i f e  of the specimen.. 
'These gages had a sens i t iv i ty  of lo-' mm/mm. Deflections were changed by means of an eccentric. For the 
calibration of eccentric se t t ings  (and deflections) w i t h  the  longitudinal s t ra ins ,  deformation of a 500 micron 
s ize  Vickers indentation on the c r i t i c a l  section was followed by an opt ical  microscope. An inductive gauge 
placed a t  the e las t ica l ly  bent section of the specimen gave a signal proportional t o  the bending moment a t  the 
p las t ica l ly  bent c r i t i c a l  section which was a l so  continuously recorded. Figure 3 shows t h i s  arrangement. Leads 
from these gages a re  connected t o  a multi-channel recorder over dynamic bridges and pre-amplifiers for continuous 
time recordings. For obtaining the hysteresis loops the same leads were connected t o  anX-Yoscilloscope over 
dynamic bridges. A microscope equipped 
with traveling ocular was used t o  measure the crack lengths. 

Prof. Dr Dogan E. Giicer and Dr Mehmet @pa are both connected w i t h  the Technical University of Istanbul. Prof. Giicer is 

Final operation was grinding of 
Although the s t r e s s  concentration factor of 

A transverse groove at the end of the specimen helps 

The loops were photographed from the screen of the X-Y oscilloscope. 

also the Director of the Materials Research Unit of the Turkish Scientific and Technical Research Council (T.B.T.A.K.) 
lhis paper is based on part of the research project MAG-I04 sponsored by the T.B.T.A.K. I 
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3 .  EXPERIMENTAL RESULTS 

3 . 1  Effect of Frequency on the Strain Behavior 

Simultaneous time recordings of moment (above) and t o t a l  s t ra in  (below) are reproduced in Figure 4, s ta r t ing  
with the i n i t i a l  loading of a virgin specimen. I n i t i a l  yield phenomenon is observed in the moment curve as a 
plateau in the f i r s t  half-cycle, and as an increase in the corresponding s t r a i n  values. The range between 
extreme values of moment is called the  moment range and denoted by AM.  Strain records represent the t o t a l  
s t r a i n  ( i .e .  e l a s t i c  plus p las t ic  s t r a i n )  values. Range of t o t a l  s t r a i n  between a maximum tension and a maximum 
compression state w i l l  be called t o t a l  s t r a in  range and w i l l  be denoted by A E t .  Figure 4 shows tha t  there is a 
continuous increase in the moment range and a continuous decrease in the t o t a l  s t r a i n  range due t o  s t r a i n  
hardening of the  i n i t i a l l y  annealed and s t r e s s  relieved specimen. 
It has been observed that  these stabil ized values remain unchanged unt i l  appreciable cracking occurs in  the 
c r i t i c a l  test  section, and a f t e r  which 
loss  of the load carrying capacity of the cri t ical  section. I t  was also found out that  these changes start  when 
the s i z e  of the cracks reaches about 3 mm length; and the cri terion for  the  end of the t e s t  was determined on t h i s  
basis. When frequency w a s  changed during a t e s t  run between fixed deflection levels ,  magnitude of the t o t a l  
s t r a i n  range did not change. The same resu l t  was also seen on the hysteresis curves (Fig.10). For t h i s  reason 
Act was taken as the  measure of the severity of loading: 
shown l a t e r ,  changes with frequency. I t  should also be remarked t h a t ,  since the s t r a in  values s tab i l ize  at the  
very early cycles, constant deflection t e s t s  become equivalent t o  the constant strain t e s t s  for  the  remainder o f  
the  endurance l i f e .  

These ranges s t ab i l i ze  a f t e r  nearly 5 cycles. 

Act increases due t o  opening of crack s ides  and AM decreases due t o  

rather than p las t ic  s t r a i n  range, which, as w i l l  be 

Neglecting any anelastic contribution t o  the s t ra ins ,  which was found t o  be negligeable in the range studied, 
one can write for  the instantaneous values 

. .  
E t  = E e  + E p  , (1) 

where E ,  shows t h e  e las t ic ,  eP the  p las t ic  component of the t o t a l  s t r a i n  E t  . For the range values of the 
same components 

is val id ,  In Figure 5 time recordings of moment and t o t a l  s t r a i n  a t  the kt = 1.571% level and a t  the  
frequency f = lOcpm are  drawn systematically a f t e r  s tab i l iza t ion  is complete, in s t r i c t  faithfulness t o  the 
original recordings. Approximate cyclic changes in the elastic and plast ic  components of the  t o t a l  strain 
were also shown i n  broken curves w i t h  the  following considerations. Obviously when M = 0 the  component 
E ,  = 0 and et = e p  , and when M has an extremum value, e t  , and eP have the corresponding extremum 
values. Also when E t  = 0 , the  components E ,  = -ep . Whenahent specimen springs back from an extremum 
position only e l a s t i c  deformation takes place, that i s ,  

k u r e  and he and 
eccentric angles. Therefore stabil ized values of t o t a l  s t r a i n  ranges which show the s t r a in  levels a re  not 
round figures, but values obtained by calibration tests. Table I1 gives these stabil ized values over a gage 
length This l a t t e r  f igure is the  gage length of the inductive gages. 
Although the periods of a l l  these changes are  equal, they a re  not simple harmonic in character. A systematic 
study of these curves recorded at various t o t a l  s t r a i n  levels  and frequencies revealed tha t  time intervals 
following each extremum value o f  the t o t a l  s t ra in ,  during which p las t ic  s t ra ins  remain constant and only 
e l a s t i c  s t ra ins  change unt i l  the instantaneous value of moment becomes equal t o  zero, are easi ly  measurable and 
reproducable quantities. There are  two such intervals during a period, equal in magnitude, one following the 
maximum and the other the minimum point. If one such interval  is denoted by t ,  then 2t  becomes the time 
interval  at each period T during which the  specimen deforms only e las t ica l ly .  One can define then the  r a t i o  

Ee alone changes from its extremum value t o  zero and 

were indicated. During t h i s  investigation deflections were determined by the fixed 
remains constant. With these considerations fa i r ly  approximate E ,  and E p  curves were inserted t o  the 

1 ,  , equal t o  500 microns, and 40 mms. 

a s  the e l a s t i c  time ra t io ,  and the r a t i o  

e =  P 

as the p las t ic  time r a t i o  of endurance l i f e .  
time uni ts ,  the  specimen w i l l  undergo e l a s t i c  

2t 
T 

e, = - 100% 

T-2t 
T 

100% = (l00-8,)% - 

(3)  

(4) 

That means that  during the 
deformation only; and during 

8, per cent of i t s  l i f e ,  given. in 
8, per cent of its l i f e  p las t ic  

deformation w i l l  take place along w i t h  e l a s t i c  deformation. ' Table 111 gives ihese values. 
that  a t  a l l  strain levels, as frequency increases, specimens undergo more e l a s t i c  deformation and less  p las t ic  
deformation. If it is assumed tha t  fatigue damage takes place, t o  a larger degree, during p las t ic  deformation 
and increases w i t h  its magnitude, these ' resu l t s  correlate very well with the effect  of frequency on the 
endurance l i f e ,  as w i l l  be seen at a l a t e r  section. Thus, a quantitative measure is obtained f o r  the generally 
quali tatively expressed statement, that  as  frequency increases materials behave more e las t ica l ly  and there is 
less time for  p las t ic  deformation. 

I t  w i l l  be seen 
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Instantaneous changes of bending moment M and t o t a l  s t r a i n  Et shown in Figures 4 and 5 can be t te r  be 
interpreted by means of the M-Et hysteresis shown in Figures 6,  7 and 8. 
sh i f ted  on the screen in order t o  record the  successive cycles without overlapping. Figure 7 shows the same 
changes systematically. After an i n i t i a l  yield,  there is a gradual increase in bending moment range and a 
gradual decrease in the t o t a l  and p las t ic  s t r a i n  ranges and an increase in  the e l a s t i c  s t r a i n  range due t o  
strain hardening. Finally a stabil ized hysteresis loop is obtained a f t e r  approximately 5 cycles (inner loop 
on Fig.7). Stabilized values of moment range &4 , and t o t a l  s t r a in  range ht , plas t ic  and e l a s t i c  s t r a i n  
ranges nep and &, are  shown on the stabil ized curve. The changes in these parameters between the i n i t i a l  
and s tab i l ized  values a re  denoted by 8M , S E t  , &eP and S E ,  . A s  w i l l  be seen from the  figure, t o t a l  
changes i n  the  range values are  made up from changes on the  tension s ide  (indicated by prime signs) and on the  
compression s ide  (indicated by double primes. Thus 81 = 8M' t 8 M "  , etc)  On e i ther  s ide these changes a re  
measured from the f i r s t  t o  the stabil ized extremum values. The changes on the tension and compression s ides  
are not necessarily equal, because the  material changes continuously due t o  s t r a in  hardening. Only in  the  
stabil ized loop corresponding tension and compression values a re  equal. Obviously a l so  

In Figure 6 each loop is s l igh t ly  

S E t  = &Ee t S E p  (5) 

These changes can be obtained directly from the photograph of Figure 8, in which the hysteresis loops were 
allowed t o  overlap. In t h i s  figure, curves denoted by (a) show the changes from i n i t i a l  t o  stabil ized conditions: 
in order t o  show a loop separately, the image'on the screen was shifted towards the end of the t e s t ,  and the  
curve (b) was recorded. I t  has been shown8, l 3  t h a t  these changes are important in themselves in determining 
the re la t ive  performance of s t e e l s  i n  the low cycle range. It was found tha t ,  regardless of the strength 
properties of the s tee ls ,  a t  a certain Act level ,  t he  s t e e l  with lower  SE^ , tha t  is with lower s t r a in  
hardening capacity, gave a higher endurance. Since only one s t e e l  was studied in the  present investigation, 
further evaluation of these range changes was not undertaken. 

In Figure 9,  an analysis of the s tab i l ized  t o t a l  strain-bending moment hysteresis into its e l a s t i c  and 
plastic components is given. These curves were obtained by d i rec t  s t r a i n  readings. The specimen was strained 
by turning the machine manually in successive s teps  of loading-unloading-reloading: and s t r a i n  readings were 
taken a t  each step. These values a re  indicated on the systematic curve. Elastic hysteresis is a s t ra ight  
line. P las t ic  loop shows tha t  during e l a s t i c  spring-back p las t ic  s t r a ins  remain constant. 
seen that  when E t  = 0 the values of E,  = -ep as expected, However, these curves were obtained manually 
and w i t h  short periods of r e s t  for  s t r a in  readings; therefore they may be compared with recorded hysteresis 
loops for  0 . 2  or 1 cpm frequencies only. 

It w i l l  a lso be 

3.2 Effect of Frequency on the Total Strain-Bending Moment Hysteresis 

Figure 10 shows these effects .  The scale on the screen was magnified in  order t o  make the changes more 
clearly vis ible .  Figure loa shows the upper corner of the  s tab i l ized  hysteresis; 10b the  changes on the s t r a i n  
axis. Curves a,  b and c on Figure 10a correspond t o  1, 10 and 100 cpm respectively. That the  stabil ized 
moment range increases with frequency while the  t o t a l  s t ra in  range remains constant is v is ib le  and corroborates 
the observations made on continuous time recordings of these parameters. In Figure 10b corresponding curves 
show a decrease in t h e  stabil ized p las t ic  range. Since t o t a l  s t r a i n  range remains constant with changes in 
frequency within the accuracy of measurements, obviously e l a s t i c  s t r a in  range increases and the  specimen behaves 
more elastically, as would be expected. 

These r e su l t s  indicate tha t  a correlation of endurance l i f e  with p las t ic  s t r a in  range has t o  take loading 
frequency in to  account. A preliminary analysis, t o  find out whether observed changes in  p las t ic  s t r a i n  range 
could explain the dependence of endurance l i f e  on frequency, w i l l  be undertaken during the discussion of the 
resu 1 ts. 

3 . 3  Effect of Loading Frequency on the Crack Propagation Rate 

In order t o  determine the  effect  of frequency on the crack propagation in 1 t o  2 per cent t o t a l  s t r a i n  
range, a crack was deliberately s ta r ted  at the  corner of a 4 mm diameter hole dr i l led  on t h e  c r i t i c a l  test 
section, at a quarter distance from the  edge: since it was found t h a t  cracks in unnotched specimens s ta r ted  
generally i n  t h i s  region. Growth of the crack was followed by means of a microscope equipped with a traveling 
ocular. Figure 11 shows tha t  cracks propagated more rapidly at lower frequencies. This is presumably due t o  
longer atmospheric exposure result ing in embrittlement of the material ahead of crack t i p  o r  in  contamination 
of newly formed crack surfaces and consequent prevention of rewelding. It is found tha t  a 3 mm crack length, 
which was taken as l i f e  cr i ter ion,  is reached a f t e r  a smaller number of cycles at lower frequencies. Therefore 
crack propagation r a t e  is one of the factors bearing on the frequency dependence of endurance l i f e .  

I t  is seen tha t  when the  crack is small growth rate is also small. After approximately 0.5 m growth is 
rapid at a l l  frequencies. It w i l l  be a l so  remarked t h a t  endurance l i f e  found by these curves is shorter than 
the l i f e  at regular t e s t s ,  because in  these t e s t s  cracks were in i t ia ted  a t  an ea r l i e r  stage due t o  deliberately 
introduced hole. 
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Total s t r a i n  range 
, % 

The same type of dependence of crack propagation ra te  on frequency was reported by other authors”.’’ for  
different materials and tes t ing  conditions. 

N l  
P (Calc. ) 

3 .4  Effect of Frequency on Endurance Life 

In order t o  determine t h i s  e f fec t ,  t r i p l i ca t e  t e s t s  were run a t  three t o t a l  s t r a in  levels and at four f re -  
quencies at each level. During a t e s t ,  several cracks form on the t e s t  section and when the i r  s izes  reach 3 mm 
length load carrying capacity of the section begins t o  decrease. For t h i s  reason 3 mm crack length was adopted 
as a c r i te r ion  of l i f e .  Test resul ts ,  together w i t h  per cent decrease in  l i f e  with decrease in  frequency, are 
given in Table I V .  

1.083 
1.571 
1.919 

It w i l l  be seen t h a t  decreases in l i f e  from 100 t o  0.2 cpm can be as high as 50 per cent (which also corres- 
ponds t o  an increase in l i f e  close t o  100 per cent when frequency is increased from 0 . 2  t o  100 cpm). These 
changes cannot be attr ibuted t o  any temperature effect  since temperatures at the  surface o r  in the bulk of the  

t o  temperatures in the tab le  and temperature remains constant thereaf ter .  A t  frequency 0 .2  cpm temperature 
changes were negligeable and these values were not included in the  table. 

’ t e s t  section do not r i s e  above 5OoC as w i l l  be seen from Table V. Due t o  damping specimens gradually heat up 

0.0926 1960 
0.0923 1240 
0.0914 705 

Strain ageing can also be discounted i n  t h i s  s tee l .  The remaining factors, such as corrosive effect  of air ,  
crack propagation ra te  and rheological factors (changes in s t r a i n  ranges, ra tes ,  e t c . )  may be responsible singly 
or  j o in t ly  in affecting the endurances. However it is c lear  tha t ,  in the strain-frequency f i e ld  investigated, 
the  effect  of frequency on endurance l i f e  is comparable in  magnitude t o  that of s t ra in .  Similar e f fec ts  of 
smaller magnitude were found, by hlann16 and Wade and Grootenhuis” on the endurance l i v e s  correlated with s t r e s s  
range values. 
regression l ines  of log N on log f .  
regression l ines  can be written as 

A plot of these values on a log-log scale is given in Figure 12, together with the  leas t  squares 
Obviously an Eckel’ type relationship is obeyed. The equations of the  

where p and N ,  a re  constants. The leas t  squares values of p and N ,  a r e  given below at three s t r a in  levels. 

I t  w i l l  be seen tha t  the  slopes of the l ines  (p values) d i f fe r  of the order of one percent. It may therefore 
be assumed tha t ,  in the s t r a i n  ranges investigated, ,U values are not dependent on the s t r a in  range. This 
resu l t  does not agree with the conclusions of Gohn and E l l i s ’ ‘  fo r  lead and lead alloys: and McKeown” for  heavy 
non-ferrous alloys: who reported different values for  different s t ra in  levels. 

3 . 5  Cumulative Effects of Frequency 

Two ser ies  of t e s t s  were conducted t o  find out the cumulative e f fec ts  of frequency. F i r s t ,  keeping t o t a l  
s t r a i n  level constant, specimens were run for  various cycle ra t ios  at different frequency levels ,  and the 
cumulative cycle ra t ios  were determined. Secondly, specimens were subjected t o  cycle r a t i o s  with-varying s t r a i n  
and frequency levels, and cumulative cycle ra t ios  were found. Results of these two ser ies  of t e s t s  a re  given 
below. 

(a) Cumulative c y c l e  ratios at constant strain leuel and varying frequencies. The resu l t s  of these t e s t s  a r e  
given in  Table V I .  A t  a fixed t o t a l  s t ra in  level Act , specimens were f i r s t  cycled a t  f ,  i n i t i a l  
frequency level where endurance was N ,  , for  a predetermined n1 cycles, o r  a cycle r a t i o  
r ,  = n,/N, ; then frequency was changed t o  f ,  level, where endurance was N, , and the remaining 
l i f e  cycle n2 or  the  cycle r a t i o  r2  = n,/N, was determined: r ,  plus r2  gives the cumulative 
cycle ra t io .  Endurance l ives  N, and N, a r e  taken from Table IV. A high (100 cpm) and a low (1 cpm) 
frequency were chosen for  i n i t i a l  cycling; followed by f ina l  cycling a t  3 other frequencies. In the 
low-high frequency t e s t s  cumulative cycle r a t io s  of 1.03 and 0.99 were found at the 
ht = 1.919% levels  respectively. In the high-low tests cumulative cycle ra t ios  were 1.02 and 0.96 
for  these s t r a in  levels. Since a l l  the values a re  very close t o  1.00, t e s t  resu l t s  suggest a l inear  
damage law. By the  assumptions, 

(1) Total damage, D,  at fa i lure  is 100 per cent or  1: 

(2) Par t ia l  damage di received by the  specimen during the cycle r a t i o  r i  is numerically equal t o  the 

(3) A certain s t a t e  of damage is independent of the path followed; 

we can formulate the following hypothesis for  the accumulation of damage at  various frequencies a t  a 
certain s t r a i n  level 

Act = 1.571% and 

l a t t e r ,  i .e .  d i  = r i  : 



where (i  = 1, 2. 3, ... . ) ,  indicate the  frequency levels. 

This is similar t o  the cumulative damage law proposed by hliner15 for  varying s t r e s s  levels ,  
put forward i n  Equation ( 7 )  is verified by the two-step t e s t s  summarized in  Table V I .  

wpothesis 

Cumulative Cycle Ratios at Varying Strain and Frequency Levels 
according t o  the  program given in the  Table below. 

Two para l le l  s e r i e s  of t e s t s  were run 

Frequencies, f, cpm 

1.083 100 -10 - 
1.919 lloo - 1 -10 (end) 

In these tests the following notations were used. In a test a t  f i  frequency and 0Etj s t r a i n  level, total  
endurance l i f e  was denoted by and by par t ia l  
cycle r a t i o  r i j  = nij/Nij . For the  program given above, f l  = 100 , f ,  = 10 , f ,  = 1 cpm and 
A€,, = 1.571, = 1.083, htg = 1.91% . Ni a re  t o  be taken out of Table I V .  The par t ia l  cycle 
r a t io s  in both t e s t s  are shown in Table VII. 
ra t ios ,  except the  f ina l  r 2 3  , 
or an average of 1.062 which again is close t o  1. 
l inear  and partial  damage d i j  = r i j  . With further assumptions s ta ted  in  the  previous section we can 
generalize the relation (7) t o  the  following form: 

N i j  , a partial  number of cycles run a t  t h i s  level by ni j  , 

It w i l l  Le seen that  in these two t e s t s ,  where a l l  the  cycle 
are kept the same, cumulative cycle r a t i o s  give the values 0.990 and 1.134 

Therefore we can hypothesize tha t  damage accumulation is 

Preliminary t e s t s  of Table V I 1  s a t i s fy  t h i s  hypothesis. 
Since specially low frequency t e s t s  need too much time, further t e s t s  could not be undertaken within the frame- 
work of the present investigation. 

However more data is needed t o  t e s t  its val idi ty .  

4 .  DISCUSSION OF THE RESULTS 

In t h i s  investigation the  e f fec t  of loading frequency on s t r a i n  behavior and damage accumulation was studied. 
Although it is d i f f i cu l t  t o  arrive at afundamentalrelat ionship by means of bending t e s t s ,  where the presence of 
s t r e s s  and s t r a i n  gradients complicate the analysis of the resu l t s ,  bending is a convenient w a y  for  introducing 
large amounts of p las t ic  s t r a ins  without endangering the  s t ab i l i t y  of the specimen. 

Continuous recordings of bending moments and t o t a l  s t ra ins  showed the  expected s tab i l iza t ion  of these 
parameters at early cycles. 
s t r a i n  range was observed, while the t o t a l  s t r a i n  range remained constant and the  plastic s t r a in  range decreased. 
Constancy of the  s tab i l ized  t o t a l  s t r a in  range when the frequency changes is a significant resul t ,  in t h a t  it 
gives a r e l i ab le  parameter for  assessing the severity of loading in  the  low-cycle fatigue under changing 
frequencies. 
t e s t s  depend on stress values, the  t o t a l  s t r a i n  range parameter could provide a l ink  between these typesof fa t igue  
phenomena. In low cycle range, where A€,, component is large w i t h  respect t o  he , the behavior of the  
material should be determined by A€ o r  the duct i l i ty .  In high-cycle fatigue, on the other hand, where he 
dominates and A€,, is negligible, s ee  which is proportional t o  s t r e s s  should be the  determining factor of the 
performance. 

With frequency increase an increase in  the stabil ized moment range and the elastic 

Since low-cycle fatigue seems t o  be dependent on duc t i l i ty  whereas long endurance (high-cycle) 

Since plastic fatigue range decreases with frequency there ,misee the necessity of examining correlations 
of fatigue l i f e  based on plastic fatigue range more closely. 
in  plastic range with frequency, when applied t o  the Coffin relationship, could explain the observed decrease 
in l i f e  with decreasing frequency. 

It would be worth-while t o  see whether the decrease 

For low carbon s t e e l s  t h i s  relationship can be written as 

For two different frequencies we m a y  Brite 
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A t  kt = 1.919% level for  f ,  = 100 and f ,  = 1 cpm frequencies, from Fig.lOb we obtain 

(*y = 0.91 , 

whereas N,/N,, ,  = 0.66 from Table I V .  Therefore decrease in N is not explained on the  basis of the change 
in A€, alone. 
percent. This resu l t  can be interpreted in two ways: (1) the said relationship does not ,hold in t h i s  case, o r  
(2) the p las t ic  s t r a i n  increase is not the only factor  determining the observed decrease of the endurance l i f e ;  
but other factors such as a i r  corrosion and frequency dependence of crack propagation rate also make important 
contributions. Indeed, the  observation made in t h i s  investigation, tha t  a t  decreased frequencies the crack 
propagates fas te r  ( in  term of load cycles) can make a positive contribution t o  close t h i s  gap. 
corrosion time at lower frequencies a lso produces an effect  in the direction of decreasing the  l i f e  cycles. 

According t o  Coffin formula l i f e  should decrease of 9% while it actually decreases about 34 

Increased 

Another observation made on the continuous s t r a i n  records was t h a t ,  as frequency increased the  time during 
which the p las t ic  s t r a i n  component remained constant ( that  is specimen behaved solely e las t ica l ly)  increased.These 
times were expressed in r a t i o  t o  one period of the s t r a i n  cycle T and was called, for  want of a be t te r  def ini t ion,  
e l a s t i c  time r a t io  8, . In the res t  of the period, p las t ic  deformation takes place along with e l a s t i c  
deformation. 
assumed that  during the pure e l a s t i c  deformation materials do receive less  damage than when p las t ic  deformation 
is also taking place with the e l a s t i c  deformation. The fact tha t  8, increases with increasing frequency, and 
decreasing s t r a in  level,.  and 8, 
quantitative parameters in explaining the effect  of frequency on l i f e .  

This time expressed as a r a t i o  of the period was called, plastic time r a t i o  8, . I t  m a y  be 

increases with the decreasing frequency. an increasing s t r a i n  level  m a y  provide 

Effect of frequency on the crack propagation rate seems t o  be an important factor in  determining the fatigue 
l i f e  in low cycle fatigue. I t  has been observed t h a t  at high frequencies a crack propagates slower and at low 
frequencies fas te r  presumably due t o  t o  corrosive and rheological effects .  
as the number of cyc lesunt i l  the  appearance of a crack of a certain length and since in  low-cycle fatigue, l i f e  
cycle values are small, contribution of t h i s  factor  on l i f e  may be more important in t h i s  phenomenon than at high- 
cycle fatigue. 

Since l i f e  c r i te r ion  is taken usually 

The effect  of frequency changes from 0.2  t o  100 cpm on the endurance l i f e  was found t o  be of the same order 
of magnitude as the effect  of s t ra ins  in the  1 t o  2 per cent t o t a l  s t r a i n  range. 
from 100 t o  0 .2  cpm a t  a l l  t o t a l  s t r a i n  levels  l i f e  decreased between 40 t o  5@per cent; whereas an increase i n  
the  t o t a l  s t r a i n  range from 1 t o  2 percent decreased the l i f e  at a l l  frequency levels  between 60 t o  80 per cent. 
The frequency effects  may be attr ibuted t o  the jo in t  influences of increasing plastic s t r a i n  range, increasing 
crack propagation rate and increasing a i r  corrosion'with decrease in frequency. 
found negligible in  t h i s  k , - f  
takes place, and in bulk temperatures, were between 2 t o  30' above ambient temperature. This temperature 
increase cannot cause noticeable changes in  the mechanical properties of the  s t e e l s ,  but an effect  on the air 
corrosion r a t e  m a y  be suspected. 

As t he  frequency decreased 

Change of temperature was 
f ie ld ,  as the increase in  surface, where maximum amount of plastic deformation 

In trying t o  evaluate the cumulative effects of frequency changes, two ser ies  of t e s t s  were carried out. 
the f i r s t  one, cumulative cycle ra t ios  with changing frequency at constant s t r a i n  levels  were determined, 
the second, cumulative cycle ra t ios  during concurrent stepwise changes of s t r a in  and frequency levels  were 
found. 
of the general form X(nij/NiJ) = 1 where ( i , j  = 1,2,3. .  . )  was put forward. 
j the s t r a in  levels. The hypothesis was tested and found t o  hold under j = constant conditions, and when both 
i and j were variable. Previous t e s t s  of similar nature had shown13 t h a t  it also holds under i = constant 
conditions. 
quencies. 

In 
In 

In both cases cumulative cycle ra t ios  were close t o  one. Therefore l inear  cumulative damage hypothesis 
Here i indicates the frequency, 

Therefore t h i s  may be a cumulative damage hypothesis for  combined changes of s t ra ins  and f re -  
However, more t e s t  data is required t o  t e s t  i ts val idi ty .  

SUMMARY OF RESULTS 

Low-cycle fatigue phenomenon in low carbon s t e e l  was studied in 1 t o  2% t o t a l  s t r a in  and 0 . 2  t o  100 cpm 
frequency ranges. Conclusions reached apply for  t h i s  strain-frequency f i e l d  and are  summarized below: 

1. 

2. 

3. 

4. 

5. 

Bending moment and s t r a i n  values and the i r  ranges s tab i l ize  a f t e r  approximately 5 cycles. 

Stabilized range values of bending moment. e l a s t i c  s t r a in  increase, and t h a t  of p las t ic  s t r a in  decrease 
with increasing frequency; whereas t o t a l  s t r a i n  range is unaffected by frequency, hence better suited 
for  the correlation of test  data when frequency ef fec ts  a re  studied. 

There is need for  closer study of the  Coffin relationship in view of the  frequency dependence of p las t ic  
s t r a i n  range. 

Elastic and p las t ic  time r a t i o  parameters were defined and evaluated quantitatively in  order t o  explain 
the frequency dependence of endurance l i f e .  

Effect of frequency on endurance l i f e  was found t o  be of the same order of magnitude as t h a t  of s t r a in  
in  the strain-frequency f i e l d  investigated. 
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6. EnHurance life-frequency dependence obeys the Eckel relationship and correlation coefficient does not 
change w i t h  strain level. 

7. Fatigue crack propagates slower at high frequencies, and fas te r  a t  low frequencies. 

8. A cumulative fatigue hypothesis incorporating s t ra in  and frequency parameters was formulated as 

where i indicates frequencies and j s t r a in  levels. I t  was shown that t h i s  relationship holds under 
constant s t r a in  changing frequency, constant frequency changing s t r a i n  conditions and under concurrent 
changes of frequency and s t ra in .  
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Excentr ic  
Ang 1 e 

14' 
16'30' 
20' 

TABLE I 

Tot a 1 St ra in  P l a s t i c  s t r a i n  E l a s t i c  s t r a i n  
Def lec t  i on  range Act % range A€, , % range he , % 

mm 
l o =  500 p 40 mm 500 p 40 mm 500 p 40 mm 

7.22 1.083 0.930 0.820 0.477 0.263 0.453 
8.66 1.571 1.180 1.191 0.695 0.380 0.485 
10.50 1.919 1.460 1.424 0.950 0.495 0.510 

Chemical Composition and Mechanical 
Properties of the Steel 

Tot . s t r a i n  
range kt , % 1.083 

C Mn P S S i  
Chemical 

Composition 0.18 0.38 0.030 0.020 

1.571 

Elong. at 
Yield p t .  Reduc. i n  fract.  i n  

Mechanical kp/mm area % 5 cms. % 
Properties 

Frequency 
f> cpm 

0.2 

1 

10 

TABLE I1 

e,, % e,, % e,, % e,, % e,, % e,, % 

28.2 71.8 22.6 77.4 16.8 83.2 

36.2 63.8 31.4 68.6 30.0 '70.0 

36.8 63.2 36.4 63.6 36.0 64.0 

Stahilized Strain Range Values a t  the 
Critical Test Section 

100 37.2 63.8 37.4 62.6 46.6 53.4 

T A B L E  I11 

Elastic and Plastic Time Ratios 

1.919 
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T A B L E  IV 

Effect of'  Frequency and Total Strain Range 
on Endurance Life, N 

Total s t r a i n  
range kt % 1.083 1.571 1.919 

Frequency 
f ,  cpm 

Perc. 
Nave decr .  

Perc. 
*' *lave decr.  

Perc. 
Nave decr.  

