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CHAPTER I. INTRODUCTION

Laminated composite plate and shell panels are becoming increasing-
ly used in aerospace and other technical applications. The accurate
knowledge of critical buckling loads, mode shapes and postbuckling

behavior is essential for reliable and lightweight structural design.

The buckling of isotropic, homogeneous plate and shell panels is

in itself a vast, complicated and somewhat disordered subject. Theoreti-
cal solutions to problems began nearly a century ago with the classical
paper of Bryan [l1], and have continued at a rapid rate since that time,
ylelding at least 2000 publications dealing with plate buckling in the
technical literature. The best available textbooks dealing with the
subject of plate buckling are those by Timoshenko and Gere ([2] and by
Volmir [3,4]. Other useful textbooks dealing generally with the con-
cepts of buckling include ones by Ziegler [5], Simitses [6] and Brush
and Almroth (7]. Handbooks summarizing substantial parts of the plate
buckling literature and, particularly, numerical results for critical
buckling loads, include Part I of the series by Gerard and Becker (8],
the specialized monograph by Bulson [9], and the voluminous work of the
Column Research Council of Japan (10]. In addition, a review paper by
Johns [11) summarized references dealing with ghear buckling, and one by

the prcsent writer [12) discussed more recent researcn.

A major factor responsible for the large amount of literature in
plate buckling is the great variety of shapes, edge conditions and
loading conditions which are considered. Thus, for example, one
encounters references dealing with rectangular, circular, elliptical and
parallelogram (skew) plates. The plates may have holes (cutouts) of
various shapes. Simple edge conditions such as clamped, simply sup-

ported or free arise, as well as the more complicated ones of elastic
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and discontinuous constraint. Point supports, either internal or along

the edges, as well as line supports may be considered. Inplane loadings
may be uniaxial, biaxial, uniform shear, or other, more complicated cases. -3
The plates may have stiffenmers, either along their edges or internally.
Cemplicating effects such as an elastic foundation, variable thickness,

shear deformation, and inplane heterogeneity may also be treated.

Laminated composite plates are made up of plies (layers), each ply .
being composed of straight, parallel fibers (e.g., glass, boron, graphite)
embedded in and bonded together by a matrix material (e.g., epoxy resin).
Each ply may be considered as a homogeneous, orthotropic material having
a value of Young's modulus (E) considerably greater in the longitudinal
direction than in the transverse directions. Adjacent plies will have
longitudinal axes usually not parallel. Cross-ply laminated plates
arise in the special case when the longitudinal axes of adjacent plies
are perpendicular, whereas angle-ply laminates occur when adjacent layers
are alternately oriented at angles of +9 and - & with respect to the

edges of the plate.

Equations governing the buckling of laminated composite plates are
available in several textbooks [13-18), as well as in technical papers
(e.g., [19]). A short derivation of these equations, partly for pur-
poses of defining the notation n18ed in this work, is given in the Ap-
pendix. From there it is seen that the complexity of the governing
equations varies greatly, depending upon the stacking sequence of the g
plies. )

For symmetrical laminates (i.e., when the plies and their orienta-
tions are identical on either side of the midplane of the plate) the :

governing equations are the same as those for a homogeneous, anisotropic

plate. BSuch configurations are also called "balanced laminates" in the ]
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literature, although this phrase is also used to indicate a stacking
sequence which eliminaces the bending-twisting coupling, as well as the
bending-stretching coupling. At a typical point on the plate one may
always determine a set of coordinate axes aligned with the principal
directions for the material (i.e., directions of maximum and minimum
stiffness, which are orthogonal to each other., With respect to these

axes the material is orthotropic. However, if the buckling problem is
stated and solved in terms of another set of more conveniently oriented
axes (e.g., the edge directions for a rectangular plate), the differen-
tial equation of equilibrium for a buckling mode becomes more com-
plicated, with bending-twisting coupling appearing by means of additional
terms {(see terms centaining D16 and 026 in Equation A.23 in the Appendix).
In this case the plate will be called "anisotropic® in the present work,
in accordance with long tradition. When the principal axes of material
orthotropy are aligned with the orthogonal axes of the problem, the plate
will accordingly be called "orthotropic", and Equation A.24 governs. In
the literature of laminated composite plate buckling one occasionally sees
the term “specially orthotropic®™ applied to an orthotropic plate, and even
“generally orthotropic" applied to an anisotropic plate. This terminology
will not be used i{n the present work.

For an unsymmetrically laminated plate, coupling exists between
bending and stretching of the midplane. This phenomenon was demonstrated
in the theoretical paper by Reissner and Stavsky [20] in 1961. The
coupling between bending and stretching is similar to that encountered
in isotropic shell deformation problems, the order of the system of
governing differential equations is similarly increased from four (for
an anisotropic plate) to eight, the number of boundary conditions that
must be specified is increased from two to four for each edge, and the

buckling problems are correspondingly more difficult to solve.
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Orthotropic plate buckling analysis apparently was first applied a
half-century ago to deal with stiffened isotropic plates (e.g. [21-23]),
and subsequently became extensively used to study plywood plates (cf.
[24-26]). However, the publication rate of research results increased
rapidly beginning two decades ago as fibrous composite panels were being
to be analyzed for aircraft applications. Several literature surveys on
the buckling of composite plates have been written [27-31}, and related

design manuals have been written (cf., [32]).

Plate buckling may be discussed in terms of a plot of inplane
loading force (P) versus the transverse displacement (w) measured at a
representative point on the plate. Classical buckling theory yields the
bifurcation behavior depicted by branches I, II and III of the curves
depicted in Figure l.1. That is, with increasing P, the curve follows
the ordinate (I) upwards, showing no displacement with increased load
until a critical force (P.,) is reached. At this bifurcation point the
curve theoretically may continue up the ordinate (II), or may follow a
buckling path, which is horizontal (I1X) for the linear idealization,
but of increasing slope (1IV) for a nonlinear (large displacement)
analysis. The latter curve (IV) is also called a "postbuckling curve",
for it depicts the behavior of the plate after the buckling load (P)
is reached. This behavior is very important for, typically, plates are
able to carry loads far in excess of P, before they collapse. Finally,
it must be noted that no plate is initially perfectly flat, and that if
initial deviation from flatness exists (usually called a "geometric
imperfection” or "imperfection®, although other types of imperfections
may also exist), the P-w curve of Figure 1.1 will follow a path similar
to V. As the imperfection magnitude 1is decreased, curve V becomes

increasingly kinked in the vicinity of Por. Por this type of analysis,

no clear buckling phenomenon may be defined.
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The standard procedure for determining theoretical values of buck-
ling loads is to solve a matheratical eigenvalue problem; that is, a
problem governed by differential equations and boundary condi!
of which are homogeneous (i.e., the independent variables do
plicitly appear in the equations). 1In a relatively few cases
be done exactly. In most cases approximate procedures such as the Ritz,
Galerkin series (superposition), finite element or finite difference
methods are used. The latter procedures, if properly used, will
approach the exact solutions as closely as desired as the sufficient
terms (or degrees of freedom) are retained in the solution, although the

roots of very large determinants may be reguired,

Critical loads obtained by the procedures described above may be
regarded as the proper values of inplane forces requ'red to keep a plate
in a position of neutral equilibrium in buckled mode shapes having

infinitesimal amplitudes. The linear eigenvalue problem will typically

yield more than a single buckling load for a given plate and loading.

The lowest (i.e., critical) one is usually the only one sought, although
higher ones may be of interest if they approach the lower ones as para-
meters are changed. Other ways of theoretically determining buckling
loads are: (1) from the free vibration problem (finding values of natural
frequencies which approach zero as inplane loadings are increased), and
(2) from static or dynamic transverse loading solutions in the presence
of inplane forces (transverse displacements approaching infinity, no

matter how small the transverse loads).

Before the buckling eigenvalue problem is solved it is usually
necessary to determine the initial state of inplane stress throughout the
interior of the plate, For most buckling situations which are analyzed,
this is a trivial step (e.g., uniform or linearly varying stress distri-
butions). Por others, it may require solving an anisotropic plane

elasticity problem by approximate methods.
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Chapters 2 through 7 of the present work are devoted to the
linear, bifurcation buckling nf laminated composite plates of
rectangular shape, beginning with the most simple analysis of
symmetrically laminated plates (Chapters 2 through 4) - problems
characterized by classical, orthotropic plate theory. The case when
all four edges are simply supported (SSSS) has received considerable
attention and is therefore singled out for Chapter 2. The large amount
of interest in this case is, no doubt, mostly due to the fact that
exact, closed form solutions exist for uniform uniaxial and biaxial
loading. Chapter 3 treats the other 5 sets of edge conditions existing
when two opposite edges are simply supported; that is, SCSC, SCSS, SCSF,
SSSF and SPSF, where C, S and F denote clamped, simply supported and
free edges, respectively, and the edges are labeled in clockwise
sequence around the boundary, beginning with the left edge. Thus, an
SCSF plate is depicted in Figure 1.2. For such cases, as well as those
when one or both of the other two edges are elast!~ally supported, exact
solutions for th: ouckling loads and mode shapes still exist for uniform
uniaxial and biaxial loading; however, the eigenvalues (nondimensional
buckling loads) are not given by explicit formulas, and must be

evaluated as the roots of second or fourth order determinants.

The problems of Chapter 4 have no exact solutions. These comprise
the remaining 15 cases of rectangular, orthotropic plates having
*gimple® boundary conditions (i.e., C, S or F), including the important
CCCC case, as well as all other conceivable support conditions for
orthotropic plates, such as ~lastic constraints, discontinuous boundary
conditions and point supports. Chapter 5 generalizes the problem to the
equivalent anisotropic plate representation. Although this class of
problems is more general (requiring at least one additional parameter)
than the orthotropic cases of the preceding three chapters, relatively
little has been done with these configurations. This is, no doubt,

partly because virtually no exact solutions exist, and solutions are

relatively long and tedious, obtained by approxiamte methods,
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Unsymmetrically laminsted plates are studied in Chapter 6., Some
important progress has been made on these relatively complicated buck-
ling problems, involving coupling between bending and midplane stretch-
ing during a buckling deformation., Chapter 7 takes up all other com-
plicating effects encountered in linear, bifurcation buckling theory.
Among the factors conaidered are: shear deformation, sandwich panels
(e.g., fibrous composite face sheets with honeycomb cores), variable
thickness, nonlinear stress-strain equations, inelastic material behavior
{plastic or creep buckling), local instabilities (e.g., individual plies)
and hygrothermal effects.

Chapter 8 deals with the poatbuckling behavior of laminated com-
posite plates, as well as the effects of initial imperfections, and a
large number of referen~es are found to relate to these problems. While
the writer was tempted to geparate these considerations into two, sep-
arate chapters, both deal with nonlinear analyses of a similar nature,
the only essential difference being whether or not the imperfection
amplitude is zero., Chapter 9 is a perfunctery attempt to deal with
laminated plates having discrete stiffenerr attached. Readers desiring
additional detailed information will have to geek out those references of

interest among the numerous oneg listed.

Relatively little was found for the buckling of curved, composite
panels, These are typically of cylindrical curvature, and may be
analyzed by shell theory. What has been found is summarized in Chapter
10.

This summary is limited to composite plate and shell panels of

rectangular planform. Although one can find a few references dealing

with circular, elliptic and parallelogram (skew) plates having rectangu-

lar orthotropy, they are deemed of not sufficient interest to justify the
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major broadening of the scope of this monograph which would be required.

For similar reasons, problems having curvilinear orthotropy have been

omitted, notably circular plates having polar orthotropy. It is pos-
gible that future design optimization will include the layout of fibers
in curvilinear patterns with varying spacing (i.e., inplane heterogeneity)
[33], and that curvilinear orthotropic plates of this type will require

inclusion in some future summary.

Finally, although primary attention is given to theoretical results,
particularly those available in nondimensional form, in this monograph,
experimental results are also presented. The primary problems with all
experimental results are: the care which went into the fabrication of the
specimens, the successful accomplishment of the desired test (e.g., Were
the clamped edyes actually clamped ? Were the loads uniformly applied ?)
and the definitive specification of all parameters affecting the problemn.
The writer has attempted to include considerable experimental results

which appeared to be properl, obtained and presented.
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l CHAPTER II. RECTANGULAR ORTHOTROPIC PLATES - ALL EDGES SIMPLY SUPPORTED

| Consider first composite plates whose bifurcation buckling is
' governed by the differential equation (see Appendix)

' 3l'w 3qw auw
! D <—x + 2(D__ + 2D T3 —
: 11 3¥x ( i2 se) ex<3y + Dzz 3y

| , ) (2.1)
34w 32w 32w
= hlg —=+ o
< X 2x? 2Txy dx3dy + ay Byz)
This is the classical equation for the buckling of a plate having

rectangular ozrthotropy. It is applicable to parallel-fiber composite
plates in the following cases:

(1) A single layer.

(2) A cross-ply plate having multiple layers which are
symmetrically arranged with respect to the wmidplane of
the plate (i.e., a symmetrical laminate; see Appendix).

In the present chapter (as well as in Chapters IIl and 1IV) it is assumed
that the axes of material orthotropy are parallel to the edges of the
rectangular plate. In the composite platus literature this orientation
is sometimes called "specially orthotropic”.

The potential energy of an orthotropic plate undergoing buckling
is given by
V = V. + V
(2.2)

where Vg is the internal stcain energy due to bending stored within the
plate, given by

11
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1 ’ 32w \? 32w 92w 32w \2
VB 2 JI] {D11<3x2>+ 2D12 ax” 3yl * D22 Byz
A

. (2.3)
+ 4| -3—21\2 dA
66\ 3xdy /
and V;, is the potential energy of the inplane forces, given by

- 1

1] [ aw\2 ow dw ( w )2 J
VL " -ZJJ h 0x(3x> + thy-a;ay + oy E> da (2.4)

A

and the integrals in both expressions are taken over the area of t.e
plate (see Appendix). Vi is the negative of the work done by the in-
plane forces during buckling.

For a rectangular plate of dimensions axb, havirg its edges x = 0,a
and y = 0,b simply supported, the boundary conditions for the problem
are (see Appendix):

Along x=20,a: we=M =0 (2.5a)

Along y = 0,b : W= My =0 (2.5b)
where My and My are the bending moments applied to the edges, which for
an orthotropic plate are given by (see Appendix):

) )
e (o B0, 22)
M » - <D ..3_2_2 + D 22_! (2.6)
y 12 3x2 22 ay2

Because w = 0 along an edge implies that all derivatives of w taken
tangent to the edge are also zero, Equations 2.5 reduce to:

Alcng x-o'a: U-%;‘;-O
(2.7
3%w
Along y-o’b: w.-a?f-()

12
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2.1. UNIFORM UNIAXIAL LOADING

. — i —— e e e S——

' Consider first the case of a simply supported plate subjected to

uniaxial loading which yields constant inplane stresses; i. e.,

i Ox = constant, gy = Txy * 0. This occurs when two opposite edges are
subjected to uniform and equal compressive stresses (see Figure 2.1).

The boundary conditions given by Equations 2.7 are exactly satis-
fied by assuming the buckling mode shapes
- X nny - o
Woo® Con 80 T sin — (m,n=1, 2...) (2.8)
where Cpn 18 an arbitrary (but small) amplitude coefficient. Substi-
tuting Equation 2.8 into 2.1 (or setting Vg =-Vi,, using Equations 2.3
and 2.4) yields the critical buckling stress resultant:

: 2 b, 2]
- - n2fp (B g ‘2 T4p 22
Ny = Oh = =T [Dn \a. TP, W Kb Do% \m J (2.9)

This value is clearly a minimum when the buckled mode shape has only one
half-sine wave in the y-direction (i{.e., n = 1). Therefore, the
critical value of stress resultant is

c’xh .- "Z{DII (%)2 + 2<D12 + ZDGG)(%)Z + Dzz (%)“(%)2] (2.10)

Equation 2,10 may be put into different forms using various non-
dimensional buckling load parameters., One parameter is consistent with
the one most frequently used in isotropic plate buckling analysis (cf.
(2]). Let

2 2
Nxb axhb

(2.11)
B DY) D,
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Pigure 2.1. 8868 plate with uniform, uniaxial stress.
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Then Equation 2.10 becomes

~
o

D
1

D
2 66 a 1
+ 2 = +(g>2;r (2.12)

5 o= (%)2‘”2 +2(022 Dy,

e D,,

Another nondimensional parameter is more consistent with the Euler

buckling load of one~dimensional beam theory:

* N_a? o_ha?
K, - - - = (2.13)
x D., DZQ'
Then Equation 2.10 becomes
K* D /P Dge 2 s
x 1L 5 12 _>2) +(&) 2.14
« — @242 —+ 2 ] mZ (2.14)
;2' Dzz DZZ D22 \b (b m

Other buckling parameters may be defined using, for example, D11 instead
of 022 in Bquations 2.11 and 2.13.

A plot of Equation 2.12 is seen in Pigure 2.2 for (DIZ+ZD%)/D22 =]
and for three values of Dll/Dzz(lo' 1 and 0.1). The value D“/“sz2 -1
corresponds to the isotropic case, whereas 10 and 0.1 correspond to repre-~
sentative orthotropic plates which are stiffer in the loaded and unloaded
directions, respectively. Prom the curves it is observed that the
fundamental buckled mode shape may have any number of half waves in the
loaded direction, depending upon the aspect ratio (a/b) and the stiffness
ratio (DII/DZZ) of a particular plate. Thua, for example, for a/b = 2,
the mode shape will have m = 1, 2 and 4 half-waves for D”/D22 = 10, 1 and

0.1, respectively.

More understanding of the curves generated by Equation 2.12 can be
had by rewriting it as

Kx C,
iy = -z + 2C2+r2 (2.15)
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0 -0 2:0 30 40 50
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Pigure 2.2. Uniaxial buckling stress (OK/UX = 0) of 8885 plates with
| various D,,/D,,, for (012+2 66)/D22 -1,
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where . Dll D +2D
r ¥ o— c, = — c, = 12 66
mb ° ) D ’ 2 = D (2.16)
22 - 22

One observes from Equation 2.15 that the shapes of the curves of Figure
2.2 are affected by Cl, whereas C2 is only a constant which shifts the
curves vertically but does not change their shapes. Minimizing Equation
2.15 by setting its derivative with respect to r equal to zero, one finds

that the minimum of each curve occurs at

4
é = ! 2. 7
5 my Cl (2.17)
and that the corresponding minimum values are given by
Kx , -
min ;2- - 2(\ C1 + C-Z) (2.18)

Thus, for example, for C; = 0.1 and C, = 1, minimum values of

Kyx/n2 = 2,632 occur at a/b = 0.562, 1.125, 1.687, ..., as shown by the
bottom curve of Figure 2.2. One physicai interpretation of Equation 2.17
is that, for a given value of the stiffness ratio (Cl)' there exists a
unigue plate aspect ratio (a/b) for which the plate buckles with a minimum
uniaxial stress into a mode shape which is the product of single half-sire
waves in each direction. The same minimum stress then exists for aspect
ratios which are integer multiples (m) of the aforementioned a/b, having
corresponding m half-sine waves in the x-direction. The resulting node
lines x = constant which exist for m> 1 duplicate the boundary conditions
at the edge of a simply supported plate; hence, each area of positive and
negative displacement in the mode shape deforms as if it were a single
plato having the aforementioned a/b ratio.

The intersections of buckling parameter curves as seen in Figure 2,2

identify aspect ratios for which a plate can buckle equally easy in either
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of two mode shapes with the same uniaxial compressive stress. Indeed,
the resulting buckled mode shape may then have any linear superposition
of the two simple mode shapes, with no symmetry (cr antisymmetry) of the
mode being required in the x-direction. The curve intersection points may
be determined by equating the right-hand-side of Equation 2.12 with
another right-hand-side obtained by replacing m by m + 1. Solving the
resulting equation for a/b yields

(%)Z = um + l)\/C_I (2.19)

with a critical buckling parameter value of
K
x (o, wy L/
3 - (Frr ) Yo+ (2.20)

Thus, for example, for C1 = 0.1 and c2 = 1, intersections of the bottom
curves shown in Figure 2.2 are found at a/b = 0.795, 1.377, 1.948, ...
with corresponding values of Ky/n? = 2,790, 2.685, 2.659, ..., which

approach the minimum value of Kx/n2 = 2,632 as m and m + 1 increase.

The useful formulas presented above may also be found in the
classic work of Lekhnitskii [17](see pp. 445-452). There, numerical
results for C2 = 1,307, and C1 = 12,1 or 1/12.1 = 0,0826, corresponding
to a 3-layer birch plywood plate bonded by bakelite glue, loaded on
either two sides, were presented. Because of their similarity to Figure

2.2, thay will not be repeated here.

In BEquation 2.15 it was seen that the buckling load parameter K,
was expressed as a function of the aspect ratio r and the two stiffness
ratios c1 and C,. While chese ratioe are physically meaningful, it is
interesting to note that, mathematically, it is possible to choose

another form of load parameter which is a function of only two para-

18
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meters, instead of the aforementioned three. Multiplying through

Equation 2.10 by bz/wzv yields

11 22
oxhb2
-——— = B + + B (2.21a)

" 21105, VB e
(‘"b) \/' D— (2.21b)

2(D,_+2D_.)
B = — 12 66 (2.21c)

’ Y D11D22

o
)

where

A number Of investigators obtained experimental results for
uniaxial buckling loads of SSSS orthotropic plates [34-39]. Mandell
[ 34,35 ] in 1968 made a set of tests on graphite, glass and boron fiber

reinforced, laminated composite plates. This work has been widely used
by others for comparison with theoretical results. A description of the
plates tested is given in Table 2.1. Plate identification numbers given
are those used in [34,35], "Thornel” plates were made of graphite-epoxy .
The ply layup 5(0,90) indicates that the stacking sequence is 0°, 90°, o°,
90°, 0° with respect to the load direction (i.e., the x-axis), and 20(90)
indicates, for example, 20 plies all oriented at 90® with respect to the
load. Bending stiffnesses for the plates are presented in Table 2.2.
They were calculated from the constituent properties by various theo-
retical methods of micromechanics, which are explained in [34,35]. The
load was applied statically by means of individually acting, spring
loaded pistons to insure that it was evenly distributed. The widely

used Southwell [40] method was used to determine critical loads.

Table 2.3 1lists the experimental buckling loads for the plates
described in Table 2.1. The critical buckling load for all plates was
observed in the (1,1) mode, except for plates 207 and 405, which buckled
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Table 2.1. Description of orthotropic plates tested

by Mandell
X Fib L o Dimensi l

Plate Fiber ayup of ensions

no. Material by volume plies (in) i

201 | Thornel-25 40.0 (0,90,90,0) | 10x10x 0.055 i .
202 " " " 9(0,90) [10x10x0.121 | x
204 | Thornel-4 60.0 5(0,90) -10x10x%x0.043 |

205 " n " 5(90,0) " |

206 " "ol " (0,90,90,0) 1 10x10x0.034

207 " o " (90,0,0,90) | "

404 | Boron . 57.2 20(0) 11x11x0.096 |

405 "t : " 20(90) " i

Table 2.2. Bending stiffnesses (1b.in) for
Mandell's orthotropic plates

Plate D D D D
no. 11 2 22 66
201 127 4.45 30.2 6.88
202 1065 47.5 611 73.4
204 129 1.90 38.8 4.42
205 38.8 1.90 129 4.42
206 70.1 0.94 12.9 2.18
207 12.9 0.94 70.1 2.18
404 2562 67.3 328 81.2
405 328 67.3 2562 81.2

|
3
|
|
i
|
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20




N - A gl
e A

VARSI R Ay T

ARASRRNP RSN

R P R

RS

-
v
n
P
*
»
d
*
[
w
;.

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

m

Table 2.3. Buckling loads (-N_, 1b/in)

for Mandell's SSSSxorthotropic

plates

Pi:fe Experimental | Theoretical
201 21.7 13.1
202 189 204
204 15.5 18.7
205 16.3 18.7
206 6.69 8.72
207 5.63 7.44
404 271 292

" 285*

" N 299 %%
405 251 223

" 210%*

" 226 %%

* obtained by Galerkin method
** obtained by Ritz method

21
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first in the (1,2) mode. Also listed are theoretical values obtained by
utilizing Bquation 2.9 and by two approximate methods using the stiff-
ness data given in Table 2.2, and the Galerkin and Ritz methods, as
applied by Chamis [41] and Ashton [42], respectively. The Galerkin and
Ritz methods should both give critical loads equal to or greater than
the values obtained from Equation 2.9, depending upon the trial
functions chosen to represent the buckled mode displacement.

It is interestiig to note that the theoretical values for the
uniaxial buckling loads for cross-ply, symmetrically laminated, square
plates are the same regardless of whether the load is applied to one set

of parallel edges or to the other set, and irrespective of the ply

thickness or stacking sequence, provided that the plate buckles in the

mode having m = n = 1, This statement even includes the special case
when all plies have parallel fiber directions. This fact is seen by
observing Equation 2.21 in Section 2.2, where clearly the same result is
obtained whether 0y = 0 or 0y = 0, and is demonstrated in Table 2.3 by
plates 204 and 205. The latter plates are identical 5(0,90) plates
loaded in the two different directions. However, the experimental loads
for the two loading cases are seen to be approximately 5 per cent
different.

Buckling of uniaxially loaded SSSS orthotropic plates is discussed
by many other writers [43-56], typically as part of a more complete in-
vestigation involving other loadings or boundary conditions.

2.2, UNIFORM BIAXIAL LOADING

In this case the problem of Section 2.1 is generalized to include
both components of normal stress - that is, both constant, but not

necessarily equal - but no inplane shear stress. A representative

22
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loading is shown in Figure 2.3, where on.: of the normal stresses (0y) is
compressive, and the other (oy) is tensile. For buckling to occur, at

least one of the stresses must be compressive.

Taking once again the assumed displacement function given by
Equation 2.8 and substituting it into Equation 2.1, retaining both o,

and Oy, One obtains the following generalization of Equation 2.9:

4 . i 2 z
o h( > +0 h(%)z = -2 [D11 (2) + 21\012+ 2D66>(\%>(%\

(2.22)
* Dy (%>'4]

Solving Equation 2.22 for the critical stress resultant in terms of the

biaxial stress ratio oy/0y, there results:

(2.23)

Unlike the previous case of uniaxial stress (Section 2.1), the critical
buckling load need not necessarily occur for n =1 (or m = 1), so both
integers must be retained in general form. 1In terms of the parameter

defined by Equation 2.11 the nondimensional buckling stress becomes

2 /D2 Dge »
-“( m+2—+2——-n2+<-a-)
K D22 8 22 b/

" 1+('y‘>\b\<n>2

(2.24)

where a negatjve value of 0y/Uyx is used to denote a tensile stress
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acting in the y~direction, simultaneously with the compressive stress in
the x-direction.

In addition to the case of uniaxial compression (0y/0y = 0)
already discussed, at least two other important special cases exist.
The first of these is hydrostatic compression, where the biaxial normal
stresses in x, y and all directions are equal (OY/Ox = 1), A plot of
Kx/u2 versus a/b for this case is shown in Figure 2.4 for the same
ratios of elastic modulil used previously in Figure 2.2. As expected, a
plate subjected to hydrostatic compressive stress buckles under less
stress than one carrying only uniaxial stress. Unlike the case of
uniaxial loading, the smallest value of Kx/ﬂ2 always occurs for m = n = 1,
and Kx/n2 decreases monotonically with increasing a/b. Comparing Figure
2.4 with Figure 2.2, one can see that for an isotropic plate, the
minimum value of Ky/7% is 1, compared with 4 for the case of the uni-
axially loaded plate.

Another special case of uniform biaxial stress loading is worthy
of special attention. Here 0y/ox = -1; that is, the normal stress in
the y- direction is tensile, and equals the normal compressive stress in
the x-direction in magnitude. In this case all planes making a 45
degree angle with both the x and y axes are in pure shear. A plot of
Kx/n2 versus a/b for this case is shown in Pigure 2.5 for the same
ratios of elastic moduli used previously in Pigures 2.2 and 2.4. As
expected, the presence of uniform tensile stress serves to stiffen a
plate. Comparing Pigure 2.5 with Pigure 2.2, it is seen that for an
isotropic plate, the minimum value of Ky/72 is 8, compared with 4 for
the case of the uniaxially loaded plate. Purthermore, while the minimum
buckling load occurs with n = 1 for both loading cases, comparing Pigure
2.5 with 2,2, it is observed that tension-compression buckling mode
shapes tend to have more half-waves in the x-direction than the uniaxial
buckling modes.

25
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Pigure 2.4. Hydrostatic stress buckling (0y/Cx = 1) of 8SSS plates
with various Dumzz' for (Dlz 2D66)/D22 = 1,
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a/b

Figure 2.5. Tension-compression buckling (0y/0x = ~1) of 885S plates
+ = ll
with various Dll/bzz, for (D12 066)/D22
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Prom Equation 2.22 it is seen that for 0y negative and oy
positive, the smallest value of Ky always occurs when n = 1.
Lekhnitskii (17) showed that in this case, for any given value of Oy
the lowest value of buckling load is given by

2
“x \/ o> (2.25)
atn % = 2| Ve, (1 +ﬂ2D2 ) v e, .

where Oyr a8 before, is a positive number when the plate is in tension,

and that this minimum occurs where

11}
4 PRY (2.26)
= 4
¢ 'y,

He showed further that the intersections of buckling parameter curves

2 .
b

occur at

Va(zt+l)
4 g b2
/‘(‘:1- + 2:! (2.27)
1 "Dy,

The validity of Bquations 2.25, 2.26 and 2,27 is verified by Pigure 2.5
for the case when 0y,/0, = -1,

2 .
b

In Equation 2.24 it is seen that the buckling load parameter K, is
a function of the biaxial stress ratio (0y/oy), three stiffness ratios
(Dll/Dzz' DIZ/DZZ, DGG/DZZ)' the plate aspect ratio (a/b), and the half~
wave numbers m and n. Thue a careful numerical study of Equation 2.24
would require plotting large numbers of curves for, say, Ky versus a/b
(or mb/a), for various values of the aforementioned ratios.

Wittrick [57) showed that for small values of Oy/9x1 specifically,
v
Y  n?
a
x
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Bquation 2.24 may be written as
o 2
k = (7+%) (2.29)

where m is the number of half sine waves in the x-direction, as before,
and k and A are defined as:

axhb2
+2(D + 2D )
- 72 12 66
N o _hb2 \11/2 (2.30)
D D {1+ -F4—
11 22 T4D,,
a [P22 o _hb? \1 V4
A=2 B:(l+_y—-ﬂ20 > (2.31)

where, as Wittrick [57) proved, the minimum value of K, occurs for n = 1
when inequality (2.28) is satisfied. Equation 2.29 is seen to have the
same form as the well-known formula for the uniaxial buckling of an
isotropic plate (cf., Timoshenko and Gere [2], page 352), except that in
.he latter case, k and )\ are simply Kx/n2 and a/b, respectively, and
the critical buckling loads are determined from a single curve. Thus,
Equations 2.29-2.31 permit the representation of all 8888 orthotropic
plate biaxial buckling loads as a single curve, rather than requiring
many families of curves. This single curve is the middle curve of
Figure 2.2 (i.e., isotropic), with Kx/ﬂ2 and a/b replaced by k and )\ of
Fquations 2.29-2.31, respectively. Results corresponding to Equations
2.29-2.31 were subsequently derived by Brunelle and Oyibo [58,59] for
this problem in the special case when Uy = 0 (i.e., uniaxial loading).
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Several additional references may be found which deal with the
buckling of biaxially loaded 8883 orthotropic plates [32,44,45,46,60].

2.3. UNIPORM SHEAR LOADING

A rectangular plate having dimensions axb, subjected to uniform
shear stresses throughout, is depicted in Pigure 2.6. The buckling of
orthotropic plates due to shear loading received considerable attention
by Bergmann & Reissner (21], S8chmieden [22,61] and Seydel (62-65) a half
century ago. Brief histories of these early contributions may be found
{n the works of Lekhnitskii [17]) and Stavsky and Hoff [66].

The case of the infinite orthotropic plate (i.e., a/b = @) loaded
in pure shear has an exact solution for ite critical buckling stresses
and mode shapes. This was determined by Bergmann & Reissner [21)
following the same procedure used previously by Bouthwell and Skan [67]
for isotroplic plates. This solution is applicable for long plates (say
a/b >4), rtegardleas of the edge conditions at x = 0Q,a.

Taking Equation 2.1 with Oy = Oy = 0, an exact solution may be
found in the forn

x
wix,y) = £(y)e ¥ (2.32)

whete i -\/ll, b is the plate width and ¢ is a wave-length constant to
be determined. S8ubstituting Equation 2.32 into Equation 2.1 ylelds the
ordinary differential equation

D22£Iv - 2(D +2D_) (-:—)215 "4 1, (%) £ 4 L (%)“f -0 (2.33)
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where the primes denote differentiatiop with respect to x. The solution

of Bquation 2.33 takes the form

1817 18,1
+ A

e b + A

184 18,3
2 3e

b, Ae (2.34)

f(y) = Ale

where Bl, veey B“ are the roots of a fourth degrees polynomial equation
arising from Bquation 2.33, Substituting Bquations 2.32 and 2.34 into
the four simply-supported boundary conditions which exist at y = 0,b
Bquations 2.7, one obtains a fourth order characteristic determinant
containing both x and Tyy. For each value of ¢ there exists at least
one value of Txy* The critical value of Txy is the lowest one which can
be found. It can be shown that the solution range is determined by the
parameter \/E:;CZ, where C1 and C, are as given by Equations 2.16. For
ls Cl/C2 S =, the critical values of Txy and xk are determined from

T hbp? 4
- .—xL_. - (2. 356)
K, 2 kl\/cl
22
N
- Je. 2.35b
K k,by/C, ( )

where k, and k, are given in Table 2.4, Por 0 < Vcl/c2 £1, the values
are determined from

Ks - ks C2 (2.36a)

K = k“bVC2 (2.36
where k3 and ku are given in Table 2.5.

For an isotropic material (c1 = c2 s 1), the results obtained from
Equations 2,35 and 2.36 agree with those of Southwell and Skan [67],

viz.
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Table 2.4. Coefficients k, and k, for the huckling parameters

of a SS-8§ infinite strip loaded in shear.

va k K
c2, 1 2
1 52.68 | 2.49
2 43.2 2.28
3 39.8 | 2.16
5 37.0 | 2.13
10 35, 2.08
20 34, -
30 - 2.05
40 33.0 -
. 32.50 -

Table 2.5. Coefficients ky and k, for the buckling parameters

of a §5S-SS iInfinite strip loaded in shear.

Vci
C ka ku
2
0 46,84 -
0.05 : - 1.92
0.2 47.2 1.94
0.5 ' 48,8 2.07
1 ' 52.68 2.49
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Ka = 52.68, k = 2.49b (2.37)

The buckled mode shape for the isotropic case is shown in Figure 2.7.

It is observed that the half-wave length of the mode in the x-direction

is /2 = 1.24b, which slightly exceeds the plate width. FPor comparison,

the infinite strip subjected to uniform uniaxial stress in the x- 3
direction buckles when-oxhbz/b22 = 472 = 39.48 with a half-wave length 5
of b (see Section 2.1).

Por an orthotropic plate having C1 = 10, C2 = 1 (e.g., a single
layer with fibers parallel to the infinite length), Equations 2.35 and
Table 2.4 combine to yield

Ks = 39.6 x 1.78 = 70.4

(2.38)
kK = 2.16b x 1.78 = 3.85b

whereas if C1 = 0.1, C2 = 1 (e.qg., fibers perpendicular to the infinite
length), Equations 2.36 and Table 2.5 yield

Ks = 47.8 x 1= 47.8

(2.39)
k = 1.95b x 1 = 1.95b

Thue, infinite strips having fibers parallel to the two simply supported
edgas buckle with larger critical shear stress and longer wave length
than strips having the fibers perpendicular to the edges.

The case of the SESS plate of finite dimensions subjected to
uniform shear stress has no exact solution for the buckling problem,

although one may obt. . in solutions to any degree of accuracy needed by
various approximate methods.

Perhaps the most commonly used method of solving the problem is to

asgume a displacement function (w) to represent the buckling mode, pre-




A

c

|

RY

LIBRA
ABBOTTAEROSPACE.COM

S HNI

*Jeays urt
pepeol dra3s 51doI13osT ‘83TUTIUT Ue JO adeys apom patyong

*L°T @Inbra

8-8 NOILO3S

LLLLs

V-V NOILO3S

35




) K 46 A

e 'at

- .. -

A L A,

T HEER LR LAY

v

> N

VAR L SAS A

LY PRI R

(X" T 20 B S B

[

U

CHNICAL LIBRARY

ABBOTTAEROSPACE.COM

I

ferably one which satisfies all the boundary conditions, and egquate the
work done by the external forces during buckling (-Vp), Equation 2.4, to
the bending strain energy, EBquation 2.3. This allows one to solve
directly for the critical value of 1yy, which will be an upper bound to
the exact value,

More accurate upper bound results may be obtained by choosing dis-
placement functions with additional degrees of freedom, represented by
arbitrary amplitude coefficients, and minimizing the total potential
energy of the system with respect to the coefficients. For example, one
function w which satisfies the SS5SS boundary conditions exactly, is

M N
w .2 24 Cmn sin E%}E sin n_‘;r)z (2.40)
m=l n=1

which i3 seen to be a generalization of the simpie function representing
the buckling of a uniformly or biaxially loaded plate, Equation 2.8.
Substituting Equation 3.23 into BEquations 2.3 and 2.4, the minimizing
equationa for the total potential, Equation 2.2, take the form

aV

[
amn

=0 (m=1,2,...,M; n=1,2,...N) (2.41)

This procedure yields a set of M x N homogeneous, linear, simultaneous
equations in the unknown Cpn. The solution is the standard eigenvalue
problem obtained by setting determinant of the coefficient matrix equal
to zero. The resulting M x N eigenvalues are upper bound approximations
to the posaible buckling loads, and the smallest one is the critical
one. The corresponding buckled mode shapes are found by returning to
the homogeneous set of aquations and solving for the amplitude rac.ios

Cmp/¢); in the standard manner.
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An extensive set of results was obtained by Rousner and Stein [68,
69], using another approximate method. . €inite difference approach
was followed; however, trigonometric rathe. than the conventional poly-
nomial central finite differences were used, which take advantage of the
sinusoidal form of the buckle pattern to achieve converged solutions
with fewer degrees of freedom, hence reducing computer time. As in the
case of uniaxial loading, it is possible to express a shear buckling
parameter completely in terms of two iadependent, nondimensional para-
meters involving the aspect ratio and the orthotropic bending stiff-
nesses (see Equation 2,.21). The parameters utilized in [68,69] were §
ani B, defined by

N
D..D D
6 = ____—\‘/ 1122 g . 2\ 5= (2.42a)
DIZ+ 66 22

Values of the nondimensionalshear buckling parameter kg are listed in
Table 2.6, where kg is defined by

T hb?
VR 5 S (2.42b)

8 2. f 3
T D11D22
should be noted that § = 1 implies an isotropic plate.

A more detailed set of results for the same problem was presented
by Pogg [32), taken from {70]. These are seen in the curves of Pigure
2.8. There the same parameters are plotted (kg versus B and §), except
that the scale for 0 is given in terms of k = 1/6. Changes in mode shape
for the critical iocad with changing B are indicated by the cuaps which

appear on the curves. There would be additional cusps (an infinite
number) for small values of B, but they become difficult to identify.

Each curve of Figure 2.8 arises from two curves of the theoretical
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Table 2.6. Shear buckling parameters kg for SSSS
orthotropic plater (see Equations 2.40
for definitions).

9 B kg 6 B kg
0.2 1.0 26.28 1.25 1.0 8.43 i
0.8 21.43 0.8 7.08 3
0.6 17.33 0.6 6.38 £
0.5 15.36 0.4 5.75 >
0.4 13.77 0.2 5.09
0.2 11.55 0.1 5.05 R
0 10.87 0 4,96 ti
0.4 1.0 15.78 1.667 1.0 7.54 o
0.8 12.98 0.8 6.37 ¢
0.6 10.86 0.6 5.85 =
0.5 9.93 0.4 5.26 -
0.4 9.29 0.2 4.72 K
0.2 8.21 0.1 4,68 4
0 7.72 ] 4.60 <4
0.6 1.0 12.21 2.5 1.0 6.65
0.8 10.11 0.8 5.66
0.6 8.67 0.6 5.32 :
0.5 8.09 0.4 4.77 i
0.4 7.73 0.2 4.32 S -
.2 6.71 0.1 4.33 i
0 6.53 0 4,17 3
0.8 1.0 10.40 5.0 1.0 5.74 N
0.8 8.66 0.8 4.9 "
0.6 7.57 0.6 4.78 T
0.5 7.10 | 0.4 4,27 | N
0.4 6.80 | 0.2 3.90 .
0.2 6.02 0.1 3.86 P
0 5.79 0 3.75 2
1.0 1.0 9.31 - 1.0 4.83 I
0.8 7.65 0.8 4.22 !
0.6 6.91 0.6 4.25 :
0.4 6.22 0.4 3.76 ,
0.2 5.49 ! 0.2 3.47 i
0 5.33 i 0 3.30 .
38 3
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Figure 2.8. Shear buckling parameters for S5SSS orthotropic plates
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solution. These two curves cross and re-cross each other infinitely
many times as one begins with B = 1 (where the two curves would have
the same value) and moves towards B = 0. Each curve of Figure 2.8 is

therefore the envelope (i.e., lowest values) of two curves

Buckling of orthotropic plates due to shear loading has received
attention from a number of others in the technical literature, (45,46,

58,59,71"76]0
2.4, COMBINED COMPRESSION AND SHEAR LOADING

Chamis (43,44 ) used the Galerkin method with displacements assumed
in the form of Equation 2.40 to analyze the buckling of $SSS orthotropic
plates subjected to combinations of compression and shear loading. The
plates were assumed to be made up of plies having the material proper-
ties given in Table 2.7, resulting in the bending stiffnesses listed in
Table 2.8. Pibezs were :ither parallel to the x (6 = 0) or y (6 = 909)
directions. Data for aluminum plates of the same thickness are given
for comparison. Numerical results were obtained by setting M = N = 5 in
Bquation 2.32, yielding determinants of order 25 fiom which the approxi-

mate buckling eigenvalues were found.

