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FOREWORD

This report was prepared by Acoustics & Vibration Associates, Atlanta,
Georgia, a Division of Science Applications, inc., LadJolla, California,
for the Aero-Acoustics Branch, Vehicle Dynamics Division, Air Force Flight
Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio, under Contract
F33615-73-C-3124. The work described herein was conducted as Air Force
System Command's exploratory development program. It establishes design
methods and design criteria for sonic fatigue prevention for flight vehicles.
This program was directed under Project 1471, '"Aero-Acoustic Problems in
Flight Vehicles,' Task 147101, '"Sonic Fatigue,' and Work Unit 14710140,
""'Sonic Fatigue Design Handbook for Military Aircraft.'" Mr. R. C. W. van
der Heyde was the engineer in charge of the work.

This report concludes the work on Contract F33615-73-C~3124, which
covered the period from June 1973 to August 1974,

The authors of the report gratefully acknowledge the assistance rendered
by R. H. Burrin, C. L. Balfour, and L. Densmore in developing and reproducing
design nomographs and figures presented in the report. Special acknowledge-
ment is given to Mrs. Peggy Welden and Mrs. Margaret Clark for the meticulous
typing of the manuscript. The Acoustics & Vibration Associates report
identification number is AVA/TR 73-280.

The report was submitted for publication by the authors on 28 March
1975.
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SECTION |
INTROGUCT I ON

The consideration of acoustically induced fatigue failures in aircraft has
heen a design consideration for over 20 years. The problem was introduced
with the advent of the turbojet engine and the resulting high intensity
acoustic pressure levels experienced on the surfaces of aircraft. Since
military aircraft have always been designed foi performance, it is somewhat
legical to see that acoustic fatigue design requirements have paralleled
the requirements of the military and the evolution of high performance
aircraft, Since the early investigations considering the development of
~ronic fatigue design criteriu, it has been realized that such failures

can substantially increase the maiitenance burden and life cycl: cost of
the ¢ircraft.

Sonic fatigue failures have resulted, however, in unacceptable mainte-
nance and inspection burdens associated with the operation of the air-
craft. In some instances, sonic. fatigue failures have resulted in

major rede«ign efforts of aircraft structural components. As with any
topic of cuncern to the Air Force, much progress towards establishing
acceptable predicticn techniques and design methods was realiz-d early

in the investigatiens although some of the techniques tended to introduce
canservalism into the designs. The conservatism was expressed, as is
vsual with aircraft design, in terms of increased weight.

The parallel development of improved testing techniques and data analysis
capabilities has resulted in hoth prediction techniques and design methods
that yield acceptablc «iructural configurations in terms of weight, e.ase
of manufacture, and ¢ . t. Hence, the designer is only faced, today, with
applying these results to his particular aircraft requirements. The main
problem focing the designer is simply accumulating and assessing the vast
amount of data available that relates to sonic fatigue design. Hence,
the designer is required to continualiy utilize bits and pieces of data
resulting from both Governmont resenrch and his own company's aclivity in
the fields of acoustic excitation, structural response, and fatigue life
estimation,

The diversity of the topics of near-field jet noise excitation, dynamic
analysis of complex structural configuraticns, and assembly of material
Farioue live data seems to almost preclude one individual fiom develouping
the detailed skills required to understand the intevrelationships between

the various aspects of sonic fatique desiagn. The ohjective of this
program has bcecen to compile a report Tor ihe developrent cf sonic
fatigue resistant structure- for military aircraft. This report is aimed

at enabling the designer to predict the acoustic loading and sonic fatiguc
life of aircraft structure. The development is to be in a consistent
format describing the derivation and limitations of the data and to
present examples of using the various techniques currently avail :hle.

s il e i, st
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1.1 SCOPE OF REPORT

The ctfort resulring in the development of this report was limited to

the compilation, evaluation, and presentation of existing sonic fatigue
design methods, charts, nomographs, and related computer programs to

assist the dosigner in developing sonic fatigue resiutant aircraft struc-
ture. Detailed analytical developments to extend the current state-of-the-
art ware not part of the effort.

The authors have attempted to consider the problem faced by the designer in
his work. Namely, the designer must make decisions quickly and assess the
sianificance of his problem within the budget limitations of the proiect.,
Undoubtedly, the designer can never spend his time either searching the
reverences or developing analysis techniques. Hence, this report has
evolved into both a source of related data supporting the methods and
techniques described for prediciing sonic fatique life as well as the
complete description of the particular design wethods.

The data presented here has resulted from the review of over 300 technical
reports, papers, journal publications, and text books. For each topic, a
list of references has been presented so that the designer may go to the
original source, as requited, for additional detail. The use of these
references is encouraged if the designer does not find a method or technique
directly related to his problem. Hopefully, the supporting data presented
in this report will allow the de-igner to utilize the contents as much as
possible without acquiring a vast quantity of additional reference material.

The results of this effort has been to compile 65 tables, over 110 charts and
nomogi aphis, 1ive computer programs, ond to present over 40 worked examples
illustrating the use of thas data. The worked examplies have been correlated
as closely as possible between the various sections of the report so that

not only will the designer understand the use of a particular result but he
will also appreciate the interrelationships between the various sections.

Fin .1y, it was understood at the beginning of the project that much relevant
sonic fatique design data was not available in the open literature and, hence,
could not be utilized for the purposes of this effort. This consideration led
to the concept of formuiating the report into sections and subsections so that
the desianer could intraduce his own data, analyses, and experience at any
tevel. |t is hoped that the desiyner will take advantage of 1his organintrion.

1.2 ORGANIZATICN OF THE REPORT

This report is divided into Vive woirkiny subdivioions ov sections.  Scefion 2
represents basic design data for general acoustic and thermodynamic relation-
ships. This data will assist the designer in utili, ing the prediction methods

for acoustic and anrodynamic loading of aircraft structure.

Secticn 3 presents a briel’ consideration of the topic of aircraft performance
specifications and how they rclate to establishing sonic fatigue design
criterie tor structural components. This section is brief because each air-
craft design will require differeni decail cunsidevations of the geneinl

{ [E T V.
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discussion presented, and the literavure in this area is somewhat limited. j
Again, the section [s organized so that the designer can augment the presen- 1
tation with odditional data as requlired.

Seciion 4 is devoted ito ithe voplc of luading acvions or nore speciiicaily
techniques found tu be accurate and acceptable four predicting the nature i
of acoustic pressures acting on the aircraft structural components. ‘
Section 4 s further subdivided into methods related to propulsion system
nolse estimation and aerodynamic noise sources. References are presented
sequencially within subdivisions at a fogical develi, Inis tecnhnique was
adopted since it was understocd that the designer might wish to inject
future work at various levels in the presentation to maintain a current
set of design methods.

i
i
1
i
1

Section 5 presents the broad toplc of structural configurations and response.
This section Is the most lengthy section in the report and contains the

data necessary to determine the response of structure to acoustic excitation.
The section is divided into five subsections each devoted to one aspect of
structural response. The first two subsections present data required to
support arnd to extend the specific sonic fatigue design methods presented

in Section 5.3, Built-Up 5tructure. Section 5.3 is the heart of the struc-
tural resnonse discussion and contains, in a logical order, the many design
charts and nomographs used by designers ever the past few years. The last
two scctlons are devoted to detail design considerations associated with
structural joints and stress concentration factors.

Section 6 is devoted to the topic of fatigue and the general considerations
and para aters describing th: f2tigue strength of various materials. Data
scatter, cumulative damage thecries, and random load fatigue curves are
discussed. The finc! secticon Is devoted to documented random load fatigue
curves of alrcraf* materials. Here, the designer will most certainly want
to maintair & ¢ -ntinuous review f zvailable data in order to extend his
analysis c-pabp .1 ies.

1.3 USE OF THE REPORT

This repor. - urgehized so that cach section stands as an independent unit,

To quickiy | e data in the report without searching the table of con-
tents, all ... - and equations are numbered at the third level of sub-
division {7 ..., Figure 3.2.2-3, etc.). This format was utilized since the

gtouping of the data and design methods suggested that the third level was
the To,iral sequence to utilize. Due tc this classification system, the

ext :nt of detail presented at a given level may vary from section to section.
Siice each subsectlon contalns a birtef desciipifon of the speciflic contents,
it Is possible to determine the detail presented at each level by reading a
short paragraph.

Originally, the authors belicved that a length of 250 pages would be optimum
from the standpoint of conveniznce to the desianer. Hrwever, the evolution
of the various sectimns dictated a more thorough presentation in order o
relleve the designer rom accumulating additlonal references to utitize fully
the contents of this report. Obviously, it would be possible to extend
almost any subscction into a complete and independent volume. Hopefully, the
contents are exactly what they were formulated to be - useful. Also, It is
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hoped thot the declgnor will crzend the vorfous tepics coltohle to hls own
requirements so that the data presentei here wil! be refined further to
improve the sonic fatigue design methods associated with military aircraft.
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SECTION «
BASI{C DESIGN DATA
2.1 GENERAL ACOUSTIC AND THERMODYNAMIC RELATIONSHIPS

This section contains some useful conversion charts and other information to
ald in the calculation of acoustic loads and In converting spectra from
constant percentage bands, such as octave or 1/3 octave, to spectrum level,
The first sub-section contains these acoustic conversion charts, while the

second sub-section contalns thermodynamic relationships and atmospheric
charts.

2.1.1 GENERAL ACOUSTIC RELATIONSHIPS

Most of the nolse prediction methods give results In terms of octave bands

or 1/3 octave bands. Table 2.1.1-1 contains the center frequencies and
band limits fur standard octave and 1/3 octave filters,

PE 1 02 dusired €0 wunvear i suund pressure leveil (SPL) to spectrum level
the general relationship is

Ly, = L - loeLoglo(Af) , (2.1.1-1)

where L,_L is sound spactrum leyel In declbels uand L ois suund pressure
level in a band Af wide.

This difference, LSL - L, is plotted In Figure 2.1.1-1 for octave bands, 1/3

octave bands and 7% filter bands.

Sound pressure loading is normally computed as a decibel quantits and is
defined a-

— 2 —
L = lO-IogIO (p/pref) = 20-!oq!ﬂ (p/pref) (2.1.1-2)

where the reference pressure is,
2 2 -7 2
Pref = $.00002 N/m" = 0.0002 dynes/cm” = 4,180x10 * 1bf/ft

= 2.902x10 7 1bf/1n’

The ccenversion from SPI

v . 4
to pressure in lbf/f;z and Newtons/merer” ¢ glven
giaphtt.ally tn Figure 2.1.1-2

.

