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Abstract

in the last decade many efforts have been oricated towards the understanding of the unexpected behaviour of systems — lincar
or non-lincar. These could be large (weather systems, biological life) or smail (automatic pilot). A new branch of dynamics is now
considered; it is called “Chaos™. Some general theories have emerged and reconsideration of concepts of non-lincar contrnl to
determine the stability of such systems is now intensively studied in the scientific community.

Itis planncd that the foilowing topics will be covered:

— Linear (including time varying cocfficients equations) vs non-lincar systems. Types of non-lincarity: curved characteristics,
jumps, bifurcation

— Non lincar dynamics; sensibility to initial conditions and/or uncertaintics on the system paramcters. Robustness

~ Neuronal-type machines -

— Chaos — Random process behaviour

— Reversibility and irreversibility: Newtonian mechanics and thermodynamics

— Fractals

— Applications:
— Fluid mechanics, meteorology

— Aircraft behaviour
— Mechanical systems.

Abrégeé

Au cours de la derniére décennie des efforts considérables ont été consacrés a la compréhension du comportementimprevisible

des systemes linéaires et non-linfaires. De tels systéemes peuvent étre de grande taille (systemes météo, vic biologiguce) ou petits
(pilotc automatique).

Une attention particuliére est actuellement accordée a une nouvelle branche de I'aérodynamique: elle sappelle “le chaos™. Un
certain nombre de thr'cries générales se sont dégagées ct les concepts du contréle non-linéaire pour la détermination de la
stabilité de tels systemes ont été remis a I'étude de fagon intensive par la communauté scientifique.

Les sujets suivants seront examinés:

— Les systemes linéaires (y compris les équations a coefficient variable dans le temps) comparés aux systemes non-lin¢aires. Les
différents types de non-linéarité: les caractéristiques courbes, les sauts, la bifurcation.

— La dynamique non-linéaire; sensibilité aux conditions initiales et/ou incertitudes concernant les parametres du systeme.
Robustesse.

— Les machines du type neuronales .

— Le chaos — le comportement des procédés aléatoires

— La réversibilité et I'irréversibilité; la riiécanique Newtonienne et la thermodynamique
— Les fractales

— Applications:
— la mécanique des fluides, la météorologie
— le comportement des aéronefs
— les systémes mécaniques.
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INTRODUCTION TO LECTURE SERIES 193 ON
NON LINEAR DYNAMICS AND CHAQOS

Dt Marc PELEGRIN
Honorory Scientific Adviser
ONERA / CERT
NP an2s
31058 TOULOUSE CEDEX
FRANCE

1 do not intend 10 give a summary of what Prof P. Coulet, Ph.
Guicheteau, C. Foupis and JJ. Slotine will 1aik about durning this
Lecture Series - it°« merely a matter for the Conclusions,

1 will try to mention some aspects of non-lincar dynymics and/or
" chaos which perhaps are marginal with regard 1o the core of the
<ubject which will he developed during these 3 day=: cventually they
could be commented on or discussed during the Round Table.

Mast 0] us are involved in engincering <tudics or designs; although
acronautics and space are ned mentioned in the title of the LS. it i«
pertinent that these two fickds will be Jominant during the lectures,
However, it is always fruitful to look around smd compare the
different approrches to the subject. This is why Prof Houpic and
Guaicheteau will <speak mainly about acronautics amd space-iclated
problema. Prof Slotine will comment about rohotics wnd Prof Coulet
will cover the genceral subject both from a theeretical viewpoint amd
on application in various domains (Muid Nows, opdics. chemical and
hiological systems).

1. SOME BASIC DEFINITIONS AND COMMENTSY

A system it an ensembie of componcente well delimited in space and
tlime; outside the «ystem ic the extemal world. If thare is no mass
transfer acrose the deliniiting surface the sy<tem is <aid to he
“closed™; if there is no heat transfer - or more generally no radiation
cxcnanged with the external world, the sy<iem is said to be "isolaied”,

The complexity of the system is difficult to precise; it imp.2s the
specification of obmervability <cales; a ftrivial example is the
dsfference in the concept ueed for the engineer who devigns a tuthine
and the physicist who studics molccular transformations; both of them
usc the cntropy concept. For the engincer, entropy S is defined as
dS=dQ/T  Q heat Nux exvuanged T abeoluic temperature; for the
physicist entropy is the logarithm of the prohability that an eveni of
a given complexion (in terms of molecule arrangement) happens. This
notion of scale is of prime importance as we will sce later.

The corrclatien concept is very useful in the study of systems (sce,
for example. the proceedings of the International Symposium on “The
correlation” ref[2)).

Correlation apparently bears different meanings for mathematicians,
physiciste and engineers. The correlation is commenly vsed as a
device 1o quantify an uncenainty in physics phenomena. The
uncertainty van be a fundamental ene, like in th. gusntum mechanics,
or can be produced by the large number of paramzicrs which are
considered, or it can simply be an appearance like in phenomena
linked to the detesminist chaos. To understand wuch situstions, it i«
neceseary to enlarge the concept of correlation and even to go beyond
its limits (concept of linkage, resemblance, distance). That's why it
scemss worthwhile considenng the question.

Finally the perception snd comprehencion mechanism of the human
brain, as well as the “neuronal machines™ which are being developed.

1/ For (unther details sce ref [1] the paper presented by A. Favre
"Correlstions Spatie-Temporclies, delcrminisme et chaos”.

encourage us to examine the importane of the pan played by the
correfation,

The next concept to be introduved is ordn and disorder, Cemplete
disorder is independence. Al other definitions are merely negative
such as this onc: a sulficient (but not necessary) condition 1o say that
a system is not disorganized s that correlatons between the
Nuctuating parameters - if any - are not null,

Hazard is generally associated 1o probabilily, however, complele
disorder is considered 10 be a manilesation of hazard, but, from a
stochastic point of view, complete dimorder escapes fiom Liws of
prohability: there 18 a contradiction,

Then we arr-ve at chaos, wlich is normally asesoated with diserder.,

The determinisiie chaos has been imtradiced by Pomncaré around 1892
in his famousc books (3 volumes) on “Les Méthodes Nouvelles de s
mécaniyque céleste™ 1RO 93 99 reprinted by Dover Publications Inc.,
1957

It <cems that nobady has seally consadered the problem stated by
Poincaré until the "608 though the Bénard's curls have been deeply
studicd both on an cxperimental and a theorctical hasic. Nobedy
questioned - and stli questions - the fact that organized large motions
of molecules (water. for exampic) appear gently fromy completely
unorganized motions when external parameters (the heat flux in that
case) varies continuair ly i one direchion: i is worthwhile noting that
the container in which the Bénard’s curls appear is not an isolated
<ystem.

Major works have been provided by Lorents on the Rayleigh Bénard
convection and by Ruclle and Takens’ on the turhulence in the "60s,
At that time high subsonic civilian plancs and supersome encs in the
military domain came into being. The power of the jet engine and
their high consumption {double flux jet engines did not yeu exist)
imposed a careful study of the acrodynamic drag of the plane. It was
recognized that the big problem was in the boundary layei and. in
particular, the transition laminarfiutbulent in the extrados of the
wings. Acrodynamists shall try to arrive at a full laminar boundary
layer along the entire wing chord.

The transition is not yet fully understood but progress is made cvery
day, pernaps thanks to scientists warking on chaos, as this transition
belongs 10 a more general phenoimncna, contrary 1o *he Bemard's
curls, the passage from organized {low stiucture to unorg~nized flow
structure. .

Extreme chaos is the molecular chaos which is an unde erministic
chaos governing thermodynamics. We will come back to it a lstle
further on.

A pure determinist chaos is represented in certain types of “fractals™.
Discovered - or rediscovered - in 1975 by Benoit Merdelbrot, (ractals
can have regular but incredibly complex structures (such enes issuc
fiom a triangle) or fully irrcgular structures though issued from a
mathematical iteration.

2/ For bitliographic references see Footnote under Parugraph 6.
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Initially froctols d3d not exevn to have any eppliceien encepl, pohops,
in the beeoty of the preceniction. Later o, @ orro sooepmired ot
firaly frestat may reprecent o goed eppronimet'ony o reol feotures
«uch as me=riti ne coast, secondly. (hat the "outo-cinm: larity” which cen
be considered as the intrincic property of frectals, iv certeinly a
general propenty of nature. For exemples. the etructur: of » tree is
shout the same if we look at it from very far oF vevy ieor; types of
ramifications are <imilas, the coumos dructure ceem (e comply with
the rule of suto-cimilarity (<tar with planety. galsny with dtars. clueter
of galaxiew..).

A fractal dimension has been defined (the fractal dimension of the
coavt of Biitizny is 1.26 and the “dust of Caritov™ hat s fractal
dimension of N.6UW),

Anather appzrent contradiction lies in the dimension of a structure
and in 8% G. Pcano dewribed a geometrically defined curve which
can cover & square completcly: any point of the «quare can be reached
by the curve. Then, what ix the dimension nf a square, 2 as normally
scsumed or | because it is anything clse than a curve?

On the other hand, a pheromenon that can be called anti-turbulence
has heen discovered and studied by Johi Rueeel in 183, This is the
oliton wave which is an isolated wave whase smplitude caii be large
(a few decimcters on & cenal Sm wide). This wave can travel
thousands of metere without eny madification in shape. The two
problems rising from this (cct arc that first, how is the wave produced
and <econd. how can it rravel without a quick damping”? The ancwere
arc not yet well estahlished. Ut soemis that the soliten starts from the
complex and epperently unorganized turhulence which is created in
front of ap old-fachioned hoat. This is why we hove <aid above that
<uch a pheromenon is sometimes associated with anli-lurbulence. As
to the abeence of degradation of this isolated wave, we can only say
that some non-lincar interaclion should he produced between the
bottom of the canal and the wave.

Indeed it is rother difficult to produce a solitan in the laboratory:
some success has bren obtzined with large canals: it hac aslways been
noted that the energy involved in this process is quite a critical
parameter: too little encrgy cauees a quick durrning of the wave
produced, too much encrgy crestes just turbulent metion. Seme non.
linear parntisl derivative eque’ions give an eccepioh!e representation of
the phenomenon (KdV equation of D.J. Kortwep and C. de Vrics).

It is time nuw to comment about the contradiction between the
classical mechanics (which implies reveribility) andd thermodynamics
(which implics irreversibility, the entropy of an iwolated system can
only increase). .

A< a first semark. is the assumption that molecules, at least
menoatomic o0 <, hehave like interacting bodies in macroscopic
mechanics absowutely true? If we answer ycx, then thermodynamics
should be reversible and the entropy should no longer be a
monotonous quantity. If we answer no. then thermadynamics is a
separate branch of physics and everything has to be reconsidered
from the molecule hehaviour.

Today and for the next 2 days. | propote 10 you thet the answer is
yes. How to justify this worldwide accepted aseumpiion? The hasic
point is Poincaré’s statement according to which a ciased and isolated
system  will necessarily pass in the “vicinity”™ of any inilial
configuration from which it <tarted ¥, | am unable to comment shout
“vicinity”, however, it does not canccl what is said below.

In the famous statemert called Maxwell's devil, two vessels initially
at different pressures (or temperatures) communicate through s small
hole. Everybndy knows that after a while the pressute will be the
same in the two vessels. Poincaré’s statement says - just wait and in
some moments pressure (or lemperature) will be diTerent. Nobody
has yet observed such a phenomenon.

1/ For more details soe the paper presented by C. Marchai "Chaos
Entropy and Irreversibility: a Simple Example”, which appears in
refl2).

SAL

LIBRARY

The dzvil wos logking r.1 the epesd of molecules; he ket poce thros -
thz hole only Urose ¢« aich hed a “great velocity™. If prescere i Oz
veaezls was equol in the beginning, ey will not be eler o whi's..,

An explanmation maz come from the f+ct thet there are 6,023,560

molecules pzr mol . Can the “clas-ical mechznics” he ettemind to
such rumbers of “componemis™? Previously we sad yes, but if oo
now comparie the time it cen trke o amve at an “ahnormal”™ molecule
repartition. we find (from C. Mrrchaly:

- Initial prescures v the vessels 1.8 10° Pa Y and 0.6 10 1,

- The modz of choice of malocules which passes through the hole
docs not pstably influence the results,

- If we measure the pressure with 10* Pa accuracy, we can notice
fluctuations with regard 1o the average solution at a ratz of ahout
once [of two years.

- M we look for vonations of Sm Pa the grobability of finding such
8 division it 107 before 1.4 10" years,

- The a priori prohahility that the pres<ure in ane vessel wauld
be 1.4 19" Pa or higher is 10™ with M=V.% 10™: it i« pot 70000,

It is hard to say that this i< a final answer to the dilemma. However,
we could not deny that the retum time 10 anitial  conditions
(Poincaré's retum time) exists; unfortunately we could not pacs fram
MACTOCOPIC SYSIEMS 10 MICTOCAPIC Sysicms on a continuous hasis.
State vector of dimenuon 100, even LODY are now consulered
(Nexible <tructures, for cxample) in the macrocopic domain; in Mluid
dynamics state vectors arc on the order of 6.023 x 10" per mole!

The last concept we want 10 mention i< the stahility concept. At fhia
plance «tability and chaos secem opposie - like stability and
instability: this is not always true.

I« «tabilitv a measurable quantity - like mass, or an dentifiable
quantity - like temperature? There are many definitions of stabibty,
sometimes contrzdictory: in fact. it is a subjective quality which
should he defined in the context of the ficld considaied The reference
system in which the system evolves should be defiaed: stability may
well exist in & given reference system, bt no longer exist in anoths
reference system. Stahality socems (o he a dominant factor in arreradi
or missile control - or for that matter, of any Iype of vchicle.
However, stahility amd manocuveability are two opposing faclors
which intervene in aircraft control: tor civihan aircraft, statelity s the
dominant factor; for military areraft or nuss:les, manecuvrahility is
the dominant factor. The sbove are sorne of the reasons which led to
the orgezization of a3 Workskop en “Stahility” for the AGARD
coms..onity (2}

Basically. stability is related 10 irreversibility, which means no encrgy
dinsipation for lincar sysiems. While lincar systems are very rare, they
often reprecent a suitable aoproximation of non-lincar systems.
Stability is also a matter of accuracy. Take, for example, the rotation
of the carth: is it stable or unstable? This question has no meaning
unlcss the range of accuracy we arc looking for, and in fact, the
whole conicxt can be specified. Thanks to the accuracy of existing
atomic clocks, it can be demornstrated that daily vaniations of the
order of 1ms yearly or pluri-annual variatione of the order of iens of
ms, occur in . peewdo periodic manner. However, angular velocity is
necessarily decreasing long-termi: ikids is mainly Jdue to the watcr/carth
friction in tides. In the pre-Camimian period (400 M years ago) the
day was only 15 hours long (that is Ims lost every 10 years)! What
has been said about the angular velocity of the cartk could also be
said ahout the direction of the carth’s momentum. At the pole, (the
trace of the rotalional vector moves continuously in a circle of about
2m in diameter. However. [or all human activities the earth’s rotation
is considered stable (except by some astronomers).

Poincaré studied s'shility for non-antonomous and autonomous
problems in the 1870's. Lyapounov in the 1930°s introduced a way
of pruvirg whether or not stability cxists. It was sufficient, but not
the necessary condition. Follawing thix, the hehaviour of a systemin
the vicinity of an ‘equilibrium point™ was studied in detal by
Poincaré and equilibrium pointe or “singularities” were classified as
nodes-summits-focus-saddle.

2/ A mole (mol) corresponds to the number of atoms of 0.012kg of
Cl2.
Y 1 Pa (Pascal) is approxiraatcly 10° har.
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A variety of por—iz telwiovy pattems in the vichi™r el o o't
limit cyclen, which con b2 cloblz oF unstoble, were irodnoed: they

generaliced the poimt of aobility by ktting a (-1iee molion,
normally of & «mall enmplitude, around the point «f rentlity (in the
phate plane ar space). More recently, new vocofmilary hos beem
introduced “strenge attractor” instead of point of erilitviem o limit
cycle.

All acpects of physics are affected by the conoemis of siokility.
Mechanical systems were the first to be affected by Poincerd’s
spproach. Thearics and studies concem nor. iincer systems. All that
can be <aid ahout lincar systems bas boen «wid. At the present time
theories and studies concern non-lincwr systems. No glehal selution
i« expected The robustness concept of & contral system is an
extension of lincar systems studies. This concepr is istportant for
spplications in industry or vehicle control. Rohusinesa cun he defined
as the capacity to achicve the specified perfornances in <pite of some
anknown converning the parameters which define the system to be
controlled - or somctines, the control parameicrs themsclves,
Otwicusly, a lincar differential equation with such uncertaintice on
cocflficients is no longer a linear equation. In fect, even in the carly
days of lincar system studies “phase margin” and “goin margin® wore
used to compensate for come errors in system deecripticn. Nowadays
more claborate techniques such as Hee optimization enable us 10 deal
with multi-input, multi-output systems.

We can probably say that the dilemma “stahility - instability” has e
moxt progress in fluid mechanics, acro- and hydro-dynamics and
spectaculas (in both meanings of the word) reults arose from the
Benard’s curls.

Nonetheless, in this domain, the acrodynamic flow around a wing can
be siable, though instability may appear locally in the boundary Inyer:
during a "“normal Nlight™ the boundary layer hecomes turhulent (i.e..
locally unstable) somewhere between onc-hall or two-thirds of the
wing chord. Bulfer phenomena is due to the excape of cudl . from the
boundary layer. a phenomena which should he svoidea tor aircraft
performance and passenger comfort. Flutter phennmena which are
very dangerous, me duce to aero-elastic coupling between sir flow and
wing clasticity: it appears when the frequencivs of 2 modes converge
to a unique frequency (normally the st bending and 1=t torsion
modes). This is typicaily a case of inctability which can gradually
emerge from stahility when some flight parsmeters vary (velocity
and/or load factor).

Suability - or instability - alto has 8 meaning in static structures
(bridges ¥, buildings. dams, earth embankments, ship or aircraft
structures, etc.) when loads rcach a given value: this is buckling.
Even in the carth’s crust, instability appears (carthquaikes). Roughly
speaking. it can be said that as a result of tectonic plate motions,
when, in & given location. the friction constraint is surpassed. the
<iding effect or the clastic deformation of a part of the ground is
suddenly transformed into a jump.

To conclude, I would like to bricfly mention atmospheric conditions,
Does stability have a meaning? Probably not. though in many
countries, like those in the temperate zone. westher has a certain
degree of stability: if you say “Tomorrow the wesather will he like
today’s” you are not meking a bad forecast! (The probability of
success is well shove 0% since in these countries weather does not
change every day - a certain degree of stability enists.) Weather is »
consequence of air movement over the world: it shou!d be predictable
as for any system for which the equations are known. Unfortunately,
air movement is governed by partial derivative eguotions - they are
known with reasonable certairty - but s set of hemagencous initial
conditions (3-D) remains 1o be acquired cven by incteorological
satellites. Mcteorologists procoed by region (tivty vse some grids,
ranging in size from s few kilometers to hundreds or thousands of
kilometers) and try to start with coherent sets of initial conditions on
the boundaries of these grids. The computer then solves the equations

1/ The Tecomn suspension tridge which callepacdt on 7 Nov 1940
was subjected 10 a relatively low wind (18.7 m/s). It was a
typical phenomenon similar t6 flutter (conjecture of 2 vibrating
modes).

1E-3

end they amive of o cerrest(?) foreeent (o7 24 o7 nowy 43 hoirs. Thau
po is to echiove predictions with 'ty corre degree of cocurercy for
8 72-hour pericd briore thz end of the centvry.

In the following poyagrephs we will 1ouch vpan the coupling briween
the local atmospheve in which a plore flies and the plone deell,

2. THE RANDOM ENVIRONMENT OF A PLARNE

This is prohably the main chorecieristic of cevonautice. Micrine end
space sctivities have fo fece edverse conditions, but prohably nnt en
the same level as ezronoutics.

To stat the design and computation of o plane. o “dtandard
stmosphere” has heen specified (Fig. 1). Assuming that the plane flics
within such an atmosphere, seroynamic farces amd eventually their
associsted phenomenss such as bwf(eting (called “huffet”) or Nuitey
(an acroclastic coupling hetween the sirflow and the structure) can be
preciscly compated, henee the attitude and motion of the plane. The
Night envelopes (Fig. 2) arc used by girline operaters, air taffic
control or military people [or the <ale and optimum managemens of
the aircraft.

But the real atmosphere depanis from the standard atmosphere in a
way which is difficult 1o <pecily in the vicinity of the plane.

The atmosphere is composed of - the troposphere 3 8,000-11.000m
high layer around the carth in which there Jre vertical motions
namely in active cumvulo-nimbus clouds - the s*~aiosphere, just ahove
the tropeephere, in which air motions are mainly honsontal.

The separation is called opopause, it is & transition layer in which
buth characteristics are present. The position and thickness of this
layer varies with the latitude and the seasons,

In the troposphere. strong turbulence even in clear <ky may exidt,
Active cumulo-nimbus arc dangerous for a plane duc to the
turbulence, the vertical velocitics (20m/s in the core of the ascending
mass of air-Avater), lightning. icing...

I a planc enters such a cloud, it s like entering into chaos at least for
the passengers, (the crew tries just to maintain an zcceptable angle of
attack and to stahilize the roli motion of the plane).

In the stratosphere, jet streams are frequent: there are “tuhes”™ of some
hundreds of meters or of 1 jew kilometers dismeler of air; the flow
can be laminar and clear but the transition is highly turbulent.

Until the last few ycars, the only measurable paramcters on board
were static pressure p,. dynamic preseure p, and total vemperaturs T,
From there data true airspeed (TAS) and Mach number should be
derived by St Venaud or Rayleizh formulaes according to the Mach
number.

Lastly. the scales of turbulence could vary from some meters 1o some
kilomcters and stationarity is nermally not the rule.

To be centified, a plane must cxperience no damage (more preciscly,
it should stay in the "clasii~ domain”) when crossing a gust or when
fying in a turbulent arca. Gusis are defined by “specifications” which
vary - slightly - among the countrics who centify plancs. In France,
two major condition: 1o be satisfied are:

- a vertical gust of "1 - cos” type

wit=0 <0

d
*(()-%‘(lw%) I'or0<|<—:;'

-0 t>9m
w(t) 0|>“

W, gust amplitude (in/s)

d,, gust length wind (m)

b am e . e - pas it e s i ST
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with 1
o?, - ¥i= ‘I.Mu)da

L. : turhulence scale ,
a_’: velocity mean square value '

® : pulsation

It is important to note that the numerical vatucs which appear in the
ahove oquations must be revised according to the safety icvel reached
at s iime. As this safety level increases, one must look for the
amplitude of the gust or urhulent epectra which have a prohability of
the same value as the safety level of the plane.

3. WHEN CHAOS BECOMES DOWNBURSTS

“Some aircrafl accidents that occurred at low slhtitudes during
convective aclivity weic regarded as pilot crror without blaming the
weather systems as major contributing factors™ from Theodore Fujita
“The Downbur«t™, University of Chicago 1SRS|1). He proved that the
“inquiry board™ was wrong:

It is estimated that 1 to ¥ cemmercisl plancs sre lost each year
hecause of windshears due to downbursts (Russia and China are not
accounted for), Downhursts re<ult from the sudden in<tobility of a
cold mass of air coming normally (rom a clovd: however, a
downbury can be accompanied by & shower (sometimes very strong).
it can be dry or be accompanicd by showers only in its upper part i.e.
the droplets evaporate in between the cloud and the ground. Fig. 3
modclizes a microburd and a tomado.

I'll give two examples to point out the qus .-impossihility for a pilot
first to understand what is happening. and second to control the planc
in order tn avoid a fatal accident. The 2 examples are extracted from
“The Downburst™ (Theodore Fujita).

a) Take-off accident: Cor iv ¢ntal 426, Denver Colorado. 7 August
1975

Two planes took off just before Continental 426. Both pilot«
reporied “windshears during and immediately afier take-of(™,
“Continental 426 took off with the maximum takzoff thrust. It
entered rain shortly belore the liftofl. After a normal liftoff, the
aircraft climbed with & 14° pitch attitude. Then all of s sudden,
it lost 42 kts (22 m/sec) 1AS in less than 10 seconds. The captain
lowered the pitch attitude to about 10°, hut the aircraft continued
to descend to the ground (Fig. 4).

The maximum divergence at the surface inside the Continental
426 microburst was estimated to be 150-250 per hour (0.04.0.07
per second). If we assume that this magnitude of divergence
extended up to an estimated maximum height of 150 fi (43 m)
AGL. the downflow speeds at various AGL heights were

- 24 fps (1-2kis) st SOMt (1S m)
4.7 fps (24 kis) 21 100 ft (30 m)
6-11 fps (3-6 kts) at 150 fi (45 m)

LIBRARY

Th= tox of KR ot o 10° pitch attited? io 2565 pev brod, This oill
result in v mongrmem of 13% loas of it o2 15D 11 (43 m) 2 1o
the enrounz2rod cownflow. The <2 kts (3D méec) loca of FAS sroo
very wvious in is vese, broouse it could induce the toss of T
as much 3 $5%.

dow can we matie a docivion, priot 10 takeofl, whotler o7 nont to
fiy nto such o wevere wivldiezr® Grviously, the ure of redey
may hold the key to such o decisinn Redar phntograr® ixhen by
the Notional Wecther Scrvice, Limon redar (10 cm) <how o
number of emall echozs wettered all over the Denver area. The
fira echo of e Continental 420 micvohurd cloud wea
photogrophed ot 1808 MDT. five minutes before the sccedont
The echo reeched the morimum cize #rd intensity ot 16412, onz
munute ofter the cecident. Thereafier, the echn split into two ports
snd weakened. This evidence presents a difficull problem of
idenuifying microlmurst echoes by non-Doppler radars.”

b)  The second accident | will mention here s the Royal Jordanian
600 at Doha, Quatar, on May 1976 in its final approsch.

“Doha Airport hac only one runway, oriented sn o 160°.320°
direcuon. At G208 LST. 1he pilot wanted to land towards the
zouth. Runway 16 was requested and was clcared for 3 visual
approach. Ad the aircralt hegan dewcending toward the requested
runway, the wind direction changed from 90° at 1 7hits to 3307 a1
6 ki<, At that point, the pilot had not <een the runway. A missed
approach was initiated ard a new approach to Runway 34 was
requested.

A1 0218 LST when the aircraft counpleted the turn and ihe ficld
was in «ight. landing clearance was given. However, the runway
wind changed again 10 180° at 6 kts, which is a tailwind on
Runway 34, The rain was very heavy and visthility at the tower
was lcse than 1,000 m (0.6 mile). Before reaching the decisian
height. a second misced approach was initiated at 0237:19 LST
at about 300 ft (90 m) AGL. The pilot then requested clearance
to Daran.

The aircrafl hegan climbing at a 12° putch siitude at 1,300 fpm
(6.6 m/sec) rate of climb. During this climb, 1AS kept decreasing
to 140 kis. Upon reaching 750 ft (230 m) AGL. the arcrah
began to descend until it «<inick the ground with a ventical speed
of 4.200 fpm (21 m/sec). During the last 7 seconds, the 1AS
increased rapidly to 170 kis. while the ground proximity warning
nystem (GPWS) gave a continuous warning 11 seconds prior to
the impact.

The author’s analysis in Fig. § shows that ths aircrsfi
experienced a 28 kis increase of the hcadwind from 151 10 170
ks It is likely that whe aiscraft flew beneath a roll vortex. When
the second go-around was initiated at 0237:19, the aircraft was
at the dead center of the downflow, withoul realizing that it was
ncnctrating the second tailwind of the micro-burst. As the aircraft
wae flying out of the microburst, the IAS was lost to the point
that the aircraft could no longer maintair its altitude. After
reaching its peak altitude. the aircraft kept losing altitude until
ground impact at 0237:58 LST."

What to conclude from these accidents? They are the resull of an
unpredictable airflow patiern with high velocity gradicnts; duc 1o the
inertia of the plane, its true air speed varies accordingly 1o these
gradients and the plane may go to stall. In the Contincntal 426
accideni the ‘plane lost 42 kis (IAS) in le<s than 10 s. In addition,
vertical descending winds may rezch 20-25 m/s, a velocity higher
than the maximum vertical velocity of plane in calm air.

When this mass of cold air re.. ‘lics the ground, at first a giant toric
vortex is generated and. as lime passes, secondary, lertiary ..., vortices

appesr.

This is a non-deterministic chaos (or stochastic chaos) that the human
brain can hardly identify and. even if well identified. there arc majos
difficultics to counter the quickly varying random disturbances and lo
exit from them. Specific modes in the automalic pilot already exiu
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and they befrave ¢oite well 4. it in, however, nocerroTy to Cetont suh
' i €2 time N =zn he done by pniing c2ncom on G
plane (s &ifflee’ prodlee. 8 a0 expeasive esitiisn) oy by eipping
siports with ezazors and to detect the poraibility of
downbursts with » high probehility and e very low mate of e
alarme.

This is & vr) comples non-linear flow dynemics problem as it e
impossible to get » ot of hovndary conditions rewel at & common
instant (4-D problen).

Currently. & heavy emphaut is on the sensors problems (lidars. radar.
mfrared SENWNFS. SCOL J1IC SCTIROTS, V. ).

There are many attempis to modelize windshears and downburses.
They use Navier-Stokes. 3-D. non-stationary - ~d incompressiblz flaw.
From theee equatiom the presence of dr plete and their denuty.
cometimes even their size is porsible 10 swcertain,

ONERA has dudied s«ome models and Fig. 6 gives the current lines
n an axisymmetrical planc at two timws (26mn and 43 mn) [$]. The
Now was located in a 8km x 8 km x Skm (heigh) paraliclipiped
(cloud base st $ km). The characteristic length ic the radiue of the
cloud (| km) the cheracterictic velocity is the manvimum axial vclocny
at the base of the cloud (0.02 kmi). The Reynolds rumber is 510,

Fig. 6a shows tae birth of two vortices. tame avis F it opposilc in
ugn. Fig. 6b civasly <wws the development of tly two vortices
There is a pood conrvistion with the cxperimental Jdata related
Fujita’s book (1] {4..

4. STRANGE DEHAVIOUR OF LINEAR SYSTEMS

When lincar sy<tems behave chaotically the hasic properiy of hincar
systems is: if £,(0) it the respenee 1o nput ¢,(1) and <,(t) the onc 1o
e,(t) then ae(t) + Buy(t) gives an output of: as(t) + Byt
{Superpomition principle).

A lincar sydem such as

S, = Za)deft)
dr

satrsfics this condition,

{ts now retum 1o the hasic statility concept when using the transfer
function of the systenw even if with a disturbance a< additional input,
il any. Let’s firat suppoce that the coeflicicnts are canstant, A sysem
1 stable if the poles of the transfer (unction hic in the et half plance
(abs: redl part of the poic; ordinate imaginary freoencics). Stahility
axns that if the system is teraporarily departej trom a siahble <ate,
it va!ll come back to ifs stable state afier a while (Lyapounov’s
asymptotic stability). Il pcles lie in the right hall planc. the output
will tend towards infinity which mzami loward <aturation or
permanent owillations because some non-linearities will happen
somewhere. ’

This oid-fashioned concept - dill valid - is too far from reality and
from the user’s poivit of view dability i« normally sitached to input-
output correlat.on. If poles sre closed (o the imaginary axis, dahility
is poor and the answer te. a Dirac input is a low-damped oscillation
(ir case oi no divurbances). If the irput is # permanently varying
signal. the output will vary, but with a poor comrelation.

if one now supposes that coefTicients are time dependent. et
assuming that in any cace they always stay in the left half pi- . the
system is linear and stable Let's suppose that all polss are compler
(no real polz). If the pole Wi varies slowly with time with regard to
H/w, sinuscidally st frequency £, (£ << Wi) then the system behaves
like a collection of fixed cocflicients and input-output corcllation is
very slightly modified. If £, i« much greater than co,. the output will

4/ Itis surprising that the Autopilot reacts hetter than a pilot: this

. is partially due to the fact that the immediate action that the pilot
should take is contrary to commeon sense: the plane is descending
and he must use full power immediately in order 1o increase the
plane’s totsl energy. The Auto-pilut does not hesitate!

AL LIBRARY

1E-5

epporently be rmbjacted to on widditional noise and input-output
corvelzlion will only be slightly sfTected. In both coses we assumed
that the energy cantainad in the input signal (spectrum) 1n df), is very
sma'l. This is the usual care.

If 12, is close to w, o7 if the spectrum of the inpat signal contains
significant energy st {4, then input-output correlation may disappear
completely and thz response to an inpul may appear as unrelaled to
it 1« 3 kind of deterministic chaos.

In foct, this example colls for two comments. First, it is assumed that
s modzl exists without any uncertainty about the value: of the
coeflicients at ecch instant; in other wosds the structure of the system
is perfoctly known. it enters into the classical X = AX + Bu equation
in which the coeflicients of A depend on time. In any applications,
unceruintics on these cocflicienis make the time-varying assumption
weak. Modem conce Ms in automastic control imply robustness concept
as the choice of B i such a way that uncertaintics ur coefTicicnts of
A do not reflect more than a given quantity on thc output vector y
(ysCX). Secondly, the transfer function concept or the pole
localisation concept does not account for pole variation and it is
unfair to mix the superposition principle and he stahility concept
(poles in the right left planc).

Nevertheless. paramatne systems - <uch was the name given to these
lincar systems with time-varying cocfficierts - arc no longer stzdied
and when they wiere some 20-25 years apo. chaos was not yet
rediscovered. It «cems 10 me that some academic studies on
parsmetnc sysiems covld be worthwhile 1n a “chaotic approach”

S. BRAIN DYNAMICS AND DETERMINISTIC CHAOS

I would like 1o touch on this subject although it 1s not in the ficld of
my aclivities. A chaoiic system 1n a stationary statc 1< unstable on its
attractor. and i1 thus possesses the labihty and capahilities of
exploring phate space that one nught cxpect for the nervous syst .
The idea that brain dynamics, in some of its sspects, could be chaotw
and of <mall dimeasion, has aroused vineus speculations and
attempts to interpret the clectro encephalographic (EEG) signal n
terme of determimistic chaos, 1t s expecied to find a strange attractor
n dAlmot every @ signal (froquencies in 8 13 Hy)

One major difficulty in studysng ELG s the non stationanty ol the
signal; it should be campled in <hort duranion ime signal arad thus
limit the dimensions of the attractor. Can we conclude that “his non
<tattonarity can he interpreied as the preof of the tugitive character of
hrain attractors” (v, in other words  attraciors are specific of the
maticy considered by the brain at & given indant (or dunng a pernad
of ume).

6. CONCLUSIONS

Stachacstic consideration 1n cngineering systems were really intradueced
by Norbert Wiener in the "¥= (remember lus famous book on
cybemctics?). The first apphcations concerned the behaviour of
delerministic systems aibject to sdoachastic pecturbations: al the same
time predicling lincar nciworhs were designeds aml worhed well for
stationary random input function. While at the samwe time. Claude
Shanron introduced the information theory and the decade 8060
confirmed the well-founded statement of the stochastic approach in
the enginser’s activitics.

Later on. engincers asked for more: they noted that linear .ystems are
rare (but don’t forget that often they are still considered as good
approximations of non-lincar systemx) and stationarity 1s rare exwept

2{ From: Compte Rendu Acarkémie des Sciences, Pans 1311, Sene
I op. 1037-1044, 1940, Roges Cer: ct al. Among the
mbliographic references cites in the Campte Remtu | mentioa:
E.N. Lovetz, J. Atmosph Sci 20. 1963, pp. 130141,

D. Ruelle and F. Takens, Commun. Math. Phiys. 20, 1971, pp.
167-192.

D. Kuelle, Proc. Roy. Soc. Lond A 427, 1990, pf: 261-268,

P. Grassherger and 1. Procaczia, Physica 9D, 1983, pn. 189-28
J. Theilor, Phys. Review A M. 1986, pp. 2427- 2412,
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in some kind of perturbations such as those issuing from the granuler
structure of electricity If the signal considered is not wationary, it
cannot be approximated by stationasy signals.

Nowadays, engincers arc familiar with random functions and random
process: the Kalman filters with many variants is fitted in GPS
receivers. in automatic pilots, in any intelligent mobile robot.
However, the tremendous increase in processor capability makes the
engineer dissatisfied. He knows that the madels he was utirg wae
approximations of the real sysiems as well as the type o signals
which enter the system (inputs or perturbations). The ¢.ncept of
robustnese was introduced some 20 ycars ago and ncw ¢ Mimization
algorithms were used 10 sccept sOINC uiccrtaintics on *.aramelers.

Chaos then amved or re-emerged because as we said it was
mentioned by Poincaré more than 100 years ago. This is probably the
Eiological universal law conceming the cvolution of a population cf
“living beings™ which lea! scicntists to study carefully this simple
equation (Verhuit's equation) x ,,, =ax, (1 -x,)

and all the consequences on non-lincar system behaviourd”

From all thic bagpage 8 more shucturcd theory on non-hnear
dynamice which iwludes chaot has heen claborated on and
claborations continue. The loctures which follow wall develop ihe
main features of thic new chapter in view of the applications in the
engineering field.

1/ Across a msistance R, at temperatvre T. the voltage Nuctuaies in
s stationary way. If AF is the frequency band in which the signal
is obxerveu. the quadratic fluctuations are given by
¢’=4 k RTAF  k Bolizman's consiant (1,380 10" JK ).

2/ - This equation is well commented on in ref {6] when £) varies
from 0 10 3.56999 .... : -
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SPEEDS OEFIMITION

Vig : Lowest selectable speed. It corrgponds to 1.13 Vs during take-off
or following touch and go. It becomes 1.23 Vs as soon as sy flap/siat selection is made.

Va : Design speed for maneuver

Vb : Oesign speed for max. gust intensity and rough air speed
( JAR 26.335 (d) )

Wiah soeed protection:

HHO/VMO : K.B2/350 kt
HHO+0.04/VMO+15 kt : max steady speed with full nose down stick

Migh angle of sttack protection:
This protection has priority ever all other protections.

¥ prot  : min speed .(corresponding angle of atcack : alpha prot)
" If alpha proct is excceded, the angle of atrack retwns to and maintains © pha peat,

Fig. 2 Flight envelops (A320)
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Fig. 3 Simplified mode.s of a vertical vortex in a

tornado and a horizontal vortex in a microburst. FROM FUJITA

Modeles simplifiés d'un vortex vertical dans une
tornade et un vortex hcrizontal dans un "microburst".

Al Continental 426 at Staplaton
80 4 M\

rd 1 N
10140 - - y
Indicated Airspeed .,/]E
0 [E— -

M\ M 7 I

7 August 1975

TTeTPHil edge of runway

Elrgl[l] 161| MO
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| Fig. 4 Flight path and indicated airspeed of Continental

426 at Stapleton Airport, Denver, Colorado on 7 August 1975.
FROM FUJITA

Trajectoire et vitesse indig=:ée du Continental 426
4 Stapleton, Denver, Colorado le 7 aout 1975 (d'aprés

B e CRRPA—— 1
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Reynl Jordanian 600 at Coha 14 May 1976
L1
, =180 ~_lIndicated Airspeed
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Fig. 5 The flicht path of Royal Jordanian 600, which

crash landed at Doha Airport, Qatar at 0238 LST 14 May 1976.
According to the author's analysis, the aircraft flew into
a strong tailwind inside the horizontal vortex of a strong
microburst. FROM FUJITA

Fig. 5 Trajectoire du Royal Jordanian 6CO0 qui

percuta le sol & Doha, Qatar le 14 mai 1976. Selon
1'auteur Dr Fujita, 1'avion a volé dans une zone a

vent arriére a 1'intérieur d'un vortex d'axe horizontal
provenant d'un "downburst".
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Introduction 2 la "Lecture Series" LS 191

Marc J. Pélegrin
Haut Conseiller Scientifique
ONERA - CERT
B.P. 4025
31055 Toulouse Cédex
France

Il n'est pas dans mes intentions de résumer ce
que les Professeurs P. Coulet. Ph. Guichcteau,
C. Houpis et J.J. Slotine vont vous dire durant
cette "lecture series”. Ce serait plus un sujet
pour la conclusion.

Je vais essayer de souligner quelques aspects de
la dynamique non linéaire ¢t du chaos qui, peut
étre, sont marginaux par rapport au cceeur du
sujet qui sera développé durant ces 3 jours ; ces
aspects pourront faire l'objet dc discussions
durant les tables rondes de ces journées.

iLa plupart d'entre nous sont engagés dans des
acthivii€s d'ingénierie ou de recherche ; bien que
I’Aéronaniique et I'Espace ne soient pas
menitonrés dins le titre de 1a "L.S.", il est clair
que ces 2 domaines resteront dominants durant
ces 2 1/2 jours. Mais il est souvent profitable de
regarder autour de soi et de comparer les
différentes approches possibles du sujet. C'est
pourquoi les Prof. Houpis et Guicheteau
parleront principalement de sujets liés 2
I'Aéronautique et I'Espace ; Prof. Slotine
parlera, ertre autres, de robotique et le Prof.
Coulet couvrira lI'ensemble du domaine, 2 la
fois d'un point de vue théorique et d'un point
de vue applicatif dans divers domaines
(mécanique des fluides, optique, systémes
chimiques et biologiques).

1Quelques définitions et commentaires:
/
Un syst¢me est un ensemble de composants
clairement délimités dans le  temps et dans
I'espace ; le systeme est contenu 2 l'intérieur de
sa frontiere. S'il n'y a pas de transferts de
masse a travers cette ‘rontidre le systdme est dit
fermé ; s'il n'y a pas d'échange de chaleur, ou,
plus généralement s'il n'y a pas de radiation
échangée avec le monde extérieur, le systéme

! vour plus de détails voir en ref. [1] l'article de A. Favre
"Corrélation spatio-temporelie”.

est dit j50]l€ (condition plus théorique que
réaliste ...)

La complexité d'un systeme est difficile A
préciser : elle implique la définition des 4chelles
d'observation ; un exemple trivial est la
différence de conception qu'utilise l'ingénieur
qui dessine une turbine et le physicien qui
étudie une transfonnation moléculaire : tous les
deux utilisent la notion d'entropie. Pour le ler
I'entropic est définie par ds = dQ/T Q flux de
chaleur échangé, T température absolue
(processus réversible), pour le second
I'entropie est le logarithme de la probabilité
d'apparition d'un état de complexion donnée
(en termes d'arrangement des molécules). La
notion d'échelle est de premitre importance,
ainsi que nous le verrons plus tard.

Le concept de corrélation est trés utile dans
I'étude des systemes (voir, par exemple, les
compte-rendus du Symposium International sur
"La Corrélation" réf. [2].

Le concept de corrélation est utilisé par lcs
mathématiciens, les physiciens et les
ingénieurs. La corrélation est un outil
couramment utilisé pour tenter de quantifier une
incertitude apparaissant dans de nombreux
phénomenes physiques. Cette incertitude peut
avoir un caractere fondamental, comme ceile
rencontrée en mécanique quantique, étre liée au
trop grand nombre de parameétres a considérer,
ou n'€tre qu'une apparcnce comme dans les
phénomenes li€s au chaos déterminisie. La
compréhension de telles situations nécessite
parfois I'extension du concept de corrélation et
méme son dépassement (concept de liaison, de
ressemblance, de distance). Il parait donc utile
de faire le point sur la question.