Table 2.9 presents critical values of buckling loads for the
platas described by Tables 2.7 and 2.8. Three sizes of rectangular
plates were used, being 10.0 inches in one dimension, and either 5.0,
10.0 or 20.¢ inches in the other dimensions. Variouse combinations of
compreseive and shear loadings are listed for each plate. Difficulties
with the computer program logic required having a small value of the
compressive stress resultant Ny present when a pure shear (ny) loading
was desired. It is observed in Table 2.9 that the composite plates have
buckling loads which are comparable to those of the aluminum plates;
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Table 2.7, Material properties for plates analyzed

by Chamis
Modulus, 1b/in2x106
Material Y
En Bz 62 12
Fiber-matrix 32.9 1.8 0.88 0.24
Aluminum 10.0 10.0 3.83 0.30

Table 2,8. Bending stiffnesses (1b.in) for Chamis’ortho-
tropic plates

Fiber S
angle D D D D D
B(deg) 11 12 16 22 26 D66
0 2438 32.3 0 134.8 0 64.8
90 134.8 32,3 0 2438 0 €4.8 l
Alum. 810.1 243,1 0 810.1 0 283.5
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Table 2.9. Buckling loads N. (1b/in) for Chamis' SSSS orthotropic

plates
Plate Loading condition Buckling load, N
dimensions _ oy » °r
(1) N 3w o
N W N 0=0 €=90 Alunm.
er cr cr
5.0x10.0 -1 0 0 998 145 500
" 0 -1 0 581 581 1279
" -1 -1 0 465 116 400
" -1 0 1 948 114 479
" 0 -1 1 619 395 998
" -1 -1 1 446 113 389
" -0.001 0 1 2185 700 2104
10.0x10.0 -1 0 0 286 145 320
" 0 ~1 0 145 286 320
" -1 -1 0 116 116 160
" -1 0 1 246 136 277
" 0 -1 1 136 246 277
" -1 -1 1 111 136 153
" -0.001 0 1 531 531 752
" -1 ~-0.75 0 145 122 183
" ~1 -0.50 0 191 129 213
" -1 -0.25 0 229 137 256
" =1 0.25 0 381 155 426
" -1 0.50 0 572 166 571
" { =1 1.00 0 1330 194 666
" ~1 -0.50 0.25 190 129 212
" -1 0.50 0.25 549 165 562
" -1 -0.50 0.50 187 127 209
" -1 0.50 0.50 496 163 539
20.0x10.0 -1 0 0 145 145 320
" 0 -1 0 36 249 125
" -1 -1 0 29 116 100
" -1 0 1 99 155 250
" 0 -1 1 35 237 120
" -1 -1 1 28 111 97
" l -0.001 0 1 | 175 491 SZ%_J
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furthermore, the densities of the composite material and aluminum were
0.06 and 0.09 1b/in , respectively [43].

sandorff (77] discussed a procedure for modelling stiffened iso-
tropic plates subjected to combined compression and shear by equivalent
orthotropic plate theory, and applied it to the case when all edges are
simply supported.

2.5. OTHER LOADINGS

FPor the buckling of isotropic plates one finds considerable
results for loading cases where 0y, 0y and T4y are not everywhere
constant (cf. [2,8,9,10]). Thie is particularly true for plate models
of web~ of beams or girders carryiny bending moment and transverse
shear, Buckling solutions also exist for isotropic plates subjected tec
in-plane point loads or partial edge loads. However, relatively little
h .3 been done for orthotropic plates carrying these more complicated
loadings.

One important case of linearly varying inplane stresses may be
considered as a superposition of constant inplane stresses and linearly
varying stresses which arise from an inplane bending moment. Let the

inplane bending stress variation be expressed as (see Figure 2.9):
[ I - l : .
c7x 9, (1-a b) (2.43)

when o = 0, the stress is uniformly compressive (-dg5). When o = 1, the
conpressive stress varies from a maximum at one edge to zero at tne
other. When 5 = 2, the tensile stress (+0y) at y = b is the same in
magnitude as the compressive stresa (-0,) at y = 0, which is the case of
pure inplane bending. PFor o > 2, the resultant inplane force is tensile

even though one part of the plate is in compression.
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Lekhnitskii [17] solved the problem in two ways. IPiret, he
agsumed the simple, one-term sinusoidal function given by Equation 2.8
with n = 1, and equated the negative of the work done by the inplane
forcea, BEquation 2.4, to the strain energy in the plate, Equation 2.3
and arcived at the following approximate expression for the compressive
stress gy

o, hb?(1-0.5) €,
p 7t 2c, + r2 (2.44)

where Cl, c2 and r are defined as in Equations 2.16., It is seen that
for ¢ = 0, Equation 2,44 reduces to the exact form for uniaxial com-
pression Equation 2.15. Equation 2.44 should only be used for small o,

A more accurate approximation was also obtained by Lekhnitskii
{17]), taking two terms in the y-direction; i.e.,

- ny 2ny nnx (2.45)
w (A1 sin Tt A, sin b)am a

The critical buckling stress was found by minimizing the total potential
energy of the system with respact to the coefficients A; and A,, This
yields the more accurate (but still approximate) result

o hb? 2 2
0 a. 16q ] 1 a
5 (P ) e
1 _ (2. 46)
1 a2 2 16a\2
1\/; (1'7) (a,-a,)* + (-—vﬂ‘) a s,
vhere
C1 )
al z ';7_' + 2C2 +r
(2.47)
C
1 2
= 8C, + 16r
8, 2t

45
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with Cl, C2 and r defined by Equations 2.16, and where the quantity
16a/972 has been squared in both places (unlike in [17]) to make
Bquation 2.46 consistent with further results given below.

Por the case of pure inplane bending (& = 2), Lekhnitskii [17]

gave the critical stress in the two corners to be

91r"D22 :
o, = YT Y aa, (2.48)

He also determined the minima of the various curves which would be
obtained by plotting U, versus a/b for varjous m (see Section 2.1 for a
similar study with uniform stress), and they occur at

a NP
-b- - 0.707mVCl (2.49)

with corregponding minimum values of buckling parameters being

g hb2

min —-— = 10.1 (1.25\/C, +C) (2.30)
22

Thus, for example, for c‘1 = 0.1 and C2 = 1, minimum values of

dohb?/n%D | = 15.49 occur at a/b = 0.398, 0.795, 1.193, .... These
ninima are 5.89 times as largye as the corresponding values for uniform
stress (see Section 2.1) and occur more frequently as a/b increases.
Lekhnitskii [17] also found the curve intersection points (where a plate
may buckle with equal likeli{hood into m or m + 1 waves in the x-direction)

to occur for @ = 2 at

(%)2 - %“‘(‘“*1)\/‘3_1 (2.51)

(compare with Bquation 2.19).
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The same linearly varying stress situation was analyzed by
Brunnelle and Oyibe [58,59; .- the case of pure inplane bending (0 = 2),
The buckling parameter ko, is shown plotted versus a/b in Pigure 2.10,
where

d_hb?
K e 0

o 2 ,D D (2.52)
11 22

In using this parameter, it was shown [58,59] that all results could be
determined by a single parameter D*, defined by

D12+2D66

D* = ~———— (2.53)

v D111)22

which, it may be noted, is the reciprocal of the parameter 6 defined by
Bquation 2.4la. Thus, D* = 1 correasponds to an isotropic plate. The
ninimum values of k, which are shown in Figure 2.10 are listed in Table
2.10.

The same curves shown in Figure 2.10 are also availabhle in the
report by Zahn and Romstad [78] who were investigating the buckling of
plywood plates. There one may also find similar curves for a = 0, 0.5,
1.0 and 1.5, as well. A method for analyzing the buckling of ortho-
tropic plates subjected to complicated edge loads was developed by
Thiecauf [79].

Extensive theoretical and experimental results for the buckling of
8588 plywood plates were published by Dekker, Kuipers et al [37] for the
case of linearly varying edge stresses.

Buckling of an infinitely long orthotropic plate due to thermal
streases variable across its width was studied by Knoepke [80]. The

case of the plate loaded by point loads was examined by Nowacki [81].
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Figure 2.10. Buckling parameter for linearly varying edge load.

Table 2.10. Minimum values of
k, shown in Fig, 2.10

D (ko)min

12,87
15 15
17.39
19,59
21,76
23.90
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CHAPTER III. RECTANGULAR ORTHOTROPIC PLATES - TWO OPPOSITE EDGES
SIMPLY SUPPORTED

For a rectangular plate having two or;Jsite edges simply sup-
ported, with the remaining two edges either clamped, simply supported or
free, there exist six possible independent configurations:

1, sCsC

2. S8CSss

3. SCSF

4, SSSs

5. SSSF

6. SFSF
Configuration 4 was the subkject of Chapter 1I for, as it was seen in
Secticns 2.1 and 2.2, there exist simple, explicit solutions for the
buckling parameters in the case of uniform inplane normal stresses. For
the remaining five configurations listed above, there also exist exact
solutions for the buckling loads in the czcse of uniform inplane normal
stresses. The solutions are not aimple, nor are they in explicit form.
Rather, as will be seen, they are the eigenvalues of characteristic
determinants whirch are of fourth or second order. Nevertheless, although
somewhat complicated, these problems and their solutions deserve special
attention in this separate chapter because accurate results can be found
with relative case compared with the remaining problems, which are taken
up in Chapter IV.

3.1. EXACT SOLUTION OF THE EQUILIBRIUM EQUATION

An exact and general solution of Equation 2.1 is possible if N,
and Ny are coustancs and if Nyy = 0. Using the notaticn of Equations
2.16, Equation 2.1 is first rewritten as

¢ _h
A 9w 34w w _g_»BZw
-

+ 20 - + -0 = e b A e (3.1)
D 2 ' D
22 PX z2 0y

9 9w _
1 2x 2 ax23y?  y*
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If one assumes a solution to Bquation 3.1 in the form

- \U -
wix,y) = ¥ (y) stn = @=1,2...) (3.2)
m a
where fh(y) is a function of y, then simply supported boundary con-
ditions along the edges x = 0 and a, as given by Equations 2.5a, are
exactly satisfied. Substituting Bquation 3.2 into 3.1 yields

o hb? 2

1w 1% x 2.2/ b\ |3 11

Ym -b—-z [cr D——+2C2m1r2<a) o
X 22

(3.3)

o hb? 2 y
1 X 22(_‘7_) LOLOE = = ()
+§7[D wnd(g) + ¢, 2w Q)

22

= I1_ 7= = IV_ .45
where Ym =d2Xm/dy2 and Y =d9Ym/dyf Using the nondimensional
parameters Ky, and r as defined previously in Equations 2.1l and 2.16,

substituting the nondimensional variable p = y/b, and replacing ?m(y) by
Ym{n), Equation 3.3 becomes

Iv II

Ym - A Ym - B Ym = 0 (3.4a)
22 _(2y
= - 3.4
A= 2C2ﬂ r (O >Kx ( b)
X
B = nzrz[K - C ﬂzrq {3.4¢)
x 1

Equation 3.4a is a fourth order differential equation with
constant coefficients A and B. 1Its solution can take various forms,
depending upon the algebraic signs and relative magnitudes of A and B.
For example, Equation 3.4¢ shows that B remains poaitive provided
Ky >C1n212. The value of K, depends upon the boundary cornditions
existing along the remaining two edges (n = 0,1), yet to be prescribed.
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Results for SSSS plates already shown in Pigures 2.2, 2.4 and 2.5
for 0.1 iCl <10 and 0 fa/b <5 indicate that, at least for this set of
boundary conditions, A and B are typically positive for every possible
combination of Cl' C2, a/b, m, n and Ny/Ny. It is known that for other
boundary conditions A ~nd/or B may be negative, and therefore all
possible solution forms to Equation 3.4a should be considered.

The solution of Equation 3.4a may be written as

[ R 1] “Slr] 82n "52“
1 + +
s 3 ¢ + a e a e ae 3.5
Y (n) 1 2 3 4 ( )

vhare 5 and s, are the roots of the auxiliary equation

g4 - As2 - B =0 (3.6)

given by

512 =%— A+ \/AZMB), 522 ® % (A- '\/A2+4B) (3.7)

Howe. -, Eguation 3.5 is not a practical solution form for two reasons:
(1) it does not straightforwardly recognize the presence of symmetric
and antisymmetric buckling modes which will exist for symmetric boundary
conditions and loadings, and (2) the roots sl and/or 32 may be real,
imaginary or complex. It is therefore better to rewrite Equation 3.5
using trigonometric and/or hyperbolic functions, considering the
possible types of roots. The solution forms for the roots 81 will be
taken up below. Corresponding forms for the roots 82 mey be casily
written and added to the s  forms to obtain the complete solutions, each

1
having four independent constants of integration, al...a .
-+

Case I. 912 is a positive, real nunmber
Y (n) =a sinsn+aossn .
n 1 1 2 1 (3.8)
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o

o

i Case 1I1I. 512 is a negative, real number

E: Ym(n) = alainh sln + azcosh s\n (3.9)
where 82am g2 . (3.10)

1l 1

PP ARl R

In addition, 912 and 322 may be complex (4B is negative, and greater

than A2 in magnitude). In this case the solution of Equation 3.3 is

gy

more complicated, involving the products of trigonometric and hyperbolic
functions. These cases are the ones having aignificant practical value,
The case 912- 0 arises only in very special circumstances, It yields

i repeated roots and a solution form Yp(n) = a, + a_n which can be

2
approached as closely as desired in numerical computations with ' e

forms . .en by Equations 3.8 or 3.9. Similarly, the case when 32 {but
not 8,) is a pure imaginary number requires A = 0, which can also arise
. only for certain special combinations of parameters, and may be

! approached as closely as desired by taking small values of A with the
.

3olution forms given above.

: As already mentioned, no proofs are known to exist which enable
U one to determine a priori the correct golution form for a particular
Ll problem. For example, it 18 well known for isotropic plates (i.e.,
C1 = C2 = 1) that the complete solution form

i - s + a cos 8 + a sinh s n + a cosh 8 n (3.11)
Ym(n) alsin ln 2 1n 3 2 Y 2
(922 - —522)i is applicable to a wide range or problems. However, to be

certain that this solution is correct for a pai*-icular set of para-

M meters, one must verify that 5437 and 552 are both positive after the

ajgenvalues (nondimensional buckling parameters) for the problem are

found.
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3.2. scsc

A plate having two opposite edges simply supported (S) and the

,,:': remaining two clamped (C) is shown in Figure 3.1. The important case of
i uniform biaxial loading (ox, Oy constant, 1txy = 0) is depicted in

g ‘ Figure 3.1, although more general stress distributions are possible.

5 For boundary conditions and inplane stress distributions which possess

two-fold symmetry, as in the present case, it is convenient to use the

- xy-coordinate system shown, whereupon the boundary conditions become:

i'ﬂ" Along X = O’a : w = Mx - () (3.12a)

' Along Yy =12*b/p: w= ? =0 (3.12b)

L y

L

,r All buckling modes will be either symmetric or antisymmetric with

o, , respect to the symmetry axes of the plate. Thus, the solution form

,)' shown previously in Equation 3.11 may be separated, and the displacement

. functions may be written as:

LS 8y 8,y

N 2

= Symmetric modes: wix,y) = (a cos 1 + a cosh gin WX (3.13a)

KN 2 b b b/ a

. -

l.:- ely szy mmx

ﬁ Antisymmetric modes: w(x,y) = (alsin - * aasinh —b—) sin ==  (3.13b)

';:'_( Substituting Equations 3.13 into Bquations 3.12b yields, for nontrivial :

i',,-

NG solutions: - :

0 ! 82

ﬁ Symmetric modes: cos - cosh -

3 3 = 0 3.14a

W -8 8in 3 8.8inh f~2 ( ) !

*3\\' 1 2 2 2 j

P

n,).‘ :

i ti tric mod 8 5 i

oS Antisymmetric e8: sin _?1_ sinh _23 |

N (3.14b) .

81 ) 52 = ( .

. 8 cos == s ‘

. 3 szcoah 3 :

\.. i

N .

53 ?

o |
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I Expanding the determinants given by Equations 3.14 yields the character-
N istic equations: ) -
Y sl - 62
; Symmetric modes: sltan 5+ sztanh - =0 (3.15a)
]
| ' G

Antisymmetric modes: axtanh 5 - szcan-?% = 0 (3.15b)

The roots of these equations are the eigenvalues (nondimensional buck-
ling stresses) Ky, obtained by using Equations 3.4 and 3.7 (with 522 = -322).

One procedure frequently followed in the literature does not take
advantage of the symmetries of the buckling modes (cf., [14,17]). If,
for example, one uses a general solution for the displacement which is a
| superposition of Equations 3.13a and 3.13b, and applies clamped boundary
conditions at y = 0 and y = b, one oktains a fourth order characteristic
determinant, instead of the two second order determinants given by

Equations 3.14. Expanding this determinant yields the characteristic
equation

25192

(cos s,
s2 2

2°8)

sin slsinh 32 = cosh 32-1) (3.16a)

Equation 3.16a may be factored into Equations 3.15a and 3,15b. It may
also be written as:

8 8
(cos s ~cosh 8 )2+ (sin s --:L sinh s )(sin s + =2 sinh 8 ) = 0 (3.16b)
: 1 2 : s, 2 1 8 2

, Wittrick [57] showed if the ratio °y/°x is sufficiently small, as
given by the inequality (2.28), Equation 3.3 is analogous to that of an
isotropic plate loaded in the same manner, and the results for SCSC

i isotropic plates may therefore be applied to orthotropic plates, He

thus reasoned that if the parameter k is plotted versus ) , as defined

in Bquations 2.30 and 2,31, respectively, all results can be exhibited

55
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by a single curve. This is shown as curve (b) of Figure 3.2, which
corresponds to the ends x = 0,a being clamped and the gides y = 0,b
being simply supported, with Oy = constant and Oy = Txy = 0. For the
cagse with the ends x = 0,a being simply supported and loaded, and the
gides y = 0,b being clamped (i.e., as shown in Figure 3.1), but not
loaded, Wittrick [57) presented curve (c) of Pigure 3.2. However, for
thia case k is defined not by Equatiocn 2.30, but by

2
- oxhb ‘e 1-.2(D12+2D‘56) (3.17)
2,/ o
VYD, VD,D,,

with ¢ = 2.4, and A is defined by Equation 2.31 with gy set equal to
zero.

Brunelle and Oyibo [58,59] solved the problem of the uniaxially

loaded (9, = constant, Oy =Ty ® 0) S8CSC orthotropic plate, and ex-
pressed the buckling parameter

o _hb2
kK = -—2X

) (3.18)
e 2
VD0,

in terms of a reduced aspect ratio parameter and a single orthotropic

stiffness parameter D*, as defined in Equation 2.53. This relationship
is plotted in Pigure 3.3.

Lekhnitskil [17] used the energy method to obtain an approximate,
explicit formula for the critical buckling stress of a SCEC plate loaded
by uniaxial strese along the two simply supported edges (0, constant,

Oy = Ty = 0)., Assuming a buckling mode shape
W= (l ~ cos g%§l> sin Egi- (m,n = 1,2...) (3.19)

results in the clamped boundary conditions at y = *b/2, as well as the

a mrie mba A ki mes ark alsais amkiua y
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Figure 3.2. Single parameter buckling curves for uniaxial and biaxial
loading, as determined by Wittrick
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simply supported ones at x = 0,a, being satisfied exactly. Setting the
work done by the external forces during the buckling displacements,

(-VL), Equation 2.4, equal to the bending strain energy within the
plate, Equation 2.3, ylields

-m2p c 8 16
o he=e '——-zzbz ;]2“ + 3 n2c + 5 n“r2 (3.20)

where Cl, C2 and r are given by Equations 2,16, Rewriting Equation
3,20 in terms of the nondimensional buckling parameter given in Equation

2.11, and recognizing that the critical buckling stress occurs for n = 1,
one obtains

K c

1
2

r~~:|><

+

wjoo

c +—139r2 (3.21)

m 2

This form is similar to the exact solution presented earlier in Equation
2.15 for the 8585 plate. Differentiating Equation 3.21 with respect to
r, and setting it equal to zero, one finds that the minimum value of Ky

occursg at
\/—g (3.22)

and that the corresponding minimum values are given by
,/ 8
3 ) (3.23)

Comparing Equations 3.22 and 2,23 with Equations 2.17 and 2.18 one

ulm

ﬂ

obgerves that for the SCSC plate, not only are the minimum values of Ky
greater, as expected, bur that compared with the SS§85 plate, they occur
more frequently as a/b is increased. Further, the values of a/b at the
transition points where the buckling load is the same for mode shapes

having either m or m + 1 half-waves in the x-direction are given by
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a v (3.24)
b "‘(Ml)v 16 &

which may be compared with Bquation 2.19. The same result was obtained
by Brukva [82] by means of the Galerkin method.

For a long isotropic plate (a/b+ =, Cl = C2 = 1) the approximate
value of Kx/u2 is found from Equation 3.21 to be 7.29, an error of ap-
proximately 4 per cent when compared to the exact value of 7 obtained
from Bquations 3.15 or 3.16 [17].

The case when the loaded edges (x = 0,a) are clamped and the .
unloaded loaded ones (y = 0,b) are simply asupported (ux = constant, g
Oy ® Txyy = 0) was also treated by Brukva [82]. He used the Galerkin
method along with the displacement function

m-1 mHl Ty (3.25)
W= (cos a X - cos 2 nx)ein Y

to determine the approximate buckling parameter for m = 1 (one half-
wave) to be

K
;—} - 4C, (;b)z+ 2¢, + 0.75 (%)2 (3.26)

»
whereas, for m = 2,3,...

Kx'_ (m-1) “+(a+1) (E)zc +2C_ +
al ™1 2

(3.27)
T2 (m=1)2+(m+1)2

2
(m—l)z-lz-(m+l)2 (%)

The transit.on from one to two half-waves in the critical mode shape

occurs wher a/b = 1.67\]7C1 . In general, the transition fromm tom + 1
half-waves (for m $ 1) occurs when

C,(m*+6a?+1) + (a/b)* CJ(m+1)“+6(m+l)2+ll + (a/b)"

ml+ 1 (m+l)2+ 1

(3.28)
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Thus, the transition from 2 to 3 half-waves occurs when a/b = 2°72V&§:

A large number of other researchers also analyzed the buckling of
SCSC orthotropics loaded uniaxially along either the simply supported or
Clamped edges [32' 37' 46, 55' 57,58,59; 72,83“93 ] .

Buckling load parameters for SCSC plates loaded in shear (Tyy =
constant, gx = gy = 0) are shown in Figure 3.4 [83]. Here the load
parameter kg (see Equation 2.42b) is plotted versus the stiffness and
aspect ratio parameters, 1/0 and B, respectively (see Equation 2.42a)

for the case when the edges x = 0,a are clamped and y = 0,b are simply
supported. The results shown are valid for a/b >1 (short edges clamped,

long edges simply supported).

Garashchuk, Zamula and Prikazchikov [94] used finite differences
to analyze the buckling of a SCSC plate load by a combination of inplane
bending ‘see Equation 2.43) and uniform shear (rxy = constant). Numeri-
cal results were given for a particular plate having a/b = 0.334 and
DJ/D2 = 154.

3.3 scCss

An SCSS plate is depicted in Figure 3.,5. The boundary conditions
are given by:

Along x = 0,8 : we=M = 0 (3.29a)

Along y = 0 : W %!-' 0 (3.29b)
y

Along y = b : we My = 0 (3.29¢)

Equations 3.29a are exactly satisfied by Equation 3.2. Substituting

Equation 3.1l into Bquations 3.29b and 3.29c results in a fourth order
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characteristic determinant which, when expanded, yields the character~
istic equation [88]

sztan 8 = sltanh §2 (3.30)

where sl and 52 are parameters which are functions of Dll/Dzz'
(D12+2066;/022' a/mb, uy/ox and the buckling parameter Ky, and are
defined by Equations 3.4 and 3.7, with 522 = -322 . It is also seen to
be the same as Equation 3.15b for the antisymmetric buckling modes of an
SCSC plate, for the antisymmetry conditions along the axis y = b/2 of an
SCSC plate are identical to the simply supported boundary conditions for
the SCSS plate. Finally, it may be observed that Equation 3.30 is the

same form which arises for the free vibrations of an SCSS plate [95].

Brunelle and Oyibo [58,59] solved the problem of the uniaxially
loaded (ox = conatant, gy = 14y ® 0) SCSS crthotropic plate, and ex-
pressed the buckling parameter k, (see Equation 3.18) in terms of a
reduced aspect ratio parameter and a single orthotropic stiffness para-
meter and a single orthotropic stiffness parameter D* (see Equation 2.53).
This relationship is plotted in Figure 3.6.

SCSS orthotropic plates having the loaded edges both simply sup-
ported (ox = constant, Oy = Ty, = 0) were analyzed by Brukva (82]. The
Galerkin method was used along with the displacement function

N
- mx 2n-1 2n+1
w 8in —;—- E{: An(cos T Ty - cos b ny) (3.31)
n=l,2

which satisfies simply supported conditions at x = 0,a and clamped con-
ditions at y = 0,b exactly. A first approximation obtained by taking
only one term of the surmation (i.e., N = 1) yielded for the htuckling
parameter Ky (see (Equation 2.11):
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U

I

K C
X 5 42.5C,+2.56 r2 (3.32)
n r

I- was determined that the minimum values of Ky occur at

a N (3.33)
2~ 0.788 mVc,

with corresponding values of Ky:

K - ;
ntn ¥ = 3.27c v 2.5 ¢, (3-34)

Transition points for buckling modes having m or m + 1 half-waves occur

at
t = 0.788Y m(m+1) VCT

The results described above may be compared with similar (but exact) ex-
preasions describing the buckling cucves for an SSSS plate (see Section
2.1). An improved, second approximation was also obtained [82] by

setting N » 2 in Equation 3.31, The Galerkin method then yields an
eigenvalue determinant of second order.

The case when one of the loaded eides is clamped (x = 0) and the
opposite one (x = a) is simply suppnrted) (0y = conitant, Oy ® Txy = 0;

wag also treated by Brukva [82]), The Galerkir metlod was used along

with the displacemert function

- 2m+l "
we (Los 2_;% mX - cos o nx) sm—g (3.35)

which deter.uined th2 approximate buckling parameter to bu (ccrrecting a
aisprint):

Y
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K, 4oy 4 2
n2 (2m-1)2 + (2m+1)

(3)2 (3.36)
(2m-1)2+ (2u+l)2 \ b

The ranges of agpect ratio having one or two half-waves in the critical

mode shape were found to be:

-8-<154\/C , form=1

1.54+/c <_<2 SOVC , form = 2

Shuleshko [96] also developed an approximate formula “or deter-
mining the buckling loads of uniaxially loaded SCS88 orthotropic plates.

This problem was also studied by Soni and Amba Raoc [90]
(971].

3.4. SCsF

and by Massey

As SCSF plate is depicted in Pigure 3.7. The boundary conditiors

are given by:

Along x » 0,a : w=M =0

x
ow
Along y = 0 : w-ay 0
- . -V =0
Along y = b : Hy y

Bquatiuns 3.29a are exactly satisfied by Bquation 3.2.

Bquation 3.11 into Bqyu-tions 3.37b and 3.37¢ yielda the
de*e1 ., - nant [8°]

(528

\
“A/ mha sin
\2 B

\ -
CO8u ¥_.CO8 514 25 g8

>

1

65, (25
172\ A

1

=i

-

67

Y wmm*—ﬁmwwwmwm "

(3.37a)
(3.37b)

(3.3%¢)

Substituting

characteristic

(3.38)
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Pigure 3.7, 8CSF plate,
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AT et T e

where 3 2~ mb) 3.39a X
a=57-( 5, +2D Vy (3-3%2) ,
3

2

2 7D

- g2 m_b) 11

B 51+(a D _+20_ Yy (3.39b) !
12 66 ’

Vy is Poisson's ratio of the contraction of the orthotropic plate in the
y~direction due to oy, and 8, and 32 are as used previously (see :
Sections 3.1 and 3.3). f

Brunelle and Oyibo [58,59) solved the problem of the uniaxially
loaded (ox = constant, Oy = Tyy ® 0) SCSP orthotropic plate, and es-
pressed the buckling parameter k, (see Equation 3.18) in terms of a :
reduced aspect ratic parameter and two orthotropic stiffness parameters,
D* and ¢ , where D* is defined by Equation 2.53 and € by
D
e m —i2 (3.40)
D12+2D66

Plots of k, are shown in Figures 3,8 and 3.9 for ¢ = 0.2 and 0.3,
respectively,

This problem was also considered by Soni and Amba Rao '90) as part
of a free vibration analysis of uniaxially loaded S8CSP plates in the
special case when the frequency becomes zero.

3.5, 888P

An S88SF plate is depicted in Pigure 3.10, The boundary conditions
along the edges x = 0,a are satisfied exactly by Equation 3.2. The
remaining conditions are:

69

o .
"t - £ . AP = Taas  mmans b S s Phys tppr gy epryty s ey TR IR W S
aatdar prate euPewivinroatibdedgeruiviirtor it eI IRy CTINPRESIRLTESE SR L



TS 4 0 NS

TECHNICAL LIBRARY ¥

ABBOTTAEROSPACE.COM

m

35¢

30 ]

20

L ——
'.0 B e S -3
o

10 20 30 40 §0 . 60 70 3

Pigure 3.8, Uniaxial buckling parameters for SCSF orthotropic
plates (€ = 0,2).

70




IECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

M

3A5r
30+
251 ,
I
A
2o
K ,
15F o
1.0
.8
' K]
1.0 4
2
o]0}
5}
(@) 1 1 1 1 1 1 _
1.0 20 30 40 50 60 70
YDz
bV Dy

Figure 3.9. Uniaxial buckling parameters for SCSP orthotropic
plates (€ = 0.3),
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Figure 3.10, SSSF plate.
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Along y=20.: w =M =0 (3.41a)

Alon = b M =V =0 (3.41b)
g y y y

Substituting Equation 3.11 into Equations 3.4la and 3.41b yields the
characteristic equation [88]

- B A -
8, K»tan s1 51 B tanh 82 (3.42)

(see Section 3.4 for notation).

Brunella and Oyibo [58,59] solved the problem of the uniaxially
loaded (gx = constant, Oy = txy ™ 0) SSSF orthotropic plate, and ex-
pressed the buckling parameter k., (8ee Equation 3.18) in terms of a
reduced aspect ratio parameter and two orthotropic stiffness parameters,
D* and ¢ (see Equations 2.53 and 3.40, respectively). Plots of k, are
shown in Figures 3.11 and 3.12 for € = 0.2 and 0.3, respectively.

Holston [98] derived a special solution to Equation 3.1 for the

case 0y = constant, Oy = 0 which is valid in the particular case when

2 p
- (Mlz) L (3.43)
22 a/ Dy,

2
< . oxhb
b'e D

It has a form containing constant and linear terms in y, as well as
hyperbolic functions, He also used the energy method to develop an ap-
proximate formula for the buckling loads, and pointed out an error in
two other relevant references [99,100].

This problem has also received some minor attention elsewhere
{32,90].
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pigure 3.11. Uniaxial buckling parameters for SSSF or thotropic

plates (E ] 0.2)'
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pigure 3.12. Uniaxial puckling pa:ameters for S85F¢ o:thotropic
plates (e = 0.3).
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3.6. SFSF
;
An SPSF plate is depicted in Pigure 3.13. The boundary conditions i
along the edges x = 0,a are satisfied exactly by Equation 3.2. The re- ;5
maining conditions are: 7
Alon «0b: M =V =20 (3.44) :.'
8 y ) v y -
Substituting Equation 3.1l into Equations 3.44 ylelds a characteristic
equation which may be factored into the following two equations, for .

symmetric and antisymmetric modes (with respect to y = b/2), respec-
tively (88]:

2 5. = 2 s
8,A° sin slcosh s, slB sinh 8, cos s, (3.45a)

2 hs = 2 8
SIA cos slsin s, s‘B cosh 8, sin 8, (3.45b)

(see Section 3.4 for notation). Equations 3.45 may also be derived by |
separating beforehand Equation 3.1l into its symmetric and antisymmetric g
components, as was done for SCSC plates in Section 3.2. Particular care

must be taken in using Equations 3,45, for they are only valid for quite
restricted ranges of ay/ox (see Section 3.1).

In Table 3.1 are listed the experimental buckling loads obtained
by Mandell [34,35) for SPSP orthotropic plates having the simply sup-
ported edges subjected to uniaxial loading. The plates are those
described previously in Section 2.2 (Tables 2.1-2.3). Theoretical
results in all cases were calculated on the assumption that the plate

bends as a simply supported beam) that is the buckling mode displacement
was taken to be
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y . Pigure 3.13, &SFSF plate.

:".{ Table 3.1. Buckling loads (-Nx, 1b/1n)
for Mandell's SFSF orthotropic
n plates

Pi:te Exper imental | Theoretical

R 201 11.3 12.5

o 202 84.9 105

204 10.8 12.7

o 205 2,74 3.83

206 5.26 6.92

o 207 0.848 1.29

N 404 199 215

" 216%%

i 405 23.3 23.7

- " 23, 6hk

3 R 4
ok

obtained by Ritz mathod

[
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1

I

we= ¢ singmi- (3.46)
m a

In this case the plate is assumed to have no transverse curvature or
twist in the buckled mode, and the differential equation of equilibrium
(2.1) reduces to

2w N 32w
P "N a2 (3.47)

11 (3.43)

N =0 h= -
x X a
which always cccurs for m = 1, Results obtained using the Ritz method

developed by Ashton [42] are also given for two plates in Table 3.1.

Viswanathan, Soong and Miller [93] tested a computer program
designed for more general buckling analysis on plates 404 and 405 listed
in Table 1. The program uses the exact solution procedure described at
the beginning of this section, leading to Equations 3.45. Theoretical
values of -Nyx of 206.5 and 22.6 were found, compared to the experimental
values of 199 and 23.3, respectively, given in Table 3.1.

Baharlou [101] used the Ritz method with 2S5 algebraic polynomial
termAa to solve the problem of the uniaxially loaded SPFSF plate having
the following par:metezs: a/b = ], D“/D22 = 10, (012-0-2066)/D22 = 1.
This yielded -Nja®/p = 0.984672 , which is a close upper bound to the
exact solution and which may te compared with the value of 12 which is

given in Equation 3.48 by beam theory.
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3.7. Elastic Edge Constraints

Consider a plate with uniaxial loading (Oy = constant, Oy = Tyxy =
0} having three sides simply supported, with the fourth side (y = b)
elasti‘cally constrained against rotation (SSSE). Along y = b, the
conditions to be satisfied are:

W
w=0, M =k ?y (3.49)

wnere k, is the rotational spring stiffness per unit length of edge.
Following the same procedure described in the preceding sections,

shuleshko [88] showed that the following characteristic equation
results:

4k b )
2, 372 5 = L P =
(sl + 5 ) sin slsinh 5, %2 (slcoa slainh 8, szs;n slcosh 32) (3.50)

For the case of a uniaxially loaded plate having two sides
(x = 0,a) simply supported, one (y = 0) free and the fourth (y = b)

elastically restrained against rotation (SFSE), S8huleshko [88] derivew
the characteristic equation:

2, =2y B hs -
(s1 + 8, )(s2 r gin slcos 32 8

A -
| B sinh szain 51)

(3.51)
4k_b
T

AL,BY: 3 3 s _ (328 __24 3
= 022 KB + A>9152c°ah szcos 91 + 23152 <32 A a1 B sinh szsin 8,

(after changing the sign of the 23152 term and adding a bracket to make
the equation consistent with Equation 3.38).

The SCSE plate yields the characteristic equation [88):
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IT

PO )
L e
Vet

. 5,245 - s um .
- s_cosh s

. - §,cos slainh 8, 8,8 1 2 (3.52)
2 172

4k b 2 Y. s, R ) ( 5, - )
A =~ (cos 8, - cosh s, )° + (sin 8- §; sinh 5, sin sl+ —s-l— sinh 8,
ot

::: The SESE plate subjected to uniaxial loading (oy = constant,

::; 0y = Txy = 0) was studied by Libove [72]. The exact solution procedure

- described above was used to obtain the following formula for the

~ buckling loads:

.'.' _ 2

Oy NP (Y’ P,

T aon Yy \a/ /v +2p " 3.53
- T (D12+2D66) a D12+2D66 1 ( )
@

where fl is a function of the gcpring stiffness parameter krb/D22 and the
2

parameter (a/mb)“Dzz/(Dlz+2066), and is plotted in Pigure 3.14. Several

others have also examined this problem (102-105].

Sakata [106) used the reduction method to analyze the buckling of
continuous orthotropic ractangular plates having the edges x = 0,a
simply supported, y = 0,b elastically supported with intermediate
g supports located at lines y = conatant., Along the supports the
condition w = 0 iy prescribed. The problem is solved using exact
solution functions given by Equations 3.2 and 3.11, with continuity of
_ displacement, slope and moment enforced across the supports. Numerical
iii buckling resuits for uniaxial and biaxial loading conditions were calcu-
j:; lated for the case of 8888 edge conditions, with a/b = 0.5, (Dlz+2D66)/D22

= 0,25 and intermediate supports located at y = 0.3b and 0.7b (see

Figure 3.15). These are displaved in Table 3.2, where the variation of
- Ky/n?2 (Equation 2.11) with oyhb?/n?D, . and D,,/D,,are seen. This
problem was also dealt with by Nowacki (107).
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Pigu:e 3.14. The function f; to be used in Equation 3.53 for the
uniaxial buckling of SESE orthotropic piates.
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Pigure 3.15. Continuous SSSS plate with intermediate supports at
y = 0.3b and 0.7b; a/b = 0.5.
, l
Table 3.2. Critical buckling parameters Kx/'rr2 for .
an SSSS plate with intermediate supports
(see Fig. 3,15).
| |
27,2 |
Ly i o _hb¢/nw D2
- ]
D22 ) 0 5
.. e -
: ns loa1ans 27 a0 n2.2451
\ 1.0 15.425 24,904 34,203
X 2.0 19.425 28.904 38.203
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CHAPTER IV. ORTHOTROPIC PLATES - OTHER BDGE CONDITIONS

In the preceding two chapters, orthotropic plates having two
opposite edges simply supported were considered, which were seen to
include six possible combinations of classical boundary conditions,
along with some additional cases where the remaining two edges were
elastically supported. It was also seen that exact solutions for
buckling problems were possible when the loading consisted of uniform
normal stresses. The remaining classical problems may be represented by
15 distinct arrangements of edge conditions [108]. Pollowing the
identification system set forth in Chapter I, these may be listed as:
¢cee, Cccs, cccr, €css, CCSF, CCPF, CSCF, CSSF, CSPF, CFCF, CFSF, CFFF,
SSFP, SPPF and FFFF. As will be seen below, the CCCC plate has received
a great deal of attention, whereas relatively little has been done with
the other cases. For none of these problems are exact theoretical
solutions possible, even in the case of uniform normal buckling stresses,
and approximate methods muat be used.

Dickinson {109] generalized a method which was developed by
Warburton [l10]) to determine the free vibration frequencies of isotropic
rectangular plates having all 21 possible combinations of boundary con-
ditions to orthotropic plates subjected to uniform inplane stresses.

The method is a development of one first suggested by Rayleigh [111],

whereby & reasonable mode shape is assumed and substituted into the
proper energy functionals to determine the eigenvalue for the problem.
In the case of buckling the total potential function is defined by
Equations 2,2-2.4, and setting V = 0 determines the buckling load. The
mode shapes are assumed to be the producte of the eigenfunctions of
vibrating beams; for example, for a CSCPF plate, the products of CC and
E£F beam functions would be used, 1In addition to satisfying the boundary
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conditions for the plate (although not exactly in the case of a free
edge), the eigenfunctions are orthogonal over the plate dimensions, which
reduces the numerical complexity of the calculations. The method has
been demonstrated to be quite accurate for plate vibrations [112], but
should be less accurate for plate buckling, for beam buckling mnde

shapes are somewhat different than beam vibration mode shapes (except
when both ends are simply supported). Following the procedure described
above, Dickinson [109] arrived at the following general formula for the
determination of plate buckling loads:

K | D 2
e ]‘Gx"v‘-"f&l‘l)* (3
2(D12+2D66) {4.1)

HH +4—-(JJ -HH)
22 XYYy Xy XY

+

where Ky is defined by Equation 2.11, G,, Hy and J, are functions
determined from Table 4.1 according to the conditions at x = 0 and x = a,
and Gy, Hy and Jy are obtained by replacing x and y and m by n in Table
4.1. The integers m (and n) used in Table 4.1 are not the half-wave
numbers used in previous chapters, but rather the number of nodal lines,
including clamped or supported edges, perpendicular to x (or y). If

m-1 in Table 4.1 is replaced by m (and n-1 by n) then, in the case of
8SSS boundary conditions, Equation 4.1 agrees exactly with Equation 2.24
for the buckling due to biaxial loading.