2.1.2 THERMODYNAMIC RELATIONSHIPS

A general factor of contusion Tur siruciural engineers 15 tne definition

of the thermndynamic state of the exhausl yases at, for example, u let
engine exit. Generally, noise prediction methods require jet velocicy and
jet teiperature as toe control varlakles. However, the structural desigper

may ha ¢ such divers. Information as thrust and plenum temp rature, with
other parameters undefined.
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In order to facillitate determination of the required parameters, a modifi-

cation of a thermodynamic chart taken from Tanna, et al,

(1), 1s given as

Figure 2 .1.2-1. The parameters Included on the chart are plenum tempera-
ture ratio, jet temperature ratio, nozzle pressure ratio, Mach no., thrust,

veloclity ratio and jet density ratio.
of solutions of the thermodynamic equations for a perfect gas.

tionships are

The chart Is a muitiple cross-plot
These rela-

-1
2 PR Y 1/2
H_j Ll _Y—_r F— - l (2.‘.2‘])
o
- (=t
T TR /PR Y
TL" T \F—— (Z.‘.L"Z)
o 0 o
v T.\1/2
dam (o (2.1.2-3)
a J\T
o o
o (1Y
- (<L (2.1.2-4)
n T
(o] o
where the following definitions apply:
P = absolute pressure
T = absolute temperature
PR Stagn.tlon (or Total or Reservoir or Plenum) pressure.
TR Stagnation {or Total or Reservoir or Plenum) temperature.
PR Reservoir or Plenum density.
PO Ambient pressure
T Ambient temperature
&)
o Ambient density
ag Ambient spced of sound
PJ Static pressure at Jet Exit Plane
T; Static temperature at Jet Exit Pl.ne
o Jet exiv densioy
Vj Juei enlu v luuiny
a’, Local speed of sound In the jet exit,
PR/Pn Stagnation bressure Katio
’IR/l0 stagnation (or Total) Temperature Fatio

bl e
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Ty/7 static (or Jet Exlt) Temperature Railo
05/03 Jet Exit Density Ratlo
V“j/a0 Jet Exit Velocity Ratio
i Jet {xlt Mach Number (=V_/a,)
J J ]
Stagnation = Static +  Dynamic
(or Total)  1iis is what is  Since velocity of flow In
measured in plenum Is very small, this
the plenum v ousually neyliyible compared
to static
In a perfect plenum {no flow), Stagnatlon - statlc
(or Total)

TJ./T0 is always less than TR/To

The ratio of specific heats, y, approprlate for the stagnation temperature,
was used in preparing the charts and Is shown on Figure 2.1.2-1.

Since a veloclity ratio 1esults fron part of the solution, It Is necessary
to determine the ambient speed of sound. Figures2.1.2-7 and 2.1.2-3 glve
the speed of sound vs amblent temperature and the [CAQ standard atmospherlic

properties vs attitude. This last figure Includes graphs of speed of
sound, temperature, pressure and density.

Example Problems:

]. Given an engine with a thrust of 20,000 1b,, a dlameter of

stagnation temperature of ISOOOF, find the jet temperature
velocity., Ambient temperature is assumed to be 700F.

22" and a
and the jet

a. The stagnation temperature tatio, TR/TO is

T
R _ 1500 + 459.6
T 50 + G596 - 3700
o)
b. The equivalent thrust T, for a " nazzle is
1.2 20,000 .
T =T g = = 3t
(22)
¢. Limiering Flqure 2.1.2-1 with this Information, one finds

\

i i et i 2l
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M, = 1,60 p = .382
i oJ Pe 3
PR/PU = 3,70 VJ/ao = 2.29
T./T = 2,61
J o

From Fiqure 2.1.2-2, the speed of sound for 700F Is

ag = 1128 fps.

Thus, Vi = 2.29 x 1128 = 2583 fps

and T, = 2.6) x (70 + 459.6) = 1382°R = 923°F.

2. Given an enaine Mach no. of 1.2 and a jet density p./p of .4, find the
jet temperature and velocity, for an amblent temperature of 4o°F.

a. The jet temperature ratio is the inverse of the density ratio, i.e.

-
Tj/TO = (pj/po) = |/ b=2.5

b, Entering the chart, we find

TR/TO = 3,1 PR/Po = 2,40
Vj/ao = 1.95

Thrust (1" nozzle) = 23.5 b,
From Figure 2.1.2-2, the speed of sound Is
a, = 1096 fps.

Thus, Vj = }.95 x 1096 = 2¥37 fps

and T) = 2.5 x (40 + 459.6) = 1249°R = 789°F.

HEFERENCE FOR SECTION 2.1

(1) 7vanna H. K., Fisher, J. J., and Dean, P. D., "Effect of Temperature
on Sup.rsonic Jet Noise," AIAA Paper 73-991, Oct. 1973,
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TABLE 2.1.1-1

CENTER AND APPROXIMATE CUTOFF FREQUEMCIES FOR STANDARD
SET OF CONTIGUOUS-OCTAVE AND ONE-THIRD-OCTAVE
BANDS COVERING THE AUDIO FREQUENCY RANGE

Frequency, Hz

ODctave One-third octave
Lower Upper Lowi-s Upper
band band band band
Band limit Center 11mit Timit Center limit
12 N 16 22 141 1€ 17.8
13 17.8 20 22.4
14 22. 4 25 28.2
15 22 31.5 Ly 28.2 31.5 35.5
16 35.5 ho by 7
1/ Ly, 7 50 56.2
18 Ly 63 88 56.2 63 70.8
19 70.8 80 £89.1
20 R9 .1 100 142
21 88 125 177 112 125 141
22 141 160 178
23 178 200 224
24 177 250 355 224 250 282
25 282 315 355
26 355 400 Ly7
27 355 500 710 Yy 500 562
28 562 630 708
29 708 800 891
30 710 1,000 1,420 891 1,000 1,122
31 1,122 1,250 1,413
32 ' 1,413 1,600 1,778
33 1,420 2,000 2,840 1,778 2,000 2,23¢
34 2,239 2,500 2,818
35 2,818 3,150 3,548
36 2,840 4,000 5.680 3,548 L non b, he7
37 4,467 5,000 5,623
38 5,623 1,300 7,079
30 5,680 8,000 11,360 7,079 §,000 8,911
4 8,913 10,000 11,220
by 11,220 12,500 14,130
L 11,360 16,000 22,720 14,130 16,000 17,780
v 17,730 20,000 22,390
9
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Decibels

FIGURE 2.1.1-1 NUMBER OF DECIBELS TO 3L SUBTRACTED FROM SOUND PRESUHIRF
LEVEL READING TO CONVERT OCTAVE, 1/3 OCTAVE AND NARROW
DAND (7)) TO SPLCHRUI LLVEL TN DELIBELS.
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10

R Y]

p (Ib/f22)

01

s~ 2 -

0.01

FIGURE 2.1.1-2

iV

SPL (db)

CONVERSTON FROM SOUND PRESSURL LFVEL

|
I
SPL - 20 {logy p ¢+ 6.37882) dB

Where p isin Lb/Ft?

]

Note: P e 0.0002 dynes/cm?

o iSu

PRESSURE [N UNGLISH AND S UNTTS

|

IN DECIBFLY TO

P (Newton/Meterd)
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SECTION 3
EXPOSURE TIMES FOR STRUCTURAL COMPONENTS

This section presents guidance for defining the expected lifetime ctm=-
ulative acoustic environment for various military aircraft design types.
It must be recognized by the designer that the data presented here is
only for guidance since the particular considerations related to an air-
craft design specification must govern the design process. Determina-
tion of the service life of a structural component exposed to acoustic
excitation requires the desfigner to es:.imate the acou:tic environment
for all service conditions and to relate the design ' ife of the air-
craft to the service life of the structural components. In order to re-
late the aircraft design life to the service life of the component,
knowledge of the aircraft type, mission profiles, and mission mix is re-
quired. The various mission profiles are used to estimate the time that
the structure is exposed to various levels of acoustic excit .tion, The
designer is then concerned with relating specific segments of each air-
craft mission with the associated acoustic environment ard the resulting
structural response. The total time experienced by the structural com-
ponent for each level of acoustic excitation will then establish the
required service life of the component.

The determination of the exposure time for a structural component is, in
reality, only a proper accounting procedure wherein segments of exposure
time at each sound pressure level are accumulated according to the effi-
ciency of the acoustic ex:itation with regard to the level of structural
response expected. That is, the designer must always realize that due

to correlation of the acoustic pressures over the surface of the structure
an accumulation of time at operating concitions experiencing similar
levels of acoustic excitat on is not the only consideration. Belng an
accounting procedure, the designer must include all segments or operating
conditions expected to be encountered by the air~raft during the design
life, References (1) through (4) present basic discussions of these
topics.

3
|
,3
i

L e i il ket

o el el ) e, i M i Y tin il s cat i o MGG . vraioutiging)

ool ki, o e . ia kPO, 3w e sl



http://www.abbottaerospace.com/technical-library

3.1 BASIC CONSIUERATIONS

The significance of estimating the exposure time of structural components

to cetermine the sonic fatigue design life Is at best a weighted judge-

ment by the designer. The designer must relate the aircraft mission
characteristics to the acoustic environment. When determining the environ-
ment, it is necessary for the designer to understand the relationship between
the acoustic parameters and the structural response. The basic parameters
associated with the environment are the root mean square values of the
acoustic pressure, the correlation of the acoustic pressures over the surface
of the aircraft and the exposurc time of the component to the acoustic exci-
tation. If the pressures are highly correlated over an area the size of
typical structural sections {an area typlically the size of the tframe and
stringer spacing) and exh:bit broad band frequency spectra, the desligner can
estimate the structural response parameters using the methods of Section 5.
This situnation corresponds to Jet nolse excitation of the structure with the
acoustic environment being estimated using the techniques of Section 4. |If
the pressures are not highly correlated over the surface of the structure,
such as is the case for boundary layer excitation, then the structural re-
sponse is less than that experienced for jet noise for the same rms pressure
level. Section 5 presents design guidance for estimating the structural
response to boundary layer excitation, but due to the lengthy ca .ulatlons
involved specific techniques are beyond the scope of this report.

Generally speaking, when comparing two levels of acoustic excitation acting
either simultaneously or for equivalent time spans, the designer can lgnore
the lower level if the difference between the two levels Is 10 dB or greater
(3). When comparing acoustic levels in dB, the designer must always be
certain that the same reference pressure is used. A more certain procedure
is to convert all acoustic levels, expressed in dB, to the rms value of the
pressure level and sum the pressure l:vels squared to calculate the total rms
pressure level. This statement implies that each of the pressures are un-
correlated and that the levels all correspond to the same filter band width.
A1l of these considerations are explained in Section 4 and Scction 5.