Enfin, le mécanisme de perception et de
compréhension du cerveau humain, tout autant
que les "machines neuronales” en cours de
développement, conduisent 2 s'interroger sur
l'importance que peut y jouer la corrélation.

B i ORGPl

}

{

]
[




THis DOCUMENT PROVIOED BY THE ABBOTT ALROSPACE

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM



PIOTTRT STETN SRR SIS 1 i

e e T BRI e T o TN S I L SRR [ SR R

ST SCIRETIVRIL SRS Shaf g BN Mozt b b

[ECHNICAL LIBRARY

1F-2

Il iaut ensuite parler du concept dloxdse et de
désordre. Le désordre complet est
I'indépendance de tous lc5 compusants du
systtme. Toutes les autres définitions Sont
plutdt négatives, par exemple cclle-ci : une
condition suffisante (mais non nécessaire) pour
dire qu'un syst®me n'est pas désorganisé ct que
les corrélations entre les différents paramétres
quai caractérisent son évolution -s'ils sont
accessibles- ne sont pas nulles.

Le hasard est généralement associé 2 1a notion
de probatilité ; cependant le désordre complet
est considéré comme une manifestation du
hasard et, d'un point de vue stochastique, le
désordre complet échappe aux lois de
probabilité : il y a contradiction !

Et l'on arrive au ¢haos qui est normalement
associé au désordre.

Le chaos déterministe a été€ introduit par H.
Poincaré aux environs de 1892 dans son
fameux livre (2 tomes) sur : "Les méthodes
nouvelles de la mécanique céleste” 1892 - 93 -
99, réédité par Dover Publications Inc., 1957.
Il semble que personne, depuis cette date, n'ait
réellement repris le probléme formulé par
Poincaré jusqu'aux années 60 bien que les
tourbillons de Bénard aient €té étudiés tres en
profondeur tant du point de vue expérimental
que du point de vue théorique. Personne ne
mettait en cause -et ne met en cause encore
aujourd’hui- que des mouvements organisés, a
grande échelle, de particules (molécules d'eau
par exemple) apparaissent progressivement 3
partir de mouvements complétement
désorganisés, quand un parametre extérieur (le
flux de chaleur dans ce cas) varie de fagon
continue dans un sens. Il est cependant
important de noter que le récipient dans lequel
les tourhillons de Benard apparaissent ne
constitue pas un systéme isolé.

Des travaux importants ont été faits dans les
annfes 60 par Lorentz sur la convection de
Ravleigh, Benard et par Ruelle et Takins 2 sur
la turbulence. A cette époque, les avions civils A
Mach subsonique élevé et les avions
sunersoniques du domaine militaire entraient en
service opérationnel. La poussée des réacteurs
¢t leur forte consommation (les réacteurs
double-flux n'existaient pas encore) imposaieat
des études fines sur les causes de la trainée

2 voir le rappel ea bas de page du § 5 pour les références
bibliographiques.

aérodynamique des avions. Il fut confirmé que
le. probléme résidait principalement dans la
nature de la couche limite et principalement dans
la transition laminaire-turbulent sur l'extrados
de l'aile. Encore aujourd'hui lc problRme est
d'actualité et lcs acrodynamiciens essayent
d'obtenir une aile & écoulement completement
laminaire sur toute la corde de l'aile.

La transition n'est pas encore parfaitement
expliquée mais la connaissance du phénomene
s'accroit chaque jour, peut &tre, grice aux
scientifiques qui €tudient le chaos, parce que
cette transition appartient 2 un phénomene trés
général, & I'opposé des tourbilions de Benard :
c'est le passage d'un mouvement organisé a une
structure totalement désorganisée.

Le chaos extréme est le chaos moléculaire,
c'est un chaos non déterministe qui préside a
toute la thermodynamique ; nous reviendrons
plus tard sur cet aspect.

Un chaos purement déterministe est celui des
fractals (tout au moins de certains types de
fractals). Découverts ou plus précisément re-
découverts par Benoit Mendelbrot, les fractals
peuvent avoir des structures parfaitement
régulitres mais incroyablement complexc., :elle
celle par exeinple issuc d'un triangle équilatéral.
Elles peuvent avcir aussi des structures
completement irrégulieres bien qu'elles soient
issues d'itérations mathématiques.

Au début, les fractals ne paraissaient avoir
aucure application, excepté peut étre dans
I'exploitation de leur beauté. Plus tard il fut
reconnu que, d'une part lcs fractals pouvaient
étre une bonne approximation d'objets réels -
par exemple une cdte maritime, d'autre part que
l'auto-similarité, qui peut étre considéré comme
la propriété intrins¢que de leur structure, est
aussi une propriété fréquente dans la nature. La
structure non dimensionalisée d'un arbre, par
exemple, est la méme qu'on le regarde de loin
ou au contraire de trés prés : les types de
ramification sont les mémes. De méme la
structure du cosmos semble satisfaire la loi
d'autosimilarité des fractals : étoile avec ses
planétes, galaxie avec ses étoiles, amas de
galaxies avec ses galaxies ...

Une dimension fractale a ¢été définie (la
dimension fractale de la cOte bretonne est de
1,26 ; celle de la poussi¢re de Cantor est de
0,6309).
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Une autre contradiction -tout au moins
apparente- est liée A la dimension d'une
structure ; en 1890 G. Peano décrit une courbe,
géométriquement définie, qui peut
complétement couvrir un carré (la courbe passe
nécessairement par n'importe quel point donné
a l'intérieur du carré). Des lors, quelle est la
dimension du carré : 2 comme il est usucllement
affirmé ou bien 1 car ce n'est autre chose
qu'une courbe ?

A l'opposé, un phénomene qu'on peut appeier
anti-turbulence, a été découvert et étudié par
John Russel en 1834. C'est la vague soliton. Il
s'agit d'une vague isolée, d'amplitude
importante (quelques décimétres dans un canal
de 5 m de largeur). Cette vague peut §¢
propager sur des milliers de métres sans
modification de forme, c'est-2-dire sans
amortissement notable. Deux problémes
émergent de cette observation. D'abord
comment la vague est-elle produite, ensuite
comment peut-elle se propager sans
amortissement ? Les réponses ne sont pas
encore trés bien établies. 11 semble que le
soliton apparait dans la turbulence apparemment
trés désorganisée que l'on rencontre devant
I'étrave d'un bateau mal caréné, tel celle des
vieux bateaux. C'est pourquoi nous avons dit
que, quelquefois, ce phénomene est associé a
I'anti-turbulence. Quant 3 l'absence de
dégradation de forme de cette vague isolée on

ne peut arguer que d'interactions non-linéaires |

entre le fond du canal et la vague.

En fait, I'expérience est difficile a réaliser au
laboratoire ; quelques succeés ont été obtenus
dans des canaux larges ; il a toujours été noté
que 1'énergie mise en jeu dans la production
d'une telle vague est un parametre critique ; si
I'énergie est trop faible il se produit une vague
qui est sujette 3 un fort amortissement ; si
I'énergie fournie est trop grande, un
mouvement turbulent est produit sans création
d'une vague isolée. Des équations non linéaires
aux dérivées partielles donnent une
représentation acceptable du phénomene
(équation KdV de D.J. Kortweg et C. de
Vries).

Il est temps maintenant de commenter 3 propos
de la contradiction entre la mécanique classique
qui, pour les systeémes non dissipatifs, implique
la reversibilité et la thcrmodynamique qui
implique l'irréversibilité : l'entropie d'un
systeme isolé ne peut que croitre).

IF-3

L'hypoth¢se selon laquelle les molécules se
comportent comme des corps en interaction
parfaitement élastique, comme dans le domaine
macroscopique est-elle absolument exacte ?

Si la réponse est oui, alors la themrodynamique
doit étre réversible ct I'entropie n'est plus une
grandeur 2 variation monotone.

Si la réponse est non, alors la thermodynamique
est une branche séparée de la Physique et tout
doit étre reconsidéré a partir du comportement
de la molécule.

Aujourd'hui et pour les 2 jours qui suivent je
vous propose d'accepter la réponse oui. Mais
alors comment justifier cette hypothtse
mondialement acceptée.

Le point de départ de I'affirmation de Poincaré
selon laquelle, dans un systéme fermé et isolé
une trajectoire de phase passera nécessairement
"dans le voisinage" d'un point quelconque, par
exemple la condition initiale d'ol le syste¢me est
parti 3 (je ne peux pas commenter le terme
"voisinage" car H. Poincaré lui-méme ne 1'a pas
précisé. De toute fagon je ne crois pas que cette
"indétermination” rende caduc ce qui suit).

Le fameux démon de Maxwell contrdle un trou
entre 2 récipients gui contier.nent initialement un
gaz A des pressions (ou températures
différentes). Chacun sait qu'apreés un certain
temps la pression scra la méme dans les 2
récipients. Poincaré dit : attendcz et il arrivera
un instant ou les pressions (ou les températures)
deviendront différentes. Personne n'a observé
un tel phénomene.

Une explication possible vient du fait qu'il y a
6,023 1023 \nolécules par mole 4. La
"mécanique classique" peut-elle Ctre étendue a
un tel nombre de "composants”. Nous avons dit
précédemment oui ... mais aiors si  partir de ce
nombre on calcule le temps qu'il faudra pour
arriver a2 unc répartition "anormale” des
molécules, on trouve sur un exemple les valeurs
suivantes (cf. C. Marchal ) : pression initiale
dans les récipients : 1,4.10% Pa 5 ¢t 0,6.109 Pa.
La loi de probabilité définissant le mode de

3 pour plus de détails voir réf. [2], conférence préscntée
par Ch. Marchal "Chaos Entropy and irreversibil’y a
simple example”.

< une mole correspond au nombre d'atoraes contenu dans
0,012 kg de C12

5 1 Pa (Pascal) vaut 103 bar.
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choix des molécules qui passent & travers le trou
n'a pas grande influence sur le résultat.

Si on effectue les mesures de pression avec une

précision de 10-3 Pa, on peut déceler des
fluctuations de la pression par rapport a la
solution moyenne environ 1 fois tous les 2 ans.
Si 1'on adopte une précision de 3 m Pa la
probabilité de rencontrer un tel écart est de

10-200 avant 1,4.10322 apnées ... La
probabilité a priori que la pression dans I'un des

récipients soit 1.4 100 Pa (ou plus grande) est
10-M od M = 3,5 1016 . ce n'est pas zéro !

1l est difficile de dire si cet exemple est une
réponse finale au dilemme énoncé plus haut. On
ne peut pas, cependant nier que le temps de
retour aux conditions initiales (le temps de
retour de Poincaré) existe. On ne peut pas,
malheureusement passer d'un systeme
macroscopique A un systéme microscopique de
fagon continue. Des vecteurs d'état de
dimension 100, voire 1000 sont maintenant
couramment utilisés dans différentes techniques
(structures flexibles par exemple) du Jomaine
macroscopique ; en mécanique des fluides les
vecteurs d'état sont de I'ordre de 6.1023 par
mole.

Le dernier concept que je voudrais mentionner
est celui de la staobilité. Au premier abord, la
stabilité et le chaos semblent exclusifs commie la
stabiliié et l'instabilité. Ce n'est pas toujours
vrai.

La stabilité est-elle une grandeur mesurable
comme la masse, ou bien une grandeur

repérable comme la température (le zéro n'ex:ste

pas) 2. Il y a de nombreuses définitions de la
stzabilité, quelquefois contradictoires : en fait,
c'est une quantité subjective qui doit étre définie
dans le contexte du domaine considéré. Le
systtme de référence dans lequel le systeéme
évolue doit €tre défini ; la stabilité peut exister
dans un syst¢me de référence et ne pas exister
dans un autre systeme de référence.

La stabilité est un crittre dominant dans le
domaine de la commande des avions ou des
missiles, ou plus généralement pour la
commande tout véhicule. Cependant, stabilité et
manceuvrabilité sont deux propriétés opposées
qui interviennent dans la commande des avions;
pour les avions civils la stavilité est le facteur
dominant, pour les avions militaires, c'est la
manceuvrabilité qui domire. Ce sont ces deux

aspects qui ont conduit AGARD/GCP 2
organier un Atelier sur la Stabilité en Juin 1992
[2].

Fondamentalement la stabilité est liéz 2
l'irreversibilité, c'est-a-dire a la dissipation
d'énergie pour les systtmes linéaires. Bien cue
les systeémes linéaires scient trés rares, ils
représentent souvent une bonne approximation
de syst¢mes non-linéaires.

La stabilité est aussi une question de précision.
Prenons par exemple la rotation de la terre. Est-
ce une propriété stable ou instable ? Cette
question n'a pas de sens tant qu'on a pas
spécifié la précision avec laquelle on observe le
phénomene et, en fait, le probléme plus général
qu'on étudie. Grice a la précision des horloges
atomiques d'aujourd'hui, il est prouvé que des
variations journalieres de l'ordre de 1 ms par an
et des variations de l'ordre de 10 ms sur
plusieurs années, existent de fagon pseudo
périodiques. Cependant, la vitesse de rotation
décroit nécessairement 2 long terme a cause,
principalement, du frottement eau/terre résultant
des marées. A 1'époque pré-cambrienne (40C M
années) la durée du jour était de 15 heures (le
ralentissement global sur cette période
correspond a 0,1 ms par an).

Ce qui a ét€ dit A propos de la vitesse de rotation
de la terre aurait pu étre dit A propos de la
direction de l'axe de rotation. Au pdle, la trace
de l'axe de rotation se déplace constamment
dans un cercle d'environ 2 m de diametre. Et
pourtant, pour toutes les activités humaines le
vecteur rotation de la terre est considéré comme
stable (sauf pour certains astronomes ...).

Poincaré étudia la stabilité des systemes
autonomes et non autonomes dans les années
1870 ; Ljapounov, dans les années 1900,
introduisit une condition suffisante mais non
nécessaire permettant de dire si un systeéme est
stable (fonctions de Ljapounov). A partir de ces
notions, la stabilité d'un systéme au voisinage
d'un point d'équilibre fut étudie en détail par
Poincaré et les points d'équilibre ou singularités
furent classés en neeuds - sommets - foycers -
col.

Une variante possible de l'évolution d'un
systeéme dans l'espace des phases au voisinage
d'un point sont les cycles limites qui peuvent
étre stables ou instabies ; ils généralisent la
notion de stabilit€ ponctuelle en acceptant un
meuvemecnt périodique, généralement de faible

[}
4
H

PR



THis DOCUMENT PROVIOED BY THE ABBOTT ALROSPACE

TECHNICAL LIBRAR

ABBOTTAEROSPACE.COM



e -

[ECHNICAL LIBRARY

amplitude, autour du point de stabilité. Un
nouveau vocabulaire a €té introduit, il s'agit
d'attracteur, éventucllement étrange ...

Tous les aspects de la physique sont concernés
par le concept de stabilit€. Lcs systdmes
mécaniques, fussent-ils célestes, ont €té les
premiers & étre concernés par l'approche de
Poincaré. Tout ce qui pouvait étre dit sur les
systeémes linéaires a été dit. Les théories et
études concernent maintenant les systémes non
linéaires. Aucune solution globaie ne peut £tre
espérée pour les systémes non-linéaires.

Le concept de "robustesse” pour la commande
d'un systéme c¢st une extension des études de
syst¢mes linéaires. Ce concept est important
pour les applications dans l'industrie ou dans Ia
commande des véhicules. La robustesse peut
étre définie comme la capacité de répondre a des
spécifications de performance malgré des
incertitudes sur la valeur des paramétres qui
définissent le systtme A controler, et
quelquefois aussi les incertitudes sur les
parametres du "contréleur”. Evidemment une
équation différentielle linéaire avec incertitudes
sur la valeur de certains coefficients n'est plus
une équation différentielle linéaire. En fait, déja
des le début de I'étude des systemes linéaires,
les notions de marge de gain ct marge de phase
étaient utilisées pour pallier ces incertitudes.
Aujourd'hui des concepts plus élaborés tels que
I'optimisation Hee permet de traiter ce probleme
pour des systémes multivariables.

Ncus pouvons probablement dire que le
dilemme "stabilité - instabilité” a fait le plus de
progrés en mécanique des’ fluides (aéro et
hydro-mécanique). Des résultats spectaculaires
(aux deux sens du terme) concernent les
tourbillons de Benard.

I n'en reste pas moins vrai que I'écoulement de
I'air autour d'une aile peut étre considéré
comme stable bien que des instabilités puissent
exister localement dans la couche limite ; iors
d'un vol en croisiere, considéré par tous comine
stable, la couche limite devient turbulente (c'est-
a-dire localement instable) quelque part entre la
moiti€ et les 2/3 de la'corde.

Le phénomene de tremblerhent est dd A un degié
plus grand de cette instabilité puisqu'il s'agit du
détachement de tourbillons qui s'échappent par
paquet de la couche limite ; ce phénomene doit
étre évité pour les performances de I'avion et le
confort des passagers.

IF-§

Le flottement est un phénomene dangercux di
au couplage aéro-€lastique cntre l'air et l'aile ; il
apparait normalement quand la fréquence de 2
modes de vibration convergent en une unique
fréquence (il s'agit généralement du ler mode
de flexion et du ler mode de torsion). Clest
typiquement un phénomenc instable qui peut
apparaitre graduellement lorsqu'un paramitre de
vol varie, par exemple vitesse ou facteur de
charge.

Stabilité et instabilité ont aussi un sens dans le
domaine statique (ponts 6, bitiments, barrages,
digues, structures de navires ou d'avions)
lorsque les charges atteignent une valeur
critique : c'est le flambage. Méme dans la croiite
terrescre, l'instabilité existe (tremblements de
terre). Approximativement on peut dire que la
résuvltante du mouvement des plaques
tectoniques fait apparaitre des contraintes de
frottement qui dépassent le seuil, le glissement
ou la déformation é€lastique d'une partie du sol
donne lieu, soudainement a un saut.

Pour conclure ce paragraphe et introduire le
suivant, je voudrais mentionner bricvement les
mouvements de l'atmosphere. La stabilité, dans
ce domaine, a-t-elle un sens ? Probabiement
non, bien qu'en de nombreuses contrées,
principalement celles de la zone tempérée, un
certain degré de stabilité existe. Si vous dites
"demain il fera le méme temps qu'aujourd'hui”
vous ne faites pas une mauvaise prédiction (la
probabilité de succes est bien supérieure a 0,5
car, dans ces contrées le temps ne change pas
chague jour, c'est dire qu'un certain degré de
stabilité existe).

Le temps ésulte de mouvements de masses
d'air sur la surface du globe. Il devrait €tre
prédictible comme pour tous les systeémes pour
lesquels les équations qui les régissent sont
connues. Malheureusement c'est un systeme
d'équations aux dérivées partielles qui est
connu avec une bonne approximation, mais
pour le résoudre il faut disposer d'un ensemble
homogéne de conditions iriuales (3-D) ; il est
difficile de les acquérir méme avec des
satellites. Les météorologaes procédent par
régions. (les grilles qu'ils utilisent vont de
quelques km jusqu'a des centaines ou des

6 Le pont suspendu du Tacoma qui s'est écroulé ie 7
Novembre 1940 1'a é1é alors qu'il éait soumis 2 un vent
relativement modeste 18,7 -m/s. C'est typiquement un
phéromene similaire a celui du flottement (conjonction
de 2 modes de vibrations).
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milliers de km et int2grent les équntions & partir
des données supposécs convenablement
connues sur la grille considérée. L'aide de
processeurs, parmi les plus puissants, conduit 2
une prévision bonne sur 24 H, acceptable sur
48 H. L'objectif est d'atteindre ie méme degré
de précision sur 72 H avant la fin du sitcle

Dans le paragraphe suivant nous allons
développer quelque peu le couplage qui existe
entre I'atmosphere locale dans laquelle I'avion
vole et l'avion lui-méme.

2. L'environnement stochastique d'un
avion

C'est probablement la caractéristique principale
de I'Aéronautique. La Marine et I'Espace ont
aussi 2 faire face 2 des conditions adverses
difficiles mais probablement pas du méme
niveau que I'Aéronautique.

L'étude et le calcul d'un avion nécessite,
initialement qu'une "atmosphere standard" ait
été précisée (Fig. 1). En supposant que l'avion
vole dans une atmosphere conforme a celle-ci,
les forces aérodynamiques et éventuellement
leurs phénomenes associés tels que le
tremblement ou le flotiement peuvent étre
calculés avec précision et, par suite, I'attitude et
le mouvement de l'avion. Les domaines de vol
(Fig. 2) sont utilisés par les compagnies
aériennes, le contrdle du trafic aérien et les
militaires pour la gestion optimale de I'avion.

Mais I'atmosphere réelle différe de I'atmosphere
standard d'une fagon telle qu'il ¢st difficile de le
préciser dans l¢ roisinage de l'avion.

L'atmosphere est composée de :

- la troposphere, une couche de 8 4 11 km
d'épaisseur autour de la terre dans laquelle il y a
des mouvements horizontaux et verticaux,
ceux-ci exacerbés dans les cumulo-nimbus
actifss,

- la stratosphere, au-dessus de la troposphére,
dans laquelle les mouvements sont
principaleinent paralleles 2 la surface de la terre.

La séparatrice est appelée tropopause, c'est une
zone de transition dans laquelle les 2
caractéristiques sont présentes. La position et
I'épaisseur de la tropopause varient avec la
latitude et les saisons.

Dans la troposphére, une turbulence sévire,
méme parfois en ciel clair, pcut exister. Les
cumulo-nimbus actifs sont dangereux pour un
avion, a cause de la turbience, des vitesses des
masses d'air (ou d’'eau, gouttes de pluie) dans
le centre du nuage : dcs vitesses ascensionnell. s
de 20 m/s peuvent Etre atteintes au centre de la
colonne, avec des €clairs et du givrage.

Si un avion pénetre dans un te! nuage, c'est
comme s'il entrait dans le chaos... tout au
mcins pour lcs passagers ; le pilote (le pilotage
manuel, par rapport au pilotage automatique est
recommandé) essaye de maintenir I'incidence de
I'avion 2 une valeur acceptable, sans tenter de
stabiliser l'altitude ; il essaye aussi de contrdler
au mieux le roulis.

Dans la stratosphére, des "jet streams"” sont
fréquents ; ce sont des "tubes" de quelques
centaines de metres ou quelques km de diamétre
correspondant a2 un déplacement quasi-
horizontal trés rapide de masses d'air. Le flux a
I'intérieur de ce tube peut €tre laminaire mais -
évidemment la transition vers l'extérieur est
fortement turbulente.

Jusqu'ad ces dernitres années, les seuls
parametres mesurables A bord étaient la pression
statique ps, la pression dynamique pg et la
température totale Ta. De ces données on peut
calculer la vitesse propre et le nombre de Mach
par les équations de St Venant (subsonique) ou
Rayleigh (supersonique).

L'échelle de turbulence peut varier ae quelques
metres A plusieurs km et la stationnarité de la
turbulence n'est, en général, pas acquise.

Pour étre certifié un avion ne doit pas subir de
dommage (plus précisément, doit rester dans le
domaine élastique) lorsqu'il rencontre une rafale
ou lorsqu'il vole dans une zone turbulente.

Les rafales sont définies par des
"spécifications” qui varient légérement selon les
pays qui ont une autorité de certification. Pour
la France la rafale "type" cst du type "1-cos”
wit)=0 t <0

w 2nvt dm
t) = l-cos 5—— ) for0 <t<—
w(t) —-nz (1-cos am ) "

w(t)=0 t>d—m
v
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W, amplitude de la rafale vitesse (nVs)
dy, Inngueur caractéristique (m)

- un spectre de von Karman
1+ 3 [1,339'=Vﬂ )2

=W
¢-4(0) = 02
" TV 141,339 X )6

+o00

avec Oy = ';’]T I¢w(w)dco

L., = échelle de turbulence
Ow? = valeur quadratique moyenne de la vitcsse

= pulsation

Il est important de noter que ces valeurs
numériques doivent étre révisées en fonction du
niveau de sécurité atteint par le matériel.
Lorsque ce niveau s'améliore, i! taut chercher
quelle est la valeur de I'amplitude (vitesse) de la
rafale ou les paramétres du spectre qui ont la
méme probabilité d'occurence que le niveau de
sécurité de l'avion.

3. Lorsque le chaos devient
"downbursts"

"Quelques accidents d'avion qui se sont
produits A basse altitude alors qu'une activité
couvective rég-ait, furent considérés comme
dis 2 une erreur de pilotage sans référence aux
conditions atmosphériques comme cause
possible” ; de Théodore Fujita "The
downburst”, Université de Chicago, 1985 [3].
Il a démontré que la commission d'enquéte était
dans I'erreur pour de nombreux accidents.

On estime actuellement que 1 A 3 appareils
commerciaux sont perdus chaque année 2 cause
de cisaillements de vent dus aux "downbursts"
(Russie et Chine non comptées).

Les "downbursts" proviennent d'une instabilité
soudaine d'une masse d'air froid, provenant
normalement d'un nuage ; un "downburst" peut
étre accompagné d'une pluie (quelquefois tres
forte) ou peut &ire sec, ou peut étre accompagné
de pluie seulement dans sa partie supéricure,
c'est-a-dire que les gouttes de pluie s'évaporent
entre le nuage et le sol.

1F-7

Lu ¥ig. 3 modélise unc tornade (masse d'air
chaud ascendante) et un microburst (masse d'air
froid descendante).

Je vais donner 2 exemples qui montreront la
quasi impossibilité pour un pilotc de
comprendre la situation et de contrdler I'avion
afin d'éviter un accident fatal. Ces 2 exemples
sont extraits de "The Downburst” de Th. Fujita.

a) accident au décollage. Continental 426,
Denver, Colorado, le 7 aoiit 1975.

Deux avions ont décollé juste avant le
Continental. Les 2 pilotes ont reporté
“cisaillement de vents durant et immédiatement
apres le décollage”.

Continental 426 décolla avec la poussée
maximum de décollage. Il entra rapidement
dans une pluie des la rotation ; apres celle-ci
l'avion monta avec une assiette de 14°, Soudain
en moins de 10s il perdit 42 kts (22 m/s) en
vitesse indiquée.

Le pilote prit alors 10° d'assiette et l'avion
continua de descendre jusqu'au sol (Fig. 4).

La divergence du flux 3 la surface dans le
microburst que Continental 426 a rencontré était
estirnée & 150 - 250 par heure (soit 0,04 2 0,07
par seconde). Si on supposc que cette amplitude
de divergence s'étendait jusqu'd une altitude de
45 m au-dessus du sol, les vitesses du flux
descendaiit & différentes hauteurs étaint :

1aZktsd15m

234ktsa30m

3a6ktsad45m
La perte de portance 2 une assiette de 10° est-de
2,5 % par kts. Il en résulte une perte maximum
de 15 % de portance a 45 m A cause du flux
descendant. Les 42 kts de perte de vitesse
indiquée étaient trés importants dans ce cas car
ils pouvaient induire une perte de portance
Jusqu'a 55 %.

Commicnt peut-on rrendre une décision, avant
le décollage, de passer ou non dans un séveére
cisaillement de vent. Heureusement, ['utilisation
du radar pcut donner la réponse a cette
question. Les photographies radar prises par le
National Weather Service (radar 10 cm)
montrent des petits échos dispersés sur toute la
zone de Denver. Le premier écho du microburst
du Continértal 426 a ¢éié photographié A 1606
MDT, 5 minutes avant l'accident.” L'intensité
maximale a été atteinte 3 1612, soit 1 minute
avant l'accident. Apres l'écho s'est sépar¢ en 2
parties, puis s'est évancui. Il est difficile
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d'identificr les échos de microbursi par les
radars qui ne soni pas Doppler. :

i_e second accident dont je parlerai cst le "Royal
Jondanian 600" A Doha, Qatar, en Mai 1976 cn
approche finaly.

L'aéropont de Doha n'a qu'une piste 160 - 340°.
A 0208 LST (ccmps local) le pilote voulait
atterir face au Sud. La piste 16 était demandée et
attribuée pour une approche visuelle. Alors que
I'avicn descendant vers cette piste, le vent passa
de €0°/17 kts a 340°/6 kts. A ce moment le
pilote n'avait pas encore vu la piste. Une
procédure d'interruption d'approche fut
engagée et une demande d'approche sur la piste
34 fut acceptée.

A 0235 LST apras le dernier virage, le pilote vit
la piste ; la clairance d'atterrissage fut donnée.
Alors le vent changea 2 nouveau 180°/6 kts (ce
. qui correspond a un vent arriére sur la piste 34).
La pluie était dense et la visibilité (2 la Tour)
inférieure 2 1000 m. Avant d'atteindre la
Hauteur de Décision, une 2e interruption
d'approche fut initiée 3 0237:19 LST 4 90 m au-
dessus du sol. Le pilote demanda alors une
clairance pour Daran.

L'avion commenga 2 monter avec une assiette
de tangage de 12° et un variometre de 1300
ft/mn (6,6 m/s). Pendant cette montéc la vitesse
indiquée chuta A 140 kts. A 750 ft (230 m)
environ, au-dessus du sol, I'avion comm:2nga 3
descendre, il heurta le sol avec une vitesse
verticale de 4200 ft/mn (21 m/s). Durant les 7
derni¢res secondes, la vitesse indiquée crut
rapidement jusqu'd 170 kts tandis que
l'avertisseur de proximité de sol donna une
alarme continue depuis 11s avant i'impact.

L'analyse de l'auteur (Dr. Fujita) montre (Fig.
5) que l'avion a rencontré un vent debout qui
s'est amplifié de 28 kts (151 2 179 kts). Il est
probable que l'avion vola en-dessous du
rouleau du vortex. Lorsque 1¢ Ze remise de gaz
fut initiée 2 0237:19, l'avion était dans la zone
morte du flux descendant, et le pilote n'a pas
réalisé qu'il était en train de pénétrer dans une
zone de vent arri¢re du microburst. Lorsque
l'avion vola en dehors du microburst, la vitesse
indiquée ne pouvait plus assurer A l'avion un
maintien d'altitude. Aprés avoir atteint son
altitude maximale, I'avion perdit de I'altitude et
s'écrasa 2 0237 : 58 LST" (fin de citation).

Que conclure de ces 2 accidents ?

Ils résultent d'unc situation imprévisibie du
champ-de vitesse des masses d'air que I'avion a
rencontré (gradients de vitesse trds importants) ;
a cause de l'inertic de l'avion sa vitesse
indiquée subit ccs gradients et P'avion peut
attendre la vitesse dc décrochage. Dans
I'accident Continental 426 I'avion a perdu 42
kts de vitesse indiquée en moins de 10 s. En
plus il se trouvait dans une colonne d'air
descendant de 20 & 25 m/s, vitesse plus grande
que la vitesse ascensionnelle maximum continue
que l'avion peut prendre en air calme.

Lorsque ces masses d'air froid rencontrent le
sol, un premier gigantesque vortex toriquc est
engendré puis ur second, un troisiéme etc ...
C'est assimilable 3 un chaos non déterministe
(ou chaos stochastique) ; le cerveau humain
peut difficilement identifier une telle situation et,
méme s'il I'a correctement identifiée il a les plus
grandes difficultés pour contrer les
perturbations aléatoires qui vaiient rapidement
et échapper siirement de cette situation. Des
modes spécifiques du P.A. existent et ont des
pe.. ormances acceptables 7. 1l est toutefois
nécessaire de détecter a temps un tel
phénoméine. Ce peut étre fait par des détecteurs

- placés 4 bord de l'avion (probléme difficile,

solution chére) ou en équipant l'aéroport de
détecteurs de vitesse de vent (plusieurs
centaines sont nécessaires sur l'aéroport) et par
traitement de signal identifier le "downbrust”
avec une grande probabilité de succes (micux
que 0,9) et un faible taux de fausse alarme.

C'est un probléme de dynamique non linéaire
tres complexe car il est impossible d'obtenir un
ensemble cohérent de données iso-datées sur un
contour ou une surface.

A I'heure présente il y a beaucoup de recherches
sur les types de détecteurs les mieux adaptés :
lidars, radars, senseurs IR, senseurs
acoustiques...

Il 'y a plusicurs fagons de modéliser un
cisaillement de vent (et un downburst). On
utilise les équations de Navier-Stokes en 3-D,
non stationnaires pour un fluide
incompressible. Il est alors possible de mettre

pu— ——

7 il est surprenant qu'un PA reagisse micua qu'un piloic;
ceci est particllement did au fait que 'action immédiate
yue le pilote doit fairc st opposée au bon sens @ I'avion
est en descente et le pilote doit, en priorité ; metire plein,
gaz afin d'accroitre le plus vite possible I'éncrgic totale
de l'avion. Le Pilote Automatique n'hésite pas !

$

e e ————_——a TN
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en évidence la présence de gouttelettes, leur
densité et parfois leur taille.

L'ONERA a étudié quelques modeles et la Fig.
6 donne les lignes de courant dans un plan
axisymétrique 2 2 instants 26 et 43 mn [5!.

Le flux est situé dans un paralléiépipede de 8 »
8 x 5 km (hauteur) ; la base du nuage était 3 5
km. L: longueur caractéristique est prise égale
au rayon du nuage (1 km), la vitesse
caractéristique est la vitesse axiale maximale a la
base du nuage (0,02 km/s, le nombre de
Reynolds est 5.10%).

La Figz. 6a montre la naissance de 2 vortex de
méme axe mais de signes opposés. La Fig. 6b
montre clairement le développement de ces 2
vortex. Il existe une bonne corrélation avec les
données expérimentales exposées dans
I'ouvrage de Fujita [3] [4].

4. Comportement étrange de systémes
linéaires

La propriété fondamentale d'un systéme linéaire
est le principe de superposition : si sy(t) est la
réponse A une entrée e(t) et sa(t) celle & ex(t)

alors a e (1) + Bey(t) donne pour réponse

as)(t) + Bsa(t) - (o, P coefficients numériques)
Un systeme tel que :

die.
S(t) = Z aj() —=
du

satisfait une telle propriéié.

Revenons maintenant sur le concept de stabilité
en partant de la fonction de transfert d'un
systeme, avec éventuellement une entrée
“perturbation” et supposons d'abord que les
coetficients des équations -donc de la fonction
de transfert- soient constants.

Un tel systeme est stable si les pdles sont situés
dans le demi plan de gauche (abscisses :
amortissements, ordonnées : fréquences).

Stabilité signifie que si le systeéme est
temporairement. écarté d'un état stable, il
reviendra a cet état aprés un temps plus ou
moins long (degré de stabilité, stabilité
asymptotique de Ljapounov). Si des poles sont
situés dans le demi plan de droite la sortie tend,
théoriquement, vers 1'infini, mais souvent des

1F-9

saturations apparaitront et limiteron: 'amplitude
ou les oscillations.

Ce vieux concept de la stabilité -toujours
valable- est «ror loin de la réalité et du point de
vue de l'utilisateur, la stabilité est normalement
attachée au degré d= corrélation qui existe entre
I'entrée et la sortie.

Si les poles sont préts de I'axe imaginaire, la
stabilité cst faible et la réponse & un Dirac est
une oscillation faiblement amortie (dans le cas
ou {l n'y a pas, en plus, de perturbations). Si
I'entrée varie continuellement, la sortie varie
également mais la corrélation est pauvre.

Supposons maintenant que les coefficients
varient dans 'e temps mais supposcns qu'ils
restent toujours dans le demi plan de gauche. Le
systeme peut étre considéré comime linéaire et
stable. Supposons que tous les pdles sont
complexes (s'il y a un pdle réel, a gauche, ce
Q' © suit peut ne pas étre vrai). Si le pole de
fréquence wj se déplace lentement dans le
temps, lentement par rapport a 1/wj, par
exemple, sinusoidalement a la fréquence j telle

que §2j << wj, alors le systeme se comporte
comme une collection de systemes a cocefficients
constants et la corrélation entrée-sortie n'est que
tres légeérement altérée. Si € est beaucoup dlus

grand que j, alors la sortie comporte
apparamment un "bruit” additionnel et la
corrélation entrée-sortie n'est, 1a encore, que
peu affectée.

Dans les 2 cas, on suppose que l'énergie
contenue dans le signal d'entrée (spectre) dans
dQ; autour de €; est faible. C'est le cas usuel.

Si € est proche de @j ou si le spectre du signal
d'entrés contient une énergic suffisante au
voisinage de Qj, alors la corrélation entrée-
sortie peut disparaitre complétement et la
réponse & une entrée peut aparaitre comine
totalement décorrciée i celie-Ci : ¢'est une sorte
de chaos déterministe.

En fait cet exemple appelle 2 commentaires.
D'abord, dans cc¢ qui précéde on fait
I'hypothese que le modele du systeme existe ¢t
on raisonne sur ce modele. On suppose donc
qu'il n'y a pas d'incertitedes sur les coefficients
A chaque instant (puisque ceux-ci varient dans le
temps). La structure du systeme est alors
parfaitement connue ; elle entre dans I'équation
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générale X = AX + Bu, équation dans laquelle
les coefficients de i matrice A dépcndent du
temps. Mais comme il a €t€ dit plus haut, dans
toutes les applications les incertitudes sur les
coefficients existent et I'hynothese sur la fagon
dont varient les coefficicn's avec le temps
s'estompe. Les concepts modernes de la
Commande Automatique impliquent la
robustesse, c'est-a-dire le choix de B de fagon
que les incertitudes sur A n'aient pas
d'incidence sur le vecteur de sortie (y = CX)
au-dela d'une certaine valeur (une partie de
l'erreur, en général, erreur quadratrique
moyenne, acceptable).

Ensuite, le concept de fonction de transfert ou
de matrice de transfert (localisation des poéles)
ne prévoit pas, a priori, de variation temporelle
des positions des pdles ; la transformée de
Laplace suppose que les coefficients de
I'équation temporelle sont constants. Il n'est
donc pas acceptable d'appliquer simultanément
le concept de linéarité d'une équation (c'est-2-
dire le concept de superposition) et le concept
de stabilité A partir de la localisation des pdles,
tout au moins lorsque les fréquences de
mouvement des poles sont voisines de la
fréquence des poles.

Les "systemes paramétriques” -tel €tait le nom
donné A ces systenmies linéaires A coefficients
dépendant du temps- ne sont plus guére étudiés
a ce jour ; lorsqu'ils I'étaient, voici quelques 20
années, le chaos n'était pas encore redécouvert.
Il pourrait étre intéressant de reprendre I'étude
de ces systemes dans l'optique de ce que l'on
sait, aujourd'hui du chaos.

5. Le cerveau et le chaos déteriainiste *
Je voudrais mentionner ce theéme bien qu'il soit

fort éloigné de mes préoccupations
quotidiennes.

8 d'apréz C.R. Académie d=s Sciences, Paris t. 311,
Série I1, p. 1037-1044, 1990 Roger Cerf et al. Parmi les
références bibliographiques citées dans le CR je
racntionne :

EN Lorentz. J. Atmosph. Sci. 20..1963, p.130 - 141.
D. Ruelle and F. Takens, Commun, Math. Phys. 20,
1971, p. 167 - 192.

lz)‘iSRuelle. Proc. Roy. Soc. Lond. A. 427, 1990, p. 261

P. Grassberger et 1. Procaccia, Physica, 9D, 1982, p.
189 - 208.

J. Theiler, Phys. Review A 34, 1986, p. 2427 - 2432.

Un systtme chaotique en état stationnaire est
instable sur son attracteur ; il possede ainsi ia
propri€té et les possibilités d'explorer l'espace
des phases que l'on peut attendre pour les
systemes nerveux. L'idée selon laquelle la
dynamique du cerveau, dans certains dec ses
aspects, pourrait étre chaotique et de petitcs
dimensions est acceptée ainsi que divers essais
pour l'interprétation de signaux
encephalographiques (EEG) en terme de chaos
déterministe. On s'attend a trouver un attracteur
étrange dans presque chaque signzl a
(fréquences 8 - 13 Hz).

Une difficulté majeure dans 1'étude des EEG est
la non-stationnarité du signal ; il doit étre
échantillonné en périodes courtes et de ce fait
limite la dimension de l'attracteur. Peut-on
conclure que cette non-stationnarité peut €tre
interprétée comme la prevve d'un caractere
fugitif des attracteurs du cerveau ? Ou bien, en
d'autres termes, les attracteurs sont spécifiques
de la fonction exécutée par le cerveau a un
instant donné (ou durant une courte période de
temps).

6. Conclusions

Les considérations stochastiques dans
l'ingénierie des systeémes ont été introduites par
Norbert. Wiener dans les années 1940
(svuvenez-vous de son fameux livre
"Cybernetics").

Les premi2res applications concernaient le
comportement des systémes en présence de
parturbations stochastiques ; a la méme époque
des circuits linéaires prédicteurs ont été calculés
et réalisés ; ils fonctionnaient bien pour des
entrées al¢ “toires starionnaires. A peu pres 2 la
méme épuyue, Claude Shanon introcuisait la
théorie de I'Information et la décennie 50 - 60
confirmait le bien fondé et l'intérét de
l'introduction des considérations stachastiques
dans les activités de I'Ingénieur.

Plus tard, les ingénicurs ont demancé plus : les
systemes linéaires sont rares (mais souvenez-
vou: que souvent ils sont considérés comme
une bonne approximation de systémes non-
linéaires) et la stationnarité d'un signal est rare,
sauf cependant, dans certaines catégories de
perturbatiors, par exemple, celles résultant de la
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nature granulaire de I'électricité 9. Si le signal
considéré n'est pas stationnaire, alors il ne peut
pas étre approché par des signaux stationnaires.

Maintenant les ingénieurs sont familiers avec les
notions de fonction et processus aléatoires : les
filtres de Kalman, qui connaissent de
nombreuses variantes équipent les récepteurs
GPS, les pilotes automatiques et tous les robots
intelligents... '

Cependant l'accroissement des capacités des
calculateurs rendit l'ingénieur insatisfait. Il
savait que les modeles qu'il utilisait étaient des
approximations des systeémes réels, comme
d'ailleurs le type de signaux qui enriraient dans
le systtme (entrées ou perturbations). Le
concept de robustesse a €té introduit voici
quelques 20 années et de nouveaux algorithmes
d'optimisation permettaient d'accepter quelques
incertitudes sur les paramétres.

Puis le chaos arriva ou plutdt resurgit parce
que, comme nous l'avons dit, il a été annoncé
par Poincaré voici un peu plus de 100 ans.

C'est probablement la loi d'équilibre biologique
d'une population d'étres vivants qui a conduit
les scientifiques par une étude minutieuse de
cette simple équation :

Xn+1=0Xn (1¢Xp)

(équation de Verkust) d'entrevoir toutes les
conséquences sur le comaportement des
systeémes non linéaires 0.

A partir de tout ce bagage une théorie mieux
structurée de la dynamique des syst¢tmes non
linéaires qui inclut la théorie du chaos a été
élaborée et continue de I'étre.

Les conférences qui vont suivre développeront
les principaux aspects de ce. nouveau chapitre en
vue dus applications dans le domaine de
I'ingéniérie.

9 aux bornes d'une résistance R, 2 la température T, la
tension fluctue d'une fagon stationnaire. Si AF est la
bande passante dans laquelle le signal est observé, la
valeur quadratique moyenne de la fluctuation de tension
cst e2 = 4kRTAf, k constante de Boltzman

(1,380.10°23 3 K-1).

