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NOMENCLATURE

a 1 -a 2  constants (dimensionless)

b constant defined by Eq. (34) (dimensionless)

b2 knee in the fatigue curve

C speed of sound (or equivalent wave speed) (ft/sec)

d diameter of the droplet (ft)

E Youmg's modulus (lbf/ft 2)

P longitudinal Young's modulus (lbf/ft )

E2 2  transverse Young's modulus (lbf/ft 2 )

f number of stress cycles (Eq. 7)

F force (ibf)

G shear modulus (Ibf/ft 2)

GI2 longitudinal shear modulus (lbf/ft 2 )

G 2transverse shear modulus (lbf/ft 2 )G23

h thickness of coat (ft)

I rain intensity (ft/sec)

k number of stress wave reflections in the coating re-

quired for the stress at coat-substrate interface to
reach a value of 63.3 percent of a. (dimensionless)

k total number of stress wave reflections in the coating
(dimensionless)

k average number of stress wave reflections in the coating

(dimensionless)

m mass eroded per unit area (lbm/ft )

m* dimensionless mass loss defined by Eq. (56)

n number of drops impinging per tit area (number/ft )

n* number of drops impinging per site, see Eq.(37)

N fatigue life, see Eq.(33)(dimensionless)
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P stress (lbf/ft )

q drop density (number/ft
3)

r distance (ft)

parameter defined by Eq. (36) (lbf/ft 2 )

t time (sec)

tL the duration of impact (sec)

V velocity of ir.nact (ft/sec)

Vt terminal velocity of a rain droplet (ft/sec)

V f volume fraction of fibers in composite materials

(dimension less)

V volume fraction of matrix in composite materials
m (dimensionless)

W weight loss due to erosion (lbf)

Z dynamic impedance (ibm/ft 2-_sec)

Greek Letters

L rate of mass loss (lbm/impact)

a* dimensionless rate of mass loss (see Eq. 52)

the angle oetween axis and fiber's orientation (radians)

Poisson's ratio (dimensionless)

v•12 longitudinal Poisson's ratio (dimensionless)

" '21 transverse Poisson's ratio (dimensionless)

U •icosf (see Eq. 20) (dimensionless)

IJ2 sino (see Eq. 20) (dimensionless)

P density (lbm/ft 3 )

6 angle of impact (radians)

C stress (ibf/ft2)

Uo mean stress at the liquid-coating interface after kL
numbers of stress wave reflections (ibf/ft 2 )

viii

http://www.abbottaerospace.com/technical-library


aI endurance limit (lbf/ft-)

O ultimate tensile strength (Ibf/ft2)
u

parameter defined by Eq.(45)

Subscripts

c coating

f filament

i end of incubation period

m matrix

L liquid

s solid

Sc coat-substratc interface

Lc liquid-coat interface
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SECTION I

INTRODUCTION

Non metallic components constitute an ever increasing portion of

modern high speed aircraft, owing to their favorable performance char-

acteristics, including high strength to weight ratio, good magnetic

and optical properties etc. Unfortunately, such components are sus-

ceptible to heavy damage when subjected to repeated impingements of

liquid droplets. In orde; zu utilize the full potential of non metallic

components, the damage caused to them by rain erosion must be under-

stood.

The behavior of homogeneous materials (both metallic and non *•t-

allic) was investigated extensively experimentally (References 1-9)

and analytically (References 3-5, 10-14),arid the available results des-

cribe well the response of such materials to liquid impingement. How-

ever, the rain erosion behavior of fiber reinforced composites has not

yet been evaluated fully. Most of the previous studies on reinforced

compositcs are experimental in r.nture (References 15-20). These stu-

dies provide information on the behavior of a given material under a

given condition, but fail to describe material behavior beyond the

range of the experiments in which they were obtained. Therefore, the

objective of this Investigation is to develop analytical expressions

which are consistent with experimental observations and which predict

quantitatively the "erosion" of fiber reinforced materials under pre-

viously untested conditions. The model presented here describes a) the

"incubation period" i.e. ti|i time elapsed before the mass loss becomes

appreciable and b) the mass loss past the incubation period.

http://www.abbottaerospace.com/technical-library


The model used in this study is based on fatigue concepts and is

designed along the lines developed previously for homogeneous Mater-

ials (References 13, 14). Here, the model is applied to both coated

and uncoated fiber reinforced composites. Study of uncoated compos-

ites is important for the general understanding of the rain erosion

behavior of such materials. The analysis of coated composites, how-

ever, is of greater practical significance, since most uncoated com-

po3ites have relatively poor resistance to erosion and must be coated

for erosion protection.