When the designer weighs the relative significance of the sonic fatigue
damage resulting from equivalent exposure he must account for the exposure
time of the component. Equivalence is used in the sense of comparing the
rms acoustic pressures as described above.
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3.2 AIRCRAFT TYPES

The classitication of aircraft types In relation to the sonic fatigue
design pr~lem is logically dependent upon the perfurmance characteristics

and missi 1 requir:ments of each type. These characteristics and require-
ments ~re of course stated In each aircraft design specification. The basic
design parameter is the service life of the alrcraft. 7lle service life, for

sonic fatigue design, comprises the total hours of alrcraft utilization
for all missions and must include estimates for aircraft grourd operations.
In particular, the ground operations must {nclude maintenance activities
requiring propulsion system operation (2).

High performanc: military aircraft generally are designed for structuratl
lifetimes substantially less than that required for comparable civilian
aircraft. Whereas, a fighter aircraft may be designed f~r a structural
11fe of 4000 flying hours (4), it is quite llkely that transport alrcraft
may be desligned for 30,000 flying hours (1). Depending upon the design
specification, a fighter may be required to perform several different
missions during the design life, whereas, a bomber or transport alrcraft
may be required to perform only a relatively few missions that result In
different acoustic exposure of the structure,

The alrcraft configuration is a:most totally related to the aircraft type,
Conventional fighter configurations utilize engine placement in the fuselage
resulting in only a small percentage of the total aircraft surface area being
exposed to high level acoustic excitation from propulsion system noise. The
high performance flight characteristics of fighters; hcvever, require the
designer to account for the possibllity of significant aerodynamic noise
sources when relating mission characteristics to sonic fatigue design
requirements. Conventional transport or cargo alrcraft conflgurations
utilize engine placement on the wings and, hence, result in relatively large
areas of the structure being exposed to significant levels of jet nolse
excltation. Aerodynamic nolse sources for transport and cargo aircraft may
not result in sanic fatigue design considerations due to the r«lative ly

low levels of excltation.
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3.3 AIRCRAFT MiSSION PROFILES

The definition of an aircraft mission profile is simply an atiempt to
define the aircraft operating conditions for each nission. Properly,
tha mission profile should include both ground operations and flight
operations corresponding to the particular mission. The ground opera-
tions should include realistic estimates for both ground crew activities
relating to engine operation and flight crew activities relating to taxi
and apron holding operations. For all aircraft types and mission pro-
files, ground operation of th. propulsion system either for maintenance
or flight operations generally represents the most severe environment
far the accomulation of Lonic futiyue damage.

Typical mission profiles including estimates for malntenance activities
are presented in the references for Section 3, Fitch (1) presents 16
mission profiles circa 1962 for intercept fighters, tactical fighters,
strategic bombers, cargo aircrafz, helicopters, and target drones. The
engine ground operation summary derived by Fitch for various aircraft
types and engine power settiiig is presented in Table 3.3.1-). These
values must be taken by the designer only as a representative classifi-
cation system rather than for absolute values. The tabular form sug-
gested by Fitch (1) for classifying the operational segments of mission
profiles is presented in Tables 3.3.1-2 and 3.3.1-3 for two cargo air-
crafr missions. Agaln, this tabular form is presented only to provide
design quidance so that the designer should understand the classifica-
tion system rather than place emphasis on the specific times quoted in
the tables. The flight operation segments of Tables 3.3.1-2 and
3.3.1-3 have been left intentionaliy blank so that the designer can
proportion the flight segment to a partlicular specification with the
only restriction being that the mission flight time be constraired to
match thoe valucs indicated in the tables. The designer should note
that all times in these tables have been "nominlired” Lo cpcrationul
hours per 1000 flight hours.

Ungar (4) presents estimates for both micsion profiles and missfon mix
for fighter aircraft. The estimated mission profiles for an alr
superiarity fighter, as presented by Ungav, 1o illusiiated it Table
3.3.1-4, Ungar's approach is different from that used by Fitch (See
Tables 3.3.1-2 and 3 .3.1-3) in that ground operation time is considered
as a lump sum quantity rather than prorated over each mission profile.
As such, the ground operation time is only considered when aciumulating
total time for the aircraft service life,

For multi~engine alrcraft, it Is possible for routine malntenance
activities and flight operations to resul?¢ in one engine accumulating
more operational time per flight hour than that experienced by the re-
maining engines. 7This consideration was realized by Tietzel (2) In

the analysis of engine operarional data of 5AC alrcraft during one year
of tlight operation. Smith (3) determined that this aspect o} alrcraft
operation was sieoaificant from -he standpoint of sonic ftatigue accumu-
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latlon in that wing structure behind one engline experienced a signifi-
cantly longer exposure time than structure behind other engines for :
KC-135 alrcraft although this seems to be pecullar to SAC operations i
clrca 1963. Smith also determined that consideration of only thrust

augmented (water injection) takeoff operations resulted in only a 25%

error which can be an acceptable margin depending upon the Inacciiracies

In estimating absolute sonic fatigue damage and any factors of safety
included in the design.

TABLE 3.3.1-1

ENGINE GROUND RUN SUMMARY

caam P e

ROURS PER 1000 FLIGHT HOURS
(REFERENCE 1)

s ahdis aa bl

Power Setting i
F__ ) ]
Alrcraft MAX i
Classification toLE 80-90% MILITARY { (Static) Takeoff a
H
Intercept ‘
Fighter 267.33 21. 7 6.63 5.91 7.26
Tactical
Fighter 250.72 24,76 5.86 5.21 6.52 ;
Strategic 3
Attack 98.85 i1.35 2.05 1.89 1.58 1
S ——— - PRV ]
Tactical 1
Altack 214.33 30.01 W7 4,29 4.29 i
i i
Cargo .
Transport 190.05 22 .00 1.n? e I 1
- o S— i
Helicoptar 242.00 75.60 10,00 8.89 6.67 i
o _a I M
]
!
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TABLE 3.3.1-2

CARGO TRANSPORT - MISSION A

SHORT LIFT
NORMAL OPCRATIONAL CONF IGURATION
Operation
Oper Power Operatio Hy /1000
No. Setting |[Min/Mission| Mean | Mean Fit Hr
(1) Operation Description | (Note 1.) (t"’) At a/zs | (Note 2.)
N
1. Engine Start IDLE 1.5 S.L. (1] 7.50
2. | Taxi out + Taxi In and IDLE 14,0 S.L. 0 70.0
Park 80-90% 3.0 S.L. 0 15.00
3. Power Check MIL 0.05 S.L. 0 .26
4, Pre T.0. Interval IDLE 3.0 S.L. 0 15.00
5. | Take off MAX 0.8 S.L. 4.00
6. Accelerate to Climb
Speed MIL
7. Climb to Best Cruise
Altitude
8. | Crulse CRUISE
9. Descend for Landing {DLE
10.] Landing {DLE
11.] Maintenance IDLE .60 S.tL. 0 63.00
80-90% 0.60 S.L. 0 3.00
MIL 0.60 5.L. 0 3.00
MAX 0.60 S.L. 0 3.00
Lo — ] —
10
Mission A Flight Time (T,. = ) t.,) 120 600
5
Hission A Total Operational Time
11
(Tho © Y 'al) 166.75 782
L—- l —_— ————
NOTES: 1.

Max power settings within &}l operating limits
?. Operation hours per 1000 flight hours = (1ai/TAF) 600 hr - 5.00 (v )

st i B s miit vhc” S
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TABLE 3.3.1-3

CARGO TRANSPORT - MISSION B

LONG RANGE LIFT
NORMAL OPERATJONAL CONFIGURATION

— — :
Operation
Oper Power Operation Hr /1000
No. Sctting | Min/Misston | Hean | Mean Flt Hr
(1 Operation Description | (Note 1.) (tb‘) Alt | A/S| (Note 2.)
i. ]| ngine Start IDLE 1.50 S.L. 0 1.67
Taxi out + Tax! In and IDLE 14.00 5.1, 0 15.53
Park 80-90% 3.00 S.iL. 0 3.33
3. Powar Check MIL 0.05 S.L. 0 0.06
L, | Pre 7.0, Interval IDLE 3.00 LN I 0 o33
S. | Take oft MAX 0.80 S.L. 0.89
6. | Accelerate to Climb
Speed MIL
7. | Climb to Crulse MIL
Couiue - Limb CRUlSE
9, Climb to Be st Crulse
Altltude MIL
10. “ulse CRUISE
11.] Descend for Landing IDLE
12.| Landing 1DLE
12 | Maintenance IbLE 12.60 S.L. 0 13.99
o 903 0.60 5.L. 0 0.6/
MIL 0.60 S.L. 0 0.67
L MAX 0.60 S.L. [ 0.67
12
Mission B F ght Tlme (T, = ) t,) 360 4oo-
S
Misslon B Total Operational Time
13
Tgg = 2 tbl) 396.75 h4o
1

NOTES: 1. Max power settings within all operating limits

2. Opecation hours per 1600 {iiyht hours = (rnilrﬁr} Lpo hy - 104Y (Lb‘)

[
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3.4 AIRCRAFT MISSION MiX

If an aircraft is designed to perform only a single mission, the air-
craft mission profile relates directly to the cumulative exposure of

the structure by a simple direct multiplication.

If the alrcraft is

designed to perform several missions - one of which may be classified
as a primary mission - then the total alrcraft service life is pro-

rated between the various missions.

A typlcal fractional allocation

of mission mix based upon the total flight time of the alrcraft is pre-

sented in Table 3.:.1-1 for three types of fighter aircratt (4.

The

typical data presented in Tables 3.3.1-4 and 3 .4.1-1 will be used to
establish the estimate comulative exposure time in the next section.

TABLE 3.4.1-1

FRACTIONAL DISTRIBUTION OF MISSION TIMES

(REFERENCE 4}

PERTERRpT LI R T TN

o

PR TR RT NG NS bt - ol A s A i

i Aircraft Type |
Alr
Missicn Superiority interdiction Interception
— —t — 4 —
Air-to-air combat 1/3% 1/6 -
High altitude intercept 1/6 1/6 1/2%
Low altitude ground attack
{Lo-Lo-Lo) 1/12 1/3% -
(Hi-Lo-Hi) 1/12
Miscellanecus (training, 1/3 1/3 1/2
navigation, ground run)
L__ e e y
*Priwmary misulon
23
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3.4, ACCUMULATION OF NOISE EXPOSURE i

The accumulation of noise exposure for an alrcraft service life defined
in terms of the mission profiles and the misslon mix can be approacied
from two standpoints by considering the tatal effect of the specified
operating condlitions. Each operating condition is usually defined in
terms of the engine power setting, the aircraft speed, and the aircraft
altitude., (Fitch (1) also considers weighing the service llfe in terms
of amblent temperature to assess the sonic fatiyue damage.)