10 r¢quation de Verhust est bien commentée dans la
référence [6) lorsque o varie de 0 2 3,56999 ...

[ECHNICAL LIBRARY

M

~ ok s “ o Y R S et us et

1F-11
Références

[1] La Corrélation. Académie des Science et
Académie Nationale de I'Air et de I'Espace.
International Symposium, Toulouse, Nov.
1991. Cepaduds Ed. Toulouse, ou ANAE 1,
avenue Camille Flammarion, 31500 Toulouse.

[2] Stability in Aerospace Systems. Agard
Report 789, Feb. 1993.

{3] "The downburst". Theodore Fujita, 1985
University of Chicago.

[4] "DFW Microburst". Theodore Fujita, 1986,
University of Chicago.

[5] "Modélisation des cisaillements de vent” B.
Cantaloube, Th. Lé, Nov. 1990. Rapport
ONERA 12/3619 SYA.

{6] "Turbulent Miroir", John Briggs, F. David
Peat, 1989 (Harper and Row).

"Un miroir turbulent”, version frangaise, 1991
(Interedition).



THis DOCUMENT PROVIOED BY THE ABBOTT ALROSPACE

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM



ot s b bbb - i PRI rapeT————rr 5 i i L o W VISUCHRI— | -
" TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

1F-12
=TT I 5 | S O, IS L | 1 2 B e ~+—r— . A §
A 320 SPEEDS SMVFLOPE I T
A l 11 Bl U e % L
| - ) || ] __l-i_—
1 i [T r,i‘,-Jrf
- | L] 2 o | W
| p i HRRERENN | [N EE
I | L [ e
FL A Vg e A d 1 I paTa H
\e bl | WEIGHT . 85twm || | )
4 ol T T cc  aon :E—:“
A V4 nL | | | | | Chaun cnn.‘.q.,,mmj'l:
4LO0 74 MAX_OPERATING ALTITUDE L5277 27 A —{"J A A A7 ,Vj-é‘,’?azl 77 T L L1 |
F=F i mits I
A T T T TR LSS T
592 4 UNEARK i ]
5 ANERENLS RN L1
\f,;_c N * LY | |
L“} Vi ™ \ B | |
od Al L N 1\ N
7 P, - <1y _\" ~ \}\ | |
4 ™ s BN I J |
500 | ¥ "N ™~ N \ fRE, T | | |
el ANEELN R YN 1 1 i
AL b 1 b rEHAER ISR i i
| ~ 4 1 ‘\l I P | —{
/ £ . 1 1 i
] .y RN £ £ , _TT_
[ham - e
' g 22 Loh N LA
' __.{_ e y U 4 )4\ ") L | / 1 ' N
4 FAVA N DS i
200 17 Y T A
Vil N ~ 7P atianoeld / H
4 Lz NI | ]
AT y UEEECURED AP ARESE l !
[ IS = il N : ] 74 ] | I | |
Ayin I X Ny gA AL | i !
/] L2 1) ] NG e T | ] I
S LN e T T '
I/ Az B SN LT 1T ! HEEER 1
00 ; Y N [ rAL7AN RS EE RS R EEENRE RN ERE
! X L] T4 s 9 B L] i ol Ly
AN A1 4 I 1 T .
. e A ] i NN/ I i | | I |
AN -ri B b PA 71
=¥ [~ V1| I
4 R 1 = y AV |
4 - N ~L [/ |
P L T~ T
| 1 ™~ | |
0 I 1T L I L |
700 300 400 500 TAS (<0l
V. vilesse minimale acceptable
v, vilesse maximale "de manceuvre” au facteur
de charge maximum
vV, vitesse maximale en turbulence “sévere”

M 0,82/350 kt Mach et vitesse maximaux opération-
nels

M 0,86/365 kt Mach et vitesse maximaux conlinus
avec manche, en piqué maximum

V,. Vvilesse minimale "protégée” correspondant a
rargle maximal dincidence “protégé”

TAS True Air Speed : vitesse aérodynamique
vraie - par opposition avec IAS (Indicated Air
Speed) ou CAS (Calibrated AirSpeed) qui ne

correspondent pas a la vilesse vraia. DO{T)B!HE’ (’je VO/ A 320

FL Flight Level -
Niveau de vol 300030 000 pieds.

Les aucres tableaux se trouvent dans la version anglaise.



THis DOCUMENT PROVIOED BY THE ABBOTT ALROSPACE

TECHNICAL LIBRAR

ABBOTYTAEROSPACE.COM



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

2-1

Bifurcation Theory:
Chaos and Patterns

P. Coullet
Institut Nonlinéaire de Nice
France
UMR CNRS 129

Abstract

These lectures are devoted to study the transition
towards chaos and the bifurcations leading to pat-
terns. The qualitative and universal aspects of these
phenomena are emphasized.

1 Introduction

Natural systems provide a great varicty of motions.
Some are regular such the scasonal rhythms, wheras
others are very complex and apparently random, such
as ocean waves or the fluid motion behind an obsta-
cle. H. Poincare, at the beginning of this century,
discovered that apparently random phenomena could
well be the consequence of simple Aeterministic dy-
namical systems [1]. More than 60 years afterwards
physicists rediscovered Poincare theory and the sci-
ence of chaos was born.

The theory of dynamical systems allows us to de-
scribe the changes that a deterministic system can
suffer when some of its characteristic parameters are
varied [2]. It describes these changes in a qualitative
but universal way. In particular, it allows us to un-
derstand why similar phenomena arise in systems as
different as a mechanical system or a bio ogical one.

These lectures are divided into two parts. In
the first part we study the transition towards chaos
through the cascade of period doubling bifurcations.
The second part is devoted to the phenomena of sym-
metry breaking and pattern formation.

2 Chaos

One of the most exciting experimental discoveries of
the last 20 years is that simple hydrodynamical and
chemical systems can show complex temporal behav-
ior (see fig. (1)) which can be, in turn, reproduced by
simple dynamical models [3] [4]. A powerful way to
analyze an experimentally obtained complex time se-
ries X (t) was proposed by F.Takens [5]. An arbitrary
delay 7 is introduced. The signals Xy(t) = X(t),
Xi(t) = X(t—171), Xa(t) = X(t — 27), ... up to

Figure 1: A typical experimental signal

X.(t) = X(t — nr) ave then constructed with the
help of the delay. The space generated by these vari-
ables is called the n-dimensional reconstructed phase
space. The basic idea behind the Takens reconstruc-
tion is to reduce the complexity of the signal by try-
ing to represent it in a finite dimensional phase space,
Practically one considers the trajectory obtained by
increasing the dimensionality n of the phase space.
For each n the dimension v of the reconstructed at-
tractor is measured. The procedure stops when v
does not change anymore. A simple way to measure
the dimension of the attractor was suggested hy Pro-
caccia and Grassherger [6). The number of points N,
which falls in a siall ball of radius r on the attracter
is measured. When r goes to zero this quantity ex-
hibits a scaling law from which the local dimension
v is extracted N ~ r¥. In the case of the signal pre-
sented in figure (1), the reconstruction with n = 2
leads to a phase portrait (see fig. (2)) which even-
tually fills a finite area of the plane. This suggests
that the attractor’s dimeusion is greater or equal to 2,
The three dimensional reconstruction confirms that
the dimension is actually in between 2 and 3. A cut
of the attractor by a plane reveals the structure of the
attractor (see figure (3)). This analysis shows that
signals as complex as the one of figure (1) can be
coded with a finite number of data points. Three in
our cuase: X (0), X(7) and X(27). The data in figure
(1) were not obtained from a real experiments but
from the numerical solution of a differential equation
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X

X(1-1)

Figure 2: Two dimensional phase space reconstruc-
tion of the signal shown on figure (1)
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Figure 3: Poincare cut of the three dimensional re-
constructed attractor.
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whose phase space is actually three dimensional
O 4 v + (1 + Q7 cos())sin® =0 (1)

This equation describes the motion of a penauium in
a periodically varying gravitational field. Equation
(1) can be written as a set of three coupled first order
equations

Xo = Xi
X, = -wX, (2)
—(1 4 £ cos X;)sin X
X, = 0
or
X = F(X) (3)

where X = (Xo, X, .X2) and the vector field F is
given by

F = (X),—vX,| + (1 - fQ% cos X;) sin X;,0)

The dynamical system given by equation (3) depends
on parametess which control the transition from regu-
lar to irregular behavior. In what follows, we describe
a numerical experiment where v and 2 are kept fixed.
The amplitude, f, of the periodic modulation of the
gravitational field is increased from zero. The solu-
tion Xy = X, = 0, X; = (Ut represents the rest state
of the pendulum. In phase space, it corresponds to
a limit cycle with a period T = 2X. The projection
of this circle in the Xy — X, plane is a point located
at the origin. The stability of this solution is con-
trolled by the Mathieu equation [7]. In the (f — Q)
plane the instability domains are located inside the
resonance tongues. The signal of figure (1) has been
obtained close to the strong resonance {1 ~ 2. As
f is increased, the attractor of equation (3) changes
its dimension. For f small enough the rest state is
stable. Above a critical value, fo, it loses its stabil-
ity (see figure (4)) and the pendulum oscillates. The
corresponding orbit in the phase plane is still topo-
logically a circle. The change of dynamical state that
the pendulum undergoes when the amplitude of the
modulation is varied is a typical example of bifurca-
tion. One of the most useful results of the theory of
bifurcation is the possibility of classifying the generic
bifurcations which occurs in real experiments. When
[ is slightly above a sccond critical value, f, a new
bifurcation transferm the cyclic attractor into a knot-
ted orbit (see fig. (5)). In this process the period of
the selution doubles. This bifurcation provides the
key mechanisin for the transition towards chaos. A
further increase in the amplitude of the forcing leads
a complete cascade of such bifurcations. At each crit-
ical value f,, the orbit length doubles. At the n'" step
a cut of the attractcr consists of 2" points. The se-
quence of the f, is shown to converge geometrically
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Figure 4: The parametric oscillation.

Figure 5: Period doubling bifurcatjon.

Figure G: Slightly above fo.

to foo. The sequence of cuts suggests the existence
of a Cantor sct for this parameter value. Above this
critical value the signal obtained (X, for example, as
a function of time) exhibits wecak irregularities (see
figure (6)). The chaotic behaviors can be charac-
terized by quantities which measures the amount of
chaos. These are entropies and Lyapunov numbers
{8]. They are rigorously defined rigorously in the
frameworl: of ergodic theory. Thoses very interest-
ing aspects of dynamical systems are not covered. in
this lecture. We will instead focus our attention on
the transition to chaos through a cascade of period
doubling bifurcations. The cut of the flow by a plane
(Poincare cut) defines a diffcomorphism of the plane
into itself. The fAow associated with equation {3) has
the property to uniformly contract the volume in the
phase space. The contraction is given by the diver-
gence of the vector field

axX,
X,

dXo
X,

Xy _
X2

Obvicusly the Poincare map should then uniformly
contracts the areas in the plane. Let us define the
coordinates in a typical Poincare plane as zo and yo.
The Poincare map may be written as

I(IOv yO)
9(zo, yo)

2

Yo



THis DOCUMENT PROVIOED BY THE ABBOTT ACROSPACE

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM



2-4

e

3

—

y

Figure 7: 10000 first iterates of (0,0) of the cubic
Henon's map /

The simplest nonlincar diffeormorphism {9) of the
plane which uniforinly contract the areas can be writ-
ten as

an(l—Io)—byo (4)

’
Yo = To

T, =

At cach iteration an arbitrary arca in the plane is
contracted by a constant factor given by the Jacobian
of the transformation (4)

_ 0shouy _ 0sh iy _

~ OroOyo Oyo Oz

Nu. .erical simulations of the mapping (4) for increas-
ing alues of a, for fixed b, revecal the existence of a
cascade of period doubling bifurcations as the pre-
cursor of chaotic behavior. In the chactic regime, the
attractor of the cubic Henon's map (axg(l — ry) —
azg(1 — x3) in equation (4)) exhibits strong similari-
ties to the Poincare map of the parametrically forced
pendulum shown in the figure (3) (see figure (7)).
The mechanism of the cascade of period doubling bi-
furcations and its relationship to nonlinearity can be
understood in the limit where b — 0. The Henon map
(4), in this limit becomes a one-dimensional map (sce
figure (8)) known as the logistic map

zp = azo(l - 7o) = Aa(z) (5)

As a increases from zero the following scenario is
observed, For 0 < a < 1 the iterates of all the initial
conditions converge toward zero. For 1 < a < 3 the
iterates of all the initial condition except (0) and (1)
converge towards a fixed point, a solution of

z* = A,(x7)

e = L e

Figure 8: The logistic map

For 3 < a < 3.5 almost all the initial conditions con-
verge towards an alternate serie (r_, r4), solution of
the equations

T4 = Ag(x2)
T. = A(74)
or
4= Aa(Aa(4)) = A (z4)
£o = Ma(Aal2)) = A (r2)
where :,2) denotes the scecond iterate of A,.  For

a, < 6 < dp4y almost all initial conditions con-
verge towards a periodic cycle consisting of 27 points
&y, rz,..xran such that

zi = AP (x:)

for all i = 1,..2". The sequence of the a,, converge in
a geometric fashion towards a litit value a0

lim —m*tt =% — 4,669 =6 (6)

n—00 4 ~ Upyi

For a > as, chaotic behaviors is observed for a mea-
surable set of parameter values (see fiz. 9) . The
mechanisin of the cascade of period doubling bifur-
cations can be undeistood in the following way

o The first period doubling bifurcation is a simple
consequence of the nonlinearity of the map. The
stability of the fixed point r* is controlled by
the derivative of the map at this point. A small
deviation, 8z, around the fixed point becomes
after one iteration

ér’ = %'\" oz
T

r*
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Figure 9: Sketch of the cascade of period doubling Figure 10: The logistic map and its second iterate
bifurcations
When r increases, the fixed puint cventually ;
reaches the region where the map has a nega- q (1024) m
tive slope. When |8A./0z|,.] > 1, the fixed )\,a
point z° loses its stability. This occurs when l .
0Xa/8z|,. = —1, which defines a, in an unique
way. Slightly above a,, the iterates of almost all !
initial conditions converge toward a periodic cy- F wm f l
cle of period two, whose elements are fixed points
of the second iterate of the map (see figure (10)) “
r lJ
¢ The form of the graph of A2 allows us to under-
stand the existence of a cascade of bifurcations.
The restriction of Af,z) to the interval denoted
I, in figure (10) is similar to A% itself. When
a is increased z, reaches the domain of A2 in 1 X
I, where the slope A /Ozl . becomes smaller
z
than -1. The periodic solution of period two be- Figure 11: Self similarity of A{l22"
comes unstable for this parameter value. This
simple idea is at the root of a theory proposed
simultaneously by M. Feigenbaum [11] and P.
Coullet and C. Tresser [12] [13] in order to ana- z' =a'z(l-1) (8)
lyze the cascade of period doubling bifurcations. , 2
We present here a crude calculation which illus- where a' = (2 - a)”.
trates this theory. The second iterate of the lo- This map is called the renormalization map. Up
gistic map A2 s to a translation, a change of scales arid a change
of the parameter (renormalization), z\f,z) is equiv-
, R alent to A4. a’ is calied the renormalized param-
g = (2-a)'z (7) eter. The renormalization map has two fixed
—a(6 — 5a + r¥)z? points a = 1 and a = 4. Let us corsider only the
] +a?(4 - 3r)z® - Py fixed point with the positive slope {(a = 4). We
' identify this value of a with a,.. If our calcula-
We have chosen the origin of the coordinates tion was exact ,\L’,L would be exactly self-similar
? at the point (z°,A.(z")). A truncation at to Aq (S(: "~ (11)). When a is close enough
‘ the quadratic order and a scaling tranformation to aoo, Af,:,_, is almost equivalent to A,__,.,
! . brings it into the form where § is the slope of the renomalization map
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at the fixed point as. Thus a typical parameter
range for the map A is shrunk by a factor 4 for
its second iterate PR particular the domain
of stability of the cycle of period 2("*!) is § time
smaller that the domain of stability of the cy-
cle 2. One gets § = 4. The truncation is the
only serious criticism of this analysis. This ap-
proximation introduces in particular a spurious
fixed point a = 1. Our crude calculation can be
transformed into a poweful and rigourous theory
(renormaiization group) [14] which allows one to
prove the existence of a cascade of period dou-
bling bifurcation and its universality. It is be-
yond the scope of this review paper to go into
the details of this theory.

The main steps are the following;

1. Definition of a renormalization map as

U(r) = h='&(B(h(z)))

where A is an affine transformation.

2. Computation of its fixed points
O°(z) = h~' @ (®°(h(r)))

3. Computation of the spectrum at the fixed
points

DV
A=) = 53,.

The main results are tlic following:
1. Analytic maps have a’ dénumerable sct of
fixed points.

2. One of the fixed points (unimodal map with
a quadratic maximum) has a spectrum with
only one cigenvalue d = 4.669.. whose mod-
ulus is greater than 1

3. Multidimen 1onal  perturbations of this
fixed point, as for example the generaliza-
tion of the Henon map, does not destroy
the results (1) and (2).

These results explains why the cascade of period
doubling bifurcation with its universal number § =
4.66920160910210909.. are actually observed in such
a wide class of dynamical systemns.

3 Patterns

The bifurcations provide the most obvious mathe-
matical explanation for the changes which occur in a
physical system when its parameters are varied [15]

S A E S S A e
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Figure 12: typical spectrum of Df,/DU|,,. at a bi-
furcation point

(16]. Patterns which are frequently observed in natu-
ral systems can be understood as the result of a sym-
metry breaking bifurcation. Patterns break the ba-
sic symmetries of space and time: time translations,
space transiations, rotations and space inversion.

In the introduction to this chiapter, we will sumn-
marize some of the simple tools of bifurcation theory.
Let U* be the fixed point associated with the flow of
a finite dimensional vector field F(U). Then

oU = F,(U) (9)

where U = (Uy,U,,..U,) and i is a set of k pa-
rameters g = (py,pt2, .4tk ). The fixed point U*® is
such that F,,(U*). The topological type of the flow
in the necighborhood of the fixed point U* changes
whenever an cigenvalue of the spectrum of the lin-
carized vector field, Df,,/DU|,., crosses the imagi-
nary axis. These changes are called bifurcations. In
many practical applications of bifurcation theory a
stable fixed point loses its stability at the bifurcation
point. In that case, the spectrum of Df,/DU|,. is
completely contained in the right half of the com-
plex plane except for a finite number of eigenvalues
which sit, at the bifurcation, on the immaginary axis
(see figure (12)). The main result of bifarcation the-
ory is that, close to the bifurcation equation (9) can
be reduced to a simpler one called its normal form {21
[15} {16]. This result is based on the central manifold
theorem which asserts the existence of a local van-
ifold which captures all the interesting phenonena
occuring at the bifurcation. The topological clange
that the vector field close to the fixed point suffers
at the bifurcation can be analyzed on this manifold
only. It is the straightforward generalization of the
lincar space generated by the part of the spectrum
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Central manifold

Figure 13: Sketch of the central manifold

of Df,/DU]|,. which lies on the imaginary axis (sce
figure (13)). The restriction of equation (9) to this
manifold using appropriate coordinates is the nor-
mal form. Bifurcations of a fixed point are easily
classified. The generic (co-dimension one) bifurca-
tions correspond either to the crossing of a single zero
eigenvalue (stationary bifurcation) or a pair of com-
plex eigenvalues (oscillatory or Hopf bifurcation) [15]
(16]) .

3.1 Symmetry breaking

Symmetry groups play an important role in the un-
derstanding of physical systems. The description of
the crystalline structure by DBravais is probably the
most famous success of this theory. The phenomenon
of symmetry breaking was first fully appreciated by
the French physicist P. Curie. Bifurcations in sym-
metric dynamical systems often lead to the symimetry
broken phenomenon (17] (18]. The theory of phase
changes by Landau can be interpreted in this frame-
work. The buckling of a plate provides a simple ex-
ample of a spontancous symmetry breaking transi-
tion. A vertical tension is applicd to a vertical elastic
plate (see figure (14)). When the tension excceds a
critical value, the plate bends. The side on which the
plate bends depends on the existence of small Auctu-
ations when the tension passes its critical value. In
a well controlled experiment there is as oqual prob-
ability that the plate will bend to the left as to the
right. Let us denote the amplitude of the bend by
a real number, A. This quantity (the order param-
eter in Landau’s terminology) should be one of the
coordinates of the central manifold since the most
obvious topological change associated with the bifur-
cation (the breaking of the left-right symmetry of the

2-7

T>T,

Figure 14: The buckling of a plate

apparatus) is associated with it. The simplest case
corresponds to a one dimensional central manifold
parametrized by A only. The bifurcation equation
(normal form) is thus a priori

O A = f(A) (10)

where, in order to satisfy the symietry of the phys-
ical system, f(—A) = —f(A). Since at the threshold
of the instability (bifurcation) A is small (at least
fr v short times), A can be expanded in a Taylor sc-
rics. The truncation of the normal form at the first
nonlinear term can be written as

WA= fiA+ fA° (11)

where f) is proportionnal to T — T, and T and T,
represents the tension and the critical tension respec-
tively. The sign of f3 is crucial. In the case of the
buckling, fi is negative. In that case, the bifurca-
tion is supercritical and the amplitude of the bend
saturates to a finite value, A* = /f1/(=f3). When
f3 > 0, the amplitude grows indefinitely in time. In
that case, equation (11) is only valid for short timcs,
when A is still smail. The bifurcation of the buckling
plate is known as the pitchfork bifurcation (sce figure
(15)) and the amplitude equation (normal form) is
known as the Landau equation. From a purely math-
ematical point of view this bifurcation corresponds to
the crossing of an eigenvalue through zero for a dy-
namical system which possesses reflection symmetry.
Equation (11) can be obtained in a rigourous way
from the cquations of clasticity. Technically one can
cither use singular perturbation theories (Poincare-
Lindsted and its gencralization [7]) or normal forin
theories [2] [15] [19] [21]. Let us consider, as a sim-
pler example of a pitchfork bifurcation, the behavior

[ S I o T
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Supercritical bifurcation

Figure 15: Diagram of a supercritical pitchfork bifur-
cation

of a ball gliding in a hoop which is rotating around a
vertical axis (also known as the problem of the conic
pendulum, see figure (16)). The motion of the ball is
described by the equation

O+ 200 +5in6 - NVsinOcos® =0 (12)

When the normalized velocity of the hoop 2 is greater
than or equal to 1 the equilibriwum position of the ball,
O = 0 = 0, becomes unstable. The ball moves to-
wards a new equilibrium position. The hifurcation
is again a pitchfork bifurcation. The ball can either
reach a new position with a positive angle or with a
negative and opposite angle. The bifurcation breaks
the @ = -0 symmetry. Close to the bifurcation
point, a straightforward calculation shows that the
spectrum of the linear operator consists of a negative
eigenvalue whose value is close to —v and an eigen-
value close to zero. This suggests that the dynamics
of the ball consists in a "fast” time relaxation (with
a characteristic time 7 ~ 1/v) and a slow time varia-
tion. For times larger than the fast relaxation time,
the dynamics of the ball is slow, and the amplitude
of the motion is smail. Siuce the amplitude A= 0O is
small and A << A equation (12) can be reduced to
the Landau equation (11) with f; = (22 —-1)/2v and
fi=-1/4v.

The third example of spontaneously broken symn-
metry we want to discuss is associated with the para-
metric forcing of a pendulum (see equation {1 of chap-
ter (2)). We study here the case where the forcing
occurs close to twice the natural frequency of the
pendulum. In that case equation (1) becomes:

X +20X +ecos(21 = n)t))sinX =0  (13)

where the detuning, n, measures the deviation fromn

Figure 16: The conic pendvium

Y

Figure 17: 1:2 parametric resonance

the exact resonance and € = 4f(1 — n)?. The insta-
bility sets in when the forcing, f, exceeds a critical
value (see figure (17)). The oscillatory motion of the
pendulum has a perivd which is then precisely half of
the driven frequency. This bifurcation is actually a
period doubling bifurcation. Close to the instability
threshold, a solution of the equation is considered to
be of the form

X = A(t)e'!=M*+% 4 ¢.c 4 harmonics (14)

where A(t) is a real function which is assumed to be
slowly varying in time. The differential equation to
be satisfied by A can be obtained by using averaging
techniques [2), since A does not vary much at the time
scale of the oscillation. This equation is, a priori:

04 = f(A) (15)

Aoy
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Figure 18: Symmetry breaking in the parametric ex-
citaticn of a pendulum

Equation (13) is invariant under the transformation
t—ot+2n/Q

where Q = 2(1 — 5) is the actual period of the mod-
ulation of gravity. Let us apply this transformation
to the solution given by expression (14)

X = A(t+2n/Q)eime e (16)
~ _A(t)ei(l—n)l+i¢ PR

Since X(t + 27 /) is a solution of equation (13), —A
should be a solution of equation (15). This require-
ment implies that f(A) = —f(—A). At the leading
order, the equation to be satisfied by the amplitude
is then the Landau equation (11). The parametric
instability is a symmetry breaking bifurcation. Two
possible oscillatory states can be observed as the re-
sult of the instability. They differ by a phase shift of
7, i.e, a period of the external driving frequency (sce
figure (18)). It mieans that if one considers an as-
scmbly of such pendulums, statistically half of them
will oscillate with a given amplitude and half of them
with the opposite amplitude. Similar to the case of
the buckling of the plate and the conic pendulum,
the viscous damping , v, is responsible for the reduc-
tion to a first order differential equation. When the
damping becomes weaker, the phase of the oscilla-
tion becomes an active parameter. The solution of
equation (13) is then considered to be of the form

X = A(t)e'' =™ 4 c.c + harmonics (17)

where A is now a complex amplitude whica con-
tains informations on both the real amplitude and
the phase of the oscillation. When the expression
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(17) is inserted into the equation (13), taking account
that A is small and slowly varying, and that » and
f are also small quantities, one gets the amplitude
equation (normal form) as a compatibility condition,

QA= (—v+inA-iajAPA+ivA  (18)

where a = 1/4, ¥ = €/4 and A denotes the com-
plex conjugate of A. When the forcing goes to zero
(v = 0) equation (13) becomes invariant under the
transformation A — Ae'®, where 8 is an arbitrary
phase. This equivariance property is a consequence
of the translational invariance of the equation of the
unforced pendulum. The term ¥4 in equation (18)
represents the symmetry breaking induced by the

forcing. It reduces the symetry group under which

(18) is invariant to the transformation A - —A. The
stablility analysis of the pendulum at rest proceed as
follow. Let us introduce the real and imaginary parts
of the complex amplitude A = X + Y. Tke lincar
equations to be satisfied by X" and Y are

X —vX +(y-n)Y (19)
Y = —wY+(vy+npX (20)

Let X = Xoc ! and Y = Yoe t. The equation for o
i
iS
(0 ' ”)2 - ~l ',2

The cigenvalues are both real if |y| > |y| (frequency
locking). Tle instability sets in inside the frequency
locking tongue, when v > 9% + o2

At the instability threshold the cigenvalues are ¢ =

0 and ¢ = —2v. The marginal cigenmode is such that
Y, v
— =———— =tang
Xe Y+

where X, and Y, are the components of the unsta-
ble mode and ¢ is the phase introduced in the solu-
tion given by expression (14). Near the threshold the
equation (18) can be reduced to a simpler one that
is first order in time. This equation for the real am-
plitude, A, of the marginal mode is none other that
the Landau equation.

3.2 Pattern forming transitions

At all scales matter exhibits structures. Some pat-
terns are very regular, such as for cexample the
honeycomb-like convective cells ob: nved in a well
controlled experiment. Others are quit-: ‘rregular,
such as the hydrodynamical flow behind an obsta-
cle at high Reynolds number. Patterns arise «ue
to the spontancous synunetry breaking of space-time
symmetries. When a matecrial fills an empty space
it usually inherits its homogeneity properties. Most
of the time patterns reflect the topology of the space
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in which the physical system is embedded. In par-
ticular, patterns which are observed on a flat surface
or a curved one are quite different. Hexagonal pat-
terns can regularly fill a piece of plane, it is not the
case one the sphere. The matter itself can influence
the morphogenesis when it breaks the homogeneity
of space. The molecule of a nematic liquid crystal,
for example breaks the isotropy of space at the mi-
croscopic level. Patterns observed in such systems
will have original features associated with the sym-
metry of the molecules. Mathematically, patterns are
the solutions of partial differential equations. Before
describing formal aspects of the theory of pattern for-
mation, let us first discuss a very naive example of
pattern formation.

The problem of the coupling of two pendulums al-
lows one to introduce the basic mechanism of pattern
formation. In this problem, space is simulated by two
points, the two pendulums. The equations which de-
scribe the motion of the pendulums are

é|+sinO| =
6, +sinO, =

h‘(ez —6.) (21)
K(0 - 6,) (22}

where &, the torsion constant is assumed to be small.
One of the invariance properties of equation (21)
(1) & (2) reflects the homogeneity of the "space”.
Let us introduce the sum and the difference of the
angle of the two pendulums £ = O, + ©, and
A = O — ;. Linearizing equation (21) around the
rest state one obtains :

£4T =0 (23)
A+ (1426)A 0 (24)

The normal modes of this simple mechanical system
are thus given by

e A # 0 and £ = 0 where the two pendulums
oscillate with the same ampiitude at the same
frequency as a single pendulum.

¢ A # 0 and T = 0 where the two frequency oscil-
late with opposite phase, at a higher frequency

V14 2x

The first normal mode does not break the (1) ¢ (2)
invariance while the second one does. We will say
that the second mode of oscillation describes a pat-
tern in its simplest form since this solution breaks the
homogeneity of the "space”. In order to understand
a little more about the spontaneous appearance of
patterns, let us consider the case where the two cou-
pled penduluins are weakly damped and subjected to
a small periodic variation of the gravitational ficld,
close to resonance (1:2). The dynamics of such a sys-
tem is described by the equations

6, + 200, (25)
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Figure 19: Stability diagran of the two coupled pen-
dulums.

+(1 4 fQ%cos())sin@; = (O —-0,)
01 + 206, (26)
+(14 fQ%cos())sin®; = ~(O, —Oy)

where @ = 2(1-7). Using the sum and the difference
of the angles one get the linearized equations

T+l (27)
+(1+ fQ2cos(U)NT = 0
A+2A (28)

+(1+2x)A + fQ%cos(NHA = 0

We then look for solutions to these equations of
the form

T o= A" pce+-e- (29)

A = B "M ypcct-s (30)

The (linear) Lifurcations equations (normal form)
reads

—vA+inA +iv7A (31)

-vB+i(n+x)B+ivB  (32)

0(A =
c'),B =

The stability of the rest solution, A = B = 0, is
straightforward: when the forcing frequency is close
w0 the frequency of tl.e structured mode, the insta-
bility leads to a state which breaks the hemogeneity
of the space (see figure (19}).

A more realistic example of pattern formation is
obtained by coupling a large number of such identical
pendulums. In the continuous linvt the equation for
the chain may be written as

6 + 18 + (1+ [ cos(t))sin® = c?O,, (33)
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where ¢ is a velority which depends upon the tor-
sion constant and the distance between pendulums.
Space now appears explicitely through the second or-
der derivative by respect to . The homogeneity of
space implies the invariance of the equation under
the transformation z = z + a and £ =+ —z. The
amplitude of the small oscillation of the chain A is
now a function of time and position. It obeys the
equation [22]

QA= (n+i0)A~ialAPA+ YA - iBA.,  (34)

. YA .
where 3 = ¢*/2. This equation calitbe obtained as
usual by looking for a solution under the form

0 =Ae'""" pcct -

When the parameters j and 4 vanish, the equation
becomes the well known nonlinear Schoedinger equa-
tion [23]. In the case where a8 > 0, (this is the case
of our chain of pendula), the homoegencous solution
A = Age Mol iq ynstable with respect te non-
homogeneous perturbaiions. This instability (sclf fo-
cusing) leads to the formation of solitary structures,
In the presence of small forcing and dissipation, pat-
ters can be observed depending upon the detuning
parameter 8. The mechanism underlying the forma-
tion of patterns can be understood as before in the
framework of the lincar equations :

OA=(n+ib)A+ivA—-iBA,, (35)

The invariance of this equation under time and space
translation which reflicts the isotropy of space allows
one to look for solution under the form

A= Akeoleiqr
The equation to be satisfied by o is
0® = 2o+ - + (36)

where g = n+ 3q¢?. Instability sets in when g, = 0.
Depending on the forcing frequency (detuning) the
instability can amplifly a wave number g = \/,—r;/;‘i
(sce figure 20). The wave number is selected by the
dispersion relation of the waves that the unforced,
undamped chain can sustain wy, = /1+02¢/2 ~
14c2¢%/2 = 1 + 3¢%.  The noulinear analysis al-
lows one to compute the amplitude of the pattern.

Close to the pattern forming transition, a solution of
equation (34) is looked for of the forin

A=A e+

The equation to be satisficd by A is a normal form
which describes in a universal way the trinsition to
one-dimensional modulated structure [24] [25].

(')‘A =€eA+ lel |A|2A + DA:: (37)

\ q /\ q
(a) (b)

Figure 20: o, as a function of ¢. (a) the most un-
stable mode has a zero wavenumber (b) the most
uns:able mode breaks tinie cranslations.

where € ~ . — 4. The equivaniauce property A —
Ac'® is a direct consequence of the invariance of the
physical system described by the equation (34) with
respect to space translation. The invarianee under
space reflection & = —x implies that the coefficients
of the amplitude cquation (3V) are real numbers,
This sitple example illustrates many of the featvires
of a real pattern forming system. The Faraday ex-
periment. [20] [27] [29] [28] in wl- b
mitted to a periodic vertical acceledajon, presents
strong similarities with our chain of pendula. Above
a critical amplitude of the acceleration, patterns form
spontaneously at the surface of the finid. The mecha-
nism of the pattern formation in both cases is related
to the dispersive nature of the waves that this kind
of system can sustain.

Pattern formation is observed in a wide variety of
physical, ehumical and biological systems.

duid is sub-

o From a purcly mathematical point of view, pat-
terns arise as the resalt of a symmetry hreak-
ing bifurcation.  The broken synnnetry is one
of the symmcetries imposed by the hiomogene-
ity of space and time. The functions e
are the eigenfunctions of tine aud space trans-
lations. The rotational invariance of the phys-
iral space implics thaet o is a tunction of the
modulus of ¢ only, o5 = a(¢?). The two cle-
mentary bifurcations correspoul to the crossing
of a real cigenvalue (stationary bifurcation) and
the crossing of a pair of cigenvalues (Hopf bi-
furcation) respectively. In the case @ = 0 the
instability does not break time translation. Two
cases have to be considered. They depend on
the forin of @ as a functisn of ¢ (sce figure (20)).
In the first case (see figure (20.a)) no breaking
of symmetry occurs in the linear theory, while in
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Figure 21: Hexagonal pattern in the two dinu nsional
version of the complex Ginzburg-Landau equation,

the second case, the linear theory selects modes
with a finite wave number qq (see figure (20.h)).
The actual pattern arises as a nonlinear competi-
tion between v -ons modes with different orien-
tatious. Patteir, which only break space trans-
lations can be - ripes, hexagons [30). squares
and more exotic patterns, such as, for example
quasi-periodic patterns (see figure (21)). In the
case where o = t/w, the instability breaks time
translation at the onset. Two cases again have
to be considered They depends on the form of
the real part of - as a functi-n of q (see figure
(20) where o i+ -placed by its real part). In
the first case, n breaking of space translation
occurs. It corre onds to homogeneous oscilla-
tiens in space. I the second case, the instability
selects a wavenri-uber. The corresponding pat-
tern can either Y a travelling wave or a stand-
ing wave, whatever its spatial strucure (stripes,
hexagons, etc..). The selection arises as a non-
linear competition hetween right and left prop-
agating travelling waves,

o From a physical point of view patterns appear as
the result of an instability which selects a partic-
ular structured mode [31]. Each nattern forming
transition has its own mechanism. In the case of
the parametric rxcitation of a chain of pendula,
the forcing which has a well defined frequency
picks up a parti-nlar wavenumber becanse of the
dispersive nature of the waves that this sy: tem
can sustain. The Faraday experiment [27] falls
into this class. Tn optics, {32] the transverse sec-

PR U [N o "
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tion of a coherent beam can exhibit structures
which are related to diffraction. In fluid mechan-
ics, the first appearance of a pattern is often as-
sociated with an intrinsic characteristic length.
The Payleigh-Benard instability (33}, for exam-
ple, leads to convective vells which have a typical
size of the height of the container. In chemical
and biological systems instabilities can lead to
patterns only because the species involved have
different diffusion cocfficients. This mechanism
is known as the Turing instability {34]. Turing
patterns have been observed experimentally only
very recently [35] [36).
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STABILITY ANALYSIS THROUGH BIFURCATION THEORY (1)

Ph. Guicheteau
ONERA
Boite Postale 72
92322 Chatillon CEDEX
France

1. ABSTRACT

This communication is the first part of the three papers which
are presented by the author in the same AGARD l.ccture
Series (LS 191) [1,2]. It aims at the study of asymptotic
solutions of non-lincar differential equations depending on
parameters. The first part of the communication is devoted to a
brief presentation of the basis of Bifurcation Theory which is
limited to the non-linear phenomena observed by the author
when he has analysed high performance aircraft behaviour. In
particulsr, complex bifurcations and chaotic motions are not
treated in this paper. Numerical procedures developed to use
results from Bifurcation Theory are presented. Then, some
remarks are stated to establish a connection between
asymptotic and quasi-stationary bchaviour. Finally, a
methodology dedicated to the analysis of non-linear systems is
proposed.

2. RESUME

Cctte communication cst la premiére d'une séric de trois
présentées par l'autcur dans le cudre de la Lecture Series de
FAGARD (LS 191) [1, 2] dont l'objet est d'aborder 'étude des
solutions asymptotiques des systémes différentiels non
linéaires dépendant de paramétres. La premiére partie de cette
communication présente rapidement quelques fondements de
la théorie des bifurcations en se limitant aux seuls
phénoménes non-linéaires que l'auteur a rencontré au cours de
l'étude du comnportement des avions trés manocuvrants. En
particulier les mouvements chaotiques ne son: pas traités ici.
Ensuite, les procédures numériques utilisées pour mettre a
profit les résultats provenant de la théorie des bifurcations sont
passées en revue. Puis, quelques commentaires sont cffectués
en vue d'établir une liaison entre le comportement quasi-
stationnaire d'un systéme et son comportement asymptotique.
Enfin, une méthodologie d'études des systémes non linéaires
est proposée. :

3. INTRODUCTION

In practical situations, non-lincar dynamic systems arc very
frequently simplified or "lincarised" at the beginning of their
analysis. Unfortunately, such linearised equations do not give
.- full account of the observed phenomena and only some
nited conclusions regarding stability may be reached. . Thus
under certain conditions the normal behaviour of dynamic
systems which is predictable on the basis of "lincarised” theory
suddenly gives way to "incomprchensible” behaviours when
linearised analysis is no longer vaiid.

Nevertheless, a careful examination of the observed
pheromena in connection with inathematical results on non-
linear systems called Bifurcation Theory reveals that, in many
cases, these surprising behaviours can be well understood.

This communication is the first part of the three papers which
are preseated by the author in the same AGARD Lecture

Series (LS 191) [1,2}. These communications aims at the
presentation of non-linear flight dynamics phenomena
occutrirg on high performance aircraft {2]. To achieve this, the
first twe papers are devoted to the presentation of some
theoretical results concerning non-linear <ynamic systems. In
particuiar, taking into account the class of non-linear equations
encountered tn Flight Dynamices, this paper deals with the
study of axymptotic solutions of non-linear autonomous
difterential equations depending on parameters.

Although, a great number of specialised book exists in the
literature, the first part of the communication is devoted to a
brief presentation of Bifurcation Theory basis. It is limited to
the non-linear phenomena which have been observed by the
author when hc has analysed high performance aircraft
behaviour (fixed points, periodic orbits). In particular,
complex bifurcations and chaotic motions ue not treeted here.

As in most practical cuses it is not possible to get unalytical
asymaptotic solutions, the second pait of the paper is related to
the numerical procedures which have been developed to use
results from Bifurcation ‘Theory. The construction of
equilibrium solutions by means of continuation r.ocess is
discussed and a review of the available packages is presented.

From a theoreticai point of view, parameter variauuns are
assumed fixed an independent of time. Vhen temporal
parameter variations are not smnall, one can observed
behaviours which are different from those initially predicted
by means of Bifurcation Theory. The following part of the
paper is dedicated to a discussion of the connection betwe.n
asymptotic behaviour and quasi-stationary and/or transient
behaviour. These last considerations are closely connccted
with the attracting basin computation problem which will be
treated in the following paper {1}].

At the end of the paper, the methodology which has been used
to analyse non-linear systems behaviour, especinily in Flight
Dynamics, is proposed.

4. SOME SIMPLE EXAMPLES OF NON-LINEAR
SYSTEMS

Let us consider a set of linear or "linearised" difterential
equations dcpending on parameters. It is well known that, for a
given value of the parameter, there exists enly onc solution to
the fixed point probiem the stability of which is provided by an
eigenvalue analysis. Even if the fixed point is unstable, there
is only one asymptotic solution when time tends to infinityl.
As it will be shown in the two following examples, the

11f one or several eigenvalues of the system have null real part,
one can be noticed that it is possible to transform the initial
system in a law dimensional one which exhibits only one
asymptotic solution.
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situation is more complex when the "lincarisation” is not valid
and/or when the system is non-lincar. :

4.1 Riemann-Hugoniot's uatastrophe
Let consider the differential scalar equation:
j’=—(x'+a.t+h) ’

where x represents the state of the system and (a,b) slowly
varying parameters. This equation may be considered as
describing the evolution of X in a gradient field the potential
of which is defined by equations:

%= —grad(o(x))

Consequently, a study on the extrema of ¢(x) provides
information on the stability of the equilibrium states (figure 1).

AN

b=-3

b=3
fig. 1- Riemann-Hug:. "ot catastrophe: potential function.

o(x)=(x/4)+(ax’/2)+bx with a=-3

It the (x, a,b) space, the equilibrium manifold (M) is defined
as the set of equilibrium points (x = 0)and (C) is its projection
onto the (a,b) plane (figure 2).

equilibrium surface

1 catastrophe

N
bifurcation surface

N

Jfig. 2 - Riemann-Hugoniot catastrophe: equ't:h'bn'um manifold
and bifurcation surface. BN

LIBRARY

In this plane, (C) is the locus of points so that the equation (1)

admits three solutions is within a curve in the form of a cusp
a27+b*[4=0

This curve is called a bifurcation surface.

4.2 Hopf's bifurcation
Let consider a 2-dimensional system in polar coordinate

(r,8) with a parameter C :

0=-1

t=rc-r)
whete r* = x! +x,} and @ = Arcrg(x,/x,). For ¢ <0, only one
stable equilibrium solution exists (r =0). For ¢20, solution
(r =0) becomes unstable and a new stable solution appears
(r:w:) This latter corresponds to a limit cycle (periodic

orbit) the radius of which increascs as Je (figure 3).