-2-
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SECTION II

THE PROBLEM

The problem investigated is the following. Spherical liquid drop-

lets cf constant diameter d impinge repeatedly upon a semiinfinite

material (Figure 1). Two cases are considered: J) the material is a

fiber reinforced composite composed of unidirectional filaments em-

bedded in a matrix. The material is taken to be semiinfinite normal to

the plane of the surface (x direction, Figure 1). 2) The material is

a fiber reinforced composite as described in point (1), but is covered

by a homogeneous coating of thickness h. In the analysis it is assumed

that (a) the composites are macroscopically homogeneous, (b) the fiber

filaments are randomly distributed, (c) there is no fiber contiguity,

(d) locally both the matrix and the filament are homogeneous and isotro-

pic, (e) the filaments are parallel to the surface, and (f) there is a

perfect bond between the matrix and the filaments and, in case of coated

composites, between the coating and the substrate (i.e. at the inter-

faces the stresses and the displacements are continuous). The rein-

forced composite, the coating, and the droplets are characterized by

the properties shown in Figure (1).

The angle of incidence of the droplets e, and the velocity of

impact V are taken to be constant. The spatial distribution of the

drorlets is considered ta be uniform. The number of droplets impinging

on unit area in time t may be written as (Reference 13)

6 (Vcose)I Cl)
SVtd3

-3-
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where I is the rain intensity and V tha terminal velocity of the drop-t

let. The impingement rate is assumed to he sufficiently low so that all

the effects produced by the impact of one droplet diminish before the

impact of the next droplet (References 4, 13).

The pressure at the liquid-solid interface is taken to be constant

and is approximated by the water hammer pressure (Reference 4)

PLCLV cose

PLCL
+1

where p and C are the density and the speed of sound. The subscript

L and s refer to the liquid and solid,respectively.

For a homogeneous material ps and Cs are the density and speed of

sound of the material. For a fiber reinforced composite ps and Cs may

be expressed as

Ps = ffVf + OmV (3)

c = [E2 2 /P sl (4)

where the subscripts f and m refer to the filament and the matrix re-

spectively. V is the volume fraction. E22 is the equivalent Young's

modulus in the direction normal to the fibers (see equation 16, Sec-

tion III).

For the purposes of the present analysis equations (2,3,4) represent

the pressure with sufficient accuracy. The duration of this pressure

is approximated by

2d (5)

L CL

-5-.
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The forces, created by the impingements of the droplets, damage the

material. This damage manifests itself in different ways, as cracks and

pits, and by weight loss of the material. Here, we consider the weight

loss to represent material damage, because this parameter was found to

describe well the erosion behavior of homogeneous materials (Reference

13). Our model attempts, therefore, to describe the weight loss of the

material as a function of time (Figure 2a). However, following the ar--

guments presented in References (13, 14) we replace the total weight

loss by mass loss per unit area m, and the time by the number of drop-

lets impinging per unit area n (Figure 2b). The data is then approxi-

mated by two straight lines, as shown in Fig. 2b. Accordingiy, the

mass loss is given by the expressions

m = 0 0 < ni (6a)

m = c(n-ni n < n < nf (6b)

In equations (6a, 6b) ni is the incubation period, a period during

which the mass loss is insignificant,ct is the rate of mass loss sub-

sequent to the incubation period, and nf is the limit beyond which the

data deviates from the straight line relationship ( in most practical

situations the usefulness of the material does not extend beyond nf).

Hence, the mass loes- and the erosion damage - can be evaluated, once

the parameters n,, a and nf are known. Therefore, the problem is to

determine these parameters.

-6-
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SECTION III

INCUBATION PERIOD OF UNCOATED FIBER REINFORCED COMPOSITES

In their previous investigations of coated and uncoated homogeneous

materials Springer and his coworkers (References 13, 14) found that the

incubation period can be established by applying fatigue theorems to

the rain erosion problem. This approach is followed here, and in the

following, fatigue concepts are used to determine the incubation period

for fiber reinforced composites.

