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SUMMARY SOMMAIRE 

Measurements of subsonic and supersonic 
Mach numbers in air are discussed from 
the point of view of calibration measurements 
of an empty wind tunnel, of measurements 
of local Mach numbers at points in the flow 
field around a model, and of simulating free 
flight Mach number in the presence of wind 
tunnel wall interference. E r ro r s in deducing 
Mach number from particular measurements 
are discussed and certain measuring 
procedures recommended. 

Les mesures dans Pair des nombres de 
Mach subsonique et supersonique sont 
discutees du point de vue des mesures de 
calibrage d'une soufflerie a vide, des mesures 
des nombres de Mach en des points de 
1'ecoulement situes autour d'un modele, et 
de la simulation du nombre de Mach d'un 
vol libre en presence de 1'interfeVence des 
parois de la soufflerie. Les e r reurs com-
mises en deduisant le nombre de Mach de 
mesures particulieres sont discutees et 
certains procedes de mesure sont recom-
mandes. 
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TERMINOLOGY 

A Cross-Sectional Area of Srreamtube 

A Van der Waal's Coefficient 

A 6 exp 0/(exp 6 - 1 ) 

A0 A(0O) 

A0 Constant in Beattie-Bridgcman Equation 

a Constant in Beattie-Bridgeman Equation 

a Velocity of Sound 

a Velocity of Sound in Liquid Vapor Mixture, • / ! - g r RT 

a V /M 

3j i*" Virial Coefficient in Density Expansion 

B Van der Waal's Coefficient 

Bi Asymptotic Value of Velocity Perturbation 

B0 Constant in Beattie-Bridgeman Equation 

b Constant in Beattie-Bridgeman Equation 

b(m) Coefficient Defined on Page-10 

bj i t h Virial Coefficient in Pressure Expansion 

C Heat Addition Parameter, q /c pT 

C Velocity Perturbation on the Wall at the Model Location 

Cp Pressure Coefficient, (p - p°)/q. 

C^ Viscosity Correction Coefficient 

c Wing Chord 
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TERMINOLOGY 
(Continued) 

c Constant in Beattie-Bridgeman Equation 

Cp Specific Heat at Constant Pressure 

c v Specific Heat at Constant Volume 

c(m) Coefficient Defined on Page 10 

D Drag 

D Diameter of Probe 

F Net Force Acting on Fluid in Stream Tube 

P ( &Z—Q j Ratio of Rate of Pressure Increase with Respect to Simple Wave Theory, 
dp/dC 

( d p / d * ' s imp le wave 

g Mass Fraction of Liquid in Liquid-Vapor Mixture 

H Enthalpy 

H Tunnel Height or Diameter 

k Numerical Constant 

k8 Turbulence Factor 

L Length of Nozzle 

/ Reference Length for Reynolds Number 

i Length to Pressure Orifice of Cylindrical Portion of Static Pressure Probe 

j(. Length of Nose of Probe 

/$ Distance from Static Pressure Orifice to Beginning of Support 

M Mach Number 
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TERMINOLOGY 
(Continued) 

M Mach Number in Liquid-Vapor Mixture, v/a 

M {i+[ (yM^)/(l/p)(dp/ds)s=o]
^},/, 

Mw Mach Number Behind an Oblique Shock 

m (M sin 0 )* 

m Velocity Ratio 

Pj Parameter Related to Mach Number 

Pr Prandtl Number 

p Pressure 

pc Cone Surface Pressure 

p. Pitot (impact) Pressure 

p s Surface Pressure 

pw Wedge Surface Pressure 

Pi Pitot Pressure Behind an Oblique Shock 

Q (l + r2 M\) - (T1/T,)(l + y, Mf) 

Q Source Strength (mass flow) 

q Dynamic Pressure A>vV2 • (1/2) ypM* 

q P, - P° 

R Gas Constant for Air 

Re Reynolds Number P VJtfp-

r Recovery Factor, (Tr - T°)/(T0- T°) 

r Radial Coordinate 
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TERMINOLOGY 
(Continued) 

8 Wedge Semi-Angle (angle through which flow is turned by a wedge) 

Sc Cone Semi-Angle (angle through which flow is turned by a cone) 

8 Boundary-Layer Displacement Thickness 

S| Displacement Thickness for Thin Boundary Layer 

8 Inclination of Velocity Vector 

8 Axial Coordinate, (""x/L) - (w/2) 

8 Characteristic Temperature for Molecular Vibration, 3050° K for Air 

V e /T 

A Wing Sweepback Angle 

A0 Reduced Sweepback Angle, tan"' (tan A / J \ - M*) 

\ Coefficient of Heat Conduction 

X Velocity Correction Factor for Model Shape 

p. Coefficient of Viscosity 

p. Index of Refraction 

v Kinematic Viscosity, H-/P 

P Density 

T Velocity Correction Factor for Tunnel Dimensions 

T Relaxation Time 

<f>0 Velocity Potential of Free-Air Flow about the Model 

cf>, Velocity Potential due to Wall Interference 

ft <;cific Humidity, (mass of water vapor/mass of air) 
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TERMINOLOGY 
(Continued) 

r0 Radius of Cylindrical or Conical Probe 

Sj Sensitivity of Parameter Pj to Mach Number, (Pj/M)(dM/dPj) 

s Entropy 

T Temperature 

Tr Recovery Temperature 

u x Component of Velocity in Two-Dimensional Flow 

V Velocity in One-Dimensional Flow 

V Turbulence Perturbation Velocity 

v y Component of Velocity in Two-Dimensional Flow 

V Lateral Components of Turbulence 

w1 Lateral Components of Turbulence 

x Axial Coordinate 

y Lateral Coordinate 

Z Compressibility Factor, {p/p RT) = 1 for Perfect Gas 

a Probe Yaw Angle 

a Mach Angle, Sin'1 (1/M) 

/3 Shock Wave Angle 

/ 3 C Shock Wave Angle Produced by a Cone 

/3W Shock Wave Angle Produced by a Wedge 

y Ratio of Specific Heats, c p / c v 

V Ratio of Specific Heats for a Calorically Perfect Gas, 1.4 for Air 
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TERMINOLOGY 
(Continued) 

SUBSCRIPTS 

( )e 

C >o 

( ). 

( ) . 

( >B 

( ) w 

Condition just outside of Boundary Layer 

Isentropic Stagnation Condition 

Condition at State (1) 

Condition at State (2) 

Body 

Wing 

SUPERSCRIPTS 

( )* Condition at M = 1 

( )° Static Condition 
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I. INTRODUCTION 

Since Mach number is the fundamental 
similarity parameter in high-speed flow/ 
a discussion of its measurement is worth 
some consideration even by experienced r e ­
searchers. The establishment, at the outset, 
of the desired accuracy of Mach number 
determination will provide a criterion for 
the adequacy of various measuring techniques 
and will permit an evaluation of the signifi­
cance of e r ro r s . 

Many types of tests may be simulated in 
a high-speed wind tunnel with results which 
are sensitive in various degrees to e r ro r s 
in Mach number. One standard task certainly 
is the measurement of aerodynamic forces 
and moments. At a Mach number of 3, a 
one percent error in Mach number will result 
in about 3.5 percent e r ro r in the computation 
of force coefficient. See Fig. I - l . 

Wind tunnel model construction and force 
measuring standards are sufficiently precise 
to permit measurements of coefficients to 
within 1 percent; hence Mach number must 
be known to better than 1/3 percent to maintain 
such accuracy. Effects of Mach number 
gradient over the region of the model (inves­
tigated by Morris and Winter, Ref.1) also 
lead to a required accuracy of 1/3 percent 
in Mach number uniformity. It will be 
assumed that in order to know the Mach 
number to within 1/3 percent, calibration 
measurements should be made to 0.1 percent 
and e r ro r s of this magnitude can not be 
disregarded. 

In this report, the measurement of 
subsonic and supersonic Mach numbers in 
air will be discussed from the point of view 
of calibration measurements of an empty 
wind tunnel, of measurements of local Mach 
numbers at points in the flow field around a 
model, and of simulating free flight Mach 
number in the presence of wind tunnel wall 

interference. The sensitivity of various 
parameters to change in Mach number will 
be evaluated and instruments for detecting 
the necessary properties described. Er ro r s 
in deducing Mach number from particular 
measurements will be discussed and certain 
measuring procedures recommended. 

No mention will be made of "Mach 
mete r s , " which are simply analog computing 
devices. It will be assumed, instead, that 
the researcher will be able to make the com­
putations (by machine if convenient) if he has 
a formula and the necessary measured quan­
tities. It will be assumed that the flow is 
steady, and consequently consideration of 
time lag and frequency response of the in­
strumentation is unnecessary. 

Laws relating the Mach number to various 
measurable properties will first be obtained. 
In deriving these laws, it will be assumed 
that the air behaves as a perfect gas and 
undergoes certain prescribed thermodynamic 
processes. After describing instruments 
which can measure those properties of air 
from which Mach number may be computed, 
estimates will be made of some of the e r rors 
which arise in the measurements. 

Two types of e r ro r will be considered; 
those arising from departures of the air from 
the assumed perfect gas relations and ther­
modynamic processes, and probe e r ro r s 
which may be regarded as occurring because 
the insertion of the measuring device induces 
boundary layers and otherwise disturbs the 
flow field so that the instrument does not 
measure exactly the quantity that it was 
designed to measure. 

The report, it is hoped, is comprehensive 
if not exhaustive; however, as new ranges of 
Mach number, density, and temperature are 
achieved in wind tunnels, and as new methods 
and measuring instruments are invented, new 
techniques may supplant those now recom­
mended. 
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II. BASIC LAWS RELATING MACH 
NUMBER TO OTHER MEASURABLE 
QUANTITIES 

(a) Definition of Mach Number 

The state of any substance is completely 
determined when two independent thermo­
dynamic coordinates are specified. Thus 
every substance has an equation of state, 
however complicated, relating its pressure, 
density, and temperature; other thermo­
dynamic properties, such as internal energy, 
entropy, or velocity of sound, are in turn 
related to the pressure, density, and tem­
perature. 

in differential form 

_dp_ 
dP 

(1) 

In a perfect gas with constant specific 
heats, during an isentropic process the 
density and pressure are related by 

PY = constant 

(2) 

where Y is the ratio of specific heats. 

In this case 

The Mach number, M, is defined as the 
ratio of the velocity of the fluid at some 
point to the local velocity of sound in the 
medium. Since the velocity of sound can 
be considered as a thermodynamic property, 
the Mach number is fixed by the determination 
of flow ve'ocity plus any two independent 
thermodynamic coordinates. It is necessary, 
of course, vo be able to relate these co­
ordinates to the velocity of sound, hence it 
is desirable first to establish the relation 
between velocity of sound, a, and other 
thermodynamic properties. 

The velocity of sound is the velocity of 
propagation of a small pressure wave. The 
first expression for the velocity of sound in 
air was given by Newton, although in com­
puting the numerical value, he neglected to 
allow for the increase in "elast ic force" 
which results from the temperature r ise 
associated with the isentropic process under­
gone by the gas in propagating a pressure 
pulse. Newton therefore obtained a value 
for the velocity of sound which would result 
if the process were isothermal. The velocity 
of a sound wave (see for example Ref. 2) is 

dp . y £ _ 
dp ' P 

and hence the velocity of sound is 

(3) 

-V^T 
(4) 

or, since the equation of state of a perfect 
gas is 

f -- RT 

a - VYRT 

R being the gas constant. 

(5) 

(6) 

Under conditions of extreme temperature 
or pressure, the perfect gas assumption 
may no longer be valid. Then it becomes 
necessary to replace Eq. (5) by a more 
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appropriate equation of state. For example. 
Van der Waal's equation of state, which is 

( P + APZ) f*-e)- RT 
(7) 

(reducing to the perfect gas equation when 
the constants A and B are both zero), or the 
Beattie-Bridgeman equation 

P-R1P 

(8) 

can be applied in some cases when the perfect 
gas relation is inadequate, Tsien (Ref. 3) 
has derived the one-dimensional flow r e ­
lations for a Van der Waal gas, while Tao 
(Ref. 4) has written the equations using the 
Beattie-Bridgeman equation of state. 

The equation of state is sometimes written 
in series form as 

oo 
PST

 z ' + h PRT 
\-\ 

00 

V 

p f f • I ">•>• 
1 = 0 

(9) 

(10) 

called, respectively, the density and the 
pressure virial expansions. The density 
virial coefficients for air are tabulated in 
Refs. 5 and 6. 

« 
In the remainder of this paper, it will be 

assumed unless otherwise specified, that 
the medium consists of dry air and that it 
is a perfect gas with constant specific heats 
having the equation of state given as Eq. (5) 
above. Section IV will contain some remarks 
on the er rors in Mach number measurement 
introduced by assuming that air is a perfect 
gas. 

Mach number can be found by dividing a 
measurement of velocity by the velocity of 
sound determined from either Eq. (4) or (6). 
It is usually more convenient, however, to 
find the Mach number by measuring certain 
properties at two different states when the 
Mach number is known at one state and the 
thermodynamic process between the states 
is also known. 

(b) Changes in Mach Number 
and Other Parameters in 
Thermodynamic Processes 

The steady one-dimensional adiabatic flow 
of a nonviscous fluid from station (1) to 
station (2) in a straight duct (or streamtube) 
is governed by the following equations (Ref. 2): 

Continuity Equation (conservation of mass): 

P, A,V, « /», A.V, 

(11) 

subscripts refer to states (1) and (2). 

Energy Equation (conservation of energy): 

V? 
CPTO = ~ t + CPT ' \ + cPTe 

(12) 

where TQ is the stagnation temperature and 
remains constant. 

It is sometimes useful to express the 
invariant CPTQ in terms of a reference sound 
speed. Both the stagnation speed of sound 
a 0 and the critical speed of sound a* (oc­
curring in the flow where V • a = /RT) 
are used. They are related to cpT0 by 

C P T 0 
Y+ I 

2 ( r - i ) 

(13) 
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Momentum Equation (Newton's Law): (1) Isentropic Process 

F + A.tP.+P.vf) • A, (P, + ^ V , ) 

(14) 

where F is the net force exerted on the fluid 
between stations (1) and (2) by the duct walls 
(or the resultant of the pressure forces on 
the boundaries of the streamtube), and is 
directed along the axis of the duct since the 
duct is straight. 

Before these equations can be solved, it 
is necessary to specify the nature of the 
fluid and the nature of the process between 
stations (1) and (2). Given a specific fluid, 
the equation of state 

P = P(/«>,T) 

and the entropy 

s = s ( p , T ) 

(15) 

(16) 

are known. 

Finally, it is desirable to express the 
Mach number of the flow in terms of the 
quantities in these equations. For the perfect 
gas with constant specific heats. 

M • 
•*/YRJ 

(17) 

The number of unknowns in the system 
of Eqs. (11) to (17) is eight, namely 

P.^.T, 8,V,M,A,F 
(18) 

and there are six equations. Two more con­
ditions must be imposed to obtain a unique 
solution at station (2) in terms of given con­
ditions at station (1). 

One of the most common processes in 
one-dimensional fluid flow is an isentropic 
one for which 

(19) 

which is assumed known. 

In this kind of process, therefore,, if any 
other one of the quantities of the group (18) 
is specified at station (2), all the others a re 
determined. The commonly used "isentropic 
flow tables," found for instance in Refs. 
7 to 11, are based on this fact. Station (1) 
ia usually taken as either the stagnation 
condition M = 0 or the sonic flow M = 1. 
The quantities at station (2), when normalized 
with respect to the same quantity at station 
(1), become unique functions of M and are 
generally so tabulated as in Table I. The 
properties, normalized with respect to the 
condition at M - 1, are plotted in Fig. I I-1. 
Any other variable may be considered inde­
pendent and V and p have sometimes been 
used. The force F is of little interest in 
wind tunnel applications (and difficult to 
normalize) and is usually not calculated, 
which means that the momentum equation 
may be ignored. 

(2) Constant Area Process 
and Normal Shock 

If the condition of constant area is imposed 
on the flow, it follows also that the force 
F = 0, because the walls of the duct (or 
streamtube) a re parallel to its axis. Now 
there a re six equations for six unknowns 
and the flow at station (2) should be com­
pletely determined without additional con­
ditions. The six equations may be combined 
to give a single equation for any one of the 
downstream variables in terms of the initial 
conditions. The equation so obtained is 
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always quadratic in form, so that in general 
there is another solution in addition to the 
trivial case of identical conditions at both 
stations. The equation for the velocity, for 
instance, may be obtained in the form 

V* ' (V, v.) Y + I 0" 
ZY V, V2 

Y - I 
ZY 

(20) 

with the nontrivial solution, 

. fl! 

(21) 

If state (1) is supersonic, V, > a*, then 
state (2) is subsonic and vice versa. If the 
entropy change between stations (1) and (2) 
is calculated, it is found that a transition 
from a supersonic flow to a subsonic flow 
is accompanied by an entropy increase while 
a transition in the other direction requires 
the entropy to dec1 ease. Therefore, only 
the first kind of transition can possibly be 
found in nature. 

The fact that the nontrivial solution is 
unique implies that no intermediate states 
can occur between states (1) and (2), in 
other words that the transition must be in 
the form of a discontinuous jump. The natural 
phenomenon predicted by this theory is of 
course the normal shock wave. 

Some relations for normal shock transition 
are given in Table 1. The Mach number M2 

downstream of the shock and the ratios across 
the shock of other thermodynamic properties 
are given in terms of the upstream Mach 
number. They are plotted in Fig. II-2. 
Normal shock functions are also tabulated 
numerically in Refs. 7 to 11. 

(3) Oblique Shock 

The relations between the downstream 
condition, state (2), and state (1) upstream 
of a plane oblique shock can be derived 
geometrically from the normal shock r e ­
lations by noting that the component of flow 
normal to the shock changes in accordance 
with the normal shock formulas, while the 
component parallel to the shock remains 
unchanged. The determination of the con­
ditions at an oblique shock, therefore, r e ­
quires the specification of two parameters, 
such as the oncoming Mach number and the 
angle between the flow direction and the plane 
of the shock. Ratios of thermodynamic 
properties before and after the oblique shock 
are plotted or tabulated in terms of these and 
other pairs of parameters in Refs. 7, 8, 9, 
and 10. 

(4) Constant-Area Heat Addition 

Another process, constant-area heat ad­
dition, will be useful in analyzing the effects 
of water condensation. It will be assumed 
that at some point in the flow sufficient heat 
is added to raise the stagnation temperature 
from T0 at state (1) to T„2 at state (2). 
Since the area is kept constant, and the force 
F = 0, the continuity equation and momentum 
equations are the same as for the normal 
shock case (Eqs. (11) and (14)); but since 
heat, q, has been added, the energy equation 
for a perfect gas with constant specific heat 
will read 

V l 

T 
cpT2 q + v? + cpT, 

(22) 

2XMf C - r M ; - I ± {I + XMf) 

Mg > / ( | -M?) 2 -2 (y+ l )Mfc 

2 M f | ^ - yMf-y2M*c| 

(23) 
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where C is the heat addition parameter 

C • cpT, 

and q is the amount of heat added. 

If M( is supersonic, this equation has two 
solutions. The negative value of the square 
root makes M2 subsonic and represents the 
case of heat addition accompanied by a normal 
shock, while if the positive square root is 
chosen, then the process involves only the 
addition of heat with no normal shock. The 
normal shock functions may therefore be 
regarded as resulting from the special case 
of the heat addition relations in which M, 
is supersonic, C is zero (no heat added), 
and the negative square root is chosen in 
Eq. (23). 

(c) When the Various Processes Apply 

(1) Mach Number Regimes 

The isentropic process is a fundamental 
one relating two states in the flow. Since 
a reversible adiabatic process is by defini­
tion isentropic, such a definition will fit all 
except two of the processes discussed in this 
report. One exception is the heat addition 
process which accompanies the condensation 
of water vapor. The other exception is the 
flow through a normal or oblique shock which 
is irreversible. It will be noted that heat 
conduction and viscosity can also cause 
changes in entropy, but these effects are 
usually negligible except in boundary layers. 