The first approach considers each operating condition to be a static
environment with all exposure time allocated to the maximum acoustlc
environment encountered during the operating condition. This approach
Is easy to apply since the number of conditions required to estimate
the acoustic environment Is minimized, but this approach also Intro-
duces an unknown amount of conservatism Into the sonic fatlque

design requirements.

The second, and more accurate technique, is to divide the time interval
allocated to an operating condition into segments and redefining the
operating conditions at the ends of each time interval. For example,
the engine power setting for takeoff will be maximum or 100% for the
total time Interval allocated for takeoff, but the aircraft speed may
vary between 0 and 300 knots during this time interval which will de-
crease the sound levels at a flxed locatlon on the aircraft. |In addi-
tion, the absence of ground reflection during perhaps 40% of the time
allocated to the ''takeu: f'' condition at maximum power can reduce the
sound levels at a fixed location on the alrcraft an additional amount.
These two parameters alone may reduce the sound levels at a location
on the aircraft by as much as 20 dB.

A method proposed by Smith (3) and based upon relative damage of the
structure relates the time Interval of a dynamic alrcraft operational
condition to the time Intecrval allocated for static atrcraft opera-
tions in terms of the difference In sound pressure levels between the
static and dynamic conditlons. Smith's relationship for convenxional
metallic alrcraft structure is:

—O.M(Lr-Li)

] /Dr- (t‘/tr)-lo (3.5.1-1)

i

where " denotes damage
 denote« time allocated for the operatiun
L denotes sound pressure level in dB
i is a subscript denoting the dynamic condlition
r Is a subscript denoting the static condition

To use this result, the de.igner must divide ihe total time allodated
to the constant engine pow-r setting into Intervals, getermine th-
sound pressure levels at the end of cach interval by correcting the
static levels for effects of aircraft motion and ground reflection, and
assess the damzge effect. An example will illust)ate the point.

24
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Laguiple: Suppuse that tor a typical mission profile the maximum or 1003
engine power setting is proportioned according to the following esti-
mates: Power Check, 3 seconds; Takeoff, 4B seconds; Malntenance, 36
seconds. Determine the relative damage resulting from the Takeoff seg-
ment as compared to the static conditions of Power Check and Mainte-
nance (39 seconds of maximum exposure at static condlitions).

By estimating the alrcraft acceleration during takeoff for, say, 6-
second Intervals; estimating the sound pressure levels at a locatlion
making corrections for aircraft motion and ground reflection, and allo-
cating the highest sound levels to each 6 second interval suppose that
tne values presented in Tzble 3.5.1-1 are obtained (tr = 39 seconds).

TABLE 3.5.1-1

DATA FOR EXAMPLE PROBLEM

Time from Brake
Release, Sec. At = t AL = 1.

i “ho by oy EDI/Dr
i

6 6 0 0.154 0. 154

12 6 1 0.061 0.215
18 6 ? n.024 0.239
24 6 3 0.010 0.249
30 6 l 0,004 0.253
36 6 6 0.001 0.254
42 6 10 0.000 0,254
48 6 20 0.000 0.25h

Hence,

it 1s ween that the takeoff which represents over 50% of the total
time at maximum power for the mission profile results In approximately
25% of the sonlc fatigue damage relative to the damage associated with
static ground operatiuns. Hence, a mare representative estimate (for
conlr fatique decign} of the alicialt iime at maximum power conditlon
would be 1.25(39) = 44 sec. rather than 48 + 39 = B7 seconds.

To continue the example, suppose that the aircraft structiure i« rogniyed
tu suivive 100U operations as descrihed above. Then, depending upon the
degree of refinement,the sonic fatlgue design Fife for the portion

of structure considerad in the example would be either 13.6 hours or
24,0 hours,  1f the structure §s assuned Lo exhibit a resonant response
at 300 Hz., then the sonic fatique decign Tife wonld he ol thar

.47 x 107 or 2.61 x 10/ cycles to failure.
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The designer must not maintaln the position that ground operation of
the engine(s) is the only condition to be considered or even that jet
nolse is the only acoustic source to be inrluded for mission analysis
related to acoustic fatigue design criteria. Many conditions that
occur during flight can result In sonic fatique failures (5), (6)

or alter the estimation techniques normally used for sonic fatique
design methods (7).

From an overall standpoint, the designer must consider the total service
life exposure of the aircraft and be assured that all gperational condi-
tions have been properly included in the mission analysis. Table
1.6.1-2 presents the estimated comulative exposure time for an alr
superiority fighter with an estimated service 1ife of 4000 hours (h).
The mission profile ftor this alrcraft Is presented In Table 2.3.1-4 with
the fractional mission mix presented in Table 3.4.1-1.
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SECTION 4
LOADING ACTIONS

Prediction of acoustic (or fluctuating pressure) loads leading to possible
sonic fatigue failure is first In the chain of four major tasks related to
predicting sonic fatigue life and designing structures which are sonic
fatigue resistant for a specified and predictable lifetime. The other three
major items, of course, are (a) the pr:diction of stiructural response, in
terms of ctress amplitude, to a given acoustic lcad, (b) the prediction of
stress concentratiaon factors for a particular structural confliguration and
(c) the predictiun of fatigue life for a particular structure, whatever its
material composition, for a given stress distribution, These last three
items can be complicated by numerous factors, including high temperature
environments and multiple loading acticns. These consideratlions are
addressed in other sections of this report. This section, however, deals
with methods for determining the acoustic loads on an ulrcraft structure
due to the many possible sources of high sound levels.

It is impossible to sc¢t "a priori' a specific value on the sound pressure
level at which a designer should begin to worry about the possibility of
sonic fatiqgue failure in a structure. Air Force experience shows that below
an overall sound pressure level of 110 dB, sonic fatigue failures are not to
be expected (MIL-A-883, para. 4.3.1, Reference 9). At levels in excess of
140 dB overall sound pressure level, the designer should include sonic
fatigue consideruations into his design. Factors decreasing the fatigue life
of structures exposed to acoustic loading Include (but are not limited to):

sound pressure amplitude

sound pressure frequency spectrum shape

correlation area of acoustic excitation

vivdctuial flexibllity {or rigidity)

stroctural damping

structural configuration (e.y. curved, flat, skin/stringer, honeycomb)
fasiening methods (e.g. rivets, bonding, welding, etc.)

stress concentrations

environment (e.g. temperature, etc.)

Thus, Lecause of the complex nature ot the problem, this section Is not
intended as a simple rule-of-thumb guide on operational regions, engine
types, etc, to avoid as a means of reducing sonic fatigue. This section Is
instead intendcd 53 & source of desiyn dota for the estimatinn of all the
known aspects of a particular acoustic scurce as It relates to the predlic-
tion and/or prevention of sonic fatigue fallures.
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Lot ACOUSTIC SOURCES

: Numerous possible sources of acoustic loading of aircr 't structure can be E
identified; howevar, these various sources logically are < lassified as to
propulsion system noise sources and aerodynamic nolse soi . ces and are the
topic of this section. Another category of acoustic sources Is that related
to the operation of external and internal equipment. Equipment, such as an
auxiliary power unit, while noted for 1ts annoyance to humans, is not a usual ;
® noise source for inducing sonic fatigue. Thus, equipment noise is not in- !
cluded as a consideration in this report. ]

Propulsion system noise sources ir iude jet noise, fan noise, propeller
notse, shock cell ncoise, etc. Frum the standpoint of sonic fatigue design,
near-field jet noise is by far the most damaging to aircraft structure,

Jet noise overall sound pressurae levels in excess of 165 dB have been noted
by various experimenters. The methods for predicting the acoustic loading
veoauliing From propulsion sysiem oporaiion ave prescented in Section 4.2,
Acrodynamic noise covers a very broad classification of sources including
boundary layer noise, cavity noise, shock wave noise, rnoise resulting from
separated flow, flow imningement noise, etc. Prediction methods relating
to cavity noise and boundary layer noise are presented in Section 4.3,

There are several parameters which must be calculated prior to and during 3

the actual prediction of acoustic loading using the methods of this section.

It is necessary, for instance, to convert ortave or 1/3 octave sound
© pressure level to a spectrum level as input to the stress prediction. Or,
it is necessary to calculate engine operating conditions, such as jet
temperature and exhaust velocity, when one is given the plenum temperature
and nozzle pressure ratio. Or el.e, one might require the speed of sound
when only the temperature is known. Section 2.0 ot this report includes
numer ous charts and conversion factors which will be useful t« the designer
in establishing these quantitics while using the acoustic loading prediction
methods of Section 4.0,

i
it e it i kit i bl il ot St
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4.2 PROPULSION SYSTEM NOISE

The majority of occurrences of acoustically induced fatigue have resulted
from propulsion system noise, with the primary offender being near-field

Jet noise Because of Its prominence as a structurally damaging noise source
much more - tudy has gone Into the prediction of near-fleld jet noise than any
other type of nolse source (with 1eference to the purpose of eliminating
sonic fatigue of structures). Immediately after a list of symbols and defi-
nitlens, the second section (4.2.2) Is devoted to prediction methods for
near-field jet nolse. Following that, prediction methods for near-fleld
propeller noise are glven. Same very sparse data for near-field (in-duct)
fan noise 1s included and finally a section discusses the effects of ground
reflection, structural reflections and forward speed.