The starting point of the analysis is Miner's rule, which states

that the failure of bars undergoing repeated torsion or bending obeys

the expression (Reference 21)

f, f^ f- + .2 a, (7)

S 2 q

where fl, f.''f q represent the number of cycles the specimen is sub-

jected to specified overstress levels aI, a2*** 0 q and NI, N2*** Nq

represent the life (in cycles) at t,_-se overstress levels, as given by

the fatigue (o versus N) curve, a, is a constante I

Let us now consider a point on the surface of the material as shown

in Figure 3. Each droplet impinging on the surface creates a stress

at point B. This stress may be approximated by

2n r -

Note that a is a function of both the distance of the point of impact

r, and the orientation of the direction of the impact with respect to

the direction of the fibers *. The force is taken to be a point force,

i.e.

- -8-
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F = 2rd2 P

4

where P is the water hamner pressure given by equatfia (2). v is the

Poisson ratio for the composite in the 4 direction (see Figure 3) (Ref-

erence 24)

N 1+2 12 1 1 2 2v = E[ + l2 (10)
E11 E11 E22 G23

E is Young's modulus of the composite in the € direction (Reference 24)

U4 IV4
1 l _ 1 122 22 2
E E l G Ei 1 2 E (11)

11 23 11 22

and G is the shear modulus of the composite in the 0 direction (Refer-

ence 24)

1 1 l+2v 1 2 + 1  G 22
G G12 E11 E22 G23 +_ _ 12 (12)

In the longitudinal direction (i.e. in the direction parallel to the

filaments) the Young's and shear moduli and the Poisson ratio may be

written as (References 22, 23, 24).

E = EfVf + E V (13)

(Gf+Gm) G V + 2 GfGmVf

mGfm (14)12 (Gf+G)V + 2 GSVf

mm mf

V 2 Vf f +Vm Vm (15)

-9-
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In the transverse direction (i.e. normal to the filaments) the moduli are

4(Z••_ )G 2 3
E22 --2 (16)

(X+G 2 3 YZ-Y

2VfGf(X +Gm) + 2V G G + V X (Gf+G)
G ~G f2VMGmG fm-- -- m (17)

23 m 2VfGm(Xm+Cm) + 2Vm Gf m + Vm X m(f+Gm)

E 22 S..... (18)
u21 v12 Ell1

Variables subscripted by f or m refer to properties of the pure

filament and the pure matrix,respectively. Vf and V are the volumem

fractions of the filament and the matrix, so that the total volume of the

composite is

Vs = V -- Vm = 1 (19)

1u and u2 are defined as

cosý (20a)

U2 = sine (20b)

In equation (16) X, Y and Z are defined as

X (Xf+)Vm + Xf(X+Gm)Vf
i mmm(21)

(Xf+O)Vm + (Xf+Gm)Vf

2

Y = Vfyf + + (X-- ) (Y-VfXf-V X (22)

yf -y 2

= 2VfG(i-"f)Xf + 2Vm (1-m)Xm + (X_--m) (-VfXf-Vm X m) (23)

f mnm

-10-
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whe re

Efm (24)
Xf,m 2(I+Vfm) (l1-2vfm)

Y V fmEf.m5)
Yf,m 2(l+Vfm)(l- 2 Vf m)

During the incubation period the total nurber of impacts on an rdrd4 ele-

ment located at r is (Figure 3)

f(r,ý) = ni r didO (26)

Accordingly, we write Miner's rule (equation 7) in the form

f (r i, f(r 2 ' .) .+ f(r q,

+ + = a (27)
1N2 Nq

Since r varies continuously from zero to infinity and • from zero to

27r, equation (27) may be written as

I- n irdc dr

f N 1= a (28)
0 0

Equation (8) may be rearranged in the form

_1 F(Io2v'
rdr = - F, do (29)

