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: SECTION 1 b
. K
\ INTRODUCTION | AN

P Ly SR

In aﬁa\yzing aircraft spin and other flight maneuvers with iarge

E [z'.!"."

rotation rates based upon first principles, the non-1inear aerodynamic

LR E o 2d
4

equations (Navier-Stokes) must be coupled with the rigid -body dynamic

PR

In both systems of equations it is desirable to

¥
7

equations of motion”.
use a body axes system to describe the forces and moments, and utilize a

B 2

surface-oriented coordinate system for obtaining the flowfield.grid. To

R T s

solve this system of equations it is necessary to describe the position

o

of the saircraft with respect to a fixed inertial coordinate system. The
‘ o, )

classic method is to use the Euler angles (¢-6-¢) to define the aircraft

orientation. However, singularities and ambiguities exist when the

elevation angle is plus or minus ninety degrees. This difficulty has been

N i PRt

-
i

overcome in the field of inertial guidance bg the use of quaternions fo
describe the afrcraft position in space®*”, It s the purpose of this re-

PR e
K

port to investigate this technique for numerically solving ajrcraft spin
problems, Two problems are addressed; the first is a nonsymmetric body

Cun® T qure.fian.

o~
and the second 1sAsymmetr1CoJA The rotatfonal dynamics and the solution for

[E—
Ty .
. .i.ﬂ .
CENRA R A

the quaternions and Euler angles are determined for both problems. -‘5243 c;(

>
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\ SECTION 11
\\\\ DEFINITION OF QUATERNIONS

QD Hamilton (circa 1840) was the first to point out that the three
bl
Euler angles are inadequate to uniquely define the orientation of a body
in space and that four variables are required to resolve the predica-
ment. Hence he fnvented the quaternigs, aJAJG’”3
C /
/SL”1Pquatefn4on-1s a scalar plus a vector, totalling four elements.

Q=8+ )V : Ty
or ‘
Q= (ql’ 9 qq qa) _ (1\1)

Three of the elements describe a vector, and this'vector defines an axis’

of rotation. The fourth element, a scalar, defines the magnitude of a

rotation angle about the vector axis.

The definition of the four elements of the quaternioh‘follows:

q, = cos 12"

9, = sin -g- cos o

i (2)
ot . q; = sin -% cos B ‘

= gin ¥ cos vy

9 2

where a,B,y are the angles between the rotation axis and the x,y,z axis

respectively. The amount of rotation is the angle u. The rotations

12 o are 111ustrated 18 Figure 1*

Observe that the quaternions are subject to the constraint that

2, 2, -
VREAL A (3)

* Figures begin on page 23.
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The intafréiatfonshipﬁwjth the Eulnr_lﬁg1§s is as follows:

q * cod% cos -Q cos -Q + sin % sin % sin -% 3
qz" - cos Jﬁ cos % -% sin % sin -g_cos % w é‘
. 43‘- cos & sin % sd+s % cos § sin g E
i -
2

B ;)
o
"
e
e
-
9
Nlﬂ)
-
[Y S
:!
wije

] sin 32& cos%

 The re1ationsh1ps for the Eu1er angles in terms of quaternions are

A% g3
et

sin o = 2(q1q3 - q2q4)

(s'ln ) cos o = Z(Q"QZ + Q3Q4)‘ ‘ | 2:‘
CcoS ¢ 60S © = 1-2q§_e qu L R | (5) vE
,Siﬂ Y cos Om 2(q1q4 + qzqa) 2 o .ﬁ

2 2 :

cos ¥ cos O = 1~2q3 - 2q4

The four quaternion position coordinates are computed by solving four

differential rate equations,

R T e e e S

51 ) 0 ~p =-q -1 9
q, P O r ~q q,
] - 3 (6)
qa § -r 0 P Q3
‘.‘6 r q =-p O 9,
where p, q, r are the rotaticn rates in roll, pitch and yaw respectively ?
that must be ubtained from the rigid body dynamic equations. These §
equations are well behaved since p,q, and r are finite. 3
3

o. n." 3 :.- "- .

AN LN PR 3 AT Ty
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SECTION III

RIGID BODY DYNAMIC EQUATIONS
The rigid body dyhamic equations used to compute aircraft spin

PO

T

Rl B M T MG R LR W T e T B W L W N L Ne LT

4

with six degrees of freedom contain three moment equations and three

force equations. The selected axes system for the differential equation

formulation is a body coordinate frame. This system is selected becsuse

the aerodynamic data and the body angular rates are measured relative to

jt. The x and z axes form a plane of symmetry.