3250 

2900 2983 0 

2800 

1805 

1950 1859 0 

1822 

1020 

1150 1113, 0 

1170 

100 

10 

2380 

2500 2410 19.2 

1600 

1665 1608 13.5 

1560 

900 

850 887 20.3 

910 2350 

2100 

1950 2025 32.1 

2025 

1270 

1181 1205 35.2 

1165 

728 

780 733 34.2 

690 

1 

1730 

1560 1680 43.8 

1040 

1120 1091 41.3 

1111 

578 

534 566 51.0 

586 

0.2 

1750 

TABLE V 

Maximum Temperatures of Test Specimens 

Tot a 1 s t r a i n  
1.083 2.919 

Frequency Maximum Temperatures a t  the  Surface of the 
C r i t i c a l  Sec t ion ,  O C  

1 I 20.6 I 20.9 I 21.1 

21.3 1 22.1 I 23.1 1 I lo 

I 100 I 32.4 I 38.4 I 41.3 
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TABLE VI 

Cumulative Cycle Ratios a t  Constant Total Strain Ranges and Under Varying Frequencies 

ht = 1.571 % 

fl f ,  " 1  r l  n 2  r2 r1+r2 

1 100 603 0.50 916 0.49 0.99 

1 100 301 0.25 1430 0.77 1.02 

1 100 120 0.10 1682 0.92 1.02 

1 10 603 0.50 898 0.51 1.04 

1 10 301 0.25 1177 0.72 0.97 

1 10 120 0.10 1332 0.82 0.92 

1 0.2 603 0.50 837 0.68 1.18 

1 0.2 301 0.25 846 0.77 1.02 

1 0.2 120 0.10 1102 1.00 1.10 

100 10 930 0.50 658 0.42 0.92 

100 10 465 0.25 1296 0.79 1.04 

100 10 186 0.10 1495 0.92 1.02 

100 1 930 0.50 614 0.51 1.01 

100 1 465 0.25 974 0.79 1.04 

100 1 186 0.10 1145 0.94 1.04 

100 0.2 930 0.50 560 0.51 1.01 

100 0.2 465 0.25 841 0.77 1.02 

100 0.2 186 0.10 1040 1.02 1.12 

T A B L E  VI1 

Cumulative Cycle Ratios Under Varying Frequency 
and Strain Level Conditions 

Frequency St rain 
Leve ls  Leve ls  
fi. cpm Act, % 

100 1.571 

10 1.571 

1 1.571 

100 1.083 

10 1.083 

1 1.083 

100 1.919 

1 1.919 

10 1.919 

A€, = 1.919 % 

fl f 2  " 1  r l  " 2  r2 r1+r2 

1 100 365 0.50 459 0.43 0.93 

1 100 183 0.25 672 0.59 0.84 
1 100 73 0.10 831 0.77 0.87 

1 10 365 0.50 443 0.49 0.99 

1 10 183 0.25 652 0.73 0.98 

1 10 73 0.10 744 0.77 0.87 

1 0.2 365 0.50 393 0.68 1.18 

1 0.2 183 0.25 530 0.93 1.18 

1 0.2 73 0.10 484 0.98 1.08 

100 10 557 0.50 304 0.34 0.84 

100 10 278 0.25 587 0.59 0.84 

100 10 111 0.10 830 0.92 1.02 

100 1 557 0.50 309 0.43 0.83 

100 1 278 0.25 559 0.76 1.01 

100 1 111 0.10 638 0.88 0.98 

100 0.2 557 0.50 289 0.51 1.01 

100 0.2 278 0.25 453 0.80 1.05 

100 0.2 111 . 0.10 492 0.93 1.03 

" i j  Cycles run, 

Tes t  I Tes t  II 

174 174 

96 96 

70 70 

200 200 

280 280 

435 435 

144 144 

95 95 

146 276 

Cycles  t o  
Fractures i j  

Cycle R a t i o s ,  r 

Test  I Test II 

1859 

1608 

1205 

2983 

2410 

2025 

1113 
733 

887 

0.0935 0.0935 

0.059 0.059 

0.0581 0.0581 

0.0985 0.0985 

0.116 0.116 

0.145 0.145 

0.129 0.129 

0.130 0.130 

0.161 0.305 

Cumulative cycle rat io  s i j  = 0.990 1.134 

i 

1 

i 
1 
1 

1 

1 
1 

1 

1 

1 

1 
1 
1 
1 

1 
1 

1 1 
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Fig .2  The t e s t  specimen 

Fig.4 Continuous and simultaneous records of the bending moments and strains during i n i t i a l  cycles 

(ht = 1.083% , f = 10 cpm.) 

II E p  Plostic stroin 
A E. Elastic stroin I - - . E t  Toto1 strain 

M Moment 

Fig.5 Graphical representation of the simultaneous recordings of the stabi l ized cycles of bending moment and 
longitudinal strain.  



Fig.6 Bending moment-longitudinal strain 
hysteresis loops ( s l ight ly  shifted 

t o  show successive cycles)  

Fig .8  Hysteresis loo~s allowed t o  overlap 

and strain ranges. 
t o  show the changes in the bending moment 

I 

Fig.10 Changes i n  the range values with frequency. (a) Changes In bending moment. (h) changes in p last ic  
strain range 

(Gage length 40 m, kt = 1,46096) 
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Frequency S t  rain 
Levels  Leve ls  
f i ,  cpm Act, % 

E R R A T A  SHEET 

i j  
Cycles run, 

Tes t  I Tes t  11 

S i n c e  p u b l i c a t i o n  t h e  a u t h o r  h a s  amended t h e  f o l l o w i n g  p a s s a g e s  i n  t h i s  r e p o r t :  

1. The p a r a g r a p h ,  f o l l o w i n g  t h e  t a b l e  on page 5, which should  now read :  

In these tests the following notations were used. 
endurance l i f e  was denoted by and by par t ia l  
cycle r a t i o  r i j  = nij/Nij . For t he  program given above, f ,  = 100 , f, = 10 , f ,  = 1 cpm and 
AEt1 = 1.571, act:, = 1.083, ht, = 1.919% . N i j  are t o  be taken out of Table I V .  The par t ia l  cycle 
r a t i o s  in  both t e s t s  a re  shown in Table VII. 
ra t ios ,  except 
of 1.078 which again is close t o  1. 
damage d i j  = r i j  . 
t o  the following form: 

In a t e s t  a t  f i  frequency'and htj strain level, t o t a l  
Nil , a par t ia l  number of cycles run at t h i s  level  by ni j  , 

It w i l l  be seen that  in  these two t e s t s ,  where a l l  the cycle 
r3:, , are  kept the same, cumulative cycle ra t ios  give the values 0.9949 and 1. 1613 or an average 

Therefore we can hypothesize tha t  damage accumulation is l inear  and pa r t i a l  
With further assumptions stated in  the previous section we can generalize the relation (7)  

2. Table VI1 s h o u l d  now read :  

Cumulative Cycle Ratios Under Varying Frequency 
and Strain Level Conditions 

100 1.571 

10 1.571 

1 1.571 

1 1.083 

10 1.083 

100 1.083 

100 1.919 

1 1.919 

10 1.919 

174 174 

96 96 

70 70 

200 240 

280 280 

435 435 

144 144 

95 95 

146 276 

Cumulative cycle r a t i o  

Cycles t o  
Fractures 

N .  
1j 

1859 

1608 

1205 

2045 

2410 

2983 

1113 

733 

887 

>. . 
1J 

i j  
Cycle Ra t ios ,  r 

Tes t  I Test  11 

0.0935 0.0935 

0.0590 0.0590 

0.0587 0.1185 

0.0985 0.0985 

0. 1161 0 .  1161 

0.1458 0 .  1458 

0.1290 0.1290 

0 .  1296 0.1296 

0.  1645 0.3111 

= 0.9949 1.1613 
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34 MERGED STBGNgTlDN SHOCK LAYER OF NON-EQUILIBRIUM 
DLSSOCIATIXG GAS 

P. M. Chung, ** J. F. Holt and S. W. Liu 
Aerospace Corporation, E l  Segundo, Cal i rornia  

This paper presents  the  formulation of the  problem, t h e  numerical method leading t o  solut ion,  

The solut ion i s  l imi ted  t o  t h e  s tagnat ion region of a blunt  
and the physical s ignif icance of the  r e s u l t s  obtained f o r  the  f l u i d  flow of a viscous merged layer  with 
non-equilibrium chemical reac t ions .  
body. The chemical reac t ions  considered a re  the  d issoc ia t ion  and the recombination of air. 

It i s  f i r s t  shorn that the  reduced Navier-Stokes equation and the corresponding energy and species 
conservation equations, wherein c e r t a i n  curvature e f f e c t s  have been neglected,  are s u f f i c i e n t l y  
accurate  f o r  the f low regime in which ReS 2 20 , where R e  i s  the Reynolds number behind the  bow 
shock. It i s  a l s o  shown t h a t  only in t h i s  regime a r e  t h e  non-equilibrium chemical reac t ions  important. 

The system of non-linear d i f f e r e n t i a l  equations def ining the flow and algebraic  equat ions.def ining 
t h e  gas propert ies  i s  replaced by a s e t  of f in i te -d i f fe rence  equations and solved with a d i g i t a l  computer 
by Newton's method between the free-stream and the surface.  

Suppose, f o r  example, that t h e  equations a re  given by 

fi(ei, ea, .... = 0 (i = 1,2, .... n) 

If, at any stage, approximate solut ions 
ru le ,  from t h e  equations 

O s  a r e  known, then cor rec t ions  qs a r e  given, by Newton's 

The above equations c o n s t i t u t e  a s e t  of linear equations 
from which the correct ions qs 

+ns a r e  then used in place of the previous 

achieved. 
machine time and s torage.  

(An, = -fi) where A i s  a band matrix, 
can be computed by Gaussian elimination. The n e w  approximations 

O s  , and t h e  process i s  repeated u n t i l  convergence i s  

A spec ia l  sub-routine was  used for the band matrix A ,  thus saving a l a r g e  amount of 

The major d i f f i c u l t y  in using Newton's method f o r  t h i s  type of problem i s  that f a i r l y  accurate  
initial approximation i s  required f o r  all variables  across  t h e  e n t i r e  range of in tegra t ion .  However, 
t h e  advantage of t h e  method i s  that once a p a r t i c u l a r  so lu t ion  has been o b t a b e h ,  it can be used as an 
i n i t i a l  approximation f o r  o ther  values of the parameters. 
i s  quadratic,  requir ing only f i v e  t o  t e n  i t e r a t i o n s  per  solut ion.  

For subsequent approximations, convergence 

From t h e  solut ions it w e s  found, as was expected, t h a t  a strong coupling exists between t h e  
chemical reac t ions  and the ra refac t ion  of the  shock layer .  
f o r  a given f l i g h t  condition, increase of t h e  surface c a t a l y c i t y  causes t h e  shock layer  t o  become 
thinner. Since the increase i n  surface c a t a l y c i t y  reduces the degree of d i ssoc ia t ion  w i t h i n  t h e  
merged shock layer ,  i t  had been expected that it would increase the  shock l a y e r  thickness  ins tead  of 
decreasing it. The physical  i n t e r p r e t a t i o n  of t h e  phenomenon and i t s  possible  implicat ions are 
discussed in t h i s  paper. 

One of the  unexpected r e s u l t s  i s  that, 

Based on t h e  solut ions obtained, ca lcu la t ion  of the  ion iza t ion  p r o f i l e  i n  the merged l a y e r  can be 
car r ied  out  i n  a r e l a t i v e l y  s t ra ightforward manner. 
shown t h a t  there  i s  a pronounced e f f e c t  on the ion iza t ion  leve l ,  which can be a s  much a s  two orders  of 
magnitude lower than t h a t  predicted on t h e  b a s i s  of a Hugoniot shock model. 

Such calculat ions,  reported elsewhere, have 

Final ly ,  the paper presents  comparisons of the present  r e s u l t s  with r e s u l t s  previously obtained 
from more approximate analyses.  

The research reported in this paper w a s  supported by t h e  United S t a t e s  BFr Force under 
Contract No. FO4-695-674-0158. 

** 
Consultant.  Professor of F lu id  Mechanics, University of lllinois a t  Chicago Circle .  
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33. VXSCOUS SHOCK LAYER PROBLEM FOR THE STBGNBIIIION POINT OF A BLUNT BODY* 

F. G. Blottner** 
Sandia Laboratories 
P. 0. Box 5800 

Albuquerque, New biexico 87115 

There has been a s i g n i f i c a n t  amount of work devoted t o  the  understanding of the f l u i d  dynamics 

Also, t h e  purpose 
of t h e  viscous hypersonic blunt  body problem. 
t i o n s  t o  this problem with more realistic gas models than previoualy employed. 
of this study i s  t o  inves t iga te  and develop techniques f o r  solving the governing equations which are 
ordinary W e r e n t i d  equations with two-point boundary conditions.  

The present  inves t iga t ion  i s  intended t o  provide solu- 

The governing equations f o r  a thin hypersonic shock l a y e r  in t h e  form used are presented. These 
equations have been developed by a number of authors but  have not  been considered f o r  a complete reac t ing  
a i r  model as present ly  employed. 

A review is given of techniques developed f o r  solving two-point boundary problems. The f i n i t e -  
difference and non-linear over-relaxation methods have been appl ied t o  the flow of a binary gas a t  a 
s tagnat ion point .  A comparison of t h e  convergence of the two procedures is made and the results f o r  
the  veloci ty ,  temperature and atom mass f r a c t i o n  are presented. The appl ica t ion  of these  method8 t o  
pure air shock l a y e r  and boundary flow ia discussed. 

Solutions f o r  pure a i r  f l o w s  a t  the  s tagnat ion point  of a hyperboloidt a t  var ious a l t i t u d e s  and a 
veloc i ty  of 20,000 f p s  a r e  presented. 
chemical species  from t h e  body t o  t h e  shock wave are given. 
l a y e r  i s  a l s o  given. 
a l t i t u d e s  and theor ies  employed (shock l w e r  or  boundary layur) .  

The proper t ies  of the  flow such as veloci ty ,  temperature, and 
The e lec t ron  densi ty  across  the  shock 

The heat  t r a n s f e r  and skin f r i c t i o n  parameters are obtained f o r  t h e  var ious 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
*This paper has been accepted f o r  publ icat ion i n  the AIAA Journal. 

** 
Staff  Member, Aerothermodynamics Research Department. 
This work was supported by t h e  U.S. Atomic Ehergy Commission. 

'This problem and body geometry were requested t o  be employed by p a r t i c i p a t o r s  in t h e  AGBBD Seminar. 
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32 THE VISCOUS SHOCK-LAYER PROBLEM 

. R .  T. Davis 
Virginia Polytechnic I n s t i t u t e  

Laminar flow p a s t  blunt  bodies moving a t  hypersonic speeds is considered on the bas i s  of a s e t  of 
equations which govern the  fully viscous shock-layer f o r  moderate t o  high Reynolds numbers. 
o f  so lu t ion  used i s  an i m p l i c i t  f in i te -d i f fe rence  method which i s  similar t o  t h e  method developed by 
Blo t tner  and Flume-Lotzcq 1 for solving the compressible boundary-layer equations.  

The method 

P i r s t  the full NavierStokes equations are wr i t ten  in boundary-layer co-ordinates and an order  of 
magnitude analysis i s  performed on the terms in t h e  equations. Terms are  kept up t o  second-order in 
t h e  square root  of the  Reynolds number from both a viscous and an inv isc id  viewpoint, so that *e 
simplified governing equations are uniformly v a l i d  t o  moderately low Reynolds numbers (see Davis and 
Flugge-Lotz c21 ) . 
by s l i p  and temperature jump conditions while t h e  ordinary Rankine-Hugoniot r e l a t i o n s  are used t o  
determine conditions b e h d  the shock. 
W f e r e n c e  being t h a t  some second-order terms are re ta ined  which were not  considered by him. 

To t h e  order  of the  approximations involved the  body surface condi t ions are given 

This formulation i s  similar t o  that given by Cheng [31 , the 

Next, the t h i n  shock-layer approximation i s  appl ied t o  the  s impl i f ied  set of governing equations, 
and the r e s u l t i n g  equations are found t o  be of parabolic type. 
far as numerical so lu t ion  of the problem i s  concerned. 
by numerical methods similar t o  those developed f o r  solving the boundary-layer equations.  
numerical procedure c o n s i s t s  of  f ind ing  i n i t i a l  data a t  the  stagnation-point and then in tegra t ing  down- 
stream using an i m p l i c i t  f in i te -d i f fe rence  method. 
t h e  stagnation-point so lu t ions  d i r e c t l y .  

T h i s  i s  an important s impl i f ica t ion  as 
The thin shock-layer equations can be solved 

The 

The method i s  developed so that t h e  equations y i e l d  

Rather than work w i t h  the  governing equations in boundary-layer co-ordinates ,  it is found tbat it 
is  more convenient t o  work with t h e  equations in a transformed form. 
defined by d iv id ing  the  o ld  normal. var iab le  by t h e  l o c a l  dis tance f rom t h e  body t o  the shock. 
advantage of t h i s  transformed co-ordinate system is that the transformed dis tance t o  t h e  shock i s  a l w a y s  
one and t h e  new dependent var iab les  a r e  always one a t  the shock. This means t h a t  in using the  finite- 
W e r e n c e  method a constant number of s teps  can be taken between t h e  body and t h e  shock. This elimin- 
a t e s  in te rpola t ion  t o  f i n d  t h e  shock pos i t ion  and makes it  much e a s i e r  t o  s a t i a f y  conservation of mass 
in order  t o  determine the  shock posi t ion.  

compared with the second-order boundary-layer results of Adam8 [57 and with t h e  experimental results 
of L i t t l e  161. 

New dependent var iab les  a r e  
The 

Several  example cases are presented in Davischl for  flows o e r  various bodies.  The r e s u l t s  are 
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o < 1 , by e i t h e r  the  behaviour (1) !$ - ICl gb-* ('-*) 

by all three terms i n  the  enera equation, or t h e  behaviour (2) 

% + 
Because of t h e  l a r g e r  mass flow in 

t h e  t r a n s i t i o n  layer ,  t h e  second behaviour is ru led  out.  In the case of &I > I there  a r e  again two 
types of possible  sa t i s fy ing  behaviour: 
balance between t h e  viscaus and convective terms, and (2) 
given by the (dominant) viscous term. 
a t  % = %e , t h e  second behaviour has an infinite slope. 
t h e  t r a n s i t i o n  l a y e r .  
match with the i n v i s c i d  behaviour. 

as % + 1. , where IC, is determined 

Tb - ICp 
- as 

( f i n i t e ) ,  which means t h e  viscous term being dominant. 

(1) 

It is noted t h a t  while the  first behaviour has a zero slope 
The second behaviour is screened out by 

Tb - [(o-l)l;be(l;be - 6)/4]" ', which is  a 

!I!,, - IC, (t;be - t;b) * , which i s  again 

It is  c l e a r  now that in any case t h e  boundary-layer temperature behaviour c a n ' t  

The temperature t r a n s i t i o n  f o r  the case of 0)  < 1 was s tudied by Bush (1966) on a phase plane by 
which he showed a l s o  t h e  matching of t h e  temperature behaviour between the  three  regions.  
general  study (Ref.  2) shows t h a t  the ordinary differential equation governing the temperature t r a n s i -  
t i o n  takes  e s s e n t i a l l y  the  same form f o r  a l a r g e  c l a s s  of flows with power-law shocks, and that it  i s  
even possible  t o  match t h e  t ransi t ion-layer  solutio;  t o  an i n v i s c i d  entropy-layer so lu t ion .  
present  work treats, in addi t ion,  y = 6[yt(x) + 6 ytt + ... J . 
t h e  shape of t h e  sharp edge. 
second term ytt  , t h e  determination of mbich depends on the asymptotic value af ybb as t;b + .. , 
In this sense, .the higher-order  boundary-layer problem neglected by Bush (1966) is necessary.  The 
temperature t r a n s i t i o n  in the case of o > 1 is accomplished in two sublayers.  
p r inc ipa l  t r a n s i t i o n  layer ,  the  temperature i s  brought f r o m  i t s  boundary-layer behaviour t o  a reference 
temperature based on t h e  inv isc id  solut ion a t  the stream funct ion corresponding t o  
t r a n s i t i o n  t o  the  i n v i s c i d  behaviour i s  conducted in t h e  e x t e r i o r  t r a n s i t i o n  layer .  
equation i s  decoupled from the  energy equation in t h e  t r a n s i t i o n  layer ,  t h e  
s tudied separa te ly  in a similar manner. 

A more 

The 
The f i r s t  te rm yt  only gives 

The d i s t r i b u t i o n  of streamlines i n  the  t r a n s i t i o n  l a y e r  is given by the 

Through the 

r;b = % . The 
Since t h e  momentum 
t r a n s i t i o n  can be (U - 1) 

In addi t ioh t o  t h e  higher-order e f f e c t  due t o  the t rans i t ion- layer  displacement which is treated 
in d e t a i l  i n  the  present work for t h e  case of o < I , 
parable importance which can be t r e a t e d  separately.  
order 

However, in t h e  self-similar f l a t - p l a t e  problem, t h e i r  inf luence on surface hea t  t r a n s f e r  i s  of a higher 
order, as noted by Aroesty (1966). curved shock wave generates the  heating and 
ex terna l  v o r t i c i t y  e f f e c t s  which a re  of the  o r h r  6 anm*4 , higher than t h e  order 6" in the case 
of o < 1 b u t  lower in the case of o > 1 . In the  case of o < 1 , t h e  present analysis also f i n d s  
that, due t o  the s ingular  behaviour of t h e  t rans i t ion- layer  solut ion,  there i s  another b o u n w - l a y e r  
correct ion of the order between 6" and 6an1(i*w) , Final ly ,  the e f f e c t  of uncertainty about the 
leading edge is asswned t o  be of s t i l l  higher  order s ince no indeterminacy is encountered i n  our 
analysis up t o  tb orbr 

there  are other  higher-order e f f e c t s  of com- 
The s l i p  and temperature-jump e f f e c t s  are of the  

6(Tbsw) 'la , wEch can be lower o r  higher than t h e  order 6" depending on t h e  wall temperature. 

The st rong and h i  

6" . 
The d e t a i l s  of the  present work, plus  some numerical results, w i l l  be submitted f o r  publ icat ion in 

an open journal.  
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31. THE HYPERSONIC BOUNDARY LAYER ON SLENDER BODIES, 
ITS OUTER-EDGE BEHAVIOUR AND HIGHER-ORDER AppROXWIxINS* 

Richard S. Lee 
McDonnell Douglas Astronautics Company-Western Division 

Santa Monica, Cal i forn ia  

H. K. Cheng 
University of Southern California 

Los Angeles, Cal i fornia  

There are severa l  c h a r a c t e r i s t i c s  which d is t inguish  the  hypersonic boundary layer on slender bodies 
from i t s  supersonic or subsonic counterparts.  
been reco&eed t o  induce pressure in te rac t ions ,  strong or weak, with t h e  accompanying i n v i s c i d  flow. 
Another character  i s  the low temperature a t  i t s  outer  edge as compared with the t y p i c a l  temperature 
l e v e l  in i t s  i n t e r i o r .  Thus a commonly prac t i sed  approximation is t o  solve the boundary-laysr equat iom 
with the condition of a vanishing temperature a t  a sharp edge, regardless of the a c t u a l  value and dis- 
t r i b u t i o n  of the edge temperature (and hence Mach number). However, t h e  vanishingitemperatwe condition 
can be satiafied by more than one asymptotic (singular) behaviour of the boundary-layer equations; and, 
in any case, such a boundary-layer so lu t ion  carmot be expected t o  match properly w i t h  tha invbci8 sdu- 
t i o n .  In general, w h a t  b needed theore t ica l ly ,  i s  a t r a n s i t i o n  layer in the neighbourhood of the sharp 
edge t o  screen the proper choice of t h e  boundary-layer so lu t ion  and t o  &ow t h e  t r a n s i t i o n  fmm tha  
boundary-1-r-solution behaviour to t h e  inviscid-solut ion behaviour. In fact, recently, Wlsh (1966), 
t r e a t i n g  the problem of a flat p l a t e  i n  t h e  hypersonic s t rong-interact ion regime with the v i s c o s i t y  law 
p a r" (a < 1) , demonstrated such a three-region flow s t r u c t u r e  in von LIises' co-ordinates.  However, 
we shall emphasize that t h e  physical loca t ion  of streamlines in the t r a n s i t i o n  *er can n o t  be uniquely 
determined without so lv ing  the boundary layer problem to t h e  higher approximation t r e a t e d  In tbs present  
work. 

Its comparatively l a r g e  displacement e f f e c t  has long  

The analysis of t h e  t r a n s i t i o n  1wr can be circumvented by using von Uses' var iab les  (or var iab les  
of a similar nature), in th exceptional case of a linear v iscos i ty  l a w  p .c T . !l!he same authors have 
shown t h a t  in such a case, t h e  boundary-layer solut ion combined w i t h  i t s  bigherorder approximation due 
t o  the  t rans i t ion- layer  displacement i s  t h e  composite asymptotic so lu t ion  for both the boundary lqur 
and t h e  t r a n s i t i o n  layer. 
order as i t s  higher-order approximation fad, near  th i n v i s c i d  region, the higher-order approXimation 
fuzniahes the proper dominant behaviour to match w i t h  t h e  i n v i ~ c i d  solut ion.  
f u l  numerical r e s u l t s  are published in Ref. 1. 

In the t r a n s i t i o n  layer ,  the boundary-layer so lu t ion  becomes of t h e  same 

The d e t a i l s  and some use- 

In the  present  work, t h e  f la t  p l a t e  in the hypersonic strong-interaction regime ia uaed a8 an 
example t o  study the hypersonic boundaq l a y e r  on slender bodies, i t s  outer-edge behaviour and higher- 
order  approximations in the  case of a non-linear v i scos i ty  l a w  p = C'l?(a# I) . A comprehensive 
presentat ion f o r  more general  power-law bodies ie included in R e f .  2, where a detailed review of  pa8t 
re levant  works can a l s o  be found. 
t h e  boundary layer in the  case of w < I and v ice  versa  in t h e  case of w > 1 , the o u h - e d g e  behaviour 
f o r  these two cases differ s i g n i f i c a n t l y  and have t o  be separa te ly  s tudied.  In the present  analysis, 
matched asymptotic expansions in term Of t h e  smal l  parameter 6 = (C(yM:)aba)ilr are made from the 
non-dimensional Navier-Stokes equations in von Aiiaes' var iab les  in the Invisc id  region, the t r a n s i t i o n  
l a y e r  and t h e  boundary layer. 

Since the mass flow in the  t r a n s i t i o n  layer ia greater than that in 

In the i n v i s c i d  region, we assume a s t rong  (I/M:6' = O(6') or smaller) RanMne-Hugoniot shock 

of the shape ys = 6AxS14 (1 + dn x-~'' ...) , where n = (1 + w)(W - 2)/(3y - 1 + to) and the hiepar- 
o r d e r  term i s  determined by t h e  t rans i t ion- layer  displacement. "he expansions f o r  the flow q u a n t i t i e s  
and t h e  governing equations a r e  those of t h e  hypersonic small-disturbance theory. These equations can 
be reduced t o  the  se l f - s imi la r  form, i n  t e r m s  of t h e  independent var iab le  ch = $/6gX3/' , and can be 
in tegra ted  numerically with t h e  canstants  "A" and "an scaled out. 

T = yMg 6gAPx"1'80 %-'layG + 
the  constants  Po* Poo, eo, Yo* Y, and Yoo are known from the bte&ration. 

T = YM: 1~~ + 69pbb + . . . I  . 
The second term in the expansions i s  a& due t o  t h e  t rans i t ion- layer  displacement. 
no t  change across  the viscous layers and is thus given by the i n v i s c i d  behaviour near 
sub-b 
reduced t o  t h e  self-similar form, in terms of t h e  independent var iab le  % = $/6aAP:'Px'14 . 
t h e  outer  edge, % 
order)  takes the form 

a t i o n  w i t h  respec t  t o  

*This work w a s  supported by the Douglas Independent Research and Development (IIIAD) P r o p m ,  t o  which 

I . 

Near the  viecoua regions,  i .e.,  a8 

yo, + ...) , *re 
L, + 0 , we have the asymptotic behaviour p = yMP 6'AP x- ' IP (Po + aGnx-"P . + . . .) , 

... and y = 6 b a i 4  (Yo + Y, 86 noo-n/r X a 

0 

In t h e  boundary layer, the tempera- i s  a t  t h e  l e v e l  of stagnation temperatun,  heme we  assumc n Other expaasions a n  u = y, + + .. . and y = 6 bb + ybb + .. . J . 
The pressure doas 

The 

Near 

zh = 0 .' 
quant i t ies  in the expansions are governed by the classical boundary-layer equa t iom which can be 

approaches unity and the energy equation (with the d i s s i p a t i o n  term being of M&er 
whme t h e  prime denotes differenti- (TbW-'T;)'/u + %Tv4 - (y  - l ) T d 2 y  P 0 , 

';b . The vanishing temperature condition can be satisfied, in the case of 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  
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30 FIRST- BM) SECOND-ORDER BOUNDARY LwFa EFFECTS 
BT HYPERSONIC CONDITIDNS* 

Clark H. Ledst 

Arnold& Force Stat ion,  Tennessee 
MO, Inc. 

F i r s t -  and second-order boundary-layer so lu t ions  a r e  presented f o r  a 9-deg half-angle, spher ica l ly  
blunted cone a t  M = 9 and 18. The e f f e c t s  of t ransverse curvature,  v o r t i c i t y ,  displacement and 
s l i p  and temperatu?e jump a r e  considered both as f i r s t - o r d e r  and second-order e f f e c t s .  
r e s u l t s  were obtained by modifying t h e  c l a s s i c a l  boundary-layer equations and method uf C l u t t e r  and 
Smith. 
difference method of Davis and Fliigge-Lotz. 
on zero- l i f t  drag including comparisons with the experimental data.  
thickness,  w a l l  shear s t r e s s ,  heat  t r a n s f e r ,  and pressure d i s t r i b u t i o n s  are presented. 
i n  t h e  theor ies  are ind ica ted  based upon comparisons' between the  numerical results and comparison with 
previously published experimental data. 

The first-order 

The second-order r e s u l t s  were obtained from the theory of Van Dyke using t h e  i m p l i c i t  finite 
Primary i n t e r e s t  is given t o  the higher-order e f f e c t s  

Limitations 
Comparisons of displacement 
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The final r e s u l t s  of t he  ca l cu la t ions  are t he  coe f f i c i en t s  a,P defined by: 

- 5 = l + a Z  

r 
*Z=o 

shown i n  Pig. 1. The parameter E i s  a measure for the  v o r t i c i t y  in t ens i ty :  
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29 EFFECTS OF AN W A L  VORTEX ON 
THE BOUNDARY LAYER AT AN AXISYMMWIC STAGNATION POINT 

Gunter gret zschmar 
O.N.E.R.A., P a r i s  

Several  econd-order e f f e c t s  may be important in modern boundary-layer problemsLi1. In the  ca e of 
hypersonic flight of a b lunt  body in a n o t  too r a r e f i e d  atmosphere two of these  second-order e f f e c t s  w i l l  
be of particular importance, namely the combined e f f e c t s  of boundary-layer displacement and v o r t i c i t y  in 
the outer  flow. 

Recently an i n t e g r a l  method of ca lcu la t ion  which takes  i n t o  ac-c unt  these e f f e c t s  has been elabora- 
t e d  i n  order  t o  pred ic t  tbe development of laminar boundary layersL2?#v]. As a p a r t  of t h i s  investiga- 
t i o n  an exact eolut ion of the boundary-layer equations a t  an &symmetric s tagnat ion point has been 
evolved. A l a r g e  number of boundary-layer p r o f i l e s  (veloci ty ,  temperature, shear s t r e s s  and heat  f lux)  
as well as some c h a r a c t e r i s t i c  quant i t ies  (thicknesses,  w a l l  heat  f l u x  coef f ic ien t )  have been obtained 
on en analogue computer as f'unctions of t h e  w a l l  t o  free-stream temperature r a t i o  and t h e  v o r t i c i t y  
intensity. 

Ths boundary-layer equations i n  t h e  usual  fo rm include t h e  second-order e f f e c t s  af displacement and 
The Levy-Lees tranaformation, when appl ied t o  the  s tagnat ion point  flow, y ie lds :  v o r t i c i t y .  

H e r e  the eubscr ipt  6 
and pressure gradient parameters 

refers t o  t h e  condi t ions a t  t h e  outer  edge of the boundary layer. The veloci ty  

E; dP6 

"6 a. P6% d& 

and - - d"s - -  

may be expresaed with the' aid of t h e  outer  ve loc i ty  distribution 

where the constant  K O  measures t h e  v o r t i c i t y  in tens i ty .  One f inds:  

!Chus, the so lu t ion  of the  boundary-layer equations depends on the  parameter x = @ + Ka(6 - 6*)]' 
which may be expressed in terms of the dimensionless stream-function and i t s  second der iva t ive  a t  the  
outer  edge: 

I 
= i - 2 (ff") 

+ K p  (6 - 6*)]" n=n& 

The parameter x represents  the combined e f f e c t s  of displacement ( f a c t o r  6 - 6*) and of outer  
v o r t i c i t y  ( f a c t o r  K O )  . 

For a f i x e d  value Or I the  so lu t ion  has been obtained by s t a r t i n g  t h e  in tegra t ion  a t  the w a l l  

ind ica tes  the posi t ion of 
w i t h  different  assumed values of f" and g' u n t i l  the  preceding re la t ionship  w a s  met when 
ftV6 = 1 . The corresponding value of t he  dimensionless co-ordinate 
the outer  edge of t h e  boundary layer which i s  a t  a f i n i t e  dis tance from the  w a l l .  

q6 
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28. HIGHER ORDER BODNDBBY-LBYHL EF'FECTS ON ANBGYTIC BODIF3 OF R E V O L U T ~  

John C. Adam, Jr.t 
ARO, Ino. 