Figure 4.1 (taken from [8)) is a useful set of curves governing
the buckling of isotropic plates which are uniaxially loaded, and have
the loaded edges either clamped or simply supported. The other two
edges are either CC, CS, CP, S8 und SP (i.e., all combinations except
PF). Variatlon of the buckling parameter K,/n2 (see Equation 2.11) with
a/b is seen, along with the number of longitudinal half-waves in the
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Table 4.1, Coefficients in Equations 4.1 for buckling loads of plates
with arbitrary boundary conditions.

cofgjud:mn— m @, g, J,
(88 33,40 | w2 (m—1 (m—1) 7
~Ce I 2 1. 506 1 248 1248 ,
] 3
. 1 2 1 2
' e CPeecimeeaaaaes 845 ... m-% ( "5) [1‘( _!) ("“i) [1'( 1 ]
.' 2 r m 2 T
) L 0 0 ¢ 0
. B 1 0 0 2/x
‘ 2 1. 508 L 48 017

o L SR, 8, 4, 5, « o m-§

i, N
[ ]
A
3
L]
2=
—
/'\l
3
I e
[ 1)
N’
1 " [l
A
3
)
) o
\J.

[
Cosvmm aae ..o | m ("‘“3)’[‘“(_:—113),: ) '_(':—12)':
[

I [F- _________________ 1 0
: -3 N \Y S L )Y PV B
B8Y oo e SN R A RCHIE (-3 | (~-9) [H-(,._g),_

Cs 1 0. 897 ' —0. 0870 0. 471
\ [ sssmmecoeseeees 3 L 494 1 347 3. 284
(] ] ]
N | LT 3,458 ... M-; ( _%) 1—_2"1'—] ( "%) [l'*‘—al—]
. =), (=)
. szm().
. Szmmg.
|
k|
4
!
)

85




5 A PR
4, Ay VAV
P ,"_1:,,'5‘_'1 el

b S

.\v'

me

TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

4

LOADED EDGES SIMPLY
SUPPORTED

oy,
- - e VN o e o
o

> o ae e cam

-‘-—-J

Figure 4.1.

a/b

Buckling parameters for uniaxially loaded isotropic
plates.
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mode shape for each case. While the curves are only for a particular
case of an orthotropic plate (011/022- 1, (D12+2D66)/D22= 1), they are
useful in predicting trends in critical loads and mode shapes as
boundary conditions are varied. The data shown previously in Figure 3.2

is consistent with Figure 4.1.
4.1. CcCCC

Brunelle and Oyibo [58,59) solved the problem of the uniaxially
loaded (gy = constant, Oy = Txy ° 0) CCCC orthotropic plate, and ex-
pressed the buckling parameter k, (see Equation 3.18) in terms of a
reduced aspect ratio parameter and a single orthotropic stiffness
parameter D* (see Equation 2.53). This relationship 1s plotted in
Figure 4.2.

wittrick (57] showed that the uniaxial buckling load for CCCC
orthotropic plates can be determined from the single curve arising from
isotropic plate analysis. This is shown as curve (d) in Pigure 3.2.
For this graph, k is defined by Equation 3.17, with C = 2,46, and ) |is
defined by Egquation 2.31 with Oy 8et egual to zero.

The urniaxially loaded CCCC plate was also analyzed by Brukva [82].
The Galerkin method was used along with the displacement function

we (coe Eilﬁx - cos E%l nx) (1 - cos 2%2) (4.2)

to determine approximate formulas for the buckling parameter Ky, (see

Equation 2.11). For onc half-wave (m = 1) the value was found to be

E IROIRE LARIO)

whereas for m = 2,3,...
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Figure 4.2, Uniaxial buckling parameters for CCCC orthotropic

S RN R

plates.
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The ranges of aspect ratio having one, two or thrce half-waves in the
critical mode shape were found to be:

T 71
ol
A
H
[
(=
< F
(@]
-
rn
[
o]
<]

[ |
[

>
£

B PR

Baharlou [101] used the Ritz method with 25 algebraic polynomial
terms to analyze CCCC orthotropic plates having the following para-
meters: a/b = 1, C1 = 10, C2 = 1 (see Equations 2,16). He obtained
buckling parameters for uniaxial compression, biaxial hydrostatic
l (0 = Oy) compression and uniform shear. These are seen in Table 4.2,
where Ky and Kg are as given by Equations 2.11 and 2.35a, respectively.
The values given are all close upper bounds to the exact aolutions.

l A number of other researchers have also investigated the buckling
of uniaxially loaded, CCCC orthotropic plates [32,83,85,87,91,112-114].

Housner and Stein [68,69] used a finite difference energy method
| (see description in Section 2.3) to analyze the buckling of CCCC plates
aubjected to uniform shear stress, Numerical results for buckling para-
meters kg are given in Table 4.3 for wide ranges of the aspect ratio and
stiffness parameters B and §, respectively, which are defined in
i Equations 2.40. These data are also plotted in Pigure 4.3, and may be
compared with results for SSS88 plates given earlier in Table 2.6 and
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Table 4.2, Buckling parameters for CCCC g
; orthotropic square plates;
I Cl-lo, Cz-l.
Uniaxial | Hydrostatic Shear
loading loading loading 4
| % 5 5 ‘
72 a2 |2 |
I " ‘
46.25 16.75 47.03 {
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Table 4.3. Shear buckling parameters k., for CCCC
orthotropic plates (see Equations 2,4C
for definitions).

- 9 B kg ) B kg
- 0.2 .0 32.56 1.25 1.0 13.87
e 0.8 26.31 0.8 11.68
B 0.6  22.21 0.6  10.4€
" 0.4 18.91 0.4 9.39
0.2 17.34 0.2 8.80

. 0.1 17.31 0.1 8.98
- - 0 17.13 0 8.45
. 0.4 1.0 21.63 1.667 1.0 12.91
. 0.8 17.92 0.8 10.90
‘ 0.6 15.43 0.6 9.80
= 0.4 13.62 0.4 8.86
- 0.2 12.64 0.2 8.34
o 0.1 12.89 0.1 8.58
¥ 0 12.51 0 7.93
N 0.6 1.0 17.86 2.5 1.0 11.93
) 0.8 14.89 0.8 10.11
. 0.6 13.06 0.6 9.07
: 0.4 11.60 0.4 8.31
. 0.2 0.64 0.2 7.84
] 0.1 10.95 0.1 8.12
0 10.69 0 7.32

0.8 1.0 15.94 5.0 1.0 10.94

N 0.8 13.34 0.8 9.31
- 0.6 11.84 0.6 8.33
0.4 10.55 0.4 7.74
= 0.2 9.99 0.2 7.33
" c.1 10.16 0.1 7.66
0 9.63 0 6.72

1.0 1.0 14.81 = 1.0 9.92

- 0.8 12.44 0.8 8.48
) 0.6 11.08 0.6 7.57
- 0.4 9.89 0.4 6.97
0.2 9.2/ 0.2 6.79

0.1 9.11 0.1 7.17

0 8.99 0 6.11
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Figure 4.3. Shear buckling parameters for CCCC orthotropic plates.
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Figure 2.8. It is seen that the critical mode shape changes occur more
clearly for CCCC than for SSSS plates.

Another set of useful results for the CCCC plate loaded in shear
was obtained by Smith [75]. This 1s shown in Figure 4.4, Here the
load parameter kg (see Equation 2.42b) is plotted versus the stiffness
and aspect ratio parameters, 1/6 and B, respectively (see Equations
2.42a). The case of shear loading was alsoc studied by a few others [32,
72,115,116].

4.2. CCCs

CCCS orthotropic plates having the edges x = 0,a subjected to a
uniaxial loading (uy = constant, Oy ® Tyy ™ 0) were analyzed by Brukva
[82]. The Galerkin method was used along with the displacement function

w = (cos f'l;—l'-trx—coe P:—lnx)(cos%-coa %X) (4.5)

An approximate value for the buckling parameter Ky (see Equation 2.11)
vas determined for m = 1 (one half-wave) to be

:T(;.. t.cl(-:i)2+ 2.5¢ + 1.92 (%)2 (4.6)

whereas for m = 2,3,...

K

- _(m_-ll‘.‘ﬂstll‘i(%)zcl,\ 2,50 + 5.12 (.&)z (4.7.)

X
12 (m-1)2+(m+1) 2 (m-1) 2+(m+1)2 \ b

The ranges of aspact ratic having one or two half-waves in the critical
mode shape were found to be:
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;<131\/c , form=1
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a
131\/— & <2asyc , form=2

The same problem was also analyzed by Shuleshko [96] using the
"reduction method"™ to obtain an approximate solution.

The case when the edge x = a is simply supported, and the other
edges are clamped (a CCSC plate) was also treated by Brukva [82]. 1In
this case the displacement function

W= (cos 2';;1 X - cos 2?:1 'nx)(l ~ cos g%l) (4.8)

was used. An approximate value of K, was found to be:

K N 4 42.66 a\?
X o 0.25 (2m-1) *+(2m+1) /b\ C + 2.67C + a
2T 0P e (-2 N\ 2 (2m-1)2+(2m+1) 2 ( ) (4.9)

The ranges of aspect ratio having one or two half-waves in the critical
mode shape were found to be:

4.3. CCs8

CC88 orthotropic piates having the edges x = 0,a subjected to uni-
axial loading (Jy = constant, Oy & Tyy = 0) were analyzed by Brukva [82].
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The Galerkin method was used along with the displacement function

™ 3n
W= (cos z%il-ﬂx - cos 22:1 nx) (cos 5% - co8 15} (4.10)

An approximate value for the buckling parameter K, (8ee Equation 2.11)
was determined to be:

K

X (2m-1)“"+C2m+)* ' b
2 = 0.25 (a)

w2 (2m-1) 24+ (2m+1) 2

2 2
C + 2.5C + 20.5 (%) (4.11)
1 2 (2m-1) 2+(2m+1)2

The ranges of aspect ratio having one, two or three half-waves in the

critical mode shape were found to be:

4.4, Other Edge Conditions

The case of the CFCF plate subjected to uniaxial compression along
the clamped edges was examined by Viswanathan, Soong and Miller [92]. A
set of experiments was conducted on 24 specimens made of combinations of
titanium, adhesive and boron composite material. Theoretical values
were obtained by taking results for the SPSP plate and multiplying by
four (as in isotropic beam theory). Difficulty in experimentally
achieving perfect clamping conditions also resulted in the use of a
*"modified length” between the clamped edges in an effort to achieve
better correlation between experiment and theory.
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Simitses and Giri (117) analyzed SSSS plates having rotational con-

straints along all four edges for uniaxial loading conditions (0, =

constant, °y = Txy = 0). Let the rotational spring stiffness per unit

length along the edges x = 0,a be B], whereas along y = 0,b it is 32
(corresponding to k, in Equation 3.49). The modified Galerkin method
(i.2., using additional line integrals the edges to account for the

moment conditions not being exactly satisfied) was used, with transverse
displacements aassumed in the form

- mrx ny
wix,y) a sin - sin b

]

+ Z bi [coai—:;’i -~ cos -S-i—"‘?i] (1- cos%il)

i=0
The modes separated into symmetric and antisymmetric classes with

(4.12)

respect to the x-direction, and numerical results were obtained [117)
with third order determinants (i.e., two terms retained in the summation
shown in Equation 4.12). Numerical results for the nondimensional
buckling parameter K“(DJJ/Dzz)/"z (see Equation 2.11) are presented in
Table 4.4 for plates having ny/Ex = 0.4, Vxy ® 0.7, for various values
of Ex/Ey(= D;,/D,,), a/b, g,a/D); and 32°/D11' The plate stiffness
ratio 2(D12+2065)/Dll is related to the elastic constants by

D._42D G E 4.13a
11 y XX y
(4.13b)
E v = E v
x yxX yy %y

The numerical data given is aimed at application to folding cartons made
of paperboard. Tha displacement functions used above were criticized by
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Table 4.4, Buckling parameter Kx(Dll/Dzz)"z for uniaxially loaded
SSSS orthotropic plates having rotational edge constraints.
=0.4, v, =0.7). Numbers in parentheses are numbers
Kal)t‘xwaves :I.n the x direction.

(a) 8;’/911 = 0

5 . Bza/Dn
P
D,, b 0 1 10 100 1000
0.5 | s.816(1) | 6.007(0) | 7.62901) | 10.366(3) | 15.466(3)
1.0 3.006(1) | 3.38301)| s.286¢1) | 6.776(3) | 7.259¢3)
4.0 1.5 | 2.2600) | 3.302¢13 | 4.7392) | 61070y | 6.20700)
2.0 3.004(1) | 3.195¢2) | 4.203(2) | .s5.254(2) | 5.428(2)
0.5 | 5.889¢1) | 6.089(1) | 7.703(1) | 10.558(3) | 15.640(3)
1.0 339y | 3.s200) | s.eer)y | 7.2470) | 7.664(3)
3.0 1.5 | 3.00001) | 3.s55001) | 4.857¢2) | 6.444(2) | 6.808¢2)
2.0 | 3.139(2) | 3.331(2) | 4.397(2) | 5.626(2) | $.836(2)
0.5 | 6.0331) | 6.233(1) | 7.850(1) | 10.946¢3) | 15.950(3)
1.0 | 3.408(1) | 3.791(1) | 5.875¢1) | 8.097¢1) | 8.460(1)
2.0 1.5 | 3.477(1) | 4.03901) | s5.088(2) | 6.893(2) | 7.333(2)
2.0 | 3.408Q1) | 3.602¢2) | 4.763(2) | 6.347¢2) | 6.6302)
0.5 | 6.466(1) | 6.666¢1) | 8.290¢1) | 12.113¢3) | 17.036(3)
1.0 | ¢.216(1) | 4.605¢1) | 6.961¢1) | 19.13901) | 10.69202)
1.0 1.5 | 4.556(2) | 4.706(2) | 5.755(2) | 8.189¢2) | 8.886(2)
2,0 | 4.216(2) | 4.613¢2) | s5.663¢3) | 7.61903) | 8.375¢3)
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Table 4.4.

(Cont inued)

(b) Bla/Dll =1

D 323/D11

—11 a

D 1; 0 1 10 100 1000

22

0.5 | 7.29901) | 7.466(1) | 8.8121) | 11.219¢3) | 15.622(3)

4.0 1.0 | 3.383Q1) | 3.716Q1) | 5.399(1) | 6.810(3) | 7.259(3)
1.5 ] 2.935Q1) | 3.439(1) | 4.822¢2) | 6.107(1) | 6.207(1)
2.0] 3.102¢2) | 3.282¢2) | 4.2352) | s.255¢2) | S.428(2)
0.s | 7.372(1) | 7.s3900) | 8.888(1) | 11.412¢3) | 15.796(3)
1.0 | 3.520(1) | 3.856(1) | $.607(1) | 7.277(3) | " 7.664(3)

3.0 1.5 | 3.175Q)) | 3.69201) | 4.943¢2) | 6.448(2) | 6.808(2)
2.0 | 3.237¢2) | 3.619(2) | 4.433(2) | s.627(2) | s.836(2)
0.5 | 7.518Q1) | 7.686(1) | 9.039(1) | 11.797¢3) | 16.144(3)
1.0 ] 3.7911) | 4.136Q1) | 6.010Q0) | 8.101(1) | 10.698(1)

2.0 1.5 ] 3.653(1) | 4.189(1) | 5.180(2) | 6.898(2) | 7.333(2)
2.0 | 3.2371) | 3.692(2) | 4.806(2) | 6.348¢2) | 6.530(2)
0.5 | 7.956(1) | 8.124(1) | 9.493¢1) | 12.951(3) | 17.184(3)
1.0 | 4.605¢1) | 4.961(1) | 7.132(1) | 10.145¢1) | 10.698(1)

1.0 1.5 | 4.7312) | 4.871(2) | 5.862¢2) | s.197¢2) | 8.886(2)
2.0 | 4.316(2) | 4.507(2) | 5.731(3) | 7.627(3) | 8.375(3)
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5 Bza/D11
11 a

D, | ® 0 1 10 100 1000
0.5 | 13.580(1) | 13.622(1) | 13.969(1) | 14.994(3) | 16.554(3)

io | 1ol s8] 5399 60580y | 6.9993) 7.264(3)
1.5 | 4.0571)| 4.31) | s.36(2)| 6.110Q1)| 6.207(1)
2.0 | 3.766(2)| 3.873¢2) | 4.472(2)| 5.263(2)| S5.428(2)
0.5 | 13.68101) | 13.722¢1) | 14.072(1) | 15.172¢3) | 16.722(3)
1.0 | s5.487Q1)| s.e07¢1)| 6.318(1)| 7.417Q1)| 7.668(3)

30 1 15 | a.3s3qny| 4.65701) | s.e96(2)| 6.484¢2)| 6.808(2)
2.0 | 3.923(2)| 4.037¢2) | 4.700¢2)| 5.637(2)| 5.836(2)
0.5 | 13.880(1) | 13.923(1) | 14.278(1) | 15.527(3) | 17.057(3)
1.0 | s5.875(1)| 6.01001) | 6.8231) | 8.132¢1){ 8.460(1)

2.0 1 a5 | s3] s.2esqy | s.7es2y | 6.%1(2)| 7.334(2)
2,0 | 4.227(2) | 6.352(2) | s5.128(2) | 6.361(2)| 6.630(2)
0.5 | 14.476(1) [ 14.520(15 | 14.892(1) | 16.590¢3) | 18.060(3)
1.0 | 6.961Q1) | 7.132¢1) | s.228¢1) | 10.194¢1) | 10.698(1)

1.0 1 1.5 | s.92002) | 6.003(2) | 6.609¢2) | 8.266(2)| 8.887¢2)
2.0 | 5.095(2) | S5.203¢2) | 6.261(3)] 7.691(3)| 8.376(3)
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Table 4.4, (Continued)

(d) _Bla/Dll = 100

0 B,a/D |

‘ufoa r

022 b 0 1 10 100 1000
0.5 | 17.913¢1) | 17.913¢1) | 17.921(1) | 17.986(1) | 18.105(3)
1.0 | 702y 7.omqy| r.0say| 7.0760) | 7.29203)

40 1 45| s.easq)| s.esrq)| 5.938(1) | 6.132(1)] 6.207(1)
2.0 | 5.077¢2) | s5.084(2)| 5.136(2)| 5.317(2)| $5.629(2)
0.5 | 18.056(1) | 18.057Q1) | 18.065(1) | 18.130(1) | 18.261(3)

a0 | 10] 7388 | 130y 1a7@)] 7.ss2a0 | 7.esr1)
1.5 | 6.4s6) | 6.4700) | 6.528(2)| 6.656(2)] 6.812(2)
2.0 | s.e12(2) ] s.e202) | s.e812)| s.702(2)| 5.837(2)
0.5 | 18.343(1) | 18.364 1) | 18.352(1) | 18.419(1) | 18.572(3,
1.0 | 8.0971)| 8.101(1)| 8.132¢1)| 8.2951)| 8.464(1)

2.0 1 s | 6.966(2) | 6.967(2) | 6.996(2)| 7.169(2)| 7.339(2)
2.0 | 6.055(2) | 6.066(2)| 6.149(2)| 6.450(2)| 6.632(2)
0.5 | 19.203(1) [19.204(1) | 19.212(1) | 19.284(1) | 19.505(3)
1.0 | 10.139(1) | 10.145(1) | 10.194(1)] 10.446(1) | 10.703(1)

1.0 1 1.5 | s.30002) | 8.305¢2)| 8.3¢8(2)| 8.593(2)| 8.895(2)
2.0 | 7.698(3) | 7.704(3) | 7.752(3)| 8.030(3)| 8.385¢3)
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(e)

(Continued)

Bla/D11 = 1000
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. 8,8/D,,

At toa

D,, b 0 1 10 100 1000
0.5 ( 18.519¢1) | 18.519¢1) | 18.519¢1) | 18.520¢1) | 18.527(1)
1.0 7.298Q1) | 7.298(1) | 7.298(1) | 7.300 (1) 7.313 (1)

4.0 | 45 6.181(1) | 6.181(1) | 6.182(1) | 6.1%0(1)| 6.21001)
2.0 5.408(2) | 5.408(2) | 5.409Q2) | s5.415¢2)| s.435(2)
0.5 | 18.670(1) | 18.670(1) | 18.670(1) | 18.671(1)| 18.678(1)
1.0 7.688(1) | 7.688(1) | 7.688(1)| 7.691¢1)| 7.705(1)

3.0 | 1.5 6.8146(1) | 6.814(2) | 6.815(2) | 6.817¢2)! 6.831(2)
2.0 5.812(2) | 5.812(2) | 5.813(2) | 5.820(2)| S.844(2)
0.5 1 18.972(1) [ 18.972(1) [ 18.972(1) | 18.972(1)] 18.979(1)

20 | 10 8.460(1) | 8.460(1) | 8.460(1) | 8.464(1)| 8.481(1)
1.5 7.362(2) | 7.362(2) | 7.362¢2) | 7.365¢2)] 7.362(2)
2.0 6.598(2) | 6.598(2) | 6.599(2) | 6.609(2)| 6.641(2)
0.5 | 19.875(1) [19.875(1) {19.875(1) | 19.876(1)| 19.884(1)
1.0 | 10.698(1) |10.698(1) {10.698(1) [ 10.704(1)| 10.729(1)

Le | g5 8.899(2) | 8.899(2) | 8.900(2) [ 8.904(2)| 8.932(2)
2,0 8.386(3) | 8.386(3) | 8.387(3) | 8.393(3)| 8.428(3)
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Crouzet-Pascal [118] who said they are only valid when all edges are

either simply supported or clamped. The authors did not agree [119] but

indicated that the accuracy of the results is questionable only when B1

and 3? differ from each other by two orders of magnitude or more.
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CHAPTER V. ANISOTROPIC PLATES

Consider next composite plates whose bifurcation buckling is governed

by the differential equation (see Appendix);

%W T 5tw o (D. +2D. ) 3w + 4D 3w . D otw
Dyy 3% * P16 TxTay ¢ 2(P12*?Pee) 375y 26 3x3y) 22 3y®
3w 3w 3w
=hlo, 52 * 2rxy axdy * 9 ayz) (5.1) )

that is, terms containing D16 and Dze' which involve the bending-twisting
coupling, are added to Equation 2.l1l. This is the classical equation for
the buckling of an anisotropic plate. It represents the equilibrium,
small amplitude, buckled mode shape of a symmetrically laminated plate
which otherwise has nc special orientation of the fiber directions of

the various plies with respect to each other.

Equation 5.1 also describes an orthotropic plate for which the
principal axes (i.e., orthotrcpy axes) do not align with the xy-coordinate
system, which 1is usually taken in the directions of the edges of a rec-
tangular plate. Thus, although the material is orthotropic, the plate

behaves as an anisotropic one, and will be discussed in this chapter.

As discussed by Jones [16] (see pp. 165-166), another important
case of symmetrically laminated plates govzrned by .juation 5.1 is the
regular angle-ply laminate having an odd number of plies alternating in
the sequence +6, <0, +8, -0,..., +0, Here the bending-twisting

stiffness coefficients D _ and 02 are largest for the smallest number

16 6
of plies (N=3), and become smaller relative to the other coefficients
(., D , D 066) as N is increased. Thus, for an angle-ply plate

1" T2z a2’
having a large (odd) number of alternating plies, D’e and 026 may be
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quite small. However, as Jones points out, even small D¢ and D, may
cause significantly different results from those cases in which Dle and

026 are exactly zero.

In Chapters 2 and 3 it was seen that orthotropic plates having two
opposite sides simply supported, subjected to uniform inplane normal
stresses (0y, Oy), had exact solutions for the buckling loads. The
addition of the terms containing D16 and 026 makes the exact solution of
problems for plates of finite dimensions impossible (an exceedingly
complex exact 3olution by Wittrick {120] for infinite strips will be
seen later). As it will be seen, results exist for only 4 of the 21

sets of simple boundary conditions (SSSS,SCSC,SFSF,CCCC).
5.1. SSSs

Consicd:r first the SSSS plate loaded either uniaxially or
biaxislly (Figures 2.1 and 2.3).

Housner and Stein [65] used a finite ditference energy method to
make parametric studies for angle-ply, graphite-epoxy plates having
alternating (+0) plies subjected to vniaxial loading. Individual ply
properties were given by:

E, = 145 GN/m” (2ix10%psi)
E,/E = 0.1138

G, ,/E = 0.03095

v, = 0.31

where E] and E2 are the elastic moduli parallel to and transverse to the

fibers, respectively; G is the shear modulus; and Vio is Poisson's

12
ratio relating contraction normal to the fiber direction to extension
parallel to the fiber direction., With these ply properties, the aspect

ratio end stiffness parameters aB/b and 0, respeclively, for the entire
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plate related to the plate axes, as defined by Equation 2.40 are as

given in Table 5.1. Numerical results were obtained with the assumption

16
buckling parameter N, with fiber orientation (+6) and a/b is seen in

that D and D26 are negligitle., Variation of the uniaxial compressive

Figure 5.1 for SSSS (as well as CCCC) plates, where ﬁx is defined by

N_b? \
3 _ x
Nx = - E;ET (5.2)

Also appearing on the right hand ordinate of the plot is a circle indi-
cating the corresponding value of ﬁx for an equal weight, isotropic .
aluminum plate. It is seen that a range of fiber orientations exists .
for which the buckling strength of the graphite-epoxy panels exceeds 7
that of the comparable aluminum panel with the same aspect ratio and
boundary conditions., A similar plot is shown in Figure 5.2 for SSSsS
{and CCCC) plates subjected to shear loading, where the nondimensional
shear buckling parameter ﬁxy is defined by

R nybz

N = 5.

xy El—h-g— (5.3)
In this case Figure 5.2 shows that the buckling strength of the square

graphite-epoxy plate with CCCC edges exceeds that of an aluminum one for
all fiber orientations.

Optimum fiber orientations for alternating angle-ply plates with
55SS edge conditiors are shown in Figures 5.3 and 5.4 for uniaxial and
shear buckling loads, respectively. The compressive buckling cL.ve
(Figure 5.3) is seen to have an optimum fiber orientation of 0° for
small a/b, increasing rapidly for a/b = 0,56, and lying in the vicinity
of 45° for large a/b, In the case of shear buckling (Pigure 5.4) the
symmetry of the problem requires that the optimum fiber orientation
angle o0 for a plate of aspect ratio a/b be the complement of the one for :
aspect ratio b/a. Thus, Pigure 5.4 is plotted onl; for a/b > 1, %
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Table 5.1. Parameters for graphite-epoxy, angle-ply plates

analyzed by Housner and Stein
defined by Equations 2.40.

!Fiber angles 8 L3
. *8(deg) b

5 0 3.50 | 1.722
‘ 30 0.511 1.389
i 45 0.415 1.000
| 60 0.511 | 0.720
i 90 l 3.50 : 0.581
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b
et 4
a
a/v
-81+8
4~ 1 -
-— —— —~—— -— \
Ve SN
1.25 ~ N
K o — ——— \\
— = AR a/b
\
1
Ny 2 Equal weight
S aluminum plates
© Simply supported
O Clamped
1 Integer J
s, o = = === Clamped
Simply supported
| | | L 11 | |
0 10 20 30 40 SO 60 170 80 90
+ 8

Figure 5.1. Compressive buckling parameters ﬁx for graphite-epoxy,
angle-ply plates,




BN 5V LYY W

1

B SO0 T

T . R

2,

uuuuuuuuuuuuuuuu

b
— Y
6 — a -
/——“\ KUY
Ve ~ L
\ ¢ +0
5 |- // \1"\"9
a/b / N\
. / \\
// ::\ N

2 Equal weight
aluminum plates
? O Simply supported

O Clamped

All edges
e~ = — Claniped
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Pigure 5.2. S8hear buckling parameters ﬁxy for graphite-epoxy,

angle-ply plates,
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i Pigure 5.4. Optimum fiber orientations for 83ss, angle-ply plates

subjected to shear loading.
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Housner and Stein [65] also computed and plotted interaction curves
for the buckling of alternating angle-ply plates subjected to simultaneous
axial compression and shear. Curves for various fiber orientation angles

(+6) for 8888 boundary conditions are depicted in Pigure 5.5.

Fogg (32] presented an extensive set of numerical results for the
compression (uniaxial) and shear buckling of S5SS plates fabricated from
T300/5208 graphite-epoxy tape. Results were obtained using a finite
element plate analysis program [121]. Calculations were made for two
families of laminates: (45/0/-45/0yn)g and (45/90/-45,0y)g, where s
indicates that the plate is symmetric, having twice the number of plies
shown in parentheses, and N indicates the number of 0° plies immediately
adjacent to the midplane on each side. Each ply was 0.005 in thick.

For example, the (45/0/-45/0)g laminate consists of eight plies,

arranged 45°, 09, -459, 0°, 09, =459, 09, 45°, and a total thickness of
0.04 {n and a bending stiffness in the x-direction of Dll a 53,795 lb-in,
A similar laminate having twice as many plies would have Dll =
53.795x(2) 3 = 430.36 1b-in. Laminate orientations, thicknesses and
bending stiffnesses of the various anisotropic plates studied are
summarized in Table 5.2.

Numerical results for the buckling stress resultants (N) in lb/in
for the plates described by Table 5.2 are presented in Table 5.3, along
with the complete plate dimensions. The width (b) was taken to be 20
times the thickness ( h) in each case. Lengths (a) were set to result
in one, two or three half-wave buckles in the mode shape. To evaluate
the effect of the D16 and 026
loads of orthotropic plates (D16 =D

terms on the buckling loads, the buckling
26 ° 0) of infinite length were also
computed. These plates are thus designated either "A®" or "0" in the
second column of results, and the ratio of the anisotropic to the

orthotropic buckling loads (NA/NO) is also given.

Least squares curve fitting techniques were used to obtain the

following empirical formulas for NA/NO for the case of uniaxial loading
113
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Table 5.2, Anisotropic laminates analyzed by Fogg

fl- "',

:

LAMINATE h 0y O | 0450y | 022 Ogs <0£>/ j_
ORIENTATION | wan | wean | owsan | wean | owsan | \om .
(a8/0/48)s a3 21203 | 1 | eams | nades | sssa | ssis i

. (88/48/0, )3 038 | 2se33 | vesmr | san | 2080 | 1eaas | sess
(65/0/45/TTs o3 | mems | nsso | s | mem | amaer | ses
(85//45/Q)s 2 sa79s | man | sz | 8518 | 1east | 29 .
(45/0/45/0,)s os | maz | ausee | 1esn | 41s0s | saas | 08 F
(e5/0/48i0)s 08 | 288 | siz08 | w20 | 7an | s7ai | 788 -
(€5/0/4570g)s 8 | ssar | o | e | ieess | 1z2mr | e :

~ ¥

(85/80/45)s 23 nass | mz | e | a3es | 8ss3 | 1ises !
(45/80/45/0)s o35 | wez | wss | ssss | esms | avie7 [ rz0m t
(45/0/-45/801s (@) 0 279 | e | 1052 | 2700 | 19081 | ged ;
(85/90/48/001 (Q) “ a8 | ase | t0sz | sssa3 | nasi | vasm
(45/30/48/0,)s o5 | sass | 31sss | 1es71 | weos | 3ssss | 1.ses !
(45/30/45.0,3 o8 | uess | suss | iz | mas2 | 78| vaon
(45/80/48/0g)s o8 | sse | 1w | zes | mozs | w297 | 10m .‘
Msterial Is 7300/5208 Tage i

st w
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only [32]:

N" D .
NO l - 5,585 ? for A=y (5.4a)
/D \ 2-135
= - . }6‘,
1 - 9.588 = for A=2 (5.4b)
/D - 2.117
=1 - 9.766| L&' 5.4
(766 — for A=3 (5.4c)
D .
T = 3 1/4
where D= (D),D3,) "+ (D,#2D ) (5.5)

When the data of Table 5.3 are compared against these curves, most of
the values fall within one percent of the curves, with the maximum error

being four percent.

Studying Equations 5.4 and 5.5, and Tables 5.2 and 5.3, effects of
the bending-twisting coupling coefficient D16 (and DZG) in changing the
buckling loads from those of orthotropic analysis may be seen typically
as follows:

1. The buckling loads are always decreased.

2. 1In the case of uniaxial compression longer plates (larger A)

always have larger decreases.

3. Shear buckling loads are more greatly decreased than those due

to uniaxial compression.

Mandell [34,35] conducted an experimental investigation of uni-
axial buckling loads for graphite-epoxy and boron-epoxy, angle-ply
plates. A description of the plates tested is given in Table 5.4.
Plate identification numbers given are those used in [34,35]. A ply

layup 4(+#60) would indicate a stacking sequence with respect to the load
direction (60°, -60°, -60°, 60°), 5(+45) would describe the sequence
(459, -45°, 45°, -45°, 45°) and 20(30) means that 20 plies are all with

.
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. Table 5.4. Description of anisotropic plates tested by

. Mandell
\ .
Plate % Fiber Layup of Dimensions

i no. Material by volume plies (in)
. 203a | Thornel-25 40,0 9(%45) 10x10x 0.116
y 203b " " " "
' 208 Thornel-40 60.0 (0,45,45,45,0) | 10x10x0.038
' 401 Boron ' 48.2 20(%60) 11x11x0.110

402 " " 20(%30) 1l4x11x0.110

403a " 7.0 20(x45) : 11 x11x0.110
A Aosb " 1" " "
: 406 " 51.7 20(30) 11x11%0.106
N 407 " " 20(60) "
| 408a " 58.6 20(45) 11x1°x0.095
N 408b " " 20(-45) "

L {
l Table 5.5. Bending stiffnesses (1lh.in) for Mandell's anisotropic
plates
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Table 5.6. Stretching stiffnesses (10% 1b/in) for Mandell's
anisotropic plates
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Table 5.7. Uniaxial buckling loads
(-Nx. 1b/in) for Mandell's
SSSS anisotropic plates 3

Plate

no Experimental | Theoretical

203 313 292 K
(283) :
208 13.8 12.7 A
401 661 636
600*
666%*
402 642 648
616%
665** Y
403a 582 642 ,
682
664*%
403b 602 642
682% !
664 %K ‘
406 399 515
425* .
449%% ]
407 433 589
381
417%%
408a 356 566
4LO6*
412%% .
408b 372 566
406%
412%%

* obtained by the Galerkin method ?
*% obtained by the Ritz method .
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fibers oriented at 30° with respect to the loading axis. Bending
stiffnesses for the plates are given in Table 5.%. The anisotropic

character of the plates in bending is clearly seen (D, . and D2 are not

zero). The stretching stiffnesses are listed in Tab1i65.6. Aithough
the plates are symmetrically laminated, and therefore the stretching
stiffnesses do not couple with the buckling problem, the latter table is
presented to show that some of the plates are orthotropic in stretching
(A16 and A26 are zero), even though they are anlsotropic in bending.

More information on these tests is found in Section 2.1.

Table 5.7 lists the experimental buckling loads for the piates
described in Table 5.4. Also given are theoretical values obtained by
three methods, using the bending stiffness data found in Table 5.5. The
first method ignores the 016 and D26 terms, and uses Equation 2.9 for an
orthotropic plate. The second and third mathods utilize Galerkin and
Ritz formulations, as applied by Chamis [41) and Ashton [42], re-~
spectively. Plates 202, 403 and 408 are each listed twice. The two
cases (denoted "a" and "b") identify uniaxial loadings in two perpen-
dicular directions. For these plates, different experimental results
were found, although the theoretical results are identical for each
loading direction. 1t is interesting to note, contrary to the results
of Fogg [32] presented earlier in Table 5.3, addition of Dle and D26
terms to the analysis does not necessarily decrease the theoretical
buckling loads shown in Table 5.7.

Chamis [43,44] used the Galerkin method to analyze the buckling of
8888 anisotropic plates subjected to combinations of compression and
shear loading. Two sets of problems were treated. The first set
consisted of plates having the fibers all parallel, making an angle 0
with respect to the x-axis. The second set were angle-ply plates,
having alternating plies at +0 fiber angles. Specifically, the plates
were comprised of 20 plies, the top 10 being +5, and the bottom 10 being
+0, to preserve symmetry. Bending stiffnesees for the first set are

127
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displayed in Table 5.8, computed using the ply material properties
listed in Table 2.7. Critical buckling loads for various loading
conditions and sizes of plates for the first set of problems are given
in Table 5.9. Stiffnesses and buckling loads for the second set are set
forth in Table 5.10 and 5.11. Corresponding results for the same plates
having 6 = 0 and 90° were given previously in Table 2.9. Comparing
Tables 5.8 and 5.10, one observes that the only significant differences
between the bending stiffnesses of the two sets of plates is in the
bending-twisting coupling terms D16 and Dze’ Additional discussion of
the solution procedure may be found in Section 2.4.

Considerable intarest has existed in the optimization of fiber
orientation to obtain the largest value of critical load. Some work in
this direction has already been seen in Pigures 5.3 and 5.4. An
extensive study for SSS§S plates subjected to uniaxial compression (04
= constant, 0, = Ty, = 0) was undertaken by Crouzet-Pascal [12.] us.ng a
finite element method. Three types of laminates were considered, having
*gevere, medium or mild" orthotropy with respect to the principal
material axes of the plate, which in turn are oriented at an angle 6
with respect to the sides of the plate. The three types are described
by the laminate material properties listed in Table 5,12, where L and T
are principal material axes, For 6 = 09, then Ef = Ey, Ep = Ey, etc.
The plate having severe orthotropy consisted of 50 graphite-epoxy plies,
all having parallel fibers, Medium orthotropy corresponds to 20 glass-
epoxy plies, with parallel fibera, Mild orthotropy stemmed from the
reorientation of the layers of the severe orthotropy case, with 14, 14,
14 and 8 layurs oriented at 0°, +45°9, -45° and 90°, respec -‘vely
relative to the principal material axis.

