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FOREWORD

Upon invitation of National Delegates of Belgium and Norway, Lecture Series 39 on
“Advanced Compressors’’ was presented in Brussels, Belgium, and in Bolkesjé@, Norway, in
June 1970.

This Lecture Series was sponsored by the Propulsion and Energetics Panel and the
Consultant and Exchange Programme of AGARD.

During the past few years, significant progress has been made in the design and
development of high performance axial and radial compressors, in response to the increas-
ing demand from jet engine and gas turbine manufacturers and to the broadening interest
for such machines for closed cycle gas turbine application for atomic power plants.

The development of digital computers has enabled the use of more and more sophisticated
design methods which are now paying off. Significant improvements have also been obtained
for the compressor operation in the transonic and supersonic range. Interest in the long
forgotten radial compressors has been revived, for small gas turbine application, and
startling improvement in performance has been obtained, both in efficiency and in maximum
pressure ratio obtainable.

It was felt by AGARD that a review of the recent progress and of the prospects for
the future was appropriate.

The Lecture Series, which was presented by leading experts in the field, covered
advanced information on radial and axial flow compressors, including application of
through-flow methods of calculation to axial and radial transonic and supersonic
compressors, flow in supersonic bladings (cascade performance and mass flow limitations),
flow in subsonic bladings with a local supersonic region, secondary flows and losses,
advanced design of radial flow compressors, supersonic vaneless and vaned diffusers.

The Lecture Series was concluded by a round-table discussion.

Scientists and Engineers from 10 NATO Nations participated in this Lecture Series.

ROLLAND A.WILLAUME
Director, Plans and Programmes, AGARD

ii1



[ECHNICAL LIBRARY

AVANT -PROPOS

Sur 1’ invitation des délégués nationaux de la Belgique et de la Norvége, la série de
conférences No.39 consacrée aux “Compresseurs d’ Avant-garde” fut présentée & Bruxelles,
Belgique, et & Bolkesjg, Norvége en juin 1970.

La présente série de conférences fut placée sous 1’égide de la Commission “Propulsion
et Energétique’” et du “Programme Consultatif et d’ Echange” de 1’ AGARD.

Au cours de ces derniéres anndes, des progrés importants ont été réalisés en matidre
de la conception et de la mise au point des compresseurs axiaux et radiaux & rendement
élevé, et ce pour répondre & la demande toujours croissante de la part des fabricants de
moteurs & réaction et de turbines & gaz, ainsi qu’'a 1’ intérét de plus en plus large porté
8 de telles machines pour application aux turbines & gaz & cycle fermé destinées aux
centrales nucléaires.

L' évolution des ordinateurs numériques a permis 1’utilisation de techniques d’€tude de
plus en plus raffinées qui commencent & s’amortir. Une amélioration sensible du
fonctionnement du compresseur en régime transsonique et supersonique a également €té
obtenue. 'On porte un nouvel intérét aux compresseurs de type radial, oubliés depuis
longtemps, pour application aux turbines & gaz de petite taille, et dans le domaine des
performances, aussi bien le rendement que le rapport maximum de pression réalisable se
sont trouves améliorés de facon saisissante.

I1 a semblé opportun & 1’ AGARD de passer en revue les proprés enregistrés jusqu’a
présent et les perspectives d’avenir.

La serie de conférences, présentée par les grands specialistes en la matiére, a fourni
des renseignements avancés sur les compresseurs a écoulement tant axial que radial, y
compris 1’'application aux compresseurs transsonigues et supersoniques & écoulement axial
ou radial de procédés de calcul utilisant un écoulement droit; 1'écoulement dans les
aubages supersoniques (performances des grilles et limitations a d’ écoulement massique);
1’ écoulement dans les aubages subsoniques ayant une zone supersonique locale; les écoule-
ments secondaires et les pertes; 1'étude évolude des compresseurs i écoulement radial;
les diffuseurs supersoniques sans et avec aubes.

La série de conférences s’est terminée par une “Table Ronde”, et a réuni des scien-
tifiques et ingénieurs venant de 10 pays membres de 1’ OTAN,

ROLLAND A.WILLAUME
Directeur, Plans et Programmes, AGARD

iv
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RECERT PROGRESS IN AERODYNAMIC

DESIGN OF COMPRESSORS,
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SUMMARY

The progress made during the last few years in compressor performance is briefly reviewed,
The reasons behind this progress (systematic use of transonic or supersonic blading,
improvement in understanding of the flow behaviour, development of sophisticated theories,
availability of large computers) are reviewed and briefly discussed.

The course content is presented, and justified, starting from a physical description of
the flow in turbomachines and of the resulting flow models and some of the critical
areas8 for future research are presented,

SOMMAIRE

Les progrés réalisés dans l'aecroissement des performances des compresseurs au cours de
ces derniéres années sont passés en revue. Les bases de ces progrés (utilisation systé-
matique d'aubages transsonigues et supersoniques, meilleure compréhension des mécanismes
d'écoulement, développement de théories plus complexes, utilisations d'ordinateurs &
grande capacité) sont présentées.

On présente ensuite le contenu du cours, au départ d'une description physique des &cou=-
lements dans les turbomachines et des modéles d'écoulement qui en découlent. On présente
ensuite quelques-uns des domaines de recherches critiques pour les développements futurs,
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I. INTRODUCTION

During the last decade, considerable success has been achieved in the improvement of
compressor performance, The development of successful axial compressors has continued
to follow its steady place of the years 50, and, due to & strong revival of interest
for many applications, the radial compressor has seen its rate of progress accelerated
considerably.

As in the past, most of the improvement has come from the exacting requirements of the
aircraft industry, but, at the same time, the knowledge gaiped in this privileged .
sector has been diffusing, at an increasing rate, into the more conventional industry,
with some degree of original achievements ( (1), for instance).

The evolution of axial compressors for the large and medium size jet engines is sum-
marized in figs. 1 and 2, replotted partly from (2], with additional data on comparable
machines coming from tests carried out at VKI, Within the last 10 years, a 60% increase
in stage pressure ratio has been achieved, mainly through an increase of the ®&verage
Mach number level, relative to the rotor bladings, while maintaining practically the
same efficiency. The maximum pressure ratio of multistages machines has been raised
from 10 about to 27, and could reach more if this was requested by the gas turbine
cycle, This fact proves that the interstage matching problem has been largely mastered,
The progress has been obtained in the whole ranges of stage types, from the front fan
with very low hub to tip ratio (down to 0.,3) and high relative rotor inlet Mach ,number
(up to 1.Ttat the tip), vwhere the streamline equilibrium problem is predominant, to the
high hub to tjp ratio (up to 0.9), subsonic rear stages, where end wall effects is the
most important factor,

Similar if not larger progress has been achieved in the field of small turbojet and of
small gas turbines (500 to 2000 HP) for plane, helicopter or terrestrial propulsion,
a8 witnessed by fig. 3 replotted from (3f and completed, The progress has been stimue
lated by iptelligent government sponsored programs such as the U,S5, Army Advanced
Component Technology program (h), and it is not unrealistic to predice¢ that, within
the next decade, the gas turbine will compete successfully with the diesel engine for
many classical applications (5). Although the increase of turbine inlet temperature is
the key element for success, it would be fruitless without a parallel increase in com=-
pressor pressure ratio, as shown in fig., 4, Due to the small volume flow involved,
blade size is always small and end wall effects are predominant, whatever the type of
compressor used,

The trend of increasing the average blade Mach number is the same as for the compressors
for the larger engines, and even more pronounced, for the advanced projects, which show
the first practical application of truly supersonic compressors (6,7,8,9,101.

Phe progress accomplished with radial compressors is particularly noteworthy. Pressure
ratios of the order of 12 per stage have been achieved, with efficiencies in the T0&75%
bracket (fig. 5). The feasibility of such high pressure ratios has cleaily been esta-
blished (1,8,9,10} . The aim is now to improve the efficiency at design point, A
typical contemporary target is 8/1 pressure ratio and 80% adiabatic efficiemcy and 10/1
at 75% efficiency.

Already at this stage, new concepts have been introduced in wheel, and especially,
in diffuser design ((8,10) and fig. 6).

The past decade has thus been extremely fruitful for the compressor designer, and still
more important progress lies ahead. The reason behind this progress will be discussed
in par, IV after a physical description of the flow in compressors,

II. PHYSICAL DESCRIPTION OF THE FLOW

The flow through a compressor blade row is essentially three dimensional in nature, In
an axial machine, the through flow direction is axisl, and varies along the stream
direction, except for very particular cases, The flow i8 deflected tangentially through
the blading, and, for a force to be exerted on the blading, & circumferentiad variation
of the velocities must occur between the pressure side of one blade and the suction
side of the next one, leading to distortion of the stream surface (induced radial com=
ponent) (fig. 7). Hub and casing curvature induce further radial components, and, even
in a cylindrical channel, the streamlines must assume some curvature in the radial
direction, for the flow continuity and conservation of momentum to be satisfied,

In contemporary machines, the flow is always compressible, and very often, local
supersonic regions, terminated by shocks appear in the blade passages (fig, 8), or
even, for transonic and supersonic compressors, a significant part of the flow at the
inlet and in the passage is supersonic and affected by shocks, Boundary layers develop
on the blade surfaces and merge in the wakes, They also develop on the hub and casing.
Those boundary layers are strongly affected by the shocks, in the compressibBle regime,

Interaction between hub or casing and blade boundary layers is significant, as shown

in fig. 9. The hub and casing boundary layers are submitted to the circumferential
pressure gradients existing between the pressure side of one blade and the suction side
of the next one. As the velocity is reduced in the boundary layers, a transverse motion
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is generated, and the boundary layer material accumulates in the corner formed by the
blade suction surface and the hub or casing, vhere it rolls up in a vortex, very often
inducing an extensive separation of the blade boundary layer. An important secondary
flow is thus superimposed on the main flow, resulting in the formation of large zones
of lov energy viscous material and of important local changes of velocity, influencing
the bulk of the flow by blockage and swirl induction,

Clearance effects also produce a corner vortex (fig. 10) and deflection of the hub and
casing boundary layer existing prior to entrance to the blading induce bulk vortices,
vhose madn effect is to modify the flow direction. An additional secondary flow is

due to the centrifugation of the blade boundary layer on the rotor blades, of of their
motion towards the hub, due to the radial pressure gradient, in the stators (12.13).

We thus have a fully three dimensional, compressible, viscous type of flow. It is also
generally unsteady even for the first rotor row (unsteady motion in absolute coordi-
nates (1h)) and quite clearly for all the following blade rows, even for a steady
operation of the machine, Any blade row is in relative motion with respect to the
preceding one, The flow coming out of this latter is essentially non uniform, and due

to the relative motion, feeds the next blade with a flow periodic in time, In particular,
it can be shown (15,16’ that the wakes coming from the upstream blade row maintain

their individuality through one or more successive blade rows, while hub and casing
boundary layers are re-energized and mixed (17.18).

Other types of unsteady flow occur in the rotating stall and surge regime of operation,
They are also mostly periodic (19,20),

In a radial machine, a similar type of flow exists. The inducer part, which is quite
extended in modern compressors has a flow field very closely related to the flow in

an axial = compressor rotor., The inlet flow is either in the high subsonic range, or
partly supersonic, or entirely supersonic (21,8,9,10). In the radial part of the
impeller, the flow is also of & tri-dimensional character, In addition to the main
radial flow, circumferential variations must exist to produce the force on the blade.
Viscous effects and bouddary layer interaction are also present, Additionnally, it

can be shown both theoretically and experimentally (21] that, due to the rapid area
increase with the radius, separation occurs eften in the passage between two blades,
introducing important secondary flows, with re-circulation inside the blading.(fig. 11
to 14), In particular, at the wheel outlet, the flow can be considered as being made
of two jets, one with a high velocity, the other with a small or even zero velocity.
Due to clearance effects, a return flov from exit to outlet can exist near the casing,
Reference 22 gives detailed velocity distribution in a wheel of large dimensions,
rotating at very low speed (the observer sits in the wheel), Figure 15 shows a typical
result,

The diffuser is attacked by a heavily unsteady flow, under a high swirl angle (from the
axial direction) with velocities in the soniéc and, very often, supersonic range to be
diffused practically to a zero velocity. Past the entrance region (fig., 16) affected
by shocks, the diffuser behaves like a curved pipe or diffuser of rectangular cross
section, with the usual secondary flows.

III. DEFINITION OF ®HE FLOW MODELS

The three dimensional, unsteady, viscous and compressible flow that we have described
corresponds to the full Navier-Stokes equations, which cannot be solved - at least now,
The detailed flow mechanism is even not yer fully understood. Flow models have to be
defined, based on some hopefully justified hypothesis, to allow for a satisfactory
solution of the design problem; and an understanding, as complete as possible of the
most significant phenomenon occuring in the machine., The basis of the most used one

has been established some 20 years ago by Wu (25) but its application is continuously
improved.

The first approximation introduced is that, for steady operation of the machine, the

flow is steady. We have seen that this was by no means true, Hovwever, frum our present
knovwledge about unsteady viscous flows (2h] it appears that the reduced frequency of

the flowv phenomena is such that the steady flow value of the force acting on the bladings,
the velocities, etc, are close to the average value of the same parameter in the unsteady
flow. This might be questionable, however, for the case of the vaned diffuser of radial
compressors, The approximation finds & partial justification in that the machines built
on the resulting flow moded have achieved, in general, a satisfactory level of per-
formance, It is quite sure, however, that additional progress will be gained when the
full impact of the nnsteady character of the flow will be understood. This point attracts
an increasing amount of research effort,

The second approximation consists in replacing the three dimensional flow by the super-
position of two two-dimensional flows.

The first one is the "flow in the meridional plane " (fig., 17) assuming the flow to

be axisymmetric (all derivatives are zero in the peripheral direction), This is cokerent
with bhe steady flow approximation, It is supposed to represent the flow on a mean '
stream surface containingthe axis (26 or its projection on a plane defined by the axis
of the machine and a radius (27,28,29]}.
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The use of this two-dimensional model was initially limited to the calculation of
simpler isentropic radial equilibrium (no entrppy variation along the radius, blade
rovs considered as isolated, calculations outside the blade region, no streamline cur-
vature, subsonic velocxtless which gave rise to the classical forms of swirl distribu=
tion (free vortex, constant o, etc.,). With the advent of digital computers, it has
nov be allowed to develop computing tools (through-flow methods of calculation) in=-
corporating radial variations of entropy and enthalpy, matrix solutions for multistage
machines considered globally, blade regions, streamline curvatures and transonic and
supersonic flowe, Apart the difficulties inherent to numerical iterative solutions
of the flow equations, the single more important difficulty is the evaluation of the
entropy variation along the radius, always considerable near the ends of the blades,
and all along the radius, for small, highly loaded bladings.,

The second two-dimensional model is the "blade to blade flow® (fig. 18), considering
the flow on a cylindrical or conical surfaceCentered on the axis, i,e,, on an axi=
symmetric stream surface, The inlet flow is generally supposed to be uniform and
defined.by the flow in the meridional plane, although this model is now frequently
used with non-uniform and unsteady flows to try to gain a better understanding of
the unsteady effects,

This model neglects the stream surface distorsion mentioned above (fig, 7). For axial
machines ., where stre mline shift in the radiael direction can usually he neglected,

a further simplification can be used (development of the stream surface onto & plane),
leading to the well known cascade model, This type of model is valif for stator and
approximates: relatively well the relative flows in rotor blade sections, when the
energy, addition in the relative system of coordinates can be neglected zsmall change
in radius of the streamline through the blading)., The cascade model seems to be as
useful, for the thebdretical and expeeimental investigation for the highly loaded tran-
sonic and supersonic bladlng as it wes for the more conventional subsonic bladings (30)
It is widely used to gain a better understandlng of the flow mechanism and gather

data on the losses, pressure inerease and turning produced by given blade sections,

as exnmp11f1ed in the contribution of MM Starken and Griepentrog to this course.

It is also fit to develop optimum blade design procedure, as examplified in (3L)and(32)
The experimental model can also be used to investigate a certain number of aspects

of the secondary flows., This is most useful to help evaluating the entropy variation
for the preceding model,

The cascade model cannot be used, of course, to simulate the flow in radial compressor
rotors, as there the mechanism of creation of the force on the blading and of energy
transfer by rotation cannot be separated anymore (change in radius), except for the
inducer part, vhere the flow strongly resembles the flovw in an axial compressor rotor,
a8 already mentioned,

In the radial part, the blade to blade flow is most often considered in the calculations
as to be approximated by a linear variation of velocity across the blade passage,

Combining the two two-dimensional flow models it is possible, with some corrections for
end vall effects (33.3“) to reconstitute an approxtmate picture for design or analysis
purposes (prediction of off-design performance).

This type of approach has been used for the past twenty years, and has been shown to

be valid as well for advanced machines, operating in the traneonic and supersonic ranges,
It is flexidle enough to incorporate information coming from a better understanding

of thee flow phenomena as they come. It will probably be used for a rather logg period
of fime in the future, although one must try to 1ift theé restriction inherent to the
unsteady flow assumption, A further reason of studying the unsteady flow arises from

the need to reduce engine noise (395

IV, ORIGIN OF THE PROGRESS IN COMPRESSOR AERODYNAMIC DESIGN

As mentioned above, the contemporary to compressor design is not new. The most sophis=~
ticated equations involved were explicited by Wu (25] in 1950 already. They could not
be exploited, however, as no sufficient means were available to perform their numerical
solution on the one hand, and as the understading of the phenomena were not sufficient
to give the necessary input for their solution.

The slide rule operator could solve the "isentropic simple radial equilibrium" equa=-
tion, for instance

W, vi W, :
Vese tw t Ve (1)

(Vu,Va tangential and axial components of velocity; R, radius), which led to the

classical whirl distribution (free wortex, etc.) but could not tackle the generalised
radial equilibrium equation.,

3v v2 av av
dH 3s u u a R
2R =T R * vu R M R + va Ja va 3a (2)
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(E, total enthalpy; T, absolute temperature; S, entropy; VR radial velocity; a, coor=-

dinate in the axial direction), which describes more accurately the flow character-
istics, with its energy and entropy gradients, and the streamline curvature effect,
The introduction of the total enthalpy gradient, for instance, is a powerful tool for
the designer (35) giving him an additional degree of freefom, Hub and casing con-
touring (corresponding to the terms in v in (2)) are also important.

Thus, one of the main agents in the progress is the digital computer, which gave the
possibility of working with equations like (2) in complex systems which will be dis=
cussed by Dr Marsh.

The computer will, however, only give back to you the data fed to it, in another form,
and its output is worth only what the inputs are worth (entropy gradients, for instance).
A correct quantitative description of the flow can thus only come from a good qualita=-
tive understanding of its characteristics, allowing in turn to feed in correct numerical
inputs,

Among the factors of progress in the understanding of the flow behaviour, the most
predominants can be listed as follows:

- better knowledge of boundary layers in general (31,32,36] and in particular of boun=-
dary layer shock interaction, and end wall boundary layers (11,33

- better appreciation of the mode of operation of blades in the supersonic range, i,e,,
inlet flow mechanism, shock patterns in passages, back pressure effects which led to

the design of new types of bladings, reducing shock strength and with a subsonie outlet
flow for axial flow compressors, leading to new design for vaned diffusers in radial
compressors, A satisfactory fully theoretical method is not yet available however,

- more detailed knowledge of the flow in bladings attacked at highly subsonic Mach
number, end having high loading (more correct limit loading factors, inclusion of shock
boundary layer interaction, etc.)

- better understanding of the mechanism of secondary flows and of the parameters in-
fluencing them, particularly loading and aspect ratio (blade height to blade chord
ratio).Semi-empirical correlations are still the basis of quantitative data, however.
Fragmentary but significant progress was made also in the understanding of noise
generation, stall, stall flutter and surge.

PRESENTATION OF THE COURSE CONTENT

This course is the result of a recommendation of the Propulsion and Energetics Panel
of AGARD, energetically and efficiently put into action by AGARD Plans and Programs.
The Panel felt that the beginming of the TOth decade was a good time to present a
review of the fundamental aspects of the progress which has lead to the impressive
improvement in performance of the aircraft and gas turbine compressor.

For this purpose, a group of leading experts in the field was picked up, Eagh of them
has made, to different degrees, original contributions to the development of the
modern compressor., They are research people and scholars, but with a deep knowledge
of the "hardware" side, through their active contacts with the industry.

Their mission is limited in time and scope., The course is limited to the amerodynamic
design aspects and only the most basic aspects will be covered and namely:

For axial compressors:

Dr Marsh will deal with the thorough flow methods of calculation, including
losses and end wall boundary layer, and with particular emphasis
on the application of the methods to transonic and supersonic
compressors. '

MM Starken and Fabri will deal with the fundamental aspects of the flow imn
bladings submitted to a supersonic inlet velocity: mass flow limita~-
tion, detailed structure of the inlet flow field and the corresponding
methods of calculation, effects of axial velocity ratio on losses
and diffusion,

Dr Griepentrog will present the problems associated with the flow in bladings
submitted to a high subsonic flovw with local supersonic regions con-
tained into the passages between two blades., This is & relevant
problem for the root section of transonic rotors mnd for the stators
of all highly loaded machines, He will also discuss the problems
of secondary flows and losses, and present semi-empirical correla-
tions showing the factors affecting the losses, mainly the loading
the loading and aspect ratio.

For radial compressors:

Professor Vavra will deal with the basic elements for advanced design n the
basis of dimensionless parameters, and loss relationships, He will
then introduce the through flow theory for radial wheel calculations
showing in particular the effects of the simplification introduced
into the calculation.,

Mr D. Kenny will discuss the very important aspect of diffuser flow for
advanced radial compressors, operating in the supersonic region,
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The problems associated with stall and surge inlet maldistribution, noise (i.e,, un=-
steady flows in general) have been left out, They would justify a full course by them=-
selves as well as the problem linked to structural integrity and technology (materiels,
vibration, shaft, bearing, manufacture processes, etc.)

AREAS FOR FUTURE RESEARCH

The course will be concluded by a round table discussion, which will allow & confron=-
tatiom of the authors' point of view, but also stress out the areas where research
is urgently needed,

Tentatively, I would personally suggest that the following points, related to the
problems dealt with here still need a lot of clarificationg

- secondary flows: no satisfactory theoreticel method is available for the moment, and
the prediction of flow direction in the secondary flow region is still very inaccurate;
- flow in bladings with supersonic inlet flow: here again, there is no way of predicting
accurately the shock pattery inside the blade passages, Shock boundary layer inter=-
actions are a key factor, especially for long passages,

- for radial machines, and to & lower extent, for axial machines, the rotor-diffuser

or rotor stator interaction are still to be fully understood, It is obvious (9)that

good radial machines are obtained only by half empirical matching of diffusers to a
particular wvheel concept,

~ taking into account the unsteady flow phenomenon might be & key to future improvements
and the knowledge is still fragmentary.

To quote Professor Vavra, 90 % efficiency, as achieved in many instances, seems to be
pretty high, but, frankly, 10% of wasted energy is & very large amount, and we have a
long vway to go, and hard work lying ahead to improve the situation,
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The Through-flow Analysis of Axial Flow Compressors
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Summary

Methods for predicting the performance of axial flow compressors
are described in detail and it is shown that the methods of streamline
curvature and matrix through~tlow analysis are based cn the same
mathematical model for flow on the mean stream surface. The need for
an gccurate loss model is emphasised and the Mach number limitations
ct these two methods of analysis are defined. Methods for predicting
the development of the wall boundary layers are discussed and the
simple theory of Stratford (10) is shown to be in agreement with
experimental results obtained for flows with low angles of swirl. The
work of Gregory-Smith (11) suggests that if an accurate estimate of the
wall boundary layer can be obtained, then it is possible to predict the
flow pattern across the entire annulus.,
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Notation

a local velocity of sound,

B surface thickness parameter,

c chord,

Deq equivalent diffusion factor,

F force vector,

h static enthalpy,

H stagnation enthalpy,

i incidence,

I relative stagnation enthalpy (rothalpy) I = H - wrV_,

Ki constants,

‘Mm meridional Mach number,

Mrel relative Mach number,

n vector normal to the mean stream surface,

p pressure,

r radius,

R gas constant,

Rm radius of curvature of meridional streamlines,

s entropy,

8 mean stream surface,

T temperature,

Uy blade speed at mean radius,

v velocity vector,

w relative velocity vector,

B air angle,

o deviation,

} angles defining the local mean stream surface,

density,

solidity {(chord/pitch),
slope of the meridional streamlines,
stream function,

angular velocity,

e elg = a\\o T >

total pressure loss coefficient,

Subscripts

1l inlet,
2 outlet,
r radial,
Z axial,

0 circumferential.
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Notation (Cont.)

Boundary Layer
*

&) displacement thickness,
5] momentum thickness,

T shear stress,

T wall shear stress.,
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Introduction

The ultimate objective of the through-flow analysis is to predict the performance
of a turbomachine so that the design engineer can ensure an efficient machine with
the minimum time for development. During the past forty years, methods of flow analysie
for turbomachines hgve progressed from the basic mean line analysis, first to the
method of simple radial equilibrium, which was necessary to deal with machines of low
hub to tip ratio, then to actuator disc theory, which contributed to our understanding
of blade row interaction, and finally to the numerical methods of streamline curvature
and matrix through~flow analysis which both use digital computers to solve the
equations of fluid motion. The calculation of the flow pattern remains a very difficult
mathematical problem and a complete explanation of the flow requires an understanding
of several branches of fluid dynamics.

Until 1960, the mathematical model for the flow in turbomachines was more advanced
than the methods of computation; for example, the computing facilities available in
1952 were not adequate for obtaining general solutions to the governing equations
derived by Wu (1). It is only during the past decade that computers have been
developed having sufficient speed and storage capacity to deal economically with these
problems of flow calculation. The techniques now exist for calculating the flow in
turbomachines on the basis of a flow model which includes the etffects of compressibility,
radial variations of 1lift and losses, blade row interaction, secondary flow effects
and the development of the wall boundary layers. This flow model is based on our
understanding of the flow through cascades, isolated blade rows and single stage
machines; 1t is a model which is continually being revised and improved.

Methods of Flow Calculation

There are two methods of flow calculation for turbomachines and they both attempt
to obtain information about the overall flow pattern without including the effects of
time dependent flows. These methods, often called streamline curvature and matrix
through-flow, are based on the same mathematical model, but differ in their numerical
techniques. Although these two methods of analysis were developed independently and
are usually treated separately, they have much in common and the following discussion
is an attempt to show their relationship to each other.

In Wu's general theory for the flow in turbomachines, reference 1, the equations
of fluid motion are satisfied on two intersecting families of stream surfaces, the
complete three-dimensional flow field being obtained by an iterative process between
solutions for the flow on the two sets of surraces. Throughout the analysis, it is
assumed that the flow is steady. However, at exit from a blade row, the flow and the
gas state vary circumferentially and if the following blade row has a motion relative
to the first, then it is subject to a time dependent inlet flow. It follows that the
general theory is therefore only applicable to the flow through an isolated blade row.
The theory is general in the sense that it is a general method for estimating a steady
three-dimensional flow by calculating the flow on two intersecting sets of stream
surfaces.,

The through-flow theory is similar to the general theory, but the equations of
fluid motion are only solved for the steady flow on a mean stream surface. The flow
and fluid state on this surface may be regarded as average values for the flow within
the blade passage. For a multi-stage turbomachine, the time dependence of the flow
1s removed by treating the through-flow solution as an axially symmetric flow f'or the
duct region between each pair of blade rows. In the analysis which follows, the
equations governing the flow on the mean stream surface are derived and the two methods
of solution are discussed in detail,

In a coordinate system rotating with the blade row at an angular velocity w, any
steady reversible, inviscid flow is governed by the equation of motion

Zaxw—_\\‘/x(VxW)':——VI*TVS Q)

where W is the relative velocity vector. In the r, ¢, z coordinate system, the
equations of continuity, motion, energy and state are

Continuity
2 (r __3__ + 3—— wl = “ '
12 (ph)+ £ 2 (pH) + 2 (pHe) = O (2)
Motion RYAR v a_\_J,.J W, AW, _ W, - Tds _ oF
r°[’a‘r(' -l -3 TE -2 ()
We[ 2 (FVg) — 3] _ [ L ¥a W |=T 25 — L 3T
_F_"._. (r o) S_Br] Wz[_,— d8 =2 r 20 r3e (4)
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1 W _ W 2s _ L
)z. ] Ve[r 30 3‘-19] T 5 = (5)
Energy (adiabatlc)
W a_.I "‘/0 o1 wz é-l-: == 6
i o * r 26 - 2z 0 ( )
State (perfect gas)
-5

o= f(A s) = AL"’ R G

where h is .the static enthalpy per unit mass. These equations together with their
boundary conditions define the steady flow through any blade row or duct.

In the through-flow analysis, the governing equations are only solved for the
flow on the mean stream surface which is defined as .

S(r8.2)=0 (8)
or 0= 8 ("; z) (ﬁ)

where it is assumed that the surface is single valued in 6.

S—

Ifr %—7"_ and —7’ are partial derivatives taken along the stream surface, then
3. - Y -t
2F dr rt.9 r26 (| 0)
23 -2 2
dz 4 nersié

where a,, ng and N, are the components of the unit vector " normal to the surface,

These special derivatives are taken on the stream surface and must be distinguished
from ordinary partisl derivatives. The special derivative 39. is the rate of change

~ r-]
of 9 with r on the stream surface at a given value of 2z, whereas s;’.‘. is the rate of
change of ci,with r at given values of z and 6.

The equations governing the flow may now be expressed in terms of the special
derivatives for the flow on the mean stream surface,

Continuity

é__r("fl”/r) -+ ) (f z)" - [nra;;r_‘, na)we "z-aw"]
Motion [’ C (",z) (”)

—W_Q_:(rV W[S;,r_mz]—_ -S.—D—-I
W [P = TR-Fm ()
W,-— - > = |
= g—r( VO) - V_‘f(_z %z_é- Ve) Fo (' 3)
(BB w0 -TR-ER s
F=ac L 2 &
b , F.— f"/o’\e >e
Energy — —
W, 3L L W, 3T = (15)
r 2z

In an inviscid flow, the force vector F is normal to the stream surface S and is
therefore normal to the relative velocity vector,
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WeF + WeFy« W, =0 (16)

Ittx is convenient to define the local form of the stream surface by two angles A and ’J
where

Tan ) = B = £ -
g F'e

-T:zn. P = Nz = ji;
r\e F-e
The three velocity components are then related by
WG - - w,._,;.n.l - wz—ra.n. ,J
which is the geometrical condition that the flow follows the mean stream surface.

Following Wu's analysis, an integrating factor B is introduced such that the
equation of continuity becomes

2 (-8pM) + 3 (rBpMe)= (18)
the factor B being given by

We 38 , Wz 3B — _ ¢ ¢,
T RS C(r2) (19)

The equations indicate that B is proportional to the local angular thickness of the
stream surface and as a first approximation, the thickness of the stream surface is
assumed to be proportional to the width of the blade passage,

B = circumferential width of the blade passage
blade pitch

For the flow in a duct region, where there are no blades, the parameter B is taken as
unity.

The through-flow analysis has been presented here for the flow on the mean stream
surface without assuming axial symmetry, so that this can be seen to be the first stage
in applying the general theory. However, if axial symmetry were assumed and a
distributed body force introduced to represent the blade force, then the governing
equations are of the same form, but with the special derivatives replaced by ordinary
partial derivatives. It follows that the same flow pattern is obtained by assuming
axial symmetry, or by solving for the flow on the mean stream surface and then treating
this as an axially symmetric solution. The same solution for the flow pattern is
obtained irrespective of whether the assumption of axial symmetry is made before or
after the equations are solved.

There are two methods for solving the governing equations, namely the method of
streamline curvature and the matrix method. The method of streamline curvature is
based on the radial equation of motion,

T 25 3s - 31: = - W .S- - S;J; ?S:Ur
FoEereowlen-wB o o

The last term on the right hand side can be expressed in terms of the meridional
velocity Wm and the slope and curvature of the meridional streamlines

3—‘;Il'_. —;,r__ ,_—"\.Ir »
Wa e 1, Qe — W 3 (21)

where m is measured in the direction of the meridional streamline. Introducing the
streamline slope ¢ and radius of curvature R o’ this term can also be written as

122 AW _ W_,Ceaﬂ Won W . Sim W W,
[Rm dm ) w" _z - m 2"‘ ﬂ r D r (2 2)
so that the radial equation of motion becomes
T _3T L F = _We 2 (W) —WondWor — WmGos@® U, AWm ‘
d3r e ~F= _rgfr(r 9) o _R_m_ﬁ M Im (23)

The last term on the right hand side can be evaluated from the equations of continuity
and energy, much algebra being omitted,
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Continuity
WMS— - _wzs_ rTa.r\ﬁ)_ wmwl' — E‘Im W Sé
'F'S'van =50 WoR, 3m B 5n 24)
Energy
Wmdh _ _ % 30 2
S = T G W+ Wt (25)
If the working fluid is a perfect gas then__
1% _ 1 2k _ ads |
/’Sﬁ T a* 3dm R om (26)

and substituting from the equations of continuity and energy

wNe W DB
R

2 %Ey"‘ - b‘/msg — »‘; ) Tan -
[’-Mm dm T R A T S'r-(r 2)

——

w ———
w’- ™m B m

- p @

The radial equation of motion can therefore be written as

T?—_.é—S_—l:..—F— ~We 3_-("‘/9) — W W _ L )X;
T o or

TR VR
- ( I—M’;_) W 4 (M, Mo ).F
I-M2 /R Gos 5 I—mz ) ®
_We \’_{'_"é_-é—uz)_ Tan _WM:B]
+(|-M},)[R 3 ?'ﬁ(r ) B om (28)
or —_
o T o 3K () + LO =0 (29

This is the form of the radial equilibrium equation as derived by Smith (2), Novak (3)
and Silvester and Hetherington (4).

The method of solution assumes that an estimate of the flow pattern is known, so
that the functions K(r)and 4L (r)can be evaluated. At any position in the flow field,
a value for Wm is chosen at some position such as the mid-span and the equation for wm

is integrated radially to obtain the axial velocity profile. The mass flow rate across
the calculating plane is then computed and compared with the upstream mass flow rate.
If necessary, a new value for wm is chosen and the calculations repeated until the

required mass flow rate is obtained. When the axial velocity profiles are known
throughout the machine, then the new streamline pattern can be calculated and new values
obtained for the functions K(r) and Z(r) . The complete cycle of calculations is
repeated until a convergence criterion is satisfied. The numerical procedure can become
highly unstable and it is usually necessary to restrict the calculation to small changes
in the flow pattern between successive iterations.

The major difficulty in applying this method is that it is necessary to evaluate
the streamline slope and curvature. A commonly used approximation for the shape of the
streamlines is that of a spline fit through points of equal stream function on
neighbouring calculating planes. This spline curve is sometimes differentiated to
obtain both the slope and the curvature, but Shaalan and Daneshyar (5) suggest that a
more accurate estimate of the curvature is obtained by fitting a second spline curve to
the variation of slope and then differentiating to obtain the curvature. The authors
refer to this as a double spline fit., Perhaps the most important feature of the work
by Shaalan and Daneshyar 1s that concerning the ratio of the spacing of the calculating
planes to the wavelength of the streamline pattern, It is shown that whereas a single
spline fit requires about ten points per wavelength in order to obtain a good estimate
of the curvature, the double spline fit requires only four or five points. In a
maltistage turbomachine, the basic wavelength may correspond to the length of a stage
and it then follows that a good estimate for the curvature of the streamlines can only
be obtained by taking calculating planes within the blade rows. This 1s relatively
simple for subsonic flows, but in a transonic flow with shocks, the mathematical model
is not adequate. It is therefore common to analyse the flow in transonic compressors
by placing the calculating planes outside the blade rows and treating the blade rows
as devices which have a specified behaviour, even though this may reduce the accuracy
of the overall calculation.
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The alternative method of solving the equations governing the flow on'the mean
stream surface is to define a stream function # where

W - By W,
=8

— 30
S o (50)

and

The radial equation of motion (12) cen then be expressed as

TP 50 30 3 [tnre] + W 2, [tn(vBR)

PY ¥

BIMaI _T.3s 2
S FETE R 30w 0

}
{

S):- SL— o— r 2
L - T = qon) (22)

or

Equation (31) is often referred to as Wu's principal equation; it is & non-linear
equation, but it can be solved by the repeated solution and correction of the gquasi-
linear equation (32). A solution for the stream function ¥ is obtained for a given
distribution q(r,z), the function q(r,z) is then corrected using the improved solution
for Y and the process is repeated until a convergence criterion is satisfied, as
described by Marsh (6).

Mathematically, Wu's analysis is extremely simple, but the difficulty lies in
obtaining numerical solutions for the stream function. Many finite difference approx-
imations use a rectangular grid of points, since this leads to simple expressions for
the inter-dependence of the function values at neighbouring points. However, for
calculating the flow through an axial flow compressor, & more suitable form of grid is
a8 distorted or non-rectangular mesh which is straight in only one direction. Figure 1
shows a distorted grid with parallel radial lines having equally spaced points between
the inner and outer casings. By definition, the machine casings form curved grid lines
and there are no additional difficulties for grid points which lie close to or on the
boundaries. There is an automatic refining of the grid as the annulus height is
reduced.

There is clearly no difficulty in forming finite difference approximations for the
radial derivatives, but there are no simple expressions for derivatives with respect to
z. Reference (6) describes a general method for obtaining the finite difference approx-
imations in the distorted mesh and this can form part of the computer program. The
finite difference approximation for the principal equation (32) and its boundary
conditions can be written in the matrix form

[MIL¥] = [a] (53)

where (]0} and [Q] are column vectors and [M] is a band matrix which remains unchanged
throughout the calculation. Only one hand of non-zero elements is formed and stored
in the computer. The method of solution is to solve for the stiream function with a
given vector [Q] , to correct [Q] using the new flow pattern and then to repeat the
cycle of calculation until convergence is obtained.

The matrix method has certain limitations on the Mach number, which occur in the
calculation of the local density. At each point in the mesh, there are two possible
flow solutions, one corresponding to 8 meridional or relative Mach number less than
unity and the other to meridional or relative Mach number greater than unity. To avoid
ambiguity and to ensure that the principal equation remains elliptic, the computer
program of reference (6) is restricted to flows where

a) in a duct region M <1

b) in a blade row M1 S 1

It has been suggested that these Mach number limitations might be relaxed by modifying
the procedure by which the density and velocity components are calculated.

The numerical stability of the matrix method is dependent on the problem which is
being solved and although & considerable degree of under-relaxation of the stream
function is usually required, in a few problems it has been possible to use over-
relaxation. Radial grid lines are usually positioned-both in the duct regions and
within the blade rows and there does not appear to be any difficuity in obtaining
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numerical solutions, provided that the machine boundaries form smooth curves.

It is important to realise that the method of streamline curvature and the nmatrix
through-flow analysis are merely two different numerical techniques for solving the
same set of equations governing the flow on the mean stream surface. When applied to
the same flow problem with the same mesh, then the two methods of calculation must lead
to the same solution. The major difference between the two methods as they are now
applied, is that the method of streamline curvature usually places the calculating
planes only in the duct regions, while the matrix method includes calculating planes
within the blade rows. This is, however, a difference of no great significance in that
either method can be applied with or without calculating planes inside the blade rows.

The Loss Model

One difficulty in calculating the flow pattern is that it is necessary to estimate
the loss of relative stagnation pressure, or the entropy change, on passing through the
blade rows. This problem is perhaps best phrased in terms of entropy in that it 1s then
clear that the effect of loss in a multi-stage compressor is cumulative. It is the
radial gradient of entropy which enters directly in the governing eguations for the
matrix method, while the method of streamline curvature requires both the radial and
meridional gradients of entropy. As the flow passes through each blade row, then for
an adiabatic flow, the entropy increases monotonically along the streamlines. The
changes in entropy and the entropy gradient in an isolated blade row are usually small,
but when the flow has passed through a large number of blade rows, then the entropy
gradient term in the governing equations hecomes more important. For a multi-stage
machine, the flow calculations require an extremely accurate definition of the loss
model for each blade row. :

It might be argued that since both methods of flow calculation do not include any
frictional force terms, then the calculations are only valid for a reversible flow.
For example, from equations 12, 13, 14 and 15 it is possible to derive an entropy
equation,

Th/,,ﬁ:i =C | G4

which is only valid for a reversible adiabatic process., +The problem is to determine
whether the use of some empirical relatdonship for the entropy changes in a turbomachine,
based on cascade data, is consistent with the method of calculation. This can readily
be determined by considering the equations which are used in the calculation,

1) Continuity,

2) Radial equation of motion,

3) Tangential equation of motion,
L) Energy,

5) State,

6). Entropy (empirical).

For an axial flow machine, the axial equation of motion is not used in either method of
calculation. It can thus be argued that the changes of entropy which occur are caused
by frictional force terms in the equation of motion which is not required. The loss model
therefore assumes that the friectional force acts only in the axial direction and the

flow calculations are consistent with this model. An alternative argument is that the
local frictional force terms are sufficiently small to be neglected in the three
equations of motion, but their cumulative effect is a change of entropy which cannot be
neglected.

The simplest method for including losses in the flow calculation is to define a
polytropic efficiency which can vary throughout the flow field in accordance with the
known behaviour of similar turbomachines. This model has great simplicity and was
therefore used in some of the early calculations of reference (6). However, this was
quickly superseded by incorporating Lieblein's (7) loss correlation as a loss subroutine
in the computer programs for both methods of flow calculation.

Lieblein (7) studied the flow through two dimensional cascades at low speeds and
found that there was a relationship between the suction surface diffusion ratio and the
ratio of the wake momentum thickness to the plade chord. It was shown that Lieblein's
equivalent difiusion parameter could be correlated with the wake momentum thickness
parameter 8/c such that the loss coefficient w could be expressed as

& wf2h[ bl

c 2o

The losses in this model are those caused by fluid friction at the blade surface, flow
separation and wake mixing. In the discussion of Lieblein's paper Klapproth suggested
a modified equivalent diffusion factor
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where i is the minimum loss incidence. This modified diffusion factor includes the
effects of axial velocity change across the blade row and the radial displacement of
the streamlines,

Swan (8) later showed that for subsonic flow, a similar correlation to that of
Lieblein could be obtained for compressor data. Swan's correlation is in two parts, the
first relating the wake momentum thickness parameter to the equivalent diffusion factor
for operation at the condition of minimum loss,

(&) v 1
pa vs. e
the asterisk denoting minimum loss. The correlation shows that the radial position of

the blade element affects the loss. The second correlation was for off-minimum loss
operation and related the changes in the wake momentum thickness and diffusion parameters,

€)-(2) = Py

This second correlation gave curves which were independent of radial position, but very
dependent on the Mach number.,

Swan also suggested that the Lieblein loss model could be extended to transonlc
blade rows by adding a shock loss coefficient directly to the profile loss coefficlent
predicted from Deq,

Weeal = D+ @b 37)

where wg and wp are the shock and profile loss coefficients. Swan proposed a shock

model in which a bow wave is attached to the leading edge and this is followed by a
Prandtl - Meyer expansion along the suction surface until an expansion wave intersects
the next blade. A normal shock is assumed to occur across the channel at the position
of minimum flow area. The Swan - Lieblein loss model has been found to give good
agreement between the predicted and observed performance of compressors.

The shock loss model of Swan and the correlations given by Lieblein are best
regarded as a temporary general approximation for the loss model. The shock model is
much simplified and the correlations may not cover the entire range of interest, but in
the absence of accurate loss data for a particular blade element, this may be the best
available method for calculating the losses. This is clearly one part of the calculation
for which more detailed information is required.

The Definition of the Mean Stream Surface

The methods of streamline curvature and matrix through-flow both require that the
flow angles are specified within, or at exit from, a blade row. The data obtained from
testing a stationary linear cascade can give a reasonable approximation for the mean
stream surface, but in a turbomachine, these flow angles are influenced by the local
flow pattern. The papers by Lieblein and Swan contain a correlation of the deviation
with the equivalent diffusion factor and Horlock (9) suggests that the deviation can
be related to the axial velocity ratio, AVR, by

S= S'+ 10 ( AVR —1) (38)

/
where S is the deviation for unity axial velocity ratio. The computer program can be
arranged so that between the main iterations, the flow pattern is examined and the new
air exit angles estimated for the next cycle of calculations. It is thus possible to
modify the original definition of the mean stream surface during the calculation, so
that the final stream surface is consistent with the local flow pattern.

Annulus Wall Boundary Layers

In order to predict the flow pattern over the entire annulus, it is necessary to
combine the through flow analysis with some method for calculating the development of
the annulus wall boundary layers. Stratford (10) has proposed a simple model for
calculating the development of the axial component of the boundary layer and this model
has been compared with experimental results by Gregory-Smith (11) (ISX. The axial
equations of motion for the flow in the mainstream and boundary layer regions are, from
equation (14)

Mainstream (m.s.)

——

b _ PRIV AW,
._.'..—k + E — Wzs_z Wr S;— (SQ)
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Boundary Layer (b.l.)

L3 L} v K = Wy W 4w, oM ,,
FE o ph R el o @0

where 7z 1is the axial component of the shear stress. Following boundary layer theory,
it is assumed that the pressure does not vary through the boundary layer,

(), ~(%)...

ana = )

(Fe) bl (F;))m.s.r' - r‘_/o %Lé

If there is no distortion of the mean stream surface in the boundary layer, then

(Fl %E‘)L.{.z (F'% Rz (3 Lok s *+2)

and it follows from these assumptions that

5(52), = [ W 3]~ WA TSN TVA
Plarye 23z 3 L.e.[ o= 3"]"-5- @3

By integrating through the boundary layer, Stratford derived the momentum integral equation
for the axial direction which can be written as

Tr = d (8u2) 4 ST A @9
7Tk L=

where T2 1is the axial component of the wall shear stress. Additional information on
the skin friction coefficient and the shape factor parameter is obtained from experimental
data on the flow over a flat plate with a pressure gradient (10).

In order to apply this method of calculation, the boundary layer must be specified
at some upstream position, ahead of the first row of blades. A streamline curvature or
matrix through-flow program is used to calculate the flow pattern and this provides
data on the flow close to the wall. This information is then used in the calculation
of the development of the wall boundary layer. For the flow through a rotor row, the
calculation is made in a coordinate system which rotates with the blade row.

Gregory-Smith (11), (12) has reported experiments with an isolated rotor row to
test the predictions obtained from Stratford's theory. The apparatus is the rotating
cascade wind tunnel at Cambridge University, the overall design being as shown in
figure 2, a complete description being available in reference (13). The large inlet
leads to a working section with a hub diameter of 2 ft. and a tip diameter of 5 ft., a
hub to tip ratio of O.4. 7The tunnel has two independent rotors, one being the research
rotor and the other being an auxiliary fan which is placed far downstream. The
combination of a variable speed research rotor, an auxiliary fan with varisble pitch
and speed and an exit throttle allows this apparatus to operate over a very wide range
of flow conditions. An unusual feature of the apparatus is that the research rotor is
fitted with a multi-chennel pressure transfer device which transmits pressures from the
rotating blades to stationary manometers,

Preliminary experiments with a row of inlet guide vanes had shown that if there
was a large radial gradient of axial velocity, then it was ditTicult to detine the edge
or the boundary layer. It was therefore decided to test the theory against experiments
with an isolated rotor row of free vortex design and later to extend the experiments to

a complete free vortex stage. The design flow coefficient wasvg/um= 0.7, where Um is

the blade speed at the mid-span position. Rotating stall with a single cell was observed
at Vo /Um = 0.39 and detailed measurements of the wall boundary layer development were

taken at \Q/LL,: 0.5, 0.7 and 0.8. For this range of flows the mainstream shear remains

small, All experiments were performed at a constant Reynolds number of 300,000, this
being based on the blade chord and the -relative velocity at the blade mid-span.

The pressure distribution around the rotor blades was measured at fourteen radial
positions in the mainstream and wall boundary layer regions. It was found that for both
on-design and off-design operation, there was very little variation of pressure through
the boundary layer, as assumed in the theory. One particularly interesting result was
that there was very little difference between the pressure distributions measured at
the edge of the boundary layer and at a position 0,15 in. from the tip of the blade,
the tip clearance being 0.1 in. and the blade chord being 6 in. Further work is now
being carried out to determine the effect of tip clearance.

Figure 3 shows a comparison of the predicted and experimental development of the
wall boundary layer, as measured by Gregory-Smith (12) for operation at V3 /Um = 0.5.
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There is good agreement between the theory and the experimental results at the outer wall,
but at the inner wall, where the swirl angle is high, the agreement is only fair. It has
been found that, in general, the theory provides a good estimate for the development of
the wall boundary layers when the swirl angle is small, but there is a progressive
deterioration in the predictions as the swirl angle is increased. Stratford's model has
simplicity and gives a first approximation for the development of the wall boundary

layer, but there is clearly a need for an improved model, particularly for flows at high
swirl angles.

Two alternative methods for estimating the growth of the wall boundary layer are
the correlation of cascade data by Hanley (14) and an extension of Hoadley's analysis
for boundary layers in swirling flows in a diffuser (15). Hanley has correlated end
wall loss data from linear cascades, relating the changes in the boundary layer dis-~
placement thickness and profile parameter with the free stream loading. It might be
possible to check the experimental results of Gregory-Smith against Hanley's correlation,
Hoadley's analysis was originally developed for swirling flow in a diffuser, but it can
be extended to flows in turbomachines by using a distributed body force to represent a
blade row. Horlock (16) has found that Hoadley's analysis gives good agreement with
Gregory-Smiths experimental results when the swirl gngle is small, but as with Stratford's
method, the agreement worsens rapidly as the swirl angle is increased.