Since at subsonic speeds no shock waves 
are possible, the isentropic process is usually 
employed for making flow measurements 
involving conditions at two states. At 
transonic velocities, shock waves will be 
weak, and the flow nearly isentropic. How­
ever, since there will generally be supersonic 
regions in a transonic flow, it is necessary 

to take account of any existing shock waves. 
The presence of shock waves in the flow can 
cause significant e r ro r s in computations of 
Mach number deduced on the assumption that 
the flow is isentropic. A normal shock at 
M = 1.1 for example, implies a 0.1 percent 
loss in stagnation pressure. 

In the supersonic region, accelerating 
flow will generally be isentropic, while 
deceleration will be accompanied by strong 
normal or oblique shocks. Generation of 
known shock conditions is a useful method 
of obtaining two states at which properties 
can be measured. On the other hand, stray 
shock waves can lead to erroneous Mach 
number measurements if their presence is 
not accounted for. Fortunately, a weak 
oblique shock, such as might appear in a 
wind tunnel due to an irregularity in the 
nozzle contour, will have only a negligible 
effect on Mach number measurements. It 
is therefore easy to measure Mach number 
in an empty supersonic wind tunnel, but 
strong shock waves of unknown strength 
generated by a model, make flow measure­
ments in the vicinity of the model more dif­
ficult. However, in supersonic flow, unlike 
the subsonic case, it is possible to insert 
a measuring probe which does not disturb 
the entire flow field by its presence. 

The same will be true for hypersonic 
flow, but in that case, the process between 
two states may involve such extreme varia­
tions of temperature, or may occur so rapidly 
that corrections may be necessary for non-
equilibrium or nonperfect gas effects. 
Furthermore, in hypersonic flow the boundary 
layer has important effects on the flow field 
around a body or probe so that accurate 
methods of measuring free stream static 
pressure for example, are difficult to find. 
An additional difficulty ar ises because the 
large reduction in temperature as the air 
expands in a hypersonic wind tunnel may 
cause the condensation of air in the nozzle. 
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(2) Flow Regimes 

The thermodynamic relations and equa­
tions of flow are derived on the assumption 
that air is a collection of molecules so 
numerous that it may be described as a-
continuum. When the density is so low that 
the probable behavior of individual molecules 
must be considered, then these equations 
may no longer hold. Further, viscous effects 
become more pronounced as the density 
decreases. Tsien (Ref. 12) divides the 
density spectrum into a "free molecule" 
region for which M/Re > 10; a "slip flow" 
region where M/Rg > 1 for Re = 1 and 
M/Vll^ > 1 for Re > 1 and M/s/R^ < 1/100; 
and a continuum flow region, where 
M/^R^ > i / ioo . 

The division is an arbitrary one, but the 
distinguishing characteristics are that the 
mean free path is much larger than body 
dimensions in free molecule flow. In con­
tinuum flow, the mean free path is negligibly 
small while in slip flow, the mean free path 
is still small but not negligible in comparison 
with body dimension;.. Some consequences 
of very low density regimes are discussed 
in Ref. 13. 

deviation from the equation of state of a 
perfect gas ("thermal imperfections"). The 
ratio of specific heats, y , as a function of 
both pressure and temperature is tabulated 
in Refs. 5 and 14. At room temperature 
and pressure, y is approximately 1.40. 
Increasing temperature causes y to decrease; 
while y increases with rising pressure. 

Mach number calibration of a wind tunnel 
with a heated air supply will require some 
corrections for caloric imperfections. The 
ratio of specific heats will then differ from 
1.4 and moreover will change during the 
expansion process through the nozzle. 
Besides the change with temperature and 
pressure, y will be a function of rate of 
expansion (or compression) since a*'relaxa­
tion t ime" is required for the air to assume 
its equilibrium state. 

Thermal imperfections are deviations 
from the ideal gas equation of state. The 
compressibility factor, Z, is defined by 

PRT 

and is unity for a perfect gas. 

(3) Imperfect Gas Effects 

The perfect gas equation of state for air , 
p - P RT, has been assumed in deriving the 
one-dimensional flow equations. The further 
assumption has been made that the specific 
heats cD and cu are constant with the ratio 

- tE. -. cv 
1.4 . 

Departure from the assumption of constant 
specific heats (called "caloric imperfec­
tions") will usually be of far greater con­
sequence in wind tunnel testing than will 

Compressiblity factors for air are given 
in Refs. 5 and 6. At low temperature, the 
factor will be less than 1. Generally, how­
ever, when the temperature is high enough 
for significant effects of departures from the 
perfect gas equation of state, the variations 
in specific heat will cause even larger changes 
in Mach number and other flow properties. 

Some attempt may be made to evaluate 
the effects of departures from the perfect 
gas equation of state by deriving the iscntropic 
flow and constant-area flow equations using 
Van der Waal's, the Beattie-Bridgeman, or 
the viria! equation of state. 
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III. METHODS OF MEASURING 
MACH NUMBER 

(a) Measurable Properties 

Well-developed techniques are available 
for measuring pressure, density, velocity, 
temperature, mass flow, or shock-wave 
geometry. 

The equations given in Table 1 will gen­
erally relate Mach number to suitable com­
binations of these properties. The choice of 
which properties to measure and of which 
instrument to use depends on a number of 
factors such as : 

(1) The reading accuracy with which 
the property can be measured. 

(2) Its sensitivity to Mach number 
change, 

(3) E r ro r s in making the measure­
ments and in computing Mach number from 
them. 

(4) Convenience and simplicity of 
instrumentation. 

density. 

The purpose of this chapter will be to 
compare the sensitivities of various measur­
able parameters to increments in Mach 
number. A brief description will also be 
given of the instruments which may be used 
to make the measurements. In relating a 
parameter to Mach number and computing 
its sensitivity, it is assumed that the one-
dimensional flow relations given in Table I 
may be applied, that the instrument correctly 
measures the required property, and that this 
measurement may be read with infinite 
precision. Violations of the flow relations 
and inherent e r ro r s in the measuring devices 
will be discussed in Section IV. 

(b) Sensitivity 

A parameter, Pj , will be defined as a 
particular combination of measurable quan­
tities from which the Mach number may 
be deduced. Then the sensitivity, Sj, is 
defined as the fractional change in Mach 
number which results for a unit fractional 
change in this measured parameter. 

For small increments, the effect of sen­
sitivity may be written in the differential 
form 

dM 
M -- Si 

dPi 

(24) 

A parameter which is sensitive to 
Mach number, and hence provides a good 
basis for measurement, will have a small 
value for S\. It must be remembered that 
the practical measuring and reading ac­
curacies of different parameters must be 
taken into account since Eq. (24) indicates 
that the smallest measurable fractional 
increment in Mach number, dM/M, is the 
producl of the sensitivity and the smallest 
measurable fractional increment in the 

(5) The regimes of temperature and parameter. 

(c) Methods 

(1) Pressure 

Mach number is most commonly deduced 
from pressure measurements. Various types 
of pressure probes will first be described. 
More detailed information can be found in 
Ref. 15, for example. 

a. Stagnation Pressure , p0 

When a fluid is brought isentropically 
to rest , it is said to be in a stagnation 
condition. The pressure measured at this 
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state is the stagnation pressure. Since a 
supersonic stream generally can not be 
decelerated isentropically, the stagnation 
pressure can be measured directly only in 
subsonic flow. 

stagnation and static pressure at the same 
point. Such a probe may also be used in 
supersonic flow, but a sharper nose such as 
the one in Fig. III-2b will reduce the nose-
shock disturbance to the flow. 

Fig. Ill—1 shows a typical stagnation 
pressure probe. It contains a small orifice 
in the front of a spherical nose. The axis 
of the probe should be aligned with the 
stream with the hole on the axis. Although 
such a probe shape will be relatively in­
sensitive to small deviations in flow direction, 
it can not be considered reliable in a flow 
field having a large velocity gradient (such 
as in a boundary layer). 

b. Static Pressure, p° 

The static pressure would be that acting 
on a body which is moving with the velocity 
of the stream. To measure static pressure, 
in principle all that is required is a pressure 
tap in the side of a probe so arranged as not 
to disturb the flow. In practice it is impos­
sible to insert any kind of measuring probe 
into the stream without disturbing the flow, 
and in particular, the growth of the boundary 
layer will displace the flow around the probe. 

Four static pressure probes are illus­
trated in Fig. II1-2. The first is a blunt-
nosed probe used in subsonic flow where, 
if the pressure tap is placed well back from 
the nose and at the proper distance forward 
of the tube support, it will indicate the static 
pressure. To minimize e r rors due to flow 
angularity, the pressure orifice is usually 
ring-shaped encircling the probe. 

Stagnation pressure can be measured with 
the same probe by including an orifice in 
the nose, but due to the necessity of having 
the static orifice so many probe diameters 
behind the nose, it is not possible to measure 

Another type of supersonic probe is shown 
in Fig. Ill-2c where the static pressure is 
measured on the surface of a flat plate, so 
placed that the flow over the measuring 
surface is not disturbed by the nose shock. 
Such an instrument is sensitive to flow angle, 
however. 

A long tube with static pressure orifices 
may be used for calibration on the centerline 
of either subsonic or supersonic nozzles. 
The front of the tube is supported upstream 
of nozzle as shown in Fig. III-2d so that nose 
effects are eliminated. If the tube occupies a 
significant percentage of the cross-sectional 
area of a supersonic nozzle, it may be 
contoured so that it does not affect the Mach 
number of the flow. 

c. Wedge Static Pressure, p w 

The static pressure on a wedge (illustrated 
in Fig. III-3) can be used to infer Mach 
number in supersonic flow through use ofthe 
oblique shock formulas discussed in 
Section II. 

d. Cone Static Pressure , p c 

Cone static pressure can also be used to 
infer supersonic Mach numbers since exact 
solutions are known for conical supersonic 
flow and given in Refs. 8, 9, 11, and 16. 
A conical probe is shown in Fig. III-4. Four 
pressure holes placed around the cone give 
an average pressure which is not sensitive 
to small flow angles. A fifth hole in the front 
of the probe can be used to measure pitot 
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pressure (as defined in the next paragraph). 
Since its dimensions can be kept quite small, 
this five-hole probe makes a good instrument 
for deducing Mach number from measure­
ments of only local properties. It is neces­
sary, however, to put the surface-pressure 
taps sufficiently far back as to be unaffected 
by the finite size of the apex of the cone 
(a distance of 25 times the outside diameter 
of the tip at the forward hole is found sat is­
factory in Ref. 17, but probably about 10 tip 
diameters would be sufficient). 

e. Pitot Pressure , p. 

Pitot pressure is the stagnation pressure 
behind a normal shock. A good pitot tube 
is illustrated in Fig. 111-5. The front should 
be cut off square in order to produce a normal 
shock in front of the pressure orifice which 
is of much smaller diameter than the probe. 
In subsonic flow where there is no normal 
shock, the pitot tube will indicate stagnation 
pressure . 

The optimum shock angle /3 is given by 
the solution of 

f. Pitot Pressure Behind 
an Oblique Shock, p. 

•w 
In order to obtain a ratio of two different 

pressures (from which the Mach number 
can be computed) without resorting to a static 
pressure or a stagnation pressure measure­
ment at a large distance from the point at 
which the Mach number is desired, the pitot 
pressure can be measured ahead of and behind 
an oblique shock. 

The oblique shock is generated by a wedge 
as shown in Fig. III-6. Since the shock 
angle must be known in order to apply the 
oblique shock formulas, the wedge angle is 
so selected that the computed Mach number 
is insensitive to small e r r o r s in measure­
ment of shock angle (see Ref. 18). 

ap, 
a/3 • o 

In terms of Mach numbers (for Y - 1.4) 

M2 + b(m)M + c(m) • 0 
(25) 

where M is the Mach number to be measured 
(presumably known approximately), and 
m = M sin2/3. 

The coefficients are 

b(m) = - 13m3 + 207m2 - 21m - 55 
72m 

c(m) = 3m5 (14m + 143) - 5(9m2 + 57m - 15) 
216m 

The optimum shock angle and the wedge 
angle which will produce it are plotted in Fig. 
III-7. The Mach number may be computed 
from various pressure ratios designated as 
parameters, P j . Some useful combinations 
are tabulated in Table II. 

Only the first two parameters are useful 
in subsonic flow (they are then identical). 
Mach numbers based on local properties 
only may be deduced from parameters P2 , 
P4 , P 9 , P e , P», P,0 , Pn . The others 
assume that the flow is isentropic from some 
known upstream reference condition on the 
streamline leading to the probe. 

The sensitivities for each method are 
tabulated in Table III and are plotted as 
functions of Mach number in Figs. III-8, 
9, 10, and 11. A similar analysis including 
plots of sensitivities appears in Ref. 19. 
Barry, in Ref. 20 has also plotted sensitivity 
functions defined in a slightly different 
manner. 

10 
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(2) Density 

Density measurements are, of course, 
limited to compressible gas flows and prin­
cipally make use of optical or radiation 
techniques. The required apparatus is in 
general of much greater complexity than 
that employed in pressure work. However, 
a radiation field does not in itself interfere 
with the airflow process and also does not 
necessarily impose the presence of probes 
within the flow field. Further, at extremely 
low pressure and density (less than 10" s 

atmospheres), pressure probe measurements 
are subject to substantial er ror . For these 
reasons density measurements are worth 
consideration in some instances. Descrip­
tions of the techniques can be found in Ref. 21. 

a. Stagnation Density, p0 

The density of air at rest may be deduced 
from measurements of stagnation pressure 
and temperature by means of the equation 
of state. If the air is approximately at rest , 
such as upstream of the wind tunnel nozzle, 
then stagnation pressure and temperature 
are easily measured, or, in principle, the 
stagnation density may be found directly 
by weighing a sample of a known volume 
of air . 

b. Free-s t ream or Static Density 

One method of deducing Mach number 
from the density is to measure the local 
density and then compute Mach number from 
the ratio of P°/p0 . The most common in­
strument for this purpose is the interferom­
eter. In this device, coherent light waves 
are passed through both a test region and a 
"standard" reference region and then recom-
bined so as to yield interference arising from 
resulting phase differences (see Fig. 111-12). 
When the superimposed rays differ in optical 
path length by an integral number of wave­
lengths, reinforcement occurs; when they 
differ by an odd number of half-wavelengths 
(out of phase), the rays cancel. 

The path length changes arc a result of 
the dependence of the gas index of refraction 
upon density as given by the Dale-Gladstone 
law which states that ( M - 1) is proportional 
to the density where p - index of refraction. 
These interferometer bands of alternating 
brightness and darkness correspond to con­
stant density loci. 

In practice, a background band pattern 
is employed by slightly rotating one of the 
mirrors in the system so that some inter­
ference is inherently present. When density 
changes occur, the bands are locally shifted 
by an amount proportional to the density 
change. The proportionality constant involves 
the refraction index, the wavelength of light, 
and the light path length through the flow. 
Quantitative evaluations (Refs. 21,22, and 23) 
are then restricted to two-dimensional or 
axi-symmetric flows. Even then, only the 
change in density from some known value can 
be measured. 

The complexity of an interferometer unit 
may, in principle, be replaced by a "schlieren 
interferometer." The latter is virtually 
identical to an ordinary schlieren system 
(described under "wave geometry") with a 
coherent light source (Refs. 24 and 25). 
However, this device requires further 
development before wide application may be 
made. 

Density may also be determined from the 
spectral absorption powers of gases. Radia­
tion of known wavelength can be passed 
through the flowing medium and later received 
on a detector. From knowledge of the t rans­
parency of the gas as a function of density, 
a point by point survey of the field may be 
completed. Oxygen absorption phenomena 
may be employed, or tracer quantities of 
ozone or mercury may be introduced in the 
air supply. 

11 
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Some practical difficulties are en­
countered in each case. For example, any 
windows in the system must be transparent 
for the radiation considered, and all radiation 
paths aside from the test region must contain 
a suitable nonabsorbing medium. The major 
applicability is in those cases where the 
product of density and path length is so small 
(less than 10"4 gm/cm2) that the interferom­
eter fails. However, the practical res t r ic ­
tions limit the general use of the absorption 
technique at present. 

An analogous method makes use of X-ray 
absorption (Refs. 26 and 27). Winkler, 
in Rcf. 21, gives both the absorption and 
e r ro r in density for measurements in airflow 
as a function of density (10"5 to 1 atmos­
pheres) for several wavelengths ranging from 
2 to 13 angstroms. For the larger wave­
lengths, accuracy to about 2 percent is 
estimated. Since the wavelengths of X-rays 
are short, there is very little diffraction 
and therefore the technique may be employed 
in flow regions closely adjacent to bounding 
surfaces. In addition, it is possible to adjust 
the sensitivity for a range of densities and 
path lengths by means of changes in the wave­
length used. Like the absorption method 
mentioned above, the X-ray technique must 
bc reserved for very special instances in 
practice. 

The density parameter is the ratio of 
static and stagnation density 

Po . [•t.-^v] / - i 

The corresponding sensitivity is 

S|2 • 
1 + -V-M 

Mz 

(3) Velocity 

Several methods are available (see Rcf. 
21) for making direct measurements of the 
air velocity. In most cases the measurement 
consists of the time interval for a pulse, 
particle, or ion to traverse a given length. 
Thus, in general, an average speed is involved 
which restr icts the technique to uniform flow 
conditions. The interpretation of Mach num­
ber requires a temperature in addition, for 
which the stagnation condition is suitable. 

Ion t racers can bc produced in a variety 
of ways: X-rays, electron beams, alpha 
particles, or by an electric spark. These 
can be injected into the flow from the bound­
ary or emitted from a probe holder. Rather 
elaborate apparatus is required to measure 
the time taken by the particle to travel from 
the point at which it is emitted to the detecting 
point (Ref. 21). A synchronizer, pulser, and 
electrode are needed at the emitting station 
and a detector and amplifier at the receiver. 
The particle passes through the flow field 
and boundary layer around the emitter and 
hence its velocity will differ from that in the 
undisturbed stream. Over short paths (about 
1 cm) the transit time (Ref. 28) is on the 
order of 10"9 seconds in a supersonic wind 
tunnel. Nevertheless, measurements within 
1 percent to 2 percent in Mach number have 
been made by this method over a range of 
.3 < M < 3.8 (Ref. 29). 

The electrical conductivity of air has also 
been suggested as a means of determining 
velocity. An electrical potential across a 
small gap (order .01 mm) produces a current 
flow of the Townsend discharge, corona, or 
glow types. For a given field strength and 
geometry, the current is a function of velocity. 
For the Townsend discharge the sensitivity 
of velocity to current is somewhat greater 
than one and is much greater in the case of 
a corona formation. The glow anemometer 
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proves to have a nonlinear calibration. Un­
fortunately the static pressure is also r e ­
quired to fully define the velocity and a 
calibration is required for each discharge 
probe. 

The relation between velocity and Mach 
number can be written 

V / 7 R " M 
' I S 7TT 

V\+ ^ - M 2 

b. Recovery Temperature, Tr 

Due to the combined effects of viscosity, 
thermal conductivity, and radiation, a tem­
perature probe measures some quantity in­
termediate between free stream static tem­
perature, T° , and stagnation temperature. 
The fraction of stagnation-temperature r ise 
"recovered" by the probe is defined by the 
recovery factor r 

r = iiX 
for which the sensitivity is 

S.s • I + J L T L - M2 

The sensitivity is rather poor and in­
creases rapidly with M. Velocity measure­
ments are therefore of most value at rela­
tively low Mach numbers. 

(4) Temperature 

One of the most elusive thermodynamic 
properties is the temperature. Where the 
air is moving slowly, or not at all, it is 
relatively easy to measure the stagnation 
temperature; but in a fast moving stream 
only a so-called "recovery temperature" 
can bc determined directly. 