Optimum material axis orientation versus plate aspect ratio for
the laminate having medium orthotropy is shown in FPigure 5.6. Results
obtained (122] are compared with those of Chao, Koh and Sun [123] for
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Table 5.8. Bending stiffnesses (lb.in) for Chamis' parallel-
fiber anisotropic plates

Fiber
angle D D D D,, D D
8(deg) 11 12 16 26 66
15 2143 172.9 531.4 "148.5 44.4 205.3
30 1440 454.0 742.1 228.0 255.1 4B86.5
45 724.1 594.6 575.8 724.1 575.8 627.0
60 228.0 454.2 255.1 1440 742.1 486.5
75 148.5 172.9 44,4 2143 S531.4 205.3
.
129 y
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Table 5.9. Buckling loads Ncr(lb/in) for Chamis' SSSS parallel fiber
anisotropic plates

Plate Loading eondition Buckling load, N
dimensions N N N ' cr
(in) Eli SFX' ﬁfl 8=15° 0=30" =45 8=60" 6=75
cr cr cr
5.0x10.0 -1 0 0 949 813 620 403 219
" 0 -1 0 847 1306 1506 1407 876
" -1 -1 0 623 648 495 322 175
" -1 0 1 338 661 456 315 193
" 0 -1 1 645 718 635 518 446
" -1 -1 1 494 510 374 249 159
" -0.001 0 1 1458%  1238%  980* 808* 667*
10.0x10.0 -1 0 0 328 417 425 344 213
" 0 -1 0 213 344 425 417 328
" -1 -1 0 164 208 218 208 164
" -1 0 1 233 223 205 197 164
" 0 -1 1 165 197 205 223 233
" -1 -1 1 136 146 145 146 136
" -0.001 0 1 418%  382%  391%* 385%  412%
" -1 -0.75 0 187 236 225 237 178
" -1 -0.50 0 218 276 262 277 188 1
" -1 -0.25 0 262 331 312 322 200
" -1 0.25 0 436 552 488 353 221
" -1 0.50 0 654 827 554 386 236
" -1 1.00 O 1223 970 696 465 280
" -1 -0.50 0.25| 209 232 229 240 179
" -1 0.50 0.25| 563 570 438 342 225
" -1 -0.50 0.50] 196 207 200 213 169
" -1 0.50 0.50| 469 431 348 294 209
20.0x10.0 -1 0 0 219 351 377 327 212
" 0 -1 0 ss 101 155 203 237
" -1 -1 0 A 81 124 162 156
" -1 0 1 112 135 159 180 175
" 0 -1 1 48 79 114 165 209
" -1 -1 1 40 66 94 128 123
" -0.001 0 1 167%  204% 246% 306%  360%
40.0x10.0 -1 0 0 216 336 417 392 268
o 0 -1 0 22 45 91 157 210
" -1 -1 0 21 42 86 147 163
" -1 0 1 90 126 183 238 239
" 0 -1 1 22 42 85 149 210
" -1 -1 1 21 40 80 139 139
" -0.001 0 1 1274 168% 253% 371% 50 5%

* values lacking convergence
130
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Table 5.10. Bending stiffnesses (lb.in) for Chamis' angle-

ply plates

Fiber
angle P Di2 D16 D22 D26 D6

t6(deg)
15 2141 172.7 79.6 148.5 6.7 205.1
30 1439 453.6 111.2 288.6 38.2 486.90
45 723.4 594.0 86.3 723.4 86.3 626.4
60 288.6 453.6 38.2 1439 111.2 486.0
75 148.4 172.7 6.7 2141 79.6 205.1

.'\'..‘," MR S
ARy VT PO TR PON-HO% -
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Table 5.11. Buckling loads Ncr(lb/in) for Chamis' SSSS angle-ply plates

[ Plate Loading condition Buckling load, Ncr
dimensions N N N
(in} T X S y - N"i 82215 8=%30" 6=45 6=260 0=+75°
Qr cTr cr
5.0%x10.0 -1 0 0 963 854 665 429 226
" 0 -1 0 901 1622 2016 1716 904
" -1 -1 0 669 683 532 343 181
" -1 0 1 905 798 621 401 213
" 0 -1 1 786 1271 1402 1054 577
" -1 -1 1 601 650 506 327 173
" -0.001 0 1 2290 2823 2571 1772 995
10.0x10.0 -1 0 0 340 450 505 428 226
" 0 -1 0 226 428 505 450 340
" -1 -1 0 170 225 252 225 170
" -1 0 1 283 370 414 363 201
" 0 -1 1 201 363 414 370 283
" -1 -1 1 159 210 235 210 159
" ~0.001 0 1 671 914 1038 914 671
" -1 -0.75 0 195 258 289 258 190
" -1 -0.50 O 227 301 338 301 201
" -1 -0.25 © 273 361 405 361 213
" -1 0.25 0 454 602 675 458 241
" -1 0.50 0 681 902 761 491 259
" -1 1.00 0 1284 1140 888 573 302
" -1 -0.50 0.25| 225 299 334 298 199
" -1 0.50 0.25] 647 849 741 482 255
" -1 -0.50 0.50| 221 292 328 292 196
" -1 0.50 0.50{ 579 755 702 464 249
20.0x10.0 -1 0 0 226 429 504 405 225
! 0 -1 0 56 107 166 213 241
" -1 -1 0 45 86 133 171 167
" -1 0 1 144 263 351 318 196
" 0 -1 1 53 100 155 200 226
" -1 -1 1 43 82 127 163 150
" -0.001 0 1 249 443 643 706 591
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two values of a/b. For a/b = 1, both analyses gave the same result.
Por a/b = 2.5 they differed by approximately two percent. The variation
of critical stress with material axis orientation (§) is depicted in
Pigure 5.7 for the two cases of a/b = 1 and 2.5 described above. There
m indicates the number of half-waves of the buckling mode in the load
direction. Transverse to the load the mode shape has one half-wave.
The node lines of the mode shapes have been found to rotate with the
material axes, and remain approximately normal to the stiffer material
axis over the whole range of orientation [42]. The results of similar
studies [122] for the plates having mild and severe orthotropy are seen
in Pigures 5.8 through 5.10.

A number of other optimization studies have been made for SSSS
anisotropic plates [28,34,68,101,124~135]. Optimization under biaxial
loading conditions was treated by Bert and Chen [125] and by Lukoshevichyus
[131]. Biaxial loading combined with shear was dealt with by Schmit and
Parshi [133].

The case of the infinitely long anisotropic plate simply supported

along its two edges (y = 0,b) and subjected to combined longitudinal
(ox) » transverse (cy), shear (Txy) and inplane bending (see Equation
2.43) was analyzed by Wittrick [120]. Critical values of the parameter
K;, are given in Table 5.13 as the parameters Q2 and-ngare varied, for
the case of no bending stress. The parameters are defined as follows:

-g_hb2
= —x - 2 2 y2_ 5.6
Ky 5?75;; 2R, 3K, + Q°[(1+R55) “~R, ] (5.6a)

T hif

.- XY 2 3 ’
Kg an‘p,, + 20%(R, ¥Ry 4R, 5) (5. 6b)
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Table 5.12. Principal axis material properties of plates
analyzed by Crouzet-Pascal :

-6 -6 -6
Tyi:::f i Enxlo ETxlo Gnrxlo ViT
P (pst)  (psi)  (psi)
Severe orthotropy 18.5 1.6 0.65 0.25
Medium orthotropy 7.8 2.6 1.25 0.25
Mild orthotropy 7.64 5.87 3.00 0.409
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Figure 5.6. Optimum material axis orientation versus &spect ratic
for a uniaxially loaded SS5S plate (unidirectional,
medium orthotropy laminate).
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Figure 5.7. Variation of critical stress with material axis orien-
tation, corresponding to a/b = 1 and 2.5 in Figure )
5.6 (unidirectional, medium orthotropy laminate). .
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Figure 5.8. Variation of critical stress with material axis orien-~
tation, a/b = 2.5 (angle-ply, mild orthotropy laminate).
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Figure 5.9. Variation of critical stress with material axis orien-
tation, a/b = 2.5 (unidirectional, severe orthotropy
lanminate).
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laminate),
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b 2
22 = Q) (5.6c)

where

Q b v 3/D26>2 )\20 h
= - 33— +
22~ \p,, 212D

with A being the longitudinal half-wavelength and 7, and UY taken
positive in tension, as elsewhere in the present work. The infinite
strip having its principal material axis oriented at 45° with respect to

the simply supported sides, subjected to uniaxial compreasion or shear,
was also treated by Thielemann [136,137].

In addition to those references lizted previously in this section,
many others are available which consider the buckling of 8868 ani-
sotropic plates [14,26,45,101,138-149], most of them dealing with
unlaxial loading conditions only. Sarkisyan and Movsisyan [144]
demonstrated how the perturbation method may be used, whe.e the zeroeth
order perturbation 15 Lhe orthotropic plate, Therefore, for small Dls
and 026, the first order perturbation will be an accurate representation
of an anisotropic plate. Whitney [147,148) demonstrated the rapid
convergence of the series method for anisotropic problems, Ashton and
Waddoups [138] showed that the buckling load of a t4so angle-ply plate
may either decrease or increase when loaded in shear, dependirg upon
whether 1y, is positive or negative, respectively.

5.2. 8CsC

Ashton and Love [112] conducted a set of experimental tests on
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Table 5.13. Critical values of K; for buckling of a simply supported,
infinite strip subjected to Ty oy and oxy’

K3 m 0 s 10 15 20 25 30 3s
02 =02 7.200 6.305 5417 4.537 3.665 2.798 1.939  1.086
0.3 $.633 4771 3919 3077 2243 1.418 0.601 ~0.208
0.4 4900 4.069 3.249 2440 1.641 0.852 0.072 —0.700
0.5 4.500 3.697 2906 2128 1.360 0.602 —0.145 —0.884
0.6 4267 3490 2726 1975 1.236 0.507 -—0.212 —-0.922
0.7 4.129 3.376 2.638 1912 1.198 0.495 —0.198 —0.882
0.8 4.050 ~ 3.321 2,605 1.903 1.212 0.533 —0.137 -0.797
0.9 4011 3303 2610 1929 1260 0.601 —0.047 —0.685
1.0 4.000 3312 2639 1978 1329 0.691 0.062 —0.557
1.2 4033 3.383 2746 2122 1.508 0.906 0.312 —0.272
1.4 4.114 3497 2893 2300 1.719  1.147 0.584  0.030
1.6 4225 3.638 3.062 2498 1945 1.400 0.865  0.337
1.8 4.3% 3.795 3246 2,708 2179  1.659 1.148  0.643
2.0 4.500 3964 3.439 2924 2418 1.920 1.430  0.947
2.2 4.655 4.141 3,638 3144 2,659 2.181 1.710  1.247
2.4 4.817 4324 3.841 3366 2.899  2.440 1.987  1.541
2.6 4,985 4511 4.046 13.589  3.140  2.697 2.261 . 1.831
2.8 5.157 4.701, 4253 3813 3379 2952 2.531 - 2.116
3.0 $.333 4893 4461 4.036 3.618  3.205 2,798  2.397
34 $.694 5284 4880 4,482 4.090 3,704 3.322  2.945
3.8 6.063 5.678  5.299 4925 4,557 4.193 3.834 3.478
4.2 6.438 6.076 5718 5.366 5.018 4.674 4.334  3.998
4.6 6.817 6475 6137 5804 5474 - 5.148 4.826  4.507
5.0 7.200 6.876 6.555 6239 5925  5.616 $.309  5.005
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SCSC plates loaded uniaxially, where the clamped edges were loaded and
the simply supported edges were unloaded (oy = constant, ox = 14y = 0).
A total of 20 boron-epoxy laminates were evaluated. Layers of epoxy-
bonded boron fibers (Narmco 5505 prepreged type) were combined in direc-
tions located with reference to a 0° axis of plate symmetry as indicated
in Table 5.14. Material properties of typical plies were: E1 = 31x105psi,
E, = 2.7x10%psi, G, = 0.75x10%pei, v, = 0.28. Nineteen of the twenty
plates were symmetrically laminated (Plate 2 was unsymmetric). Plates
1, 3, 4 and 20 had principal material axes aligned with the plate edges
(i.e., orthotropic), the others behaved as anisotropic plates. Plate 11
had 12 plies, plates 15 and 16 had 16 plies, and the others all had 20
plies. Thicknesses varied no more than two percent throughout the
plates. Plate dimensions were 10x10 inches within the loading frame,
except for plate 11, which measured 10x5 inches. Plate edges had layers
of Teflon tape attached to reduce undesirable, secondary inplane forces
due to friction, which was found to be very important -- without it, the
induced stress resultant Ny was as much as 50 percent of the applied
stress resultant, causing buckling loads to be reduced by one-fourth to

one-third. The presence of induced secondary stresses was observed by
strain gages,

Critical buckling loads were determined by the Southwell
method {40]. These are listed in Table 5.15 [112). Two tests were
conducted for each plate. The first test had the zero degree material
reference axis aligned with the load. Then each plate (except number
11) was rotated 90° and the tests were repeated., Results from both sets
of tests are seen in Table 5.15. Purther details about the testing
procedure and observations may be obtained from [112].

Sandorff [150) and Baharlou [10l1] studied a set of SCSC plates

with uniaxial load applied to the clamped edges (oy = constant,
Oy = Txy ™ 0). The plates were made of graphite-epoxy, with individual
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Table 5.15. Experimental uniaxial buckling loads (1b) for ;
SCSC plates corresponding to Table 5.14.

Plate Load orientation
no. o° 90° “
1 11,300 9,600 -
2 5,400 5,610
3 9,500 9,000
4 7,400 7,200 3
5 12,400 4,350 K
6 5,600 6,100 ;
7 4,650 5,600 R
8 8,600 8,400 -
9 9,900 9,600 s
10 8,950 5,200
11 3,650 @ ——
12 14,700 7,550
13 12,700 7,600
14 12,650 7,750
15 6,100 5,100
16 5,400 4,800
17 14,200 5,400
18 13,200 5,900
19 7,700 4,760
20 13,700 4,200
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Table 5.16. Unisxial buckling stress resultants -Ny (1b/in) for

SCSC anisotropic plates (oy = constant, O, = Txy = 0).
Dimensions Experimental Theoretical results
“an;) results Sandorff Baharlou
[150] [150] f101]
4
3.003x9.625 Ppses 5185 5070
2.503x9. 625 o 7249 7004 :
2.003x9.625 g;gg 10,760 10,460 X
—__ i 1
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plies having the following properties: E = 19.0x10°psi, E, = 1.5x10°psi,
G, " 0.80x10°psi, v = 0.30. The laminate orientation was (0/45/0/0/-
45/0) 3. The plates all had the same length in the loaded direction

(b = 9.625 in) and the same thickness (h = 0.1232 in). Three plate

widths were considered (a = 3.003, 2.503, 2.003 in). Buckling stress
resultants (lb/in) for the three plates are given in Table 5.16. It is
seen that as the width of the plate (a) is decreased from 3.003 in to
2,003 in, the difference between the two sets of theoretical results and

the experimental data becomes quite significant.

Several other publications dealing with the buckling of SCSC
anisotropic plates have appeared [26,151-153).

5.3. SFSF

In Table 5.17 are listed the experimental buckling loads obtained
by Mandell [34,35] for SFSP anisotropic plates having the simply sup-
ported edges subjected to uniaxial loading. The plates are those
described previously in Section 5.1 (Tables 5.4-5.6). Thecretical
regults in all cases were calculated on the assumption that the plate
bends as a simply supported beam having no transverse curvature or twist
(see description of analysis in Section 3.6). Theoretical results
obtained by the Ritz method developed by Ashton [42]) are also given for
geveral of the plates in Table 5.17.

5.4. CCCC

Ashton [42] investigated the effect of varying § upon the uniaxial
(Ux = constant, Iy = Txy = 0) buckling loads of parallel fiber composite
plates, as the angle (9) between the principal material axes and the

plate edges is varied. The Ritz method was used, with assumed displace-

ments taken as the product of vibrating beam functions. The material
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§§ Table 5.17, Uniaxial buckling ioads
. (-Nx, 1b/in) for Mand_ll's
f-':- SFSF aatisotropic plates
| Plate Experimental | Th2oretical
. no .
203a 33.8 44.9
l.‘ 203b 34,7 44.9
. 208 8.27 9.30 i
: 401 30.3 37.8 !
L ' 3434
“ 402 137 161 ;
- 150% \
. I 403a S3 I0.€ !
£0.8** !
L 403b 45 170.6
- 160.8%% |
v 406 89 150 ;
:-'. 132%% :
- 407 30.1 ! 35.1
30.0%%
408a 41.6 7.6 !
51 .8%% i
408%b 34.2 70.6 :
! | i 51.8%%
X [ ! | ——
'._ ** obtained by the Ritz method
-
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properties taken in the direction of principal axes were: Ey/Ep = 10,
Gp/Ep = 0.25, vy = 0.3. Numerical results for the nondimensional

buckling parameter -o,hb>/D,. are shown in Table 5.18 for a/b = 1 and 2,

and for a variation of @ betzeen zero and ninety degrees. Results are
also given for an "orthotropic solution®" for a/b = 1, wherein the D¢
and D26 bending stiffnesse3 are omitted. The results for the square
plate are also plotted in Pigure 5.11. It is geen that neglect of the
Dl6 and D26 terms yields results which are considerably too high for ¢
in the vicinity of 45°. The orthotropic analysis also corresponds to an
angle-ply plate having an infinite number of plies alternating at +9,
and practical laminates will yield results which fall between the two
curves of Figure 5.11. The node lines (lines of zero displacement) for
the critical mcde shapes are shown in Figure 5.12. For orthotropic
plates, these lines are parallel to (or nearly parallel to) the edges,

but for anisotropic plates they are not.

Experimental resuvlts for the buckling of uniaxially loaded CCCC
plates were obtained by Ashton and Love (112]. These are given in Table
5.19. For information concerning the plates tested, see Table 5.14 and

Section S5.1.

Uniaxial and shear buckling parameters ﬁx and ﬁxy for angle-piy,
graphite-2pnxy plates having CCCC edges, as obtained by Housner and
Stein [65) were presented in Pigures 5.1 and 5.2, respectively. Optimum
fiber orientations for such plates and loadings may be seen in Pigures
5.13 and 5.14, which may be compared with similar curves for 5855 plates
vwhich appeared as Figures 5.3 and 5.4. Interaction curves for buckling
due to simultaneous axial com - 5ion and shear are seen in Figqure 5,15.

ﬁx and ﬁxy are defined by Equations 5.1 and 5.2, respectively.

‘e buckling of CCCC anisotropic plates subjected to uniaxial
conpresgive loads was also studied by Ashton and Waddoups [ 138), using

148
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l 1
2 A
Table 5.18. Critical buckling loads (—oxhbz/D¢¢) for parallel-fiber .

CCCC anisotropic plates,.

Principal material axis orientation, € (degrees)

a

b 0 15 26.6 30 45 60 75 90
| 1 |45.20 39.47 —  29.94 25.35 23.69 21.39 19.65 s
< 45.20% 44,72%x ——  43,51% 42,26% 35.37% 24,16% 19.65%

2 |25.53 25.19 22.00 — 20.08 18.50 17.75 17.35

* Values from orthotropic analysis (setting D, =D, =0).
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Table 5.19. Experimental uniaxisl buckling loads (1b) for
CCCC plates corresponding to Table 5.14.

R Plate Load orientation
) no. 0o 900

' 1 15,500 15,200

! 2 6,150 6,560

- 3 13,900 12,200

4 10,300 10,200

5 12,000 4,900

, 6 6,840 7,150

’ 7 5,800 6,100

. 8 10,700 10,100

9 12,100 11,700

10 9,800 8,200

11 4,550 _—

- 12 17,600 10,600

i 13 13,600 9,500

| 14 13,900 9,800

15 6,950 6,250

16 6,850 6,600

17 15,400 6,700

18 15,500 7,350

I 19 8,700 6,500

" 20 14,900 5,880
|
i
i

- 150
}
‘: ----- -
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Figure 5.11, Comparison of anisotropic and orthotropic solutions for
uniaxial buckling of a Parallel-fiber CCCC plate.
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the Ritz method with beam functions, and by Green and Hearmon [26] and

P

Whitney [154,155], using a series (or superposition) method with -4
trigonometric functions. Praser and Miller [156,157) analyzed these
problems for uniaxial compression and shear loading by means of the Ritz
method with trigonometric functions and Lagrange multipliers.

et NEERE AT L

The case of the infinitely long anisotropic plate clamped along .
its two edges (y = 0,b) and subjected to combined longitudinal (0k),
transverse (oy), shear (Txy) and inplane bending (see Equation 2.43) was i'
analyzed by Wittrick [120]. Critical values of the parameter K; are
given in Table 5.20 as the parameters 92 ang Kszare varied, for the case
of no bending stress. The parameters are defined in Equations 5.6. The
infinite strip having its principal material axis oriented at 45° with -]
respect to the clamped sides, subjected to uniaxial compression or K
shear, was also treated by Thielemann [136,137].

5.5. ELASTIC EDGE CONSTRAINTS

Symmetrically laminated angle-ply plates having all their edges :
elastically restrained against rotation were analyzed by Housner and ?*»
Stein [65]. Uniaxial compression and shear buckling parameters ﬁx and
ﬁy, as defined by Equations 5.1 and 5.2 are plotted in Figures 5.16 '
through 5.21, respectively. The rotational spring constant k, used in .f
the abacissas relates the rotational moment to the change in slope at '
each edge by

(5.7)

where n is the direction of the normal to the edge. The springs are
uniformly distributed along all four edges. The other edge condition is

w = 0. Thus, ky = 0 and «» correspond to 5555 and CCCC plates, respec-
tively.
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Table 5.20. Critical values of K; for buckling of a clamped, infinite
strip with Kg=0.

Ksi= 0 10 20 30 40 50 60 70 80 90

Q2 =02 38.381 27.103 25.832 24.567 23.309 22.058 20.812 19.573 18.240 17.113
0.3§19.914 18.666 17.427 16.198 14978 13.766 12.563 11.367 10.180 9.000
0.4]115.728 14.509 13.302 12.106 10,920 9.745 8.579 7.423 6.276 5.138
0.5]13.256 12.065 10.887 9.721 B8.568 7.426 6.295 5.175 4.064 2.964
0.611.641 10476 9.325 B8.189 7.065 5954 4.855 3.768 2.691 1.€24
0.7]10.514 9.375 8.251 7.141 6.046 4964 3.894 2837 1.790 0.754
0.8] 9.694 8.579 7.479 6.396 5.327 4.272 3.230 2.200 1.181 0.174
0.9{ 9.078 7985 6910 5.851 4.807 3.777 2760 1.756 0.764 —0.217
1.0{ 8.604 7.534 6.482 5.445 4,425 3419 2426 1.446 0.473 —-0479
1.2] 7.943 6915 5904 4911 3934 2971 2.022 1.086 C(.162 -0.751
1.4] 7.527 6.537 5.565 4.611 3.673 2.749 1.8)9 0942 0.057 -0.817
1.6} 7.263 6.309 5.374 4.455 3,552 2.664 1.789 0.927 0.077 -0.763
[.8] 7.102 6.181 5.279 4.393 3.523 2.667 1.824 0.994 0.175 -0.634
2.0{ 7.012 6.123. 5.251 4.396 3.556 2.729 1.916 1.114 0.324 —~(.456
2.2]1 6975 6.114 5271 4.444 3632 2833 2046 1.271 0.507 —-0.247
2.4] 6976 6.143 5326 4.526 3739 2965 2.204 1.453 0.713 -0.017
2.6} 7.007 6.200 5.409 4.632 3.870 3.120 2.381 1.654 0.936 0.228
2.8] 7.062 6.279 5.511 4.758 4.018 3.290 2.573 1.867 1.170 0.482
3.0] 7.136 6.376 5.630 4.899 4.180 3.472 2.776 2,089 1.412 0.742
J.4] 7.328 6.609 5904 5.212 4.531 3.862 3.202 2.552 1910 1.276
3.8 7.562 6.881 6.212 5.556 4.910 4.273 3.647 3.028 2418 {.815
421 7.827 7.180 6.544 5919 5304 4.698 4.101 3511 2929 2.354
4.6} 8.115 7.498 6.892 6.296 5.709 5.130 4.560 3.996 3.440 2.889 .
5.0] 8.420 7.831 7.252 6.682 6.121 5.567 5.021 4.481 3.947 3.420
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CHAPTER V1. UNSYMMETRIC LAMINATES

In general, laminated composite plates will be fabricated with ply
arrangeients which ate not necessarily symmetrical with respect to the
midplane of the plate. This situation may arise either in a general
stacking sequence, or in certain special ones. An example of the latter
confiquration is the cross-ply plate having an even number of equal thick-
ness plies, which is an antisymmetrical laminate. Examples of symmetrical,
antisymmetrical and more generally unsymmectrical cross-ply layups are
shown in Figure 6.1 [158]). The adjective "regular" denotes equal thick-

ness plies.

The equations governing the bifurcation buckling of an unsymmetrical
laminate are derived in the Appendix, and may be expressed in terms of

the displacemen' ; in matrix operator form as

-
i Loy Ly Ly 1 @ v

b By T By Vi =y ©¢ (6.1)
| _

| By Ly, (gt o 0

~

where the Lij are differential operators representing the plate stiffness,
defined in the Appendix by Equations A.21; F is a differential operator
representing the inplane stress resultants (N, Ny, Nyy) defined by
Equation A.22; u and v are inplane displacements of the midplane during
buckling in the x and y directions; and w is the transverse displacement.
It is important to note tnat u and v are not the inplane displacements
which occur with increasing inplane stress resultants, but rather the
additional displacements which arise when the buckling load is reached
and the plate ia deformed in a buckled mode shape of infinitesiwal ampli-
tude. These additional inplane diasplacements characterize the bending-

stretching coupling which exists in the Aeformation of an unsymmetrical

lamirate. 1In Equation 6.1 the bending-stretching coupling ie induced by
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Pigure 6.1. Examples of symmetrical, antisymmetrical and unsym-
metrical cross-ply laminates.
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the operators L13(=L31) and L23(=L32), which vanish only when the Bjj
bending-stretching stiffness coefficients (see Equation A.8) are all
zero. Then the plate buckling problem reduces to (L33-P)w = 0, which is

Equation 5.1 previously given for the anisotropic plate.

o Equations 6.1 are an eighth order set of differential vions
which closely resemble the form of shell buckling equatio + <ch are
also of eighth order. (Indeed, the coupling between bending and stretch-
e ing is what links together the two sets of fourth order equations which
K would otherwise exist for a shell.) Since the equations are of eighth

5[ order, four boundary conditions must be specified along each edge to

'2: define the problem physically, and to generate a proper mathematical

eigenvalue problem.

;Q The first satisfactory theory incorporating bending-stretching

: effects into the deformations of laminated plates was developed by Reissner
and Stavsky [20,159). This was done for the special case of an antisym-
mecrical, angle-~ply plate, for which B = B B = 0, which

11 %127 Paz2 T e
terms to cause the coupling. Governing equations for

B

S

leavea B and B
16 ¢ Pag

the buckling equilibrium position were expressed in terms of w and an

n'l‘l‘

Airy stress function (¢). Transverse equilibriumm and inplane compati-
bility conditions were then used to generate an eighth order set of

- equations equivalent to those of Equations A.32 and A.33.

Existence of the bending-stretching coupling in unsymmetrical

- laminates was questioned (c.f., [159,160]) at the time of the
development of the new theory more than two decades ago. But, since

Li then, the effects have been demonstrated and quantified, both

theoretically and experimentally. The primary effect is to decrease the

;; stiffness of a plate; therefore, in the case of buckling, critical loads

o are reduced., As it will be subsequently seen, the effect is strongest

when only a2 =small number of pliss is used, and decievases as the number

increases.
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An approximate theory was suggested by Chamis [43] and Ashton [162]
for simplifying problems involving unsymmetrical laminates. It replaces
the eighth order set of Equations 6.1 by that of anisotropic plate theory,
Equation 5.1, where the bending stiffness coefficients Djj are replaced
by the "reduced bending stiffness” coefficients DYy as given by the last
of Equations A.31l. The boundary conditions are also reduced in number
from four to two, and the resulting solutions are independent of the
degree of inplane constraint. Comparisons Of results obtained using the
"reduced stiffness"” versus ones using the complete stiffness matrix show
varying degrees of agreement {14,34,162-164] indicating that the approxi-

mate theory is not accurate for all problems,
6.1. 8SsS

For an unsymmetrically laminated plate, the meaning of a "simply
suppor ted" edge is not clear. Assuming that, as in classical plate theory,
the edge must have zero transverse displacement and bending moment, there
remain yet four possible combinations of "simple" (i.e., not elastically
restrained) boundary conditions, depending upon the inplane constraints,

viz.

S1 1+ w=aMy = uyy=u =0

S2 : w =M, =Nqg =up =0 (6.2)
S3 : w=Mp =uy = N =0

S4 : w

= Mp = Ny = N =0

where n and t are used to designate directions normal and tangent to a
boundary, respectively. The bending moment (M), normal stress (N,) and
shear stress (Ny¢) resultants at edges x = constant or y = constant are

related to the displacement components by Equations A.38.

Two closed form, exact solutions are available for unsymnetrically

laminated plates subjected to uniform, biaxial stresses (0, = conatant,
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Oy = constant, Tyy = 0) [165,166]). One is for cross-ply plates having

S2 boundary conditions along all edges; the other is for angle-ply gplates
having S3 edges.

For unsymmetrical cross-ply laminates. A.. = A, = Big = By =

16 26
D a D = 0 (antisymmetrical lamination simplifies the problem further,
16 26
with A11=A22, 0115022' B, =" B,, and B, =B -0) Por plates of this

type having S2 conditions at x = 0,a and y = 0,b the exact solution takes

the form

MR AR T A AL RUL RV IS Tkl Rl et SEN LR LTI LA ohh gl AL BN R A

with m,n = 1,2,...

B sin

C sin

mixXx . n7n
u = A cos ' szn-—y-

mTx nT
cos —by'

mrx . nn
sin oty
a b

(6.3)

The similarity of unsymmetrically laminated plate

equations and shell equations remarked upon earlier in this chapter is

again seen in Equations 6.3,

for these are the displacement functions

yielding exact solutions for either (a) shallow shells of arbitrary (but

uniform) curvature and rectangular planform, with shear diaphragm support

conditions along all four edges (cf.

[167]), or (b) closed circular cylin-

drical shells having shear diaphragm supports on the ends (cf. [168],
p. 43). Substituting Equations 6.3 into Equation 6.1 yields
a- \ .
RO T AR
| C21 C,a c,, L LBz 0y (6.4)
C C.. JHN +N 32) | ! I

Lo O R I

where
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c.. =Aa,,02 +A_82
66

2 4+ 2

s

<

-

A

- Q
i 22 22 66
~

0
1
»

™
[

_ 4 2,72 4
=D..at + 2(D12+2D66)a 3 + DZZB

(A12+A66)08 (6.%)

—
ro
(8]
—
!

~ ~ 3 2
= Z B a’ + (B +2B )af
('13 31 11 12 66

(@]
]
o
i

q 2 3
+2 + B
23 gp = (B),teB)ald 228

N e nn
i a = -— B = —
a

For a nontrivial solution, the determinant of the coefficient matrix of

Equation 6.4 must be set equal to zero, yielding the solution for buckling

1
.

stresses (N, and Ny are positive in tension):

2,

5 2
2Cy5C13C537C11C547C,2Cs

e el
-N a< - N p- = C.., + y
x Y 33 C11%2272 (6-6)

LR — et

It is seen that for a symmetrical laminate (Bgy = 0), the right-hand-
gide of Equation 6.6 reduces to C33, and the equation is the same as
Equation 2.22 for the biaxially loaded, orthotropic plate having SSSS

edge conditions. For parametric studies, it may be desirable to recast

... L
O e ST

Equation 6.6 in terms of nondimensional parameters, as was done in changing
Equation 2.22 to 2.24. Once the eigenvalues (nondimensional buckling

parameters) are found from Equaticn 6.6, the eigenfunctions {buckled

Y

mode shapes) are found in the usual manner for an aigenvalue problem;

B}

that is, an eigenvalue is subs {tuted back into Equation 6.4, and the
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I

eigenvector (A/C, B/C) which determines the eigenfunction is obtained by
solving any two of the three linear equations represented by Equation
6.4.

Jones [158] obtained numerical results for antisymmetrical and
unsymmetrical cross-ply laminates having S2 edge conditions, subjected
to uniaxial loads., Figure 6.2 shows the variation of Nxb2/n2D22 with
a/b for representative graphite/epoxy plates (EI/E2 = 40, Glz/Ez = (.5,
Vi, = 0.25) having 2, 4, 6 and an infinite number of layers. The results
for an ntisymmetrical laminate becowme the same as those for an orthotro-

pic plate as the number of layers goes to infinity (for B the only

remaining bending-stretching stiffness coefficient, then ;;es to zero).
Figure 6.2 shows that for a/b = 1, neglect (f the Bij for a two-layer
plate will result in an orthotropic solution for the buckling locad which
is about three times the correct value. As the number of layers increases,
the antisymmetrical solution rapidly approaches the orthotropic solution,
indicating a rapid decrease in B,,. For four and six layers, the ortho-
tropic solution for a/b = 1 is in error by 19 and 8 percents, respectively
l158]. It is interesting to note in Figure 6.2 that the values of a/b
where the minimum buckling loads occur, are unchanged as the number of
layers changes. The same may be said for the locations of the cusps,
where the buckled mode shape changes fromm to m + 1 half-waves. The
values of Nxb7/n2022 for a/b = 1 are 0.7481, 1.7783, 1.9691 and 2.1218

for 2, 4, 6 and ~ layers, respectively, Identically the same values

occur for a/b = 2 and 3.

Figure 6.3 [158] shows the variation in uniaxial buckling load
v, = 0.25 and a/b = 1. The
loading parameter is plotted in the normalized form Ny/N,, where N, is

with E]/Ev for plates having Gl?/E? = 0,5,

tl.e critical load for the orthotropic plate. These results may be used

to demonstrate, for example, that the orthotropic solution for a two-
lay2r, antigsymmetrically laminated square plate is approximately 75 percent
too hign., However, for six layers it is only 5 percent tovo high {158]).
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Regults were &l1so cobtained by Jones [158]) for an unsymmetrically

laminated cross-ply plate having S2 e@dge conditions for the case of a

laminate having the fibers in the second layer from the bottom oriented
90° and the fibers in all other layers oriented at 0° to the direction
of loading (x-axis). Thus, for a constant thickness laminate, the 90°

layer becomes thinner and moves to the bottom of the laminate as the
number of layers increases (see Figure 6.4). The buckling parameter
-Nxb2/22h3 versus number of layers is plotted in Pigures 6.5 and 6.6 for
graphite/epoxy and boron/epoxy plates, respectively. 1In both cases,

a/b = 2, 1In both figures, one comparison is made with the buckling load
for a parallel-fiber laminate having 00 fiber orientation, and another
is with an orthotrcpic solution (setting all Bjy = 0). The discon-
tinuity observed for the latter curve in Pigure 6.6 is due to a mode
shape change. In the case of three layers, the laminate is symmetrical,
and the exact solution coincides with the orthotropic solution. 1It is
particularly important to note that in both Pigures 9 and 10, but
especially in the former case where E /E = 40, the exact solution
approaches the orthotropic solution with increasing number of layers
much more slowly than was seen previously for the antisymmetrical
laminates (Pigures 6.1 and 6.2). Significant differences are seen to
exist even with 40 layers.

For antisymmetrical angle-ply laminates, A = Azs =D =D _ =

16 16 26

Bll = Bop = B12 =0 (cf. [16], pp. 169-170). For plates of this type

having S3 boundary conditions (see Bquations 6.2) at x = G,a and y = 0,b
and biaxial loalding the exact solution takes the form [165,166)
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Substituting Equations 6.7 into 6.1 again yields a set of algebraic equa-
tions which may be written in the matrix form of Equation 6.4, where now

€1y = ~(a)0%+a,8%)

Cpp = ~(Ay 824, a?)

C,y = D% 4 2(012+2066)a282 +D,,8" (6.8)
Cra = a1 = ~(A[,*Ag ) 0B

iy =Cy = 3516u28 + B,83

Cy =Cy, = 816a3 + 3826a62

a = %F ' g = %?

The critical buckling stress resultants are given by Eqguation 6.6, where
now the Cy4 are defined by Equations 6.8. It was also shown [165,166,169]
that the buckling stress may be written as

a2

!
- h = ('} 2,.2p2 . b wly
N T {o; m* + 2(p +2D I m?n2RZ + D,,n"R" |
az[m2+n2(~JL\52] i
cx/ ‘ (6.9)
- L i- ¢ m?+3m n2R2) + J_n%R%2(38, m2+B_ n2R2))}
Jg ¢ 16 26 5 16 26

where
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"l
4%y

s Ay

=,

b

L

N = 2 2R2 m2+38_ n2R?
A J, = (B MFALDTRD (B 26 )
. - (A__+A_ ) (3B m2+B n2?R?)n?R2

12 66 16 26

- 2 252 2 252
- = + R 3B, m“+B__n<R<)

e Ty = (Agmoh ,n R (3B, B,

2 2Ry m2
- (A _+A (B m“+3B_ _n°R-)m
( 12 66) 16 26

= 2 22 24 2g2
J,. = (Allm +A__n<R )(AGGm A22n )

66

R - (A _+A ) 2m2n2R?
'i 12 66

with R = a/b.

it O
B

Jones, Morgan and Whitney [170] obtained numerical results for

4
1

antisymmetrical angle-ply laminates using the above exact solution. The
buckling parameter -Nxbz/Ezh2 is plotted versus lamination angle (9) for
uniaxial and hydrostatic (Ny = Ny = constant, Nyy = 0) compression in

Figures 6.7 and 6.8, respectively, for the case of a square plate, with

E,/E, = 40, GIZ/B2 = 0.5 and Vi, = 0.25 (corresponding to graphite/epoxy
material with E| = 30x10°psi, E, = 0.75x10°psi, G , = 0.375x10%psi, v = 0.25).
Corresponding data are also given in Tables 6.1 and 6.2. Comparisons

| |

o are made for plates having 2, 4, 6 and infinite layers, the last case

!. corresponding to an orthotropic plate (By5 all zero). It is seen for
both types of lcadings that the optimum lamination angle is 6 = 459, and
the error in using orthotropic analysis for the antisymmetrically laminated
plate is very large for © = 45°, being 211 percent for both types of

!;' loading. Chen and Bert [169] and Hayashl [126,127) also determined the

- optimum angle for maximum uniaxial buckling load to be 6 = 45° for a

series of antisymmetrically laminated angle-ply plates with S3 boundary
conditions.

;} Consider next the ar... ym :trically laminated angle-ply plate having
o 54 edge conditions (see Equation 6.2) all around. This problem was solved
e
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I. Table 6.1, Uniaxial buckling loads for square antisymmetrically
ﬁ; laminated graphite/epoxy plates (corresponding to Fig. 6.7).
\.:

oy ! - Ny b?/E b’

- | 8 o Number of Layers

S ' 2 4 6 w =(Orthotropic)
o 0 35831 35.831 35.831 35.831

= 115§ 21.734 38.253 41.313 43.760

" i 30 | 20,441 49.824 55.265 59.619

. . 45 1 21.709 56.088 62.455 67.548

e 1 60 19.392(m=2) 45,434 (m=2) 50.257 (m=2) 54.115(m=2)

< 75 : 12.915(m=2) 22.075(m=2) 23.772(n=2) 25.129(wm=2)

e 90 . 13.132(m=3) 13.132(m=3) 13.132(m=3) 13.132(m=3)

o —_— —— - —

s:k'j

Table 6.2, Biaxial buckling loads for square antisymmetrically laminated
graphite/epoxy plates (corresponding to Fig. 6.8).

s T 4 . .
’.' -."l‘ull ] - .. AN .

e

- 2 3
Nxb /Ezh

Ty ¢
PR

(RN
R
'F'u'-b ‘ o

8 Number of Layers
2 4 6 00 =(Orthotropic)

0 10.871 10.871 10.871 10.871
15 10.332 17.660 19.017 20.103
30 10.220 24,912 27. 33 29.809
45 10.854 28,044 31. .27 33.774
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for the case of uniaxial loading [165,171]) using the series method (cf.
(26]) with trigonometric displacement functions. Numerical results were
obtained for square plates having 2, 4 and « layers having lamination
angles of +45°. These are shown in Figure 6.9, where the nondimensional
loading parameter Ny/No is plotted versus El' Ez' where N, is the criti-
cal load for the orthotropic plate. The remaining material parameters
are Glz/Ez = 0.5 and Vi, = 0,25, Figure 6.9 closely resembles Figure
6.3 (for uniaxially loaded, antisymmetric, cross-ply laminates with S2
edge conditions), showing a large difference between the correct, antisym-
metric solution and the orthotropic solution (obtained by omitting all
Bij)- Figqures 6.3 and 6.9 are applicable to a variety of laminated com-
posites, such as glass-epoxy, boron-epoxy, graphite-epoxy and plywood.

Mandell and Kicher [34,35,172] conducted an experimental investiga-
tion of uniaxial buckling loads for graphite-epoxy (Thornel), boron-
epoxy and fiberglass-epoxy, unsymmetrically laminated plates. A descrip-
tion of the plates tested is given in Table 6.3, Plate identification
numbers given are those used in (34,35,172]. A ply layup 4(0,90) describes
the stacking sequence 09, 0°, 0°, 0°, G, 90°, 90°, 90°, 90°, where "G"
signifies a glue layer. To avoid initial warping from cooling during
the fabrication process, such plates were made of two symmetrically lami-
nated sub-plates which were bonded together with a room-temperature cucing
adhesive. Stretching, bending and coupling stiffnesses for the plates
are given in Tables 6.4-6.6. From the description of the edge constraints
(34,35,172] it appears that S4 boundary conditions (see Equation 6.2)
were closely approximated on all edges. More information on these tests

is found in S5ection 2.1,

Table 6.7 lists the experimental buckling loads for the plates
described in Table 6.3. Also given are theoretical values obtained by
four methods, using the stiffness data found in Tables 6.4 and 6.5. The

first method ignores the D16 and 026 terms, as well as all Bjj, and uses
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FPigure 6.9. Uniaxial buckling loads for antisymmetric, angle-ply
laminates having SSSS (S4) edge supports (a/b = 1,
8 = $459),
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Description of unsymmetrically laminated plates

[ e e
Plate —I—; Fiber ' Layup of Dimensions
L i Material . by volume plies (in) :
! - -~ 1 - — R - - - .. - -
‘ 209a | Thornel-40 50.0 (0,0,90,90) 10x10x0.091‘
| 209 0 " " (90, 90,0,0) |
409a | Boron 49.1 | 10(45),10(<45) | 11x11x0. 1o9|
’ 40% | " " 110(-45),10(45) | "
| 501, Fiberglass | 44.0 (90,+45,-45,90) | 10x100. 103'
502 " (0,-45,+45,0) |
i 503 ! " " (45,90,~90,-45) 10x10x0.108=
. 504 ! " " | (-45,0,0,45) " !
P505 " " i (90,25,-25,90) . 10x10x0.103
I 506 " " | (0,-25,25,0) | "
. 507 ! " " (25,90,-90,-25) | 10x10x0.085 !
508 i " " (-65,0,0,65) ; " H
. 509a : " " 4(0),4(90) | 10x10x0.090
509b " " 4(90),4(0) "
e - I Y ——
Table 6.4. Bending stiffnesses (1b,in) for Mandell's
unsymmetrically laminated plates
Plate D D D D D D ‘
no. 11 12 16 22 26 606 i
I S _
209 631 19.1 0 631 0 34.5
409 1011 842 0 1011 0 854
501 139 47.8 0 440 0 59.5
502 440  47.8 0 139 0 59.5
503 229 120 0 272 0 133 |
504 272 120 0 229 0 133
505 156  43.9 0 431 0 55.6
506 431 43.9 0 156 0 55.6
507 208 49.5 0 113 0 56.9
508 | 113 49.5 0 208 0 56.9
509 | 242 30,4 0 2420 40.1
! — J
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Table 6.5. Stretching stiffnesses (103 1b/in) for Mandell's
unsymmetrically laminated plates

L R s s

- Plate A A A A A A
) no. 11 12 16 22 26 66
,ﬁ 209 | 863.3 27.46 0  863.3 0 48.15
” 409 (1021 850 0 1021 0 862
X 501 | 195.8 88.23 0  385.2 0 101.1
i 502 | 385.2 88.23 0  195.8 0 101.1
503 | 198.0 88.98 0  387.4 0 101.8
- 504 | 387.4 38.98 0  198.0 0  101.8
505 | 275.0 69.87 0 342.7 0 82.78
506 | 342.7 69.87 0  275.0 0 82.78
- 507 | 246.3 62.22 0  307.8 0 74,06
i 508 | 330.0 42.05 0  330.0 0 55.09
" 509 | 330.0 42.05 0  330.0 0 55.09

Table 6.6. Coupling stiffnesses (103 1b) for Mandell's
unsymmetrically laminated plates

: Plate B B B B B B
’ no. 11 12 16 22 26 66
- 209 | -18.33 0 0 18.33 0 0
R 409 0 0 19.9 0 19.9 0
- 501 0 0 0.6215 0 0.6215 0
N 502 0 0 -0.6215 O -0.6215 O
N 503 0 0 1.953 0 1.953 0
N 504 0 0  -1.953 0 -1.953 0
% 505 0 0 0.7632 0 0.1889 0
L 506 0 0 -0.1889 © -0.7632 0
. 507 0 0 1.721 0 0.4259 0
- 508 0 0  -0.4259 O -1.721 0
- 509 -4.546 0 0 4.546 0 0
[ ]
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. Table 6.,7. Uniaxial buckling loads

. (-N4, 1b/in) for Mandell's
5$SSS unsymmetrically laminated
~ plates

P Pigte Experimental | Theoretical

\ 209a 72,1 142
| ! 71.5%
x ' 74, 2%%
N (77.0)
209b 73.7 142
71.5*%
g T4, 2%%
| (77.0)
b 409a 347 745
376%
357%%
(391)
\ 409b 394 745
N 376%
357%*
(391)
501 120 90.2
100*
502 102 90.2
100%
503 113 126
111%
102%*
504 108 126
111%*
102%*
505 101 88.4
99.0%*
506 88 88.4
99.0% |
. 507 57.3 64 |
] 53%
- 52.9*%
- 508 68.8 64
- 53%
" 52.9%
> 509a 63.7 69.5
(] 53*
: : 55.4%%
- * 509b 72.7 ! 69.5
L 55.4%%

Ty IR

* obtained by Galerkin method
** obtained by Ritz method, using reduced
bending stiffness matrix
( ) obtained by geometrically nonlinear
finite element method

LAY~ E
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Equation 2.9 for an orthotropic plate. 7ThLe second method is the Galerkin
formulation, as applied by Chamis [41] to anisotropic plates, not account-
ing for the Bjj terms. The third method is the Ritz procedure developed

by Ashton ([42], which accounts for the D and 026 terms, and deals with

bending-stretching coupling by means of ége reduced stiffness method.