2r~ 2a20-

Substituting equation (29) into equation (28), and using the rela-

tionship givet, by equation (9) we obtain

a' 2r, 21' [P~d 1 (1-2) d2don

2?o2 
(30)

o o
u

The lower and upper limits of the first integral have been changed to

the ultimate tensile strength and the endurance limit of the material,

-11-
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respectively. We shall assume that failure first occurs in the matrix,

and approximate au and oI by

S 0 E (31)u u 11
,t m

M E010 = F - (32)
m m

where E is given by equation (11). The integrations in equation (30)

may be performed once the fatigue life N is known as a function of

the stress o. Following the recommendation presented in References

13, 14, N is expressed as

a' b
N'(u -) (33)

where

b 2

b - (34)
ulop, 10 (- C)
I b2

b2 is a constant, such that 10 corresponds to the 'Tnee" in the fati-

gue curve. Substituting equation (33) into equation (30) and inte-

grating we obtain

SE + ( 3 2v12

i 4 (b -I)- a' 4' E
11-22 23 '11

1V 12i l+2v2 + (•- ] (35)
El11 E 11 E 2)2 214

Introducing the definitions

4(b-l)0' 2v

E m 4(E 1 E22 G23 E11 Ell

1+2v 1 2  + I _ 1 1 (36)

+ ( £Ell 22 G2 1

-13-
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nird 2  (37)
i 4 i1

.aticn (35) becomes

n S
ni = a - (38):1 i

It is noted now that equation (38) is similar to the expression obtained

in reference (13) for homogeneous materials. As in the case of homo-

geneous materials. S represents the "strength" of the material, while

P is the stress produced at the surface. Naturally, the expression

for S for reinforced comnosites (equation 36) is different from the

value of S for homogeneous materials (reference 13). However, as one

would expect, in the limits a) when there is only one constitieit pre-

sent. i.e. when

V = 0 Vf = 1 or Vf = 0 V 1 (39)m ffm

or b) when the fiber and matrix materials are identical

Sm = Ef Gm = Gf Vm M Vf G12 = G23 = Gm = Gf (40)

equation (36) reduces to the same form as was obtained previously (re-

ference 13) for homogeneous materials.

The foregoing analysis is based on fatigue properties of bars in

pure torsion and bending. Consequently, a linear relationship cannot

hold between ni and S/P. Therefore, similarly to the procedure used fur

homogeneous materials we write

• S a2
n = aI (-) (41)

-14-
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where a1 and a 2 are constants. For homogeneous matetials t ese constants

were evaluated by Springer, Yang and Larsen, andl ere found to be

a,1 7. lxlO -6and a 2 - 5.7 (r.-ference 14). The same values of these

constants will be used here, i.e.

* = -6S(ý5
n= 7.lxlO (P) (42)

The use of the above constants enstores that in the limits given by

equations (39) and (40) the forepoing expression yields the result

appropriate for a homogeneous material. In other words. equation (42)

together with equation (36) may be applied for all volume fractions of

the filament from Vef = 0 (Vc =) to V f,= 1 (V n=0). The only limi-

tation on the result is that the incubation period must be greater than

zero. The conditions necessary for this limit are further discussed in

Section VII.

The validity of the model was evaluated by comparing the above

analytical Lesults to experimental data. This comparison, shown in

Figure 4 includes all existing data known to us for which the relevant

material properties were available. The material properties used in

the calculations are listed in Table I.

As can be seen from Figure 4 there is very good agreement between

the present result and the data. This lends further confidence to the

rain erosion model based on fatigue concepts.

-15-
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SECTION IV4

INCUBATION PERIOD FOR COATED FIBER REINFORCED COMPOSITES

The incubation period for a homogeneous coating on a homogeneous

substrate was found by Springer, Yang and Larsen to be (reference 14)

5.7

n 7.1x1O6[S 1 (43)
i 1 + Vsci

where

kc
k ' - exp(- kc (44)k e •e

and

Zs-Zc ZL-Zc

sc Z s+Z . Lc Z+Z (45)
k s c L7+ (

1 + Z /Zsk =s (46a)
e L ZIs

C c d
L = CL h - (46h)

1+ vpsc 1 + 1PLc 1-exp(- k-)
S= P sc$s 1 c +-L (47)

o I- ,sc Lc . • .•

and Z is the impedance of the material

z = pC (48)

Note that in the absence of the coating the incubation period is

5.7
n * -6 (() (49)
ni

where p denotes the impact stress at the surface. Thu', the factor

[I + k h1s1 represents the damping effect of the coa:ting.