It 15 convenient to align

the coordinate system with the principal axes since all products of inertia

are zero in this framework,

Moment Equations

I p+ (1,-I,)qr = L(u,v,¥,P,q,7,p,S,b)
1 a + (Ix-Iz)pr = M(u,v,w,p,q,r,p,S,¢)

1 ; + (Iy°1x)Pq - N(U.V.Wop.q’fgoosob)

Force Equations

m(ﬁ-o-qw-rv)-!-mg sin G'X<U'quvP:Q!rvp )]

m(5+ru—pw)-mg sin ¢ cos ©=Y(u,v,w,p,q,r,p,S)

m(G+pv-qu)-mg cos ¢ cos mZ(u,v,w,p,q,r,r,S)

(7)

(8)

Given the aerodynamic characteristics, along with the mass and

ingrtial parameters, the above six dynamic equations are sb1ved for

P+Q:TsUsVoW.  The quaternions are obtained by solving Equation (6)

as & subroutine in conjunction with the simultaneous solution of Equations

(7) and (8).

ey,
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The hypothesis at this point is that the numerical solution of the N
quaternion rate Equation (6), 1s better behaved than the alternative
procedure for resolving the Euler angles. The differential equations E:

for the Euler angles are | . M

. " Y= (qein ¢ + T cos ¢) sec EQ
=qecos¢-1sing (9) N
¢ =p+y sin®

Clearly, difficulties arise when o reaches plus or minus 90°, The rate
for the azimuth angle grows without bound, thus numerical integration of

Equation (9) is not possible. But this problem is circumvented by first

solving for the quaternions and then the Euler angles from Equations (5). E;
We next turn our attention to the development of the rotational fgf
solution for two problems. L

.
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SECTION 1V
MODEL PROBLEM
Nonaxisymmetric Configuration

The first problem was selected to demonstrate the essential features
of manipulating the quaternions and to obtain the required numerical

experience., Observe that the aerodynamic moments, Equations (7), are

coupled to the force equations, Equations (8), through the velocity components.

For a situation in which the aerodynamic torque vanishes, the dynamic
equations are uncoupled. We will consider such a case, that of a thin
retangular plate which is 11lustrated 1n Figuré 2(a). In this case,
the moments of inertia are also simplified as follows:

Iz = ]

y + 1, and I.y > I, (10)

This example corresponds to a configuration where all products of inertia
are zero, which is a fair approximaticn for most aircraft. For the case

of no external torque, it can be shown that rotation about the y vehicle
axis with the intermediate value for the moment of inertia (Iy) is unstable,

while rotation about the other two axes is stable. For this problem the

rotation is about the unstable axis,.

Equation (7) now reduces to the following simple form:

P+gqr=20
qQ=-preo (11)
1.’+62pq-0
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where .
;' . S Equation (11) combined with Equation (6) will describe the angular moticn
§i~ f of the rigid body given a set of initial conditions. (These values can
3 . then be inserted into Equation (8) to find the translational components).
Eﬁ; Initial conditions for the unstable situation were selected.
\\ p(0) = ¢en
q0) = n (13) —_—
: *O) = 0 | B
: Q(0) = (1,0,0,0)
b
E; Axisymmetric Configuration ‘;ggéi
;

The shape for this problem is a thin circular disk with the x and y

axes in the circular section and z perpendicular to these axes. The

~/ A
<7 ) configuration is illustrated in Figure 2(b). ANl products of inertia

X2t JE I

¥ l are zero. The moments of inertia are
«1 =) g8

Ix Iy sz |
12 (14)

IZ '2' mR
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where R is the radius of the disk., The initial rotation is about the
z-axis, thus
p(0)=q(0)=0
S ‘ 15)
r(0)=0
It s assumed that the aerodynamic moments are zéro. Equation (7) reduces
to
P+ qr = 0
q~pr=0 (16)
r=0
Equations (6) and (16) describe the angular motion of the rigid body, given
the initial conaitions, Equations (15)and

¥(0)=4(0)=0 (a7)
17
8(0)=0, :
From Equation (4), the initial values for the quaternions are
% %
Q(0)=(cos 53—, 0, sin 3=, 0) (18)

-
s

LR O OX, X N o
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SECTION V
NUMERICAL RESULTS

Nonaxisymmetric Configuration
The system of equations (Equations (6) and (11)) were solved for

parametric values of & =10 rad/sec, ¢ = 0.01 and § = 0.7.
A Runge-Kutta fixed time step 1hte§ra£ion technique was used.