Arnold A i r  Force Station, Tennessee 

Results are presented f r o m  an i nves t iga t ion  i n t o  second-order compressible boundary-byor theory 
applicable to blunt  bodies formulated f o r  numerical solut ion in t h e  transformed plans using BP iippl.%cit 
finite-difference scheme. Various combinations of second-order e f f e c t s  (external v o r t i c i t y ,  diaplaae- 
ment, t ransverse curvature, longi tudjnal  curvature, s u p ,  and temperature jump) are consue red  f o r  two 
di f fe ren t  bodies, a paraboloid and a hyperboloid of 2 2 0 5 ~  asymptotic half-angle, in a YBch 10 flow 
under low Reynolds number conditions.  
namely 0.20 and 0.60, i n  order t o  simulate both c o l d  and hot wall conditions,  respect ively.  
parison purposes, solut ions are obtained using three different v i soos i ty  l a w s  - Sutherland, linear, 
and square-root - a s  well a s  two d i f f e r e n t  Prandt l  numbers e70 and 1.0. 
so lu t ion  using the finite-differenoe scheme is a lso  presentea in order t o  permit a c r i t i o a l  assesanent 
of t h e  l o c a l l y  similar approximation. 

Two different wall-to-atagnation temperature r a t i o s  are used, 
For com- 

A l o c a l l y  similar  f i r s t o r d e r  

P a r t i c u l a r  a t t e n t i o n  i s  devoted t o  the treatment of the separate  second-order v o r t i c i t y  end dis- 
placement e f f e c t s .  It is shown that t h e  only cor rec t  manner t o  treat thsae separate  e f f e o t s  is in a 
displacenent speed sense - a displacement pressure approach i8 n o t  cons i s t en t  with the mathematics of 
second-order boundary-layer theory. 
respect  t o  t h e  magnitude of the separate  e f f e c t s  and c e r t a i d l y  not representat ive aP the actual physical 
e f f e c t s .  
ment i n  a combined sense as a vorticity-displaoement in t e rac t ion .  Furthermore, a n e w  and p a w e m  
technique for  considering the second-order displaoement e f f e c t  using first-ordar i n v i s c i d  theory ia 
presented; 
e n t i r e  body. 

However, a displacement speed t m t m s n t  i.8 unreasonable l d t h  

Hence it is proposed that one should properly i n t e r p r e t  8econB-ordsr v o r t i c i t y  and displaae- 

t h i s  approach is not limited t o  t h e  nose region and may be  appl ied equally well over the 

Numerical r e s u l t s  ind ica te  that the v o r t i c i Q 4 s p l a c e m e n t  in t e reo t ion  i s  the domiPant second-ordsr 
e f f e c t  on the bodies under consideration, e spec ia l ly  for the hyperboloid where it baaomas a f i r s t - o r d e r  
e f f e c t .  Considerable a t t e n t i o n  is devoted t o  tbe effects of v i s c o s i w  l a w  on both first- apd M C O ~ ~ -  
order solut ions;  Prandt l  number and w a l l  temperature e f f e c t s  are a l s o  oonsidsred. 
severe underprediction in skin f r i c t i o n  and heat  transfer results fmm use of t h e  linsar v b o o e i t y  law. 
An i n t e r e s t i n g  w a l l  temperature e f f e c t  on the hyperboloid is observed in tha t  the cool  w a l l  caae hcLe a 
higher skin-fr ic t ion drag than does the  hot d oase; 
t o  flat p l a t e  behaviour on the  aft port ion of t h e  hyperboloid due t o  the surface pressure d i s t r i b u t i o n .  

It i.8 shown that a 

this is explained in term of a n t r ans i t i ona  
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A t  present one oan discuss higher approximations t o  Prandt l ' s  boundary-layer theory in any d e t a i l  
only f o r  steady, plane or &symmetric, laminar, and unseparated flows. 
higher-order boundaxy-layer theory appears t o  y i e l d  an asymptotic expansion in inverse half-powers of a 
c h a r a c t e r i s t i c  Reynolda number. 
t o  l i n e a r i t y ,  the second-order correct ion can be subdivided i n t o  a number of physically i d e n t i f i a b l e  
e f f ec t s .  
expansions, but the i n t u i t i v e  approach y ie lds  greater  physical  insight. 

Under these  r e s t r i c t i o n s ,  

only t h e  second approximation has been examined in d e t a i l .  Thanks 

The theory is developed most safe ly  and systematical ly  using the method of matched aaymptotio 

For incompressible flow, the second-order e f f e c t s  a r e  fou r  in number. F i r s t ,  the e a s i e s t  t o  under- 
s tand bu t  hardest  t o  calculate ,  is the displacement e f fec t ,  which modifies the outer  i n v i s c i d  flow and 
so a l t e r s  the conditions a t  the outer edge of the boundary layer .  
cen t r i fkga l  forces  t o  ths  momentum equation; 
t r a c t e d  comedy of e r rors .  Third, f o r  axiaymmetric shapes, transverse curvature adds further e f f e c t s  
of t h e  same s o r t .  
ad a second Controversy over j u s t  how it is changed has only recent ly  been resolved. 
flow, add i t iona l  second-order e f f e c t s  result f r o m  s l i p  and temperature jump a t  the w a l l ,  and ex te rna l  
v o r t i c i t y  can be divided i n t o  gradients  of entropy and of stagnat ion enthalpy. 
is discussed, and i l l u s t r a t e d  w i t h  the  simplest  possible example. 

Second, longi tudinal  curvature adda 
attempts t o  ca lcu la te  this e f f e c t  have r e su l t ed  in a pro- 

Fourth, v o r t i c i Q  in the oncoming stream also changes the outer  boundary condition; 
In compressible 

Each of these e f f e c t s  

b i d e  from t h e  complicated phenomenon of separation, non-uniformities are introduced i n t o  this 
scheme by sudden curvature,  a s  at corners and edges, by i n d e f i n i t e  length of t h e  body, and by non- 
a n a l y t i c i t s  of the  outer  f l o w  at t h e  surface.  
parison is made w i t h  t h e  l imi t ed  avai lable  experimental masurements. 

The consequent modifications are outlined. B r i s f  com- 

This paper appeared as a report  of l imi t ed  c i rcu la t ion :  Air Force Office of S c i e n t i f i c  Research 
It has been published in an extensively r ev i sed  and ampUried Report No. a~os-67-2291 , Sept. 1967. 

form a8 

Van Dyke, Milton D. 1969 Higher-order boundary-layer theory. Annual Review o f  Fluid Mechanics 1, 
265-292. AunuaJ. Reviews, Inc., Palo Alto, Calif. 

Further  discussion of the  modifications introduced by non-an-icity of  the external  stream w i l l  appear 
sho r t ly  as 

Conti, R. J. and Van Dyke, M. D. 9969 Reacting flow a8 an example of a boundary l aye r  under 
singular external conditions.  J. F lu id  Mech. ( t o  appear). 
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conservation equations. The quasi-Unearieat ion techniques t y p i c a l l y  employ conventional numerical 
in tegra t ing  rout ines ,  the matrix method mentioned above uses conventional f ini te-difference r e l a t i o n s  
t o  achieve the same goal, and the  integral-matrix method presented here e f f e c t s  t h e  i n t e g a t i o n  w i t h  
t h e  connected cubics.  
demand the  introduct ion of these equations a t  each point in t h e  in tegra t ion  rout ine,  each point  in t h e  
d i f f e r e n t i a l  formulation, or each sp l ine  point,  respect ively.  For most of the c l a s s i c a l  problems and 
t h e  simpler so lu t ions  usually reported,  t h i s  f a c t  i s  of l i t t l e  consequence. 
however, when a general  chemical environment is t o  be t rea ted .  The t i m e  required t o  evaluate the 
chemical s t a t e  of ten dominates all other  time considerations,  and this state must be evaluated each 
time t h e  conservation equations are introduced. 

Regardless of t h e  form adopted f o r  t h e  conservation equations,  the  mthods 

It i s  of major conseque.'Pce, 

The matrix formalizat ion introduced w i t h  the Newton-Raphson procedure is of p a r t i c u l a r  value in the 
present appl icat ion.  
!Che first  i s  based on the a p r i o r i  solut ion of a l l  t h e  o r i g i n a l l y  linear equations, in p a r t i c u l a r  the 
sp l ine  f i t  re la t ions ,  and results in a major reduction i n  the order of the resultant matrix equation. 
A subsequent m a t r i x  reduction permits t h e  incluaicn of general  Bna varied w a l l  boundary conditions.  
In this reduction the e n t i r e  boundary-layer s o l u t i c n d ( b l u d i n g  w a l l  f lues) i s  expressed at each 
i t e r a t i o n ,  in terms of w a l l  values of f ,  I$ and $ . Thus s p e c i a l  energy end mass ba.kmes can 
be simply performed i n  terms of thie vexy reduced s e t  of var iables .  

(typic- 5 i t e r a t i o n s  f o r  s t a m t i o n  points  
in te rpola t ion  funct ions y i e l b  accurate solut ions w i t h  r e l a t i v e l y  f e w  sp l ine  segments (3 t o  4 plaoe 
accuracy with 6 t o  I O  segments). The technique has been programmed in Fortran IV and appl ied t o  a 
broad range of problems with exce l len t  results. 
mass and energy balances f o r  laminar and turbulent  boundary l e y e r s  over graphite, silica reinforced 
charr ing ab la t ion  materials, and porous surfaces w i t h  w a t e r  t ranspi ra t ion ,  as w e l l  a8 problems of more 
c l a s s i c a l  interest. 

Two major reductions are performed a t  each i t e r a t i o n  in the so lu t ion  prooess. 

Because of t h e  filly coupled nature  of this approach, rap id  convergence ia usually achieved 
3 for downstream s t a t i o n s ) .  ~ l 4  use of the s p u ~ e  

Non-similar so lu t ions  have been o b t b d  with coupled 
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26. "3 INTEGRAL MATRIX AFTROACH TO THE SOLUTION OF 
THE GENERAL MULTICOMPONENT BOUNDARY LAYER 

Robert M. Kendall and Eugene P. B a r t l e t t * *  

The integral matrix procedure i s  introduced f o r  t h e  accurate pred ic t ion  of the behaviour of laminar 
and turbulen t  boundary l aye r s  w i t h i n  a general  equilibrium chemical environment. The cur ren t  pro- 
cedure u t i l i z e s  an i n t e g r a l  approach with square-wave weighting (o r  moment) func t ions  and with sp l ine  
(o r  connected cubic) i n t e rpo la t ion  functions f o r  t h e  primary dependent var iab les ,  t h a t  is, ve loc i ty ,  
t o t a l  enthalpy, and elemental mass f r a c t i o n s .  
appl ied  t o  streanwise der iva t ives  f o r  non-similar so lu t ions .  
equations are expressed ana ly t i ca l ly  i n  terms of the  primary var iab les .  The r e s u l t a n t  set of l i n e a r  
and non-linear a lgebra ic  r e l a t i o n s  i s  solved using general  Newton-Raphson i t e r a t i o n ,  w i t h  s ign i f i can t  
matrix reductions being employed. 

Impl ic i t  quadratic f in i t e -d i f f e rence  r e l a t ions  are 
A l l  o ther  terms in t h e  conservation 

The se l ec t ion  of t he  sp l ine  in t e rpo la t ion  func t ions  i s  based on t h e i r  a b i l i t y  t o  accura te ly  conform 
t o  complex curves without the o f t en  e r r a t i c  charac te r  of high order polynomials. 
introduced i n t o  the  equations by using a set of linear a lgebra ic  r e l a t i o n s  obtained by t runca t ing  Taylor 
series expansions. Thus, considering the ve loc i ty ,  f '  , t o  be  described by a cubic in the  range of a 
s p l i n e  segment, t h e  stream functions and i t s  der iva t ives  are r e l a t e d  by 

These func t ions  are 

S i m i l a r  sets of r e l a t i o n s  apply f o r  t h e  enthalpy func t ion  and t he  elemental mass f r ac t ions .  
streamwise d i r ec t ion  t h e  i m p l i c i t l y  defined quadratic representa t ion  of t h e  primary var iab les  i s  
reasonably standard. 
ordinate,  i s  introduced i n t o  t h e  d e f i n i t i o n  of t he  stream-normal co-ordinate in order t o  assure e f f i c i e n t  
use of a f ixed  stream-normal gr id .  
se lec ted  ve loc i ty  a t  a prescribed g r i d  poin t .  

In t h e  

A sca l ing  parameter, aH , which i s  an imp l i c i t  func t ion  of t h e  streamwise co- 

The c r i t e r i o n  cur ren t ly  employed f o r  t h i s  parameter assures  a pre- 

"hen considering e i t h e r  t h e  energy o r  species conservation equations in boundary-layer form, a 

This  i s  due t o  t h e  comp1exit;Y of t he  divergence term i n  these  equations when a general  
significant s impl i f ica t ion  r e s u l t s  as a consequence of stream-normal in t eg ra t ion  with a .cons tan t  weighting 
function. 
chemical environment i s  involved and p a r t i c u l a r l y  when unequal d i f fus ion  and thermal d i f fus ion  e f f e c t s  
are included, as in the  cur ren t  example. For t h i s  reason, square-wave weighting functions were employed 
in the  in t eg ra t ion  of t he  conservation equations, each square wave being a l igned  with an ind iv idua l  
sp l ine  segsent . 

With b u t  one exception (the dens i ty  in t eg ra t ion  in the momentum equation) i t  i s  possible t o  express 
ana ly t i ca l ly  a l l  terms appearing i n  the  in t eg ra t ed  conservation equations as f lmct ions  of t h e  primary 
set of var iab les .  
t h e  s t a t e  and c e r t a i n  state der iva t ives  in t e rns  of t h i s  primary set of var iab les .  
t h e  dens i ty  der iva t ive  a t  sp l ine  point n i s  defined by 

A major f a c t o r  i n  achieving t h i s  goal i s  the  a v a i l a b i l i t y  of means of eva lua t ing  
Thus, f o r  example, 

where t h e  partial .  deriva'tives are state proper t ies  obtained from t h e  s t a t e  so lu t ion  a t  poin t  
t h i s  equation 3 and Kk a r e  t h e  t o t a l  enthalpy and t h e  elemental mass f r a c t i o n  of element k ,  
respec t ive ly .  
i n t eg ra t ion  in terns of a spec ia l  set of connected cubics. 
d i f f e ren t i a l  equations have been reduced t o  a set of a lgebra ic  equations.  
charac te r  of the formulation of t hese  equations, t h e  accuracy o f  any so lu t ions  of these  a lgebra ic  
r e l a t ions  can be assessed so le ly  in terms of t h e  accuracy o f  the d i s t r ibu t ion  of the primary var i ab le s .  
Also t h e  integral f o r a  se lec ted  assixes ove ra l l  conservation of mass and energy. 

n . In 

W i t h  t he  dens i ty  gradients provided as above, i t  i s  convenient t o  formulate t h e  dens i ty  
A t  t h i s  juncture, the o r ig ina l  p a r t i a l  

Because of t h e  ana ly t i ca l  

In  order  t o  achieve so lu t ion  of t h i s  set of linear and non-linear a lgebra ic  equations, the general  
Newton-Raphson i t e r a t i v e  so lu t ion  procedure has been adopted. 
considered va r i ab le  and an e f f o r t  i s  made t o  avoid successive approximation assumptions w i t h  regard t o  
any coe f f i c i en t  o r  var iab le .  
of D. C .  F. Lei& and most of t he  cu r ren t  quasi-l inearization techniques. 
between this nethod and those j u s t  mentioned, with respec t  t o  t h e i r  treatment of similar so lu t ions ,  
relate t o  t h e  formulation of t h e  nume-xical i n t eg ra t ion  procedure and the means of introducing t h e  

In t h i s  appl ica t ion  a l l  coe f f i c i en t s  are 

In t h i s  respect,  the present method d i f f e r s  from t h e  matrix procedure 
The o ther  bas ic  d i f fe rences  
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PIXLNITE DZFFERENCE SOLUTION OF THE FIRST ORDER BOUNDARY LAYER EQUATIONS 

F. G. Blottner** 
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P. 0. Box 5800 
Albuquerque , New Mexico 871 15 

i 

A review of various methods f o r  solving t h e  f j rs t  order boundary l aye r  equations by numerical 
techniques is given. 
recent ly  and how the present ly  employed techniques have evolved. 
in v a r i o u  countr ies  such as Russia, Germany, France and the  United States a r e  considered. 

The emphasis i s  on t h e  f in i te -b i f fe rence  schemes that have been employed 
Procedures developed by authors 

!Che governing equations and boundary conditions f o r  a multi-component non-equilibrium gas are 
presented in t h e  s i m i l a r i t y  co-ordinate System. 
maas flux of the chemical species t o  be specif ied.  
c a t a l y t i c  type of i n t e rao t ion  between the  &as and t h e  surface material  a r e  presented. The edge con- 
d i t i ons  are obtained from the inv i sc id  flow. 
account, t h e  c l a s s i c a l  boundary lwer approach is not  v a l i d  and swallowing of t he  inv i sc id  f l o w  should 
be included in the analysis. 
inv i sc id  streamline along the  surface of the  body with finite rate chemistry. 
provided t o  pa r t i c ipan t s  i n  t h e  Seminar. 

The boundary conditions a t  t h e  sur face  require  t h e  
How these conditions can be determined for a 

For a b lunt  body flow with chemical react ions taken i n t o  

However, in the present case t h e  edge conditions a re  obtained f rom the  
These conditions were 

The so lu t ion  of t h e  boundary l eye r  equations a r e  next presented. An imp l i c i t  f in i te -d i f fe rence  
technique is presented which i s  appropriate f o r  solving flows with a large number of chemical species, 
as occurs with ab la t ion  contaminants. 
solut ions can be obtained when t h e  gas is near chemical equilibrium. 
t h e  technique not r equ i r ing  i t e r a t i o n s  a t  each step,  the ove ra l l  computing time for flows w i t h  many 
chemical species is reasonable. 

T h i s  method does not require  i t e r a t i o n s  a t  each step,  and 
W i t h  the equations uncoupled and 

The procedure has been employed t o  obtain t h e  boundary l e y e r  flow on a sharp cone a t  1% k f t  
a l t i t ude ,  a ve loc i ty  of 22 Wps and a w a l l  temperature of 1OOOOK with the gas undissociated a t  t h e  
surface.  "ha peak e lec t ron  densits along the  body i s  compared t o  t h e  r e s u l t s  of several  authors.  
ThC difference between the various results is mainly due t o  the  gas models employed. 
hyperboloid4 a t  BL a l t i t u d e  of 100 kf't and a ve loc i ty  of 20 kfps is a l s o  obtained. "he results 
presented are displacement thickness, hea t  t r a n s f e r  and skin f r i c t i o n  dong t he  body. 
of t h e  boundery layer proper t ies  (velocity,  t empera tu re  and chemical species) are given f o r  both a 
c a t a l y t i c  and non-oatalytic w a l l  a t  50 nose radii downstream from the stagnation point.  

The flow on a 

The p r o f i l e s  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
I* 
Staff Member, Aerothermodynamios Research Department 

T h i s  work was supported by the U.S. Atomic Energy Commission. 

T h i s  problem and body geometry w e r e  requested t o  be employed by pa r t io ipa to r s  i n  t h e  AGARD Seminar. 
b 
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In  the momentum equation chemical forces  appear. But the  r e l a t e d  c o e f f i c i e n t  h i s  not  known, so 

that these terms cannot be used f o r  p r a c t i c a l  ca lcu la t ions .  
t e r m  f rom i r r e v e r s i b l e  thermodynamics appears in t h e  energy equation, the  c o e f f i c i e n t  

r 
This l eads  t o  an unknown err0 A further 

k" can be evaluated from k i n e t i c  theory. A 

a f f e r  a s i m i l a r i t y  transformation, t h e  transformed var iables  
t h e  equations a r e  considered a s  dependent var iables .  
p r o f i l e .  The equations are uncoupled by l inear iza t ion ;  momentum + U  , cont inui ty  + v  , energy 4, 
component cont inui ty  simultaneously +xi . This method diverges, unless the  component c o n t i n u i t i e s  are 
replaced by the  condition of chemical equilibrium. 
pr in ted  out.  

u,v,T, xi e x p l i c i t l y  appearing in 
A l l  coef f ic ien ts  a re  estrimated f o r  t h e  last 

During the  ca lcu la t ions  a l l  coef f ic ien ts  have been 

Thus we could 888, that for  small deviat ions f r o m  chemical equilibrium t h e  chemical terms became 
about loo0 times l a r g e r  than t h e  mechanical terms near  t h e  w a l l .  So, s m a l l  deviat ions from equilibrium 
l e a d  t o  l a r g e  deviat ions of temperature (and therefore  of t h e  equilibrium concentrat ions) .  
the mechanical and chemical terms must have the  same order of magnitude, the deviat ions from equilibrium 
for the  new temperature must again be small, because the chemical terms have enormous gradien ts .  
Blot tner  has shown, t h a t  by expanding t h e  chemical terms i n  x-direction these  terms can be incorporated 
i m p l i c i t l y  i n t o  the equations and thus  t h e  methodbecomes s tab le .  
expansion the  uncoupling of the equations, which saves ha l f  the computing time and machine s torage 
compared with the coupled so lu t ion  of the equations.  
t i o n  of the  concentrations.  
l ibr ium a t  the  w a l l .  
The of ten  used condi t ion "no chemical reac t ion  a t  t h e  w a l l "  leads t o  a contradict ion t o  t h e  compatibi l i ty  
condition a t  the w a l l  and therefore  t o  a s ingular i ty .  

But a s  

Our aim i s  t o  preserve by a s u i t a b l e  

Further  the uncoupling a l l o w s  a separate  i t e r a -  
This i t e r a t i o n  i s  necessary f o r  t h e  boundary condition of chemical equi- 

This i s  the  only chemical boundary condition t h a t  does not  lead  t o  a singularity. 

Numerical r e s u l t s  f o r  chemical equilibrium bdls .  w i l l  be published in the repor t  on the hyper- 
boloid ca lcu la t ions  of the  AGARD Seminar, ed i ted  by C . H. Lewis. 



24. 

1 

. h 
t 

0 

W. SchGnauer 
Inst. fu r  Angewandte Grenzschicht theory,  

Techn. Hochschule, Karlsruhe 

* X  

Py = 0 

U 
upx + uxp + - prx  + vp + v 

r Y Y P = O  



23 SOME s n u  PLOWS OBTQI") BY QUASI-LIIWARZUTION t 

Paul A. Libby* and T.  M .  Mu** 
Department of t he  Aerospace and Mechanical Engineering Sciences 

University of California,  San Diego 
La Jo l l a ,  Cal i forn ia  

63 

Laminar boundary l aye r s  exhib i t ing  s imi l a r i t y  have long played an important r o l e  i n  exposing t h e  
pr inc ipa l  physical  f ea tu re s  of boundary layer phenomena and i n  providing bases f o r  approximate methods 
of ca lcu la t ing  more complex, non-similar cases. Despite t h e  large number of similar so lu t ions  present ly  
available,  new ones cont inua l ly  appear in the  l i t e r a t u r e  since the  number of combinations of d i s t r ibu -  
t i ons  in t h e  ex terna l  stream, of mass and heat t r a n s f e r  and of three-dimensionality s a t i s f y i n g  s i m i l a r i t y  
requirements i s  apparently l i m i t l e s s .  

Our purpose in  t h e  present work is t o  show tha t  two r e l a t i v e l y  well-known s e t s  of similarity 
equations have a mul t ip l i c i ty  of so lu t ions  not previously obtained. 
laminar compressible boundary l aye r  with a r b i t r a r y  pressure gradient and hea t  transfer, usua l ly  
assoc ia ted  with Cohen and Reshotko, and t o  t h e  laminar hypersonic boundary l aye r  near a plane of 
symmetry studied by T r e l l a  and Libby. 

The two s e t s  correspond t o  the  

In order t o  obtain the new so lu t ions  the  method of quasi-l inearization i s  applied t o  t h e  treatment 
of t h e  two-point boundary value problem. There are employed both a straightforward appl ica t ion  of t h e  
technique and a modified appl ica t ion  in w h i c h  a w a l l  value, usually considered unknown, i s  f ixed  a p r i o r i  
and a parameter, usua l ly  se lec ted  a p r i o r i ,  i s  determined a s  t h e  i t e r a t i o n s  lead ing  t o  a so lu t ion  are 
ca r r i ed  ou t .  
d i f f i c u l t  if not impossible t o  obtain without numerical techniques of t h i s  s o r t .  

It is ind ica ted  that t h e  new so lu t ions  involving as they do complex p r o f i l e s  would be 

The results of t he  numerical ana lys i s  ind ica te  that these s i m i l a r i t y  equations contain for adverse 
pressure gradients a va r i e ty  of so lu t ions .  
meters defining a part;icular hypersonic flow near a plene of symmetry the re  are six solutions,  each with 
exponential decay t o  f r e e  stream values, an  extreme case of non-uniqueness. How many of these six and, 
indeed, how many of the  new so lu t ions  obtained in t h i s  work are physically observable is not  known bu t  
w e  do know t h a t  they  s a t i s f y  the usual conservation equations and t h a t  obtaining them requi res  a sophi- 
s t i c a t e d  numerical technique. 

Most dramatic i s  t h e  r e s u l t  t h a t  for a given set of p-8- 

t This study  was ca r r i ed  out  as p a r t  of a research program being performed under National Aeronautics 

Professor of Aerospace lhgineering. 

*%esearch Assistant . 
and Space naministration G r a n t  NG3-05-009-025. AIAA Journal 6, 1541 (1968). 
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The a p p r a x b a t e  solut ion i s  chosen so as t o  s a t i s f y  equations (2a), (a), and (2c); 
oonditions on (5) a r e  given by 

thus boundary 

* E(0) = E ' ( 0 )  = &'(?I") = 0 (7) 

The i n t e r v a l  ( 0 , ~ ~ )  i s  transformed to t h e  i n t e r v a l  (-1, I ) and the quant i ty  E and i ts  higher 
der iva t ives  a r e  approximated by the  Chebyshev a e r i e s  cI01 

Z=l 
where 

Tr(z) = cos (r arcos z) -1 2 E 5 I - 
The s e t  of Ghebyshev coef f ic ien ts  of t h e  s e r i e s  f o r  E ,  E I ,  E O ,  and E * * *  c o n s t i t u t e  

4N - 2 unknowns. The polynomials T are l i n e a r l y  independent; thus a f t e r  subs t i tu t ion  of t h e  s e r i e s  
given by equation (8) i n t o  equation 
Tr t o  zero. This leads to a set of N + 1 l i n e a r  equations f o r  t h e  coef f ic ien ts  of Ti, Tp, ... , TN 
and a constant term. 
3N - 6 

75) a so lu t ion  i s  obtained by equating r e s u l t i n g  c o e f f i c i e n t s  of 

The boundary conditions yield t h m e  more equations and in addi t ion there are 
equations of t h e  form 

(9) 

r e l a t i n g  coef f ic ien ts  of E t o  E I ,  E '  t o  e l l  , and E "  t o  ~ 1 1 ~  .   be so lu t ion  t o  equation (5) 
i s  used t o  generate a new approximation and the non--ear equation i s  satisfied upon convergence of 
successive approximations f i  given by 

The method has been appl ied t o  obtain solut ions t o  t h e  FaUcner-Skan equation, a so lu t ion  t o  t h e  
Howarth retarded flow problem and t o  t h e  flow over an e l l i p t i c  cyl inder  s tudied experimentally by 
SchubauerCll]. In addi t ion,  t h e  so lu t ion  f o r  the wake  behind a flat p l a t e  w a s  obtained using the 
present method with modified boundary conditions.  
&-place accuracy; 
sary f o r  t h e  same accuracy. Convergence of t h e  so lu t ion  t o  t h e  non-linear equation t o  as mny places  
as the  Chebyshev s e r i e s  i s  accurate i s  usually guaranteed a f t e r  four  i t e r a t i o n s  (successive approxima- 
t i o n s )  on t h e  l i n e a r i z e d  equation. 
t h e  accuracy and genera l i ty  of the method. 
present  method and i m p l i c i t  f in i te -d i f fe rence  techniques have been made; 
present  method i s  competitive with f i n i t e  difference techniques. 
of providing the solut ion +I an  a n a l y t i c  form that i s  e a s i l y  in tegrable  or d i f f e r e n t i a b l e .  

For most flows a series of 12 terms ensures 
i n  t h e  immediate v i c i n i t y  of separat ion approxdnstely twice as many terms a r e  neces- 

Comparisons with exist ing so lu t ions  and experiment have v e r i f i e d  
To date  only a l imi ted  number of comparisons between the  

f o r  those flows s tudied t h e  
In addition, it has the  advantage 
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22. 5lZ BPPLU;BTION OP QUASI-LINFiAEI!ZA!PION AM) CHEBPSHEV sEBl3S 
TO ME NUMERICAL ANALYSIS OF VISCOUS SIFIAR LAYERS 

N. A. Jaffe* and J. Thomas** 

A method for solving t h e  incompressible laminar boundary-layer equations f o r  arbi t rar i ly-shaped 
axisymmetric or two-dimensional bodies i s  given. 
can be applied t o  wake flows. 
similar flows with a r b i t r a r i l y  spec i f ied  surface mass t r a n s f e r  d i s t r i b u t i o n s .  

With l i t t l e  modification, the techniques described 
The method i s  capable of computing the f l o w  f i e l d  f o r  similar and non- 

The equations of momentum and continuity are  combined leading t o  t h e  following third-order ,  non- 
Linear, parabolic,  p a r t i a l - d i f f e r e n t i a l  equation f o r  the dimensionless stream funct ion 
C o - o r d i n a t e S  

f i n  transformed 

having t h e  following boundary conditions:  

f ( O )  = fw(x) spec i f ied  ( 2 4  

f ' (0) = 0 (a) - 1 (2c) 

The primes denote der iva t ives  with respect  t o  the transformed co-ordinate normal t o  the surface,  
the  curpi- l inear  co-ordinate measured p a r a l l e l  t o  the surface,  and t h e  quant i t ies  M and N ,  which 
depend on body geometry are spec i f ied  funct ions of x . 

x is  

The problem of solving the above p a r t i a l - d i f f e r e n t i a l  equation is reduced t o  t h a t  of solving con- 
8 e c u t i v w  a sequence of o r d i n a r y - U f e r e n t i a l  equations by replacing the  streamwise der iva t ives  
(af'/dx) and (df/dx w i t h  forward difference approximations i n  accordance w i t h  ideas or ig ina ted  by 
Hartree and womersleytl I . That is, U& a three-poin t  Lagrange fomard difference approximation a t  a 
given I , t h e  s t r e a w i s e  der iva t ive  af a quant i ty  ( ) is  approximated by 

= a( ) + b(  )-I+ c (  )-s 
a (  1 
ax 
- (3) 

where a ,  b ,  and c are t h e  appropriate  Lapange c o e f f i c i e n t s  and t h e  subscr ipts  -1 -0 designate 
twu s t a t i o n s  previous t o  x . If so lu t ions  are known a t  x -1 and x - a  the  equation i s  ordinary a t  x . 
A t  the initial s t a t i o n  (x = 0) t h e  streamwise der ivat ives  which are a mult iple  of x need not be 
evaluated; 
approxiantion. 
downstream. 
flow C2.31, compressible flm[4*5] f low of a non-reacting binary gas [6J , and non-equilibrium f l o w  on a 

a t  the second s t a t i o n  t h e  above three-point approximation i s  replaced by a two-point 
Thus the flow field can be obtained by solving a sequence of ordinasy equations marching 

This t echn iwe  has been successful ly  employed by Smith and coworkers f o r  incompressible 

binary w c71-. 