Secondary Flows

One of the assumptions in Stratford's boundary layer theory is that the flow angle
does not vary through the boundary layer. However, it is well known that large
variations in the flow angle can occur close to the annulus walls. Following the work
of Hawthorne (17), Gregory-Smith (12) has computed the. secondary flow in the isolated
rotor row described earlier and by averaging the induced secondary velocities across
the pitch, he has obtained the variation in flow angle. These calculations are described
in detail in reference (11). For the analysis, the axial velocity profile of the wall
boundary layer was assumed to remain unchanged through the blade row and equal to the
observed axial velocity profile at exit from the blade row, Figure 4 shows that at the
outer wall, there is good agreement between the predicted and measured variation of
relative flow angle at exit from the rotor row, there being underturning caused by the
component of relative streamwise vorticity at inlet to the blades. At the inner wall,
where the deflection of the flow is larger, the agreement is only fair at the low flow
coefficient \Q/Un‘ = 0.5. The experimental results at the inner wall may be influenced

by the presence of a short gap between the rotor hub and the stator hub, the probe
traverse position being a short distance downstream of this gap.

Calculation of the Complete Flow Pattern

One procedure for calculating the flow through turbomachines, including losses, the
development of the wall boundary layers and secondary flow effects, might be as follows:-

1. Calculate the mainstream flow, neglecting the boundary layer, using either of the
through-flow methods of analysis. This computer program would include a loss sub-
routine based on the work of Lieblein (7) and Swan (8).

2. Using the solution for the flow on the mean stream surface, stage 1, calculate the
development of the annulus wall boundary layers. Stratford's theory (10) gives a
simple method for celculating the development of the boundary layer and it is
possible that better methods may become available.

3. Hawthorne's (17) secondary flow theory can be used to predict the variation of flow
‘angle close to the walls. This requires data from the boundary layer calculations
of stage 2, or from experimental velocity profiles.

L. Using the information on the boundary layer, stage 2, together with the variation
of flow angle predicted in stage 3, the flow pattern can be re-calculated for the
entire annulus. '

5. If necessary, the cycle of calculation, steps 2, 3 and 4 can be repeated.

Gregory-Smith (11) has reported calculations of the flow in the entire annulus,
following steps 1 to 4 outlined above. The matrix through~flow program was used with
a mesh consisting of unevenly spaced points on radial lines, the radial grid spacing
being small in the boundary layer regions and large in the mainstream. In step 1, the
matrix through-flow program is used to calculate the flow pattern and to form the data
required for the boundary layer program of step 2. The downstream axial velocity profile
predicted in step 1 for the isolated rotor row operating off-design,Vi/U"1= 0.5, can be

seen in figure 5. The corresponding prediction of the development of the boundary layer
using Stratford's theory is as shown in figure 3. In order to test the secondary flow
theory, the experimental boundary layer profile was used in the calculation of the
variation of flow angle, step 3, the results being shown in figure 4. The data from

the secondary flow calculations and the observed boundary layer development was fed back
into the through-flow program, step L4, and the flow pattern was then predicted for the
entire annulus. Figure 5 shows the predicted and experimental axial velocity profiles
15.8 inches downstream of the isolated rotor row. It is clear that the inclusion of
boundary layer effects leads to better agreement between the theoretical and experimental
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results.

For the present, it has been necessary to base the calculations on the observed
development of the wall boundary layers. However, this work by Gregory-Smith shows
that if an accurate method of prediction can be developed for the annulus wall boundary
layers, then it should be possible to estimate the complete flow pattern in a turbomachine
and thereby obtain a more reliable prediction of performance.

Mach Number Limitations

The streamline curvature and matrix through-flow methods have Mach number limitations
and at present, the flow pattern in a transonic compressor can only be calculated by
treating the blade rows as devices with a specified behaviour and by not placing cal-
culating planes within the blade rows. The major difficulty can best be illustrated by
considering the flow in an axisymmetric convergent-divergent nozzle, a turbomachine with
no blades and no hub. The streamline curvature and matrix methods can both predict the
flow pattern when the entire flow is subsonic, but neither method can deal with the more
general problem when there is supersonic flow following the throat and a shock down to
subsonic flow. It is unlikely that the present methods of flow calculation will be able
to deal with this problem and it may therefore be necessary to develop .a new numerical
method for flows which include regions of subsonic and supersonic flows and shocks. It
may be possible to extend to turbomachinery flows the methods of calculation based on
solving the time dependent equations of motion to obtain the ultimate steady state flow
pattern. References (18) and (19) describe a numerical technique for calculating the
flow in one-dimensional and two-dimensional convergent-divergent nozzles with regions
of subasonic flow, supersonic flow and a shock. Figure 6 compares the numerical solution
for the pressure distribution in a one-dimensional nozzle with that obtained analytically.
There is seen to be close agreement between the two solutions; the shock is smeared,
but the main features of the flow are preserved. Stable numerical solutions have also
been obtained by Merryweather {(19) for the flow in two-dimensional nozzles. It is
important to realise that these solutions are based only on the equations of continuity,
motion, energy and state, together with the boundary conditions of the upstream stagnation
state and the downstream exit pressure. It is hoped that this numerical technigue might
be extended to flows in turbomachines and thus remove the present Mach number limitations.

Conclusions

During recent years, two methods have been developed for solving the equations
governing the flow in turbomachines, namely streamline curvature and matrix through-flow
analysis. In this paper it has been shown that these two approaches to turbomachinery
flow calculations are based on the same mathematical model; they are merely two different
techniques for obtaining numerical solutions to the same set of equations. With the
computer programs based on these methods of flow calculation, it is now possible to
estimate the performance of a turbomachine operating on-design or off-design. However,
the accuracy of these predictions is dependent on the mathematical model. There remains
a need for more accurate methods for predicting losses and for predicting the development
of the wall boundary layers. More work is also required on the effects of turbulence on
the performance of a blade row, the behaviour of a cascade in an unsteady flow, such as
that produced by an upstream blade row, and the flow in transonic blade rows. Research
is being carried out on several of these problems and as our understanding of the flow
improves, then we may expect to see further improvements in the prediction of the
performance of turbomachines. In the past, methods of computation were not adequate to
deal with the flow model for turbomachines, whereas at present, the means of calculation
exist and it is the mathematical model of the flow which requires further improvement.
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SUMMARY

Acocurate prediction of supersonic compressor mass flows is the main
condition of progress for these machines. As in the case of super—
sonic airoraft air-inlets, different types of flow patterns may
appear. The choked ( or unstarted) regime correzponds to high sub-
sonic or low supersonio rotor speeds. The sonic choking of the blade
channel throats limitates the mass flow. The supersonic (or started)
regime appears for higher supersonic rotor Mach numbers. The perio-
dicity of the shock and expansion wave pattern, that extends upstream
of the rotor inlet, imposes the mass flow. The corresponding unique
incidence, function of rotor speed, can be calculated. For even higher
supersonic rotor speeds, the shock waves are swallowad by the rotor:
the inlet velocity in absolute reference framss becomes sonic and
mass flow is independent of rotor speed.

The range of validity of these regimes is given. Values of limit
mass flows are calculated. Experimental results are compared to

theoretiocal evaluations .

SOMMAIRE

Le probldme de.la prévision précise du débit dzs compresssurs super—
soniques constitue la pierre d'achoppement du développement de ces
machines, Comme dans les prises d'air de turbomachines d'aviation

en vol supersonique, des régimes différents de fonotionnement peuvent
apparaftre. Le r‘g@me nixte ou désamorcé correspond aux vitesses de
rotation faiblement supersoniques. Il est caractérisé par un dlocage
sonique en mouvement relatif de la section de passage minimale des
canaux interaubes, Le régime supersonique ou amorcé prend le dessus
lorsque la vitesse de rotation est plus élevée. I1 correspond & un
fonctionnement avec une configuration périodique d'ondes de choc

ou de faisceaux de détente remontant en amont de la grille. L'inoi-
dence, fonction du nombre de Mach de rotation, est définie par la
~périodicité de 1l'éScoulement. Un troisidme régime apparait pour les
vitesses de rotation encore plus élevées et correspond au blecage

sonique du canal d'amenée.

Les conditions d'existence et les débits limite correspondant &
chacun de ces régimes sont analysés. Une comparaison avec des

résultats expérimentaux est effectuée.
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1. - INTRODUCTION

Acourate prediction of the mass flow of supersonic compressors is one of the
main problems in supersonic compressor design. The role of compressibility in axial
compressor mass flow limitation is visualized on Figure 1 . When , at a given speed of
rbtation, the downstream throttle is progressively closed, the flow through the com =
pressor decreases and the pressure increases until the surge line is attained (curve ~a=).
As the speed of rotation inoreases, compressibility effeots appear. The slope of the
pressure vs mass flow ourve inoreases, i.e. the range of mass flow becomes narrower
( ocurve ~b~ ). For transonic operation the pressure rise curve may even be reduced
to a vertical, constant mass flow, line. There would then be just a small variation

of mass flow near the surge line ( curve —c- ).

Many of the aerodynamical problems encountered in the early supersonic
compressor research [1] are due to this constant mass flow operation,at a mass flow
a few percent lower than the expected design mass flow. The corresponding off-design
losses, due to wrong angles of attack, reduced the compressor efficiency. It seems
therefore very important to estimate correctly this unavoidably constant mass flow
that depends only on rotational speed of the rotor. When flow angles'willbe known
correctly, it will be possible to set the compressor blades at a low loss angle

of attack.

2,~ BLADE SHAPES FOR SUPERSONIC COMPRESSORS

Most of the early designs of supersonic bladings for compressors [2] [3] [4]
were based on low drag shock wave patterns derived from the BUSEMANN biplane [5] in
which both compression and expansion waves are oonfined between two symmetrical

airfoils ( Fig.2 ).

An example of a low drag casocade designed for a supersonic compressor [2] is
given on figure 3 . Internal compression is achieved by means of compression waves
issued from the upper surface of a blade and foousing on the angular point of the
next blade., Unfériunately, experimental results did not oconfirm the theorstical
predictions. This ocan be easily understood, since an improved thegry of supersonic
ocompressor cascades[3] shows that the incident velooity is always parallel to the
‘ blade upper surface and not the lower ‘surface.

A ghock wave pattern such as the one of figure 4 may be monme satisfactory.

Inlet flow is parallel to the blade upper surface and the leading edge shoock wave
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is confined in the blade channel.At design operation, the trailing edge shock wave def-
lects the flow to a difeotion parallel to the downstream part of the blade lower surfaoce.
This shook pattern is striotly reduced to itwo shook waves,

Though these flow configurations seemed very attractive, experimental results
on oompressors were disappointing. One is then very naturall} led to assume that there
ocould be a different type of flow that takes place in actual compressors, at least at
moderate supersonic rotational speeds.

Cascade wind tunnel expsrimentation shows that there exists actually two
different flow regimes [6]. The started and the choked operatiop of a supersonio
cascade mads of trapezoidal blades is shown on figure 5 . The strong normal shook
waves shown in the choked case gives the indication that there may exist a sonic sectdon
inside the blade channel. .

Analysis of mass flow limitation in supersonic compressors intends to deter-

mine what are the conditions for choked and started operations.

3. -~ STARTED BLADE PASSAGES OR SUPERSONIC REGIME

Started blade passages, i.e. supersonic throughflow of the blade channels
impose a "unique incidence" [3] (7]. Analysis of the supersonic operation of ocascades

made of more and more elaborate profils will define the laws of such a regime.
Al

3.1. = Wind tunnel testing of ocompressor blade cascades in the supersonic regime

Consider first the supersonic wind tunnel testing of a cascades of blades
with zero thickness and zero camber ( Fig. 6) . In this semi- infinite cascade
the most upstream blade induces a shock wave that gives for all the other blades {excep-
ted the one near the wind tunnel upper wall submitted to shock wave wall reflexion)
a flow parallel to the blades, If the cascade is set in such a way as to induce an
expansion fan, the blades are again submitted to a flow parallel to them ( Fig.T).
Changing the blade setting or the inlet flow incidence angle results only in a change
of Mach number in front of the cascade. Behind a shock wave Mach number is decreased,
behind an expansion fan it is increased.

It has to be noted that the shock wave or the expansion fan extends upstream
of the cascade inlet line only if the component of the Mach number normal to the cas~
oade inlet is subsonic. In the other ocase, i.e. when the undisturbed wind tunnel
velocity has a supsrsonic component normal to the cascade inlet, the shoock waves or

expansion fans enter the blade vhannels ( Fig.8 ). In that case the cascade does not

N
v

interfere with the upstream flow.
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3+2.~ Supersonic regimes of compressor rotors

One must be very careful in extending results obtained in supersonic wind
tunnel testing to aotuai supersonic compressors. The difference between cascade and
rotor operation is mainly the following @

a) In wind tunnel testing the undisturbed upstream velooity is fixed
by wind tunnel geomeiry; the cascade controls the actual inlet velocity and "unique
inoidence” is the rule as long as the blade passages are started (supsrsonio regime),
In rotor tests the mass flow is induced by the motion of the rotating blades and
adjusts itself in order to satisfy all boundary oonditions.

b) In wind tunnel testing semi-infinite casoades only are represented [3],

whereas in rotors the blade cascade has neither a beginning nor an end.

The unique incidence case found for wind tunnel testing remains valid for

the determination of the mass flow in started blade channel conditions,

3.2.1. - Consider first the ideal oase of a rotor of heigtht{l small compared to
its radius 2 . The rotor has n blades of zero thiﬁkness and zero camber. They are
set to an angle with the axial direction. Supersonic motion relative to axes movihg
with the rotor is assumed.

In order to achieve flow periodicity, i.e. such that the flow in each blade
channel be identiocally the same, the mass flow attains & value for which the relative
velooity is parallel to the blades ( Fig.9 ).

This mass flow is then given by
(1) d & = i'rr/z.f'\gov&

with , for the axial veloocity,
(2) V, = U c«r"&mﬁ , U= o2

¢ being the angular speed of the rotor.

3.2.2. — The next oase to be considered is that of a rotor that has blades with
a straight upper surface. Again flow periodicity requires such an axial velooity that
relative velooity be parallel to these straight blade upper surfaces, In this ocase,
shock waves can be generated, but near tﬁe blade leading edge, from the lower surface
only. These shock waves are always confined in the blade channels. ( Mg 10) .

The mass flow is still given by equation (1), where/3 represents the angle of the
straight blade upper surface with the axial direction.

3.2.,3. - Consider then the case of blades the upper surface of which is made of
straight lines, the ohange of slope being close to the leading edge. The shock pat=
tern is made up of a leading edge shock wave thaf extends upstream of the cascade
and an expansion fan, induced by the change of slope, that extends also upstream and

cancels the deflection given by the shook wave (Fig. 11) .
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Though this is the simplest case of a shock pattern that extends upstream
of the cascade, no uniform upstream flow can be defined and the mean mass flow has

to be deduced from equation _ £
(3) ol = dwap kohen /?@)lﬂykly%

where thoé;_axis is parallel to the cascade inlet front,f’éﬁ)and V’gy)are the looal

density and axial velocity,J9 and V their mean value, 7 is the spacing of the
n bvlades ( T=<7m2/n),

Since behind the last wave of the expansion fan the flow becomes uniform
again and parallel to the blade upper surface, the mass flow is the most easier derived

from equation

(4) dm = n A4 pW o

where fz and w‘ are Ehg_den51ty and velocity downstream of this last wave, /3, the
corresponding angle and /414 the distance from the leading edge to the upper sur-
face of the next blads.

3.2.4. = The most complicated case considered here corresponds to blades with
sharp leading edge and curved upper surface (*) . The leading edge of each blade is
situated then inside of the expansion fan issued from the adjacent blade ( Fig. 12 ).

Flow periodicity requires such a shock wave and expansion fan combination
that the flow Becomes at the outlet of the shock pattern as it was at the inlet,
Caloulation of such a periodical shook and expansion pattern is not too complicated
if entiopy losses can be neglected, i.e. whenever the leading edge shook wave is not
too strong. In this case, the streamlines terminating at the leading edges cross
only weak waves.

The mass flow corresponding to such a flow pattern is obtained in the fol=-
lowing way € Fig.12 ) : A'B is the Mach iine issued from blade AC that attains
blade AIC! at its leading edge A'. Therefore the angle of AB with the tangent to
the upper surface of blade AC at point B is the Mach angle .(2 y 1.0, ¢

(5) tan = —2
VME -4
If entropy changes along the Mach line A'B can be neglected, this line is a straight

line the equation of which is

dy
(6) t s X - oY
/3, 4 -3 tz:mQ

where (X/)’) are the coordinates of point B, the axis AX being taken along the chord

(*) The case of blunt leading edges or that of leading edges with finite curvature

wﬁll nof be discussed here.
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AC of the blade and axis A) normal to it; angle /3 is the angle of blade ohord AC
with the axial direotion.

Choice of any point B(X;Y) as initial point of the Mach line A'B defines
by means of equations(5) and (6) the looal Mach number A@B .The correaponding flow
angle /35 is defined by

Sa= 3+ e

(1
oY

For this flow pattern, where conditions are uniform along the Mach line |
terminating at the blade leading edge, the mass flow is given by
. '
(8) m = np W /éé%(on%:,+ymﬁ)+xlyt)%wﬂvd¢
The mass flow conservation and the energy conse:vtfion squations give
W, = M (/-2 + 1727'cp7Q )3%%:)
(9) €8 S a7 A%
where (7, is the spsed of sound in the stagnation conditions of the incoming
flow (temperature To ). The éorresponding rotor speed , U/ , is given by the
tangential momentum cogservution squation
&t
(10) /fh/cﬁoﬁ('h/oz/n/g~— U)?,o
similar to the mass Zonservation equation (3) and where density f’ , relative
velocity h/ and flow angle/@ along the rotor inlet are related by means of thg
characteristics theory of supersonic flows, to the corresponding valuss on the
blade upper surface. Flow pattern determination is slightly more complicated
when due to shock wave strength entropy changes have to be considered. This gives

L)
however, second order corrections only.

2.3. = Flow pattern with expansion waves

It was sometimes suggested to use compressor blades that have conocave instead
of convex upper surfaces near the leading edges ( Fig. 13 ). The wave pattern begins
then with an expansion fan followed either by continuous compression waves or discrete
shock waves. As long as entropy change can bs neglected, determination of the mean
mass flow is made as in the case of blades of figure 12 ,

3.4, — Saturated supersonic regime

Mass flows calculated in the above cases cannot exceed the critical mass flow
+/

; 2 2¢ 1) {
(1) Am, = ‘e”(__[+4 ) fo Qo2

.

corresponding to sonic axial velocity at cascade inlet., When rotor veloocity takes high

supersonic values, the compressor inlet is choked and mass flow given by equation (11)
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corresponds to the condition

(12) M_ =4

x

The shock and Mach waves are confined in the blade channels and do not extend
in front of the rotor. In this saturated supersonic regime, the mass flow is independent

of the rotor speed.

4, = CHOKED OR UNSTARTED OPERATION OF SUPERSONIC COMPRESSORS

The above calculations give the design mass flow expected from supersonio
compressors. Testing of these machines showed that the mass flow was actually smaller
than the one predicted. This mass flow limitation may be due to early choking of the
blade passages at low supersonic velocities. The same phenomenon is responsible of
mass flow limitation in transonic compressors. HEigh subsonic and low supersonic velo-
cities will be considered.

Consider again & oylindrical section of a compressor dlading ( Fig. 14 ).

VX. is the axial velocity and U= w2 the rotational velocity of the rotor.
Angle of attack of the flow, relative to axes moving with the rotor,ﬁ y is defined

by equation

(13) m%hi ,

If +the upstream stagnation conditions in absolute frames of references are

jj/ _/: y the compressor inlet conditions are given by the following relations
Vz
absolute Mach number M = p——
' x /g/ )</‘,7'

gy : -
relative Mach number MW = 24 = Vi U?
ly-0%7 é q-)%7

(14) teﬁxperature = 27
24 (p- 172 L
pressure 2 r-!

# = % ()

where W is the velocity in the moving frames of references,

4.1, Mass flow limitation due to choking of blade passages

4.1.1.~ Isentropic choking. — If the relative Mach number is in the high subsonic range,

the blade throat ssction, s , can be choked after an isentropic expansion of the flow.

The mass conservation law y } M X"*/ ),'Q (/*_j)
(15) 'l“éct)/ﬁ - w ‘2+[/_/)M”2'

defines the relation between jhe flow angle and relative inlet Mach number. Axial Maoch

nunber is given by

(16) M= My @[3
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!
and mass flow by

-

2 )2(/
(17) Am = <72 M, (_z + (/./)Mf ﬁaeda_

These last two equations will held all along the further caloulations.

4.1.2. — Choking with shock wave normal to inlet relative velocity — As relative velo-

0ity becomes suporsonio)_ shock waves may appear and move with the blades. In the low
supersonioc rango) only normal shock waves appear. It is not fundamentally important to
describe exactly the shock pattern,that quiteprobably is similar to the choked con-—
figuration shown on figure 5, in order to determine the critical mass flow.

As a first approximation, the shock waves can bs considered normal to the

inlet relative velooity ( Fig.15 ). The Mach number downstream of the shook wave is

given by

<Z

;o L) My
W

From the choking condition similar to equation (15L that relates Mach number M“//to

the flow contraction the following relation is obtained
!
2 7 2
(19) A 4 élf-/My—-/-ﬁ/ ¢! .24-//—/)/‘7”
£ Yeud + 4 +1
wp M / /

that gives inlet angle as a function of relative Mach number. Both equations (15) and

(19) give the same result when inlet relative velocity is sonio (Mw= 1 ).

4.1.3. - Shock normal to the mean passage direction — It is quite hard to say whether

the flow at the entrance of the blade channel is deflected before or after going
through the shock wave. Therefore an other theoretical flow pattern is analyzed, where
the shock wave is normal to the mean passage direction ( Fig. 16 ). An isentropic

expansion relates inlet conditions (Mw/—ﬁ) to the conditions in front of the shock

W)

(M ﬁ)whoro angle ﬁi gives the mean channel direction. Mass flow conservation during
/] A

this expansion is expressed by meanws of X /
2 3(/./,) 2 )zg;—r)
2 - = cod
(O) MW(.Z —'—()/—’)M;) Lo:fﬁ /Z/" 24 (/—/}M:/( ﬁd

and again between the downstream face of the shock wave and the blade channel throat

AL 2
by moa.nvs.of/s ) 4 [ ‘Z/M’i—d/+/ R (d"’)M:’; *
Iy S < G o
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4.1.4. - Shock defleotion ~ A thoroughly different representation [8] is obtained

when momentum losses due to body forces are also taken into account [9]. The method
generalizes to compressible flows the equations of hydraulic losses, more or less
empirically used for the off-design studies of compressors [10] [11].

In this theoretical representation the flow deflection takes place with

momentum oonservation in the zero lift direction of the blade row . If momentum

equation is projected on this direction, for a control surface that takes an integer

number of blade passages, one obtains (subsoript 1 for the zerc 1lift direction)

(22) ‘((’94'*?4“‘&)609/54: 7oCooﬁq+széodﬁCOﬂ(ﬁ'_'/g4)

Mass flow conservation gives

) g, wnfi= g W eorfS

and energy conservation

2 2
w T W,
-_— = o+~
(24) CoT+3 = S+
Since prosauro-jo is related to temperature i and density f’ by means of

the gas state equation

(25) +$ = _{,;%9,7'

there follows

. 5 |
¢os f3, Mw 2\ [ 2+ (g-1)My e (] }
2 — — -
o 2B o L e ) [FETRE ) iy e i)
where the Mach number ﬁ4nq of the flow having gone through the shock-deflection 1is

[SIEN

given by the contraction ratio equation ¢ »
-?4/’—1)
(27) é/s - My, ( p/) _
oo [34 —) M
It has to be noteiZomat 2+ (f W,

a) in the direction mormal to the zero 1lift direction the change of momentum
gives the body forces acting on the fluidj
b) in the no-deflection case ( V/g'=u/31 )}, shock-deflection is equivalent to

isentropioc flow when ﬁfv is subsonic'and to a normal shock wave whonj?lwiu supersonio.
(] ES

4.2.— Choice of the model describing actual choked flow

In order to compare the above described four thoo}otioal models, application
of the theory will be made to a rotor made of trianguiar blades ( Table I ). The inlet
relative flow angloﬁ/@ and axial Mach numbers A{: calculated as functions of the
rotor Mach number are presented in figure 17 .

The isentropic evolution (4.1.1.) is valid in the subsonic relative Mach

number rangs only ( fﬂv'<'/ ). The corresponding curves ars continued by those



[ECHNICAL LIBRARY
. 3-9

obtained with the shock normal to inlet velocity model (4.1.2.) . Angles higher than

the blade upper surface angle only are considered, ,/% :>’/42 s 8ince for J/g i//go

the supersonic regime takes over ( see § 5 , below ).

TABLE I
Characteristics of a supersonic compressor cascade
{theory)
Radius r = 227 om
Number of blades n = 44
Blade spacing t = 32,4 mm
Blade chord o = 60 mm
Blade channel
throat section 8 = 14,1 mm
Blade leading
edge angle X = 4°

Blade setting angle ~l35= 60 °

Working gas Air

The choice between these different models is quite diffiocult. The experimen—
tal results are not accurate enough to help efficiently in this choice. However it can
be said that at low Mach numbers experiment shows [11] that shock deflection type
losses are in good agreement with experimental results, Therefore this model seems to

be the most appropriate.

4.3, — Pressure losses due fto choking of the blade passages

Due to early choking of the blade passages pressure losses appear as a result
of the off- design attack of the blades.
4.3.1. = For isentropic turning of the flow (4.1.1.) there are of course no losses.
This is a roaeon'why this model does not seem realistic.

4,3.2, - For a shock normal to inlet velooity the pressure losses are the conventional
!

o =
(28) AR | WMy | I+ /
A Y 2
P R+ (f-1IM, YMy =y
and do not take into account +the off-design attack of the blades.

shock wave total pressure losses

4.3.3. - For a shock normal to deflected velooity (4.1.3.) the turning is isentropic
and the losses independent of the speed of rotation, since Mach number in front of

the shook wave depends on section contraction ratio only.
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4.3¢4. = In the shock-deflection model (4.144.) the oomproFsion ratio is given (8] by
, 244

(29) A - Mw (‘2* {f")M*:’ )2‘ coo />

Mw, | 2+ (/—’) My, oo f3a

<4

and the pressure loases by g
(30) E:v = 4 - Mw ( ¢ ([—/) MWZ, )2//‘/) -%é_
I%V ﬁ4“$ 2+ 4/-62 /7,3 Ca?//34

4s3.5. — The total pressure losses corresponding to the four models are represented
on figure 18. From the loss viewpoint also, the shock-~deflection model sesms the

more adequate,

5. — MABS FLOW LIMITATION IN AXTAL FLOW COMPRESSORS

Since there is an overlapping of the range of validity of the three regimes,
chok%d, adporaonio and saturated regimes, a further condition has to be fixed in

AN
order to disoriminate among these regimes.

! \
N A

~\ tholthroo‘gogimos the one will actually take place that gives the smallest mass flow

N\ It can be said, and experiment seems to verify this assumption, that among

‘\ for the same speed of rotation.
\ : ] As an exampls of such a rule, figure 19 shows the variation of axial Mach
number /L as a functioy of rotor Mach number for the compressor defined by Table I,
For high subsonic or low supersonic operation the choked model controls
the mass flow . Transition from this regime to the supersonic is obtained when
relative inlet angle is the same for both regimes, This corresponds for the rotor

considered to the somewhat high Mach number 1.28 . Then the supsrsonic regime is

maintained until the inlet is choked. Sonic axial velocity is obtained for ﬁLa 1.73.

6.— ANALYSTS OF EXPBRIMENTAL RBSULPR ON MASS FLOW LIMITATION IN COMPRESSORS

Most of the experimental results published on supersonic compressors show
. evidence of unstarted opsration . There exists however some results published by

NAcA [12] ([13] [14] for which transition from the ohoked to the supersonic regime
can be shown.

The compressor is a singlo stage, constant section, axial flow compressor.
Freon - 12 was used as working gas. The main interest of this work comes from the
shadowgraphs of the flow in the rotor.

Table II gives the main data of this compressor, the mean section of
whioh is analyzed. The blading of this section is represented on figure 20
and figure 21 compares the axial Mach number vs rotor Mach number diagram obtained
experimentally to the theoretical calculations based on Table II.

The satisfactory correppondance between theory and experiment is confirmed
by the shadographs shown on the same figuro.f14] .The normal shock that appearsat

blade entrance for rotor speeds lower than 9000 r.p.m. disappears at higher speeds.
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TABLE II

NACA supersonic compressor for flow visualization [12]

Tip diameter 405 mm
Hub-tip ratio ’ 0.75
Number of blades 46
Chord of blade at/mean section 58 mm
Throat to spacing ratio 0.475
Angle of tangent to blade upper

surface at leading edge 60 °©

Working gas Freon - 12
Isentropic constant 1.125

T. = CONCLUSION

Analysis of theoretiocal and experimental masa flow performances of super—
sonic compressors shows that at a given spesed of rotation the compressor operates
with constant mass flow over the moat part of the pressure vs mass flow characte~
ristic. The axial velloity of the incoming flow depends on the speed of rotation
only :

-~ for high subsonic or low supersonic speeds, a choked regime ippoure and
mass flow is_limitod by the choking of blade channels ; losses sorrespon—
ding to the off-design angle of attack have to be taken into aoccount if

correct valuss of the mass flow have to be caloulated;

- at higher supersonic speeds the blade channels are started; flow periodi-
city controls the mass flow; axial Mach number is usually proportional to

rotor Mach number;

- at very high rotor speeds, the inlet channel is ohoked; the compressor

mass flow is independent of the rotor mpeed.

Further experimental inveatigations are necessary to oconfirm the validity

of the assumptions made,

- zee srem cxem
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SYMBOLS

o Velocity of sound, upstream stagnation conditions
blade leading edge

blade chord

blade trailing edge

constant pressure specific heat

mass flow between cylindrical surfaces of radijus r and 1 + dr

QO Wk

oritical mass flow between oylindrical surfaces of radius r and r + dr
height of compressor between cylindrical surfaces of radius r and r+ dr

Mach number corresponding to velocity in rotor coordinates
Mach number corresponding to Mw after a normal shock wave
axial Mach number at rotor inlet
mean Mach number of the incoming absolute flow
number of rotor blades
pressure at rotor inlet
D, Dressure in section (1) of the blade channel
Po stagnation pressure of the incoming flow
P,, stagnation pressure of flow in rotor coordinates
s throat section of blade channel
¥ Dblade spacing
T gas temperature at rotor inlet
To stagnation temperaturs of incoming flow
T; gas temperature in section (1) of the blade channel
U rotor velocity
V¢ axial velocity at rotor inlet
Vx mean axial velocity at rotor inlet
velooity in rotor coordinates
velooity at point B , rotor coordinates
velocity in section (1) of the blade channel syrotor coordinates
abscissa measured along axial direction
abascissa meamured along blade chord AC
ordinate measured along rotor inlet
ordinate measured along axis Ay normal to chord AC

c
a
dm
dr
Ma Mach number at point B
Mw
]
w
My
X
n
P

blade leading edge angle
angle of velocity W (rotor coordinates) with axial direction
angle of blade reference direction with axial direction

Lol
\3>g_ e :E:EE

PP P

angle of velocity at section (1) with axial direction
isentropic constant

angle of tangent to baade upper surface with the chord blade
stagnation pressure loss (rotor coordinates)

density at rotor inlet

mean density at rotor inlet

density at point B

;i density of incoming flow in stagnation conditions

¢ rotor angular speed

S22 Mach angle

>
Foéd

origin of the Mach line attaining the leading edge of adjacent blade

angle of tangent to blade upper surface at point B with axial direc%ion

3-13



‘ TECHNICAL LIBRARY
3-14

o) |
= Over speed
o
C
C
3 (c)
1))
7))
)
C
Q.
(b) Nominal speed
(@) Reduced speed
Mass flow
Fig.1 Characteristics of a conventional axial compressor
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Fig.2 Busemann biplane (Ref.5)
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Fig. 5

Choked regime

Wind tunnel testing of supersonic compressor cascade
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Shock wave Wall reflected
due to the first blade shock wave
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deflected velocity

Fig.6 Wind tunnel testing of a cascade of straight blades

Expansion fan due Wall reflected
to the first blade expansion waves
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Fig.7 Wind tunnel testing of a cascade of straight blades with flow expansion
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Expansion fan

Fig.8 Wind tunnel testing of a cascade of straight blades at high Mach number
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SUMMARY

Bladings with inlet and outlet subsonic flows, but presenting a local supersonic region
are used in all of the advanced axial compressors today. Prediction of their performance
and performance optimisation are therefore a must,

The general features of the compressible flow effects in cascade are discussed, together
with the influence of compressibility on the performance of compressor cascade, The
notions of critical and choking Mach number are introduced, together with a physical
description of the flow in the blade passage, vhere four distinct regions cap be dibtin=
guished (subsonic inlet and outlet flow field, supersonic flow field, sonic line region
and shock~-boundary layer interaction region),

The evaluation of the critical and choking Mach number is then treated, as well as the
effects of compressibility on losses, turning and static pressure rise, Some remarks
are made on the design of transonic cascades,

The four regions of flow detailed above are then dealt with independently. A review is

made of the existing theories and experimental correlations, and their limit of appli-
cation for cascade flows is defined. A semi-empirical model, valid for cascade flows,

is presented for the shock-boundary layer interaction region.

A particular method of calculation, developed by the author at VKI, add based on the
analysis of the flow regions is then presented, This method starts from the incompres-
sible flow field, in a blading, obtained theoretically or experimentally, and enables
to calculate the compressible flow field, with a local supersonic region, taking fully
into "account the shock-interaction region, The validity of the method is limited to
high solidity cascades, of any deflection. Comparison with experimental results shows
the method to be satisfactory.
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speed of sound
area

streamtube width
blade chord

static pressure rise coefficient

P2=p1
Po1~P1

pitch ‘

blade height

form factor

incidence angle with respect to camber line
Mach number '

static pressure

total pressure

recovery factor

distance

throat of blading

thickness

velocity components in x,y direction
relative velocity

cartesian coordinates

absolute flow angle

relative flow angle

ratio of specific heat or stagger angle
momentum loss thickness of boundary layer
"del" operator

hodograph coordinate

air turning angle B=B3

mass density

solidity

camber angle

potential

stream function

coordinates for sink-source distribution
Po1-Po2

total pressure loss coefficient
Po1-P)

total conditions
upstream of cascade
downstream of emscade
free stream conditions
compressible
choking conditions
critical conditions
incompressible
local

maximum value
minimum value
pressure side
suction side

Superscripts

-

conditions downstream of shock
sonic conditions

perturbation value
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TRANSONIC COMPRESSOR CASCADES

H. Griepentrog

1. INTRODUCTION

The appearance of high duty materials for the axial compressor construction allows
the design of machines with high rotational speeds, resulting also in high velocities
relative to the bladings. Following the classical law of Euler, an increase of the
circumferential speed raises also the energy input per stage, leading to smaller and more
compact machines.

The extreme of this design trend is the supersonic axial compressor with either sub=
sonic or supersonic axial velocities. But due to the unfavorable operating characteris=-
tics ( no off design operation possibility for the first type), this extreme can only
be used very seldom for a practical application., The designer will be forced to use the
flow field with subsonic inlet and outlet Mach numbers and local supersonic regions in-
side of the cascade to combine high energy input into the fluid and a wide marge of
operation for the compressor. A cascade working in this particular flow field is called
'transonic cascade'.

We find also this transonic flow field in the supersonic axial compressor of the
shock=-in-rotor type - the supersonic compressor type giving, up to now, the best results =
for the stator blading, which has to accept inlet Mach numbers of the order of M;= 0,80
+ 0,90,

The aim of this note is the description of the physical flow behaviour in transonic
cascades., A discussion will be included on the theoretical methods available for the
prediction of the local velocity distribution on the blade surface,

2, COMPRESSOR CASCADE IN COMPRESSIBLE FLOW FIELD

In this chapter some general features of compressible flow effects in cascade are
discussed together with the influence of the compressibility on the performance of com~-
pressor cascades,

An increase of the inlet velocity of a cascade in the incompressible flow field
results in a similar increase of the local velocities on the blade surface following
Eulers equation. If the inlet velocity is raised to higher values exceeding the incom=-
pressible flow range, the local overvelocities on the blade contour are increased more
than proportional to Eulers equation while the local undervelocities increase less than
proportional. This behavior results from the satisfying of the continuity equation
p,*v, = const,

L2

The inlet Mach number determining the limit between the incompressible flow fange
where a change of p ‘can be neglected and the compressible flow range is a function of
every particular cascade, Principally, this limit Mach number depends particularly on
the shape of the leading edge, on the curvature of the suction side and the incidence
flow angle,

A further increase of the inlet velocity will lead to a characteristic limit value
of the cascade, defined as the critical Mach number M,_ , where sonic velocity exists at
one point on the blade contour, With a continuing reise of-the inlet Mach number super-
sonic regions will be forced, embedded in the subsonic flow field thru the cascade., These
supersonic flow pockets will grow with an increase of inlet Mach number and finally merge
into a flow region extending from the suction side to the pressure side of the two neigh-
bouring blades forming a passage., This region is limited to the upstream subsonic flow
field by the sonic line, which is positioned at the effective throat of the blade passage,
The smallest inlet Mach number causing a sonic line in the cascade is called the choking
Mach number, MCH' of the cascade determining also the maximum mass flow which can pass
the cascade, for given pressure and density of the inlet flow field,

The supersonic region or pockets are closed downstream by & quasi-normal shock, This
general statement can be made here regarding the purpose of this note although theore=-
tically the problem is not yet solved for potential flows whether a non-isentropic (with
shocks) diffusion from supersonic to subsonic flow is possible or necessary or not. Con-
sidering also this viscous effects on the blade surface, a shock will probably always
perform the diffusion. For the case of M; > M the shock spans the whole blade passage
which will give some interesting applications,

In figure 1 the above described process is sketched schematically. This sketch is
illustrated with Schlieren pictures of a rather conventional NACA 65(11.3 A2I8b)09 bla-
ding for a slightly negative incidence angle, For a Mach number of M; = ,736 local super-
sonic pockets are indicated on the suction side near the treiling edge and more pronounced
at the leading edge on the pressure side, An increase of the inlet velocity to M) = 767
shows the point where the supersonic pockets are close to merge. This condition is ob=-
tained at M; = .824 > Moge A small non periodicity in the three passages shown in fig, 2c¢
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indicates an influence of the inlet stream field of the two upper cascades by the local
supersonic flow field formed on the suction side of the lowest blade.

Figure 3 shows the measurements of local static pressure on the surface of a high
deflection blade extremely well suited for the use in the transonic flow region. The
local static pressure ratio py/pg) is plotted in function of the nondimensionalized chord
distance x/c, The parameter of the set of curves is the inlet Mach number, Local sonic
velocities are reached first at an inlet Mach number between M; = .70 and M; = .80,

For the coordinate position x/c¢c = .35 on the suction side of the blade, the local M
number (calculated with the data of fig. 3) is presented in function of the inlet Mach
number M; in fig, 4. This plot indicates the linear variation of the local Mach number
with the inlet Mach number in the. flow range not influenced by compressibility effects.
The 'incompressible' flow range extends up to M; < .525 which is an extremely high value.
For Mach numbers M; > .525 the local Mach number grows over linearly (; < (=) ).

crest
. From these rather general considerations of compressihle flows in cascade it can be
deduced that two limit inlet Mach numbers will determine the behavior of a cascade in
transonic flows: :

a) the critical Mach number indicating that a small rise of the inlet velocity will create
shocks on the blade surface;
b) the choking Mach number indicating the maximum mass flow,

Purthermore, for the calculation of the flow field in the blade passage four regions
have to be considered:

a) subsonic inlet and outlet flow field (M < 1);
b) supersonic flow field (M > 1);
¢) sonic line (M = 1),

d) shock-boundary layer interaction.
Following this partition, the prediction methods will be discussed.

Formulae for a rough estimation of the critical and the choking Mach number are pre-
sented in the following. The knowledge of these values is of extreme necessity for the
first choice of a suitable transonic compressor cascade,

2.1 Critical Mach number .

The critical Mach number for the inlet flow field is obtained, if at one position of
the blade contour the velocity is sonic. This position is also the point for the minimum
local static pressure rise coefficient cp oy Hence, using the classical gas dynemic rela-
tions, the critical 1nlet Mach number 1in ¥unctlon of COuTH 1s:

—=1

B -1
l -c¢ L
_ 2 PMIN
Mer = ¥ 70T ( . ) -1 (1)
2 (Y7t
(=) -c
Y+1 PMIN
L _
P -P1
. _ “MIN .
with CpMIN = P01-D1 and Pyry = P -

The equation (1) can be used directly for the determination of M1 with the help of
incompressible flow results, For this application it has to be supposeg that the compres-
8ibility effects will not change the position of the minimum static pressure, The relation
(1) is plotted in fig. 5 and can be used for a first estimation of the critical Mach
number of a cascade.

Scholz (ref. 1) proposed two 1limit values for the estimation of the critical Mach
number with incompressible data. A maximun limit value of the critical Mach nunmber will
be obtained with the assumption that the velocity ratio wp/w; is not influenced by com-
pressibility effects. Hence, the peak velocity on the blade surface will be sonic for an
inlet Mach number higher than in reality and it can be written

» w2
2 o (MAX, _ (2)
Yier Y1y

and resulting

< v/ 1 ‘ (2a)

Micr +T

M?CR < .——i— (2b)

or
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The limit value indicating the critical Mach number smaller than in reality is obtained
with the assumption that the streamline form will not change in incompressible flows,
Hence,

pr*a) vi 1
] » > w2 ) =
. . Vi
p -8 £SMAX i 1 cpMINi
add
= L
) y=1 y-1
* 1 * 2 1
ulep(1- = Migy) > (Fp) - (3)

~CpyMIN,
i
This is an implicit relation for Mf. Scholz (ref. 1) gives an approximate solution :

(3a)

The relations (2b) and {(3a) are plotted in fig. 6. Cascades with higher solidities will
be closer to equation (3a), while cascades with small solidities will be better repre-
sented by relation (2b), supposing that for both cases the same blading is used,

These equations can only give a first estimation of the critical Mach number., A more
sound result can only be obtained with one of the procedures of prediction of local
velocity distribution, presented in chapters 4 and 5.

2.2 Choking Mach number

The choking Mach number determines, together with the throat length of the cascade,
the maximum mass flow rate which can pass the cascade. Using the one dimensional conti-
nuity equation, the choking Mach number can be predicted by

s prew)

2258 "% =% (k)
g 1 o¥ea

and
/ ‘
s
x _Sth_

Mgy ¥ /1 1- TooeE, (ha)

In figure 7 the function (La) is shown, This figure indicates that the cascade in real
flow will always be choked for inlet Mach numbers smaller than indicated by the isentro-
pic equation (la) due to viscous flow effects and local supersonic regions at the pro-
file leading edge with downstream shocks changing the potential flow into a nonisentropic
type.

.

2.3 Total pressure loss

The compressibility effects on the total pressure loss is mainly due to the shock-
boundary layer interaction for M; > M;ep. In addition, the local pressure gradients on
the blade surface increase with the inlet Mach number (see fig. 3) which results in a
higher loading of the boundary layer coupled with increased total pressure loss.

A compensating effect exists due to the favorable influence of compressibility on
the momentum loss thickness of the boundary layer. Taking the relation given by Rotta
(ref. 2), the ratio of the incompressible and compressible momentum loss thickness for
turbulent boundary layers is: N -

LI
g;i =1+r (l%i) Mi-ugz(z-uaz)(l-.ohamm) (5)
(o]

Hence, the total pressure loss will be independent of the inlet Mach number from the
optimum point of operation, up to the critical inlet Mach number, This statement is veri-
fied with the measurements on a double circular arc blading with the parameters

camber angle ¢ = 11,2°
maximum thickness (t/c)yax = 6%
pitch/chord ratio s/c = ,924
stagger angle y = Us®

presented in ref. 3. The total pressure loss coefficient is plotted in function of the
incidence angle in fig. 8 for this blading.

Up to an inlet Mach number of M;= ,78, there is practically no change in total pres-
sure loss goefficient between i = 1° and i = 5° like it could be expected from the fore=-
going qualitative discussion. For incidence angles smaller or larger than these limits,
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the total pressure loss increases considerably due to local supersonic regions on the
suction side for positive incidence angle and on the pressure side for negative incidence
angles with shock-boundary layer interaction losses, A further increase of the inlet

Mach number to M} = .90 will diminish further the operation range, while for i = 5° there
is no change in the total pressure loss value ,For Mach numbers M, > MICR also at the
optimum point a sharp increase of total pressure loss occurs,

It can be stated that the influence of the compressibility on the performance of
the cascade manifests itself mainly by a reduction of the operating range with @ shift
of the optimum incidence angle to higher values,

The operating range of a cascade will reduce with an increase of M;, For the extreme
My > 1, the cascade will operate at one incidence angle only which is a unique function
of the inlet Mach number of the particular cascade,

2.4 Turning angle

The effective turning angle of a cascade is very closely related to the boundary
layer behavior on the blade, Hence, the general trend valid for the compressibility in-
fluence on the total pressure loss is also valid for the turning angle. In figure 9 the
turning angle in function of the incidence angle is shown for the cascade discussed
above., Up to M)y = ,T78 the effective turning is practically not altered. A drop in turning
angle occurs for M; > MICR due to the shock induced separated boundary layer,

2.5 Static pressure rise

The static pressure rise in a cascade is determined by the turning angle and the
total pressure loss. In fig, 10 the development of these three parameters is presemted
in function of the inlet Mach number for an incidence angle i = 5°, The static pressure
rise coefficient drops only slightly for My > My ... This effect is more pronounced for
measurements shown in fig., 1l on a cascade with ﬁECA 65 bledes (ref. 4).

2.6 Some remarks on the design of transonic cascades

The adaptability of a compressor cascade for its use in the high subsonic flow field
is determined by the critical Mach number M, and the choking Mach number M, .., which
should attain the highest value possible. Bog§ characteristic Mach numbers are unique
functions of the cascade configuration, i.e., the blade shape, the stagger angle and the
solidity. These cascade parameters influence also the boundary layer conditions on the
blade surface and end walls, which determine the effective flow section in the cascade.

The critical Mach number is characterized by a significant increase in total pressure
loss due to shock boundary layer interaction effects. The magnitude of the interaction
depends primarily on the local Mach number shead of the shock, The value of this Mach
number is a function of the blade contour curvature upstream of the shock, A minimization
of this convex curvature results also in a decrease of the shock boundary layer inter-
action loss or in a higher critical Mach number of the cascade, This philosophy has been
applied by NASA (ref. 5) in the development of the Multiple Circular Arc blede. For this
blading the suction side is constructed of two circles, reparting the total curvature
into a small curvature for the forward blade part and a high curvature for the back part
of the blade., The pressure side consists of a constant curvature contour, The choice of
the repartition has to be performed in such & way to get an optimum of overasll prefile
losses = low shock boundary layer interaction losses in the front part and no separation
in the subsonic back part of the blade, The gain in total pressure loss due to small
interaction losses can easily be offset by high separation losses, Obviously, a cascade
with a high critical Mach number has also a high choking Mach number,

The exasct determination of the choking Mach number is of particular importance for
the design of a blade row for a given mass flow, A maladjustment of the stator to the
mass flow required can force the rotor to stall. For the case of a supersonic compressor
of the shock-in-rotor type, this danger is extremely pronounced, because the supersonic
rotor has practically no marge in mass flow, indeed,

The typical flow conditions, & stator for a supersonic compressor has to accept, are
an inlet Mach number in the range of M; = ,80 and a required turning of the order 6 = 60°,
These values are valid for the shock-in-rotor type and subsonic stator configuration,

In fig. 12 an example for & blading suitable for these extreme conditions is shown
(This blading has been designed and tested at the von Karman Institute in the development
program of a supersonic axial compressor -ref. 6). The geometrical throat is placed near
the leading edge followed by a continuous divergent channel, The resulting blade consists
of a straight entrance section followed by a constant curvature contour, The trailing
edge is blunted. In fig, 7 the critical Mach number for this blading is compared with
classical ones. An unusual high limit Mach number is obtained for this blading, due to
the application of the design criteria mentioned above by forming the entrance section
with a straight part (low local Mach number) and placing the throat close to the inlet
section (high choking Mach number). The theoretical choking Mach number Micg ®» 1 for this
design has not been achieved due to a small displacement of the geometrical throat down-
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stream from the leading efige plane. Also the correct estimation of the boundary layer
thickness diminishing the effective flow section plays an important role in the region
My = 1, vhere a tiny change of flow section produces a large variation of the Mach number.

With this blading an interesting feature has been found for changing the back pres-
sure when the cascade is operated at choked conditions (ref, 2). An increase of the back
pressure, hence an increase of the static pressure rise, decreases the total pressure
loss of the cascade., The application of back pressure is possible due to the existence
of a sonic line separating the upstream and the downstream field, In fig. 13 the total
pressure loss coefficient is plotted in function of the static pressure rise coefficient,
An approximately linear relation exists between these two parameters, This phenomenon
can be explained physically with the upstream movement of the shock terminating the super-
sonic region in the blade passage with an increase of the back pressure. The upstream
movement of the shock results in a reduction of the local Mach number upstream of the shock,
Hence, the shock boundary layer interaction losses are smaller., The maximum back pressure,
close to spillage of the cascade, is given with the position of the shock close to the
sonic line.

Very recently, the use of choked bladings was proposed as inlet guide vanes (ref,8),
For this application use was made of the supersonic region in the blade passage, preventing
any upstream influence of a downstream perturbation, like the noise radiated forward from
the fan or first compressor stage.