31
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4.2.1

SYMBOLS AND DLTINITIONS

The notatlion used in this section is as follows:

radius of fuselaye (Section 4.2.5.2)

- empirical constants for Equations (4.2.2-3) and (4.2.2-4)

ambient speed of sound

number of blades

correlation coefficlient between Pr and Pd
1/3 octave center frequency

empirical constant In Equation (4.2.2-1);

specific heat at constant pressure of fully expanded jet gasses
chord ot downstream rotor or stator blade (Sectlon 4.2.4.2)

Jet nozzle exit plane dlameter in Section 4.2.2
propeller diameter in Section 4.2.3

source directivity
separation distance between rotor and stator blades
frequency (In Hertz o cycles per second)

the mth

multiple of the fundamental blade passage frequency, f‘
height of source above ground (Figure 4.2.5-1)

mth order Bessel function of first kind

empirical constant in Equation (4.2.2-1);
also reference SPL In Section 4.2.4.1

- constants in Equation (4.2.4-1)

]

wave number, Enf/a” = 2n/X

Overall sound pressure level
normalized octave band level

datunm overall sound pressure level

octave hand Tevel

- correction to L due to change in jet velocity

32
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1

L] - level of lst harmonic

LD - correction to L due to change in Jet density

M - Jjet exit plane Mach number

Mh - propeller tip true Mach no. {Including forward veloclty effect)

Ht - propeller tip rotational Mach no. i
N - propeliler rotational speed 1
Nm - mth order Bes:.el function of second kind

n - velocity exponent In Section 4 .2.7 (determined from Figure

4.2.2-2 or Figure 4.2.2-7)
tip Mach No. exponent in Section 4.2.4,1

AR IE ol s e ot N el el e e

Pd - direct pressure at recelver

Pr - reflected pressure at receiver
p - ambient pressure

R - gas constant

distance from source to receiver (Figure 4.2.5-1)
R - distance from image source to recelver (Flgure 4.2.5-1)

r - distance to fleld point from center of jet exit plane
(section 4.2.2.3)

r - radial distance from nozzle lip to ''source' location
(Section 4.2.2.3)

i T TR - b kU M TR e il B e

re - distance from jet nolse ''source' to field point
St - Strouhal Number, fD/V b
T - thrust developed by propeller %
4
Tj - jet (static) exlt plane temperature {
!
T0 ~ ambient temperature i
i
Ta - total (or stagnation) t.mperature at jet exlt plane a
V’Vj - Jet exit velocity - numt:r of stator vanes in Sectlon 4 .2. 4.2 }
4
Vf ~alrcraft forward speed %
i
3
3
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0 ¢

datum velooity

propeller tip rotational speed

fore/aft distance from propeller tip 1o computation point
source axial location (Section 4.2.2-3)

rectangular Carteslian coordinates ut point In near field,
relative to center of norzzle exit planc

radial distance from propeller tip to computation point

empirical constant in Equation (4.2.2-1)
Incremental lcvels In propeller noise prediction method
rotor-stator interaction level, decibels

angle hetween field point and jet cxbhaust axls with the nuczle
exlit plane as the origin of coordinates

- angle between the sou: ce-image source axis and the radius R'

(Figure 4.2.5-1)

angle between tield point and jet exhaust axis with the source
focation as the origin of coordinates

wave length ao/f

datum density

local density

jet (static) exit plane density

ambient density

hub-to-tip radius ratio far a duct

time delay between direct and reflected signals

angle between Tield point and propeller plane with origin at
center of propcller (see Flnure 4.2.3-10)
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4.2 7 NEAR-FIFLD JET NOISE

Numerous studies c¢f the near noise fileld of jet engines have been made in
the past 20 years. All the work has been exnerimental In nature, with
various empirical techniques applied to the experimental data in an effort
to predict the noise for other operating conditlons and engine types. The
tests from whi.ch the prediction methods have been derived were on both
full-scale and model (both cold and hot) jets. The model! jet data seems to
scale on frequency and jet diameter to a reasonable degree of accuracy.
However, the accuracy limits for all the prediction methods seem to he no
more than 5 dB.

Nt 01l the prodiciion wethods siudied, Unee have been selected tor inctlu-

sion In thls report. The methods are presented In order of Increa ed
complication and sophistication.

The first, adapted from Thomson (1), is relatively simple to use. The pri-
mary prediction result is overall SPL contours. E«<timates of spectral shape
dare yiven in terins ot Strouhal number, St.

The second method, from Cockburn and Jolly (2), Is derived from the data

and prediction method of Hermes and Smith (3), based on a series of J-57
near fleld noise tests. This method glves spectral shapes for 24 different
regions In the near-fleld, based on a smoothing of the measured spectral
information from Hermes and Smith (3). These spectral data, and conse-
quently the prediction methods, have ground reflections Inherent in the
measurements. These same spectra were corrected for ground reflection by
Suther land and Brown (4), but were not Included in this report since the
proposed level variation with veloo ity wae nnjustificed and scemed Lomewhat
questionable. However a combination of the Cockburn and Jolly (2) method
and the Sutherland and Brown (4) method would ‘eem to be a step In the right
direction. Also, neither of the first two me hods has any experimental veri-
fileation of offegis o fanpeiaiui e o the tear 1ield nuise.  The 1irst
hypothesizes a p* dependance, after Lighthill (2} far the far-f1.04.  The
.econd lgnores temperature altoyether.

i d methoed, developed by Flumblee (b), is based on a series of tests
with a model Jet for a wide variance in both temperature and exhaust veloclity.
The data were acquived from a free-fleld, vertically exhausting jet and

v emp b i Ty coprelaicd usiing ihie besi wvaelluble thenedival mudels,
The data do nor contaln grevmd ro)octiops, thus, 10 that offcct §u wo be
included, the imane source method for a directional sourc: should be used
as decoribad In Sectlon 4.2.5. 1,

4.2.2.1 Overall Near-field Jet Nojse (With Spectralflatimatinql

introduction and Discussion: This method, derlved by Thomson (1), Is pri-
marily Intended to give an overall value of SPL. The accuracy s estimated,
by Thamsoin, to be within 5 JdB ior overali levels, for jets operating near
2NN foo arel 12E0YR0 0 The oucuvacy spread wvould b sumewioo yleater at
temperatures or velocltics significantly higher than the datum (1252°9R or
696K and 2000 fps or 610 m/s),

e e et e it nal]

EFTTEE R -

P R

-

i e ML Gl

n kel ke M ad

ay e e

2



http://www.abbottaerospace.com/technical-library

The noise levels predicted by this mechod aro tce ticlt values.  The pre-
diction is not valid within on ngle of 162 trom the jer axis Reflection
corrections should be included by means of the nethods of Section 4.2.5,
The method is inapplicable t¢ the case of shock-cell noise which results
when the jet operates in an "over-choked" condition, whether the nozzle is
converger( or convergent-divergent.

Calculation Procedurc: The following intormation is reouired as a basis

for the computaticn of the sound pressure level at some point in the field:

jet no.zle diameter D
co-ordinates of the point (x,y)
mean tully expanded jet velocity v
jet pipe total temperature TR

(1) Evaluate x/D and y/D.

(2) From Figure #.2.2-1, which shows the free field datum noise
level contours, read off the datum overall sound pressure level
L, at the position (x/D, y/D).

(3) From Figure 4.2.2-2, which shows velocity index contours, read off

the velocity index n at the position (x/D, y/D).

(4) calculate the flirst part of the veloclty correction term ALV

from !

i v
ALy = lon.loglo<v;).

(") Obtain the second part of the velocity correction term sl from
Figure %.2.2-3, which shows AL, plotted against log, (V/V_) for
p 10 o
different values of n.

(6) Calculate the total jet velocity currect on L, foom

L - AL + AL
v vl v

2

(7) calculate the density of the jet gases ., with the aid of
Figure 2.1.2-1, whete l

and .= 1, ==— for all jet velocities.

(8) Cal-ulate denslity correcrion Lp,

36

s,



http://www.abbottaerospace.com/technical-library

NO!131034¥d 13A3T NSSIUd ANNOS TIWY3IA0 3SION L3I0 €02 S¥A0L DL

st 0z St oL

Si- A

I RN
uotfey jueingun)
_ 1

1z

(z

wo,/UAp 2000 0)

wyNT

02 ‘22 8P) —

#

———r T TR T TP N W TR T T ——y L. iﬁjiilq;iudig

37



http://www.abbottaerospace.com/technical-library

ISION 130 TIv=3AL

st ot

INELYTIN2T9] NI

14

gasn ‘u

+—
z
Lia
-
(]
(4
>
w
>
—
(98 ]
[ ]
-
Lt
Lo
}_
ul
-
rr
8]
N
vy
2.8

b
(]
3

T S Y e ;;!34113_1!

o]

u

n

1A

g8'q

(]
"~



http://www.abbottaerospace.com/technical-library

' TE—— bl R i - TN R TR T T A | = T T T R T RETPIRT PRI ST e TR YN TS R R T SR T Ah e T T e T T TR S T e @S LT YT T e e Qj
T T T e T - o T T AT T R .

Y ININOdX3 ALIJ073A 3HL 40 S3INTVA SMOIYYA HOS ALIJ0I3A
L3F NI S3IONVHD ¥04 T3A37 I¥NSSIYd QNNOS TIVHIA0 OL NOILIEYCD €-2'2°7 2¥ND.4

oL _ g

VH
|
_
_

[{zWwa/UAP 2000°0}
(ZW/N™ 7 82 gp}]
hr

34

B N

L

—



http://www.abbottaerospace.com/technical-library

©
= 20s L
where Lp 20 IUglO(pQ) .

{9) Evaluate the overall sound pressure level (SPL) at the ro lred
point (x, y) as

L = L _+L + L
o v 9]

This level can be converted to a pressure loading by the use of

the relation

ry -
r.m.s. fluctuating pressure In N/m2 = IO(O'O)L h‘699),

or by use of Figure 2.1.1-2,

(10) For a given frequency the spectrum level in decibels relatlive
to an arbitrary overall SPL may be read from Figure 4.2.2-4,
after evaluating St = fD/V, and x/D. Alternatively, If the
spectrum level Is required in terms of pressure loading, this
may be found using Figure 4.2.2-5. Taking values of St and x/D,

the normalized spectral density in (N/mz)/H?, relative to 1 N/m2
overall SPL, is read from the ordinate of Figure 4.2.2-5 and is
then multiplied by the value of L obtalned as a pressure loading
in step (9). This gives the pressure spectral density for a
specified frequency in (N/m“)/Hz.

Use of Calculated Sound Pressure Levels: After the free field sound pres-
sure levels have been estimated, corrections must be made for local effects,
for example, reflection. When the wave fronts of this noise fleld strike o
structure they are partially rrflected, and the reflection process locally
Increases the pressure loading on the surface.

When the wave front strikes the surface at right angles (normal incidence)
the pressure loading is doubled (a b dB increase on the calculated values).
If the wave tront moves parallel to the surface (grazing Inclidence) there
is no increase In loading.

To allow for this reflection pracens, 1t 1s falrly genceral chglineering
practice to add a mean correction of 3 dB to the calculated free space
levels (however, the method given In Section 4.2.5.2 can be used if more
accurate corrections are required).

Further corrections must be made for the case of an alrcraft in motion to
allow far the cffects of the aircraft velocity (see Sectlon %.2.5.3) and
ambient speed of sound.,

E<ample:  botimate the rom oo sound pressure level and the pressure spectral
depity ar 300 He ot o wpee Hie point, givea the Tollowing condition,:
hin
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D = 0.6 m, x =5.5m, y = 6.7 m,
V = 670 m/s, Tg = 900 K,
V0 = 610 m/s p = 0.49 kg/m3 )
R =,287 J/kgK Cp = 1160 J/kg K,
3 2
p = 101 x 107 N/m° .
First,
X 5.5 .
v = ogr < 2%
Y. 87 .
and, i} nT 1.0
From Figure 4.2.2-1,
L = 140 dB ,
o

and, from Figure 4.2.2-2, by interpolation,

n =

6.2 .