Figures 3, 4, 5 present the roil, pitch and yaw rates for several
revolutions as computed from Equation(ll); Figures 6 through 9 present
the history of the quaternion positior coordinates as determined from

Equation (6) using the values of p, q, and r determined from the solution
of Equation (11), The time step size used for the integration was 0.001 sec

which was selected after numerical experimentation produced repeatable
results. The Euler angles were then computed from Equations (5).

Figures 10 through 12 present the history of the Euler angles. No

difficulty was encountered in numerically integrating Equations (6) and

(11).  The reason for this is that the quaternions are obtained from Equations
(6) which are well behaved. Also, they are bounded by plus and minus

one. Thus Equations (11) are well behaved and no difficulty is obtained

in integrating them. The difficulty is in attempting tolintegrate

Equations (9). But this is unnecessary since the Euler sngles can be

obtained directly from Equatfons (5).
The solutions for the Euler anglies y and ¢ undergo rapid

transitions. This is a result of two conditions that take place. From
Equation (5) , © approaches plus or minus 90° and the combination of the
quaternions on the right side changes s1gﬁ. Thus the right side changes
rapidly from large positive values to large negative values and vice

versa.
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A further observation {s that‘the rotational rates are periodic

functions of time. But the Euler angles are not.
An analytical solution to this problem exists (see Appendix A).

Excellent agreement was obtained between the numerical and analytical

D)
L

L
h_ =

values thereby confirming the numerical approach.

XY Axisymmetric Configuration
» "?

The system of equations, Equations (6) and (16) were solved for a

parametric yaw rate of 9 = 10 rad/sec. It is shown in Appendix B and

LN ;
LI -
B e I

can be verified numerically that the solution for the body angular rates

is
p=0

“'2 (19)
r’

Figures 13 through 15 are the time histories of the quaternions. Figures
17 through 19 are the Euler angles.
Two significant results are established in Appendix B. The first

is that the configuration remains in the same vertical plane that it

started in whenever the bank angle is zero. The second result is that
the attitude does not change throughout the trajectory. These results

agree with the observed trajectory of a Frisbee when the initial bank

angle is zero. The numerfcal solution agrees with the analytical solution

of Appendix B,
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SECTION VI
» CONCLUSIONS »
EgiA Experience has shown that numerical difficuities arise in using the E;i
Si Euler angles to describe the orientation of an aircraft during large S}E
: changes in the Euler elevation angle. The angular rates for the heading and E;
i: bank angles are undefined whenever the elevation angle reaches plus or minus é;?
E{ \ ninety degrees. The numerical difficulties may be completely overcome Eﬁf
5; . through the use of quaternions in place of the Euler angles. The Euler ?;
ﬁ ' angles are then easily computed from the quaternion solution. E;;
Two problems were solved numerically and analytically. The results EES
el for the two approaches did agree and there was no difficulty in obtaining E:
Eﬁﬂ. f numerical results. The first problem was an example of a nonaxisymmetric '

configuration. The rotation was about the unstable principal axis. The

body rotational rates were periodic, however, the quaternions and Euler

.
¢ » ! - 1—.-4. —————
a ‘_4.4 :‘;‘-x I T .

angles were not.

’:’ll

The second problem represented an axisymmetric configuration. Again

no numerical difficulties were obtained when the quaternions were used.

~ 5 - g~ -
»
LS L

The rotation was about the yaw axis. Two significant results obtained

were that if the initial bank angle was zero, then the trajectory remained

in the initial vertical plane. The second result was that the attitude did
not change throughout the trajectory. The use of quaternions to solve flight

mechanics problems is therefore highly recommended for future investigations.

n
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APPENDIX A
N ANALYTIC SOLUTION: NONAXISYMMETRIC CASE . ;ﬁ:
3 RN
Sf An annlyt;c solution exists for the model problem selected. g&g
. p+qr=0 - p(0) = ¢n ‘_:;._
q-pr=20 q(0) = q (A-1) F_-‘.g_‘
. $ 4+ 8%pq =0 r(0) = 0 ,';';‘.;5‘:{
f; Regroup these three moment equations as follows: éii
\ pe=-qr=-aqifp or §r (pP4ed) =0 E..
E 'é i = pr = - r§/62q or -%E (12+62q2) =0 (A-2) é&;
X AT
) ¥ = —Gzpq = 62p§/r or %? (Gzpz—rz) =0 E;:
g"” 1: These three equations may be integrated readily and evaluated using the ibf?
;E : initial conditions, Hence, j:
S p? + % = a2(14c?) C
- &+ e ey =
- KR PRI x
- : These expressions are energy constraint relationships, however, only two E;;
:5‘ independent equations are evident with the third one being redundant. There- &EZ
2 ! fore, one additional differential equation must be solved and the two energy i;i
S constraints used to obtain the complete solution. £77
ég ; - Differentiate Equation (11) with respect to time. Ef%
: o P = -dr - tq = -p (x* - §%%) | “
5 ; - §p + pr = —q (r2 + 62p2) ' (A=b) E-
:: r=- Gzﬁq - Gzip - &% (qz-pz)

The energy constraints of Equation (A-3) may be inserted into one of the above

equations to obtain a single differential equation with one dependent variable. ~—
13 Vo
e e e N I T e T e b T M S R B e PR e e P Ve
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We will select the middle equation.