But in general a choked blading at the design point should always be avoided. This
demand asks for precise prediction methods of local velocity distribution on the blade
surface,

3+ MATHEMATICAL SOLUTIONS FOR COMPRESSIBLE FLOWS IN GENERAL AERODYNAMICS

In this chapter, we shall give only a very brief survey on the classical methods for
the calculation of compressible nonviscous subsonic flows, necessary to understand the
calculation methods for compressible potential flows in cascades,

The potential flow equation is a non linear partial differential equation of the
elliptic type for the subsonic flow in a plane x,y:

2

= L
8¢ - (¢ 0 . +0

xPxxt 0,0y Y20 0 0 ) (6)

2
yyy Xy Xy

For this type of equation general solutions can be found only for special eases, Parti=-
cularly, because of the non linearity, solutions cannot be superposed as for the incom-
pressible flow. Hence, the possibility of producing additional solutions by simple algebra
is eliminated, .

In general, three different approaches are used for the solution of equation (6):
1) linearization of the potential flow equations;
2) development in power series of the potential flow equation;
3) hodograph method.

3.1 Linearization methods

For the linearization of the compressible potential flow equation, the potential ¢
is replaced by

e o= @+ 0" = w_ex + 0 (1)

where ¢, is the potential of the basic flow and ¢' is a small perturbation potential,
Nelgecting the second and higher order terms in the derivatives of ¢', the potential
equation (6) is simplified to

2
(1-M_) ¢ .+ by = O : (8)

Obviously, this equation is valid for the total potential ¢ and for the perturbation po-
tential @' = ¢-w_e+x with w_ = constant, Hence, eq. (8) can be written as

BZ(e! ) + (o' ) =0 : (9)
XX c Yy c
with

B2 = 1 - M2

The subscript ¢ indicates that this equation is valid for compressible flow. With the
affine transformation

X. = X y; = By, ¢i = A¢é (10)

the elliptical equation (M_ < 1) can be converted into the Laplace equation
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(°;Cx)i + (°§y)i = 0 (11)

for an incompressible perturbation potential ¢. (yy) The factor A has still to be deter-
mined,

Using this transformation, the perturbation velocities u' and v' are

= = ' = '
u, oix A¢cx Auc
: 2
' C ey, (12)
. = o = ——— LT e
vl o1y x°cy dyi [ vc

Hence, with eq. (11) and (12) results of the incompressible flow field, which are
relatlvely easy to obtaln, can be transformed into the compressible flow field, The mag-
nitude of M determines the influence of the compressibility., With the choice of the
parameter A “different types of transformations can be performed. Three of those are
discussed in the following.

The transformation with A = 1-Mi will give for an incompressible flow field around
a slender body the compressible flow by distortion of the body and the angle of attack

with:
a 3} t
-—c=—£=—c=¢l-M2
a; ei t ©

Th static pressure p' distribution around a profile can be determined by using the
Bernoulli equation (ref. 9)

w
p' =p=-p_ = 4p = = J pswedw = -pmwm(w-wm) = =p_v_-~u'
and Yoo
c =-—-A-£—=_2-P—'-
P Po1-P1 v (13)

Hence, with eq. (12)

P u'

[4 [ 1 1
[ L I 2 (14)
p; i 1-M_

This relation is normally named the 'Goethert rule'.

The first rule of Prandtl-Glauert assumes equal bodies for the treatment in compres-
sible and incompressible flow

ac ec tc

— e S e = ]
and with ;

A= N1em?

®pc 1

(15)

The second rule of Prandtl-Glauertassumes the same pressure distribution on the blade
surface £or the compressible and incompressible flow field:

c
=< (16)
Pi

This relation gives the transformation for the blade contour:

The first of the two Prantl-Glauert rules is of interest to study the behavior of a
given blading over a range of different Mach numbers, while the second can help to find
a profile whiph has the same lift coefficient for different Mach numbers,

A dlfflculty for a practical application exists always due to the assumptions made
for the linearization:
2 (m',? 2 v',? 2 u'v'
M2 (w“ << 1 Mo (;— << 1 M (——;—) << 1
w
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2

M ' [}
hd 2— << 1 Mz !— << 1
2 ® W
1=-M w ]
L o«

The first three assumptions are included in the last two ones. Normally, these assump=-
tions cannot be fulfilled with the type of blading used in compressor cascades.

3.2 Power series

We consider in this note only the development in power series of the Mach number.
Another possibility is the expansion in series of & parameter describing the tangent of
the profile contour against the main flow direction. The last procedure is of particular
interest for slender bodies. But we are looking here for a procedure to be useful for
thick bodies in opposition to the small perturbation method discussed in the preceding
chapter.,

Let us consider again a two dimensional flow in the plane x,y for which the poten=-
tial equations can be written as

1 2
¢ + 9 = — + +2 = 21 1
xx * Oy < (o xdxt oy by 20, 0, 0.) (17)

. . 2 2 . . . L
where a? is a function of w? = ¢x+¢y determined with the compressible gas flow conditlions
as

2
2 _ 1 2 -1 .2 W
ot = vl (1+ 15= M7 (2- -;5-))

Knowing that an incompressible flow around a body is qualitatively not too different from
the subsonic compressible flow, the solution of the left hand side of egq, (17), the
Laplace equation ¢xx+0 v = 0, can be taken as a first appproximation for the potential

flow equation. The solution for ¢(x,y) of this first approximation is taken as the first
fector of an expansion in series of eq.(17) (ref. 9) :

o(x,y) = ®0(k,y) + ¢1(x,y)Mi + ¢2M“ + e (18)

Equation (18) is introduced into eq. (17). After an arrangement with the powers of M
a system of linear differential equations is obtained for the functions ¢ (x,y)

(¢0) , + (¢o)yy =0
(4’1)xx + (‘1’1)yy = 2nty(x,y) (19)
(°k)xx (°k)yy = 2ﬂk(x.y)

The right hand sides of the system of Poisson's equation (19) 2nt (x.y) incorporate
only the approximations ¢g, %1, «ve, k 1 .

Inserting +the appropriate boundary conditions

9dg 3¢ X = ®
T = u 3;- =0 at y ==
9¢ : .

= 0 _ at solid boundary (n is
on normal to the boundary)
.ﬁ:&: =3-¢—k=0
3x 3x s ax

X = oo
at

3, 9%, a0, yE=
Ey—=v=_... =3;’—=O
3¢, 3¢, 3¢k
e = e T 0 at solid boundary

the solutionsof the system (19) are determined.

. Sauer (ref, 9) proposes to consider not only the solution ¢4(x,y) as an incompres-
sible one, but also the following approximations ¢k(x,y). For the latter case additional



_ TECHNICAL LIBRARY
4-8 ”

sources and sinks are distributed in the flow field with the strength v _(x,y). This means
that also the interior of the profile has to include sources and sinks to fulfill the
boundary condition at the blade contour. Hence, the approximations are

o (x,y) = jj T (Eyn) 20 Ax=g)2+(y-n)? dgan (20)

Now the functions ¢ (x,y) are not any longer considered as factors of the series expan-
sion (18), but as slccessive approximations for eq. (17). The approximation ¢ l(x.y) is
introduced into the right hand side of eq. (17) to obtain ¢, (x,y) and following ~from (20)
¢x{x,y)« A practical application of this procedure has been found for the calculation of
compressible flows in cascades,

The procedure to develop the compressible potential flow equation in a series of
Mach number has the advantage of not to be restricted to slender bodies, But unfortunately,
there is no evidence that the method converges.

1

3.3 Hodograph method

In chapter E.1 the compressible flow equations have been linearized by neglecting
some higher order terms, Hence, the resulting linear differential equations are valid
only approximately for stream fields close to the main parallel stream field,

Another type of linearization is the use of a hodograph method, the transformation
of the ¢ or ¥ functions from the x,y plane into the velocity plane u,v or w,0, The linear
differential equations obtained in this way are exact., They ere also valid for high
perturbation stream fields and in the range M = 1,

Two types of transformation are possible for a plane and irrotational flow
1) the Molenbroek transformation, which converts only the independent variables and not

the functions ¢ and ¥, giving the streamfunction in the w,6 plane with 8 = arc cos{u/w);
2 2
2 st - =
wiy oo+ w(ls+ 82) vo+ (1 a2) Yoq = O (21)

2) the Legendre transformation which converts not only the velocity components but also
the ¢ and ¥ functions:

2
v uv u !
- — + — + - — =
(1 az) ¢uu 2 — L. (1 az) ¢vv 0 (22)

with ¢ = x¢ + y¢y - ¢,

The difficulty for the practical
problem of flow past given boundaries

A significant simplification for
obtained with an approximation of the
tical relation for a limited range of

application of the hodograph metheod is that the
is susceptible to a direct treatment,

the application of the hodograph method has been
pressure-density relation p = p(p) by & hypothe-
velocity, like the well known tangent-gas relation

leading to the Karman-Tsien correction formula.,.

For the tangent gas relation the

isentropic relation p~pl/Y = const, is approached

by & straight line in the plane p = p(i/e) (fig. 19) : ‘
_2 2,1 1
» P-DP, = 8, P, (pno >) (23)
Introducing (23) into the Bernoulli equation, we get
2 2 2 1 1
wZew, =8, o, (5= -3) (24)
P P
. 2 . . .
With pZ+a? = pi-a2 = p%-ao which is valilid because of
- —d.'.alo_ = - -—d%. = o —dg— = const.-
d(;) ‘ d(;) . d(;)
0
we obtain from eq.(2h4) '
2
w2 - a2 =y - a? w2 = o - aé
(25)
2 2 o] 2
(p—p-)=l_w—=l_M2 —0-=1+-w—2
0 a2 ) o
Using these relations, the eq. (21) can be written as (ref. 10) :
v W
bl g =0 (26)

-
w2 %y /1am2
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This equation can be reduced into that of an incompressible flow by defining a new vaf-
iable W with the relation

dw. SUS
—i o/jom2 Q¥
= Srowz & (27)

Introducing this unique relation between vy and w), the equetion (26) is transformed into
L]

3
Vi Ty (wibwg) + g =0

Comparing eqs (26) and (28) it is evident that for M = 0 in eq. (26) both the rela-
tions are identical. Hence, eq, (28) is the differential equation for an incompressible
fluid in the hodograph plane LARLE

The importance of this result is that it is possible now to obtain more easily results
in the physical plane for given boundaries, Knowing the incompressible results for a

given profile ¢. = ¢.(x.,y.), the velocity components u. and v. can be determined to
P i 171w’ i i

give vy = wi(wi,e). This function has the same form like y = ¢(w,08), due to the trans-

formation (27) used. The compressible solution, found by replacing wi and w, will give
the body shape in the physical plane, by integrating :

p - p 3
_ cos88 - _3 sing [XX:X:) - .0 sing
ax = { v v o w ww)dw + ( v %o Iy W ¢¢)de
dy = (sine o + Eﬁ cos0 Ydw + (sine + 22 cos? Yo
y W w I W ww w ¢e o W ¢¢

The body form will be slightly different from the incompressible one.

To perform this procedure, we have to solve two steps., First, a relation between
the corresponding velocities in the compressible and incompressible flow field has to be
established. Second, a relation between the corresponding profile shapes has to be
formulated.

3.3.1 Corresponding velocities

A relation between the corresponding velocities is obtained using the eqs (25) and
(27)

;E:(l-k)

(29)

v o=
w
©

wW. 2
1
l-A(;—)

with y
u?
o

A= (30)
(1+;1-142)2

The detailed derivation which is purely mathematical can be found in ref. 10.

Similar to the Prandtl-Glauert rule, we can also construct a static pressure rise
coefficient correction formula with eq. (29) :

Co o
P
ep, = — (31)
M Coy e«
/1-M2 &+ =~ 2i
© 1+/1-M2 2

This formula is th so~called Karman-Tsien pressure correction formula, In fig. 15 the
eq. (31) is plotted in form of a graph,

The eq. (31) of course does not represent exactly the influence of the compressibi-
lity on the pressure distribution of an . airfoil, because the profiles for which the ¢y
values are compared are slightly different.

For the practical application of eq. (31) it is useful to know that counteracting
errors exist, which seem to nearly cancel each other. The linear pressure density rela~
tion overestimates the compressibility effects. On the other hand, the compressibility
correction of the profile coordinates will produce a thicker profile. Hence, using the
thinner incompressible profile, we shall be closer to reality.
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3.3.2 Profile coordipate correction

The deteiled derivation of the correction parameter can be found in ref, 10, Here
this procedure is outlined only very briefly.

The correspornding points in the x,y plane are best represented by complex quantities:

= + i s = R 1. .
Z X iy, Z X y
and

F (zi) = ¢ * iyg F(zi) = ¢; - iwi (32)

These relations give the connection between z and 2t

"
z=zi-)«J --:L—-di—)dz:.L (33)
Yig dzi
with .
A Jie
)
2a0

The influence of the correction term on z. is small, specially for moderate Mach numbers,

For M - 0, it approaches zero, the incompressible contour z = Zs.

3.3.3 Conclusions

For the application of the Karman-Tsien rule it should be held in mind that this
rule is also restricted to small perturbations due to the linear pressure density rela-
tion. But the rule 1is not like the one of Prandtl=-Glauert limited to small Mach numbers
shown in fig. 16.

L, MATHEMATICAL SOLUTIONS FOR SUBSONIC COMPRESSIBLE FLOW IN CASCADES

Based on the relations developed for isoclated airfoils, we shall discuss their ap-
plication for cascades in the following chapter, outlining their main assumptions and
restrictions. '
4,1 Prandtl-Gldauert rule for cascades

For the application of the Prandtl-Glauert rules developed in chapter 3.1 for single
eirfoils to compressor cascades, we have to consider the influence of the transformation
factors on the cascade parameters and the profile contour,

The transformation of the incompressible flow field into the compressible one demands
a shortening of the y-coordinate with the factor g = ¥1-M2 , The result is a cascade

with a smaller pitch chord ratio s/g and a high stagger angle y (fig. 17) :

tEYi

- A — (34)
th yi l_MZ

The subscript i indicates here, and in the following, the dimensions in the incompressible
flow field of a cascade working in the compressible flow.

The pitch chord ratio is

(=)

i

= o

0,5
= (sinzy + (l-Mi)coszy) (35)

®Ju

For the determination of the profile contour in the incompressible flow field, we
can use either the condition of equivalent static pressure distribution or equivalent

profile contours. For cp; = Cpc the profile contour has to be changed according to
e _ 1 (36)
Woe  Srm2 '

Hence, the profile is thicker and more cambered in the incompressible flow field. Also
the relative inlet and outlet flow angles are changed at infinity upstream and downstream
of the cascade (ref, 1) :

vlozi 1

ul,2 /12

ctg(90°-81 2 +v;) = ctg(90°=81,2+y) (37)

wi h uip,2 = uyp 2; because in the x-direction there is no influence of compressibility.
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In first approximation it can be stated that the deflection will be higher for the
compressible flow due to the same lift per blade but a smaller pitch chord ratio.

For the practical application it is more suitable to use the second case, the profile
form constant with the Mach number. Now, the perturbation velocity component v is constant,
while the component u has to be changed according to

/TZHZ : Vo=, . (38)

The axial velocity components have to be equal in the incompressible case upstream and
downstream of the cascade :

u_ cosy

ICTYAPCILTN =1 (39)

This relation results in the following function for the flow angle velocity at cascade

inlet and outlet plane :
/1-12 tg(90°-81 2+v) -
1- M2

ctgB) 2: = (40)
Y1 v tg(90°-8y, pev)tey - (1-/1-M2) (14 18X
1-M2
To conclude, the following steps are necessary to use the above outlined methods:

1) the cascade parameters y,c have to be changed according to eq. (34) and (eq. (25);

2) the inlet angle has to be transformed following eq. (40);

3) the static pressure distribution can be calculated with eq., (15) and the outlet angle
with eq. (ho)o

For the application of the Prandtl-Glauert transformatiors it should always be held
in mind that the small perturbation theory is the basic assumption, Hence, only for small
cambered and thin profiles sufficient results will be obtained. For transonic compressor
cascades designed for the tip sections of a rotor these conditions are mostly satisfied.
Another rather annoying parameter is the Mach number M_ determining the influence of the
compressibility: This Mach number is changing through fhe blade passage and not constant
like for isolated airfoils. Normally, the inlet Mach number is taken as M,. But a slight
improvement could be obtained by using an average Mach number of outlet and inlet stream-
field.

In fig. 18 some experimental results are compared with measurements., A comparison
of the incompressible and compressible theoretical calculations shows tha good improvement
of the latter., A direct comparison with the measurements is not possible, due to viscous
flow and three dimensional flow effects not considered in the theoretical calculation,
But in general, it seems that the transformation does not take sufficiently into account
the higher local Mach number regions,

To diminish thls difference of prediction and measurement of the suction peak velo-
city, it has been proposed by different authors (ref. 11, 12) to take into account also
higher order terms for the solution of the potential flow equation instead of only the
first one for the linearized solution.

Spreiter and Alksne (ref., 11) have shown for single eairfoils that the compressible
flow equation, taking into account second and first order terms, can be written as

2 = .
(1-MZ-Co Do, * ¢, =0 (41)
with

C=M£J+—l
W
-]
The factor (1-M2-Cé¢,) can be kept constant within small steps and the eq. (41l) can be con-
sidered as a locally linearized differential equation,

For cascade flow, Fottner (ref., 12) performed the local linearization based on the
Prandtl-Glauert rule and obtain for the velocity distribution :

w W
e 1 (rfi 1 1 1 1 L
il B = (uc 1)1+gc{l+5¢C (1+ gz C (+ 30} -5 (k2)
with M2 (y+1) Ve // ay
c = 2(—2 - 1) R=/1+ (=5
(l_MZ ) 3 2 um
w, = relative velocity at the camber line

b
Vi = coordinate of the thickness distribution.,

In figure 19 the pressure coefficient distribution on the suction side is compared
for: .
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The incompressible pressure distribution;

The calculations of the Prandtl-Glauert rule for the determination of the equivalent
cascade geometry (eqg. 34, 35, 40);

Calculation of the local variable cascade geometry with the Prandtl-Glauert rule;

Local linearization for the determination of the locally variable equivalent cascade
geometry (eq. 42),

N

W
— —

A considerable improvement is obtained with the use of the additional terms specially
for the high excess speeds, The influence of local shocks cannot be predicted with this
method, of course,

L,2 Expansion in series

Two methods only are mentioned here using the approximative procedures described
in chapter 3,2. The application of these methods is normally restricted to thick profiles
due to their basic assumptions., They are not valid for supersonic regions,

4,2.1 Method of Price {(ref. 13)

Price extends the Martensen method (ref. 14) - originally for incompressible flows -
to compressible flows by successively approximating to the compressible potential egua-
tion by a Poisson equation like it has been described in chapter 3.2, The incompressible
solution is used for the first approximation of the flow potential,

Ih Martensen's method, the blade is represented by a set of vortices on the blade
contour, The method is only valid for blade contours having no discontinuity, i. e., the
second derivative. Pal (ref, 15) has changed the method to allow for one discontinuity,
the trailing edge.

In chapter 3.2 we have seen that the compressible potentlal flow equation can be
written as :

bex * byy = 27 Flx,y) (k3)

vhere F(x,y) can be considered as the strength of a plane source-sink distributionm over
the whole flow field according to the change of volume flow due to local compressibility
effects in the flow field.,

On the boundaries of the flow field, the blade contours, additional sources or sinks
have to be distributed to reduce the normal veloc1ty induced by the flow field sources
and sinks to zero. The potential, due to the incompressible solution (¢0 in chapter 3. 2),
the source and sink distribution in the flow field and on the blade contours are used
to calculate the right hand side of eq. (43). This will be continued iteratively until
the process converges.,

The source and sink strength in the flow field required is, following ref. 13 :

$2 9, +92¢ +29.4 ¢
F(g,n) = —S—hb & N0 1£n (44)

w
1 y=l,.,2 .2 2
2T (e - L -
"(Mf 2 (¢E+¢n wl))

This source and sink strength induces at the proflle boundary a normal velocity L (\)
with A & coordinate describing the proflle by increasing from O - 2w

- ax(a) 2n, _ay() 2.,
wn(x)/d{;i”)2+(d§§”]2= Jdr Fle,n) —an sin Fln-y(0) 2‘%?"‘ sh = (e-x(1)) acan
h 2L (g-x(1))-cos 2L (n-y (1)
" . ch == (g-x(1))=cos = (n-y (1)) (s)
The line source distribution on the blade is given with eq. (k45) :
2 2 2m 2 2
m(x)/{dgﬁk)) +(dg§X)J + g? J m‘“)'/?gﬁﬁu)) +(dd£ )] sk(A,u)dy =
2 2
= ewn(x)-/(dg”) +(dgiﬂ) | (16)
with
¢ ch %(X(A)-x(u))- cos %’-(y(x)-y(u))

m(A) strength of line source.

With the results of the equations (44, 45, 46) the derivations of the potential
¢(£,n) are recalculated and introduced into eq. (bh) to give a new Fy(£,n). The process
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is repeated until Fk(g,n) - Fk_l(g,n) is sufficiently small,

The main difficulties for the practical application is the integration of the egqua-
tions giving the derivatives of ¢, In general, the continuous vortex and source-sink
distribution is replaced by a set of point vortices and sources, But there is a general
difference in the behavior of & line vortex and a point vortex which gets important for
thin profiles; we consider in this note.

Close to a point vortex the induced velocity tends to infinity, while close to a
line vortex, the velocity tends to * y/2.

Hence the use-of this method to the application of compressor cascades is very res-
tricted, due to the use of point vortices and Martensen's incompressible solution. Up to
now, no published results are available of this procedure,

4,2.2 Method of Imbach (ref. 16)

The method of Imbach is presented in this chapter of "expansion in series" due to
its close resemblance with the method of Price, although it is better suited for a presen-
tation with the flux analysis methods.

Imbach is using the classical solution for the Laplacé equation by superposition also
in the compressible case, The flow through the cascade is constructed by a parallel main
tgB,+tgB;
flow tgB_ = 5

duced by a vortex distribution on the blade contour, which is corrected for the compres=-
sibility effects represented with a source-sink distribution in the passage flow violating
the boundary conditions on the blade (w_ = 0) due to an additional induced velocity
component. n

and a circulation flow around the profile. The last one is pro=-

The source-sink distribution is calculated according to a change of volume flow
along a stream line. Hence, for the first approximation the streamline for the incompres-
sible flow will be used, The difference between the volume flow of two flow sections of
a Streamtube with the width Ay-scosB is :

F'
wedy cosSB =w)sAy+cos8B; = J al&,n) dFa (47)

0
with F' equal to the passage section in which the sources and sinks are distributed.

Using the relations for compressible flows, the equation (47) can be expressed as
1

2
2+(y-1)u_ 2 F!
Ay, cosB (y=-1) 1 M o_ - q(&,n) aF! (18)
Ay cosB Y+l M w)*Aye-cosg, qQ

! 0

relating the source-sink strength in the field F' with the inlet Mach number M,.
»
The additional velocity induced by this source-sink distribution is

I | u
Yt Ve T T J 4 E.n)[fy 2,8) + if, (z,0)) Iy ' (49)
with 0
sin M cos ﬂm). sh Tf(x-E) ch n(x-g)

and £

i E_T_ = g &
X sn2 nly=n) , sin2 T{¥-n ¥ sn2 xly=n) | sin2 n(y-n)
g 8 8 8

Hence, the local velocity components are the‘sum of the terms due to the main flow,
the vortex distribution on the blade contour and the source-sink distribution in the flow
field :

viz) = v, + v (z) + vy (z) ,

u(z) = u_ + uy(z) + uq(z)

The vortex di§tribution on the profile contour is determined with the fulfillment of :
1) the conditions at infinity upstream : wu(-=) = w(-=)cosB,

V(=) = w(-=)sing,
2) the velocity component normal to the blade contour has to be zero
3) the Kutta condition,

. Know%ng the corrected velocities it is possible to trace a new set of streamlines,
which again will determine a new sink-source distribution.
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Results for a turbine cascade are represented in fig. 20 for M, = ,20 and M, = ,60,
The agreement between calculated and experimental values is sufficient. A slight over-
estimation of the high suction side velocities is shown.

L,3 Flux anealysis

The flux analysls method considers the cascade built up of an infinite number of
channels instead of an infinite number of isolated airfoils. Hence, this approach is par-
ticularly suitable for high solidity low stagger cascades. Also, there is no restriction
on the maximum value of the camber angle for the blades.

4,3.1 Method of Traupel (ref., 17)

The method proposed by Traupel consists of the construction of the y,¢ net through
a blade channel using the continuity relation to get ® unique function between the inlet
Mach number, the local Mach number and the local flow section :
1
%2 Y-=1
ux Y"'l-(y-l)Ml

: (50)
Ay MY yele(y-1)M*2

With fig., 21 a potential line is drawn in the smallest section of the blade channel from
& to B, This line is divided into two parts - in the first essumption the two parts are
equel which is only true if the velocity is constant along AB - following the relation :

Ay = wy*F] = w°F (51)

with F, = Ab;+h, F = abeh

A mean streamline is drawn upstream and downstream of the line AB determining at each
point the ratio Ab/Ab; and with eq.(50) the velocity ratio w/w; = M¥/M¥ , For a quadra-
ture net of streamlines and potential lipnes, then it is valid

Ay = 8¢ = WeAs

and with eq. (51)
Ab,

As =Ww—1 (52)

In this manner potential limes are obtained for one of the two streamtubes, The po=-
tential lines can be extended over the second streamtubg which allows also & calculation
oYY = Kgl for Ay = A¢., On the other hand,
w/w) can be determined with the function (50) at this place. The resulting value will
probably be different from the first ome., A correction of the first guessed streamline
is necessary until an agreement is obtained,

of w/w) at any place on this tube with w/w; =

This procedure can be continued by cutting into halves the first two streamtudbes and
applying the same process like above, For regimes with high velocity gradients on the
contour, it is advisable to diminish further the net size,

This method can be applied also for supersonic flows if the influence of shock waves
are neglected, Some difficulties can arise in the inlet or outlet section where the posi=
tion of the stagnation streamline is not known a priori,

4,3.2 Method of Uchida (ref. 18)

Uchida is using the same procedure like Traupel (ref. 17), but more adapted to the
numerical treatment with a digital computer due to the use of the potential flow equation
in curvi linear coordinates. Some difficulties will occur for the convergence of the so=-
lutions in the neighbourhood of M; = 1,

In fig. 22 some calculated results are shown for & turbine cascade indicating the
Mach number effect, The cascade parameters are mentioned in the diagram.

" 4,3,3 Trensformation method based on flux analysis

In ref. 19 a method has been developed baséd on the proposal of Oswatitsch and
Ryhming (ref. 20)., For high solidity cascades with small stagger angles it can be supposed
that the streamline curvature is given by the blade or channel form. The influence of the
compressibility on the streamline form can be neglected, Hence, for the known incompres-
sible streamline field the potential lines for constant potential difference A¢ change
the position for the compressible flow field compared to the incompressible one.
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The two governing flow equations, the continuity equation and the condition of irro=-

tationality are written

&_.i:i + —jf = 0
LA aoi Bwi
2 P
v, awi 3¢i

with B = B. the angle of
case with the assumption of B, = B; =8:
1 pew ) 38
-Tc— +-5—-— = Q
pwc ¢i Wi
1 ow 38
—— - — = 0
Vo Boi awi

in curvilinear coordinates Viadg (fig. 23) for incompressible flow

(53a)

(53v)

the slope of the incompressible streamline., For the compressible

(54a)

(54b)

The first one of these two systems of equations is correect, while the second one is only

an approximation due to Bo = Bio

The following procedure is developed with the assumption that the incompressible
solution is known. This solution can be obtained either from experimentel results or
theoretical ones., This freedom is of extreme importance for the treatment of high deflec~
tion blades where the influence of viscous effects is predominant and no valid method is
actually at hand for a theoretical calculation of the viscous effects (normally separated

turbulent boundary layer).

To get a connection between the incompressible and compressible flow field there can

be used either the continuity eguations (53a)(5ka) or the
(53b) (54b)., The first approach results in an integration
be rather inaccurate due to the long integration distance
More appropriate is an integration along a potential line

(54p)

Veps
J 1—dw =

Yess

Vipg
J 1 Vepg

or - =
i €SS

Vigs

conditions of the irrotationality
along & streamline which will
with an approximate solution,
using the conditions (53b) and

(55)

The connection between the local velocity and the inlet Mach number is established
with the continuity equation applied between the inlet section and the potential line

for which the eq. (55) is used.

The local flow section A =

n*h is determined for a known blade height h and the

length of the potential line between the suction and pressure side of the blade,

It is assumed a second order polynomial for the velocity distribution along the

potential line :

(56)

V(Wi) = QWi + bwi + d

The validity of this assumption has been verified by a finite difference calculation of
the incompressible flow field in ref. 21. An example is shown in fig. 24, The constants
a, b and 4 are determined with the boundary conditions

wi(wi=0) = wy

55 it7i

and the condition of irrotationality

(;H.E:l = (3E_)
v Bwi 3¢i

PS PS

The solution of the continuity equation
y.=n
i

°°Vil‘8'°°531 = p-wi(wi) dwi (57)
¥, =0
will give the length n.
For the compressible solution also a second order polynomial can represent the
velocity distribution along & streamline, nondimensionalized with a
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M“(¢i) = Mgg (Awi + By, + 1) (58)

The constants A and B are determined similar to the incompressible solution, An intronC-
tion of eg. (S8) with the known length n and mass flow p]°*w._ °*g:cosB) into the compressi=
ble continuity equation will give an implicit equation for Mgg. The corresponding Mach
wi

number at the pressure side on the same potential line is foun th eq. (55).

Some results obtained with this method, which is also valid ip the supersogic flow
range, if the total pressure losses due to shocks are neglected, are presented in
chapter T.

5. SUPERSONIC FLOW RANGE

' With the methods presented above, the flow field upstream of the sonic line and
downstream of the local shock can be described. Downstream of the sonic line, a super-
sonic expansion develops forming supersonic flow pockets which can extend rather long
into the direction of chord for highly staggered and high pitch chord ratio cascades,

For high solidity cascades critical and choking Mach numbers are very close; a supersonic
flow field extends over the whole blade passage.

The methods of flux analysis are valid also in the supersonic flow field due to the
double solution of the continuity equation., Hence, & special treatment for the supersonic
flow calculation is not necessary.

In the supersonic flow pockets embedded in the subsonic flow, & Prandtl-Meyer expan-~
sion exists on which a compression process is superposed due to the expansion lines re-
flected as compression lines from the sonic line (fig. 25).

Instead of having to perform the rather tedious and complex work of determining the
velocity distribution on the blade profile in such a supersonic flow pocket, which can
only be executed with an iterative process, because the sonic line is not known, Fottner
(ref, 12) established an empirical rule for the prediction of the pressure ratio p/pg;
in this range (fig. 26), Measurements of p/pg; in function of the slope variation Aa
can be approximated with a straight line : ¢

'

L = 0,5283 - 0,8611 aa (59)
Po1 ¢

Of course, this relation should be considered as a tentative one because the use of some

additional measurements (ref, 4) in cascades with NACA blades indicated a higher difference

between the Prandtl-Meyer expansion and the experimental results than predicted by ref.

12, Also the difference of Prandtl-Meyer calculation and measurements is not only due to
the reflected compressible waves but also to the boundary layer which decreases the ef-

fective slope variation on the blade contour,

6. SHOCK~BOUNDARY LAYER INTERACTION

A great number of theoretical and analytical results are published for the problems
of shock~boundary layer interaction, But most of these investigations treat the case of
a normal shock on a flat plate or the interaction effects due to shocks created by com-
pression corners or forward facing steps., A use of their results for the treatment of
shocks on profiles is extremely restricted due to the important difference between these
cases, :

In fig., 27 & schematic model of the interaction process is shown, The case with se=~
paration is presented, because it is the usual one for cascades, The pressure rise in the
free stream through a nearly normal shock produees a separation of the boundary layer
connected with en increase in boundary layer thickness, The increase of the boundary layer
thickness forms a wedge shaped contour which generates a weak oblique shock, the upstream
leg of the bifurcated normal shock. The second leg of this shock is perpendicular to the
flow direction or under a small asngle to form a supersonic downstream tongue, confirmed
by measurements of Seddon (ref., 22),

With the actual state of knowledge the flow conditions in the interaction region
cannot be treated purely theoretically. Empirical solutions have to be used,

The interaction process can be described with three parameters, sketched in fig., 28 :
1) shock intensity B/p
2) displacement phase «
3) boundary layer thickness growth.

The shock intensity is found empirically by plotting the pressure tatio $/pp; in
function of the ratio p/pp). This correlation is shown in fig, 29 for conditions on dif-
ferent curvatures together with the theoretical normal shock solution and a separation
criterion of Pearcey (ref, 23).
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For a pressure ratio p,/pg; > .45 the static pressure downstream of the shock fol-
lows the trend of the normal shock and no separation of the boundary layer below the
shock has to be expected. The small difference existing is mainly due to the boundary
layer effect and the reacceleration or rediffusion of the static pressure immediately
downstream of the shock for a convex or concave surface (see fig. 30). This is shown
theoretically for a nonviscous flow by Zierep (ref. 24), For values p;/po; < .45 separa-
tion is indicated because the growth of the separation bubble prevents a further compres-
sion downstream of the shock due to & diminishing of the flow section. The separation '
criteria of Pearcey, established with measurements on single airfoils :

P ' .
_S__ = 1.4 . 7 (60)
Pou Poa ’

gives the slope of the curves for cascades rather good, although the flow separates in
cascades already for smaller shock upstream Mach number than for isolated airfoils due to
the higher pressure gradient downstream of the shock for cascades.

The extension of the displacement phase x is mainly a function of the initial boundary
layer momentum loss thickness, confirmed by measurements in an axisymmetrical nozzle by
Little (ref. 25), and the shock intensity. A correlation between these parameters is
presented in fig. 31. A cross plot of these results is shown in fig. 32 to give a nomo-
gram for the determination of « in function of & and B/p.

The increase in boundary layer thickness in the displacement phase can be calculated
Yith any integral method, by assuming & linear increase of the static pressure from p to
pewhich is Jjustified by experimental data.

With these three parameters determined it is possible to describe:the static pressure
distribution in the shock boundary layer interaction region, Also, it is justified for
a first approximation to supvose that the boundary layer downstream of the shock thickens
by the constant value of boundary layer increase in the displacement phase.

T. EXAMPLE FOR TRANSONIC CASCADE

For a high deflection blade suitable for the operation as a stator blading for a
supersonic axial compressor of the shock-in-rotor type, the predicted pressure distribu-
tions are compared with experimental results. Also, thils allows us to establish a predic-

tion method constructed of the foregoing procedures.

The parameters of the cascade are (fig, 12):

equivalent camber angle ¢eq = 50°7
stagger angle Y = 30°
solidity g = 3
geometric inlet angle Biss= 58°
geometric outlet mngle Bé = 0°

Due to the high loading of this cascade, we shall start with experimental incompressible
results to consider also a part of the viscous effects, The transformation into the com-
pressible range is performed with the method of chapter b,2.,3 particularly suited for this
type of blading. This transformation will always give a subsonic and supersonic solution
along the blade (values & and b in fig. 33). If sonic conditions exist on the blade sur-
face, the two lines a and b will cross, while in the leading edge region and the outlet
plane the respective subsonic solution is valid, the two solutions a and b can only be
connected by & normal shock downstream of the sonic point.

In the following the two suvlutions & and b will be corrected for the influence of
the compressibility on the boundary layer momentum loss thickness with eg. (5). Applying
this procedure, it is assumed that the pressure gradient on the blade will not change its
influence on the boundary layer with the Mach number. With this correction the solutions
a' and b' are obtained in fig. 33,

The position of the shock is found iteratively. For a choosen point x/c on the curve
a', the pressure P downstream of the shock, the displacement phase x and the boundary layer
thickness increase is determined with the procedure outlined in chapter 6, For the new
boundary layer thickness downstream of the shock, the solution‘b' is recalculated. The

pressure P should be equal with this solution at if%ﬁl + If not, the procedure has to be

repeated.,

. In figure 34 the theoretical results obtained in the above outiined way are compared
with experimental results.
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8. CONCLUSIONS

This note has presented, in an introductory way, some aspects of compressor cascades
working in the transonic flow range. )

The discussion of the performance behavior of a cascade with 1ncrea51ng inlet Mach
number has shown the decrease of operation renge. Hence, an exact inverse or direct
method is necessary for a satisfactory design.

Direct methods are, with the actual knowledge, not available for compressible flows
in compressor cascades, For the indirect procedures, i.e,, the prediction of the pressure
distribution for a given blading, there are two principal groups of methods aveilable for
the potential flow calculation, supersonic as well as subsonic. The first one can be ap-
plied to high pitch-chord ratio, high stagger cascades with thin small cambered blades,
typical for the tip section of a rotor. The methods of the second group are valid for high
selidity, low stagger angle cascades, The type of blading is normally not restricted, A
mgthod for an intermediate type of cascade is still missing,

For shock boundary layer interaction regions an approach for an empirical solution
has been presented, although this one has to be considered as a textative one, Some
further investigation is necessary to completely understand the interaction of a nearly
normal shock with a turbulent boundary layer.
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Flow region in transonic cascade
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Fig.27 Sketch of shock boundary layer interaction region
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SUMMARY

The importance of secondary flows and losses in highly loaded compressor is stressed.
THe various types of possible secondary flows are described, and the three most usual
models, representing those flows are presented, together with their limitations., The
sources of the losses induced by the secondary flows are then identified, with the
relevant cascade parameters, and the classical semi-empirical formula of loss evaluation
(Howell, Vavra, Ehrich and Detra, etc.) are presented. Comparing the predictions made
with those formulas with actual data on highly loaded compressor blading, it cen be con=-
cluded that they fail in predicting correctly the losses for high camber and/or low
aspect ratio bladings. A new model for secondary flow is introduced, based on boundary
layer growth on the hub or casing mnd a horse~shoe vortex model (as suggested by Carter
and Cohen) and & formula is derived, which appears to be valid for a larger range of
blading configuration, Effects of secondary flow on outlet flow direction are then
treated, Finally, the methods available to reduce secondary flow losses are discussed
and then the range of application is defined.
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SECONDARY FLOW LOSSES 1IN AXIAL COMPRESSORS
H. Griepentrog

1. INTRODUCTION

In relation with the design of high specific energy turbomachines, the secondary
flow effects are of considerable importance, In figure 1, the total pressure loss dis-
tribution along the blade height is shown for the rotor blading of a supersonic compres=-
sor of the type shocke-in-rotor, which is characteristic for the new generation of small
axial compressors. For the construction of this distribution, which has to be known for
the application of any three dimensional or quasi-three dimensional flow calculation
methodin an axial machine, one must take into account the shock losses, profile losses,
mixing losses due to the blunted trailing edge of this blading and the secondary loss.
In figure 1lb, the measured total pressure loss distribution indicates, for different
values of back pressure, the high amount of secondary loss for this type of blading,
which has, actually, an aspect ratio far below unity. .

In the following, we shall sketch the physical behaviour of secondary flow and the
possibility is discussed of using some theoretical and empirical methods for the pre=-
diction of the secondary loss for high cambered bladings with low aspect ratios,

2, PHYSICAL PICTURE OF SECONDARY FLOW

'Secondary flow' in the turbomachinery domain is normally described as the difference
between the real flow and the two dimensional flow in a cascade or the difference between
the real flov and the hypothetical flow through & stage constructed by dividing the flow
section into a number of streamtubes with axisymmetric two dimensional flow, Hence, the
secondary flow is due to the interaction of the side wall or casing boundary layer with
the main through flow.

The different flow features represented by the designation 'secondary flow' can be
split down, using figure 2 :

1) cascade secondary flow,

2) trailing vortices,

3) tip leakage flow in unshrouded bladings,

4) radial flows,

5) scraping flow effects in unshrouded bladings.

Two pairs of vortices are formed in the downstream flow field of a blade row. A pair
of corner vortices placed in the corner formed by the suction side of the blading and
the casing and a pair of bulk vortices in the main stream.

The bulk vortices or cascade secondary vortices are due to the boundary layer up=-
stream of the cascade. A relatively sound representation of this flow can be obtained
using the model of a gyroscope. The boundary layer upstream of the cascade can be re-
presented with a vortex sheet., A turning of these vortex filaments around an axis parallel
to the blade span results in a vortex pair parallel to the flow direction downstream of
the cascade.

The vortex sheet attached to the trailing ed e of the cascade blading originates
from a variable distribution of circulation along the blade span due to a variable cam=
ber of the blading or a non-uniform inlet velocity distribution, A vortex sheet is un=-
stable in real flow and rolls up into a single vortex. In our case, a vortex pair is
formed in opposite direction of rotation. In real flow measurements, it is impossible to
distinguish the trailing edge vortex from the corner vortex formed by the interaction of
the boundary layer accumulated in the corner of the suction side of the blade and end wall,

The tip leakage flow is due to two effects. The slot between casing or shaft and
blades allows for a part of the mass flow not to participate at the energy exchange., In
addition, & tip vortex is formed due to the pressure difference on the suction and pres=-
sure side of the blade,

The scraping flow vortex is formed by the relative motion between the casing and the
blades, Ths effect is of & certain importange only for high circumferential speeds,

In a similar way to the overturning in the side wall boundary layer, low energy
material is transported along the blade span, mainly in the rear part of the blade, The
direction and amount of radial flow depends on the type of blade design (free vortex or
forced vortex, stator or rotor).
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Secondary flow models

The complex mechanism of secondary flows is not completely understood up to now,
because it is principally a three dimensional boundary layer problem, This boundary
layer separates and rolls up into a vortex, a problem which cannot be solved with the
actual knowledge,

The research in secondary flow has made considerable progress thanks to the use of
two different models: the inviscid model and the viscous model, sketched in figs. 3 and
4, Recently, it has been found out that these two models fail to describe the secondary
flow for highly loaded bladings with a low aspect ratio, A third model should be used
bvased on the analogy with a rectangular bend (ref. 2).

The inviscid model neglects the viscous effects in the blade passage. Only the in-
fluence of the nonuniformity of the flow upstream of the cascade is considered on the
downstream flow. The two cascade secondary vortices,parallel to the downstream flow di=-
rection, are formed., An analytical treatment is possible as shown by the classical papers
of Squire and Winter and Hawthorne (refs 1 and 3). Squire and Winter found a relation
between the vorticity downstream of the cascade, the camber angle of the blade and the
velocity gradient in direction 2z :

aU

£, = = 20 & (1)

with the assumption that the vorticity is zero in direction of the upstream flow,

Due to the very restrictive assumptions necessary to arrive at eq. (1), the inviscid
model can only be used for the description of the flow in high aspect ratio and small
cambered bladings. The model cannot be used for the blading necessary for small high
specific energy turbomachines.

The viscous model takes into account the viscous effects inside of the cascade, The
development of the corner vortices (fig, U) which are determined with this model, can be
described physically using the condition of equilibrium between the centrifugal forces
created by the curvature of the streamlines and the static pressure gradient betweer two
neighbouring blades, The boundary layer fluid on the end walls has to support the same
pressure gradient as the main flow, but the kinetic energy is smaller, Hence, the boun-
dary layer material is deflected from the pressure side to the suction of a blade channel.
In the corner formed by the suction side and the end wall, the boundary layer material
accumulates and the corner vortex is formed by the interaction with the main flow. The
creation of the corner vortex can be described by representing the boundary layer on the
end wall by a vortex sheet, The deflection of this vortex sheet in the corner between
end wall and blade results in a self-induced roll up of the vortex sheet,

This description is confirmed by the flow visualization with titaniumdioxyde pre-
sented in figure 5.

An analytical treatment of the flow described by the viscous model is not possible
in the actual state of knowledge.

3. SECONDARY FLOW LOSS

The cascade Secondary models treated in the preceding chapter can a give a physical
description of the secondary flow, but not of the secondary losses in which the turbo=-
machine desginer is interested in., Most probably, the following factors will have a
certain influence on the magnitude of the secondary loss:

1) the cascade sécondary vortices and corner vortices,
2) the interaction of the corner vortices with the main flow,
3) the separation on the side wall,

Detra (ref. 4) has shown that the energy bounded in the vortices can be neglected in
‘comparison to the other total pressure losses occuring in the blade passage.

Louis (ref. 5) could show experimentally that only the interaction of the corner
vortices with the main flow has to be considered or the determination of the total pres-
sure loss, The influence of the cascade vortex pair can be neglected.

Hence, it can be assumed that most of the secondary losses are originating of two
factors, whose fluid mechanics cannot be described theoretically with actual knowledge.
We are forced to use empirical or, at the best, semi-empirical relations,

A comprehensive résumé of the classical empirical relations can be found in ref. 1.
With the inviscid model of Squire and Winter, we know that the vorticity downstream
of the cascade is proportional to the deflection angle of the cascade, Hence, the total

pressure losses are proportional to 82,

Also, the camber angle of a blade can be considered as an indication of the loading
of the blading and the end walls.,
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Using this condition, Howell (ref. 6) has established the relation for the induced
drag due to secondary flow :

2
¢, = .018 c (2)
18

vith measurements of classical compressor cascades,

Following Scholz (ref. 7), it can be supposed in first approximation that the secon-
dary losses are a unique function of the blade turning. That means, the ratio of secon=
dary losses to total losses increases with a decrease of the blade height. Generally,
the blade height is not used as characteristic parameter, but the ratio h/c, the aspect
ratio. This ratio also takes into account the length of the flow path om which the par-
ticles of the end wall boundary layer are travelling to form the corner vortex.

Vavra (ref. 8) gives the following relation using the influence of the aspect ratio
and the camber angle on the secondary drag coefficient :

2
Cp. = .04 Cp - (3)

18

lo

A third parameter, the solidity ¢ of the cascade, can influence the secondary losses,
although the experimental ev dence of its influence is contradictory., Ehrich and Detra
(ref., 9) are using this parameter in the form : A,R, = A*o = h/s, The following relation
is proposed :

2

Dis A.R.(l-QZ/A-R-)a

\

Relations (3) and (4) are also established with experimental results of classical com=
pressor blades, i.e., with aspect ratios h/c > 1 and camber angles 8 < 30°,

At the von Karman Institute a method to predict the secondary flow loss in function
of the turning angle and aspect ratio was developed (ref. 10) using a model that can be
placed between the viscous and the inviscid model., This intermediate position occurs due
to the consideration of the boundary layer thickness build up in the cascade passage,
but not of the interaction between the end wall and the suction side boundary layer,

The calculation of the end wall boundary layer is based on the assumption that a
mean loading of the pressure and suction side loading at midspan exists om the end walls,
due to the assumption of a constant static pressure gradient over the span, The boundary
layer thickness is determined at the trailing edge, using the diffusion factor relation
with Buri's separation criterion as determination of the blade loading.

The important influence of the boundary layér thickness on the size and position of
the corner vortex has been proved amongst other by measurements of Senoo (ref, 11). He
could show that the size of the vortex and the distance between the center of the vortex
and the endwalls rises with the boundary layer thickness {(fig. 6).

Assuming & linear variation of the velocity distribution in the boundary layer at
the blade outlet plane, the circulation along the blade span can be approximated by the
model of a horse-shoe vortex (fig. 7). The distance between the two trailing vortices
is fixed in function of the boundary layer thickness with the condition that the lift
of the original blade and the replacing blade using the horse-shoe model, is the ‘same,
The following relation is obtained for the ratio of replacement blade height and real
blade height

h—'al-

s .
T (5)

wj&

In figure 8 the calculated values of the vortex centers are compared with the measure-
ments. A satisfactory correspondence is obtained.

Using a proposal of Carter and Cohen (ref. 12) the whole cascade system is replaced
by the model blades as shown in fig. 9. The induced drag due to the trailing edge vor-
tices and their images is calculated in ref, 10 with less restrictions than in ref, 12,

l L2 l-h'/h
o =’6-ch . ) (6)

D. VTR
18 . 1~(1=h'/h)

The secondary flow loss coefficient, wey can be calculated using the formula
o.cDis
=—B
8 cosB

(1)

With the above briefly outlined method, the secondary loss has been calculated for dif-
ferent cascades. A sufficient agreement has been obtained between calculated values and
measured ones,
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In figure 10, the ratio of secondary loss to the total cascade loss is shown in
function of the msin parameters influencing the secondary flow : 6 and c/h. The secondary
loss is calculated with the above described method using the measurements obtained at
midspan, or taken directly from measurements if a sure distinction between profile loss
and secondary loss could be made. The curve shows for small values of 8(c/h) an increase
of the secondary loss of parabolic type. For higher values of 6(c/h), this ratio tends
to approach a constant value, The blade forms used in the investigations up to now for

compressor blades were all in the range of 8 = 30°, ¢/b < .5, that means, 8(c/h) < .25 rud.

Hence, the approach to & constant value could not be predicted,

The formulae (2), {3) and (4) roughly give the same results for classical blades,
In figure 11, the equations of Vavra and Detra and Ehrich are compared. Almost identical
results are obtained for the two relations for small to moderate loadings of the blade,
Also, at high C, values the difference is only small between the results of the two
equations.

.For very highly loaded blades, these classical relations and the VKI method are com-
pared with measurements in fig., 12, where the secondary loss coefficient is plotted in
function of the aspect ratio. None of the classical methods is able to predict the secon-
dary loss for this type of blading sufficiently exact,

L, OUTLET FLOW ANGLE

The change of deflection due to secondary flows can be approached in two different
ways :

1) the treiling edge vortices are taken as principal origin of secondary loss by inducing
a deflection at the lifting line;

2) the change of outlet angle over the span is determined due to the influence of the
cascade secondary flow using the stream function for the secondary flow in the cas-
cade outlet plane, Normally, an underturning at the center of the vortex and an ove-=
turning at the side wall is indicated.