(26) 

If r = 1, then Tr = T0 ; while if r = 0, then 
Tr = T°. It may be desirable, if the flow 
from upstream of the nozzle is not adiabatic, 
to make a local measurement of T 0 . Then 
every effort is made to manufacture a probe 
with r = 1. Such a design is shown in Fig. 
Ill-13. A measurement of To can be com­
bined with a velocity to give a parameter 
related to Mach number. This parameter 
P„ is defined in the discussion of velocity 
measurements. The combinations using mass 
flow are presented in that section as P|S and 
P.. • 

The ratio of stagnation to static tempera­
ture can be written as a function of M. 

a. Stagnation Temperature, T0 T* ' i + y - i M' 

The stagnation temperature is that of air 
brought adiabatically to rest . In a slow moving 
stream, as upstream of a supersonic nozzle, 
almost any temperature measuring device 
such as a thermocouple or ordinary ther­
mometer will measure the stagnation tem­
perature since the air comes to rest at the 
surface of the instrument, although at high 
temperatures, radiation shielding might be 
required. The stagnation temperature r e ­
mains constant throughout an adiabatic flow 
even though the flow may be irreversible 
as in the presence of shock waves. 

In terms of Tr from Eq. (26), this rela­
tion gives for the parameter Pl4 

p - l a -
H4 " T 

with sensitivity 

+ - ^ i - M 2 

l - H - ^ - M 2 

I + y - i MV 

u. + ^ " M 2 r 

( y - l ) M z ( l - r ) 
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For good sensitivity, it is desirable to 
make r as small as possible. On a surface 
aligned with the stream, the recovery factor 
varies from about .85 to .90 depending on 
the nature of the boundary layer, so that 
Pi4 is a poor parameter for Mach number 
measurement. By expanding the flow before 
it reaches the temperature element, it is 
possible to achieve a slightly lower recovery 
factor. By creating unsteady flow conditions 
at the temperature probe, recovery factors 
may be made greater than one, or less than 
zero. These conditions, however, would 
require the use of a calibrated probe. 

The mass.flow may be related to the Mach 
number through the stagnation pressure and 
tempe rature. 

Po 
z V T M [ I + ^ M 2 ] 

and 

y+i 
•*.y-o 

. y - i n2 
I + —rr— M 

I - M2 

(5) Mass Flow 

In supersonic flow, the mass rate of flow 
may be measured by a so-called mass-flow 
probe as illustrated in Fig, 111-14. The 
probe has a sharp inlet of known area. Air 
from the stream passes through the probe 
into an evacuated tank. The flow through 
the probe into the tank continues for a meas­
ured period of time and is then shut off by 
a quick-acting valve. The weight of the air 
in the tank and the time required for its 
accumulation then give the mass rate of flow 
into the probe. If the inlet is sufficiently 
sharp, then all of the flow in front of the 
inlet area will be captured by the probe 
as long as the back pressure is low 
enough to maintain supersonic flow at the 
inlet. 

From the measured mass rate of flow, 
PVA and the known area of the probe P V may 
be computed. The area A is the area of the 
captured flow and will be equal to the probe 
inlet area only if the probe swallows the 
flow and if the reduction of effective probe 
area due to shock waves and boundary layer 
is negligible compared with A or is found by 
calibration of the probe. 

For a local measurement, pitot pressure 
may be employed in place of stagnation 
pressure . Then 

16 ' 

PVJT 0 

Pi ' P.9P3 

and 

S|5 S 3 

S,5+ S3 

The sensitivities are plotted in Fig. Ill-15. 

(6) Wave Geometry 

In supersonic flow the influence region 
upstream of an obstacle is bounded by a 
characteristic shock pattern associated with 
the obstacle. Either an increase in the Mach 
number of the oncoming flow or a decrease 
in the slenderness of the obstacle results in 
a lessening of the forward influence. Con­
versely, reducing the Mach number or in­
creasing bluntness eventually cause the shock 
pattern to originate ahead of the body. Due 
to geometric similarity the shock pattern 
and body may be characterized by appropriate 
angles. 
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Most commonly the solutions for a wedge 
or cone are employed for measurement 
purposes to obtain the Mach number as a 
function of the nose shock angle and the nose 
half-angle. In the case of the cone, it is 
necessary to resort to tabulated results 
(Refs. 8, 9, and 16). The limiting case of 
a wedge or cone shock angle is the Mach 
angle, a , corresponding to an infinitesimal 
disturbance. In practice, any small projection 
will yield Mach waves especially at some 
distance from the object. 

The sensitivity to Mach number for each 
of the three following cases: 

a. Mach wave, a 

b. Wedge shock angle, /3W 

c. Cone shock angle, /3C 

is shown in Fig. Ill-16 as obtained from the 
following relations: 

a. Mach wave 

P,r = a . sin"' (1/M) 

SIT = -a cot a 

b. Wedge shock angle 

P.e • £w; T7T • s i n 2 / 3 w -
M 

M2/3W sm2/9, y + i 

y + | sin /3wsin S 
2 ' cos(/3w- S) 

sin 8 
M cos2(/3w-S) 

c. Cone shock angle 

s ^c f6P n y 
5 , 9 ' M V dM / 

where dP19 /dM and /3C are obtained from 
tabulated results referred to earlier. 

Visualization of the above shocks and 
waves is made possible with the aid of 
either a schlieren or shadowgraph system 
(Fig. 111-12), Whereas the interferometer 
mentioned earlier is dependent upon density 
itself, the schlieren and shadowgraph employ 
density gradients and rates of change of 
gradients to yield contrasting bright and 
dark areas on a viewing screen. A qualita­
tive idea of the flow field may be obtained 
from either, and in particular the bow shocks 
of models are easily discernible. 

The shadowgraph is the simplest device, 
requiring only a spark flash and a receiving 
screen. The schlieren system includes a 
"knife edge" placed at a focal point after 
the light rays have passed through the test 
region. By this means some of the deflected 
rays are prohibited from reaching the screen 
and the resulting pattern exhibits intensity 
variations related to the density gradients 
under observation. 

Some interesting schemes make use of 
acoustic strength pulses (Ref. 21) which are 
emitted from the flow boundary by suitable 
oscillators or a spark. For example, the 
shock front induced by a spark is spherical 
and proceeds downstream at the flow velocity. 
The envelope of a series of these spheres 
which can be viewed in schlieren or shadow­
graph is a Mach line. 

Another device emits planar acoustical 
wavefronts from an oscillating quartz crystal. 
Using spark photography the waves appear 
as echeloned bands parallel to the surface. 
The tangent of the echelon sweepback angle 
is the Mach number while the velocity may 
also be obtained as the product of the emis­
sion frequency and the " s l i p " between suc­
cessive bands. By providing a receiver at 
an opposite boundary, a variation of this 
technique eliminates the need for photo­
graphy. 
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For all of the above acoustic schemes a 
point determination of Mach number is un­
available. In addition, the boundary layer 
must be a relatively small fraction of the 
flow width through which a wave has traveled. 
However, for rough measurement purposes 
in two-dimensional flow, the methods are 
attractive from the point of view that no 
probes need be inserted in the stream itself, 
and that no calibration is required. 

IV. ERRORS IN MEASUREMENT 
AND THEIR CORRECTION 

(a) Accuracy Requirements 
and Limitations 

The determination of the Mach number in 
any flow is an experimental measurement 
which is necessarily inaccurate. The in­
accuracy is the sum of uncertainties and 
e r ro r s . The uncertainties can be reduced 
to roughly the level of the least count of the 
measuring instruments by repeated observa­
tion; they will not be considered here. The 
sum of the e r ro r s represents the difference 
between the true Mach number and a suitable 
average of a number of measurements of 
Mach number under identical conditions. In 
other words, the e r ror represents that part 
of the inaccuracy of a measurement which 
is systematic and repeatable. 

As indicated in the first section of this 
report, the Mach number should be measured, 
for calibration purposes to 0.1 percent. The 
limit set by the measuring instruments can 
be fairly easily established in the case of 
pressure measurements, the most common 
type of measurement in Mach number deter­
mination. If only a small number of p res ­
sures is being measured, and micromanom-
eters are used, pressures may be read to 
about one part in 10,000 or 

Where many pressures are being read and 
manometer boards are photographed, the 
reading inaccuracy is of the order of 

¥ •001 

AP 
P .0001 

In Section III it was shown that the sen­
sitivities of most Mach number recovery 
methods involving pressures are of the order 
of unity. Consequently the designer's limit 
on accuracy and the second of the measuring 
instrument limits are consistent. It will be 
assumed that the density of any manometer 
fluid may be determined with similar ac­
curacy. It is then both desirable to consider 
and possible to measure e r ro r s of the order 
of 

- T " -001 

Assuming that the instruments and their 
read-outs are perfect, e r ro r s will still ar ise 
in two ways. First the pressure, density, 
or other property measured by the instru­
ment may differ physically from the quantity 
which is used in the formula to deduce the 
Mach number. For example, a static p res ­
sure probe may correctly read the pressure 
at the orifice; but due to boundary layer or 
some effect of the presence of the probe on 
the stream, this may not actually be the 
free stream static pressure . These e r ro r s 
will be called probe e r r o r s . 

Other e r ro r s may ar ise because the gas 
does not actually follow the assumed process 
between two measured states, or may not 
obey the perfect gas equations, or the com­
putation of Mach number based on nonviscous 
laws may be in e r ror due to viscous effects. 
These e r ro r s due to deviations from the 
assumed thermodynamic relations will be 
considered first. 
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(b) Errors Due to Departure from the 
Assumed Flow Conditions 

The formulas for the parameters and their 
sensitivities given in Section 111 are derived 
on the assumptions of a prescribed process 
in a nonviscous perfect gas. The violation 
of these assumptions will lead to e r ro r s in 
the calculation of Mach number. The mag­
nitude of such e r ro r s will be estimated in 
this section by using improved models of the 
actual flow. The first improvement is in 
the description of an adiabatic process. The 
condensation of water vapor or air adds heat 
to the stream, while viscosity and heat con­
duction modify the assumption of an isentropic 
process. Weak shock waves from nozzle 
walls add additional irreversibility. 

Several departures from the assumed 
perfect gas relations are also considered. 
The change in the specific heats with tem­
perature, called caloric imperfections, form 
the most significant variation from the a s ­
sumed ideal gas. Since after a change in 
temperature, a finite time elapses before 
the specific heats reach their equilibrium 
values, the specific heat becomes a function 
of time as well as temperature. 

In some high-speed flow processes (notably 
the normal shock) this time lag has measure-
able effect. Air will also depart from the 
equation of state of an ideal gas, p = P RT, 
but in the range of wind tunnel processes, 
the caloric imperfections will be considerably 
more important. 

(1) Water Vapor Condensation 

Water vapor is present in some amount 
in the air supply of any wind tunnel. As the 
airstream is cooled in its acceleration to 
high speeds, this water vapor is also cooled, 
and very often sufficiently low temperatures 
are reached for it to condense. The expan­
sion of the air is then nonisentropic, and the 
flow parameters in the test section are 
changed from their design values. 

To study water vapor condensation effects 
quantitatively, it is necessary to have a 
measure of the humidity of the air. For 
calculations, the specific humidity, or mass 
of water vapor per unit mass of dry air, 
is useful. The quantity most easily measured, 
on the other hand, is the dewpoint from which 
the specific humidity may be determined in 
terms of the pressure at which the dewpoint 
is obtained. 

The relation is shown in Fig. IV-1. Typical 
operating dewpoints for supersonic tunnels 
in the United States are dewpoint — 35°C; 
specific humidity ~ .0001. The limits of con­
densation free flow under these conditions, 
are shown approximately in Fig. IV-2. 

The condensation process seems to be 
different at subsonic and supersonic speeds. 
Below M = 1, it is a gradual process extending 
over an appreciable streamwise distance in 
the flow. At supersonic speeds condensation 
takes place very suddenly, forming one or 
more condensation shock. In either case, 
there is a large amount of supersaturation 
at the condensation point; in other words the 
stream must be cooled well below the satura­
tion temperature for condensation to take 
place. 

Over a wide range of tunnel operating 
conditions, both at the British National Phys­
ical Laboratory (Ref. 30) and at Massachu­
setts Institute of Technology's Naval Super­
sonic Laboratory (Ref. 31), an approximately 
constant 45° C of supercooling has been 
measured. The influence of the rate of 
cooling, which varies from nozzle to nozzle, 
on this result was found to be very small. 
The supercooling is therefore probably about 
the same over a wide range of tunnel sizes, 
both larger and smaller than those involved 
in these tests (0.1 - 0.3 m2 test section). 
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At the downstream end of a long test 
section with uniform flow, the supercooling 
may be less, and the curves of Fig. IV-2 
have been drawn for the conservative value 
of 30° C supercooling. 

Since the dewpoint measured in a wind 
tunnel varies from test to test, two types 
of e r ro r will be introduced by the condensa­
tion of water vapor in the stream. First , 
if the tunnel is calibrated at one dewpoint 
(with very dry air for example), while a 
model is later tested at a different dewpoint 
(in wet air), then the Mach number, and all 
other measurements will generally be in­
correctly interpreted unless allowance is 
made for the effects of water condensation. 
Also, if the Mach number is deduced from 
an upstream measurement within or down­
stream of a condensation region, then the 
correct computation of Mach number will 
require an allowance for condensation effects. 

Calculations of water-vapor condensation 
effects at supersonic speeds are straight­
forward if it is assumed that the flow is 
one-dimensional and that condensation occurs 
in a normal shock with saturated air on the 
downstream side. For the range of initial 
humidities of interest, all the effects of 
condensation may be ascribed to the heat 
release in the condensation shock. Isentropic 
flow of dry air may be assumed both up­
stream and downstream of the shock. A 
convenient way of calculating the effect of 
heat addition is through the use of the 
formulas for one-dimensional, constant-area 
flow with heat addition found in Table I. 

The effects of water vapor condensation 
depend not only on the humidity of the air 
supply but also on its stagnation temperature 
and pressure, so that it would be difficult 
to present results in a generally applicable 
form. Qualitatively, condensation at super­
sonic speeds is always accompanied by a 
stagnation pressure loss and Mach number 

decrease at the condensation shock. The 
flow in the test section experiences the same 
loss in stagnation pressure and a generally 
different decrease in Mach number. Orders 
of magnitude of these effects as a function 
of initial dewpoint are shown in Figs. 1V-3 
and IV-4 for a range of operating conditions. 
There is, of course, also a change in stagna­
tion temperature, corresponding directly to 
the amount of heat released. 

In one-dimensional flow, the effect of 
water condensation on the flow properties in 
the test section can be completely specified 
in terms of the changes in Mach number and 
stagnation temperature and pressure change. 
In particular, it is possible to compute the 
change in static pressure as it might affect 
the measurement of Mach number. The static 
pressure change is also most conveniently 
measured in experimental investigations of 
condensation effect. 

Fig. IV-5 shows experimental results 
obtained for a range of supply conditions and 
Mach numbers in the Naval Supersonic Lab­
oratory 's tunnel at Massachusetts Institute 
of Technology and in some of the supersonic 
tunnels of the United Aircraft Corporation's 
Research Department. Also shown is a 
typical theoretical result. From such ex­
periments one may conclude that, although the 
simple one-dimensional theory predicts most 
of the trends found in practice, results for 
specific conditions may easily be in e r ro r 
by as much as 100 percent. It seems un­
likely that accurate results could be obtained 
by substituting an elaborate correction pro­
cedure for a good dryer. 

Of greater interest from the point of view 
of Mach number measurements are the effects 
of water vapor condensation on pitot pres­
sure They are complicated by the possi­
bility of re-evaporation in or downstream of 
the normal shock in front of the pitot tube. 
Because the opposing effects of stagnation 
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pressure loss and Mach number decrease in 
the test section are roughly equal in magni­
tude, the net effect on pitot pressure is much 
more sensitive to Mach number and supply 
conditions than the effect on static pressure. 
In fact, in Massachusetts Institute of Tech­
nology's Naval Supersonic Laboratory tunnel, 
the balance is so close that the effect changes 
sign, condensation decreasingpitot-pressure 
at low Mach numbers and increasing it at 
high Mach numbers. 

A detailed theoretical and experimental 
study for this tunnel has been made by J. R. 
Baron (Ref. 32) using data obtained in the 
course of a calibration of the M • 3.25 nozzle. 
The results are shown in Fig. IV-6 where 
the theory assumes total re-evaporation in 
the normal shock. The Mach number p re ­
dicted by the ratio of pitot pressure to stag­
nation pressure upstream of the nozzle would 
be relatively independent of dewpoint and 
would be the actual Mach number for dry-
air conditions. The dewpoint requirement 
for an apparent Mach number er ror of .001 
is 30 degrees less severe than the require­
ment for a true Mach number error of this 
size. The implied superiority of pitot p re s ­
sure measurements for calibration purposes 
is believed to hold in general, for a wide 
range of operating conditions in supersonic 
tunnels, though the margin of 30°C should 
be regarded as typical rather than universal, 

(2) Air Condensation 

At sufficiently high Mach numbers, with 
ordinary supply temperatures, the isentropic 
cooling of the airstream may become so large 
that not only the water vapor but also the 
air itself may begin to condense. This 
condensation is gradual rather than sudden 
and not in the form of a condensation shock. 
The amount of supercooling, below the air 
saturation temperature, depends quite 
strongly on the amount of impurities present, 
especially of carbon dioxide and water vapor. 

With normal tunnel air supplies (i!i"ied 
to atmospheric dewpoints as low as -S0°C) 
the National Advisory Committee for Aero­
nautics (Refs. 33 and 34) found essentially 
no supercooling. On the other hand at the 
Guggenheim Aeronautical Laboratory, Cali­
fornia Institute of Technology, supercoolings 
of the.order of 12°C have been obtained with 
the normal air supply in the 5-inch hyper­
sonic tunnel at M = 7.5 (Ref. 35). Inter­
mediate amounts of supercooling have been 
observed <u the Naval Ordnance Laboratory 
(Ref. 36). Assuming no supercooling at all, 
the limits of condensation-free flow are as 
shown in Fig. IV-7. 

When some air condensation has taken 
place, the interpretation of Mach number 
measurement is much more complicated than 
in the case of water condensation. The 
general problem has been dit>. ussed, for 
instance, by Buhler (Ref. 37) on whose work 
the following brief discussion is based. In 
the flow of a perfect gas, the Mach number 
has two fundamental characteristics: it is 
a direct measure of the ratio of dynamic 
pressure to static pressure and of angle of 
propagation (relative to the local velocity 
vector) of weak waves. In two-phase flow, 
unless the propagation of a weak wave is 
isentropic with respect to the vapor phase 
alone, the Mach number cannot retain both 
these characteristics. 

It can be.shown that the speed of sound 
in a two-phase fluid is given, as in single 
phase flow, by 

• • m. 
(27) 

To evaluate this speed in terms of other 
properties, say the temperature, it is nec­
essary to make some assumption about the 
interaction between the vapor and the drop­
lets during the passage of a sound wave. If 
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it is assumed that there is no heat transfer 
between the vapor and droplets, and that 
the latter follow the velocity fluctuations in 
the fluid, a velocity of sound 

8 • 7 ( 1 - g ) yRT 

(28) 

is obtained, where g is the mass fraction 
of the mixture which is liquid. 

This is the sound velocity for which the 
relation 

~ z 
q • •£ p y M 

(29) 

is maintained, where 

Unless a direct method is used, the actual 
measurement of the velocity of sound in a 
hypersonic tunnel with two-phase flow re ­
quires a theoretical analysis of the condensa­
tion process. Here we are not concerned 
with a nucleation theory which attempts to 
predict the onset of condensation but rather 
with a theory which gives the flow equations 
for the fully developed two-phase flow well 
downstream of the dewpoint. 