X, X, X, Limit
cycle
e é) X X, X,
c<0 C=0 c>0
X2
er X, Limit cycle

I

" __ stable
- unstable

Jig. 3 - Iopf's bifurcation. a) Equilibrium solutions as a
function of €, b) return to steady state as a function of C .

5. FOUNDATIONS OF BIFURCATION THEORY

The mathematical basis of Bilurcation Theory can be found in
a great number of specialised books [3, 4, 5]. Nevertheless, it
appears 1o be essential to present a few aspects of this theory
at the beginning of this communication in order to facilitate
the understanding of the following chapters. It can be noticed
that chaotic motions are not treated here.

5.1 Preliminaries

The present topic is devoted to the behaviour analysis of non-
linear autonomous ordinarv differential cquations depending
on parameters.

In the following, we will study system
i=flx,n) (4)
where X is an n-dimensional vector, p 1s an m-dimensional

parameter vector and f:R"xR™ — R" are n non-lincar conti-
nuous and differentisble relations.



THis DOCUMENT PROVIOED BY THE ABBOTT ALROSPACE

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM



[ECHNICAL LIBRARY

The equilibrium states provide no information about the
transient response of the non-lincar system to a parameter
variation. Nevertheless, the previous examples show that the
computation of fixed points and/or periodic orbits and the
characterisation of their stability are essential to analyse the
asymptotic behaviour of non-lincar cquations. In order to
achieve this, the Imiplicit Function Theorem, only for gradient
type systeins, and the center manifold Theorem which are
stated below are two of the most important contributions to
Bifurcation Theory.

Implicit Function Thearem: Let f:R"xR™ — R" be a gradient
type system satisfying, for some p, >0 and p, >0 sufficently
small:

i) flxo,1)=0,

i) £{0.m,) =[a/(xo,po)/«lr] has a bounded inverse,

iy f(xp) and f{x,p) continuous for |x-x,|<p, und
[n-p.)<p,.

Then, there exists x = x(p) for all ju - p,| <p, such that:

a) x(u,) = x,,

b) flx(n)n)=0,

c) for |p —p,| < p,, there is no solution other than x(u),

d) x(u) is continuous.

This theorem allows conditions under which a non-linear
gradient system of equations has a unique solution in a snuall
region around a fixed point.

Many real non-linear autonomous dynamic systems are non
gradient type. They can exhibit limit cycles (periodic orbits)
when a pair of two conjugate imaginary eigenvalues crosscs
the imaginary axis under a variation of a parameter. To
analyse this new situation one nced to generalise the previous
resulis to general system. This is achieved by the Center
Manifold Theorem [6].

Center Manifold Theorem for flows: Let fbe a C vector field
. on RM vanishing at the origin ( /(0)=0)and 'et A the Jacobian

matrix at the origin (A = Df(0)). Divide the spectrum of A
into three parts,c,,6,,0, with
<0 if Aeg,
Red |=0 if A€o,
>0 if Aeo,,
Let the generalised eigenspaces of ¢,,0, ando, be ES, E® and
EY, respectivety. Then there cxist C’ stable and unstable
manifold WS and WY tangent to E® and E¥ at 0 and a C"'

center manifold tangent to E€ at 0. The manifolds WS, WY and

W are all invariant for the flow /. The stable and unstable
manifolds are unique, but W® need not be.

At the _bi\fix‘r‘cdtion point the center manifold theorem implies
that tke bifurcating system is locally topologically equivalent
to :

33
#=J(3) (2)
F==F  with (%5,2) € W'x W'x W*
i=3

It can be noticed that the essential non-linearities of the
original system are descrihed completely by equation i, and
since bifurcations occur only in non-linear systems, the
complete bifurcational behaviour can be studied by analysing
only the reduced system (2).

From a practical (and partial) point of view, an interesting case
occurs when the unstable manifold is empty. We assume that
the linear part of the bifurcating system is in block diagonal
form:

&= Bx+ f(x,y) (3)
y=Cr+glxy)
where (x,v) e R"x R™, B and C ure #Xn and nxn matrices
whose cigenvalues have, respectively, zero real parts and
negative real parts, and f and g vanish, along with their first

partial derivatives, at the origin. Then, if we introduce the
center manifold in the y=0 space

W ={(x,y)ky=h(x)} with h(0)=Dh(0)=0

where U — R™ is defined on some neighbourhood U < R®
of the origin (figurc 4) and if we consider the projection of the

vector field on y = A(x) onto E€ onc can estimates that

x=Be+ f{x./{x)) (4)

is a good approximation of (2) restricted to WC,

Jig. 4 - The center manifold and the projected vector field.

From Henry {7]and Carr [8], it follows that A(x) can be

approximated arbitrary closely as a Taylor series at x=0 and
that the local asymptotic stability or unstability of the original
systems is given by the stability properties of equation (4)
which can be deduced from the original system by means of
the classical projection method [9, 10).

Furthermore, let the original system (3) depends upon a k-
vector of parameter ()
x= B,x +fu(x,y)

y=Cy+g(x,y)
n=0
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where (x,y) eR" x R™ and p € R*. One can state that, at the
origin, the parametrized system has an n+k dimensional

center manifold tangent to (x,u) space, which may be
approximated as the power series of the graph
“hR"x R* = R™. The invariance properties of center
manif>!ds guarantee that any small solutions bifurcating from
. vy must lie in any center manifold and thus we may
f.' s tn: loca' evolution of bifurcating families of solutions
in suspended (amily of center manifold.

5.2 Bifurcation of fixed points

When assumption it) of the implicit function theorem does not
held, i. e. a real eigenvalue changes sign, the uniqueness
assumptions ¢) no longer holds and branching solutions,

starting from (x,.p,) cun appear. The most conunon situation

occurs when the equilibrium curve exhibits a limit point
(figure 5). At this point a rcal eigenvalue must change sign as
the parameter is varied and the solution curve is unique.

xw -

—/
M
Sig. 5 - Limit (regular tuming) points;
stable solution, - - - - unstable solution.

In fact, considering onc of the state variable as a new
parameter ard the ancient parameter as the missing state
variable, it can be noticed that in most practical situations the
following inequality is valid?:

de{aj(x,,...,x,_,,a,x,‘,,...,x,)]:0

(x,,...,x,_,,(x,x‘,,,.“,x,,)

and the implicit function theorem works.

With the same restrictions than for limit points, the s~cond
case is related to double bifurcations points. They ure irrcgulat
point, i. e. the implicit function theorem does not work,
through which pass two and only two cquilibrium branches
with distinct tangent (figure 6). The stability of the bifurcating,
branches is given by the following theorem.

Theorem :The stability of such equilibrium curves must change -
at each regular tuming point and at each singular point (which

is not a turning point) and only at such points.

2Let n=1 and (x'.n.') be a regular limit point of f(x,)=0.
Let consider the equation f = [ Vi (x,a)]’ = 0 which has the
same limit point. However, df/dx =0 at this point. Thus

(#,a) is irregular for I

Schematically speaking, branching new solutions may occur,
in prnciple in thrce ways. These situations are called
transcritical, supercnitical and subcritical  bifurcation.
Transcnitical bifurcation occurs at a bifurcation point (e to h)
while supercnitical (b, d) and subcritical (a, c) appear at
bifurcation-limit points.

x |

}A
JSig. 6 - Double bifurcation puints- bifurcation points (a to d),
bifurcation-limit (singular iuming) points (e to h).
e stable solution, - - - - unstable solution.

‘The previous figures are related to one dimensional systems.
When the dimension of the systemn is greater than one, the
following cases may be encountered (figure 7).

x it N
N -—~
~
\| v o
I'e -
- \ ’ /
- —— \ ’ Py < -
’ \ v -
' X P
\ /
\ /N | -
\ _ -
N AN -
= — // VY
\ A R
M
Nig. 7 - possible bifurcation cases when n is greater than 1
———— stable solution, - - - - unstable solution.

Coming back to double point bifurcations, it is of interest to
mention that there can exist isolated solutions which may be
generated by breaking these bifurcations points under another
system parameter variation (different from p ). This problem
is known as Imperfect or Perturbed Bifurcation Theory [3. 11].

In Flight Dynamics as in many physical problem, this situation
can occur when the non-linear equations possess symnetry
properties which are broken by one of the parameters. The
following figure shows an illustration of this phenomenon in
which the sign of the bicaking bifurcation parameter
determines the evolution of the initial stable branch beyond
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the unperturbed bifurcation point and the location of new
isolated solutions. .

J

l ,‘4
Se—

i

>0
M =

fig. 8 - Imperfect Bifurcation Theory - a) the symmetric
problem, b) the asymmetric problem.

To conclude with rcal bifurcations, one must mention that
there exist (rare) cases for which more than onc real
eigenvalue changes sign at the same equilibrium point. The
case in which two eigenvalues vanish at the same point is
called the Bogdanov-Takens bifurcation {12).

Coming back to gradient type or locally gradient type systems,
it is necessary to mention that the theorem of Elementary
Catastrophe proposed by Thom (13]. It classifies all
bifurcational behaviour (catastrophes) of finite dimensional
gradient systems for up to four paramcters. The list of the
seven catastrophes which comresponds to bifurcations of
cadimension < 4 is in the following figure.

Mane Gern Universal Unfolding Codimension

(1) Toe fold e e N

» 5 2

(2) The cusp x 2 sux® o v 2
(Riecann-
Hugooiot)

(3) The svallow r P evidewm A]
tail .

(4) The butterfly o Seat st inlon b

(3) The typerbolle z3oy3 l’ofowouovy K

. usbiliec

(6) The elafptic t’o}vz l303vzov(lzby2)0\uovy 3
umbilie

{7) The parabolic lzyoyb :zyoy"uneotyzuuovy [N
umbille

Jig. 9- Classification of the seven elementary
catastrophes.

Apart from this clussification, one can notice that, for such a
system, the Jacobian matrix describing its linearised
approximation is symmetrical and therefore have only real
eigenvalues. Moreover, for systems with less than six
prramcters, no more than two eigenvalues can vanish at the

LIBRARY
3.5

same equilibrium point. Therefore, through the center
manifold theorem the complete bifurcational bLehaviour of
these systems can be analysed by studying either a one or a
two dimensional system. The exact form of the reduced system
depends on the nature of the higher order terms in its Taylor
series expansion. One can notice that the first example of § 4
in an illustration of the cusp catastrophe:

Finally, one has to consider the case when two conjugate
imaginary cigenvalues cross the imaginary axis as one of the
parameters varies while the other eigenvalues rcmain in the
left half plane. Known as Hopf Bifurcation, this situation
corresponds to the apparition of closed orbit in addition to the
fixed point as stated by the next theorem.

Hopf Bifurcation Theorem: Suppose that the system
x=f(x,n), xeR" and peR has an equilibrium point
(x,-p,) at which S.(x,,H,) has a simple pair of purc imaginary
eigenvalue and no other eigenvalues with a zero real parts.
Theri, there is a smooth curve of equilibrium points (x{(p), )
with x(u,)=x,. The eigenvalues A(u),A() of f(x,.1,)

which are pure imaginary at p=p, (M), M(n)=tio)vary
smoothly with p . If, morcover,

d(Re(M(n)))
i weuo

then there is a unique threc-dimensional center manifold

=d#0

passing through (x,,1,) in R"XR and a smooth system of
coordinates (preserving the planes p =const.) for which the
Taylor expansion of degree 3 on the center manifoid is given
by

X = (du +”(}1: +i1’))il "(“) +op+ h(i:2 + 5, ))5‘1

3= (0 cp+ b(57+ 55, +(du+ a3 + 7,7))5,

which is expressed in polar coordinates as

F=(dp+ar)r (5)
¢ =(w+cu+br)

If a#0, there is a surface of periodic solutions in the center
manifold which has quadratic tangency with the cigenspace

k(uo),X(uo) agreeing to second order wita the paruboloid

p=-ar'fd. If a<0, the bifurcation is supercritical and these

periodic solutions are stable limit cycles, while if a>0, the
bifurcation is subcriticai und the periodic solutions are
unstable limit cycle (figure 10).

For an observer, the system behaviour is very different in the
two Hopf Bifurcation situations. Crossing a subcritical Hopl
Bifurcation leads to a smooth divergence to a limit cycle with a
small amplitude. Moreover, this divergence disappears if the
parameter value comes back to its initial value. When the
bifurcation is supercritical a sudden and violent divergence can
be exhibited by the system. In the most simple cuses, this
situation may lead to a stable periodic orbit with a great
amplitude. The return to the previous "quict” siiuation can be

- problematic because of an hysterisis effect of the orbits to

parameter variations which is very similar to the phsnomenon
obscrved n the Ricmann-Hugoniot's catastrophe for fixed
points (§ 4.1:.
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i "
fig. 10- Hopf bifurcancn. a) subcriti al, b) supercritical

Comi:ig back to (5), one can note that these equations are
invaciant under the symmetry (r,8) > (-r,-0). So, carryii.g
the normal form of the Hopf bifurcation up to the fifth order
and replacing the thizd order cocflicients (a) by a variable
parameter (i,), it is then possible to study the generalised
Hopf bifurcation singularity with the radial part:

F=ar +0(r')

by independently var jing the cocflicients p, and p, [3]. Apart
from the standard Hopf bifurcation point, a second bifurcation
set is the semi parabola:

ul=dapu,  with pfa, <0
on which a pair of closed orbits, one an attractor and the other
a repeller, coalesce and vanish (figure 11).

N

N\

9

7\

\

@)

\\@ g
e

Jig. 11 - The generalised Hopf bifurcation, a, <0 co-e.

HEGHNISCAE B R A RY -

PP RINL L. X S R TNy o) g b

Although it seems to be very rare in Flight Dynamics, it is of
interest to consider the case bifurcation point for which there
are two conjugate pure eigenvalues in addition to a null real
eigenvalue. This case is known as the Gavrilov-Guckenheimer
bifurcation tor which the norinai fonm is given by the
following equations in cylindrical polar coordinates:

r=arz+ar’ +arst + O(lr, zl‘)
i=bri+ b2 +brz b2+ O(lr,z")

8= (o+()(|r,z|1)

Considering the interaction between the Hopf bifurcation and
the various real bifurcation point one can find additional
bifurcations of periodic orbits from non trivial branches and
additional bifurcations giving rise to three dimensional
dynamics such as invariant tori [5, 14].

5.3 Stability of periodic solutions

‘There are two ways to determine the stability of closed orbit.
The first is the classical Floquet Theory, the second comes
trom the usc of Poincaré¢ Maps. Although these two methods
lead 1o the same results, the last one is a more geometrical
approach.

Let y be a periedic solution of some flow &, in R arising

from a non-linear vector field f(x). Let Zc R" be a local
cross section of dimension n-1 to which the flow 1s everywhere
transverse. Let p be the uniqued point where 1y intersects and

let 17 ¢ I be a neighbourhood of p.

For a point gel/, th;: Poincaré map or tirst retum P/ - X
is defined by

P(q)=®(q)
where T =1(g) is'the time taken for the orbit @,(g) to first
return to I (figure 12). Generally, T depends on g and need
not to be equal to the period (T) of Yy however T—7 as
q-p.

fig. 12 - The Poincaré map.

3If y has multiple intersections with I, then shrink I until
there is only one intersection.
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It can be noticed that p is a fixed point for the map P and
that the stability of p for P reflects the stability y for the

flow &,. Moreover, considering P as a (n-1) discrete time
system, stability or instability of the orbit is given by the
situation of the (n-1) eigenvalues of the linearised map to the
unit circle.

Coming back to Floquet Theory, the stability of vy is
determined by the eigenvalues (Floquet multipliers) of the
following matrix

T
aj S(x,1)dr

-

H= T

which is a representation of a particular fundamental solution

matrix e, where R is a nXn matrix, of the system. From a
practical point of view, / can be obtained by generating a set

of n linearly independent perturbed solutions of f(x).

Considering the particular form of the fundamental solution
matrix, it can be noticed that the multiplier associated with
perturbations along y is always unity while the module of the

remaining (n—1), if none are unity, determine the stability of
the orbit

Finally, one can noticed that the (n—1xn-1) matrix of the

previous linearised Poincaré map is also a representation of
the fundamental solution matrix by suppressing all the
elements coming from perturbations along y .

5.4 Bifurcation from periodic orbit

The stability of periodic solutions may change with the
variations of system parameters, onc or two multipliers can
move outside the unit circle.

The Bifurcation Theory for fixed point with eigenvalue 1 is
completely analogous to the Bifurcation Theory for equilibria
with eigenvalue 0. The typical case corresponds to a limit
point along the dependence curve of periodic solutions on a
parameter (figure 13). However, one may encounter more
complicated behaviour of periodic solution branches in the
neighbourhood of the bifurcation point when there is an

inherent symmetry .

The sccond case occurs when one multiplier crosses through
the unit circle at -1. This bifurcation do not have an analogue
for equilibria. In the literature, this bifurcation is referced as
"Brunovsky bifurcation”, "flip bifurcation”, "period doubling
bifurcation” or "subharmonic bifurcation". At this point, the
originally stable periodic solution becomes unstable and a
branch of periodic solutions with & two fold period branches
off (figure 13).

Multipliers on the new branch are equal to the square of the
original multipliers. With respect to the orientation of the
parameter variation, the branching can be either supercritical
or subcritical. If the original branch of periodi. solution is
unstable, the new branch will also be unstable. Moreover, the
period doubling bifurcation often occurs repeatedly leading to
comnlex orbit associated to very long period.

37
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Jig. 13 - limit point and period doubling bifurcation.
0080 stable and 0000 unstable periodic orbits
a) periodic limit orbit, b) supercritical -1 bifurcation, c)
subcritical -1 bifurcation, d) -1 bifurcation from an unstable
branch, e) repeated -1 bifurcations

The lust type of bifurcation from the branch of periodic
solutions occurs when two complex conjugate eigenvalues
intersect the unit circle. At this point, the originally stable
branch of periodic solutions becomes unstable and a stable or
unstable torus may appear (figure 14).

JSig. 14 - "Complex" bifurcation.

Analogy with Hopf bifurcation suggests that orbits near the
bifurcation wiil be present and will encircle the fixed point of
the Poincaré map. As an individual orbit of a discrete mapping
cannot fill an entire circle, the bifurcation structure is much
more complicated than that which can be deduced fromn a
search of periodic orbit. Indeed, there are flows neur the
bifurcation which have no periodic orbits near the bifurcating
one but have quasi periodic orbits instead.

As for fixed point, onc have to mention that there exist cases
in which several eigenvalues cross the unit circle at the same
parameter value. This leads to complex phenomena which will
not presented in this paper. See [5].

6. NUMERICAL PROCEDURES

During the past ten or fifteen years many method have been
suggested for the numerical solution of non-linear problems.
This includes, in particular, the solution of parsmeter
dependant noa-linear equations by continuation techniques and
the related methods for bifurcation and stability analysis. In an
alphabetical order, and without claiming completeness, we list
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some relevant available packages: ALCON [15]), ASDOBI
[16], AUTO [17], BIFPACK [18], BISTAB [19), CONEX [20],
CONKUB {21}, CONSOL [22], HOMPACK (23], LINLBF
[24], PATH [25], PI1CON [26], PLTMG [27], Some of these
codes are in the nature of packages that deal with scveral
aspects of the problem while others concentrate only on
specific aspects. However all these codes are based on
continuation methods.

6.1 Continuation methods [28]
Continuation mcthods are a direct result of the implicit
function theorern which states that if the Jacobian of a non-

linear system at a fixed point (x,,p,) is non-singular, then

there exist a unique curve of fixed points containing the krown
fixed point Although this result is only valid in a small region
around the fixed point, the curve of fixed points can be
extended by applying the implicit function theorem at a fixed
point near the end of the curve known to exist through

(xovuo)'

When the Jacobian is singular, the continuation process fails
and must be modified. The modification consists in taking the

arc length oi the solution curve (s) as a parameter to continue

the equilibrium curve in the (n+1) dimensional space as
follows.

x

'4
fig. 15 - Continuation principle.
Introctucing the arc length with the following equation
dr Y de Y (do)
—L |4t =2} 4l == =1 (6)
ds ds ds

and differenting () with respect to arc length, we obtain a
system of n linear algebraic equations in n+1 unknowns:

dff <~ df dx, of du

e/ _.J._L+.;.L_.=() i=1... g

ds 4=dv, ds opds (i=tym) ()
Let us assume that the matrix is regular for certain values s

and k. Then, the equation can be solved in the form

dx,__ dx, . 8
ds_a, B R P RRN S WG RRUEY (&)

in which the coefficients B, can bc carried out by means of
Gauss elimination.

Now, if we introduce (8) in (6), we get the relation

dx 2 nel
(—J,L) 143 B =1

tel
(7]

TECHNITAL LIBRARY i N
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in which the sign of the derivative dv,[dsis given by the
orientation of the parameter S along the curve. So, the other
derivatives arc computed from (8) and the systen of
diffcrential equations (7) can be solved by any rumerical
technique for the integration of initial value problem.

As the errors of approximation accumulate during integration
and the computed solution deviates from the correct solution,
i., ¢, equilibrium curve, it i3 necessary to improve the
accuracy of the obtained solution by means of Newton's

method applied to (7) with a fixed value of x,.

6.2 Remarks

- It can be noticed that this continuation: process allows the

computation of the various bifurcation points. This is achieved
by introducing additionai "bifurcation functions" to the original
system. As an example, a curve of limit points is determined
by the solutions of the new system: ‘

f(xrunuz) =0
det[%{-]:O

The reader is inviled to see [28] for other bifurcation
functions.

Another interesting case is the computation of the periodic
orbits envelope. Two different approaches are generally
encountered. In the first, the periodic orbit is considered as the
solution of a classical boundary value problem for partial
equations. Rather than considering the cntite orbit, the
Poincaré map is used in the second. It leads to the computation
of fixed point. The difference between these two approaches is
the dimension of the resulting set of algebraic equations to be .
sol 'ed. It can be noticed that the sccond approach gives a low
dimensional sct of equations compared with the first one.

Finally, it can be noticed that continuation requires the
evaluation of the system and the computation of partial
derivatives which can be very time consuming. Thus, there is a
neced to improve performance of such codes in order to get
almost interactive procedures even for high dimensional non-
linear systems.

7. QUASI-STATIONARY AND TRANSIENT BEHA-
VIOUR

Up until now, it has been considered that the value of the
parameter pis fixed and independent of time. In many
practical situations it is not the case and the system exhibits
quasi-stationary behaviours and transient motions, the
difference betwcen these two evolutions is the value of
parameter change over time. If it is slow in comparisoa to
changes of states variables, quasi-stationary behaviour is
observable. There are at least two situations to be considered:

a) movement along a stable branch,
b) movement through bifurcation points.

In the first situation, Douglas and al {29] shows that if the
system has a stable manifold and fixed points correspondirg to
constant inputs, then an initial state closc to this manifold and
a slowly varying input signal, in an average, sensc produce a
trajectory that remains close to the manifold.

The second situations leads to different behaviour regarding
the nature of the bifurcation point encountered. As an
illustration, the following figure shows possible situations.
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fig 16 - Examples of possible crossing [ bifurcation
and limit points during quasi-stationary behaviour.

Case a) corresponds to a simple bifurcation point. K—solulion
continues afler the bifurcation point along a stable branch. In
case b), where the bifurcation is also a limit point, the branch
on which the solution continues is chosen at random. In real
problems, the problem has to be formulated statistically, the
character of distribution of fluctuations of state variables
determines the probability of the choice of individual branches
of solutions. Case c) is a very interesting one because after
crossing the limit point :l.e system evolves into the closest
stable state, i., ¢., a state in whosc domain of attraction the
limit point belongs. This new notion will be treated in [1]. The
last case (d) corresponds to the Hopl bifurcation. Generally the
apparition of the stable periodic orbit seems to be delayed and
the low amplitude solution around the bifurcation point is
unobservable {30]).

8 METHODOLOGY

In many real problem as in Flight Dvnarnics, one has to deai
with high dimensional sets of equations in which the
parameter cannot always be considered as independent of
time. Then it is necessary to set up a methodology to
investigate non-linear behaviours,

The first step is to compute all the steady solutions of the
system and their associated stability. As this step is gencrally
time consuming the computations are limited to the field of
interest. Nevertheless one must be very careful because, the
number of steady solutions for a given parameter in generally
not known,

The second step consists in making graphic representations of
the results in appropriate subspaces especially if the dimension
of the system is greater then 3. This step requires versatile
graphic codes and a good experience of the system under
consideration. Sometimes this step shows that equilibrium
branches miss.

The third step is concerned with the prediction of the system
behaviour when a bifurcation point is encountered. To
achieved this, the computation of the attracting domain of the
stable steady states und, once more, ke experience of the
enginecr arc very useful to investigate the various possibilities.

Experience acquired by the processing of a large number of
case is extremely valuable for correctly predicting the system
behavicur. Thanks to this experience, it is not always

3-9

necessary to check the predictions by means of numerical
simulations . But for the difficult cases and if there is any
doubt, the last step of the methodology consists in pertorming
only a few numerical simulations before testing the predictions
on the real system. ,
CONCLUSION

This paper is the first part of the three communications
which are presented in the Agard Lectures Series (LS 191)
which are devoted to a presentation of non-linear plienomena
observed on high performance combat aircra® More
generally we are concerned with the asymptotiic behavi wur of
non-linear differential equations depending on parame! zrs.

After introducing the reader to non-linear dynmanws by
meahs of simple example, the main part of this pap.r is
related to a brief presentation or Bifurcation Theory for
ordinary differential equations. This presentation has been
limited to the lonely non-lincar phenomena encountered by
the author in the Flight Dynamics domain. Nevertheless
basic theorems, bifurcation of fixed points and periodic
orbits have been described.

In order to compute the bifurcational behaviours, the basis of
numerical procedures have been discussed and a list (not
exhaustive) of available numerical code have been given to
the reader. Then, a methodology which has been sct up to
investigate the behaviour of high performance aircrafl is
proposed.

In many real problem, the parameter are fixed und
independent of time. It may follow transient motions or/and
quasi-stationary behaviours. In spite of the difliculty of this
problem which is connected to the computstion of the
attracting domain of stable steady state treated in the next
paper [1], some typical exumples are given in the last part of
the puper.
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STABILITY ANALYSIS THROUGH BIFURCATION THEORY 2)

Ph. Guicheteau
ONERA
Boite Postale 72
92322 Chatillon CEDEX
France

1. ABSTRACT

This communication follows [1] which was presented in the
same Agard Lecture Sceries (LS 191). In the previous
communication, some theoretical foundations of Bifurcation
Theory have been recalled and a methadology aiming at a
systematic  prediction of the behaviour of non-lincar
differential cquations has been presented. This communication
mentiens some problems which are connected  with  the
introduction of control laws in order to stabilise an unstable
dynamic system and presents a brief state of the art relaled to
the determination of the attracting region of a stable
cquiiibrium point.

2. RESUME

Cette communication est la suite de [1]. présentée dans le
méme cadre de la Lecture Series 191 de I'Agard, dans laquelle
des hases de la théorie de  bifurcations des  systemes
diffCienticls  pon linéaires  ont &8¢ rappelées ¢t une
inéthodologie visant 3 prédire le comportement des systemes
dynamiques a été présentée. Cette communication évoque
quelques problémes liés a Futilisation de lois de commande
pour stabiliser des systemes instables en Loucle ouverte et fait
une revue des méthodes employées pour déterminer la région
dattraction  dun  point  d'équilibre  stahle  J'un  systeme
différentiel non lin€aire.

3. INTRODUCTION

1t is now well known that Bifurcation Theary can be of help
for the prediction of the asymptotic behaviour of non-lincar
ditferential equations depending on parameter {1]. Efficient
numerical procedures are now available and a number of
previous studics have demonstrated that Bifurcation Analysis
can be used to predict complex phenomena.

In practical situations non-lincarities are numerous cither in
the dynamic system or in its control laws. Rather than
detailing non-lincar contro] theory, the first purpose of this
communication is to show that, without invoking complex
phenomena, it can he very instructive to introduce Rifurcation
Analysis while designing control laws in order to exhibit basic
non-linear cffects without performing extensive numerical
simulations.

Some objectives of control laws are to stabilise unstable
systems and/or to increase their robustnesses under system
modifications and under perturbations. The robustness of a
stable steady state is closely related to its attrecting region,

The other purpose of this communication is to present a review
of the methods employed to compute the attracting basin of a
stable cquilibrium state. Starting with the stability . theory
proposed by Liapounov, the review describes the different
fields of research actually investigated to compute cither the

stability region or its boundary for lew and high dimensional
non-linear dynamic systems.

4. SOME REMARKS AROUT CONTROL PROBLEM

As opposcd to many theoretical approaches, practical control
laws are generally non-linear beciuse of their formulation or
the use of non-lincar elements. Then, it is interesting to
investigate if the methodology proposed in (1] can help the
designer to design "good” control laws from a stability point of
view. Mare ~recisely, one must answer the following auesisoa:
can "stabilising” control laws iniroduce new hifurcations whije
they are used to "stabilisc” the open loop system?

Without invoking Bifurcation Theory, these control problems
are studied and, fortunately, "good” solutions have been found
in many particular cases. An amount of results is already
available in the literature (see 2] among others).

In this chapter, we are concerned with an autonomous dynamic
system:

(1) = f(x(0).u(r) (1
where x and u denote state and control vectors respectively.
and x are n-dimensional vectors, v is m-dimensional vector

and f(x(1).2(t)) arc non-lincar functions satisfying Lipschitz
conditions.

As opposite to [ 1] in which u does not usually depend on x and
t. here we assume that u depends on the state variables in the
following way:

u(r) = g(x(1). p) (2)

where poare new control parameters and g(x(f). p) are non-
linear functions satisfying Lipschitz conditions.

From the definition of the control vector (2). it foliows that
every equilibrium point of the open loop system (1) is also an
equilibrium point of the closed loop system and vice versa,
However, the stability of the closed loop solutions can differ
from the stability of the open loop solutions and new complex
asymptotic solutions may appear.

In order to precise these phenomena, let us consider two cases:

a) a lincar control law applicd to a non-lincar system,
») a non-linear control law applied to a linear system.

4.1 Linear control law [3]
The non-lincar dynawnic system deseribed anotion equations of
an F-15 fighter mathematical model. The control faw is a
lincar 3-axis control augmentztion system (CAS) for a given
angle of attack:

u=kx

R e I SR LY VY Ve
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where k is a gain matrix. This control law has bcen designed,
among other, to delay and suppresc wing ruch at angle of
attack greater than 20°.

When lateral control deflection are at neutral and consiu..sng
gains as new paramnelers in the continuation process described
in [1]. it is possible to investigate their influence on Hopf
bifurcation at zero sideslip angle (figure 1) and to show that
this influence is not linear. Further more, beyond a particular

value of the gain (k). the stable equilibrium domain

decrecases.
tn
13
4.0 7 tadle
> o;v.lllw
94 1
]
SRR TR TR R I e

.

Jig. 1 - Evolution of the limi: of siability of the Dutch roll
maode as a function of elevator deflection and control gain.

Beyond the new stability limit for the controlled aircraft, one
can see the intluence of the gains on the existence and on the
stability of peiiadic orhits which are considered as wing rock
(figure 2) thus helping to understand aircraft behaviour.

.~ees®

fig . 2 - Maximum amplitude of periodic v, bits as a function
of elevator deflection and control gain.

4.2 Non-linear control laws

In practical situations. non-lincarities are numerous in control
laws. They can be introduce by the designer to solve specific
control problem (non-lincar hehaviour for a linear system,
“"linearisation” of a non-lincar systems. ...). They appear also
because non-lincar clements are present (saturation. stop.
Lysterisis. ... ). In spite of the numerous previous works in
which Bifurcation Theory is used to solve control nroblems
14.5,6.7). the following example shows that the methodology
proposed in {1] can be used to predict the robustness of the
controlled system under perturhations.

Let an unstable second order lincar differential cquation be
stabilised by a control law which depends on a non-lincar
clement as it is described on figure 3.

-

Re
—
In

h(x)

fig . 3 - Controlled unstable second order dynamic system.

A lincarised analysis of the closed loop systemn
L k(%) Y.
X+ 2C°m°+—-(,—‘—) r+w x=e
L ax
shows the intiucnce of the gain ot the stability of the

asymptotic solution. When (E)k(i’)/?)fc) goes from zero to the
* .

adopted value k for the closed loop system, it crosses a value

k¢ for which the steady slate .0 .ts two conjugate pure

imaginary cigenvalues.

From a non-lincar point of view. one cun say that there is a
Hopf hifurcation in k. Moreaver, let k(X) a von linear gain in
the following form:
o2,
k(i) = = k(x)
T

A
arclg —

k
tiey 2 k ( \’ )

tiers

i. ¢. the feedbuck is almost lincar (k(.i‘); k) i the vicinity of

the cquilibrium points and is suturated (k(.i‘)s k(x) ) when

him
X tends to infinity. Then, one can casily show that the Hopf
bifurcation is sub critical. Thus. when k is greater than kS,
periodic orbits surround the stabilised  syuilibrium  points,
These orbits can exist even for the adopted gains value
k‘(ﬁgurc 4).

AAmp. x

—d o — . —f

v -
o kc h. 'D/?/ax

Jig. 4 - Amplitude of the steady solutions as a function of the

non-linear contral gain.
——— stable, - - - - unstable. - -« oscillotoyy unstable.

In this 2-dimensional case, the unstable  periodic orhit
envelope visualises the boundary of the attracting 1egioa of the
controfled system. As un example, it the amplitude of o
perturhation is greater then tae amplitude of the periodic orbit,
the controiled system exhibits a divereence.
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Applizd to u typical combat aircraft with unstable lateral
modes which is stabilised by a saturated feedback on angular
rates and stops on lateral control deflections. computation of
the nustable ozhit surrounding the stabilised comibibrium point
gives a first insight to the "robustness” of the contol law. As
the dimension of the system is greater ihan 1w, the unstable
perioxtic orhit ix only one clement of the Aracting region
boundary(figure 5).

Jig.’5 - Fixed point and periodic orbits for a “1abilised typical
combat aircraft.
+ fixed point, ——— stable aorbu, - - . - unsiable orbit.

In this example. stops on control deflections venerate & stable
periodic orbit which surrounds the unstable limit cycle and
limits the divergeace of the motion. The unstable limit cycle
belongs to the attracting region boundary of stable periodic
orhit.

§. ATTRACTING BASIN

A stable equilibrium state of a non-linear dvnamic system is
surrounded by a stability region. The determination of this
region is of great interest for dynamics afd engineers. It allows
o define the limit of validity of lincarised spproximations for
the original non-lincar equations, to better understand the
global behaviour of the system and to determine the maximum
values of the perturbations for which the perturbed system
returns to the initial stable state.

The aim of this chapter is to present several methods which
are used today in order to give an answer to the altracting
basin computation problem for sets of ordinary non-lincar
differential equations.

5.1 Preliminaries
The systems under consideration arc of the gor ral form:

x(t)= f(x(n) (3)
where { and x arc n-dimensional vectors and where f(x(7)) are
non-linear functions satisfying ! ipschitz condinnns.

It exhibits, at least, a steady statex’

da"(t)fdt =0 1>1,

or a periodic orbit ®'(¢) defined by
L AORNICI0)
where
D (1+1)=P'(1)
where N is a positive integer.

T=NT

Considering periodic orbit and without loss o, generality, we

can assume that =0 and ¢, =0 and notice that by

4-3

sustituting & = x-®’(r) in (3), the study of perindic solutions
for time invariant system is transformed in the study of
periodic systems (Poincaré map).

The domain of attraction (attracting basin, region of
asymplotic stability) of a steady state or of a periodic orbit is
defined as the set of all initial conditions x,(r,) that tend

respectively to x° or to ©'(r) when time tends to infinity.

Numerous methods have becii proposed in the literature for
estimating the region of asymptotic stabi ty. They may be
roughly divided in several classes according to the following
figure.

Al) V series expansion

Ay Tshov
/ T A2) altemative solutions

* AJ) exiensions

Methods \) La Salle
for theorem
e:‘.‘.mnio\

Lyapuno

Bl) specific sysems

B2) sheolute swodility
C) Non-Lyapunov

Jig. 6 - Classification of the methods for the estimation of the
domain of attraction.

Nevertheless, the distinetion between these different classes is
less obvious in modem methods because they use generally
joint approaches.

§.2 Stabllity in the sense of Liapounov {8

To characterise the stability of an equilibrivm point of non-
linear differential equations, two well-known methods are due
to Liapounov,

§.2.1 Flrst iwethod
In the vicinity of an equilibrium point x". the non-linear
differential equation (3) is rewritten under the following form

¥ = Ay+ R(y). 4)

where A is the jacobian matrix of £ in " and P(y) are non-

y=x-x

linear functions which satisfies two conditions:
R(0)=0

Ve20.3n20: V)< n=|R(»)|se|¥)

The first method gives stability conditions for x° in (3) using
stability results from (4).

Poincaré-Liapounov's theorgm: If all the cigenvalues of the
jacobian matrix (A ) have a strictlv negative real part, then x
is an asymptotic stable steady state for (3). If, at least, one
eigenvalue of the jacobian matrix (A ) have a strictly positve
real part, then x° is an unstable :teady state for (3).

5.2.2'Second method
This second method is based on the relation belween
generalised cnergy functions around the equilibrium points
and their stability. These functions are called Liapounov
functions. They can be define for autcnomous and non-
autonomrous systams.

St e .
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Lemma I: a function V(x) is said to be positive dcfinite within
anopen 1g R . x e if:

a) V and its partial derivatives are continuous in 2.

b) V(x)=0forx =0,

) V(x)>0for x20.

For an aulonomous system. a Liapounov function is a definite
positive function in the vicinity ¢ x such that its time
derivative is negative or null along the trajectory defined by

3. /

\

Lemma 2: A non-autonomous function W(x.t), is said to he
positive definite inside an open Q¢ R*. x € 12 if:

a) W and its first partial derivatives are continuous in £ for
all r20.

by W(0.1)=0,forall 120,

c) there exists an autonomous positive definite function V(x)

such that W(x 1) 2 V(x)., VxeQ,Vr20.

Then, an non-autonomous positive definite function W(x.t) is a
Liapounov function in £ if

W(x.t)2V(x)., Vxed Vi20

Theorem: The solution x = 0 of (3) is stable if a Liapounow,

function exists in the vicinity of the origin. It is asymptotically
*

stable if. in addition, (-~ V(x)) is also positive definite.

5.3 Liapounov methods

The methods using Lispounov functions are derived from the
results obtained by Liapounov in {8]. Two approaches have
been developed using either results from Zubov or an
extension of Liapounov's theorems due to La Salle.

5.3.1 Zubov 's methods [9, 10}
All the following methods are derived from a thcorem
proposed by Zubov.

Theorem: Let us consider an equilibriam point x inside a
region Ac R*. A is an attracting region for (3) if and only if

there exists functions V(x) and ®(x) such that:

a) V(x) is a continuous function in A and ®(x) is a

continuous function in R”,
b) :
VxeA., d#0. -1<V(x)<0

VxeR', [#0, @®(x)>0
c)
vY,>0, 3(y,.,)eR" suchthat V(x)<—y, for |x}2 7,

and ®(x)> o forfxfj2y,
d) V(x) 50 and D(x)—0 whenjf—0
€) if y is on the boundary of A, y #0, ( O is an squilibrium

point). then lim V(x) = -1,

%;ux).(n V(x)- 1+ iff

S ede o el - v
SRR

LIBRARY

If the origin is asymptotically stable, Zubov equations
V() =[OV - £(x) = D(x) - (14 V(x)- ,l s

iw}
admit only one solution for all x belonging o A and satisfying
V(0)=0. Moreover, this solution verifies Zubov conditions for

all ®(x) such that J¢(x)dx <o, for x} sufficently small.
[

Following Zubov theorem, V(x)=-1 is the boundary of the
attracting region. Unfortunately, this last cquation never
admits a closed form solution and, therefore, different
approximations have been proposed in order to estimate the
attracting region.

Referring to  the hypothesis of the Poincaré-liapounov
theorem, Zubov assumed that the system is written as
x=Ax+ R(x)
where A is a constant matrix having negative real part
eigenvalucs and R(x) admits a Taylor expansion. In this case,
the solution of Zubov equation may be expressed in a form of
the series
V(x)=Vy(x)+ V(x)+ -+ V (x)+

where V (x) is a homogeneous function of mth degrec.

Moreover, Zubov established the following properties
a) V,(x) is negative definite,
h) the serie converges in the vicinity of the origin,

¢) V(x) is analytically continuous along the trajectory starting

from the origin and ending to the houndary (dA) of the
attracting region,

d) for every approximation (V)of V(x) truncated at the term of

degrece m, the boundary of the attracting region lies between
the surfaces
V(x)=minV: V(x)=maxV
Se0 :

ve0
It can be noticed that the computation of the terms Vi, Vo, ..
Vi, is made by solving sequantially cquations lincar in their
cocfficients derived by substitution in

V() =[VV(x)] - f(x) = —@(x) (1= V(x))

From a theoretical point of view. Zubov method provides the
true attracting region when m tends to infinity but the
convergence is not uniform. From a practical point of view, it
can be remarked that the choice of the function @ affects the

domain of convergence of V(x) and influences the shape of the

surface V=cte.

Drawbacks of these methods appear to be the assumption of
analyticity of the system, thc numerical computation, the
arbitrariness of @ and the non-uniform convergence of the
procedures. On the other hand. an analytical estimate of the
true region of stability is obtained.

Based on Zubov equations other methods have been proposed
in the literature. Several authors express the solution in the
form of Lie series by means of diffsrential geometry concepts.
The last class of method consists in using the following
equation

S I S
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as a gencralised Zubov equation wicre ¢':¢ functions ¥ and B
must satisfy suitable equations.

§.3.2 La Salle method [11,12]

The largest class of methods for the estimztion of the attracting
region tefers to an extension of Liapounov theory due to La
Sallé and Lefschitz which applies to continuous and discrete
systems respectively.

Theorem 1. let V(x): R*—R h«. a, continuously
di-ferentiable function. Let €, dcsighw;z‘lhc region where
FS i

V(x) <l. Assume that Q, is bounded and'that within Q,:
i) V(x)>0 for x20,
ii) V(x) <0 along the trajectory of the system. for all x 20 in

Q,.

Then /

a) x =0 is asymptotically stable, ‘

b) every trajectory of the system in €, tends to x=0 as
oo '

Theorem 2. Let V(x): R"— R be a continuously
differentiable function. Let €, designate the region where
V(x) <I. Assume that €2, is bounded und that within €2,

i) V(x)>0 for x20,

i) 8V(x)= V(x(m +1))-V(x(m))< 0 along the trajectory of
the discrete system.

Then

a) x =0 is asymplotically stable,

b) every trajectory of the discrete system in £}, tends to x=0
as m-—yeo

These theorems imply that every solution which starts within

€2, must remain in it. Also, if one adopts the level curves of

V(x) as the measure of distance from the origin, every

trajectory that starts within €, converges to the origin
monotonically.

This approach has a more limited objective than the Zubov one
but it is still based on the construction of a suitable Liapounov
functions. It can be decomposed in two groups of methods.

The first group of methods may be applied to low dimensional
non-linear systems with an exactly defined structure. In this
field, all the classical procedures ( graphical or numerical)
have been applied to construct Liapounov functions:

a) Luré Liapounov functions {13,14, 15].
b) variable gradient procedures {16, 17],
c) Krasowskii results [18].