At the side wall, the influence of the cascade secondary vortex is predominant and
causes an overturning of the flow, Moving to the center of the blade the influence of
the corner vortex diminishes this overturning until the core of this vortex is passed
where the highest deviation angle exists. Now the corner vortex and the secondary vortex
causes an increase of the turning which weaks off to the midspan of the blade.

Some analytical results are published by Horlock (ref, 13) and Hawthorne based on
the theory of the latter., But due to the restriction of the validity of this method,
the range of applications is also very limited for the outlet angle distribution,

A comparison between calculated and measured values is shown in fig. 13 for a com-
pressor cascade with blades of 30° camber angle and an aspect ratio of unity. A spanwvise
variation of 7° is shown.

In figure 14 the outlet flow angle distribution for a 50° camber compressor blade
is presented, indicating even a variation of higher than 10°, which makes the design
task for the following blade row extremely difficult,

5. MINIMIZATION OF SECONDARY FLOW LOSS

Many attempts have been made to reduce the secondary flow loss. This can be achieved
using the following possibilities :
1) to reduce the end wall boundary layer thickness;
2) to reduce the radial pressure gradient;
3) to reduce the pressure difference between suction and pressure side of the blade;
4) to use an optimum tip clearance.

The end wall boundary layer can be reduced using small chord blades, what is often
impossible to obtain due to mechenical reasons., Another possibility is the suction of
the end wall boundary layer material upstream of the blade row and inside of the blade
passage. :

A further means to reduce the end wall boundary layer was suggested by Burrows (ref.
14), In the nozzle design for smsll gas turbines with high inlet temperature the neces=~
sity arises of side wall cooling. The cooling air can be injected in such & way that
side wall flow separation is prevented due to reenergizing the boundary layer with the
injected air,

The difference in pressure between the concave and the convex side of the flow
channel, one of the main factors to create secondary flows, can be diminished using a
meridional comstriction (fig. 15).

A different twisting (ref. 15) of the blade or a long chord in the annulus boundary
layer section can reduce the cormer vortices, due to creating a uniform distribution
of circulastion along the blade, Together with the prolongation of the blade chord, a
higher camber angle in the leading edge part should be used, to take the higher (measured
against axial direction) flow angle in the boundary layer into account.
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Some investigators. propose & twisting of the blade in such a way to produce & uni-
form outlet angle, whlch is advantageous for the adaptation of the following blade row.

Todd (ref. 16) used some flow fences on the blade to reduce the cross flow on the
suction side of the blade. The total pressure loss could be decreased by this means, but
for the whole blade passage the total pressure loss was increased due to :

1) additional viscous losses on the fence, and
2) additional losses produced by a maladaptation of the streamlines on the blade surface
and the fence.

At the von Karman Institute, partial slotting of the blades has been applied rather
successfully (ref., 10). A decrease of 20% of the total pressure loss coefficient of the
whole blade passage has been obtained, which corresponds to an increase of 15% of the
efficiency of a compressor stage.

6. CONCLUSIONS

The influence of secondary flow effects has to be taken into account to be able to
establish a sound design of high specific power turbomachines.

Only the viscous and the channel model give a sufficient prediction of the secondary
loss. The use of the inviscid model has to be restricted to the design of inlet guide
vanes, ’

With the actual knowledge the viscous and the channel model cannot be treated
mathematically. Hence, it is necessary to develop semi-empirical rules based on measure-
ments of the type of blades necessary for the new generation of turbomachines.
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Comparison of empirical formulae for secondary flow drag coefficient in cascade
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SUMMARY

« Dimensionless parameters are presented for the design of compressors with axial inlet velocities and
radial bledes at the rotor discharge. These parameters take account of the compressibility of the flow
and hold for arbitrary fluids. They permit to evaluate the effect of changes of the design variables on
the conditions of state of the fluid at different locations, and on the geometry of the design. ILoss
relationships are discussed and their effects on performance are shown. The design parameters are
compared with the so-called specific speed criteria to show that the latter do not satisfy the laws of
Bimilarity if compressibility effects are taken into account.
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BASIC ELEMENTS FOR ADVANCED
DESIGN OF RADIAL-FLOW COMPRESSORS

M. H. Vavra

1. INTRODUCTION

Under consideration are high-speed centrifugal compressors with rotore of the type shown in Fig. 1
that have radial bledes at the discherge and where the absolute inlet velocities are in axial direction.
With a straight annular inlet duct these inlet velocities will be uniform between the radii Rjj and Rio
of the impeller eye. For a particular relative flow angle By, and the relative velocity W;, at Ry osthere
is then known the peripheral speed Uj,, which, for chosen radius ratios Rg/Rlo, establishes the peripheral
rotor speed Up at Ro. The average relative velocity Wo at the discherge of a rotor with radial blades is
not radial, but has an aversge angle Po. With the slip factor u there is

.1 () Uy

Bo = tan T (1)

where Vyo is the average meridional velocity at the rotor discharge. Equation 1 is a consequence of the

definition of the slip factor

Vo

b , (2)

For a simplified analysis of the compressor performance that assumes uniform conditions at the rotor
discharge not only in peripheral but alsc in exial direction, across the blade width by, and for axisl
absolute velocities V; at the rotor inlet, the specific work AHy necessary to drive the compressor is fron
moment of momentum consideration, for an assumed adiabatic process,

2 £t-1b
AH, = p Up _sTGE) ‘ (3)

For a perfect gas with v = cP/cv = constant, the actual rise in total temperature AT, in the rotor is

MM pu?
W 2.
p
With the gas constant Ry there is
= X
% =R I ()

Let

ag = J:TEE—E;; = Jr;qi;;g1 A (5)

be the velocity of sound at the total inlet temperature Ty = To. Then

AT, U, 2
T = @ (y-1) (-a—o) (6)

For an isentropic compression process from the total inlet pressure Po = Pgg = Ptl to the discharge pressure
Py), the necessary work required would be °p A& Ty, where

X1
P Y .
th
ATyg = To[(?) - 1]‘ | (7)
The compressor efficiency M. is defined by
y-1
P Y
th
M. = ATiS - (-P(—)—) -1 (8)
Cc AT = 2
W U2
p(v-1) (=)

%o
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For s particular design the following date are usually prescri‘ped:

& - mess flow rate (slug/s)

Py - ‘total inlet pressure (psia)
T, - ‘total inlet temperature (°R)
P,), - discharge pressure (psié)

Yy - ratio of specific heats ¢ and ¢,

- ges constant (———U—ft'lb
G slug,

With the indicated units, which are frequently uged for engineering purposes, a quantity of mass ig in
slugs which is derived from the chosen units of force, length, and time. However, the relations which are
going to be established hold for any consistent system of units, hence also for one where the primary units
are mass, length and time, and where forces are in derived units.

For the given conditions there are to be found the following data for an optimum design:

U2 - peripheral rotor speed at R2
/ _ ratio of axisl impeller width at discharge
b2 R2 outer radius of impeller

R o/ _ outer redius at rotor inlet
L R outer radius of impeller

R /R' _ inner radius at rotor inlet
11/ “1o outer redius at rotor inlet

W - angular velocity of impeller (radians/s)
Bio - relative flow angle at Ryq ’
o ~ absolute flow angle at R,
R 3/ _ radius at inlet lip of diffusor blades
o outer radius of impeller
R h/ _ radius at discharge of diffusor
R2 outer radius of impeller

Importent design criteria are also:

=2 Mach mumber of relative velocity Wy, at outer radius Ry, at
impeller inlet
V.
MV2 = a—z - Mach number of absolute velocity Vo at impeller dischaerge

Mechanical and fluid dynamics considerations impose design limits of:

a) Up, because of permissible rotar gtresses

b) Rlo/ Ry, which cannot exceed about 0.70 to 0.75 to obtain an outer rotor contour with acceptably
small curvatures in the meridinal plane

c) Rli/ Ry,, which, if too small, does not permit the a.rra,ngement of & sufficiently large number of

. rotor blades Zp with reasonsble thickness

d) B1g, which cannot be larger than about. 70° for manufacturing reasons

e) b Ro, which cannot be smaller than certain limits to obtain good efficiencies

£) op, which cannot exceed 70° to 80° because of manufacturing reasons and becsuse of poor diffusor
performance, especially if My, is larger then unity.

2. COMPRESSION PROCESS

Figure 2 is a temperature-entropy diegrem showing the thermodynemic process in the compressor of Fig. 1.
The temperature differences in Fig. 2 correspond roughly to the velocities of the trianglgs of Fig. 1 to
obtain a realistic representation. Since by Eq. 6 the work input AT, is also AT, = p (U2 /c ), the tempera-
ture rise To - T; in the rotor is roughly one-half of ATy. ILater:-on the so-called degree of reaction r*
will be introduced to determine this ratio more precisely.

Station (1) in Fig. 2 corresponds to the static condition at the rotor inlet, given by the static
pressure p] and the static temperature T;. The total pressure and total temperature at this station are
Py1 = Py and Ty = To. For the isentropic process between (0) and (1).

Tt To
T -7

—]_+;l 2
A MR (9)
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Vl Vl

MVI a_l=[YRGTl]_2-

is the Mach number of the absolute velocity Vi at the rotor inlet.

The conditions of state at all locations can be expressed with the parameters Up/eg, Ryo/Ros My, Pio»
ao, Wk, and loss coefficients that establish the entropy increments between the different stations, 1f it
is assumed that the flow process along the outer contour of the rotor between the radii and Ry is
representative of the rotor flow in general. The later assumption is made because the relative veloecity
W1 and the relative flow angle B; are higher at Rjo than at other radii R;. Hence along the outer rotor
contour from Ry, to Rp there occur the highest deceleration ratio Wio/Wo and the largest flow deflection
0P = Bjp + Bp. Moreover since the path travelled by a fluid particle along the outer rotor contour is
shorter than that travelled by a particle entering at other radii Rj, the conditions along the outer rotor
contour will establish design limitations and have a critical influence on the rotor losses.

With the chosen parameters, Eq. 9 can be rewritten

Ty 1

T -1 . 2 )
0 1+dEMg cosBy,

This formuls is also given by Eq. I(5) of Table I. This table has been arranged to list the pertinent
relations for the determination of the flow properties in the compressor for ready reference. In the
following only the main steps will be indicated thet led to these formulas without going into the details
of their derivations. Some of the equations, for instance Eq. I(6), can be obtained directly from Fig. 2,
It can be noted that all temperatures are given as multiples of the total inlet temperature Ty = Ty;, and

ressures are listed as ratios with respect to Py = Pyy. The static temperature To of the rotor discharge
qu. I(7)] is equal to the difference of the total temperature Typ at the rotor exit and Vs /2 , where Vp
is given by Eq. I(3). The temperature Tp'is necessary to calculate the pressure ratio pp/Py by Eq. I(20).
Evlidently T2'depends on the entropy increase sp - s3 in the rotor.

The process between stations (1) and (2) fram the rotor inlet to its discharge can be formulated by

W 2 U 2 W 2 U 2

lo lo 2 2
T =2 _ =2 _ 7 ;= _ = . (10)
1 2¢ 2cP 2 2cP p

which is a fundemental relation obtained fram the energy equation for steady, adiabatic flows along stream-
lines in rotors, as shown in Art., 7.5 of Ref. 1.

The following discussion uses a relation which is obtained fram Eq. 10 for incompressible flows (See
Eq. 7(4l) of Ref. 1). At a particular radius R along the outer rotor contour where the peripheral and
relative velocities are U and W, respectively, the static pressure p is

2 2 2
p=py* 5 (F - B+, - W -, (11)

1o
where p is the constant mass density of the fluid, and Aps the pressure loss due to frictional effects in
the rotor. At the rotor inlet, where U = Ujp and W = Wy,, the static pressure is evidently equal to pj,

the gtatic pressure in the absolute flow just ahead of the rotor at Rjg. Equation 11 shgws that, independ-
ently of the values of W and Apr, there will always occur & pressure increase p/2(U2-Ulo ) if a fluid
perticle moves from Ry, to R. An additional pressure rise is produced by decelerating the relative velocity
from Wy, to W. A flow that moves in a direction where the static pressure increases is more susceptible

to separations than an accelerated flow, but the frictional pressure loss between neighboring stations is
proportional to the dynamic head (p/2) W2 in both flows. In view of Eq. 11 however there exist differences
between flows that pass through stationary channels and those in rotating impellers. If a relative flow

is decelerated in a rotating channel, whose distance from the axis of rotation increases in flow direction,

it will not necessarily separate even though it moves against rﬁ{idly increasing static pressures, provided
these pressure gradients are produced by the centrifugal force field and not. by large reductions in relative

velocity. If the same static pressure rise would have to be produced in a stationary channel of the same
length as the rotating one, the deceleration of the flow per unit length would very likely become excessive
and could be associated with considerably increased losses because of flow geparations. On the other hand,
if it were possible to ignore the effects due to Coriolis accelerations, it could be stated that the pressure
losses in a stationary and in a rotating channel of equal length and shape would have to be equal for the
same velocity heads and equal flow decelerations, except for influences due to Reynolds number differences.
Moreover, for different velocity heads the pressure losses would be directly proportional to the velocity
heads at corresponding locations in the two channels. However if the respective performance of the two
channels were eveluated by a loas coefficient (R that relates the frictional pressure drop Aps to the actual
static pressure rise in the channel, its value would be loger for the rotating channel than for the stationary
one because of the additional pressure rise (P/2)(U2 - U10°). The performance of the channels can be
compared only by means of a loss coefficient {y that is defined as the ratlo of the pressure drop Apy and
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the pressure rige (p/2)(W'1°2 - W12) due to the flow deceleration, irrespective of whether additional
pressure rise is produced by the centrifugal force field or not.

These elementary considerations have not been pregented here to imply that the loss coefficients Cw
in a rotating and in a stationary channel of the seme geometry are equal. In Ref., 1, Art. 8.5, it is
shown that flows in stationary and rotating channels have fundamental differences as far as their rotational
characteristics are concerned, and consequences of these conditions are described in Arts. 10.5 and 12.2
of Ref, 1. The intent of the above discussion is to draw attention to the fact that frequently used formu-
lations for the efficiency of impellers for centrifugal turbines and compressors cannot serve as a measure
for the performance of these rotors, and that some of the separation criteria aepplied to flows in centrifugal
rotors have no physical meaning.

A commonly used definition for the efficiency of a centrifugal compressor rotor is

2 1
T ~ )

The significance of the temperatures ig evident from Fig. 2. Equation 12 holds for the compressible
flow of fluids with a constant value of y = cy. Similar to the preceding discussion that delt with
incompressible flows, part of the temperature rise in the rotor is due to the increase in periphersl speed
from station (1) to station (2). Equation 10, rewritten as

2
ul.u ? w?2_y? Ww. 2.
2 lo 1o 2 lo 2
- =73 e - Th T3
p P %

(13)

shows that the static temperature rise T, - T, due to the centrifugal force field is equal to the first
term on the right-hand side of Eq. 13. It occurs in rotors with and without flow losses, hence it is
independent of the entropy increase sp - s7. Thus the compression corresponding to (Ugé - Ul°)2/2
occurs slong the isentropic line sy = constant from T; to Ty, from station (1) to station (u) in Fig. 2,
producing the static pressure rise py - pj, where

Y 2 o X 2 o Y
Py Ty, -1 (U2 - U ) ¥1 y-1 Up - Uy Y1
P = (Er) = (1 + = ) = (1 + 5 __777§;ﬁ7-0
1 1 I 1

The deceleration of the relative velocity from Wy, to Wo produces the temperature rise '

2 2
T T —wlo i (1k)
2Tty

with an entropy increase from sy to sp, due to the flow losses, which in turn affect the pressure rise
P2 - pu. The efficiency of the process from {u) to (2) can be defined by the so-called wheel efficiency

T.,' - T T.,' - T
Ty = 2 . uo_ 2 u (15)
T, - 2 2
27 u (Wo” = Wy)/2 ep
giving
T,' T,
2 2
7o W o tl-Ty
u u
and
X
v-1

P2 . (2
pu Tu

From a fluid dynemics view point only the efficiency Ty is a measure for the quality of the rotar
performance. In particular, low measured values of Ty are indications for the existence of flow separstions,
although T, will be affected also by the tip clearance losses, the so-called scrubbing losses produced by
the rotating blades in the wall boundary layer at the fixed shroud, and the mixing losses after the rotor.
However, low efficiencies Ty are only partly reflected in the rotor efficiency T of Eq 12 because of the
temperature rise Ty - Ty which is produced without entropy increases. If the entropy diagram of Fig. 2 were
to represent the actual conditions in the campressor of Fig. 1, there would be, by measuring the tempera-
ture differences in Fig. 2,

g = 0.84
and
Ty = 0.57

Although the value of TR = 0.84 seems to indicate that the flow in the rotor is reasonsbly good, the
low value of Ty = 0.57 shows clearly that it should be possible to improve the rotor considerably with a
redesign. Such improvement should be undertaken not only to increase the overall efficienty of the campressor
by reducing the entropy rise sp - s] in the rotor, but also to produce more uniform flow conditions at the
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rotor discharge since it might then be possible to reduce the diffusor losses also.

The process in the rotor that involves the relative velocity changes can be considered also from a
different view point. Equation 10 may be written as

2 2 2 2 2

Y16 U - Upg 1o W 6

T, =T, + + =T + (16)
E 1 2¢p 2 cp u 2 cp 2 2 cp .

where Tp is the so-called equivalent total temperature of the rotor flow. Equation 16 has the same form
a8 the energy equation for an adiabatic process of an absolute flow if Tp is replaced by the constant
absolute total temperature '1‘t and Wo by the absolute velocity V. The temperature Tp is constant for a
process in a particular rotor having a fixed radius ratio Rlo/Rg and turning at a specified speed. Thus,
for given inlet conditions, Eq. 16 can be used also for an isentropic process along s] = constant from (u)
to (2) to give, in sccordance with Fig. 2,

2
Wos
2is
* o (17)

Tg = Tp

for the same pressure rise pp - p, as produced by the process with friction, and Wpjg is the theoretical
velocity available at the pressure pp. In turbine calculations it is customary to express the rotor losses
by so-called velocity coefficients ¥

- (18)

If this formulation is used for compressors also, there is from Eq. 17,

2
A (19)
= - — ———— . l
2 E w2 2 cp 9
Introduced into Eq. 15
W,
1 2 \2
wloz_wea/we 1-F(w—h))
Ty = ) 5 = (20)
Yo - %2 1. ey
Wio
or
_ wé/wlo
Vo= (21)

W,
El-nwww(ﬁﬁ%

»

The reason for introducing ¥ as an alternate for Ty is that Ty equals - «® for the special condition
where Wo = Wig, or To = Ty. In this case, end if Wo is larger than Wy, the velocity coefficient § can
however still be applied. On the other hand, for usual designs where Wo is smaller than Wi,, the velocity
coefficitent is not a good measure for the rotor performance since | can be increassed by simply meking
the velocity Wo smeller, and it is then more sppropriate to use the wheel efficiency ﬂw for the loss evaluea~
tion. Since the same difficulties in expressing the losses occur in turbines also, an additional formula-
tion is scmetimes used which establishes the drop in total pressure that is associated with the entropy
increase s2 - s1. For radial compressor rotors these formulation are either

¢ - im " e
i (22)

or

P - .
Y, - 2 . (23)
E2 - P2

depending on whether the pressure drop Py ~ Ppp is referred to the inlet or the exit conditions. Although
these total pressure loss coefficients are useful at small Mach numbers, or for incompressible flows where
Ppy - Pu = (P/2) Wlo? and Pgo - pp = {p/2)Wp, it can be shown that the corresponding coefficients which
relete the losses to the kinetic energy of the flow (in the same manner as Ty of Eq. 15, or ¢ of Eq. 18)
become smaller for constant values of Yj or Y2 if the Mach number of the inlet or discharge flow increases.
Although the actual energy losses tend to increase with increasing flow Mach numbers, an indiscriminate
spplication of Egs. 22 or 23 with values of Y fram low-speed tests can be used as & wrong argument that the
opposite is true.

2

To simplify the relations for the determination of the conditions of state in the compressor the
velocity coefficients | will be used in the equations of Table I. To comparée two rotors with different
rediug ratios and different deceleration ratios Wo/Wlo, the efficiency Ty of Eq. 15 should be used as &
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measure for their performance. Equations 20 and 21 relate ¢ and Ty to each other. Paragraph 5 contains
a discussion that deals with the magnitudes of Ty. With the formulas of Table I it is possible also to
establish a relation for the determination of Ty for known values of T of Eq., 12, or vice versa. From

nwE( °) -(U—>J+1-<R1°

2 R10
—ﬁz) - (fr) +1- (
and with 1 _(gig
C=— . , (25)
(22)% cot®B, + 20 (1« —%—)
R2 1o 2gin"ap
there' are

Tp= Ty + € (1-Th) (26)
and
ﬂR -C
=T - (27)

High performance compressors with high pressure ratios cannot be equipped with diffusors that are
circular cascades with airfoil shaped blades. Figure 1 is a realistic sketch of a high speed compressor
operating with an average discharge velocity Vo that is supersonic. To obtain reasonebly large axial
blade widths bp as well as acceptable shapes of the meridinal rotor contours, it is necessary to resort to
large angles ap at the rotor discharge. At large angles oo, practical consideration dictate a limited
number of diffusor channels, say, about 8 to 10 for angles ao of about 75©, and the permissible diffusion in
these individual channels produces configurations similar to that depicted in Fig. 1. One of the most
critical problem areas is the design of the flow passages from the rotor discharge to the entrance of the
diffusor channels proper. The absolute flow leaving the rotor is not only non-uniform but also non-steady,
because the relative velocity at the rotor discharge must by necessity vary between the suction and the
pressure sides of the rotor blades at Ro. Designs where the radius Ry is very much larger than the outer
rotor radius Rp, or campressors with vaneless diffusor for large angles @y, were found to be inferior
to machines with small radial gaps Ry - Rp, especially for high subsonic or supersonic velocities Vo. 1If
it were not for the excessive noise the diffusor lips would preferably be arranged even closer to R, as
shown in Fig. 1.

Theoretical attempts were made in Refs. 3 and k. to evaluate the losses in the space between Rp and R3,
and in vaneless diffusors, that are due to mixing and frictional effects. The results of these investigations
do not agree with reality if Myp and/or a2 are large. These inconsistencies are due to the assumption that
equal flow angles are supposed to occur across the axisl width b, of the flow channel after the rotor, a
condition which is created by assuming that the frictional forces along the walls act equally on all particles
between them. In actuality the flow angles & (measured with respect to the radial direction) decrease
redically in the wall boundary leyers in the direction from the mid-section of the channel toward the wall.

The particles inside the boundary layers then move more rapidly to larger radii into zones of higher pressure
than those outside of the boundary layers and very easily cause flow separations from the walls, thereby
impairing the effectiveness of such diffusors.

In the writer's opinion it is incorrect to state that in efficient diffusors the vanes must not be too
close to the impeller, or that the velocity at their entrance must be subsonic in all cases. For the reason
mentioned sbove, it is equally wrong to maintain that vaneless diffusors must be arranged for supersonic
absolute velocities at the rotor discharge.

Eecause of the inability to separate the losses that exist between the radii Rp and Rl of Fig. 1 an
overall diffusor efficlency Tp will be introduced. With the symbols of Fig. 2

1
Th T,

2
Ny = 'm : (28)
h
where w2 y2
_ 2 I
Th - T2 - 2 cp (29)

The velocity V), exists at the diffusor discharge at the radius Ry, and is teken as

With small values of A the radius ratios Rh/Rg become lerge because of the limited amount of
diffusion that is possible per unit length in flow direction to avoid separationes in the diffusor channels.
Velues of A of about 0.20 to 0.30 are common to limit Rh/Rg to about 2. With designs of the type shown in
Fig. 1 the kinetic energy Vu/2 cp cannot be converted into pressure rise, since the flow from the individual
diffusors is dumped into a receiver surrounding them. As indicated by station (d) in Fig. 2 the total
pressure Pyl at the compressor discharge is then equal to the static pressure p) at the diffusor exit, and
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the total temperature at the compressor discharge is T4y = Tt2 for adiabatic processes. The dumping of
the kinetic energy VL,°/2 cp is reflected in the overall diffusor efficiency Tp* between rotor and compressor
discharge 4

=Ty (1= 28) (40)

Diffusor design criteria and spproximate methods to evaluate the diffusor losses are given in
paragreph 5.

Since v 2 v 2
T =T, - b SIS G-
4 t2 2 ¢ th 2 ¢y

and with Eq. 28 there is then obtained the temperature T), , as given by Eg. I(1l) of Teble I. The pressure
py =Pgh is determined from

,.;i_
L

Py Tp

for the isentropic process along the line s, = constant. Because the isentropic temperature differences
between lines of constant pressure are proportional to the initial temperatures of the processes, there is,
with the symbols of Fig. 2,

Tt T L]
AR
P T

T R

To T/ Ty

As shown in Teble I the ratio Th"/TO can be expressed by Eq. I(13) which has the form

T, 1 +A(Xl + A Xé)

T, "~ I1+AB (k1)

where X; and Xp are given by Egs. I(14) and I(15), end

-3
n

Eg 2
(D) 1 ) (k2)

B=1-_E_2_

2 sin“o, (43)

The temperature rise ATy for an isentropic compression from the total conditions Pg, Tp at the
compressor inlet, to the discharge pressure Pgl is, with Eq. b,

ATis_Thn-l—A[XI—B+AX2] "
T T = T+ AB (

Eq. bk is identical with Eq. I(16) of Teble I.

As shown in Table I the pressures at the different stations can be determined from the established
temperatures by using the pressure-temperature relation for isentropic processes of perfect gases.

3. PERFORMANCE AND DESIGN PARAMETERS
The overall compressor efficiency defined by Eq. 8 is, with Eqs. 6, 42, and Lk,

ATis _ Xf B+ A Xé

Te=&F "~ 1T+AB
w

With Eqs. 42 and 43 the sbove relation establishes Eq. II(1l) of Teble II. This table lists the equations
necessary to determine the performance and the geometry of the compressor. Only the principal steps that
led to the equations of Table II are described in the following, the detalls of the derivations are omitted.
The symbols of Table II are those of Figs. 1 and 2, with additional ones that are defined in this paragraph.
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The degree of reaction r* isg defined as the ratio of the isentropic temperature rige To' - Ty in the
rotor to that corresponding to the pressure ratio Pyy/P, . Equation II(2) of Table II shows that for Ty = 1
and ¥ = 1, the degree of reaction is

r*=r*=[l-———_u ]

° 2 sinzotz

For a slip factor u = 0.85, I'o* changes from about 0.544 to 0.433 if the angle op is reduced from 75° to

60°. For low degrees of reaction a large part of the overall pressure rise must be produced in the diffusor.
Since this energy conversion is associated with greater losses than the pressure rise produced in the rotor,
high degrees of reaction are desirable. This condition is used in hydraulic pumps which usually have back-
ward-bent rotor blades to produce most, if not all, of the pressure rise in the rotor. However, if such
rotors were employed for light gases, such as air, the pressure rise would be too small for most applications,
not only because of the reduced specific work input but also because such rotors would not be sble to operate
at high speeds on account of the high bending stresses in the blades. In rotors with radial blades it seems
beneficial to use large angles oo to increase r*. At a fixed peripheral speed Up the velocities Vo decrease
if ao is increased, but difficulties occur then because of the geametry of the passages from the wheel to

the diffusor inlet. The deceleration ratio Wp/Wjo becames smaller also, as shown by Eq. II(5), and the
increased losses caused by larger flow decelerations in the rotor mey off-set the gain that would be obtained
from the increased degree of reaction if other conditions would remain unchanged. The choice of these

design parameters to obtain the best possible solution must usually be based on experience because of the
interactions between rotor and diffusor that are greatly influenced by their designs.

The slip factor u eppears in most of the equations of Tables I and II. More has been written on this
subject than on any other in the field of radial pumps and compressors, primarily because it is of great
importance to know exactly how much energy a wheel will absorb. If wrong values of p are used in a design
the desired pressure ratio will not be obtained even though the expected efficiency is reached. Reference
7 is a recent paper where tests obtained with one perticular wheel are compared with data obtained from
experiments, and with slip factor formulas, by other authors. As is frequently the case in many studies on
the subject, test data from a single wheel obtained at off-design conditions are used to establish design
point data for other impellers. Moreover, the highest ratio Up/sg was only sbout 0.51 in the tests of
Ref. 7. The bibliography of Ref. 7 fails to mention the investigations of Refs. 5 and 6 which were under-
taken at Daimler-Benz A. G. by systematically testing ten high-performance impellers of different shapes
up to values of Ué/ao of gbout 1.1. In the writer's opinion, the data published in Refs. 5 and 6 are
extremely valuasble to the designer and the original curves of the article have been replotted in Fig. 3 to
give wider publicity to this important contribution to the state of the art.

With the slip factor known from Fig. 3 the compressor efficiency of a particular design can be determined.
from Eq. II(1) for known losses. Equation II(3) is plotted in Fig. 4 for vy = 1.4, and different values of
ple, to show the magnitudes of Ug/ao necessary to produce particular pressure ratios. For advanced gas
turbine applications it would be desirable to operate at pressure ratios of between 8 and 10. For T = 0.8
and p = 0.875, Fig. 3 shows that wvalues of Ug/ao of about 1.8 are necessary to reach this goal. Thus,
at an inlet temperature of 60°F, where ag = 1120 ft/s, the rotor of such a compressor has to operate with a
peripheral speed Uz of ebout 2000 ft/s, requiring special materials and careful rotor designs for the
resulting high stresses.

By Eq. I(6) the rise of the total temperature in the compressor is Tt2 - Tp = To(\(-l)p.(Ug/ao)2 = 590°F,
or sbout 600°F, for p = 0.875 and Top = 5200R. Since the degree of reaction is around 0.5, the static
temperature To at the rotor discharge is then sbout 60 + 600/2 = 3600F. At this temperature, high-strength
aluminum alloys have rupture stresses, and stresses for specified creep rates, which are less than one-half
of the allowable stresses at room temperature. Hence it is necessary to use titanium alloys, for instance
those with about 6 percent aluminum and 4 percent vanadium. At 3609F the design criterion for these
materials is the yield stress since no appreciable creep effects occur even for operating times of 100,000
hours. Their 0.2 percent offset yield strength at 360°F is sbout 120 kpsi, with an ultimate strength of
about 150 kpsi. As shown in chapter C of Ref, 8, the tangential stress in a non-supported ring of smell
radial thickness rotating with the peripheral speed Uo is pU22. For titanium with a specific gravity of u4.k43,
this value is asbout 240 kpsi at Up = 2000 ft/s. Figures C.27 and C.29 of Ref2 8 show he so-called equiva-
lent centrifugal stresses O in rotors with:'radial bledes as multiples of pU2” = pw2Ro , for a design where

the disk extends to the outer tip of the blades at R2, and another which has so-called scallops between the
blades, similar to the rotor design shown in Fig. 1. Not counting the stress peaks at the central bore,
which are more of the nature of stress concentrations that will be relieved by plastic deformations, because
titanium has high ductility on account of its 20 percent elongation, the maximum stress ratios Oe/(png) are
about 0.25 and 0.16 for the rotors without and with scallops, respectively.  Hence the maximum stresses at
2000 ft/s will be about 60 kpsi for one and sbout 40 kpsi for the other rotor. This discussion shows that
compressor rotors operating at tip speeds of 2000 ft/s are feasible and that by arranging scallops, and
using 75 percent of the 0.2 percent offset yield stress, or 90 kpsi, as design criterion, the maximum tip
speed could be‘as high as 3000 ft/s or over 900 m/s. The latter speeds would give velocity ratios Uz/ag

of about 2.68 at Ty = 600F and v = 1.4k. For Uo/ap = 2.68, w = 0.85, Mg = 0.80, pressure ratios Pyl/P, of
about 43 could be reached in a single stage for geses with v = 1.4, The extreme difficulties that would

be sssociated with sucha design, in particular those arising because of the large volume flow reductions,
will not be discussed here. The intent of the fore-going deliberstions is to show that pressure ratios in
centrifugal compressors for air are not restricted because of rotor stresses.

Important advances are being made in nucleer gas turbines with helium as working fluid, as described
in a recent article by Bammert and Bohm9. The main difficulties in the design of the turbomachines for
this plant.ere the low pressure ratios that cen be produced with helium in a conventional compressor stage,
since the molecular weight of helium is only sbout 4 and vy = 1.659. At 60°F the velocity of sound in
helium is 3275 ft/s. For a rotor with' Uz = 3000 ft/s, a speed ratio Up/eg = 0.916 would be obtained in
a radial compressor. All velocities in the compressor would be subsonic and design point efficiencies of
about Mg = 0.85 seem feasible. For wu=0.90, Te = 0.85, Ue/ao = 0.916, at vy = 1.659, the resulting pressure
ratio Pt4 /Po would be 2.43 in accordance with Eq. 8.
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In Ref. 9 a 25 MW, closed-cycle helium gas turbine plant is described that operates with a turbine
vpressure retio of 2.55. The pressure ratio of the compressors will have to be about 2.7 to overcome the
pressure losses in the reactor and heat exchangers, of which no values are given in the paper. Reference
9 shows however that the plant has three axial compressors in series, each consisting of 9 stages. Since
intercoclers are arranged between the three compressors each will produce a pressure ratio of sbout 1.k,
If the three axial compressors were replaced by two single-stage radial compressors, of the type described
with an intercooler between them, it would be possible to obtain an overall presswre ratio of about six
which would be of advantage for the cycle. The writer does not want to minimize the difficulties that
would be connected with the development of radial compressors and radial turbines for such applications,
in addition to those connected with the bearings, seals and gear drives, but it is felt that they might
be the ultimate solution for these highly interesting power plents.

EqQuation I{1) will be used in an example to show the influence of the diffusor losses on the compressor
efficiency at different speed ratios Usap, for asbsolute flow angles o of 600 and 750, The velocity coeffi-
cients ¥ will be determined by assuming a wheel efficiency Ty of Eq. 15 of 0.7 for both impellers. Equations
21 and 2l were used to establish Fig. 5. The deceleration ratios Wo/Wjo are 0.68 for op = 60° and 0.366
for a2 = 75° by Eq. I(5) for the data listed in Fig. 5. This difference makes the choice of equel efficien-
cies for both cases somewhat dubious. It is seen from Fig. 5 that the rotor efficiencies Tg are 0.89
and 0.855 for ap = 60° and ap = 759, respectively. The corresponding values of ¥, which will be used in
Eq. I(1), are 0.865 and 0.585. It is assumed further that the velocity V) at the diffusor discharge is
0.2 Vg, or A = 0.2, so that Tp* = 0.96 Tp by Eq. I(12). Figure 6 shows the large effect of the diffusor
losses on the compressor efficiency. To obtain Te = 0.85, the diffusor efficiency must be sbout 0.9 for
all speed ratios Ug/ag. If Tp were 0.7 instead of 0.9, the compressor efficiency would only be 0.75.

At Ug/ao = 1,6, this decreased diffusor efficiency would reduce the pressure ratio of the compressor

fram about 7 to 5.8, which in a gas turbine plant would produce a mismatch between turbine and compressor,
with additional adverse effects on the thermal efficiency of the plant. Figure 6 shows also that the
diffusor has a larger influence on T, at the higher flow angle ap. On the other hand, the Mach number Myp
of the rotor discharge velocity will be lower at @o = 75C than at o = 600, The respective values can be
obtained from Eq. II(6) which has been represented in Fig. 7 for vy = 1.4. At Up/ap = 1.6, the values of
My2 are 1.16 and 1,24 for ap of 750 and 600, respectively, for the design parsmeters listed in Fig. S.

Figure 7 shows that the Mach number My becomes unity for values of Ug/ao between 1.1 and 1.3, depend-
ing on the choice of ap. From Fig. 8, which ie a representation of Eq. II(4), it can be noted that fora
speed ratio U2/a0= 1.2 and at a radius ratio Rlo/Re of about 0.67, which represents an average design
velue, the relative velocity Wi, at the rotor inlet has a Mach number Myy of about 0.9 at an inlet angle
Blo of 65°. TFigures 8 and 4 show that the Mach number Myy for air compressors will not have to be larger
than about 1.3 to produce pressure ratios up to about ten. Some gources state that no efficient inducers
can be built for values of My1 larger than 0.8 because of "shock losses". It seems to the writer that
such statements are not different from those made some years ago, which predicted that it would be imposs-
ible for an airplane to break the "sonic barrier", or others which maintained that an axial compressor
hes to operate at subsonic velocities to be efficient. Advances in transonic axial-flow compressor stages
have shown that human ingenuity can overcome these so-celled barriers. Reference 10 is cited as an example,
where a transonic boost stage aheed of the inlet of a centrifugal compressor is described, which produces
a pressure ratio of 1.43 for air at an efficiency of 90 percent with a tip Mach number of 1.05.

The flow in an inducer of an impeller with radial blades is different from that in an axial-flow
rotor. In the latter, particles that have been moving along the suction and the pressure sides of the
blades are mixed at essentially constant static pressure after the trailing edges at the discharge,
whereas no such mixing occurs in the flow channels where the inducer joins the radial blades of the
impeller. Hence the pressure distributions along the walls of the inducer blades must be radically
different from those along the surfaces of an axial rotor blade, and separation criteria that are based
on tye diffuswn factor of axial cascades cannot be applied. Similar to the conditions in transonic axial
stages the supersonic relative velocity at the tip of an inducer becomes sonic at a particular radius Ric,
and subsonic at radii Rjy smaller than Rj,. Denoting the Mach number of Wy at Ry, by Mix, and that at
R1o by Myl as previously defined, there is '

R M2 3
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Figure 10 shows the values of Rlx/Rlo obtained from Eq. 45 for Myy = 1.3, at different relative flow
angles Blo at the inducer tip, and for particular values of the Mach number Mjy. This graph is presented
to show that it is non-sensical to state that Myn cannot exceed particular values without specifying at
what angle B1o end at what ratio Ryi/Rjo this limitation holds. Whereas at Byg = 75° a Mach number of
unity occurs at Rix/Rip = 0.75, the whole inlet annulus will have supersonic relative velocities at B10 = 50°,
for the same Mach number Myy = 1.3 at the tip. Moreover, if at By = 75° the hub/tip ratio Rli/Rlo of
the inlet eye is 0.75 in one machine and, say, 0.3 in another the losses due to compressibility effects
will certainly be different. Figure 10 also shows the Mach numbers My] of the absolute velocity V, ahead
of the impeller which, as indicated earlier, hes been assumed to remain constant in radial direction. They
have values of 0.336 and 0.919, respectively, for Bjo = 75° and By = 55° at Myp = 1.3, and it is inconceiv
gble to the writer that the losses will remain constant independent of Myjy. Clearly,if Myj becomes larger
than unity very special conditions occur since the flow in the annulus becomes choked at My] = 1 ag has
been discussed in Art. 9.9 of Ref. 1. Some of the peculiarities associasted with cascades at supersonic
inlet velocities are mentioned in Art. 9.10 of the same reference.

The writer believes that the, by now, elmost classical view points of flows through turbomachines
have outlived their usefulness. They may even be a hindrance for future developments and if accepted
without questioning, may prevent original thinking and could meke people believe that all problems have
‘been or will be solved by their use. This classical method agsumes that the fluid particles in a turbo-
machine move on axisymmetric stream surfaces of shgpes which are either assumed a priori, or obtained
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by simplified theoretical methods. Further, it is assumed that the flow through a turbomachine can be

replaced by the flows through a multiplicity of annular channels bounded by neighboring stream surfaces,
which are closely spaced between the meridional contours of the flow channel of the machine at hub and tip.
The stream surfaces are actually considered to be thin, solid walls that do not create disturbances, and
it is assumed that the flows in these individual channels do not interact with each other. In each one of
the channels there exists then a so-called quasi two-dimensional flow of the type described in Art, 12 of
Ref. 1. The performances of the different cascades, which are now arranged in the various flow channels
to produce the sgpecified flow deflection, are taken to be those of two-dimensional cascades obtained either
in cascade test rigs or by theoretical methods. With the latter, one can at best attempt a solution for
the special relative flows W in rotors that satisfy the condition Vx W = - 2w; that is, where the curl of
the velocity function is a constant, since w is the angular velocity vector of the rotor. Such flows are
igentropic but can be compressible. However, disturbances due to shocks cannot occur. This condition
1imits the theoretical eveluation to flows where the local Mach numbers must be less than or, at the most,
equal to unity. More general solutions of the so-called blade-to-blade problem on exisymmetric gtream
surfaces have not yet been obtained and are very difficult to formulate.

,So-called quasi two-dimensional flows with Vx W = - 2w are discussed in Art. 12 of Ref. 1. 'By
introducing a stream function § there is obtained a second order partial differential equation of the form
(gee Eq. 12(9), p. 307, Ref. 1)

1 1T
2% "2 L(lnp),eJ Y6

+ [(lnR) o [M(Ahp)],m]w’m = - 2(sh) pw sin A (46)

The commas denote partial differentions with respect to the coordinates listed after them, where 6 ig the
angle in peripheral direction end m the length along the generatrix of the stream surface. The mass
density is denoted by p, R is the radius from the axis, Ah is the varying distance between neighboring
gtream surfaces, w is the angular rotor velocity, and A is the angle of the tangent to the generatrix
with the axis of rotation. For A = O the particles move on cylindrical stream surfaces, and A = 90°
covers flows in radial compressor wheels with stream surfaces that are planes perpendicular to the axis.
For the latter case, and for conical stream surfaces, Eq. 46 has been solved by Stanitz for thin blades.3
For cascades with airfoil-sheped blades, that are arranged on an arbitrary surface of revolution, computer
programs are described in Ref. 11 for solutions with relexation methods thet need high-speed computers
with large storage capacities. As interesting and useful these theoretical attempts are, one must be
critical to evaluate what they really produce in form of results, and whether or how these data will help
to improve present designs, and to create the turbomachinery which is to be built in the future.

The mere fact that modern computers can solve differential equations with complicated boundary condi-
tions which, hitherto, could not be tackled by hand calculations is no assurance that the results must be
correct from a physical point of view. Computers can only perform mathematical manipulations as they
are told to do, and no result is better than the assumptions that were used to formulate the problem that
is solved by these apparently sophisticated, but inherently stupid, machines.

Two of the necessary boundary conditions for solving Eq. 46 with the progrems of Ref. 1l require that
the flows upstream and downstream of the blades are uniform, and that the flow angles at these stations
be specified. These conditions imply that the tangential deflection through the cascade is known a priori,
whereas in actuality the possible deflection depends on the attitude of the blades in the cascade and the
upstream conditions only. Whereas in turbine cascades it is possible to calculate the discharge angle’from
the geometry of the cascade with approximate methods, such predictions are not possible in axial compressor
-cagcades, in fact one of the major problems is to find out what the discharge angles are for imposed inci-
dence angles., Actually then, Ref. 11 produces pressure distributions sbout blades for specified locations
of the rear stagnation points, and if they have been chosen wrongly the pressure pattern will be wrong also.
As in most theoretical cascade flow investigations the effects of upstream or downstream cascades cannot
be taken into account; the row investigated constitutes in actuality a disturbance located between two
flow fields that extend to infinity far upstream and far downstream without being disturbed by other
cascades.

A major drawback of all methods that are based on Eq. 46 ig however that the right-hand side of this
relation becomes zero if either w is zero, or if A is zero. If the angular velocity is zero the cascade
is stationary and instead of the pattern of the relative velocity W one deals with the absolut€ velocity V
in a stator whose curl VxV is now zero because of the initial condition that VXW = - 20, The veloc¢ities
V of such flows must be gradients of a potential function ¢, and Eq. 46 can be modified to

v V2
V2¢ = ;g Y (37

(47)

where "a'" is the variable velocity of sound at the different locations in the flow field. As before it

is necessary that M = V/a is everywhere smeller than unity. For incompressible flows, where the velocity
of sound "a" is tending toward infinity, Eq. 47 reduces to Laplace's equation v2p = 0, Equation 47 is a
partial differential equation of the Poisson type and the term on its right-hand side can be interpreted
mathematically to be the result of sources in the flow field. Expressed differently, the curl of Vis
zero, but its divergence V . 7 is not; which means that flow must be generated somewhere in the field, and
sources judiciously arranged therein can tske care of this situation. Reference 12 develops calculating
methods that are based on this ides by using the principles of superposition, but again for assumed
axigymmetric stream surfaces, nemely, cones in particular.
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It can be noticed also, that Eq. 46 changes into Eq. 47 if A = 0; that is, if cylindrical stream
surfaces are assumed to exist, Thus, as far as axial machines with cylindrical stream surfaces are
concerned, the flow through a rotor is not different fram the flow through a stator, if the cascades
have the same geametries and if the flow angles of the relative and absolute flows are equal. On the
other hand it can be proved without a shadow of a doubt, e.g., by Art. 8.5 of Ref. 1, that even isentropic
relative flows in rotors must be fundamentelly different in character from ebsglute flows. Fram Eq. 8(23)
of Ref. 1 it can be seen clearly that the simplest relative flow must have Vx W = - 2&, and if Kelvin's
theorem is extended to relative flows (Eq.8 (22) of Ref. 1), and applied to isentropic conditions, one
sees that the change of the circulation I'gr around a moving fluid curve C in a relative flow is not zero
but equal to

or
R - —_ —
E=_2¢@R.wxw (48)
(C)

In an sbsolute isentropic flow, however, the change of the circuletion around a moving fluid is indeed

zero. Equation 48 indicates that. DIR/dt is zero only if the relative flow vectors W are everywhere parallel
with ®w, hence parallel with the axis of rotation. Rotors of this type are not capable of changing the
energy of fluids and have no practical interest. That the condition VxW = - 20 is not in conflict with

Eq. 48 can be proved with simple means.

It can be stated therefore that the stream surfaces in a rotating cascede must differ from those
that would occur if the seme cascade were stationary. More precisely, the stream surface in a stationary
cascade, whose flow satisfies Vx V = O, must change to a pattern that satisfies VxW = - 2w, and it is
not possible that the relative flow in the rotating cascade has the game stream surfaces as the absolute
flow. In particular, the relative stream surfaces cannot be axisymmetric, if those of the absolute have
this character. More sbout these conditions has been described in Art. 10.5 of Ref. 1, but it is evident
from the above discussion that results obtained by solving Eqs. 46 and L7 must be of approximate nature
even for the idealized flows that are investigated, and they must be interpreted in the proper perspective
of their initial assumptions.

Such results, or data from stationary cascade test rigs which basically are obteined with the same
assumptions as those of the above-mentioned theories, are now used to establish the blading elements in
the individual flow channels between the solid stream surfaces. The classical method consists in design-
ing the actual blade surfaces through the profiles of these blade elements. The "so0lid" stream surfaces
are then, so to say, removed and it is assumed that the originally calculated or assumed stream surfaces
will also exist for the flow about these three-dimensional blades. It is quite clear that there are
many possibilities of arranging an actual blading with the profile sections that are obtained from the
flows through the individual flow channels, depending, for instance, on how the leading edge of the blade
is arranged. In the inducer of Fig. 1 the leading edge of the blade could be pulled forward in flow
direction to obtain a blade surface that is leaning more away from a meridional plane than if the leading
edge were to slant backward, although at the different radii the blade angles would be exactly equal.
Without a doubt these two blades would exert different forces on the flow, one could tend to push the
flow toward the tip, the other toward the hub, and it is inconceivable that the flow pattern in the
meridian channel would remain unchanged, In Ref, 2 (Table C-2, p. 26) an investigation dealing with the
blading of an axial-flow machine has been carried out to check whether it is possible to build a rotor
with a very large number of thin blades that produces the idealized relative flow with Vx W.= - 2w near its
cylindrical hub. This flow condition esteblishes a particular change of the flow angle in radial direction,
and requires that the blade surface consists of radial lines. Since for a large number of blades the flow
and the blade angles mist be identical,the last mentioned requirement establishes the change of the flow angle
along the radius by itself. It can be seen that the two values differ, primarily because from Vx.w = - 2w the
necegsary blade angle change depends on the ratio of w and the axial component of W, whereas this is noﬁ the
case for the other. Hence, it is evident that the condition Vx W = - 2w cannot be maintained in a blading
with a finite axial length, and that the actual blade shapes as a whole will have an influence on the flow
through them. These examples show that the flow patterns in a machine can be influenced by particular arrange-
ments of the profiles in direction of the blade height and that they will have a bearing on the meridional
flow. The classical approach, so to say, linearizes the problem, and does not take account of the inter-
actions that occur between the flows through the different elementary channels from the hub to the tip.
It further tries to explain all phenomena with a two-dimensional model, at best with one on stream surfaces
that are surfaces of revolution, and looses sight of the actual three-dimensional effects that occur in
reality. These limiting view points seem to be particularly harmful if supersonic flows occur in g relative
flow field where, as discussed earlierin connection with the inducer inlet, the absolute flow is subsonic.
Stationary cascade test data cannot give a true picture of the conditions since they replace again the
relative flows by an absolute flow between "solid" stream surfaces, where in particular the condition that
the flow component perpendicular to the cascade axis, which is in reality the actual absolute flow, has no
special significance. In a supersonic cascede test rig it will hardly be possible to determine cascade
performance at different incidence angles nor esteblish design data for blades where only parts of the
blades have supersonic velocities. For inducers of radial compressors which are followed by radial blades
it does not seem possible to use cascade data with any degree of realism, and only experimental work with
actual rotating wheels will show what detrimental effects high relative flow Mach numbers have on the
performance. :

There seem to exist a number of design variebles that should be examined for supersonic inducers. The
possibility of influencing the flow pattern near the tip by appropriate blade shapes to produce, say,
greater mass flow rates per unit area near the hub, has been mentioned. These designs could be extended to
produce swept-wing effects, similer to what has become the standard design of wings for high-speed airplanes.
It is well known that in supersonic flows the velocity parallel with the leading edge of a swept-back wing
with infinite span cannot produce variations in pressure, hence only the component of velocity perpendicular
to the leading edge can create losses that are caused by compressibility effects. Peculiar conditions could
however occur at the outer wall, if this principle were applied to the design of the inducer inlet edges,
but it might be possible to obtain considerseble improvements. The writer is surprised that such designs
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have not been tried for axial compressor steges, especially for those with large blade heights. Swept-
back blades would not necessarily have greatly increased bending stresses, since the maximum section
modulus of an airfoil profile is a large multiple of the minimum modulus about the outer principal axis.
If the centers of gravity of the profiles along the blade height were displaced backward along this axis
of the hub profile, it should be possible to minimize the stresses that are caused by the additional
bending moment about the other principal axis.