R q + 2821a+c?) of - ¢?lg = 0 (A-5)
I ' '
Ry This equation is called "Duffings Equation" and possesses an analytic
§7 : solution. The solution is obtained as follows:
;?  _ ;; Observe that .
. ' N . ]
* _d . d d
q--a%.q-a-g‘ '1/2‘&‘3 (A-6)
u Hence Equation (A-6) becomes:
. dq? = - 4t? l(1+c2/2) o? - q%lq dq (A-7)
ﬁ: f Equation (A~7) may be immediately integrated once
. 3% = 62q% 19 - (2 +eH)eh) + ¢ | (A-8)
N The initial conditions may be used to evaluate ¢,
q(0) = p(0) r(0) = 0
(A-9)
< q(0) = £
" Hence
g 2,2 4
» { C, = 8"(+c)n
A 1 (147 (A~10)
Equation (A~-8) then becomes b
. 2 '-.‘::."
q2 - 52(92 - q2) [92(1+c2)-q ) (A-11) ol
"Solving for q gives ff’
o
G =+ 8v0P-q? VEE(14+e?)-q? (a-12) b
T
The sign is determined as follows: Initially e
a(0)=2 > 0 T
a(o) = 0 (A-13) ‘
. _ 2.2 e
q(0) = - q(0) §%p“(0) <« O o
N
1 i
33
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Thus in the neighborhood of t=0, q is 2 convex function. It follows

that for t>0, &<0 and therefore the negative sign is selected.

q = ~Vi-q? Vo2 (1+c?)-q? (A-14)

A convenfent transformation is next employed. Let

ain A -% (A-15)
Differentiating gives

cos A %% - % (A-16)
Since

A(0) = %/2 (A-17)

and q decreases with time
CA(t) < /2 ' (A-18)

Equation (A-16) can be written as

q = var-q® - i (A-19)

‘Equating to Equatibn (A-14) gives

i - - %‘l D112 sin®r | (A-20)

where
K2 = 16’ (A-21)

Equation (A-20) can be integrated

50 X a4

- e
x v/2 Vl*kzsinzl
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Rewrite the right side
. /2 A 4
: —— S 11, (A-23)
L S0 Viadstntr o Vi-iletns

5
Both integrals ere elliptic integrals of the first kind.” Let

e

ax

e AS——————

A
F(A k) = S -
X m (A-24)
then

s, ., -
T t = F(1/2,k) - F(A,k) 1 (A-25)

For the example problem, k is near unity, therefore from Reference 5

F(n/2,k + 1) + 1n 4 o 1n.:1 (A-26)

Va2

.
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A table for the solution follows for & k = 0.99995

' — o ' '

‘ -

A | FOGK) | ak | B o
90° 5.991 1.000 0 | =
| 85° 3.126 .996 2,865
. 80° 2.436 .985 3,555

: 70° 1.735 940 4.256 %;
fE' 60° 1,317 866 4.674 '
o 50° 1.011 766 4.980 -

L. 40° 763 .643 |  5.28
. 30° 549 500 5.442
| 20° 356 342 5.635 2
“E. 10° 175 174 5.816 éf

%§  "3 0° 0 ° | 5.991

« € ¥ .
v ,—F. B
'-‘- g r', ‘,_',"...‘.'-'5

The relations for p and r are determined in a manner similar to the
way that q was determined. Initially
p®) =0 .
$0) = p(0)62q2(°) >0 : (A-27)

".’F’:‘ :r'.‘ y .-: "-.

R

IRl et

r(0) < 0
In the neighborhood of t=0, p is a concave function and r {s a decreasing

function. From Equation (A-3)

p=t va? (1+ed)-¢? (A-28)
-+ 3 Vialtsin®s

..................
---------- - UL AL R
n et Lt T LT (e, e .-, RS MR

e O T A I T I I I I L VL T A St € N R ot A e Rrerey -\-_.
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Since p increases

Q / 5
P X A -x%ain?a

From Equition A-3

V= igm
= 4 S LT o> N\

From the fnittal boundary condition and

r=~ §Qcos X

The following table presents the numerical values obtained by

numerical integration,

M RS AN AL S el S B AR AP Sl S B AR IS o,
.