Generally thesemetbods lead to conservative results. For
higher dimensional systems, scveral optimisation approaches
bave been used to modify an inital Liapounov function in order
to enlarge the volume of the attracting region {19).

B TECHNICAL LIBRARY

The second group of method is related to the application of the
concept of absolute stability in the frequency domain as
proposed by Popov criterion, choosing a suitable Liapounov
function holding for a whole class of non-lincar systems
defined by a sector condition in the sense of Aizerman. Then,
the results obtained with this approach are specific of a type of
non-linear system but they are more general than the previous
one. Nevertheless, they are also too conservative.

5.4 Non-Liapounov methods

Nowadays, to compute the attracting region, there are
essentially two methods which do not use explicitly Liapounov
functions.

5.4.1 Trajectory reversing method

This method is known as trajectory reversing mecthod or
backward mapping. It is based on La Salle extension of _the
Liapounov stability theory. It provides an iterative procedilre
for obtaining the global attracting region for multidimensional
systems, both time-invariant and time varying without
conditions on the topological nature of the asymptotically
stable point under study.

Following theorem 1 of §5.3.2, let C, the boundary of £2,. Let

{Ii}. j=0,21,£2, ... denote a sequence of time instants,
where 4>t forj> k. tj> 0 forj> 0 and 4 <t forj < 0. Let
C, denole the map of the points on C, along the trajectories of
the system at time t = ¢, Then

CcC for >k k=il
provided that the measure of distance of a point to the origin is
given by the value of the function V at this point.

A curve C. is oblained by integration of the dynamic equations
of (1) from t = 0 to t = ;. For j > 0, the integration is done
forward in time, while for j < 0 the integration is backward in
time.

Then. if C__ denotes the map of the curve C, as { — —oo, due

to the uniqueness of the solution of the equation (1), C__ is the
domain of attraction of the origin.

The last remaining problem is the construction of an initial

estimation of the attracting region bounded by the curve . A
solution to this problem follows from Liapouaov results.

Suppose that f(x) in (3) is continuously differentiuble and
suppose that its jacobian matrix A has cigepvalues with
negative real part. Then, noting that there exists a unique
positive definite solution P to the matrix equation
PA+ATP=-Q
for every positive definite matrix Q. Liapounov indirect
method states that V=x"Px is a Liapounov function of (1)
close to the origin. Moreover, assuming an Euclidian norm, it
can be stated that:
xPx<p  x"x=p_r
where p,__ is the minimum eigenvalue of P. Hence a curve

C, defined as
Cy:x"Px=p_r
is a suitable inital cstimate boundary of the attraction domain.
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Based on the previous considerations, numevical procedures
have been set up and applied on low dimensional continuous

time systems [20,21).
Example 1: The Van der Pol's equation:

X =X
X, =x -"(l _xl’)xi

where p is a paramcter. For p>0. the origin is
asymptotically stable and the attracting region is hounded by

an unstable periodic orbit. Considering p=1, and starting
with r = 0.5 in C,. the evolution of the successive estimations
of the attracting rcgion is shown in the next figure.

v v Y

20}

X; 00}

"

Jig. 7 - Evolution of the domnain of attraction of the origin for

-20 -1.0 0.0 1.0 20
Xy

rhe Van der Pol's equation for the case p=1. C, is the total
domain of attraction. -

It can be noticed that the backward image C, is
indistinguishable from the exact domain of attraction of the
origin.

Using theorem 2 of §4.3.2, the previous procedure may be
extended to systems with periodic cocfficients described by
difference equations. The existence of the inital curve G

derives from unique and positive definite solution P of the
discrete version of Liapounov's equation
H'PH-P=-Q

where H = [31"‘/9.1:]'_o has eigenvalues with modulus less than

. one for any given Q.

Example 2: Parametrically excited pendulum

The motion of a penduluin whose support is harmonically
excited in the vertical direction is given by the following
differential equation with periodically varying coefficients:

X, =x,
x, = —px, - (8- esin 2!)sinx,!

where p.dande are systems parameters. This system

possesses  two  equilibrium  solutions . x, =(0,0) and

x, =(£r,0) as well as numt::fb.t;s periodic solutions of various

period. Considering the case p=10.02,8=0.1ande=1.5 for
which the origin is stable, the evolution of cstimates of the

’

attracting region surrounding the origin is shown on the next
figure with h=1 and C, att =0.

- . , A
10}
x, 00} {
10l : 1
s T 0.0 T TS T
Xy

fig. 8 - Evolution of the domain of attraction of the origin for
the parametrically excited pendulum for the case

p=0025=0.1ande=15.

The trajectory methods are  attractive  because  of  their
generality and simple theoritical framework. However, their
computational efficiency is generally poor and only low
dimensional systems have been treated with them.

To reduce the computational effort, (n-1) facets can be used to
appmximate the basin houndary of un nth order system (22].
Starting from a local quadratic Liapounov function around the
stable equilibrium point under study, a small convex polylopc:I
is gencrated. Then, the vertices of this initial polytope are
integrated hackward in time to generate the vertices of a non-
convex polytope approximation of the basin boundary. Thus,
the recal image approximates the attracting region as backwards
integration time approaches infinity.

1
04[5 (vy+v))]

>
X

\ Step-3

Hypersphere

fig. 9 - An inital convex polytope and its backwards inte-
gration upproximation.

L polytope is  finite, flat slide solid in any high dimensional
space.
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As the system is a non-lincar one, a test is epplied to chock
whether the new non-convex polytope is a geord approxi:nation
of the image of the original convex polytope. Adsptative facet
refinement is used to comect any accuracy of the image
approximation (figure 9).

The vertices of P_ arc derived by following the flow (haif

tone curves with urrows) backwards from the vertices of £_.

The non-linearity test for facet [v.v,] is illustrated in the
upper right-hand comer. The point generated by following the
flow backwards in time from the center of the /;, facet should

be close to the center of the corresponding P, h'icel. As it is
not close. a new vertex will get added to lheihypersphcrc

)

between v, and v, to generate the new polytope I,

Recently, this method has been applied to construct the
attracting region of an unstable aircraft lateral directional
mode! with feedback stabilisation and control saturation [22].

()

fig. 10 - Vertices of a polytope approximation of the basin
boundary (1=1 sec) for the lateral/directional aircraft; a)
sideslip angle vs. yaw rate, b) roll angle vs. roll rate, c) roll
angle vs. sideslip angle.

Due to a linear representation of aircraft motion equations the
state values are not realistic. However, this example shows
that a great number of vertices are still required for accurate

4-7

approximation. More gencrally, cxtension to  higher
dimensional ceses is limited ectually by the rapid growth of
the (facet number)/(vertex number) ratio with the growth of
state space dimension.

Apart from these numerical procedures, onc must mention the
method proposed by Genesio [23] because he uses a very
simplc trajectory method in connection with topological
considerations which have been recalled in the two following
theorems.

Theorem I: The boundary of the region of stability is formed
by whole trajectories.

As a consequence, excluding the trivial case n
following conclusions may be drawn:

1, the

a) n = 2. If the region of asymptotic stability is bounded, its
houndary is formed by cither a periodic orbit or a phase
polygon (with unstable equilibrium points) or a closed curve of
critical points.

b) n > 2. If the reg:on of asymptotic stability is bounded, there
exist constraints on the number of equilibrium points and
precisely the following holds.

Theorem 2: Given an odd system (n # 5) without degenerate?
cquilibrium points, a necessary condition for the region of
stability to be bounded with a smooth boundary is that at least
two other cquilibrium points exist apart from the origin, an
even number of which must lie on the boundary.

For even order systems, the necessary condition for the region
of asymptotic stability boundedness is much weaker, since the
sum of the indexes of the equilibrium points on the boundary
is cqual to 0.

fig. 11 - Estimation of the domuin of atiraction of the origin
for the van der Pol's equation.

Rather than describing successive approximations of the
attracting region, Genesio used only a limited number of
starting points from an inital estimate of the attracting basin in
connection with the knowledge of all the equilil..ium states for
the given system.

2chcncrate equilibrium points are considered those for which
some of the eigenvalues of the linearised system are zero or
pure complex in pairs.
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Coming beck to the Van der Pol oscillator, the region of
asymptotic stability is obtained performing only one backward
integration from inside or from outside the periodic orbit
(figure 11).

Although this method is only efficient and applicuble to low
order systems, use of topological considerations leads to the

following differential gecometry method.

5.4.2 Differcntial geometry method (24}

This method gives a complete characterisation of the stability
boundary for a fairly large class of non-lincar autonomous
dynamic systems satisfying two generic propertics plus one
additional condition that every trajectory on the stability
boundary approaches one of the equilibrium states (fixed
points or/and periodic orbit) as the time t tends to infinity.
Then. it is shown that the stability boundary of this class on
norn-linear systems consists of the union of the stable
manifolds of all equilibrium states on the stability boundary.

To present the theoritical basis of this theory., one need to
introduce some definitions. .

|
An cquilibrium point () of (3) is said to be hyperbolic if, in
local coordinate, none of the eigenvalues of the jacobian
matrix J,f at x has zero real part. For this equilibrium point
we can decompose the tangent space T, uniquely as a direct
sum of two subspaces FS+EY such that cach subspace is
invariant under the linear cperator J,f. The eigenvalues of ), f
restricted to F® have a negative real part. The cigenvalues of
Jxf restricted to EY have a positive real part. The stable and

unstable manifolds W’(%), W*(%) arc defined as follows:
wW(%}= {x EMD(x)dxast-3 °°}
W (5)={xeM:® (x) > kast o ~e}

A periodic orbit (¥ ) , i. e. an image of a non-constant periodic
solution of (1) is said to be hyperbolic if all the eigenvalues of
the transition matrix have modulus not equal to one (one must
be always 1) [2]. The stable and unstable manifolds of a
hyperbolic periodic orbit are defined as follows :

W(y)={xe M:® (x) > yast - o}

w(y)={xe M:® (x) > y ast —» —oo}
Obviously, one can notice that these manifolds are invariant
sets, i. e. every trajectory starting inside remains inside. In the
following, an equilibrium point or a periodic orbit of the vector
ficld f is said to be a critical element.

To further characterise the stability boundary, the idea of
transversality is introduced. First we say that a map g:M — N
is an immersion at x if the derivative map

’

df:T.(M)— T, (N) i+ injective, where T,(M) and
T,,,,(N)are the tangent spaces of M and N at points x € M and

J(x) e N, respectively. Then, if A, B are injectively immersed
manifolds in M, they satisfy the transversality condition if
cither at every peint of intersection x e AN B, the tangent
spaces of A and B span the tangent space of M at x or they do
not intersect at all. An important feature of a hyperbolic

equilibrium point £ is that its stable and unstable manifolds

intcrsec(' transversaly at X . Furthemore, the transversal
intersection persists under pertubation of the dynamic system.,

The following theorem charactcrises a critical state being on
the stability boundary of the region of stability.

part of WY (y)

part of
wiiy)

fig. 12 - Stable and unstable manifolds of a hyperbolic
periodic orbit.

Theorem : Let A be the stability region of a stable equilibrium
point. Let 7 be a critical element. Assume the following:

i) All the critical elements on the stat ity boundary (dA) are
hyperbolic,

ii) The stable and unstable manifolds of critical clements on
JA satisfy the transversality condition,

iii) Every trajectory on A approaches one of the critical

clements as { —> oo,
Then,

a) ris on the stability boundary dA if and only if

W(F)cA=0,
b) ris on the stability boundary 0A if and only if
W(F)caA.

The hypotheses of this thcorem are very important and must be
checked carefully. For an example, we can observe that the
transversality condition does not hold for homoclinic and

fig. 13 - The transversality condition is not verified:
peW ()W (x)

heteroclinic orbit as it can be scen on the figure 13 because the
intersection of the unstable manifold of x| and the stable
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manifold of x; is a portion of manifold whose tangent space
has dimension 1.

In the next example (figure 14), the unstable manifold of x,
does not intersect with the stability region and a part of the
stable manifold of x| is not on the stability boundary.

fig. 14 - The transversality condition is not verified;
W (x)nA=2 :

The following theorems characterise the stability boundaly.

Theorem : Let (3) be a dynamic system whose vector ficld
satisfies the following assumptions:

i) All the critical clements on the stab:lny boundary are
hyperbolic,

i) The stable and unstahle manifolds of crmcal elements on
the stability boundary satisfy the transversality conditions,

iii) Every trajectorv uiy the stability boundary approaches onc
of the critical elements as  — oo,

Let x;, i=1.2, ... =2

be the periodic orbit on the stability boundary dA of a stable
equilibrium point, then

A= 'J w(x UW’(y,)

. be the equilibrium points and .

|

Now, the next theorem gives an insight on the structure of
equilibrium poiuiis on the stability boundary.

Theorem : Let (3) be a non-linear dynamic system which
contains two or more stable equilibrium points and eatlsﬁcs
the following assumptions

i) All the critical elements on the stability boundary (dA) are
hyperbolic,

ii) The stable and unstable manifolds of critica! clements op
o.1 satisfy the transversality condition,

~iii) Every trajectory on dA approaches one of the critical
. elelnents as [ —oo,
U

" Theh, the stability boundary must contain at least one
equilibrinm point having an cigenvalue with a positive real
part. If, furthermore, the stability region is bounded, then dA
must contain at least one equilibrivm point havmg an
eigenvalue with a positive real part and one source.

The contrapositive of the theorem gives a sufficient condition
for the stability region to be unbounded.

Corollary : For the non-linear dynamic system (3), if it

satisfics the assumptions of the previous theorem and if 3A(x,)

4-9

contains no source, then the stability region A(x,)
unbounded.

With all these results, a numerical procedure can be set up to
determine the stability boundary by means of the construction
of the stable manifolds of all the critical elements which
belong to it [23, 24).

As an examgle, after computing the two stable equilibrium
points, (0., 0., 0.) and (-7.45, -7.45, -7.45), and the unstable
cquilibrium point (-2.45, -2.45, -2.45) of the following system:

A=-Xx+y
y=0lx+2y-x*-0.1x°
I=-v+2

the procedure allows to compute the stability boundary of the
attracting domain of the stable equilibrium points as the stable
manifold of the unstable equilibrium point. A partial view of it
is shown in figure 15.

Y aus

- 320
fig- 15 - Partial view of the boundary of the domain of
stability.

For higher dimensional system, graphic representation of the
boundary is difficult. Nevertheless, its projection in particular
subspaces fumnishes useful informations. The next figure

[ 4
1 1
[ SRR (220,63) -
6m.1 ‘.ﬁ) =~ -
_Jrcss .
12,00 ~ B
- \ . -\
.18.00 v T =
20.00 0 00 1000 1400 1%00

fig. 16 - Projection in the (p,r) plane of the boundary of the
domain of stability. PES1 and PES2 are stable equilibrium
points while PEI] is an unstable one.
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shows partiol view of the stability bornd~ry between two

stable equilibrium points of a set of five non-linear equations

describing nircraft motion at low angle of sttack under inertia

coupling conditions..

It should be noticed that this result seems to be
complementary to tuose obtained by the construction of the
attracting domain in §4.3.2.

6. CONCLUSICGN

This communication follows [1] which is presented in the
same Agard Lecture Series (LS 191). In the previous
communication, some theoretical foundations of Bifurcation
Theory have been recalled and a methodology aiming at a
systematic pcediction of the behaviour of non-linear
differential equations has bezn presented.

The first part of the communication is related to the
examination of several problems which are connected with
the introduction of control laws in order to stabilise an
unstable dynamic system. From a stability point of view and
under implicit assumptions on the controlled system (
continuous time, continuous ncn-linearities, ... ) it has been
shown that Bifuraction Theory can hclp the designer to
predict system behaviour and to compute a "good” control
laws. Although promising results are available in the
literature, some efforts remain to be done to take into
account practical discrete systems. These control problems
are closely connected with the attracting region of a stable
steady state.

The seccond part of the communication is related to
determination of the attracting region of a stable equilibrium
point of non-linear dynamic systems. Many works have been
Jone in this ficld. They are mainly based on Lispounov's
stability theory and the extensions due to Zubov and La Salle.
More recently, introducing topologicali considerations,
trajectory reversing methods have been developed and
numerous computational procedures have been proposed.
These procedures are appropriate on low dimensional dynamic
system. However, there is a need for improving them for
higher dimension. Due to the difficulty to work with high
dimensional systems, a limited part of attracting basin is
generally computed. Is it sufficent? Afe we interested by the
entire domain of attraction? It seems that a lot of work is
needed to give practical answers to this problem [27].
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NON-LINEAR FLIGHT DYNAMICS

Ph. Guicheteau
ONERA
Boite Postale 72
92322 Chatillon CEDEX
France

1. AI'STRACT

In Flight Dynamics, aircraft motion is described by a set of
non-linear differential equations, depending on parameters,
associating the state vector (angle of attack, sideslip angle,
speed, angular rates, ...) with the control vector (motivators,
...) through (light dynamics equations, aerodynamic model and
flight control system. This communication presents some
works which aim at improving the knowledge and the
prediction of aircraft behaviour in particular flight phases for
which classical linearisecd analysis of non-linear diffcrential
equations is insufficient or not valid.

2. RESUME
En dynamique du vol, le mouvement d'un avion est décrit par
un ensemble d'équations différenticlles non linéaires,
dépendant de parametres, liant les variables d'état (incidence,
dérapage, vitesse, vitesses angulaires, ...) et les variables de
commandes (gouvernes, ...) par l'intermédiaire des équations
de la mécanique du vol, du modele aérodynamique et du
systtme de contrble du vol. La communication évoque les
travaux réalisés en France et 2 I'Etranger en vue d'améliorer la
npréhension ¢t de prédire avec précision le comportement
de lavion dans des situations de vol particulities pour
lesquelles I'analyse linéarisée habnuelle des équations
différentielles non linéaire est insuffisarite ou inadaptée.

3. NOMENCLATURE
C,.C,.C, :dimensioniess body axes force coefficients
C.C,.C, : dimensionless rolling, pitching and yawing
moment cocfficients
X*,¥Y*,Z* : body axes aerodynamic forces '
L* M* N* : body axes aerodynamic moments
F..F,.F, :body axes thrust components
L. M" N* : body axes thrust moments
Pq.r : roll, pitch and yo v rates
uv,w : body axes components of aircraf? velocity
a : angle of attack
B : sideslip angle
o ! ,5," .8,‘ : aileron, elevator and rudder deflections
o ¥ : lateral offset of the center of gravity
0,0 : pitch and roll angles
J4 : gravitational acceleration
m : aircraft mass
A.B.C : moments of inertia for X, Y and Z axes
E : product of inertia for X and Zméfs
4. INTRODUCTION

For many years, study of losses of controf and spins of combat
aircraft has been a very important ficld of research. In spite of
the cfforts made, an analysis of such phenomena is still
difficult due to their complexity, their apparently random
character and the small amount of knowledge available ir: the
field of high angle of uttack aerodynamics.

Nevertheless, a careful examination of the many results
obtained from flight tests on very different airciaft reveals an
astonishing decgree of similarity in bchaviours which is
difficult to attribute to hazard. Further, the study of analytical
losses of control or spins showed that it was possible, given an
adequate modzsl, to obtain satisfactory matching beiween
computational and either vertica' wind tunnel or flight tests
results. Thus it scems that control losses and spins are closely
related to the differential system used in simulation.

In Flight Dynamics, aircraft motion is described by a set of
non-linear differential equations. depending on parameters,
associating the state vector (angle of attack, sideslip angle,
speed, ...) with the control vector (motivators) through flight
dynamics cquations, aerodynamic model and flight control
system.

Since the beginning of the aviation era, analytical non-linear
methods on simplified sets of equations have been used to try
to cxplain scveral phenomena occurring in Flight Dynamics.
Independently of the interest of these approaches to analyse
dangerous Flight Dynamics phenomena, the simplified
assumptions used in these calculus often reduce the quality
and the precision of the results.

This communication aims at the presentation of recent results
obtained in Flight Dynamics with a global stability analysis
methodology making use of Bifurcation Theory for non-linear
diffcrential ordinary ecquations depending on parameters when
linearized analysis is insufficient or not valid.

The first part is related to the early works about non-linear
phenomena using analytical tcchmqucs on reduced set of
cquations.

Using two typical aircraft models, the second part of this
presentation is related to the application of Bifurcation Theory
to basic, but viry simple and well-known, non-lincar
phenomena such as, for example, spiral mode, auto-rotational
rolling and Dutch Roll instability.

The aim of the third part of this paper is to present the
results obtained when the previously mentioned theory is
applied to a real combat aircraft, i.e. the German-French
Alpha-Jet from Dassault Aviation, The study is specifically
dedicated to oscillatory motions and to sensitivity analysis of
departures and spin predictions to a given set of parameters.

I T
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After a brief description of the aircraft model, the oscillatory
7light cases such as "agitated" spins are studied by means of
learning the stability characteristics of periodic orbits related
to oscillatory unstable equilibrium points. Complex oscil-
latory modes are pointed out. The synthesis of all these
results shows the existenc~ of two very different spin modes
for some given control deflectiens. It illustrates too that the
lack of a realistic non-linear model may lead to great
difficulties for flight analysis when the motion is quasi-
periodic or chaotic. Comparisons Letween predictions and
flight tests at the French flight tests center are shown.
Analysis of the sensitivity of predictions to some model
paiameters modifications is also presented. The first
sensitivity analysis deals with the influence of lateral offset
of the center of gravity on normal spin recovery. The second
one deals with the infiuence of gyroscopic torques induced
by engine rotors.

Finally, the interest of this methodology is discussed in the
conclusion.

5. SIMPLIFIED NONLINEAR ANALYSIS OF
AIRCRAFT BEHAVIOUR '

The pr “diction and the analysis of control losses and spins of
aircraft are old problems. However, with the lack of
computers capabilities, the former works are related to the
application of exact .- approximate analytical methods on
simplified non-linear equations.

Among .iie others, one can notice the work done by Phillips
(1] about inertial coupling at low angle of attack. In this
protlem, the difficulty cunsists in taking into account the
gyroscopic torques in the equations of motion. Neglecting
gravity effects and simplifying the force equations, he has
exhibited stability criteria which are still used today [2].
More recently, Hacker and Oprisiu revisited the validity
domain of these criteria [3].

At moderate angle of attack, losses of control are more
generally connected with aerodynamic non-linearitics. They
are related to the loss of stability of longitudinal and/or
lateral modes [4]. A lot papers are concerned with Cutch
Roll instability {5,6] for which aerodynamic non-lincarities
are expressed as Taylor series.

At high angle of attack, quiet spin has beer easily identificd
as an equilibrium state of the complete set of motion
equations providing adequate acrodynamic model s
available’.{7]: These studies have showa that spin is a
vertical helicoidal motion in which lift and drag balance
weight and centrifugal force. However, in spite of the
development of numerical tools and the similarily between
Euler-Poinsot motion and spin o” modem combat aircraft,
agitated spin was always cva'ered as an hazardous
phenomena {8].

The study of Schy and Hannah ¢9,10] can be considered as
one of the last works which car be related to a simplified
treatment of control losses. They have shown the possibility
of multiple equilibrium solutions for a simplified set of
flight equations; several of them are stable. It can be said
that these latest works have been the basis of the global
methodology used in this communication.

6. BASIC NON-LINEAR PHENOMENA
'!he s}udy of Flight Dynamics is generally based on a
linearized analysis of the motion equations. There is no

doubt that- this approzch is well suited for learning.
However, this limited point of view cannot show the genesis
of loss of stability and cannot explain more complex
phenomena.

Based on simple examples and others more complex, it is
proposed to show the contribution of the global methodology
to the prediction of the behaviour of a natural aircraft for
which motivators arz considered as parameters.

6.1 Motion equation: and non-linearities classification
The adopted system of equations represents a six degree of
freedom motion of a rigid aircraft. Since, there will be found:

a. three momentum equations, assuming D= F =0

Ap—Ei +(C-B)gr-Epg=1/ +LF
Bq+(A-C)rp+E(p? -r2) = MA + MF

Ci-Ep+(B-A)pq+Erg=NA + NF

b. three force equations
m(u+qw—rv)= X* + F, —mgsin®

m(v+ru~pw)=Y*+F, + mgcos Osin®

m(w+ pv—qu)=Z* + F, + mgcos ©cos ®

¢. two kinematic cquations. Euler's kinematic equation for
heading angle is not taken into account
@ =p+1anBO(gsin®+ rcos )

é=qcos®—rsin®

The many non-linearities of this system can be classified into
two groups.

The first one includes those which arc intrinsic to the systcm
and which are duc to the motion cquations of a solid in space
(trigonometric lines and gyroscopic momentum).

The second one includcs those from the acrodynamic model.
In this category, distinction should be made between

curvature non-lincaritics of cocfficients (Cx(a). Cy(8), etc..)

and coupling non-lincarities such as ccrtain cocfficicnts
which connect longitudinal and lateral variables (C,,(8),

(). etc..).

Such a distinction is not immediately obvious but is justificd
by experience. The first group leads to sudden jumps in
aircraft motion for a smooth variation of the control
deflections whercas the second induces more or less stcady
oscillations.

6.2 Aircraft models

These former applications of Bifurcation Theory are
performed on two typical combat aircraft acrody.amic
models.

Model A is a lincar acrodynamic model with coefficients
independent of the angle of auack. lt is used for the
simplified auto-rotational rolling example.

Model B describes the acrodynamic model of a ficlive
aircraft with high wing and tail unit. It is ncvertheless

. e —y ———_ e A
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realistic since it results from a synthesis of numerous wind
tunnel tesis. It is a non-linear aerodynamic medel without
hysterisis. The validity of which is extended to angles of
attack from -10°to+90° and sideslip angle from
~40°t0 +40° (figure 1). It is used for spiral mode example
and for Dutch mll instability.

Important non-linearities Important non-linearities
as a function of 8 a8 @ function of 0|

T T

[}
‘ 60
.
]

Large pitch u.p due to g

Non linearities of Cm { 40 { Very considerable influence of §

cntofor p=0’ on the C
Cv. and €y, change of sign — = J «— ot maximum L
Cv and C ‘lo forf 0.—— «— Cp changes of tign
N 204 - Cl’ Chmw’ of ’iq!‘
| 104 - Inflexion point on the CL
g

[ T e _-...4[_ e A e et
%0 L] 30 20 10 [} 10 20 30 40 S0

Non-linearities as a function of the state of the model

L]
Increase in effectiveness
10 of silerons and rudder

@— Cz4m chinges of sign

o0l
for &m0
“mm tends 50 T
towards 0 «— Cl6] changes of sign

40 | o — minimum of Clb)
«— Cl4) changes of sign
Jo L

1

Control surfaces effectiveness

Jig . 1 - Recapitulative diagram for the principal non-
linearities of model B.

The formulation of model B has been adapted to the
requirements of flight mechanics numerical computations.

Each of six global cocfficients:C;,C,,.C,.Cyx.Cy,Cz. is
expressed independently as a function of the influencing

parameters:o.f. p.q.r. control surfaces. Thus the non-
linearities and aerodynamic coupling are expressed by means
of a Taylor series expansion around reference values (steady
state) defined as follows:

a=a, B=0, p=q=r=0 §,=5,=5,=0

6.3 Spiral instability

This slow motion occurs at low angle of attack when the
aerodynamic model is symmetrical. Then.inertial coupling is
negligible and the aerodynamic model is almost linear. Only

5-3

gravity and pitch angle have an effect on the stability of the
motion at zero sideslip angle.

When lateral control deflections are at neutral, the
equilibiium surface of the system shows that spiral
instability coincide with the existence of a fork bifurcation
on the lateral variables of the system [11,12]. Moreover, it
shows the stable steady states which can be reached by the
system when the instability is encountered

25

' M -0
d("l! ¢ (deg)
zor' 4 0p !
45 o .______1:
40 1wl '
5 A - | s"‘("" s —
-8 -4 [ o -8B - b

fig. 2 - Spiral bifurcation; a) (.8,,) plane, b) (®.5,,) plane.
stable fixed points, - - - - unstable fixed points

Starting from an equilibrium condition at an angle of attack
of 13° and a slightly nose up attitude, we encounter the
instability for an elevator deflection value of -0.5° It
corresponds approximately to the appecarance of spiral
instability forescen by traditional criteria. Stability returns at

about 3, = —4.°(figure 2).

10
U\.__ Perturbation
0 —

6I(°)
16
. 0
Bre)
-sl
0
r(%/s) 5 o
0
®(°)
-50
0 20 40 60

Time (3)

Jig. 3 - Simulation of spiral instability.
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Between these two limits of stability, the aircroft is unstable
in straight level flight and. in response to a lateral
disturbance, it tends towards a tumning down flight, the
characteristics of which are determined by the stable
equilibrium branches located between the two limits of
stability at zero sideslip angle (figure 3).

By comparison to the classical linearized flight mechanics,
this methodology is able to predict the system behaviour
beyond the limit of stability. It gives also an idea on the non-
linearities which are responsible of the instability. Thus,
considering the essential non-linearities it is possible to
analyse the aircraft behaviour by reducing the motion
equations to a scalar one:

® = (Asin © + Bcos O cos ®)sin
+(C, 81+ C,8n)cos @ + D8I+ DSn
in which A, B. C, D. are coefficients which depend on the

aerodynamic characteristics. In particular, B is the classical
stability criteria for the linearized motion equations when

=0

This scalar equation describes the evolution of variable ® in

a gradient field. The potential function (V) is defined by the
following equation:

& = —grad(V(®))
In spite of its simplicity, this formulation synthesises aircraft
behaviour in the vicinity of the spiral instability. Moreover,
it exhibits that spiral bifurcation can appear in the (§,.5,)
plane even if level flight at zero sideslip an'gle is stable

(8,=8,=0). (figure 4).

2 )
20 Sn‘ [r«
15 4

&u
20 0 T Bl

N7

v —
-5 5

fig. 4 - Spiral bifurcation; a) (5,.8,) plane, b) (a.B) plane.

6.4 Auto-rotational rolling [12]

This phenomena is known for a very long time and its study
has becn recently revisited by Schy [9.10], Mehra (13 }. and
cthers {1410 17).

Experiments and previous computations have shown that
auto-rotational rolling occurs at low angle, that speed varies
only a little and that the influence of gravity is negligible.
Thus, the complete set of equations of motion is simplified
as follows:

|) the aircraft acrodynamic model is model A,

i) the drag equation is absent (constant speed),

i) the terms including quantity g/V are assumed to be
always small and constant.

This last assumption has the advantage of decoupling the
two kinematic equations, i. e. aircraft motion is not
constraired to be about a vertical axis. Furthermure,
considering also that pitch rate and yaw rate are much more
smaller than roll rate, it is still possible to transform the
initial problem in the study of a polynomial non-linear scaiar

equation relating yaw rate and control deftections:
= 187 +(£,81+ 3, Ba)i* + £(5.)p°

(s 80+ j;hﬁn)p’ +£(8.)p+( fiy 81+ £, 0]
which, by a change cf variable:
x=p+(£/1)
comes back to the differential equation:
=1’ +d’ +cx +bx+a

Thus, we demonstrate the canonical form of a singularity
R* = R which is calied "butterfly catastrophe” a study of
which gives bifurcation points which can result in jumps flor
certain values of parameters (a,b,¢,d). For our example, an
illustration of the bifurcation surface is given in the figure 5.

e S B b e o e s et b Sl e ot M

asm®

4| sevl
)

-20 20

fig. 5 - Bifurcation surface in the (5,,5,, ) plane, rudder at

neuiral.

For a pitch down elevator angle from the trim posiiion
(AS,, =8.—8,,,,_). corresponding to the selected angle of

attack (o = 5°) with the lateral control surfaces at neutra),

there are five possible equilibrium states identified by Al to
AS on figure 6, and not only one as predictcd by the linear
approx‘mation. States Al. A3 and AS are stable; A2 and A4
are unstable.

Beginning from steady state A3, progressive ailcrons
deflection which correspond to a small right hand roll,
performed at slightly necgative load factor, displace the
operating point to A'3 and then causes it to "jump” towards
A'l. Precisely, the roll rate responds at the very beginning
more or less linearly (that is to say intuitively) to the pilol's
input and then it suddenly “jumps” to a level which is
excessively high in rclation to the control deflection.
Generally the pilot immediately decides to return  the
ailerons to ncutral while the clevator remains in a pitch
down deflection. It can be noticed that this action will be
more or less without effect, and remains so even il he
deflects the ailerons in the opposite dire-tion.

e e e .-
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roll (degrees/s) system under study using the reduced variable P =pljv.

fig. 6 - Evolution of equilibrium roll rate as a function of
ailerons deflection-.

These two phenomena appear clearly in the Tollowing
simulation which has been performed with complete
equations (figure 7).

2
&m(®) 01

-2
0

61(°)—70,'|

-20)
10

a(®) OBK/-;/W

10}
IO1
B() 0 e e

N~

10
200
P(°/s) 100

oL

0 5 015 20 25 30 35
Time (s)

Jig.7 - Simulation o, auto-rotational rolling conditions.

Taking account of gravity effects, this simulation leads to the
following remarks:

a) gravity effects result in an oscillation of the state variables
around a mean valae and, -

b) cause the aircraft to dive and accelerate. 1t follows that
the roll rate does not stabilise at the predicted value. More
generally, it is observed that it is possible to rewrite the

We then verify tha!, in spite of the increase of the aircraft
speed and the roll rate, the value of p’ is perfectly stabilised
at the value anticipated by the equilibrium computations.

69 = 0.5 1880 - 8%G)

dmo = bm UImat ap = 5°

t

roll (degrees/s
(degr ; ) P
1 s — 0
Al | ——— 56
100 | !
‘\‘:l.«z i
50 \\T‘\\\\ !
L N
AN
- v Adm” mbm - bmy
0 + Ml*—— D V.

Vd
i
I/_rr .
100 AS s=-5

= 5
fig. 8 - Auto-rotacional rolling, clevator influence.
Similarly, a pitch dovan clevator action can result in a

spontancous jump from A3 type equilibrium o Al type
(fipure R).

6
6m(°) 2
oL __
-2
2
6!1(%) 1 -« Perturbation

0| ——
P(%s)-100 § r~
-200]
0 5 10 15 20 25 30 35

Time (s)

ﬁ'g. 9 - Simulation of auto-rotational rolling conditions with a

pitch down elevator action.
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Finally, after an examination of the equilibrium curves, it
can be obscrved that, beginning from point Al, ailerons at
reutral, it is possible to returr to the initial state without roll
rate. This can be achieved by another jump obtained hy
returning the elevator to its trim position (figure 9.

Regarding the influence of acrodynamic coeflficients. it can
e noticed that. in spite of the differences between model A
and model R, the equilibrium surfaces arc very similar
(figure 10). '

]
i

Pt "P! P _Pi
v v
005 / 0,05 -
. ,ae-10°
ol -\_:';'---6-’:(.) 0.__...___,._9:: 10° (.,-..-.(o,
5. 10 5 10
. . a<-/0°
-0,05 \ -00 \
A B -
fig. 10 - Auto-rozational roliing. Comparison hetween model A
and model B.
~——-— stable, - - - - - unstable, - «- - «- « 0scillatory unsiuble

From a practical point of view, it can be said that this type of
i0ss of control can be reached in spin reenvery (ligure |1

alh NN

8(%) o.VAvA. o
-2 v
50 :
r(s) m
olAN S T —_—

(/s) 200,
P(%s,
0 L-.N\'\,\Op/ _/.l S
0 20 40 60
Time (3)

fig. 11 - Spin recovery by auto-rotational rolling.

In addition to sircraft behaviour wnalysis, computation of
cquilibrium surfaces and bifurcation points  provides
valuable information on the appropriate method to be used in
order to avoid jumps. In the: present case, computation of the

bifurcation surface 1 the (8,.5,) plane for a given

deflection of the elevator shows that there is a region free of
bifurcation (figure 12).

[ECHNICAL LIBRARY

- -

PR TN PRI b s gt

I

20 T

| 8l=9(6n)
e

fig. 12 - Awto-rotational rolling. Influence of the control law
in the (8,.8,) plane

It tellows that if the system is constrained to remain in this
previously wentioned region. the aircraft will have a quas:-
lincar behaviow: n response to pitch and roll control. In
practice, such a wv<.em is an aileron-rudder coupling (AR
which is used on :wany aircraft. Although it does not modity
the pattern of the bifurcation curves which is intrinsic to the
aireraft, it does maodify their occurrence; the  possible
cquilibria are no longer the same. and are not so varied, as is
shown in figure 13, In simulation. the jump disapears.

A P(Ys)

“700,"\

A 20
51()
_6n='61)

Jig. 13 - Auto-rotational rolling. Influence of the controf luw
on the roll rate.

6.5 Dutch roll instability

This phenomena is vecy well reported in the literature (Sce
[5]. (6] and { 18] among the others!). It is now considered that
the instability is connected to a Hopf bifurcation point which
is approximated by classical theoreticul and exnerimental

Handling Quality criteria (Crydyn . Kalviste, ...).

In this case. the first point of intarest of Bifurcation Theory
and especially the projection method is te characterise the
Hopf bifurcation (subcritical or supercritical) | 19] in order o0
get an indication about the amplitude of the periodic motion
beyond the limit of stability. The second point of intcrest is
the computation periodic orbits envelope without usual
simplified assumptions (figurc 14) in order to investigate
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secondary bifurcations which can induce the apparition of
wing rock or spins

C e ane=""

fig. 14 - Durch Roll instapility and periodic orbits envelope.

6.6 More complex phenomena

In the previous paragraphs, it has been shown that
Bifurcation Theory is a powerful tool to give a better
understanding  of several classical non-linear  Flight
Dynamics phenomena for which a lincarized approach is not
adapted. This last paragraph presents more complex
phenomena which are also encountered on combat aircraft.

Computation of periodic orbits envelope and  their
bifurcations for different aircraft shows that agitated
behaviour can be also analysed bv means of Bifurcation

Theory.

The most current hifurcation is periodic limit orbit as it is
exhibited on the previous figure.

When a pair of two conjugate imaginary eigenvalues crosses
the unit circle, the stable orbit becon.es unstable and the
motion lies on a toroidal surface surrounding the newly
unstablc orbit (figure 15).

fie. 15 - Motion on a torus [21 ] - «- «-«-« 0scillaiory unstable
orbit.

ABBOTTAEROSPACE.COM
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In this particular case [15]), the motion seems to be a
superposition of two periodic motions with very different

period (7, ~4set T, = 120s). Then it could result in some

difficulties to analyse such a phenomena from flight tests
because the running time is generally less than the larger
period.

The second illustration is related to flip bifurcation which
can considerably modify the appearance of spin behaviour
under small perturbations on controls [20] (figure 16).

‘i-- a) fee) b)

- .!_‘cu
Gas L T
s -
*Ya == ~
I ‘-IT-':.? -2 & -IH‘-CQ?...':::
23007 ¢)
g
o
®
T 497 ; %
1
1
T49.0 -
48.5 4
PUY. ) — .
-8.60 -6.60 -6.40 -6 20
(degrees)
fig. 16 - Period doubling bifurcation. a) §_ =~18.784°,

b) 8, =-18.971° ¢) §_ = -19.002°.

Finally, when all the equilibrium states are unstable
excepled one which is weakly stable, very long transient
motions can appear [20]. Sometimes, thcse motions seem (o
be complex and/or chaotic (higure 17).

i -"1
— \
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\ L .30
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\ .
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n-’.-\\\*l‘l i! 1Y f 4 & :
. AR e
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\_-_‘_- _________
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VYT YTV YT Y YT Ty —vrrYy -70
=% wde 200 0 ;jo
t (sacende)

fig. 17 - Transient chaotic oscillations (21,
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7. APPLICATION TO A REAL COMPAT AIRCRAFT
(21

Alpha-Jet is a tandem two seat German-French aircraft for
close support and battlefield reconnaissance. With narrow
strake on each side of nose, it is also an advanced jet trainer.

Considering its great ability to safely demonsirate numerous
and various high angle of attack behaviours and for fight
tests correlation, the training version was chosen to
investigate the interest of the methodology.

7.1 Aircraflt Model
Each of six global coefficients C;.C,.C,.Cy.Cy.Cz. is

expressed independantly as a function of flight and control
parameters.

General expression of coefficients is in forin
G = Ciaar * Ciunstar

Cuoefticients C;,,, represent stationary acrodynamic cffects.

They expresse the influence of sideslip, angle of attack,
control deflections and angular rates.

C,unsar t€Tms take into account unsteady effects. They arc

expresserd as a transfert function.

All these terms have been measured on a rotary balance in
the vertical wind tunnel at ONERA/IMFL and tabulated over
a wide state and control domain,

0<as<I80°

-90°< B <90°
-600°/5 S < 600° /5

In order to prevent continuation problem and fictive
localized deformations of equilibrium surfaces, acrodynamic
g-coclticients arc usually smoothed to ensure continuity and
derivability conditions for the resulting non-linear dynamic
system.

In our application. no preliminary smoothing was done.
Coefficients are evaluated by lincar interpolation of the
tabulated data. The following results will illustrate the
robustness of our continuation algorithm.

The adopted non-linear differential equations consists of:

a) a set of motion equations (6 DOF),
b) four additional cquations according to the Laplace
formulation of unstcady acrodynamic influence on

6.6 Gl

7.2 Spins

The results presented here are ielated to control losses, spin
and spin recovery. In order to simplify the inferpretation of
computations, only typical cases will be shown. Mare
precisely. inverted spin and spin recovery using low negative
angles of attack are not considered.

Starting from a straight level flight at low angle of attack,
when the pilot moves the elevator for a full nose up attitude
(3,, = -20r). we can obscrved that multiple steady states

appear at high angle of attack when both aileron and rudder
defiection varies. The projection of the equilibrium surface

ABBOTTAEROSPACE.COM

at() =

fig. 18 - Equilibrium surface projection in characteristic
sub-spaces:  (a) (0.8,.8,): (h) (r.8,.8,); (c)

(p.8,.8,).black stable, grey oscillatory unstable, littlle grey
unstable divergent
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in three characteristic sub-spaces (a.5,.8,), (r.5,.8,) and

(p.5,.8,) allows easily to identify the domains of spins and
rolling motions (figure 18).

It should be observed that this surface is not syminetric. This
is due to non symmetrical aerodynamic data for symmetrical
aileron =nd rudder deflections at high angle of attack.

As it can be seen on the previous figure, stability is very
different from a point to another. More precisely. it see.ns

that left spins, related to negative §,, are much more
unstable than right spins. Perhaps this low degree of
stability can explain pilot's difficulties to demonstrate left
steady spins on Alpha-Jet. The third type of steady states
encountered on this surface corresponds (o an important roll
motion at moderate angle of attack. In flight, this kind of
motion occurs mainly when pilots fail spin entry or fail the
transition from one spin on one side to another spin on the
other side.

In order to precise these motions, let us consider the
equilibrium curve corresponding to full rudder deflection

(8, =17°) (figure 19).

\H:é-f:-'-:-*
0 3% 20
! 3 ‘ S
T A
'-.._.___:.r-.;_#- .):’. [
= 03¢ 2 -2 ° 3

fig. 19 - Equilibrium curve for 8, =17°.
--- stable, - - unstable divergent
-.- ascillatory unstable.