The writer believes that it is possible to build inducers at supersonic relative inlet velocities for
absolute inlet Mach numbers Myi of about 0.5 to 0.6 with good efficiency and minimum flow disturbances.
Converging-diverging passages in the inducer seem unnecessary, especially if only part of the rotating
channel has supersonic velocities. ILeading edge radii must be as small as possible, but large enough to
avoid damage by flutter, and great care must be taken to properly design the suction side of the blade to
provide a good transition into the actual blede channel. It is not believed however that the blades must
be designed for incidence angles if the proper blockage factor is used for the flow area calculations at
the inlet. This statement contradicts the data of Ref. 13, where the optimum rotor efficiency Tig is shown
to occur at positive incidence angles of about 10° at Ry for blade angles of 570. The inlet channel shead
of the eye of the wheel that was tested, has curved meridinal contours, hence the inlet velocity V; is not
uniform from R1i to Rjp. Although it is stated in Ref. 13 that the distribution of V] was determined by
probes, slight inaccuracies of the measurements, or a location of the probe at some distance forward of the
leading edges of the rotor could easily be responsible for these unusually large incidence angles. By
means of theoretical methods, which are not described in detail,the velocity distributions along the
inducer were determined also in Ref. 13 to verify the test data. However, as shown by Fig. 5 of Ref. 13,
the inducer has simply been replaced by a cascade, since at its discharge the velocities on either sides of
the blade are shown to be equal, a situation which cannot exist in reality, and which gives questionable
value to the argumentation based on it.

Design criteria for the whole rotor passages from the inlet to the discharge are often given in terms

of the deceleration ratio W2/Wjo of the relative rotor velocities. From earlier discussions with regard
to rotor losses it is evident that not all losses in a rotating impeller depend exclusively on this ratio.
They will also be greatly influenced by the performance of the inducer, in particular, on the velocity

distribution that exists at the station where the inducer blades join the radial impeller blades. It is
" necessary to have a good appreciation of the complexities of flows in rotating impellers to avoid over-
gimplificetions and the setting up of design criteria that are based on wrong models. An invalusble contri-
bution to investigating the real flow phenomena in rotating impellers has been made by Fowlerlh, who
actually measured the velocity distribution in the passasges of a large compressor with probes from a plat-
form inside the hub that waes rotating with the wheel. Figure 11 has been adapted from a personal communi-
cation of Mr. Fowler to the writer. It shows the velocity profiles at seven cross sections of the rotor
flow channel of an unshrouded wheel with radial blades at the discharge, when operating at a peripheral
speed U2 = 17 ft/s. The meridional flow channel has the smoothly changing contours used for modern designs.
Plane 1 of Fig. 11 is at the inlet section of the inducer blades, extending from the leading edge of one
blade to the back of a neighboring one, and the blades become radisl near plane 3. The zones with reduced
velocities at the blade tips that are due to the blade gap and the scrubbing effects along the outside wall,
remain almost equal from plane 3 to the discharge plene 7. It is of interest to compare these measured
velocity distributions with the theoretical solutions of Eq. 47 for radial blades and incompressible flows.
The pattern of the streamlines obtained by Stanitz for a radial impeller with 20 blades is shown in Fig. 3.5.2
of Ref., 3. The velocities are inversely proportional to the distance between neighboring streamlines. The
leading surface of a blade will be called the pressure side, the trailing surface of the same blade is its
suction side. Hence the direction in a blade channel from the pressure side of one blade to the suction side
of the neighboring one, is in direction of rotation of the wheel.

At the outer radius of the wheel (R = 1 in Fig. 3.5.2 of Ref. 3) the theoretical analysis predicts that
the velocity in a blade channel increases in direction of rotation, whereas exactly the opposite trend is
seen to occur in plane 7 of Fig. 1l. However in planes 3 and 4, and to s lesser degree in plane 5, the
measured velocity changes agree in the main with the theoretical ones which predict a velocity increase in
direction of rotation at all radii. This situation occurs because the theoretical method shows, or is based
on the assumption, that at radii smaller than about 70 percent of Ro the relative velocities are everywhere
radisl. Then, as determined in Art. 10.6 of Ref. 1, and as shown in Fig. 10(5a), they will increase linearly
with the angle along the periphery in direction of rotation. The measured reversal of this behavior, starting
from plane 5 to the discharge plane 7, cannot be due to viscous effects only, which are neglected in the
theoretical treatment, but must occur because of flow peculiarities that a simplified theory cannot take
into account. 1In his personal communication to the writer, Mr. Fowler also remarked that the directions of
the relative velocities at the discharge did not have as large a deviation from the radial direction as
Fig. 3.5.3 of Ref. 3 shows. The measured flow distributions suggest that considerable mixing of the differ-
ent flow strata must occur while they pass through the compressor and it is very unlikely that there exist
axisymmetric surfaces. Reference 15 describes tests of single, straight diffusors that were arranged
redially and rotated in the test rig of Ref. 1h, to examine the effects of centrifugal and Coriolis forces
on decelerated flows that move radially outward. Diffusors with different divergence angles where investi-
gated, first while stationary and then while rotating. It was found that considerable differences occur
if a diffusor is rotated. Static tests with a two-dimensional diffusor with an included angle of 10° showed
the well-known peeked velocity distributions that occur for these angles. If rotating, the peaks flatten
out and the flow becomes more stable. These results agree with the conclusions reached earlier about the
beneficial effects of a centrifugal force field on decelerated flows, but they show also that boundary layers
along rotating walls, where the fluld particles are also affected by Coriolis forces, exhibit different
characteristi cs than those along stationary walls. Similar results have been obtained in Ref. 16 which
describes tests of flows through a channel with constant cross section that is rotated sbout an axis.

Because of these conditions, different separation criteria for boundary leyers must be applied if they
occur on stationary walls or on surfaces that rotate about an axis.

For this reason it is not possible to use conventional boundary layer theories as a means to find
permissible decel eration ratio Wp/Wio for the relative flows in impellers, nor can attempts be successful g
that try to relate this ratio to the NASA diffusion factor, which has proved to be a satisfactory separation
criterion for axial compressor bladings which have small flow deflections, hence, where the changes of the
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Coriolis forces are small if the blading rotates. Much more fundamentsl work dealing with boundary

layers on rotating walls and investigations with modern flow visualization methods must be carried out
before it is possible to establish satisfactory design limits for flows in radial impellers. Recent
endeavors that use holography with Pulse-Lasers for investigations of flows in rotating wheels might open
entirely new ways to study actual flows in high-speed machines where the effects of centrifugal and Coriolos
forces are large.

If the above-mentioned peculiarities of rotor flows are not taken into account one might come to the
camclusion, as some sources do, that flow separations will occur in an impeller if wa/W1o equals 0.6, and
that a ratio of 0.62 should be used for design purposes to avoid excessive losses. Such values are obtained
from analogies with stationary diffusors or oversimplified boundary layer considerations for, say, linearly
changing velocities along a surface, as is the case on the suction side of a blade in an axial compressor
cascade., Figure 9 is a disgram for the determination of the deceleration ratio w2/w10 in accordance with

_Eq. II(5) of Table II. If, for instance, the limit for this ratio were set at 0.65, the discharge angle

oo could not be larger than about 600 for a radius ratio Rlo/Re of 0.7 and B1o = 60°. For larger discharge
angle o the radius ratio Rlo/Rg would have to be decreased. Figure 12 is presented to show these condi-
tions more precisely if the lower limit of w2/W10 is assumed to equal 0.6 and if the slip factor u is 0.85.
For these conditions and at o2 = 75°, the maximum radius ratio Rlo/Rg could not exceed 0.42 at a relative
flow angle P1o = 70°. Experience with high performance compressors shows however that impellers with
radius ratio in accordance with the dashed curve have operated successfully. At ao = 75°, for instance,
and at a radius ratio Rjof/Rp of 0.68 the deceleration ratio is of the order of 0.35 to 0.3,depending on Bio,
as shown in Fig. 9 by following path 'b" in the diagram. Therefore, if the deceleration ratio wg/wlo is
used as a preliminary design criterion it is permissible to apply minimum values of about 0.3 or even
somewhat lower, say, about 0.26. A unique relationship between w2/W1o and the wheel efficiency Ty cannot
be established because of lack of test data but in Parasgraph 5 some test results are plotted to show the
order of magnitude of Tiy. A correlation between Wo/Wio and Ty cen probably never be cbtained because of
the additional rotor losses that depend on a number of additional factors.

For known values of My, Blo, and Uz/ag it is possible to calculate the wheel radius Rp with Eq. II(9)
of Tsble II, if the ratio R1j/Rjo were known. The quantity kBl is a blockage factor which is primarily
depending on the number of inducer blades and their thickhess at the inlet throat, although excessively
thick boundary layers on the walls of the inlet annulus can affect kp) also. Evidently if Ug/ao is known
the angular velocity w is known also, if Rp has been determined. However w can be determined directly by
Eq. II(10) of Teble II, for known or chosen quantities Myl and B1o. Eaq. II(10) is useful to establish
the necessary rotative speed to handle particular flow rates. If w is given, because of the prime mover
that drives the compressor, Eq. II(10) makes it possible to verify whether s particular flow rate can be
handled at this speed. The ratio of axial blade width b, and Ry, is obtained by Eq. II(11). The blockage
factor kpp is the ratio of the actual flow area at the wheel discharge and the area 2m Ro bp, multiplied
by an experience factor that depends on the boundary leyer thickness on the side walls.

The necessary diffusor exit area Ay at the radius Ry is obtained from Eq. II(1k4) for specified values

A= Vu/Vg and known efficiencies Te. A blockage factor kph takes account of the displacement thickness
of the boundary leyers which reduce the actual flow area at the discharge of the diffusor. Section x-x of
Fig. 1 is taken to be either the throat of the diffusor where the flow is choked if the absolute velocity
Vo after the rotor is supersonic, or the entrance section of the actual diffusor if Vo, is subsonic. The
necessary total flow area of all diffusor channels is denoted by Ax,and kpx is again an area blockage
factor. The area Ay can be determined for both cases if the ratio of the total pressures Piy at station x
and Pgp at the rotor discharge is known. Although Pyp/Py could be expressed by Eq. I(19) of Teble I and
then introduced into Egs. II(13) and II(14), it is better to use these relations as listed, since it is
possible to judge approximately what valuee the ratio Ptx/PtQ will have for particular diffusor designs.
If Vo is supersonic the throat area is obtained with the dimensionless critical flow function éc of Eq. II(1h)
which has a value &, = 0.6847 for vy = 1.4. For subsonic velocities Vo the diffusor inlet area can be
determined only if the velocity Vx at station x is specified, by assuming a value € = Vy/Vo., Usually this
ratio is taken to be about 1.02 to 1.05 because & slight acceleration between stations (2) end (x) will
produce more uniform flow conditions at the diffusor inlet. For a chosen number of diffusor flow channels,
usually arranged between parallel walls, the diffusor widths at inlet and discharge can be determined from

and AL, and the methods described in Paragrasph 5 establish the necessary length of the diffusor channels. .
With this length and the chosen diffusor arrangement it is possible to establish the outer radius Ry of
the diffusor.

L, SIMILARITY CONSIDERATIONS

If effects due to gravity, surface tension, and heat conductivity can be ignored, which is permissible
for most flows in turbomachines, the laws of dynamic similarity establish that flow processes of perfect
gases in geometrically similar channels are equal in performance if the Reynolds numbers Re and the velocity
ratios V//RgT are respectively equal at corresponding stations in the channels. As derived for instance by
Ackeret et. al., in Ref. 17, the latter condition can be expressed in terms of equal Mach numbers M, with
the additional requirement that the fluids passing through the geometrically similar channels have equal
gpecific heat ratios y. Reference 17 shows also that the effects of different values of Yy are small only
if the Mach numbers are less than about 0.6. The reason is that gases with different heat ratios y produce
different relative changes in density if passing through. a channel with particular area ratios. Hence
the values V//RgT cannot remain equal in geometrically similar channels.

Assuming then that gases with equal values of v are considered only, and that the Reynolds numbers of
the flows in the compressors to be compared are in a range where they can vary considerably without largely
changing the frictional coefficients; that is, if they are moderately large and if the flow surfaces are
rough, dynamic similarity is achieved in geometrically similar machines at equal Mach numbers.

In hydraulic machines, similarity considerations that are based on the so-called specific speed have
been used with success and it will now be examined whether it is possible to epply this method also to
the compressors considered here that operate at high speed ratios Uz/ao. Attempts to obtain design limits
end to establish the optimum operating range of radial compressors with this means are described in Refs.
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18 and 19. In both reference there is used the specific speed Ny (see Eq, ITI{1) of Table III)

L
N, =N
CH 37k

is

gimilar to the practice in hydraulic pump design. In the latter epplication, Q, which is the volume

flow rate through the machine, is everywhere constant. In a compressor for gases however, where the
volume flow rate will change considersbly from inlet to discharge, a choice must be made whether Q

at station (1), or at, say, station (2) is to be used in Eq. 50. In both references the quantity Q is
taken to be the inlet flow rate Q) without giving reasons for this choice. As in Refs. 18 and 19, and

as shown in Teble III by Eq. III(1), the velue of Ng ?ﬁpends n the system of units which is used. 1In
the two cited references Ng has the dimension rpm 3/ 4 gec-1 2, which is awkward for purposes of compari-
son with similar coefficients in other systems of units, and such formulations are not in keeping with the
general and very desiraeble tendency to use dimensionless quantities throughout. For this reason it is
more sppropriaste to use the dimensionless speed ng, with units as defined by Eq. III(3) of Table III,
which for particular conditions has the same value in all consistent systems of units. The quantity ng

is obtained by dividing the value of Ng in the given English units by 129.

Whereas Ref. 18 (Fig. 2.8) simply presents a greph showing a direct correlatim of the efficiency of
different compressor types with Ng, Ref. 19 uses the so-called specific diameter Dg as an additional
peremeter, which is defined by (see Eq. III(2) of Table III)

D H, /h
18

Dy = 2 172

1

This quantity is also not dimensionless. However Eq. IIT(L4) defines a dimensionless specific diameter
dg that is obtained from Dg in English units by division with 0.k2.

The coefficient §l of Eq. III(5) represents the ratio of the area of the flow annulus at the compressor
inlet and the area m R1°2, where Ry, is the outer radius of the rotor inlet eye. As shown in Table III
the quentities ng and dg can be expressed also with the chosen parameters of Tables I and II, to obtain
Eqs. III(6) and III(7). Both contain £;, so that this ratio can be obtained from either of these relations
as shown by Eqs. III(8) and ITI(9). By equating these expressions there is obtained Eq. III(10), or
A

i

2

b Mo

where p is the slip factor and T the compressor efficiency. Since p is & known quantity for a particular
compressor design, and because T can be determined with Eq. II(1), the specific diameter dg is directly
related to ng and there is no reason why both ng and dg should be specified for a design with radial blades.
Equation III(11) shows that by specifying ng there can be obtained the radius ratio R1j/Rje for particular
values of Bjg and Rlo/Rg which are usually chosen on the basis of other considerations, as explained earlier, -
Equations 11?9) end II(10) of Teble II, with the known ratios Ryi/Rjo, would then give directly the necessary
radius Ry or the angular velocity w for given operating conditions. If the optimum efficiency of a compressor
were & unique function of ng, and if Rli/Rlo and/or the other parsmeters could be adjusted to meet the opti-
mun velue, the designer would have a simple criterion for the optimization of compressors.

From Ref. 18 (Fig. 2.8, p. 38) it appears that radial compressors should have the best efficiency for
values of Ng between 75 and 85, or for ng between 0.58 and 0.66, Tsble Il gives an example for design
parameters that have been used successfully. In one case, a radius ratio Rjo/Rp of 0.56, in another a
ratio R1o/Re = 0.7 was chosen. For the smaller value of Rio/Re it is not possible to design for Ng = 8o,
since the hub/tip ratio at the inlet becomes zero at Ng = 71. In an actual design of a compressor that
hed efficiencies higher than 80 percent, the hub/tip ratio at the inlet was about 0.4 for Rio/Rp = 0.56,
hence it operated at Ng = 60 and did not have the much lowér efficiency predicted by Ref. lg. For the
example in Table III with the higher ratio Rjo/Re = 0.7 the ratio Ryj/Rjo becomes zero at Ng = 99.4, and
an actual high-performance machine is known to the writer that has an inlet hub/tip ratio of 0.34, hence
it operates at ng = 0.725 or Ng = 93.5. Thus, the sharp optimum for Ng in Ref. 18 does not occur in
reality and Ng = 80 or ng = 0.62 is not a design criterion.

It is obvious from Eq. III(6) that all radial compressors have values of Ng between, say, 60 and 110.
Lower and higher values would lead to impossible designs which would never be built anyway. The only merit
of the specific speed is to find out whether a radial compressor can be built at all for given values of
N, Q, and Hyg. If Ng is outside the range of 60 to 110, and if the sbove-mentioned design conditions can-
not be changed, another type of compressor has to be chosen. However, if the relations of Teble II were
applied, the same conclusions would also be reached immediately even if the specific speed concept had
never been invented. In fact its use can also be dangerous if, as might be the case for the example of
Table III with Rjo/Ro = 0.56, the designer would try to reach the highest possible Ng by meking the
radius ratio Rji/Ro excessively small or choosing too high a value of R1i/Ry to reduce Ng for Ryo/Re = 0.7.
The example also shows that large changes of Rli/Rlo have a small influence of Ng except, near the maxi-
mum possible value of Ng where Rpji/R, tends toward zero. Further, if Ng = 80 would be considered necessary,
a large number of high-performance radial compressors would rever have been built, much to the detriment
of the development of these promising machines, where a better physical understanding of the complicated
flow phenomena can still lead to considersbly improved performance.

Unfortunately there always exists the tendency in engineering to try to set up simple rules or criteria
which meke it possible to judge whether or not a design is feasible, without having to go through the
strenuous mental processes to try to understand the phenomena that actually occur and to relate them to the
fundemental laws of nature. If our only task were to build the same machines over and over again, socmetimes
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a little smaller, all would be well with this kind of handbook engineering. However, if an engineer
believes that improvements are possible,aand if he reflects on what has happened during the past years

he cannot doubt that this will be the case, he must not accept the barriers that have been set up by

past experience, and be impressed by the achievements that have been made. With a critical mind he has

to evaluate what is true and what is false with accepted methods, and his aim must be to try to under-
stand, to search, and to improve. Too often engineers are handlers of formulas or recipes, and there is

the tendency to accept their results as correct without much questioning, especially if they are ground

out by a computer, without finding out what sort of basic principles and assumptions led to the numbers.

In the near future our modern computers may well be the biggest obstacle to imeginative original thinking
and the use of new concepts, since for every problem there will very soon exist some sort of a program

that can show that everything is known, and that nothing new needs to be added. All one has to know is

the necessary format for the input to obtain the desired result, in print, in graphs, even in drawings.

The inventive and critical engineer however must take the trouble to find out how the program was established
end what basic principles and assumption were made, and must then evaluate the obtained numbers in the light
of these conditions. ’

The biggest objection to the specific speed criteria is however that they do not satisfy the laws of
dynemic similarity, even not for the limiting conditions that were assumed earlier. Equation III(6) shows
that ng is independent of the pressure ratio that is produced by a compressor. If all factors in Eq. III(6)
are equal for two compressors, they can have different values of Ug/ao and therefore widely different blade
width bp at the rotor discharge. One campressor could operate with subsonic, the other with supersonic
velocities at the diffusor inlet. TFigure 13 is an adaptation of Fig. 4 of Ref. 19. The curves of constant
efficiency Me = 0.7 and T = 0.8 and the curves labeled Ny; = 1.0 and Ny = 1.2 for Pth/Pb were taken from
Ref. 19 and redrawn in a bigger scale. Although labeled as lines of constant Mach number in Ref. 19 the
curves for Nyl = constant are for constant ratios of relative inlet and critical velocity for the total
inlet temperature. Equation III(14) of Table III shows how these ratios are related to the actual Mach
numbers Myn. Although the differences between Nyp and Myy are small at low Mach numbers, the values of
My1 vary from 0.9% to 1.0l for N, = 1.0 if By, changes from 50° to 75°, According to the author of Ref.
19 the curves for Ny = 1.0 and 1.2 represent design limits for higher pressure ratios. It is stated
that meximum efficiencies will occur for impellers with backward bent blades operating at specific speeds
Ng between 90 and 130, and specific diemeters Dg between 1.3 and 1.7. The straight lines labeled uTe =
constant which the present writer drew into the original diagram of Ref. 19 represent Eq. I11(10), and
relate Dg to Ng for wheels with radial blades at the discharge. Average values for pfl, for such impellers
are 0.7, hence all radial compresgor of this type must lie in the vicinity of this curve for ull, in Fig. 13.
The points labeled (1) to (7) in Fig. 13 represent design points for some actual compressors known to the
writer, operating with Ug/ao of gbout unity, and inlet Mach numbers of 0.9 and higher. It is of interest
to note that all these points lie on the curve T, = 0.70 of Ref. 19 whereas all compressors, even those
having Ng-values between 60 and 70, have efficiencies of 80 percent and higher. This situation shows
again that the specific speed concept is a highly unsatisfactory design criterion, especially for radially-
bladed compressor wheels, since it is impossible to design such machines with operating points that fall
inside the closed curve, lebeled 7 = 0.8 in Fig. 13. It is pointed out in Ref. 19 that the data presented
in its Fig. 4 were calculated on the basis of loss considerations. It can be concluded therefore that
this loss evaluation is in error or unsuitable for compressors with rotors that have radial blades at the
discharge.

What seems more crucial to the writer is the fact that on the basis of Fig. 4 of Ref. 19 (or Fig. 13
of the present article) one might come to the conclusion that it is not possible to build high-speed
compressors of the type discussed here with high efficiencies, for instance, as required for gas turbines,
and that further developments of these machines might not be undertaken because of "proof" that improvements
are not possible, This is esgain a case which shows that an analysis is no better than its assumption.

Since the specific speed has no real physical meaning, unlike the actual similarity parameters such as
Reynolds number, Mach number and others, the writer deplores.the tendency to express everything in flow
machines with Ng, also phenomena on which Ng has really no primary influence. Because of the definition

of Ng it is always possible to do so because either rotative speeds and flow velocities, or lengths, can

be related to it, and since in all these expressions there then appears Ng in one form or another, depending
on what simplifying assumptions were made, the reader is given to believe that Ng has a governing influence
on the performance, and that manipulating Ng is all that needs to be done to create an optimum design.
Everyone who has observed actual flows in turbomachines in test rigs, and has tried to understand the
complexities of these processes will agree that nature just is not so simple that it can be explained by

a set of convenient numbers.

5. LOSSES IN RADIAL COMPRESSORS

It has been stated earlier that the wheel efficiency Ty ©f Ea. 15 is the best measure for the quality
of a rotor wheel. As indicated, a number of factors influence Ty, but it will be examined now whether the
deceleration ratio w2/W10 has an overriding effect on Ty, as has been suggested by some sources which state
that W2/W10 should not be smaller than about 0.6 to avoid flow separations. It has already been shown in
Fig. 12 that such a limit cannot be used for compressors that operate at high speed ratios Ug/ao because the
radius ratios Rj,/Ro become too small, and it is then not possible to handle the large changes in volume
flow rate from rotor inlet to rotor discharge, that occur at high pressure:ratios, with acceptable ratios
of axial blade width bp and Rp. The example of paragraph 6 demonstrates this condition clearly. If
Wo/Wio 2 0.6 were a realistic criterion, the losses in rotors with high speed ratios would be large and
it would be difficult to obtain high efficienties. Figure 14 is presented to show that many compressors
have deceleration ratios that are smaller than 0.6 without a drastic decreage in Ty. The circles in Fig.
14 represent design point data of some of the compressors of Ref. 6, and others that are known to the
writer. The points indicated by X and + were calculated from the data given in Ref. 13, and the curves
drawn through them represent the change of Ty with operating conditions of a particular wheel at values
of Ug/ao of 0.83 and 1.02, respectively. All data points are for impellers with radial blades at the
rotor discharge, and all compressors operate at high speed ratios, having overall efficiencies in excess
of 80 percent.

In contrast to the expected trend that Ty decreases with decreasing values of W2/W10, the opposite
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could be deduced from Fig. 14, since wheel No. 1 with WQ/Wio = 0,265 has the highest efficiency Ty = 0.77.
For each data point in Fig, 1k are also given the ratios Rjo/Ro, Rli/Rlo’ bp/Ro and Ax/AR of the rotor.
The latter ratlo establishes the general shape of the meridional channel and the values show that the
contours of the meridional flow paths of all compressors must have smell curvatures with the exception,
mgybe, of wheel No. 11. Definite reasons for the higher values of Ty in some designs cannot be given,
probebly because of the effect of the design of the inducers on the wheel performance. However, it is
recognizable from Fig. 14 that high efficlencies Ty are reached either for high ratios Rli/Rlo or high
values of bp/Ro. The influence of Rjo/Ro seems small, although most good wheels have values of Rio/Re
between 0.6 and 0.7. Large ratios Rli/Rlo require high relative Mach numbers Mjn to pass the flow rate
through the eye of the impeller, and high ratios bp/Rp are cbtalned if the sbsolute flow angles ap are
large. For high values of My; the inducer becomes critical,and with large angles o, the design of the
diffusor;especially the transition between wheel and diffusor throat, becomes a difficult task. It is
felt thaet high performance compressors can be developed if more attention is given to these two problem
areas.

From the curves in Fig. 14 it is quite evident that the range in which Ty remains constant for off-
design operation becomes smaller the higher the speed ratio Ug/ao is, a condition which is, at least in
pert, responsible for the steeper characteristics of compressors operating at high sgpeed ratios.

The ratio of bg/Re also has an effect on the disk friction loss of an impeller. Assuming that the
disk extends to the outer radius Rp; that 1s, if no scall,gs are arranged, a frictional moment Mppr acts on
the back side of the impeller which can be determined by 2

i 342
Myp =% P2 027 Up (49)

where Cy depends on the Reynolds number

Up Dy (50)

Re = >

and the axial gap 04 between the rotating disk and the stationary wall. The influence of the ratio 8g/Rp,
and the effect of disk roughness, which have been investigated by Refs. 21, 22, 23, and 24 are discussed

in Ref. 8. Figure 15 has been established from the results of the quoted references, but experience has
ghown that the velues of cy can be a multiple of those of Fig. 15 1f the flow in the region between the

disk and the wall hes radlal velocity components pointing awey from or toward the axis of the impeller. For
compressors pumping amblent air the Reynolds number of Eq. 50 varies between about (10°) and 3(107) for
peripheral speeds between 1000 and 1600 ft/s, and rotor dismeters between 3 and 20 inches. Although the
average value of cy from Fig. 15 is then about 1.5 (10-%), it has been shown by experience that cy = 2.5(10-14)
is more rgalistic for actual compressor wheels. For a mass flow rate 1 the power sbsorbed by an impeller

ig m W Uo™ in accordance with Eq. 3, which is also equal to Mw, where M 1is the driving moment, and

h U22
—_— _u‘—- — .
M= m =m Ry 1 U2

However

.

2 m Ro b2 kpgp Vm2 P2
and, with the relations of Table I,

b .
M= 2m R23 (‘RE) kpo 2 U23 Py cota, : (51)

The total moment which has to be overcame by the driving source is then M + Mpp and if the efficiency of
the compressor is T,without taking the disk friction moment into account, the actual compressor efficiency
N of the machine is EDF Mo, and

M 1
DF = M+ Mz~ 1+ (M /M)

Then by Eqs. 49 and 51

1 .
SpF = {4/} cy ten o2 (52)

Ltm——
(bp/Ry) u Kpo

It cen be noted that EDF is independent of the mass density pp and Ry since both M and Mpp are proportional
to these quantities. Hence Eq. 51 holds for all Impellers with radial blades the outer radius Ro. Equation
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52 is plotted in Fig. 16, This figure shows that with small ratios bg/Rg there can occur a considerable
reduction in efficiency, which is the greater the larger the angle ap is. For ap = 75° the ratio (bp/Rp)
kp2 u2 should not be less than sbout 0.06 to limit EpF to 0.98. Then, with kpgo = 0.95 and 1 = 0.90,

the ratio of bg/Rg must not be smaller than 0.08 to avold efficiency reductions because of disk friction
moments,

Although the above limit for bg/Rg has been obtained by considering the frictional moment at the back
side of the impeller, it is very probably that the so-called scrubbing loss of the blade tips at the outer
contour of the meridional flow path produces frictional moments which are of similar nature and of the
same order of megnitude as the disk friction moments. Moreover, as shown in Fig. 15 for the latter, these
moments will also not be greatly influenced by the ratio of tip clearance and Ro if it is of the order of
0.05, which constitutes a normal to lower limit for most designs. The scrubbing loss is similar to the
loss due to digk friction because the boundary layer along the stationary outer wall is rotated by the blade
tips. If the losses at the blade tip would be taken to be those due to the flow of the fluid from the
pressure side to the pressure side of the blade across the blade clearance, it would be inconceivable that
the reductions in compressor efficiency with increased tip clearance a§e as small as shown by the measure-
ments of Ref. 25. The same behavior has been found in radial turbines® where an increase of the ratio
of tip clearance and exial blade width b from 4 percent to 10 percent produced practically no drop in
efficiency, but if 10 percent was exceeded there occured & radical efficiency reduction. The sudden drop
beyond the 10 percent clearance ratio could occur because of massively increased leakage flows across the
blade tips once they are outside the wall boundary layer.

Experience has also shown that the ratio of blade width bo/Ro should not be less than 8 percent, The
velue of ¢y in Eq. 51 for the representation in Fig. 16 has actually been increased from the average value
for digk friction (~ 1.5 (10-1)) to 2.5(10-4) to demonstrate that this limit is very likely due to the
combined effects of disk friction and scrubbing loss. For this ratio of bg/Rg and for properly designed
inducer sections of an impeller, with meridional contours having small and smoothly changing curvatures,
it should be possible to obtain wheel efficiencies Ty of between 0.75 and 0.80 for bp/Ry = 0.08 if the.
ratios Ry3/Rjo are not less than sbout 0.5.

A large portion of the total losses in radial compressors occurs between the discharge of the wheel
and the diffusor throat. The non-uniform distribution of the relative velocities at the rotor discharge
produces a non-steady and greatly irregular absolute flow at this station which must be directed toward
the diffusor inlet, preferably in a manner that provides uniform flow conditions at this station. If
this uniformity is not achieved it is very unlikely that the diffusor proper can perform its function with
minimum losses. Very limited data are aveilable for the design of and the losses in these transition
sections. Figure 17 shows a typical distribution of the stetic pressures along the side wells of such a
diffusor inlet for a machine that has a value of Myp of about 1.18. Firstly it is clear that the absolute
flow is irregular, judging from the change of the pressures in peripheral direction at the wheel discharge.
Secondly, the design of the diffusor inlet is not as good as it is desirable because fluid particles
undergo compressions and expansions before they reach the diffusor throat. Moreover, Fig. 17 also shows
the futility of trying to apply simplified calculating method for this part of the process in the compressor,.

Of particular importance is the design of the leading edge of the diffusor blade since the slightest
misorientation will produce major disturbances usually with the effect that the flow rate at which the
compressor surges is too close to its design flow rate. This condition occurs if the mean angle of the
lip section with respect to the radial direction is too large or too small, and since the optimum angle
depends on the performance of the rotor, it is not possible to indicate exactly how the transition
section must be designed. Experiences have made it obvious, however, that theoretical methods which prescribe
a logarithmic spiral or other shapes for the curved part of the transition section overlook the faet that
the flows to be handled are so far from being uniform that is almost impossible to obtain optimum solutions
without extensive experimental work that investigate the performance of different shapes, not only with
respect to optimum efficiency but also to obtain the necegsary surge margin., One of the major problems
with experiments however is the accurate measurement of the static pressures in these irregular flows.

In most cases it is found that Pitot-static pressure probes with even the smallest possible tube diameters
are sufficient to change the flow pattern, in fact they usually throw the compressor into surge if it is
operating near the design point, so that one has to rely on static wall pressure taps to investigate the
effectiveness of different designs. Schlieren pictures for supersonic conditions do also not give informa-
tion that can be interpreted with ease because of the three-dimensional character of the flow, not to
mention the difficulties associated with the arrangement of the necessary optical system. It is therefore
quite difficult to measure the true averesge static pressure after a compressor wheel, and becsuse of the
uncertainties that arise if the average static wall pressures at Rp is ildentified with 1t, the separation
of the losses into those originating in the wheel, and those occuring in the transition section to the
diffusor, is equally difficult. For this reason the evaluation of the actual wheel efficiency Ty may be
associated with errors and this could be the reason why it ig often impossible to correlete experimental
data from different sources. Laser systems were mentioned earlier as an experimental tool to investigate
flows in turbomachines, and if the so-called velocimeter, using two laser beams for the determination of
the actual megnitude and direction of the velocity in the vicinity of a particular station has been
perfected, this instrumentation would be the best possible means to observe the true flow patterns in
machines, not only qualitatively but also quantitatively.

In accordaence with a limited amount of test data with a compressor operating at Ug/ao = 1.4, with
My2 = 1J8, the approximate ratio of the total pressure Pip at the rotor discharge and Pyx at the throat
of the diffusor was found to be about 1.14, giving an efficiency of the transition section of 0.63. This
efficiency is defined as the ratio of the actual static temperature rise to obtain sonic velocity at
the throat to that of an isentropic compression for the same pressure ratio., The average discharge flow
angle oo was sbout 750, It seems however that the transition section of the compressor in question could
be improved, so that the numbers given sbove represent only orders of magnitude and not values that cannot
improved.

Although a large number of tests have been carried out with subsonic diffusors by many sources, these
data cannot be applied directly to the diffusors of compressors with high speed ratios,especislly if the
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Mach numberg at the diffusor inlet are close to unity. Moreover, it has almost become standard procedure ‘
to apply the so-called equivalent cone angle of straight, round diffusors to decelerating flow channels

with other cross sections. This procedure converts the inlet and discharge flow areas of a diffusor

with arbitrary cross sections into circular ones, either with equal areas or by means of the hydraulic

diemeter, and thenh determines the equivalent cone angle with these diemeters and the actual length of the

diffusor. Either of the two methods for the determination of the equivalent cone angle bresks down for

particular designs, or gives results that are in dissgreement with actual test data.

An gttempt to establish a more rigorous calculating method for arbitrary channels has been made by
’I‘ra.upel2 s primarily for incompressible flows and approximations for the compressible case, but it is
then suggested that the equivalent cone angle be used again as a criterion for the permissible deceleration.
A different approach is possible, however, which has a minimum of simplifying assumption and has proved
to be valid for diffusors of arbitrary geometry, even axisymmetric ones with curved meridian channels and 4
annuler cross sections, for instance those arranged after turbomachines to deflect the flow from the
axigl to the radial direction. The derivation and the use of the equations are given in Table IV. From
the laws of conservation of momentum, mass, and energy, combined with the first law of thermodynemics,
there is obtained Eq. IV(10) which relates the frictional heat Tds to the work necessary to overcome the
action of the shear stresses along the channel walls. With tlhie so-called referred mass flow rate fy3
at the d@iffusor inlet, which is & dimensionless quantity defined by Eq. IV(14), there is then obtained the
principal equation IV(15). This equation is of the form dXj = dXp, where dXj contains the properties of
state p, p, and s, at the stations along the channel length, and dXp is depending only on the channel
gecmetry and the gkin friction coefficient cf. Actually, for a given diffusor the variables in dX] are
not independent of the changes of the channel geometry along its length L that occur in dX,. However, if
one were to adjust the flow areas A and the wetted perimeter C of the sections between the inlet and the
exit in such a manner that the thermodynamic process of the fluid in the channel would follow a polytropic
law, it would be possible to integrate dX; independently from dXp since s, and p are then unique functions
of the pressure p for a constant polytropic efficiency Tb or a constant loss coefficient ( = 1 - .
Conversely, if dn average skin friction coefficient Cp 1s introduced, the value of Xp is obtained by inte-
grating the quantity 4 from diffusor inlet to diffusor discharge, establishing the so-called diffusor
shape factor Q which is identical with the value ¢ of Ref. 26. The diffusor shape factor is a dimension-
less quantity which depends only on the area and perimeter changes slong the length L of the diffusor.

From the integration of dX; there is obtained the quantity X; as a unique function of the static
pressure ratio in the diffusor, vy, and the polytropic loss coefficient {. For vy = 1.4 the function X; is
plotted in Fig. 18 for different values of [, as function of the pressure ratio pg/ p3. Obviously the
conditions of state change monotonously during the polytropic process from p3 to ph %n Fig. IV(2), and the
function Xj only holds for such changes. Hence if the area changes in the diffusor would be such that
compressions in one part would be followed by expansions in another part, the function Xj could not take
care of the situation, since for an expansion the polytropic law esteblished by Eq. IV(7) would produce
an entropy decrease in violation of the second law of thermodynamics., However, even for smoothly changing
areas in the diffusor, which it will have in any case, the thermodynamic process in the T-s disgram of
Fig. IV(2) might not follow the isentropic line which is shown there, but one which curves either up-
ward or downward from it. It must be recognized however that the value of the function X1 will not be
greatly changed by different distribution of p along L, similar to the integral of Tds which is about
equal to (T3 + Ty,) (sy - S3)/2 elmost independent of how the process proceeds from station (3) to station
(%), provideé it goes along & smooth and fairly regular curve in the T-s diagram.

Moreover, the polytropic loss coefficient { is not assumed a priori, but adjusted to satisfy the
equation of continuity at the diffusor discharge for a specified average skin friction coefficient. The
necegsary iteration to solve this problem is explained in Table IV, The method employs the dimensionless
flow function ¢ which is plotted in Fig. 18 also, with the ratio of total and static pressure that
correspond to an isentropic process as varisble. Blockage factors for the diffusor areas are introduced
to take account of the boundary layer thickness. '

For small pressure ratios ph/p3; that is, for low Mach numbers at the diffusor inlet, the method
leads to relations that are identical with those commonly applied for the loss evaluation for incompressible
diffusor flows. In particular, the averasge skin friction coefficient is equal to

c. _PRi_ PR (53)

where Cpri and Cpg are the so-~called ideal and actual recovery factors, which express the increase in
static pressure as percentage of the kinetic energy of the flow at the diffusor inlet. The quantity Q
is the diffusor shape factor defined by Eq. IV(19).

Pigure 19 shows the skin friction coefficients cf obtained with Eq. 53 from the experimental data
of Ref. 27 for two-dimensional diffusors. Except for the diffusor with Io/aj = 48, which is unduly long,
the data lie within a relatively small band, with the test data for a thin displacement thickness of the
boundary leyer at the inlet near its lower boundary. It is of interest to note that for large values of
(2 the skin friction coefficients are very nearly equal to those of fully developed turbulent flows along
moderately rough surfaces in pipes or along plates, as shown by Ref. 20 (p. 587, and p. 611). The results
of Ref. 28 which were obtained, in part, at high subsonic speeds give values of Cp that lie in the same
band &8 in Fig. 19, indicating that the skin friction coefficients C; are directly related to Q2 for
different types of cross sections, and at speeds where compressibility effects cennot be disregarded.

This product is shown in Fig. 20

From Eq. IV(18) of Teble IV it is seen that X, is directly proportional to €f Q.for the seme data
points of Ref. 27 as plotted in Fig. 19. Hence it appears that a diffusor with a shape factor O equal
to 10 represents an optimum solution, If Q is smaller the efficiency decreases radically and for values
of Q larger than 10 a diffusor does not meke full use of the possible adverse pressure gradient that a
boundary layer can sustein without flow separations. The criterion Q2 = 10 has been used by the writer with
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success for a number of diffusor designs, and a variety of different diffusor shapes is now being tested
at NPGS to verify the validity of the criterion at high inlet velocities and with inlet flow distortions.

As shown also in Ref. 26, the shape factor of a round conical diffusor with inlet redius Ry, length
L, and the half-angle € of its divergence is

O S — ] 54
2 tan ¢ (1 + 2(I/Ri) tan e)h (54)

For conical diffusors where L is large with respect to R;, Eq. Sk gives a divergence angle of 2¢ = 5°45°',

The influence of the ratio I/Ri is small if L/Ri is larger than about 10, Two-dimensiona! straight diffusors
with congtant depth b,and widths a; at the inlet and ay at the discharge, determined by ag = aj + 2 L tan ¢,
where ¢ is sgain the half-angle of the channel, have shape factors

L 2 a,
/ey f1+— 1 M (55)

Q=
1+ 2(L/ai) ten e 1+ 2(L/ay tan e b

If the diffusor of Fig. 17 hed a ratio ai/b = 2.4, the value of Q for ¢ = 5° and L/aj = 10, is sbout equal
22,4, which appears to be excessive. Hence the diffusor should have a divergence perpendicular to the
plane of drawing also to increase bj at the inlet to by at the discharge. For shapes of this type the
expression of Eq. IV(19) for Q leads to complicated integrals. However with a simple graphical integratior
for a half-angle of divergence of about 20 that produces a ratio bg/bj = 2.4 with the widths aj and ag
remaining unchanged, the diffusor form factor is reduced to about 11.2. A diffusor channel for this

value of Q0 for compressors ig very likely very close to the optimum possible solution because of then
non-uniform flow conditions that exist at its inlet.

Because of these disturbances,the values of 2 Cr presented in Fig., 20 should also be increased, say,
from 0,10 to about 0.15, or 0.20, for Q of about 10. How these values affect the diffusor efficiency will
be shown with a simplified approach of the diffusor design method of Taeble IV. It is assumed that the
Mach number My3 at the throat is unity,but the method is not restricted to this value. The flow function
3 of Eq. IV(22) is then equal to O.68L7 in accordance with Fig. 18,and Pt3/p3 = 1.8929. Fram Eq. IV(28) for
for My3 = 1, v = L.k,

3 = (0.6847) (1.2)3 = 1.1832

From Eq. IV(18)

2
_1.1832° — —
Xy = = ¢, 0=0.7¢c 0

Hence, Xp = 0.07 for é¢ Q = 0.1, Xo = 0.1l for cf Q = 0.2, and these values are equal to the values of
the function X; which is plotted in Fig. 18. It will now be assumed that the area ratio A3/Au of the

diffusor is l/%.6 = 0.151 as is the case for the design of Fig. 17 with a half-angle of divergence of

20 to increase the depth b also. With blockage factors kp3 = 0.96 and kpl = 0.90, by Eq. IV(29)

g), = (0.6847) (0.151) (0.96/0.9) (Pts/Ptu) =0.11 (Pt3/Pt4)

Assuming that Py3/Pyy is about 1.05, the value of ¢), is 0.115. Fram the plot of ¢ vs Py/py it can be
seen thafi@u = 0.115, or slight changes of it on account of a wrongly chosen value of P43/ Py, the
value of Pgl/pl will not be higher than 1.02 because of the large change of & with Py/py close to unity.
Then,

The approximate values of { can then be read from Fig. 18 at the intersection of the lines for the known
values of X; and for ph/p = 1.77. For ©f 4= 0.1, or X3 = 0.07, there iz { = 0,070, and far c¢r Q = 0.2,
or X3 = 0.1k, one finds ("= 0.130, giving approximaste values of the diffusor efficiency of 0.93 and 0.87,
respectively, without teking account of the reheat effects that are reflected in Eq. IV(35). The values

of { thus obtained can then be used to determine the pressure ratio ph/p3 more precisely, by taking the
pressure ratio Pt3/Pth to be that obtained from Eq.  IV(33) with the spproximate pressure ratio pu/p3 = 1.77.

6. SAMPLE CALCULATIONS

To demonstrate the effectiveness of the developed performance paremeters, and the help of the figures,
the dimensions of an impeller for an air compressor with a pressure ratio of eight will be established for
the following conditions:

h = 2.5 1om/s = (2.5/32.174) slug/s

. )
Py = 14.7 peiag Ty = 520" R
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Pth/P ft-1b
RG 16 LFB W s Y= l.l‘-
From Eq. 5

8y = 1117.8 ft/s
Assuming p = 0.9; n, = 0.82, from Eq. II{3), or Fig. 4,

Uz/a.o = 1.658

hence
= 1853 L £t/s

' Figure 8 clearly shows that for U/a. and reasonable ratios Rjo/Rp the relative inlet velocity My
must be supersonic. For Myg = 1.15 a.nﬁ = 70° there is from Fig. 8, or Eq. IT(Y4),

Rlo _ 564

R

Judging from Fig.. 4 it is necessary to choose ap = TUO to obtain a value of Wpo/Wj, of about 0.4,
More precisely from Eq. II(5) '

2o o.u0s

Y10

For a chosen value of the wheel efficiency Ty of 0.7, there are fram Eq, 21

Y = 0.629; ¥° = 0,394

and the usual rotor efficiency Tr defined by Eq. 12, in accordance with Eq. 24, is

CMg= 0.88
With these values by Eq. II(9)
n/ T
[1- (&2 Ky = # (5.7138)
R1° TRy By

and from Eq. IT(11)

%2 'GTO (0.4127)
= . 7
Resz nR2 P

and, for approximate values kpy = 0.85, kp2 = 0.95, by division of two sbove-listed relations,

Do/ By
1 - (Ryy/Ry)°

Evidently this ratio holds for all compressors for the chosen conditions, irrespective of the flow rate
and the inlét pressure., For chosen redius ratios R1i/Rj, there are:

= 0.0646

Rli/Rlo = 0.2 0.3 o.b 0.5
by/R,
All these ratios are too small to obtain the desired efficiency. They were obtained because Rjo/Rp was

chosen too small and the angle B}o is too large, and both these values were taken to maintain & low Mach
number Myy. For a second try, let: .

Ro/Rp = 0.7; Bo = 60% ap. = 75°
Then, from the inverse of Eq. II(h), 'expressing M as function of Ry./Rp and Blo,

I}

0.062 0,059 0,05k 0,048

1.3198

:

From Eq. II(5)

= 0.360

=
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The latter value seems accepteble in view of Fig. lh,a.nd by proper rotor dimensioning a wheel efficiency
Tw = 0.7 should still be reached.By Eq. 21.

= 0.576; ¥ - 0.332

By Eq. II(9)
- @2, YT - (31069
Rlo m R2
snd, from Eq. II(1l1)
b Ry Tp
= k., = (0. ko)
R B2~ -2
2 TRy By
With kp, = 0.85, kn, = 0.95
b,/ R,
= 0.1074
1 (/R )

For the chosen value b2/Rp = 0.08 the radius ratio Rjo/Rp can be 0.5, which makes it possible to design
a meridional flow path that has an acceptable shape.

From the inlet conditions and the design flow rate:

m/i;"i;'= §E%igﬂ (1716.18)(520)

5 = 4.99%4 1n.?
o 14.7

because the pressure Py was introduced in pound per sq. in.. Then, from the previous data,

2

2 4,994
=% = 29,034 in.

3.7063
.25)(0

.85

Hence

Ry = 3.0k in. ; D, = 6.08 in.
R, = 2.125 in. ; Dy, = h.25 in.

Ry = 1.062 in. ; = 2,125 in,

Dyy
by, = 0.243 in.