(A-29)

(A-30)

o), it follows that

(A-31)

.t._ : v

csee) Crad fsec ) Cr“ul/lsgc,)

e
G\A.JACL )

0 0.10 10.00
.409 0.88 9.96
.508 1.74 9.85
608 3.42 9.40
.668 5.01 8.66
J11 6.41 7.68
747 7.66 6.42
777 8.65 5.02
.805 9.40 3.42
.831 9,85 1.73
.B856 10.00 0

0
-0.61
-1.22
-2.39
-3.50
-4.49
-5.36
-6.05
-6.58
-6.90
~7.00
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The agreement between the theoretical values for the body rotational

rates and those obtained by numerical integration of the differential
equations is very good. This can be observed by comparing the tabular

r.x x.fvvr-v-
e e 3 SRR
[ S0 4 @cese_t

x
2"

results with Figures 3,4, and 5. Observe that the "rate period” is

[ A |

. Period = -—- F(r/2,k) = 3,423 gec (A-32)

Note that the range may be extended as follows for any integer j:

-i "’:‘W‘;E""F‘f; LA
. l'.' AN TR e f}l'l

F(3m+r,k) = 29F(n/2,k) + F(},k) (A-33)

and

F(-),k) = - F(),k) (A-34)

g R
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APPENDIX B
ANALYTIC SOLUTION: AXISYMMETRIC CASE

The body angular rates aasisfy

P+aqre=o0 2 p(0) =0
6 -yp w (4] ! Q(O) = 0 (B'l)
re=0 r(0) = Q
From the latter equation
r=Q ) (B-2)
Combining the first two equations gives
.o bd 2 '
P™-qr = ~-r p (8-3)
The boundary conditions are
P(0) = p(0) = 0 (B-4)
The solution 1s
p=0 (8-5)
In a similar way, it can be concluded that
9=0 (B~6)
Substitution of p,q, and 1into Equation 5 gives
&1 " - %‘ l'q4
. 1
QB =3 rq,
63 -3, (B-7)
qa - '2' rql
Combining the first and last equations gives
) 1.2
ql - "('2"9) ql (B_B)
Analytic integration using the boundary conditions gfves
ql = €08 T cos _;_l_t_ (8-9)
g, can be obtained directly from the first differential equation
8 (B-10)

ql.'-%til-'cos-fgsin-gﬁ
20
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Combining the second and third differential equations results in a
second-order differential equation. Integrating and satisfying the

boundary conditions gives

)
9 - sinz—os:ln-g-t-
(8-11)
<)
9, - nin-zﬂccm-g—t

The Euler angles are obtained from Equation (14)
sin O = 2(q1q3 - qzq‘,‘) = gin 60 cos Qt

gin ¢ = 2(qlq2 + q3q4) sec © = gin 00 sin Qt sec ©

B-12
cos ¢ = (lv-2q§ - 2q§) sec © = cos 60 sec 0 ( )

sin ¢ = 2(q2q3 + qlq“) sec © = gin it eec ©

cos Y = (1-2q§ - qu) sec © = cos eo cos Nt sec O

Let the inertial coordinate axes be defined as follows: The x; and z
axes are in the vertical plane of the initial motion. The Ye axis is
perpendicular to these axes. The kinematic relation for Ye in terms of
the quaternions and velocity componenis is
yg = 2u(q,q, + 9,9;) + v(1-2q] - qu) + 2w(q3q, - q;9,) (B-13)
= y sgin §it + v cos {it

Let Vp denote the component of the velocity vector measured in the x-y

plane. Then the components u and v satisfy

ue®=y cos it
P (B-14)

v "Vp sin fit

21 ‘ L.
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These two equatiqns»fo\low from the result that the x and y axes are

if: g rotating at a constant rate Q. Substitution of u and v into ¥ gives.

:{ E : 9E'°"Theref0'e Yg is ejual to its initial result and does not move out

-y . of the xg-2¢ plane. ‘ .
.'-:l.‘ s _{ _ |

?; : Since p and q are zero, the angular velocity of the XsY 2 .

. coordinate frame is w where
>§ k w=re, : (B-15)
fﬁf__ ’ The rate of change of =, is determined from

i‘.f:u ] . P . -
-~ . .o . e 0 L] 9- x e re x e
e - dt —=2 -7 -z z (B-]G)

f%l» [é Therefore e, which ldes along the z-axis does not change. NN
e : Consequently the orientation of the z-axis does not change. The [::
S conclusion is that the attitude does not change. i
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