It can be observed that right spin is stable while left spin is
always oscillatory unstable excepted for a few positive
aileron deflections. In the vicinity of this last equilibrium

branch (8; negative), there exist several periodic orbits
when aileron deflection decreases from &, = -0.2° 10

&, = -20°_ (figure 20)

Twod
limit points are numerous. Between §;=-0.308" 1o

.act branches can be observed. On the first one. the

8, = =7, two converg. nt serics of flip periodic bifurcations
determine a region in which an Alpha-Jet can exhibit a
chaotic behaviour. In our case. on the contrary with typical
chaotic behaviours exhibited by well known particular
differential equations, there are only little differences in
amplitude between the different orbits of period T. 2T, etc.

5-9
0
Ampat) ;

bbbk L L LT T
-_—
-

P

s

° '_-—__‘
= "0 80 °

fig. 20 - Envelope of periodic orbits when &, varies for
8 = -20° and §, =-17°.

Then, it seems that this behaviour will be very difficult to
observe and to characterise in flight. Finally, the most
important phenomena on this branch of the envelope is the
rapid variation of orbits amplitude when &, is less than -

10°. This could explain the sensibility of spin agilations
versus aileron which is well known by pilots.

On another branch of the periodic envelope. between

8 =-3.5° and 8§ =-7.5°, there exist oscillatory unsiable
orbits with great amplitude. (figure 20). Around them, the
motion takes place on a toroidal surface if it is stable.
Nevertheless, the existence, for same values of &, of an

invariant torus and a stable orbit can lead to non similar
flight behaviours. These different behaviours depend on the
initial state and of the history of control deflections during
the manocuvre.

w‘

45° M\fm

0
A - v
P 20 t(s) >0
0 qQ

A 4

20 20 t(s) 0
fig. 21 - Quiet left spin for §; = —4°.
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{
All these phenomena c:in be demonstrated in flight. In order an* |
1o make correlations botween predictions and flight, flight e * ‘
tests have bec 1 done at the French Flight Test Center in e | |

[~tres. The results whi:h are going to be presente in the
following have been obtained at the end of 1988 and
analysed with candard  flight test lechniques  at
ONERA/IMFL in Lille during 1989.

For fill elevator and rudder deflections

(5, =-20°.8,=17°) quiet left spin is obtained for

&, =—4° (figure 21).

For an aileron deflection in the vicinity of 8, = -5°, chaotic
motion was not demonstrated. This result is due to the short
duration of spin tests and to the absence of great
differences between the orbits in presence as il was
previously mentionned.

When aileron deflection is close to -10°, Alpha-Jet can 0 20 c(s) >0
exhibit three very different motions due to the existence of fig. 23 - Regular agitated spin for §; = =10°,
two stable orbits and a stable invariant torus. (figures 22 to
24), %
Another very interesting behaviour is what happens when L5
pilots fail left spin entry. In this case, an oscillatory motion v 7
at a moderate angle of attack appears. (figure 25). It
corresponds to orbits which surround the lower oscillatory 0
unstable equilibrium branch of figure 19. B
-4l v
10 20 t(s 30
o )
&9* - o o]
0 tUAY f}'4l
N
YA *J M T
. Vi Sy
.48 .

. >0
10 20 t(s) 10 0 tls)
fig. 24 - Motion on a toroidal surface for & = -10°.

"
Y oo
0 P A AN
~
’ 10 20 t(s) 30

fig. 22- Quiet left spin for &, moving from -20° 10 0° Jfig. 25 - Unsuccessful spin entry
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Starting with the previous quiet left spin for & = -4° and
reversing rudder defiection, another quiet spin can be
observed for a rather unusual combination of lateral control
deflections. (figure 26). However, there is a very good
agreement with the stable equilibrium branch obtained for

8, = —17° and negative aileron deflections. (figure 18).

wl

45" A

A - .

0 rw
r i
L e T ] 'l’

\

adhaara'aty
|

10 20 t(s) 0

fig. 26 - Quiet left spin for 8, =—17° and negative aileron
deflection.

Coming back to full positive rudder deflection, quiet spin
turns into flat spin when pilots push on the stick according
to equilibrium states computations for different elevator
deflections. (figure 27 and figure 28).

fig. 27 - Equilibrium surface for 8, =4° in the(a.§,.5,)

space. black stable, grey oscillatory unstable, little grey
unstable divergent.

As it can be seen on the following figure, for example, spin
recovery is always satisfactory achieved by putting [ateral
control deflections at neutral, after a transient small positive
aileron deflection, and pushing on the stick in order to
deciease clevator deflection.

ABBOTTAEROSPACE.COM

e e e
10 20 t(s) DO

[ ——— e e ey

v

10 20 t(s) 0
Jig. 28 - Flat spin for §,, = 4°,
7.3 Influence of a lateral offset of the cg
During previous flight tests on Alpha-Jet and spin tests in
the vertical wind tunnel at ONERA/IMFL, it has been found
that spin is very sensitive lo a lateral offset of the center of
gravity.

In the following, we will show that Bifurcation Theory is
afso abie to study this influence of the position of the cg on
spin recovery.

It is assumed that the lateral offset of the cg is only similar

to a shift (5_‘.) of the cg outside the symmetry plane, along

the Y body axis. Then, only momenis due to exierior forces
arc modified. Rudder at neutral and for a positive valve of
elevator deflection, spin recovery from left spin is achieved

through a limit point for &, < 4°. Due the stabilising effect of

positived, on left spin and when 8 increases, the limit

point moves in the (5,.6,.) plane in a such way that spin

recovery may be less easy lo ootain. (figure 29).

SPIn

-20 0 (M 20
fig. 29 - Influence of lateral offset of the cg on left spin

recovery in the (5,.8,) plane.
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7.4 Inflvence of gyroscopic torques due to enggines '
Rotor speed effects appear in the momentum motion

equation :

with 6 =G gyed parr + Srororts)

.~

and Ortor(s) = Z(Immrnmmr) .

In the following, we will consider constant rotor speed.
Then, these effects are easier to take into account. It is
similar to introduce additional moments in thc previcus
motion equations which have the same effect that taking into
account cross coupling aerodynamic coefficients due to
angular rates !

D R . - ]
Considering inecrtia characteristics and rotor speed of
LARZAC engines which are used on Alpha-Jet, it scems that
these additional terins are non negligible damping terms.

Equilibrium computaiions show no significant influence of
this effect excepted only few localised deformations of
equilibrium surfaces.

In simulation, when only one stable equilibrium exists, no
difference can be seen with or without rotor effects.
However, when scveral stable equilibrium states are in
presence, the influence of rotor spced is more important. In
certain cases, it can lead to very different final states for the
same control deflections. (figure 30).

90
a() .
43 1 AN i
SN T AR
.\: ! " H .| ,' vV
O \ Y (3] o’ I
-4&5 - —
10 20 t(s) %
r
0
10 0 t() >0
20
58 (%)
o
.20 . - v
10 20 t(e) >0
Jig. 30 - Influence of engines rotor gyroscopic torque on
final s1ate. ----.... without - - - - with gvros. torques

This difference cannot be explained by a possible instability
of one equilibrium state, This phenomena is more surely
related to the stabilising effect of rotor speed during the
transient motion which is closely related to the time history
of control deflections. Then, it can be said that, if no
significant effect is found on equilibrium state, gyroscopic
torques due to rotcr speed have to be taken into account, in
simulation, in order Lo increase the reality of spin entry.

8. CONCLUSION

At high angle of attack flight, fighter aircraft behaviour is so
complex that it is very difficult to predict it exhaustively.
Usually, this flight domain is investigated by means of
systematic or Monte Carlo numerical simulations before the
first flight and by means of extensive and expensive flight
tests.

However, in spite of these tedious efforts, it remains that an
analysis of such phenomena is still very delicate duc to their
complexity and their apparently random character.

Thanks to Bifurcation Theory and to computers capabilitics,
a mecthodology und a softwarc to investigate asymptotic
behaviour of non-lincar differential equations depending on
paramecters have been developed. This methodology has been
used to study high angle of attack bechaviours of an Alpha-Jet
aircraft.

After predicting aircraft behaviours by means equilibrium
surfaces and periodic orbits envelopes, flight tests have been
performed. Thanks to flight test pilots, to which it has been
asked to perform rather unusual flight tests, very good
correlations with results predicted by the theory have been
obtaincd.

The results presented in this paper show the interest of the
informations provided by this methodology. However, one
cannot forget that the quality of pradictions is directly
connected with the quality of the aerodynamic data base of
the aircraft model.

Then, considering all these results, it can be said that this
technigque has a great potentiality and is appropriate to
investigate aircraft behaviours. using only wind tunncl data.

At a further step. it can also be used to investigate non-lincar
behaviours induced by non-linear elements in flight control
systems. In this ficld. it scems very interesting to complete
the analysis by the determination of the region of asymptotic
stability of a stable equilibrium point in order to quantify
control laws robustness.

Finally, for a complete understanding of non-lincar systcms
behaviour. transient motion have also to be studiced in order
to understand the immediate behaviour and the influence of
speed variation of controls on the motion.

Independently of these future studics. it can be noticed that
steady behaviours are of great interest because il asymptotic
states arc not always achieved by a limited number of
simulations and Night tests. they exist and prohably will
happen. at lcast onc time, during aircraft lifec.

in the future. duc to its ability to decal with non-lincar
diffcrential  equations,  this  methodology  would  be
successfully applied to other highly non-lincar systems like,
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just for example, high performance missiles, helicopters or
submarines.
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INTRODUCTION TO

QUANTITATIVR FEEDBACK THEORY (QFT) TECHNIQUR

Constantine H. Houpis
Air Force Institute Of Technology
Wright—-Patterson AFB, Ohio, 45433, USA

I_-- INTRODUCTION |
I-1 ~- Quantitative Feedback Theory -- QFT

has achieved the status’ as a powerful
design technique for the achievement of
assigned performance tolerances over
gpecified ranges of plant parameter uncer-
tainties without and with control effector
failures. It is a frequency domain design
technique utilizing the Nichols chart (NC)
to achieve a desired robust design over
the specified region of plant parameter
uncertainty. An introduction to QFT
analog and discrete design techniques is
presented for both multiple-input single-
output (MISO)!*! and multiple~input multi~
ple—output (MIMO)?"*¢7.1012 control systems.
QFT CAD packages are readily available to
expedite the design process. The 'purposes
of these lectures are: (1) to provide a
basic understanding of QFT, (2) to provide
the minimum amount of mathematics neces-
sary to achieve this understanding, (3)sto
discuss the basic design steps, and (4) to
present 2 practical examples.

I-2 -~ Why Feedbagck? -- For the answer to

the question of "Why do ysu need QFT?"
consider the following system. '

D, D,

——»——P

Fig. 1. An open-loop system (basic plant)

The plant P responds tc the input r(t)
with the output y(t) in the face of dis-
turbances d,;(t) and d,(t). If it is de-
sired to achieve a specified system trans--
fer function T(s) [= Y{s)/R{(s)) then it is
necessary to insert a prefilter, whose
transfer function is T(s)/P(s), as shown
in Fig. 2.

Fig. 2 A compensated open-loop system

This compensated system produces the
desired output as long as the plant does
not change and there are npo disturbances.
This type of system is sensitive to chang-
es in the plant (or uncertainty in the
plant), and the disturbances Are reflectad
directly into the output. Thus, it is
necessary to feed back the information in
the output in order to reduce the output

D,
I -'11;_ _.é___.l P .~.é~_-

seagitivity to parameter variation and
attenuate the effect of disturbances on
the plant output.

In designing a control system, it is de-
sired to utilize a technique that:

a. Addresses all known plant variations up
front.

b. Incorporates information on the desired
output tolerances.

c. Maintains r2asonably low loop gain
(reduce the "cost of .feedback").

Item ¢ is important in order to avoid the
problems associated with sensor noise
amplification, saturation, and high fre-
quency uncertainties.

I-3 -~ What Can_ QFT Do -—- Assume the
characteristics of a plant, that is to be
controlled over a specified region of
operation, vary. This plant parameter
uncertainty may be described by the Bode
plots of Fin. 2. This figure represents
the range of variation of plant magnitude
(dB) and phase over a specified frequency
range. The bounds of this variatic , for
this example, can be described by LTI
plant transfer functions. By the apyp - ica-
tion of QFT a single compensator and a
prefilter may be designed to achieve a
robust design.

€0 fomm ot s = = e - e e e s

: —— B e i e e R T . y.‘l
5 e e
~+ Plant 3 — b
2 el T
[ Pleat 3 \\w R a
4 "%} Pleat ¢ e
s |- Plent 3 BN
. Plant 8 =
Y T O i S T S S U U S S
' 10 100
Prequency (w)
90 | me e e e e e e L
I
~100 Plemt 1t |
E-uo Plans 18 |
¢ IR Prapt o |
1% ~
L]
; <140 ~ .
i 150 ~
-180 ~
ciro - . J
S0 F s L el T T e e o
] e Ll
Prequency (=)

Fig. 3 Bode plots of 6 LTI plants: the
rang2 of parameter uncertainty.

I-4 —- Benetits of QFT -- The benefits of
QFT may be sunmarized as follows:

a. The result is a robust design which ia
insensitive to plant variation.

b. There is one design for the full enve-
lope (no need to verify plants inside
templates).

c. Any design limitations are apparent up
front.

d. There is less development time for a



THis DOCUMENT PROVIOED BY THE ABBOTT ACROSPACE

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM



2 e s

NP C

Gt K L
PURIIRIEONE Y

[ VR
AR WY A s " .

TECHNICAL LIBRARY

6-2

full envelope design.

e. One can determine achievable specifica-
tions early in the design process.

£. One can redesign for changes in the
specifications quickly.

qg. Structure of compensator (controller)
is determined up front. |

II. The MISO Analog Control stem!'

1I-1 —-- Introduction -- As shown in Sec
IV-2, an mxm feedback control system can
be represented by an equxvalent m? MISO
feedback control systems shown in Fig. 4.
Thus this and the next section present an
introduction to the QFT technique by
considering only a MISO system.

m’ MISO equivalent of a 3x3 MIMO
feedback control sy<tem.

Fig. 4

I1-2 -- MISO System ~- The MISC QFT design
technique is presented in terms of the
minimum-phase (m.p.) LTI MISO system of
Fig. 5. The control ratios for tracking (D
= 0) and for disturbance rejection (R = ()
are, respectively,

F(s)G(s) P(s)
1 + G(8) P(s)

= F(s) L(s) (1)

Ta = 1 + L(s)

roe ___P(S) . _P(5)
P 1T+ G(s)P(s) 1 + L(s)

2]
.
R ]
F 0 ¢ " ’ —-C

A MISO plant

Fig. 5

The design objective is to design the F(s)
and G(s) so the specxfxed robust design is
achieved. for the given, tegion of plant
parametef uncertainty..'The: design proce-
dure to accomplish this objactxve is as
follows:

tep 1: Synthesize the desired tracking

model.

Step 2: Synthesize the desired disturbance
model.

Step 3: Specify the J LTI plant models
that define the boundary of the region of
plant parameter uncertainty.

Step 4: Obtain plant templates, at speci=-
fied frequencies, that pictorially de-
scribed the region of plant parameter
uncertainty on the NC.

Step 5: Select the nominal plant transfer
function P,(s).
Step 6: Determine the stability contour

{(U~contour) on the NC.

Steps 7-9: Determine the disturbance,
tracking, and optimal bounds on the NC.
Step 10: Synthesize the ominal loop
function L,(8) = G(s)P,(s) chat satisfies
all bounds and the stability contour.
Step 11: Based upon Steps 1 through 10
synthesize the prefilter F(s).

Step 12: Simulate the system to obtain the
time response data for all J plants.

The following sections illustrate this
design procedure.

I1-3 -- Synthesize Tracking Models -- The
tracking thumbprint specifications, bised

upon satisfying some or all of the step
forcing function figures of merit for
underdamped (M,, t,, t,, t,, K) and over-
damped (t,, t,, K, responses, respective-
ly, for a simple-second system, are de-
picted in Fig. 6(a). The Bode plots corre-
sponding to the time. responses y(t), [Eq.
(3)) and y(t), (Eq. (4)]1 1n Fig. 6(b)
represent the upper bound B, and lower
bound B, respectively, of the thumbprint
specifications; i.e., an acceptable re-
sponse y(t) must lie between these
bounds. Note that for the m.p. plants,
orly the tolerance on | T,(jw)l need be
satisfied for a satisfactory design. For
nonminimum-phase (n.m.p.) plants, toler-
ances on LT,(jw,) must also be specified
and satisfied in the design process.*® It
is desirable to synthesize the tracking
control ratios

(wi/a) (s + a)
82 + 2{w,s + w}

(3)

Ry

K

Te - 0,) (s -~ 0,)

(4)

v T s - 0,) (s

corresponding to the upper and lower
bounds T,, and T,, respectively, 3o that
5. (jw,) increases as w, increases akove the

"'70 dB crossing frequency of Tgy. This

characteristic of §;, which determines the
tracking bounds B,(jw,), simplifies the
process of synthecizing L.{s) = G(8)P,(8).
The achievement of the desired performance
specification is based upon the frequency
bandwidth BW, 0 < @ £ @,, which is deter-
mined by the intersection of the -12 dB
line and the B, curve in Fig. 6(b).

T — -
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Yy ) ¥(t)y,

1.0
0.9

Thumbprint
Specificaticns

0.1

(a) Thumbpirint specifications

[N-E 2

dB B~LmTq = LmBy,

One

(b) Bode plots of Ty

Fig. 6 Desired response specifications
11-4 -- Disturbance Model -- The simplest
disturbance control ratio model specifica-
tion is | T,(jw)! = I ¥Y(jw/D(jml < a, a
constant [maximum magnitude of the output
based on a unit step disturbance input (d,
of Fig.1l)]. Thus the frequency domain
disturbance specification is Lm T,(jw) < Lm
@, over the specified BW. Thus the distur-
bance specification is represented by only
an upper bound on the NC over the BW.

II-5 —— J LTI Plant Models —~ The simple

plant, for illustrative purposes, is

Ka - K’ (5)
s(s + a) s(s + a)

Py(s) =

where K’ = Ka, K €& {1,10) and a € {1,10).
The region of plant parameter uncertainty
is illustrated by Fig. 7. This region is
described by J LTI plants, where j = 1,2,
... J, which lie on the region’s boundar-.
That is, the points 1, 2, 3, 4, 5, & 6 are
utilized to oktain 6 LTI plant models that
adequately define the region of plant
parameter uncertainty.

es of P (8), JIP(ju) -

(1) yields

I11-6 —— Flant Templ
- With L = GP, Eq.

6-3
K

2 3 4

1o——--¢% -

/ Reglon of
plant
parameter

/ uncertainty
1h—- 7
R e

L 3 g

|
0 1 S 10

Fig. 7 Region of plant uncertainty

B ] (6)

LmTl=LmF'-Lm[1+L

The change in Ty due to the uncertainty in
P, since F is LTI, is

- = - L
A(LmTy) = Lm Ty - Lm F Lm[1+L

] (7

By a proper design of L = L, and F, this
change in T, is restricted so that the
actual value of Lm T, always lies between
B, and B, of Fig. 6. The first step in
synthesizing an L, is to make NC templates
which characterize the variation of the

plant uncertainty (see Fig. 8), as de-
scribed by the J LTI functions, for vari-
ous values of w, over the BW. The plant

template boundary can be obtained by
mapping the boundary of the plant parame-
ter uncertainty region, Lm P,(j®) Vs
LP,(jw,). a= shown on th= NC in Fig. 8. A
curve is drawn through the points 1, 2, 3,
4, 5, and 6. The shaded area, labeled
3P(j1), may be represented by a plastic
template. Templates for other walues of w,
are obtained in a similar manner. A
characteristic of these templates is:
starting from a low value of w,, they widen
(anqular width becomes large-) for in-
creasing values of @, then as ®, takes on
larger values and approaches infinity they
become narrower and eventually approach a
staight line of height V dB [see Eg. (9)].

II-7 -- Nominal Plant -- While any plant
case can be chosen it is an accepted
practice to select, whenever possible, a
plant whose NC point is always at the
lower left corner for all frequencies for
which the templates are obtained.

II-8 -- U-Contour (Stabili%ty bound) -- The
frequency domain specifications on system
performance [Fig. 6(b)] identify a minimum
damping ratio { for the dominant roots of
the closed-loop system which becomes a
bound on the value of M, = M,. On the NC
this bound on M, = M, [Figs. 6(b) and 9]
establishes a region that can not be
penetrated by the templates and by the
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Fig. 8 The template JP(jl)

L(jw) plot for all . This region’s
boundary is referred to as the universal
high-frequency boundary (UHFB) or stabili-
ty bound (U-contour) because this becomes
the dominating constraint on L(jw). Thus,
the top portion (efa) of the M, contour
becomes part of the U-contour. For a
large problem class, as @ — e, the limit-
ing value of the plant transfer function
approaches

im p(je)) = K (8)
dB | v
+
f M-contour (l.mML)
/ 0 2 i
-180’, ‘l‘ 9'0,
v v
J_ Tﬂh-boundlry
b
%,C)

U-contour

Fig. 9 U-contour construction

where A represents the excess of poles
over zeros of P(s). The plant template,
for this problem <class, appreoaches a
vertical line of length equal to

Lim

2 0 (10 (Lm Py - Lm Py,

= Lm Ky, - Lm K, =V dB

If the nominal plant is chosen at K = K_,.,
then the constraint M, gives a boundary

which approaches the U-contour abcdefa of
Fig. 9.

(9)

I1-9 -- Optimal Bounds B, (jw) on L (4w) --
The determination of the tracking B, (jw,)

and the disturbance B,(jm,) bounds are
required in order to yield the optimal
bcunds B, (j®,) on L, (jw,) .

-- The solution
for B, (jw,) requires that the condition

- tpo
I, ”t
.,//// ,n,,/. a= 10
10.. 1!///4 ///’ /

!Wt;u,!ls

ABBOTTAEROSPACE.COM

(actual) AT,(jo,) < 8a(jw,) dB (Fig. 6))
must be satisfied. Thus it is necessary
to determine the resulting constraint, or
bound By (jw;), on L(jw,). The procedure is
to pick a nominal plant P_,(s) and to derive
NC tracking bounds, at specified m, values
and by use of templates or a CAD package,
on the resulting nominal function L, (s) =
G(s)P,(s). That is, along a NC phase angle
grid line move the nominal point on the
template 3P (jw,) up or down, without rotat-—
ing the template, until it is tangent to
two M-concours whose difference i, M
values is essentially eqgual to d,. When
this condition has been achieved the
location of the nominal point on the
template becomes a point on the tracking
bound B, (jw,) on the NC. This procedure is
repeated on sufficient NC angle grid lines
to provide enough points to draw By(jw,)
and for all values of frequency for which
templates have been obtained.

II-9.2 -- Disturbarce Bounds -- The gener-

al procedure for determining disturbance
bounds for the MISO control system of Fig.
5 is outlined as follows (for details see

Ref. 2). From Eq. (2) the following
equation is obtained:
7= to .5
>° 5, (7 (10)
- L
P o

where W = (P,/P) + L,. From Eg. (10),
setting Lm T, = &, = Lm ¢, the following
relationship is obtained:

LmwW=1LmP, -8, (11)

For each value of ®, for which the NC
templates are obtained the magnitude of
| W(jw,)| is obtained from Eg. (11). This
magnitude in conjuction with the equation
W(jm,) [P, (jw,) /P (jm,)] are utilized to
obtain a graphical solution for B,(jw,) as
shown in Fig. 10'. In this fiqgure the
template is plotted in rectangular or
polar coordinates.

1 1307 - a4

16k
B,
170

)-contour
I R0"

r Pijw)
Pl e )

Fig. 10 Graphical evaluation of B;(jw)

II-9.3 —- Optimal Bounds -- For the case

shown in Fig. 11 B, (jw,) is composed of
those portions of each respective bound
B, (jw,) and B,(jw,) that have the largest dB
values. The synthesized L, (jw) must lie
on or just above these bcund B, (jw,) .
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II-10 -~ Synthesizing (or Loop Shaping)
L.(8) and F(s) -- The shaping of L.(jw) is

shown = +he dashed curve in Fin. 11 A

o, | £

T I~

|- L g liow)
|

l-u"

\
/)

P ———

% -8

N
\
4—ucomoun—--‘\. 8,48
(STABILITY .}}%\

ROUND) T2 .
we n { ] \

[9,(...,)]:-!-;:-—

L -2¢
\d/( boliw)
8,1i20)

I3 T -100° ~e0"
Fig. 11 Bounds B,(jw,) and loop shaping

point such as Lm L,(j2) must be on or above
B,(j2). Further, in order to satisfy the
specifications, L,(jw) cannot violate the
U-contour. In this example a reasonable
L,(jw) closely follows the U-contour up to
® = 40 r/s and must stay below it above ®
= 40 as shown in Fig 11. It also must be
a Type 1 function (one pole at the ori-
gin). Synthesizing a rational function
L,(s) which satisfies the above specifica-
tion involves building up the function

L,(jw) = L, (jo)

w . (12)
= Po(jm)kl:lo[K,,G,,(ju)]

where for k = 0, G, = 1£0°, and K = [T, _.K,.
In order to minimize the order of the
compensator a itarting point for building
up the loop transmission function is to
initially assume that L, (jo) = P {3jm) as
indicated in Eq. (12). L,{(j®) is built up
term-by~term or by a CAD loop shaping
routine,' in order (1) that the point
L,(j®w,) lies on or above the corresponding
optimal bound B,(jw,) and (2) to stay just
outside the U-contour in the NC of Fig.

11. The design of a proper L,(s) guarantecs
only that the varjiation in | T,(jw,)l is

M-contour

6-5

less than or equal to that allowed, i.e.,
8,{}w,) . The purpose of the prefilter F(s)
ia to rnogition Lm [T(jw)] within the

. '+, domiin specifications, i.e.,
that it always lies Jetween By and B, (Fig.
6(b)] for all J olants. The method for
.determining F(s) is discussed in the next
section. Once a satisfactory L,(s) is
achieved then the compensator is given by
G(s) = L,(s8)/P,(s). Note that for this
example L,{(jw) slightly intersects the U-
contour at freguencies above @,. Because
of the inherent over-design feature of the
QFT technique, as a first trial design, no
effort is made to fine tune the synthesis
of L,(s). If the simulation results are
not satisfactory then a fine tuning can be
made. The available CAD packages simplify
and expedite this fine tuning.

II1-11 -- Prefilter Design''?**® —- Design of
a proper L,(s) guarantees only that the
variation in| Ty (jw)! is less than or equal
to that allowed, i.e., Lm T,(j®w),.,, — Lm
Te (30 min < 3:(jw). The purpose of the
prefilter F(s) is to position

- L(jw)
Lm T(jw) = Lm T ijer (13)

within the frequency domain specifica-
tions, A method for determining the
bounds on F(s8) is as follows:

Step 1: Place the nominal point of the o,
plant template on the L,(jw;) point on the
L,(jw) curve on the NC (see Fig. 12).

Step 2: Traversing the template, dctermine
the maximum Lm T,,, and the minimum Lm T,
values of Eq. (13) are obtained from the
M-contours.

dB

M-contours,
LmTpuy

[(1

U-contour—""|

N—
~

Fig. 12 Prefilter determination

Step 3: Based upon obtaining sufficient
data points within the desired BV, for
various values of w,, and in conjunction
with the data used to obtain Fig. 6(b) tie
plots of Fic. 13 are obtained.

Step 4: Utilizing Fig. 13, the straight-

e
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line Bode technique and the condition

Lim - (14
g-p F(s) =1 )
for a step forcing function, an F(s) is

synthesized that lies within the upper and
lower plots in %“ia !

LmF

L 2

LmT, - LmT,,

13 Frequency bounds on F(s)

dB

LmT, - LmT,

Fig.

IX1-12 -- Simulation -- The gocdness of the
synthesized L,(s) and F(s) is determined by
simulating the QFT designed control system
for all J plants. CAD packages, discussed
in Sec. II-13, are available that expedite

this simulation phase of the complete
design process.
-- MISO CAD Packages -- The

first useable MISO QFT CAD package was
developed in 1986 for the analog design
(see App. A) and in 1991 for the discrete
design (see App. B) at the Air Force
Institute of Technology' (AFIT). This CAD
package h. been a catalyst in a3sisting

the newcomer to QFY to understand the
fundamentals of this powerful design
technique. '

/

II1-13.1 -- MISO QFT CAD -- The AFIT pack-
age is called "ICECAP/QFT" which is de-
signed for the VAX. Those desiring a copy
of this package can contact: Professor
Gary B. Lamont, AFIT/ENG, Wright-Patterson
AFB, OH 45433. Currently Professcr Lamont
is develcping a PC version of this pack-
age. These packages have been designed as
an "educational tool."

II-13.2 -- MISO QFT PC CAD -- Dr. Oded
Yaniv, Tel-Aviv University, Israel, has a
MI>O QFT PC CAD package for both analog
and discrete system design. This package
can be purchased from Dr. Yaniv.

III. The MISO Discrete Control System'’

I11-1 -- Introduction =-- The bilinear
transformation, z-domain to the w’'-domain
and vice-versa, ig utilized in order tc
accomplish the QFT design for both MISO
and MIMO sampled-data (discrete) control
system design in the w’-domain. This
transformation enables the use of the MISO
QFT analog design technique to be readily
used, with minor exceptions, to perform

LIBRARY

the QFT design for the controller G(w’').
If the w’~domain eimulations satisfy the
desired performance specification then by
use Of the bilinear transformation the z-
domain controller G(z) is obtained. With
this controlle:r a discrete~time simulation
is obtained to verify the goodness of the

Ansiqn. The QFT technique requires the
o :nminap;on of th minimun  sampling
frequency (0,).,, bandwidth ! is needed

for a satisfactory design.!™'* The larger
the plant uncertainty and the narrower the
system performance tolerances are, the
larger must be the value of (w,),;,. Hence-—
forth, the prime is omitted from w’ thus
whenever the symbol w_is used it is be

interpreted as w’.

A® v Y

Ye

X

Fig. 14 A MISO sampled-data controi system

I1I-2 -~ The MISO Sampled-data Controul
System -- Figure 14 repr~seuts the MISO

discrete control, having vlant unce.tain-
ty, that is to be designed by the QFT
technique. The eqguations that describe
this system are as follows:

P,(2) = G,,P(z) = (1 - 2"‘)Z[—P(q5)] (15)

= (1-zYHp,(2)

P(s)

L(z) = G, P(2)G,(7z), P, = - s " (16)
P z) = ZBE) ) - 2
i S
D(s) = %, P,(s) = P(s)D(s), (17)
P,(z) = Z[P(s)D(s)] = PD(2)
. F(z)L(z) . _PD(z)  (18)
L AT = TV
- [Llz2Flz) . ._PDlz)
Y(z) [ WAT] R(2z2) WAL
= Yp(2) + Yo(2) = Tp(z)R(2) + Yy(2)
119)
I111-3 w’-Domain -- The pertinent s-, z-,
and w-plane relationships are:
a? = ("—r)z < 2, ©1  o.29y (20
2 2
s=0 ' Jjw (a)
- Lo 12y[z - 1) . (21)
w=uUus+Jjv -(70[2;1—71 (b)
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z = T.:w '.,,2.. (a)
-Tw + 2
v = (2) tan [ %7) - (-7‘ ) tan (91‘] (b)
T 2 w, w, )
(22)
w, = 2n/1, C el = |g{wT (23)

s

11I-4 -- Assumptions -- For this paper the
follicowing assumptions are assumed:

a. Minimum-phase imp) stable plants

b. The analogue desired models, FEqs (3)
and (4), yield the desired time respoase
characteristics for the discrete-time
system.

c. The ecampling time T is small enough so
that over tne BW, 0 < ®m < m, Eq. (23) i3
valid permitting the approximation s = w
and in-turn

Tpiw) e [Tpts)! ., (24)

Both the upper and lower bound w-domain
trackhiag models are obtiined in this
manrer. The disturbance 3pecification'is
tre same as for .l.e analog ca3e.

III~-% -- Nopminimum Phase L (w) -- It i
important to note that in the w domain any
practical L{(w) is norminimum phase (nmp)
containing A zero at 2/T (the sarpling

zero; . This result ie ' to the fact
that any preztical li2) has an excess of
at i1east one pole over zeros Thus, the

desigr. technigue {op a stable uncartain

plant is modified'® (o incorporate the ail-
pass filter (arf)

TWi(28)

as fcllows: let the nominal 1oop transmis-
sion be defined as:

Ly® - LotwAlw) = L _(wA' (1) (26)

From Eg. (Z6) it is seen that

(g lFvi = LLy(Fv) - (A 3V (27)

where
- /AGV) = 2 Lan *L_)T >0 (28)

Ar: analysis of Egs. (26) through (.8)
reveals that the bounds B. (jv,! or L_(jv)
beceme the bounds B,,(jv,) on L_(jv) bv
shifting, over the desiivd 38w, L. (jv,)
positiveiy (to the rigrt on the NC) by the
angle /A’ (jv.), as shown in Fig. 15. The
U-contour (B,’) must alsoc be shifted to the
right by the same amount, at the specif’ec
frenuencies v,, to obtain the shifted U-
contcur B,(jv,). The contour BR,’is shifted
to Lhe right until it reaches the vertical
line &L,,,(jvy) = 0°, The value of v,, which

6-7

is function of ®, and the phase margin
angyle as stown in Fig. 15,' is gi%an by

2tan“(v—;7-') =180° - y (29)

Maximuni shift

to the right of
/-§ O M, contour

’ ’ ve 30

o ML

e

Bt 285) ey

| |
: : 18
- <
"”!"‘&_‘m/,!um “ m;“:*:'J By(1528)
i
|
|

V4

By(144 11 | B0, 0 4)

B 113%™y

Ay L —
180 [ o

Note G urves Jrawn aparov u tely 'O WKale

Fig. 15 The shifted bounas on the N

It should be muntioned that loop shaping
or synthesizing L.(w) can be done directiy
without the use of an apf.

1I.-€ -- Plant Templates JIP(jv) - - .he
plan® templates in the w-domair have the
same characteristic as thcse for the
analcg case (cee Sec. 11-4) for the fre-
aqueacy range 0 < ®w, < ®,/2 '‘see £ig.
16(a). In the fredquoancy range m,/2 < w, <
« tihe w-domain templat<s widen once again
ard then eventually approach a vertical
line [see Fig 1€(b)}.

I11-7 -- Synthesizing L, .(w) - The fre~
quency spectrum is divided into four
regicns for the purpose of s, :thesizirg an
L..(w) that will satisfy the system perfor-
mance specifications for tLhe plant having
plant parameter uncertainty. These four
regions are:

l: For the frequency range whers
Ec. (23 1is satisfied wure the analoq
templates; i.e. JP(3jw,) =~ JIP(jv,). Tne w-
domair tracking, d:sturbaace and optimal
bounds and the U-cortour are essentially
the same as th~se f:r the analog sysiem.
The t*emplates are used to obtain these
bounds on the NC in the same manner as §for
the analog system.

Region 1:

Region 2: For the frequ~ncy range v, . <
v, < v., where w < 0.25m,, use the w-dunain
templates. These templates are vused o
obtain all 3 types of bounds, 1in the same
manne~ as for +the analog system, in this
regisn and the corresponding B’,(jv )~
ceontours are also obtained.

—— ST N

————CTTRTY
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a8 80~

1204
|“":l°] ERTIEAN
60° 120° 1%0°
(a) (b}

Fig. 16 w-domain plant templates

Region 3: For the frequency range v. < v,
< v., for the specified value ot @, only
the B’.-contours are plntted.

Reqion 4: Fur the frequency range v, > v,
use the w-domain templates. Since the
templates J3P,(jv,) broaden out again for v,
~ v, (see Fig.16) it is necessary to obtain
the more stringent (stability) bounds B,
shown in Fig. 17. The templates are used
only to determine the stability bounds B,.
L ]

Lo

N,a!

] eammam saytt

Jagtj1s28
alrzs 7

/

R, (152000,

DO oo s i memrirr e e 1+ 0 o
I

Note Luten 4ree s appreimately 'Y iai,

-90° 4 c* 45 90*
Noie Curves drawn approximately tc scale

Fig. 17 A satisfactory design:
L..(jv) at o, = 240.

The synthesis’ of L, (w) invoives the syn-
thesizing the following function:

\

el

| 4
L(jv) = P,.(jv)[l (K,G,(jv)] (30)
=0

where the nominal plant P,,(w) is the plant
from the J plants that has the smallest dB
value and the largest (most negative)
phase lag characteristic. The final syn-
thesized L, (w) functicn must be one that
satisfies the following conditions:

1. In Regions 1 and 2 +he point on the NC
that represents the dB value and phase
angle of L,;(jv,) must be such that it
lies on or above the corresponding B, (jv,)
bound (see Fig. 15).

2. The valuves cf Eq. (30) for the frequen-
cy range of Kegion 3 must lie to the right
or just below the corresponding B’ ,~contour
{(see Fig. 15).

J. The value of Eq. (30) for the frejuency
range of Region 4 must lie below the B,
contour for negative phase angles on the
NC (see con7ition 4).

4. In utilizing the bilinear transforma-
tion of Eq. (22a), the w-domain transfer
functions are all equal order over equal
arder.

5. The Nyquist stability criterion dic-
tates tha% the L _(jv) plot is on the
"right side" or the "bottom right side"” of
the B.(jv,)~-contours for the frequency
range of 0 < v, £ v,. it has been shown
that:'

(a) L..(jv) mus% reach the riqht-hand
botyom of B.(jv,), i.e., approximately

point X in Fig. 17, ac a vaiue of v <

Ve, 3nNna

{b) (L,.(jv,) < O0° in order that there
exists a practicai L, which satisfies
the brunds B(jv) and provides tle
reguired stahility.

6. For the situation whe:e one or more of
the J LTI plants, that represent che
uncertain plant parameter characteris-
tics, represent unstable plants and cne of
the.e unstable plants is selected as the
nominal plant, then tne apf to be used in
the QFT desigr must include all right-—
hand-plane (-hp) zeros of P,.. This situa-
tion is not discussed in this paper.
Note: for experienced QFT designers L. (v)
can be synthesizeu without the use of apf.
This approach is not covered in this
Taper.

The synthesized L, (w), obtained following
the gquidelines c¢f this section, I: chown
in Fig. 17.

III-9 -- Prefilter Daesign -- The procedure
for synthesizing F(w) is the same as for
the aralor case (see Sec. II-il) cover the
frequency range G < v, £ v,. In order to

.

W

e
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I111-7, a

satisfy condition 4 of Sec.
nondominating zero or zeros ("far-left” in

the w-plane) are inserted so that the
final synthesized F(w) is equzl order over
equal order.

111-9 -- w-Domain Simulation -- The good-
ness of the synthesired L, (w) [or L. (w)]
and F(w) 1s determinen by first simulating
the QFT w-domain designed controi system
for all J plants in the w-domain (an
"analcg” time domain simulation). See
Sec. 11-13 for CAD packages that expedite
this simulation.

111-10 -~ z-Domain -- The test of the
goodness of the w-domain QFT designed
system is a discrete-time domain =simula-
ticn of the system in Figq. 14. To accom-
plish this simulaticn, the w-domairn trans-
fer functions G(w) and F(w) are trans-
formed to the z-domain by use of the
bilinear transformation of Eq. (Zlb).
This transformution is utilized since the
degree of the numerator and denominator
polynomials of these functions are equal
and the controller and prefilter do no:
contain a zero~order-hold device.

111-10.1 -~ Comparison of the Contxoller’s
w- and z-Domain Bode Plots —- Depending on
the value of the sampling time T, 'warping
may be sufficient to alter the loon shap-
ing charactevistics of the controller when
it is transformed from the w- to the z-
domain. For the warping effect to be
minimal the Bode plots of the w- and 2-
domain controllers must essentially lie on
top of cne another within the frequency
range 0 < o < [(r '3N(w/2)]). If the

warping is negligible then a discrete-time -

simulation can proceed. If not, a smaller
value of T needs to be selected.

I1X~10.2 -- Accuracy —-- The available CAD
package determines the aegree of accuracy
of the calculations and simulations. The
smaller the wvalue of T the greater the
degree of accuracy that is required to be
maintained. The accuracy is enhanced by
simulating G(z) and F(z) as a set of g and
f cascaded transfar functions, respective-
ly:; that is

G(z) = G (2)G,(2) ~ Gylz)

31
Flz. = Fi(2Z)F(2) « F,(2) G

I11--10.3 -- Analysis of Characteristic
Equation Q,(z) -- Depending on the value -f
T and the plant parameter uncertainty, the
pole-zero configuration in the vicinity ot
the -1 + jO point in the z-plane for one
or more of th> J LTI plants can result in
an unstable discrete-time response. Thus
before proceeding with a discrete-time
domain simulaticn an analysis of the
characteristic equation ¢,(2) for al) J LTI
plants must be made. If an unstable
system exists an aralysis of Q,(z) and the
correspcnding root-locus may reveal that a

[ECHNICAL LIBRARY
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slight relocation of one o1 more control-
ler pola in the vicinity ef the -1 + 40
point toward the origin may ensure a
stable system for all J plants and main-
tain the desired loop shaping characteris-
tic of G(z).

IXI-10.4 -- Simulation and CAD Packages —-
With the design checks of Secs. I11-10.1
through III-10.3 satisfied then a dis-
crete-time simulation is performed to
verify that the desired performance
specifications are achieved. To enhance
the MISO QFT discrete control system
design procedure that is presented in this

chapter tne CAD flowchart of 3ec. 1I-13.1
is shown in App. B.

IV -- MI R
Iv-1 -~ Introduction -- Figure 18 repre-

sents an mu«m MIMO closed-loop system in
which P, G, and P are each m x m matrices,
and € =~ (P} is a set nf J matrices due to
plant parameter uncertainty. There are m’
clozed~loop sSystem transfer functions
(transmissions) t,, contained within its
System transmission matrix, i.e., T = {t )}
relating the outputs y, to the inputs r,,
e.g., Yy, = t,..r.. These relationship hold
for both the s- and w-dumain analysis of a
MIMO system, In a quantitative probiem
statement there are tolerance bounds on
each t,,, giving a

win

CXRa)

01 O——sd 2 : - / )’,(‘)
e [ v ) B 0
1 Om—e] ’. - YJ(‘)
w1 -1
\ -1
\ T
Fig. 18 A 3x. MIMD feedback

control system.

set of m’ acceptable regions t,. whirh are
to be svecified in the design, thus t, €
1,, and 3 = (1,,}. From Fig. 18 the system

control ratio relating r to y 1is:

T = [T+ PG| 'POF (32)
The t,, expressiocns derived from this
expression are very complex ancd not suit-
able for analysis. The QFT design proce-
dure systematizns and simplifies the
manner of achieving a satisfactory system
design for the entire «range of plant
uncertainty. In order to readily apply
the OQFT technique another mathematical
system deccription is presented in the
next section. The material presented in
this chapter pertains to both the s- and
w-domain analysis of MIMO systems.