A theory of this latter kind has been pub­
lished by Buhler (Ref. 37) and to some extent 
verified by experiments in the Guggenheim 
Aeronautical Laboratory, California Institute 
of Technology, hypersonic wind tunnels. In 
this theory it is simply postulated that the 
expansion downstream of condensation takes 
place along the saturation curve of the fluid. 
Air, incidentally is treated as vapor with a 
single saturation curve, rather than as a 
mixture of individual gases. 

M 

is the pseudc-Mach number. 

(30) 

Other assumptions may of course be made 
about the droplet-vapor interaction during 
the passage of a sound wave. Extreme values 
of the sound speed can be obtained by assum­
ing that: 

a. The droplets follow neither 
the velocity nor the temperature fluctuations 
of the vapor. 

b. The droplets follow both the 
velocity and temperature fluctuations. It 
is reasonable to suppose that the actual 
sound speed falls somewhere in between the 
two values so obtained. It is not necessarily 
equal to the value of a given by Eq. (28), 
however. 

Consider, then. Fig. 1V-8. The Rayleigh 
pressure ratio p°/Pj and the ratio of pitot 
pressure to stagnation pressure are uniquely 
related for isentropic flow (y = 1.4) as shown. 
Let S represent the point at which the air 
is just saturated. Usually, it is assumed that, 
downstream of this point, the expansion is 
along the saturation curve instead of the 
isentrope; the relation of pitot pressure to 
static pressure can be calculated from 
Buhler's equations. The curve shown rep­
resents the saturated flow for P0 = 10.7 at­
mospheres. 

The experimental results were observed 
in the Guggenheim Aeronautical Laboratory, 
California Institute of Technology, 5-inch 
hypersonic tunnel with the ordinary air 
supply. They clearly show some degree of 
supersaturation followed by a gradual onset 
of condensation and an eventual approach to 
flow along the saturation line. Sufficiently 
far downstream of the dewpoint, the saturated 
expansion theory is valid. 
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If the validity of the saturated expansion 
theory is granted, measurements of static 
and pitot pressure are sufficient to deter­
mine most other properties^of the fluid. In 
particular, it turns out that M is very nearly 
equal to the Mach number obtained from the 
pressure ratio p°/Pj through the usual 
Rayleigh pitot-tube equation. The theory 
cannot, of course, provide any information 
about the droplet-vapor interaction during 
the passage of a sound wave and hence cannot 
give a value for the speed of sound in the flow. 

Using the results of the saturated 
expansion theory, it is possible with one 
additional measurement, to obtain the sound 
speed a related to the angle of propagation 
of a wave relative to the velocity vector. 
Grey (Ref. 38) shows that a is related to the 
rate of change of wedge pressure with wedge 
angle evaluated at zero flow deflection 

M - * > • 
a 

- i * 

y 2 M 4 

dP 
dS 

(31) 

where M can be obtained for a pitot and 
static measurement as discussed above. 

At the present stage of knowledge con­
cerning two-phase flow, it is necessary to 
measure two Mach numbers for testing in 
hypersonic flow downstream Decondensation. 
The similarity parameter is M and the dy­
namic pressure for reducing forces tô  coef­
ficients must be calculated using M. A 
theory of the condensation process is r e ­
quired to relate these two Mach numbers to 
measurable quantities such as pressure. 
The only theory so far advanced postulates 
a saturated expansion from the saturation 
temperature; experimental results deviate 
markedly from its prediction near the 
beginning of condensation but agree with 
them further downstream. 

Within the region of validity of the theory 
M can be obtained directly from a pitot-
static measurement. M must be obtained 
independently from a complicated measure­
ment. It is conceivable that, based on many 
tests, an empirical relation between a and a 
(involving, perhaps some other measurable 
flow parameters) could be developed. 

(3) The Effects of Weak Shock 
Waves Between the Measuring 
Stations 

The assumption that the expansion through 
a supersonic nozzle is isentropic is also 
violated if there are shock waves in the flow. 
Ideally, of course, the walls do not generate 
any compressions in the flow, but there are 
inevitably small deviations from the design 
contour when the nozzles are machined and 
some expansion waves are bound to be r e ­
flected as weak compressions rather than 
being perfectly canceled. It is conceivable 
a priori that a number of these compressions 
could coalesce into weak shocks and lead to 
a measurable entropy r ise . 

Estimates of shock strengths likely to 
arise in practice may be based on experience 
or on plausible conjectures. Using the first 
approach, one notes that one of the strongest 
waves observed during the calibrations of 
the MIT Naval Supersonic Laboratory nozzles 
corresponded to a jump of .02 in Mach 
number in the M = 1.71 nozzle. It was 
clearly visible in a schlieren photograph. 

The entropy rise for a wave of this 
strength is very small 

A s 
< .0001 

and it would take more than one hundred 
such waves to give a stagnation pressure 
loss of 0.1 percent. 
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The other estimate is based on a plausible 
conjecture about the flow deflection cor­
responding to the typical wave. For small 
deflection 8 it is known that 

A s 
R 

Y(Y+\) 
12 

M° 
( M - l ) 8/2 83 

(32) 

Equating the flow deflection with the 
estimated maximum e r ro r in the slope of 

the nozzle, a typical value might be S = .002 
giving 

&* • ~ 3 * K)-7 

for M ~ 4, 

It would take more than three thousand 
such waves to give a stagnation pressure 
loss of 0.1 percent. 

(4) Effect of Viscosity 

The possible effects of viscosity and thermal conductivity have been ignored in deriving 
the one-dimensional formulas listed in Table I, If the fluid has coefficient of viscosity p 
and coefficient of heat transfer X, then the change in entropy due to viscous dissipation and 
heat conduction from neighboring streamlines can be computed (in two-dimensional flow) 
from the energy equation (Ref. 39). 

The t ime-rate of change of entropy along a streamline is given by 

n dx fr • h {- §" [ft* ft]' • ^[(ftl+ {a-)' ] * "[ft * ft]'} 

T dx (>-£-) I 
"T 

_a_ 
ay an 

(33) 

which incidentally expresses the well-known fact that the entropy remains constant along 
streamlines in the absence of viscosity and heat conduction. 

In a real fluid, the entropy will change along a streamline in regions where there are 
velocity or temperature gradients. From the point of view of Mach number measurements 
in wind tunnels, the main regions of interest are those in which the flow is accelerated 
from the stilling section to the test section and in which it is decelerated to rest at the 
mouth of a pitot tube. The second process has been the subject of many theoretical and 
experimental investigations and is discussed in another section of this paper. The rapid 
expansion of a real fluid in a supersonic nozzle will be now be considered. 

On the basis that the effects of viscosity and heat condition are very small and produce 
very small changes in the flow field, the velocity and temperature gradients of the inviscid 
flow may be inserted in the right hand side of Eq. (33). For any chosen streamline, the rate 
of change of entropy along it is thus completely determined and the total change between two 
points can be found by direct integration. 
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The procedure is especially simple if 
the chosen streamline is also a line of sym­
metry of the flow; in particular, along the 
centerline of a symmetrical nozzle, 

• « • 
as 
ay 

4IL 
ay 

- iJL 
- a y (34) 

Since the second derivative a2u/a y2 is 
also required, it may be found by differen­
tiating the irrotationality condition 

du .. dy_ 
dy ax 

(40) 

and Eq. (33) immediately simplifies to giving 

puJ ax T - i f ) +^- fy- l afu_ s j _ / a ^ \ , a(M!i au. + ( M 2 _ . x £ u 
ay2 ax lay / ax ax + {Nt " axs 

(35) 

ax 

All quantities may be related to the 
ccnterline velocity distribution by applying 
the isentropic flow equations. From the 
continuity equation 

a(/°u) 
ax 

d(P\/) 
dy 

(36) 

and in expanded form, since dp/d y 
the centcrllne of a symmetric nozzle, 

ay 
I diPu) 

r" i ax PU 

0 on 

d(?u) 
dx 

(37) 

The one-dimensional isentropic flow 
formulas given in Table I may be differen­
tiated to relate dv/dy to the Mach 
number distribution by noting that since 
PuA = constant 

1 
Pxl 

diPu) 
dx A dx u l ' d x 

(38) 

Hence, combining Eqs. (37) and (38) 

y - - ( M 2 - i ) 4 ^ -ay ax 
(39) 

(41) 

Again differentiating the formula for u in 
terms of M it is found that 

f i J.
 y - ' M2>\ ' d u 

^ "dT - 2 I1 + " 2 " M 

Therefore 

(42) 

(43) 

From the nonviscous energy equation 

CpT + -g-(u2+ v2) = constant 

(44) 

Hence on the center streamline, where 
v « 0 

dT u_ . d jL . 
dx c p dx 

(45) 
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To obtain a 2T/ay 2 , however, it is neces­
sary to expand the velocities at any point x 
in a power ser ies about the centerline values 
(u = u0 , v = 0). Then 

• • ft * + * & , • • . . . ay 
6 a. 

(46) 

and 

u2 + v2 

• < • [ * . & • • • ( # ] ' • + . . . 

(47) 

Then by differentiating Eq. (44) 

fit ^ *£•** -* [ •£ 
(48) 

Introducing the expressions for a2u/dy2 

and dv/dy given by Eqs. (43) and (39) gives 
finally 

0=-X[ (M
2- .)u^+(yM%l)(^f} 

(49) 

Now Eq. (35) may be integrated along 
the center streamline from state (1) to 
state (2) to obtain the entropy change. 

It will be assumed that the air s tar ts from rest at state (1) and increases to a final uniform 
condition at state (2) so that dT/dx = 0 at both limits. Integrating by parts and normalizing, 
one obtains 

S i - S i R ^ T o / ' ^ ^ ^ (^J[^(M*-3M2
+3)-^(yM-yM2

+ 2 ) ]d( t ) 

_ k l _ f' A_ T0 u a2u 
Re*T0 J A . - T / & - u T ? 

(M 2 - n , x , 

(50) 

letting x = 0 at state (1) and x = L at state (2) and substituting the previously determined 
formulas for the derivatives in terms of the velocity distribution. 

Re* is the Reynolds number = {P*xi*L)/P* 

P r is the Prandtl number = Mcp/X 

T0 is the stagnation temperature 

and the * implies conditions at M = 1. 
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To evaluate this integral numerically, it is necessary and sufficient to prescribe the 
velocity distribution u(x). Different values of the entropy change will be obtained for dif­
ferent nozzle designs, and it is impossible to give a generally applicable value. In most 
cases the flow starts from a region of uniform very low-speed flow and expands to a region 
of uniform high-speed flow. 

A simple velocity distribution which has zero gradients before and after expansion is 

u . o o f l + s in(» •*- - | . ) 

(51) 

where a0 is the velocity of sound when the fluid is at rest (x = 0); this velocity distribu­
tion is shown in Fig. IV-9. 

The test section Mach number (at x = L) will be about 4.47. The integration for this 
distribution becomes 

R ^ i l ^ r ^ ^ [ f - M ^ 4 M
2

+ 4 - J r ( y M ^ y M 2
+ 2 ) ] c o s 2 e d T 

+ Z 2 _ R f * A IfiL J L [iaaM (sin 8 + sin20 )d« 
R e Jtr A» T M7 Pr 

(52) 

where 

0 = r ^ 
L 2 

(53) 

and R is the gas constant. 

These integrals can easily be evaluated by numerical integration since for any value of 
8, Eq. (51) gives the corresponding value of u /a 0 , and hence of all other terms in the integrand. 
In Fig. IV-10, a constant value of 0.7 has been assumed for Pr and p has been obtained from the 
NBS-NACA tables of air properties (Ref. 5). 

It is interesting to note that the largest value of the integrand occurs near the test section. 
The area under the curve gives the total entropy change 

s2 - s, 1700 
R ' Re» 

(54) 
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It is still necessary to determine what the effect this entropy rise has on the flow in 
the nozzle. For a perfect gas 

T_ p 
S«- S, = cD /n - X . _ R/n 2 L K 'o, ™. 

(55) 

where T0 and T0 a re stagnation temperatures and p0 and p0 are stagnation p res ­
sures at states (1) and (2). Having determined s2 - s, , it is now necessary to find how much 
of this entropy rise corresponds to a temperature change and how much to a pressure change. 
The energy equation may be written in terms of the enthalpy on the center streamline of a 
symmetrical nozzle as 

a* ax v ax / dy2 3 [ w * <*y/ d x a v ax2 ay2 J 

3 ax v ax a y / 
(56) 

where H0(x) is the total enthalpy, that is , the enthalpy which would result if the air were 
brought isentropically to rest from its condition at point x. 

The terms in this equation can be evaluated as done previously for the entropy. In fact 
most of the terms are of similar form. The final equation then becomes 

IT 
H°a" H°i - £ z l £ f 2 fi , . , o __. ™Co„ ut_ „ M *_.«. A_ J^ 

Re" 
"f 

• / ' (1.1429 +.09524 M2 - . 1333 M4) -h £ cos* 8 d8 
J tr A w P 

_ i Z z i i l H (1.429-.09524 M 2 ^ xJV (sin 0 + s i n 2 e ) d e 
Re* J * ™ ' • A» M' 

z 

- M p ( , ^ - . 2 6 7 M ^ 1 ^ X i f co*B49. 
J_1T 

' ' (57) 
This integrand is plotted in Fig. IV-11. 

Since H0 = c p T 0 , the integration yields directly 

T o , - T ° , 
To. R e * 

(58) 
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Thus practically all of the entropy rise 
corresponds to a lowering of the total pres­
sure in the test section. In this example, 
from Eq. (55) 

, V , P ° Z - P ° . C£ To2- To, •eh 1694 
"ST" 
(59) 

This change in total pressure will result 
in an erroneous computation of Mach number 
if it is based on measurements of stagnation 
pressure p0 in the stilling section, and some 
local pressure such as pitot pressure in 
the test section, unless of course, allowance 
is made for viscous effects. In a tunnel 
with a nozzle one meter long at T0 = 45°C , 
a 0.1 percent drop in p 0 at the test section 
would result when p0 was about 1/10 atmos­
phere in the above example. 

Although it is dangerous to generalize 
from one example, it may be judged from 
the nature of the equations that the neglect 
of viscous effects on the flow process 
produces a very small e r ro r in Mach number 
measurement except in a low Reynolds 
number wind tunnel. The entropy rise 
appears almost wholly as a loss in total 
pressure with only a very small change in 
stagnation temperature. The effect would 
presumably be more pronounced at high 
Mach numbers so that the computation 
carried out here for M = 4.47 is represent­
ative of supersonic, but not hypersonic, 
speeds. 

Finally one note of caution must be 
applied to the conclusion that viscous effects 
on entropy are likely to be small. This 
calculation was carried out for the center 
streamline because of the simplification 
introduced by the condition of symmetry. 
It may be, however, that the terms which 
do not appear in the centerline calculation 
cause much larger e r ro r s on streamlines 
off of the line of symmetry. 

(c) Real Gas Effects 

Air is not an ideal gas and hence does 
not have constant specific heats. Solutions 
of the one-dimensional flow equations and 
tabulated properties for isentropic and 
normal shock processes, however, are 
derived on the assumption that p = P RT 
and y = 7/5. The properties of the real 
gas (Ref. 5). are illustrated in Figs. IV-12 
and IV-13. Fig. IV-12 shows the compres­
sibility factor Z = p/pRT which is one for 
a perfect gas. The ratio of speciuv. neats 
y is shown in Fig. IV-13, Approximate 
isentropic lines (derived using Z = 1 and 
y = 1.4) show the variation in Z and Y as 
the air expands in a wind tunnel nozzle. 

It is apparent from these figures that, 
especially at very high pressures, air departs 
somewhat from the ideal gas assumptions 
as it expands through a nozzle. By examining 
the effect of various constant values of y 
on the Mach number and other flow properties, 
it is possible to estimate how large a varia­
tion from Y - 1.4 can be considered as 
negligible. 

To estimate the effect of variations in 
y and Z properly, however, it is necessary 
to carry out the one-dimensional flow calcu­
lations with variable specific heats and an 
improved equation of state. It is found, in 
general, that the change in y is of greater 
significance in wind tunnel applications than 
is the departure from the perfect gas equation 
of state. Some effects of y variation, called 
caloric imperfections, are given in Ref. 8. 
The one-dimensional flow equations have 
been solved, moreover, using Van der Waal's 
equation of state in Ref. 3 and the Beattie-
Bridgeman equation in Ref. 4. 

The problem is further complicated by 
the fact that a finite lime is required for 
air suddenly changed from one state to 
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another to regain equilibrium in its new 
state. The ratio of specific heats is there­
fore a function of this "relaxation" time 
as well as temperature and pressure . 

(1) Erroneous, Constant, Ratio 
of Specific Heat 

In Ref. 7 one-dimensional flow tables 
are presented for y = 9/7, 7/5, and 5/3 
which enable one to evaluate grossly the 
effect of y e r ro r s on Mach number predic­
tions. For the small e r ro r s in y to be 
expected (~0.2 percent) in practice use 
may be made of dY/dM. for a more precise 
determination. 

In general the Mach number parameters 
Pj given in Section III contain factors of the 
form 

tj = [ f ( M , y ) ] 
C(y) 

Taking note that 

'J 
dM 

t ' . r ^ i C ) 

i in t: + _ - V . 

(60) 

it is a simple procedure to carry out an 
analytical reduction of the y influence. Here 
( )' means d/dM = d/dW\+ (dy/dM) (d/dY). 

The parameter P, is a function of Y and M. If the parameter has some fixed measured 
value, then the Mach number which is thereby indicated will depend on the value of Y. For 
example, if FJ = P 0 /p° is measured, then the variation of corresponding Mach number 
with y is given by 

( d Y \ . 2 y ( y - i ) 2 M 
U M ) . • 2 ( l + ^ M2)yn(l + 212J-M2)-y(y-D M' 

A somewhat more complicated parameter is P2 

P2 = l, t2 . The corresponding Y effect is then given by 

(62) 

p./p° which may be expressed as 

\ d M j z 

2y(y-i)( i-2M2) 
Mr2yM 2 - (y - i ) l 

2 ( M 2 - n 
( y + i ) [ 2 y M 2 - ( y - i ) ] y+ i y - i 

/ n ( y + i r M Z t » 2 

2 [2yM 2 - ( y - i ) l 

(63) 
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Lastly, for Ps = p 0 /p . : 

(m 4y(y- i ) (M 2 - l ) 2 

^ d M / s M [ 2 y M 2 - ( y - i ) ] [ ( y - D M 2 + 2] 

i n 
[2yM 2 - ( y - l ) ] [ ( y - | )M 2 +2 ] 

Jy + HM]' 

( y - i) 
2(M2 - I ) 

(y+D 
i 

2 y M - ( y - i ) (y- i )M 2+2 

The above relations are plotted as functions of M in Fig. IV-14 for Y - 1.4. Similar 
curves are presented by Barry (Ref. 20) for other measurement parameters. 

For the parameters plotted in Fig. IV-14, the Mach number will be computed accurately 
by assuming Y - 1.4 so long as Ay< .002 and hence e r rors of this magnitude may be neglected. 
The isentropic lines on Fig. IV-13indicate, moreover, that in a windnunnel operating at around 
atmospheric supply conditions, the change in y through the nozzle will be within this limit. 
Parameters based on the generation of oblique shock waves by inserting a wedge in the stream 
will give large e r ro r s in Mach number due to Y change at wedge angles near lhat for shock 
detachment. 

(2) Caloric Imperfections 

Neglecting deviations from the perfect 
gas equation and dissociation, the effects 
of lemperature enter into the airflow process 
through Ihe caloric equation of state which 
relates the specific heat at constant volume, 
c v , and the internal energy, u, 

du 
dTt 

(65) 

If the vibrational modes of molecular 
motion are assumed to be simply harmonic, 

kinetic theory predicts for the ratio of 
specific heats (Ref. 8) 

y = I + 

where 

y p - i 

I + x Y D - \ ) 
e x p e 

(66) 

A = y expe 
( e x p 0 - l ) 

8 T 

Yp = Y for calorically perfect gas 
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and 8 is the "characterist ic lemperature 
for vibration" from statistical mechanics 
• 3050° K for air . 