The last method is a finite element technique developed by Monforton [173].
Plates 209, 409 and 509 are each listed twice. The two cases (denoted

"a" and "b") identify uniaxial loadings in two perpendicular directions.
For these plates, different experimental results were found, although

the theoretical results are identical for each loading direction.

Additional experimental results for uniaxial buckling loads of
$SSS, unsymmetrically laminated plates were obtained by Chailleux, Hans
and Verchery [174-176]. Tests were conducted on nearly-square, angle-
ply plates made of boron fibers in an aluminum matrix. Buckling loads
were obtained by two methods: (1) static tests using the Southwell [40]
plot, and (2) vibration tests, to determine the load at which the fre-
quency approaches zero. Three sets of static test results were employed
(labelled Py, Py, and Py, in Table 6.8), where measurements of the trans-
verse displacement (w) and the curvatures in the loaded (<,) and unloaded
(KZ) directions were made. Pp identifies the dynamically measured load
in Table 6.8. Plates were loaded by a framework which gave a uniform
density of in-plane forces along two opposite edges. It appears that S4
edge conditions (see Equation 6.2) were closely approximated along all
four edges. Test specimens were alternating angle-ply layups, having
two or four plies, as described in Table 6.8, with the exception of one
cross-ply cauve. I[n all cases the volume ratio of fibers was appruximately

55 percent,

Unsymmetrical <ross-ply plates subjected to shear loading (0, =
Uy = 0, lxy ® constant) were also analyzed by Whitney (177] . Displace-

ments were assumed in the form of double summations of the terms on the
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Table 6.8. Buckling loads (kg) for uniaxially loaded, SSSS

plates with boron fibers in an aluminum matrix.

Ply No.of | Thickness axb Critical loads (kg)

layup | plies (omm) 0 (om) P Poy Pro Py
0-90° 2 1.54 218x222 | 623 580 578 651
+15° 4 0.96 182x179 430 417 507 812
+ 30° 4 0.99 183x181 368 369 371 384
t z.sf)’ 2 1.35 181x174 758 648 680 786
+ 60 4 0.99 184x179 383 — 389 391
+75° 4 0.96 183x179 652 735 652 724
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right-hand-sides of Equations (v.3), with m,n = 1,2,... Thus, S2 boundary
conditions are satisfied exactly. The first two of Equations (6.1) are
satisfied exactly by substituting u, v, w into them to express Ay, and

Bpn in terms of Cppn. The last of Equations (6.1) is satisfied as closely
as desired by using the Galerkin method. This procedure was followed
[117] to get numerical values of buckling loads for the case when a/b = 1,

&,
-7"_‘-
Lo

LU

W
LIRS

-
.

= Vi, " 0.25 and 612/322 = 0.5. These results are seen in Figure 6.10,

?3 where the ratio Txy/(rxy)o is plotted versus 311/322 for laminates having
N 2, 4 and = layers. There (Txy)o is the critical buckling atress for an
ll orthotropic plate, obtained either by setting Byy=0, or by taking an

i
@

infinite number of plies in the laminate. Results obtained by using the
reduced bending stiffness method (see discussion preceding Section 6.1)
were found to agree with those from the Galerkin method within three
significant figures.

~
L,
-

a

A procedure similar to the one described above was followed by

Hui [178] to determine additional data for the shear buckling loads of
52 croes-ply plates. It was shown that, similar to isotropic plates,
the buckling modes separate into to symmetric and unsymmetric classes,

.
z

with the critical (i.e., lowest) buckling load changing from one class

.
r

-~ v rerr e o
cL A, P A
L] L B " s a P

to the other as a/b is varied., Curves of the nondimensional buckling

1

parameter Txybz/Eh2 versus a/b are displayed in Figures 6.11, 6.12 and
6.13 for graphite-epoxy (EJ/B° = 40, GJZ/EZ = ().33,\;‘l = 0.22) and glass-
epoxy (EJ/E2 = 3, G12/82 = O.S,v12 = 0.25) cross-ply plates having 2, 4

O eyt
FrlanY
- .

or plies.

<

Hirano {179,180] followed the Galerkin procedure that Whitney [177]
used (see above) to make optimization astudies for unsymmetrical, angle-
ply laminates subjected to shear [179] and combined compression and shear

[IRY
.

»oe

CROE SEaE UEt

an
e

[180]. 8everal other refaerences are also available which treat the buck-

ling of 8888 unsymmetrical laminates [101,145,181-187].
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m

No. of Layers= &

4

| 10 20 30 40 50
Ew/Ez2

Pigure €.10. Shear buckling loads for antisymmetric, cross-ply
laminates having 8888 (82) edge supports (a/b = 1,
Glz/Ezz = 0.5,vy, = 0.25).
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GRAPHITE -EPOXY
E/E2=40, G),/E=05, ¥,=025

1o}

100}
[ SYMMETRIC MODE
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70 -
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a/b

Pigure 6.11. B8hear buckling parameters for antisymmetric, cross-ply,
8888 (82), graphite-epoxy plates.
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Figure 6.12. 8hear buckling parameters for antisymmetric, cross-ply,
8888 (82), boron-epoxy plates.
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Figure 6.13. Shear buckling parameters for anytisymmetric, cross-
ply, 8888 (82), glass-epoxy plates.
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6.2. SPSF

In Table 6.9 are listed the experimental buckling loads obtained
by Mandell and Kicher {34,35,172]} for SFSP unsymmetrically laminated
plates having the simply supported edges subjected to uniaxial loading.
The plates are those described previously in Section 6.1 (Tables 6.3-
6.6). Theoretical results in all cases were calculated on the assumption
that the plate bends as a simply supported beam having no transverse
curvature or twist (see description of analysis in Section 3.6). Addi-
tional theoretical results obtained by the Ritz method using the reduced
bending stiffness matrix, as developed by Ashton [42], are also given
for most of the plates in Table 6.9.

Chailleux, Hans and Verchery [174-176) also obtained experimental,
uniaxial buckling loads of SFSF plates (loaded edges with S4 conditions).
Tests were conducted on nearly-square, angle-ply plates made of boron
fibers in an aluminum matrix, as described previously in Section 6.1.
Numerical results are given in Table 6.10, which may be compared with
results given previously in Table 6.8 for SSSS plates (and where additional
plate data is available).

Theoretical and experimental results for the buckling of uniaxially
loaded SPSF laminates composed of boron-epoxy and titanium layers were
found by Viswanathan, Soong and Miller [92].

6.3. CCCC

In the case of clamped edges, the transverse displacement and normal
slopes are everywhere zero, However, permitting various degrees of con-
straint in the inplane directions gives rise to four sets of boundary
conditions, in a manner similar to that used for eimply supported edges
(see Section 6.1), vigz
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Table 6,9, Uniaxial buckling loads
(-Nx, 1b/4in) for Mandell's

’ SFSF unsymmetrically laminated
I plates
. Plate
: no., Experimental |Theoretical
; 209a 20,7 62,3 ;
. 23, 7%% .
{ 209b 19.7 62,3 !
: 23,7%% ta

409a 38.5 70.6 ~]

42  7%% :

I 409b . 36,1 70,6 )
: 42, 7%% =

501 13.7 15.4

502 36.6 43.4

503 18.3 22,5
. 18,9%* 4
| 504 . 23,0 26,8
' 23,2%% '
, 505 12,5 15.4
; 506 i9.1 42.6
2 507 12.8 20.5 -
p 16,6%% -
i 508 9.51 11.2 .
: 10.9%*
- 509a 15.4 23.9
: 17,6%*

509b 15.3 23,9

17 ,6%*

** obtained by the Ritz method, using
reduced bending stiffness matrix

Table 6.10. Buckling loads (kg) for uniaxially loaded, SFSF plates
with boron fibers in an aluminum matrix (see Table 6.8

T.CLTEEERY Y 8 v,

for other data). A
. Ply Critical loads (kg)
' 5
. layup Pw PKl PD L
¢ 0-907 175 175 185
- +15° 86.2 85.1 119 :
- + 30 - 80.4 - |
j 1 45° 153 148.5 153 i
" + 60° 54,3 54.3  57.4 :
' £ 75° - - - 2
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Cl: w = %%'= Up = Y% = 0

c2: w=%§=un=ut=g (6.10)
C3: w = %% = u = Nnt =0
c4=w=%%=un=nnt=o

Whitney [163,164] extended the series method used previously to
analyze SSSS(S4) plates [165,171] (see Section 6.1) to clamped edge condi-
tions. In this manner data was obtained for the buckling of biaxially
loaded (9y = 9y = constant, Ty, = 0), +45° angle-ply, square plates with
Cl edge conditions. FPFigure 6.14 shows the variation of -tha2/522h2
with Ell/E22 for plates haing 2, 4 and «® layers. The other material
properties used apparently were Glz/h'22 = 0,5 and v12 = 0.25. Additional
data are given in Tables 6.11 and 6.12 for cross-ply and 14S° angle-ply
plates, respectively, having two layers with E“/E22 = 40, G _/E__ = 0.5

127 722
and v, = 0.25, for Cl, C2 and C3 types of edge constraints, and five

aspecizratios. Results from using orthotropic plate analysis with reduced
bending stiffnesses (see discusaion preceding Section 6.1) are also pre-
sented. It appears that the results of Tables 6.11 and 6.12 violate a
fundamental principle of mechanics; viz, that the addition ot constraints

should only increase (or leave unchanged) the buckling load of a system.

Some numerical results for uniaxially loaded, CCCC plates were
obtained by Chia and Prabhakara ({15,181] as part of a postbuckling analy-
gsis of unsymmetrical laminates. The Galerkin method was used, with dis-
placements taken as the producte of beam functions, Results are shown
in Table 6.13 for a set of cross-ply and angle-ply (+45°) plates, each
compoged of four graphite-epoxy plies (En/E22 = 40, GIZ/E2 s 0,5, vlz = 0,.25).
These data were attained by using 9 terms of the double infinite series
of displacement functions. Zhang and Mathews (188] subsequently showed
that the resulte from the Galerkin method are very sensitive to the number
of significant figures kept in the computation of the beam functions.
Results given by them in Table 6.13 were achieved carrying 15 significant
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Figure 6.14. Buckling parameters for biaxially-loaded CCCC (Cl),
unsymmetrically laminated, square, angle-ply plates.
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; Table 6.11. Buckling parameters -cva/Ezzh2 for hiax<*-""
loaded CCCC cross-ply plates”having twr

R

. a Edge conditions
. b Reduced bending 35
< 1 c2 stiffness ;
- T a
5 1 23.450 22.657 23.068 o
I 2 11.360  11.352 11.352 i
-~ 3 6.313 6.315 6.315 .
4 4.967 4,968 4,968
S 4,977 4,977 4,977

(Y PPN

- Table 6.12. Buckling parameters -0 32/E h2 for biaxially-loaded

l cece + 45° angle-ply platea aving two layers.
:: a Edge conditions
- b Reduced bending
5 1 c2 stiffness
! 1 26.002 26.592 24.765 .
- 2 24,655 27.767 21.889 '
j 3 25.147 27.873 23.686
- 4 23.168 25.790 22.867 §
. 5 22.664 22.960 22.658 -
.
|
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Table 6.13, Critical uniaxial buckling parameters -oxbzlEnh2
for CCCC graphite-epoxy plates having four layers.

Source of results
Laminate a
description b [15,181) [188)]
1.0 112.65 (1) 109.90
cross-ply 1.5 B7.74 (2) -
2.0 76.83 (3) -
+45° 1.0 113.67 (1) 106.87
; le-pl 1.5 95.73 (2) -
ANBTETPIY I 2.0 | 89.86 (3) -

*values in parentheses are the number of half-waves of
the mode shape in the load (x) direction
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figures in the beam function parameters, whereas Chia and Prabhakara ([151,181]
had used six significant figqures.
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CHAPTER VII. COMPLICATING EFFECTS

In this chapter, mcre complicated bifurcation buckling problems
for laminated composite plates will be taken up. The complicating
effects will be seen to include: internal holes, shear deformation,
sandwich plates having laminated composite layers combined wit.a other
materials, localized buckling, nonlinear stress-strain relationships and
hygrothermal effects. Stiffeners will be discussed in Chapter IX.

7.1. INTERNAL HOLES

Marshall [189) took up the problem of the buckling of a uniaxially
loaded, rectangular plate of dimensions axb containing a central, circular
hole of radius r (see Figure 7.1). All edges along the rectangular boun-
dary were simply supported, whereas the circular boundary was free. Test
plates were made of unidirectiornal glass cloth embedded in a polyester
resin matrix, yilelding orthotropic plates having the followinjy propertiec:
Ex = 3.1 GN/m?, Ey = 10.4 GN/m?, Gyy = 2.14 GN/m?, vgy = 0.30. Theoreti-

cal results were obtained by assuming the following internal stresses:

o
o, = 7" 22{cos28 + (2-322)cos46)
%o 2 2
oy, = 3 {2 + 2z¢(3cos28 - (2-32%)cos48)} (7.1)
GO
B2 e— 2 - - 2 1
Txy 2 z2<[-2in20 + (2-3z<)sin4b]

where z = ry/r. The buckling problem was solved by means of the Ritz
method, with the buckled mode shape assumed in the form:
w = cos =X cosg X 4 Be © x? + X; (7.2)
a b ¢ Tty :
The first term of Equation 7.2 describes the overall mode shape, whereas

the second term acsounts for localized dlsplacements in the vicinity of
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Figure 7.1. Uniaxially loaded plate with a central, circular hole.
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the hole [189]). B and C are constants determined by the minimizing process.
Numer ical data were obtained for square plates (250 mm x 250 mm x 1.9 mm)
having ro/a s 0, 0.1,...,0.7. These are shown in Figure 7.2. There the
continuous curve represents the result of the theoretical analysis and

the data points show the results of experiments conducted on three test
specimens, The ordinata 0y,/0, is the catio the critical buckling stress

to that of the plate not having a hole.

The buckling of laminated composite square plates having central,
circular holes was also studied by Martin [190,191].

7.2. SHEAR DEPORMATION

Classical plate theory is based upon the Kirchhoff hypothesis:
“Normals to the midplane of the undeformed plate remain straight and
normal to the midplane during deformation." This assumption therefore
ignores the transversa shear deformation. Consideration of shear deforma-
tion results in added flexibility, which becomes significant as the plate
thickness increases relative to its length and width,

A quantitative theory which acourately provides the necessary correc-
tion to provide for shear deformation has been available for thick beams
for at least 60 years., Generalization of isotropic plate theory to includs
shear deformation was carried out by Reissner [192,193] 40 years ago.
More recently, Ziegler [194) showed that the effects of the inplane deforma-
tion immediately prior to buckling are of the same order of magnitude
as, and in some cases even more than, the transverse shear deformation.

In thiok plate theory one may express the total slopes of the deformed
midsurface at a typical point as
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ow
w0 Ykt ¥y
(7.3)

w Wyt Yy

where ¥, and wy are the rotations in the x and y directions (i.e., rota-
tions about the y and x axes), respectively, due to bending and ¢x and

¢y are the slope changes due to shear. S8hear deformation theory requires
a solution in terms of three independent variables, each of which is a
function of the two independent variables (x,y). The dependent variables
are typically taken to be w and either y, and by or ¢x and ¢y, with the
remaining two variables determined by Bquations 7.3. The resulting set
of governing differential equations is of sixth order, which requires
specification of three boundary conditions per edge. This is in contrast
with classical plate theory and with bheam theory (with or without shear
deformation) which only require fourth order equations and two boundary
conditions per adge. Purther generalisation to unsymmetrical laminates,
with the ensuing additional coupling between bending and stretching,
would result in a tenth order set of equations, as one finds for thick,
isotropic shells.

A major contribution to the analysis of laminated composite, thick
plates is the book by Ambartsumyan, which was translated from the Russian
in 1970 {13]. Recently, Bert [195] made an excellent analysis of various
thick plate theories as applied to laminated ocomposite materials.

One set of differential equations governing the equilibrium of an
orthotropic plate in its small displacement, buckled configuration may
be adapted from pages 39 and 198 of the book by Ambartsumyan (13]). They
nay be written as
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M

33w 3w __he | 1 p <‘ + D =
Dy, 5T + (P*Wee) 3537 7 10 |G, 1\Z T 66 ¥y
(7.4a)
3%¢ 3
1 Y|+ =
* E;;(Dllﬂ)es) axay] 17 *x
| 2
3%¢ 3%¢
3 2 [ 4
33w 3w__n | L (p __iz + D
D,, 357 * (12206 3xZay ~ 10 {023<22 3y 66 3x
2 ' (7.4b)
Lt 3
_—l _——’E + .h_ = 0
* G13(D12+DGG)3x3y] 12 %
irACr ke == =+ N =0 (1.4¢)
1z <3x tay ) MmNy ey TNy w7

where the Djy are as used in previous chapters, and where 6,3 and G,,
are the shear moduli relating the transverse stresses and strains. It

is seen that classical, orthotropic plate theory, governed by Equation
2.1, results when the shear stiffnesses G13 and 623 are set equal to
infinity, and Equations 7.4a and 7.4b are substituted into Equation 7.4c.

An exact solution to Equations 7.4 may be obtained in the case
when Ny = 0 and the plate is simply supported along all four edges.
The corresponding boundary conditions are:

Along x = 0,a : w = My = ¢y =0
(7.5)
Along y = 0,b 3 w =My = ¢y =0

i1t is remarked that since, for example, w = 0 along x = 0 implies
that 3w/3y = 0 along x = 0, as well, then ¢y = 0 along x = 0 implies
that Wy = 0, as well., Thus, along all edges, not only are the total
tangential slopes zero, but both the shear and bending parts of total
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tangential slopes are each zero for the boundary conditions of Equations
7.5. Equations 7.5 are exactly satisfied by assuming the functions

mx . nwu
¢ = A cos —/ sin oy
x a b

¢ =Bsin-"m—xcosn—;l
y a (7.6)
w=Csinwsinm
a b

with m, n =1, 2,... Substituting Equations 7.6 into Bquations 7.4, one
obtains (generalized from p. 200, [13])

2
on(2) +4n .'12_'2D m\ m\2/ n\2
X a s y (b = -7 11(; + 2(D12+2066) (;) (g)
+D (ﬂ)“ l_ﬂ(l (7.7)
22 \b 1+x2

2p2
where K, = noh <~——1 ﬁ + L n? >[ D .mé_ +D n2
23 13 11 a
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2,2 2 2
_ 7¢h 1 m n 1 m? n?2
K, 10 [613 <p11 aZ * Dge 57> * c,, (Dse aZ ¥ Dy, 57
1 n4hY m?2 n2 m2 n2
G. .G 100 |\P1; 3% * Pes 57 )\ Dee aZ * Py 57

13 23

0,172 (2’|

It is observed that in the case of no shear deformation, G

+

(7.8b)

13 and 623 are
infinite, K, « K, = 0, and Equation 7.7 is the same as Bquation 2.22 for

a classical orthotropic plate.

Ambartsumyan [13] made parametric studies for the uniaxial buckling
loads (oyx = constant, Oy = Tyy = 0) resulting from Equation 7.7 for vari-
ations of the following material modulus ratios:

E E
k = _'1 ’ K = —-—1 k = —E 1 -—-—F 2
1 E 2 G ’ = (7.9)
2 12 3613 Gy

For uniaxial loading, critical loads occur always with n = 1, Nondimen-
sional buckling parameters -oxbz/nzbll are listed in Table 7.1 for various
combinations of kl, k2, k3 and a/b, with h/b taken as 0.1. The column
with k3 = 0 corresponds to classical theory (neglecting shear deformation).
Also listed in Table 7.1 are the minimum values of -Oxbz/ﬂzbll, and the
corresponding &/b where they occur. It is seen that the buckling para-
meters all decrease with increasing k3.

Whitney [196 ) extended Ambartsumyan's [13] work to accommodate
laminated plates having layers with fibers not all parallel o the plate
edges. The exact solution used in Equation 7.6 was found to be valid
for 8S8S angle-ply plates having large numbers of layers. Numerical
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Table 7.1. Buckling parameters -oy,b2/72D = for uniaxially loaded,

Y

i $5SS orthotropic plates with Shear deformation (h/b = 0.1).

&

% - - =

: (a) k, =k, = 5.0, v, = 0.3

i : °

' b 0 2.0 5.0 10.0

] 0.35 | 9.093 7.682 6.241 4.763

] 0.65 | 3.357 3.164 2.873 2.516

3 0.95 | 2.194 2.105 1.984 1.816
1.25 | 1.858 1.799 1.716 1.596
1.65 | 1.817 1.769 1.700 1.598

3 1.95 | 1.929 1.881 1.814 1.712

2 2.25 | 2.116 2.066 1.995 1.889

. 2.55 | 2.360 2.306 2.230 2.115

: - 1.5954%  1.4820%  1.4629%  1.4336%

I min- | 1.8000  1.7488  1.6770  1.5694

* yalues of a/b where minimum buckling load occurs.

ot L AR PN

l (b) k =k, = 2.0, Vi, 0.3

b

; e k3

. b

: 0 2.0 5.0 10.0

i 0.25 | 18.241 13.263 - 9.440 6.392
0.45 7.250 6.335 5.335 4,234

. 0.75 4,269 3.978 3.610 3.130

. 0.95 3.769 3.569 3.305 2.944

: 1.25 3.631 3.481 3.277 2.986

g 1.45 3.737 3.599 3.411 3.137

i 1.75 4,068 3.936 3.754 3.485

. 2.15 4.738 4,601 4,411 4.125
nin 1.1892% 1,1588* 1.1151* 1,0475*

) 3.6241 3.4657 3.2469 2.9264

* valuea of a/b where minimum buckling load occurs.
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(c) k, = 0.5, k, = 1.0, v, = 0.3
a ks -
b :
9 2.0 5.0 10.0 ‘
0.25 | 20.545 14.915 10.570 7.115
0.35 | 12.828  10.576 8.371 6.212
0.55 | 8.331 7.519 6.561 5.412
0.75 | 7.323 6.826 6.196 5.372
1.05 | 7.532 7.167 6.683 6.008 :
1.25 | 8.185 7.844 7.384 6.728
1.45 | 9.101 8.763 8.301 7.634
1.55 | 9.641 9.300 8.832 8.151
0.8409%*  0.8036% 0.7489%  0.6605*
min. L 7.2484  6.8026  6.1964  5.3267 9

* value of a/b where minimum buckling load occurs.

@ k, = 0.2, k, = 1.0, v, = 0.3
a k3
b 0 2.0 5.0 10.0 '
\-(
0.25 | 20.840  15.547  11.291 7.784
0.35 | 13.306  11.239 9.135 6.987
0.55 | 9.346 8.601 . 7.691 6.552
0.65 | 9.007 8.435 7.708 6.751
0.85 | 9.525 9.087 3.507 7.696
0.95 | 10.149 9.734 9.177 8,385
1.15 | 11.897  11.489  10.931  10.119
1.25 | 12.981  12.565  11.991  11.150
o 0.6688%  0.6386% D.5037% 0.5177%
“ 1 9.0001  B8.4329  7.6577  6.5377

* values of a/b where minimum buckling load occurs.
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results were found for the uniaxial buckling of a square plate with +45°
angle-ply stacking sequence and with EI/E2 = 40, G12/32 = 0.6, 623/!:‘.22 s
vlz = 0.25. Variation of the buckling load parameter -oxa2/82h2 with
It is seen that the
buckling load for a/h = 20 is congiderably less with shear deformation
theory (SDT) than with classical plate theory (CPT).
shear deformation effect is much more significant for the laminated com-

the thickness ratio, a/h, is shown in Figure 7.3.
Furthermore, the
posite plate than it would be for an isotropic plate.

Vinson and Smith [197] derived an expression for the strain energy
of an orthotropic plate, considering the effects of shear deformation,

which can be put into the following form:

3
ST R
S 2 11\ 3x
A \

2
Yy 3P \2 4
X _Y
> * 2DIZ 9x dy +022<#>J
39\ . a3y W \?
C [—i 2 X
* 66L<3y Y 321 * <5§%> J

2 2
G
¢ + 23¢y ]} da

5
—h
2 [Gla X

1
(7.10)

From Equations 7.3 it is seen that when shear deformation is excluded

(o = ¢y = 0), Equation 7.10 reduces to the bending strain energy of an
orthotropic plate, given by Equation 2.3.
as G

(In the limit, for example,
13 increases, ¢y vanishes, with the product Gl3¢x remaining finite
and proportional to the shear stress, and Gl3¢£ therefore vanishing.)
Thus, Equation 7.10 together with the potential energy due to inplane
forces, Equation 2.4, is useful for analyzing the buckling of
orthotropic plates with arbitrary edge conditions by Rayleigh-Ritz
methods when shear deformation is included.
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Figure 7.3.

| Lo
i SOT
- -o.l : ga
a
20 20 60 80 100

a/h

Buckling of a uniaxially loaded, SSS§8, +45° angle-ply,
square plate having an infinite number of layers, with
and without shear deformation.
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In using Rayleigh-Ritz methods with Equation 7.10 the typical proce-
dure would be to specify three sets of functions, either w, ¢y, ¢y or w,
Yxe Vyr with Equations 7.3 providing the required relationships among
them. Vinson and Smith [197] derived additional, approximate relationships
among these functions from considerations of beam behavior with shear

deformation present. These are:

w - .a_w + Di i—- (l + 6NX >
X ax 10 G13 SG‘3h,

Vo =3t 103 L+ 55 yh
Y b4 23 23

Subgtituting Rquations 7.3 and 7.1l into Equation 7.10 results in a lengthy,
but manageable, expression for Vg in terms of the single dependent vari-
able w(x,y). The detailed form of this functional is given in [197].

Using the approximate strain energy functional described above,
along with the displacement function given by BEquation (2.8), numerical
results were calculated for SSSS orthotropic plates made of unidirectional
boron fibers (56% in volume) embedded in an epoxy matrix [197]. The
corresponding orthotropic elastic moduli are:

E = 32.5x106psi , F_ = 1,84x10%psi
G =G =0.642x10%si , G, = 0.361x10°psi

12
v,, = 0.256, v,, = 0.0146.

12 2
It was found that the differences between buckling loads according to
classical and shear deformation theories were small for thickness ratios
h/a = 0.02 and 0.01, but became significant for thicker plates. Critical
loads occurred for n = 1. Numerical results for the buckling parameter

anz/G13 are presented in Table 7.2 and Pigure 7.4 for h/a = 0.1, and in
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Table 7.2. Uniaxial buckling parameters -OXHZ/GI for SSSS orthotropic .
plates with and without shear deformaf ion (h/a = 0.1). K
Classical Shear |
theory deformation a n
theory b
4.15 2.76 | 0.3 1
4.22 2.80 0.5 1l
4.78 3.32 : 1 1 ;
5.45 3.92 1.28 a1
6.28 . 4.95 1.50 1
9.60 9.20 2 1
;
_ 4.64 ' 1 2 3
_ 4,70 1.28 2 '
_ 4.73 1.50 2
_ 5.08 2,00 2
_ 5.35 2.25 2
_ 5.53 2,40 2
_ 5.37 » 1,28 3 ]
_ 5.38 1.50 3 .
_ © 5,40 2 3 y
_ 5.44 2.4 3
_ 5.45 3 3
_ 5.46 4 3
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Figure 7.4. Unjaxiil puckling parameters for §SSS orthotropic
plates witli and without shear deformation (h/a = 0.1).
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Table 7.3. Uniaxial buckling parameters -axnz/Gla for SSSS orthotropic -
plates with and without shear deformation (h/a = 0.04).

Classical. Shear : \
theory deformation % m !
theory ;

.658 .615 0,33 1 %
.669 .625 0.5 1 j
.756 712 1 1 %
1.518 1.482 2 1 !
4.268 4.231 3 1 3
. , 5

2,678 2.051 1 2 !
3.022 2,343 2 2 o
3.958 3,244 3 2 §
6.034 5.124 4 2 A
6.649 6.200 4.2 2 i
6.795 4.144 3 3 X
7.978 4.654 4 3 :
8.311 6.160 4.2 3 i
8.494 6.669 4.3 3 i
8.648 7.640 4.4 3 :
y

{

;

i

i.
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plates with and without shear deformation (h/a = 0.04).
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Table 7.3 and Figure 7.5 for h/a = 0.04. Additional results are alsc
available for h/a = 0.02 and 0.01 [197)].

Exact solutions of the three-dimensional elasticity equations for
the buckling of cross-ply laminates having four edges simply supported
are also possible. These were obtained by S8rinivas, Joga Rao and Rao
(198,199) and by Noor [200). It was determined that shear deformation
theory gave accurate results for thickness/width ratios of at least 0.3.
An example of the type of results found may be observed in Figure 7.6
where the uniaxial buckling load parameter -oxbz/zzh2 is plotted versus
a/b for plates having even numbers of layers (NL), thereby yielding unsym-
metrical laminates, and h/a = 0,1. Material properties used for each
layer were: 21/82 = 30, 012/22 = 0.6, 613/22 = 0.5, and V,, ~ 0.25.
The curveg of Pigure 7.6 show very close agreement between the shear t
deformation thecry (BDT) and elasticity solution values. However, the
classical plate theory (CPT) differs considerably especially for NL = 4
or graator. On the other hand, for symmetrically laminated plates the
error in classical plate theory was fouid to decrease as NL increases.

Turvey (201] incorporated the reduced stiffness method (see Chapter
VI) into shear deformation plate theory for unsymmetrical laminates,
thereby arriving at a sixth order set of governing differential equations,
Comparison with Noor's [200] three dimensional results for 8848 plates
showed clouse agreement of uniaxial buckling loads for equare plates having
h/b = 0,1. At least two other references also deal with the buckling of
8888 plates, including shear deformation effects [202,203],

vinson and Bmith [197] followed the approximate procedure described
earller in this section to solve uniaxial buckling problems (Cy = constant,

Uy ® Txy ® 0) for 8C8C orthotropic plates having shear deformation. A

buckling mode shape wac assumed in the form




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

kY o

e es eas e oy pomn

so-

: o Elasticity
L ~:$ PR CPT
% Y NL e 10 . Lol

E.".l'f2 o

[ of

Figure 7.6, Comparison of exact elasticity, classical plate theory
(CPT) and shear deformation theory (8DT) solutions for
uniaxially loaded, 8888 cross-ply laminates.
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- . mux - 2nnx
wix,vyl Cppn Sin = (1 cos 5 1

(7.12)

Numerical results were presented for boron-epoxy plates as described

earlier in this section, and are given in Table 7.4 and Figure 7.7 for
h/a = 0.1, in Table 7.5 and Figure 7.8 for h/a = 0.04, and in Tables 7.6
and 7.7 for h/a = 0,02 and 0.01, respectively. It is seen that shear

deformation effects are more significant for the SCSC plate than for the
SSSS plate (see previously), being quite significant even for the rela-

tively thin plate having h/a = 0,02,

Sandorff [150,204] conducted tests on a series of ten, 16-ply,

graphite-epoxy laminates having SCSC edges. The specimens had

dimensions: h = 0.081 in, b = 9.625 in, with the length (a) varying
from 1.75 to 3.00 in. Thus, the short, clamped edges were loaded, and

the long edges were simply supported. Experimental buckling loads were

found which were considerably less (approx. 25 per cent) than those

predicted by shear deformation theory.

Results for the uniaxially loaded SCSS orthotropic plate were alsc

obtained by Vinson and Smith (197) using the approximate method

described earlier in this section. A buckling mode shape was assumed in

the form

_ . mux
wix,y) = Cm sin —-—a (Zy“ - 3by3 + b3y)

(7.13)

Namerical results were presented for boron-epoxy plates as described

earlier in this section, and are given in Table 7.8 and Figure 7.9 for
h/a = 0.1, in Table 7.9 and Figure 7.10 for h/a = 0.04, and in Table
7.10 for h/a = 0.C2. Classical and shear deformation plate theories

agreed quite closely for h/a = 0.01 [197).

SSSF orthotropic plates with uniaxial loading were also analyzed

by vinson and Smith [197] using the approximate method described earlier

in this section. A buckling mode shape was assumed in the form
220
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Table 7.4. Uniaxial buckling parameters —oxnz/G for SCSC orthotropic
plates with and without shear deformation (h/a = 0.1). )

Classical Shear ‘ ]
theory deformation %' m H
theory :
4,15 2.84 0.33 1
4.32 2.95 0.5 1 :
5.90 4,30 .1 1 '
8.41 6.60 1.28 1 13
11.77 11.00 1.50 1
16.47 5.40 0.33 2 :
_ 5.43 0.5 2
_ 5.45 1 2
_ 5.58 1,28 2 I
_ 5.65 1.50 2 i
_ 5,84 1.75 2 j
37.63 | 5,75 1 3 i
_ 5.77 1.28 3
_ 5.79 1.50 3 :
_ 5,80 1,75 3 '
_ 5.83 2 3
5 6.55 2.75 3 '
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Figure 7.7. Uniaxial buckling parameters for SCS5C orthotropic
plates with and without shear deformation (h/a = 0.1).
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Table 7.5. Uniaxial buckling parameters -axWZ/G1 for SCSC orthotropic
plates with and without shear a%formifton (h/a = 0.04).

AR  SHBFIAIRE e

)
Classical Shear
theory deformat ion %

. theory

R .6688 .6233 0.33 1
i .6919 .6490 0.5 1
’ .9497 .8878 1 1
h 4,223¢ 3.7641 2 1
: 17.6561 14.2650 3 1
]

- 2.7681 2,1091 1 2
: 3.7988 2.9783 2 2
Y 5,1604 4,1026 2.5 2
. 7.5105 6.0227 3 2
; 8,1292 8.1340 3.1 2
- 16.8944 15.6564 4 2
; 6.0205 3.4805 1 3
. 6.6364 3.9571 2 3
: 7.3565 4.5944 2.5 3
- 8.5428 6.0289 3 3
i 8.8511 " 6.6599 3.1 3
'
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Figure 7.8. Uniaxial buckling parameters for S8CSC orthotropic

plates with and without shear deformation (h/a = 0,04).
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Table 7.6. Uniaxial buckling parameters -oxﬂzlc1 for SCSC orthotropic
plates with and without shear deformafion (h/a = 0.02).

"Classical Shear
theory deformat ion %- m
theory
.167 .163 0.33 1
.238 .234 1 1
1.058 .978 2 1l
4,426 4.110 3 1
13.342 11,755 4 1l
.682 .645 1 2
.950 .901 2 2
.1.881 1.734 3 2
4.234 3.681 4 2
8.946 7.648 5 2
1.658 1.423 2 3
2,134 . 1,847 3 3
3.264 2,828 4 3
5,506 . 4.646 5 3 j
9.446 8.952 6 3 1
b
J
A
3
,_1
1
K
K
-i,
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: Table 7.7, Uniaxial buckling parameters -oxrr2/G13 for SCSC orthotropic ?
plates with and without shear deformation (h/a = 0.01). A
Classjical Shear !
theory deformation a o N
theory b F

.04330 .04320 0,5 1

.05936 .05916 1 1
| .2640 .2628 2 1 g
1.1034 1.0854 3 1 :
X
.1730 .1708 1 2 ’
.2374 .2362 2 2 3
.4694 .4637 3 2 P
1.0558 1.0296 4 2 N
2.2584 2.1854 5 2 Y

.5342 .5154 3 3

8117 .7871 4 3

1,3815 1.3131 5 3

2,3750 2.2176 6 3

3.9811 3.6416 7 3
.
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Table 7.8. Uniaxial buckling parameters -<:7x172/(;131 for SCSS orthotropic
plates with and without shear deformation {(h/a = 0.1).

Classical Shear
theory deformation % m
: theory :
4.0736 2.8089 0.33 1
4,1733 2.8879 0.5 1l
5.093C 3.7133 1.00 1l
5.9305 4.8019 1.2 1l
6.2702 5.3300 1.26 1
_ 4.9992 1.00 2
_ 5.0994 1.2 2
_ 5.1902 1,26 2
_ 5.2845 1.30 2
_ 5.8102 1.50 2
| ¥ S
_ 5.7150 1,00 3
_ 5.7180 1.30 3
_ 5.7200 1,50 3
_ 5.9200 2,00 3
s
g
‘
1
5
%
i
P'i
227 B
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Figure 7.9. Uniaxial buckling parameters for SCSS orthotropic
plates with and without shear deformation (h/a = 0.1).
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Table 7.9. Uniaxial buckling parameters -o nZ/G) for SCSS orthotropic
plates with and without shear deformation (h/a = 0.04).

Classical Sheat
theory deformation 2 m
theory b
.6622 .6177 0.33 1l
.6863 .6255 0.5 1l
.8165 .7437 1 1
2.4410 2.4226 2 1l
8,.8285 8.6127 3 l
3.2660 2,6505 2 2
5.1655 4,8650 3 2
5.4792 5.2780 3.1 2
6.1333 6.0120 3.3 2
6.7370 6,7012 3.4 2
77,3472 5.3040 3 3
7.512) 5.6500 3.1
7.8838 6.4445 3.3 3
L 8.6020 6.6982 3.4 {_
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Figure 7.10. Uniaxial buckling parameters for SCSS orthotropic
plates with and without shear deformation (h/a = 0.04).
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Table 7.10. Uniaxial buckling parameters -axwz/G  for SCSC orthotropic
plates with and without shear deformation (h/a = 0.02).

Clasgical fhear
theory deformation 2 n
theory b
.1628 1624 0,33 1
.1668 .1660 0.5 1l
.,2036 .2030 1l 1
.6080 .6078 2 1
2.1980 2.1970 3 1
.8144 .7819 2 2
1,2860 1,2659 3 2
. 2.,4256 2.4056 4 2
4.7086 4,6875 s 2
1.8288 1.6239 3 3
2.4084 2.2305 4 3
33,5136 3.4669 L} k]
5.4186 5.2174 6 3
231
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Table 7.11. Uniaxial buckling paramecters ~o,n?/G,, for SSSF orthotropic
plates with and without shear dafomagion (h/a = 0,1).

Classical Shear
theory deformation % m
theory
.173 W171 0,33 2
.260 .256 1 2
1.045 1.028 3 2
1,631 1.380 0,33 20
1,720 1.451 1 20 .
2.500 2.132 3 20 ;
4,871 3.940 0.33 60 d
4,958 4.040 1 60 , -
5,750 5.100 3 60 c
L
!
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Table 7.12. Uniaxial buckling parameters -¢ 1!2/Gl for SSSF orthotropic
plates with and without shear deformation (h/a = 9.04).