Now, - 670\

ALV] 10 x 6.2 1ogIO (ETE) 2.5 dB,
and, from Figure 4.2.2-3, for IOQIO(V/V“l = 0.0407 and, interpolating for
n==6.2,

ALv2 = -0.9 d8B,
so that, Lv =2.5-0.9=1.6dB .

2

. 670 .

< T = Q ~ ——— A
As g =900 - et 707 K
then p, = 101 y<J£ii = 0.4%3 kg/m3

’ j o ATETe7 T T '
Or alternatively,

v

o sl

wrbuntonl st s st . LM 1.

e i i

[ O P e i T G

Sl Al wkisa

L N e D 1V L PR PN

Bl oeiia . rw e


http://www.abbottaerospace.com/technical-library

i
1
k
; T 0 /5 3
R _ 900 x 9/5 _ .
7 35 3.06
0
. From Figure 2.1.2-1, we find M = 1,14, Ti/To = 2.52, pj/po = .397.
Ej With Py = .002378 slugs/ftg,or 1.234% Kg/nﬁ,wc iive 1
E 3 3
i oy = 0.000944 siugs/ft” or 0.490 Kg/m” ,
|
E‘ which is In close agreement with the computed value of 0.498 Kg/m3.
] 0.ho8 H
il Now Lp = 20-10910 (6735_0 = 0.14 dB i
|
. and so, finally, L= 140 + 1.6 + 0.14 = 142 dB . 4
i To determine the corresponding normalized pressure spectral density for a 5
i frequency of 300 Hz, Figure 4.2.2-5 is used. The Strouhal frequency, St is 4
1 ]
i fD _ 300 x 0.61 ]
St = 2o =
): v - g0 002 !
i and X ¥
I —
| 5 9.02 . i
E; By interpolation, th: normalized spectral density relative to an overall sound i
P pressure level of 1 N/mZ is found to be 0.026 (./m2)/Hz. i
} In this Example L = 142 dB, which from step (3) or Figure 2.1.1-2 is j
o equivalent to 252 N/m2.
N So the pressure spectral density = 0.026 x 257 = 6,55 (N/mi)/Hz.
| ]
‘ 4.2.2.2 Near Field Jet Nolse Spectral Estimation :
N
‘ In the most comprehensive series of jet noise tests conducted to date on a i

full size jet engine, Hermes and Smith (3) conducted near field jet noise
tests at exhaust velocities from 1250 fps to 2500 fps In five increments.

The 1.85 fout diameter J57-P21 turbujei enyline was tested at opcrational
exhaust temperatures in the range of 800 to 1150°F,

From this extensive variation in jet exit velocity, Herwes and Smith formu-
lated an ‘n'-fjeld contour chart similar to thai prescnted in the previous
sectiun, Thi~ chart was, of course, vo be used in conjunction with the
measured specira at each different pos’tion tu predict the SPL at a given
point in ihe near field, Cockburn and Jolly (2), armrd with this data,
smoothed und averaged the spectra in various regions in the near field and

comnchion A s i, N, o 5o

R TP RPRE T P

WYy

|
i
i
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deve luped a generallized prediction method which T4 relatively
5 torward in implementation.

)

N (2)

strulghi-

Determine the non-disensiocnal location of the field point,
(x,y) in terms of nozzle diameters, that Is, (x/D, y/D).

Determine the overail SPL, L., trom Figure 4.2.2-6 at the desired
fleld point (x/D, y/D), for the reference velocity of 1920 fps
and the reference exit diameter of 1,85 feet (the approximate
exit temperature, TR’ for the reference test was 11300R).

Based on at least two known exhaust gas condltlons, use Figure
2.1.2-1 to determine exhaust veloclty ratio V/a_ for the engine
under consideration. Use Flgure 2.1.2-2 cr other sources to

determine thc ambient speed of sound, a_, end then determine the
velocity, V.

Determine the value of the velocity expcnent, n, from Figure
4,2.2-7 at the fleld polnt (x/D, y/D).

The overall sound pressure fevel, L, at the point (x/D, y/D)
for the new engine Is

L= L, + lOn[log‘OV - 3,283].

where n is the exponent determined in Step (4) above, and
V is the veloclty determined in Step (3).

1o determine the correct octav - spectrum shape, use Figure
L4.2.2-8 te Jetermine the spectral region number for the field
point (x/D, y/D).

From Figure 4.2.2-9, find the spectrum for the region number from
(6) abrve.

The octave spectrum levels, I, are determined by adding the
overall SPL, |, to the normalizeod spectra, Ln' from Figuic #,2.2-9

s n -’

StV
f a2ty
D
Ta determine the standard octave levels (listed o Table
2.1.1-1, calculate the center frequency of the octave bands

in terms of Stronhal nomher, St

o (ehp
sto= 2

ht,

PTRRIPT VR S

g

R es 3 e ot T b it omkl ) St S S

e ndaat abed
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Radial Distance, y/D

w

-
(=]

)]
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Radial Distance, y/D

L ke o
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2

Reiative Octave Band Level — dB

FIGURE 4.2.2-9
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Example: Assume a jet engine with o 1.85 taoot diameter operating at
1250 fpe. Determine the octave band near=ticeld SP0 contoaa o tar the
octave band with 100 Hz center frequency.
(1} Read and tabulate the overall SPL at a sufficient number of
field points from Figure 4.2.2-6 tu facilitate later replotting
of the octave band contours (sce Table 4.2.2-1),

(2) Tabulate the spectral region for each field point from Figure
4.2.2-8.

(3) Tabulate the n value for each ficld point from Figure 4.2.2-7.

(4) Determine the non-dimensional & rouhal center ftrequency

. (cfyp  (100)- (1.85)
St= - 750

=, 148,

(5) Read ond tabuluate the 1elative ocluve band levels in cach
spectral region for the Strouhal frequency from Figure 4.2.2-9.

(6) Calculate the reduction in SPL due to reduction in velocity from
the relatianship

Ly = IOn[logIO vV - 3.283]

(7) Sum the data determined in steps (1), (5}, and (6) to determine
the octave band SPL at the specified flield points.

(8) Plot the data « field piot and estimate the pasition of con-
tours of equal as shown in Figure 4.2.2-10.

(9) Use the method in Section 4.2.5.2 to modify the SPL for
'pressure doubling' at the structure surface.

(10) The data iInherently have ground reflections. |t
modification of ground reflection factors is desired refer to
Sectlon 4.2.5.1, In conjunction with the Smith & Hermes (3)
report which gives detalls oi ithe test sei up.

removal or

4.2.2.3 Effecr of Temperature and High Veloclity on Near Fleld Jet Nolse

Ihe two previous prediction methods for near-field jet noise were derived
from data for engines opurating at temperatures not cxceceding 115097, No
accounting for temperature on the contourr shape modificatigns was made and
in fact the lavel change was assuiicd Lo be o Tunciion of ¢ in the 4.2.2.1
method and was not accounted for at all in the 4.2.7.7 method.

If engines are to be used wlith operating condition, considerably removed
from the conditions 1260 ;ATj < 1R609R und 1200 SV - 2000 Tp, then the

method presented helow should be used. This method is based on a series of
free-tietd high temperature subsonic and supersonic jet nnise tests. The
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T

data do not contain ground retlecrions. A ground reflection method is given
in Section 4.2.5.1.

Derivat.on: This near field jet nolse method is based on a systematic
Serics of near tield Jet nolse tests over the veloucity range 885 © Vv, - 3688
fps and the temperature range 390 « T, - 2740”R. The data which were meas-
ured in the aft quadrant (7.5 < U 7-9}.5“), were empirically correlated,

mak Ing use of available theoretical modcls. For o complete discussion of
the correlation, see Plumblee (6, 7).

Design Equations: The sound pressure at a point in the near field, with
the source point being the origin of coordinates, as shown in Figure 4.2.2-11,
Is given by the following equation:

¢ C. C.
KT2M" (1 + 2320+ cos® 0,) <_‘2. T JE)
r r I'»
2 5 5 5 .
54 - (psi)
n : -C..0
M cous € ' b/2 C,e > ]
5 2.2 4 (4h.2.2-1)
1 - + a‘M [ S, A—
- oGy, —C7rh/h
| + L6e . ]+C',)e

o a5

The parameters in Equation 4.2.2-1 are functlions of Mach number, temperature
and frequency (although each parameter Is not necessarily a function of all
varicbles). The temperature parameter used In the correlation waes total
rather than jet (or static) temperature. The equations defining the param-

eters are given below. The parameters which are independent of traquency
are:

. _

o
ne
It
o
o
Wi
P s N
=1t -
c |=
S~——t
0
L
s e

(h.2.2-2)

~
—
—
p—

o
f
i
wi
o
—
—
P}
=<
(=}
o
Vel

Fefors to the Droeguoney band) .

The parameters which are depondent on freguency are (where the subscript i g
i

i



http://www.abbottaerospace.com/technical-library

S mme v m o mmr

T

E727277 NDILD3S ¥C4 WILSAS 3LYNIQEO0D =3 MO LINI4SC [1ezozet ERTHE
SIRlEWeN] 1x3 agzzop ‘x ‘soueysi( eIxy

oL
1

-T—
F'y]

SV 31X jzoN A ‘suuesi() |esen

[Ea



http://www.abbottaerospace.com/technical-library

o
! ‘1.
+

¢ !
e
. 1
,
aq g gcay M ‘
< af = a. M % (1 /1000) 3 tob
i1 R :
a. . a, +a M
oL i 6 . ey 0,7 71,8
Cpy=a, oM (Tp/1000)
(4.2.2-3)
a. a. +a, M
i,10 i, 11 0,12
C. = a, M T,/71000 ' ’
5 i 9 T/ )
s,n 1.54 4
KT M = a T M
R i,17'R
- Thke source location, as determined by the fncal poi-t on the 7.5° jet
boundary of the SPL contours, is given by:
. X = r cos0_ = a Mai’]q(T /1()00)6‘]’15..-ai"6M (4.2.2-4) '
N o o o i,13 R
whare 9, was taker tu be 7.59. ‘
A fleld point 1r,8) referenced to the jet exit plane centerline is (see i
Figure 4.2.2-11)
. \ ;
- N \ |
ﬁ r = ro + rS - 2;'Orrc_os(hs-ﬂﬁ, + ’]; + roslnSO + rssinO
i
and !
=+ v 5ind_ 4+ r sing
_ -1 Q o s -
g = tan - - :
“ r costh ot r o cost
< 0 0 s 5 i
’ The rconstants a, . are tabulated in Table 4.2.2-2 for the overall and
(s
¢ three actuve bands.  The frecuency limits of the overall band are
s Jon < f - /6,800 Hz, for the 1.5 nozzies te ed. |t would be more con-
o venient to quote frequency in terms of non-dimensional Strouhal freguency,
5 however the tost was conducted with fixed frequency band limits and fixed
i nozzle diameter. TJhus each veiocity wouid result in a fifferent Strouial
_ Treguency limit., lowever, in ihis case the non-dtmensional Helmholtz vum-
’ ber, Hy = fD/a_ is .078125 = Hy € 20, The hy limits of the three frequercy
cainds of nolse analyzed and i .luded in the computer program are 15625 -
o 23125, L3125 - 625, and .625 - 1,25,
3 Compuic v Progo e The cncdysis hen hoon complaie ly coded o comntaifop. A
For« -an proaram liztice ¢ evaluating the near ficld roise equation and
a producing o 7' = 10" plot containing contours of censtant SPL is includdd

it the end of this section. The following is a descripting ¢f the progr.n,
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Useage, features and limitations: The program requires two sets of

input data. The first set, the a; ; coefficients which are read

In at lines

14 and 15, is fixed and is not to be changed. These data are stored in the

main program in lines 453 through 465. The fixed data are derived from the
jet noise tests and are used to calcuiate the coefficients required in the
predictior. formula. The second set of input data consists of three cards

and is

read at lines 19, 35, and 41, These data are not part of the stored

program. The data requlired and the formats tollow.