The function y (T) is shown in Fig. IV-13 
for various pressures . The one-dimensional 
flow equations for pressure and Mach number 
previously given in Table I are then amended 
according to Refs. 8 and 40 to 

The effect of shocks can be evaluated from 

Y ^ 

(isentropic) (67) 

and 

. z . 2Tb M' yT 
yP -1 ( - * ) 

+ § ( > ! _ 
°Vexp0 o - i • exp g 

(adiabatic) (68) 

Some of the consequences ofthe molecular 
excitation are shown in Fig. IV-15 for 
To - 1111 K. The ordinate represents the 
ratio of the value of the parameter in an 
imperfect gas flow to the value for constant 
y = 1.4 as given in Table I. It has been 
assumed that 8 - 3050° K which is a good 
approximation for air (Ref. 40). The tem­
perature effect becomes appreciable at fairly 
low supersonic Mach numbers and is asymp­
totic beyond approximately a Mach number 
of 4. At higher stagnation temperatures 
the asymptotic value is reached at still 
greater Mach numbers. It is expected that 
high temperatures will occur only in very 
high-speed tunnels (i.e. hypersonic) where 
the figure indicates that the imperfect gas 
modification is constant. However, the in­
terpretation of accurate measurements will 
require the inclusion of these effects over 
the entire Mach number range. 

M| = _2IL 
y2T2 

L^L 

».(• 

M-tV 
3) exp?,-1 exp£ 

(69) 

h - i T m - w ^ - ' ^ -
*[• 'cr + 4 T2 

(i + y,Mi)-4*- ( | + y. Mf) 

(70) 

(71) 

The subscripts • , z indicate conditions 
upstream and downstream of the shock front. 

The y effect is still further complicated 
for a real gas by the fact that Y = Y (p,T). 
The variation of Y with pressure and tem­
perature is given in Ref, 5. Hypersonic 
tunnels inherently will involve both large 
temperature and pressure changes-. The 
pressure effect is such as to oppose that 
for temperature given by Eq. (66) above 
and decreases with increasing temperature. 
At 100 atmospheres the value of Y is in­
creased by 0.4 percent at 1250° K and 21 
percent at 250° K over the values for 0.01 
atmospheres. It is interesting to note that 
at 40 atmospheres and 500° K, Y * 1,40, 
Real gas effects should therefore be included 
when either high temperature or pressure 
are involved. The time-dependent phenomena 
of relaxation also is important in measure­
ments directly behind large flow gradients 
such as shock waves. This question is 
discussed in the next section. 
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(3) Effects of Heat-Capacity 
Lag (Relaxation) 

The variation with temperature of the 
specific heats of air , previously discussed, 
comes about because the various degrees 
of freedom of diatomic molecules are not 
fully excited at all temperatures. At very 
low temperatures only the translational 
degrees are active and all diatomic gases 
behave like a monatomic gas with Y - 1.67. 
For the constituents of air, the rotational 
degrees are the first to become excited 
with increasing temperature and for the 
low pressure conditions in most wind tunnel 
test sections, they may be considered fully 
excited at temperatures above saturation, 
so that y i 1.4. 

The decrease of Y to values below 1.4 
takes place when the vibrational degrees of 
freedom begin to be excited and, again for 
wind tunnel application, this point may be 
taken as around 350°K to 400°K. It takes 
a large rise of temperature, up to about 
1800°K before the vibrational degrees of 
freedom are fully excited and Y reaches 
the value of 1.29. At even higher tem­
peratures ionization and dissociation effects 
become important accompanied by further 
decreases in Y, but they will be encountered 
in shock tubes rather than in wind tunnels. 

Now the variation of Y with temperature 
just described is the one which occurs 
under equilibrium conditions, in other words, 
if the temperature changes relatively slowly. 
Changes in the energy associated with any 
degree of freedom of the molecule are 
brought about by collisions with other mole­
cules. In the case of air, it is found that 
the translational and rotational degrees of 
freedom adjust very quickly to equilibrium 
in a process involving one or a few collisions. 

The vibrational energy, on the other hand 
acquires its equilibrium value only after 
hundreds or thousands of collisions. In a 
process involving rapid changes of tem­
perature, therefore, that part of the heat 
capacity of the gas associated with the 
vibrational degrees of freedom (if the tem­
peratures are such as to excite them at all) 
will lag behind the equilibrium values. The 
effects of this heat-capacity lag are also 
called relaxation effects in the sense that, 
if a non-equilibrium state is established in 
the gas, it will subsequently " re l ax" to 
equilibrium conditions. 

The aerodynamic consequences of heat-
capacity lag have been considered by a 
number of authors, notably by Kantrowitz 
(Ref. 41) who suggests two ways of evaluating 
the phenomena. One way is to compute the 
entropy change associated with the exchange 
of heat between the vibrational and other 
degrees of freedom and to use this change in 
the computation of the end points of a process. 

The other way is applicable when the pro­
cess is very rapid compared with the r e ­
laxation time and essentially no internal heat 
transfer occurs before the final pressure 
is attained. In this latter case, the gas­
dynamic formulas for isentropic flow may be 
used with a value of f corresponding to the 
temperature before the sudden change. The 
internal heat transfer will have to occur 
eventually and will still change the entropy 
but if the boundary conditions are such that 
the pressure cannot change, this will not 
matter. 

In general, the possibility of heat-capacity 
lag must be considered whenever the tem­
peratures are such that, under equilibrium 
conditions, the vibrational degrees of free­
dom would be appreciably excited. The typi­
cal wind tunnel satisfying this condition is 
the heated hypersonic tunnel. The vibra­
tional heat capacity is excited to equilibrium 
conditions in the stilling section. 
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Equilibrium conditions in the test section 
correspond to zero vibrational energy (un­
less the wind tunnel is heated far above the 
temperature required to avoid air condensa­
tion). It is possible then, in a short nozzle, 
that the expansion is not under equilibrium 
conditions and therefore not isentropic. This 
phenomenon has been considered by Faro and 
Hill (Ref. 42). In tunnels of moderate size, 
the expansion may be considered isentropic 
and the charts of Ref. 8 for equilibrium flow 
with variable specific heat, are valid. 

Heat-capacity lag is more likely to occur, 
however, in a recompression process from 
test section conditions, if stagnation tem­
perature is approached. The case of most 
interest is the pitot tube. Using the data 
on relaxation lime r downstream of normal 
shocks obtained by Blackman (Ref. 43) in 
the Princeton shock tube, an estimate has 
been made of the relaxation distance VT behind 
normal shocks for 6 < M < 10 in wind tunnels 
heated so that the saturation line is reached 
in the test section. For a stagnation pres ­
sure of 100 atmospheres, the relaxation 
distance does not vary much with Mach num­
ber and is about 15 mm. 

For pitot probes at hypersonic speed, the 
shock detachment distance is about 0.1 di­
ameters so that for probes of the usual size 
(about 1 mm.) the relaxation distance is 
two orders of magnitude larger than the 
length of the compression region from up­
stream of the shock to the mouth of the probe. 
The compression through the shock wave it­
self is known to correspond to a value of 
y = 1.4 under these conditions (see for in­
stance Ref. 44). For small pitot probes, 
the subsonic compression may also be con­
sidered instantaneous relative to the r e ­
laxation time. Consequently the compres­
sion for free-stream static to pitot pressure 
is given by Rayleigh's pitot-tube formula 
with y • 1.4. 

If the calibration method is based on 
stilling section stagnation pressure (up­
stream of the nozzle) and pitot pressure, 
the e r ror incurred by using tables for 
y = 1.4 = constant depends on the rate of ex­
pansion through the nozzle. If equilibrium 
flow in the nozzle can be assumed, the static 
pressure in the test section can be obtained 
by calculations such as those of Ref. 8 for 
variable >' If the compression to pitot 
pressure is assumed to take place with 
y= 1.4, the ratio Pj/P0 is easily obtained 
and can be expressed as a multiple of the 
ratio corresponding to Y - 1.4 in the expan­
sion as well as re-compression. 

The asymptotic value (in the sense of the 
preceding subsection) of this multiple is 
shown for low pressure flows in Fig. IV-16 
as a function of T 0 , together with the Mach 
numbers MA at which the asymptotic value 
is first reached. 

(4) Some Numerical Results 
for Real Dry Air 

Some feel for the practical consequences 
of the fact that air is not a perfect gas may 
be obtained by considering a few numerical 
examples. It has been shown that the be­
havior of air departs most markedly from 
that of a perfect gas at either high pressures 
or high temperatures. 

Three isentropic expansions have ac­
cordingly been calculated, each with a pres­
sure ratio of 400 to 1, as follows: 

4 atm, to 0.01 atm. with T0 • 334°K 

40 atm. to 0.1 aim. with T0 • 447°K 

40 atm. to 0.1 atm. with T0 a 1111°K. 
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The first expansion is representative of 
a supersonic wind tunnel where neither high 
pressures nor high temperatures are in­
volved. Negligible departures from perfect-
gas behavior are to be expected and, in fact, 
it turns out that the difference in the Mach 
numbers calculated from real air properties 
and from Y - 1.4 tables is below the 0.1 
percent inaccuracy level set up as a standard 
in this report. 

Tables IV, V, and VI give the results of 
real air and perfect gas computations. For 
the calculations based on Y - 1.4 • constant, 
the real value of the stagnation sound speed 
has been used and V and a have been cal­
culated from the tabulated ratios V/a0 and 
a/a 0 ; the dynamic pressure has been cal­
culated from the ratio q/p0 (which is equiva­
lent to setting q = 0,7p°M2). This procedure 
has been followed in all three cases con­
sidered. 

The second expansion is representative of 
an unheated (except by the compressors) 
high pressure supersonic wind tunnel. Blow-
down tunnels of this kind represent the most 
economical way of testing at high Reynolds 
numbers. In this kind of expansion, the 
pressure effect on y predominates and any 
allowance for the small decrease in y (due 
to temperature effect) at the beginning of the 
expansion would lead to results even further 
from the truth than those based on Y - 1.4. 
Results analogous to those of Table IV are 
given in Table V. Considerably larger 
e r ro r s could arise with lower values of T0 and 
higher values of p0 (limited perhaps to lower 
Mach numbers by the onset of air condensa­
tion). 

The third expansion is representative of 
a heated hypersonic wind tunnel being op­
erated at the low end of its Mach number 
range. The caloric imperfections would be 

expected todominate the picture here. There­
fore, in addition to those for real air and 
for Y - 1.4, calculations have been made for 
a thermally perfect gas with Y a function of 
temperature but not of pressure. Such cal­
culations have previously been outlined in 
this section. Results are given in Table VI. 

(d) Measurement of Change 
of Stagnation Pressure Along 
a Supersonic Nozzle 

The expansion of air from a low speed 
through a supersonic nozzle to the test sec­
tion is assumed to be an isentropic process 
in a perfect gas. Water vapor condensation, 
weak shock waves in the flow, effects of 
viscosity and thermal conductivity have been 
introduced as reasons for possible failure of 
the assumption of an isentropic process; 
while other indications have been given of 
the conditions under which the perfect gas 
relations may not hold. An experimental 
confirmation has been reported in Ref. 18 
of the theoretical prediction that these e r rors 
are all of small magnitude in a supersonic 
wind tunnel at normal supply temperature 
and pressure. 

In this experiment, the Mach number 
measured locally in the test section of a 
Mach number 3.5 nozzle by the ratio of 
pitot pressure to pitot pressure behind an 
oblique shock (parameter Pl0 of Table II) 
was compared with a measurement based on 
the ratio of stagnation pressure upstream of 
the nozzle to pitot pressure in the test 
section (Ps ). The dewpoint in these tests 
was about -46°C; there were no weak shock 
waves visible in the nozzle; the stagnation 
temperature was 43 C, and the stagnation 
pressure 2.5 atmospheres. Under these 
conditions e r rors due to viscosity and heat 
conduction, weak shock waves, water con­
densation, and imperfect gas effects should 
be negligible. 
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The ratio of stagnation pressure upstream 
of the nozzle to stagnation pressure in the 
test section was found to be .998 - .003. 
Although this result is not surprising in 
view of the discussions, its value lies in its 
justification of the use of local pitot and 
upstream stagnation pressure (parameter 
Pj ) as an accurate, and at the same time 
simple method of calibrating a supersonic 
wind tunnel at these operating conditions. 

(e) Probe Er ro r s 

Inserting a probe into the flow will distort 
the field slightly and hence the. Mach number 
will be altered and the measurement depend­
ent on probe geometry. Besides the altera­
tion in potential flow caused by insertion of 
a probe, its own boundary layer will displace 
the flow and produce viscous forces. 

The probe reads its prescribed property 
only in regions of uniform flow. There must 
be no gradient of pressure or velocity in the 
vicinity cf the probe which must, moreover, 
be aligned with respect to the velocity vector. 
Actually these conditions will not be satisfied 
exactly even in an empty tunnel, and where 
the flow field about a model is under investi­
gation, they may be grossly violated. 

Some estimates of each of these effects 
on the most important measuring methods 
will be given in this section. 

(1) Boundary Layer Displacement 
Effects on the Measurement 
of Surface Pressures 

Among the pressure measurements dis­
cussed in Section III are measurements of 
surface pressure on cones, wedges, and so-
called "s ta t i c -p ressure" probes. Given the 
shape of such a probe and assuming potential 

flow, it is possible to relate the pressure at 
any point on the surface to the free stream 
static pressure and Mach number. In prac­
tice, however, the measured surface pres­
sures will differ from those calculated by 
potential theory. 

One of the causes of this difference is the 
displacement effect of the boundary layer. In 
other words, the experimental pressure dis­
tribution corresponds more nearly to that 
calculated about a body whose surface is dis­
placed outwards everywhere by the boundary 
layer thickness, with a normal velocity 
through the new surface equal to the normal 
velocity at the edge of the boundary layer. For 
the purposes of this discussion, the difference 
between the pressures calculated with and 
without consideration of the boundary layer 
will be considered an er ror ; an evaluation of 
its magnitude will be presented in this section. 

Although there is a mutual interaction 
between an outer potential flow and a boundary 
layer, for most practical purposes, it is 
sufficient to calculate the boundary layer 
from the undisturbed potential flow. Instead 
of considering the edge of the boundary layer 
and the normal velocity there as the new 
boundary conditions for the potential flow, 
the conventional procedure is simply to 
modify the body by moving its boundary out­
wards a distance S* everywhere. 

Here S * is the displacement thickness of 
the boundary layer, defined by 

,oo 

f f (-ft)'y 
(72) 

in two-dimensional flow and 

' i - i ' n 

(73) 
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in axi-symmetric flow where the surface is 
approximately aligned with the free stream. 
The subscript e refers to the condition just 
outside of the boundary layer; while r is the 
radial distance from the center of the body 
of radius r 0 . The justification for this pro­
cedure is given for subsonic flows by Preston 
in Ref. 45 and for supersonic flows by Young 
in Ref. 46. 

The methods of calculating the change in 
the potential flow brought about by a small 
change in body shape are, of course, quite 
different in subsonic and supersonic flows. 
Only the latter will be considered here. 

At moderate to high supersonic Mach 
numbers, the flow along the surface of a 
body of revolution is very nearly simple 
wave flow. The widespread use of shock-
expansion theory for three-dimensional flows 
as discussed, for instance, by Eggers et al 
(Ref. 47) is grounded on this fact. At low 
supersonic Mach numbers, on the other hand, 
the rate of change of pressure with the slope 
of the meridian is much slower than in simple 
wave flow. The problem of finding dp/d0 in 
such flows may be formulated in terms of 
finding the ratio it bears to dp/d0 in simple 
wave flow at the same Mach number. 

The crux of the problem is then to find a 
simple parameter of the flow to which this 
ratio is uniquely related. It is postulated 
here that this parameter is the local "two-
dimensionality" of the flow in a certain sense. 
Consider a section of the flow field perpen­
dicular to the axis of symmetry and at a dis­
tance x from the body vertex. The region in 
which the flow changes from free stream 
conditions to those at the body surface is 
bounded by the traces of the body and shock 
surfaces, the two circles shown in the sketch. 
At high Mach numbers the shock is close to 

the body, as in (a) of Fig. IV-17, and the 
body radius is nearly equal to the shock 
radius. In this sense the flow is "nearly 
two-dimensional." At low supersonic Mach 
numbers, the body radius is much as ln(b) of 
Fig. IV-17, and the flow is far from two-
dimensional. 

It will now be assumed that the ratio of 
dp/d0 to its simple-wave value is a unique 
function of the ratio of the radius of the 
body to that of the shock circle. Further, 
since the configurations of interest are quite 
slender and the deviation from simple-wave 
flow becomes appreciable only at low super­
sonic Mach numbers, it will be assumed that 
the shock surface is not too far from the 
free stream Mach cone whose apex Is at the 
nose of the body. In other words, it is 
postulated that, in general, 

_dp / d p \ 
68 ' \ 68J simple wave 

F(vS^_) 
(74) 

This approximation is used mostly be­
cause of ils simplicity; its validity has not 
really been checked but it is probably good 
enough for the present purpose. It will 
certainly fail downstream of the point of 
maximum thickness. Numerical values for 
F [ ( ^ M | -1 ro)/x] have been obtained from 
flight tests on parabolic bodies. 

Now the displacement effect of the bound­
ary layer is equivalent to turning the inviscid 
flow through an angle d8*/dx where x is the 
coordinate along the surface. The associated 
pressure change is therefore simply 

A p s 1 dP dS» 
Ps P 68 dx 

^M| A / M | - I <b_] d8» 
/ dx 

(75) 
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The probe shapes of most interest are 
the cylinder (with conical or ogival nose) 
and the cone. If the boundary layer is 
laminar as it almost always will bc, good 
approximations to dS*/dx for these shapes 
are 

dS« 
dx = 0.86(1 + 0.277 M2) 

(cylinder or flat plate) (76) 

and 

- ^ = 0.5(1 + 0.277 M|) v ^ 3 

(cone) 

uex 

(77) 

when 8 < < r0 • 

These results must be modified when the 
boundary layer becomes an appreciable frac­
tion of the body radius. Probstein and 
Elliot (Ref. 48) indicate that the value 8, of 
the definite integral on the right hand side 
of Eq. (73) is only slightly affected by the 
transversa curvature of the boundary layer. 
In other words, Eq. (76) and (77) are valid 
even for relatively thick boundary layers if 
(dS,/dx) is substituted on the left hand sides 
for (dS*/dx). 

The true displacement effect is given in 
terms of 8, by 

«r0 + 8* 

i r° dr = Si 

(78) 

ich implies 

€ h £) -dS, 
dx 

(79) 

or 

dSj 
dx 

dS, 
dx 

I + 
TS; 

(80) 

In other words, the transverse curvature 
effectively reduces the slope of the displace­
ment surface of the boundary layer by the 
factor. 

I 
2 8, 

where 8, is given by the "thin boundary 
layer" theory 

%• = 1.72(1 + 0.277 M ^ y i V 
U p X 

(cylinder) 

A = ( I + 0 . 2 7 7 M | ) 7 3 : 
uex 

(cone) 

(81) 

(82) 

The final results for the fractional e r ro r 
in static pressure may then be written (with 
y •1-4) 2 

1.2 M| , . 
7===f (i + o.277 M | ) r * r AE: 

pO 
V I + 3.4(1 + 0.277 M|)-=*- y ~ 5 e' rn uex 

/ V M | - I r0\ 

(cylinder) (83) 
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APC 
PC 

0.7 M2(l +0277 M | ) V ue e c V Uex 

A/l|-l V^+ 2 ( l + 0 - 2 7 7 M e ^ V ^ 

* F^'i 
(cone) (84) 

As a check of this theory, consider the 
experimental results on cone probes r e ­
ported by Talbot in Ref. 49. For a 5-degree 
cone at M = 3.70 a comparison of theoretical 
and experimental results is shown in Fig. 
IV-18. The data were taken in a low density 
wind tunnel, and even at the highest Reynolds 
number, the boundary layer at the orifice 
location was quite thick, with 8i/r0 ~ .5. The 
value of F in this case is essentially unity, 
and the theory is pure simple wave flow. 

dimensions in supersonic wind tunnels. Also 
shown is an indirect experimental check, 
based on some measurements made at the 
University of Michigan and reported by 
Murphy (Ref. 50). Static and pitot pressure 
were measured in the test section of a 
supersonic wind tunnel while stagnation pres ­
sure was measured in the stilling section. 
From these pressures, the three possible 
ratios were computed and from each of 
these a Mach number was deduced using the 
appropriate formula of Section II. 