In Refs .  c2] through [7] the  ordinary d i f f e r e n t i a l  equations r e s u l t i n g  from t h e  approximation given 
Equation (I) i s  repeatedly 

q- , 

by equation (3) are solved by an in i t i a l  value (shooting method) techni  ue. 
in tegra ted  w i t h  boundary conditions (2a), (2b) and trial values of f ' ' ?O)  u n t i l  it is possible  t o  
construct  a so lu t ion  s a t i s f y i n g  equation (20). 
an extremely s e n s i t i v e  t o  trial values  of f l ' (0)  
satisfy the boundary condition a t  Moreover, there  are  f l o w s  in which t h e  programmed l o g i c  that 
determines whether a given trial value of f"(0) i s  high or low, after a trial so lu t ion  has been 
obtained, fails and thus it i s  not  possible  t o  converge on the des i red  solut ion.  
f o r  solving the  o r d i n a r y  equations was therefore  invest igated c81 . 
upon subs t i tu t ion  of the approrimetion given by equation (3) i s  of t h e  form 

Ln c e r t a i n  cases  so lu t ions  a t  t h e  outer  boundary, 
and it i s  impossible or extremely time consuming t o  

qa . 
An a l t e r n a t i v e  method 

The ordinary non-linear equation 

cp (f"',f",f',f) = 0 (4) 

manding i n  a Taylor's series about an approximate solut ion 
t h e  dependent var iab le  gives  

f o  and neglect ing non-linear terms in 
91 : 

a9 a Q  
(5) 

a c p  

90 +(  :)o E " '  + ( ;)o + ( d t ' . ) E l +  (,)o& = O 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

~ Douglas Aircraf t  Company, McDonnell Douglas Corporation, Long Beach, Calif. 
Invest igat ion conducted w U e  v i s i t i n g  Oxford University; cur ren t ly  Senior Ihgineer /Scient is t ,  ' 

% U t e  research student,  oxford University, England 



59 

Reports and In te rna l  Papers (continuedl 

Kaups, K. and Keltner,  G. Laminar compressible boundary layer  on a yawed infinite wing. 
Douglas Report No. LB 32706. (15th March, 1967). 

Keltner,  G. L. Laminar boundary Layer ca lcu la t ions  on bodies of revolut ion in hypersonic flow. 
Douglas &port No. DAC 66719. ( 1 s t  March, 1968). 

K~ups,  K. and Smith, A. M. 0. The laminar boundary l a y e r  i n  water w i t h  var iab le  propert ies .  
Douglas Engineering Paper No. 3780. (30th March, 1967). 

Ja f fe ,  N. A. The numerical solut ion of t h e  nonsimilar laminar boundary-layer equations includiag 

Presented t o  the Von Karman I n s t i t u t e  f o r  
t h e  e f f e c t s  of non-equilibrium dissoc ia t ion .  
Douglas Engineering Paper No. 5550. 
F l u i d  Mechanics as pa r t  of an &AD-sponsored course on Byyersonic Boundary Layers, Rhode-Saint-Genese, 

(February, 1969). 

Belgium.  



58 

Since t h e  time of tb meeking t h e  author 's  main a t t e n t i o n  h.w been given t o  a r a t h e r  conventional 
i m p l i c i t  fbite-difference procedure used in connection with the turbulent boundary-layer equat ions.  
In turbulent  boundary layers t h e  eddy v i s c o s i t y  is an unknomn funct ion of tho bcun- layer thiclmeas 
and another i t e r a t i c n  cycle  is required t o  f i n d  it. 
appl ied t o  thia problem it was slow b c a u a e  of t h e  ex t ra  i t e r a t i o n .  
so cons t i tu ted  that no addi t iona l  i t e r a t i o n  ia required f o r  an eddy v iscos i ty ,  making the method f a s t e r  
f o r  turbulent  flows. 
opinion t h a t  t h e  shooting method can more e a s i l y  give high accuracy - say f i v e  f i g u r e s  - i f  that is 
wented. For equal accuracy t h e  shootipg method is somewhat slower, but no t  importantly. 
perhaps half 8s fast as the  f i n i t e  W e P e n c e  when appl ied t o  t h e  saw laminar flow problem. 
of the  sophis t ica ted  in tegra t ion  procedura used in t h e  shooting technique much larger y-steps can be 
used f o r  the same accuracy. 
the f ini te-difference technique turns out  t o  be much faster. But f o r  t h s  condi t ion of equal 8CCWWy 
i n  Laminar flows the shooting method does not  have an important time disadvantage. 
the pr inc lpa l  report8 and publicat ions based on the shooting method as developed by t h e  author and his 
coworkers. 

While the shooting method has been successful ly  
PlB f in i te -d l f fe rence  method is 

Based on this considerable experience with both methods it is the author 's  

It is 
Beoauee 

Often the two methods are compared timewise with equal s teps .  Then 

Below are Usted 

1 MOMENTUM L 
FLUID PROPERTIES] 

QUO, n I I 
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1L.2 
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I 
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I 
I 

FLUID PROPERTIES I 

----- 

0-2.n 
PROCEED TO NEXT STATION. 

Big. 1. Plow diagram f o r  so lu t ion  at  s t a t i o n  xn 
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Treatment of the x-Derivative 

AU the transformed equations involve first, a ~ d  only first, dsr ive t ivee  in x , g~ in equation (I). 
These der iva t ives  are replaaed by Lagrangian der iva t ive  formulae; 
formulae have been inves t iga ted .  
e n t i a l  equations, for which t h e r e  are many good numerical-solution techniques. 
are parabolio, we have reduced the problem of solving the p a r t i a l  differential equations t o  one of 
solving an ordinary d i f f e r e n t i a l  equation repeatedly a t  each x-stat ion aa we prooeed downstream. 
It is emphasieed that the equations applying t o  t h e  ind iv idua l  x-stations are solved coneeoutively, not  
simultaneously. 
d i f f e r e n t i a l  equations t o  the o l d  %ah D i f f e r e n t i a l  Analyser. 

tro-, three-, end f o u p p o i n t  
The subs t i tu t ion  reduces the various equations to ardinary W e -  

Since the equations 

This baaic  approach was  used much earlier by Hartree and Womrsley, t o  a p t  parf4al  

Integrat ion 

Integrat ion is performed on the r e s u l t i n g  transformed ordinmy equations a8 taey etaad.  llhs 
momentum equation is non-linear. 
are involved, because they are not hown until the cor rec t  so lu t ion  is found. 
i t e r a t i o n  is used, and gas propert ies  are supplled by the laat previous i t e r a t i o n .  
reduces the  energy and species equations t o  l i n e a r  forms. 

The o ther  equations axe non--ear too, if var iab le  gas properkLa8 
Howevm, in path 

Thjs  prooess 

In the development of the rrnthod of solut ion,  both the Runge-Kutta and the Bdame-Falkner intepa- 
t i o n  methods have been used w i t h  success, bu t  the latter has been usad mre aften. 
t ion ,  t h e  s tep  sirre i n  t h e  y-d.lrection is taken t o  be constant, primariJy beoause the oomputatlon nf 
t h e  x-dcr ivat ives  would otherwise be grea t ly  complicated, 

In any om solu- 

k e t i n R  BOundary conditions 

In the x-momentum equation two boundary conditions occur a t  the  w a l l  and the third a t  q U a . 
The f i rs t  refinement has t o  do w i t h  in te rpola t ion  for f t f  , the 

Since the momentum equation is non-linear the common "shooting" method ie used t o  s a t i s f y  thie third 
condition, with two refinements. 
der iva t ive  of f' a t  t h e  w a l l .  In prac t ice  t h e  outer  boundary condition m u s t  be  a a t i s f i e g  a t  some 
finite q-value , c a l l e d  q- . S t u d y  showed t h a t ,  w i t h i n  a U n i t e d  range OT corr idor ,  f'(q-) wae a 
very regular, slightly quadratic f lmct ion of fy  , the seoond der iva t ive  at t h e  w a l l ,  lrhioh i s  t h e  
unknown being sought. 
scheme that required only t h e  construct ion of three trial soluticms corresponding t o  three values of 
f'f . The c o r r e c t  ou ter  boundarg condi t ion is f'(v-) = I . 
0.5 5 f'(qa) <= 1.5 general ly  afforded an accurate  baae for three-point  in te rpola t ian .  
simple *shooting* would requi re  system& v a r i a t i o n  of fy 
usual  accuracy, 
cedure reduces computation by 75-to 80 peroent, compared w l t h  simple "shooting". 
equations tmy two s u i t a b l e  trial solu t ions  suffice as a baae for in te rpola t ion .  
is  e f f e c t i v e l y  Uear. 

Therefore it became possible  t o  set up a simple three-point  interpolation 

T r l a l  so lu t ions  meeting the i-equirement 
By contrast ,  

until a so lu t ion  waa found s ~ h  that, f o r  
In favourable cases, the three-solution interpolation pro- 0*999 5 f'(q-) 5 1-001 . 

Of course, f o r  llnsar 
Th4 energy equation 

The second refinement of the  "shooting" method has t o  do with oontinuing the aolu t lon  when excess- 

Y e t ,  two p a r t i a l  so lu t ions  may be found, One of Wch is clearly 
zf these two 

i v e l y  l a r g e  numbers arise. 
a t  q, become too Large t o  handle. 
high with respect  t o  the boundaSg condition f'(q-) = 1 
so lu t ions  are compared, it w i l l  be found that they agree, to a certain &&me of a ~ c u r a c y ,  up t o  80g0 
value of 9% greater than eero, for example, vi = 1 . The desired so lu t ion  l ies between this pair 
of hi& and low solut ions.  Hence, depending on the  e.ccup~cy demanded, t h e  cor reo t  so lu t ion  has been 
es tab l i shed  up t o  some point  q i  . 
continued by m e a m  of severa l  trial values  of fl' . 
necessary, t o  construct  so lu t ions  nmning all the w a y  t o  
Trajectory Integrat ion) .  

Often, because of the exponential character of tr ial  solut ions,  values of. P' 

and the other  clearly low. 

This point  can then be treated as a mw origin, and search can be 
The pmcese can be repested severa l  times, If 

qa . plis t r i c k  has  been dubbed ET1 (Ertended 

zf gas proper t ies  are tempwari ly  assumed - as they are - the energy, species, aatl s-momanturn 
equations all become b e a r .  
desired so lu t ion  is j u s t  a linear combination of two trial solut ions,  which have no spoia l  restrictions 
on t h e i r  magnitude a t  
be used, for so lu t ions  having values a t  q" as high 
accuracy is l o a t  i n  the pfocess of linear combination of two such solut ions,  and a@ ET1 provides 
improvement. 

The process involves i t e r a t i v e  or c y c l i c  so lu t ion  of severa l  equations.  

Meeting boundary condi t ions f o r  these then becomes easy, because t h e  

qa . However, exponential  growth s t i l l  exists, and the ET1 treatment must oFbn 
10' may often ocour. They are legitimate, but 

the  more general  flows, t h e  gas proper t ies  themselves muat be found as p a r t  o f  t h e  solut ion.  
proper t ies  a m  F i r s t ,  

assumed and then the  x-momentum equation ie solved. 
t h e  x-momentum equation, even f o r  reac t ing  flows, is j u s t  the same as for incompressible flow. 
a solut ion with t h e  assumed proper t ies  that m e e t s  the boundary conditions ia found, t h e  new ve looi ty  
inf'ormation i s  f e d  t o  the energy equation, whioh in t u r n  is solved. 
compute improved fluid proper t ies .  
and the  process continues u n t i l  convergence is obtained. 
approximate values of v e l o c i t y  supplied by the momentum equation. 
fluid proper t ies  are in turn supplied t o  the m o m e n t u m  equation, and the  procedure ia repeated. In aa 
overa l l  sense, when the  momentum equation and energy equation are inwlved, the method of so lu t ion  q 
be character ized as a combination of an inner i t e r a t i o n  and an outer  i t e r a t i o n .  
for example, a species,  ia used, it too is involved in t h e  inner- i terat ion cycle .  
flow diagram for the most general  case.  

When propert ies  are assumed the process o f  solving 
When 

The results are then used t o  
The energy equation is solved again with these  new f l u i d  propert iss ,  

But t h b  convergence is obtained w i t h  only 
Therefore, the final converged 

When a third equation, 
Pig. 1 shows the 
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!l!hia paper c o n s t i t u t e s  an abridged version of the  complete paper of the sarm t i t l e  presented a t  
The basic purpose of t h e  complete the NPL BGBBD Seminar on *Numerical Methods f o r  Viacoua Flowsn. 

paper i s  t o  present a comprehensive descr ip t ion  of one p a r t i c u l a r  method of so lu t ion  and i ts  capabi l i -  
t i e s .  
concepts a r e  hidden. 
non-mathematical fashion g h e e  the e s s e n t i a l s  of t h e  method. 

Often, in a complete presentat ion,  so many d e t a i l s  are included that the  fluLdamrntal underlying 
Therefore this s v  is meant t o  be a kind of supplement t h a t  in a b r i e f  and 

Before proceeding t o  d e t a i l s ,  some general  information w i l l  be presented. The author  and 
severa l  ab le  co l labora tors  have worked since 1960 on t h i s  numerical method f o r  solving the laminar 
boundary leysrs. 
emphasis has been more on development of the method of solut ion than on the  chemistry and physics of 
the gases involved. 
symmetric f low subjec t  t o  qui te  general  boundaxy conditions.  This problem involved so lu t ion  of t h e  
cont inui ty  a d  x-momentum equations. 
general  boundary condi t ions - involve the equations of (IT global  continuity,  (2) x-momentum, (3) energy, 
and (4) e i t h e r  cont inui ty  of species  or %-momentum. 
three-dimcnaional f low p a s t  an i n f i n i t e  yawed cyl inder .  With these  four  equations non-equilibrium flow 
of a binary gas can be c o r r e c t l y  t rea ted ,  b u t  non-equilibrium f l o w  of air can b e  only approximated. 

Became of t h e  author 's  involvement w i t h  a i r c r a f t  ra ther  than w i t h  missi les ,  t h e  

The first problem attaclced was incompressible laminar two-dimensional or axi- 

roblems so far solved - w i t h  s i m i l a r  very The most advanced 

The s-momsntum equation is needed in descr ibing 

For three- t o  four-place accuracy, the flow is t y p i c a l l y  divided i n t o  about 26 x-stat ions.  !&e 

Four-equation flows require  about 90 deconds per  s t a t i o n .  
y 4 i r e c t i o n  is divided i n t o  about 100 s t a t i o n s .  
requi res  about 20 seconds on an IBM 7094. 
The t o t a l  time is approximately equal t o  the time per s t a t i o n  mult ipl ied by the number of s t a t i o n s .  
We now turn  t o  a general descr ip t ion  of the method. 

For incompressible flow, a so lu t ion  a t  one s t a t i o n  

Equations 

The basic  equations are t h e  complete first-order boundary-lger equations, except that in some of 
the most recent work second-ordsr tranaverse-curvature e f f e c t s  have been included in treating 8x.i- 
symmetric flow. 
It i s  some kind of f-transformation auoh aa Levy-Lees. 
p r e s s i b l e  flows is  

The important fact about the equations is the form ac tua l ly  used in the solut ion.  
For example, one form used in solving inoom- 

where 
t o  q , t h e  transformed y-variable. 

x is a measure of distance from the stagnat ion point  and primes denote der iva t ives  with respect  

Thia baaio form for the system of equations has the fdllowing important advantages: 

1. 

2. 

3. 

4. 

S t a r t i n g  the so lu t ion  is remarkably easy. Note that a t  I = 0 i n  the above equation re  are 
l e f t  with an or- differential equation, t h e  Fallmer-Skan equation. 

Most of t h e  var ia t ion  in boundary-le+-er thiahess ie eliminated, making f o r  easier handling 
of the outer  boundary conditions.  

Solut ions a r e  supplied i n  a well-known form. 

"Overshoot" causes no problem. In c e r t a i n  other  transformations,  "overshoot" causes t h e  
so lu t ion  t o  fa i l .  

Gas Proper t ies  

Gas proper t ies  have always been defined by some algebraic  r e l a t i o n  or combinations of algebraic  
re la t ions .  
and t h e  dens i ty-v iscos i ty  product are a f e w  examples. 
and the ohemical source term a r i s i n g  in non-equillbrium flows. 
proper t ies  involve new foxmulae and reprogramming only of the gas-property pa r t  of the e n t i r e  computing 
program. 

Perfect-gas re la t ions ,  Sutherland's law, piecewise p o ~ o m i a l  descr ip t ions  of enthalpy 
Others are t h e  binary diffusion c o e f f i c i e n t  

Different  representa t ions  of gas 
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In this paper t h e  behaviour mar separat ion of a standard difference approximation to t h e  
boundary-layer equations i s  considered. 
press ib le  flow, then the extension t o  a quasi-thme-dimensionel flow and compressible f low are touched 
upon. 

Attent ion i s  f i r s t  r e s t r i c t e d  t o  simple two-dimansional incom- 

The singular behaviour of the so lu t ions  of t h e  laminar boundaxy-layer equations a t  the separat ion 

vanishes, has been t h e  subject of point  x = x , where t h e  skin f r i c t i o n  coef f ic ien t  T~ = 

a number of inves t iga t ions  (Befs. E l ] ,  [2], 131, J+], [ 5 ] ) .  It her, been es tab l lahed  t h a t  a l o g i o a l l y  

this leads  t o  an expression f o r  the skin f r i c t i o n  c o e f f i c i e n t  of t h e  form 

au 

(E>, 8 

consis tent  expansion can be obtained in terme of the var i sb les  e = (xs - x)'I4 , T l  = "(X, - x)' ,I4 ; 

in which 
Previous numerical work in t h i s  connection G l l ,  t3 1 , 151 
flow t o  some reasonable accuracy and then attempting a match. 
obtained by U f e r e n c i n g  in the z-direct ion only and try t o  deduce what happens as separa t ion  i s  
approached; 
shown that a s i n g u l a r i t y  occurs a t  which the  so lu t ion  in general  has an expansion in even powers of E; . 
We consider t o  w h a t  extent  t h e  behaviour f o r  a fixed non-zero mesh s i z e  h models the behaviour of the 
boundary-layer equations, and suggest that this i l luminates  t h e  singularity of the boundary-lqer 
equations a t  separat ion.  
mainstream veloc i ty  ~ ( x )  = I - x . 

ai, as, ao, . .. a r e  disposable and have t o  b e  determined by matching to t h e  upstream flow. 
has concentrated on obtaining the upstream 

H e r e  we emmine the difference equations 

f o r  s implici ty ,  this i s  l a r g e l y  explained i n  t e r m s  of a one-rnesh-point model, and it is 

The convergence as h + 0 i s  invest igated numerically f o r  t h e  case with 

The bas ic  numerical procedure is a l l i e d  t o  those used by Leigh fiI  and T e r r U  63 , but  differs 
mainly i n  the method of solving the  non-linear s e t  of difference equations.  H e r e  Newton i t e r a t i o n  is 
used, and t h e  r e s u l t i n g  set of linear equations solved by an e f f i c i e n t  form of Gaussian elimination. 
The method has been extended t o  deal  w i t h  a f i f t h - o r d e r  system of p a r t i a l  differential equat ions a i c h  
includes compressible f l o w  using Stewartson's transformation and some quasi-three-dimensional flows, in 
par t icu lar ,  f low past  a yawed f la t  p l a t e  wii tb  an imposed pressure gradient, which w i l l  be considered 
numerically f o r  the mainstream (u,v) = (I - x, I) . 

For this case the equation for the crossflow component of ve loc i ty  v is decoupled from the chard- 
A Goldstein-type wise flow equations, which i s  the ordinary two-dimensional equation w i t h  

theory has recent ly  been developed f o r  it by Banks (as y e t  unpublished), and an excellent match been 
made with a numerical solut ion.  
here because it turns out t h a t  T 

U = 1 - x . 
D e t a i l s  of this match w i l l  be  presented. This case ia of interest 

t h e  crossflow skin f r i c t i o n ,  has an expansion of the form Y ,  

T = bo + b, E;,+ O(E;') Y 

with bo , b, f 0 , 
powers of E; i s  shown up more s h a r p l y .  Nevertheless, excel lent  agreement i s  obtained in t h e  limit 
h + O .  

so that t h e  fact that t h e  difference equations can only have an expansion i n  even 
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The solut ion was evaluated numerically using t h e  Runge-Kutta method. 

In  the s p e c i a l  case m = 0 one obtains  the Prandtl-Blasius equation 

with t h e  boundary condition a t  t h e  w a l l  

Thus longi tudina l  curvature and boundary layer cont ro l  have the same inf luence on the boundary con- 
d i t ion .  
t h a t  up t o  t h e  order  A the r e l a t i o n  

In  order  t o  obtain a p o t e n t i a l  main flow one can deduce from the  expression f o r  the  v o r t i c i t y  

m u s t  hold. This l e a d s  t o  a stream funct ion 

uO 
*i = - 4 n ( l  + ky) 

k 

whioh W e r s  from t im asymptotic stream funct ion of the boundary layer and does not  include the 
displacement e f f e c t .  Therefore an addi t iona l  stream funct ion  $ a  i s  introduced which satisfies 
the  condition of i r r o t a t i o n a l l t y  up t o  terms of the order A 

The boundary condition i s  given by t h e  v-component of the boundary layer solu t ion  a t  t h e  edge of the 
boundary layer ,  which uay be i d e n t i f i e d  with = 0 . This leads  t o  

The so lu t ions  $1 , and $a show that the co-ordinates n* and x are optimal co-ordinates 
in the sense of KaplunL31. 
up t o  terms of. second order  and therefore  rulfills all requirements of a second order theory.  
$ a  

Thus t h e  so lu t ion  derived here  also descr ibes  the main flow accurately 
In [4] 

w a s  no t  yet included as it does not  inf luence t h e  numerical results. 

The heat transfer problem considering the  d iss ipa t ion  funct ion now a l s o  cab be t r e a t e d .  [le]. 
N u m e r i c a l  r e s u l t s  are obtained which can be appl ied  t o  curvature  as w e l l  as boundary layer cont ro l .  
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19. S E L F - S n  SOLUTIONS OF SECOND ORDW LAMINAR BOmARY LAYW EQUATIONS 
W l T H  LONGITUDINAL CURVATURE AND BOUNDARY W R  CONTROL 

F. Schultz-Grunow, H .  Henseler 
I n s t i t u t  f ' h  Allgemeine Mechanik an der  Technischen Hochschule, 

Aachen 

Term up t o  t h e  order 6/k (6 = boundary l a y e r  t h i c h e s s ,  R = radius  of curvature) o r  
R e - l l Q  (R = RU/V) a re  c o n s i b r e d  r1,21. 

m-I 

2 
The s i m i l a r i t y  conditions lead  t o  a class of surfaces  with a curvature k - x - , where m i s  

a r b i t r a r y  and x 
along the  wall according t o  
leading edge and 

i s  t h e  a r c  length of t h e  w a l l  curve. 
U. - x m .  m = 0 

m = 1 

This requires  a main flow ve loc i ty  d i s t r i b u t i o n  
corresponds t o  t h e e v o l u t e  of a c i r c l e  with a sharp 

t o  the s tagnat ion point  f l o w  a t  a cyl inder .  

The boundary layer equations can be s implif ied consiilerably by introducing t h e  subs t i tu t ion  r2 3 

1 

2A 
q* = - C ~ ( I  + ky) 

y denotes the co-ordinate perpendicular t o  the wall  and A t h e  curvature parameter. (A > 0 : 
convex w a l l ,  A < 0 : concave w a l l ) .  
6/k = const .  leading t o  the  r e l a t i o n  Q = 2hq with q = y/6 . This quantity is deduced from t h e  s i m i l a r i t y  condition 

Introducing a dimensionless stream funct ion Q (q*) i n t o  t h e  boundary layer  equation and elimina- 
t i n g  the pressure by crosswise d i f f e r e n t i a t i o n  one obtains  the four th  order equation [It]. 

which can be in tegra ted  once. 
r i g h t  hand side, which i s  of the small order 
obtained,the i n t e g r a l  of which leads t o  

The integral can be solved by successive approximation p u t t i n g  the  
A ,  equal zero. Thus t h e  Fa lkne rakan  equation i s  

.The constant of in tegra t ion  c i s  determined by t h e  asymptotic behaviour of 'p a t  l a r g e  q*, which 
i s  found by considering t h e  displacement t h i c h e s s  61 , which i s  defined by 

dY (4) 
6 1  = i U0 - 

0 

- 
Introducing the aimensionless quant i ty  61 , 

one obtains  

C is t h e  boundaxy l a y e r  cont ro l  parameter. ( C  > 0 : suction, C < 0 blowing ) 

From this the  asymptotic expression f o r ' t h e  stream funct ion i s  

- 
cp(,.) = TI* + c - 61 

Using this re la t ionship  t h e  constant C, in (3) can be expressed as 
- 

c i  = - @ @ I  - c) 

and one obtains when subs t i tu t ing '  $ = CP - 4A 

B - 
$"'  + $6" + P ( l  - Q a )  = U- [ $ I 1  + $$' -TI* - 61 I 

P+l 
with the boundary condi t ions 

q * = o :  $ = C - l + A , $ ' = O ;  q*=,.: $ * = I  
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4. Refinement 

The accuracy of some of our solut ions was checked against hown r e s u l t s .  
in succession (N = number of i n t e r v a l s  in the q 

It was found f o r  instdgk 
that if we take N = 25 and 50 
use Richardson's ha-extrapolation 161 the  r e s u l t s  are of ten more accurate  than those f o r  a computation 
using N = 100 . 
N = 5, N = 10 and N = 20 than we could w i t h  N = 100 . 

di rec t ion)  and then 

If we went f u r t h e r  and used h4-extrapolation we could obtain b e t t e r  r e s u l t s  w i t h  

I 

5. S t a r t i n g  t h e  Computation 

When s t a r t i n g  from a stagnation poin t  it has been found that one can vary the f i r s t  s tep  s i z e  
without a f f e c t i n g  t h e  r e s u l t  a t  the end of this s t e p  very much. 
the first s t e p  f rom x = 0 t h e  expression x u u  expressed in f i n i t e  difference form does not  depend 
on 6x . Being worried about t h i s  Catheral l  a& Mangler r41 decided t o  use a s e r i e s  so lu t ion  a t  t h e  
start so t h a t  they could begin t h e  f i n i t e  difference procedure a l i t t l e  way downstream with a known 
s t a r t i n g  valuea This w a s  l a t e r  found not  only unnecessary but  ac tua l ly  a disadvantage because t h e  
starting value is a so lu t ion  of t h e  d i f f e r e n t i a l  not  the difference equation and because i t  complicates 
t h e  procedure considerably.  It i s  now believed t o  be b e t t e r  t o  start a t  the  s tagnat ion point  w i t h  t h e  
same procedure as used l a t e r .  Fig.  1 i l l u s t r a t e s  t h i s  well, and it a lso  shows t h a t  o s c i l l a t i o n s  damp 
out v e q  quickly and t h a t  t h e  so lu t ions  end up the same whatever starting method i s  used. 8 = 4 was 
taken in a l l  t h e  computations of Fig.  1.  

One can see,  f o r  instance,  t h a t  in 

A t  x = 0 i t s e l f  the equations become ordinary d i f f e r e n t i a l  equations which are solved by a pro- 
cedure i d e n t i c a l  with that already given, only simpler. 
w i l l  do, and the  so lu t ion  i s  a c t u a l l y  performed by the same computer rout ine as t h e  later step-by-step 
method, simply,by wr i t ing  8 = I m = 0 j u s t  f o r  t h i s  one computation. 

Almost any init ial  guess f o r  the p r o f i l e  

6 .  Separation 

As we proceed downstreau, separat ion may occur and this may modify the ex terna l  stream. If we 
i n s i s t  on keeping t o  t h e  spec i f ied  ex terna l  flow a s i n g u l a r i t y  usual ly  a r i ses ,  which in incompressible 
f l o w  i s  typ i f ied  by 

where xs i s  the  value of x a t  separat ion.  What happens in prac t ice  i s  tha t  t h e  number of i t e r a -  
t i o n s  r e q i r e d  f o r  convergence t o  a spec i f ied  tolerance starts t o  increase.  
s i z e  and this enables us  t o  g e t  a l i t t l e  further downstream, when we may need t o  halve t h e  s tep  again 
and again; 
point and w e  can obtain a very close approximation t o  i t s  value by p l o t t i n g  we 
obtain a l i n e  which is  very near ly  s t r a i g h t  and by this means we can f i n d  t h e  separat ion point  by 
f inding the value of x which makes (U,,), vanish.  We do the same i n  t h e  compressible case b u t  t h e  
power does not always seem t o  be . 
If we choose powers near t o  t h i s  t h e  extrapolated separation point  hardly changes anyway, so the exact  
power i s  unimportant f o r  t h i s  purpose. 

We then halve t h e  s t e p  

even this fa i ls  in the  end. By t h i s  means we can approach very near  t o  the separat ion 
x against  (U,): . 

We then have t o  find a power which gives t h e  s t r a i g h t e s t  line. 

Cathera l l  and ir;anglerr4] by c a r e f u l  adjustment of t h e  ex terna l  stream were ab le  t o  avoid t h e  
occurrence of a s i n g u l a r i t y  a t  separat ion and were even a b l e  t o  continue on t o  a reattachment point .  
This w a s  only possible  when t h e  separat ion bubble was embedded deep down inside the  l a y e r  and very 
small. Presumably this i s  because ins ide  t h e  bubble they are marching upstream, and e r r o r s  grow. 
If, however, .the bubble i s  small t h e  growth of e r r o r  i s  not ser ious.  
t i o n  bubbles121 obtained by s u i t a b l e  a d j u s b e n t  of t h e  e&rnal stream. 
t i o n  of t h e  last bubble in the  lower h a l f .  
solut ion.  

Fig.  2 shows a s e r i e s  of separa- 
The upper half i s  a magnifica- 

Fig.  3 shows A, (U,,), and Ue f o r  this p a r t i c u l a r  

7 .  General Three-Dimensional Boundary Layers 

We have only j u s t  s t a r t e d  u s i n g t h e  same technique f o r  genuine three-dimensional cases and have so 
far only d e a l t  with incompressible flow; 
doubt a r i s e  when s t a r t i n g .  
problem involving two space aimensions and time [81 , 
dimensional problem. 
descr ip t ion  here unnecessary. 

we have not  y e t  inves t iga ted  t h e  d i f f i c u l t i e s  which w i l l  no 
This work has been done by Hall n1 , who has a l s o  used the method f o r  a 

which has q features similar t o  a three- 
These two references descr ibe the procedure well  enough t o  render d e t a i l e d  

I 
1 

I 

I 
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l a  
(S - HQ) (B - I )  

C r  
(S - B - Hu') 

where B i s  a constant h o w n  from Sutherland's l a w  and the given external stagnation conditions.  

The boundary conditions are, f o r  an impermeable w a l l ,  U = OD# = 0 o r  3 = 0 f o r  tl = 0 ;  
U = I , S = 1 f o r  ?I = qo ; toge ther  wi th  S o r  its rl der iva t ive  known a t  7 = 0 and a given 
in i t ia l  p r o f i l e  a t  x = 0 . 

T h i s  formulation i s  due t o  Sells 131 . 
We do not  f i n d  it necessary t o  make any more sophis t ica ted  transformation. 

The first equation (13) i s  considered as an equation in U and i s  evaluated a t  the p&t 
[(m + 0)  Sx, n h{ 
and # must be found. 

as already described, with the addi t iona l  complication that it must be  l i nea r i zed  

The non-linear terms i n  (13) are dealt w i t h  by Newtonian qu8si-l inearizationD t h a t  is, if 2") 
i s  the  value of U a t  one i t e r a t i o n  and U(') i s  t h e  va lue  at the next  then the terms u u  and 
u' are wr i t t en  

X 

The second equation (14) is linear in S, but conta ins  # . 
To f i n d  we w r i t e  equation (15) o r  (17) i n  f in i te  d i f fe rence  form, eva lua t ing  i t  a t  the 

poin t  [(m + 0)  6x, (n - $) h]; t h e  latter becomes 

(um+i .n - Um.n) + (um+i .n-1 - U  m,n-l 1 + (m + e) 6x 
26 x 

I 

with 8 corresponding Simpler fonn f o r  the fo rmer .  

(6 

The boundary condition i s  (6m+e,o = 0 . Finding 

i n  this way i s  bas i ca l ly  an in t eg ra t ion  by the trapezium rule. 

Thus t he  procedure i s  t o  Luess (o r  ex t rapola te )  values a t  the end of t h e  s tep ,  f i n d  # f r o m  
equations (15) or (17) as the case may be and so lve  (13) and (14.) f o r  
We then i t e r a t e  backwards end forwards between t h e  three equations u n t i l  t h e r e  i s  only a very smll 
change o r  
f r i c t i o n  such cis 

The i t e r a t i o n  i s  Lone i n  str ict  sequence and not in 'blocks' .  

U and S as already described. 

'+ilerance' E -in some representa t ive  quant i ty  which my b e  an expression r e l a t e d  t o  skin 
(uflj0 or displacanent thickness such as A(x) = J ( 1  - U) , usual ly  t h e  lat ter.  

The s tep  s i z e s  ai'e u s u l i y  such t h a t  the number af i t e r a t i o n s  requi red  i s  about 6 o r  so early on, 
bu t  t he  nuuher increases  slovily. 
i s  necessary t o  reCuce the  s t q  s i ze .  