Classgical Shear

theory . deformation -% n

. theory

.00694 .00695 0.33 2
.01042 .0105 ' 1 2
.0417 .0418 3

.0654 .0652 ©0.33 20
.0689 . .0687 , 1 20
d00 .0996 3 20
.1954 L1917 . 0.33 60
.1989 .1950 1 60
.230 .225 3 60
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FPigure 7.11. Uniaxial buckling parameters for S8SSF orthotropic
plates with and without shear deformation (h/a = 0.1).
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1

I

wix,y) = ¢y sin 955- (7.14)

Critical loads were found to occur always with m = 1, Buckling parameters
were calculated for unidirectional composites and were found to depend

upon only one material modulus ratio: BI/G13. Numerical results for
9,"/G |, are listed in Tables 7.1l and 7.12 for h/a = 0.1 and 0.04, respec-
tively for a/b = 0.33, 1, 3 and 31/613 = 2, 20, 60. Data for h/a = 0.1

are also plotted in Pigure 7.11. No significant differences between
clagsical and shear deformation theories were found for h/a = 0,02 or

0.01.

Some data for the buckling of CCCC plates including the effects of
shear deformation were obtained by Davenport and Bert [205-207) as part
of a shell analysis, but no Adirect comparisuus with classical plate theory
were made. Results for SPSF plates including shear deformation effects
are also available {32,208,209]. Other buckling studies for laminated
composite plates with shear deformation include (210-212].

7.3. SANDWICH PLATES WITH SOPT CORES

The use of sandwich plates consisting of orthotropic or anisotropic
face sheets separated by core material has become widespread, for such
plates are capable of providing lightweight construction. Por decades
plywood has been used for the face sheets. More recently the fiber com-
posites have been used, especially for aerospace applications. Core
materials may be considered as either homogeneous (e.g., foam) or hetero-

geneous (e.g., hexagonal or honeycomb cells, or corrugated).

Early experimental work to determine buckling loads was conducted
by Boller [213] on sandwich plates having glass-cloth laminate face sheets
and either end-grain balsa or cellular cellulose acetate cores. Various

edge conditions were considered. Experimental results were compared
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with theoretical values given by formulas derived by March and Smith

{214]}. Modifications were made in the formulas to account for shear
deformation in the cores. These and more recent references [215-218]

are indicative of the considerable amount of work on buckling of laminated
composite sandwich plates which has taken place at the U.S. Forest Products
Laboratory.

Pearce and Webber [219-221] made a theoretical and experimental
study of uniaxially loaded, SSSS sandwich plates composed of fiber-rein-
forced, face sheets and honeycomb cores. A set of differential equations
was derived, and numerical results were obtained for a square plate having
face sheets composed of 1450 angle-ply laminates and a honeycomb core of
aluminum. It was shown in a specific example that a sandwich plate having
carbon fiber-reinforced face sheets would only need to weigh approximately
one-half as much as one using aluminum face sheets to fail at the same
buckling load.

Vinson and Shore [222] analyzed the buckling of sandwich plates
made of a web-core construction (see Figure 7.12) using orthotropic materi-
als. Three types of instability were considered:

1. Overall plate buckling

2, Local face buckling in the region from A to B (Figure 7.12)

3. Web element buckling.
Optimization studies were conducted with faces and cores made of different
materials., It was shown that optimum design occurs when the weight of
the core material is half that of the facing material, and that boron-
epoxy and graphite-epoxy materials provide lower weight designs than do
other materials.

Housner and Stein [68] proposed a simple correction in orthotropic

or anisotropic plate buckling loads to accommodate sandwich plates. This

requires only multiplying the critical stress by [l-(t/h)3], where t is

236

BT PRGNSR | MO PLIGPRRRINS - § = B




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

DAL

1, lr‘.‘-_ 'A-'.'-‘\

-

t¢

Ty
: T

le—— PITCH —of

A A . L o _y B
20 Nl L ST

3

K
)

~

<

! Figure 7.12. Cross-gection of web-core construction.

'
'
S
-
‘
.-
»
.
-
o
-
»




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

the thickness of the core and h is the total thickness of the plate.
This correction factor is based upon the following assumptions:
1. The plate is symmetrically laminated.
2. Bending-twisting coupling is negligible (i.e., each layer has
the same fiber orientation angle (§), except for sign).
3. The core carries no load and undergoes no shear deformation
(or its shear modulus is negligibly small).
It was pointed out that for the second assumption to be valid, “it may
be necessary that t/h to be nearly unity, and that the amount of material

in either cover oriented in the +§ and -0 directions be equal.”

Hyer and Hagaman [223] conducted buckling tests on sandwich plates
having face sheets composed of layers of woven fabric, and cores made of
Hexcel glass-reinforced polymide honeycomb. The plates were loaded uni-
axially, with the loaded edges clamped and the other edges either simply

supported or free.

Zubchaninov [224] analyzed the stability of three-layer plates
having a central layer of metal sandwiched between glass-reinforced plastic
outer layers. An example is presented for a rectangular plate in pure

shear.

A number of other references are also available dealing with the
buckling of sandwich plates made of laminated composites [225-232].

7.4. LOCAL INSTABILITY

The effects of delamination and delamination growth upon the buckling
of composite plates were examined by several researchers [233-235]. Delami-
nation is the result of either imperfection in the manufacturing process,

or is due to developments during the life of the laminate, such as impact

by foreign objects. Delaminations may ~ause a reduction in the overall
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stiffness of the plate, thereby reducing its buckling loads. Further, I
delaminations may grow, depending upon the loading and the toughness of i
the material. Clark |..t . also considered the buckling of laminates !

having discontinuous bonding.

Harris, Crisman and Nordby [225-227] studied the local instability
of sandwich plates having facings made of fibrous composite plies. Pour
types of instability were discussed [226]. These included:

1. Overall plate buckling.

2, Shear crimping

3. Dinmpling, or intercellular buckling

4, PFace-wrinkling,

These types of buckling are illustrated in Figure 7.13. Pace-wrinkling
may occur with either an inward or outward displacement of the face sheet
relative to the core. Outward buckling involves either a tensile failure
of the bond between the core and the facing, or a tensile failure within
the core. 1Inward buckling may be accompanied by compression failure in
the core. Face-wrinkling is typically analyzed either by treating the
face sheets as beams on elastic foundations, or by a quasi-elasticity
approach. Experimental results were obtained for sandwich plates of two
types: (1) fiberglass face sheets with aluminum, honeycomb cores and

(2) plywood face sheets with foam cores. It was pointed out that experi-
mental results are typically lower than theoretically predicted values,
and that this may be due to initial waviness (i.e., deviation from flatness)
of the face sheets [226], The local instability fail'r« of sandwich
plates having composite face sheets was also treated by Pogg (see pp.

5-0 to 5-13 in [32)), Pearce and Webber [219-221], and Vineon and Shore
[222 ] (see Section 7.3).

Biot [237] studied the localized edge buckling of a laminated com-
posite plate. The theory developed to deal with this problem included
couple stresses and stress~gradient dependence of the strain. This theory

was subseguently extended to more general laminated plate analysis [238].
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7.5. INELASTIC MATERIALS

This section will consider laminate comrosites made of materials
which are not linearly elastic.

The buckling of cross~ply plates with nonlinear stress-strain varia-
tion was analyzed by Morgan and Jones [239]. The nonlinear behavior was
characterized by assuming

cH
Eij 1 - B (—\ | (7.15)

for each of the material moduli, where A, B, and C are constants to be
determined experimentally for each material. U is the strain energy
density, given by the integrand of Equation A.41, and U, is a constant
used to nondimensionalize U. Typical stress-strain curves for fiber-
reinforced composite materials are shown in Pigure 7.14. The equations
of equilibrium tor the buckled configuration (Equations 6.1) in the most
general case of an unsymmetrical laminate) are satisfied incrementally

by an iterative numerical procedure as the plate undergoes buckling defor-
mation,

Numerical results were obtained for $§S8S, cross-ply laminated plates
composed of boron-epoxy, graphite-epoxy and boron-aluminum materials
[239). The constants A, B, C assoclated with each composite material to
be used in Equation 7,15 are listed in Table 7.13. The values of inplane
Poisgon's ratio (V;,) used were 0.225, 0.38 and 0,275, respectively.
Values of 0* listed for a few of the material moduli in Table 7.13 are
limiting values of stress beyond which Equation 7.15 is no longer valid.
At such a point on the gtress-strain curve a linear extension is added
having a slcpe given by the value of E* in Table 7.13,

Figure 7.15 shows thc nondimensional buckling stregs resultant Ny

a2z a furnction of plate thickness £for 5353 plates conslsting ol a single
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Figure 7.14.

Typical stress-strain curves for fiber-reinforced com-
posite materials [239].
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Table 7.13. Constants used in Equation 7,15,

\
! L dul A B C a* Ex J
Materia Modulus (CN/mz) (KN/mz) (GN/mz) ]
: . E, 208 0 i - -
: oron= E, 19.8 0 1 - -
| epoxy ¢, 5.52 0.0628 0.462 64.1 0.331
1
E 159 0 1 - -
- 1
Sraphite-| g, 8.76 0 1 - -
ennxy ¢, 6.72 0.00144  1.13 88.3 0.779
| 8 ) E, 210 0.00008  1.042 1380 165
i‘iimum E 186 0.05814 0.723 1S5 25.0
atu cfz 0.154  -399 -0.676 - -
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ply, with the loading along the direction of the fibers [239]. Ny is
divided by the value of Ny which would exist for a linearly elastic ma-
terial (obtained by setting B = 0 in Bquation 7.15 for all moduli). This
ratio is seen to decreage from 0.95 to 0.87 for a boron-epoxy laminate

as h increases from 1 cm to 3 cm. Por graphite-epoxy, the corresponding
ratios are 0.98 and 0.79. The buckling loads increase as h increases

for both the linear and nonlinear elastic materials. Similar plots are
shown in Figure 7.16 for a unidirectional boron-aluminum laminate. The
total noniinearity effect is observed to be stronger for this material

than for those in Figure 7.15, the ratio of buckling stress for the non-
linear material to that of the linear material being only 0.35 for h = 1 cm.
In addition, the effects of nonlinearities of each modulus taken separately
is depicted. The shear nonlinearity is most significant for thicknesses
less than 1 cm; however, the nonlinearity in E2 is most important for

h >1 cm. For three layer (0°/90°/0°), cross-ply laminates similar be-

havior was found, with essentially no dependence upon aspect ratio (a/b)
(239].

For unsymmetrically laminated, cross-ply plates made of boron-
epoxy, the effect of nonlinearity in modulus was found to be small, How-
ever, for boron-aluminum laminates very significant effects were uncovered,
as may be seen in Figure 7.17 [239]. The linearly elastic buckling loads
with 2, 4 and an infinite number of layers are very close to each other
and are shown on a single curve in Figure 7.17 because El/E2 is small,
causing small bending-stretching coupling. However, EJ/E2 increases
with load for the nonlinear case, causing the corresponding curves in
Figure 7.17 to be much lower. Finally, the variation in -Nbe/E2h3 with
number of layers in a boron-epoxy, unsymmetrically laminated, cross-ply
plate is shown in Figure 7.18, considering coupled (exact) and uncoupled

(orthotropic), and linear modulus and nonlinear modulus solutions,

Hahn [240] in an earlier paper analyzed the buckling cf #450 apgle-

ply plates having nonlinear stress-strain relationships., The elastic
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moduli were assumed to vary quadratically. 1In one example for a symmetri-
cally laminated, SSSS plate a small decrease in buckling load due to the
nonlinearity was found. Another paper which deals with the buckling of
a boron-epoxy plate having nonlinear stress-strain equations is that by

Durocher and Palazotto [241,242].

Teters [243]) used flow theory to describe the plastic properties
of orthotropic plates undergoing buckling. Shear deformation effects
were also included, which were found to be important if EJ/GJ3 is large.
For 81/613 = 60 and a/b = 20, inclusions of shear deformation decreased

the critical stress by 45 percent.
7.6. HYGROTHERMAL EFFECTS

Two effects of the external environment may cause significant in-
ternal strains, thereby affecting buckling loads - hygroscopic (i.e.,
moisture absorption) and thermal, Both moisture absorption and tempera-
ture increase serve to expand a plate causing internal compressive stresses
due to edge restraints or differential expansion. These effects in the
laminated compcsite plate buckling problem apparently were first jointly
taken up by Whitney and Ashton [244 ).

An interesting situation was found to develop in plates using graphite
fibers, for these fibers have negative values of thermal expansion coeffi-
cient in the axial direction. It was found that certain orientations of
angle-ply layups for graphite-epoxy plates having certain inplane boundary
constraints cun be buckled by lowering the temperature rather than raising
it [244]. This may be seen in Figure 7.19 which is for a plate of aspect
ratio (a/b) of 3 clamped at two opposite edges and free at the other two
edges. The nondimensional buckling temperature change am(LT)(b/h)2 is

plotted versus angle-ply orientation angle (5), where ap is the thermal

expansion coefficient of the matrix material, and AT is the temperature
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increase. The plate is composed of 4 layers symmetrically stacked (40,
-8, -9, +6), and is subjected to a uniform temperature rise. For fiber >
orientations 0° < 6§ <17.59, the laminate has a negative coefficient of
thermal expansion relative to the x-axis, and a temperature decrease is
required to cause buckling. Por 6 = 17.5°, the effective coefficient of

thermal expansion in the x-direction disappears, and the plate cannot

Y r

buckle by either increasing or decreasing the temperature. For 17.5° < 6 < 90°

..
J

buckling may be caused only by raising the temperature, It was shown

UL

that plates constrained along all four edges could only buckle with tempera-

ture increase [244], o

Hygrothermal effects were also studied by Flaggs and Vinson [245-
247]. A general set of governing differential equations and energy func-
tionals was derived for symmetrically or unsymmetrically laminated plates &
with shear and transverse normal deformation effects also included. The .
Ritz method was used to solve for buckling loads of plates having S3 -4
simply supported (see Equations 6.2) or C3 clamped (see Equations 6.10)
edge conditions, Displacements in the form of Equations 6.7 were chosen
for the SSSS plates, whereas the w displacement component was changed R
for CCCC plates. A parametric study was made for symmetrically and unsym-
metrically laminated, graphite-epoxy, angle-ply plates showing the simul-
taneous effects of temperature change and moisture absorption upon uniaxial

o |
¥

buckling stress resultants. Numerical results for the SSSS and CCCC T
plates are shown in Figures 7.20 and 7.21, respectively. 1In both cases
a symmetric [0, 45, -45, 90]4g ply orientation was used, a = b = 12 in,
and h = 0.176 in. The uniaxial buckling stress resultant -N, is shown
plotted versus temperature and moisture absorption (M). Considerable

additional numerical results may be found in [246].
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Figure 7.21. Hygrothermal effects upon the unjaxial buckling stress
resultant of a CCCC plate,
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CHAPTER VIII. POSTBUCKLING AND IMPERFECTIONS

As discussed in Chapter I (Figure 1.1), a linear, bifurcation buck-
ling analysis establishes the critical value of loading for a particular
plate. However, plates are typically capable of carrying considerable
additional load before the collapse (or crippling, or ultimate) load is
reached. 1In some cases this is even several times as much as the critical
load, although this capability has been found to be less pronounced for
laminated composite plates than for metal plates. Theoretical analysis
of postbuckling behavior of plates is nonlinear, even though the transverse
displacements con:tidered may be only "moderately large” (i.e., on the
order of a few times the plate thickness). The initial nonlinearity is
due to additional inplane strains (and stresses) caused by the transverse
displacements. Additional geometrical or material nonlinearities may
arise during larger transverse displacements after buckling, but these
are typically not considered in theoretical postbuckling analyses.

Imperfections considered are typically geometrical in nature. In
the case of a plate, they are usually measure-~ of deviation from flatness.
Thus, for example, a SSS55 plate may have an initial bow which may be
represented by a half-sine-wave in each direction, where w, is the imper-
fection amplitude. The application of compressive loads in the flat
reference plane defined by the four plate edges causes a change in the
displacement, no matter how small the load. Thus, a curve of the type V
in Pigure 1.1 may be followed with increasing load, with no "buckling
load" rcadily apparent. As w, decreases, curve V approaches curves I
and 1V and becomes kinked in the vicinity of the bifurcation buckling
load. Also, as depicted in the figure, as the transverse displacement
amplitudes become very large, the imperfection and postbuckling solutions
become the same. Two other types of situations wheie this type of behavior
occur are: (l) eccentricity due to loads not applied in the elastic mid-

plane, and (2) transverse loads acting simultaneously with inplane loads.
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These problems all are equilibrium problems, in contrast with classical

bifurcation buckling problems, which are eigenvalue problems.

The behavior of plates with geometrical imperfections may be studied
with either linear or nonlinear analysis, depending upon the relative
magnitude of the tranaverse displacement which will be permitted. For
example, small displacement analysis of plates with imperfection in flatness

may be carried out by linear, shallow shell theory.

An excellent book by Chia [15] is available which provides a complete
theory for dealing with the large displacement behavior of laminated
composite plates, including orthotropic, arisotropic and unsymmetrical
laminates. WNumerous example problems are also solved therain for plates
undergoing transverse loading, postbuckling, imperfecticon behavior and

free vibrations.

8.1. EQUATIONS FOR POSTBUCKLING ANALYSIS

hfter buckling, a plate may undergo transverse displacement which
is relatively large in comparison with the thickness. 1In this case the
midplane strains given by Equations A.4 are generalized to include addi-

tional terms which account for stretching due to w:

My ) (aw>2
£ s + - ——
X IXx 2 IxX
3v 32
go = o + L (.a_h) (8.1)
y 9y 2 \3y
v 3u -
0 0 0 IW Ow
\r = — +  —

Xy IxX 3y IxX Iy

The added terms, which contain w, are seen to be nonlinear. The curvature

changes remain related to w by Equations A.5. In using Equations 8.1

ra
vl
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one realizes that they represent a first order correction to the classical
linear theory, and that the added terms are those deemed the most signifi-
cant corrections. For very large displacements, additional nonlinear
terms would be required in both Equations 8.1 and A.S5.

Substituting Equations 8.1, A.4, A.5 and A.8 into Equations A.1l2,
and deleting the pressure components py, Py and g acting along the plate
surface the following set of equations of equilibrium ensue [15], expressed

in terms of displacements:

r -
b by byg) (e Ly v Lyyw! 0
|

! I -~
L L L1 = aw

21 "2z a3l QV ax b Yoy YR (0 (8.2)
1 L L . ' :
L 31 32 L.).a“; Y L13‘* L23w v J

where the O subscripts have been dropped from the displacements, but the
displacements are understo.d to refer to the plate midplane, where the

linear differential operators are defined by Equations A.21, and

= —_— i 3w 2 v 1 2
" [Bx 3 (a—;) ]L7w + 3y + 5(2_;) ]LBW

v u AW W 2
+ — S —
(5 + 5y * 5y 5y lg¥ - 2(812-866)[(%;ﬁ_)

ay

2

32w 3°w 32w 2

2B 553 557 - Gy )

(8.3)

with 32 32 32
L - = ."\
; 11 332 © A1 50y T A2 52

_ 3¢ 52 5
b T A2 3T Y Pe Tt A 5
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3 52 32

L, = 8% 8.
9 ® M6 3x7 * e xay * P26 357 (8.4)

It is observed that the left-hand-side of Equations 8.2 consists of linear
terms as in the classical bifurcation buckling problem, and that the
right-hand-side contains only nonlinear terms which arise from the inplane

stresses.

Equations 8.2 form an eighth order set of differential equations
which govern the postbuckling equilibrium shape of a generally laminated
(e.g., unsymmetrical) composite plate, with transverse shear deformation
neglected. Certain simplifications are possible for symmetrical laminates.
In one case, when the plate may be treated as anisotropic (e.g., angle-
ply), all Bij =0, which.results in L13 = L31 = L23 = L32 = 0, and some
simplification in Equation 8.3. Further, for a plate which may be con-
sidered orthotropic (e.g., cross-ply) then, in addition, Al6 =A =

26
D D 0. Detailed simplified forms are given by Chia [15]. It is

16~ V26 "
important to note, however, that even for symmetric laminates Equations
8.2 remain coupled by means of the nonlinear terms and that a system of

eighth order, nonlinear, differential equations must be dealt with.

The nonlinear, postbuckling solution differs from the classical,
linear buckling solution in a fundamental way in that the former results

from an equilibrium problem, whereas the latter is for an eigenvalue

problem. In both cases the governing differential equations are homogene-
ous., However, in the latter the boundary conditions are also homogeneous,

whereas in the former they are not. Moreover, for the postbuckling problem
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either the inplane stresses or the inplane displacements are prescribed
along the edges, and analysis of the postbuckling problem typically entails

solving for w(x,y) in terms of these edge values.

Formulation of the postbuckling problem for symmetrical and unsym-
metrical laminated plates in terms of w and an Airy stress function is
also available in detail in [15]. 1In the case of a homogeneous, isotropic
plate the equations reduce to the well known ones originally derived by
von Karman [248]:

V4 = E [(azw )2 _ 32w 32w]

X3y x4 3y<
2w 32 2y 2 2 2
by -y [3%W 32 32w 32¢ . 32w ag}
DVPw = h [ax2 3y2 © 3yZ 3x2 3X3y 3xX3y

(8.5)

where ¢ is the Airy stress function and v“ is the biharmonic differential
operator.

8.2. POSTBUCKLING RESULTS

Prabhakara and Chia [15,249] analyzed the postbuckling behavior of
orthotropic plates which represented parallel-fiber configurations made
of glass, boron or graphite fibers embedded in epoxy resin. Numerical
values of the moduli ratio and v, for the plates are listed in Table
8.1, as well as for an isotropic comparison plate. The critical values
of uniaxial buckling stress are also given. The Galerkin method was

used to obtain numerical results for SSSS plates subjected to uniform,
biaxial stress. The transverse displacement (w) was taken in the form
of a double Pourier sine series, and the streas function as the double
sum of the products of beam functions. The variation of 0y/0,, with
we/h for square plates made of the four materials is shown in Figure

5.1, where Ocr 18 the critical uniaxial buckling stress, we is the plate
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Pigu:re 9.1, Postbuckling uniuxial stress-deflection curves for leo-
tropic and orthotropic, SSSS plates (a/b = 1).
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Table 8.1. Orthotropic SSSS plates analyzed by Prabhakara u
and Chia,
E, Gy, o_b?
Material —— - v - —yi——z
E E 12 7T°E h
2 1 1
Isotropic - - 0.316 | 0.3704 -
Glass-epoxy 3 0.1667 0.25 0.1943 3
Boron-epoxy 10 0.0333 0.22 0.1069 )
Graphite-epoxy { 40 0.0150 0.25 0.0916 .
Table 8.2, Orthotropic SSSS plates analyzed by Chandra and :
Bavisu Raju.
Plate L_* F_* E * G * v v ‘ p
£ X y Xy yX Ky
A 2 1.887 1.577  0.6123 0.3 0.251 .
" 5 3.761  1.648 1.061 0.3 0.211 .
C 10 7.068 3.578 1.409 0.3 0.152 -
n 20 1401 4.282  1.714 9.3 0.0909
i 50 36.39 4,748 1.959 0.3 0.0394
F 100 69.66 5.071 2.062 0.3 £.0218
G 2 1.577 1.887 0.6123 0.251 0.3
] S 1.648 3.761  1.061 0.211 0.3
] 10 3.578 7.068 1.409 0,152 0.3
A 20 4.282 14,13 1.714 0.0909 0.3
K 50 4.788  36.3Y 1.959 0.03%9 0.3 i
| 100 5.07  69.60 2.062 0.0214 0.3 -
—J
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deflection at its center, and where GL, BO and GR identify the glass,
boron, and graphite fiber plates, respectively. It may be observed that,
for a given percent increase in axial compressive stress beyond the buck-
11ng stress, the laminated composite plates all require greater deflection
than the isotropic ones with the graphite-epoxy exhibiting the greatest
increase in wg/h. Similar curves are also available for a/b = 1.5 and 2

{249 ), and their slopes were found to increase with increasing a/b.

Chandra and Bavasa Raju [250] carried out a postbuckling analysis
of S$SSS orthotropic plates by means of expanding each of the displacement
components (u,v,w) in terms of a power series of a petturbation parameter.
Substituting them into the equations of equilibrium for the postbuckled
state yields an infinite set of linear differential equations, the first
three equations of which correspond to classicai, bifurcation buckling
theory, which may be called the zeroeth approximation to the nonlinear
analysis. First and second order approximations were obtained and added
to the zerocth one to represent the postbuckling solution. The solution
procedure was applied to a number of example problems for uniaxially
loaded, parallel-fiber plates having the elastic moduli listed in Table
8.2. Longitudinal fiber moduli{ (Eg) are also given. Thus, plates A-F
have their flbers parallel to ithe load, wherecas plates G-L have their
fibers transverse to the load. Load - end shortening curves for the
plates of Table 8.2 are depicted in Pigures 8.2-8.5 for A = mb/a = 1,
1.33, 2 and «», where m i8 the number of half-waves irn the x-direction.

In thesa figuraes P/Py is plotted versus i/4y, where P is the load, Py i8
the buckling load, / is the end-shortening displacement, and 5y is the
value of . at buckling. A curve for an isotropic plate is also shown
for compa:ison. FPor a/b = 1 (Figure 8.2), P/P, for plates A-D and the

isotropic plate are all the same.

The "effective w~idthe® of the plates of Table 8.2 were alsc calcu-

lated [250] for the case of mb/a = 1. The ratio be/b 18 plotted versus
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Pigure 8.2. Load-shortening curves for the plates of Table 8.2
{mb/a = 1).
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Figure 8.3. Load-shortening curves for the plates of Table 8.2 ~
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Figure 8.4. Load-shortening curves for the plates of Table 8.2,
(mb/a = 2).

b4

oty g ;, P i ATt as  ad . i a i iw i A
A2z ca - B4 A i bratl i e m e pii3 ligdlhafafcgrh s a ik o mian s lide ate a pe A AT TR S A oSt X Lx s Tdw cas]
Toas :oat cu zac- W cEoaE oL - - — 3 s . =



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

- C.D BAOTROPIC ]
y? L
{
2
L
Po
[
v T T 7 LN T L4
° s s ” . 20 24
-
&
Figure 8.5, Load-shortening curves for the plates of Table 8.2
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Table 8.2 (mb/a = 1).
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P/Py in Pigure 8.6, where by is the effective width. This is a concept
suggested by von Karman, Sechler and Donnell {251] to decocribe the portions
of the plate width which carry the loading during postbuckling, assuming
that the ends are shortened by uniform displacements (rather than uniform
stresses). Figure 8.6 shows that when P/Py = 3, the effective widths ot
plates having large D“/D22 ratios (e.g., plate F) have bg/b < 0.5, whiereas
those with small D”/D?2 (e.g., plate L} have bg/b nearly unity.

The postbuckling hehavior of CCCC orthotropic plates subjected to
uniaxial loads was also studiea by Chia and Prabhakara [15,113]. The
nonlinear problem was solved by the Galerkin method, with both w and ¢
expresscd as infinite series of the products of beam vibration eigenfunc-
tions. Results were obtained for plates of various parallel-fiber composite
and isotropic materials, ar described previously in Table 8.1, except
that GIP/E; was taken as 0.2 and 0.0125 for glass-epoxy and graphite-
epoxy plates, respectively. Nondimensional uniaxial stresses -oxb7/Ezh2
versus w./h for various aspect ratio (A s a/b) plates may be geen in
Pigure 8.7. The critical buckline loads, which correspond to wo/h =1
in Piqure 8.7 are listed in Table 8.3,

Postbuckling studies .. anisotropic S8SS and CCCC plates were con-
ducted by Prabhakara and Chia [15,252). Numerical resulte were obtained
for two cases of aquare, graphite-epoxy plates: (1) +45° angle-ply plates
louzded in hydrostatic compression (v, = Cy = constant, ., = 0) and (2)
parallel-fipner plates having various fiber axis orientations (9) with
regpect to a uniaxial loading direction. Material modulus ratios are
those listed in Table 8.1, except G, /E = 0.0125, Postbuckling results
are deplcted in Figures 8.8 and 8.9; reépectively. In the first case,
tegults are veen for n o~ 1,3,5 and infinite numbers of layers. In these
figures, w./h is plotted versus -uyb'/E h'. For the CCCC plate with
n =% in Figure 8,8, ~uxb'/E.h7 = 57.5;'whereaa for the SSSS plate with
J = 189 in Flgure 8.9, it 19131,7.
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Figure 8.9.

30 60 90

Postbuckling deflection-load curves for anisotropic
(parallel-fiber), graphite-epoxy plates (a/b = 1).
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Noor, Mathers and Anderson [253] discussed how taking into account
the symmetry of the problem (geometrical configuration and deflection
pattern) may reduce computational time significantly in postbuckling
analysis of laminated composite plates. Both symmetric and unsymmetric
laminates were considered. Shear deformation effects were also included
in the study. Numerical results for the postbuckling behavior of biaxially
loaded giphite-epoxy plates were presented, including both load-transverse

displacement and load-shortening curves.

Turvey and Wittrick [254,255] examined the postbuckling of SSSS,
unsymmetrically laminated, carbon-epoxy, square plates made up of two,
&:5,i1€-ply layers. Load-shortening curves were plotted for three plates
hiving 0 = +30°, +45°, +60°. These are shown in Pigure 8.10, where u,
is the inplane, end - shorterning displacement in the direction of the
loading. For each plate, two points of bifurcational buckling and two
postbuckling branches are seen. The lower one in each case is for the
complete, unsymmetrical analysis, retaining Bij coupling stiffness terms.
‘The upper one corresponds to an orthotropic analysis obtaining by setting
all Bjy = 0. It is observed that, although the buckling stresses are
greatly affected by the bending-stretching coupling, the postbuckling

gtiffnesses are unaffected by it, Load-displacement curves were also

determined for symmetrically laminated, CCCC, anisotropic plates loadec
in shear, comparing the effects of neglecting or including the bending-
twisting stiffnesses (Dle'Dzs) in the postbuckling analyses {[254,255].

Postbuckling analysis of unsymmetrically laminated, S3SS plates

was carried out by Chia and Prabhakara [15,181]. Results were determined
for glass-epoxy, boron-epoxy and graphite-epoxy plates having moduli

ratios as given in 7able 8.1, except Glz/El = 0.0125 was used for graphite-
epoxy. Load-deflection curves for 4-layer, +45° angle-ply, square plates
are depicted in Figure 8.11. The loading is uniaxial, except for the
graphite-epoxy plate (GR) which is also subjected to hydrostatic compression
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Figure 8.10. Load-shortening curves for SSSS, 2-layer, angle-ply
plates.
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Figure 8.11.

Postbuckling load-deflection curves for SSSS, uni-
axially and biaxially loaded, unsymmetrically
laminated, 4-layer, }45° angle-ply plates (a/b = 1).
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Figure 8.12. Nondimensional bending moments at the centers of the X
buckled plates of Pigure 8.11.
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(o = Oy = constant, Tyy = 0). Bending moments at the centers of the
plates in their postbuckled configurations are shown in Figure 8.12.
Postbuckling analysis of SSSS angle-ply plates was also carried out by
Harris [182].

Prabhakara [256] and Chia [15] also considered unsymmetrically
laminated, SSSS, cross-ply plates having 2, 4, 6 and an infinite number
of layers of graphite-epoxy material., Critical uniaxial buckling loads
were presented which agreed with those determined by Jones [158]. However,
the load-deflection curves presented, resulting from both linear and
nonlinear analysis, showed "bending of the plate even in the pre-buckling
range, owing to the existence of coupling™ [256]. This is contrary to
the above-mentioned bifurcation buckling results. These curves are shown
in Figure 8.13 for square plates having the graphite-epoxy modulus proper-
ties listed in Table 8.1, except Gl?/El = 0.0125. The buckling stress
parameters listed for the plates of Figure 8.13 were given as [15]:
-oyb? /E_h? = 12.6282, 30.0301, 33.2527, 35.8307 for n = 2, 4, 6, - layers,
respectzvely.

Postbuckling load-deflection curves were also obtained by Chia and
Prabhakara [15,181] for CCCC, unsymmetrical, cross-ply plates with graphite-
epoxy layers having the same material properties described above for
Figure 8.13. These curves are presented in Figure 8.14. Similar curves
for uniaxially loaded glass-epoxy, boron-epoxy and graphite-epoxy plates
and hydrostatically loaded (9y = Oy) graphite-epoxy plates having four
layers are seen in Figure 8,15, Glass-epoxy and boron-epoxy material
properties are listed in Table 8.1.

Comparison of ioad-deflection curves for 4-layer, +45° angle-ply,
graphite-epoxy plates having a/b = 1.5 subjected to uniaxial compression
(0x = constant, gy = Yyy = 0) may be made between CCCC and SSSS edge
coriitions in Figure 8,16 [15,181]. 1In this case, the buckling mode
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Figure 8.13. Displacement-load curves for SSSS, unsymmetrically
laminated, cross-ply plates (a/b = 1).
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Figure 8.14. Postbuckling load-deflection curves for CCCC, unsym-
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shape has two half-waves in the x~direction, and the displacement is
therefore calculated at x = a/4, y = b/2,

Prabhakara and Kennedy [186] made a study of the postbuckling behavior
of unsymmetrically laminated, angle-ply plates loaded in shear (uy =
oy = 0, Txy = constant). Results were obtained for glass-epoxy, boron-
epoxy and graphite-epoxy laminates having layer moduli given by Table
8.1, except that Glz/l:‘.1 = 0.0125 for graphite-epoxy. Deflection-load

curves for various plates are shown in Figures 8,17-8.20, where wo is

_-' [P PR ‘o I 2 2 T It .

58,0, A
AL e

the deflection at the center of the plate. In Figure 8.17 +45° angle-
ply, SSSS, square plates having two layers are considered. The effect

of number of layers (n) for graphite-epoxy plates are seen in Figure

Pl |
P o0 “

8.18. Results from both linear and nonlinear analyses are shown. Figure
8.19 shows the influence of orientation angle, 6, on the curves for two-
and four-layer, graphite-epoxy, SSSS square plates. The effect of aspect

ratio (A = a/b) for +459, four-layer, graphite-epoxy, SSSS and CCCC plates
is described by Figure 8.20,

Hui [178) considered the initial postbuckling behavior of antisymmetri-
cally laminated, S5SSS, cross-ply plates subjected to uniform inplane
shear stress. He showed that the initial mode of buckling for non-square
plates is asymmetric.
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AL WP . .
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An extensive experiment~l program to study the buckling, postbuckling

S

:i and crippling (i.e., ultimate failure) of graphite-epoxy and boron-aluminum
ii laminated composite plates has been conducted by Spier, Klouman and Wang
j% [257-263]. The plates typically were uniaxially loaded, with the loaded
l& edges clamped, and the other two either simply supported or with one

Zi edge simply supported and the other free (i.e., CSCS or CSCF with 0y =
i; constant, Oy = Txy = 0). These plates were also used to represent a

;} section of a stiffening element. An example of a load - end shortening
fi plot made for two CSCF, graphite-epoxy specimens of nearly identical

e
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Figure 8.17. Deflection-load curves for shear-loaded, *45° angle-ply,
S§SSS plates having two layers (a/b = 1).
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S$SSS, graphite-epoxy plates (a/b = 1).
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l §8S8S, graphite-epoxy plates (a/b = 1).
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Figure 8.20. Deflection-load curves for shear-loaded *45°, four-
layer, graphite-epoxy plates.
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dimensions with a/b = 4.5 is shown in Figure 8.21 [260}. The sudden
drop in loading for one of “he specimens was due to a jump from a two
half-wave displacement pattern to one having three half-waves. PFor both
graphite-epoxy and boron-aluminum composites, experimental crippling
loads were found to be considerably less than theoretically predicted
values [258,263].

A postbuckling analysis of SESP orthotropic plates subjected to
uniaxial loading was made by Banks and Rhodes (264]. The elastically
constrained unloaded edge had rotational restraint. This type of p.ate

may repregent the flange of a composite channel section.

An experimental study of tha postbuckling bshavior of CCCC laminated
platee loaded in shear was carried out by Kaminski and Ashton {265,266].
Nine boron-epoxy plates having cross-ply and angle-ply orientations were
tested, A subsequent theoretical correlation with these results was
made by Shariffi (87]. Experimental results for this type of problem
were also obtained by Kobayashi, Sumihara and Kihara [267]) and compared
with theory,.

Postbuckling studies of laminatod composite plates with holes have

also been carried out. Ter~Emmanuil'yan (268) examined a 8FSF, orthotropic,

square plate having a central square hole. S8tarnes and Rouse (269 ) made

an experimental investigation of 8CSC, graphite-epoxy plates (0, = constant,

Ox = Txy = 0) with circular holes. Knauss, Starnes and Henneke [270)

also considered oircular holes.

A considerable amount of additional research on the postbuckling
behavior of laminated composite plates may be found in the literature
[38,173,191,271-299]).
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Pigure 8.21. Experimental load-end shortening curves for uniaxially
loaded CBCF graphite epoxy plates.
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8.3, IMPERFECTION ANALYSIS

Bhattacharya [300) made a study of symmetrically laminated, cross-
ply plates having initial imperfections subjected to uniaxial loading
(0y = constant, Oy = Tyy = 0). The plate edges were taken to be simply
supported with elastic rotational constraint (cf., Equation 3.49). The
governing equations were taken in the forms using the transverse displace-

ment (w) and the Airy stress function (¢), and may be written as

-l 4 Y
A%2 ;x% + (27, +A5 ) aaz 7 * AY) g :

x“dy y
2 - - -
Rlw © 32w 32w o 32w 32w _ 3% 3%w _ 22w 32w (8.6a)
3%y %2 3y? axdy axdy  oaxZ 3y’  ayZ ax?
el 34w 4w
* + L] *
P11 7% 0 (203,408 3xZ3y2 + D3y 3y®
32 3% 2 3%¢ 32 -
.—Y% T-z-(w + w) + 377 3 —z'(d + W) 2 3%y axay(W + W) (8.6b)

where W is the initial transverse displacement due to the imperfection,
w is the additional transasverse displacement due to the applied load, and
the Atj and Dty are coefficients arising from a partial inversion of the
stiffness relationships (see Equation A.30). Equations (8.6) are seen
to he similar to Equations A.32 and A.33, with the following
modifications:

1. A7, = Aj. = Byy = 0, to specialize to the orthotropic form for

a symmetrically laminated, cross-ply plate.

287




-

PRI o WS oV W gV

-

t

LI PR M 7ol L

Bl o SRg S

A

IECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

1

I

2. Nonlinear bending-stretching terms of the type found in Equations
8.5 are added to the right-hand-sides.

3. Additional linear terms appear on the right-hand-sides to account
for the effects of the initial imperfection,

An approximate solution to Bquations 8.6 was assumed [300]) in the form
of double gseries of the products of beam vibration elgenfurctions for
both ¢ and w, and W was also assumed in this form. The Galerkin method
was used to provide numerical results.

Results were obtained for square plates composed of five layers,
having equal rotational constraints along all four edges [300]. FPigures
8.22 and 8.23 show plots of the nondimensional uniaxial loading parameter
-oya2/4A22h versus w./h, where w, is the displacement at the center, for
carbon fiber reinforced plastic (CFRP) and glass fiber reinforced plastic
(GPRP) plates, respectively. Ratios E;/Ep = 7.6 and 2.0 were used for
CFRP and GFRP plates, respectively, and Gpp/Ep = 0.4, “pp = 0.3 were
used for both plates, Two sets of curves are shown in each figure, corres-
ponding tc zero and small (wo/h = 0.1) imperfections. For each set,
curves are drawn corresponding to various rotational stiffness parameters
K (= ak,/zAzth), and k, is the rotational stiffness defined by Equation
3.49. Por K = 0, the plate is 8888; for K = =, {t is CCCC.

The effects of 1load eccentricity were considered by Sallam and
Simitses [301]. Uniform, uniaxial, inplane stresses -0y were applied
with an eccentricity (e, measured positive in the positive z~direction)
to unsymmetrically laminated, 8888, +45° angle ply, graphite-epoxy plates.
The same material properties used by Chia and Prabhakara [15,181] in

their postbuckling studies (see Section 8.3) were assumed (E;, = 30x106931,
E,, = 0.75x10%p81, G,, = 0.375x10 psi, Vv , = 0.25). Load~deflection
curves were plotted for two- and four-layer plates having a/b = 1 or 2,
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and values of e/h varying from 0 to 0.1, These are shown in Figures
8.24 through 8.27, where wo is the transverse deflection of the center
of the plate. In Figure 8.26 the results of Chia and Prabhakara [15,181]

are also shown for e = 0,

Inasmuch as it is imposgible to fabricate plates which are perfectly
flat, test gpecimens will always have some initial imperfection. Southwell
[40]) derived a very useful formula for estimating both the critical load
and the amplitude of the imperfection from experimentally determined
data, It is extendable to laminated composite plates. Let wy be the
displacement of the plate at any point in the unloaded condition (usually
measured at the plate center or at a point of maximum anticipated displace-
ment) - that is, the imperfection amplitude. Let A be the additional
deflection at the same point resulting from the inplane load, P. It can
be shown that A/P can be linearly related to A by the equation

. W
| o)

= A+ —
kpcr> Pcr (8.7)

o)

Thus if the experimental data is plotted on a graph having 4/P as ordinate
and A as abscissa, and a best-fit straight line is drawn through the

data, then the reciprocal of the slope of the line is P, and the inter-~
cept with the abscissa is -w,.