1V-2_-- Dexivation of m’ MISO System Equiv-
alents -—- The G, F, P and P! matrices are
defined as follows-

e B e
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_ point, i.e., T € J such that Y(T) = T,
g o0 -0 £, £, - ﬁ-] then this T is a solutxon of Eq. (39).
0g, -0 £,, £, - 6 For a 3x3 case, for a unit impulge input,
-] o re| 1’ ‘ " Eq. (40) yields the output:
! : : :
f - - 1
0o - 'f" {-' [" Yie T "“““q"‘. :'J'{ ’ [—1- ) _-,—‘)! (41)
1 - glq‘ll q:? J
(33)
Based upon the derivation of all the y,,
. . .l expressions from Eq. (40) yields the four
P.. P.; - P:» P bz P effective MISO loops (in the boxed area),
P Pi, © Pan ' Pl p;. p;&34) in Fiqx q, {esul§ing from a 2x2 system and
P=y L r . . the nine effective MIC?2 loops resulting
o from a 2«3 system.' The control ratios for
Pni Paz = P Dm: Doz = p;] the desired tracking inouts r, by the

Although only a diagonal & matrix s
conside:ed, the use of a nondiagonal G
matrix may allow the designer more design

flexiblity.” The m’ effective plant trans-
fer functions are based upon defining:
1 _detP
9y * —- ° (35)

Pl adjP,,

There is a requivement that detP be mp.
The Q matrix is then formed as:

1 11
J RN p’
Q@ @iz v @i ;, :’ ln

@y @z @l T T | (36)
Q= :n 72 2 = | Pay P Pin
G @as el )0 12
Pm: Pma Pre

The matrix P’ is partitioned to the form:

P=1lpyl ={1=A-B (37)
ij

where A is the diagonal part and B is the
balance of P'; thus A,, = 1/q,, = p,,’, b, =
0, and b,. = 1/q, = p,’ for i # j. Premul-
txplxng Eq. (32) by (I + PG) yields:

(I -PGIT=PCF ~ |PL.QT=0F (38)

where P is nonsingular. Using Eq. (37)
with G diagonal, Eq. (38) can be rear-
ranged to the form:

r=[A+@G]'[GP - BT (39)

Equation (39) is used to define the de-
sired fixed point mapping where each of
the m’ matrix elements on the right side of
this equation zan be interpreted as a MISO
problem. Proof of the fact that design of
each MISO system yields a satisfactory
MIMO design is based on the Schauder fixed
point theorm.” This theorem is described
by defining a mapping

Y(T) = (A + G](GFr - BT} (40)

where each member of T is from the accept-
able set 3. If this mapping has a fixed
°

!

corresponding outputs y, for each feedback
loop of Eq. (40) have the form

Vi 7wy lvy, - dyy) (42)
where w = ¢, /(1 + g,q..) and v,. = g.f,.

The 1nteractxon between the 1oops has the
form

d,, = - ;{—{H k=1,2,2, .. (43)
P -qu‘”

and appears as a "disturbance" input in
each of the feedback loops. Taus Eq. (42}
represents the control ratio ~f the ith
MISQ system. The transfer function w, v,
relates the "desired"” {th output to the
jth input r and the transfer function
w, d,. relates the ith output to the jth
"disturbance"” input d,.. The outputs given
in Eg. (42) can thus be expressed as

Viy = Wiy, (yu)d,, =Y., * V4, (44)

oy, pased on & unit impulse input,

Ciy = Crpy * Lo (45)

where
bry T Ve, T W,V td,, = Yaq, T w44y
(46)

and where ncw the upper bound, in the low-
frequericy runge (0 < < ¢}). is expressea
as b,,'. Thus

ta,, = by - bij (47)

represents the maximum portion of b,
allocated toward disturbance rejection and
b,{ represents the upper bound for the
trecking portion, respectively, of t,,.
For each MISO system there is a distuc-
bance input which is a function of all the
other leoop outputs. The object of the
design is to have each loop track its
desired input while minimizing the outpu”s
due to the disturbance inputes.

In each of the 9 structures of [ig. / it
is necessary that the control rat:0 t
must be a member of the acceptable t., €
T,,- All the g, and f,, must be chnsen to
ensure that this condition is satisfied,
thus constituting 9 MISO design problems.
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If all of these MISO problems are solved,
there exists a fixea point, &nd then y, on
the left side of Eq. (40) may be replaced
by t,. and all the elements of T on the
right side cy t,.. This means that there
exists 9t and t,, each in its acceptable
set, which is a solution to Fig. 1£. If
each element is 1:1, then this solution
must be unique. A more formal and de-
tailed treatment is given in Ref. 7.

Iv-3 -- Trackin Di T Specifi-
cations -- The presentation for the re-

maining portion of this chapter and the
next is based upeon not only a diagonal G
matrix but also for a diagonal ¥ matrix,
Thus, in Fig. 4 the t,, terms, for i # j,
represent disturbance responses due to the
cross-coupling effect whereas the ¢t
terms, for i = j, [see ®©q. (45)) is com-
posed of a desired trackin¢ term t, and of
an unwanted or disturbance term t,. There-
fore the desired tracking specificetions
for the diagonal MISO systems of Fig. 4
sontain an upper and lower bounds as shown
in Fig. 6. The disturbance specification
for all MIgD loops is given by only an
upper bound. These performance specifica-
tions are shown in Fig. 19 for a 2zx2 (in
the boxed area) and for a 3Ix3 MIMO feed-
back control system. .

+ + +
ok—::j-45<\\ of : o}
1] A\\ daB[ b, ' ¢t T h,..
i ; dBFw‘L._.._
i A i i N S
froq. freq. | treq.
+ | +*
0 - Due o} .
- 8 o !
d8 . d¢n - ., | dB ®
( i | [ . .
Y i [ 1 I l 1 T
——— e e
+ + T
o} 0 T
-1 -l [}
d8 o, dB -
] 3 ,f’- ;o ~d8
heq o

Fig.19 Tracking and disturbance
specifications for a 2x2 (in
boxed area) and for a 3x3 MIMO
system.

Iv-3,1 ——- Tracking SQgcifiéatioua -~ Based
upon the analysis of Egs. (45) through

(47), the specifications fur the t;; re-
sponses shown in Fig. 19 need to be modi-
fied as shown in Fig. 20. As shown in
this figure a portion of J,(jw,) (see Fig.
6) has been allocated?’’ for the distur-
bance specification. Thus, based upon
this modification, given an uncertain
plant © = (P} (5 = 1,2, ... , J) and the
BW @, above which output ceagitivity is
ignoved it is desired to synthesize G and
F such that for all P e @

(48)

/
ay s |ty (Jw)| < by, for W < W,

-

. finite () is vrecommended because in

1 .o--
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strictly proper systems, feedback is not
effective in the high frequency range.

. ol

Fig. 20 Aliocation for disturbance
and tracking specifications
for the t,, responses.

Iv-3.2 -- Disturbance Specificaticn --

Based <pon the previous discuss‘on the
disturbance specification, an upper bound,
is expressed as

e |
itq,! s b,y (49)

Thus the synthesis of G must satisfy both
Eqs (48) and (49).

IV-4 -- Determination of Tracking, Distur-
bance, & Optimal Bounds -- The remaining
portion of the MIMO QFT approach is con-
fined to a 2x2 system. The reader can
refer to the references for higher order
systegh (m > 2). From Eq. (39) the fol-
lowing equations are cbtained:

e, = afn t dad .
" 1L (50)
t
where d,, = -E’-‘-, L, = q,,9,
12
t s d,.q,
o1y (51)
t
where d,, = -—q—ig, £,,=0
12
€. = 4,
a1+,
t
where d,, = '?11' L, = @329,.
21
(52)
b = Lyf3 * G5
2 1+L
2 (53)
t
where d,, = -3—1—3
21

Equations (50) and (51) correspond to the
MISO systems for the first row of loops in
Fig. 4 and Egs. /52) and (53) correspond
to the MISH loops for the second row.

IV-4.1 ~-- Tracking Boungjs -- The tracking
bounds for the ii MISO system is deter-
mined in the same manner as for the MISO
system of of PART II (see Sec. II-9.1).
By use of the templates for the ii loop

Frogeay it aauina. :*""
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plant the value of §,’ (jw), shown in Fig.

20, is used to satisfy the constraint of
Eq. (48).
1v-4,2 -- Disturbance Boundg -- From Eqs.

(50) and (52), considering only the first
row of MISO loops in Fig. 4, the following

disturbance transfer funcctions are ob-
tained:
q. .
Ird”' ¥ I‘lq-l: ;’:l . ‘dll y ‘d:: ("ig'zo,
(54)
’d‘, = i:q;.:: : bu ® b:) (Fjg'lg)(SS)
By substituting for d,, and d;; into Egs.

(54) and (55), respectively, and replacing
t;, and t,, by their respective upper bound
values b,, and b;;, and rearranging these
equaticns yield:

g

1 12 td,
| =g | 2| =M (56)
141 lqu b,, .
1 @a by
| | s | 22252 = o, (57)
1-5 ! s ! b, s

Substituting into these equations L, = 1/1
yields:

11
1+ 1,

(58)

|

1 -+ 1‘| < Mm‘, " I

| s M,

t

By analyzing these equations. for each of
the J plants, over the desired BW the
maximum value that M, that each of these
equations can have, for each value of
(or v,), is readily determined by use of a
CAD package. Thus, since L, = 1/1,, the
reciprocal of these values yield the value
of the corresponding M-contours or distur-
bance bounds, for ®m = ®, (or v,), on the
NC.

I1V-4.3 -- Optimal Bounds -- The points on
the optimal bound, for a given valus of
frequency and for a given row of MISO
loops of Fig. 4, are determined by select-
ing the largest dB value, for a given NC
phase angle, from all the tracking, and
disturbance bounds for these loops at this
frequency. The MIMO QFT CAD package (Sec.
IV-7) is designed to perform this determi-
nation of the optimal bounds.

-5 -- QFT Methods of Designing MIMO
Systems -- There are two methods of achie~
ving a \+T MIMO design. Method 1 involves
synthesizing the loop transmission func-
tion L, and the prefilter f;, independent
of the previous synthesized loop transmis-
sion functions anc¢ prefilters. Method 2
substitutes the synthesized g, and f,, of
the first (or prior) MISO loop(s) that is
(ar¢) designed into the egquations that

©
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described the remaining loops to be de-
signed. For both methods it is necessary
to make the decision as to the order that
the L, functions are to be synthesized.
Generally the loops are chosen . n the
basis of the phase margin frequency
requirements. That is, the loop having
the smallest value of oy is chosen as the
first loop to be designed, the loop having
the next smallest value of u, is selected
as the c¢oecond loop to be designed, etc.
This is an important requirement especial-
ly for Method 2.

IV-5.1 -- Mthod 1 -- Method 1 involves
overdesign (worst case scenario), i.e., in
getting the M, values of Egs. (56) and

(57), for the 2x2 case, the maximum magni-
tude that q.. and the minimum magnitude
that q;. can have, for each value of o,

over the entire J LTI plants are uti.iized.
This method requires that the diagonal
dominance condition’”’ be met. If this
concition is not catisfied then Method 2
needs tc be utilized.

IV-5.2 -- Method 2 -- Once the order in
which the loops are to be designed and
designated acconrdingly (loop 1, loop 2,
etc) then the compensator g. and the prefi-
lter f.. are synthsized. These are now
known LTI functions which are utilized to
define the .locp 2 effective plant transfer
function. That s, substitute Fg3. (30)
into Eq. (52) and then rearrange the
result to obtain a new exprecsion for t,;
in terms of g, and f,; as follows:

£.L.Cy,,
@ (1 ¢ L)
1+ 9,4,

(59)
ty = -

wnere the effec~ive loop 2 transfer func-
tion is:

@p(l + L) q::952

= Z2° " ™ where =

Q22, (1~ L, - ¥.) Y12 29
(60)

Repeating a similar procedure the expres-
sion for t,, is:

fzzgzqzz,

—i e (61)
1+ 9,qQ:,

[of =
22

Remember that a diagonal prefilter matrix
has been specified. Note that Eqs. (59)
through (61) involve the known f,; and g,
which reduces the overdesign of loop 2.

IV-6 —- Synthesizing the Loop Transmission
and Prefilter Functions -- Once the opti-
mal bound bas been determired for each L,
loop then the synchesis procedures for
deter— miningy the loop transmission and
prefilter functions are the same as for
the MISO analog and discrete systems as
discussed in Chapters II and I1I, respec-
tively.
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-7 --
- The MIMO/QFT CAD package,
implemented using Mathematica, is capable
of carrying a discrete or analog MIMO QFT
design problem from problem setup through
the design process to a frequency domain
analysis of the compensated MIMO system.
For analcg control problems, the design
process is performed in the s-plane, while
for the discrete control problems the
plants are discretized and the design
prccess is performed either in the w-~plane
using the direct design approach or in the
s-plane using the pseudo-continuous design
approach (PCT). A flowchart of the pack-
age is given in App C.

Thke package automates the many design
steps of the QFT control technique. For
problem setup, the J plant models may be
loaded directly in state space form from a
MATRIXx fsave file or may be defined in
transfer function form at the console. 1In
addition, sensor dynamics, -ctuator dynam-
ics, and all problem specifications are
defined using a menu driven data entry
process.

The QFT design process then begins with
the selection of the weighting matrix W
and sensor gain matrix W,, for squaring
non-square fglants (m:f matrix P) to
achieva2 an effective m: plant matrix P,
for t =1, 2, ... , J. he CAD software
allows the designer t¢ oply the Binet-
Cauchy theorem to selec' where possible,
a weighting matrix whir results in ‘the
formaticn of a mininum-p:.ise detP,.

4

The desigrn process then continues with
formation cf .he square effecvive plants
P for v+ =~ 1, 2, ... , T. The poly-
nomial matrix inverse is ther performed on
the square effective plants P, to form
the equivalent plant matrices Q, for 1 = 1,
2, ... , J. The designer may then perforn
automatic cancellation 7 nearly equal
pole~zero pairs after sr fying a measure
of how closely the pol: ero pairs must
match. Once the Q matric. s are availzble,
the compensators g, and ; refilter f,, ele-
ments of the mxm diagonal G and F may bpe
designed bised on the equivalent mxm set
of MISO loops which represent the more
difficult MIMO control - rzoblem.; For a
discrete design the ste' , as discussed,
are identical except now F,, and Q, are in
the w-domain.

For each channel, or feerhack loop, a com-
pensator g, and a pref - “er f,, are de-
signed to satisfy the - «cifications for
row i of the mxm set of I' ;U loops associ-
ated ~wvith that channel. Ffirst, a set of
templates are generated ‘,r a user-select-
ed set of template frejuencies and a
nominal template point is sa2lected. Next,
the designer selects the set of bounds to
be used during loop shaping on the NC.
All selected stability, tracking, distur-
bance, gamma, and composite bounds are
then automatically generated by the CAD

6-13

package based cn problem specifications.
The bounds are then used for loop shaping
of L, = g,q,;,, on the NC. Loop shaping is
perforned by adding and modifying pcles
arid zeros and by adjusting the gain of g,
until the bounds on che NC are satisfied.

unce a satisfactcry compensator g, has been
designed, the prefilter f,, is designed.
The CAD program automatically generates a
set of prefilter bounds which must be
satisfied by the nominal <closed loop
transmission £,.L ./ (1+L.,) on the Bode plot.
The prefilter is designed by adding and
modifying poles and zeros and by adjusting
the gain of f,, unti) the prefilter bounds
on the Bode plot are satisfied.

.
Once the compensator g, and prefilter f,,
have been designed for the first row of
the MISO loops chosen for the initial
designed loop L,., the improved method may
be applied. When the designer applies the
improved method, a new set of equivalent
plants are generated for use in designing
the remaining compensators and prefilters.

Once all compensators and prefilters are
designed, a frequency-domai:. analysis of
the completed design may be performed.
For a stability analysis, the CAD program
allows all open loop transmissions to be
plotted alcng with the M, contour on the
NC. If no open loop transmissions violate
the M, contcur, the desired stability
margin has been achieved for that channel.
For a performarce analysis, the CAD pro-
gram allows an mxm array of Bode plots to
be generated, each illustratirg the set of
J possible transmissicns for the true MIMO
closed loop system along with the fre-juen-
cy dJdomain performance bounds. If no
performance bounds are violated, then the
performance specifications (tracking and
disturbance} are met in the frequency
domain.

For the final step in design validation,
the completed decign may be exported to
MATRIXx or Matlab for time-domain eirula-
tion., For a discrete design, th: compen-
sators g, and prefilters f,, ¢:e first
transformed into the z-domain. he tran-
eient response of the closed 1l »p system
is then evaluated.

V_-- QFT APPLICATIGI 4

V-1 -~ Introduction -- Two MIMO QFT exam-
ples are presented to illustrate the power
of this design technique. The first

example is for 1 2x2 analog flight control
system whereas the second exampie is for a
3x3 discrete flight control system.

V-2 -- Analog QFT Design -—- The successful
validation cf the MIMO/QFT CAD'®’ package,
pased on Arnold’s design problem'® was a
major landmark in the CAD software devel-
opment effort. This validaticn illustrat-
ed the increased accuracy and efficiency
achieved by the CAD package, and the
straightforward method for designing an
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analog MIMO control system. The specif-
ications' require a robust analog design
for the AFTI/F-16 which provides stability
and meets time domain performance require=
ments for the specified 4 flight condi-
tions (Table V-1) and the 6 aircraft
fai'ure modes (Table V-2). Table V-3
lists the resulting set of 24 plart cases
which incorporate these flight conditions
ard failure modes. For stability a 45
phase margin is required for each of the
two feedback loops. Frequency domain

performance specifications, when met,
result in *he desired :losed loop system
performance in the c.ime domain. The

frequency domain specifications ar& shown
as dashed lines on the Bode plots »f Fig.
4.

Aircrafl Parsmetery
Right Condition -
Mach,

1 02
2 1068 30000 !
3 o ), B _ . 120000 : |
4 16 30000

Table V-1 Flight conditions
_Eauduce Mode ., Falue Cooditicn
(1 | lealthymrcrafi I
12 | Onchongontaltmlfu's . .
3 | OncfMaperoofmls
4 One horiacatal wul and one flaperon fal, same wde
5 One horizontal tail and one flaperon fail. apposite ydes
§ Both fgperons ful —

Table V-2 Arnold's failure modes

e—— Flight Condition N
1 2 3 4
1 ¥ [ "3 #19 J
2 n #8 "4 20
3 L3] 5 w21 —
4 L. #10 #lo 22 o
5 *5 wll w17 w23
6 6 w12 #ig 24

Table V-3 Plant models for
Arnold’s design

The specifications, the plant models'® for
the 24 cases, and the weighting matrix are
entered into the CRAD package. The auto-
mated fealures accessed through the de-
signer interface of the CAD package re-
sulted in the synthesized loop transmis-
sion function L, (s) shown along with
associated bounds on the NC in Fig. 21.
“n this design, a trade-off exists between
performance and bandwidth and in synthe-
sizing L,,(8). In this example, the de-
signer chooses to accept the consequences
of violating the disturbance bonnd for @ =
2 r/s. L,,(s) was synthesized in a
similar manner. With L,,(s) and L,.(s)
synthesized, the CAD package’s automated
features expedite the design of the pre-
filters f,,(s) and f,,(s).

The CAD package validation routines are
now tested. Firut, a stability analysis;

ABBOTTAEROSPACE.COM
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Fig. 21 Channel 2 nominal loop
with bounds on NC

for example, the L, (s) are plotted for the
{\ =1, ... , 24 possible open loop trans-
missions along with the M. contour on the
NC shown 1n Fig. 22. None of the 24 open
loop transmissions violate the M, contour,
in accordance with the fact that the
nominal loop transmission L, (s) satisfied
all stability bounds. Fcr the second step
in the design validation process the 2x2
array of Bode plots shown in Fig. 24 1is
generated showing on each plot the 24
possible closed loop transmissions from an
input to an output of the completed sys-
tem. The consequence of violating the
channel 2 disturbance bound for w = 2 r/s
is seen where the closed iloop transmis-
sions violate b.,, denoted by dashed line,
beginning at ® = 2 r/s. Violation of
performance bounds during loop shaping may
result in violation of the performance
specifications for the closed loop system.

o -E‘T‘T’T"*"""'T"f o ol
SE=SL YHRnE=EE (ERRE
R W 4\ N
1 B M P y=-f—1- ) n - "\.

Bhadi. 58888840 !Ii

Fig. 22 Open loop transmissions on HC

Open Loop Tor Chanewel |
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ol - g L *7‘ J \I 'i N I
-0 I] i \\"‘- - ‘,h':- “rgy f ,/) t-
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’&L—m—u - i JrrL B Ju

Fig. 23 Channel 1 nominal with
bounds on NC
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M3 loep ;1,2_-

Fig. 24 Closed loop transmissions “or an analog system

As seen in Fig. 24 a robust design has
been achieved for this 2x2 M{MO analog
flight control system. The time domain
results, although not drawn, meet all
specifications.

V-3 -- Discrete QFT Design -- The specifi-
cations for the digital control design
require a digital controller be desianed
for the AFTI/F-16 which provides the
required robustness with respect to sta-
bility and satisfying the time domain
performance requirements for any of 4
flight conditions (Table V-1) and 9 fail-
ure modes (Table V-4). For stability, a
45° phase margin is required for each of
the three feedback loops. Frequency
domain performance specifications are
shown as dashed lines on the Bode plots of
Fig. 27.

Failuce Mod Failuce Conit
Healthy ircraft
One horizontal tail fails
One flaperon fails
Rudder fals
Canards fail

ons flaperon fail, same side
| One honzontal tail and one flaperon fail, opposite sides
| Both flaperons fail

Both flaperon:_and canarc's fail

Table V-4 Schneider’s failure modes

e |~40~U\Awb.)-—

The design process begins by entering the
specifications, the plant models'’, for the
36 cases (see Table V-5), and the weight-
ing matrix into the CAD package. Because
of the nature of the failure cases and
being a digital design, loop chaping for
all three loops was difficult with respect
to satisfying all bourds (tracking, dis-
turbance, and stability bounds). For
loops 2 and 3 the M, stability bounds were
satisfied. However, all stability bounds
~ould not be satisfied during the design
of loop 1.

Failure Mode Plight Condition —— e
1 2 1 4

" “l #10 #19 mE__
2 ” "l "0 7

3 0 "2 01 €30
4 4 #13 w22 L)
5 # 04 3 32

6 6 s w24 o3

7 L1 #16 w25 w34 .
8 w8 7 6 s

9 " ¥:8 "7 ¥i6 i

Table V-5 Plant models for
Schneider’s design

The loop L,(w) was shaped to minimize
violation of the stability bounds while
maintaining the 1low frequency gain a3
large as possible to achieve the best
possible performance. The final loop
L,,(w) was in violation of the stability
bounds for ® = 2, 20, and 40 r/s and the
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high frequency stability bound for v = 400
r/s. A stability analysis is then per-
formed to evaluate the consequences of the
stability bound violations, by plotting
the open locp transmissions L, (w) for all
v =1, 2, , 3€ plant cases along with
the M, contour, as shown in Fig. 25. The
actual phase margin

i 11
e LI |
e - T !
oo - oo

T

- ‘

Y

. \
- v -
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-

w4 h‘! : 3.1‘
i 4-1'— ‘1
o4 of 4o |
we b ‘ 4
w4 !ﬂi f'1=
- . ‘
48 SN

e 11

vy v 8

Fig. 25 Lm L, (jw) plots for 36
cases and M, -contour

is thereby determined to be Y = 20° rather
then the desired 45°. The shortfall is a
consequence of the degree of phase and
magnitude uncertainty among the 36 plant
cases. Plant case 33 (FC 4, FM 6) was
responsible for the largest conrtribution
in plart uncertainty, as shown in Fig. 25.
The designer will have to accept whatever
level of performance is achieved for
channel 1 since stability is the most
critical requirement.

y2 due o u)

——— ey —————

0 2 4 6 [ 10 12
Fig. 26 y,, (t) responses to unit
step input for input 3

For the design of g,(w) for channel 2 (the
Roll channel) and y,(w) for channel 3 (the
Yaw channel) the stability margins of Yy =
45° were acnieved while adding as much low
frequency gain as possible to satisfy the
performance bounds. The disturbance
bounds for channel 2 and the tracking
bounds for channel 3 proved to be impossi-
ole to satisfy while maintaining the
desired stability margin. The design of
the prefilter £,,(w) for channel 2 was
straightforward, as for channel 1. For

the design of f,,(w), the prefilter bounds
were satisfied up to the frequency at
which they cross (the frequency at which
the tracking bounds were violated).

The 3x3 array of Bode plots shown in Fig.
27 illustrates on each plot the 36 possi-
ble closed 1lnop transmissions from an
input to an output of the completed sys-
tem. The consequence of violating track-
ing or disturbance bounds is seen where
the closed loop transmissions violate
frequency domain performance specifica-
tions, denoted by dashed lines. Note the
violation of the upper bound b;, on the
third bode plot of the second row. The
violation translates into a larger-than-
desired response in roll when a yaw com-
mand is applied to the channel 3 input.
The resulting set of 36 possibie step
responses of output 2 due to a unit step
of input 3, shown in Fig. 26, illustrates
the consequences of violating b;, in the
time domain. Note for r,(t) = r,(t) = 0
and r,(t) = u,(t) that

2
y,(t) =y, (£} =y, (L) +y,, (L) =y,, (L) (62)

For plant case #33 the most extreme
siolation of b,, occurs, resulting in a
step response much larger than for any of
the other responses. For all other plant
cases and for all other transmissions the
peak step disturbance responses are below
the maximum specified peak value (that is,
ly.,s] € |¥.,leax fOor i # j). The tracking
reasponscs of channels 1 and 2 (that is, y,,
for i = 1, 2) fell tightly within the
performance bounds a,, and b,,, while the
responses y,, for channel 3 fell outside a,,
and b,, but did not exceed the maximum
allowable peak value. The larger than
desired settling time for y,, is
accepted as a tradeoff for achieving the
desired stability margin.

This design of the digital control roblem
illustrates the results obtainab using
an automated QFT CAD package. Decs ‘e the
difficulty and large scale of MIMO
problem, the MIMO/QFT CAD package ; »Hvides
a straightforward method for des of a
robust digital controller while j 'iding
insight into each stage of the Qf ilesign

process.

V-4 -- Dual Flight Control System Senario
-- For a flight control system where

battle dammage is of concern, a possible
dual flight control system is as follows:
a control system designed by QFT in combi-
nation with an adaptive control system.
The QFT controller is designed to maintain
a stable aircraft under certain battle
dammage senarios while giving the adaptive
control system time to identify the battle
dammage and adjust its controller to
improve the flving qualities as much as
possible, as illustrated in Fig. 28.
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- Considers the problem of determining the conditions under which a nonltinear
dynamical system can give rise to a chaotic behaviour. On the basts of the
harmoric balance principle, which is widely useg in the frequency analysis of
nonlinear control systems, two practical methods are presented for predicting the
exi1stence and the location of chaotic motions. This is formulated as a function of
the system parameters, when the system structure is fixed by rather goneral
input-cutput or state equation models. Several examples of application are
pres2nted to show the rather straightforwarg computations involved in the proposed
methods, the kind of results which can be obtained ana, due to the heuristic
approach to the problem, thelr corresponding approximation

- C1340K; C1120; C1310

- ¢chaos; control system analysis; describing functions: dynamics; harmonic
analysis: nonlinear control systems

- harmonic analysis; tnput output equation models; contrnol system analysis;
chaotic gynamics; nonlinear dynamical system; harmonic balance principle;

nonl inear control systems: state equation models, heuristic approacn
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- Bifurcatton phenomena of a distributed parameter system with a nonlinear element
having negative resistance
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on Fundam:rtals of Electronics, Communications ang Computer Sciences

- VOL.. E75-A; NO. 3: PP, 339-46: 7 Ref.; NP. March 1992

- 0916-8508

- Oynamic behavior of a distributed parameter system described by the
one-dimensional wave equation with a nonlinear boundary condition is examined in
detat! using a graphical method proposed by Witt on a digital computer. The
hifurcation diagram, homoclinic orbit and one-dimensional map are obtained and
examined. Results using an analog simulator are introduced and compared with that
of the graphical method. The discrepancy between these results is considered. and
from the comparison among the bifurcation diagrams obtained by the graphical
method, it is noted that the energy dissipation in the system constderably
restrains the chaotic state in the bifurcation process

- B1160; C1340K

- chaos; distributed parameter systems: negative resistance: noniinear systems

- distribyted parameter system; nonltinear element: negative resistance; one
dimensional wave equation; nonlinear boundary condition: graphical method:
bifurcation diagram; homoclinic orbit: one dimensional map: analeog simulator:
chaotic ~tate
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- €2206-13404-011 .

- ponltnear control thaory and chaotic dynamical systems

- Proceedings of the IEFE 1391 Mational Aerospace and Electronics Conference
NAECON 1991 (Cat. No.9QCH3007-2)

- Dayton, OHM, USA

- 20-24 May 1991

- JONES J.

- Alr Force Inst. of Technol., Wright-Patterson AFB. Dayton, OHM, USA

- [EEE

- Conference paper

~ Theoretical mathematical

- ENG

- us

- ISEE; New York, NY, USA

- NP 3 vol. xviii+1345; PP. 571-6 vo!.2; O Ref.; DP. 1991

- 0-7803-0085-8

- The author treats tne role of multiparameters 1n the existence of solutions of
nighty coupled nonlinear dynamical systems and numerical computattion of solutions.
An attempt is made to develop methods applicable tc control of highly coupled
noni tnear dynamical systems containing multiparameters which may have a chaotic
pehavior. Due tou the 10ss of components of a nanlinear dynamical system 1t may
nave a chaotic solutton instead of a stat'le controllable observable solution. The
basic mathematics involved in such nonlinear multiparameter csystems 1s treated so
as to make sufficient changes in the system without 10sing the system completely
as far as applicatiuns are concerned. Th's requires the development of
time-dependent mulitiple objective numerical algorithms involving time to acomplish
various desired maneuvers results obtaired can be used to establish feedback
control laws for nonlinear dynamical systems of a specified form

- C1340K; C13408; CiJ10

- chaos; control system synthesis; multivariable control systems: nontinear
control systems

- chaotic dynamical systems: highly coupled nonltinear dynamical systems: numerical
computation; nonlinear multiparameter systems; time dependert multiple objective
numerical algorithms; feedback control 'aws

- €9206-1340K-009

- Local prediction of chaoti: time series

- Proceedings of the 33rd Midwest Symposium on Circuits ang Systems (Cat.
NO.90CH2819-1)

- Calgary, Alta., Canada

- 12-14 Aug. 1990

- GIONA M. CIMAGALLI V.; RORGAVI G.; PERRONE A.: JOHNSTON R. H.(Ed.)

- NOWROUZIAN B.(Ed.): TURNER L. E.(Ed.)

~ Rome Univ., Italy

- lEEE

- Conference paper

- Theoratical mathamatical

- ENG

- 17

- IEEE: New vYork, NY, USA

- NP. 2 voi. 1205;: PP. 894-7 vol.2; 13 Ref.; DP. 1991

- 0-7803-0081-%

- CH2819-1/90/0000-0894301.00

-~ Consideration is given to two different methods for chaotic signa) local
forecasting: a local interpolation and functional reconstruction. A brief review
is presented of the mathematical framework on nonstatistical forecasting. An
outiine of some main techniques for chaotic signal characterization is furnished
= C1340K; C1310

= chaos;: noniinear systems

- chaotic time series: chaotic signal !ocal forecasting: tocal interpolation;
functional r-.onstruction; mathematical framework; nonstattistical forecasting;
chaotic sigr al characterization
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- Analysis and reduction of an iInfinite dimensiona. chaott: system

- Proceedings of the 33rd Migwest Symposium on Circults and Systems (Cat.
NO.90CH2819-1) -

- Calgary, Alta., Canava

- 12-14 Aug. 1990

-~ HARTLEY T. T.: KILLORY H,: DE ABREU GARCIA J. A.; ABU XHAMSEH N.: JOHNSTON R.
H.(€d.)

- NOWROUZIAN R.(EQ.). TURMER L. E.(Ed.)

- Coll. of Eng.. Akron Untv., OH, USA

- IEEE

- Conference paper

- Theoretical mathematical

- ENG

- s

- IEEE; New York, NY, USA

- NP. 2 vol. 1205- PP/ 889-93 vo).2; 14 Ref.; DP. 1991

- 0-7803-0081-5

CH2819-1/90/0000-0809$01.00

- A singularly perturbed nonlinear time detay system is considered. 1% is shown
that as the system becomes more singular, it evolves through a series of
bifurcations into chaotic behavior. Describing functions are used to pregict wnen
the intti1al pifurcations occur. Based on the attractor d'mension, reduced-order
finite-dimensional models are obtained that qualitatively reproduce the system
dynamics '

- C1340J; C1310; C1340K

- chaus; delays; describing functions; multidimensional systems; nonlinear systems
- analysis; noniin2ar gynamics; model recduction; describ'ng functions; reduction;
infinite dimensional chaotic system: singulariy perturbed nonlincar time delay
system: bifurcations; chaotic behavior: initial bifurcat'ons; attractor dimension;
reduced order finite dimensional models
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- Chaos predicttion in nonlinear feedback systems

- GENESIO R.; TESI A.

~ Dipartimento di Sistemi e Inf., Firenze Univ., Italy

- Journal paper

- Theoretical mathematical

- ENG

- I7

- I€E Proc. D, Contro) Theory App). (UK); 1EE Proceedings D (Contro) Theory and
Applications)

= VOL. 138; NO. 4; PP. 313-20: 28 Ref.: DP. July 1991

- IPDAD9 .

- 0143-7054

- 0143-7054/91/$3.00+0.00

- Investigates the chaotic behaviour of nonlinear feedback systems. A heuristic
model of this phenomenon is proposed and applied. Conditions for the existence ang
the location of chaotic motions are derived in terms of simple relations among the
parameters of the system. Two examples show the application of the method and its
approximation is discussed

- C1340K; C1310

- chaos; feecdback; nonlinear control systems

= nonlinear feedtack systems: chaotic behaviour: heuristic model: chaotic motions
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- Chaotic phenomena {0 pouer systems

- International Conferenca on Control ‘91 (Conf. Pubi. .332)

- Edinburgh, UK

- 25-28 March 1991

- LAT L. L.: JIANG Z. Y.; JIANG R. H.

- City Univ., London, /UK

- Conference paper

- Theoretical mathematical

- ENG

- GB

- lEE; London, UK

- NP. 2 vOol. xxvi+1282; PP. 915~-14 vOl.2; 18 Ref.; DP. 199!

- 0-85296~509-S

- The authors outline some fundamental concepts of chaos theory and show how they
may be applied to power systems. They apply noniinear control! theory and
Melnikov’'s method to study the conditions under which chaotic phenomena could
occur 1n such a power system. Yhe analytical results demonstrate that complex
ncn) fnear phenomena such as sudbharmonics and chaos can arise in a simple nonilinear
system. Certain mode interactions may arise when 2 simple zero of a noniinear
autonomous system occurs at a certain critical combination of the parameters and
as a result interesting phenomena could occur

- 38110; C3340H: C1340%

- Chaos; nonlinear control systems; power systems

- power systems; chaos: nonlinear control theory, Meinikov s method; ccmplex
nonlinear phenomena: subharmonics: mode interactions; simple zero

- €90050517

- Designing autonomous relay Ssystems with chaotic motion

- Proceedings of the 28th I[EEE Co.aference on Decision anag Contro) (Cat.
No.89CK2642-7)

- Tampa, FL, USA

- 13-15 Dec. 1989

- AMRANI D.; ATHERTON D. P.

- Sch. of Eng. & Appl. Sci.. Sussex Univ., Brighton, UK

- 1EEE

-~ Conference paper

- Theoretical mathematical

- ENG

- GB

~ JEEE; New York, NY, USA

- NP, 3 vOl. 2747; PP. 512-17 vOl1.1; 6 Ref.: DP. 1989

- CH2642-7/89/0000-0512801.00

- An investigation has been conducted, using simulation, of the existence of
chaotic motion in several relay feedback systems. Particular emphasis has been
placed on determining when chaotic motion might exist from a knowledge of the
unstable 1imit cycles predicted by the Tsypkin method, the largest amplitude
unstable 1imit cycle peing approximately sinusoidal. It 1s shown that this
sinusoidal 1imit cycle can be calculated quite accurately by the describing

function method, and it 1s found essentially to bound the region of chaotic motion.

The chaotic motion gives the appearance of jumcs between two or more of the
unstable 1imit cycles found within the region. These unstable 1imit cycles exhibit
two or more oscillations per half period, or spirals if viewed on a phase plane,
and their peak amplitudes can be predicted approximately ‘r~om .consideration of the
relay switching levels and the DC gain of the "“inear trar' “er function

~ C1340K; C1310; €1320; C1120

- chaos; control syster synthesis; describing functions; feedback; 1imit cycles;
relay control

- control system synthesis; autonomous relay systems; chedtic motion: unstable
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corputer graphics; system nonlinearities

- AB9084211; (C890466277 .

- Agaptive control of chaotic systems

- HUBLER A.

- Inst. fur Theor. Phys. ung Synergetik, Stuttgart Univ., West Germany
- Journa! paper

- Treoretical mathematical

- ENG

- DE

- Helv. Phys. Acta (Switzerland): Helvetica Physica Acta
- VOL. 62; NO. 2-3; PP. 343-6: 8 Ref.. DP. 1989

- HPACAK

- 0018-0238

- 0018-0238/89/030343-04%1.50+0.20/0

- In order to describe the chaotic dynamics of a nonlinear system, a discrete map
1s reconstructed from the time series Of an experimental system. The parameters of
the map may depend on time. The map 1s a model for the dynamics nf the
experimental system. This model can be used ‘n order to contro) the dynamics of
the experimental system whth small external perturbations, e.g. in order to get a
special periodic dynamics or a special type of chaos. The author argues that
nodelling ang controlling can be done simultaneously

-~ A0S45; C1340E; C1340K

- adaptive control; chaos: nonlinear control systems

- adantive conrtrol; simultaneous mouelling control; chaotic systems: chaotic
dyramics; nonlinear system; discrete map; time series; small exteinal
perturbations: special periodic dynamics
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- C89037184

- Application of stochastic control techniques to chaotic nonlinear systems

- FOWLER T. B.

- Mitre Corp.., McLean, VA, USA

- Journal paper

- Theoretica! mathematica!

- ENG

- US

- 1EEE Trans. Autom. Control (USA): IEZE Transactions on Automatic Control

- vOL 34; NO. 2; PP. 201-5: 29 Ref.: DP. Feb. 1989

- 1ETAAQ

- 0018-9286

- 0018-9286/89/0200-0201%01.00

A control! algortthm based on stochastic control techniques s devised for
chaot tc nonlinear systems. The algorithm uses a state estimator based on the
Katman fiiter, ang ylelds performance improvements in at least some regions of
state space with respect to that obtaimable by use of a controller uttlizing only
the conditional mean of the system state vector. The method is applied tOo two
typical) chaotic nonlinear systems (the Henon-Helles system angd the Lorenz system),
ang their behavior with control is explored numerically

- C1340K: C1340G: C1220

- Chaos: Kalman filters: nonlinear contro! systems; state estimation: stochastic
systems

- state estimation: chaotic systems: stochastic control: nonlinear systems; Kaiman
filter: Henon Helles system: Lorenz system

- C-92-F03981

- Acticn concertée ge transfert DRET Les systémes non linéaires Tome IIl Commande
des systémes non 1inéaires.

- MOUYON P, ; DESCUSSE J.: LEVINE J.:. NORMAND CYROT O.; FOSSARD A. J.

- CERT/DERA Toulouse (FR); ENSM Nantes (FR): ENSMP/CA] Fontatnebleau (FR); LSS/ESE
(FR): CERT/DERA (FR)

- DGA AFCET Groupe Nun Linéaire (FR)

-~ Rapport

- FRE

- FR

- GNL 1992

- 360 p;: nb R&f.. nb Fig.; NDP. 1992/03

- DRETBB34222004707501

- 05; M1363-8/7

- Commande au premier ordre des systémes non linraires par P MOUYON (pp 9-60 p ).
Linéarisation entrées-sorties par difféomorphismes et bouc:age par J.DESCUSSE (pp
63-123 ). Linéarisation entrées-états par difféomorphismes et pouclage par
J.LEVINE (pp 127-176 p).Linéarisation entrées-sorttes et découplage par retour
d’état : 1) réacteur chimique de neutralisation ; 2) commande en position des
systémes électropneumatiques par €. RICHARD, S.STAVARDA, D.THOMASSET (pp 179-263 ).
Optimisation approchée en houcle fermée des systémes non linéaires par la
méthodologie des perturbations singuliéres par A.J.FOSSARD, J.FOISNEAU, T.HUN
HUYNG (pp 267-358).

- INFO/VU

- 12 01: 14 02

= SYSTEME NON LINCAIRE*; LINEARISATION®: FORME CANONIQUE; SYSTEME BOUCLE; COMMANDE
NUMERIQUE: SYSTEME COMMANDE: DIFFEOMORPHISME
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- C-92-F03980

- Action concertée de transfert DRET Les svstémes non 1indatres Tome 11
Stabilisation des systémns non linéaires : quelques approches.

- LEVINE J.: BORNE P.; #TIZEL D.. BURGAT C.; TARBOURIECH §.

- ENSHMP/CAL Fontatnedleau (FR). LAII/IDN Vilieneuve d’'ascy (FR): UTC/HEUDIASYC
Compiégne (FR): LAAS/CNRS Toulouse (FR); LAAS/CNRS Toulouse (FR)

- DA-DRET Grouwe Non Lin¢aire (FR)

- Rappert

- FWE

- FR

- GNL 1992

- 320 p;: nb Réf.; nb Fig.; DOP. 1992/03

- DRETB8834222004707501

- 05: M1363-8/7

- Comportements asymptotiques des systémes non commandés par J.LEVINE (50 p)
.Stabtiita, stabilisation, régulation Approcihe par les normes vectorielles par
P.BORNE, J.P.RICHARD. N.E.RADHY.(68 p). Stabilisation rcSuste des systémes &
dynamique perturbée par D.MEIZEL (29 p).Stabilité et commande ces sysiémes
lindaires avec saturations par C.BURGAT & S.TARBOURIECH (132 p).

- INFO/VU

- 12 01

- SYSTEME NON LINEAIRE®; STABILITE SYSTEME®: SYSTEME COMMANDE*: COMPORTEMENT
ASYMPTOTIQUE; ROBUSTESSE:; SYSTEME OYNAMIQUE: SATURATION: REGULATION: COURS
ENSE IGNEMENT

-~ SYSTEME A DYNAMIQUE PERTURBEE: SYSTEME INSTATIONNAIRE

- €-92-F03979

~ Action concertée de transfet DRET : Les systémes non linéaires Tome I

Modéltsation Estimation,

- DAUPHIN TANGUY G.: WALTER E.: LOTTIN J.: SCAVARDA S.:; BORNARD G.