Col. | 1 21 31 4 b 51
Format F10.9 F10.9 F10.9 F10.9 12 F10.9
Card 1 R1 R2 TH(Y) DTH N D
Card 2 XL XH YL YH IPL

Col. 1 11 21 23

Format F10.9 F10.9 12 12

Card 3 DM T MM MO

The input variables are defined as:

Card !

R1

R2

TH(1)

DTH

is the smallest value of radius from the source location, rg, to be
used in calculating contours. RI is not to be less than 1.5 (R]
is normalized to exit diameter).

i3 the largest value of radius, re (R2 is normalized to exit
diameter) .

i« the baginning value of angle, Gb in degyrees and is not to be
less than 7.59,

is the Increment In angle, ”5’ in degrecs.

is the number oF times the Ipcrement, DTH, is to be added to TH(1).
{The maximum angle is, then, Oax = TH{1) + N-DTH and should be on
the order of 180" in order to construct o complete contour plot).

i b e i &

o et .

)'A
m“ldm ot i xS L it ki



http://www.abbottaerospace.com/technical-library

A

D is the increment between SPL contours in decibels.

Card 2

XL is the smallest value printed out on the horizontal plot axi-.

XH is the largest value printed out on éhe horizontal plot axlis.

YL is the smallest value on the vertical plot axis.

YH s the largest value on the vertical plot axis. (In order to have

the same scaie in both directions, use YH - YL = 0.7 x (XH - XL).)

IPL = | uses thc Input values of XL, XH, YL, and YH to determine the
scale of the plot.

= 0 uses the maximum and minimum values of y & x based on R2,
TH{1) and emax’ to determine the scale of the plot.

Card 3
DM is the nozzle Mach niinber
T is the exhaust gas total tcmperaturc In “is.
MM = | gives a plot for the overall band. The band limits aie
fD = 1050. to 268,800. Hertz-linches.
=2, 3, or 4 gives an octave band plot, The band limits are:
MM = 2 fD = 2100. to 4200. Hertz-inchzs
=3 D = 4200. to 84O0. Hertz-inches H
=L 1D = B400. to 16,800. Hertz-inches L
to obtain the actual frequency limits of the overall and octave E
bands, divide the ncrmalized band limits by the nozzle ciameter In q
inches.
MO = | gives an abbreviated ocutput and is usually all that is required.

0 glves full cutput.

As many as desired of Card 3 can be put in without including Cards | and 2.
1t DM 15 set to 0., the program returns to the card 2 READ STATEMENT for a
new set of plot limits. If IPL in Card 2 is set to -1, the program returns
to Card 1 for a cumplete new set of inputr data.

PRI ey B )

Mumerical Example:s Typical short-form cutputs are included ao FMioure
5.2.2-12 through 4.2.2-1h, Figure 4.2.2 12 is a far-field contour plot for
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o INPUT DATA
‘a, 100. T+5 5. 36 S
=10, 60, 0. T0. 01
1. 2630, 010}
PELRSFTELL SNt PRFSESURES {PVE)N CONTOIRS FAR A HFATER TFT
EFY YRS Y ) [FYPERATURE ]S 2EYQ,
AVFREL] RA™l, FL e 1ASA, To E0 8 26R,ANG,
THE FOLLOATYS FATS AQF USEN TR DETERMINING THF VIL'IES TN AF ?
BSSIGALFL TR THE Sp| rC*TAURS, THF MAXTMIIM A WAYS NPCryTs
CLOSEST TO THE EXHAUST BOUNDARY
THE I'CDLYEST HFTWEFMN CONTCURS 1S %, DFCIRFLS
TWE “ax SPL J< 314%, L[S LOCATEN 87 10,9 DIa, AYTALLY
A DAY J.a DTA, LATFRALLY
THE MYN SPL IS 1{n, CB LOFATED AT «Q,7 DI&, AXTALLY
L' AT 9,4 NDTA, L ATERALLY
FEFERFLOFD YO YHE SOLECF 1 QCATINY
AT % [PTA, SXTAILY &ND AT 4 ,% PATa, LATFRALLY, 1
70,04, )
1
" L 1 3
'l 1 3
h) 7
E I
R 60,04 ]
4 1 3
L 1 ]
I R
) ) }
1 1 i
o 5 SA.0¢
T 1 1
A I :
o N 1 %
C 1
£ 1 ]
af,n+
1 ! 1
b 1
1 1
J I
3 1 4
T .04
I
£ 1 :
X 1 |
1 1 !
T 1 3
20.09 <
D I 3
1 1
i 1
> M I
£ {
T 10.0+
- 2 1
R 1
5 T
1
1
N lrmmcrmmrcnfnn= -
-1 N 0,0

AXTAL FInYat,0p I JEY Fx¥T DIAFTFPS

FIGURE 4.2.2-12 ILLUSYRATION OF HEAR-FIELD NOISE CONTOUR CALCULATION

b el el LN ot ian o s . S il ek

Loy
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INPUT DATA
1,5 15,
~3. 1045
i, 2630,

reh 5,
0. 10y
0101

CF hemb JRECSOL D LUFR GG NDE

10,59
1
L 1
A !
T 1
t 1
R 0,14
a 1
L !
!
0 !
I !
5 Te®s
T I
A T
N !
c !
4 ]
L
1
N 1
1
J 1
3 1
T A.IJ
H
4 1
X ]
1 1
1 !
LAY
[ 1
1 1
[ 1
3l T
3 ]
T 1.5 4
¢ I
R |
< ”
T
1

[ JRT T S +

ot 1.°

FIGURE 4.2.2-13

DL I IR
FebR Al QA s, FBD

Tt PO "albhr 4
[ACRD Sal i S S R A

Jt S.

[ pwbr e tr,0g KR A HEATEDR OFT

TEwWE[CATLLE TS DR,
s 168s V0 Y0 e 2AH,RAD

Ta ANE LSk YA DETFERMINING THF VALIU'ES TO RF
epy FCTAUOG, THE “AXTHIIM Al maYS PCCURS

CLOSEST TO THE EXHAUST BOUNDARY

Tep 1 CRERE Y

Teb o+ ax Y91 ]
AVp AT ?
Iwg wTr o SP{ |
L Av 9
QEFERELCFR IO
AT L}

Fxbal D TaTeanCE R

EXPANSION OF NEAR-FIFLD REGION SHOWMN |IN FIGURC

PETREFR PRYONR® [§ o DFCIRFLS

S k4, TO LICATED AT 7.9 13, AYIaLLY
LY PTA, 14 RarLY
€ ypE, [F 1 CATEN av A.S NIA, AXTaLLY
ok DTA, 1ATHERLLY

THE SPLACF L CraTION
LG PTA, AXTALLY A%P AT 1,%U RTa, LATFRALLY,

JET ET ] rari TRy

2.2

6O

1
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a Mach 1.00 engine operating «t 2630 “Rankine total temperature.  The SPL

plot is tor the overall band. The locarions of oie point on the ma. rmum
and minimum SPL contours aro given in the heading and the contuursy noist

be drawn in by hand. The actual contour shape. are usualiy apparent at Ui
outer limits of the plot. If these are drawn tn tirst, theo the voaner con
tours are wore readily detectavle.  Frgure 5K.2.72-13 <how. au expan-ion of
the small area outlined in Figure 4.2 2-12, Note the variable inpat dat.a,
Cards 1-3, are listed at the top left nand corner

Figure 4.2.2-14 illustrates the long-form output .  The ma.comum and minimun
SPL is given for each radial line, which aoriginates ot the source location
{als0 printd).  The constants, which are used in evaluation of the Lqua-
tion h.7.2-1 are also livied.

The near-field jot noise computer program i< listed in Table 4,2.2-3,

The term YSP" in subroutine "S@END' is the directivity index in
refzrenc: to 90°

NO1: -

e o RIS g

F—y

N I T

P

i b ol

Al

-l el ol
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TABLE L4.2.2-

2

COEFFICIENT MATRIX, o

j i—1 2 3 L
| 0.8239 0.4176 0.32555 0.74038
2 2 -1.24 -1.7269 0.2482 -3.4538
h 3 -2.3019 -1.3226 -4,0206 -4.7181
4 1.4745 1,3507 2.4807 3.2662
5 45.759 18.932 202.88 331.55
{. 6 -2.1086 -3.2199 3.8424 0.53294
L / 3.3692 I.3276 10.520 9.598 4
8 -2.3864 -0.1765 -8.0248 -6.829
9 12.808 8. L4ohs 10. 491 10.429
c 10 -1.8167 -1.5494 -0.019983 0.36732
5 | ~1.789k -, 16571 0.73551 0.89132
12 1.1641 0.22007 ~-0.76495 -0.87600
13 hote 5.2846 L. 5428 2.6963
X 14 0.028729 1.30105 0.2n7G3 1.6687
o 15 0.789 0.85116 0.27691 3.0174
16 -0.51772 -0.60053 0.026298 ~2.1329
K 17 563 - 1070 .02 < 1072 1.23 - 1078 8- 10
N ~-18 .
SN tactoe of 8 41 - 10 to account tor the decibel refercnce preasure
it betuwcen the Kovalues, given above, and those qgiven in the

compute

roprogram.  The

Equation (4,2.,2-1),

K ovatues given in Teble K202 ¢ are

Ton

(5ce Equation. (2.01.1-2) and (5.2.2-59))