For the chosen data, from Eq. II(6),

My = 1.256

The rotative speed N can be determined fram Eq. II(10), or directly fram

30 30 Y2 (30)(1853.4)
Nef we=q g C ?TT%WET = 69,860 rpm
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NN\

: Inducer
adial Impeller

View from A

FIG. 1 RADIAL - FLOW COMPRESSOR

R - Radius
v

. W
u
o
]
b
c

Subscripts:

1 - refers
2 < refers
3 - refers
x - refers
4 - refers
m - refers
u - refers
1 - refers
o - refers

to
to
to
to
to

to
to
to
to

- Absolute Velocity

- Relative Velocity

- Peripheral Speed

- Absolute Flow Angle

- Relative Flow Angle

- Axial Channel Width

- Height of Diffusor Channel

rotor inlet

rotor discharge

inlet 1ip of diffusor blades
throat of diffusor channel
discharge of diffusor channel

meridional direction
peripheral direction
inner radius at compressor inlet
outer radius at compressor inlet
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FIG.2 TEMPERATURE-ENTROPY DIAGRAM OF COMPRESSION PROCESS

IN COMPRESSOR OF FIG. 1

s 3 %W v o
[ad

t
8

Specific Heat at constant Pressure
Static Pressure

Total‘Pfessufe

Staiic Temperature

Total Temperature

Entropy

x =v,/ v,

( For other symbols and station designation see Fig.l )
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FIG. 3 SLIP FACTOR FOR RADIAL COMPRESSOR IMPELLERS WITH
RADIAL BLADES AT DISCHARGE

( Figures were adapted from Refs. 5 and 6 )
952 - Ym2  ( see Eq. II(8) of Table II )

]

ZR - Number of Rotor Blades

U
- Rogor Efficiency ( see Eq. 12 )
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FIG. 4 RELATION BETWEEN PRESSURE RATIO AND U2/ao FOR v = 1.4 ( Eq. 1I1(3))
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FIG. 5 RELATION BETWEEN ROTOR LOSS FORMULATIONS WITH _.T\ R’ n W AND ¥(Egs. 22 and 24)
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FIG.6 INFLUENCE OF DIFFUSOR EFFICIENCY T o ON EFFICIENCY Tj_ AND

PRESSURE RATIO P, /P~ OF COMPRESSORS AT DIFFERENT SPEED RATIOS U,/a,
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FIG.7 RELATION BETWEEN MACH NUMBER MV2 OF ABSOLUTE VELOCITY AT ROTOR DISCHARGE AND

SPEED RATIO U2/a0 , FOR Y = 1.4 ( Eq. II(6) of Table LI )
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FIG.11 VELOCITY DISTRIBUTIONS MEASURED IN
UNSHROUDED IMPELLER WITH RADIAL BLADES AT THE
DISCHARGE ( Adapted from Personal Communication
by Mr. H. S. Fowler ,Refs.l4 and 15)
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o
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FIG. 17 TYPICAL DISTRIBUTION OF STATIC PRESSURES IN TRANSITION

SECTION AND DIFFUSOR OF HIGH SPEED COMPRESSOR

( Numbers represent approximate ratiosof static
pressures and average pressure p2)
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TABLE I FLOW PROPERTIES IN COMPRESSOR
( For Symbols see Figs." 1l and 2 )
VELOCITIES
Y W] MA™ . PO N ) [ S VY S | -zﬁ(u.za;_:ji 1(4)
U, R, U, - R, sinj3, U, sin«, U, s
vu2 wuz__ |-
. M v, M
_U'_'_;Z a /u, cot o,
V, = 2V W, = Y Wy
TEMPERATURES 2
~i{Up) [Rig)?
To To ezt My cosp, |+_v_z-_1 M,
2 2
T, U T U, M
T IR T P A | I(6) | —2o |4 (- (__) [1_ ] I(7)
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TABLE I1I PERFORMANCE AND DESIGN PARAMETERS
e BT X (1) () X 10)
¢ U
AT (e - e ]
( )(1 and X, are given by Eqs. I(14) and I(15) of Table I )
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TABLE III SPECIFIC SPEED RELATIONS
DEFINITIONS WITH ENGLISCH UNITS
( see Refs., 18 and 19 )
SPECIFIC SPEED SPECIFIC DIAMETER
%
Ng =N III(1) p - 2 M 111(2)
374
Hls Ql
DEFINITIONS IN DIMENSIONLESS FORM
¥
w
ng = No . Q II1(3) gg = P D (c, &T, ;) I11(4)
129 (c_ o1, )37Z 0.42 Q P
-] 1
N - Rotative Speed ( rpm)
@ - Angular Velocity ( radians/s )
Q - Inlet Volume Flow Rate ( cuft/s )
is = 80 cp amis - Isentropic Head ( ft-lg/lbm)
8, - Gravitational Constant =~ 32.174 ft/s
- Specific Heat at Constant Pressure ( ft-1b )
P (Tslug, deg.R)
ATis' Isentropic Tempersture Rise in Compressor ( deg. R )
D - Rotor Dismeter (ft)
RELATIONS WITH SYMBOLS OF TABLES I AND II
R 2
1i I1I(5)
€ =1~
1 R 2
1o
Q = ™R.Z2E kv
1 1o °1 "Bl "1
Vl = Ulo cot Blo \
5 AT, = p Tlc u,
W= U,/R,
'D=2R2=2U2/u) (“n)!/z
nsz - n(Rw)? - cot B, & 111(6) d52 - 4 ; c I1I(7)
T
'R'z" (s '%)3 2 (R /Ry " kg, cot 810 g
and )
2 3/2 V2
51 - O (e ﬂc) tan ﬁlo I11(8) gl - 4 (w ﬂc) tan 810 111(9)
kpy (Ryg/RY 45 kg) (Ryp/Ry)
Equating Eqs. 8 and 9:
ng dg = 2 III(10)
b
(w M)
From Eq.8 -
2 3/2 E
Biia |- is (v M) tan B, III(11)
R 3
lo s kg (R /Ry)
EXAMPLE: For we 0.88 , li= 0.83 , ky = 0.85 , and 6, - 68° , find Ry /Ry, for different
values of Ns for the two radius ratios Rlo/RZ = 0,56 and Rlo/RZ = 0,70
For Rlo/RZ = 0.56; from Eq.11 For Rlo/Rz = 0.703 from Eq.1]
1 3
T [1 -n 2(3.288)]‘2 I111(12) 11 1 - g2 1.68)) % 111(13)
X S o S
1o 10
Rli/Rlo is zero for ng max=0+ 332,01 Nsmax=71 Rli/Rlo is zero for ng . = 0.771,0r NSmaxu99.4
For values of Ns lower than 71: For values of NS lower than 99,.4:
Ns 60 65 70 ‘ Ng 70 80 90 98
0.54 .620 . .
ng 0.465 0.504  0.543 ng 30 0.698  0.760
Rll/Rlo 0.537 0.406 0.178 Rli/Rlo 0.710. 0.59 0.424 0.169

Relation between so-called Mach Number Nwl = wlo / y 311 RG TO and actual Mach Number Mwl= wlo/alg
2 2
1

2 2
Ny, =[Y;1 My, ]/[“v-zx cos BIO] I11(14)
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TABLE IV  ANALYSIS OF FLOWS IN DIFFUSORS
ONE-DIMENSIONAL FLOW IN CHANNEL THERMODYNAMIC CONDITIONS
A
A - Flow Area A = Te=Toy= Teg
VedVY  C - Wetted Perimeter
c L - Chennel Length
M - Mass Flow Rate . P,- Total Pressure
A+dA P - Static Pressure ? T - Total Temperature
T - Wall Sh S
P - M:ss De:gitytresses o ’: - ]Sst:tic Temperature
A F& I¥Q) T- ntropy
. Fig.I¥(2)
From Momentum Theorem: ,np- Polytropic Efficiency
3 dpsd (X --,—E% dL T €= 1-T, - Loss Coeffictent
From Equation of Continuity; From Energy Equation:
o - vz Vst _ Va2
ma ApV I (2) T=T,- “=‘T+2_=—p T 2-:; =T, = I (3)
Derivation: From First Law of Thermodynamics: 7 (4)
- Tdsm ¢, dT _ tdp R _IL aT_ L d¢
s?.HH) into Eﬁv.ﬁ(') r - r
dsa R_[1 dT _ ie} IL(5)
v T ( L
CpdT-Tds, d(i)"‘ F A di For Adiabatic Polytr
badp) 7
d(cpdTe ¥ Tds o_ T CaL 7o Al () -1.T e pme
z P A Poodar ar dt v P
From Eq.3 dr. ¥ d @)
. t A T 7e Y -g
dfi=0=d(Ts L) = R (o
2¢ep T constant P 2r
- -
an 7eY
Tds = Z C aL (o) f= comstant b T
/° A From Egs. 5 and 7
From Frictional Law with Eq.2: gs =(—'- - )— -_5 4 ¥ (n)
32 Rs \7r 1-C Lig
T 2 C{_ _C V m -Ig(”-)
2 2 P At Dimensionless Referred Mass Flow Rate
Into Ecr. 10
Tds. S _™° cdL x (1) mo. Plf%le T (14)
1,3 3
L 2 /0 A Ps A3
PRINCIPAL EQUATION obtained fromEgs.13 and 14 and P = _p
R T
G
t ax. 2P d(_S_) = __( rs) ( )C"“'= *(rﬁn)z dﬂ=dx2 & (15)
1 ! fg PJ RG ,
; L
2
X . dX Lt od(s me|  X- 2fm.) [ 40l G /d.(L ()
R 2 2 ra ¥
3 ?3 & °
- 2
With Egs. 1t and 9 X~ =z (M) £ ¥ (18)
L
3
dXu(fo) Lt e o(L-1) La(f) Q . (5 Cdl I (19)
T I he PG A P2 A A,
R N o
d¥ o (L v ) [#» 7'Yd(_t)
: (d 3 Ps
_ Q will be denoted as Diffusor Shape Factor
A LY/ %) !
[
e g Vids
% - dx,gL[(é) _IJ
b 2. Yt From Eq,.20
and rid Yol-22Y (l’g)Y
T — Y+1-2 Yel-2
O LA T [T IR R AT T R
: fri-2¢y \Ps — e %Y
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TABLE IV (CONTD.) METHODS OF SOLUTION
. *
For Effective Flow Area A3 - kB3 A3 (sz =Blockage Factor, A3-Actual Area at Diffusor Inlet)
. T 2 FEy]
"‘_.‘/f?_i= ﬂ[(_‘f’z_)y-(_*’s_)r - f- f( 2, 1) W (21)
As Ra Y-t Ry t3
From Eq. 14 - . 'R
A : T
m, oV 83 ¢3V_C‘3_Z_E_=l o (23)
®
A Py Ps/ Pea
If Py is known, IfTb—/lv} -V /,/ Y Ra 'I‘3 is known, with cp - RG ___
~ T, TR ST N V-'M’ mu)
-1 Ta Zc,T; 2 YR, T, 2
T P Y v
3 —_
?=(P ) D) Ry [u._!Mv;] 0 W(2e)
t3 3 Pa 2
Into Eq.23 Y«1 Into Eq.23 Yot
. P 2y - Z(1-1)
m_, = ¢3< &3 I (27) mey = P [I+_";'_ Mv:]- I (28)
®, 2

For known £} and cf, i.e. X from Eq.18,and Xl- )\2, the Loss Coefficient C must be obtained with an

iteration to satisfy the Equation of Continuity at Diffusor Discharge. For Effective Flow Area
*_

A B[‘ At. ( kBa = Blockage Factor, AA « Actugal Diffusor Discharge Area ), since T:a - Tt]
2 Y41 *
YR T, 1 [(_P:)T_ (14_)—7—] cp-f(l gl B ww
4’ P "' Ptd Pt" 4 P4 s A4’ Ptq

Since Pt3/Ptl¢ is as yet unknown, it is not possible to determine Ptl‘/pa from function ¢‘ to obtain
palpa- (Pt3/p3)/(Ptl‘/pa). Additional relation is obtained by calculating entropy increase As =8,-8,
for polytropic process from Py to p, with Eq.11, and for '1‘t = constant from Pt3 to Ptlo with Eq.5.

For Polytropic Process: z Along Line ‘ItJ - T:a = Constant:
4 5 ln(ﬁ) . ln [(ﬁa_)'_:;] weg|, _As __ lnI_Ptﬁ_}- In[ﬁal T (31)
Re -Z Ps P Rg R, Pra
Equating Eqs.30 and 31 l_c N z
P Lﬁ.) 3 Bey| P (."’i) T w(®)
Pa Pf.q Pt.a 1’5
With Eq.33 -
Pie ;.(L )( P> )(_P;_) (Pasps)  _ _(Ra/t) _
Pe P P (P / Ra) (1) (& 3
s

ITERATION PROCEDURE

(1) For given values of Q) and Ef calculate X, from Eq.18 with Eq.27 or 28. X, = X,
(2) Choose initial value of € '

—» (3) Calculate ;:ol‘/p3 - pA'/p:’ by Eq.21 for Xl and {

(4) Calculate Pt3/PtIo - PtS/Ptlo' from Eq.33 for pt"/p3

(5) Calculate @' = PyCAL* /A, M (P SR ") {Eq.29)

(6) Calculate Ptlo /pa' from Eq.34 for 1:>4'/p3

.7) Calculate ¢1‘ ¢A" from Flow Function (Eq. 29) for Ptb/plo Pyt /p,!

X XE
_—————{mnge Value of § No }’\ 4 5(p4/p3)-(ph'/pz);(Pm/P”)-{’ta'/Rdl

L _Diffusor Efficiency nD3-h between Stations (3) and (4)

Y..
7 - T,' - Ts - TA’/T3"I - Q’A/Ps) '__ 1
D3-4 T4. - T Ta /T3 | Ta /'r_; 1
With Eq.8 (p / _VT-_I 1
7D3-4= -y PS) = - <(I_ g) K(ZS)

(Pa/bn) DT _
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LIST OF SYMBOLS

ROMAN
AR area ratio
AS aspect ratio of diffuser throat = width (hub to shroud)/height
B* throat blockage = (1 - Cp*)
Cp* throat discharge coefficient = Flow%’com,—- VCORE A
4d*, D* throat .diameter
L* parallel throat length
M Mach number
P static pressure
PR total pressure ratio
1= -2;6- p ¥ dynamic head
Re Reynolds' number
}) wheei speed
w weight flow
GREEK
X flow angle
e temperature correction factor for standard day = _T_° + included
angle for two dimensional and conical diffuser P19
g pressure correction factor for standard day = _ P
m ps_ia
A increment
Y ratio of specific heats _
m adiabatic efficiency = (PR ¥ - 1)/AT/TmyTRY
'Y(* static pressure effectiveness = actual static pressure rise
jdeal static.pressure rise
SUBSCRIPTS '
H hydraulic
LE leading edge
he throat
T ‘ tangential
SUPERSCRIPTS

hd throat
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A DISCUSSION OF SUPERSONIC DIFFUSERS for centrifugal compressors implies a general discussion of
diffusers for centrifugal compressors, since for pressure ratios greater than 3.8 the diffuser entry
Mach number exceeds 1.,0. This is indicated in Fig. 1 where diffuser entry Mach number is plotted vs.
stage pressure ratio for zero prewhirl rotors with radial exit blading. The limiting asymptotic value
of =~ 2.3 for infinite pressure ratio is indicated. It is commonly accepted that for Mach number
exceeding 1.25 shock/boundary layer interaction effects lead to separation., In Fig., 1 this corresponds
to PR = 12 which suggests an upper limiting target for contemporary state of the art without special
devices for reducing the adverse effect of shock/boundary layer interaction. In Fig. 1 is also plotted
normalized tip speed vs. stage pressure ratio. At present, maximum safe operating tip speeds are

about 2800 fps corresponding to a stage PR = 28:1 and entry Mach number = 1,405,

To date the maximum pressure ratio of centrifugal compressors in an operating engine is 7:1 in the
UACL JT15D corresponding to an entry Mach number of =X 1,20, Many other operating engines with
centrifugal compressors are in the 4 - 6:1 pressure ratio range with entry Mach numbers down to 1.0.
Recently, research stages have demonstrated an operating pressure ratio up to 12:1 with an overspeed
maximum of 14:1.

Since the pressure ratio requirement of centrifugal compressors has increased with time, the entry
Mach number capability has evolved in a natural chronological order.

Therefore the various diffuser concepts for centrifugal compressors are discussed initially with regard
to overall performance in the chronological order; vaneless, vaned, passage, multiple cascade and pipe.
Then each type is discussed individually with regard to its basic mechanism, design technique,
performance evaluation and possible improvements. Finally, general conclusions are drawn with regard
to the capability of the various types and possible ultimate performance.

OVERALL PERFORMANCE OF VARIOUS DIFFUSER CONCEPTS

In their earlier applications, centrifugal compressors for air were designed for the 2:1 pressure ratio
level with vaneless diffusers which had an exceptionally wide operating range from rotor choke to
vaneless space stall with acceptable efficiency = 75%, while retaining the utmost mechanical and
aerodynamic simplicity. The major drawback of such diffusers is the large frontal area required to
attain a useful diffusion, typically four times the rotor frontal area.

As pressure ratio requirements increased up to 3 and 4:) vaned diffusers (cambered and flat plate)
were introduced to reduce frontal area and improve range at higher pressure ratio. However, diffuser
entry Mach numbers were now becoming supersonic and a large vaneless space was retained to obtain
diffusion to subsonic Mach number at cascade entry. Thus the vaneless diffuser was still the only
diffuser for supersonic flow. When pressure ratios of 5 - 6:1 were attempted, the vaneless space
required for subsonic leading edge Mach number was prohibitive and improved diffuser types were
introduced namely, passages with a low loading uncovered suction surface and multiple cascade.
Typical performance is shown in Fig, 2 for the passage type. In Ref. 1 a 4.2 pressure ratio cambered
vane stage at 74% was improved to 4.6 pressure ratio at 84% efficiency for a 20 lb/sec. compressor by
converting to a multiple cascade diffuser.

At this time the swept leading edge, unloaded vaned diffuser concept, was introduced by Dallenbach
and Van Le at 4 - 6:1 pressure ratio. This proved effective as shown in Fig. 3 but performance was
still in the 75% efficiency range.

Recently, both UACL and Boeing/AVLABS demonstrated the high pressure ratio capability of single
centrifugal stages. (UACL - 10:1 pressure ratio at 74% and Boeing - 10:1 pressure ratio at 72%) in
Refs. 2 and 3. UACL used the pipe diffuser concept of Ref. 4 with a medium specifiq speed rotor of
Ns = 70 (Fig. %),

Boeing used the rectangular channel concept with spiral .leading edge and a low specifie speed rotor
of Ns = 50 (Fig. 5). By refining the downstream channels they were able to improve on the basic
early 5 - 6:1 capability of Fig. 2.

This recent Boeing and UACL work demonstrates that centrifugal compressor diffusers can be operated
up to entry Mach numbers of l.4.

VANELESS DIFFUSERS

The vaneless diffusers accomplish diffusion primarily by the inverse reduction of swirl with radius
for conservation of angular momentum. Typically centrifugal impeller exit flow angles are =~ 20° from
tangential, so that the tangential velocity is 94% of the total, while the radial velocity is = 34%.
Thus a 2:1 radius ratio will reduce the tangential velocity by 50% and the total by 42% for constant
radial velocity, while also halving the radial velocity only reduces the total velocity another 8%,
Even reducing the radial velocity to zero only decreases the total velocity another 3. Thus the
diffusion capability of a vaneless diffuser is primarily dependent on the radius ratio.

The vaneless diffuser would seem to be the most effective for supersonic flow, having no obstructions.
However, as it turns out, it is the worst. Primarily both the range and effectiveness of the vaneless
diffuser are severely limited by the invariable instability of the radial velocity profile at exit
from the impeller particularly for PR > 2,
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STABILITY AND RANGE 1In Fig., 6 is presented the map for a vaneless diffuser of radius ratio 2
feeding a scroll collector with a doubling of the width at about radius ratio 1,5 Choking is due to
the rotor and surge due to the vaneless diffuser. Range essentially disappears above 3.5 pressure
ratio with overall efficiency about 20 points less than for other diffuser types at'4:l pressure ratio.

At PR = 2 and less the vaneless diffuser is far superior in range but poorer in overall effectiveness
than the other types. Jansen (Ref. 5) has shown that the vaneless diffuser has ranges of inherent
stabllity and instability defined by a plot radius ratio vs. inlet swirl for constant rotor tip
Reynolds' number as shown in Fig. 7.

In Fig. 8 the stability limit of the diffuser of Fig., 6 is plotted as entry swirl angle vs. entry Mach
number as estimated from Ref. 5. Also plotted in Fig., 8 is the locus of overall surge for the map of
Fig., 6. This shows that the surge line is within the unstable range., On the overall compressor map
of Fig. 6 is located the locus of Jansen's stability limit which falls at about mid range. At high
speeds the overall surge occurs adjacent to rotor choke which provides a stabilizing effect.

Also shown on the vaneless diffuser stability map of Fig. 8 is the limit for radius ratio = 1.07 as
estimated from Jansen's data, It is evident that for this extent of vaneless space, which is typical
of that used with vaned or passage diffusers, the vaneless region is unlikely to ever contribute to
the stalling limit of the overall diffuser, since the maximum swirl at 1.3 Mach number = 3.5°, while
rotor exit average flow angles are rarely less than 10°,

Generally, the instigating mechanism for instability is the radial boundary layer profile. For most
impellers the exit radial and tangentisl profiles are as shown in Fig, 9. The tangential profile is
a typical flat plate turbulent power law on the shroud and hub, being much thicker on the shroud due
to the development of a tangential boundary layer along the open shroud of the impeller. The radial
profile, having been subjected to the diffusion in the impeller, has typically a shape factor,
"Ha3, and Cp = 0001 and is quite close to separation. Further diffusion in the vaneless diffuser
can only result in a three dimensional separation which is often observed even in the vaneless space
of a vaned diffuser. Thus the vaneless diffuser is generally poor on performance above 2:1 pressure
ratio due to the deteriorating exit radial velocity profile from the rotor with increasing pressure
ratio.

In addition, vaneless diffusers require an excessive frontal area for any significant diffusion.
Since velocity ratio oC Radius Ratio at constant width, for a typical 5:1 area ratio about 3 times
the frontal radius is required over a vaned system.

Thus vaneless diffusers are always severely limited by the unstable nature of the radial profile
occurring at exit from the rotor due to the internal diffusion. However, a vaned or passage diffuser
can operate moderately well under such conditions since it is governed by the total velocity profile
at rotor exit which, in turn, is dominated by the tangential profile due to the tangential nature of
the flow. This tangential profile is highly stable having been through a zero pressure gradient.
Therefore, vaned and passage diffusers always have an inherent advantage over the vaneless diffuser.
In addition, the stalling range of vaned or passage diffusers is not limited by the stability of the
radial profile.

VANED DIFFUSERS

The principle of a vaned or cascade diffuser (Fig. 10) is to provide additional reduction of the swirl
over the vaneless concept by reducing the angular momentum. Typically 50% of the inlet angular
momentum may be removed which effectively halves the radial extent required for a given reduction in
swirl compared to the vaneless diffusers. In addition, vaned diffusers are not primarily limited by
the stability of the rotor exit radial velocity profile, since they 'see' the total velocity which,
due to the highly tangential nature of the rotor exit flow, is governed by the very stable tangential
profile.

Vaned or cascade diffusers have been successfully applied up to 6:1 pressure ratio and Myg = 1.15,
where typical stage efficiencies of 75% are common, with excellent range. Fig. 11 shows a peak
efficiency of 78% at 5:1 for a UACL research compressor with a cambered vane diffuser at 1.0 lb/sec.

There are two general classes of vaned diffusers; cambered vane and flat plate as shown in Figs. 10
and 15. Generally, the cambered vane diffuser retains a normal static pressure loading across the
vane passage, while the flat plate, being a symmetrical, straight passage, exhibits no loading
normally across the passage. However, the diffusion rates of flat plate cascades are generally higher
than the cambered vane because of their higher turning to radial. In our (UACL) experience, cambered
vanes are superior to flat plate as shown in Table I where at 5:1 pressure ratio the cambered vane is
4 points better,

CAMBERED VANE DIFFUSER Although analogous to axial stator cascades, centrifugal compressor
vaned diffusers have not been based on the same design philosophy. The design techniques have been
very two dimensional, assuming a uniform flow in the spanwise direction and accounting for mainstream
and normal flow property variations. Various techniques for specifying the blade profile of cambered
vanes have been developed. Fauldes (Ref. 6) recommends, for low inlet Mach numbers, transforming
rectilinear cascades and presents a detailed study of such a diffuser fed by a static air supply.
Dallenbach and Van Le in Ref, 7 describe a blade loading/momentum analysis assuming velocity and angle
variation across the blade passage. Such a technique is effective within a channel in the absence of
three dimensional effects, but is poor for determining the leading edge suction peak and any local
supersonic effects which strongly influence the initial diffusion on the suction surface and hence the
boundary layer conditions.
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Dallenbach and Van Le in Ref. 7 also recommend a technique for handling the supersonic leading edge
Mach number with a swept leading edge concept to minimize shock effects in the transition from
supersonic to subsonic flow combined with a lightly loaded (angular momentum change) cascade.

On a full compressor test, only state of the art performance was attained as indicated in Fig. 3.
Since the cascade has some turning to radial, the long V-notch swept effect may have contributed more
to improved matching of the flow angle variation in the spanwise direction at rotor exit.

At UACL an attempt was made to improve on the momentum/loading technique for a supersonic diffuser
entry Mach number of 1.05 as described in Ref. 4, A simplified bow wave configuration was constructed
and a simple momentum/loading analysis was applied through the leading edge mixed (supersonic~subsonic)
flow region. Supersonic and subsonic regions were treated as simple lump sum quantities and an attempt
was made to maintain a constant suction surface Mach number to minimize shock/boundary layer interaction
effects. A long, thin, low turning vane was obtained and is shown with the resultant loading diagram
in Pig. 13. The leading edge suction peak was estimated using static pressure data for circular
cylinders. The effect of the passage shock intersecting the suction surface is shown as a rapid drop
in loading. The remainder of the loading was specified to avoid the recurrence of supersonic flow.

The map of Fige. 11 with 5:1 at 78% was attained with this diffuser, although the good performance is
not all attributable to the diffuser., At higher Mach numbers the performance of this diffuser
deteriorates rapidly as seen in Fig., 1&4 where a loss map is presented.

FLAT PLATE DIFFUSER At UACL we did extensive research on flat plate diffusers using three
basic developments; a blunt leading edge, a chamferred leading edge and a scalloped leading edge of
the configurations shown in Fig. 15 and reported in Ref. 4. As for the cambered vane diffuser,
Mg = 1.05 at 5:1 pressure ratio.

The following table shows a comparison of overall efficiency at 5:1 pressure ratio.

TABLE 1

Comparative Overall Performance of
A Stage with Various Flat Plate
Diffuser Configurations

Leading FEdge Type Pressure Ratio TI_ Flow

Blunt 5:1 65 1 1b/sec. .
Chamferred 5:1 72 "

Chamferred and '

scalloped 4,85 73 1 1lb/sec.

There ig a general improvement of efficiency through blunt leading edge, chamferred and chamferred
and scalloped. The basic flat plate cascade was defined to have 36 vanes which gives the optimum 10°
included angle of the conventional two dimensional diffuser. The chamferred case includes a chamfer
angle of 4° giving an initial included angle of 6° for AR = 1,3. Finally the scallop defined by a
hollow grind gives the shape shown in Fige. 15.

It is felt that the leading edge scallop has an ameliorating effect because it peels the wall boundary
layers away from the cascade corners. The same concept reduced the loss of a UACL cambered vane
diffuser by about 10%.

The ideal flow pattern approaching a supersonic flat plate cascade for an entry Mach number = 1.3/is
shown in Fig., 16. This was obtained by a supersonic characteristic analysis assuming a uniform limit
circle source/vortex flow with sharp leading edge vanes. The local leading edge Mach number upstream
of the leading edge shock is l.443 and downstream is 1.27 which re-accelerates to 1,46 at the passage
shock along the flat suction surface. This example demonstrates the general effect of the uncovered
suction surfaces of the vanes of two dimensional radial cascades in supersonic flow. Turning towards
radial (reducing angular momentum) gives acceleration and turning towards tangential (adding angular
momentum) gives diffusion. This is analogous to rectilinear cascades, where a flat surface (no
turning) gives constant velocity, turning towards axial gives acceleration and turning towards
tangential gives diffusion. However, the turning is relative to the local tangential and radial
directions for the radial cascade so that a flat surface gives an effective turning to radial and hence
acceleration. This indicates that at least zero loading type uncovered suction surface profiles should
be used from leading edge to throat to minimize shock effects and even a negative loading profile

might be desirable., Of course, the lack of loading from leading edge to throat must be made up
downstream of the throat.

LOSSES AND STATIC PRESSURE EFFECTIVENESS From an axial cascade view, the radial cambered vane
and flat plate diffuser represent low aspect ratio, high solidity, thick sidewall boundary layer
cases with high de Haller number velocity ratio (high diffusion). Unfortunately, for many years only
the angular momentum loading aspect of the cascade loading was recognized. A typical number used by
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UACL is the coefficient Cp = aAH . O.4 maximum. I say unfortunately because equivalent NACA D
factors for such diffuser ZA, R cascades are = 0,8 with 80% of it due to streamwise diffusion.
Thus the single greatest source of loss in radial cascades had been ignored. In Fig. 17 is presented
a comparison of measured losses for the cambered vane and flat plate diffusers discussed previously
on the NACA axial cascade D factor basis, It is interesting that the data correlate quite well with
an extrapolation of the NACA loss correlation fitting the NACA data band quite well., Leading edge
Mach numbers up to 1.15 are noted in Fig, 17. The higher D factor level of the flat plate over
cambered vane diffuser is noteworthy. It is quite satisfying that, in spite of the gross variation
of incidence over the blade span, the cambered vane and flat plate diffuser losses correlate with
axial stators which (the latter) generally operate at much more uniform incidence distributions.

Referring to the strongly varying distributions of radial and tangential velocity obtained at exit
from a centrifugal impeller, Fig. 9, the combined effect is shown as a typical absolute flow angle
profile in Fig. 18, When compared with the conventional constant two dimensional leading edge metal
angle of a cascade diffuser, which would be about the mean of this profile, incidence would vary from
+12° at the sidewalls to =12° at midchannel. An attempt to scallop a vaned diffuser and reprofile to
match this flow angle distribution should result in an improvement in performance. The form of the
scallop is shown in Fig. 19. Note that a large area of the vane has been removed or altered in the
carefully designed supersonic region. The results of this are shown in Fig., 20 as a curve of peak
efficiency vs. pressure ratio over the map, as much as four points in efficiency were gained at 5:1
pressure ratio, In addition the flow range, as also shown, improved about$0%. In Fig, 20 the
diffuser losses are also plotted vs, Mpg. Minimum loss at Mrg= 1.03 decreased by 30%. This suggests
that rather than being highly concerned with the leading edge Mach number effects, one should take
more account of the three dimensional nature of the rotor exit flow (which is likely to be more
effective in reducing losses). For, in spite of the effective gouging of a large portion of the

vane in the supposedly highly critical area along the suction surface from leading edge to throat, a
large gain in performance has been obtained,

It has been demonstrated in the literature by Dean and Runstadler (Ref. 8) and Sprenger (Ref. 9) that
the static pressure effectiveness (defined as actual static pressure rise/ideal static pressure rise
from the throat to exit) correlates well with throat blockage (defined as 1-Cp*) for a wide range of
throat Mach numbers and geometry with both rectangular and conical diffusers. In Fig. 21 data for
the UACL cambered vane diffuser has been plotted on this basis for the whole range of the map, where
entry Mach number varies from 0.7 to 1.15. The correlation is quite good indicating relatively high
throat blockage levels of &£ .25 at high speed. Note the low value of the throat Reynolds' number
(1.0 - 1.8 x 10°), A comparison of this data with Dean and Runstadler's data for Re p¥ €o 9 x 107

(Ref. 8) is also shown in Fig, 21. The throat Reynolds' number correlation would give a 1/5%
power law of Re vs. (1 =-m*) which is consistent with the turbulent friction law for straight pipes
in this range as shown in Fig, 22. The shape of the effectiveness vs., throat blockage

correlation is also quite consistent with that of Dean and Runstadler. The configuration of the
diffuger for the Ref. 8 data was a straight two dimensional 8° included angle with throat AS = 1 for
M* = 0.2 to 1.0. The UACL cambered vane data is for throat AS = .92 with a curved centerline and a
13° included angle with M* = 0,7 to 1,0, This correlating of effectiveness with throat blockage for
diffuser elements would appear to be superior to the D factor concept in that the former covers the
whole range of operation from surge to choke, while the latter applies to the optimum leading edge
incidence match point.

THROAT BLOCKAGE To determine the source of the high throat blockage levels for the cambered
vane diffuser, a correlation of throat blockage with nondimensional leading edge to throat static
pressure rise was formulated. This is shown in Fig, 23. There tend to be separate correlations for
entry Mach numbers > 1 and £ 1. It is to be expected that throat blockage would correlate with
leading edge to throat static pressure rise, since the wall boundary layers will grow under the
adverse pressure gradient and become more defected. The step increase in blockage on reaching
supersonic entry Mach numbers is consistent with the fact that for entry Mach number > 1 the static
pressure rise occurs more abruptly through a shock system. From Fig, 23 it is evident that due to
the losses which occur in the diffusing system At*' = o35 corresponds to & half the overall
diffusion required to M = .1 occurring from e leading edge to throat. As entry Mach number
increases beyond 1,0 this becomes increasingly severe so that at entry Mach number = 1,25 for surge
M* = ,8, 44* a 0,65 would be required., With the throat blockage levels of Fig. 23 little diffusion
would ‘be J.a accomplished after the throat. This would seem to be the major problem with
supersonic diffuser for centrifugal compressors; the leading edge to throat diffusion required, while
still minimizing throat blockage to maximize downstream effectiveness. The leading edge scallop test
quoted above indicates that simply matching the leading edge flow angle profile makes large
improvements in performance, presumably because of a considerable reduction in throat blockage and a
consequent improvement in recovery.

Further evidence to indicate the importance of matching the spanwise incidence correctly is shown in
Fig. 24 where choking throat discharge coefficient is plotted vs. entry Mach number for the two
dimensional and scalloped leading edge cambered vane and a pipe diffuser. The pipe diffuser retains
considerably lower throat blockage levels and the scalloped leading edge cambered vane is midway
between pipe and two dimensional leading edge cambered vane, The pipe diffuser characteristics will
be discussed further in a later section.
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STALL LIMIT 1In Fig., 25 is presented a stalling correlation for the two dimensional leading edge
cambered vane diffuser compared to a pipe. Here, leading edge to throat nondimensional static pressure
rise at surge is plotted vs. entry Mach number. Up to entry Mach number = 1,0 it is almost constant
for both cases., Beyond entry Mach number = 1,0 it rises for both cases, For comparison, the static
pressure rise across a normal shock is plotted. For the two -diffuser types, the leading edge to
throat static pressure rise seems to approach the normal shock curve for entry Mach number exceeding
1.0 but eventually rise more slowly. Actually, the diffuser 4 ¥ stall curves would not be
expected to rise for M entry = 1 until the normal shock level . had exceeded this level which
occurs above M entry = 1. Since the M entry scale corresponds to the mass average value and not the
peak, the normal shock static pressure rise curve for the peak is also plotted. For both diffuser
types the stalling limit curves commence rising when they intersect the peak entry Mach number shock
rise curves. The pipe diffuser has about 60% better stalling static pressure rise. This all
indicates that supersonic diffusers can have good stall capability, in fact, even better than subsonic
with the stalling limit increasing with entry Mach number. However, the higher rate of increase of
throat blockage from Fig. 2l suggests that choking blockage may remove much of the mass flow range
advantage of the superior stall capability over subsonic diffusers.

MULTIPLE CASCADE DIFFUSERS

Multiple cascade diffusers (Fig. 26) comprise multiple succeeding rows of cascade or vaned diffusers.
Usually there are two, sometimes three rows. The basic advantage of this concept over the single
row vaned is the subdividing of the loading which results. Thus a two row multiple cascade system
may accomplish the same diffusion as a single cambered vane but with half the D factor per row, i.e.
Ot ve. 0.8. A value of 0.4 is generally accepted as a useful maximum for axial stator cascades
with low loss, In addition, the adjacent cascades may be relatively indexed to optimize the blade
surface boundary layer entry condition for the following row.

Very little published data are available for such diffusers, However, Continental have published a
map with up to 4.8:1 pressure ratio for a multiple cascade single stage centrifu%al compressgor at

20 1lbs/sec. compared with a corresponding vaned diffuser. At the maximum speed (PR = 4.2 to 4.8)
efficiency increased from 74% to 84% from the vaned to the multiple cascade diffuser with an improved
surge range., No data on the geometry of this case is available, however, from Fig, 1 for a
conventioEa% vaneless space gap of 7% the diffuser entry Mach number would be expected to be supersonic
for FR = oeOo

Another published case of a multiple cascade diffuser in a centrifugal stage is Ref, 10 at 2.7 pressure
ratio and 2 1lbs/sec. Here a direct comparison was made with pipe diffuser operation with the same
rotor. Generally the pipe diffuser stage is over 1 point better on efficiency. However, no attempt
was made to match the spanwise leading edge angle distribution of the first row cascade to the flow
angle distribution at rotor exit. The entry Mach number at design point for this case is 0.8 with
double circular arc and NACA 40O series for the first and second rows. Gap/chord ratios were 0,8 and
0.43, respectively, compared with the 0,34 for the UACL cambered vane diffuser. The predicted loss
for this multiple cascade diffuser is 4P = .02, while the measured was 0,04, This difference of
0.02 would correspond to the 1 point FRa efficiency difference between pipe and cascade. Again,
this accentuates the importance of matching the inlet flow angle profile to maximize the performance
of centrifugal compressor diffusers,

PASSAGE DIFFUSERS

The passage diffuser as shown in Fig., 27 is a concept which ignores the angular momentum reduction
principle of the cascades and relies on capturing the flow with a cambered leading edge and directing
it through an enclosed passage, whence it is fed to a collector after diffusion to some low Mach
number. As in other diffuser concepts, it is the leading edge to throat region which is important
for supersonic entry Mach number. In most cases (applications to 6:1 pressure ratio) a compressible
log spiral or some type of low loading suction surface is applied and the pressure surface is faired
to give a desired throat. After the throat some moderate diffusion rate, straight chamnel is
applied; with either circular or rectangular cross section. Boeing, G,M. and Chrysler have published
information on such application at pressure ratios of 6:1 and 3:1 and 4:1, respectively, in Ref. 1l.

Performance similar to or better than cascade diffusers is possible. In Fig. 2 Boeing obtained 6:1
pressure ratio at 80%, Generally, these diffusers are bulky and have a relatively large frontal area.

Recently Boeing/AVLABS has demonstrated an efficiency level of 72% at 10:1 pressure ratio (Fig. 5)
with this diffuser concept indicating an entry Mach number level of 1l.3. Detailed analysis of the
diffusion performance from throat to exit as effectiveness vs. throat blockage from Ref. 3 is as
shown in Fig, 28 (AS = 45, 20 = 10° and AR = 4:1, Rey = 4 x 105), A comparison with the static
straight rectangular section data of Ref. 8 by Dean ¥ and Runstadler is shown. This result is
consistent with the correlation of UACL cambered vane diffuser effectiveness with throat blockage,

In both Refs. 8 and 3 for the static channel tests and the 10:1 pressure ratio compressor tests a
significant effect of aspect ratio was determined. Fig. 29 shows the results from Ref. 8 for the
static channel tests indicating an optimum aspect ratio of 0.75 = depth/width with a critical
dependence on the O - .75 side of the curve., Throat parallel length was also found to be critical,
the important condition to satisfy, being to avoid re-accelerating the throat flow to supersonic Mach
numbers. A parallel throat length = 0.33 of throat hydraulic diameter was found to be satisfactory.



[ECHNICAL LIBRARY

7-6

In the following section on the pipe diffuser, all of these parameters will be compared. In Ref. 3
on the 10:1 pressure ratio compressor work, the same trend of increasing throat blockage towards surge
was determined as for the UACL cambered vane, although insufficient data to form a leading edge to
throat static pressure rise correlation is available, The same reasoning, as presented previously
in the vaned diffuser section, is presented for this characteristic in Ref. 3. In fact, schlieren
photos are presented in Ref, 3 which indicate that a "zone of rapid readjustment" occurs at the
diffuser leading edge. So that rather than a continuous free vortex flow field occurring from rotor
exit to diffuser leading edge, a rapid readjustment of the swirling flow with radial static pressure
gradient at rotor exit to a constant static pressure flow at diffuser throat occurs through leading
edge normal shock. The strength of this shock then adjusts itself to match continuity in the
diffuser throat with an increase of strength towards surge due to the decreasing throat Mach number
in this direction.

Just as for the vaned diffuser, these passage diffusers will suffer from the same leading edge
incidence mismatching for two dimensional straight leading edges.

PIPE DIFFUSER

This novel concept, Fig., 30, is based upon an array of drillings arranged symmetrically in a radial
plane with their center lines all tangent to the same circle. The geometry is such that, when these
drillings mutually intersect, a pseudo vaneless space is formed between the tangency circle and an
outer circle called the leading edge circle. Since the intersection of two coplanar cylinders is
an ellipse, this pseudo vaneless space is composed of an array of symmetrically located elliptie
ridges at the intersection of each drilling, When this drilling array is arranged around a
centrifugal impeller, the flow will exit into the tangency circle plane, flow through the pseudo
vaneless space, and enter the discrete pipes formed by the drillings., A conical diffuser may then
be arranged downstream of each discrete pipe to diffuse the flow and feed any type of passage such
as the trumpet in Fig, 31 which, in turn, feeds an axially directed annulus,

The merits of this diffuser concept are both economic and asrodynamic. Economic because of the
leading edge region is easily defined by a series of simple drillings and comes out extremely
accurately for relatively little effort. The major aerodynamic advantages lie with the leading edge
ridge or scallop. As seen in Fig. 30 the ridge is inclined at 0° from tangential at its own tangency
circle (slightly greater in radius than the passage centerline tangency circle) and builds up to a
maximum inclination at the leading edge circle. The three dimensional shape of this leading edge
allows it to accommodate the type of flow angle distribution usually found at the exit of centrifugal
compressors due to fairly thick hub/shroud boundary layers.

The swept shape of the leading edge is conducive to the "normal Mach number < 1" concept of the
swept wing at incidence. This vortex has been found to be conducive to the stability of the flow in
the passages and is conslidered to suppress the separation tendencies of the wall boundary layer in
the downstream diffuser. In particular, it suppresses the separation of the flow over the apex,
Fig, 30, of the scallop in the leading edge plane.

The circular cross section of the drillings is considered to allow these diffusers to "swallow" a
highly non uniform flow much better than the two dimensional cascade type; particularly where the
rolled vortices mix the flow. It would at first appear that the swept leading edge should allow
the supersonic leading edge flow to enter the diffuser channel supersonically. However, this is
only possible for one throughflow at a given speed for a fixed geometry diffuser, since the leading
edge Mach number is very nearly constant along a speed line and the throat Mach number is largely
a function of flow,

The simplest pipe diffuser cross section, circular, has a natural aspect ratio of 1,0 which is just
over the optimum of 2~ .75 determined for rectangular section passage diffusers in Ref, 8.

The effect of parallel throat length on pipe diffuser performance has been demonstrated in Ref. 4,
This is repeated in Fig. 32 where the wall static pressure distribution of short and long throat
pipe diffusers is plotted. In both cases, just upstream of the apex of the leading edge scallop,
a normal shock occurs which automatically adjusts itself to suit continuity in the diffuser throat.
This is the same finding as for Ref. 3 on the Boeing/AVLABS 10:1 pressure ratio centrifugal program
where schlieren photographs show the same leading edge normal shock. In the throat, for the short
case, a continuous static pressure rise occurs merging into the static pressure rise of the
downstream cone., For the long throat case, an initial static pressure rise occurs in the throat
followed by a drop, possibly to supersonic Mach number, with a relatively slow static pressure
recovery in the downstream cone. The overall static pressure rise of the short throat case is 1%
greater than that of the long throat combined with a 0.5 percentage point improvement in overall
efficiency. The corresponding throat dimensions for the two cases are L*/d* = 1,84 and 0,5,

STATIC PRESSURE EFFECTIVENESS As for the vaned and passage diffusers, the throat to exit
effectiveness of the pipe diffuser cones may be correlated with throat blockage. Fig. 33 shows such
a correlation for a UACL 6:1 and 10:1 pressure ratio match pipe diffuser. The maximum entry Mach
number of the 6:1 and 10:1 pressure ratio data are 1,2 and 1,42, The latter is likely one of the
highest Mach number levels of which a radial diffuser has ever been operated. For comparison,
Sprenger's (Ref. 9) straight conical diffuser throat blockage correlation is also shown. The shapes
of the curves are quite similar. Due to the throat Reynolds' number difference, the curves are
relatively displaced. However, they do correspond on a 1/5% power law at B* = .1 as indicated in
Fig., 22. Sprenger's data correspond to low throat Mach number, while the UACL data are for M* = 0,6 -
1,0. However, the data from Ref., 8 show that effectiveness is very weakly dependent on M* as
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indicated in Fig. 33. Again, the throat to exit effectiveness of a centrifugal compressor diffuser
has been shown to correlate with static, single channel on the throat blockage/effectiveness base.

In Fig, 34 the throat to exit effectiveness is plotted vs. throat Mach number and shock Mach number
for a 6:1 pressure ratio speedline. On the left is a scale of throat Mach number up to 1,0. On the
right is a scale of diffuser passage upstream shock Mach number. Just as for the Boeing/AVLABS work,
a continuous set of data is obtained even above M* = 1,0 with only a slight fall off in effectiveness
up to l.1 Mach number., Note that the throat Reynolds' number of the UACL pipe diffuser is about 1/4
of the Boeing/AVLABS, The increase in effectiveness with increasing M* is due to the corresponding
reduction in throat blockage. The core or maximum throat total pressure used to calculate the throat
Mach number for the UACL cambered vane and pipe diffuser data was obtained from impeller tip static
and temperature rise with flow factor and shroud friction temperature rise determined from numerous
tip traverses of total pressure and flow angle., The throat total pressure includes a correction for
leading edge shock loss. Invariably at all speeds, verge of choke (maximum flow) corresponds to

M* =2 1,0 which suggests that very little core total pressure loss occurs from leading edge to throat.

Comparing the pipe diffuser effectiveness vs. throat blockage data with the UACL cambered vane data
as in Fig, 35 shows that they both follow the same type of correlation (same throat Reynolds' number)
but that the cambered vane data falls lower on effectiveness and is at a higher level for the same
speeds In fact, the cambered vane diffuser at the 6:1 pressure ratio speed operates at the same

B* (= .25) level as the 12:1 pipe diffuser. This brings out one of the principle advantages of the
pipe diffuser leading edge concept. The superior matching of the leading edge flow angle profile

and the swept shape reduce the resultant throat blockage levels and raise the effectiveness. Although
the matching is not perfect, it certainly is much superior to a straight two dimensional leading edge.
In Fig. 36 the incidence distribution is plotted vs. fraction of flow. About 70% of the flow is
operating at an incidence level of + 6° vs. the + 12° of a two dimensional leading edge.

THROAT BIOCKAGE The same leading edge to throat static pressure rise concept as for the vaned
diffuser has been found to correlate the throat blockage of a pipe diffuser., The data are shown in
Fig. 37, both for 6:1 and 10:1 pressure ratio stages. Only high speed (10:1 to 14:1 pressure ratio)
data are available for the 10:1 pressure ratio stage. A general increase of blockage occurs with
increasing static pressure rise with two curves for entry Mach number > 1 and £ 1. As discussed
previously for the cambered vane diffuser, a general increase of throat blockage with increasing
static pressure rise leading edge to throat is to be expected, since more diffusion is required of
the boundary layer resulting in a thicker, more defected boundary layer. The higher level curve for
Mg = 1 is a result of requiring that most of the diffusion (leading edge to throat) be accomplished
abruptly through a normal shock. Although the 10:1 pressure ratio data approach the 6:1 pressure
ratio data at lower blockage (.13) for Mz > 1, they follow a steeper trend for increasing blockage
than the 6:1 pressure ratio data. Possibly, for higher entry Mach number levels (> 1,29) the curves
of 8 vs. Q?* increase in level or the different rotor for the 10:1 pressure ratio case feeds
a different incidence profile to the pipe diffuser leading edge resulting in a somewhat
different throat blockage characteristic. In fact, it might be expected that different diffuser
leading edge incidence distributions result in different throat blockage characteristics, i.e. the
difference between two dimensional leading edge cambered vane and pipe diffuser. In any case, it
appears that throat blockage levels for a simple throat at the leading edge of a pipe diffuser can
be rising rapidly for entry Mach numbers approaching l.%. The equivalent trend of a two dimensional
leading edge diffuser would likely be disastrous. In Fig, 38 a comparison of the correlations for
the two diffuser types is plotted. For entry Mach number & 1, the curves tend to coincide at high
static pressure drop td the throat with an increasing divergence for increasing static pressure rise
(or decreasing static pressure drop) with the cambered vane blockage levels considerably exceeding
those of the pipe diffuser. For instance, at ¥ = 0,225 the cambered vane diffuser exhibits
minimum loss at the 6:1 pressure ratio speed LE for the pipe diffuser, while the same point for
the pipe diffuser is at ¥ = 0,2. These coéiespond to B* = 0,2 and 0.1, respectively, with '
Mg > 1 on Fig. 38. %&t This gives * 2 0,51 and .65, respectively, in Fig. 35 with 4
O.14, The result is a difference of about 5 points in overall efficiency. Therefore, much of the
poor performance of diffuser types other than the pipe is due to the higher throat blockage levels
which they incur. The scalloped vaned diffuser leading edge test quoted previously demonstrates this.

Other evidence of the superiority of the pipe diffuser is demonstrated by the throat blockage at choke
correlation of Fig. 24 discussed previously with regard to vaned diffuser. The pipe diffuser is far
superior to the vaned at supersonic entry Mach number while at subsonic Mach numbers its correlation
approaches the vaned, whence the two curves merge at MLE = .8, For the high pressure ratio (10:1)
case of the pipe diffuser throat blockage levels as high as 0,25 are encountered at 1. 4 entry Mach
number but this data do tend to fair into the 6:1 pressure ratio pipe data. In addition, rate of drop
of Cp* more than doubles from MLE = 1.2 to l.4t which is considerable. In fact, the trend of the curve
suggests that, for entry Mach number approaching 1.5,Cp* drops vertically with MLE. The lower throat
blockage of the pipe diffuser allows a smaller geometric throat for the same flow and consequently a
more compact diffusing system as well as higher effectiveness.