Mandell [34] obtained load-displacement data for each of tha numerous
composgite plates he tested (see Tables 2.1, 5.4, 6.3) for both S888 and
SPSF edge conditions and made Southwell plots (4A/P versus &) for each
case. A representative one for plate 201 - a graphite-epoxy, cross-ply
laminate (see Table 2.1) ~ is shown in Figure 8.28. Also shown in the
same figure are theoretical and experimental curves of P versus A, The
theoretical curve was obtained by the nonlinear finite element method

developed by Monforton [173), assuming no geometrical impetfection.
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Figure 8.24, Load-displacement curves for eccentrically loaded, two-
layer, 8585, angle-ply plates (a/b = 1).
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Pigure 8.25. Load-displacement curves for eccentrically loaded, two-
layer, SSSS, angle~ply plates (a/b = 1),
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Figure 8.26. Load-displacement curves for eccentrically loaded,
four-layer, 8SSS, angle-ply plates (a/b = 1),
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Figure 8.27. Load-displacement curves for eccentrically loaded,
four-layer, SSSS, angle-ply plates (a/b = 2).
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Figure 8.28. Southwell plot and load-displacement curves for
Mandell's plate 201 (SSSS).
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Banks [302] conducted postbuckling experiments on unidirectional
fiber, SSSS, orthotropic plates made of glass reinforced plastic. Large
deflection regilts and postbuckling stress distributions were obtained
for plates subjected to uniaxial loading consisting of constant in-plane
displacement. Experimental results wece compared with theoretical curves
for initial imperfection amplitudes wo/h = 0 and 0.5. Banks, Harvey and
Rhodes (303 ] made a study of alternative methods of expressing the inplane
boundary conditions during the moderately large deflections of uniaxially
loaded composite plates having geometric imperfections. Giri and Simitses
(304 ] analyzed the behavior of an SSSS anisotropic plate under the simul-
taneous action of inplane and transverse loads. Aalami and Chapman [305]

treated similar problems for orthotropic plates.

The effect of sign in the imperfection (i.e., positive or negative
initial curvature) upon the initial postbuckling behavior was examined
by Hui [306j. 1t was shown that, in certain circumstances, the initial
postbuckling behavior will be unstable (i.e., negative slope in the load-

digplacement curve) rather than the customary stable form.

Meffert, Derek and Menges [307) considered the creep deformation
of $855 laminated composite plates with initial imperfections subjected
to uniaxial compression. The creep etfect was acccunted for by assuming

an exponential decay of the elastic moduli with time.
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CHAPTER IX. STIFFENED PLATES

Stiffened plates typically consist of plates having attached stif-
feners lying parallel to one of the edges. They are usually designed to
provide additional stiffness in the direction of primary, uniaxial loading.
Stiffeners may be of a variety of shapes, for example, I, 2, T, J, hat,
box, angle, blade or sandwich blade. Examples of four of these shapes
are seen in Figure 9.1 {308). The stiffeners may be integrally fabricated
with a plate, or may be attached. A plate may also be stiffened by pre-

forming it into corrugations.

The buckling modes of a stiffened plate (or panel) may be quite
complex, even under relatively simple loading conditions such as
uniaxial, uniiorm compression. The presence of bending/twisting and/ot
bending/stretching coupling due to laminate layup serves to complicate
the modes further. The buckling modes may be generally classified as
overall or local, depending upon the wave lengths of the patterns.
Williams and Stein ([309] divided the classification of buckling modes of
open-section stiffened panels into local, twisting and column buckling

modes. Examples f - a repeating section of a J-stiffened plate are

shown in Figure 9.2. These modes involve either relatively independent
or strongly coupled displacements of the plate sections (skins) and
stiffening elements (webs). The "column" mode corresponds to one
dimensional buckiing of each repeating section essentially independent

of the adjacent sections.

To deal with local buckling modes it is at least necessary to
subdivide the stiffened structure into a series of rectangular plates
joined to the stiffeners by proper continuity conditions. This allows
local buckling between the stiffeners. Fucrther refinement consists of
subdividing the stiffeners as well into plate elements, which accounts
for the possibility of very localized buckling within stiffener

caqments. Dbresumably, thisg latter rcfincment 2lso more accurately

51
3
|
5
|

represents the stiffeners of the entire plate structure.
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Pigure 9.1. Typical plate stiffening elements.
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Figure 9.2. Characteristic buckling modes of J-stiffened plates.
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However, to deal with thc (elined buckling investigation described ,
above, complex computer progtams (codes) are necessary. Listed below 3
are tour relatively widely used codes capable of buckling analysis of :
laminated composite plates with stiffeners, along with literature sources.
These sources may consist of publications describing the theoretical

background, user's manuals or applicaticns to specific problems.

1. BUCLASP (Buckling of Laminated Stiffened Plates) - References
92, 93, 309-315.

2. NASTRAN (NASA Structural Analysis) - References 311, 318 .

3. STAGS - Refcrences 308, 309, 319, 320 X

4. VIPASA {Vibration and Instability of Plate Assemblies, including )
Shear and Anisotropy) ~ References 308, 309, 321-326.

These buckling analysis codes sometimes are used ag parts of larger optimi-
zation procedures leading to efficient designs. Compared with metallic

stiffened plates, the number of design parameters which may be varied is :
significantly greater.

The information given below is intended to give some samples of D,
the large amount of information which is available for the buckling of
laminated composite plates having a large variety of possible stiffeners. |
The reader is referred to the individual publications for details such !
as plate and etiffener detailed dimensions, laminate layups, etc. '

Williams et al. [308] made a comparison of bifurcation buckling
loads obtained with various computer cocdes for a blade-stiffened 8S58

compcsite plate. The configuration analyzed consisted of a 7.6 cm square

w0 ®

plate with six stiffeners. Combined shear and longitudinal compression
(in the direction of the stiffeners) loading was applied. Interaction
curves for critical combinations of shear and longitudinal stress resultants

are ghown in Figure 9.3, The two distinct data points were obtained by

'
-
w
;
D
.
D
f
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Figure 9.3.

_SANYAYEY_ SRV SLTLiLT 5.

Comparison of theoretical buckling loads from various
analyses for a blade-stiffened plate subjected to
combined longitudinal compression and shear loading.
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an accurate, two-dimensional analysis using the STAGS code for the square
plate. The VIPASA code was also utilized. This code 1is one-dimensional
(i.e., two opposite edges are simply supported, exact solutions similar
in form to those described in Section 3.1 are used, and boundary conditions
may he specified only on the two edges parallel to the stiffeners) and

is therefore more economical than STAGS. The solid (lower) curve shows
the interaction curve obtained with VIPASA with the plate having its

side edges simply supported. The dashed, lower curve was also obtained
with VIPASA, where the stiffeners were "smeared”™ out to represent an
orthotropic plate. The same orthotropic plate was then analyzed with

the two edges perpendicular to the stiffeners being simply suppported,
yielding the upper dashed curve. The large difference between these

B Da—=y—a~—x

curves shows the importance of correctly representing the boundary condi-
tions on the edges normal to the stiffening. Finally, an "adjusted”
VIPASA curve is depicted in Figure 9.3, which results from applying a
correction factor obtained from comparing the lower two curves to the

upper dashed one.

An interesting set of curves showing the relative structural effi- 3
clency of various types of stiffened plates to withstand uniaxial buckling :
loads may be seen in Figure 9.4 (308). The mass index (W/AL), which is
the mass per unit area of stiffened plate divided by the plate length,

18 plotted versus the load index (Ny/L). The PASCO [327] code was used

to optimize the various designs. It is seen from Figure 9.4 that the &
blade~ and I-stiffened plates give nearly the same results and are least
efficient of the graphite-epoxy constructions. Honeycomb sandwich-blade-
stiffened plates are seen to be approximately 20 percent lighter. The
lightest design employed graphite-epoxy, hat-stiffened plates. These
latter plates weighed 60 percent less than aluminum hat-stiffened plates,
which are also included in Figure 9.4. A similar plot for blade-stiffened,
graphite-epoxy plates designed for specific ratios of combined in-plane

loads {g¢ shown in Figure 9.5. These were 76 cm square plates. The optimum
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Pigure 9.4. Structural efficliencies of various stiffened plate con-
figurations.
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number of stiffeners varied with loading from 16 to lightly-loaded plates

(Ny/L = 0.07 to 0.10 MPa) to 8 for heavily-loaded plates (N,/L = 5 to 7
MPa) .

Wittrick and Williams ,120,326} developed a procedure for obtaining
exact solutions for the buckling of anisotropic, stiffened plates which
became known as the VIPASA computer code, This analysis permits the use
of anisotropic (but symmetrically laminated) plates and arbitrary (but
constant) components of combined (U, Oy Txy) inplane stress. Plates
and stiffeners are made up of component plate segments, each joined together
by appropriate continuity conditions.

Recently, Wittrick and Horsington [325) set forth an accurate procedure
for analyzing the buckling of stiffened composite plates which circumvents
two of the limitations of the VIPASA code:

1. When the component plates of the structure carry shear as well

as compression, only the local buckling modes may be found.
2. Typical stiffened-plate assemblies require using 1300 to 2000
rectangular plate elements, leading to characteristic determinants
of order 8000 to 21,000.
The procedure is based upon the Ritz method and assumes displacemants
for 5865 plates in the form of Equation 2.40. The resulcing computer
code was called CASIOPEIA (Compression And Shear Instability of Orthotropic
Panels), and was found to yield accurate results for six stiffened panels

previously analyzed by NASA using an extremely expensive finite element
method.

Visvanathan, Soong and Millecr [92,93] developed the method for
analyzing stiffened composite plates which resulted in the BUCLASP code
[310]. Correlations with buckling tests were made for hat- and angle-
stiffened, composite plates, as well as isotropic honeycomb, sandwich
plates reinforced internally with boron composite strips.
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Structural efficiency gtudies were made by Williams and Mikulas
[317] on graphite-epoxy plates having hat-stiffened and open corrugation
configurations. FProm the theoretical results, selected configurations
were fabricated and tested to study local and overall buckling character-
istics. Experimental results were obtained for 23 plates critical in
local buckling and six critical in overall buckling and were compared
with theoretical data obtained using the BUCLASP-2 code. Theoretical
studies indicated potential weight savings of up to 508 for similar con-
figurations made of aluminum. Another similar set of theoretical efficiency
studies with J- and blade-stiffened, graphite-epoxy plates was made by
Williams and Stein [309]. STAGS, BUCLASP-2 and VIPASA codes were used

in the analysis.

Agarwal and Davis [313] used a structural synthesis technique to
determine optimum hat-stiffened, graphite-epoxy compression panel designs.
3uckling loads and mode shapes were calculated with the BUCLASP-2 code.
Optimization results showed a SO-percent weight savings over optimized

aluminum panels.

Bushnell [329) demonstrated the PANDA code by comparisons with the
results of Williams and Stein [309] for a blade-stiffened composite plate.

Theoretical analysis and experimental testing of a boron-aluminum
laminate with closely spaced stiffeners was reported by Spier (330). It
wag necegsary to analyze the laminate material in its inelastic range,
This design was found to yield weight savings of 34 and 42 percents over

equivalent aluminum-alloy and titanium alloy designs, respectively.
Stein and Housner [69] analyzed the shear buckling of an 88SS ortho-

tropic plate having a single central stiffener which i{s interrupted by a

break.
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Mass optimization studies for uniaxially loaded, stiffened, composite
plates were made by Stein and Williams |311]. In particular, sandwich-
blade stiffeners were employed, in which the webs of the blade stiffeners
are composed of high strength composite material bonded to a low-density
core such as aluminum honeycomb., This has the effect of increasing the
critical twisting and local buckling strains without appreciably increasing
the total structural mass. An analysis method was developed which was
compared with BUCLASP 2 and NASTRAN ccdes on sample problems.

A procedure for designing uniaxially stiffened plates made of com-
posite material and subjected to combined inplane buckling loads was
described by Stroud, Agranoff and Anderson [324]. The procedure is based
upon the VIPASA code. Complex, local buckling modes as well as overall

buckling were congidered.

Stroud and Agranoff [331] developed a procedure for analyzing hat-
stiffened and corrugated composite plates subjected to uniaxial (in the
direction of the stiffeners) compression and shear loadings. Numerous
curves were plotted showing the structural efficliency of such plates as

stiffener and plate thicknesses are varied.

The effect of one-dimensional (bow-type) imperfection on the inplane
load carrying capacity of graphite-epoxy, blade-stiffened plates was
studied by Stroud, Anderson and Hennessy [332]. The VIPASA code was
modified to permit the imperfection analysis. The effects of bow-type
imperfections are also discussad in (308].

Turvey and Wittrick {333] made comparisons of the buckling stresses
of CFRP composite plates having open (blade), closed (box) and Z-type
stiffeners with those of corresponding aluminum plates. Comparisons for

troughed (corrugated)} plates were also made.
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Chiu (334 ] considered the buckling of uniaxially loaded CFCF laminated
composite plates having attached stiffeners composed of both metal and
composite portions. Theoretical and experimental results were compared.
Because the buckling loads predicted theoretically were much higher than
test results, a simplified method to accommodate plastic behavior of the
metal beyond the yield point was developed.

Experimental and theoretical studies of the shear buckling of a
graphite-epoxy plate having J-stiffeners in its interior and along its
edges were made by Davis [335]). Theoretical calculations were made with
the VIPASA code.

Gunnink, Vogelsang and Schijve [336,337] studied the buckling of
orthotropic plates made of ARALL (Aramide Reinforced Aluminum Laminates)
having Z-stiffeners.

Hui and Hansen [338] took up the buckling of square, antisymmetric,
angle-ply plates with stiffeners attached to unloaded edges, while the

loaded edges are simply supported.

Buckling and postbuckling static tests of shear-loaded graphite-

epoxy plates were conducted by Ostrom [339]. Integral J-stiffeners were
located internally, parallel to the plate edges. The postbuckling behavior
of multibay composite shear webs was explored by Agarwal [272]. Hat and

I stiffeners were added to graphite-epoxy plates to form the webs. Both
theoretical and experimental results were obtained. Composite shear

webs were found to have significant postbuckling strength. Several other
postbuckling studies for stiffened composite plates have been reported
[191,260,340-346].

Symmetrically laminated SSSF plates having integral blade and Y-
stiffeners were considered by Lackman and Ault [99]. Weight optimization

studies were conducted for uniaxial loading.
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Kicher and Martin (see [191], pp. 206-209, and [190])) investigated
the buckling and postbuckling of SSSS symmetrically laminated plates
with circular holes, with or without stiffeners around the hole periphery.
Both theoretical and experimental data were obtained.

The vast majority of references in this chapter dealing with stiffened,
orthotropic or anisotropic plates are aimed at aerospace structures.

One also finds buckling analysis of such configurations found for bridge
decks [347]) and ships [348].

Other references taking up the buckling of composite plates with
stiffeners are [34,349-367].
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CHAPTER X. BUCKLING OF CYLINDRICAL SHELL PANELS

This chapter is devoted to the bifurcation buckling of laminated
composite panels having curvature. Such configurations are properly
called "shells" (although one sees the term "curved plate" sometimes
used in the non-academic literature). Indeed, a plate may be considered

to be a gspecial case of a shell having zero curvature,

General shells are described by three components of cu:rvature along

every point giving rise to a wide variety of shell configqurations (e.g.,
circular cylindrical, noncircular cylindrical, conical, spherical, ellip-
goidal, hyperbolic paraboloidal). The present work will limit itself to
circular cylindrical shells which is, by far, the case most frequently
studied in the literature (more has been written for these sheils than
all other types together), and which is particularly important for lami-

nated composites.

Moreover, the present work will bc limited to shell panels - that
is, open rather than closed cylindrical shells. Such a panel is depicted
in Figure 10.1. The shell has radius R, axial length a, projected width
b, rise ¢ and thickness h. A shell, like a plate, is mathematically a
two dimensional configuration, its behavior being characterized completely
by its middle surface. Thus, two coordinates attached to the middle
surface described its deflected (e.g., buckled) shape. For the circular
cylindrical shell these are the axial (or longitudinal) coordinate (x)
and the circumferential coordinate (8), as shown in Figure 10.1. For

the latter, the arc length y a RQ is sometimes substituted.

Isotropic shells are governed by cighth order sets of differential
equations which describe the configuration displaced in an eguilibrium

state. Llaminated composite shells also yield eighth order sets of equations,

although they are algebraically somewhat more complicated due to the
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Figure 10.1.

Circular cylindrical shell panel.
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relatively large number of stiffness coefficients involved (for an iso-
tropic shell there are cnly two). Thus, four boundary conditions must
be specified along each edge to completely define a problem.

One set of boundary conditions deserves special mention. This is
the shear diaphragm (also called "simply supported® or "freely supported®
in the literature). For the unsymmetrically laminated plate they were
called 82 conditions (see Bquation b.2). FPor such conditions on all
four edges and uniform axial and/or circumferential loading, an exact
solution for buckling of orthotropic (i.e., cross-ply or unidirectional
plies parallel to the edges) is available. This is given by Equations
6.3, where now u and v are tangential displacements in the x and y (or
@) directions, respectively, and w is the transverse (or normal) displace-
ment component. Interestingly enough, exact solutions are also theoreti-
cally possible when only two opposite edges (either straight or curved
ones) have shear diaphragm conditions (cf., pp. 83-85, [168]), but the
algebraic complexity is so overwhelming as to make a properly convergent
approximate solution more desirable. Furthermore, the case when the two
straight edges have shear diaphragm supports (and included angle &4 =371/n
radians, with n an integer) is identical to that of a closed circular

cylindrical shell buckling into a mode shape having two or more circumfer-
ential half-waves,

No attempt will be made in this work to present a derivation of
shell buckling equations for laminated composites. The procedure is
quite intricate and can lead to various final forms of equations depending
upon assumptions which must be made at various stages of the process.
For a careful exposition of the steps and assumptions involved in deriving
shell vibration equations, the reader is referred to Chapter 1 of Reference
[168]. Buckling equations (or shell vibration equations with initial stresses

present) are even more complicated, for they require consideration of

infinitesimal displacements from a previous, loaded equilibrium state.
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10.1. CYLINDRICAL SHELL BUCKLING BQUATIONS

The equations governing the equilibrium, buckling or vibrat on of

a homogeneous, isotropic, thin plate are uniformly agreed upon by essen-

tially all academicians. For laminated, composite plates essential agree-
ment is also found, even in the case of unsymmetrical laminates where
bending-stretching coupling exists. However, the situation is different
for shells. Equations for the bifurcation buckling of a circular cylin-
drical shell may be written in matrix form as

(L) {u} = {0} (10.1)

where {u} is the vector consisting of the three displacement components,

and [L] is a matrix differential operator containing two parts; i.e.
(L] = [LS] - (L] (10.2)

[L®] represents the stiffness of the shell, whe.eas [Ll] .esults from

the initial stresses (prior to buckling). [Lf} can take many forms,
depending upon assumptions made in deriving thin shell theories, even

for an isotropic shell (cf. [168], pp. 32-34), and the results for buckling
loads may differ significantly depending upon the theory used. DiGiovanni
and Dugundji [368] (see also [168), pp. 188-189) developed [LB) matrices
for anisotropic, circular cylindrical shells for several of the most

widely used theories. It is also found that the initial stress matrices
[Li] will differ, depending upon the assumptions made in deriving the
various theories (cf. [168], pp. 232-234).

Viswanathan, Tamekuni and Baker [369,370) developed a theory for
the buckling of laminated composite, cylindrical shells. 1In examining
their equations of equilibrium for the buckled state, it is found that

the stiffness matrix may be expressed as the sum of two parts, {.e.,
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(L&) = [L8!] + 'llf (L82) (10.3)

where [L8!] is a matrix operator having elements defined in the Appendix
by Equations A.21, and the elements of[L‘z]are

82
L} = 0

40 2 4D 2 ) 2
82 3 26\ 32 _ P22)2
Ly <-4BG6 * R ) wZ ¥ < 68,6 * "R >3x3y 2B, * R )32
82 32 a2 32 My

L33 = 2By 57 * By Taay ¥ P 3y * R

82 g2 a2 32 32
Lol ™ "8 x? - <312 * 2866>3x'3'y B26 3y? (10.4)
{"
LSZ n LSZ = =7 -3—- - A .a—— :
13 31 12 9% 26 9y A

28 2

s2 82 26\ 3 33 t
= - b —— ) —_— ] 4

T RY (Aze R > ax T ) D6 %7 a

\ 33 ald
v <D1z v 406() 3xZ5y * P2 axayz *+ Dy 377 3
A

It is observed that Equation 10.3 yields the differential opurator (L*')
for unsymmetrically laminated composite platas as the curvature (1l/R)
approaches zero. Elements of the initial stress matrix operator were
found to be [370]:
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i i Xy 3
A A
13 3) R 3y
. N, , N , (10.5)
L = [, =————+.l__
33 32 R 9x R 33y

with Ny and N, positive in tension. In Bquations 10.5 it is observed

that L§3 and L%3 become zero as 1l/R approaches zero, which yields Equation
5.1 in the case of a symmetrically laminated flat plate; however, for

the unsymmetric laminate, other elements of Equations 10.5 do not vanish

and the result is not consistent with Egquation A.20.
10.2. NUMERICAL RESULTS

Soldatos and Tzivnidis [371) derived a Donnell-type cylindrical
shell theory for the analysis of cross-ply laminates. An exact solution
was presented for the buckling of a shell panel supported by shear dia-
phragmse on all four edges and subjected to unifo.r axial and/or circum-
ferential stresses, Numerical results are shown in Pigure 10.2 for the
case of an unsymmetric laminate having one 90° layer with circumferentially
directed fibers located second from the bottom (see Pigure 6.4) which
had been studied by Jones [158] for a flat plate (see Section 6.1). The
oliccumferential stress buckling parameter -Nysz/Ezh2 (where b is the
ciroumferential curved width of the panel) is plotted versus the included
angle (0, = b/R), which is a measure of the shell shallowness, for a/b =
1, a/h = 20, and for a graphite-epoxy materjial having EZ/E] s 40, Glz/Ez =
0.5 and v,, = 0.25. Figure 10.2 shows that all the unsymmetrically lami-
nated panels have more circunferential buckling resistance than the one
having all 0° layers (i.e., all fibere directod axially). However, the
3 layer configuration, which is a symmetric laminate, is seen to buckle

at larger loads than all the unsymmetric laminates.
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Figure 10.2, Circumferential buckling parameters for shear-diaphragm
supported, cross-ply shell panels.
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Viswanathan, Tamekunl and Baker [369,370] conducted extensive para-
metric studies of the influences of curvature and inplane boundary condi-
tions on the buckling of symmetrically laminated, boron/epoxy shell panels
of infinite length. The panels contained eight layers (0/90°/+450/-459),,
each layer being 0.014 cm thick, yielding a total thickness of 0,112 cm.
Composite material properties used weres E. . = 20.7x1010N/m2 (30.0x106p31),

11
E,, = 1.86x10'%N/n” (2.7x106psi), G, = 0.48x10' 'N/m® (0.7x10°psi) and
Vi ® 0.21. A)l panels were 25.4 cm (10 in) in projected planform width,

b (see Figure 10.3). 8ix possible combinations of inplane boundary condi-
tions along the straight edges were inveetigated (Figure 10.3). The
out-of-plane boundary conditions were clamped (w = 3w/9x = 0)., The curva-
ture parameter 5‘93h was varied between 1 and 1000, where b is the cir-
cumferential acc length.

Critical values of the axial stress resultant Ny are shown in Figure
10.4 [370]. Numbers designating the curves correspond to the inplane
boundary condition code listed in Pigure 10.3. Variation of circumferential
buckling stress resultant Ny with A/b, where X is the axial half-wave
length of the buckle pattern is depicted in Figure 10.5 for B%/Rh = 300.
Abrupt changes in the curves occur where the buckling mode shape changes
drastically. Results from using a Donnell-type shell theory duviate
significantly from the more accurate analysis for large Ab. Pigure
10.6 shows a more abrupt change in the vicinity of A/b = 100 for a shell
panel having boundary condition type 4 and S’?nn = 1. Variation of Ny
with Ez/ah for various edge conditions ie eeen in Figure 10.7. Change3
in shear stress resultant Ny, with A/b are depicted in Figure 10.8 for
B2/Rh = 700 with boundary condition type 3. Curves for all six types of
boundary conditions listed in Figure 10.3 are shown in Figure 10.9, where
critical Nyy is plotted vaersus BZ/Rh. Curves similar to Figures 10.4,
10.7 and 10.9 are seen for combined stresses, -Ny = ny (Figure 10.10),
-Ny = Nyy (Figure 10.11), Ny = Ny (Pigure 10.12) and Ny = Ny = ~Nxy (Figure
10.13). Tabulated values of the critical buckling loads and the associated
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S Pigure 10.3. Boundary conditions along straight edges of shell panels
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Figure 10.4. Variation of Ny with curvature parameter for shell

panels of Figure 10.3.
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values of A\/b are also given in [370] corresponding to Figures 10.4-
10.13.

In addition to the results described above, data are also plotted
in [370] for other laminated composite shell panels of boron-epoxy, boron-
aluminum, high modulus graphite-epoxy and borsic-aluminum materials.
The analysis methods leading to BUCLASP-3, a computer code capable of
detaermining buckling loads for heated, stiffened, laminated composite
shell panels was described by Viswanathan and Tamekuni [314}. Biaxially
loaded, stiffened composite shell panels also received particular attention
[315,316,372].

Becker, Palazotto and Khot [373-375] conducted a theoretical ana
experimental investigation of the buckling of a set of 8-ply laminated,
qraphite-epoxy, cylindrical shell panels subjected to axial compressive
loading. The curved edges were clamped and the straight edges had five
types of boundary conditions, varying between completely clamped and
completely free. Three (ypes of symmetric ply layups were used, as des-
cribed in Table 10.1. Material properties were determined experimentally
to be: E = 20.5x10°psi, B, = 1.3x10%psi, G, = 0.75x10%psi, v, = 0.33.
Numerical results for bifurcation buckling were obtained by the STAGS-C
computer code, which utilizes two-dimensional finite-difference approxima-
tions of the total potential energy of the system for a/b = 1.5, 1 and
0.75, with a/R = 1 and R/h = 300. Values for -Nxaz/alh3 are listed in
Table 10,1. Two types of clamped (Cl and C4) and simply supported (Sl
and 54) boundary conditions were employed on the straight edges, as defined
by Equations (6.2) and (6.10). As expected, the buckling loads in Table
10.1 for the Cl and S1 straight edge support conditions are larger than
those for the C4 and S4 conditions, respectively. One configuration
(12x16, (+45) ,4) shows contrary data, which was attributed to be the
result of an incorrect bifurcation analysis [374]). Experimental results

fcr six of the configurations are presented in Chapter 1l1. From the
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Table 10.1. Axial buckling load parameters -Nya?/E h3 ]
for a series of 8-ply shell panels.
Size, ] Straight Ply layup
axb edge " .
(in) B.C. (_45)28 (90,_45,0)8 (90’0)23
Cl 68.8 58.2 50.3
Ch 44,1 46.0 36.7
12x8 S1 66.0 57.5 49,2
S4 40.8 45.7 32.0
free 12.0 14.5 10.7
cl 54.5 52.6 40.3 !
cé4 43.0 45.6 34.4 3
12x12 sl 52.3 52.1 39.6
S4 42,9 45,4 33.3
free 12.8 15.1 11.4
Cl 40,7 49.5 36.0
Cé 42.6 45.2 33.5
12x16 s1 38.9 49.3 35.8
S4 42,5 45,2 33.1
free 12.8 15.2 11.5 b
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entire study it was concluded that 1374) the boundary conditions had the
greatest influence on the buckling load, followed by the aspect ratio
and, finally, the ply orientation.

Davenport and Bert {205-2071 investigated the buckling of sandwich
shell panels subjected to combined shear and axial compressive loads.
Both facing and core materials were assumed to be orthotropic. CCCC and
5888 edge conditions were treated. The problems were solved by the Galerkin
method using ascsumed displacements which were the sums of products of

trigonometric functions.

Wilkeng [376] provided extensive experimental results for the buckling
of graphite-epoxy laminated composite shel) panels having clamped (loaded)
clrcular edges and either clamped or simply supported straight edges.
Experimental buckling loads were determined by the Muire grid shadow and
Southwell methods. Theoretical values were also calculated using the
Ritz method [377]. Tests were conducted on 72 panels having R = 12 in,
a=1214in, b s RO, » 8 in and 100 < R/h £ 400. Although thicknoss devia-
tions were measured, which in some panels were considerable, no attempt
was made to measure imperfections due to deviation from cylindrical curvature.
Experimentally determined buckling loads were typically found to be consider~
ably less ( ® 20-50 percent) than the theoretical values.

Extensive data was also given by Fogg [32] for the buckling of
graphite-epoxy shear panels loaded in axial compression or shear. BSandwich
panels were also investigated,

Zhang and Matthews [108,378) derived a set of governing equations
for buckling of arbitrarily laminated cylindrical shells expressed in
terms of the transverse displacement (w) and an Airy stress function

(+). ©Problems for 3hell panels having all edges clamped and subjected

to axial and/or shear loads were solved by means of the Galerkin method,
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using products of beam vibration eigenfunctions to represent both w and

$. The importance of using double precision in the calculation of the
beam functions was demonstrated. Extensive numerical results were obtained
for panels having a/b = 1, a/R = 0.5 and R/h = 200, where b = Rgy is the
clircumferential arc length. The materials typically used in the parameter
study was boron-epoxy, with El/E2 = 10, G,,/E;, = 0.3 and v, = 0.3.
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Numerical results for the axial buckling load of angle-ply panels

X 3

having 20 plies are shown in Figure 10.14. Two types of layups are con-
sidered: (1) alternate plies (+6) and (2) unidirectional plies (+6).

sl

Variation of -Nxb?’/Ezh3 with the layup angle § (measured from the x-

Cre

axis) is shown for both the shell panel and a flat plate (R =®). For

- the alternating angle-ply layup the shell shows maximum buckling loads

.‘ at two values of ¢, approximately 20° and 70°. The change in buckling
load with decreasing curvature for various numbers of plies is depicted
in Figure 10.15. The effect of fiber orientation upon shear buckling

: loads is seen in Figure 10.16 for shell panels having unidirectional

ll layups (+C). Curves for both positive and negatively directed shear

;{ loads are shown for three curvatures. Change in sign for the shear load

may also be interpreted as change from +0 to -( in fiber orientation for

a given shear load. 1t is observed in Figure 10.15 that this change of

u sign causes considerable change in shear buckling loads. It was further
i found [188] that this effect was less pronounced for symmetric (+8) angle-
?? ply layups, «nd it deci=ased as the number of plies was increased. For
y antisymmetrical layups the direction of shear loading was found to have
!! essentially no influence on the critical load.

Figures 10.17-10.19 are interaction curves showing critical combina-
E tions of axial and shear loads which cause buckling [3-30]. 1In each
] case Ny is plotted versus Nyy, where Ny is the ratio of the critical

compressive axial load with shear to that without shear and ﬁxy is the

ratio of the critical shear load with compression to that without compression.
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Figure 10.14. Axial buckling loads of CCCC, angle-ply shell panels
(a/b =1, a/R = 0.5, R/h = 2000).
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Pigure 10.16. Effect of shear loading direction upon the critical
buckling loads of CCCC shells having unidirectional
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Curves for both positive and negative shear are drawn. In Figure 10.17
the curvature is varied for a shell panel with uridirectional fibers

(9 = +45°). Figure 10,18 examines the effects of various types of layups
(R/h = 2000). Figure 10.19 shows curves for three types of materials -
graphite-epoxy and glass-epoxy, in addition to the previous boron-epoxry

~ for 0= +45° unidirectional layups (R/h = 2000). Elastic constants

for the materials are listed in Table 10.2.

Figures 10.20-10.23 show the results of a study made to compare
the effects of clamped versus shear diaphragm (simply supported) edge
conditions (188 ]. Figure 10.20 is for the unidirectional layup (compare
with Figure 106.14; with varying fiber orientation. In Figure 10.21 the
number of layers (n) in symmetric and antisymmetric angle-ply layups
(+ 45°) is varied. The effects of varying the aspect ratio (a/b) in the
case of positive shear loading are seen in Figure 10,22, Finally, Figure
10.23 shows interaction curves for shell panels having two opposite edges
clamped and the other two simply supported, loaded in combined axial
compression and shear. These panels have +45° symmetric angle-ply layups
with four layers, and the data may be compared with that for the CCCC

case shown previously in Figure 10,18.

Baharlou [101] considered the buckling of a two-layer, cross-ply,
SSSS shell panel subjected to axial compression and showed that, even
for relatively deep panels (b/R = 0.5) the critical load is virtually
unaffected by the stacking sequence (i.e., whether the ply with circumfer-

ential fibers is outer or inner).
Knutsson [379] tested an integrally stiffened, graphite-epoxy shell
panel with the ends clamped and the sides supported. Good correlation

was found between the theoretical and experimental buckling load.

Durlofsky and Mayers | 210,211] developed a theory for the buckling
of generally laminated, cylindrical shell panels including the effects
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Figure 10.18. Compression-shear interaction curves for CCCC shell
panels with various layups (a/b =1, a/R = 0,5,
R/h = 2000).
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Figure 10.19. Compression-shear interaction curves for CCCC, unidirec-
tionally laminated (8 = 45°), shell panels of various
materials (a/b = 1, a/R =~ 0,5, R/h = 2000).
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Table 10.2. Elastic constants used by Zhang and Matthews.

'f Moduli (GN/m?)

Material v
E1 E2 Glz 12
Boron-epoxy 2C6.9 20.7 5.2 0.3
Graphite-epoxy | 206.9 5.2 2.6 2.6
Glass-epoxy 53.8 17.9 8.9 8.9

eo0 : all edges clomped
[ stroight edges s-s
b curved edqges clomped
60
-Ngb?
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40
20 curved edges s-s
! stroight edges clomped
1 ol edges s-s
b
0 1 — L
0 30’ 60’ 90°
o .

Figure 10.20. Comparison of uniisxial buckling loads for clamped and i
simply supported edge conditions (a/b = 1, a/R = 0.5,
R/h = 2000).
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of shear deformation., Application was made to an SSSS panel carrying
axial compression. It was shown that the shear deformation effects may
be significant.

Buckling as a special case of a free vibration analysis (when the
frequency becomes zero) was the approach used by Fortier [380) and by
Sinha and Rath [381]. The former used the Ritz method with assumed
solutions in the form of products of beam vibration eigenfunctions to
analyze symmetrically laminated, cross ply and +45°© angle ply shell
panels having four types of edge conditions, subjected to axial
compression. The latter treated SSSS, arbitrarily laminated, cross-ply

panels for which an exact solution is possible.
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CHAPTER XI. POSTBUCKLING AND IMPERFECTIONS IN SHELL PANELS

Relatively few references are available which treat the postbuckling
behavior of cylindrical shell panels, or which consider the effects of
geometric imperfections (i.e., deviations from the perfect cylindrical
surface) upon the load-deflection characteristics. Postbuckling studies
for shell panels are particularly important because, unlike plates, their
load-carrying capacities may decrease after the bifurcation buckling
loads are reached. Furthermore, the presence of small imperfections may

cause large displacements to occur at loads well below the buckling loads.

11.1. POSTBUCKLING STUDIES

zhang and Matthews (378,382] developed a set of coupled equilibrium
and compatibility equations governing the postbuckling behavior of arbi-
trarily laminated, cylindrical shell panels. These nonlinear equations
were solved by the Galerkin procedure for the case of SSSS panels subjected
to axial compression. Normal displacements were assumeua as the sum of
the products of sine functions and the squares of sine functions, whereas
the Airy stress function was taken as a sum of products of vihrating
beam eigenfunctions. Applying the Galerkin method led to an infinite
set of algebraic cubic equations. A truncated set of these nonlinear

equations was solved by an iterative scheme.

Parameter studies were made for boron-epoxy panels (EI/E2 = 10,
GIZ/E2 = 0.3, Vi, = 0.3) having either unidirectional plies with fibers
oriented at 45° with the longitudinal axis, or angle-ply (+45%) layups
(382]). The panels were subjected to axial compression. a/b wae set at
unity (b = R)y is the circumferential width), and the circumferential
width to thickness ratio (b/h) was set at 100. Figure 11.1 depicts
the postbuckling behavior of a shell panel having a curvature parameter

b%/Rh = 25 compared with that of a corresponding flat plate for panels
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having unidirectional fibers. The nondimensional load -Nyb?/E h3 is

shown plotted versus the ratio of the center deflection to the thickness
(we/h). As for isotropic panels, the presence of curvature is seen to
increase the bifurcation buckling load, as shown on the ordinate axis.
However, unlike the plate, which has a monotonically increasing load-
deflection curve in the postbuckling region, the shell panel exhibits an
initial drop in load before increasing. 1In a physical situation, a jump
across may occur before the bifurcation load is reached. The cusps occur-
ring in the curves of Fiqure 1l.1 correspond to abrupt changes in the
postbuckled mode shapes as one follows an equilibrium path of minimum

loading.

Figure 11.2 shows the influence of ply layup on the postbuckling
behavior of the shell panel. Two of the curves are for antisymmetrical,
angle-ply laminates having two and four layers [382]}., One is for a sym-
metrical, angle-ply laminate with four layers. The two-layer, antisymmetri-
cal layup is seen to yield not only the lowest buckling load, but also
the lowest postbuckling equilibrium curve. Figure 11,3 describes post-
buckling curves for symmetrically laminated, four ply shell panels made
of three sets of materials - carbon-epoxy, boron-epoxy and glass—epoxy.
Elastic constants used are given in Table 10.2, Additional results are
given in [382] for the variations in membrane force and bending noment

at selected points on a boron-epoxy shell panel.

Tests were reported by Becker, Palazotto and Khot {373-375] for a
set of shell panels which were clamped along their curved edges and had
either S4 or free straight edge boundary conditions. Results for axial
compressive buckling loads were obtained for six configurations as
indicated in Table 11.1 (experimental values listed are the average of
the results found using two specimens for each configuration). The

shell panels are described further in Section 10.2. Table 11.1 shows

that the theoretical, bifurcation buckling loads obtained were from 23
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' Table 11.1. Comparison of theoretical and experimental values of
E -NxazlElh3 for a series of 8-ply shell panels.

Panel Ply layup
descrip- Type of result .
tion (143)25 (90,245,0)s (90.0)2S
12x12 Bifurcation analysis | 42.9 45.4 33.3 :
S4 '
straight | lonlinear collapse 32.5 32.5 29.5
ed analysis
ges
Experimentel 28.5 25.0 24,5
12x16 Bifurcation analysis 12.8 15.2 11.5
free
straight | Experimental 9.8 11.3 8.3
edges 1
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Figure 11.4. Experimentally determined end-shortening curves for two
of the shell configurations of Table 11.1,
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to 34 percent greater than the experimental loads, except for the (90,
+45, 0)g 12 x 12 panel, which was 45 percent larger. It was thought
that the latter large disagreement was primarily due to improper fixture
alignment during the test. Typical experimental end shortening curves
are depicted in Figure 11.4. The curves show abrupt drops, which
correspond to abrupt changes in mode shapes. Nonlinear collapse
analyses were also made for the 12x12 panels by means of the STAGS-C
computer code.

Tne nonlinear collapse analysis was accomplished by introducing a
small imperfection in the form of a transverse point load at the center
of a panel. The magnitude of this load was chosen soc as to produce a
transverse displacement (w) of approximately five percent of the panel
thickness when the axial compression is zero. Theoretical and experimental
load-shortening curves for the 12 x 12 (90,0),; panels with S4 straight

edges may be compared in Figure 11.5.

Agarwal [383] rzported the results of a thecretical and experimental
study of the postbuckling behavior of hat-stiffened, composite shell
panels loaded in axial compression. It was found that tihe panels exhibited
considerable postbuckling strength, reaching ultimate loads of approximately
five times their bifurcation buckling loads. Furthermore, it was shown
that 92 percent ¢f the tctal buckling load was carried in nor near the
stiffeners, and thus the postbuckling strength may be determined by calcu-
lating the crippling strength of the stiffeners alone. The postbuckling
behavior of stiffened, composite pzanels loaded in axial compression was

also taken up by Hinkle, Sorensen and Gairett [384),

Monforton and Schmit [173,292] presented a finite element method
carpable of dealing w.th the geometric nonlinearity existing in the postbuck-

ling analysis of shell panels. Shell panels having composite face sheets

and sandwich cores were also considered.
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11.2. INPERFECTIONS

Bauld, Khot and Sathyamoorthy [385-387] developed a computer code
to determine bifurcation buckling loads and the nonlinear load-deflection
characteristics of cylindrical shell panels having initial imperfections, ‘
general loading conditions and arbitrary boundary conditions. The method
used finite differences together with the total potential energy of the
gystem. It was demonstrated [385,386] on axially loaded, boron-epoxy
panels having a = 6 in, b = 4 in and R = 25 in. The edges had variations
of simply supported conditions, with S4 along the straight edges and the
(loaded) curve edges having Sl at one end and S2 at the other (see Equation
6.2). All panels had four plies and a total thickness of 0.024 in. Material

properties for the plies were: E1 = 403105951, E2 = 4.5x106psi, G12 =
1.5x10%psi, Vv , = 0.25.