Three different Mach numbers were ob­
tained. There are three possible explana­
tions for this result: 

(1) Static pressure was measured 
incorrectly. 

Extrapolating to the initial slope, the 
theoretical and experimental results are 

APC 13 
/Ftl 

(theory) (85) 

a/Wi 

(experiment) (86) 

The validity of the method for order of 
magnitude estimates of e r ro r s in the meas­
urement of cone or static pressure is thus 
established. 

In Fig. IV-19 a chart is presented which 
allows a rapid estimate of the error likely 
to be incurred in using probes of typical 

(2) Pitot pressure was measured 
incorrectly. 

(3) There was a stagnation pressure 
loss in the expansion through the nozzle. 

All of these possibilities are discussed 
in the referenced report. The available 
evidence indicates that the second and, for 
low dewpoints, third explanations can ac­
count only for negligible Mach number e r ro r s . 
The e r ror in static pressure reading r e ­
quired to reconcile the three Mach numbers 
is shown for three nozzles in Fig. IV-19. 
These points have been obtained from 
Murphy's results by converting his apparent 
stagnation pressure loss to an apparent static 
pressure r ise. Corrections have been ap­
plied for the small effects of water vapor 
condensation (D.P, < ̂ " C 1 . and for the pres ­
sure field of the conical nose of the probe, 
to which the curve shown for i /d - 12 is 
applicable. 
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(2) Effects of Viscosity on 
Measurement of Pitot Pressure 

At small Reynolds numbers, the decel­
erating flow immediately upstream of the 
mouth of a pitot tube is acted on by viscous 
forces which are not negligible in compari­
son with the inertia forces. Consequently 
the measured pressure may differ from the 
true stagnation pressure. Several investi­
gations of this problem have been published, 
both experimental and theoretical; the most 
recent one of which is by Sherman (Ref. 51) 
who presents subsonic and supersonic results 
as well as comparisons with representative 
theories. 

The theoretical results are generally of 
the form 

p " p correct 

p y 

k 
Re 

where k is a constant. In other words 

C^Re • k . 

(87) 

(88) 

Whereas Sherman's results at subsonic 
speed yield a constant value of CpRe for a 
fixed probe shape, the supersonic results 
for some probe shapes do not. The results 
which do not follow the theoretical trend are 
now believed to be erroneous. The assump­
tion that all probe shapes should read the 
same pressure at very large Reynolds num­
bers is not believed to be justified when the 
diameter of the orifice becomes an appreci­
able fraction of the overall diameter of the 
probe. 

The invariance of pitot-pressure reading 
with respect to bore size is discussed in 
the following subsection. It has been veri­
fied for square-nosed tubes for bore sizes 

only up to 2/3 of the outside diameter. There 
are reasons for expecting that it will net 
hold as the condition of zero wall thickness 
is approached. Both Sherman and Graves 
and Quid (Ref. 52) have tested probes with 
very thin walls at supersonic speeds. Both 
sets of data show initially decreasing pitot 
pressures as the Reynolds number is r e ­
duced. These results are believed to be 
peculiar to large bore tubes. It is recom­
mended that small bore (^1 /3 O.D.) probes 
be used, to which the following estimate of 
the viscous e r ro r applies. 

The most reliable estimates of the effects 
of viscosity on pitot pressure readings can 
probably be based, for a given probe shape, 
on the results obtained for that shape at 
subsonic speeds. To apply them at super­
sonic speeds, one simply assumes that 

C^Re 

is independent of M if Cp. and Re are based 
on the flow downstream of a normal shock. 

The pitot pressure e r ror estimated in this 
way for straight cylindrical probes in a wind 
tunnel is shown for a typical probe size as 
a function of Mach number in Fig. IV-20, 

(3) Effects of Orifice Size 
on the Reading of Pitot Tubes 

Strictly speaking, to measure the true 
stagnation pressure in a flow, only a probe 
with an infinitesimal orifice at the forward 
stagnation point is suitable. Long experi­
ence at subsonic speeds has shown that the 
pressure measured with a straight pitot 
tube remains constant as the inside diameter 
is increased to as much as half the outside 
diameter. 
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Similar conclusions have been reached at 
supersonic speeds by Holder and North 
(Ref. 53) and by Hill (Ref. 18) who found 
that the measured pressure was constant 
(to ± 0.05 percent) for bore sizes up to 2/3 
the outside diameter at M = 3.5. The tube 
size and test conditions were such that the 
estimated error due to viscous effects was 
of the order of 0.02 percent. 

The tests just referred to were run with 
straight cylindrical tubes cut off square. It 
is believed that with round-nosed tubes, the 
effect of bore size would be much greater 
at supersonic speeds. If the Mach number 
distribution over a hemisphere (approxi­
mately invariant above M • 2.3) is assumed 
to exist on the probe, it is possible to e s ­
timate the dropoff in surface pressure at 
the rim of an orifice relative to the stag­
nation point. If the bore size is one fifth 
the outside diameter, for instance, the pres­
sure at the rim is about 3 percent lower than 
the pressure at the center of the bore. 

(4) Effects of the Nose 
and Supprrting Strut Pressure 
Fields on Static Probe 
Measurements 

A static pressure probe generally consists 
of a nose section followed by a cylindrical 
section which in turn is terminated at its 
downstream end by some sort of support. 
The pressure is measured at some orifices 
or a slot located on the cylindrical section 
When such a probe is placed in a uniform 
stream, the measured pressure will differ 
from the static pressure of the airstream 
even if the effects of viscosity can be r e ­
duced to zero. 

This difference represents, of course, 
the perturbation of the flow by the nose 
section and (especially in subsonic flow) 
by the support. The pressure at the orifices 

only approaches the static pressure as the 
cylindrical portion is made very long and 
the sources of the flow perturbations are 
moved far away. 

A quantitative discussion of these effects 
in subsonic flow is given, for instance, by 
Kettle (Ref. 54). The influence of the nose 
is to lower the measured pressure below 
static and that of the support is to raise it. 
In principle, it should be possible to design 
a probe such that the two effects balance 
each other and a true measurement would 
be obtained. The usefulness of such a design 
would be lost, however, if the nose and 
support effects varied with airspeed. 

At subcritical speeds (flow subsonic 
everywhere) such variations occur primarily 
because of change in boundary layer char­
acteristics with Reynolds number. At super­
critical airspeed (local supersonic regions 
in the flow) the nose effect varies rapidly 
with Mach number and the support effect is 
drastically modified. 

To minimize the effects on the probe 
boundary layer of changes in Reynolds number 
and stream turbulence, Kettle suggests de­
signing a nose with a low suction peak. It 
is impossible to avoid completely the region 
of adverse pressure gradient, in which the 
boundary layer stability is low, but the mag­
nitude of the gradient can be held low by 
careful design. 

At high subsonic speeds, as the Mach 
number increases above the lower critical 
value, the static pressure reading generally 
begins to increase above the true value. At 
this point the shock wave terminating the 
supersonic^region of the flow is upstream of 
the orifices and the pressure r ise across it 
affects the probe reading. The maximum 
value of this e r ro r is of the order of 5 per­
cent for typical probes. It may occur either 
below or above the sonic speed. 
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At low supersonic speeds the support 
effects are very important. The detached 
bow wave associated with the flow about the 
support may be located ahead of the orifices 
on the probe, in which case they will read 
a pressure which again is too high. All the 
e r r o r s in the transonic range of airspeeds 
are troublesome because they cannot be 
estimated quantitatively. For reliable meas­
urements of static pressure at transonic 
speeds a probe calibration is necessary. 

At sufficiently high supersonic speeds, the 
support interference disappears at least for 
inviscid flows. Relatively simple theories 
are available for calculating the nose effect, 
which, as in incompressible flow, is such 
as to give a static pressure reading below 
the true value. Generally it has been con­
sidered (see, for instance Ref. 55) that the 
e r ro r is negligible if the orifices are at 
least 10 diameters downstream of the 
shoulder of the nose. 

A more precise estimate of the e r ro r , and 
of its dependence on probe geometry and 
Mach number, may conveniently be obtained 
from slender-body theory. The pressure 
coefficient on the cylindrical portion of the 
probe is the so-called "interference p res ­
sure coefficient" of the forebody as discussed 
by Fraenkel (Ref. 56) and formulas for cal­
culating il a re given in his report. 

For downstream (//D > 10) the results 
may be expressed quite simply and turn out 
to be almost identical for conical and tangent-
ogival noses. In terms of pressure coefficient 
the result is independent of M, so that the 
fractional e r ro r in static pressure increases 
like M with increasing Mach number. 

The result i s , approximately 

(89) 

for J/D > 10 where 

D = the probe diameter 

J z the length of the cylindrical portion, 
up to the orifices 

Afu the forebody length. 

This equation has been plotted in Fig. 
IV-21 for Jf - 5D, together with indications 
of the accuracy required in p° to obtain M 
to 0.1 percent by the two common methods. 
It will be noticed that the 10 diameter c r i ­
terion is inadequate above M = 1.5. 

To return to the question of support 
interference in supersonic flow, obviously 
the pressure field of the support cannot 
propagate upstream against a supersonic 
flow. On the other hand it is well known 
that such an upstream propagation is possible 
in the boundary layer even when the main 
stream is supersonic. A general discussion 
of shock-wave boundary interaction is of 
course beyond the scope of this report. For 
the present purpose it is appropriate to 
restr ict the problem to (1) boundary layers 
initially laminar, and (2) configurations s im­
ilar to that of Fig. III-2 b with rather small 
( < 10 degrees) nose angles. 

The two-dimensional analog to this con­
figuration is a wedge located on a flat plate 
or a deflected'control surface on a flat wing. 
A recent experimental study at the Naval Su­
personic Laboratory of the two-dimensional 
case by Sweeney (Ref. 57) shows that (1) any 
surface deflection greater than about 
2 degrees will cause a laminar boundary 
layer to separate, and (2) the upstream ex­
tent (from the corner) of the pressure dis­
turbance is approximately equal to 550 8 
where 8 i s the momentum thickness of the 
boundary layer just before the pressure 
begins to r i se . 
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Within the accuracy of the experiment, 
the distance 550 9 was found to be independent 
of M, Re, and pressure rise over the range 
of these variables covered. The same order 
of upstream influence was found by Lee at 
the University of Toronto (Ref. 58) on an 
axi-symmetric configuration. Lee also found 
a dependence on pressure rise, but this was 
for nose angles greater than 10 degrees. 

It will be assumed that, for the cases 
likely to arise in supersonic wind tunnel 
practice, the extent of upstream influence 
found by Sweeney is of the right order of 
magnitude. The influence of transverse 
curvature will be neglected and a factor of 
safety of 1.2 will be applied. 

In terms of diameters, then, zero support 
interference will be obtained if the static 
probe diameter begins to increase at a dis­
tance downstream of the pressure orifices 
given by 

A 
0 

450 
y R e r 

0 3 

for a typical configuration with a nose fine­
ness ratio of 5. 

The required probe length is shown for 
two typical probe sizes in Fig. IV-22 as a 
funclion of Mach number. 

(5) The Yaw Sensitivity 
of Pitot Tubes 

The yaw sensitivity of conventional pitot 
tubes has been the subject of a number of 
investigations in subsonic flow. Some r e ­
sults for probes with hemispherical heads 
and various ratios of bore to outside diam­
eter are given by Pankhurst and Holder in 
Ref. 15, for instance. In supersonic flow, 
very few detailed results have been published. 
Largely devoted to unconventional designs, 
Refs. 59 and 60 by Gracey, et al, give a com­
parison of supersonic and subsonic results. 

For low angles of yaw ( < 15 degrees) 
the few comparisons available suggest that 
the Mach number dependence is eliminated 
if the results are given in the form of 

AP; 
vs. a 

for subsonic flow, and 

AP: 
VS. a 

for supersonic flow, where 

q' = p.(pitot) -p° (static in free stream). 

As M— oo , q' — Pi and, according to 
this hypothesis, the A Pj/Pj curve for hyper­
sonic flow should be identical with the A p ; /q 
curve for incompressible flow. For hemi­
spherical heads, the Mach number distribu­
tion in hypersonic flow has been given (theo­
retically and experimentally) in Ref. 61. 
For a pitot tube with a very small bore size, 
the effect of yaw would be represented by 
this pressure distribution. 

It turns out that this hypersonic result, 
in terms of APj/Pj, does indeed check closely 
the incompressible result in terms of A P; /q 
given by Pankhurst and Holder. The method 
of extrapolating subsonic results to super­
sonic speeds discussed above is thus good 
enough for order of magnitude estimates. 

Now the effect of yaw on pitot tube read­
ings depends strongly on the nose shape and 
on the ratio of the ratio of bore to outside 
diameter. As this ratio increases, the yaw 
sensitivity decreases. From the experi­
mental data available an estimate of the yaw-
effects has been made for square-ended 
cylindrical tubes with relatively small 
(~ 1/3 O.D.) bore sizes. This estimate is 
presented in Fig. IV-23 together with the 
experimental result for a hemispherical 
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head with a very small bore size in hyper­
sonic flow (M > 2.5). Approximate criteria 
for supersonic flow are: (1) for < 1 percent 
e r ror , yaw < 10 degrees; (2) for < 0.1 per­
cent e r ror , yaw < 3 degrees. 

(6) The Yaw Sensitivity of Cones 
and Static Pressure Probes 

In subsonic flows at least, it is well 
known that static pressure probes are much 
more sensitive to yaw than pitot tubes. When 
an accurate value of the static pressure is 
desired, the importance of a good alignment 
of the probe with the flow is well appreciated. 
The exact variation of static pressure with 
yaw angle varies from probe to probe, but 
qualitatively the effect of yaw is always to 
lower the measured pressure when averaged 
around the circumference. 

To align the probe with the stream and 
to get a true reading, it is only necessary 
to adjust its orientation until the maximum 
reading is found. Both qualitatively and 
quantitatively the effects at supersonic speed 
are similar to those at low speeds. 

According to linearized theory for all 
speeds, the average pressure coefficient 
around a body of revolution at any axial 
station is 

Several experimental investigations have 
confirmed that Eq. (91) correctly represents 
the order of magnitude of the yaw effect on 
cones and static probes, at least up to a = 15, 
The results quoted by Goldstein (Ref. 62) 
for the NPL standard tube are in agreement 
with the theory. So are the results for a 
7,5 degree cone at M = 1.60 given by Cooper 
and Webster (Ref. 17) and those for a number 
of static probe designs at the same Mach 
number given by Holder, North, and Chinneck 
(Ref. 55). 

The variation of the e r ror in static p res ­
sure or cone pressure with yaw angle is 
shown (approximately) in Fig. IV-24 for 
various Mach numbers. 

If the plane of misalignment of the probe 
to the stream can be predicted it is pos­
sible to locate the orifices of a static 
probe so that the effect of yaw is mini­
mized. Linear theory predicts zero cp due 
to yaw of locations ± 30 degrees from the 
stagnation points. One would expect exper­
imental results to follow this prediction 
more closely on the windward side than on 
the lee side. 

(90) 

The fractional e r r o r in surface pressure 
is then 

AP, 
Ps 

where 

(91) 

p s is tne surface pressure. On the 
right hand side of this equation for making 
order of magnitude estimates, p s may be 
replaced by the stream static pressure both 
for static pressure probes and for cones in 
supersonic flow. 

In Ref. 63, Walter and Redman report the 
results of some development tests on static 
probes designed to be insensitive to yaw in 
one plane. As expected, these probes work 
better for positive angles than negative angles 
of yaw. Favorable orifice locations were 
found to be 8 - ± 33 degrees from the wind­
ward stagnation point for moderate Mach 
numbers up to M = 2.5 and 8 - ± 52 degrees 
for higher Mach numbers. The yaw angle 
ranges for e r ro r s < 2% of static pressure 
were found to be -8 degrees < a < 16 de­
grees at M =1.5(6 =±33 degrees) and -4 
degrees < a < 11 degrees at M = 2.9(8 = ±52 
degrees). 
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(7) Effects of Velocity Gradients 
on Probe Measurements 

Mach number measurements in boundary 
layers and wakes are typical examples of 
the use of pitot tubes in flows with large 
velocity gradients. A well-known source of 
e r ror in such measurement in low-speed 
flows is the displacement in the plane of the 
gradient of the apparent location of a pitot 
tube. In other words the pitot tube meas­
ures the total pressure not on a streamline, 
aligned with its axis, but on one displaced 
towards the region of higher velocities. 

The standard quantitative result for this 
problem is that of Young and Mass (Ref. 64) 
who found that for conventional square-tipped 
cylinders the displacement was of the order 
of 0.2 times the tube O.D., more or less 
independent of the magnitude of the gradient. 
Their investigation was carried out in the 
wake of an airfoil in essentially incompres­
sible flow. A similar investigation in super­
sonic flow has been reported by Johanneson 
and Mair (Ref. 63). 

Davies has studied a similar effect in 
supersonic laminar boundary layers (Ref. 
66) at M = 2.5. He found a displacement 
which varied across the boundary layer and 
was of the same order as that observed by 
Young and Maas, but of the opposite sign. 
According to Monaghan (Ref. 67) this result 
is neither confirmed nor denied by other 
investigations of probe er rors in supersonic 
boundary layers. 

Another kind of test in which gradient 
effects are important is in the calibration 
of a pitot static tube, for instance for flight 
application. Here an e r ror arises if there 
are velocity gradients in the wind tunnel. 
The Mach number at the nose of the probe 
may be different from the Mach number at 
the static orifice locations. To get the uni­
form stream calibration of the static reading, 

the latter should be compared with the static 
pressure corresponding to the measured 
Mach number at the static orifice station 
rather than at the nose of the probe. 

Similar difficulties occur when it is de­
sired to obtain a precise cone calibration 
in a wind tunnel. A first order allowance 
for the effects of nonuniform flow may be 
made by using the empty tunnel Mach number 
at the orifice station as the reference Mach 
number. 

(8) Effects of Stream Turbulence 

The effects of stream turbulence on the 
readings of pitot static tubes have been an­
alyzed for incompressible flows by Gold­
stein (Ref. 68). The effect of turbulence is 
to increase the pitot pressure reading. The 
amount of this increase is equal to the dy­
namic pressure multiplied by the square of 
the turbulence intensity (V'/V)2 

' measured P; + 4- P^'f 
(92) 

Under most circumstances this correction 
is negligible outside turbulent boundary 
layers and wakes. The difficulty in applying 
it is obvious, since the turbulence level is 
not known without a separate measurement. 
When both pitot tube and hot-wire measure­
ment have been made in turbulent flow, the 
theoretical prediction of the pitot tube read­
ing has been confirmed. 

No specific theoretical or experimental 
information is available on the performance 
of pitot tubes in turbulent supersonic flows. 
Almost certainly the reading will be too high, 
as in subsonic flow, but the magnitude of the 
effect may be quite different. Ribner (Ref. 
69) has presented a theory for the interaction 
of turbulence with a normal shock; it is valid 
only when the eddy size is small compared 
with the frontal area of the shock. 
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If the assumption is made that the order 
of magnitude predicted for the downstream 
turbulence is correct even for the shock size 
associated with a pitot tube, then the effect 
of the shock is to increase the turbulence 
level by the speed ratio across the shock. 
For moderate Mach numbers this speed ratio 
is of the order of the upstream Mach number. 
Because the downstream dynamic pressure 
is a small fraction of the total pressure, 
the effect is still small. 