La ter  it increases  more rap id ly  as separation i s  approached, when it 

No :>articular d i f f i c u l t y  was foimd in using t hese  nethods b u t  in one caseL5' t h e  i t e r a t i o n s  some- 
times o s c i l l a t e d  and &id not  a roear  t o  be converging or converged very slowly. 
under-relaxation. Thus if U 6, and U(') ai- t h e  r e s u l t s  a t  eny two s t ages  i n  t h e  i t e r a t i o n ,  
i n s t ead  of .takins U(') as t h e  s t a r t i n g  point for the next i-beration the value 

The answer here was 

a U(') + ( I  - a )  U'") 

was taken; usua l ly  a = $ was sa t i s f ac to ly .  O f  course it was necessary t o  reduce t h e  to le rance  E 

accordingly. 

For t he  determination of der iva t ives  st the  w a l l  i t  was usual t o  go one s t ep  ' i n to '  the wall so 
that equation (3)  involves one extra equation correspondint; t o  n = O . 

Suction or blowing causes no d i f f i c u l t y .  lnsteaG of @ ( O )  = 0 Y!C uus t  h v e  ( ~ ( 0 )  = wro(x) , a 
function b o w n  from the civen circuustances of blowing o r  suc t ion .  
given w a l l  temperatme can be d.ealt with equally easily. 

Ei ther  a d v e a  heat t r a x f e r  o r  a 
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3. Boundary Layer Zquations 

We wr i te  the two-dimensional equations in the usual notation, scaled by a length  4 ,  ve loc i ty  U, 
and dens i ty  p, i n  the  usual way 

a 
p(u'u', + W ' U ' J  = - p, + - (cl U t z )  

a z  
(4) 

a , I  
p(u'hx + w'hZ) = U'F, + p u '  + ; ( pr h Z )  (5) 

a a 
- ( p u ' ) + - ( p w ' )  = 0 
dX dZ 

and put 

- $x pu' = .gz , pw' = 

and then make the transformation 

(7) 

where t h e  subscr ip t  s denotes stagnation values. We wr i t e  

P h - 5 c -  
CIS HS 

where C i s  not  necessar i ly  a constant, and we make t he  abbreviations 

, H = - *  he Pe 

Hs ps % 
HS 'ex 

'e he 
t F = - E ,  G = -  E = -  

We also w r i t e  

h + $la 
U' = ue $, = ueu, s = 

HS 

and the equations become 

a 
G- (C U , )  = - u,$(l + E) $ + x ax] + x U U ~  + F(u'- S) 

h 

a c  

at7 Pr 
G- (- S,)= - Sv;fr(l + E ) $  + x + x U Sx 

a 

a, 
- H G  - 

'$, = U .  

Since the f a c t o r  i n  square brackets occurs in both 
th ree  dimensions) it occurs again, some of us use a new 

equations, and if the re  is a t h i r d  (as  in 
6 sa t i s fy ing  

which simplifies the f i rs t  two (or t h ree )  equations and rep laces  the  l a s t  one by 

;, = &(I + E) U + x ux . (17) 

We take C as a constant or give it i t s  value .according t o  Sutherland's law 
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?a .  THE NUMERICAL SOLUTION OF THE LBMIIUR BOUNDARY LAYER EQUATIONS 
FOR AN IDEAL GAS IN TWO AND THREE DIMENSIONS 

J.  C .  Cooke* 
K. W. Mangler 

1 .  Introduction 

In t h i s  paper we intend t o  concentrate on the impl ic i t  f i n i t e  difference methods developed a t  the  
Royal Ai rcraf t  i is tabl ishnent  f o r  the ca lcu la t ion  of laminar boundary layers for perfec t  gases, w i t h  
Prandt l  number not  far from 1, usual ly  around 0.7. 

The method, w i t h  experience, has proved capable of solving more and more complicated types of 
problem, going as f a r  as separation o r  even beyond it. 
boundary l a y e r  problems. 

It has also been appl ied t o  three-dimensional 

We s h a l l  illustrate t h e  uethoda by taking ra ther  s implif ied equations t o  i l l u s t r a t e  the  points  we a r e  
aiming t o  s t r e s s .  

2. The Basic Method 

In all cases the ex terna l  flow i s  assumed t o  be known and the u s u a l  s t r e t c h i n g  of the co-ordinate 
normal t o  t h e  w a l l  i s  done, t h e  s t re tched  co-ordinate being denoted by q w h i l s t  t h e  v e l o c i t i e s  U and 
v a r e  normalized by t h e i r  ex terna l  values Ue and Ve . Boundary layers approach the  ex terna l  f low 
exponentially;  indeed it is t r u e  in general  that a normalized veloci ty  U approaches i ts  externa l  
value 1 i n  such a way t h a t  

z 

where k i s  some constant .  Hence f o r  a given problem t h e  i n f i n i t e  range 0 < q < i s  replaced by 
the  f i n i t e  range 0 s n d qo where q, has some value depending on t h e  problem and the  transformation. 
We have of ten f i&ed qo 
wasted work) and not  too small (otherwise t h e r e  i s  a loss of accuraoy). 
a t  t h e  f u l l  ve loc i ty  p r o f i l e s  from time t o  time during a computation. 
t e s t e d  t o  see if there  is a s u f f i c i e n t l y  s m a l l  difference between 
grows above a very smsl l  value we increase q 
may have t o  be &ne severa l  times during a computation. 

during the  whole of the  computation, not  too large (otherwise t h e r e  is much 
We can check t h i s  by looking 

C a t h e r d  [11 has sometimes 
and u(qo - h) . u(q,) = 1 

by some f ixed  amount (sey add t e n  more poin ts ) .  
X this 
This 

0 

It is usual t o  i l l u t r a t e  t h e  method by consideration of the hea t  conduction equation 

in which we divide the range 0 G q 6 qo i n t o  N 
form. 
0 < 8 < 1 and we obtain 

i n t e r v a l s  and express the equation i n  finite difference 
With an obvious notat ion equation (1) i s  evaluated a t  the point [(m + e) 6x, n h J  where 

T h i s  i s  most accurate  when 0 = 3 . Lf all quant i t ies  w i t h  subscr ipt  m are h o r n  it gives an 
equation of the form 

+ b  U + c  U = dn , ( I s n b N - I )  an Um+i,n+l n m+l,n n m+l,n-i 

with an, bn, cn, dn, all known. 
h g o n a l  icatrix. The Crank-Nicholson methodc2] i s  equivalent t o  taking e = & , and i n  t h e  l i n e a r  case 
the  procedure i s  s t a b l e  i f  & 6 e < I . 

We usually take 

The solut ion of this equation is e a s i l y  obtained by inver t ing  a tri- 

e = & but oocasionally we have had t o  vary it. 

Now a t  University of B r i s t o l .  



17- 

Nature of method 

A "8, FAST, PZ?DE-DJTFERB?CE PROCEDURE FOR THE SULUTION 
OF PARABOLIC DIFFERENTIAL EQUA!l'IONS, WlTH SPECIAL RFPERENCE 

TO THOSE OF THE TURBULENT BOUNDARY WER 

D. B. Spalding 
Imperial College, London 

I 

The method i s  an impl ic i t ,  f in i te -d i f fe rence ,  marching-integration procedure, for solving s e t s  of 
simultaneous, non-linear, parabol ic  d i f f e r e n t i a l  equations, of the  type: 

where $ i s  a t y p i c a l  dependent var iable;  a and b are funct ions of x, perhaps defined by W e r -  
e n t i a l  equations involving t h e  l o c a l  $ dis t r ibu t ion;  and c and d a r e  funct ions of x, w and the 
6 ' s .  

In boundary-lq-er circumetances, 6 can s tand f o r  longi tudina l  veloci ty ,  s w i r l  veloci ty ,  stagna- 
t i o n  enthalpy, concentration, k i n e t i c  energy of tu rbulen t  f luc tua t ions ,  e tc . ;  x i s  downstream distance,  
and w is non-dimensional stream h c t i o n .  The quant i t ies  a and b represent  the  rates of change 
of the stream funct ions a t  the limits o = 0 and w = 1 ; if e i t h e r  of these  limits separates  t h e  
boundary l a y e r  from an adjacent shear-free stream, t h e  d i f f e r e n t i a l  equations f o r  a and b are chosen 
so as  t o  keep the  condi t ions a t  the  neares t  gr id  point  extremely close t o  the  conditions of t h e  main 
stream. The quant i ty  d represents ,  accoraing t o  t h e  s ignif icance of $ : longi tudinal  pressure 
gradient;  o r  k i n e t i c  heating; o r  soupces and sinks of material r e s u l t i n g  from chemical react ion;  or 
generation and diss ipa t ion  of the  k i n e t i c  energy of turbulence; e t c .  

For computational economy, spec ia l  p rac t ices  may be introduced near solid w a l l s ,  where t h e  longi- 
tud ina l  convection terms become negl igible .  
exact numerical in tegra t ions  of t h e  Couette-flow equations, a r e  employed in  place of the standard 
f in i te -d i f fe rence  re la t ions ,  f o r  the i n t e r v a l  near a s o l i d  w a l l .  

Appropriate " w a l l - f l u x  re la t ions" ,  based upon once-for-all 

The method is, so far, confined t o  two-dimensional flows, whether plane or axisymmetrical. 

Applications made so f a r  

The method has been appl ied t o  several  physical  s i t u a t i o n s  in the  last  few months (up t o  
September 1967), including: 

(i) Free turbulent  flows, namely: plane mixing l ayers ,  with influence of densi ty  var ia t ions ;  
axisymmetrical turbulent  flows, with inf luence of densi ty  v a r i a t i o n s  brought about by temperature 
differences, concentration differences,  and k i n e t i c  heating; plane j e t s  and w a k e s .  

(ii) Turbulent w a l l  jets, espec ia l ly  those encountered in film-cooling s i t u a t i o n s ,  wlth inf luence 
of densi ty  var ia t ions .  
s p e c i a l  cases  which have been s tudied .  

The radial w a l l  j e t ,  with mass t r a n s f e r  through the w a l l ,  is one of t h e  

(iii) Hydrodynamic and thermal development of turbulent  boundary layers on smooth w a l l s  with 
influence of pressure gradient  end non-uniform w a l l  temperature. 
boundary layers have been given spec ia l  a t ten t ion .  

The so-called "equilibfium" 

( i v )  Both laminar and turbulen t  boundary layers on a f l a t  plate ,  with inf luence of temperature 
difference and k i n e t i c  heat ing on v i s c o s i t y  and densi ty .  

(v) L a m i n a r  and tu rbulen t  flows within round-sectioned pipes and d i f fusers ,  with inf luence of 
property var ia t ions  and mass t r a n s f e r  through the  w a l l s .  

( v i )  A turbulent  free-convection boundary l a y e r  on a v e r t i c a l  f la t  p la te .  

The method is found t o  be fast enough f o r  computer time t o  impose no ser ious  l i m i t a t i o n .  About 
loo0 forward-integration s teps  are made per  minute on an I B M  7090, when t h r e e  or f o u r  equations are 
solved simultaneously and when t h e  In 
a t y p i c a l  forward step,  t h e  mass flow r a t e  in t h e  boundary l a y e r  increases  by 5%; 
forward s t e p s  axe usual ly  enough t o  complete the  calculat ion of a boundary l a y e r .  

Publications.  e t c .  

w range i s  s p l i t  i n t o  15 i n t e r v a l s  (more a r e  seldom needed). 
SO 200 t o  500 

The method, together  with the  general Fortran IV computer programme, has been published as a book. 
The reference is:  
In te rna t iona l  Textbook Co. Ltd., 158, Buckingham Palace Rd., London, S.W.1. 

S. V. Patankar and D .  B.  Spalding, "Heat and mass t r a n s f e r  in boundary layers", 
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which are usually roughly equal and opposite and do not exceed one or two degrees except near  separa- 
t ion.  
disturbance within t h e  boundaly layer,  so t h a t  t h e  notions of hyperbolicity agrees w i t h  t he  usual 
physical concepts. The V component ve loc i ty  does not  occur in the equations along t h e  inc l inad  
c h a r a c t e r i s t i c s  because it i s  a consequence, r a t h e r  than a cause, of t h e  changes in U and T : thus 
only two of t h e  three c h a r a c t e r i s t i c  equations need be solved simultaneously, and V follows from t h e  
equation along t h e  v e r t i c a l  c h a r a c t e r i s t i c  which is e a s i l y  seen f rom equations (I) and (2) t o  be 

These inc l ined  c h a r a c t e r i s t i c s  can be crudely thougbt of as the  boundaries of t h e  wake of a 

dV dU (U?) +: 
- u - + v - =  

a y d y  
(5) 

t h e  tern in parentheses being of course known. 
most of our ingenuity has gone on satisfying t h e  boundaxy conditions (espec ia l ly  t h e  inner boundary 
condition) and minimising computing time. A typ ica l  run, over an x distance of 100 Mtial bouudary 
l a y e r  tNcknesses takes about a minute in Kidsgrove Algol on W F  9, a computer w i t h  a 6 p sec cycle time: 
wr i t ing  in user  code would reduce this by a f a c t o r  of 10 or 15, and For t ran  runs on IBM 360 or CDC 6600 
take only a few seconds. 

'Ilhe numerical method is therefore  almost t r i v i a l  and 

We specify U and T a t  points  equal ly  spaced on t h e  y-axis (which is a cha rac t e r i s t i c ,  so 
t h a t  V follows f r o m  (5) ) and use tbe f in i te -d i f fe rence  equations along t h e  inc l ined  c h a r a c t e r i s t i c s  
t o  ca l cu la t e  U and T a t  x = Ax , again a t  equally-spaced points:  it is a considerable advantage 
t o  keep the  mesh point8 on the  v e r t i c a l  cha rac t e r i s t i c .  Since L -  y near  the surface the equations 
are singular a t  y = 0 ( i n  r e a l i t y ,  viscous s t r e s s e s  become important): since dT/ay is not  negl i -  
g ib l e  near  'the surface i t  i s  an advantage t o  approach as near as poss ib le  t o  the singularity, and t o  
our su rp r i se  t h e  numerical method can be persuaded t o  work w i t h  adequate (I percent) accuracy down t o  
one y 
therefore  we have not bothered t o  s t r e t c h  the co-ordinates, which would give greater accuracy a t  the 
expense of complications. 
allow t h e  boundary l a y e r  t o  grow by one y s t ep  per x s t e p  (occasionally doubling t h e  y s t ep  t o  
keep the number of po in ts  down) and c l i p  off any negative values of T ( o r  excessive va lues  of U ) 
that  are introduced by f in i te -d i f fe rence  e r r o r s .  

s t e p  from t h e  surface despi te  t he  complicated nature of the a lgebra ic  boundarg conditions;  

The outer  boundary condition has given r e l a t i v e l y  l i t t l e  trouble:  we 

In  t h e  l ec tu re ,  we shall give d e t a i l s  & the e n s i o n  of t h e  method t o  compressible hea t  t r a n s f e r ,  
in which we use an equation f o r  t h e  hea t  transfer 
momentum t r ans fe r  5 :  f i v e  c h a r a c t e r i s t i c s  appear and the  problem is somewhat complicated by t h e  
coupling between t h e  ve loc i ty  and temperature f i e l d s  caused by dens i ty  va r i a t ions .  We shall also 
ou t l ine  t h e  extension t o  three-dimensional flow, which is no t  much more complicated than two-dimensional 
flow because spanwise dif'fusion of turbulent  energy is neg l ig ib l e  ( t o  the boundary wr approximation) 
so that the c h a r a c t e r i s t i c s  emanatin 
a conica l  surface. 
laminar boundary leyer. 

f i r s t - o r d e r  d i f fe rences  in t h e  x direct ion with a logarithmic formula f o r  SU/ay and a parabolic 
formula f o r  dt/dy: 
with l a r g e  numbers of dependent or independent var iables .  

Bv which is very similar t o  equation (3) f o r  t h e  

from a point remain l i n e a  on a twi s t ed  s t r i p  r a the r  than forming 
This behaviour (121 i s  reminiscent of Raet5's zone-of-influence concept f o r  t h e  

Recently c31, we have programmed an  impl i c i t  method f o r  t h e  bas ic  two-dimensional method, uiq 

this approach is more conven;lsnt than t h e  method of c h a r a c t e r i s t i c s  f o r  problems 

The extension t o  time-dependent flows is ana ly t i ca l ly  s t re ightforuard:  one adds appropriate 

only the numerically t r i v i a l  case of flow on an infinite acce le ra t ing  p l a t e  has  been 
terms in - d / a t  
is needed. 
programed so far. 

t o  the  l e f t  hand sides of equations (I) and (J), and no f u r t h e r  empir ica l  information 

A summary of the work is given in Ref. 4. 
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1 6 .  RXPRESNTATION OF !FURBULRiT MIXING BY HYPERBOLIC EQULTIONS 

P. Bradshaw and D. H. F e r r i s s  
National physical  Laboratory, Teddington 

Conventional hypotheses about t h e  Reynolds shear s t r e s s  - pUv a r e  usuaUy d i r e c t  r e l a t i o n s  
v 

and u P - 6  
between t h e  shear s t r e s s  and t h e  l o c a l  ve loc i ty  gradient:  

i s  defined by - E = ve aU/ay and t h e  "mixing length" & by - iE = &' (dU/ay)', 
and C/6 are assumed t o  be universal  funct ions of y/S . This s o r t  of local-equi l ibr ium concept i s  
v a l i d  if t h e  d is tance  t h a t  a turbulen t  eddy t r a v e l s  in t h e  course of i t s  l i f e t i m e  is short com- 
pared t o  any length sca le  of the mean flow and numerous experiments have shown t h a t  t h i s  is not  so in 
general .  However, in a boundary layer close t o  t h e  surface (say f o r  y < 0.16) the  mixing length 
f o r m u ,  w i t h  c = ~ y ,  
a t  l e a s t  two-thirds of the r i s e  t o  f r e e  stream veloc i ty  occurs between t h e  surface and 
t h e  assumptions made i n  t h e  outer  p a r t  of t h e  boundary layer  a r e  not  too c r i t i c a l  unless  the  boundary 
l a y e r  i s  changing rapidly.  
although they a r e  not very s a t i s f a c t o r y  f o r  pred ic t ing  separation, a phenomenon in which t h e  a i r c r a f t  
engineer, i n  p a r t i c u l a r ,  i s  deeply i n t e r e s t e d .  

f o r  instance,  t h e  "eddy v iscos i ty"  

( o r  a corresponding e m - v i s c o s i t y  formula) is a good approximation, and s ince 
y = 0.16 

Therefore mixing-length and eddy v i s c o s i t y  methods have been q u i t e  popular 

If we wish t o  improve our predict ions w e  m a t  allow f o r  the e f f e c t  of pas t  h i s t o r y  on the  shear 
s t r e s s  at  a given point :  
s t r e s s  (along a streamline) as a funct ion of l o c a l  conditions.  
we can obtain an exact d i f f e r e n t i a l  equation f o r  t h e  r a t e  of change of turbulent  k i n e t i c  energy 

& p 
l o c a l  proper t ies  of the turbulence,  and if we make the hypothesis that there  a r e  simple universal  
r e l a t i o n s  between t h e  shear  s t r e s s  and t h e  other  proper t ies  of t h e  turbulence and s u b s t i t u t e  these 
r e l a t i o n s  i n t o  t h e  turbulent  energy equations,  we obtain the  desired differential equation for shear 
stress. 
turbulence is defended and documented in Ref. I: 
prima facie more reasonable than the  hypotheses of r e l a t i o n s  between shear s t r e s s  and mean veloc i ty .  
The same hypothesis can be appl ied t o  the exact  d i f f e r e n t i a l  equation f o r  the rate of change of 
along a mean streamline,  bu t  t h e  turbulent  energy equation i s  b e t t e r  understood. 

we require  a d i f f e r e n t i a l  equation expressing the r a t e  of chanKe of shear 
Now f r o m  the  Navier-Stokes equations 

e t p (uT+ 7 + 3 along a streamline as a funct ion of 1oca.1. mean ve loc i ty  gradient  ami various 

The hypothesis of simple r e l a t i o n s  between t h e  shear  s t r e s s  and t h e  other  proper t ies  of the  
here we need only comment that this hypothesis i s  

-Fv 

The time-average equations t o  be solved in t h e  two-dimensional incompressible case are 

au au ml aT  
U -  + v -  = u1- + -  

ax a y  ax a y  

au av * 

ax ay 
- + - = o  

au T 3 l Q  a i / a  
= t- - - - - ( G T T - )  2 k + v d y  ") ay L ay 

advect ion production ~~~~~ di f fus ion  

(3) 

where T i s  t h e  kinematic shear s t r e s s  - and a i  , L and G a re  empirical  funct ions:  ai i s  
a constant,  G I s  a dimensionless function of y/6 and L i s  a length such that L/S i s  a funct ion 
of y/6 . The --length approach equates the  l o c a l  production and d i s s i p a t i o n  but  ignores both 
the  advection (the r a t e  of change of shear s t r e s s  along a streamline) and the  d i f fus ion  term: these 
terms a r e  small in a boundary layer  c lose t o  t h e  sux'face and equation (3) then reduces t o  t h e  mixing 
l ength  formula. Equation (3)  i s  not expected t o  be v a l i d  in the viscous sublayer very c lose  t o  the  
surface but,  for tunately,  there i s  a wel l -establ ished algebraic  r e l a t i o n  between U and T ( the  
logari thmic l a w )  which holds c lose t o  the surface but  outs ide t h e  sublayer, and t h i s  provides a 
'boundary' condition: in addi t ion  V is spec i f ied  a t  ( o r  very near) the surface.  A t  the  outer  edge 
of a boundary layer ,  or a t  both edges of a f r e e  shear  layer ,  we have U +  constant,  + 0 . 

Equations ( 1 )  t o  (3) a r e  hyperbolic. If the energy d i f fus ion  is represented as a gradient  pro- 
cess,  a second der iva t ive  appears in t h e  last term of equation (3) and the  equations a r e  parabolic,  
b u t  with no d i f fus ion  a t  all they are hyperbolic: we chose the present form f o r  t h e  d i f fus ion  term 
as being the most p laus ib le  physical ly  without regard t o  the  mathematical consequences. 
na tura l  and convenient t o  u e  t h e  method of charac te r i s t ics :  
normal t o  the surface,  the other  two a r e  inc l ined  t o  t h e  surface a t  the angles 

It i s  
one of t h e  three  c h a r a c t e r i s t i c s  i s  

I 

I 
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Since no laboratory experiments w e r e  conducted t o  v e r i r y  the r e s u l t s  of the numerical so lu t ion  
of the physical  problem t r e a t e d  in Ref. cl1 , the next study was focused on t h e  following. 
t o  see if a steady state (asymptotic) so lu t ion  of t h e  Navier-Stokes equations would reproduce the 
c l a s s i c a l  Becker a n a l y t i c a l  solut ion f o r  shock wave s t ruc ture .  
es tab l i sh ing  that t h e  steady state (asymptotic so lu t ion)  mould be achieved u t i l i z i n g  a reasonable 
amount of computer time. 
govenring equations, we were able  t o  obtain numerical solut ions C2l f o r  t h e  time development of t h e  
s t r u c t u r e  of a one-dimensional shock wave which i n  the asymptotic limit came a r b i t r a r i l y  c lose  t o  
Becker's a n a l y t i c a l  so lu t ion  f o r  constant  gas propert ies .  
elapsed time t o  achieve a steady state shock wave s t r u c t u r e  u t i l i z i n g  an adiabat ic  pis ton,  (and t h e  
corresponding computer time), w a s  q u i t e  reasonable as measured i n  terms of cost .  
number of solut ions of the one-dimensional Navier-Stokes equations in Cartesian co-ordinates, the 
authors  a l s o  inves t iga ted  t h e  shock formation problem in spherical  co-ordinates c3'1 . 
paper a standard explosion was t r e a t e d  and it was discov r e d  t h a t  accuracy could not  be maintained 
unless t h e  l o c a l  computational mesh s i z e  was of the o ' r d e h . t h e  l o c a l  mean free path.  

twoillmensional supersonic viscous flow around a c i r c u l a r  cylinder ~ 4 , 5 7 .  
in  two-dimensional problems, we have found it convenient t o  initiate the  flow using a one-dimensional 
steady flow obtained i n  our earlier work. 
i s  placed i n t o  a shock tube and the flow i s  subsequently i n i t i a t e d  by the passage of a planar  shock wave 
down t h e  tube from t h e  high pressure end. 

We wished 

Furthermore, we were i n t e r e s t e d  in 

When constant v i scos i ty  and thermal conduct ivi ty  w e r e  introduced i n t o  t h e  

Moreover, it was found t h a t  t h e  physical 

After  obtaining a 

In t h e  l a t t e r  

In extending t h e  method t o  the multi-dimensional case, the  authors oceeded t o  inves t iga te  the 
In following nature  

This can be l ikened t o  a physical experiment in which a model 

In Ref. [ 41 , t h e  s t a b i l i t y  and convergence c r i t e r i a  were extended t o  two s p a t i a l  dimensions and 
time, and it was  a& demonstrated computationally t h a t  convergence could indeed be obtained. 
more, the question of the downstream boundaxy conditions which we imposed at  a f i n i t e  dis tance from t h e  
body was inves t iga ted  and it was establ ished that t h e  e f f e c t s  of upstream influence could be made negl i -  
g ib ly  small by placing t h e  downstream boundary s u f f i c i e n t l y  far away f rom the body. I n  R e f .  [ 5 3 t h e  
same physical  problem of the viscous flow around a cyl inder  was t rea ted ,  except t h a t  t h e  non-equilibrium 
dissoc ia t ion  of the molecules was  calculated.  
r a t e  chemistry i n  order t o  ca lcu la te  the d issoc ia t ion  of the nitrogen molecules i n t o  atoms in a self- 
cons is ten t  manner. 
temperature w a s  considered, namely, t h e  ad iaba t ic  w a l l ,  (zero heat transfer r a t e ) .  

F u r t k r -  

A di f fus ion  equation w a s  introduced with f i n i t e  react ion 

ID both of these papers, only one of t h e  two l imi t ing  boundary conditions on surface 

In studying viscous problems, t h e  question was ra i sed  whether o r  not the  f i n i t e  difference repre- 
Accordingly, t h e  method was 

rRef .  63 and it w a s  shown t h a t  no a r t i f i c i a l  v i s c o s i t y  
sen ta t ion  we w e r e  us ing d id  n o t  introduce a r t i f i c i a l  v i scos i ty  e f f e c t s .  
appl ied t o  the  so lu t ion  of t h e  Euler equations 
e f f e c t  ex is ted  which might mask t h e  t rue  molecular v i scos i ty  when t h e  N e r  subsystem was coupled t o  
t h e  viscous terms appearing in the complete NavierStokes equations. 

In our most recent study [Ref .  71 , the other  limiting boundary condition on surface temperature 
The new results f o r  the was a l so  u t i l i z e d ,  namely, the  isothermal w a l l  (finite heat t ransfer  rate). 

isothermal and ad iaba t ic  limits were compared. 
viscous supersonic f l o w  around an isothermal sphere. 
r e s u l t s  f o r  t h e  pressure and shear  s t r e s s  d i s t r ibu t ions  and heat  t r a n s f e r  r a t e  a t  t h e  surface of the 
c y l i n d r i c a l  and spherical  bodies were obtelned. 

In addi t ion,  numerical solut ions were obtained f o r  the 
The s t r u c t u r e  of t h e  flow f i e l d  and the new 
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I n  the pas t ,  aerodynamicists have s impl i f ied  the theo re t i ca l  treatment of determining the  flow f i e l d  
around a hypersonic vehic le  by developing spec ia l  methods for t r e a t i n g  t h e  various viscous and r e l a t i v e l y  
i n v i s c i d  zones of t h e  flow, inc luding  the shock wave, t he  shock l aye r ,  the boundary layer and t h e  wake. 
Although each of t h e  earlier approaches s t a r t e d  with the Navier-Stokes equations, wi th  f e w  exceptions, 
different sets of assumptions were then  introduced and the re su l t i ng  s impl i f ied  equations were in t eg ra t ed  
employing d i f f e r e n t  a n a l y t i c a l  o r  numerical techniques such as separation of the variables,  similarity 
solutions,  series so lu t ions  and t h e  method of cha rac t e r i s t i c s .  

Thus, in t h e  pas t ,  t h e  t o t a l  flow f i e l d  has been obtained by means o f  “patchwork”. The contiguous 
flow regions have not  usua l ly  been t r ea t ed  se l f -cons is ten t ly .  
that  an independent howledge of certain c r i t i c a l  parameters w a s  ava i lab le ,  s a y  from a flow v i sua l i za t ion  
experiment, (e.g. t h e  shock shape o r  t h e  length  and shape of the near  w a k e  region).  Consequently, none 
of t h e  aforementioned techniques i s  sa t i s f ac to ry  if one wishes t o  ca l cu la t e  t he  complete compressible, 
viscous, thermally conducting, non-equilibrium flow around a vehicle,  without e i t h e r  knowing o r  assuming 
a significant p a r t  of t h e  so lu t ion .  

Moreover, in IIW,,Y cases,  it was assumed 

It i s  therefore des i r ab le  t o  have ava i lab le  an e s t ab l i shed  procedure f o r  ca l cu la t ing  viscous flow 
f i e l d s  in which patchwork techniques are no t  employed, and where one does no t  requi re  experimental r e s u l t s  
t o  cons t ruc t  a so lu t ion .  
numerically without introducing assumptions which oversimplify t h e  problem and without depending on t h e  
a v a i l a b i l i t y  of data which may not  necessar i ly  exist. 

T h a t  is, one should be  ab le  t o  solve the complete Navier-Stokes equations 

During t h e  p a s t  f i v e  years, t h e  authors have been a c t i v e  in the development and extension of 
numerical procedures f o r  t h e  ca lcu la t ion  of flow f i e l d s  based on the so lu t ion  of the time-dependent 
Navier-Stokes equations inc luding  compressibil i ty,  v i scos i ty ,  d i r fus ion  and o ther  real  gas  e f f e c t s .  
treatment of such flows implies t h a t  one will include i n  t h e  governing system of p a r t i a l  d i f f e r e n t i a l  
equations the spec i f ic  effects of compressibil i ty,  viscous d iss ipa t ion ,  thermal conductivity,  d i f fus ion  
and chemical reac t ions .  It was des i rab le  t h a t  a method be developed which could be used not only t o  
include any o r  all of the aforementioned real  gas e f f ec t s ,  b u t  could a l s o  be used t o  compute the  flow in 
an a r b i t r a r y  multi-dimensional cu rv i l i nea r  co-ordinate system. 

The 

There are a t  least  two compelling reasons f o r  u t i l i z i n g  t h e  time-dependent form of t h e  Navier-Stokes 
equations. One, i s  simply t h a t  i n  many p r a c t i c a l  problems, the t r a n s i e n t  so lu t ion  i s  t h e  one o f  i n t e r e s t  
rather than t h e  steady state so lu t ion ,  (which may be the  t r i v i a l  solution, o r  may even be  non-existent). 
Two, even when the steady state so lu t ion  i s  t h e  one desired,  it appears necessary t o  retain some form of 
t h e  time dependence of t h e  equations. For example, each i t e r a t i v e  s t e p  of a re laxa t ion  method, such as 
the one proposed years ago by Thom and Apelt, f o r  solving t h e  Navier-Stokes equations, can a l s o  be inter- 
pre ted  as a f i c t i t i o u s  time-dependent path, i n  which t h e  vanishing of the re s idua l s  corresponds t o  t h e  
t r a n s i e n t  approach t o  the steady state so lu t ion .  

This idea of following a time-dependent path t o  t h e  steady s ta te  was inves t iga ted  more d i r e c t l y  by 
Peaceman and Rachford in t h e  so lu t ion  of a generalized e l l i p t i c  equation (e.g., the multi-dimensional 
hea t  conduction equation) by r e t a in ing  a phys ica l ly  meaningful time-dependent t e r m  and a c t u a l l y  solving 
t h e  parabolic p a r t i a l  d i f f e r e n t i a l  equation f o r  a long elapsed time. 

The idea  of re ta in ing  the time der iva t ives ,  i .e. ,  “following nature”,  in flow f i e l d  problems was 
presented by Crocco as a means of ob ta in ing  t h e  steady s ta te  so lu t ion  of the Navier-Stokes equations. 
k his pioneering paper, Crocco presented t h e  r a t iona le  f o r  introducing a time-dependent term which would 
in some sense follow na ture  and vanish i d e n t i c a l l y  in the asymptotic limit as the steady state so lu t ion  
i s  approached. 