Figure 11.6 [386] shows the effect of laminate layup on the load-
deflection curves for four different layups. The total axial load (1lb)
is plotted versus the average transverse deflection (w, in).' The upperrost
curve (labelled 1) is the nonlinear analysis result for a symmetrically
laminated panel having (~45, +45, +4%, =45) fiber orientations. The
linear, bifurcation anclysis yielded a criil—al load cf 510 1lb. It is
of interest that transverse deflections should ai:se for this case from
the nonlinear analysis. Membrane stretching-shear coupling does not
exist for this case. Curves 2 and 3 are for antisymmetric laminates,
(+45, -45, +45, -45) and (+45, +45, -45, -45), respectively. For these
configurations the membrane stretching-shear coupling and the bending-
twisting coupling are both zero (A16 = A, =Dy =D, = 0), but the
bending~-stretching coupling is not zero (Biy ¥ 0). Comparing the lami-
nates for curves 2 and 3, the latter has twice as much bending~stretching
coupling, therefore it is the less stiff configuration. The bottom curve
in Pigure 11.6 is for an unsymmetrical laminate (0, 30, 45, 60). All
three types of coupling are present, and the stiffness is further reduced.
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Figures 11.7 and 11.8 [386]) demonstrate the effects of initial

geometric imperfections on the load-deflection curves for the symmetric

(-45, +45, +45, -45) and unsymmetric (0, 30, 45, 60) laminates, respectively,
which were described in the preceding patagraph. The imperfection shape

is a half-sine wave in each direction, with an amplitude w,. 1t is inter-
esting to note that, for a given axial locad, increased magnitude of imper-
fection causes increased deflection for the symmetric¢ laminate; however,

for the unsymmetric laminate, a maximum appears to occur for ]woi = L.u3
(i.e., twice the shell thickness)., For large imperfection magnitud2 in

the latter case (|wg) = -0.20), an essentially linear load-deflect.on

curve is observed in Figure 11.8,

The effect of a centrally located, rectangular cutout on the load-
deflection curve of the unsymmetrically (0, 30, 45, 60) laminated shell
panel is seen in Figure 11.9 [386]. A limit load (maximum value of curve)
was found to be 185 1lb, compared with 190 1lb for the panel without the

small cutout.

Hui [388] used Koiter's |[389] approach to study the initial postbuck-
ling behavicr of cross-ply, symmetrically laminated SSSS shell panels

subjected to axial compression. Geometric imperfections were included

in the analysis. Assuming an imperfection shape having the same form as
the buckling mode shape (Equation 6.3), it was shown that the load-trans-

verse displacement relationship may be expressed as

a* %+ (1 -0.) =0.4¢ (11.1)
X X

YT ON

o———

where { = ws/h and £ o= wo/h are the nondimensional amplitudes of the

transverse displacement and the imperfection, respectively, G4 is the

.,,
=. L

. ratio of the applied axial stress to the critical, bifurcation buckling
t; stress, and a* ic a parameter depending upon vhe geometric and material
L . .

.. properties of the shell panel. Figure 11,10 is a plot of Equation 11.1
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for at = 0,670, which corresponds to an isotropic, homogeneous shel)
panel having v = 0.3, a/b = 1 and y = 1, where b = R, (see Pigure
10.1) is the circumferential arc length, and | is a shallowness para-

= lZ(l;vz )
. b/ 12 11.2

The asymmetric equilibrium paths shown in Pigure 11.10 are all stable

meter defined by

for positive E (i.e., deviation from the perfect circular cylindrical
surface by outward bulging). However, for negative E (inward bulging),
the equilibrium paths become unstable as { incieases, and the panel is
imperfection sensitive. For a flat plate, a* {s zero, Equation 1l1l.1
yields a horizontal straight line for E s (0, and the equilibrium paths
are symmetric about £ = 0.

Figure 11.11 (388) presents values of the a* parameter as a function
of ¥, for shell panels with a/b = 1 having an infinite number of layers
and composed of five matecials: isotropic, glass-epoxy, boron-epoxy,
graphite-epoxy 1 and graphite-epoxy I1. The elastic modulus ratios for
the materials are listed in Table 11.2. It is seen in Figure 1l.1ll that
laminated corposite shells having large 31/32 (e.g9., graphite-epoxy II)
are less luperfection sensitive (i.e., smaller a*). Pigure 11.12 gives
values of a* for graphite-epoxy I panels having a/b = 0.7, 1.0, 1.4 and
numbers of layers (N) = 3, 5, <, [t {8 sSeen that for the shorter psnels
(a/b = 0.7) imperfection sensitivity increases with increasing N, whereas
for longer panels (a/b = 1.4), it decreases with increasing N.

Bauld and Khot (390,391] made a study of the buckling behavior of
laminated composite, cylindrical shell panels having initial imperfections,

The curved edges were loaded in compression and the strajght edges were
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Figure 11,10. Load-transverse deflection curves for isotropic, 8388
shell panels having imperfections,
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Figure 11.11. Imperfection sensitivity versus shallowness_parameter
for orthotropic, cross-ply shell panels (a/b = 1),
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| Material -1 Giz v '
:: E2 EZ 12 .r~
; R
E Isotropic 1.0 0.385 0.30 =
" Glass-epoxy 3.0 0.500 0.25 |
2 Boron-epoxy 10.0 9.335  0.22 .
o Graphite-epoxy 1 15.8 0.577  0.34 .
¥ Graphite-epoxy II | 40.0 0.500 0.25 '

Parly o gt N LIPS S
a

PP o

"

© TN .C.tLC
iy

» MRASFS, ST

362

[
.
:
-
.
.




TECHNICAL LIBRARY o

ABBOTTAEROSPACE.COM

a#*

Graphite -EP. 1

{

05

Pigure 11.12, Imperfection sensitivity versus shallowness parameter
for symmatrically laminated, crose-ply, graphite-epoxy 1
shell panels.
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either simply supported or free. Both theoretical and experimental results
were obtained. Theoretical data were calculated using the finite difference,

energy computer code previously developed 385-387 .

The initial study [390] was for a set of four panels consisting of
eight layers of graphite-epoxy, symmetrically laminated in a (0/90) , ¢
layup. Dimensions were: a = 16 in, b = 8 in, R = 12 in, h = 0.038 in
L= 20.5x106p5i,
E = 1.3xloepsi, G12 = 0.75x106psi and vl = 0.335. The imperfection

o 2
(deviation from a perfect, circular cylindrical surface) for each test

(see Figure 10.1)., Composite material properties were: E

specimen was measured mechanically by means of a special fixture. For
the two test specimens used with free straight edges, imperfection data

was fit to the imperfection function g

- _ 21X
w = w,l +cos =) (11.3)

where x is measured from the center cof the panel. Figure 11.13 shows

load ~ end shortening curves determined from tests on the two specimens,
ar well as three analytical curves obtained using wgy = 0, 0.005, 0.010
(in) as imperfection amplitudes in Equation 11.3. Corresponding theoreti-
cal curves are seen in Figure 11,14 for the load plotted versus the least
squares average of the transverse displacement (w) computed over the

shell surface. TFigure 11.15 shows the load-shortening curves for two
CSCS test specimens. Theoretical limit loads of 2522 and 4311 lb were Y
determined, depending upon whether the circumferential displacement at
the straight edges was not or was constrained, respectively. Curves
showing the load plottea versus average transverse displacement for the
two types of straight edge conditions may be seen in Figures 11.16 and
11.17. The importance of the circumferential displacement along the . -

straight edges is evident from these plots.

Subsequent 1nvestigation of ten additional test specimens was made

{391]. All ten had the dimensions: a » 16 in, b = 12 {in, R = 12 in, h =

36ds
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Figure 11.13. Load-end shortening curves for axially loaded CFCF,
16x8, shell panels having geometric imperfections.
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0.038 in (thus, only the width was different from the preceding specimensz
described earlier). Shell panels were fabricated with eight plies having
the same boron-epoxy material described above. Five panels having simply
supported straight edges had a (0/+445/-45/90)g layup and five others
with free straight edges had a (0/90) ,g5 layup. Initial imperfection

data was measured for one CSCS panel and one CFCF panel and is shown in

"Figure 11.18. This data was used as the basis for subsequent theoretical

caleculaticns. The effects of axial locad ugin end shortening and average
transverse displacement for the CSCS panels are shown in Figures 11.19
and 11.20, respectively. Two theoretical curves are shown in each figure,
corresponding to straignt edges with or without restraint of the circum-
ferential displacements. Thenretical and experimental end-shortening
curves for the CFCF panel are ceen in Figure 11.21. Two tuieoretical
curves for the average transverse displacement are given in Figure 11.22.
The solid one results from using the measured imperfection data. The
dashed curve arose from a previous study [392] which showed it to be the
limiting case when the imperfection magnitude is decreased. FPligures
11.23 and 11.24 compare the transverse displacements of lines taken along
the shell generators (i.e., axial lines) located at the straight edges
and the centerline, respectively, for the CFCF shell panel having the
measured imperfection subjected to various axial loads. It is seen that

the free edges deflect considerably more than the centerline.
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1.§7 13.61 in,

in,

CSCS Ponel

0.900 0.000 0.000 0.000 0.006 0.000 0.000 0.000 0.000
0.000 0.001 0.000 -0.003  -0.007 ~0.009 -0.009 ~ -0.006 0.000
0.7200 0,000 -0.001 -0.00) -0.006 -0.007 -0.006 =0.007 0.000
0.000 -0.002 -0.001 0.000 ~0.004 =0.006 -0.006 —0.007 0,000
0.000 0.00] ~0.001 0.000 -0.006 =0.00/ -0.004 =0.004 0.000
0.000 0.000 -0.001 -0.002  -0,003 -0.007 -0.004 -0.005 0.000
0.000 0.002 0.004 0.005 0.002 0.000 -0.002 -0.004 0.000
0,000 0.006  0.012 U.012 0.010 0.007 0. 004 0. 000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

CFCF Ponel

0.000 ~0.006 -0.009 -0.00% -0.011 -0.012 -0.01) -0.013 0.000
0.000 -0.00] -0.005 -0.005 — -0.008 -0.010 ~0.010 -0.008 0.000
0.000 0.002 0.004 -0.002 -0.005 =-0.006 =~0.006 -0.007 0.000
0.000 -0.001  -0.001 -0.00) -0.006 ~0.008 -0.007 -0.007 0.000
0.000 =0.001 -0.00]) -0.005 -0,007 -0.009 ~0.009 ~-0.006 0.000
0.000 0,008  -0.002 -0.006  -0,007  =-0.007 ~D.0CB  -0.008 0.000
0.000 0.000 0.000 -0,00) -0,004 -0.007 ~0.006 -0.005 0.000
0.000 0,007 0. 003 0.007 0.002 _ -0.002 _~0.00) _ -0.006 0.000
0.000 0.010 0.014 0.012 0.008 0.002 ~0.004 -0.029 0.000

Figure 11.18. Measured initial transverse imperfections (in) for CSCS
and CFCF shell panels.
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Figure 11.19. Theoretical and experimental load - end shortening
results for axially loaded, 16x12, CSCS shell panels.
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APPENDIX. PLATE BUCKLING EQUATIONS

The theory required to analyze the buckling of laminated composite
plates is considerably more complicated than that of classical, homo-
geneous, isotropic plate theory. This is particularly true for unsym-
metrically laminated plates because of the coupling which exists between
bending and stretching.

The purpogse of this Appendix is to provide in one convenient place
the basic equations needed to analyze plate bifurcation buckling, in-
cluding a summary of the steps required in their derivation. At the same
time, the notation and conventions used throughout this monograph are
established.

To keep the presentation reasonably short, not all the details are
presented. In particular, the steps required to integrate the stress
and moment resultant equations over the plate thickness, Equations A.6
and A.7, to obtain the stiffness relationships, Equation A.8, are
explained, but not carried out in detail. These steps may be found in
several well known texts [A.l-A.4].

A.l. PLATE STIFFNESS EQUATIONS

Classical plate theory is governed by the Kirchhoff hypothesis:
Normals to the midplane remain straight and normal as the plane deforms
into a surface. Let the x and y axes of a rectangular coordinate system
lie in the midplane, and the z axis in the direction of the plate thick-
ness. Then the kinematical behavior of the plate described by the
Kirchhoff hypothesis may be expressed by the following relationships:
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where u, v, w are displacement components of a typical point in the
plate, and uy, v, are inplane displacements at a point of the midplane.
FPurthermore, ug,, vo and w are functions only of x and y.

S

Using the strain-displacement equations of classical plane

'
~5

O elasticity theory,
.
€ ﬂﬁ.‘- --a--. --a—!.'.ﬁ
b X x’ Ty oy '’ ny X 9 (A.2)
3
i. where ¢x , €y are the inplane normal strains, and vyyy i8 the inplane,
Y

engineering (i.e., not tensorial) shear strain, Equation A.1 may be re-
written as

.-
A,

-‘ - o

;: ex ex - sz

< e =¢ -z

- y y (A.3)
! o

5 ny - ny szy

o

N

vhere e;’, e;) and Yx;) are the midplane strains, and Ky, Ky and Ky, are
the curvature changes of the midplane during deformation. These quanti-
ties are also functions of x and y only, and are given by
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The inplane stress resultants N,, Ny, Nxy (forces per unit length)
and moment resultants M,, My, Myy (moments per unit length) are obtained

by carrying out the force and moment integrals through the thickness;
that is, '

h/2
Nx = axdz
-h/2
h/2
(A.6)
= dz
Ny Qy
~h/2
h/2
N = ‘/’ T dz
Xy Xy
~h/2
h/2
M = foxzdz
-h/2
h/2
Y - f 9 zdz (A7)
~h/2
h/2
Xy - ftxyZdz
~h/2

where oy and gy are the inplane normal stresses and tyy is the inplane
shear stress. The positive senses of the stress and moment resultants
(including the transverse shear stress resultants, Qy and Qy) are shown
in Pigures A.l1 and A.2. PFor laminated plates, the integrations required
by Equations A.6 and A.7 must be carried out plecewise (i.e. stepwise)

from layer to layer. Purthermore, for typical lamina consisting of
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parallel fibers imbedded in a matrix material, with the fibers lying at

an angle O with respect to the x-axis of the plate, the orthotropic

stress-strain relationships for the

lamina must be transformed ten-

sorially to be consistent with the plate axes. The details of these

somewhat complicated calculations may be found elsewhere (cf. [A.1l, A.2,

A.3]) and will not be elaborated upon here. Carrying out these calcu-

lations, one is able to relate the stress and moment resultants to the

midplane strains and curvature changes as follows:

FNX A A2 Are
N, bia B2y Pae
Ny A6 P26 466 !
- - J|=~---~-=- -1
My 1n Pz e !
M, P12 P22 P26

| My | _316 Boe Bee :

v Bi1 By 3167 Fex:
By Byy By Y,
B16 B2e Bes Ty
- mmmmmm- (A.8)
Dyy Di2 Dy - K
D1 Doy Do |- %
D16 D2 Dee_ L' K&y_

where Ajj, Byj and Djj are stiffness coefficients arising from integrals

of the following forms:

Aij =
Bij =
Dij -

h/2

Cijdz
~h/2
h/2

f CijZdz (A.9)

-h/2

~-h/2

with Cij being constants which change from layer to layer during the
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integrations. It is observed that, not only is the 6 x 6 stiffness
matrix of Equation A.8 symmetric, but the 3 x 3 submatrices Ajj, Bjj and
Cij are also symmetric.

It is important to understand the implications of the stiffness
coefficients in Equation A;B. The Bj, coefficients cause coupling bet-
ween bending and stretching at the plate during transverse displacements.,
As can be seen from the second of Equations A.9, these coefficlents
vanish if the Cjj are even functions of z. This occurs when the laminate
is symmetric (in thickness, fiber orientation and material properties)
with respect to the plate midplane.

Another type of coupling is seen by the existence of the Ale' A,
Bgr B,gr Dygr Dyg coefficients. These coefficients indicate extension-
shear and/or bending-twisting coupling during the plate deformation.
This coupling vanishes for cross-ply lay-ups (i.e., fiber orientations
of adjacent lamina all lie along parallel or perpendicular axes).
Further discussions of coupling may be found in several excellent refer-

ences [A.l-A.5].
A.2. GOVERNING DIFFERENTIAL EQUATIONS

Consider a plate which, due to pressure components (py, Py: 9 in
the x, y, z directions, respectively) and inplane stress resultants (N,
Ny, Nyxy), has undergone bending. Summing forces in the x, y and z di-
rections on a infinitesimal plate element yields the following equations

of equilibrium, respectively:
N N

p3 Xy _ o - 0
9x + 9y Qx X TRy
L oN v .
—z' ——l - —_— + -
% T T3y Q 3y Py (A.10)
aQ aQ

a2 2 ?
x o, Ty oy Bw ooy B o,y ¥ 40 =0
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Summing moments about axes parallel to the y and x coordinates ylelds, ‘
respectively, by
M 5 -

Qx - ax + oy i

aM M (A.11) i

Q = =X 4+ X ~

Yy 9x 3y W3

¢

’l

b,

The transverse shear forces Qy and Qy. a8 well as the slopes 3w/3x and
aw/3y, are typically small in the first two of Equations A.10. Taking
advantage of this, and substituting Bquations A.11l, Equations A.10

become i
N auﬂ
ax + dy + px =0 .
oN oN 4
X, 3y +p =0 :
ax 3y (A.12) 9
2 2 2 4
32, My M 22y 32w y
+ 2 5=+ + N —- + 2Nx %0 ]

3)(2 Xdy 3)’2 3x2 y y

2
+ N 2—%- + q = O

y 3y d

Let us now consider each of the functions represented in Equations
A.12, except for w and the body forces, to be composed of two parts - an -
initial part which exists before the onset of buckling, and an additional

part which is due to buckling. Let these two parts be denoted by the :
superscripts "i{" and "b". That is,

etc.

(A.13)

. —— - A oy _, Py - -
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It is assumed that the plate remains flat before buckling:; i.e.,

b
w o= w (A.14)

and further that no additional body forces are added during buckling;

.

i.e., { { 1

At the onset of buckling, but before it takes place, Equations A.12 re-

duce to 1
i
N
B, Ty, ot Lo
X dy x
1
N} N L.,
+ -
—_lax Y oy Py (A.16)
i 21
2y 1 a2y %M
Ty g L e d- o

Subst.tuting Equations A.13, A.14 and A.15 into Equations A.12 and sub-
tracting Equations A.16 results in

b
.a_N’_‘,,ﬁl‘X'o
2x Ay
xo aNb
v !
Al 4 -O
X Yy (A.17)
b b .a,b
32Hx 323x2> ? My { a2y 1 324 1 EEE -0
2 5ay N 2Ny ey Ty 2
ax? xoy ay2 ox 3y
wherein the three terms
2 2
b 3%w b 3% b 2w (A.18)
X a2 xy 9xdy y ay2
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are considered small reslative to the ! -ee terms of the third of

Equations A.17, and have been droppe. 4. Because, in general, N;’,

Nx;) and N;) are functions of w, the three terms in expression (A.18)
are each nonlinear, and it is therefore i.perative that they be dropped

in order for the buckling problem to be reasonably tractable.

Before proceeding further with the buckling equations, it {s worth-
while to study further the meaning of Equations A.l15 for the prebuckled
state. Since w = 0, then Kxi ™ K?} = nyi = 0. Substituting the pre-
buckled forms of 2gquations A.4 and A.8 into Equations A.16 yields

3 ad at ot ad
% A 3% + A Iy + A 3_X+§
L 11 12 9y 16 T (A.19a)
. i { i
3 du avi <3v 3u> i
+ — |[A = + A = + A|lEZ=+= )14 = 0
4 l 16 9% 26 3y so\ox 3y /|7 Px
< i i i\
g%- [A %5- + A %!- + A <%§-+ %5:)
16 28 yi 56 L (A.19b)
1
3 Ju v dv , du i
+ — |[A = + A = 4+ A [+ =)+ = 0
Iy [ 12 9% 22 3y 26(3x 3y /| Py
2 i i p i
2ty . o, (o
ax2 L 11 9% 12 3y 16\3x Ay
2 i 1 i i
3 g A L, 5 X .o <?! 4+ U (A.19c)
axdy 15 9% 26 oy g6\ X 9y
> { 4 /o d 1
S R T AU €M T | RE R
ay2 | 12 ¥ 22 3y 26\3x 3y

where, for simplicity, the subscript "o"” has been Aropped from the dis-
placements. For a symmetrically laminated plate, all the Bij are zero.

Then Equation A.19c ylelds q1 = 0, For given values of the initial,
i i

tangential, body force components p, ., and given values of uiand v

and Py
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and/or their derivatives (i.e., inplane stresses) on the plate boundaries,
one could solve Equations A.19a and A.19b for the displacement field dl
and v;l and, if desired, the corresponding initial stress field.

Por an unsymmetrically laminated plate, the Byj are not all zero,

and the solutions for u' and v1 can be substituted into Equation A.l9c
to determine what transverse pressure distribution &l, together with
boundary moments and transverse forces, must be applied in order that
the plate remain flat. 1In the case that the initial, inplane stresses
(and strains) are constant or linearly varyirj with respect to x and y,
all terms except q1 vanish in Equation A.19c, with the result that no
initial, transverse pressure is needed for the plate to remain flat.
Equations A.8 and A.ll show that constant initial strains give rise to
constant edge moments, and that linearly varying initial strains require
linearly varying moments and constant transverse shear forces for equi-
librium at the edges.

One convenient manner to represent the equilibrium equations
governing the buckled configuration is in terms of the three components
of inplane displacement. 8Substituting Equations A.4, A.5 and A.9 into
Equations A.17 ylelds the equations in matrix form as

[ L T
L L
1 12 13 Y 0
L L L . (A.20)
21 22 23 M 0
L L (L -F
TR el 0

where the Li4 are differential operators representing the plate
stiffness,
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32 32 32
L = A — + 2A + A —
11 11 gx2 16 9xdy 66 dy2
2 2 2
L =z A 2 + 2A 323- + A 2
22 22 32 26 9xdy 66 532
Y b L
| 2 + 4D 3 + 2> + 2D ) -2
33 11 5,0 16 ax3ay 12 66" 3x23y2
N 4
+4D —— + D
26 axay?3 22 gyt (A.21)
32 32 32
L = L = A — + (A +A ) + A ——
12 21 16 5,2 12 66~ 3x3y 26 342
3 3 3 3
L =1 =z -3 2 -3 2 _ @ +2)—2—-p 2=
13 3l 11 43 16 323y 12 66" 3xdy2 26 3
3 3 33 33
L = L = -B =—_ (B +28 )—>—_ 3B - —_—
23 32 16 ax3 12 66 3)(23)' 26 3)(3)'2 22 ay3

and F is a differential operator representing the inplane loading,

2 2 32
FEN"L+2N "33 + N —
X a2 Xy oJxody y 3y2 (A.22)

For simplicity, the superscripts "b" and "i" which were used in Equa-
tions A.17 have been dropped. In what follows, and in the main body of
the monograph, it will be regarded that u, v, w represent the (infini-
tesimally) small displacements of the plate during buckling, and that
Ny, Mgy, Ny represent the inplane forces which exist just before
buckling occurs. Equations A.20 are an eighth order set of partial
differential equations, similar in form to shell equilibrium equations
(cf. [A.6],pp. 32~34). Indeed, the coupling between bendirg and
stretching is responsible for raising the order from four to eight in
the present prcblem, just as the coupling of inextensional and membrane
theories raises the order from four to eight in the shell problem.

Por symmetrically laminated plates Bjj = 0 and the L, _ and L23

13
operators in Equations A.21 are seen to vanish, and the inplane part of
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the problem is uncoupled from the transverse part in Equation A.20. The
inplane part yields u = v » 0 in the buckled configuration, whereas the
transverse displacements are governed by

w

L . ol y Y4
2—! + 4D I w 'w + D tw

+ 2(p + 2D ) 4D o v
11 34 16 3x3ay 12 66 3x23y2 26 3xay3 22 By“
2 2 2
- N ¥ gy Awoy oy 2 (A.23)
ES 3*2 Xy y y 3y2

Equation A.23 is the same form as the buckling equation for a homogeneous,
anisotropic plate. The only difference is in how the stiffness coeffi-

cients Djj are calculated.

Por symmetrically laminated cross-ply plates there is no coupling
between bending and twist, and DIZ- DIG- 0. Equation A.23 then special-

izes to
4 L a“
W L9 +20 ) =¥ 4+ p HE
11 ax“ 12 66 ax23y2 22 3y“
- 32w + 32w N 32w (A.24)

This is the same form as the buckling equation for a homogeneous, orthc-
tropic plate.

If, for example, a cross-ply plate of rectangular shape were
fabricated so that its edges were not parallel to the axes of material
orthotropy, then a coorGinate transformation to provide the proper
rotation of axes from the xy material coordinates of Equation A.24 to a
get of x'y' coordinates parallel to the plate edges would result in a
form similar tc Equation A.23., This new form would have six stiffness
coefficients °112 DI;, 01;, DG;' ng, 02;, but they w:uld be linear com-
binations of the four material coefficients Dll, Dlz’ 066' Dzz' It is
common in the literature to speak of a specially orthotropic plate when

e.2"a Al AN, A At .
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the orthotropic material axes and the rectangular plate edges are
parallel. However, this terminology will not be used in the present
work, for the word "orthotropic®" should be used to describe a property of
the material, independent of the shape of the plate (e.g., rectangular)

or the orientation of a mathematically convenient coordinate system,

It must be remembered that the stress resultants Ny, Nxy and Ny
are positive in accordance with the directions shown in Pigure A.l.
Particularly, compressive Nx or Ny are negative gquantities. Although,

for the sake of brevitv, the stress resultants have been used in the

preceding derivation, for the sake of direct engineering application,

the stresses are used for the most part elsewhere in this monograph.

For some types of buckling problems where bending-stretching
coupling exists it may be desirable to use the inplane stress resultants
generated during buckling (i.e., N;), N;), nyp) instead of the inplane
uisplacements (u, v) which occur. 1It is then usually convenient to re-
present the inplane stress resultants by an Airy stress function (¢g),

with the functions defined by the equations

2
Wb 2%
X ayz
2
N . 28 (A.25)
y 3}(2
N b - __32_._¢—
Xy X3y

If BEquations A.25 are substituted into the first two of Equations A.l7,
it is seen that the latter are identically satisfied. However, since the

problem is no longer expressed in terms of inplane displacements, it

becomes necessary for the inplane stresses to satisfy the inplane equation
of compatibility
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2 a2 d
9 € ey Yy .

+ %3y 0 (A.26)
day? ax?

where the strains (e;), e;), Yx;)) are those additional ones arising
during buckling, but the superscript "b" 1is dropped for simplicity.

To utilize Equation A.26, Equation A.8 must be at least partially
inverted. Rewriting Equation A.8 in the symbolic form

] [}

N A B €
- (A.27)
M B D -K

[»)
where N, M, ¢ and K are 3 x 1 subvectors and A, B and D are the 3 x 3
submatrices delineated in Equation A.8. Multiplying through the first
[e]
of the *wo submatrix cquations of Equations A.27 by A”, and solving for ¢

yields

1

O e AN - ATBK (A.28)

Substituting Equation A.28 into the second of Equations A.27 results in

1

M=BA N - (D-BA"‘B)K. (R.29)

and Equations A.28 and A.29 may be written in matrix form (A.4] as

e° A* 3* N
BRI PR » (A.30)
where B'T is the transpose of the B* submatrix, and where
Aaat, 8 eaals, DN e-BaT (A.31)

while A* and D* are symmetric submatrices, B* is, in general, not sym-
metric. Substituting Equations A.5, A.25 and A.30 into Zquation A.26
ylields
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y y * *
PR A PN Al SRS VNN

; 22 gk 26 8x33y 12 66 3x23y2 16 3X3y3 11 ayk

rgY r 3 T v T r oA

* 34y * * _3'w ;
e 3
21 ax“ 61 26 ax3ay 11 22 €6 axzayz (A.32)

AR Bt

o

for the compatibility equation in the buckled state. Similarly, sub-
stituting Equations A.5, A.25 and A.30 into Equations A.l17 yields

%.xm-

L * * Y * * * Y i
PG ST TSNS W SN AL SIS SRR S y 28

21 34 26 61 3x3ay 11 22 66  3x23y2

* * b * g4 *x gt * by S
T TR Tty TSN S A AR N b AP :
16

62 3)(3}'3 12 ayL} 11 gt 16 3x33y

ks

* 4 * gl * 54
som Yap 2w yyp 2 pt2w

(A.33)
12 66 3)(23)'2 26 3)(3}'3 22 ay'-o

2 2 32 ~
oy M gy Mo, oy W

X x2 xy Ix3y y 3y2

for the equilibrium equation in the buckled state. As in Equations

A.22, A.23 and A.24, the superscript "i” has been dropped from Ny, Ny
and Ny, in Equation A.33, but it must be remembered that these inplane
stress resultants exist just before buckling occurs, whereas ¢ is re- N
lated by Equations A.25 to the additional stress resultants generated by :

the buckled mode shape. Equations A.32 and A.33 form a set of differ-~
ential equations of eighth order.

For symmetrically laminated plates Bjj = 0, and Equations A.32 and K
A.33 uncouple. Equation A.32 becomes the anisotropic, stress function

form of the compatibility equation for plane elasticity, and Equation
A.33 reduces to Equation A.23.

g O .

s 4 i e e e s ai mmD mtads adidl ams A ’ T i TG .
Ahku'.._&“‘;_-_‘.-;‘;"_LAum'm'umnjm‘aumw“MMmmm“m ki e s i adeca s
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A.3. BOUNDARY CONDITIONS

The classical, bifurcation buckling problem for a laminated
composite plate requires satisfying the governing differential equations
(Section A.2.) and the boundary (or edge) conditions. Both sets of
equationa are homogeneous, leading to an eigenvalue problem for the
eligenvalues (buckling loads) and eigenfunctions (mode shapes). Con-
sistent with the eighth order sets of differential equations which must
be satisfied, four boundary conditions must be applied to each edge of

the plate. The classical conditions are

b
u, = 0 or Nn = 0 (A.34a)
u = 0 or N b 0 3
t at (A.34b)
oM
b b nt
w = 0 or Vn = Qn + ot = 0 (A.34¢)
aw b
n 0 or Mn = 0 (A.344)

In the above equations the subscripts n and t denote the coordinates
normal and tangential to the boundary. The function Qp + 3Mpj¢/9t is the
wellknown Kelvin-Kirchhoff “"edge reaction” which must be nullified at a
free edge. In addition, at a free rectangular corner (the intersection
of two free edges), the point condition Mp, = 0 must be satisfied. The
superscript "b" is added here to the generalized forces to avoid
confusing them with the inplane forces (e.g., Ny , Ny , Ny existing
just before buckling.

Bquations A.34 may be used to represent any form of "simple" edge
condition (e.g., clamped, simply supported, free). More general

boundary conditions which are applicable to edges having elastic con-




TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

straints take the forms

(A. 35)

Ly
=

b =
Q + e tku=0
n 4 3n

Here the constants kl' kz' k3 and k‘+ denote the spring stiffnesses of
the constraints. Considerable care must be taken to use the proper sign 3
(plus or minus) for the generalized restoring forces supplied by the

elastic constraints, depending upon the edge under consideration (cf.

[A.7]), p. 114),

In some problems inplane forces are applied to free edges of
plates. 7This situation tequliies special consideration. Figure A,3
shows a plate with free edges loaded by compressive stress resultants (P).
In the buckled mode shape the edges have rotated through angles = 3,

From considerations of internal forces acting an infinitesimal distance ?

’

inside each edge, it may be seen that

N = -P cos(z¥)

X M y
X . A.36
Q + 5y *+ P sin(tY) ( ) 1

With the standard assumptions of classical, linear plate theory, the
deflected slopes are small, and cos(+y) ® 1 and sin(ty) = *3w/ax.
Therefore, Equations A.36 become

Nx = -P K
M ]

q + XY . p w (A.37)

x dy ox

430
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M

=~ ———————— - Qx+a-_.__._!x $

oy ;

Pigure A.3. Inplane stress resultants (P) applied to f:cc edges. y
}

\
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which are the proper conditions to use in solving the problem.
conditions exist at free edges y = constant.

In applying the boundary conditions it is useful to have
expressions for the varjous functions used in Equations A. 34,
displacement formulation of the problem they are obtained from
A.4, A.5, A.8, A,11 and A,34c.

=A a—u+ 3‘-’..‘. .3_v+_a£.)
x 11 9x 12 9y 16\9x 3y
92w 3w 9w

-y ¥ _ 2¥ _

2B
11 3,2 12 342 16 3x3dy

ou v oV Ju
N =4A 24 & LA
y 12 9x 22 9y 26\9x 3y

2 2 2
- B 9w B 9w 2B 9w
12 52 22 g2 26 9xdy

Ju v av , du
= — . _——+—_
Bey™ A1 ax T %26 By T ee\Bx 3y

- —— - —

2w _ 5 32w,y %W
16 542 26 py2 66 oxdy

-—

3u v v ., Ju )
= =4 LA AA
Mx Bll ax 12 3y 16\ 9X By/

11 a2 12 A2 2D, ¢ axdy
ax dy

3w D 3w )

au v v du
M =B ——+B +-+8B (——-+ ——)
y 12 9x 22 3y 26\ 9% Jy

32w D 32w 3w

12 ax2 22 3y2 26 %3y

Similar

explicit

For the

Equations

(A.38a)

(A.38b)

(A.38c)

(A.38d)

(A. 38e)

e M M T

. —— A A A A BN AL SO LTITT ST 85 L = R L R AL YL N et T
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1

I

Ju v av . du
M = e+ =+ ——-+-——>
Xy 16 3¢ 26 3y ge\3x  dy
.p 2% _ 2w _ 32w
16 3x2 26 3y2 66 9xdy
2 2 2 2
Q, = B L, 0m aax;’+3 3u g v
11 3x2 16 Xy 66 5u2 16 yy2
2 3
+ (B +B ) ;;;’ 3_! - E_E
2 6 Y 26 392 11 g3
S i A P G 1" B N L
16 3x23y axayZ 26 3y3
2 2 2
Q=8 X843 +B )Y %, Ay
Y16 g2 12 WIY 26 5y2 66 52
2 2 3
v 2 3y _p ¥ _(p +2p )2
26 y 22 ayZ 16 3y 12 66 3x23y
- 3D 3w _ 33!
26 3y3y2 22 3y3
= B L] 32u B 332.+ EEX
X 11 g2 16 3x3y 66 gy2 16 gy2
2 3
+(B_ +28 ) Sty ¥ _p W
1 y 26 32 11 5,3
3 3 3
cap 2 sap ) 2w,y 2
16 a}\Zay 1 axayz 26 ay3
v=2s B, 4oy 2,y Pu, 3%y
y 16 3,3 12 66  9xdy 3y2 66 5,2
2 2 3 3
+ 3B 2 v M _(p 4+4p ) 2V
26 Ay 22 5.2 16 343 12 66 ax23y
- 4D 33w - .232
26 3x3y2 22 3y3

TP ACBIOS W Rt < %0 A ik v uSa® S P Tt e ikl it "

(A, 38f)

(A.38g)

(A.38h)

(A.38i)

(A.383)
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I

For the stress function (and transverse displacement) formulation of the
problem, the inplane stress resultants are given by Equations A.25; the

other useful quantities are obtained from Equations A.S5, A.ll, A.25,
A.30 and A.34c.

*x 32 2 2
v - _(B 22 _ L *x 324 . * 3%

X 21 %2 61 3X3y 1) g2
. (A.39a)
* 32y * 3w * 32y
"0 axdy T N
11 542 16 y 12 342
/ x a2 * 2 2
M = -(3*2%8 _4 3¢ * 34
y 22 g2 62 3XIY 12 4.2
) ) ) (A.39b)
* * *
+p ¥4 9p : ;’ + 3—3)
12 3,2 26 9xdy 22 342
M =_<*32¢_ * 3%¢ * 324
Xy 26 5.2 66 X3y ' 16 5 2
x , 4 ) (A.39¢c)
LR *
+0 " 34w ; ;z * 3 w)
16 5,2 66 9Xdy 26 5y2
* 33y * X 334 * * 334
Q =-|B —+ (B -B ) + (B ~-B )
x 21 5,3 26 ax23y 11 66 yxay2
~3 * * 3
+p 88 p AW 7w (A.39d)
16 3)'3 11 3)(3 16 3x23y
* 3 x 23
+ (D + 2D ) 3w 3—3-]
66 axayz 26 3y3
* 33 * * 3 * 33
Q = -|B %4, (B -B ) 3%, (B ~-B ) ¢
y 26 Ix3 22 66 3x28y 16 62 3x3y2

3 x 33 * *
+ B %4 + D 3—¥-+ (D +2D ) — (A.39%e)
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3 3, * * 3
X 21 3)(3 26 61 ax23y 11 66 axayz )
* 33 . * 33w * 33
2B, ——+iv  ——+ A.39f 3
16 3y3 11 5,3 16 3423y ( )
3 * 33 -
+ (0 4+ 2 2 Ch.
12 66 3)(3)'2 26 3)’3
3 * ¥ 334 K
v = -l it 28 L@t )
y 26 3X3 2 3)(23)' 62 8x3y2
3 3 53 »
N R I R IR (A.39g) 1
12 3y3 16 3)(3 12 66 axZay ‘

For non-rectanqular plates other forms of up, ug, Ny, Npe, Mp,
4ner Qn and V, are needed. These may be obtained by using the vector and
tenaorial transformation formulas generally available in the standard
texts dealing with the theory of elasticity and plate theory (cf., [A.8,
A.9]), together with Equations A.38 or A.39.

Por : mmetric laminates the bending-stretching ccupling disap-
pears, and Bjy = 0 in Equations A.38 and A.39. For cross-ply plates
having fibers parallel to the x and y axeg, D
A.38 and A.39,

12° 016' 0 in Equations

A.4. ENERCY PUNCTIONALS

The total potential energy of a vlate (V) while in equilibrium in
a displaced buckling mode is given by
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l’l

where Vg, Vg and Vpg are the strain energies due to stretching, bending
and bending-stretching coupling, respectively, and V; is the potential
due to the applied inplane forces.

Formulation of the buckling problem in terms of the potential
energy is useful for at least the following two reasons:

(1) variational principles may be applied to derive the
differential equations of equilibrium and a mathematically
consistent set of boundary conditions

{(2) The buckling problem may be directly solved by energy methods,
such as the widely used Ritz method.

The strain energy in a deformed plate is

l-]
2 leJ (oxex + Cyﬁy + T Xy xy)d(vol) (A.41)
o]

where the stresses and strains are those used previously in Section A.1l,
and the integration is carried out over the volume of the plate. Sub-
stituting into Equation A.4l1 the stress-strain relationships for each
lamina, carrying out the tensorial transformations required to express
the stresses and strains in terms of a single plate coordinate system
(x, v), applying the kinematic conditions of Equations A.3, A.4 and A.S5,
and integrating over the thickness layer by layer yields [A.4]:

U[ >+“ TR (%)2

2 22
) Bv\‘
du Jdu v oV (_“ gy (A.42a)
A A — |+ 2A =- + |
* 24 ax <3y ¥ 3X> 26 97 \3y = 3%/
(au av dxdy
66 \9Y

436
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A 11 3% 4 Y ax2 X ay?
+ B v 32w (gg 2w v 3%w 2 ou 32w
22 9y 2 16\9Yy 2 3x 2 dx 9xdy
dy X o9x (A.42b)
2 2 2
2B (32 8w + v 3w + 2 3v 3°w
26\3y ay2 X ay2 y 9x3y
eoup (2 dv) 2w |,
66 \9X 9y / 9xdy y
2 2 2 2 2., 2
vy .%f/[u (Li>+21) 7w 37w <3_W)
iy 11\ 5,2 12 342 342 22\ 342
+ 4D 32\1 aZw 4 32y 32y (A.42¢c)

-+
16 3,2 9x3y 26 py2 9X3y
32w 2
+ &066(3;3;> ] dxdy

where the Aj4, Bjj and Djj are the plate stiffness coefficients used
previously in Equation 8 and the integrals are taken over the area of the

plate.

Por a symmetric laminate, Bjj = 0 and consequently the strain
energy due to bending-stretching coupling (Vpg) vanishes. Then Equation
A.42c represents the entire strain energy caused by bending (i.e.,
changes in curvature), and is of the same form as found for homogeneous,
anisotropic plates [A.l]. Por a cross-ply laminate, with fibers parallel
to the x and y coordinates, Dls. 026. 0.

The potential energy due to the initial inplane loads is
( ' " ") dud (A.43)
- - + X e
VL Nxex + Nycy nyxy, y
A
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]
where €y ,

displacement field (w). These are given by [A.9)

m
x -
"
N
VN
arjar
|
[ %]

vlcu N
®ig
@

Substituting Equations A.44 into A.43 results in

,-l// dw ¥ dw \? dw dw
vy 2 [Nx 3x>+ Ny (3y + 2ny = 22 | dxdy

X oy

438

] 1]
€y and vxy are the midplane strains caused by a transverse

(A.44)

(A.45)
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