In supersonic flow the dynamic pressure 
may be an order of magnitude larger than 
the static pressure, and the fractional e r r o r 
in the latter quantity might become measur­
able, particularly where, as in wind tunnels, 
the lateral fluctuations are larger than the 
longitudinal. 

(f) Influence of the Boundaries and Model 
on Mach Number in Subsonic Wind 
Tunnels 

Approximately, the fractional e r ro r in 
pitot pressure would be 

A P-, 

for moderate M < 6. 

M (£)" 
(93) 

The effect of turbulence on the reading 
of a static probe was also investigated by 
Goldstein (Ref. 68), The transverse com­
ponents of fluctuating velocity give r ise to 
an " impact" pressure on the sides of the 
tube and on the static orifices, 

Goldstein's equation is 

P°measured " P° + ks/>(v'2+ w'2 ) 

(94) 

where k s is a numerical factor depending on 
the arrangement of the pressure orifices and 
the kind of turbulence (degree of anisotropy). 

Page (Ref. 70), from experiments in pipe 
and channel flow, deduced that the constant 
is about 1/4 for isotropic turbulence. The 
pressure r ise is then one-third the dynamic 
pressure multiplied by the square of the 
turbulence intensity; it is negligible except 
possibly in turbulent boundary layers and 
wakes. 

(1) Tunnel Speed 

When actually testing a model in a wind 
tunnel (as distinct from calibration) the 
problem of Mach number determination 
comes up in one of two ways. Either one 
wants to test at a given Mach number and 
requires a procedure to set the tunnel ac­
cordingly or one is running the tunnel at 
some known pressure level and power setting 
and would like to compute the Mach number 
of the test. 

In either case it is necessary to define 
the concept of tunnel Mach number. If the 
intake (or stilling section) conditions and the 
mass flow through the tunnel could be kept 
constant while the model was removed, the 
tunnel Mach number could be defined as the 
(mean) Mach number in the empty tunnel at 
the location previously occupied by the model. 
In the absence of measuring inaccuracies, 
this is the Mach number obtained during 
calibration for the same intake conditions 
and the same mass flow. The crux of the 
problem is then duplication, while running 
with a model, of the mass flows run during 
calibration. 

One device which immediately fixes the 
mass flow for given intake conditions is a 
sonic throat. Choked flow either upstream 
or downstream of the test section ensures 
that the mass flow is fixed by the intake 
conditions with or without the model. The-

sonic throat does even more than this, of 
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course. In a supersonic tunnel, the entire 
Mach number distribution is fixed down­
stream of the throat. In a transonic tunnel, 
with the throat downstream of the test sec­
tion, the mean Mach number at any station 
is fixed by the cross-sectional area. The 
only way in which the intake conditions can 
affect these Mach numbers in either case is 
through the effective change in tunnel geom­
etry as the boundary layer thickness changes, 
or, when the throat is downstream, through 
the changes in effective throat area caused 
by the passage of the model wake. 

The minor boundary layer effects in 
supersonic tunnels can be taken care of by 
calibrating over the operating range of stag­
nation pressure and temperature, or as a 
function of Reynolds number/cm in the test 
section. The wake effect in the subsonic 
tunnel cannot be taken care of as easily and 
reliable values of tunnel Mach number prob­
ably cannot be obtained by relying on a 
downstream choke. Such a choke will always 
be useful as a flow stabilizing device but 
the Mach number should be obtained by the 
procedure applicable to unchoked tunnels. 

Common practice in low-speed wind tun­
nels is to determine the speed from simul­
taneous measurements of total head in the 
intake and static pressure on the wall of the 
test section, well upstream of the model 
location. In compressible flow this method 
is still applicable, for the ratio of these two 
pressures is a direct function of the mean 
Mach number at the measuring station. This 
in turn is related to the mean Mach number 
at the model station by the ratio of the c ross -
sectional areas. 

Calibration conditions in the empty tunnel 
can therefore be duplicated by setting the 
same values of total head and wall static 
pressure at the so-called "tunnel speed 
hole." The ratio of these two pressures 
determines the empty tunnel Mach number 

uniquely except for the changes in boundary-
layer thickness with Reynolds number, which 
can be accounted for by calibration as stated 
above. 

In the intake or stilling section, where 
the total head is to be measured, the velocity 
is usually sufficiently low so that static 
pressure is a good approximation to stag­
nation pressure. The e r ror here is less than 
0.1 percent if the cross-sectional area is 
more than 16 times the area for sonic flow. 

The "tunnel speed hole" must be located 
sufficiently far upstream of the model station 
so that the pressure there is not influenced 
by the model. In a closed tunnel, it is for­
tunate that the constriction effect of the 
walls partly cancels the upstream propagation 
of the pressure disturbances caused by the 
model (see Thorn,Ref. 71). Both his calcula­
tions and some unpublished work at MIT 
indicate that about 1,5 tunnel heights or 
diameters ahead of the model station will 
be sufficient In the cases most likely to be 
encountered. 

While the flow perturbation at the "tunnel 
speed hole" due to the model can in this 
way be made negligible, that at the model 
due to its support system generally cannot. 
In most high-speed tests the models are 
held from the rear by a sting which in turn 
is supported by some kind of strut. The 
flow perturbations associated with this kind 
of a support system will extend upstream 
into the region occupied by the model. 

Reasonably accurate settings of tunnel 
speed can only be made if the calibration 
is done with the support system in the tunnel. 
The so-called empty tunnel in the preceding 
discussion should therefore be empty only in 
the sense that the model is absent. This is 
important not only for tunnel speed setting 
but also for applying blockage corrections 
on the basis of wall pressure measurements, 
as discussed later. 
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(2) General Consideration 
of Wall Interference 

Even when the tunnel speed is set cor­
rectly, there is no assurance that the flow 
about the model is similar to that in flight' 
at the same speed. A solid tunnel wall will, 
in fact, restr ict the expansion of the s t ream­
lines about the model while the equilibrium 
conditions at an open jet boundary will r e ­
quire them to expand further than in free 
flight. Strictly speaking, the flow pattern in 
the wind tunnel is not duplicated in flight at 
any speed. If the model is small compared 
with the tunnel dimensions, however, the flow 
in the tunnel does very nearly correspond to 
flight at some speed. Intuitively it seems 
that this flight speed will be higher than the 
tunnel speed in a closed wind tunnel and 
lower in an open tunnel. 

This reasoning is confirmed by mathe­
matical calculations of the influence of the 
airs tream boundaries. Such calculations 
are practical only for flows governed by 
linear equations, so that super position of 
solutions is possible. If the velocity potential 
of the free airflow about the model is-4>0, 
it is necessary to find the interference po­
tential <£, such that the sum 4>0 + <£, satisfies 
the conditions on the airs tream boundaries. 
Insofar as the effect of the walls can be 
represented by a simple change in speed, 
this latter is given by a<£,/dx at the centroid 
of the model, where x is the coordinate along 
the tunnel axis. The velocity along the wall 
is of course d (<£0 + 4>t )/a x. 

of the test and, following a suggestion by 
Prandtl, the wake flow is replaced by a 
source flow for calculation purposes. The 
representation of lifting models requires, 
in addition, a system of vortex lines. While 
the interference potential associated with 
lift affects the flow angle at the model, it 
does not influence the speed and will there­
fore not be considered here. 

Some of the interference potentials imply 
the existence of not only an interference 
velocity at the model, but also of a spurious 
velocity gradient. The latter plays no part 
in the correction of the test speed but must 
be taken into account in order to correct the 
drag and pitching moment. 

Calculations of wind tunnel interference 
are generally performed for incompressible 
flow and extended to high subsonic flow by 
the Prandtl-Glauert-Gdthert rule (Ref.'72). 
They are obtained in the first place in the 
form of velocity perturbations AV/V, from 
which the corrections to Mach number and 
dynamic pressure follow 

.AM. . 
M I + I M / V 

(95) 

4P- - ( i - M') 
AV 
V 

(96) 

For convenience in the calculation of cp0 the 
model is usually represented by a system of 
sources and sinks or, if it is very small 
compared with the size of the test section, 
by an equivalent doublet. The fact that the 
wake of the model is confined in an a i rs t ream 
of finite size also al ters the effective speed 

where the reference quantities are the un­
corrected values. 

In the rest of this section the available 
methods for obtaining AV/V in closed wind 
tunnels will be discussed briefly. 

46 

http://www.abbottaerospace.com/technical-library


(3) Theoretical Estimates 
of Solid Blockage 

The speed correction corresponding to 
the flow about the model in the absence of 
any wake is called the solid blockage. If 
its magnitude is referred to the volume of 
the model, the influence of the wing and body 
profile shapes is very small, at least for 
the thin sections used in high-speed flight. 

The formulas are generally given in the 
form 

m (Vol)B 
Xo Tc 

B ( l -M 2 ) 5 ' 2 A3'2 B B 

(97) 

for bodies and 

(-• 

AV\ (Vol) 
w X I A ; T i 

v 'w O ^ ^ 7 1 ~*?7r~ W W 

(98) 

for wings, where Vol is the model volume 
and A is the test section area. 

The factors XQ and Xw depend only on 
model shape for slender bodies 

XB • 0.90 

(99) 

and for thin wings 

Xw s 0.95 

(100) 

The factor T„ depends only on the shape 
of the tunnel cross-section; r w depends, in 
addition, on the ratio of wing span to tunnel 
width and on the reduced sweep angle 

, ., / t o n A \ 
A0 • ton ' 1 

V ^ l - M 2 / 
(101) 

where A is the midchord sweep angle. For 
wings of very small span, r, 

W •B- Values 
ofrg a n d o f r w for straight untapered wings 
are given by Herriot (Ref. 73) for a circular 
tunnel and a number of rectangular shapes. 

The effect of sweep, which is to reduce 
the interference velocity, is given by Hensel 
(Ref. 74) for a 1 x - /T rectangular tunnel. 
In general, the values of r are of the order 
of unity. Evans (Ref. 75) has developed an 
approximate representation for tapered wings 
of arbitrary sweep. 

The experimental results available sug­
gest that the corrected Mach number should 
be 
(1 

used in the compressibility term. 
M2)s '2 . 

(4) Theoretical Estimates 
of Wake Blockage 

In a closed wind tunnel the equation of 
continuity implies that the reduced stream 
density PV in the wake, relative to the un­
disturbed stream, must be accompanied by 
an increase in stream density in the main 
flow. The speed of the airstream must in­
crease as it flows past the model. For one 
thing, this increase imposes a pressure 
gradient on the model whose effect must be 
removed from the drag measurements. For 
another, it requires a correction to the test 
speed which will now be considered and 
which is called wake blockage. 
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The basis of all calculations of wake 
blockage is the representation of the wake 
flow by a source flow, as suggested by Prandtl 
(see Ref. 76). The strength of the source 
is made proportional to the dissipative drag 
(i.e. excluding induced drag) of the model. 
In high-speed flow the required source 
strength is also a function of Mach number. 

While slightly different Mach number 
effects are obtained by various authors, an 
adequate representation of all their results 
may be expressed as 

Q = $• [ i + ( y - i ) M 2 ] 
(102) 

where Q is the mass flow of the source, and 
D is the drag force (excluding induced drag). 

The location of the source is generally 
taken to be at the centroid of the model 
volume. At great distances this representa­
tion of the flow field is adequate; in the 
vicinity of the model it has been shown that 
additional sources and sinks are needed to 
represent the initial portion of the wake. 
Their inclusion in the theoretical calculations 
would be very difficult; it is worth noting 
that the "velocity ra t io" method of applying 
blockage corrections (discussed below) takes 
them into account approximately. 

Given the simple source representation 
of the wake, the blockage can be calculated 
by the superposition of velocity potentials 
as already outlined. It can also be obtained 
directly from mass flow considerations. 

The velocity perturbations obtained for a 
single source confined in a long duct of area 
A are : 

a. Zero interference at the model 

b. 
V 2 [ M! "jUvA/ 

(103) 

That a correction must be applied even 
though the interference velocity at the model 
is zero is at first sight surprising. Actually, 
the basis of the correction is that the tunnel 
speed is measured essentially "far up­
s t r eam" where the interference velocity is 
not zero. 

The reading is too low by just the amount 
given in Eq, (103), so that a positive correc­
tion is required amounting to 

m Wake • ( 

i +(y- i )M a 

2(1 -M«) I ?V2A 

(104) 

for downstream (+) and upstream (-). 

where again it should be noted that only the 
dissipative drag is associated with the for­
mation of a wake, so that the value used for 
D must exclude induced and tunnel buoyancy 
drags. 

Again it seems that the corrected Mach 
number is the best value to use in the com­
pressibility te rms. 

(5) "Velocity-Ratio" Method 
for Solid and Wake Blockage 

From the free-air and interference po­
tentials it is just as easy to calculate the 
velocity perturbations at the wall as at the 
model. The perturbations at the wall can be 
deduced from measurements of wall p re s ­
sures , with and without the model. Toobtain 
only the effect of the model it is of course 
necessary to measure the reference p re s ­
sures with the model support system in­
stalled. A comparison of such measurements 
with theory provides an indirect check of 
the blockage corrections, since they are 
obtained from the same solution for the 
velocity potential. 
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Among others Evans (Ref. 75) and Gdthert 
(Ref. 77) have obtained good verification of 
the theory in this way. Gdthert has sug­
gested that the wall pressures be used to 
determine the blockage corrections em­
pirically in routine tests . The wall perturba­
tions depend of course on the same quantities 
as the blockage corrections. 

where c is the chord and H is the tunnel 
height (or diameter). Both Gothert and 
Evans have calculated the effect of increas­
ing wing chord (or body length). They find 
that m increases as the ratio (107) in­
creases, and roughly by as much as 30 per­
cent when this ratio becomes unity. 

Dividing one by the other most of these 
quantities are canceled and the result may 
be written 

_AV\ 

B, model 

for bodies, and 

me{^r) 
B.wal 

(105) 

(M\ 
V v / m 

W,model w m W.wall 

(106) 

If the models are small enough (relative 
to the test section size) to be represented 
by equivalent doublets the "velocity ra t ios" 
m are rather like the factors T introduced 
earl ier in that mg depends only on the shape 
of the tunnel cross section while m^u, in ad­
dition, depends on the wing-span to tunnel-
width ratio and on the reduced sweep angle. 
Values of mp and m ^ are given for a c i r ­
cular tunnel by Gdthert (Ref. 77) (straight 
wings only) and for a rectangular 1 x-/Z~ 
tunnel by both Hensel (Ref. 74) and Evans 
(Ref. 75). 

The doublet representation becomes in­
adequate at large values of the reduced 
chord/tunnel height ratio. 

• / T H P H 

The wake perturbation, being figured far 
upstream and downstream, is uniform across 
the tunnel, so that mwo|(e = 1. With swept 
wings this is not quite true because the 
sources, being distributed over a range of 
streamwise stations, do not give zero per­
turbation velocities at the model. For the 
small spans likely to be used in high-speed 
tests mwa|<e = 1 is very good approximation, 
however, at least for unstalled flows, for 
which the wake blockage is not too large a 
fraction of the whole. 

The method of obtaining the total blockage 
from the measured wall perturbations may 
be illustrated by referring to the sketch of 
the variation of perturbation velocity along 
the test section wall (Fig. 1V-25). For lift­
ing models it is assumed that the pressures 
on the top and bottom walls have been 
averaged. Far downstream, the velocity 
perturbation reaches an asymptotic value B. 

This is also the value on the centerline 
and, as shown in the section on wake block­
age, represents twice the correction required 

I 
V V 'Wake , model 2 

(108) 

(107) 

The solid blockage at the wall may then 
be obtained by subtracting B/2 from the total 
wall perturbation at the model station. For 
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the test of a body alone or wing alone, the 
solid blockage at the model is then obtained 
directly from the appropriate velocity ratio 

(A£ 
B, model 

mBC 

(109) 

or 

m W, model 
m

w
c 

(110) 

when mg# m w unless the wing has a very 
small span. 

For a wing-body combination with an 
appreciable span, a weighted mean value of 
m must be used. The weighting factors must 
be obtained from theoretical estimates of 
the relative contributions of the wing and 
body to the solid blockage, by the methods 
already given. 

The velocity-ratio method of applying 
blockage corrections is considered more 
accurate th n a purely theoretical estimate. 
It is generally assumed that the ratio of the 
perturbation at the wall and model is p re ­
dicted more accurately than the absolute 
value of either. Furthermore, the velocity 
ratios are less than unity, so that the meas­
ured perturbations are larger than the block­
age corrections. 

Near sonic speed it is more desirable to 
correct down from a high observed Mach 
number than to correct upwards towards 
Mach 1 from the tunnel speed. Furthermore, 
as Gdthert (Ref. 77) has pointed out, this 
method of correction is valid even when the 
flow over the model is supercritical and 
the Prandtl-Glauert-Gdthert rule no longer 
holds there. At such speeds the rule may 
still be valid at the walls and the velocity-
ratio method will then be correct . 

Various investigators, for instance 
Maeder (Ref. 78), have obtained results 
which show (for instance by testing similar 
wings of three different sizes) that the 
blockage corrections are predicted correctly 
even when the region of supersonic flow about 
a model reaches halfway out to the tunnel 
walls. Under such conditions the purely 
theoretical methods will certainly fail. 

(g) Some Aspects of Mach Number 
Measurements in "Ventilated" 
Transonic Wind Tunnels 

In recent years transonic wind tunnels 
have been developed in many countries with 
slotted, porous, or perforated walls which, 
besides allowing tests to be run through 
sonic speed without choking the tunnel, may 
be designed to have zero blockage at sub­
sonic speeds. In the United States the most 
common wall configurations are either per­
forated or have longitudinal slots. 

For a given slot configuration or wall 
porosity, the solid and wake blockage cor­
rections can be calculated by methods s im­
ilar to those used for closed tunnels. The 
boundary conditions at the walls, which the 
sum of the free air and interference potentials 
must satisfy, are really inhomogeneous (par­
ticularly for slots) but for some applications, 
such as those considered by Baldwin, et al, 
(Ref. 79) and by Maeder (Ref. 80), may be 
replaced by equivalent homogeneous con­
ditions. 

The solid blockage is given by formulas 
similar to (97) and (98) with the factors 
Tg and Ty. depending, in addition, on the 
fractional open area of the walls. For any 
wing-span to tunnel-width ratio and wing 
sweep, there are wall configurations which 
make T^. = 0. However, a wall designed to 
have zero blockage for bodies and small span 
wings will require a blockage correction if 
large span wings are tested and vice versa. 
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p*°^ r * 

/ 
V f J - ^ 

In the case of walls with longitudinal slots, 
as long as there is any open area at all, 
the wake blockage is zero as for an open 
jet. With perforated walls the wake blockage 
cannot be eliminated. 

In principle, the speed setting with a 
transonic throat could be accomplished in 
the same way as for a closed tunnel, with a 
"tunnel speed hole" at the upstream end of 
the test section. In the absence of wall 
interference, however, the upstream influ­
ence of the model in subsonic flow extends 
much further than the 1.5 tunnel diameters 
found for closed tunnels. 

At low supersonic Mach numbers the 
upstream limit of model influence on the 
flow is of course the bow shock. In practice, 
the static pressure in the plenum chamber 
surrounding the ventilated test section is 
usually used to set tunnel speed. This pres­
sure is close to free stream static in the 
test section; the Mach number computed on 
the basis of an isentropic expansion from 
stilling section to plenum pressure is very 
nearly the test section Mach number. More 
accurate results may be obtained by calibra­
tion; as in closed tunnels this should pref­
erably be done with the model support system 
installed. 

In a tunnel designed for zero blockage, 
the interference velocity at the model is 
theoretically zero at least up to the critical 
Mach number of the model. Comparisons 
with tests in flight or in very large wind 
tunnels indicate that the interference at the 
model is very low throughout the transonic 
speed range (except for the perturbations 
associated with shocks reflected from the 
walls). 