&I extending Crocco’s ideas,  w e  decided t o  t r e a t  t he  complete time-dependent form of the Navier-Stokes 
equations, r a t h e r  than introduce f i c t i t i o u s  t i m e  der iva t ives .  h our f i rs t  paper on this subjectc’l ,  
numerical so lu t ions  w e r e  presented f o r  t he  complete time-dependent compressible Navier-Stokes equations 
f o r  the one-dimensional motion produced by a p is ton .  
gas and t h e  formation of the r e s u l t i n g  compression wave, and i t s  subsequent r e f l ec t ion  a t  a w a l l ,  w a s  
followed in time. The gas model u t i l i z e d  f o r  molecular nitrogen spec i f i ed  that t h e  molecules had a con- 
stant spec i f i c  heat,  and that t h e  v i scos i ty  and thermal conductivity coe f f i c i en t s  were proportional t o  the 
square roo t  of t h e  l o c a l  absolu te  gas temperature. 
cedure, the authors experimented with various numerical methods including t h e  purely e x p l i c i t  scheme, 
and t h e  Dufort-Frankel method as applied t o  the viscous terms; t h e  Lax method and c h a r a c t e r i s t i c  methods 
such as envisaged by Courant, Isaacson and Rees w e r e  appl ied  t o  the inv i sc id  terms. 
authors derived s t a b i l i t y  and convergence criteria and showed computationally t h a t  convergence was 
achieved when these  c r i t e r i a  were s a t i s f i e d .  

A planar  p i s ton  w a s  acce le ra ted  i n t o  a s ta t ionary  

During the evolution of the f i n i t e  d i f fe rence  pro- 

In R e f .  c l ]  , t h e  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
‘Manager, Xnvironmental Sciences Laboratory. 

‘Manager, S c i e n t i f i c  Computations and ApFlied Mathematics. 
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Since the one-dimensional l i n e a r i z e d  Navier-Stokes equations, when wr i t ten  in m a t r i x  form, have 
the  ~ a m e  appearance as equation (*), a scheme t h a t  ia s tab le  f o r  t h e  NavierStokes equations should be 
s t a b l e  f o r  ( * )  . In  addi t ion,  a t  t h e  present,  we  h o w  of no scheme that is s t a b l e  f o r  (*) , that has 
n o t  proved s t a b l e  when n a t u r a l l y  extended and used f o r  t h e  Navier-Stokes system a9 equations, in e i t h e r  
one or two dimensions. The advantage of using (*)  i s  that s t a b i l i t y  c r i t e r i a  (from the von Neumann 
necessary condition) are rather e a s i l y  derived, whereas f o r  t h e  l i n e a r i z e d  Navier-Stokes equations t h e  
conditions are sometimes hard t o  f ind.  
limit oneself i n i t i a l l y  t o  t h e  consideration of schemes t h a t  are s t a b l e  f o r  ( * ) .  

It seem safe, therefore ,  when examining difference schemes, t o  

The t i m e  difference scheme t h a t  we have used i s  given below f o r  equation (*)  , where we use t h e  
notat ion 

n+l - 
j j 

U 

with the stability condition 

This two s t e p  scheme has 
the boundary conditions t o  be 

u(x,t)  = U(*, At) = U; 

d t < A x .  

the  advantage that both s teps  have t h e  same a i f fe rence  form. 
appl ied in t h e  same manner f o r  each s t e p .  

This d l o w s  

L? t h e  ca lcu la t ions  a uniform rectangular  mesh w a s  used with t h e  length  of t h e  mesh cell  in t h e  
d i rec t ion  of the cent re l ine  twice t h e  length  i n  the  normal d i rec t ion .  
g r i d  points  in the  f i e l d .  
and the  r e s u l t s  compared favourably. 

There were approximately 2000 
A check ca lcu la t ion  w i t h  the  mesh s i z e  approximately halved was performed 

Solutions were obtained f o r  a range of Reynolds numbers (based on t h e  base half-height and t h e  in- 

The important f e a t u r e s  of t h e  flow, such as the  expan- 
flow conditions) l e s s  than 1000 a t  k c h  numbers between 2 and &. 
and a constant w a l l  temperature were computed. 
s ion around the corner, t h e  separat ion of the boundmy layer ,  the re-circulat ion region, the  re-  
compression, and the formation of the w a k e  shock are i l l u s t r a t e d  in the r e s u l t s .  Also shown a r e  the  
changes in the so lu t ion  with the var ia t ion  of t h e  Reynolds number, the  Mach number, and t h e  w a l l  
temperature condition. 

Both the  cases  of an ad iaba t ic  wall 
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14. NUMERICAL SOLUTIONS OF THE COMPRESSIBLE NAVDX-STOIES EQUATIONS 
FOR THE LAM= NEAR-WAKE IN SUPERSONIC FLOW t 

* +* 
J. S. Allen and S. I. Cheng 

Princeton University, h i n c e t o n ,  New Jersey  

Numerical so lu t ions  of f in i te  difference approximations t o  t h e  compressible Navier-Stokes 
equations have been ca l cu la t ed  f o r  the steady flow of  a supersonic stream and boundary l a y e r  over a 
rec tangular  base. 
blunt-based body. Typical results are shown i n  Figs.  1-4. 

The configuration represents  a model problem f o r  t h e  laminar near w a k e  of a slender 

The incoming flow i s  placed upstream of t h e  corner of t he  base. On the  body t h e  no-slip condition 
i s  appl ied  t o  t h e  ve loc i ty  components and a spec i f i ed  w a l l  temperature or an ad iaba t i c  w a l l  condition 
i s  appl ied  t o  t h e  i n t e r n a l  energy. 
running through t h e  base.  
fluid of inf ini te  extent,  i s  used. 

The flow f i e l d  i s  assumed t o  be symmetric about a cen t r e l ine  
Along t h e  top  boundary a simple wave condition, simulating t h e  effect of a 

The d i f fe rence  approximations are derived from t h e  i n t e g r a l  form of the  conservation l a w s  which 
are wr i t ten  in a Cartesian co-ordinate system f o r  a ca lo r i ca l ly  per fec t  gas with a Prandt l  number equal 
t o  one. Constant coe f f i c i en t s  of v i scos i ty  and hea t  conductivity are used. The steady state so lu t ions  
are obtained from an i t e r a t i o n  scheme t h a t  i s  based e s s e n t i a l l y  on a d i f fe rence  approximation t o  t h e  
unsteady equations.  

To formulate the  d i f fe rence  equations t h e  flow f i e l d  i s  divided i n t o  uniform rectangular mesh 

This 
c e l l s ,  where the cent res  of the  cells  form a s e t  of g r i d  poin ts .  
dm-ivatives a r e  derived from the integral form of t h e  conservation laws f o r  each mesh c e l l .  
r e s u l t s  i n  centred d i f fe rence  equations with a formal d i sc re t i za t ion  e r r o r  of t he  order of t h e  g r i d  
s i z e  squared. An important advantage of t h e  integral formulation is the  conceptual a i d  i t  gives in 
applying boundary conditions on a body surface.  W a l l  boundaries are placed along c e l l  edges, r a the r  
than through g r id  points,  and t h e  boundary conditions are appl ied  d i r e c t l y  t o  the  flux terms. T h i s  
procedure was found t o  be of c ruc ia l  importance t o  the  success of t h e  computations. 
conditions that were not  formulated i n  s t r i c t  accordance with the  integral conditions of t h e  conserva- 
t i o n  laws were found t o  l e a d  quickly t o  non-physical r e s u l t s  (e.g. negative dens i t i e s ) .  

The approximations t o  t h e  s p a t i a l  

Wall boundary 

The boundary conditions on the top  and outflow boundaries o f  t h e  computational grid,  both o f  which 
are assumed t o  l i e  i n  t h e  flow f i e l d  (and as such are not  natural boundaries of t h e  flow), requi re  
spec ia l  a t t en t ion .  The outflow boundary was placed far enough downstream so t h a t  the outflow was 
almost e n t i r e l y  supersonic. An ext rapola t ion  procedure where, a t  each time step,  the  values on the  
boundary were obtained by smoothly ex t rapola t ing  the  values a t  the i n t e r i o r  points has proved satis- 
fac tory .  

Tor the  top bounhary a simple wave condition has been developed. The inflow above the boundary 
l aye r  i s  assumed t o  be a uniform supersonic stream of i n f i n i t e  ex ten t .  
t h e  Iyaves i n  t h e  outer  i nv i sc id  flow, r e su l t i ng  from the  expansion around t h e  base, should be simple 
waves, and the  outward running family of cha rac t e r i s t i c s  should be s t r a i g h t  l i n e s  with t h e  flow 
proper t ies  constant d o n g  them. A boundary condition based on these  considerations was used i n  the  
unsteady ca lcu la t ions .  
polating, along the  quasi-steady cha rac t e r i s t i c  d i rec t ions ,  t h e  values from the  i n t e r i o r  row of g r i d  
poin ts  below the  boundary. 
along t h e  top  bounclaIy a r e  cons is ten t  with the simple wave condition. 

which we have formed by n o d y i n g  2 scheme due t o  Brailovskaya ('1 . The modification renoves t h e  
Reynolds nuaber from the  s t a b i l i t y  condition and r e s u l t s  in an approximation t o  dif 'ferent unsteady 
equations. 
compared with the  o r ig ina l  and with o the r  schemes 621 . 
number attains low values in  p a r t s  of t h e  flow f i e l d .  

Therefore, in the  steady s t a t e  

Values of the var iab les  on the top boundaq were obtained by d i r e c t l y  extra- 

As a r e su l t ,  in the steady s t a t e  solution, t h e  values of t he  var i sb les  

To f i n d  t h e  so lu t ion  t o  t h e  steady d i r fe rence  equations we used an e x p l i c i t  time W f e r e n c e  scheme 

Lig i ted  numerical tests have ind ica ted  improved r a t e s  of convergence f o r  this scheme 
This i s  esPeciallJr t r u e  when the  1 0 C d  Reynolb 

In choosing a s t a b l e  time difference scheme f o r  t he  compressible Navier-Stokes equations w e  found 
it extremely he lp fu l  t o  s h & y  f i r s t  the  ap;ilica.tion of var ious  d i f fe rence  schenes t o  t h e  l i nea r i zed  form 
of Burgers' equation (denoted a s  equation (*)) . 

a u  a u  agu 

a t  a x  a x g  
- + a - = v -  (*> a ,  U 3 0 ,  constants 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
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CObPUTER STUDIES OF TIN-DEPENDENT FLOWS* 

C .  W. H i r t  
University of Cal i forn ia ,  Los Blamos S c i e n t i f i c  Laboratory 

Los Alamos, New Mexico 

This paper presents  a discussion of f in i te  d i f fe rence  approximations t o  t h e  f u l l ,  time-dependent, 
Navier-Stokes equations. A 
f l u i d  i s  v isua l ized  as flowing through a network of s t a t iona ry  rectangular c e l l s ,  and f o r  each ce l l  
of the network, values are assigned f o r  t he  average mass, momentum, and energy. These values are 
advanced in time by calculating n e t  f luxes,  through ce l l  surfaces. 

The methods described here are developed from an EUer i an  viewpoint. 

In this paper the  bas ic  E u l e r i w  approach i s  i n t r o h c e d  by considering a s inp le  linear convection 
equation. 
important result tha t  t runca t ion  errors assoc ia ted  with a f i n i t e  d i f fe rence  approximation a r e  good 
ind ica to r s  of computational s t a b i l i t y  and accuracy 11 1 . 
consequences f o r  approximations of t he  Navier-Stokes equations. 

Several a l t e r n a t i v e  f ini te  d i f fe rence  approximations are compared. They l ead  t o  the 

This result is qu i t e  genera l  and has important 

The approximations used f o r  the linear convection equation can be  developed r ead i ly  i n t o  f in i te  
difference approximations f o r  t h e  f u l l  Navier-Stokes equations. 
t h e  Fluid-In-Cell (FLIC) method 21. 
problems. 
t i o n  of an in t e rac t ion  between a b l a s t  wave and a bow shock on a b lunt  nosed p r o j e c t i l e .  

One i n t e r e s t i n g  extension w a s  
developed in a study of hypersonic flow about the sharp leading  edge of a f l a t  p l a t e  [31 . 
study involved a coupling of t h e  continuum Navier-Stokes equations with boundary conc?itions derived 
from a molecular model. !The molecular model simulated p a r t i a l  s l i p  and t e p r a t u r e  jump boun6ax-y 
conditions.  

An example af t h i s  i s  i l l u s t r a t e d  by 
The FLIC method can be appl ied  t o  a va r i e ty  of aerodynamic 

! h o  t yp ica l  examples are the ca l cu la t ion  of hypersonic flow about a cone and the calcula- 

Extensions of t h e  FLIC method are poss ib le  in many d i rec t ions .  
This 

The FLIC method i s  no t  su i t ab le  f o r  multimaterial  problems, since it has no provision f o r  
recording the pos i t ions  of material in t e r f aces .  
average masses are f luxed  through ce l l  boundaries. 
can s i g n i f i c a n t l y  a f f e c t  t h e  results of a ca lcu la t ion .  
t inuous mass d i s t r ibu t ions  by p a r t i c l e s  having d i sc re t e  masses. 
ca l cu la t ions  of p a r t i c l e  movement, and material in t e r f aces  are maintained by l a b e l l i n g  t h e  type of 
llgterial t h a t  each mass p a r t i c l e  belongs t o .  
method 141 . The PIC method i s  i l l u s t r a t e d  by a ca l cu la t ion  of hypersonic wake  flow, and by a calcu- 
l a t i o n  of t h e  hypervelocity impact of a p r o j e c t i l e  on a p l a t e .  

In FLIC, every ce l l  i s  t r e a t e d  as honogeneous, and 
These processes produce smeared in te r faces ,  which 

A way out of t h i s  problem is t o  replace con- 
Flux ca lcu la t ions  are replaced by 

T h i s  idea  forms t h e  b a s i s  of t h e  Particle-In-Cell  (PIC) 

The FLIC and PIC methods represent  two ways of ca l cu la t ing  time-dependent flows o f  compressible 
f lu ids .  
condition. 
this condition by so lv ing  a Poisson equation f o r  the pressure a t  each s t ep  i n  time. 
i s  i l l u s t r a t e d  by appl ica t ion  t o  t h e  inves t iga t ion  of hydraulic jump formation. 

For incompressible fluids s p e c i a l  techniques must be employed t o  satisf he incompress ib i l i ty  
One computing scheme i s  described, t h e  Marker-And-Cell (&IC) method Y ?  5 , which satisfies 

The technique 

It has  already been noted that t h e  t runca t ion  error analysis appl ied  t o  t h e  linear convection 
equation i s  qu i t e  general. 
t h e  Navie-Stokes equations.  
occur. 
Reynolds number of a ca lcu la t ion .  
difference scheme used and on t h e  pa r t i cu la r  problem under s t u d y .  This and r e l a t e d  r e s t r i c t i o n s  
must be ca re fu l ly  observed when using f in i te  difference approximations. 
f o r  a f i c t i t i o u s l y  l o w  Reynolds number, however, can c lose ly  approximate t r u e  high-Reynolds-number 
flows. 

In pa r t i cu la r ,  i t  can be  applied t o  f in i te  d i f fe rence  approximations of 
It i s  easy t o  see, in fact, t h a t  d i f fus ion- l ike  t runca t ion  e r r o r s  must 

The actual value af t h e  upper bound depends on the  p a r t i c u l a r  
These e r r o r s  can overshadow real v i scos i ty  effects unless an upper bound i s  set on t h e  

In many cases the results 

0 

Qn exc i t ing  new cont r ibu t ion  t o  numerical f l u i d  dynamics i s  the  attempt t o  cdculate  t u r b u l a  t 
flows. 
However, it now seems poss ib le  t o  simulate the e f f e c t s  of turbulence on t h e  mean motion of a f l u i d  by 
coupling t h e  Navier-Stokes equations, inc luding  a Reynolds stress, t o  a set of turbulence t r anspor t  
equations 161 . 

It would appear out  of t h e  question t o  reso lve  t h e  de t a i l ed  motion of a turbulen t  f l u i d .  

This approach looks qu i t e  promising and i s  now under ac t ive  inves t iga t ion .  
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12. RAREFIED HYPERSONIC FLOW OVER THE FORWARD PART OF A BLUNTED CONE* 

R. J. Magnus and W. H. Gallaher 
The Convair Division of General Dynamics 

San Diego, Cal i fornia ,  U.S.A. 

The ca lcu la t ion  of t h e  Mach 6.28, R e  83.4 a i r f low about a spher ica l ly  blunted 3'6 degree ha l f  
an&e cone frustum by numerical neans based on t h e  unsteady Navier-Stokes equations has been 
attempted. 

About 850 mesh points  in systems of body-oriented orthogonal curvi- l inear  Co-ordinates (spaced 
each J .6  degrees along the sphere and spaced GO5 sphere radii normal t o  the  body) have been used t o  
cover the f i e l d .  

The ca lcu la t ion  w a s  s t a r t e d  with uniform p a r a l l e l  flow and adiabatic-wall  no-slip boundary 
conditions imposed along the  body. 
l a t e d  using f in i te -d i f fe rence  approximations t o  the  unsteady equations.  
t o  a steady s t a t e ,  the  so lu t ion  was advanced in the  t imelike d i rec t ion  a s  far as permissible based 
upon l o c a l  limits on t h e  s t a b i l i t y  of the difference scheue employed. 

Conditions a t  points  of t h e  f i e l d  were a l t e r e d  by amounts calcu- 
To t r y  t o  hasten convergence 

D r i f t  i n  free-stream proper t ies  because of the t runcat ion e r r o r s  of t h e  difference scheme and 
the  use of curvi- l inear  co-ordinates w a s  suppressed by re-assigning free-stream conditions t o  f i e l d  
points  a t  which changes d i d  not  exceed preassigned threshold values. Rigorous convergence t o  a 
s ta t ionary  state was not achieved when t h e  ca lcu la t ion  was hal ted,  because of expense, a f t e r  580 
passes through t h e  f i e l d .  
a f t e r  580 passes are shown in Figs.  1 t o  4. From the s t a t e  of the  f i e l d  when ca lcu la t ions  were 
suspended and t h e  time s tep  limits of the difference scheme used, it has been estimated that from 
800 t o  3600 t imel ike ca lcu la t ion  s teps  (depending upon the  p a r t i c u l a r  streamline being followed) 
would be n e c e s s a q  t o  follow t h e  convection of a p a r t i c l e  through the  shock l a y e r .  

The pressure,  density,  and t o t a l  ve loc i ty  contours and the s t reamlines  

The ca lcu la ted  densi ty  d i s t r i b u t i o n s  along the s tagnat ion streamline and 30° ray a r e  compared 
spherical  model in Figs .  5 and 6. t o  measurements obtained by Wainwright 1 ahead of a Tw ;e To 
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which is a difference approximation t o  the d i f f e r e n t i a l  equation 

Ax 
Ut = F, + - 

2 Fxx 

Thus again we have a scheme which introduces an a r t i f i c i a l  v i s c o s i t y  of O(Ax) . 
Consider now the case finite E . For E = O(1) any of t h e  above mentioned schemes would y i e l d  

a legi t imate  solut ion s ince t h e  a r t i f i c i a l  v i scos i ty  is an order of magnitude smaller than the r e a l  
viscous term. 
same order of magnitude. 
It seem that in n e i t h e r  case w i l l  the difference scheme f u r n i s h  a leg i t imate  solut ion.  

However, if E = O ( h )  = O ( A t )  , then the real and a r t i f i c i a l  v i s c o s i t i e s  are d the 
For s t i l l  smaller E , t h e  a r t i f i c i a l  v i scos i ty  dominates t h e  real one. 

Another possible  difference scheme uses the real viscous terms t o  ensure numerical s t a b i l i t y .  
The simplest  of these schemes has the following form: 

In order f o r  this scheme t o  r e m a i n  s table ,  t h e  following condition must be s a t i s f i e d :  

A t  & A t  

Ax Ax' 
)ai  - 4 -  C l  

A t  
The condition a - 6 I i s  recognized 

Ax 
case of t h e  Navier-Stokes equations this 

as  t h e  Courant-Friedrichs-Lewy (C .F .L.) condition. 

condition becomes: 

Far t h e  

A t  
- <  (q + a)- '  
Ax 

where q is the magnitude of t h e  f luid ve loc i ty  vector  and a i s  t h e  speed of sound. 

The term A& represents  a Reynolds number r e f e r r e d  t o  the  mesh s i z e ,  ReAx . Provided t h a t  
t h e  C.F.L. condition i s  s a t i s f i e d ,  t h e  s t a b i l i t y  condi t ion r e s t r i c t s  t h e  use of t h i s  difference scheme 

2 
t o  Reh 6 - 

la1 
which is of order one. Thus t h e  scheme i s  f e a s i b l e  only f o r  vexy low Reynolds numbers. 

Another method which was proposed in Ref. 1 uses t h e  second order term, Utt , i n  t h e  Taylor 
s e r i e s  t o  ensure s t a b i l i t y ,  
vanish simultaneously with t h e  f i r s t  order terms in t h e  approach t o  steady s t a t e .  
v i s c o s i t y  i s  introduced; however, t h i s  scheme has not been s u f f i c i e n t l y  tes ted .  

T h i s  term, however, i s  approximated in such a fashion that it  should 
Thus no a r t i f i c i a l  

The condition Reh = O(1) i s  unnecessarily r e s t r i c t i v e .  An estimate based on boundary Layer 
concepts [ I  1 shows that s u f f i c i e n t  resolut ion is achieved if 

where 
Reynolds numbers, say of order IO' , it becomes necessary t o  separate  t h e  f l o w  f i e l d  i n t o  viscous and 
i n v i s c i d  regions so t h a t  it becomes manageable on present dey computers. 

However, for any of t h e  above mentioned e x p l i c i t  schemes, the s m a l l  mesh s i z e  i n  the viscous region 
Impl ic i t  schemes, on t h e  other  hand, seem out of 

Consequently, a l t e r n a t e  methods a r e  now being s tudied 

Aq is the mesh s i z e  normal t o  the surface using boundary layer type co-ordinates. For larger 

would require  a correspondingly small time s tep .  
question f o r  the  f u l l  Navier-Stokes equations.  
which exhib i t  some of the  s t a b i l i t y  proper t ies  of t h e  i m p l i c i t  schemes but allow calculat ions i n  a 
fashion similar t o  those used f o r  e x p l i c i t  schemes. 
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11. 

Anumber af inves t iga tors  have recent ly  developed methods f o r  in tegra t ing  t h e  Navier-Stokes 

'llhis paper deals with this approach; 
equations numerically. 
state f lowf ie lds  as asymptotic solut ions f o r  large times. 
at tempt  is being made t o  estimate t h e  limits of a p p l i c a b i l i t y  of such methob. 

Some authors base their approach on t h e  unsteady equations and find steady 
an 

Bather than discussing t h e  full Navier-Stokes equations we w i l l  consider t h e  simpler, s c a l a r  
equation introduced by Eurgers f o r  the s t u d y  of some aspects  of tu rbulen t  flow. 
denote partial d i f f e r e n t i a t i o n ,  the Burgers equation i s  wr i t ten  in the form3 

Using subscr ip ts  t o  

ut = F,(u) + E U, = a(U)u, + e U= (1) 

We assure tha t  t h e  parameter E i s  small; 
i n  t h e  Navier-Stokes equations.  
expansion of U . If t h e  expansion i s  performed about t h e  point  (x,t), we have: 

it pleys the  r o l e  of the rec iproca l  of the Fleynold~ number 
!be difference approximation t o  equation (1) is based on a Teylor 

A t a  
U ( x # t  + A t )  = U(x,t) + A t  Ut(x,t) + - Utt(x,t) + O(At3) 

2t 

A t a  
= U ( x , t )  + A t  [Fx + E U,] + - 

2! F,), 

+ E [ (a  U,), + F,, + E U-] 3 + O(At3)  

where we have r e p l v e d  the  time der iva t ives  with spatial der iva t ives  using equation (I). 
f i rs t  consider t h e  i n v i s c i d  case, E e 0 . 
centred differences t o  approximate 
term, (a  Fx)x , in order  to have a s t a b l e  difference scheme. 
v i s c o s i t y  term in t h e  asymptotic, steady state solut ion,  aa can be seen by rewri t ing equation (2) in 
the  form: 

Let  us 
This case w a s  t r e a t e d  by Lax and Wendroff by w i n g  

FX . In this case it is necessary t o  include t h e  second order 
This t e r m  then represents  an a r t i f l c i a l  

A t  
U(x,t + A t )  - U(x,t) = A t  kx + 7 (a F,),] + O ( A t 3 )  

As t h e  left-hand side tends t o  zero, the  difference approximation approaches the s teady state so lu t ion  
t o  t h e  modified d i f f e r e n t i a l  equation 

A t  

2 
F, + - (a Fx)x 0 

with an a r t i f i c i a l  v i s c o s i t y  term of 
f o r  F, and t h e  Taylor s e r i e s  is truncated d t e r  the f irst  term. Using the abbreviat ion 

U(x + m A x ,  t + C A t) = < , a scheme used by severa l  authors i s  of t h e  form: 

O(At)  . The same is  t r u e  if non-centred Weremes are used 

A t  Po - F g  
U', = U;+ - 

Ax + I  

This equation can be wri t ten i n  t h e  f a r m  

'Work reported i n  this paper w a s  supported by t h e  U.S. A i r  Force under contract  AF 33 (615)-3989 

%rofessor of Mechanical Engineering, Southeastern Massachusetts University,  North Dartmouth 

'Burgers considered the case a = U/dU = - U  

Massachusetts 02747 
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Fig.  7 Pressure gradient and pressure distribution along the plate axie 
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Fig. I Velocity pmfi lee  a t  the p l a t s  Fig. 2 - in the wake 
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Fig. 3 Decay of velocity disturbance 
outside the b o d a x y  layer, 
EO = io4 

Fig. 4 Boundary-layer thiclolsss - 
6 = 6/L 

I// ,plate I 
I 

- 
Fig. 5 Dieplacement thickness 6 1 E 6 %  /L an8 velocify overshoot 

AE6= - u s - u  at large Re-numbere. 
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The use of the method of i n t e g r a l  r e l a t i o n s  f o r  the  numerical solut ion of t h e  Navier-Stokes 
equations was shown by an approximate ca lcu la t ion  of the laminax flow over a f l a t  p l a t e  of finite 
length a t  la rge  Reynolds numbers [I 1. 
stream of t h e  p la te ,  as wel l .  
h i f f e r e n t i a l  equations d the  t h i r d  order in t h i s  case - d i d  not o f f e r  fundamental d i f f i c u l t i e s .  
% s b g u l a r i t i e s  a t  t h e  leading and t r a i l i n g  edge occurring i n  o ther  methods d i d  not  appear. 
r e s u l t s ,  some of them shown i n  Figs .  I t o  8, a r e  in good agreement with other  work and supply some new 
information: 

A% = 
!J!be calcula  ions are not  very good i n  regions in f ront  of t h e  p l a t e  and in the w a k e  for reasona 

body with cusp-nosed leading edge. 
leading and t r a i l i n g  edge, which seems t o  be physical ly  reasonable. 

The ca lcu la t ions  were extended t o  regions upstream and down- 
The numerical solut ion of t h e  system - it consis ted of f o u r  non-Wear  

The 

espec ia l ly  on the  existence of t h e  ve loc i ty  overshoot and i t s  maximum value - U a t  y = 6 , where 6 i s  exac t ly  defined, and on the d i s t r i b u t i o n  af skin friction. 

cf has a tendency t o  vanish a t  the 
given in 1 . So displacerent  thickness should tend steadily t o  zero there, forming an apparent 

As a surpr i s ing  result 

The advantage of the  method may be seen i n  i t s  transparency t o  physical understanding and in i ts  
r e l a t i v e l y  small ca lcu la t ion  e f f o r t .  Application t o  turbulent  flow i s  possible .  
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t o .  AN AF'F'ROXIbUTE MFPHOD FOR THE SOLUTION OF THE NAVIEB-STOKES EQUATIDNS 
USING IN!I!EGU BELATIONS AND ITS APPLICCATION 

TO THE FLOW OVER A FLAT W E  OF F I N m  LFIG3i 

L .  Gerking 
University of Karlsruhe 

The method of i n t e g r a l  re la t ions ,  known as a successful method in boundary-layer theory, has been 
appl ied  in a modified form t o  t h e  so lu t ion  of t h e  complete Navier-Stokes equations.  By multiplying 
the  v o r t i c i t y  equation with powers of the distance from t h e  body, followed by in tegra t ion  across  t h e  
whole f l o w  f i e l d  v e r t i c a l  t o  t h e  inc ident  flow, a s e t  of an infinite number of ordinary differential 
equations i s  obtained. These are far two-dimensional incompressible flow: 

0 0 0 

-0 

ax 
-0  -0 

n = 0,1,2 ... 
fm &symmetrical incompressible f l o w :  

ago ago I &U 
+ -  - - -  

a r  haa b r a  r a r  ca 
-m -a -me 

n E 1,2,J ... 
f o r  two-dimensional compressible flow: with q = - 

2 

a p  a q  a p  a q  

ax ay ay  ax 

0 .. 
n aPm n aPm 

I Y  - d y + / y  - a y +  - - - -  -.. dX 
-m -a 

a s &  aapclt aa  a a  au  a' au av  

a y a  a Xa aya OP 3 + z (.,> - = i " y n [ -  + - - 2 -  II. (G - ,)I3 
- 0  

n = 0,1,2 ... 
For flows in pipes and channels t h e  in tegra t ion  i s  extended f r o m  one w a l l  t o  the  o ther .  
integrals exist in two-dimensional incompressible flow, by v i r t u e  of t h e  exponential  decay of v o r t i c i t y  
o , t h i s  has nut y e t  been proved f o r  the two other  flow types.  

While #e 

Assunptions f o r  the  unknown funct ions have t o  be made with respec t  t o  y or r , respect ively,  t o  
solve these equations,  e.g. f o r  o in s e t  (1): 

With a s u i t a b l e  assumption f o r  t h e  ve loc i ty  p r o f i l e  u(x,y) - v  then follows from cont inui ty  
equation - t h e  i n t e g r o - W f e r e n t i a l  equations a re  transformed i n t o  ordinary d i f f e r e n t i a l  equations, which 
serve t o  determine the m o w n  x-dependent parameters 
approximation of the  exact  so lu t ion  w i l l  l e a d  t o  more parameters in t h e  assumptions, and by consequence 
more equations have t o  be solved. 

ao(x), a l ( x )  e t c .  Improvements f o r  b e t t e r  

It i s  reasonable t o  start ca lcu la t ion  with t h e  f i r s t  equations,  because they have a physical  
meaning. 
momentum i n  planes v e r t i c a l  t o  the  inc ident  flow, supplying expressions f o r  lift and drag. 
phys ica l  statements of bas ic  i n t e r e s t  may be derived from these i n t e g r o - d i f f e r e n t i a l  conservation 
l a w s ,  which r e f e r  n o t  only t o  t h e  
momentum, and furthermore t o  the conservation of mass and energy [2,31 . 
t h a t  overshoots in ve loc i ty  occur in every incompressible two-dimensional and axisymmetrical flow 
a t  some dis tance from the  wall of a body placed i n t o  an inf'initely l a r g e  flow f i e l d  of uniform veloc i ty  
U . 

So the second equations of the s e t s  a r e  momentum equations.  They give the t o t a l  change of 
Some 

momentum t ransfer ,  but with t h e  t h i r d  equations t o  t h e  moment of 
Above a l l  it  can be s h m  

This holds as well f o r  t h e  i n f i n i t e l y  t h i n  f lat  p l a t e  of f i n i t e  length a t  zero incidence, for 

by consequence of mass conservation. 

( U - u ) a , = o  
-a 

( 5 )  

0 
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Notation 

+ 
X 

Y 

L 

y x -  
L 

Vitesse 1'4coulement A 1'infini. 
Longueur caract&istique de l 'obstac le  . 
Nombre de Reynolds base' sur l e s  conditions 1 l'infini. 

Bonction de courant. 

Abscisse curviligne d'un point d e  l a  paroi. 

Distance normale A l a  paroi.  