-I.7-

http://www.abbottaerospace.com/technical-library


It is noted, however, that the results, given by equations (43-49).

are valid even when the substrate is a fiber reinforced composite mat-

erial, provided the fibers are randomly distributed and the composite

can be taken to be quasihomogeneous. In this case the impedance of the

substrate can be approximated by Zs=psCs where

E22
Cs = [Es/ps]z= [fVf + m2] (50)

f f m m

The incubation period can thus be calcu' -ted from equation (43), together

with equation (36). The calculated values of the incubation period are

compared to available experimenital data in Figure 5. The material prop-

erties used in the calculations are listed in Table I. Again good

agreement is evident between the calculated results and the data.

8
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Figure 5. Incubation Period ni versus (sera,). Droplet Impingement on a
Coated Composite Substrate. Solid Line: ilodel (Eq. 43).
Symbols Defined in Table A-V

-19-

,, "' 'I , I • 'I I "1 • • '1 I

http://www.abbottaerospace.com/technical-library


SECTION V

MRE OF MASS REMOVAL

The rate of mass removal for a homogeneous material was calculated

by Springer and Baxi (13) and for a homogeneous material covered by a

homogeneous coating by Springer, Yang and Larsen (14). For both of

these cases the mass removal rate was found to be

• 1 0.7

ia = 0.023 (-)-. 7 (51)
ni

where a is definee as

a= (52)
T 0d /4

The agruments leading to the above results could be repeated, without

any modification, for fiber reinforced composite materials. Since the

analyses for homogeneous materials are presented in detail in refer-

ences (13, 14) they will not be reproduced here. It suffices to say

that the above result is applicable to fiber reinforced compos~te

materials (both with and without coating) as well as to homogeneous

materials. Naturally, the apuropriate equation must be used in eval-
* *

uating ni. For a fiber reinforced composite material ni must be cal-

culated from equation (42) . For a fiber reinforced composite

material covered with a single layer of homogeneous coating, n is to

be determined from equation (43).

In equation (52) p is the density of the material undergoing ero-

sion. Thus, for an uncoated fiber reinforced composite material p is

given by equation (3). In the case of a coated material p is the den-

sity of the coating.

-20-
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The rates of mass removal, calculated from equation (51) together

with equation (42) (for uncoated reinforced composite) and equation

(43) (for coated composites) are shown in Figures 6 and 7. In these

figures the available experimental data are also given. The agreement

is again good between the analytical results obtained from the present

model, and the data.
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Figure 6. Rate of Erosion versus the Inverse of the Incubation Period.
Droplet Impingement on an Uncoated Composite Substrate.
Solid Line: Model (Eq. 51). Symbols Defined in Table A-IV
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Droplet Impingement on a Coated Composite Substrate. Solid Line:

Modo=l (Eq. 51). Symbols Defined in Table A-V
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SECTION VI

TOTAL MSS LOSS

The total mass loss was given by equatica (6b) as

m = a(n-n ) (53)

This equation is rewritten now in dimensionless form

m a=* (n -n) (54)

or

-* n *-n (55)

Here the dimensionless mass loss rate is defined as

m* = (56)
od

When there is no coating present o is the density of the composite

as given by equation (3). Wnen the reinforced composite is coated by

a homogeneous material p is the density of the coating.

Equation (55) is valid for both coated or uncoated materials. In

calculating the mass loss rate from this equation, the correct forms
,

of n. must be used. Far an uncoated fiber reinforced composite mat-i

erial n is given by equation (42). For a fiber reinforced composite

covered by a homogeneous coating a. is given by equation (43).

Using equation (55) all the available data can be correlated on a

m*/a* versus n -n plot. Such correlations are presented on Figures 8
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and 9. In Figure 8 the analytical results are compared to the data for

the case of uncoatrr2 composites. In Figure 9 a similar comparison is

given for coated composites. The material properties used in obtaining

these figures are listed in Table I. The agreement between the data

and the theoretical line is very good, in fact remarkable in view of

the unavoidable errors inherent in many of the measurements. It must

be emphasized, that the theoretical lines in Figures 8 and 9 are direct

results of the calculations, and are in no way "matched" to the data

shown in these figures.
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Figure 8. Comparison of Present Model (Solid Line: Eq. 55) with Experimental