It may be assumed that the interference 
velocities are low throughout the test section. 
This means that the flow velocity at any 
point on the tunnel walls is essentially the 

sum of the tunnel speed and the perturbation 
velocity in free flight at the same location 
relative to the model. At points where the 
streamline curvature in the unbounded flow 
is concave towards the model, and this con­
dition extends all the way out along an equi-
potential line to the region of essentially 
unperturbed flow, the pressure is lower than 
free stream static and the velocity higher 
than that of the main stream. 

Over most of the streamwise extent of a 
typical transonic test section, with a small-
span model installed, these conditions are 
satisfied at points in the flow corresponding 
to the wall locations. With a model in the 
tunnel the plenum pressure will be in rough 
equilibrium, not with free stream static 
pressure, but with a pressure which is on 
the average somewhat lower. 

In other words there is a model influence 
on the measurement of tunnel speed when it 
is measured by the plenum pressure just as 
there is when it is measured by an upstream 
wall orifice. The two effects are, however, 
in opposite directions; whereas the presence 
of a model tends to make the pressure at 
the "tunnel speed hole" read too high, it 
tends to make the plenum pressure read too 
low. 

The magnitude of the model influence on 
plenum pressure would be very difficult to 
calculate in transonic flow. At speeds low 
enough for the Prandtl-Glauert-Gdthert rule 
to be valid, one might expect a relation of 
the form obtained from conventional wall-
interference theory, 

AM . 
M 

l + ^ ^ M 2 

( l -M 2 ) 1 ' 2 
(Vol) 
As/z Kr. 

( I l l ) 
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Covert (Ref. 81) has investigated this ef­
fect to some extent in the transonic test 
section at the MIT Naval Supersonic Labora­
tory. He measured wall pressures from which 
the true test section Mach numbers could 
be obtained far upstream. The difference 
between the empty tunnel calibration and 
that obtained with a 5 cm sphere in a 45 cm 
x 45 cm tunnel (solid side walls, longitudinal 
slots top and bottom) was found to decrease 
with increasing Mach number from AM ~ .015 
around M = 0.7 to A M ~ .005 at M = 1.1 and 
above. 

V. RECOMMENDED PROCEDURE 
FOR MEASURING MACH NUMBER 

Specific techniques will be suggested here 
for Mach number calibration of an empty 
wind tunnel within the various speed ranges 
and for measurements of local Mach number 
in the nonuniform flow field about a wind 
tunnel model. Except at very low speeds or 
at hypersonic velocities where such precise 
knowledge of the Mach number is not r e ­
quired, efforts should be directed toward 
tunnel calibration measurement accurate to 
within 0.1 percent in Mach number. Due to 
the presence of flow nonuniformities, a local 
measurement of Mach number in a strongly 
varying flow field about a model must gen­
erally be made with lesser accuracy. 

Computation of Mach number from pres ­
sure measurements is the generally recom­
mended procedure since pressure measur­
ing devices are easy to build and to use, 
and since manometers with various fluids 
and gages of many types are available with 
which the pressure may be measured to the 
desired accuracy in almost any range. In 
particular, at the present status of the art 
of measuring supersonic Mach number, the 
ratio of pitot pressure to stagnation p res ­
sure is most conveniently obtained. 

E r ro r s in the measurement of pitot p res ­
sure are generally much smaller and more 
easily corrected than is the boundary layer 
effect on static pressure measurement. The 
experiment cited in Section IV, moreover, 
indicates that stagnation pressure can be 
measured in the stilling section upstream of 
a supersonic nozzle since it does not change 
in the expansion through a reasonably shock-
free nozzle to the test section. 

Fig. V-l shows the fractional e r ro r in 
measuring Mach number using three different 
pressure parameters . It is assumed that 
each parameter can be measured to an ac­
curacy of 3 parts in 10,000, that the air is 
dry and that probes are properly aligned and 
constructed so that the only e r ror is due to 
the boundary layer displacement effect on 
the static pressure measurement. It can be 
seen that the pitot-stagnation parameter P s is 
superior at supersonic speeds until the better 
sensitivity of the static pressure measure­
ment overcomes the e r ro r due to boundary 
layer displacement effect at Mach numbers 
below about 1.4. It will be noted that there 
is a range of Mach numbers at which meas­
urements of Mach number to 0.1 percent 
would require slightly greater precision in 
reading the pressure parameters than the 
0.03 percent assumed here. 

In subsonic flow, the ratio of pitot to 
stagnation pressure does not vary with Mach 
number and hence other techniques must be 
employed. The static pressure orifice then 
replaces the pitot tube. A further complica­
tion in subsonic calibration ar ises from the 
fact that inserting a model changes the Mach 
number everywhere from its empty tunnel 
calibration. The Mach number must then be 
adjusted either by applying a blocking cor­
rection (see Ref. 68) or by measuring the 
static pressure at the tunnel wall while the 
model is in the flow field. 
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The procedures recommended here are 
for tunnels working at approximately room 
temperature and atmospheric pressure at the 
stagnation condition. Hypersonic wind tun­
nels will be assumed heated sufficiently to 
avoid air condensation. In special instal­
lations using very high or very low pres­
sures or operating at high stagnation tem­
peratures, the recommendations may have to 
be revised in favor of the more complicated 
special techniques discussed in Section III. 

to nose and support effects on static pres­
sure measurements, the transonic speed 
range is the most troublesome one for a 
static pressure probe. The recommended 
procedure then is to insert a long thin pipe 
in the test section of the tunnel extending 
forward through the contracting section of 
the nozzle. Static pressure is measured at 
various stations along the pipe, and Mach 
number deduced from the ratio of static to 
stagnation pressure. 

(a) Empty Tunnel Calibration 

(1) Subsonic Speeds, M < 0.8 

The Mach number distribution in the test 
section can be determined from static and 
total pressure measurements using the sub­
sonic pitot static probe described in Section 
III. 

While the test region is calibrated in 
this manner, static pressure should be meas­
ured on the tunnel wall in the test section 
ahead of the model. The wall measurements 
are thus identified with the empty tunnel 
Mach number distribution in the test section, 
and when a model is in the stream, the wall 
static pressures will indicate approximately 
the free stream Mach number distribution. 
The wall static from taps placed around the 
test section at the station ahead of the model 
may be averaged by a so-called "piezometer 
r ing" and this average used in place of the 
reading of one wall static pressure. 

(2) Transonic Speeds, 
0 .8* Mg 1.4 

The ratio of pitot to stagnation pressure 
is still insensitive to Mach number in this 
range so that the calibration procedure r e ­
quires static pressure measurements. As 
indicated in the part of Section IV devoted 

In a tunnel with large contraction ratio 
such that the air upstream of the nozzle is 
essentially at stagnation condition, the stag­
nation pressure measured in the stilling 
section should be constant throughout the 
nozzle. Screens will help to remove any 
rotation or other variation in the stilling 
section. The entrance to the nozzle must 
also be smooth enough to avoid regions of 
flow separation. A survey of the stagnation 
pressure in the nozzle will indicate whether 
the entrance conditions have been properly 
designed. 

The wall static pressure measurements 
recommended in the discussion of subsonic 
wind tunnel calibration should also be made 
in transonic tunnels to indicate test section 
Mach number when a model is in the flow. 

At Mach numbers greater than one, the 
sensitivity formulas of Section III show that 
the Mach wave angle, visible in either 
schlieren or shadowgraph, is especially 
sensitive to Mach number. To use this 
parameter two families of Mach waves should 
be generated as illustrated in Fig. V-2. In 
this way the probes can be sufficiently far 
from the measuring point so lhat the nose 
shocks have degenerated into Mach waves; 
while the use of two probes cancels any 
effect of stream angularity. 
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As the Mach number approaches unity, the 
waves get fainter and finally become too 
obscure to identify. The procedure thus 
becomes useless around M< 1.05. This 
lower limit in Mach number depends upon 
the sensitivity of the optical system, the 
density of the flow, and the nature of the 
probe. 

(3) Supersonic Speeds, 1.4 g M g 5 

In the usual range of supersonic testing, 
the pitot tube makes the best instrument 
when its reading is coupled with the stag­
nation pressure measured upstream of the 
nozzle. For reliable testing conditions, 
the tunnel air should be dry enough to avoid 
substantial e r ro r s due to water condensation 
and the supply air lemperature should be 
sufficiently high to prevent air condensation 
at the higher Mach numbers. The stagnation 
pressure can generally be assumed constant 
through the nozzle and equal to the value 
measured upstream in the subsonic portion 
of the flow. The process is then isentropic. 
If shock waves exist in the nozzle flow, or 
imperfect gas or viscous effects are of a 
magnitude which might noticeably effect the 
stagnation pressure in the test section, then 
the method of measuring pitot pressure be­
hind an oblique shock may be used to deter­
mine any loss in stagnation pressure . 

The pitot probe will not be sensitive to 
small flow misalignments nor to viscous 
effects at normal tunnel densities. Other 
techniques (see Ref. 51) are employed when 
the density gets so low that viscous effects 
can no longer be ignored. To maintain an 
accuracy in Mach number computation to 
within 0.1 percent, careful measurement of 
pitot pressure is required and special ma­
nometer fluids or gages may be required 
when the pressure gets very low. 

(4) Hypersonic Speeds, M > 5 

The pilot probe is useful at hypersonic 
speeds too, although at high temperatures, 
corrections for imperfect gas effects may 
be required. Also viscosity and Shockwaves 
in the flow field are likely to invalidate the 
assumption of constant stagnation pressure 
through the nozzle. Fortunately, however, 
the quantities such as force coefficients 
usually measured in a wind tunnel are not 
very sensitive to small changes in Mach 
number in the hypersonic speed range. 

(b) Local Measurements 

(1) Subsonic Speeds, M < 0.8 

The pitot-static probe can be used to 
make local Mach number measurements in 
a nonuniform flow field as about a model. 
The Mach number deduced from any meas­
urement should be assigned to the point at 
which the static pressure is measured. In 
fact, in a good subsonic wind tunnel, the 
stagnation pressure is constant throughout 
the flow field; consequently besides this 
presumably known stagnation pressure, only 
local static pressures are needed to deter­
mine the Mach number distribution. The 
probe may be made small by eliminating the 
stagnation pressure orifice in the nose. In 
a nonuniform flow field, velocity gradients 
in several directions are likely to be present, 
hence for accurate Mach number determina­
tion, some effort should be made to align 
the probe with the stream direction. 

(2) Transonic Speeds, 0 . 8 _ i M i l , 4 

In the subsonic range, the static probe 
may be used as described above except that 
a local pitot pressure measurement will be 
required too in any region downstream of 
shock waves. The Mach number is then 
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determined from parameter P2 . Effects of 
probe nose and support pressure fields are 
best minimized by using a long slender 
support with the static pressure orifices 
far behind the nose, and as far as possible 
forward of a supporting holder. 

At supersonic speeds above M = 1.05, 
two families of Mach waves may be gen­
erated as described for uniform transonic 
flow calibration, but they must be so placed 
and constructed that in the presence of flow 
irregularities, the waves will actually inter­
sect at the point where the intersection 
appears in the optical system. 

(3) Supersonic and Hypersonic, 
1.4 < M 

must be many tip diameters behind the pitot 
pressure tap, but by making the tip very 
small, the distance between pitot and cone 
surface pressure measurements may be 
kept down. 

(c) Conclusions 

Pressure measurements derive their use­
fulness, in part, from the long history of 
pressure-measuring instruments and tech­
niques. Comparable advances in the develop­
ment of the measurement of other properties 
may yet make the pitot tube obsolete. In 
particular, optical measuring devices have 
the desirable feature of being free from the 
probe e r ro r s discussed in Section IV. 

A five-hole conical probe makes a suitable 
instrument for making local Mach number 
measurements in supersonic and hypersonic 
speeds. The ratio of cone surface pressure 
from the average of four holes around the 
cone to pitot pressure measured at the tip 
of the cone will give a measurement of Mach 
number. Errors due to flow angularity and 
boundary layer effects are indicated in Sec­
tion IV. The cone surface pressure holes 

At present the results are interpretable 
only in two-dimensional or axially-
symmetric flow. Direct measurements of 
velocity and of the local velocity of sound 
are feasible at present but require much 
special equipment. The pressure measure­
ment techniques are therefore attractive as 
long as the accuracy required remains within 
the capability of the method. Table VII lists 
the recommended measurement parameters. 
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Fig. IV-16. Asymptotic effect of high stagnation temperatures on the ratio of pitot pressure 
to stagnation pressure, p , /p 0 . 
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SHOCK 
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Fig. IV-17. Body and shock surface relations. 
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Fig. IV-19. Er ror in static pressure measurement due to boundary layer displacement effect. 
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Fig. IV-20. Error in pitot pressure due to viscous effects at the probe. 
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Fig. 1V-21. Nose effect on static pressure probes in supersonic flow 
(based on slender-body theory). 
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Fig. IV-22. Required length of static probe to avoid support interference 
through the boundary layer. 
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Fig. IV-23. Estimated e r ro r due to yaw of conventional pitot tubes. 
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Fig. IV-24. Estimated e r ror due to yaw of static probes and slender cones. 
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Fig. IV-25. Velocity perturbation at the wall. 
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Fig. V-l. Error in Mach number for measuring accuracy giving A P/P 
for each parameter and with boundary layer error on static probe. 
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Fig. V-2. Generation of Mach waves. 
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Table I. Function of Mach Number 

o 

Thermo­
dynamic 
Property 

f t 
P. 

P. 

Iz 
T, 

* • 

v 2 

A , 
A, 

M 
M 

Isentropic Flow 

I + Y-\ M 

^r-9a%\ 

Y / ( Y - \ ) 

i + ^ M * 

I + r - i M 

y 

i + M 

i J y - 1 i + - g - M 

^ M f 

l + ^ - M | 

M] 
M2 

I + ^ - M | 

1 + ^ M f 

Y+\ 
e(y-0 

* 

Normal Shock 
(M > 1) 

2 y M f - ( y - i ) 
y + l 

(y + I) M J 

2+(y- i )M? 

[2 + ( y - i ) M f ] [ 2 y M f - ( y - i ) ] 

( y + nzM? 

^/[2+(y-i)Mf] [2yM?-(r-n] 
( y + D M , 

2 -nr-nf 
(y+ i )M? 

Heat Addition 

I + YM 

I + y M | 

Mf (1 + rMg) 
M| (1 + rM* ) 

Mf L I +yM| J 

M2 d + yMf) 
»I u + yM|) 

Ml d + X M * ) 

Mf ( i + y M | ) 

I + ^ J - M f 

T M ! y - i 
2 

i + y M ; - 2 y M ' c ± . i + y M ' ) - \ / . M ' - i ) 2 - 2 ( y + i ) M ' c * 
Mf [ 2 r M f + 2y*Mf c - y + i ] 

*C equals q/CpTi where q equals heat added equals cp(To2 - TQJ^), negative square root 
equals heat addition plus normal shock; positive square root equals heat addition only. 
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Table II. Pressure Ratio Parameter 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

Static and stagnation 

Static and pitot 

Stagnation and pitot 

Static and wedge static 

Static and cone static 

Stagnation and wedge static 

Stagnation and cone static 

Pitot and wedge static 

Pitot and cone static 

Pitot behind oblique shock and pitot 

Pitot behind oblique shock and wedge static 

P. -

p2 = 

p . • 

P« = 

P9 = 

P. = 

Pr = 

P. = 

P . -

P.o • 

PM » 

P0/P° 

Pj/P0 

Po/Pi 

P°/Pw 

P°/Pc 

P0 /Pw 

P0/Pc 

P-./Pw 

P/Pc 

P / P l w 

P.w/Pw 
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Table III. Pressure Sensitivities 

v^-.i-s^n 
l + ^ J - M 2 

c - fe . 
b | YM* 

P2 = Pi 
2rM 2 -

(y + D (2 

(y-o 

g?i«fj 
y -

s. 

Pr • 

s7 

s„s, 
s . - s . 
Pc 
Po 

SsS, 
s , - S9 

Pw 
Pi " 

Pc 
po 

Pw 
po 

p° 
Po 

po 

Pi 

-£— = p p-' 

P 4 P 2 

s--
I +y(2M - i ) 

» 2y( i -2M 2 ) 
s . • 

SaS z a« 
S2+S< 

P , ' P 
3 F2XM - y + f | x - i r 2 + ( y - i ) M 2 17^7 p . 21. . IL. 
i " L W * W \ [ (V+I)MZ J P* ' Pi ' po P9P* 

[2yM2-y+i][(y-i)M2+2] 
S s s 4y(M 2 - i ) 2 

S z S * S » 

p Pw. 2y(Msin/3) - y + l 
4 ' po (y + i) 

2y(Msin/3)2-y+l 
4 y 

[M ' * * 0 4 sin'/?(Cos 0 1 ^inTtan S)' " ) J 

P5 pO 

S s - computed from Tables in Ref. 16 

P. --
Pw 
Po 

. pw . -g i = P P-

Pi w 
Pi 

Pw 
~Pw~ P° 

•w P0 - P4P2 

Pi P2 w 

s , ° ' L " S 7 M ) + S 4 S2(MW) V M W A * M / J 

p . l s 

s„ = 

Pw 
P'w 

P.o 

z 

P.« 
" P. 

Pw 
Pi 

Pi 
Piw 

= p p " 1 

r « rIO 
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Table IV. Isentropic Expansion from 4 aim. to 0.01 atm. wilh T0 » 334°K 

Mach Number 

Velocity 
(m/sec) 

Sound Speed 
(m/sec) 

Dynamic Pressure 
(kg/cm2) 

Stagnation Temperature Rise 
T0 - T° , (°K) 

y - 1.4 

4.764 

742.7 

155.9 

0.1642 

273.8 

Real 
Air 

4.769 

740.6 

155.3 

0.1646 

274,1 

E r ro r 
(percent) 

-0.1 

+ 0.3 

+0.4 

-0.3 

-0.1 
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Table V. Isentropic Expansion from 40 atm. to 0.1 atm. with T0 s 447°K 

Mach Number 

Velocity 
(m/sec) 

Sound Speed 
(m/sec) 

Dynamic Pressure 
(kg/cm2) 

Stagnation Temperature Rise 
T0 - T°, (°K) 

- y= 1.4 

4.764 

874.9 

183.7 

1.642 

366.5 

Real 
Air 

4.782 

856.2 

179.0 

1.655 

367.2 

Er ror 
(percent) 

-0.4 

+ 2.2 

+ 2.6 

-0.8 

-0.2 
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Table VI. Isentropic Expansion from 40 atm. to 0,1 atm, with T0 a 1111°K 

Mach Number 

Velocity 
(m/sec) 

Sound Speed 
(m/sec) 

Dynamic Pressure 
(kg/cm2) 

Stagnation Temperature Rise 
T0 - T°, (°K) 

y=1.4 

4.764 

1335. 

280.1 

1.642 

910.5 

Thermally 
Perfect, 

Calorically 
Imperfect 

4.705 

1385. 

294.3 

1.603 

895.8 

Er ro r 
(percent) 

+ 1.3 

-3.6 

-4.8 

+ 2.5 

+ 1.6 

Real 
Air 

4.718 

1387. 

294.0 

1.611 

896.1 

Additional 
E r r o r 

(percent) 

-0.3 

-0.2 

+ 0.1 

-0.5 

0.0 
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Table VII. Recommended Measurement Parameters 

Mach Number Ra 

Subsonic M < 8 

Transonic 
.8 S M ^ 1.4 

Supersonic and 
Hypersonic 1.4 < 

nge 

M 

Application 

Test Section Calibration 

Nonuniform Flow 

Test Section Calibration 

Nonuniform Flow 

Test Section Calibration 

Nonuniform Flow 

Recommended 
Parameter 

P. 

P. 

P, 

P2 

P» 

P, 

: 

: 

= 

= 

= 

I 

P„/P° 

P0/P° 

Po/P° 

P / P 0 

Po/Pj 

P-A 
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