J 

Frottement A l a  paroi 

Gradient de pression exdrieur. 
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Conclusion 

L'hypothhe I1 &ant tras peu r e s t r i c t i v e  ( e l l e  &limine seulement l e s  so lu t ions  conduisant 'a des 
v i t e s ses  i n f i n i e s  au point de separation comme l/pp avec p > 1) , on peut d i r e  que tou t  e s t  bas; 
sur l a  v a l i d i t 4  de l'hypothkse I. 

8 I #  
Reprenant alors l e s  deux questions soulevgees au debut, on peut apporter l e s  elements de r6ponse 

suivants : 

1) S i  1 othzse I est s a t i s f a i t e ,  l a  so lu t ion  de Prandt l  e s t  rdguli'ere au point de skparation 
On peut alors penser q u ' i l  n ' ex i s t e  pas de zone Navier-Stokes e t ,  effectivement, ( a  l?. 

l ' o rd re  de grandeur de c e t t e  zone s e r a i t  t e l l e  que 
meme ordre que l ' epa i s seu r  de l a  couche l imi te ,  ce qui  e s t  impossible, ainsi qu'on peut l e  
montrer facilement 'a p a r t i r  des r g s u l t a t s  de [6] ; l e e  gquations de l a  couche l i m i t e  sont 
a l o r s  va lab les  au voisinage du point de decollement ,et, de plus, l ' ang le  de sdparation est  
s o i t  d'ordre IM , s o i t  i g a l  B n/2 (point a l a r r e t ) .  

so lu t ion  singuliGre de Goldstein C l 1  , pour l a q u e u e  a = 3 ; on a a lo r s  6 = 3/5, valeur 
compatible avec l e 8  r 6 s u l t a t s  de [61. 
Navier-Stokes d 'ordre de grandeur 

6 = d'apres (J ) ,  c'est-B-dire du 

2) Si l 'hypothkse I n 'es t  pas s a t i s f a i t e ,  l 'ktude prksentge i c i  ne permet pas d'eliminer l a  

ll e x i s t e  donc, dans c e t t e  hypothese, une zone 
LR-'" . 

Signalons, pour terminer, deux travaux &cents qu i  v i emen t  appuyer l a  th&e I); ll s ' ag i t ,  
d'une par t ,  d'un c a l c u l  num6rique de Cathera l l  e t  Mangler r.81 qui  montre que l e s  gquations de l a  couche 
limite sont capables de conduire B des so lu t ions  rt?gulidres, avec dkcollement, et, d 'au t re  pa r t ,  
d'une etude thdorique de Guiraud [91, qui  abou:it b des conclusions analogues, B p a r t i r  d'un modAle 
l i n d a i r e  oh l 'dquation de l a  chaleur joue l e  r o l e  de c e l l e  de Prandtl ,  e t  l 'dquation de Laplace, c e l l e  
de Navier-Stokes. 
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9. 

Claude Francois 
O.N.E.R.A., Pa r i s  

Le de'collement de l a  couche limite laminaire en un point 0 d'une paro i  0; l e  rayon de courbure e s t  
moddre sodkve  l e s  deux questions importantes de l a  va l id i te '  des gquations de Prandt l  au  voisinage de o 
e t  de l a  prgsence &entuel le  d'une singularit6 en ce poin t  
ces  questions, parmi lesquels  il f a u t  mentionner b lds te in t l l ,  Dean f2J , Stewartson[3! e t  Kaplun Lg. 
Il convient igalement de c i te r  l e  remarquable a r t i c l e  de synthise dG re'cemment 2 Brown e t  Stewartson [51. 

Le t r a v a i l  prdsente' i c i ,  I.imitd au cas incompressible e t  bidimensionnel, est bask sur l l i d g e  que 

De nomb eyx auteurs s e  s n t  penchgs s 

Il&ude du s e d  voisinage de l a  paro i  permet 
facilement l a  solution; 
l'kcoulement est domink par les effets visquew. 
limite, l a  so lu t ion ,  &r i te  dans l e  systkme de var iab les  couche-limite, admet, au  voisinage du corps, un 
dkveloppement de 

l i n e a r i s e r  les  gquations e t  de cons t ru i re  ainsi p lus  

n s ' ensui t  que, par tout  oii i l  existe une couche 
on peut, en effet, montrer que lorsque l a  distance B l a  paro i  tend ve r s  z&o, 

forme (I ) : 

o;l a ( ~ )  reprksente l e  frottement Z l a  paro i  e t  a(';) l e  gradient pression extgrieur. 

S'il e x i s t e  des zones oh il est ne'cessaire de reveni r  ayx e/quations de Navier-Stokes co'mpletes, on 
retrouve, prgs du corps, l ' gquat ion  de  Stokes (2) &ri te  dans l e  systkme de va r i ab le s  Navier-Stokes. 

Dgsignant par  
raccord couche limite c) zone Navier-Stokes, p re ' sen tb  dans [ 6 ] ,  
dern i i r e  r ig ion  a pour dimension caractgristique m-6 

a(:)  - f a  le  comportemat du frottement au voisinage du point de sgparation 0, l'e/tUcle du 
conduit la conclusion que c e t t e  

avec: 

3 
6 s -  

2(a + 2) 
(3) 

On d o i t  a l o r s  rechercher des so lu t ions  de (2), v g r i f i a n t  la condition d'adh&ence du 
(qui, 2 c e t t e  gchelle,  est un plan),  e t  se comportant lo rsque  X + - comme 5' 2' ; POW ce faire, 
on Ccr i t  la so lu t ion  de (2) sous l a  forme (4); 

fluide a' l a  pa ro i  

N 

Jr = f ( 2 )  + T(?) + Sg(2) + zg(F) (4) - -  - -  - 2 -  
0; z = y + ix , z = y - ix, f e t  g d h g n a n t  dew fonctions a r b i t r a i r e s  e t  f , g  leurs fonc t ions  
con juguges . 

La d&ermination de f , g ,  f , g ,  
Muskhe1.ishvili e t  conduit 2 l a  so lu t ion  (5); 

- -  
envisagge en &ail dans [7] u t i l i s e  les  techniques d&eloppzes par  

7 = 71 + 7 9  

dz ZQ z dz  ( 5 )  

1 dQa & a  

dz e dz iQ 
- + - ) - P a ]  

Dans ces expressions P ~ , Q ~ , P ~ , Q Q  dgsignent quatre po lynhes  a r b i t r a i r e s  de l a  v a r i a b l e  za e t  Re 1 1, 
1 I son t  respectivement les  p a r t i e s  r'eelles e t  imaginaires des p a r e n t h h e s .  

La so lu t ion  (5) est obtenue sous rkserve que so ien t  satisfaites les hy-pothises suivantes:  

HypothGse I: f,g,?,g sont  holomorphes dans l e  demi pLan > 0 e t  de degrg fini 2 l'infini. 

Hy-pothese 11: f '  ,?' , g , vdr i r i en t ,  au poin t  0 , une condition de Holder du type: 

(C = constante r g e n e  pos i t ive  et 

Lfexamen de (5) montre a l o r s  q u ' i l  n l ex i s t e  aucune so lu t ion  prgsentant une ligne de sgparation unique 
i s sue  de 0, e t  ayant l e  comporternent voulu lorsque I:/+ m except6 si a = 1 (Cf. 171). 

p constante rGelle,  i n d r i e u r e  2 I ) .  
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8 .  A NEW PROCEDURE FOR THE NUMERIC& SOLUTION OF THE ELLIPPIC 
EQWIONS OF S ~ T A N E O U S  HEA!P, MASS, AND MOMENTUM'TRANSFER 

D. B. Spalding 
Imperial College, London 

Nature  of method 

The method is a f ini te-difference,  successive-subst i tut ion procedure, s u i t a b l e  f o r  solving s e t s  of 
simultaneous, non-linear, e l l i p t i c  d i f f e r e n t i a l  equations, of the type: 

Q G. grad # = div (I' gEad #) + S Q 
where: 
an equation of the above form, though simpler); 
s tagnat ion enthalpy, s w i r l  veloci ty ,  concentration, k i n e t i c  energy of turbulent  f luc tua t ions ,  etc. ;  
r9 i s  an appropriate  a i r f u s i o n  coef f ic ien t ,  dependent in any way on l o c a l  conditions; and Sd stands 
f o r  a source o r  s i n k  of t h e  relevant  property.  
whether plane o r  &symmetrical. 

G is the mass-flux vector,  obtainable by d i f f e r e n t i a t i n g  the stream funct ion (which a l s o  obeys 
4 i s  any dependent var iable ,  such a s  v o r t i c i t y ,  

The method is so far, confined t o  two-dimensional flows, 

O f  severa l  novel t ies  in t h e  method, t h e  c r u c i a l  one is the der ivat ion of t h e  difference equations 
f r o m  t h e  different id .  ones by i n t e g a t i o n  over a small region surrounding t h e  g r i d  point,  coupled with 
t h e  assumption that f l u i d  crossing a boundary of this region c a r r i e s  the propert ies  prevai l ing a t ' t h e  
upstream g r i d  point .  Other 
novel t ies  comern t h e  handling of  t h e  boundary condition f o r  v o r t i c i t y ,  and t h e  use of under-relaxation 
when l a r g e  densi ty  v a r i a t i o n s  are present .  

(The l a b e l  "tank-and-tube formulation" has been used, and i s  suggest ive) .  

biost of t h e  novel t ies  have been introduced so as t o  procure, f i r s t  of al l ,  unfailing convergence 
of the s u b s t i t u t i o n  procedure, and, secondly, high accuracy w i t h  modest computer time. 
have been achieved, the first more completely than t h e  second. 

Both object ives  

Applications made so far  

The method has been appl ied t o  severa l  physical  s i t u a t i o n s  i n  the last few months (up t o  
September, 1967), including: 

(i) Uniform-property laminar flows, namely: the  flow of heat,  v o r t i c i t y  and mater ia l  i n  a square 
cavi ty  w i t h  a moving l i d ;  
Reynolds numbers up t o  108 have been used without divergence, even with coarse g r i d s  (10 x I O ) .  

and t h e  flow which a r i s e s  &en a j e t  impinges a t  r i g h t  angles on t o  a w a l l .  

(ii) A non-Newtonian flow, namely: the  flow of material and heat  induced i n  a polymer, passing 
through the  s p i r a l  passage of a screw extruder .  

(iii) A turbulent  impinging-jet flow. The Kolmogorov-Prandtl model of turbulence has been used; 
t h i s  necess i ta tes  the  solut ion of the  p a r t i a l  d i f f e r e n t i a l  equation f o r  t h e  k i n e t i c  energy of turbulent  
f luc tua t ions .  

( iv )  Flow i n  an &symmetrical combustion chamber i n  which f u e l  and air e n t e r  through separate  
o r i f i c e s  a t  one end; 
through the other  end. 
t o  be solved i n  t h i s  case; the  dependent var iab les  are:  stream function, v o r t i c i t y ,  s w i r l  veloci ty ,  
and temperature. 

Publ icat ions 

mixing and combusion occur i n  t h e  chamber; and combustion products f l o w  out 
The a i r  enters  with a s w i r l i n g  motion, s o  f o u r  simultaneous equations have 

A so lu t ion  i s  obtained, typ ica l ly ,  in f o u r  minutes on a n  IBM 7090 computer. 

The method i s  described in d e t a i l  i n  a book by A. D. Crosman, W. M. Pun, A .  K.  Rwchal,  
D. B. Spalding and M. Wolfshtein e n t i t l e d  "Heat and mass t r a n s f e r  i n  r e c i r c u l a t i n g  flows". 
w i l l  be published by Academic Press  during June, 1969. 

This book 
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and then, by standard methods of orthogonal. functions equation (11) i s  reduced t o  

where 

w i t h  
j=1 

This method i s  suggested by t h e  f a c t  that a t  the limit point 
a c t u a l l y  reduces t o  one of the  modes (8). 

Ini t ia l  conditions f o r  the funct ions 

z = 0 , the  solut ion t o  equation (11) 
I .  

~ ( x )  can be s t a t e d  so that t h e  system of equations (15) can 
be in tegra ted  t o  a given degree of precis ion using step-by-step methods. As each s tep of the solut ion 
i s  completed, t h e  funct ion h(x,qj) can be computed and lpl(x,qi) determined from (12) by numerical 
in tegra t ion .  For example, in the  case of any f l o w  symmetrical about 0 = 0 ,  the funct ion A(.,#) i s  
an odd function of qj In th i s  case a s e t  of boundary 
conditions i s  

and only the odd modes of (9) are involved. 

For general  asymmetrical flows the problem i s  a l i t t l e  more complicated. 
component generating f rom t h e  fundamental so lu t ions  (8) with 
a f u r t h e r  a r b i t r a r y .  constant,  dependent upon t h e  lift coef f ic ien t .  

All modes a r e  present  and a 
n = 2 must be included. This includes 

Far small enough x , s e r i e s  solut ions of the  system of equations (15) and the equation (12) can be 
obtained. The general so lu t ion  of (15) can be wri t ten 

21 

gi(x) = xi-l 1 t-(i-l) f i ( t )  a t  + c n x i - l  , 

where t h e  Cn a r e  a r b i t r a r y  constants determined from t h e  initial conditions.  A method of successive 

approximation i s  used t o  generate solut ions f o r  each gi(x) in t h e  form of s e r i e s  

i 
where the p, (rss) are  numerical coef f ic ien ts .  There is a corresponding s e r i e s  f o r  Y1(xJ#) 

1 

Y1(xJ#) = I F  (r's) ( #)xr( l o g  x)' , (18) 

where the  F(r's)(q5) are  numerical funct ions of qj . 
r e s u l t s  which have been obtained. 

It i s  hoped t o  publish f u l l  d e t a i l s  of the  
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It can be shown that equation ( 5 )  has a s e t  of fundamental so lu t ions  a t  the  U t  point  e = 0 
Ba e + 0 ,  i t s  l i m i t i n g  form i s  

ax aax 

a e  a#a 
2 e - + - -  (I  + c b D ) X = O .  

ljy separation of var iables ,  fundamental solut ions of (7) are found t o  be 

primes denoting d i f f e r e n t i a t i o n  w i t h  regard t o  9 . The solut ions of (9) a re  known t o  be 

(7) 

where Ifn($) are t h e  H e r m i t e  polynomials and bn = 2"n!(nY" and is  so chosen t h a t  

a C I , W = l -  
-oo 

The f i n c t i o m  pn(#) are orthogonal i n  the range (0,a~) f o r  9 . Finally it may be shown t h a t  if' 

< is t o  have the c o r r e c t  behaviour as e + 0 then A, = 0 , and the leading term at  e = 0 i s  

Subs t i tu t ion  of this i n  (6) leads t o  t h e  limit point solut ion f o r  Y 

where (+, i s  t h e  drag c o e f f i c i e n t  on t h e  immersed body, in terms of which A i  can be expressed by 

in tegra t ing  t h e  t o t a l  s t r e s s e s  round a l a r g e  contour i n  t h e  f l u i d .  
parameters of t h e  solut ion can be removed f rom t h e  basic  equations and from t h e  boundary conditions by 
making t h e  subs t i tu t ions  

It a l s o  turns out that a l l  physical 

k 

2a 
e = -  x, x = A ~ X Z ' ,  IP =alp* 

where a = y z i "  . 'Thus ult imately (6) and (7) 

and 

Far smal l  enough e the physical range (- x, x )  
(-a , a) f o r  9 and t h e  boundary conditions are 

become 

") h = 0 (11) 
i)X 

far t h e  co-ordinate 6 corresponds t o  t h e  range 

It is possible  t o  i n t e g r a t e  t h e  two equations (11) and (12) numerically subject  t o  t h e  conditions 
It is a l s o  possible  t o  reduce (11) t o  a set of  ordinary d i f f e r m t i a l  equations by the  following (13). 

prooedure. Put 
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7. A NUMERICAL MEFHOD FOR CALCULATING TIRO-DIMENSIONAL WAKES 

S. C .  R. D e n n i s  
University of Western Ontario 

It i s  known tha t  it i s  possible  t o  obtain a solut ion of t h e  Navier-Stokes equations f o r  t h e  steady 
two-dimensional motion of an incompressible f l u i d  which i s  v a l i d  a t  l a r g e  distances from a body submerged 
i n  the f l u i d .  The problem was considered by Fi lon  (1926) and subsequently developed by hi (1951) and 
I. D .  Chang (1961). These so lu t ions  are t o  some extent  a r b i t r a l y  s ince  they contain unlmown constants .  
However, t h e  constants  can be d e f i n i t e l y  f i x e d  when the lift and drag on the  body are hown and then the 
so lu t ion  is completely deternined. 
Kawaguti (1953) and Kel ler  and Takami (1966) in computing numerical solut ions of t h e  f l o w  pas t  a c i r c u l a r  
cyl inder .  
d i f f i c u l t y  i n  obtaining solut ions by purely a n a l y t i c a l  methods i s  t h a t  successive approximations, on 
which the methods usua l ly  depend, rap id ly  bui ld  up in complexity. In t h e  present paper a method is ,  
considered i n  which the  analysis i s  developed p a r t l y  a n a l y t i c a l l y  and p a r t l y  numerically. 
numerical analysis ,  successive approximations t o  the  Navier-Stokes equations can be c a r r i e d  much f a r t h e r .  

A l l  quant i t ies  are assumed t o  be dimensionless. Let  (E;,€)) represent  modified polar  co-ordinates,  

In recent times some use has been made of h i ' s  solut ion by 

Thus so lu t ions  of t h i s  kind a r e  of prac t ica l ,  a s  w e l l  a s  theore t ica l ,  i n t e r e s t .  The main 

By employing 

the  var iab le  g being r e l a t e d  t o  t h e  polar  dis tance r by the equation F; = l o g  r . Then the  equa- 
t i o n s  governing steady motion a re  known t o  be, i n  terms of the  stream funct ion $ and v o r t i c i t y  ma&- 
tude r; , 

V: + + rat; = o (1 1 

where v s  = da/dc'  + da/aOa 

If the e x t e n d  flow i s  a steady stream p a r a l l e l  t o  
r sin 8 

and B = Ud/ Y i s  t h e  Reynolde number based on a representat ive length  d. 
8 = 0 , the stream funct ion of t h e  p o t e n t i a l  flow is 

and it i s  customary t o  work in terms of a per turbat ion stream funct ion Y such t h a t  

The first  approximation t o  the  v o r t i c i t y  of t h e  outer  flow is obtained by s u b s t i t u t i n g  (3) in (2) 
and neglect ing products of der iva t ives  of y and r; , assumed smll. T h i s  i s  the Oseen so lu t ion  and 
from it can be deduced the f a c t  t h a t ,  f o r  l a r g e  r , the v o r t i c i t y  is  e s s e n t i a l l y  confined t o  a narrow- 
i n g  region of t h e  ( e)-plane d i s t r i b u t e d  about the  axis 8 = 0 with breadth (in the an e 0) 
proportional t o  r-iF' . This gives r i s e  t o  an expanding parabol ic  v o r t i c i t y  wake in the c,y)-plane.  
For t h i s  reason, Imai employed a transformation of t h e  Cartesian form of t h e  equations t o  a system of 
parabolic co-ordinates and then used methods of the  complex var iab le  t o  obtain approximations t o  the  
equations.  

In t h e  present method a d i f f e r e n t  procedure is adopted. 
dis tances  ind ica tes  t h a t  one should sca le  the co-ordinate  8 
A t  the same t h e  it i s  convenient to i d e n t i f y  
introduce a change i n  the var iab le  t; . Thus the  change of var iab les  

The form of the vorti t5.Q wake a t  l a r g e  
with respect  t o  the breadth af the  w a k e .  

r = .D with t h e  o r i g i n  of a new co-ordinate z , and also 

a r e  made, where k = (2/R)'" . 
omitted i f  z'/R i s  s m a l l ,  and equation (2) becomes 

If these  a r e  substituter3 i n  (2) i t  is found that c e r t a i n  terms may be 

, (5) 
ax a g x  za ax alp 

k dz 
2 + - -  + - - - - -  - ( l + p  

The perturbed stream funct ion Y s a t i s f i e s  the  same equation (I) as $ . If za/R i s  small, t h e  
equation f o r  Y i s  

These a r e  the tm bas* equations from lAfiich t h e  solut ion a t  large dis tances  (or f o r  l a r g e  enough R) 
i s  derived. 
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6. ECODLEMENT PLAN D'UN FLUIDE VrSQUWX X N C O h P R E S S ~  AUTOUR 
D'UN OBSTACLE S'EZENDANT A L' DlFlNI AV& 

Robert Legendre 
age 'n ieur  Gne'rd du k i e  Marit ime 

Directeur Technique de llO.N.E.R.A., P a r i s  

La methode d'approximations suocessives u t i l i s h e  ne fa i t  pas appel A l a  thdor ie  de la oouche limite 
e t  ne fixe aucun ordre de grandeur pour l e  nombre de Reynolds rappprte k me dimension ca rac t4 r i s t i que  
de l ' obs t ac l e  ou pour l e  nombre de Reynolds rappor t6  a l ' absc i s se  curvil igne.  

Dana 1'6quation portant sur la fonction de courant, de'duite des 6quations de Havier-Stokea, l e  
Laplacien du Laplacien est s k p a d  e t  l e s  au t r e s  t e m e s  sont  suppose's connus alap&s les approximitione 
pre'cidentes. 
l 'equation ainsi simplif'ide. 

Une fonc t ion  de Green convenable, s a t i s f a i s a n t  B la condition d'adh&enoe i n t&~e  
La premihre approximation d o i t  itre c e l l e  de Blasius. 

un a r t i f i c e  e s t  u t i l l s k  pour que l a  s ingu la r i t4  l'infini de la fonction Be oowant,  qui eet tAs 
complique'e, ne compromette pas la convergence de l*int&grde fournissant la nouveue approximation. 
n suffit de subs t i t ue r  au ca l cu l  de la fonction de courant c e l u i  d'une cor rec t ion  et toutea l ea  
approximations successives sont  asymptotiques 'a l 'approximation de f i s i u s  B l'in9ini. 

Reference 

The complete text has been published by ONE8.4, Tp no. 505. (1967) 



i 
. I .  4 -  8 

Y 

2 1 9  
; !  ! !  I4 

r4 I 
f 
c , 

I 

- I -  ._ 
n 

i 
i 



14 

computational accuracy. 
boundary condition. 
data  of t h e  c h a r a c t e r i s t i c s  of t h e  r ec i r cu la to ry  wake. The angular l oca t ion  of the separation 
point  and the l eng th  
Taneda’s data.  (Fig. 3,4). 

The wake s ide  of t h e  flow f i e l d  i s  partiouLarl$ s e n s i t i v e  to t h e  outflaw 
Computational accuracy i s  more c r i t i c a l l y  t e s t e d  by comparison with experimental 

s/d of t h e  r ec i r cu la to ry  wake from our ca l cu la t ions  did compare favourably with 

Taneda extrapolated t h e  s/d vs.  Re curve and i n fe r r ed  t h e  absence of the rec i r cu la to ry  w a k e  at  
R e s  24 . 
or 9 . Our calculat ion a t  Re = 10 indicated a smal l  crescent  shaped r ec i r cu la to ry  wake one c e l l  
thick.  

The data of N i s i  and Por t e r  showedthe f i rs t  appearance of t h e  r ec i r cu la to ry  wak~ at  Re - 8 

No f i r m  statement could be made i n  thia regard. 
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5. NUMERICAL SOLUTION OF TIM-DEPENDENT 
INCOMPFUSSIBLE VISCOUS FLOWS OVER A DISK OR A SPEXE' 

2 Y. Rimon and S. I. C h e d  
Princetan University, Princeton, N.J .  

The Navier-Stokes equations f o r  t h e  axi-synmtric  flow of an incompressible f l u i d  over a d i s k  or a 
sphere w e r e  solved by a finite difference mthod  f o r  
v o r t i c i t y  formulation waa adopted with a centred difference scheme of second order accuracy both i n  time 
DuFort-Frankel) and i n  space. 
conditions w i t h  the  ve loc i ty  components defined at the  mid-points of the mesh cells. 
case, all dependent var iables  were defined on mesh points.  
s e l e c t i o n  of an empirical  s t a b i l i t y  r e l a t i o n  between time and space increments. 
even when a loca l ,  large disturbance was intrdluced after initial stage of t h e  computation. 
Mtial stage, however, time increments much smaller than those suggested by the  l i n e a r i z e d  s t a b i l i t y  
c r i t e r i a  must be used t o  keep the  f r a c t i o n a l  change of the v o r t i c i t y  over a time s tep  small  e v e w h e r e .  
The i n i t i a l  f l o w  f i e l d  w a s  taken as t h e  inv isc id  flow as if the body were impulsively s t a r t e d  from rest. 
A t  lower Reynolds numbers (Re 5 10 f o r  t h e  sphere case) the i n v i s c i d  solut ion w a s  t o t a l l y  inadequate, 
and t h e  Stokes so lu t ion  was used ins tead .  

IO' 3 Re a 1 . Time-dependent stream f h c t i o n -  

For the disk case,  we encountered d i f f i c u l t i e s  in implementing boundary 
For t h e  sphere 

L imar i zed  s t a b i l i t y  c r i t e r i a  guided t h e  
T h i s  w a s  s a t i s f a c t o r y  

In t h e  

!he flow is contained in a pipe moving with t h e  speed of the  uniform or t h e  mean f l o w  enter* th 

The per iodic  inflow-outflow boundary condition, although convenient, is  not  des i rab le  
With a constant uniform inflow, t h e  boundary condition of out-flow becomes a 

Not only that computational i n s t a b i l i t y  could result f r o m  apparently reasonable out- 

pipe.  
s o l i d  obstacle .  
on physical  grounds. 
se r ious  problem. 
flow conditions b u t t h a t  t h e  s t ruc ture  of the  wake f l o w  obtained f rom s t a b l e  computations was signifi- 
c a n t l y  influenced by t h e  d i f f e r e n t  choices of the  out-flow boundary condi t ions.  
the  streamlines leaving the downstream boundary are p a r a l l e l  t o  the axis of symmetry was found satisfac- 
t o r y  based on comparison of calculated r e s u l t s  w i t h  experimental data. 

The pipe t o  obstacle  &meter r a t i o  i s  about e ight .  No-slip boundary condition was used on the 

The condition t h a t  

The d i s k  w a s  one c e l l  t h i c k  and four  c e l l s  diameter loca ted  on axial and radial co-ordinate l i n e s  
Around these corner points,  d i f f e r e n t  difference treatments l e d  t o  s i g n i r i c a n t l y  with sharp corners.  

d i f f e r e n t  flow f i e l d s .  
c r i p t i o n  of t h e  flow f i e l d  from experiments around such sharp corners,  we could not  make a judicious 
choice. 
e r r o r s  t o  w i t h i n  their immediate v i c i n i t y .  
represent ing the  d isk  surface,  t h e  r e s u l t s  could a t  b e s t  be of qual i ta t ive  value. 
p lo ts  of streamlines,  v o r t i c i t y  l i n e s  and. s t r e a k l i n e s  so obtained did look qui te  reasonable. 
Reynolds numbers, (Re = jOO), l i n e s  of equal v o r t i c i t y  broke away as closed loops,  displaying the  
c h a r a c t e r i s t i c s  of t h e  shedding of r i n g  vor t ices  f r o m  t h e  r e a r  of t h e  rec i rcu la tory  wake (Fig. 1). The 
Strouhslnumber of t h e  shedding is about l*5, somewhat higher than but  of t h e  cor rec t  order of magnitude 
as t h e  experimental values.  

Without knowing the ana ly t ic  nature  of t h e  flow s i n g u l a r i t y  or a d e t a i l e d  des- 

It i s  f u t i l e  t o  hope that our approximate treatment of such corner points  might l o c a l i z e  the 
Under the  circumstances, even with many mare poin ts  

A l l  the contour 
A t  higher 

With t h e  d e t a i l s  af the  flow f i e l d  in tbe v i c i n i t y  of the d isk  possibly i n  s u b s t a n t i a l  e r r o r ,  the 
drag on the diak could not  be determined from surface s t resses .  
closed contour enclosing the  disk d id  y i e l d  drag coef f ic ien ts  of reasonable magnitudes, but  inevi tab ly  
d i s t o r t e d  by t h e  approximate boundary conditions on the pipewall and on t h e  downstream outflow boundary. 

The momentum balance Over a large 

The calculat ions fur t h e  d o r m  f l o w  over a sphere w a s  aimed a t  obtaining q u a n t i k t i v e  results. 
The sphere surface was described by unit  radius  r = I , o r  e = 0 ,  where e = Cn r w a s  introduced 
in the spher ica l  polar  co-ordinate (r,CJ,#). Equal d iv is ions  in the (e,€)) plane put  many more mesh 
points  in the  physical region near the sphere where l a r g e  gradients  of flow propert ies  w e r e  expected. 
The f r a c t i o n a l  var ia t ions  of t h e  dependent var iables  over any c e l l  were t h w  kept reasonably s m a l l  and 
smooth over the e n t i r e  f i e l d .  
pressure and the  shear s t r e s s  on the spherical  surface f o r  drag determination. 

The numerical solut ion was wel l  behaved t o  permit the evaluation of the 

The numerical solut ion was l e f t  f r e e  t o  choose i t s  own large time behaviour within the r e s t r i c t i o n  

300 
of &symmetry. 
Re 
horseshoe l i k e  vor t ices .  
long a f t e r  the "steady state" was apparently reached. 
l a t i o n  of &symmetric disturbances.  
due t o  asymmetric disturbances.  

For all t h e  cases  computed, the flow f i e l d  approached a "steady s t a t e *  even for 
when the physical wake w a s  known t o  be time dependent with *periodic* shedding of asymmetric 

w a 8  thus de l ibera te ly  continued 
The steady s t a t e  pers i s ted  despi te  the  accumu- 

It thus appears t h a t  t h e  breakdown of the steady sphere wake i s  

The computation f o r  t h e  case of Re = IO' 

The computed drag coef f ic ien t  CD agree well  with the standard drag curve over the  e n t i r e  Reynolds 
number range I t o  I O '  (Fig. 2).  The agreement beyona Re L 300 i s  c l e a r l y  f o r t u i t o u s .  The drag 
coef f ic ien t ,  being an in tegra ted  property, may not  be sens i t ive  t o  the  var ia t ions  i n  t h e  d e t a i l e d  
s t r u c t u r e  of the f l o w  f i e l d  so that t h e  temporal average of the sphere drag w i t h  extensive asymmetric 
shedding of v o r t i c e s  remain mater ia l ly  t h e  same a s  that calculated from an axisymmetric steady configura- 
t i o n .  Accordingly, the  agreement af t h e  drag coef f ic ien t  i s  not  l i k e l y  a meaningfliL ind ica t ion  of 

'This  work w a s  supported under cont rac t  AF 33617-67-C-1065 U .S .A 3. 
%resent address: 

'Professor, BMS Department, Princeton University, Princeton, N .J. 
Naval Ship Res. and Dev. Center, Washington, D .C. 
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b. DIFFEXENCE APPFLOXBU!L'ION SOLUTIONS OF THE ACCELFBATION 
OF A SPHE3.E JN A VISCOUS FLUID* 

Paul  Michael 
Braokhaven National Labmatory 

Upton, New York 

Differacre approximation techniques have been appl ied t o  the  time dependent Navier-Stokes equation 
in order t o  ca lcu la te  the accelerated motion of a sphere i n  an incompressible viscous f l u i d .  
t i v e  f e a t u r e  of t h e  work reported here is that the  ve loc i ty  of t h e  sphere (or equivalent ly  the ve loc i ty  of 
the  f luid parrt a s ta t ionary  sphere) and hence t h e  boundary condition i s  a funct ion of time. 
has been focused upon the  problem of a body s t a r t i n g  f rom r e s t  being acted upon by a constant external 
force  (i .e.  gravi ty)  and retarded by drag forces .  
motion. One i s  the r a t i o  of denki t ies  of the f l u i d  and t h e  sphere, t h e  other  i s  akin t o  the Grashoff 
number that is used i n  t h e  descr ipt ion of convective flows. 
r a t i o  of the acce lera t ing  force  t o  tbe viscous force;  

a. 
and U is the kinematic v i scos i ty .  