STALL LIMIT The stalling correlation of the two diffuser forms is presented in-Fig. 25, The
limiting leading edge to throat static pressure rise has been plotted vs, entry Mach number. Since
stall is likely a breakdown of sidewall boundary layers in traversing the static pressure gradient
from leading edge to throat, it would seem likely that the above correlation is relevant. As
explained in the previous section on vaned diffusers, a nearly constant value of A p*/9.a is obtained
up to MIE =1 with the pipe diffuser level about 60% higher, Above entry Mach number =91, both curves
rise coinciding with the intersection of the curve of A p*/g.¢ for the peak entry Mach number normal
shock. This might be expected since, when a leading edge normal shock occurs, the flow would try to
follow the abrupt static pressure rise of the shock until sidewall boundary layer separation became
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predominant., Data for both 6:1 pressure ratio and 10:1 pressure ratio pipe diffuser stages are
rresenteds Unfortunately, only a few high speed points were obtained for the 10:1 pressure ratio case
as indicated at =~ 1,4 entry Mach number. These data correspond to choking of the diffuser as shown
by the line of _4 vs. Mpp for a choked throat which passes through the data. The remainder of the
stall limit Le curve for the 10:1 pressure ratio case is shown estimated from the data of

Fig, 37. At about 1.33 entry Mach number, the stall locus breaks off from the choked throat curve

and traverses linearly across to the 6:1 pressure curve at entry Mach number = 1,135, This indicates
that increasing from entry Mach number 1,33, the diffuser has lost its stall capability and is only
sustained by the choked throat condition and that around entry Mach number = 1,15 a maximum stall
capability occurs with ¥ ~ 0,50 or more, Presumably, with entry Mach number exceeding = 1,15,
the abrupt static L8 pressure rise required through a normal shock results in an excessive
static pressure gradient for the sidewall boundary layers. It should be considered as indicated in
Fige 25 that for all these UACL small centrifugal data with absolute flow = 1 lb/sec., the resulting
low Reynolds' numbers give fully developed boundary layers. With thinner wall boundary layers and
higher Reynolds' number diffuser throat blockage, stall limit and effectiveness will all improve.

It is interesting to note that the superior stalling and choking limits of the pipe diffuser do not
necessarily lead to a wider mass flow range at a given speed. In fact, the higher rate of increase
of blockage of the vaned diffuser with increasing static pressure rise leading edge to throat allows
it to reach a lower relative mass flow at surge than the pipe diffuser so that the loss of choke flow
capacity is just balanced. The mass flow range at supersonic Mach numbers is about equal for the

two diffuser types and is superior for the cambered vane at low Mach numbers, i.e. 8. This suggests
that diffusers with low throat blockage characteristic and good effectiveness will tend to have
inferior flow range,

GENERAL CONCLUSIONS

The overall loss levels at minimum loss for constant entry Mach number (constant rotor speed) of
radial cascade diffusers have been shown to fit the NACA D factor correlation for axial cascade stators
up to entry Mach mumbers of 1.15 (axial cascade stator entry Mach number 2 .8). This radial

diffuser data provides D factor concept data up to levels of 0,9. Mainstream diffusion accounts for
80% of the D factor loading of radial cascades. Leading edge scalloping of cascade diffusers to

match the entry flow angle profile has reduced the loss levels by 30% up to entry Mach number = 1,10,

The correlation of cascade diffuser performance as throat to exit static pressure effectiveness with
throat blockage compares well with single passage static measurements for the whole range of the
compressor map and is superior to the D factor concept, since it covers the whole range of operation
(not just minimum loss).

Some available published data have demonstrated that multiple cascade diffusers are superior to
single cascade vaned up to 5:;1 pressure ratio (Ref, 1), while other such data show that the pipe
diffuser is superior to a multiple cascade for a 2.7 pressure ratio stage (Ref., 11).

The performance of both rectangular passage and pipe diffusers may be successfully correlated with
single passage static tests on the throat to exit effectiveness vs. throat blockage concept
considering Reynolds' number to the 1/5% power.

Similar correlation of effectiveness with throat blockage is obtained over the whole compressor map
for both a cambered vane up to 5:1 pressure ratio and pipe diffuser up to 12:1 pressure ratio with
a single line fitting the whole range of data from surge to choke on every speedline,

Throat blockage has been found to be a prime function of leading edge to throat static pressure rise
with separate correlations for supersonic and subsonic entry Mach numbers. The single greatest
problem with supersonic radial diffusers is that for entry Mach number exceeding 1.2 nearly 1/2 the
total required static pressure rise of the diffuser must occur from leading edge to throat in about
10% of the total diffusion path length mostly through a normal shock,

To improve the performance of higher pressure ratio centrifugel compressors, some method of reducing
the throat blockage is required. The entry Mach number itself may be reduced by using rotors with
exit blading sweepback which raises prohibitive stress problems or by increasing the extent of
vaneless space which usually leads to increased vaneless space losses and increased frontal area
with little improvement in overall performance. Some method of reducing the effect of the leading
edge shock on throat blockage is likely most promising.

The following overall centrifugal stage performance levels have been obtained with radial supersoniec
diffuser types.

Manufacturer Type Entry Mach No, PR Stage Efficiency Flow (1lb/sec,)
UACL Cambered - 1.05 5 78 e 1
Vane
Continental Multiple 4,8 8k 20
Cascade
Boeing Passage 1.2 6 80 6
Boeing Passage - 1.3 10 72 2
DACL Pipe 1.3 10 74.5 1
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Boeing 6:1 PR single stage centrifugal
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Fig.3 Airesearch single stage centrifugal with V-notch LE vaned diffuser
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Fig.4 UACL DRB centrifugal research program 10:1 PR
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Fig.8 Stability limit for vaneless diffuser of 2:1 radius ratio with 6:1 PR rotor
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Fig.9(b) Tangential velocity

Fig.9(a) Impeller exit traverse distribution of absolute velocity at traverse plane PR = 6:1
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Fig.9(c) Meridional velocity
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Fig.10 UACL vanes diffuser design profile
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Fig.11 Map of cambered vane diffuser with 6:1 rotor

There is no Figure 12



TECHNICAL LIBRARY

.20 SHOCK FOOT MEETS
SUCTION SURFACE
15 / /—\ .
W / \
b
u\: .
@
10 ™~
a# : \\\\\\\\\\\
~
3
05 >~
{ ‘\\\\\\\
[0}
1.00 1.05 110 1.15 1.20 125 1.30 1.35

R/RLE
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Fig.14 Cambered vane diffuser with 6:1 rotor, loss characteristic
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Fig.15 UACL flat plate diffuser LE types
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Fig.17 Comparison of UACL vaned diffuser minimum losé per speed with NACA stator “D” factor loss correlation
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Fig. 18 Impeller exit traverse distribution of corrected flow angle
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UACL CAMBERED VANE DIFFUSER
WITH LEADING EDGE SCALLOP
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SCALLOP

Fig.19 UACL cambered vane diffuser with LE scallop
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Fig.20 Comparison of overall efficiency vs PR for cambered vane diffuser for LE scallop
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COMPARISON OF DIFFUSER
EFFECTIVENESS FOR RUNSTADLER
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Comparison of diffuser effectiveness for Runstadler and Dean’s straight 2-D channel — Reference 8 and
UACL cambered' vane diffuser
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Fig.26 Typical multiple cascade diffuser

Downstream Diffusing Duct
(circular or rectangular)

parallel throat

spiral suction
surface
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Fig. 27 Typical passage diffuser
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Fig.30 Pipe diffuser

Fig.31 Pipe diffuser trumpet



TECHNICAL LIBRARY

ABBOTTAEROSPACE.CC

7-28
250
200
2ND GENERATION L
SHORT THROAT / ey
.
o 150 —p
T ORIGINAL e
] LONG THROAT =T
o e
@« L.E e = /
a SHOCK [
100 \({ :
| |
_____ d |
|
|
|
50 !
! CYLINDRICAL B
= ,;7| THROAT o
1 | =
z X 3
0 - 1 { DIFFUSER
LENGTH
Fig.32 Comparison of static pressure distributions along the pipes
\
\ COMPARISON OF DIFFUSER EFFECTIVENESS
\ FOR UACL PIPE DIFFUSERS UP TO 14:| PR|
WITH SPRENGER'S REF. 9 CONICAL
\ DIFFUSER DATA
\ \ |
] C
SPRENGER'S 8°
CONE
A\ ReoW'=52 3.6xI10°
¥ AN
7 BP <. d
o] ~—
7 g -
O
— UACL PIPE
6:1.101
B | STAGES o
RepH'=1-1.8X 108
®
VARIOUS
SPEEDS ¢
6
N
” M
5 1 | |
0 05 10 g« 15 20 25
Fig. 33 Pipe diffuser effectiveness vs throat blockage




7-29

TECHNICAL LIBRARY

SOT)STI9308BIBYD paads JUBISUOD J¥ JOQUNU YOBY 3BOJIYJ UIIA

SSOUAAT)09JJ9 JOSNIJIp od1d puB SUBA PaIaqmeD VN JO UOSTIBAWOY G "8Td SSOUBAT)09]J0 aInssaxd 07383S JosnIJIp adid Jo uorjersBy g "8Td

g W1 oi 6 8 L 9
0z * or 0 *

~ - .
///r i 6!l .
s TN

/ 000'08 = 8/N

. b
$Q7IN8 IN3Y344id w

d3snd4dia
NVA G3438WVO -

| w@fﬁﬂ @

MOTd 'SA Hd
40 3NITA33dS TTVH3A0
NO MOT4 3XMOHD 40 39M3IA

¥3SN4410 3did : Mo /]
| | JK\
: A\ Hd
S g

\,.
cOl x 8’1 =01 =,9% xl

SOILSIYILIOVHVYHD SS3IN3IAILO3443 sOl x 81-01 =%y

d43SN4410 3did ANV 3NVA Q33dS LINVLSNOD

- g3438NVO 1Ovn 40 NOSIYVdAWOD 8" 1V 'ON HOVW 1vOdHL HLlIM SS3IN3AILDO3443

3YNSS3Yd JILVLS ¥3SN44IQ 3did 40 NOILVINVA




ARY

TECHNICAL LIBR

7-30

o)

I9SNIITP 2dId IV B JO I 9Y3 PUNOIB 30USPTOUT JO UOTYBIIBA  9g 914

MO1d %

6 8 ' 9 3 v ¢ ¢ I 0

HS

N 3ON3AIONI

NoILoNS ~ / ~
/ 34NSS3¥d /)

AN

\

| GOl x 8'1 04| =xPay g 99s/q) | 1v ¥3ISN44IQ 3did
0VN VvV 40 3903 ONIAGV3T 3HL GNNOYV 3JON3AIONI 40 NOILVIYVA

Ol-

Ol




7-31

801U} 03 F] 9STI oanssaid O1383s [BNJ08 SA 3FVHOOIq FBOIU} IOSMIFTP odig Lg %14

_ 31b
G v ¢ 2 1. %4V o |- 2- c- v- G- 9- I- 8-

T T _ T T

<
Ol=8 0I>3N

Ol<3'W

TECHNICAL LIBRARY

Md 1:0l — & — 7
o SEI _ squng e
& ou INI¥IIHA o
o2yl = TN
¢

1vOdHL OL 3903 ONIQV3i
3SI¥ JYNSS3Yd JILViS VNIV »8
SA 39VX0078 LVOYHL ¥3SNnd4ddid 3did




[ECHNICAL LIBRARY

7-32

1801y} 03

A7 9STa einssaad 01383S [BNJ0B SA 938Y00[q IBOIYJ ISSNIITIP suBA poloqueo puw odrd Jo uosTiedmo) 8¢ ‘914

e ———
g —
—

¥3SN4I0 INVA GIMIGAY) ——————
¥3SN4410 3did

OIx81- 01 = ,®
1VOYHL OL 3903 9NIQV3T 3SIY

3YNSSIYd OILVLS VNLOV SA 39¥MI07E 1VOYHL
43SN44I 3NVA Q3438WVO ANV 3did 40 NOSI¥VYdWOO




TECHNICAL LIBRARY

SUPERSONTIC CASCADE PERFORMAN CE

BY

H. STARKEN
H.J. LICHTFUR

DEUTSCHE FORSCHUNGS- UND VERSUCHSANSTALT
FUR LUFT- UND RAUMFAHRT E.V.
INSTITUT FUR LUFTSTRAHLANTRIEBE
GERMANY



TECHNICAL LIBRARY

SUMMARY

An introduction to the fundamentals of supersonic flow through cascades 1s presented.
The effect of back pressure and the starting conditions are described using simplified
flow models.

Different design methods proposed in the literature are discussed. In detall, the inflow
conditions at design and off-design operations of a supersonic cascade are presented.
Finally, approximate methods are described for calculating shock losses and the depen-
dency of total pressure losses from static pressure rise and axlal-velocity-density
ratio.
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NOMENCLATURE
A flow area
Ap cross sectlon area of throttle behind the cascade
e length of the left running characteristic through E
h energy per unit mass flow
1 chord length
M Mach number
mM* critical Mach number
AMJ difference of tangential components of absolute critical Mach

abs numbers.

pressure
T temperature
t spacing
w velocity
] flow angle (wit respect to cascade front)
Bs stagger angle
G = By = B, turning
3 ratlo of speclfic heats
M Mach angle
v Prandtl-Meyer angle
p density
p2w281n82

Q= FZW:EIHE: axial velocity density ratio

- -p ®)
w = tot 2 __tot total pressure loss coefficient

" Wiot »Pw)
g * shock loss coefficient
5? profile loss coefficlent
SUFFIXES
abs absolute values (in a rotor)
ax axlal component (normal to cascade front)
C value at point C (fig.4.15)
E . value at point E (fig.4.10 and 4,15)
I A neutral characteristic of a cascade (fig.4.9)
L value at point L (fig.L.9)
max maximum value
N neutral characteristic of a single profile (fig.l4.14).
P value at point P on the profile surface (fig.4.17)
S sonic point on the bow wave (fig.4,15)
Sp sonic point on the surface (fig.4.15)

t component in tangential direction (parallel to cascade front)
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tot . total value

* value at the critical point (where M = 1)

A value behind shock

0 value at the exit of the Laval nozzle 1in a cascade wind tunnel
I first throat of a Laval nozzle (with two throats)

II second throat of a Laval nozzle (with two throats)

2 values far downstream of the cascade

© conditions at infinity upstream.

Cascade notation.
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1. INTRODUCTION

The basic philosophy of the design and development of a modern compressor is directed
towards the birth of an efficient, light and compact machine with large flow capacity
and high compression ratio.

A compressor 1s a pressure producing mechanism involving geometrical and aerodynamical
problems, The increase in pressure across a row of blades of an axial flow compressor-
depends not only on flow turning, but also on the circumferential velocity of the rotor.
The turning angle is limited to a definite value, and as such an increase in the energy
transfer becomes possible only by increasing the rotational speed. .
In order to handle maximum mass flow per unilt frontal area, the axial velocity at inlet
will have to be quite high and even up to the sonic speed. The relative flow velocities
gets therefore considerably increased because of high circumferntial and axial veloci-
ties,

In the early stages of compressor development, it was felt that the relative flow ve-
locities should be well within the sonic value. The research and development in the last
decade indicates that this could even be supersonic without an appreciable sacrifice 1in
the efficlency. The limitations on the relative inlet velocity of a modern compressor

is dictated more by the mechanical étrength of blade material, the required high effi-
ciency and the very limited scope for the variation of mass flow.

Theoretically there is no limitation on the statiec pressure ratio across a rotor and 1s
Just dependent upon the inlet Mach number, It 1s possible to achieve this high pressure
rise in an infinitesimaly small distance across a normal shock wave, But the inherent
rise in entropy across a normal shock beats down the efficlency to a low value at high
relative Mach numbers., In a finlte distance, however, the same high static pressure rise
could be accomplished by a partial i1sentroplc compression, '

Simulation of such flow conditions in an actual machine may give the desired high
efficiency even at high Mach numbers.

The potentialities of a supersonic compressor were realized long back, and in fact such
rotors have been built and tested by WEISE (1.1) and BETZ, ENCKE (as reported by
DAVIDSON (1,2) and ERWIN (1.3)) in the middle of thirty's. After the second world war
these investigations received impetus, and further continuation in thils fleld was made
by KANTROWITZ (1.4), REDDING (1.5), FERRI (1.6) and many others at NACA. Up to 1956,
many experimental compressors of different designs were developed and tested - unfor-
tunately none of them had even the minimum desired efficiency.

Some of these compressors showed a surprisingly good performance at reduced inlet ve-
locities in the transonic regime. Added to thils, rotors designed for high subsonic
Mach numbers using circular-arc blade sections also showed encouraging results at
transonic inlet Mach numbers (up to M_ = 1.3). At Mach numbers in excess of M_= 1.3

a steep increase in the shock losses will be noticed for circular-arc blades, thus de-
manding the development of special .proflles. Intensive work was discontinued around
1956 by NACA. Only a few years back the necessity of its contilnuence was felt and the
work has been resumed.

A complete theoretical solutlon of the flow problem in a supersonic turbo-compressor
including the effects of flow instability, strong shock waves, boundary layer effects
and flow separation, together with their interactions, 1s far from being solved with
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the existing knowledge.

In view of the complexity of the flow problem, comprehensive testing of blade profiles

in two-dimensional annular cascade tunnel and model compressors is therefore strongly
necessary. In order to obtain a better understanding of the flow in a supersonic compres-
sor, it is advisible first to investigate simpler flow configurations in two-dimensional
models. This would at least give a qualitative pilcture of the complex flow problem. A
helpful and valuable tool for such investigatlons 1s a twodimensional cascade wind tun-
nel., The superiority of the two-dimensional cascade flow research lies in the low number
of flow parameters, simplicity of testing and the overall economy, as compared with a
three-dimensional rotating test rig.

The 1impact of the importance of two-dimensional testing is realized by way of several
new test apparatus in operation, and under construction all over the world.

A single volume summerizing all the important events that have taken place in the fileld
of supersonic compressors and cascades does'nt seem to exist. The current paper also
restricts itself to some of the special flow problems in a supersonic blade row.

Some of the important publications attempting to sumerize the state of art are from

HOTTNER (1.7), LIEBLEIN (1.8), SAVAGE (1.9), KLAPPROTH (1.10), JOHNSON (1,11), and
CHAUVIN (1.12).

2, FUNDAMENTALS OF SUPERSONIC CASCADES

2,1 Flow Fleld at Different Inlet Flow Mach Numbers

In order to presént the important flow problem 1n a cascade at high inlet Mach numbers,
several Schlieren pilctures and explanatory diagrams are shown (The dark lines and

spots in the Schlieren pictures, which are not shown in the diagrams, are due to pres-
sure tubes and stresses in the plexiglas side walls ). Figs. 2.1 and 2.2 show a cascade
with an inlet Mach number M°° = 0.9, in which the existence of a local supersonic velo-
city field on the suction surface could be seen, together with a normal shock downstream
of the local supersonic flow field, which in turn forms the upstream of the next blade
profile, With increasing inlet Mach number, the local supersonic veloclty field also in-
creases and to such a value wherein the shock wave ahead of the cascade reaches infinity
(M _ = 1). Under these operating conditions the shock wave remalns stable and statilonary
(f1g.2.3 and 2.4). Further increase of the inlet Mach number results in a shift in the
shock position nearer to the leading edge.

The continuous change over from subsonic to supersonic inlet Mach number is posslble,
only when the inlet flow angle 8_ 1s large enough to accomodate the sonic line on the
suction surface still in front of the following blades as shown in figs. 2.3 and 2;".
Choking occurs when the sonic line crosses the passage formed by two adjacent blade pro-
files, and thereafter no further increase in the inlet Mach number at a constant 1inlet
flow angle 1is possible (figs.2.5 and 2.,6), ,

Shown in fig.2.7 and fig.2.8 is the flow field at M_ = 1.1. The supersonic flow fleld
ahead of the cascade gets itself increased, but the subsonic flow fleld in the passage
reaches up to the passage shock at the leading edge. Further increase in the upstream
Mach number results in a complete supersonic flow condition in the blade passage and
downstream of the cascade (figs.2.9 and 2.10). In such an operating condition,only a
small region of subsonic velocity flow fleld exists around the leading edge of the blade



T[ECHNICAL LIBRARY

profile, When the axlal component of the upstream flow veloclity reaches a sonic value,
then the detached shock wave collides with the pressure surface of the following blade

and gets itself reflected (figs.2.11 and 2.12). In this case there exists no influence be-
tween the cascade and the upstream flow field.

2.2 The Effect of Back Pressure

In the figures shown from 2.1 to 2.12, the static pressure behind the cascade 1s approxi-
mately of the same order of magnitude as in front of the cascade. As long as the flow in
the blade passage remains supersonic (figs.2.9 and 2.11), it is possible to alter the
statlic pressure rise of the cascade by throttling; this means that it 1s possible to ob-
tain different downstream static pressure values but still maintain the same inlet flow
condition,

It is shown in figs.2.9, 2.13 and 2.14 how the flow field in a cascade with different
throttle settings change. These figures show respectively the flow fields corresponding
to a low, a medium and maximum back pressure. Further increase of back pressure results
in the movement of the passage shock till it reaches the detached shock at the leading
edge., Occurence of this condition leads to a change in the upstream Mach number and the
inlet flow angle. In chapter 4.5 more details about this particular phenomenon are dis-
cussed.

The effect of back pressure on the flow in a blade passage 1s synonymous to the flow in
a Laval nozzle. This one-dimensional model is particularly very good to understand the
mechanism by which the supersonic flow field changes, when the back pressure. is altered.

The following discussions are based on ref.{(2.1). In the forthcoming pictures the flow
in a double-throat supersonic Laval nozzle is describéd, whereln the left part simulates
the upstream flow conditions and as 1ndiqated the right part 1s analogous to the cascade
flow region.

For back pressures lesser than the pressure corresponding to correct expansion, there re-
sults in an expansion at the nozzle exit (fig.2.15). This is of particular interest
essentially for turbine cascades (see for instance DEICH (2.2) and LAWACZECK (2.3)). An
increase in back pressure, over and above the back pressure corresponding to correct ex-
pansion, leads to a compression at the exit of the nozzle (fig.2.16). |

Because the boundary layer at the exit of the nozzle can withstand only a definite pres-
sure gradient, further increase 1n back pressure causes a separation to occur even be-
fore the nozzle exit (fig.2.17). This separation of the boundary layer is at the same
time interconnected with the occurence of an oblique shock wave. The position of the
point of separation 1s determined by‘the maximum pressure difference across the shock
which the boundary layer can withstand, and by the downstream compression beyond the
point of separation.

Further increase of the back pressure causes a change from oblique shock to normal shock
in the nozzle, and hence results in higher compression. In a condition like this, pres-
sure differences across the shock wave may be too high for the boundary layer to with-
stand, and therefore a pseudo-shock occurs (fig.2.18). In the other case there will be
only one normal shock and just a local thickening of the boundary layer without separa-
tion (fig.2.19).

Finally, any further increase in the back pressure renders the flow Jjust subsonic in
front of the second throat (f£fi1g.2.20). This corresponds to an unstarted condition of the
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cascade, which 1s involved with changes in the upstream flow field (see chapter 4.5),

2.3 Starting Conditions of Supersonic Flow

If the total properties and the relative flow angle upstream of a Subsonic Cascade are
held constant, then the maximum flow conditions are reached wherein in the minimum pas-
sage area sonic condition is attached (choking).

For the case of Supersonic Operation, the upstream conditions will have to be so matched
that sonic conditions are agaln obtalned at the throat in order to get maximum flow. Be-
fore a complete supersonic flow fleld 1s established ahead of a cascade, there will be
bullding up of a strong shock in front of the passage. This shock 1s associated with a

loss 1n total pressure, which must be accounted for in the calculation of the minimum
passage area,

Calculation of the flow areas in a one-dimensional frictionless Laval-nozzle model is
well known (EGGINK (2,4), KANTROWITZ, DONALDSON (2.5)). The flow in a blade passage is
essentlally the same as in the Laval-nozzle, and hence this comparison 1s made use of in
determining the flow through the blade passage. In fig.2.21 are shown the flow fieids in
a Laval-nozzle with supersonic diffusor. In the top plcture the flow everywhere between
the minimum area passages AI and AII is supersonic. Because there is no total pressure
loss involved, the area of the second throat AII eould be reduced even up to AI, before
a complete break down of the fupersonic flow occyrs. In this case the flow in the second

throat is also sonic AII = AII .

In the bottom picture of fig.2.21 is shown a normal shock wave in front of the second
throat. In this case sonic conditions exist at AII and therefore AII = AII' But' due to
losses in the normal shock AII has to be greater than AI‘ Using the continuity and the
energy equations we have:

Continulty relationship:

* * * * * r
(2.1) pI . wI . AI = pII . "II . AII
Energy relationship:
(2.2) Teot T ° Teot 11

From (2.1) and (2.2) we have,

(2.3) Arr _ Peog
Ay Piot 11

And so it is seen that the area ratio between the first and the second threat is inver-
sely proportional to the ratio of total pressures, The ratio of the total pressures 1is
once agaln dependent upon the Mach number in front of the.normal shocé. Theregpre the
location of the normal shock 1s determined by the size of the second throat AII' Inerease
in the area of the second throat renders the nermal shock to move nearer to A;I’ and it
reaches its limiting position at A . Any further increase causes the normal shock to

max
move completely downstream of the second throat, because there does not exist any stable
¥
condition between Amax and AII‘ Now the nozzle flow 1s completely supersonic, with a

Mach number greater than unity at AII' It is now possible to reduce AII to a value up to
and including AI’ and the same has been shown at the top in fig.2.21, This flow condi-
tion is called "Started" whereas the flow field in fig.2.21b is usually called "Unstarted™.
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The theoretical relationship between the Mach number and the corresponding area ratios
for the started and the starting conditions are shown in fig.2.22.

Applicability of the above onedimensional model to a cascade flow problem demands accoun-
ting for a two-dimensional flow that exlsts in it. Unfortunately, till now there appears
to exist no exact theoretical method by which a general two-dimensional flow field with
strong shocks could be predicted. An acceptable and emperical estimate of the probable
position and shape of the sonic line 1is therefore necessary to get an idea about the
starting of a supersonic cascade.

The flow fields in a started and unstarted supersonlic cascade are shown in figs.2.23 and
2.24, with Mach numbers M_ = 1.1 and M_ = 1.24 respectively.

3. DESIGN METHODS OF SUPERSONIC BLADING

The geometry of the supersonic blading depends essentially on the flow conditions re-
quired at the exit of the rotor. That means, the mode of energy transfer plays an impor-
tant role, Typical supersonlc cascades together with velocity triangles are shown in
fig.3.1. Fig.3.1a shows a cascade of the impulse type, wherein the relative critical
Machnumber M‘remains nearly unchanged and only high turning exists symmetrical to the
axlal flow direction. However, such a rotor cascade is inherent with strong acceleration
in the absolute flow M;;S followed by large deflection. In othsr words, it means that the
change 1n the absolute circumferential critical Machnumber AMt abs is high. As the possible

value of AM * is high for a blading of this class, it 1s seen from the Euler-Turbine

t abs
equation the energy transfer h is also quite high:
. , )
(3.1) ho= Mg o« Mg o0

In a symmetrical blading as shown in fig.3.la, 1t is seen that the entire change in the
statlc pressure has to take place completely in the following stator at a high supersonic
velocity since the static pressure remalns constant across the rotor.

The other type pf blading as shown in fig.3.1b has a very small camber and hence the de-
flection of the relative flow is also small. The large turning in the absolute flow is
due to the severe deceleration of the relative flow (pressure rise) and this is respon-
sible for the energy transfer.

The design of the blading as such governs the absolute outlet velocity (identical to the
inlet Velocity of the stator), which may be subsonic or supersonic. Apart from the above
sald two limiting cases, a varlety of configurations having different turnings and sta-
tic pressure rises are possible and many of them have also been tested. Three different
types of supersonic cascade can be thought off, taking into consideration the relative
components of tﬁe flow.

a) Impulse type cascade. _
A cascade of this type 1is shown in fig.3.1a. To establish the flow of an impulse type
rotor, a cascade with high turning and low pressure rise is required. The same geo-
metry holds good for an accelerating and decelerating machine, Hence the knowledge
avallable in the field of turblne blading becomes also useful for the design of
supersonic compressors. For the same inlet and outlet conditions called for, there
are different ways of getting the profile shape. SHAPIRO (3.1) has given a method
and such a profile is shown in fig.3.2. The method consists in isentropically (simple
wave) decelerating the flow in the inlet portion of the blades up to a parallel flow
at the throat, and further accelerating 1t within the passage to the flow Mach number
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at exit. Thus a deflection .in the flow 1s obtalned.

A second profile after STRATFORD (3.2) consists of two concentric circles to form
the blade passage. Fig.3.3 shows an approximate profile of this type, together with
some Characteristics and theoretically calculated zlg zag-pressure distribution,

BOXER (3.3) and OSWATITSCH (3.4) have developed a third method, which has been made
use of by STRATFORD (3.2), COLCLOUGH (3.5) and GOLDMAN (3.6, 3.7). The parallel
upstream flow 1s transformed into a potentlal vortex flow and further changed over
to a parallel flow at exit. To illustrate the method an example is presented in

fig.3.4, together with a Schlieren picture obtalned from NACA (unpublished work)

in fig.}-s-

Another method proposed (LICCINI (3.8, 3.9), OSWATITSCH (3.10)) for the development
of supersonic blade profiles conslsts 1n defining one portion of the profile and
further determining the flow fleld by the method of Characteristics. A stream-line
itself is selected to form the other half of the profile.

Although 1t is possible to prescribe the complete cascade itself, the basic and
inherent compression waves and nonuniformity of downstream flow poses severe limi-
tations. In effect, all the methods so far described necessitate a local acceleration
and deceleration of the flow. Sometimes improper deceleration of the flow may lead

to separation of the boundary layer. And therefore extreme care 1s necessary while
constructing the profiles, so as to ensure minimum pressure rise on the blade sur-
face.

The possibility of boundary layer separation and the assoclated difficulties makes
the profile with zig zag pressure distribution rather unfavourable, Alsoc for pro-
files designed by other design methods, a careful investigation of the boundary layer
behaviour 1s absolutely necessary. A considerable reduction of the pressure gra-
dients is found possible with blades of high solidity.

In the first method discussed, there 1s a limitation on the flow turning depending
upon the upstream Mach number, since the minimum possible velocity at the throat
is sonic. The maximum turning(ﬂmax has the form:

(3.2) O pax = Bw = By = 2 ¢ v(M).

To satisfy the starting conditions; as already described in chapter 2.3 (fig.2.22),

1t becomes necessary to magnify the throat velocity, except in the case where a
varlable geometry of the blades 1s provided. This in turn reduces the flow deflection.

Tor vortex flow cascades there exists no limitation with regard to turning angle
bearing in mind the possible starting difficulties.

Supersonic cascade with low flow turning.

To have a cascade of this type in operation (fig.3.1b), a blade row capable of
producing high static pressure 1n spite of low turning would be necessary. Two pos-
sible methods of realizing this are:

a) Compression.due to a shock front. The main part 1n pressure rise 1s accomplished
in a normal shock in the blade passage. ’

b) Combining the design methods of obtaining subsonic and supersonic flows. Super-
sonic deceleration 1s associated with a reduction in flow area, that means a de-
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flection in cascade flow, whereas deceleration in subsonic flow consists of an in-
crease in area and a flow deflection of opposite sign. Combining these two princi-
pals it is possible to obtain a blade passage wherein the deslired decelerded flow
could be generated without appreciable turning.

Till now for shock compression, double circular arc blades (DCA) are essentlally made use
of. As shown in fig.3.6, both the suction and the pressure surfaces are made out of circu-
lar arcs. In such a profile the flow gets accelerated at the entrance region until a nor-
mal shock occurs at the entrance of the passage, and thereafter the flow gets decelerated
to subsonic velocities. Further downstream of the passage the flow gets further decele-
rated depending on the contour of the passage. The main disadventage of shock compression
lies in the associated rise in entropy across the shock, which increases considerably at
higher Mach numbers. This disadvantage led to the concept of multiple circular-arc blades
(MCA), as shown in fig.3.7, where the suction surface 1s made out of two or more clrcular
arcs of different curvature. This profile ensures reduced acceleration and shock losses

of the flow in the entrance region because, the upstream suction surface arc 1s of lower
camber (see chapter 5). This concept was first proposed by SEYLER and SMITH (3.11). Compa=-
rison of results obtalned from rotor tests with MCA and DCA blades (GOSTELOW et al.(3.12))
indicates that definite advantage by way of efficlency and control behaviour exists when
multiple-circular-arc profiles are used. A reduction in the curvature of the suction sur-
face at the entrance region up to zero, leads to a new type of proflle called the circu-
lar-wedge profile (CW1,fig.3.8).

This type of profile was first investigated by EMERY (3.13). A cascade of this type 1s cha-
racterized by constancy of Mach number upstream and in front of the normal shock. Test
results showing a reduction in total pressure losses of these profiles are published 1n
(3.14) and (3.15).

Improvements in the performance realized by MCA and CW1 profiles will no longer be there
when the flow Mach number M becomes large. At about M_ = 1,6 the rise in entropy will be
high enough to reduce the efficiency considerably. It may be possible to obtaln the desi-
red compression with lower losses by decelerating the supersonic flow in several oblique
shocks instead in one strong normal shock. Theoretically the shock losses could be al-
together avoided by using isentroplc compression. This was first proposed by OSWATITSCH
(3.16) for inlets, and it has been succesfully applied in practlce. However the results
obtained in cascades up to now are not very encouraging.

Isentroplc compression can further be subdivided into a) inner compression and b) outer
compression, depending on whether the 1sentropic compression takes places within the
passage or in the entrance region. In a cascade both the types of compression or combi-
nation of the two are possible, if the starting condition 1s taken into account.

External compression cascades, which have been essentlally tested in rotors, were desig-
ned by GRAHAM (3.17), CREAGH (3.18), JAHNSEN (3.19), and FRUHAUF (3.20). Schlleren pilc-
tures of such a lattice (3.20) are shown in fig.3.9. The principal flow condition at
maximum back pressure is shown in fig.3.10, although it was not possible to establish a
stable flow under this condition.

The instability may perhaps be due to the normal shock behind the passage throat. It can
be avoided by reducing the back pressure, which results in a downstream movement of the
passage shock.

The concept of internal compression was employed by KANTROWITZ (1.14), (fig.3.11), BEDER
(5.21), (f1g.3.12), LOWN (3.22), fig.(3.13), and FEJER (3.23), (fig.3.14). The high ex-
pectations of all these cascades remain yet to be fulfilled and 1s seen also from a
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statistical investigation carried out by CONRAD (3.24).

The discrepancy may perhaps be due to shock-boundary layer interaction and lack of
establishment of the required flow conditions in the rotor tests. A comprehensive and
systematic investigation of two dimensional cascades with these profiles 1s not to be
found at all. )

High-turning supersonic compression cascade.

Stators to be used after an impulse type rotor demand a profile shape capable of en-
suring high static pressure rise and flow turning, in order to reduce the flow moment
of momentum after the rotor.

The blade contours can be classified under three headings depending on whether the
flow 1s first decelerated through a shock and then deflected subsonic, or the flow
1s first deflected at supersonic speed and then decelerated, or the flow 1s compres-
sed and deflected at supersonic as well as subsonic velocitles.

Fig.3.15 shows a blade section of the first type (WILCOX (3.25)). A similar profile
shape has been used by HARTMANN (3.26).

Pig.3.16a shows blades of the second type after SCHMALFUB (3.27). The division of
compression and turning in the second type of blades 1s clearly shown in the tandem
arrangement of ref.(3.27), (fig.3.16b). Figs. 3.17 and 3.18 show the profiles for
simultanous deflection and deceleration, and were proposed by KLAPPROTH (3.28) and
SHAPIRO (3.1).

Evidently, if starting 1s possible, all these profile forms could be made use of for
the blading of compressor rotors, although they are proposed as stator bladings. The
possibility of using the SHAPIRO profile with simultanous deflection and decelera-
tion gets ruled out for lack of experimental data. The interpretation of experimen-
tal results of those stator blades, tested behind impulse type rotors is very 4iffi-
cult because it is not exactly known, if the design inlet flow conditions have been
reached,

The tandem type cascade (3.27), when tested in a cascade wind tunnel, operates best

_ if the normal shock 18 established at the entrance of phe cascade., Under these con-

ditions the turning and most of the pressure rise will be produced at subsonic speed
and not at the design condition.'

A new concept of supersonic compression was developped by JOHNSON (3.29), where he
considered a blade passage of nearly constant cross section (fig.3.19) giving rise

to pressure Iincrease and turning in the channel, together with the establishment of
pseudo shocks. The Schlieren picture in fig.3.20 1llustrates thils principle. It was
expected from duct flow investigations (2.1) that the static pressure rise and total
pressure loss coefficlent would be of the same order of magnitude as that of a normal
shock.

Exhaustive experimental investigations have been carried out on such blunt tralling
edge cascades (BTE) and compressor stages at the VKI by CHAUVIN and BREUGELMANS
(3.30, 3.31, 3.32, 3.33). Plane cascade measurements have been done by HEILMANN and
WEYER (3.34) and on blunt trailing edge rotors by WENNERSTRUM (3.35)and CARMAN (3.36).
The value of the minimum measured total pressure losses is greater than that across

a normal shock, and this may perhaps be due to finite thickness of the trailing edge.
This led to a modification at the rear portion of blunt tralling edge blades at VKI.
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Major difficulties of all supersonic flow investigations having pressure rise are due
to the complex behaviour of boundary layer, particulary at the points of inteérsection
of normal or oblique shocks with the wall boundary layer. Strong static pressure rise
in these compression shocks lead to at least local flow separations. This problem is
being attempted at different places to determine a suitable solution. In view of the
existing state of art, only a simple separation criteria is presented here. When in-
teraction between a normal shock wave and turbulent boundary layer takes place, sepa-
ration generally occurs if the Mach number at the wall in front of the shock wave
exceeds a value of M = 1.3 (3.37, 3.38). If separation takes place, the static pres-
sure rise will have a value less than that of a normal shock wave. A theoretical
relationship 1s shown in fig.3.21 (2.1).

\

4, RELATIONSHIP BETWEEN INLET FLOW ANGLE AND INLET MACH NUMBER

4,1 Strailght Flat-Plate Cascade

Two possible cases, which have entirely different characteristics, are met with depending
whether the axial component of the inlet velocity is greater or less than the sonic ve-
locity. That 1s:

a) Max = M_ « sin 8_ > 1 (supersonic axlal velocity) and

b) Max

M_ - sin 8_ < 1 (subsonic axial velocity).

In the first case, there will be no influence of the flow upstream of the cascade by the
very existence of the cascade itself. This is shown in figs.l.1 and 4.2 for a flat-plate
cascade.

Fig.l4.1 shows that in the case where the inlet flow direction posesses an incidence which
is negative with respect to the blade, than an oblique shock at the leading edge on the
suction surface appears. The position of the shock 1s completely within the blade passage.
In the second picture, the inlet flow angle 1s increased and in this case a centered
Prandtl-Meyer expansion occurs well within the blade passage instead of the oblique shock
wave.

Both the cases explain that the inlet flow direction 1s independent of the inlet'Mach
number, as long as the disturbances caused by the leading edges and the suctlon surfaces
are enveloped by the blade passages. Therefore the flow in front of the followlng blades
1s not affected.

Incase where the axial component of the inlet velocity is rendered subsonic (Maxw< 1) due
to a decrease in inlet Mach number, than there exists an influence of the cascade into
the flow upstream,

This flow can very well be explained by taking a semi-infinite flat-plate cascade

(WEISE (1.1), KANTROWITZ (1.4)). Fig.4.3 shows such a semi-infinite cascade, wherein the
constant flow upstream of the first blade 1s such as to give a centered Prandtl-Meyer
expansion at the leading edge of the first, blade and in front of the cascade. In turn,
because of this expansion, the flow gets rotated so that it is parallel to all the other
blades. In view of thils fact there occur no further shocks or expansions in front of the
following blades. Also when the incidence of the first blade 1is negatlve (fig.4.4), there
will be an oblique shock at the leading edge of the first blade followed by true parallel
flow for the rest of the blades. The direction remains the same for the shock free por-
tion just in front of the cascade, for both positive and negative incidences of the semi-
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infinite cascade.

In the case of an infinite flat-plate cascade there exists no "First Blade", and there-
fore one sad only one inlet flow direction is possible and is parallel to the direction of
the flat plates. This flow direction is sometimes referred to as "Unlque Incidence"
(CHAUVIN (1.12)).

A plot of the inlet flow angle B8_ versus the inlet Mach number of an infinite flat-plate
cascade exhibits a flat characteristics parallel to the M -axis. This 1s shown in fig.

4.5 to the left of the point of branching, and in this region the axial velocity is sub-
sonic. At the point of branching, the axlal velocity is just sonic. Beyond this point the
curve takes two limiting positions. The regioh bounded by these two curves determines

the possible inlet flow direction for a given upstream Mach number. The top curve corres-
ponds to an axial velocity which is just sonic, that is M, * sing_ = 1. A flow field with
this configuration 1s shown in fig.U4.6. In this figure a semi-infinite cascade with super-
sonlc inlet Mach number Mo in front of the first blade 1is shown. The axial component of

Mo is subsonic. This gets accelerated at the leading edge of the first blade in such a way
that the axlal component of the inlet velocity for the rest of the cascade 1s just sonic.

The bottom curve of fig.4.5 shows an axial inlet velocity which is supersonic. The oblique
shock wave at the leading edge of each of the blades hit one another, and this gives rise

to a continious oblique shock wave Just in front of the cascade (fig.4.7).

Analytically, the bottom curve 1s determined by the relation:

-1
(4.1) M2 = (531 . coss_-sins_-tgs, - 551 . s1n? )
This relationship has a minimum value at:
(4.2) - are tg (V/(52h ctas o1 - Kb ot
. B, = arc tg (\/(337) cte”s +1 - 553 ctg 8,)

To summerize for a cascade of flat plates, the region to the left of the point of bran-
ching (fig.4.5) determines only one inlet flow angle 8_ possible for different inlet
Mach numbers. To the right of the point of branching, within the upper and lower bounda-
ries defined by the top and the bottom curves, a variety of M, - 8, combinations become
possible. Flow angles B_ in excess of 8_ at the point of branching give rise to a flow
field as shown already in fig.4.2. For all angles less than B, at the point of branching,
the flow fleld is as shown in fig.4.1.

The elegant way of Hodograph representation of this gasdynamic problems of fig.4.5 is
presented in fig.4.8,.

This analysls 1s valid not only for thin flat plate cascades, but also for cascades with
finite thickness having a straight suction surface at the entrance region and very sharp
leading edges. Near sonic inlet Mach numbers, some discrepancies may occur for real bla-
des due to choking.

4,2 Cascade of Blades with Curvature

Constancy of inlet flow angle, which 1s valid for a flat-plate cascade at M_ ¢ sing_< 1,
no longer holds good when blade curvatures are involved. In this case the inlet flow angle
B, changes with different inlet Mach numbers M_. Further, there exists a definite func-
tional interdependency between M_ and 8_. This means that theoretically for every inlet
Mach number M_ there will be one particular value of the inlet flow angle BQ'(KANTROWITZ
(1.4) and FERRI in (1.3))
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The curvature of the forward portlon of the suction surface introduces flow disturbances
in front of the cascade. Fig.4.9 shows the flow field of such a cascade., This profile has
a pointed leading edge and a convex suction surface. Thls semi-infinite cascade has an in-
let flow direction upstream of the first blade, which 1is chosen tangential to the blade
leading edge. Assuming simple wave flow at the entrance region, the flow is accelerated

to a higher Mach number due to the curvature of the convex surface, and hence the incli-
nation of the Characteristics also gets reduced.

The flow direction along the characteristic EL', which passes through the leading edge of
the following blade, runs parallel to the profile at the point E. Because the flow direc-
tion at E 1s something other than the direction of the profile contour at L', an oblique
shock wave appears at L'.

The flow along L-I-E and L'-I'-E' (fig.4.9) 1s ldentical as long as the change of entropy
is neglected. The logical conclusion of this 1s that the flow in the corresponding entrance
region L-I-E of all the following blades is also the same. Because a special flow direc~
tion 8, has been chosen for the first blade of this semi-infinite cascade, the flow fileld
ahead of this -only one blade differs from the rest of the blades; however, the pressure
distribution on the suction surface of the entrance region remains still identical,

Looking at the flow field in the region L'-I'-E', it is seen that:

a) The‘Characteristics which are generated between L' and I' meet the first bow wave
emitted at the leading edge L!
and

b) Characteristics which are generated between I' and E' go and meet the bow wave of the
leading edge L'' of the following blade. The bow waves at L', L'' ,.,., are ldentlcal
in all respects with a periodicity of one pitch length, and therefore the Characteris-
tics at I', I'' ... are the limiting Characteristics of the bow waves at infinity
upstream and are referred to as "Neutral Characteristics", It may also be 'mentioned
that the flow 1s rendered periodic, because the interaction of the compression and
the expansion waves of each of the blades nullify oneanother.

\

The Neutral Characteristic wholly represents the inlet flow conditions of the infinite

cascade because, at infinity upstream the bow wave changes into a Characteristic which

is parallel to the neutral one, and so we have: '

M, = M,

and

The obvious conclusions are:

M % MI' + ME'
and
8. # Bre # Bg '

For the calculation of 8_ and M_ of such a cascade, the Method of Characteristics 1s a
helpful tool. The inherent drawback of this method is the cumbersomeness in drawing all
the Characteristics up to infinity.

LEVINE (4,1, 4,2) suggests an analytical solution. The method consists in the determina-
tion of mass flow through the Characteristlc EL (fig.%4.10) for an arbitraryly chosen
Mach number at L, which defines the position of the point E by the Mach angle Hpe The
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mass flow passing through one pitch of the cascade at infinity upstream must be the same
as at EL, The two unknown quantiéies 8, and M_ are found by using the above said conti-
nuity relation and the Prandtl-Meyer equation as follows:

(4.3) tep, W, +sinB_=e .oy w e 8in g
and
(Hoy) B, * v, T B * v

This method gives no clue whatsoever about the flow fleld in front of the cascade., This
wPuld necessitate the Characteristic construction, when the flow field 1is desired.
YAMAGUCHI (4,3) has given a method by which the form of the bow wave could be determined,

For a special profile shape, having the suction surface with a kink made out of two
straight lines at the entrance region, a method has been given by SCHWAAR (4.4) and
STRATFORD (4.5).,

In fig.4.11 a section of an infinite cascade with a convex suction surface 1s shown.,
LICHTFUB (4.7) has calculated this flow field using the analytical method of Characte-
-ristics after OSWATITSCH (4.6). In addition, the functional relation 8, = f(M ) after
LEVINE, has also been presented in the same diagram.

The curve which limits the regilon of axlal supersonic inflow conditlon below the bran-
ching point has been calculated for a flat plate cascade in the last chapter using the
exact shock relations (see fig.4,5). In the case of a blade section with curved suction
surface, this boundary can be derived under the assumptions of isentropic flow.:'It re-
sults as the second solution of the above described method of calculating the inflow con-
ditions of a supersonlc cascade at subsonic axilal 1n1et velocity, with the aid of conti-
nulty and Prandtl-Meyer relations.

The flow in front of the cascade is everywhere constant with a supersonic axial compo-
nent, and the curved oblique shock waves just meet the leading edges of the following
blades.

This special flow configuration leads to considerable changes in flow direction at the
cascade front, associated with increasing entropy and therefore the assumption of isen-
tropic flow is only valid in a small range of inlet flow angles.

If the suction surface has a concave' curvature instead of convex one, the corresponding
flow fleld gets changed and for a seml-infinite cascade it is shown in fig.l4.12, It is
seen from this figure, the flow direction in front of the first blade is such that there
occurs a centered Prandtl-Meyer expansion at the profile leading edge L. Downstream, the
flow experiences a compression resulting in an increase in the inclination of the Cha-
racteristics. Again for the following blade there occurs the centered Prandtl-Meyer ex-
pansion at L' similar to the previous one, and from L' to E' the flow field repeats 1t~
self as from L to E.

In the process of this isentropic compression, the Characteristics gets bent also con-
tinuously resulting in an overlap of the different Characteristics. An oblique shock
wave starts at the cusp of the envelop of Characteristics and 1s away from the blade
surface (fig.4.12). This shock wave in an infinite cascade is again parallel to the neu-
tral Characteristic at 1hfin1ty. The position of this neutral Characteristic 1s at the
leading edges of the blades, which means that I coincides with L.

For the calculation of the flow parameters M_ and 8_, the methods already explained for
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the convex suction surface profiles remain valid. Fig.4.13 shows the flow fleld for a ty-
pical infinite cascade, calculating procedure being based on ref. (4.7). In the same figu-
re also included are the functional relation 8_ = f(M_) after LEVINE and the limiting curve
for axial supersonic flow.

4,3 Semi-Infinite Cascade

A two-dimensional cascade wind tunnel can onl& have finite dimensions. Hence, the flow
field in such a tunnel can only be comparable to that of a semi-infinite cascade. The dif-
ference between an Infinite and seml-infinite cascade i1s therefore exhaustively dis-
cussed.

Figs.l4.18a to 4.14c presents the flow field in a semi-infinite cascade, wherein 1t is seen
that the flow parameters M_ and 8_ of an identical infinite cascade are the same. The
difference between an Infinite cascade and a semi-infinite cascade 1is essentilally due to
the "First Blade". The position of the neutral point I, I', I'' ... and the orientation
of the Characteristic through it are the same.

The flow field ahead of the first blade, which refers to the flow prevailing just in
front of the test section of a cascade wind tunnel, differs in all the three cases by way
of flow direction 8, and the Mach number M . In the first two figures (4.14%a and b) the
nozzle exit angle 8o is greater than 8_, and the nozzle exit Mach number Mo is lesser
than M_. One of the possible condition 1s a shock-free expansion at the leading edge of
the first blade, which 1s characterised by a centered Prandtl-Meyef expansion (fig.4.14a).
The other possibility, as shown in fig.4.14b, is the occurence of a shock wave at the
leading edge of the first blade. The strength of this shock 1s something different from
that of the identical infinite cascade, and it 1s weaker than that of the following bla-
des. At infinity upstream, the strength of the shock becomes zero for the infinite cas-
cade, whereas for the first blade there will be still some residual shock strength as

the flow has to turn from Mo at N to M_ at I. The first shock wave at infinity and the
Characteristic through N, which 1s 1dentical to that of a single isolated blade, are pa-
rallel., The position of the neutral Characteristic for an isolated blade profile (N) 1is
displaced, and is in front of that of the infinite cascade (I).