- LATI/IDN Villeneuve d°'Ascq (FR); LSS/ESE Gif sur Yvette (FR); LAMII un .rsité
de Savoie Annecy (FR): LAI/INSA Lyon (FR); LAG/INPG Grenoble (FR)

- DGA AFCET Groupe Non Linéaire (FR) )

- Rapport

- FRE

- FR

- GNL 1992

- 200 P; nb Péf., nb Fig.: DP. 1992/03

- DRETBB34222004707501

- 05; M1363-8/7

- Modélisation des systémes physiques par Bonda-graphs ( graphes de liaisons ) par
G. DAUPHIN TANGUY & S. SCAVARDA ( 75p). Identifiabilités et non linéarités
modeél isdt fon et estimation paramétrique, méthooes de test pour les modéles
1indaires et non linéaires par rapport aux entrées, lien avec 'a planification
d'expérience par E. WALTER & L. PRONZATO ( 41p) Identification et réalisation par
modéles 4 état affine PAR J.LOTTIN & O.THOMASSET (40p).0Observabilité et
observateurs par G. BORNARD, F.CELLE & GILLES G.(4Cp).

- INFO/VU

- 120,

- MODELISATION®: SYSTEME NON LINEAIRE®; GRAPHE LIEN®*; IDENYIFICATION PARAMETRE®.
SYSTEME MULTIDIMENSIONNEL ; NBSERVABILITE; PROGICIEL; COURS ENSEIGNEMENT

- SYSTEWME ETAT AFFINE; OBSERVATEUR DE KALMAN
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- €-92-010947

- Les réseaun neuronaux artificliels

- Second Intarnational Conference on Artificial Neural Networks

- Bournemouth International Centre (GB)

- 1991/11/18-1991/11/20

- FALLSIDE F.

- 1EE (GB)

- Congreés

- ENG

- (8

- JLE.

- N0 349: 383 p . nb R f ;. nbFig .  nb Tabs., OP. 199}

- 0-85296-%531-9

- 0537-9989

- 05; ME131-3/349

- Les sujets de ces actes age conférences sont les suivants 1-1.3 théorte tBartin
- une structure neuyronale Qut apprend 3 prendre des adécisions ge risque mintmym
Bayesien, réseaux neuronaux 3 correction aval par des algorithmes géncticues).
2-Les impiémentations (modélisation de circuits CMOS analogtaues pour

apprent 1ssage, une conception rapide et nouvelle pour des raseaux mylti-couchns
pouvant dtre montés en cascade), 3-Les images {igerntificatior et poursulte tomps
réel pour objets multiples dans un environnement brulté, un raseau neuronal pasé
sSur un systéme de reconnalssance de couleur, réseaux neyronaux pnur 1a
reconstruction J'imagas), 4-Les arplicattons en ingénierte (reconnratssance ¢ image
4 détecteurs rayun gamma sensidles 4 12 position, ‘éseaux neuronaux pour 1es
giagnostics électroniques), 5-Les systémes gynamiques (structures temporelies i
apprent issage par rétropropagation continuey, 6-Commandes et ronotigue isystémes
non linéaires uttlisant les réseaux neuronaux, commandes intelitgentes pour
vénicules autonomes utilisant des réseauv neuronaux a mémoires assoclratives
agaptatives temps réet), 7-Systémes bas. - sur des reégles. B8-Parole et langage
nature! (algorithmes rapides puu™ trouver des caractéristiques invartantes a
partir d'un réseau neuronal reconnaissant les mots. apprentissage algeébrique gans
les réseaux neuronaux syntaxiques), 9-Les applications médicales (surveillance ans
électrocardiogrammes ay2C 0eS réseaux neuronaux), 10-La reconnatssance de
caractéres (texte callfgrapnhique. caractéres ¢crits 4 la main), 11-Reconnalssance
de cibles, traitement ne parole, probléme de satisfaction de contrain‘es,
composition musicale, recherche visyelle Je codes postaux.

- INFQO/SN

- 09 02

- RESEAU NEURONAL®:; DECISION PROBABILISTE. APPRENTISSAGE. ALGORITHME - CMOS:
STRUCTURE MULTICOUCHE; TEMPS REEL; POURSUITC:; RECONNAISSANCE IMAGE; RECONSTRUCTION
IMAGE; CETECTEUR POSITION; SYSTEME NON LINEAIRE; ROBOTIQUE; RECONNAISSANCE PAROLE;
LANGAGE NATUREL; ELECTROCARDIOGRANME ; ELECTROENCEPHALQOGRAPHIE : RECONNAISSANCE
CARACTERE ;: RECONNAISSANCE CIBLE; SYSTEME EXPERT; METHODE MOINDRE CARRE
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- (-32-010148
- Contrdle ropuste aocentral . s@ pour systicr s Incertatins 4 yrarge échelle : une
concept ton pasdée sur 1a 'imite g incertitude.
- Decentralizea robust control for large-scale uncertain systems : a design based
on the bound Of uncertainty.
- CHEN ¥ H
- Greurgla inst. of Techrnl. . Atlanta {(US)
- Publication en série
- ENG
- us
- JOUR“SAL Of DYNAMICS SYSTEMS, MEASURENMENT anc CONTRQO'. (Transaction of the "ASME")
- (Sérte Gy (US)
- VDL, 1'4. NO ', pop !'-9: 28 Réf . 4 Ffig  DP 1992/C3
- JDSMAA
- 0022-0434
- 05; P 0470
- Etude g ure ctasse ge systémes (fnnaires incertaing & grande dchetle,
t tncertityde &tant vartable gans e tamps  ON Ne SUPPOSe aurune informat 1on
géterministe Ou stochastique & priort, oxcepté sa timite possiplte Proposition
d 'un contrdle robuste gécentralisé pour Zhaque SOus-SyStéme L4 caractéristique
satllante ge 'a conception réside gans ¢ fait gu'etle aécornose |'ircertitude
tnterne et | interconnexion Cect permet g incorporer la proprietd structuralile e
1'tnCertitude gans 13 concepntion En Qutre, propostition g uyne Jorsion acaptive gu
rontrlie gécentratise
- INFO/LV

12 00
- INCERTITUDE®, SYSTEME LINLAIRE®, CONTROLE THEQRIL®, CTuDE "ot Rt
STABILISATION: STABILITE SYSTEME

- C-92-F03292

= Structures disstpatives. Chacs ot turbulence

- MANNEVILLE P

- CNR3, Saclay (FR)

- Ouvrage

- FRE

- FR

- CEA, Saclay

- 417 p.; 196 Réf ; 142 Fig ;. 1 Tapl , OP. 1991/05

- 20; 92-62 STCaN/BIB

- Analyse de 1a stabilité ges structures dissipatives qui apparatssent gans les
miltteux continus macroscopiques., et de la natssance du cChaos dans !'es structures
About issement a'enseignements donnés en troisiéme cycle & ! universite ge Parts VI
et & 1'Ecole de Physique de !. matiére congensée ge BEG-ROHG. 1 ouvrage constitue
une monographie didactique Qut iIntroGuit le iecteur 4 la complexité des processus
non 1indaires.

- STCAN/LV

- 20 13; 20 04

- STRUCTURE DILSIPATIVE®; CHAOS®: TURDULUNCE® . SYSTEME NON LINEAIRE ; CONVECTION
THERMIQUE ; INSTABILITE THERMIQUE:; SYSTEME DYNAMIQUE; COPBIB
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NO - C-92-FO2127

FT - Optimisation approchée, en doucle fermée, des systémes non 1inéaires. par 13
méthodolcgie des oerﬁuroat'ons singul téres.

AU - FOSSARD A. J , FOISNEAU )

AF - OnLRA, Toulcuse (FR); ONERA, Toutlouse (FR)

CS - ONERA CERT Toulouse

[0}4 - Rapport

LA - FRE

P00 - FR

NU - ONERA/CERT/DERA NO 4/7709'

SO - 113 p.: 20 Réf. . NDh Fig. . DP. 1991/08: MO de 1a fiche programma 1233 8

CTR - ORET BB.34 222
L0 - 05: M $085-3/7709

A8 - L¢ rapport comprend deux parties. 1 On rappelle cort - ines notiors g8 base sur
\es systemes & Achetlles de (I-2s multipies (formes stancara et non standard,
théoréme de Tihonov V2 -On mesure 1 intérét que peut avolr, dans ie €as des

systémes A échelles multiples. un trartement des problémes g optimisation, dans
une optigue de perturbations singuliéres, spécialement ganc 13 recherche dune
sotution en boucle fermée Un certain nombre c’'exemples, cars le domaine de

I optimisation ce trajectolire, mettent en évigence ¢ une mar'are concréte cet

tntérét
AN - INFO/CD
cC - 1201, 102

Df - SINGULARITE MATHENATIQUES® SYSTEME BQUCLE FERMEE® SYSTEME NON LINEAIRE, ECHELLE
TEMPS . OPTIMISATIUN SYSTEME . (JPTIMALISATION TRAJECTOIRE
CLI - PERTURBATION SINGULIELRE , THEQREME TIHONOV

N - (-92-008230

F* - Contrdle g'issant ans systdmes non lindarires & entrée 3 muttivartables et 4
sortie 3 multivartapnies

£ - Sliging control of MIVMO ronlinear systems.

£1 - Actes ae 'a premiére conférence europeenne dg-automatiague Proceedings of the
first european control conference -ECC 91-.

LC - Grenobtle (FR)

OC - 1991/Q7/02-199 27:0%

Ay - FOSSEN T

AF - Instit Of teochrnl  lrocirais (ND)

CS - Grougemert ge recrhercne automat ique -CNPS- (FR)

or - Mamotire Congres

LA - ENG

PQ - NO

€0 - Hermesg, Paris (FR)

SO - VvOL 2; pp. 1855-1860. 8 kef . ;. 3 Fig.: DP. 1991

BN - 2-866-01281-X

LO - 05: M 6153-1/1991 vo! 2

A3 - On giscute ce contrdle pour des systémes & phase minimale. On insiste sur 1c.
congitions age stabilité en rapport avec les erreurs cu modéle, La stabfilté
asymptot fque globale est garantie par 1'applicatich du lemme de Barbalat semblable
4 celul de Lyapunov. On applique la lof du contrdle & un simulateur d’un réacteur
de polymérisation.

AN -~ INFN/CD

CC = 14 U2: 07 na

DE - SYSTEME MULTIVARIABLE®: POLYMERISATION®, SYSTEME NON LINEAIKE: ERREJR; STABILITE
SYSTEME ;. COMPORTEMENT ASYMPTOTIQUE: LYAPQUNOV METHOOE: RETROACTION; ROBUSTESSE
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- C-922-003527

- Résultats récants sur l1a stabilisation adaptative des systémes de dimensions
infinies. ' :

-~ Recent resuits on adaptive stabilization of infinite dinensional systems.

- Actes age la premiére conférence européenne d’automatique. Proceedings of the
first eurogean control conference - ECC 91 - ’

- Grenoble (FR)

- 1991/07/€2-1491/07/05

- LOGEMANN H.; MARTENSSON B.

- Univ, of Bremen (DE): Univ. of Bremen (DE)

- Groupement de recherche!automatique - CNRS - (FR)

- Memoi~2 Congres

- ENG

- DE

- Hermés, Paris ‘FR)

- VOL 3; pp. 2067-2071; 31 Ref.; | Fig.; DP. 1991

- 2-866-01282-8

- 05; M 6153-1/1991 vol 3

- L‘auteur a montré, précédemment, que, pour stabtiiser un systéme 1inéaire
inconnu, fnvariant dans le temps., de dimensions finies, ii était suffisant de
connattre !‘ordre de chaque contrdleur de stabilisation. [ci, on généralise ce
résultat aux systémos 4 dimensions infinies. On donne quelques résultats
gisponibles sur l1a stabilisation adaptative de ces systémes.

- INFQ/CD

- 1220

- ESTIMATION PARAMETRE®; SYSTEME STABILISATION; SYSTEME ADAPTATIF; SYSTEME
LINEAIRE; ALGORITHME; ESPACE HILBERT; SYSTEME A PARAMETRE KEPARTI; COMMANDE
ADAPTATIVE- ROBUSTESSE

i
- €C-92-003125
- Structures a grand2 échelle en physique non linédaire.
- Large scale structures 1) nonlinear physics.
- Proceedings of the workshep “"Large scale structures in nonlinear physics”.
- Villefranche sur Mer (FR)
- 1991/01/13-1991/01/18
- FOUNIERS J. D.; SULEM P. ‘..,
-~ Observation COte d’Azur, Nice (FR). Ob<ervation CAte d’Azur, Nice (FR)
- Memoire Congres
- ENG
- FR
- Lecture notes in Physics (DE)
- Springer Verlag (DE)
= VOL 392; 353 p.: nb Ref.; rnb Fig.; nb Tabl.: OP. 1991
~ LNPHA4 .
- 3540548998; 038754899-8
- 05; 8490-392
- La conférence étudie les états cohérents, les modéles convectifs et turbulents,
les cascades inverses, les interfaces et les phénoménes coopératifs dans les
fluides et les plasmas, 1‘implémentation des concepts de la mécanique c*atistique
A la physique des particules et A .a matiére nucléaire. Elle insfiste sur certains
phénoménes comme 1a p~édictabtiité qut interviennent dans ies caractéris*iques
macroscopiques, méme dars les processus dynamiques 4 faible échelle : structur .
homoclinique, théorie KAM, stabilité de Lyapunov. Un exposé est consacré aux
nouvelles techniques perturbatives des champs classiques non linéaires et
quant tques. On présente de nouveaux réAsultats relatifs 4 1‘analyse des obejets
hiérarchiquement organisés.
- INFO/CD
~ 20 05: 20 OO
- MECANIQUE FLUIDE®*; PHYSIQUE PARTICULE*; SYSTEME NON LINEAIRE: EFFET COHERENCE;
CONVECTIOUN; TURBULENCE; STRU. JRE CASCADE; MECANIQUE STATISTIQUE: SYSTEME
DYNAMIQUE ; LYAPOUNOV METHODE
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B-13

- €-92-001150

- Réponse stationnaire exacte des systémes cynamiques non linéaires hamiltoniens
multi-dimensionnels avec excitations externes et paramétriques.

- Eract stationary response of muylti-dimensional non-1inear hamiltonian dynamical
systems under parametric and external stochastic excitattions.

- SOIZE C.

- ONERA (FR)

- Publication en serie

- ENG

- FR

- ONERA Tirés A& Part (FR)

- NO 1991-185; pp. 1-24; 39 Ref.; OP. 1991

- ONTPAD

- 05; M 147-9/91-185

- On étudie une grande catégorie de systémas dynamiques non linéaires hamiltoniens
avec excitations externes et paramétriques aléatoires. Les excitations aléatoires
sont modélisées par un brutt blanc gaussien. La partie conservative est une
formulation hamiltonienne pour les systémes dynamiques non linéaires indépendants
du temps. La partie non conservative comporte trois termes : un terme
d'amortissement 1inéatire ou non linéalire, une excitation externe aléatoire qui est
le terme non homogéne, et un terme d’‘excitation paramétrique aléatoire. La
stabil1té du systéme et )V'existence d‘une réponse stationnaire asymptotique sont
étudiées car 1‘excitation paramétrique aléatoire a des varlations des
caractéristiques dynamiques avec le temps. La fonction de densité de probabilité
en régime établi est construite comme solution de 1‘équation de Fokker-Ptanck. La
fonction caractéristique et 'a matrice de croissance de la réponse stationnaire
sont calculées explicitement. Plusieurs exemples montrent clairement les effets
des non linédarités et de )‘excitation paramétrique aléatoire pour des systémes
muliti-gimensionnels.

- INFO/PA

- 12 0V; 14 02

-~ SYSTEME OYNAMIQUE®: REPONSE®; STABILITE SYSTEME; ETUDE THEORIQUE:; EQUATICN
FOKKER PLANCK; EXCITATION STOCHASTIQUE: SYSTEME MULTIVARIABLE; SYSTEME NON
LINEAIRE; HAMILTONICN

C-91-013059

- Examen de plusieurs aspects de la conception de contrdleurs flous.

- A raview of some aspects on designing fuzzy controllers.

Knowledge~-based system applications for guidance and control.

Madr id, ES

1990/09/18-1990/09/21

TRILLAS E.; DELGADO M.; VERDEGAY J. L.; VILA M, A,

- Ministére de Défense, Madrid, ES; Faculté des Sciences, Grenade, ES: Faculté des
Sciences, Grenade, ES: Faculteé des Sciences, Grenade, ES

- Memofire Congares

- ENG

-~ ES

- AGARD Conference Proceedings (FR)

AGARD (neufilly-sur-Seine)

VOL CP474; pp. 31.1-31.12; 23 Ref.; 2 Fig.; 1 Tabl.; DP. 1990/04

AGCPAV

9-283-50610-3

02; AGARD-CP-474

- Description des fondements les contrbleurs flous et des différents moyens de les
mettre en oeuvre. Etude du management de 1’information, c’est-a-dire des voles
utilisées pour réa'iser les inférences a partir des connaissances des spécialistes

(en général, 1a régle de base de déduction du calcul des prédicats). Analyse des

fonctions d’implication possibles et des conséguences de leur utilisation.

= INFQ/CR

- 09 05; 13 08

-~ SYSTEME COMMANDE NON LINEAIRE®; CONTROLE PROCESSUS®; PROCESSUS INDUSTRIEL;
COMMANDE AUTOMATIQUE MACHINE:; SYSTEME EXPERT; FONCTION FLOUE; REGLE INFERENCE;
BASE DONNEE DEDUCTIVE
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- C-91-002328

- Modélisation des systémes non linéaires & 1‘aide de rnodéles de calcul de la
moyenne moblle autorégressivs non linéatres (NARMAX).

- Modeling nonlinear systems by using nonlinear autoregi'essive moving average
models (NARMAX).

- IEEE-ICASSP-1990-International conference on acoustics, speech, and signal
processing- Vol § : Spectral estimation-underwater signal processing.

- Albuquerque (US)

- 1990/04/N3-1990/04/06

- SEIDEL D. K.; DAVIES P.

- Purdue Univ, West Lafayette (US): Purdue Univ, West Lafayette (US)

- Memotre Congres

- ENG

- uUs

- IEEE New York (US)

-~ NO 90CH2847-2; pp. 2559-2562; 9 Ref.; 4 Fig.; 2 Tabl.; OP. 1990,

- (S; Me 349-98/1990 Vol S

- Ces modéles sont des extensions des modeles ARMA.I1s peuvent servir 3 simuler la
réponse échantiltlonnée des systémes non l1inéaires. Ce sont souvent des modéles
compacts., ajaptés aux applications de contrdle et de conception. En étabtissant
des relations entre ces modéles digitaux de données d’'entrée-sortie et les modeles
physiques des systémes, on peut générer des estimations de paramétres physiques
d’un systéme. Ici, on décrit le comportement de deux 0OScCillateurs coupleés non
Vinéatres par un systéme d‘équations non linéaires couplées. On applique une
technigque de représentation A ces équations pour générer des modéles NARMAX qui
relient 1'entrée échantilionnée A la réponse échantillonnée des systémes non
1inéaires.

- INFO/CD

- 09 03: 12 01

- Trafitement signal*; Moyenne mobile*; Systeéme non linéaire: Systéme donnée
échantilionnée; Donnée digitale; Estimation paramétre: Equation non linéaire;
Modéle autorégressife*; Signal échantilionné®*; Modele ARMA

- C-90-011266

- Dynamigue chaotique des systémes non linéaires.

- Chaotic dynamics of nonlinear systems.

- RASBAND S. N.

- BRIGHAN Youry Univ. Provo (UJ)

= Quvrage

- ENG

- 72

= John Wiley and sons New York

- 230 p.: nbres Ref.; DP. 1990

- 0-471-63418-2

- 05; 13859/6A

- Distributions & une dimesion. Théorie ce t’'universalité. Dimension fractale.
Cynamique différentielle. Exemples non-lindaires avec chaos. Distribution 4 deux
dimensions. Dynamigue conservative. Mesure du chaocs. Complexité et chaos.

~ INFO/VU :

- 12 0V; 14 02

- Géométrie différenticlla®; Systéme non linéaire*; Objet fractale¥; Chaos*:
Oynamique sysiéme: Théorie bifurcation; Distribution multigimensionnelle
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- C-90-F01880

- Cont~Olabtilité exacte, perturbattons et stabilisation de systémes distrinbués.

- LIONS J. L.

- Collége de France (FR)

- Quvrage

- FRE

- FR

- Masson, Paris

- NO RMA B8 et 9; 536 et 272 p.: nb Ref.; Collection recherches mathématiques
appliquées; DP. 1988

-~ 2225814775; 2-225814740

- 20; 90-68-1.2 STCAN/BIB

- Cet ouvrage preésente la méthode HUM (Hilbert Uniqueness Method) qu! permet de
conduire un systéme d‘un état initial 4 un état final donné. en un temps donné
avec un contrdle optimal et un effort minimum. Ensuite les diverses perturbations
qul peuvent affecter un systéme distribué sont étudiées, afin d’'examiner la
robustesse de ia méthode HUM. Un probléme modélie ; contrdlapilité exacte de
1‘equation des ondes ; contrdle par Dirichlet. Formulation générale du probléme de
la contrdlabitité exacte. Systéme de l’élasticité et quelques modéles de piaques
vibrantes. Equation des ondes : conditions aux limites de Neumann et de type mélé.
Contrdlabilité exacte simultanée. Contrdlabilité exacte de problémes de
transmission. Contrdle interne. Caractérisation du contrdle donné par HUM. Systéme
de 1'optimalité et méthode de duaiité. Systémes couplés. Contrdlabilité exacte et
pénalisation. Contrdlabitité exacte et pertubations singuliéres. Perturbations des
modes d’action sur les systémes. Perturbation des domaines. Homogénéisation.
Systémes & mémoire.

- INFO/AP /

- 12 0%; 13 13 '

- Théorte contrdle optimal®; Systéme élastique*: Stabilité: Perturbation: Théorie
systéme; Analyse systéme: Equation onde; Systéme commande: Systéme non 1inéaire;
Théorie perturbation; Stabilisation: Plaque: Condition Timite; Systéme a paramétre
réparti*; Contrdlabilitée®: Etude dynamique: Optimisation sous contrainte: COPBIB

- C-90-F00283

- A propos du chaos spatio-temporel : concepts et expériences.

- CHIFFAUDEL A.

- Ecole Normale Supérieure, Paris (FR)

- Ec. Normale Supér., Groupe de Phys. du Solide (FR)

-~ Rapport .

- FRE

- FR

- ENS 1989

- Rapport de mise au point; 61 p.; 70 Ref.; 1S5 Fig.; DP. 1988

- Convention [EP 87/82

- 05; I605 M 600-1/DRET~1EP 87-822 F

- Ce rapport nous éclaire sur la notion de chaos spatio-temporel, c'est-a-dire la
perte de cchérence temporelle d‘un systéme non 1inéaire, 3 peu de degrés de
liberté. Cela nous fait prendre conscience que le désordre peut étre compris,
formalisé et encadré -~ar des théories des systémes dyramiques. Cette théorie sera
appliquée 1ci 3 1'étude des écoulements turbulents.

- INFO/RI

- 20 04; 14 02

- Stabtlité écoulement+; Théorie systéme*; Ecoulement turbulent; Cohére.:ce;
Systéme non 1inéaire; Instabilité; Chaos*; Equation Kolmagorov




T ¢ ABBOTT

" TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM



B-16

[ECHNICAL LIBRARY

NUMERO SIGNALEMENT AD-A252 520/2/XAD

TITRE ANGLAIS

AUTEUR(S)

AUTEUR COLLECTIF
tASSIFICATION INT
TYPE DE DOCUMENT

CODE LANGUE

CODE PAYS D’ORIGINE
NUMERQ DE RAPPORT

SOURCE

CODE JOURNAL NTIS

CODE TARIF NTIS

RESUME

CODE CLASSIFICATION
CESCRIPTEUR(S)

ICENTIFICATEUR(S)

Learning Enhanced F1ight Control System for High Performance
Alrcraft.

NISTLER N. F.

Air Force Inst.of Tech., Wright-Patterson AFB, OH.
000805000; 012200

Thests,
ENG !
us

AFIT/C1/CIA~92-039

Master’s thesis; NP. 100; OP. 1992.

u9220

NTIS Prices: PC AQS/MF AQ2

Numerous approaches to filight control system design have been
proposed in an attempt to govern the complex behavior of high
serformance aircraft.Gain scheduled linear control and adaptive
control have traditionally been the most widely used
methodologies, but they are not without their limitations.Gain
scheduling requires large amounts of a prior! design information
and costly manual tuning in conjunction with flight tests, while
sti11 lacking an abflity to accommodate unmogeled **dynamics** and
mode!l uncertainty beyond a limited amount of robustness that can
be incorporated into the design.Adaptive control is suitable for
nonttnear systems with unmodeled **dynamics®**, but has
defictencies in accounting for quasi-static state
dependencies.Moreover, inherent time delays in adaptive control
make it difficult to match the performance of a well-gesigned gain
scheduled controller.An alternative approach that is able to
compensate for the tnadequacies experienced with traditional
control techniques and to automate the tuning process is
desired.Recent Teaming techniques have demonstrated an ability to
synthestze muitivartiable mappings and are thus able to learn a
functionatl approximation of the initially unknown state dependent
¢*dynamic** behavior of the vehicle.By combining a learning
component with an adaptive controller, a new hybrid control system
that is able to adapt to unmodeled **dynamics** and novel
situattons, as well as to learn to anticipate quasi-static state
vependencies s formed. ‘

51 0S

Fitght control systems*;Learning*:Accounting;Aircraft Approach;
Deficiencies;Detlay;Dynamics:Gain;Limitat ions :Models Non!inear
systems;Scheduling:Statics;:Test and evaluation;Time;Tuning;
Uncertainty
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i

g

i L L O P T, Eamas d E R eSS T = i



Tris DOCUMENT PROVIGED BY THE ABBOTT ALROSPACE

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM



NUMERO SIGNALEMENT
TITRE ANGLAIS

AUTEUR(S)

AUTEUR COLLECTIF
ORGAN F INANCEMENT
CLASSIFICATION INT
TYPE DE OOCUMENT
CODE LANGUE

ORGAN FINANCEMENT
CLASSIFICATION INT
TYPE DE DOCUMENT
CODE LANGUE

CODE PAYS D’'ORIGINE
SOQURCE

CODE JOURNAL NTIS
CCOE TARIF NTIS
NUMERO ALLOCATION
NUMERQ FROJET
NUMERQ ACTIVITE
NUMERQ(S) AGENCE
RESUME

CODE CLASSIFICATION
DESCRIPTEUR(S)

IDENTIFICATEUR(S)

NUMERO SIGNALEMENT
TITRE ANGLAIS
AUTEUR(S)

AUTEUR COLLECTIF
ORGAN FINANCEMENT
CLASSIFICATION INT
TYPE DE UOCUMENT
CODE LANCUE

CODE PAYS D’'ORIGINE
SOURCE

COOE JOURNAL. NTIS

CODE TARIF NTIS
RESUME

CODE CLASSIFICATION
DESCRIPTEUR(S)

IDENTIFICATEUR(S)

: 2 A IRARY
T[ECHNICAL LIBRARY B-17

N92-25636/1/XAD

Analysis of Control Trajectories Using Symbolic and Database
Comput ing.

GROSSMAN R.

Chicagn Univ., IL.

Nattona! Aeronautics and Space Administration, wWashington, OC.
000917000: C0455749 '

Report

ENG

Afr Force Office of Sclentific Research, Boliing AFB, OC.
043127127; 401997

Report

ENG

us

Final rept. 15 Nov 90-14 Nov 39)1; NP. 11; DP. 10 Jan 92.

u9212

NTIS Prices: PC AO3/MF ADY

AFOSR-91-0033

2304

Al

AFQSR-TR-92-0118

Significant progress was made in a number of aspects of nonlinear
and stochastic systems.An important problem in the anaptive
contro! of a finite state Markov chain was solved, and significant
progress was made along more general directions.A controlled
switching diffusion model was developed to study the hierarchical
control of fiexible manufacturing systems and significant results
were obtained.In the area of deterministic nonltinear systems the
work continued on nonlinear observers and linearizable
*edynamics**.Finally, some fimportant problems in the area of
discrete event systems were solved.

62 03; 72 00

Non!linear systems*;Adaptive control systems* ;Control;Diffusion;
Dynamics :Models ;Numbers:Probability:;Switching;Stochastic control
Markov chains;Hierarchical control;Flexible manufacturing systems;
NTISDODXA :NTISDODAF

N92-17998/5/XAD

Neural Networks for Afrcraft System Identification.

LINSE D. J.

Princeton Univ., NJ.Dept.of Mechanical and Aerospace Engineering.
National Aeronautics and Space Administration, Washington, OC.
009938087; P3732113

Report
ENG
us !

In NASA. Langley Research Center, Joint University Program for Air
Transportation Research, 1990-1091 p 141-154; NP. 14; DP. Dec 91.
$3008

NTIS Pricaes: (Order as N92-17984/5, PC AQ9/MF AN2)

Artificial neural networks offer some Interesting possibilities
for use in contro).Qur current research is on the use of neural
networks on an aircraft model.The mode) can then be used in a
nonlinear control scheme.The effectiveness of network training is
demonstrated.

5i 05

Aircraft control*:Aircraft models*;Control systems design*;Dynamic
control* Machine learning®:Neural nets*;System identification*;
Mathematical models;Nonlinear systems
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PB92-148725/XAD

Observer Design in the Tracking Control/?roblem of Robots.
BERGHUIS H.; NIJMEIJER H.: LOEHNBERG P.

can bé used to determine the important **dynamic*® characteristics
of the Harmonic Drive gear reducer.The PHD, s a planar, three
degree of freedom arm with torque sensors integral to each joint
allowing joint torque feedback to be impiemented.Preliminary
testing using the PHD has shown that a simple 1inear spring model
of the Harmonic Orive’s filexibility is suitable in many
situations.Future work with the system could include a more
detaited Harmonic Drive model, as well as development of joint
torque feedback schemes for force conirol.(kr}.

41 03; 62 00

Degrees of freedom*:Mantpulators* ;Accuracy;Control ;Detectors;
Drives;Dynamics ;Feedback ;Gears Harmonics ;Humans ;Linear systems;
Mathematical modeis;Mobile;Models;Planar structures;Platforms;
Reduct ion;Robots;Simulation;Skills;Springs;Torque;Theses

FTS Flight Telerobotic Servicer ;PHD Planar Harmonic Oriver;
NTISOODXA

N91-13195/3/XA0

Nonregular Solution on the Nonlinear **Dynamic** Disturbance
Decoupling Problem with an Application to a Complete Solution of
tha Nonlinear Model Matching Problem. '

HUIJBERTS H. J. C.

Technische Univ.Twente, Enschede (Netherlands).Faculty of Applied
Mathematics.

Naticnal Aeronautics and Space Administration, washington, OC.
090702007 ; U1284434

Repor

ENG

NL

MEMO-862

NP. 23; DP. May 90.

$2904

NTIS Prices: PC AOQ3/MF AO1

The nonregular **Dynamic** Disturbance Oecoupling Problem (nDDOP)
for nonlinear control systems is presented.A local solution is
gtven by means of a constructive algorithm that is based on
Singh’s algorithm and the clamped **dynamics** algorithm.The
nonlinear Model Matching Probtem (MMP) is studied.This problem is
defined as follows: given a nonlinear control system, to pe
referred to as the plant, and another nonlinear control system, to
be referred to as a model, can one find a compensator for the
plant in such a way that the input-output behavior of the
compensated plant matches that of the model.By proving that the
solvablliity of the non)inear MMP is equivalent to the solvabitity
of an associated nDODP a complete local solutton of this problem
is established.

62 03; 72 00

Control theory*;Algortthms;Decoupling;dynamic control ;Dynamical
systems;Matching:Nonlinear systems:Compensators;Proving

Foreign technology* :Model matching problem;NTISNASAE ;NTISFNNL
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AD-A226 730/7/1AD

Application of Chaos Methods to Helicopter Vibration Reduction
Using Highar Harmonic Control.

SARIGUL KLIJUN M. M,

Naval Postgracuate School, Monterey, CA.

019895000; 251450

Thesis '

ENG

us

Doctoral thesis; NP. 202; OP. Mar 90.

ug108

NTIS Prices: PC A10/MF AOQ2

Chaos 1s used to understand complex nonlinear **dynamics**.The
geometric and topological methods of Chaos theory are applied, for
the first time, to the study of flight test data.Data analyzgd is
from the OH-6A Higher Harmonic Control (HHC) test aircraft.HHC is
an active control system used to suppress helicopter
vibrations.Some of the first practical applications of Chaos
methods are demonstrated with the HHC data.although helicopter
vibrations are mostly periodic, evidence of chaos was found.The
presence of a strange attractor was shown by computing a positive
Lyapunov exponent and computing a non integer fractal correlation
dimension.A broad band Fourier spectrum and a well defined
attractor in pseudo phase space are observed.A 1imit exists to HHC
vibration reduction due to the presence of chaos.A new technique
based on a relationship between the Chaos methods (the Poincare
section and Van der Pol plane) and the vibration amplitude and
phase was discovered.This newly introduced technique results in
the foliowing: (1) it gives the 1imits of HHC vibration reduction,
(2) 1t allows rapid determination of best phase for a HHC
controller, (3) it determines the minimum HHC controller
requirement for any helicopter from a few minutes duration of
flight test data, (4) it shows that the HHC controller transfer
matrix 1s linear and repeatable when the vibrations are gefined in
the Rotor Time Domain and that the matrix {s nonlinear and
nonrepeatable when the vibrations are defined in the Clock Time
Domain.Theses.(jhd).

51 03: 51 02; 46 05

Helicopters® Helicopter rotors*:Vibration* ;Amplitude:Control;
Control systems;Dynamics;Experimental data;Flight testing;Fourier
analysis;Geometry;Harmonics;Lyapunov functions;Nonlinear systems:
Reduction:Requirements:.Test vehicles;Theses:Time domain;Topology
MHC Higher Harmonic Control *:Chaos:Nonlinear dynamics:OH 6A
Afrcraft ;NTISDODXA

'

AD-4A226 525/4/XAD

Muitivariable Methods for the Design, Identification, and Control
of Large Space Structures.volume 1.Estimator Eigenvalue Placement
in Positive Real Design.

SLATER G. L.; MCLAREN M. D.

Cincinnati Univ., OH.Dept.of Aerospace Engineering and Enginelring

‘Mechanﬁcs.

Wright Research and Development Center, Wright-Patterson AFB, OH.
006394082; 415940

Report

ENG .
us .
Final rept. Ju) 87-Feb 89: See also Volume 3, AD-A226526; NP. 36;
oP. Jul 89.

ug107
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- €-92-011838 :

- Réponse chaotique de décrochage d’un rotor d’hélficoptére en vol vers )‘avant.

- Chaotic stall response of helicopter rotor in fcrward flight.

- TANG D. H.: DOWELL E. H.

- Duke Univ., Durham (US); Duke Univ., Ourham (US)

- Publication en série

- ENG

- Us

- JOURNAL of FLUIDS and STRUCTURES (GB).

- VOL. 6; NO. 3; pp. 311-335; 9 Réf.; 14 Fig.; 1 Tapbl.; DP. 1992/05

- JOFS2X

- 0889-9746

- 05; P 2823

- Discussion d‘un processus typique d’évolution pour 1a réponse de décrochage des
paltes d‘'hélicoptéres 4 un mouvement périodique, apériodique, ou chaotique, et de
la condition nécessaire pour 1‘amorcage de la réponse chaotique. C’est le premiére
étude d’un tel mouvement chaotique di au décrochage aérodynamique d‘une pale
a‘hélicoptére. Pour cette étude, on a appliqué le modéle non lindaire ONERA de
décrochage aérodynamique A l1’analyse de !u réponse de décrochag? des pales
d’'hélicoptére. Etablissement et solution des équations non 1inéaires de variables
d'état et des équations lineéaires de perturbation des variables d‘état.
Comparaison outre les résultats du modéie ONERA et ceux d'un nodéle aérodynamique
non linéaire plus simple.

- INFQ/LV

- 01 03; 20 04 .

- PALE ROTOR VOILURE TOURNANTE*; ROTOR HELICOPTERE®*; DECROCHAGE AERODYNAMIQUE®* :
CHAOS ; MODELE MATHEMATIQUE:; ETUDE THEORIQUE

- C-92-011809

- Sur le chaos dans les stllages.

- On choas in wakes.

- NOACK B. R., ECKELMANN H.

- Max Planck Inst., Goettingen (DE); U~iv. Goettingen (DE)

- Pubtication en série

- ENC

- DE

- PHYSICA D NONLINEAR PHENOMENA (NL). )

- VOL. S6; NO. 2/3; pp. 151-164; 41 R f.; 9 Fig.: OP. 1992/05

- PDNPDT 5 ,

- 0167-2789 S

- 05; P 2812

- Nous faisons la distinction entre écoulements "séparables” au voisinage de
corps, qu‘on peut décrire approximativement par des systémes autonomes (AS) a
dimensions finies d’équations différentielles ordinaires, et sillage
"non-séparable”, qul ne possédent pas cette propriété. Pour les sillages
séparabtles, présentation d’‘une méthode systématique pour la construction des AS a
partir des équations de NAVIER-STOKES, et appliication & 1’écoulement
bidimensionnel au voisinage d‘un cylindre circulaire. Au moyen du concept de
séparabilité, discussion sur 1a possibilité de bifurcations et de comportement
chaot ique pour le sillage d’un corps en écoulement non uniforme. On montre que les
bifurcations de HOPF et de fourche constituent les instabilités génériques de
1‘écoulement stationnaire au voisinage d‘un corps de taflle finie et de
1’écoulement bidimensionnel au voisinage d‘un cylindre de forme arbitraire. Quand
on augmente le nombre de REYNOLDS, tes écoulements périodiques correspondants
tendent A devenir instables par un scénario intermittent, une cascade & doublement
de période, ou une bifurcation de HOPF. En outre, é&tude de perturbations
tridimensionnelles typiques du sillage bidimensionnel stationnaire et périodique
d‘un cylindre. Des arguments théoriques indiquent qu’il est trés improbable que 'a
dynamique des sillages turbulents soilt caractérisée par un attracteur étrange de
faibles dimensions. .

- INFO/LV o

- 20 04 *3R

- SILLAGE®; CHAOS*; EQUATfON NAVIER STOKES; ECOULEMENT STATIONNAIRE; ECOULEMENT
UNIFORME ; ECOULEMENT BIDIMENSIONNEL
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- €-92-000820

- La dynamique des fluides météorologiques. Modélisation asymptotique. Stabiliteé
et mouvement atmospheérique chaotique.

- Meteorologica' fluld dynamics asymptotic modelling, stablliity and chaotic
atmospheric motion.

- ZEYTOUNIAN R, F.

- Publication en serie

- ENG

- 22

- Lectures notes in physics (DE)

- NOmS; 346 p.; BN . 3-540-54416.1; DP. 1991

- LNPHA4

- 0075-8450

- 0%; 8430-1/15

- La terre en rotation et son atmosphere. Equations dynamiques et thermiques des

B-21

mouvements atmosphériques. Phénoménes de propagz2tion d’‘ondes dans 1‘atmosphére. Le

filtrage des ondes internes. Prablémes d’ajustements instationnaires. Problémes
tocaux dynamiques Jd‘onde de lee. Problemes de coucres limites. Stabilite

météodynamique. Comportement chaotigue déterministe des mouvements atmosphériques.

- INFO/VU

- 04 02;: 20 04

- COURANT JET METEOROLOGIE*; STABILITE ECOULEMENT®*; PHENOMENE METEOROLOGIQUE;
MODELE ECOULEMENT; CIRCULATION ATMOSPHERIQUE; CHAQOS
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- €-90-010973

- Transition de 1'ordre au chaos dans le sillage d'un aileron.

- Transition from order to chaos in the wake of an airfoll,

- WILLIAMS S. K.; GHARIB M.

- Univ.of California, la Jolla,'CA (US); Univ.of Californta, 12 Jolla, CA (US)

- Pubtication en serie

- ENG

- us

= journal of flu:Jd mechanics ; (GB)

= VOL 213; pp. 29-57; 24 Ref.; 24 Fig.: 7 Phot.:. DP. 1990/04

- JFLSA7 :

- 0022-1120

- 0%; P 0484

- Présentation d’une étude exoérimentale de 1‘intéraction non tinéaire de
fréguences multiples dans les sillages forcé d’un alleron. Les vagues avec une ou
deux fréquences distinctes se comportent de maniére ordonnée, étant verrouillees
ou quasi-périodiques. Quand on ajoute une troisiéme fréquence incommensurable au

systéme, l'époulement laisse apparaitre un comportement chaotique. Antérieurement,

on n’‘avait parlé de cette transition vers le chaos, A trois freéquences., que pour
des écoulements en systéme fermé, A de falbl!es nombres de REYNOLDS. Cependant,
1’écoulement chaotique montre des caractéristiques localisées similaires A celles
des écoulements turbulants A nombre de REYNOLDS élevé., Vérification du cegré de
comportement chaotique en appliquant les idées de la dynamique ncn linéaire
(exposants de LYAPUNQV, sections de POINCARE) aux données expérimentales, reliant
aussi! la physique fondamentale du systéme aux concepts d’intéraction de modes et
ce chaos.

= INFO/LV

- 20 04; 0Ot 03

-~ Sillage*; Afleron*; Ecoulement non uniforme; Nombre Reynolds; Chaos*
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- C-89-01308C

- Etude du chaos spattal et temporel survenant dans les écoulements confinés
spatialement.

- COULLET P.; GIL L.; LEGA J.: ELPHICK C.: REPAUX D.

- Lab. Physique Théorique, Nice (FR); Lab. Physique Théorique, Nice (FR); Lab.
enysique Théorique, Nice (FR)

- Université de Nice (FR)

- Rapport

- MUL

- FR

- Univ. Nice 1989

- Rapport final; SO p.; nombr. Ref.: DP. 1989

- DRET no 86/1511

- 05; M 600-1/86-1511

- Recueil des publicattons dans le contrat DRET 86/1511 relatifs aux défauts qui
peuvent présenter les structures hors d‘'équilibre issues d’instabilités. Une forme
de turbulence associée aux défauts topologiques. Défauts topologiques des
configurations ondulatoires. Transitions dans les systémes éloignés de 1°équilibre
: approche de Ginzburg-tandau. Turbulence provoquée par un défaut, ses propriétés
statistiques et spatio-temporelles. Défauts et bifurcations sous-critiques.

- INFQ/VU

~ 20 04

- Stabilité écoulement®; Ecoulement conduit: Ecoulement cavité; Turbulence; Défaut:

Chaos; Théorte bifurcation

]
v

- C-89-009883

- Legons des observations d’'écoulement chaotique dans 1’atmophere.
~ Lessons from observations of chaotic flow in the atmosphere.

- SCORER R. S.

- Imperial College (GB)

- Pubtlication en série

- ENG

- GB .

- Journal de Mécan'inque Théorique et Appliguée (FR)

- VOL 7; pp. 145-165; 21 Ref.: 3 Fig.: OP. 1988

- JMTADB

- 075C-7240

- 05; P 2250

- Contraintes de Reynolds : ie mouvement moyen. L‘'opposition de la K théorie,
Diffusion de moment. Vers un meilleur modéle : le mécanisme de mélange. La cascade

d’énergie; la vorticité chaotique. Turbulence thermique. Turbulence haute altitude
dans 1‘atmosphére. Fermeture et validation de modéles. Théories statistiques et
spectres de puissance. Analyse dimensionneile et similitude. Mécanismes de
concentration naturelie.

- INFQ/VU

- 04 01; 20 04

- Turbutence atmosphérinue*; Modéle écoulement*; Modélisation®; Chaos
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