A d i s t i n c -  

Attent ion 

A p a i r  of d imnsionless  q u a n t i t i e s  w i l l  determine the 

This latter parameter i s  essentially the 
aor:/ U' where in this work it i s  def ined as 

is  the acce lera t ion  that the body would have in the absence of drag forces ,  ro i s  the sphere radius, 

The Navier-Stokes equation w a s  wri t ten  in spher ica l  co-ordinates with the stream funct ion and the  
v o r t i c i t y  as dependent var iables .  Values of t h e  stream f'unction and v o r t i c i t y  were defined on a mesh 
that has constant  spacing in angle and is graded exponentially with increasing rad ius .  
ences w e r e  used f o r  t h e  approximation of s p a t i a l  der ivat ives;  
an i m p l i c i t  method which is e q u i v d e n t  t o  taking c e n t r a l  dif'ferences i n  time. 
were solved by i t e r a t i o n  with the  aid of a CDC 6600 digital computer. 
considering t h e  viscous d iss ipa t ion  of energp and the change of the k i n e t i c  energy af t h e  dis turbed 
fluid; this avoids difficulties t h a t  occur in t h e  numerical ca lcu la t ion  of the  pressure.  

Central  differ- 
the  time der iva t ive  was t r e a t e d  by using 

The difference equation8 
Drag forces  were calculated by 

Calculations have been done for various densi ty  r a t i o s  and Grashoff numbers. Resul ts  t o  be 
presented include the r e s u l t i n g  Reynolds number as a funct ion of t h e  d is tance  t r a v e l l e d  by t h e  sphere, 
f l m  configurations and information per ta ining t o  the formation of t h e  region of separated flow. 

Q 
Work perfonned under the auspices of t h e  United S t a t e s  Atomic Urgy Commission. 
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lzle work describes the  numerical in tegra t ion  of the complete Navier-Stokes equations f o r  the  time 
dependent two-djmensional flow of a viscous incompressible f l u i d  over c i r c u l a r  cyl inders .  Solutions 
for the Reynolds number range of 1 t o  3 x SO5 f o r  t h e  flow over stationar=y and r o t a t i n g  cyUnaers  w i l l  
be presented. In addi t ion,  the p a r t i c u l a r  aspects  of t h e  study which w e  feel are of prime importance 
and w i l l  be discussed are: 
and 2 .  The f i n e  boundary lwer def in i t ions  achieved. 

I .  The wide Reynolds number range covered without ca lcu la t iona l  i n s t a b i l i t i e s  

Recent attempts have been made t o  extend t h e  e x p l i c i t  finite difference technique t o  high Reynolds 
The main l i m i t a t i o n  has number flow conditions.  

been the occurrence of numerical i n s t a b i l i t i e s  associated with the  non-linear terms af the v o r t i c i t y  
t ranspor t  equation. 
re+  extremely small c e l l s  if adequate descr ip t ion  of t h e  flaw development is t o  be achieved. 
t h e o r e t i c a l  work represents  a v t i t a t i v e  attempt t o  general ize  t h e  e x p l i c i t  finite dif'f'erence E t h o d  
t o  curved body ahapes and extend t h e  method t o  high Reynolds numbers. 

These attempts have achieved only l imi ted  success. 

In addition, the very thin boundary layers whish occur a t  high Reynolds numbers 
This 

Since c e l l  structure is of prime importance, a systematic var ia t ion  of c e l l  s i z e  in space and with 
In tbe low 

Boundary c e l l s  a r e  formed 

Thus, 

Reynolds number provide c e l l  pa t te rns  consis tent  with tAe s t ruc ture  of  the so lu t ions  sought. 
Reynolds number range, we divide the main flow region i n t o  rectangular  c e l l s .  
of p a r t i a l  rectangular  c e l l s .  
where high ve loc i ty  gradients  are ant ic ipa ted  and l a r g e  cells used in regions of s m a l l  gradients.  
the  increments of the independent space var iab le  are a t  all loca t ions  s m a l l  compared t o  t h e  l o c a l  s t ruc-  
ture of t h e  expected solut ions.  An e x p l i c i t  forward difference form w a s  used f o r  the v o r t i c i t y  trans- 
p o r t  equation. 
g r i d  permits considerat ions of complex obstacle  geometries. 
layers, we descr ibe a hybrid co-ordinate system introduced t o  Overcome the ahartcomings a9 the rectangular 
mesh approach. 
ordinates  are used in the outer  flow region. 
the  interface cells b e h e n  t h e  two regions. 
t h e  body. 

lzle c e l l  s t ruc ture  i s  so chosen t h a t  small c e l l s  are used in regions 

The employment of p a r t i a l  c e l l s  a t  t h e  obstacle  surface i n  conjunction with var iable  
For high Reynolds numbers, i.e. t h i n  boundary 

In this system cylindrical co-ordinates are used near  the  cyl inder  and rectangular  co- 
The two regions are solved sirmiltaneously together  w i t h  
Cells of very small radial ex ten t  are used very c lose  t o  

!he c e l l  widths a re  var ied  with t h e  p a r t i c u l a r  Reynolds number being inves t iga ted .  

Detai led descr ipt ions of the boundary layer development as well as wake developmnt were ob ta imd .  
Results crf the  runs are presented in t h e  form of UgitaIJy p l o t t e d  streamlines,  s tmakl ines ,  v o r t i c i t y  
and pressure contours. 
points  are presented for various Reynolds numbers as w e l l  as drag, lift, and Strouhal numbers. 
results are compared with published experimental a d  ana ly t ica l  values. 

Pressure d i s t r i b u t i o n s  on the cylinder smface ,  s tagnat ion poin ts  and separation 
These 

In addi t ion,  secondary vortex formations are compared with ava i lab le  flow visua l iza t ion  s t u d i e s .  
Finally, recent  data on the length  of t h e  s ta t ionary  vortex pa i r  a t tached t o  t h e  downstream port ion of 
t h e  cyl inder  w i l l  be discussed and compared with the current  ave i lab le  l i t e r a t u r e  far various Reynolds 
numbers. 
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lim moreover 111 0 = 0 . I* is  a power s e r i e s  in zl, ...,% , which converges f o r  s m a l l  values 

of ] z  I , 
deternunation of z . 

1"I -bo Introducing t h i s  s e r i e s  i n  (5) one obtains  a systea of transcendental  equations for the 

For t h e  case N = 1 of a single eigenvalue' de ta i led  s tudies  of the branching equation have been 
made. T h i s  case occurs when Q i s  chosen so  t h a t  KI has the  eigenvalue A. and all other  kernels  
Kn have eigenvalues An: 

curve in  ne^ stabil:h theory).  In t h i s  case v i s  a power s e r i e s  i n  r; . Moreover, the  compon- 
e n t s  of have the  form F F v ( r ;  Tzl ') , 
in 1' with coef f ic ien ts  depending on r . The branching equation (5) now wri tes :  

1x1 > ho (e.g. if CT i s  chosen in t h e  minimum of the n e u t r a l  eigenvalue 
5 

= iun, v n ,  w n ]  w = 1,2,3, where Fv  i s  a power s e r i e s  

This equation has, besides z = 0 , a continuum of solut ions,  s ince only z = I z I is  determined by 
(6). The general  solut ion is of t h e  form z = z e with a r b i t r a r y  a . But the  spec ia l  dependence 
of t h e  components of 
boundary value problem which are transformed i n t o  each other  by a t r a n s l a t i o n  in z-direction. 
branching solut ion i s  unique up t o  t r a n s l a t i o n s  i n  z-direction. 

I 0 ia 
.c. 

on z show t h a t  a l l  these solut ions of (2) generate solut ions of t h e  o r i g i n a l  
The 

I 
It follows from the results of Velte'" that t h e r e  is a first  non-vanishing c o e f f i c i e n t  b m  and 

t h a t  b Y O  i s  negative.  -fore, there  are no real branching so lu t ions  f o r  A < Xo 

and e r r o r  analysis. Then, IIxII behaves l i k e  d m o  near h, . For s p e c i a l  cases  (ri = 2, rl >> 1 )  bio has been "h,"" t o  be negative by numerical ca lcu la t ions  
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I .  

I 

It can be shorn that (I) i s  an  equation in B: 

L i s  a l i nea r ,  completely continuous operator,  T a quadratic operator,  both ac t ing  i n  B . By 
es t imates  of t h e  Greens functions en ter ing  ( I ) ,  one obtains for any p a i r  Ii, xa E B:  

Therefore, L i s  t h e  FAchet-derivative of the operator defined by the r i g h t  s ide  of (2). 

The l i nea r i zed  equation 1 = L(h)v has a pos i t i ve  eigenvalue X (U) , as i s  h o r n  from linear 
0 

s t a b i l i t y  theory ( c f .  [I]). Let  t h e  (geometric) mu l t ip l i c i ty  be  N . Then, there is  a b i o t h o r g o n d  
sequence v 

wi th  

( a d  space of B ) 
E B D  3, E B* - U  

r E p ’ V v  3 = 6” , , v ,  1 = 1, ..., N 
where Iu , 1,. are eigenelements of  L(ho) and L* (X ) (ad jo in t  operator) respec t ive ly .  b,v] de- 
notes t h e  value Or the func t iona l  w E B* in E B . 

W e  introduce the n e w  var iab les  z : = b,,v] and t h e  linear operators P,  L: 
P 

N 
4: Za C Z U L ,  - V E B  

L=i 

Xa 
:(A): = L(h) - - P .  

l’, 

E - i (ho)  has a bounded inverse  B(ho)  (Lema of Schmidt [31)  , (E = i den t i ty ) .  

PV, = 0, 

Since R(ho) 

equation (2)  can be wr i t ten  in t h e  form: 

ha 
- v = - PV, + R(A~)(~(x)-~(x~))~ + R ( ~ ~ ) T ( x ; ~ )  . (4) 

It i s  e a s i l y  seen t h a t  t h e  following r e l a t ions  hold: 

I) 

[w,>L(h)yl = J - V E B .  

Application of w t o  (4) y ie lds  t h e  branching equations: -, 
T 

o = -  z,+ k , ,T (h ;v ) ]  , 1 = I ,  ..., N . 

T = A a -  h3 . 
The system (4) and (5) i s  equivalent t o  ( 2 ) .  

(5) 

4. Numerical bethods and Resul t s  

&quation (4) can be solved i t e r a t i v e l y .  
t h e  right s i d e  of (4) defines by (3)  in t h e  sphere 
s t a n t  q with q < I f o r  suf f ic ien t ly  small z , T and 6 S i s  napped i n t o  i t se l f .  By t h e  
cont rac t ion  mapping pr inc ip le ,  (4) has in S a unique so lu t ion  y( r ;z )  which i s  t h e  l i m i t  of the 
sequence : 

For s m a l l  values of ( T I  , z = {ZI , . .., zN], 
S(Fv;6) , a Lipschi tz  bounded operator with a con- 

I z I and 
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2. AN ANALYTIC MEMOD FOR THE CALCULATION OF BRANCHING SOLUTIO” 
OF HYDRODYNAMIC BOUNDARY VALUE PROBLEXS 

Klaus KirchgCissner 
I n s t i t u t  fib- Angewandte Mathemetik und 

Mechanik der DVL, Freiburg 

1. Abstract 

It i s  a w e l l  e s tab l i shed  fact  t h a t  t h e  Couette flow between r o t a t i n g  cy l inders  becomes unstable if 
t h e  Reynolds number exceeds a ce r t a in  c r i t i c a l  value A For A > A. a new steady f l o w  pa t t e rn  
exists. 
su f f i c i en t ly  c lose  t o  ho , a t  least one new s ta t ionary  so lu t ion  of the corresponding nonglinear boundary 
value problem e x i s t s  which b i ru rca t e s  from t h e  Couette so lu t ion .  The proof i n  both cases based on topo- 
l o g i c a l  arguments w a s  no t  a cons t ruc t ive  one. 

It has been proven by VelteI’]  and Judovich “[‘I independently that f o r  X > h , ‘and X 

In t h i s  paper t h e  method of Sckmidt-LyapunovC3] i s  appl ied  t o  determine t h e  number of branching solu- 
t i o n s  and t o  give an i t e r a t i v e  procedure f o r  the ca lcu la t ion  o f  these  so lu t ions  
method can be applied t o  o ther  bifurcation problems in hydrodynamic s t a b i l i t y  theory ( [6], [7]). 

(cf. [4J8[5]). The 

2. Basic Equations In Fig.  1 t he  Taylor model and the cylinder-co-rdinate-system used 
are described. 

R ~ ( R ~  - ~ ~ ) n ~  
For small values of the Reynolds number h = 

( v  = kinematic v i scos i ty ) ,  t h e  Couette so lu t ion  1, P 
New steady so lu t ions  1, q 
independent of the angle e are written in per turba t ion  form 

V 
is unique. 

of t h e  Navier-Stokes equations which a.re 

& = Iu,v,w I )  : 
- v(r ,z>  = ?(r> + U ( ~ , Z ) ,  q(r ,z) = p(r) + p(r,z) . 

The bas i c  equations f o r  U, p ,  obtained f r o m  t h e  Navier-Stokes 
equation i n  cylinder co-ordinates toge ther  with t h e  boundary 
conditions:  2 = o f o r  r = rl 
U = 1,2) 
be  transformed by means af t h e  formal Fourier-expansions 

and r = r a  , (r = R J ( R ~ - R I )  ; 
cons t i t u t e  a non-&ear boundary valuevproblem which can 

aD W 
Figure I 

- iW2 -hU2 - U(.,.> = pn ( r > e  8 p(r8z> = pn(rP)e 8 

n= - W  n= - 0  

U = 2x/L , l& : = [Un , vn , WJ 

- U = U (conjugate complex of U ) 
11 --n ‘n 

elimination of the pressure and use of Green’s b c t i o n s  i n t o  an infinite system of integral equations 
(cf. 653): 

U n = A’Knun + Xf&) 

v n = - 2ahGnun + A%(:) 

w n = 2 2imaHnvn + Ahnb) , n = 0,1, ... 
KO 0.  Kn, Gn , H . a r e  continuous kernels,  fn , % , h n  quadratic func t iona ls  in 5 . n 

3.  Function Space and Branching Equation 

Let 1 = [un, vn, wn ; n = 081,  . . . 1 be  a sequence of f’umtions continuous in I: = ir ; ri d r < a I ,  
for which 

where ]U, ]Io : = ]un( r ) I  . These sequences form a Banaoh space with t h e  norm 
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U, + 0 , 
independent of the shape or s i z e  of C . 

ia l a rge ,  smooth solut ions continue t o  e x i s t  

has asymptotically the d i rec t ion  of the  f l o w  a t  i n f i n i t y ,  and that i s  asymptotically 

[Leray 19331, and in t h r e e  dimensions they If 
a r e  known t o  tend continuously t o  U, a t  i n f i n i t y  [Finn 1959, 1965; Ladyzhenskaia 1961; F u j i t a  19611. 
However, tZle asymptotic s t r u c t u r e  uf these solut ions has not  been c l a r i f i e d ,  and uniquess has not  been 
establ ished.  

6 .  Stat ionary Solutions as Limits of Time Dependent Solutions 

It i s  n a t u r a l  to expect that s t a t i o n a q  flows past  an obstacle  can be obtained as limits of time 
dependent aolut ions,  obtained by acce lera t ing  t h e  obstacle  from r e s t .  
d i f f icu l t  mathematically, owing t o  changing conditions a t  i n f i n i t y .  
by Heywood (d isser ta t ion ,  Stanford University).  
I; 
s m a l l  data. 

The problem seema, however, t o  be 
Tentative r e s u l t s  have been obtained 

I n  the case of motions which y i e l d  zero n e t  f o r c e  on 
(e.g., ro ta t ion  d a surface of revolut ion about i ts  axis ) ,  Heywood solved the problem completely f o r  
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I. UCENT RESULTS M THE ItWLTiEbfATICAL MEORY OF 
THE I'iAVIXR-STOKES EQUATIONS 

. 
Robert Finn 

Stanford University 

Although t h e  general  mathematical theory of these  equations i s  s t i l l  i n  a somewhat fragmentary state, 
a number of s t r i k i n g  and i l lumina t ing  results is avai lab le .  
repor t .  

I. The Initial Value Problem; Bounded Domain 

I shall describe some of t h e m  in this 

Consider a bounded region $3 f i l l e d  with f l u i d  which adheres a t  t h e  boundary. The f l u i d  i s  dis- 
If the disturbance i s  small, a unique smooth so lu t ion  exists for turbed i n i t i a l l y  and then l e f t  free. 

all time, and t h e  ve loc i ty  f i e l d  tends exponentially i n  time t o  zero LKiselev and Ladyzhenskaia 1957; 
Kato and Fujita 1962; 
known t h a t  a t  least one 'solution" u(x,t)  
E. Hopf 1951, Kato and F u j i t a  1962; 
however, each such u(x , t )  i s  a s t r i c t  so lu t ion  f o r  a l l  t except f o r  a small (zero Lebesgue measure) 
bounded set. In pa r t i cu la r ,  it i s  a s t r ic t  so lu t ion  f o r  a l l  suf'ficiently l a r g e  t . Its  k ine t i c  
energy satisfies an  inequal i ty  K < K eeat , where KO and a are the same f o r  a l l  possible "solutions". 
There is speculation that the  excepti&l set cons is t s  of values of 
produce l o c a l  flow singularities and possibly b i furca t ions ;  
no t  ava i lab le .  

G. Prodi 1962; Shinbrot and Kaniel 19661. For a n  a r b i t r a r y  disturbance, it is 
[Leray 1934; 

I ts  uniqueness has not  been shown; 
exists in a generalized sense f o r  all time 

Shinbrot and h i e l  19661. 

t a t  which energy can concentrate t o  
prec ise  information on this point i s  however 

For two-dimensional flows, no such exceptional set can occur. The equations admit a unique s t r ic t  
so lu t ion  f o r  a l l  t i m e  [Ladyzhenskaia 1959; Lions and Prodi 19591. 

Deta i led  studies of r egu la r i ty  proper t ies  of so lu t ions  can be found i n  Se r r in  (1962) and in Kaniel and 
Shinbrot (1967). 

2. The In t e r io r  and Periodic S ta t ionary  Problems; Bifurcation 

If 9 i s  chosen as above, then f o r  an  ( e s sen t i a l ly )  a r b i t r a r y  given d i s t r i b u t i o n  of v e l o c i t i e s  on 
[Leray 1933; i t s  bounding surface 

Ladyzhenskaia 1959; F u j i t a  19611. 
tu rbulen t  so lu t ions .  Taylor i n s t a b i l i t y  provides an example of experimentally observed non-uniqueness of 
per iodic  s t a t iona ry  so lu t ions .  
of the perturbation equations,  t h e  f irst  demonstrations that t h i s  occurs f o r  the (non-linear) Navier-Stokes 
equations were given (independently) by Velte (1966),and by Iudovitch (1965). Both authors used abs t r ac t  
methods, based on the notion of topological degree o f  mappings 9 function space. Recently Rabinowitz 
obtained b i fu rca t ive  so lu t ions  cons t ruc t ive ly  f o r  rectangular Benard c e l l s  (Boussinesq approximation), 
and even showed that i n  t h a t  case new so lu t ions  appear in a neighbourhood of every eigen-value of the 
l inea r i zed  equations.  
s t a b i l i t y  of the s t a t iona ry  so lu t ions  been inves t iga ted .  

3. 

C , t he re  corresponds a t  l e a s t  one smooth time independent so lu t ion  
This i s  t he  case even f o r  data which experimentally could l e a d  t o  

Although Taylor showed t h e  appearance of m u l t i p l i c i t i e s  in t h e  so lu t ions  

The appearance of time dependent b i furca t ions  has not y e t  been shown, nor has the 

Connections with Boundary Laye r Theory 

Le t  U(.) be a s t a t iona ry  so lu t ion  of t h e  Navier-Stokes equations in a two-dimensional region ad- 
jacent t o  a w a l l .  
a b l e  entrance line, then it w i l l  be  approximated downstream by t h e  (unique) so lu t ion  of the Prandt l  
equations having t h e  same initial p r o f i l e  GNickel 1963; F i f e  19651. The proof, although far from 
obvious, i s  i n  p r inc ip l e  remarkably simple, the c e n t r a l  t o o l  being the  maximum pr inc ip l e  f o r  parabolic 
equations. 
t he  ind ica ted  proper t ies  downstream if t h e  pressure gradient i s  favourable 
showed that a boundary l aye r  cannot be expected t o  develop under a l l  conditions.  

4. Connections with Ideal Flows 

IT U(.) exhib i t s  qua l i t a t ive  cha rac t e r i s t i c s  of a boundary layer p r o f i l e  on a suit- 

h r t h e r ,  any laminar so lu t ion  of the Navier-Stokes equations ad jacent  t o  a w e l l  w i l l  develop 
[Fife 19661. F i f e  also 

Let v(x;t)  be a so lu t ion  of t h e  h U e r  equations defined in all of two-dimensional space, and let 
u(x ; t )  
Then lu (x ; t )  - v(x;t)  I + 0 uniformly in x and in any interval rO,T], T < , as t h e  Reynolds 
number * m [Golovkin 1966; McGrath 19671. The correspondbg s i tua t ion  i n  three dimensions seems 
ambiguous, p a r t i c u l a r l y  i n  view of the uncer ta in ty  about uniqueness of 

5. 

be t h e  (uniquely determined) so lu t ion  of t h e  Navier-Stokes equations, such t h a t  u(x;O) = v(x;O) . 
u(x ; t )  . 

Sta t ionary  Flows Pas t  an Obstacle 

If, f o r  given obs tac le  E and given f l u i d ,  t he  vec tor  U, i s  s u f f i c i e n t l y  small, t h e r e  i s  a t i m e -  
independent so lu t ion  U(.) of t h e  Navier-Stokes equations defined in t h e  e x t e r i o r  fl of E , vanishing 
on i t s  surface, and tending t o  U, a t  i n f i n i t y  [Finn 1965; Finn and Smith 19673. The so lu t ion  
exh ib i t s  t he  ph j s i ca l ly  expected w a k e  region behind the obstacle,  and is asymptotic 
p a r t i c u l a r  so lu t ion  of Oseen's equations. 
fying a qua l i t a t ive  estimate a t  i n f i n i t y .  
small so lu t ions .  

a t  i n f i n i t y  t o  a 
In t h ree  dimensions, it i s  unique among all so lu t ions  satis- 
In  two dimensions, uniqueness has been proved only among 

In ,both  cases, t h e r e  holds 3 *U, = J (def  U)' d x ,  where 9 i s  t h e  force exer ted  on 
D I, _ -  

C i n  t he  flow. Thus, the (drag) fo rce  in the d i r ec t ion  U, cannot vanish. In two dimensions, 
= U, . One concludes i n  p a r t i c u l a r  that as the re  holds in addi t ion  

1 
l i m  - 

IUm 1 
IU-l  * 0 
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Coments on P a r t  11 of t h e  Teddington Seminar (September 20th and 21st, 1967) 

SOLUTIONS OF HIGHER-ORDEB BOUNDARY LAYER PROBLEMS 

M. B. Legendre, France 

The two last days of t h e  Seminar were mainly devoted t o  t h e  discussion of t h e  f i r a t  and 
higher-order boundary l aye r  approximations. 

In  t h i s  more c l a s s i c a l  f i e l d ,  there  i s  l e e s  influence of the  new methods f o r  "numerical experiment" 
although t h e  progress of high speed d i g i t a l  computers is important f o r  an improverrent of accuracy and 
gives the  p o s s i b i l i t y  t o  take i n t o  account t h e  i n t r i c a t e  phenomena which appear a t  hypersonic speeds. 

When there i s  no r i s k  of separation, i t  i s  qu i t e  c l e a r  that it is possible now t o  obtain good 
f i r s t -order '  approximations and t o  improve them methodically. 
which was dea l t  with already during my AGARD meetings, i t  must be said t h a t  it remains beyond t h e  scope 
of computational techniques, although in t e re s t ing  approaches a r e  a l ready  made. 

The Seminar in Teddington was very usefu l  in giving an account of t h e  state-of-the-art  and giving 

O f  the  challenging problem of separation, 

a s t a r t i n g  point f o r  re f lex ions  on w h a t  remains t o  be done. 
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Comments on Pa r t  I of t h e  Teddington Seminar (September 18th and Igth,  1967) 

SOLUTIONS 03' THE NAVIEX-STOKES EQUATIONS 

Prof. W. R. Sears, U.S.A. 

In my opinion the first two days  of the Seminar a t  Teddington achieved t h e i r  object ives  admirably 
and have been of g rea t  value. 
t he  f u l l  equations of f l u i d  flow, t h e  Navier-Stokes equations. 

These were t h e  days deovted t o  discussions of numerical solut ions of 

Thia is a subject  of tremendous importance t o  fluid-mechanicists today. It i s  clear t o  any 
a l e r t  observer that the  subject of f l u i d  mechanics, including aerodynamics, is being profoundly 
changed by the  advent of high-speed d i g i t a l  computers. Flow-field ca lcu la t ions  that were previously 
outs ide  t h e  scope of any reasonable undertaking are,  or soon may be, reduced t o  rout ine pract ice  in 
engineering design. As a r e s u l t ,  ingenious techniques of approximation, developed over t h e  decades, 
such as the  inv i sc id  f lu id ,  boundary layers, s t r i p  theories ,  etc.,  may have much l e s s  s i & f i c a n c e  a s  
design too l s  in the future,  even though their conceptual importance i s  not diminished. One imagines 
t h a t  the aerodynamicist Or t h e  future ,  faced w i t h  problems of flow around wings and bodies and through 
ducts and j e t s ,  as always, may have a t  his disposa l  a whole new realm of information as important t o  
h i m  a s  experimentation; namely, t h e  'numerical experiment'. 

Nevertheless, as one who has attempted t o  organize meetings t o  permit f l u i d  mechaniciats t o  d iscuss  
these  matters, t h e  writer has sometimes encountered some f r u s t r a t i n g  a t t i t u d e s .  
few t r a d i t i o n a l i s t s  who refuse t o  admit that computing machines exist, i t  has been difficult t o  get  
f l u i d  mechanicists t o  d iscuss  numerical computation r a t h e r  than f l u i d  mechanics. The idea  that the 
computing machine is, in e f f e c t ,  something more than a f a s t e r  desk-calculator has sometimes been 
d i f f i c u l t  t o  put across .  

Even overlooking t h e  

The sessions of September 18th and 19th i n  Teddington were therefore  su rp r i s ing  and very grat i fying.  
The pa r t i c ipan t s  were near ly  a l l  specialists in t h i s  new, d i f f i c u l t ,  and r ap id ly  developing art: 
numerical modelling of f l u i d  flow f i e l d s .  
numerical analysis. 
l i k e  t runca t ion  e r ro r s ,  teohniquea of difference approximations t o  W f e r e n t i a l  equations, e r r o r  accumu- 
l a t i o n ,  and computational s t a b i l i t y .  
of this subject (although, as usual,  the p rac t i t i one r s  of t h e  art appear t o  have run far ahead of t he  
rigorous proofs t h a t  would guarantee t h e i r  work). A most i n t r i g u i n g  f ea tu re  of t h e  meeting, and one 
t h a t  may be a fo recas t  of many more debates i n  the future ,  was discussion of t h e  questions: 
Is computational i n s t a b i l i t y  ever r e l a t e d  t o  fluid-mechanical i n s t a b i l i t y ?  
computations c a r r i e d  out a t  Reynolds numbers above the  value f o r  s t a b l e  laminar flow? 
computational evidences of turbulence? 

the  
The subject discussed and debated was,  almost exclusively,  

The context was, t o  be sure, f l u i d  mechanics, but the points argued were natters 

There w e r e  a l s o  papers r e l a t i n g  tQ the  pure-mathematical baa i s  

What is the s ignif icance of 
What m.-e the 

The progress achieved in t he  subject  i n  t he  l a s t  several  years  i s  most impressive. Just a few 
years  ago it could be sa id  t h a t  no NavierStokes  flow f i e l d  had ever  been ca lcu la ted  f o r  flow pas t  a 
smooth obstacle;  the phenomena of boundary layer ,  separation, and wakes had never been "discovered" 
by a Navier-Stokes ca lcu la t ion .  
sure,  most of the cases  worked out t o  date  a r e  those f o r  which the answers are already known: 
have been test cases f o r  the techniques. 
cases f o r  which the answers a r e  not hown - t he re  a r e  many of these in prac t i ca l  aemdynamics, w h e r e  
knowledge beyond the scope of boundary-layer theory is des i red  and is no t  avai lable .  

A t  this Seminar i t  beoame c l e a r  that this is no longer t rue .  TO be 
they 

It seems c e r t a i n  t h a t  t h e  next s t e p  will be t o  ca l cu la t e  

In summa~y, the first ha l f  of t h e  Seminar seems t o  have a t t a ined  i t s  goals. The r i g h t  people 
were there,  debate w a s  Uvely ,  and t h e  right subjects  were discussed. 

' !  
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Introduction 

In  1967 t h e  F lu id  Dynamics Panel of AGARD decided t o  hold, in addi t ion  t o  t h e  formal Spec ia l i s t s '  
Meetings f o r  the year, a spec ia l  Seminar on 'Numerical Methods f o r  Viscous Flows'. 
t h e  National Physical Laboratory, Teddington, from September 18th t o  21st,  1967, and was attended by 
about 100 delegates from most of t h e  member count r ies  of W O .  

This took p lace  a t  

Th i r ty  three l e c t u r e s  were given, toge ther  with informal discussions and a final sess ion  in which 
numerical results f o r  some examples i n  hypersonic boundary l a y e r  theory, set in advance, were obtained 
by various methods and t h e  results compared. The speakers were not required t o  write formal papers, only  
extended abs t r ac t s  t o  be i ssued  in advance, and i t  was not o r i g i n a l l y  intended t o  publish any form of 
proceedings. However, t he  success of t h e  Seminar and the  w i d e  interest it aroused has l e d  t o  a l a r g e  
number of reques ts  f o r  information about it, and s o  t h e  Panel has now decided t o  publ i sh  a volume con- 
t a i n i n g  t h e  authors" abs t r ac t s  f o r  t h e i r  papers. 
t o  r ev i se  t h e i r  contributions,  thus  allowing them t o  update the material and references;  
this volume does no t  necessar i ly  present  a really up-to-date p i c tu re  of t h e  ' s ta te  of t h e  a r t ' .  

The opportunity has been taken of aahing t h e  authors 
though Or course 

The Seminar was divided i n t o  two p r inc ipa l  pa r t s ,  dea l ing  respec t ive ly  with methods f o r  t h e  full 
Navier-Stokes equations and with methods involving t h e  approximations of boundary layer theory, e i t h e r  in 
i t s  f i r s t  o r  higher orders. It w a s  a l s o  f e l t  that the theory  of tu rbulen t  boundary layers, involving 
as it does the so lu t ion  of p a r t i a l  d i f f e r e n t i a l  equations f o r  t h e  turbulence and boundary layer develop- 
ment, had reached a state when numerical methods of so lu t ion  could use fu l ly  be  discussed, and accordingly 
two add i t iona l  papers (16 and 17) were included on t h i s  t op ic .  
Programme Committee, Prof. W. Sears and M. 
contributions; and t h e i r  reviews follow t h i s  Introduction. 

Af te r  the meeting two members of the 
R. Legendre, were asked t o  review t h e  p r inc ipa l  technica l  

I 

Members of the Programme Committee w e r e :  

D r .  B .  Sedney, U.S.A. (Chairman) 
Y. F. Carrisre, France 
D r .  J .  Lukasiewicz, U.S.A. 
D r .  B. C .  Pankhurst, U.K. 
P rof .  J .  A. Steketee, Netherlands 
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S U M M A R Y  

a collection of extended abstracts of papers presented at  the Seminar 
Viscous Flows, organised by the  Fluid Dynamics Panel‘of AGARD at 

the  National Physical Laboratory, Teddington, UK in  September 1967. The contents a re  
divided in to  three sections, dealing respectively with 

Solutions of the  Navier-Stokes equations 

Numerical methods for  turbulent boundary layers 
Solutions of the higher order boundary layer problem. 

1 Contributions were received from f ive  NATO countries. .-. 

R E S U M E  

Le present ouvrage consti tue un recueil  de sommaires dtendus des exposds prdsentds au 
National Physical Laboratory, Teddington, UK en septembre 1967 dans l e  cadre du programme 
de confdrences sur ‘Xes Mdthodes Numdriques pour les Ecoulements Visqueux” organise pa r  
l a  Commission de l a  Dynamique des Fluides de 1’AGARD. 

Les matihres t r a i tdes  se  divisent en t r o i s  par t ies ,  couvrant respectivement les su j e t s  
suivants: 

- Solutions des dquations Navier-Stokes 

- Mdthodes numdriques pour couches l imites turbulentes 

- Solutions du problhme de l a  couche limite d’ ordre supdrieur. 

Des contributions ont e t 6  reques de cinq pays membres de 1’OTAN. 
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