In fig.4.14 ¢ the flow ahead of the first blade (Mo, Bo) is such that the shock in front
of 1t interferes with the detached shocks of the following blades, In this case the neu-
tral Characteristic of the isolated blade profile lies downstream of the Characteristic
through I.

A method other than that used for fig.4.14 consists in maintaining a constant flow con=-
dition (Mo) at the exit of the wind tunnel nozzle. Altering the position of the cascade
(Bo) facilitates the achlevement of the desired Mach number M_ in front of the infinite
cascade,

4.4 Blade Profiles with Blunt Leading Edges

The cases so far handled consider the hypothetical and 1deal flow past blade profiles
with a sharp leading edge, which enables us to make the assumption that the shock waves
are attached to 1t. In reality, finite thickness of the leadlng edges leads to a detach-
ment of the shock waves. Calculation of the inlet flow condition (M_, 8_) must account
for this shock detachment. No exact solution for the calculation of the detached shock
wave in front of the cascade profiles seems to have been published so far.

An approximate method for predicting the shock in front of a blunt leading edge isolated
airfoil has been given by MOECKEL (4.9). With a fairly good agreement, this could also be
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applied to a cascade for determining the inlet flow Parameters M_ and B_. STARKEN (4.10)
and NOVAK (4.11), around the same time, have established the use of this method for blunt
leading edge cascades. ‘

MOECKEL makes the following assumptions (fig.4.15):

a) The form of the detached bow wave follows a hyperbolic relation.

b) The sonic line is linear.

c) The stagnation stream line 1s normal to the detached shock and when extended, it
passes through the center of the leading edge radius.

With the above mentioned assumptions and the condition that the mass flow passing through
the shock between C and S should be identical to that crossing the sonic line S - SP,

the detachment distance of the detached shock wave from the center of the leading edge
could be evaluated. This in turn also enables to calculate approximately the rough form
of the bow wave.

The flow upstream of a blade in a cascade is not constant, and so 1t differs from a
corresponding 1solated profile. Further, the flow in front of such a cascade has an inhe-
rent perlodicity, which renders independent variation of B_ - M_ not possible at axial
subsonic velocities (see chapter U4.2). As it has been said for the infinite cascade with
attached bow waves, here also the mass flow crossing the Characteristic E-C must be iden-
tical to that at infinity upstream. Further the Prandtl-Meyer relation holds between E,
SP and upstream infinity, if the shock losses are neglected. With these two conditions

it becomes possible by iteration to calculate the upstream flow and the detached bow wave
in front of the cascade.

Fig.4.16 shows the plot of such a calculation made for. a double-circular-arc profile, com-
pared with experimental results (4.10). For simplification the Mach number 1s assumed to
be constant between the polnts C and S.

As direct measurements of the flow angle 8_ in front of the cascade 1s not posslble, the
test points (fig.4.16) are derived making use of the Prandtl-Meyer relation:

(u'S) B =B.+V -V

In the above equation Bp refers to the contour angle at a point P on the profile (fig.
Q.17). The Prandtl-Meyer angle vp 1s worked out from the measurements of the statlic pres-
sure at P and the total pressure of the inlet flow. The Mach number M_ of the inlet flow
is calculated by averaging the static pressure in front of the cascade (fig.4.17), and
the value so obtained is In good agreement with the Mach number at infinity upstream
(4.10). From the value of M_ so calculated, the Prandtl-Meyer angle v_ 1is determined.

In spite of the simplifying assumptions, the agreement between the theoretical and €he
measured values 1s very good.

4.5 Unstarted Condition of the Cascade

In the chapters 4.1 to 4.4 the discussions were limited to the existance of different pas-
sage flow flelds, which were never completely subsonlc from tralling edge to leading edge
at supersonic inlet velocitiles.

A similar blade passage with regions of different Mach numbers, seperated by a normal
shock, is shown in fig.4.18a., This has its throat at entry of the blade passage. The po-
sition of the normal shock is solely dependent on the extent of downstream throttling,
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because the flow in the throttled area AT is assumed to be sonic. In the following dis-
cussion only the loss across the normal passage shock 1s accounted for. Hence, the thrott-
led area AT also represents the critical area behind the normal shock.

A decrease 1n AT causes the normal shock to move nearer to the leading edge. The inlet
flow field remains unaltered till the normal shock is Just at the throat of the passage,
and in this particular case it also happens to be at the leading edge of the blade pro-
file (fig.4.18b). Any further throttling causes the flow within the blade passage to be-
come completely subsonic.

Fig.l.18c shows such a completely subsonic flow passage and the following observations
could be made:

a) The bow wave detaches itself from the leading edge.

b) There 1s a shift In the position of the stagnatlon stream-line, causing a
reduction in the inlet mass flow into the blade passage

and ' .

c) A decrease in the inlet Mach number M_ is followed by an increase in the inlet

flow angle 8 _.

Theoretical calculation of the inlet flow condition (M_ - 8_) for this case must account
for the total pressure losses in the normal portion of the detached shock in front of the
blade passage, and the mass flow as dictated by the choking at the throttled area. Diffe-
rent inlet flow angles 8_ for a constant throttle position become possible for this un-
started case by an independent variation of the throttle position. In fig.4.19 the func-
tional relationship 8 = f(MQ) for a double-circular-arc profile 1s shown. At axial sub-
sonic inlet velocity the bottom limiting curve corresponds to the started condition, which
has been calculated with the method described in chapter 4.4, Some lines of constant cri-
tical area ﬁ*/t, which in frictionless flow are equal to the cross section AT[t of thg
downstream throttle, are added in this flgure. They correspond to the unstarted operation
of the cascade. An increase in the extent of throttling, that also means a decrease 1in
the ratilo AT/t, accomodates higher inlet flow angles B _.

N

Experimental investigations in a two-dimensional cascade tunnel, (fig.4.20) as well as in
three-dimensional compressor rotor test rigs (fig.4.21), clearly reflect upon the exis-
tence of a maximum inlet flow angle at the unstarted condition, which has not been 80 far
theoretically well explained,

Even when the throat lies within the blade passage, the above arguments hold valid. As

an example of this case the cascade shown in fig.l4.19 has been modified. This modifica-
tion creates a throat within the blade passage. Although essentially the theoretical cha-
racteristic of 8_ = f(M_ ) with (AT/t)‘as parameter remains the same, there 1s a maximum
(AT/t)-line below which the throttle has no effect to change the inlet angle (fig.4.22),
The shaded area below this maximum (AT/t) characteristic shows the reglon where no opera-
tion 1s possible.

Similar theoretical investigations have been made by GRAHAM (3.17) and MILLER (4.13). In
both the papers the emphasis 1is placed"on shock losses. In ref.(3.17) a simple case with
stralght suction surface at the inlet has been analysed, whereas in ref.(l4.13) the inter-
dependency of inlet Mach number and flow direction has not at all been taken care of,

5. SHOCK LOSSES IN SUPERSONIC CASCADES

What has been described in chapter 4 enables the calculation of supersonic flow field and
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position of the normal and oblique shoéks in front of a cascade, under the assumption
that the inlet flow is isentropic. Using the well known shock relations, the total pres-
sure losses due to shock waves can therefore be calculated for supersonic cascades having
different geometries.

The 1nlet region of an infinite cascade, with the axlal component of the inlet velocity
subsonic, 1s assoclated with infinite number of shock waves. Evaluation of the total shock
losses in front of a blade passage, that 1s also between two adjacent stagnation stream
lines, consists in the summing up of all the shock losses along one shock wave up to in-
finity (5.1). Looking at figure 5.1 1t 1s seen that the mesh of shock waves and stagna-
tlon stream lines resembles a matrix with identical diagonal bits, and each stagnatilon
stream line intersects with an infinite number of shock waves of progressively decreasing
shock strength.

The position of the passage shock, as already described earlier, is dependent on the ex-
tent of downstream throttling. Calculation of the supersonic flow within the blade pas-
sage for different passage shock position is possible as long as boundary layer sepera-
tion effécts are not too large. It has not been possible up to now to calculate the exact
position of the passage shock 1itself, although 1t is known to be dependent upon the back
pressure,

A plot of calculated shock loss coefficients ES as a function of M_ for double-circular-
arc ( PCA) and wedge type profiles (CWl) 1s presented in fig.5.2, with pitch-chord ratio
t/1 as parameter, based upon the assumption that the passage shock 1s just at the leading
edge of the blade. In case the throat of the blade passage also happens to llie at the
leading edge, this represents the optimum operating condition signified by minimum total
pressure losses, KLAPPROTH (5.1) and YAMAGUCHI (4.3) have shown that the losses due to the
bow waves are small and hence, they have been neglected for the purposes of calculation.

The wedge type proflle CW1l with straight suctlon surface at entry is characterized by a
flat g , relation (see chapter U4.1), which is independent of the pitch chord ratio t/1
(fig.5.3). Therefore, the shock loss coefficient ;s is also independent of t/1 (fig.5.2).
A conslderable increase in the shock loss coefficlent is noticed to be a function of the
suction surface curvature at inlet, because the flow experiences a large acceleration in
front of the shock in case of the DCA-cascade.

As a result of the above explained phenomenon, development of multiple-circular-arc (MCA)
profiles (fig.3.7) with a relatively small suction surface curvature at the entrance re-
gion has received great emphasis (3.11),

A plot of profile losses Ep, obtained by subtracting the calculated shock losses (fig.
5.2) from the measured total pressure losses, as a function of inlet Mach number M, 1s
shown in figure 5.4, The limited investigations indicate that Bp 1s almost indepeqdent of
the inlet Mach number, the profile shape and the cascade configuration,

6. RELATION BETWEEN STATIC PRESSURE RISE AND TOTAL PRESSURE LOSSES IN A CASCADE

'

A cascade already started and operating under supersonic conditions, in contrary to the
subsonic case, enable a change in the statlic pressure rise without affecting the inlet
flow by varying the downstream pressure.

The variation in the flow field within the blade passage as a result of a change in the
throttle position does'nt seem to have been theoretically calculated, because of the
complicated and mixed subsonic-supersonic flow fleld existing together wilth a severe
boundary layer seperatilon.
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To get a better understanding of the flow mechanism of a supersonic cascade, in spite of
the complexity of the flow, a simplified flow model has been indicated by DETTMERING
(6.1), extended by STARKEN (3.15) for different axlal velocity density ratios, This me-
thod places its complete emphasis on the flow conditions upstream and downstream of the
cascade, without accounting for the probable and possible flow varlations within the cas-
cade.,

The continuity equation between the inlet and outlet planes of the cascade can be written
as:

(6.1) P, W, sin B, = o, W, sin B,.

To account for the contraction of the channel width due to the growth and possible sepa-
ration of boundary layer on the side walls of the wind tunnel, the "Axial Velocity Den=-
sity Ratio" @ 1s introduced as a parameter into the continuity relation:

(6.2) 2+ p, »w, sin B, = p, W, sin B,.
Rewriting in terms of total pressures, static pressures and total temperatures, the above

equation can be transformed to get an expression for the total pressure loss coefficient
w as follows:

{ k=1 k-1
p p p : 3
S SU Nee- N S | B S - i 1o .3 BN Ltot = - 1.
(6.3) w = e o7| 7. = 7+ e D, ) ( D ) ‘
1- D
K
' k=1
2 2
sin 8, © Pay” Teot 2 _ Pot =

+ ( ) ¢
Hﬁ-s_z P2 Ttot © p‘”

Under the assumption that the total temperature remains constant, that is

(6.4) (energy equation),

Tiot « = Tgot 2

the total pressure loss coefficient w can be expressed as a functional relation in terms
of the pressure ratio pz/pw, the contraction coefficient 2, the flow angles B_ and 82
and the free stream Mach number M_ as follows:

(p2 sin B

(6.5) w = fa E:, N . EIE—EE, Mm)

Further simplification 1s possible for the case wherein the axial component of the inlet
velocity 1is subsonic and M_ not too low (M, > 1,2). For this case, as discussed in de-
tail in chapter 4, the existence of a unique incidence holds valid and therefore w takes
the form:

- _ P2 Q
(6.6) w = fb (p—; N -s-m;, Mm)

The axial velocity density ratio is therefore an independent parameter and can have any
value,

Firstly when @ 1is constant, the loss coefflcient @» 1s dependent only on the pressure ratio
Pz/Pnn the exit flow angle By and the 1nlet Mach number M_.
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To a first approximation, the exit flow angle P 1s also assumed to be constant. If the
value of 8, 1is determined experimentally, from the functional relation (eqn.(6.6) deri-
ved from the continuilty and energy relations)the loss coefficient w can be worked out in
terms of Pg/Pg' /

Fig.6.1 shows a plot of the numerical results calculated on the above said basis for a
wedge type profile, A family of curves for different inlet and exit Mach numbers, as
shown in full and dotted llnes respectively, are presented. The total pressure loss
coefficient w reaches a maximum value when the exit flow Mach number M2 1s unity. The
possible range of p2/p° operation continously becomes larger and larger with increasing
M.

The validity of this diagram depends on the existence of exact two-dimensional flow with
no contraction of the stream. In a cascade wind tunnel inevitable contraction of the flow
stream due to boundary layer effects makes the value of @ different from unity. This 1s
the reason for showing the curves of different © in fig.6.2. Increasing side contraction
must result in decreasing pressure loss coefficlent, if all the other flow parameters re-
main unaltered.

Both the diagrams 6.1 and 6.2 only give the common relationship existing between the inlet
and the exit planes of a cascade, which have been essentlally derived from the energy and
continulty equations. Therefore it is impossible to get any insight into the really
exlsting flow phenomena in a cascade,

Although a qualitative discussion of the trend in which the total pressure losses vary is
possible, exact evaluation of it without an actual experiment still remains 1lmpossible.
But an insight into the effect of axial velocity density ratio f on the overall perfor-
mance of the cascade has become posslble through this aproach.

To reflect the emphasis of this important parameter, test points of a high turning cas-
cade have been superimposed on the theoretically determined S-curves in fig.6.3 (ref.
(3.15)). A strongdeviation from the expected trend, that 1s variation of @ with back
pressure from 1.0 to 1.7, stresses the great importance of this parameter. A sudden Jump
in the value of @ from 1,0 to 1.5 occuring when the cascade changes from accelerating

(p2/p° < 1) to decelerating (p2/p°° > 1) flow, can be explained by a side wall boundary
layer separation occuring in the case where P> is larger than p_. Further as throttling
beyond a certain position causes no influence on (pzlpd), it' could be argued out that
there must be naturally a contractlon of the stream tube exhibited by an increase in @
from 1.5 to 1.7. '

From these test results it is strongly felt necessary that the axlal-veloclty-density
ratio 2 has to be taken care off in all supersonic cascade measurements.
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Schlieren picture of "Double circular Arc" (DCA)-

cascade at subsonic inlet Mach number, M_ = 0.9.

i li
sonic line -

N\

“~normal shock

Diagrammatic view of Schlleren picture of fig.2.1.
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DCA-cascade at near sonlc inlet velocity,
M_ = 1.03.

\/ sonic line

|
|
|
|
|

M>1 M<1

Fig.2.4 Diagrammatic view of fig.2.3.
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Fig.2.5: DCA-cascade at choked inlet.flow conditions,
M_ = 0.9.

/

sonic line_/
/

/

~normal shock

Fig.2.6: Diagrammatic view of fig.2.5.
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DCA-cascade at low supersonlic inlet

M_ = 1.10.

sonic line

M>1 M<1

passage shock

velocity,

Fig.2.8: Diagrammatic view of fig.2.7.
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Fig.2.9: DCA-cascade at supersonic inlet velocity,
M_ = 1.30.

\>

sonic line

~~detached shock

Fig.2.10: Dilagrammatic view of fig.2.9.
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TAEROSPACE.COM

Fig.2.11: Schlieren picture of "Circular Wedge" (CW1)
cascade at axial supersonic inlet Mach number,

M_ = 2.0.

oblique shock

Fig.2.12: Diagrammatic view of Schlieren picture of fig.2.11.
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Schlieren picture of DCA-cascade at M_ = 1.3
and medium pressure ratio pzfpm = 1,52.

Schlieren picture of DCA-cascade at M_ = 1.27
and maximum pressure ratio pzlp_ = 1.51.
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Flg.2.1T7: Flow patterns in a real Laval nozzle for varying

back pressures.
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Fig.2.20 Flow patterns in a real Laval nozzle for varying

back pressures.
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Fig.2.21: 1Ideal double throat supersonic Laval nozzle under
different operating conditions.
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Fig.2.22: Area ratios of started and starting supersonic diffu-
ser as a function of inlet Mach number,
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Fig.2.23: Schlieren picture of an unstarted cascade (CW1, t/1 =

0.7, Bg = 145° and M_ = 1.1 ).

Fig.2.24: Schlieren picture of a started cascade (CW1, t/1 =
0.7, By = 145° and M_ = 1.24).
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Fig.3.1la: Velocity triangles of high turning supersonic impulse
k3
cascade: My = M*.
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',,\sonic circle

Fig.3.1b: Veloeity triangles of low turning supersonic decele-
£
rating cascade: M, < M)
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Flg.3.2:

Supersonic impulse blade section of ref.(3.1).

Flg.5:3:

Zig-Zag pressure distribution in a blade passage of
constant curvature of ref.(3.2).
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Fig.3.4: Supersonic impulse blade section with passage based on
potential vortex flow of ref.(3.3).

Fig.3.5: Schlieren picture of 1lmpulse type cascade,
(J.R. ERWIN, NASA, Langley Field).
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Fig.3.6: Double-circular-arc blade section.
~
o -
~ ~
/4-Illl.l.......ll.l.l......lh,,‘/
e a ~
Me o P
~ -
~ o
-~ ~
o e
5
P MCA

Multiple-circular-arc blade section MCA of ref.(3.11).

Fig.3.8: Circular-wedge blade sectlion CW1 of ref,.(3.13).
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Fig.3.10:

TECHNICAL LIBRARY

Schlieren picture of supersonic blade section with
external compression of ref.(3.20).

Supersonic blade section with external compression,
ref.{3,20).
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Fig.3.11: Supersonic blade section with internal compression
of ref.(1,4).

Fig.3.12: Supersonic blade sectlon with internal compression, of
ref, [3.21).

Fig.3.13: Supersonic blade section with internal compression of
ref.(3.22).
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Fig.3.1l: Supersonic blade section with internal compression of

ref.(3.23).
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Fig.3.15: High turning supersonic decelerating blade section of
ref.(3.25).
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Fig.3.16a: High turning supersonic decelerating blade section of
ref,(3.27).
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/

= Q

Fig.3.16b: High turning supersonic tandem cascade of ref.(3.27).

Fig.3.1T7: Supersonic blade section with internal compression
of ref.(3.28).

Fig.3.18: High turning supersonic blade sectlon with internal
compression of ref.(3.1).
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Fig.3.19: Blunt trailing edge (BTE) blade section of ref.
(3.29).

Fig.3.20: Schlieren picture of BTE-cascade at M_ = 1.48,
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Fig.3.21: Maximum theoretical shock pressure rise in turbulent
boundary layer of ref.(2.1).
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Fig.4.1: Flat-plate cascade at axial supersonic inlet velo-
city with suctlon-surface shock.

Max > 1 /
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Expansion -

7
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Fig.b.2: Flat-plate cascade at axlal supersonic inlet velo-
city with pressure-surface shock.
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Fig.h4.3: Semi-infinite flat-plate cascade at axial subsonic
inlet velocity with an expansion at the first blade.

~0Oblique shock wave

Max <1

Fig.U.b: Semi-infinite flat-plate cascade at axial subsoniec
inlet velocity with a shock at the first blade.
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Fig.4.5: Inlet flow angle B_ as functlon of inlet Mach number
M_ of a flat-plate cascade.
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Expansion
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Fig.4.7:

Semi-infinite flat-plate cascade at sonic axial in-
let Mach number.

Infinite flat-platé cascade at supersonic axlal in-
let Mach number with shock 1n the cascade front.
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Fig.4.8: Dependency of inlet flow angle on inlet Mach number
of a flat-plate cascade in hodograph plane.
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Fig.4.9: Semi-infinite cambered plate cascade at subsonic
axial inlet velocity.
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Fig.4.10: Entrance region of a supersonic cascade.
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Fig.4.11: 1Inlet flow angle B, versus inlet Mach number M_,
together with flow pattern of a convex suction sur=-
face blade section.

— — — neutral characteristic

\}\/o' E of infinite cascade

Fig.l4.12: Flow pattern of semi-infinite supersonic cascade
having blades with concave suction surface.
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Fig.4.13: 1Inlet flow angle B_ versus inlet Mach number M_
together with flow pattern of a concave suction
surface blade sectlon.
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Fig.4.14: Flow pattern in front of a semi-infinite super-
sonlc cascade at different nozzle flow conditions

(Mo, Bo), but constant cascade upstream flow
M, 8.).
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e
Fig.4.15: Detached shock wave in front of a cascade blade.
DCA 0O 0O Test Points
t/1=0,85 Calculation
Bs =145°
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Fig.4.,16: Measured and calculated inlet flow angles B_ as
a function of inlet Mach number M_ for a started
DCA cascade with detached shock waves,
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Fig.4.17: Location of pressure taps for the experimental
determination of inlet Mach number Mw'and inlet
flow angle 8.
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Shock pattern of supersonic cascade for three
different settings of downstream throttle area AT’
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Fig.4.19: Theoretical inlet flow angle 8, as function of in-
let Mach number M_ for a DCA cascade at started
and unstarted operating conditions.
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Fig.4.20: Two-dimensional cascade measurements of the inlet-
flow angle of a DCA blade section (ref.(4.,10)).
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DCA - Rotor Blade Section
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Fig.4.21: Rotor measurements of the inlet flow angle of a
DCA blade section (ref.(4.12))
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Fig.l4.22:
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Theoretical inlet flow angle g_ as a function of
inlet Mach number M_ for a DCA blade section with
minimum passage area (A /t = O.4lL),
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i
stagnation stream-line
Fig.5.1: Shock pattern and stagnation streamlines in front
of an infinite supersonic cascade.
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Fig.5.2: Theoretically determined shock loss coefficlent
;s plotted against inlet Mach number M_ for DCA-
and CW1 cascades at optimum back pressure.
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Fig.5.3: Variation of calculated inlet flow angle B  with
inlet Mach number M_ for DCA- and CWi-cascades
(started condition).
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Fig.5.4: Profile loss coefficients of DCA- and CWi-blade
section at supersonic inlet velocitles.
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Fig.6.1: Variation of total pressure loss coefficlent o
with static pressure rise for a stream tube at
dilfferent entrance Mach numbers,
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SUMMARY

A review is presented of the basic flow equations for the analysis of flows in rotors, together
with a discussion of the effects of simplifying assumptions that are necessary to obtain solutions.
Particular flows in radial compressor rotors are treated, and the approach necessary to calculate
arbitrary flow patterns for given blade shapes is described. The necegsity of using a correct
description of the blade surface is demonstrated, and the applicability of the results to the design
of compressor rotors is discussed.
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APPLICATION OF THROUGH-FLOW THEORIES
TO RADIAL WHEEL DESIGN

1. INTRODUCTION

The present lecture is not concerned with the procedures to calculate the flow patterns in radial
campressor wheels but endeavors to discuss the effects of simplifications that have to be made in most
theoretical treatments to obtain solutions. ‘

All rigorous calculating methods must be based on the fundemental laws of fluid dynamics which are
formulated in Ref. 1¥. Some of the peculiarities of flows in rotors and the nature of blade-to-blade
golutions are discussed in Ref, 2.%

2. FUNDAMENTAL FLOW RELATIONS

Irrespective of its particular nature or field of application,a flow will adapt itself to conditions
where the laws of conservation of momentum, mess, and energy are satisfied. In addition, a flow has to
meet specified boundary conditions of the field and it is also affected by the thermodynsmic processes
which it undergoes. If the fluid is a gas, it must satisfy the so-called condition of state, which
relates its mass density to pressure and temperature.

-The formulations of the three aboved-mentioned consérvation lawg for rotating flow channels differ
from those for flows in stationary passages because of the effects of the centripetal and and Coriolis
"forces. If the angular velocity w of a rotor with fixed axis is constant, the three basic relations
for the relative velocity field W of a compressible fluid in the Eulerian description are:

Equation of Motion, Eq. [7(35)]1:

—

o W W W "

—‘;_f— +VHR=WX(VKW,+2&))+TVS +f (1)
Equation of Continuity, Eq. [7(29)]1:

2 p o

=L w(pW)o

T (P . (2)
Energy Equation, Eq. [7(43)]2:

) ) ) wz
d‘u HR =d q, - Sf(z—)dt (3)

The derivatives 3.( )/Bt express the non-steady, or time-depending character of the flow in the rotating
frame of reference, and the differentials dﬁ( ) in Eq. 3 represent changes of the flow properties along
the relative flow paths travelled by the fluid particles.

The so-called relative total enthalpy HR per unit mass is defined by

2 2
. W U ,
feohrg - rdor )

where;

h - static enthalpy at the static pressure p and the stati¢ temperature T

W - nmagnitude of relative velocity vector W

U - peripheral rotor speed

g - gravitational constant

z - elevation from a specified level surface
Also,

g8 - entropy of fluid per unit mass

T - absolute static temperature

f - frictional force acting on fluid particle per unit mass : ‘

p - mass density

4o - heat added to unit mass particle along its path from sources outside the flow field

For so-called absolute flows in stationary passages where w and U are zero, the absolute total _,_
enthalpy H is obtained from Eq. L4 if W is replaced by the magnitude V of the absolute velocity vector V.

*For simplicity, chapter, pesge, figure, and equation numbers, from these sources are put_in_square
brackets with postfixes 1 or 2 pertaining to Ref. 1 or Ref. 2, respectively. E.§., Eq.[h7]2 is
equation W7 of reference 2.
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If for dp( )/3t and dﬁ( ) there are substituted the quantities 3( )/3t and d4'( ), which represent local
time rate of changes,and differential changes along the absolute flow paths of particles, respectively,
in the stationary frame of reference, Eqs. 1 to 3 give the principal equations for absolute flows.

For incompressible fluids with constant mass density » , the internal energy, and thus the tempera-
ture of the fluid, is nearly constant and the static enthalpy h is equivalent to p/p , where p is the
static pressure of the flow. For the same reason, it is illogical to consider entropy changes, hence
Twvs is zero. The quantities Hp and H for incompressible flows change to Pr/P and Pt/ﬁ , respectively,
with Pg and Py being the so-called relative and absolute total pressures, defined by

P .
PR=p+._fw__2£.U+goz (5)

an§
P 2
Pt < V. 9, 2 (6)

For relative incompressible flows, from Eq, 1

-_—

%W 1 oP L Wa(vxW,2w). (7)
2t PR

Fromn Eq., 2, for P = constant,
v- W_.o (8)

The energy equation along the relative flow paths cannot be obtained directly from E?. 3 because the
work of the frictional forces reduces the relative total pressure Pg. By Eq. [7(&&) 1, the energy
equation for incompressible relative flows is

2 —— -
‘ oL’RPR=-?f’3_R_Wdt+fW'f at | Y
, ot

since heat added to the flow from sources outside the flow field does not affect the pressure Pp.
3. DISCUSSION OF SIMPLIFYING ASSUMPTIONS

Equation 1,and its counterpart for absolute flows,have Reneral velidity. Major prdblems occur
however if attempts are made to relate the frictional force f to the velocity changes in the flow and
to the physicel properties of the fluid. A differentiation between laminar and turbulent flows must
also be made.for these formulations. For laminaer flows, where the frictional forces are directly
proportional to the velocity gradients and the coefficient of viscosity of the fluid, the Nayier-
Stokeg equation is obtained. However, even for constant fluid viscosity the formulation of f for
compressible flows leads to very complicated expressions (seeaEq. [3( 1) which defy solutions for
arbitrary flow fields. Even for incompressible flows, where f = v < for constant kinematic
vigcosity v , formidable difficulties occur for general solutions, although they could be achieved
with modern computers that have extremely large storage capacities. The usefulness of such results
is however of questionable value, not only because of their limited application to liquids, or gases
at low Mach numbers, but because of the fact that flows in turbomachimes have high Reynolds numbers,
and are therefore turbulent and not laminar.

Because of the complicated and not yet completely understood mechanism of turbulent motions it has
not been possible to establish a generally valid mathematical formulation of the turbulent shear
stresses. Approximations are available for the conditions in the vieinity of walls (see p. [39]1) but
these relations cannot be used for a general three.dimensional flow field. Analyses that apply Navier-
Stokes equation to turbulent flows,and use the non-steady velocity term to account for the turbulent
exchange of momentum lateral to the mean flow path,are at besgt crude aspproximations of the actual
conditions for simple flows and particular boundary conditions. From a rigorous point of view it is not
permissible to use the equation of Navier-Stokes for turbulent motions,

It is evident from this discussion that the presently available mathematical tools are not powerful
enough to analyze flows in machines with great accuracy, and it is doubtful whether much progress can be
expected in the near future. Attempts have been made to study turbulent flows from a moleculer viewpoint
by teking account of the possible random motions that can occur. However, even if computers were
available with access times by a factor of 100 smaller than present nano-second machines, a turbulent
flow with simple boundaries would require years of computer time for its analysis. As in all engineering
endeavors it is necessary therefore to use simplified methods. From experiments it is known that the
largest shear stresses in laminar and turbulent flows occur in the boundary layers along solid walls
where the greatest veolcity gradients exist, and that outside of the boundary lasyers the flow is nearly
frictionless, particularly in turbulent motions. For the flow region away from the walls it seem
possible therefore to ignore the frictional force f in Eq. 1. Moreover, because flows in turbomachines
are nearly adiabatic; that is, the quantities of heat denoted by q in Eq. 3 are negligibly small, it
geems permissible to assume that flowe away from the walls are igentropic. For such flows the last two
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terms on the right-hand side of Eq. 1 vanish, and the differential 4’ q_ in Bq. 3 can be ignored also.
It must be recognized however that the assumption of constant entropy limits the analysis to reversible
processes, hence these simplified relations cannot be used for flows with irreversibilities that .are
caused by supersonic phenomena. In the absence of shocks, the solutions for reversible flows could
then be considered to represent a good estimate of the actual conditions if the boundary layers have
small thickness. Because experience shows that in boundary layers the static pressure remains nearly
constant perpendicular to the walls, the theoretical pressure distributions along the guiding surfaces
could be taken as those occurring in actuality. Experimental data of turbulent boundary layers and
approximate calculating methods could then be used to determine the frictional forces that are exerted
on the walls. Evidently this approach breaks down if flow separations occur, because they will cause
major changes in the flow pattern away from the walls, which cannot be handled by the simplified equations,
primarily not because it is nearly impossible to predict what boundaries a separated flow will follow.

These: difficulties can be avoided if measures are taken that no flow separations occur, for instance,
by more complete guiding of the flow with additional blade surfaces., However the best turbomachine
always has a minimum of guiding surfaces so that,similary to wing sections, there is obtained the highest
ratio of 1lift and drag. This optimum always occurs if the flows are nearly separated and experience even
seems to indicate that radial compressor wheels operate most efficiently if they have slightly separated
flows. This conjecture is supported by Fig. [lh]2, where the wheel with the highest flow deceleration
. has the highest efficiency.

Even in the absence of flow separations, the ignoring of the frictional forces along the walls
produces conditions that deviate greatly from reality if flows undergo large deflections, as for
instance, in the inducer of a radisl wheel, ILarge turnings of flows are associated with large transverse
pressure gradients which the particles in the well boundary layers can overcome only, if they follow
different paths than those of the particles away from the walls. As shown in Fig. tl3(22)]l, these
conditions produce the go-called secondary flows which, because of the formation of the peculiar vortex
pattern of Fig. [13(21)]1, cause major changes in the main body of flow outside the boundary layers,
which can be responsible for a large fraction of the total losses. Although attempts have been made
by many sources to establish theoretical methods for the prediction of secondary flow phenomena and
the associated losses, their limited success is due to the difficulties in analyzing actusal. turbulent
flow motions.

The non-steady character of flows in turbomachines is mostly ignored, although it is recognized
that the actual flows in these machines cannot be steady. A stationary row of blades arranged after
a rotor will have non-gteady absolute inlet velocities, even though the relative flow at the rotor
discharge is steady. These conditions occur because of the rotor blade wakes and the varying velocities
in peripheral direction between neighboring blades. Axial machines with large numbers of blades will
not be affected greatly by these conditions, but in radisl compresgsors the non-steady effects can have
a major influence because of the small numbers of blades in rotar and diffusor. In these machines, where
an effective diffusor is necessary for high overall efficiencies, the diffusor not only has an inlet
flow with great amplitude changes but also with large oscillating flow angles.

4. PARTICULAR AXISYMMETRIC FLOWS IN ROTORS

Since solutions of the equations for isentropic steady flows through finitely spaced blades are
difficult to obtain, it is customary to solve the problem in two steps. For the first step it is
assumed that the rotor has an infinite mumber of thin blades whose geometry corresponds to, say, the
mean section of the actual blade. For given inlet conditions this analysis esteblishes a series of
axisymmetric stream surfaces between the hub and the tip contours of the rotor. If these axisymmetric
surfaces are intersected by the actual blades, one obtains the so-called quasi two-dimensional flows of
Art, [12]1 between neighboring sxisymmetric surfaces, which can be solved by a number of different
methods. These methods are discussed on pp. (1112 to [15]2, together with a comparison of the obtained
results with real flow patterns in radial wheels. In this paragraph the discussion is restricted to
the first step which is considered as a well defined problem for which an exact solution has to be
established. Special cases will be congidered only, and general solutions are discussed in paragraph 5.

An indiscriminate use of Eq. 1 for the cited assumptions would give an equation of motion of the
form

VHR=WX(VXW+ZL—5) (10)

For a steady absolute flow at the rotor inlet that has constant total enthalpy H, and whose peripheral
velocity components V, satisfy the relation R V; = constant, hence if they have the same digtribution as
in a free-vortex flow, it can be shown (see Art. [11.4]1) that the relative total enthalpy Hg is constant
at the rotor inlet if the blade surfaces are so designed that the relative flow can enter the rotor at
zero incidence angle at all stations along the leading edges. Since, by Eq. 3, HR is constant also along
the relative streeamlines for adisbatic, steady conditions, it is evident that Hr must be constant every-
where in the relative flow field, or VHg must vanish, hence

Wx(vxW 4 2%) «0 (11)

This equation is expregsed in Table B-3, p. 15, of Ref. 3 for three-dimensional velocity fields by means
of the axisymmetric, orthogonal, curvilinear system shown in Teble B-1, p. 13, of Ref. 3, or by Fig. [A3(2)Jl.
Such coordinate systems will henceforth be called AOC-systems , for short.

For the assumed axisymmetric flows at constant totael relative enthalpy Hr, Eq. 11 establishes a flow
pattern of the meridional velocity components of W which is identical to that of an absolute irrotational
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flow at constant total enthalpy H in the seme flow channel but without blades. Therefore, it is
neither affected by_the blade shapes nor is it influenced by different angular rotor velocities. As
shown in Art. [ll.h]l, it is solely depending on the shape and the curvatures of the meridional channel
contours and the generatrices of the axisymmetric stream surfaces.

At an earlier stage of the development even thig approximation had a considerable impeact on the
design of radial wheels. Inspite of its shortcomings it showed that meridional generatrices with large
and radical changes in curvature could produce considerable changes in.the meridional velocity components
between the inner and outer wheel contours, and could be responsible for large flow decelerations,
especially along the outer wheel contour, These conditions could create the non-uniformities of rotor
discharge flows that were often observed. Indeed, the introduction of wheels with larger axial extensions,
giving hub and tip contours with small and gradually changing curvatures, produced the first significant
increage in efficiency after many years of stagnant development.

A closer examination of the problem indicates, however, that the infinitely small pressure changes
in peripheral direction between adjacent blades have a finite effect because of the infinite number of
blades, which must be accounted for by introducing a blade force Fp in the equation of motion, representing
the force that an element of blade surface exerts on a unit mass of fluid.

TFor a steady rotor flow having a free-vortex type ebsolute inlet flow at congtant total enthalpy H,
there ig from Eq. 1 for isentropic conditions, '

wx(v,tw*za‘)\\"ﬁ;:o (12)

For the assumed frictionless flows the vector of the blade force must be perpendicular to the blade
gurface at all stations, and must point in such directions as to require that a compreggor rotor needs
to be driven by an outside source. Hence the blade surface must be known to establish FB,and it must be
so arranged that the desired inlet and discharge flow conditions can be achieved without sudden changes
in flow angle.

Equation 12 will now be epplied to a compressor wheel of the type shown in Fig. [1]2, in particular,
to the impeller with straight meridional bledes arranged after the inducer. For the axisymmetric through-
flow sglution the actual impeller blades are replaced by an infinite Tumber of meridional half-planes.
Thus, Fp points everywhere in peripheral direction, and the relative velocities W cannot have peripheral
velocity components. Expressing VVx(VnVV+2td) for this condition,by using the relations of Table B-3,
p. 15, of Ref, 3, it can be seen that \

?LB - 2 axw ! (13)
and
Wx(vx W) wo (14)

Equation 13 shows that the blade force'?h per unit mass of fluig equals the Coriolis acceleration.
Hence, the flow exerts a force - Fp on the blade surface. Then, if W has radial components that point
away from the axis, the necessary rotor driving moment is in opposite direction to w , as is the case for

a8 campressor.

Equation 14 indicates that the vectorsi?and v x-ﬁ have to be perallel without necessarily requiring
that V x W must be zero. It can be shown that, for the impeller with straight meridional blades, the
flow pattern specified by Eq. 14 is identical with that obtained from Eq. 11. Hence for meridional blades
the velocity distributions are also not affected by w , but depend only on the shape of the axisymmetric
stream surfaces, in particular, on the curvatures of their generatrices.

5. AXISYMMETRIC FLOWS IN ROTORS WITH ARBITRARY BLADE SHATES

Although several methods of solution are available to obtain flow patterns in rotors with arbitrary
blade shapes, the present discussion is restricted to the approach of Ref, 1. Further, a limitation is
made by considering only the equation of motion of Eq. 12 which is valid for steady rotor flows with
constant relative total enthalpy Hg. To solve Eq. 12 correctly for the above-mentioned assumptions it is
necessary that the shape of the infinitely meny and infinitely thin blade surfaces be specified at all
stations in the field.

Since the meridional flow channel of an arbitrary rotor is bounded by surfaces of revolution at hub
and tip, and because the flows under consideration have axisymmetric stream surfaces, it is of advantage
to use the earlier-mentioned AOC-coordinate systems for the evaluation of the flow patterns. Cylindrical
and spherical coordinate systems are special cases of a general AOC-system. Most calculating schemes
involve methods of successive approximations in the manner that axisymmetric stream surfaces are agsumed,
and that they are modified in the course of the calculations until the equations of motions and continuity,
and the energy equation, are satisfied. These stream surfaces between hub and tip are teken as coordinate
surfaces having the so-called m~generatrices, or meridians, along which the coordinates m are measured in
actual lengths., Evidently, the generatrices of the inner and outer walls are m-generatrices also. They
are, in fact, the only ones that are fixed., For this discussion it will be assumed that the whole family
of m-generatrices is known. It is possible then to establish a net of so-called n-generatrices, or normals,
that are everywhere orthogonal to the m-generatrices, and along which the coordinates n are measured.
Obviously if the m-generatrices are modified during the successive approximations, the n-generatrices will
have to be adjusted also to maintain the orthogondality between the two nets of curves. All AOC-systems
contain further a fan of half-planes through the axis of symmetry, the so-called meridional planes, or
planes with 8 = constant. Each one of these planes is specified by its angle ] with respect to a fixed
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reference meridionsl plane., Thus, stations in the flow field are completely specified by their
coordinates m, n, and & . As shown on page [511&]1, it is possible to establish the differential
parameters V, Ve , Vx, etc., for general AOC-systems. They are functions of the distance R from
the axis of symmetry, the angle a between the tangents bo the n-curves and the axis, the curvatures
km and kp of the m- and n-curves, and the coordinates m, n, and € . Because the m-curves are supposed
to be the generatrices of the stream surfaces of the flow, no velocity camponents can exist in direction
of the normals n. However, there do occur components Wp and W, along the m-curves and in peripheral
dlrection, _z;espectively For these components it is then possible to express the quantity

wx(Vx W, 2w) of Eq. 12, which represents a vector field with components in directions of the
coordinates m, n, and 6 .

A given blade surface,that meets the inlet and discharge flow conditions of the rotor, is described
completely by its intersections with a number of successive meridional planes which in turn are
gpecified by their angles & ., The intersection of the blade surface with a particular plane & = constant
is called the & -curve of the blade surface. All these & -curves can be shown in a particular meridional
plane and form a family of curves which, together with the pertaining angles € of the planes 6 = constant,
where the blade intersection occurs in actuality, specify the blade surface in its entirefy. Evidently,
the & -curves of a given blade surface remain fixed even though the nets of m-curves and n-curves have to
be modified during the calculations.

Article [11.2]1 shows how the & -curves can be used to determine the deviations of the blade surface
from the radial directions to estimate, for instance, the bending stresses in the blades due to centrifugal
forces, and gives relations to establish the directions of the blade forces F‘B__which are everywhere perpen-
dicular to the blade surface. At all stations, the relative velocity vectors W must be tangent to the
closely spaced blade surfaces. The relative flow angles 83 are defined as the angles of the vectors W
with the meridional planes. They are not given by the blade surface alone, because the vectors W must
also be tangent to the stream surfaces which have the m-curves as genera.trices. However for a given set
of these curves the angles B are known. Then

wu = wm tan g
where W, and W are the peripheral and meridional veloeity components of W. For known angles S the
blade force Fp can be formulated also, and from Eq. 12 there is then obtained a differential equation
of the form

2w ? '
m o M X, WX, 4w, ()
dn om

where Xl’ X2, X5 are known functions of m and n that depend on the nets of the m-curves and n-curves,
and on the shape of the blade surface.

Equation 15 can be used to determine the distribution ef the meridional velocity component W, in
the field. It can be noted, however, that Eq. 15 contains derivates of Wy in the directions of n and m.
The term with awm / 3m occurs because of the blade force. In particular the function Xl equals

X - tdn& {aﬂl/g (16)

where & is the angle between the 8 -curve of the blade surface and the normal n at particular stations.

The pertial differential equation of Eq. 15 can be transformed into an ordinary differentiél
equation if the method of solving along particular cheracteristics is applied. These characteristics
are curves in the meridional plane that have the angle y with the normals, where

tan y = tan & sint/ﬂ (17)

If the lengths measured along these characteristics are denoted by x, Eq. 15 can be written as

W LW Y, 4w o0 (18)

dx

where the functions Y; and Y, are related to the functions Xl’ X5, and X3, Equation 18 represents a
linear differential equation which has the solution

W e_/Y‘ " C‘ - w'/Y2 (e+fY‘ » )dx (19)

m -
C is a constant that can be determined by epplying the equation of continuity.

Some methods try to avoid the complications associated with the establishing of the characteristtcs,
by limiting the analysis to particular blade shapes, namely, frequently to those which are salled "normal”
blade surfaces in Ref. 1, and whose angles & of Egs. 16 and 17 are everywhere zero. Thus, a normal
blade surface has & -curves that coincide everywhere with the normals, or n-generatrices. Then the
function X; of Eq. 16 is zero and the veloacity components Wy, can be obtained directly from Eq. 19 by
integration along the normals. Hence, these methods do not deal with a fixed blade surface, but with one
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that changes its shape if the n-generatrices must be modified in the course of performing the successive
approximations. Such methods usually specify the flow angles 8 along the normals. In some cases it
may then occur that the blade surfaces that result, namely, those with the final n-generatrices for the
chosen flow angles, have shapes which either cannot be built for manufacturing reason, or deviate so
much from the radial direction that the bending stresses during rotation become excessive.

If the method of solution with characteristics is applied, it tan be shown that the characteristics
terminate at the leading and trailing edges of the blade surfaces, and then continue as "normals" into
the non-bladed regions of the flow channel, Hence if it is assumed a priori that the blade surfaces are
normal blade surfaces, the analysis cannot investigate the conditions that occur with obliquely cut-off
leading edges or trailing edges of the blades, in fact, the method has difficulties in producing compatible
flow conditions at the rotor inlet and discharge unless the blade terminates at locations where the correct
normals can be established a priori also.

6. APPLICABILITY OF AXISYMMETRIC THROUGH-FLOW METHODS

For the analyses discussed above 1t is necessary to assume that the flow follows the hub and tip
contours of the flow channel, hence these surfaces must be the stream surfaces that form the boundaries
of the flow field. The velocity profiles of and the cushioning effects due to the boundary layers at
these surfaces, and the velocity changes and disturbances that are created by the tip clearance flows and
scrubbing effects in unshrouded wheels, cannot be taken into account. Although the conditions that
occur with flow incidence angles at the blade leading edges can be treated in an approximate manner,
primarily as far as the associated changes in relative total enthalpy are concerned, the sssumption of
axial flow symmetry precludes Investigations to esteblish optimum conditions at the rotor inlet. The
seme assumption makes it impossible also to take account of losses. They can be considered only in the
equation of continuity as a uniformly distributed effect that changes the mass density of the fluid.

Reference 2 discusses the lack of knowledge in predicting the permissible flow decelerations in
compressor rotors. Equally lacking is information that gives criteria for the permissible velocity
changes along the inner and outer wheel contours.

In actuality the described methods cannot take account of disturbances that are created by the flows
downstream of the rotor, in fact, this situation very frequently creates incompatibilities between the
calculated pressure distributions at the trailing edges of the blading and those which are imposed by
elements arranged after the rotor.

It was shown earlier that the methods give only limited information about the flow in the impeller
parts that have radial blades, inasmuch as the flow patterns are only influenced by the streamline
curvatures and that the effects of the Coriolis accelerations have no bearing on the velocity changes.
Hence small changes in the assumed net of streamlines,which can still be associated with large changes
in their curvatures,may produce considerable deviations in the flow distributions which are difficult
to evaluate for lack of a firm basis.

It seems to the writer that the maximum benefits of the method arise with determination of the flow
conditions in the inducer part of a radial wheels, not so much as far absolute accuracy is concerned but
with regard to comparison of relative effects of design changes. Limitations are however imposed because
of the inability of the method to deal with supersonic flow phenomena. Referénce 2 mentions the possible
advantages of particular leading edge configurations, and calculations in this direction have produced
interesting results by applying the method of solution with the afore-mentioned characteristic curves,
in contrast to the spproach with "normal" blade surfaces which cannot deal with such blede shapes. As
pointed out in Ref, 2 also, the discussed method represents the only approach, at least to this date,
that can provide data with regards to the effects of blade shapes of the inducer parts, since these
bladings cannot be analyzed with the usual cascade theories because the flow at the inducer discharge
enters the individual blade channel of the radisal wheel. .

Although the so-called blade-to-blade solutions are discussed in Ref. 2, it should be pointed out
here that the usual approach of applying the results of the axisymmetric calculations to finite blade
spacings, that is based on the moment of momentum consgiderations of Art. 11.12]1, gives erroneous
results near the rotor discharge because it cannot take account of the equalizing of the pressures on the
suction and pressure sides of the blades., However, at the discharge of the inducer, where its blades
meet the impeller blades, this approach will provide interesting information which can be used for _the
design of improved inducer bladings.
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The interest in advanced compressors has been shown by the number and quality of people attending
the course (84 in total), representing most of the companies, research or teaching establishments
coping with turbomachinery in Europe, with a small delegation from the U.S.Ae. and Canadae

From its initiation, the Lecture Series has been limited in time to two days in each of the host
countries, Belgium and Norwaye This has, in turn, limited its scope, which was arbitrarily chosen,
to cover only some of the main forefront problems of the fluid mechanic design ofadvanced (i.es high
pressure ratio) axial and radial compressors. It is therefore fragmentary, but it is the course
director's feeling that it is representative of the main area of past progress and future research.

Due to the limited time, the verbal presentations had to be rather succint, but the message was
obviously carried across to the auditorse The written contributions are clearly more comprehensive, and
the authors have to be thanked for providing an excellent set of notes, which cover, in most cases,
hitherto unpublished or original data or approaches. Some of the verbal presentation even included
additional original information gained between text publication and presentation.

Although turbomachinists can be proud of the achievement made in high performance axial and radial
compressors, the Lecture Series has clearly shown the urgent need for more information and therefore
more detailed research on the detailed flow behaviour between blade passagese This is valid as well for
axial compressors as for inducers, impellers and diffusors of high pressure ratio, small mass flow
radial compressors. The real behaviowr of the flow, affected by boundary layer separation, shoek
boundary layer interaction, unsteady flow, coriolis and centrifugal forces is not yet fully understoods
Even the apparently simple question of the validity of high speed cascade data when applied to real
machine or of the way to apply them, is not satisfactorily solved, although the work carried out by the
groups of Professor Vavra, Mre. Fabri and Mre. Starken is expected to throw much more light on this
particular problem in the near future.

It is evident that if we want 1o progress further, and in particular to achieve within the next
decade, the same order of increase of pressure ratio per stage, at almost constant efficiency that has
been achieved in the last ten years, we need to develop more theoretical work, but particularly, better
experimental techniques to explore the complicated three-dimensional, unsteady viscous compressible flow
inside the turbomachines, without disturbing too much the flow by the instrumentation (1aser-beam holo-
grams, probe miniaturisation, measurements in rotation)e We are confident that success can be achieved
within a reasonable period of time and that the corresponding investment is worthwhiles Already, the
development of advanced material has removed the limitations on peripheral speed.

As mentioned earlier, only some particular aspects of the problems associated with advanced
compressors have been examined in this Leoture Series. B

It would be worthwhile, as a follow-up, to envisage additional courses on subjects such as off=-
design performance, stall and surge evaluation, mechaniocal problems, such as bearings, shaft, stressing
and vibrations of disks and bladings, manufacturing problems and material characteristics within a
reasonable period of time.

From the experience of this course, we are confident that the initiative would be well received,
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