Results. Droplet Impingement on an Uncoated Composite Substrace.
Symbols Defined in Table A-IV
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SECTION VII

LIMITS OF APPLICABILITY OF MODEL

The results presented in the foregoing sections are valid when the

following two conditions are satisfied: (1) there is a finite incuba-

tion period and (2) the mass loss varies linearly with the number of

impacts n (i.e. with time t). The first of these conditions is met

when the following inequality is satisfied

n. > 1 (57)

For a fiber reinforced composite without cnating this condition may also

be expresscd as (see equation 42)

S-- > 8  (58)
P

For a fiber reinforced composite covered with a homogeneous coating

a fintite incubation neriod exists if (see equation 43)

S 1 8 (59,~~i Y-ý 1+• Icsl i 5,

Equations (57, 58, 59) provide the lower limit of the applicability of

the model. The upper limit beyond which the present model cannot be

applied is determined by the second condition given above. This limit

was estimated by observing that up to about n = 3ni the data do not de-

viate significantly from the model. This condition may be expressed as

n < 3ni (60)

For an uncoated fiber reirforced composite this condition is satisfied

ahen

n < 3ni (61)

-2.8-
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For coated coal isites the unper limit of the applicability of the

model is given by the combination of equations (2,49) and (59). The

result is

n < 3n (62)

It must be emphasized that conditions (57) and (60) are the only

constraints imposed on the model. No further restrictions are placed on

eitner the material or the impact velocity.
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SECTION VII

SUMMARY

In the folloLng tables a summary of the equations is presented.

The following ta, ±e& are included in this summary

Table I. Definition of Parameters

Table II. Equations Describing Rain Erosion of Fiber Reinforced

Composite Materials

Tabl- IIi. Equations Describing Rain Erosion of Fiber Reinforced

Composite Materials Covered with a Homogeneous Coating.

-30-

http://www.abbottaerospace.com/technical-library


-4

-4 C.

C1 C4

+

C4 C-4

W+ 
+

a -4 EN* -4

c--4 - N -

00

46.4~~- 
-4 .4

+ + + + q -
-41 -4

-4. '-4N -0

0

-4 0 N '4-

'-40

Xo1 W it
-4

-4 -H

-44
1%6
W0

4.1 41L

al 001

014 04 4 4

to A4 34.>

-4 -4c

http://www.abbottaerospace.com/technical-library


0t 0
CN

ov K

0 -4-Z 01 0 jl0 N IN

W4 +- 00 .j3 N 4ý Nl +

CL CLI N N U U 0

V 0

C:4

414.

.C 0

44.> $44

-i 0i u9

to
0 u~

C 4J
to~ CL4 C

00

o-32-

http://www.abbottaerospace.com/technical-library


U, UU)

44-
144

,44

41 4.
-14 0.

A-i-

>C"

+-
-4

Ic

0

0

'.4

CC

+

-4u ti-

o >'

1.0

CC
-41

0 1.

-4 -

-33

http://www.abbottaerospace.com/technical-library


4 2

2 2

co 0 w

2 •' -4 2-4

00L°

U 2

21- 4 t

II

to w 0

od

0-34-

cnjp

http://www.abbottaerospace.com/technical-library


Cu Cu

'.4 ,4 $
41 0m
to 04 &A

C-)I

'44 4.4 u
0*

CI -4 -

C,

(A-

0

0

4M

gu -.3

-4 -

0.,

'.4.

Cuu

o"

-4 0

ctt

-0-t

C4 +- 1- C 0

C IV 4

0

Is-4

H 4644- 41 4 10 t )4 4-

th. :1. 'A C

-35-

http://www.abbottaerospace.com/technical-library


0 u 0

rz V

00

V -4

01.4 0.4

(00

-4c

km 1.

00

-36

-4m

http://www.abbottaerospace.com/technical-library


APPENDIX

In this appendix, the following tables are included

Table A-I. Material Properties Used in the Calculations for Fiber

Reinforced Composites

Table A-II. Material Properties Used in the Calculations for

Coating Materials

Table A-Ill. Dynamic Properties of Composite Materials

Table A-IV. Description of Data and Symbols Used in Figures 4,b,8

Table A-V. Description of Data and Symbols Used in Figure 5%7,9
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