4

s

¢ wWith

S MG . cilci i Al A st o ot -ttt
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IABLL 4.2.2 4

NEAR FILLD JET NOISE COMPUTER PROGRAM (CONTINUED)

/DISPLAY JETNOS
ACTIOR 11 PROGRYSS,
JUUB GO, NOLIAP, TINF=10
DAINERSTON FCQLO,37),0006,. 372, 0017,8), THCAT)Y ,IRCET),
1XC000),Y(O00),VT(o0) ,FEcenn)
COMMON 1RO, VPR, C,ALP, DM, T, 0L, 04, 06, €7, 10, F, R, VT
1, SH1L, S L6, 08, 950, b, TH, X6, Y0

%

CAIILITIIIIIIIII 7000070000000 0000000000000 07101777
1 i =5
LPRab

C IR = SYSLSTEN THPUT U DATA SET NUNMBE R,
C IPR = SYSTEN 0UTPUT UH0T DATA STT tobwt i,

CAIIIIPITI70 0077007000000t 700 0771080 iii1riririniilly
C
READCIRD,IXCVTCI) , 1 =1, 00)
READCIRD, 1X0CCCH, ), de, ), 121,17
C
C THESE AREL THE COEFFICTENTS FOR THE NEAR-PIVLD FURCTIONS,
C
99 READCIRD, 2R, P2, TH(1),OTH, 1, D
1r(RI=-1_wyan, 91 M
90 URITECIPR, 12)
CTOP
91 ArCTCL)-7.5)192,100, 100
92 UWIITECEPR, 13)
5T0pP
[
C R1 1S THE SHALLTST VALUF OF RADIUS TOR CALCULATIHNG SPL, AMD
C R2 1S THE LARGFLT VALUY, LS ALUAYS CREATIDR THAR 1,50,
C THOL)Y 1S THE SHALLEST VALUT OF THETA FOR CALCULATIING DL,
C THCLY 15 ALUAYS GREATER THAN 7.0 hEGREFS ., DTH 4 THE
C THCRFOTNTAL VALUE O THETA, IT WILL BRE ADDED # TIHIFS .
(: DS THE SHOCREDE FOr S0OURD FRESSURE L VEL Sofrouns,
C DOLS I DECIRFLS,
G
Lo REYARCURD, 2D XL, XH, YL, YIY, 1L
[
COSTT PLOTR ROUTHNE FOR DY LI TIO OF THESE VARTABLES .
COSEE P TO -1 e NYY VATUFS POt 1,2, THCLY LDTIH, N, Y, AR HEYDED,
{
FLCEPY Y, TR0, 18
Lot FEADCIRD, 3ODIL, T, 081,110
- (N
CBIY S THE FHGLNE BACH nungi .,
C 7T rL THE EXHADST PYATY  TEHPERATHIY
C /////70CTAVE BAND (HPUT DESCRIPTION/ L/ /]!
C M = 1, OVERALL RAHD, FD = 1040, 0 TOo 208400.,0,
™ My = 2, 10y o= 2100, To K200,0,
[ M= 3, 1D = 47200,0 To ®a00,0,
C M s, 1D = BG0D .0 To 1oaud,n,
" SET DO = NAGH NOL = 0.0 UHIH A NIV Lot LIRET At o
" CHANGE TH PLOT cobr b nrquiniu,
oo - 0 GIVEL FULE PRENTOUT ARND LOT. 1O Bt asEh WP DouR
b L T L T T T B S B B E A T P I (A N A R A B AR N NN N IR N RN
r T 0IVET PIoT AND HFADLTHGY oty
r

L
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bl

TABLE 4.2.2-3 (CONTINUED) ;

Iremyiel, 10,101
Lol cALL ol
Nib=1
CALE BECTLRL, 2,00, THLY,N, IR(1))
DO 200 1 =2,
Fd=l=Cl/h)abe]

GOTO(203,201,20%,202), 1 f
205 RE=), Hel] y
GOTO 204 ;
07 R3=1, 600 I
AOTO 200k i

201 R3=R1
2uly THC)=THCi=-1)+DTH
Hil=1
CALL BICTCRS, R2, M, THOL) D, it ))
200 COHTINUL
IECHO) R0, 00, 4072
OO URETECIPRR,Y)
VIETECIPR, 7))
L2 N =0
K=0
(I

CARTEL LA COORVIHATES DF Saunn S9ounRecl LOUCATION,

KO=COL5, 1) «Nw* G010, 1) x(Te 001 )ew( (15, 1)+0C010, 1) *0Y)
YO=_15106%72%%X004+ , 40
Do 300 J-1LLH F
L=y RCJY-=1
1P CH0)Y 50,30, 051
B0 URLTTRCIPR, EYINCD), THC) 0, ), 12, D, e, ), 0L, 1)
L5l idti=Hit+ L
CT=2r0SCTHIY* 01 70552))
ST=00110THC) 0L S520)

COMUVIRT FRODY POLAR 1O CARTESTAIL COORDIHATESL .

L 300 -7, L
bt
ACEY=CT»0(1,J)+ X0
IFCIPL) 301, 301, 303

e = 0 po NOT LuPrpeRessS PoLiTS .
Fovpd s alEATER THAN JEROCPTHIYIEATE ALL POLTITSL OOTSIOE 0OF
FCTURE FURAR LGPICLHEEED BY 10T DaTa XU AND X,

3

|
\
t

GOTOC30L, 502,14
SUdl Y)Y =Tt ,Jd)+Yn
YILL =XOE ) w LATLG 204 G0
CALL REGIOBCYRL,YHL.Y(R), 1D
G100 (360, 5072), 14
Sa0 PP ey FCr,d)
GOTa 500
LU A N N |

i
|
505 CALL RIEGIODCXL, SH, 20K, 1 d) 1
%
g
4
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TABLL 4.2,2 3 (CONTINUED)

300 CoOnTiry
S 00
S0,
DOhol pal, b
TP Ot =tr oy, nosy, uol
W1 SITL=AErCr)
JLtt=
GOS TECFECEY=SLobuh, oL, ug s
IS e B A I
Jutal
woth coNTHIIE
oYy, 460, 441
WO VRITECIPR, L)
WRITECLPIR, 5D, T,ALR,Ch, G5, 0L, 07,010
R TECTP, 8) A0, YO
Wl CALL PLOTXCX, Y, b, XL, XU, YL, YH, 1 PL)
HOTO 180
L TORITATCLELIU L)
2OPORIATRE LU Y, 10, 84,1 10.9)
5 FURMATO2T 0,4, 21 2)
b FORNMATCIL, 5178, 5)
S FORMATCO/EL .5, 0 h)

b FORMATCS 74D HACH NO TEFHPFRATURFE ALPHAw*? 24, 20Ch 11X,

17HCS, T, 2000, LA, 20HCT, TX, 2100
7 FORNMATOLSH HO, THETA nee,d) SPL?) REL,JY  sPLCL),
1/, 4t PTS)
A FORMATCUHOXO = 1w b, IH YO = ,F8.0)
9 FORMATOLINT)
11 FORMAT(HOAL)
19 FORMATOLAHRY 1S LESS THAD L%, YOU DD N READ THE
1 1 HITHSTRUCTIONS )
15 FORMATCSSHTHCLY ty LESS THAIL /05 DEGILES .,
1 54pYots DED HOT CFAD THE IHSTRUCTIONL L)
FHn
SUBROUTIHE PLOTACK, Y, 1, L, XM, YL, Y, b
DEMEHS YOI ACLIOE), £CLy, YC),AXELEH), V(L) ,c0i/, ),
B, 27y, nCLn, 57y, ¢S )
PETECER HOLE, BLHE, BET, CROLEHS, A
COMHGIL IRD, TR, G, AL, I, T, 00, G, Ch, CT 00,1, R, VT
1,50, S0, Jdan, as e, 0, TH, X0, Yo
tRn=n
1 PR =l

NOTF POTHTS GEVEL NEFTD NOL RE P ORDER -~ THIS RODUTIRE RE-
DD RS THE DATA AL HECESGLARY oL, ALITTR PLOTTING, THE
CIVED POYTITS ARE HUT MECLUSSAREEY 10 THE SANE ORDER AL THEY

WERE BEEORE THISL ROUTIENE WAL CALL D,
X LG THE ARRAY OF X Co=-ORDIHATL L,
Y LS THE ARRAY OF Y CO=-0ORDINATEG,
N s THE 1O, oF (X, Y) POINTSL,
et = 1 THEN ==
XL 0SS THD BEGIHNING VALUE OF X proutits o pHE X AXT L,
XHOOFS T LAST VALUL Of X PRINTED ol THE X ARES,
YU 1S THE  BEGEHMNITHG VALUDE OF Y PRYETID 0N THFE Y AXIS,
YH 4S5 THE LAST VALUE OF Y BRIMNTFD OM THE Y AX{S,

66
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DO CoO0

S OSoOOmooO

e NeEelwl

100

51

-

TABLE 4.2.2-3 (CONTINUED)

It =0 UL CAULT Titii LOWELT ARD HIGHFST VALUES BN

THE A AND

Y ARRAY TO BE USFD FOR THE LINYTLS OF Ter x Ann AXFS OF
THF PRIT'TED GRAPM,
=1 UILL CAUSE THE VALUFL TO XL, XM, YL, YW, 1°*.
THE CALLING STOUERCE, TN RF USFD AS THF L' 1T, Fo0 Tuf
X AN Y AXFL,
HOL 1 ==918%3617K
BLIK=1077952%70
BIT=120250140%2
CRO=1512434000
FNS=1ulud 230688
OH LYLTRIG WHERE DATA STATFOERYL Ay PEar S, pHLE, JELLTE
TE 5 CARDS AROVE AND USF THE “STA CTATE 0 T oty eh e L
OTHFRVISE, ULE THE CARDS ARDVE 1T TUHF PROPED Y60 4y
FOUITVALINTS ., LETERALLY,  #GiLl = ), BLHK , NIYT e,

CitO =« , FIIy = -
DATA HOLL, PLI, BT, 0RO, EDS/100, 1, 1., Tie, 1H=,

HLY =l 7
NEX=100
HoY1=NLY+1
NLX1atLX+1

MLY 1S THE Hanre afr

15 LINFS O THE VERTICAL AXE:,
NLX LS THE HUEBER OF

COLUIS Of THE HOR S ONTAL

WRITECIPR,100)

FORVAT(INHL)

URITrarpR,106)
URETECIPR,107)YM, T

PP Cn-1) 31, 30, %1

URITFCIPE,108)

GU TO 32

T =2xw([111-2)

EDL 2100, =11

FD2-2x1pl

R TECIPR, TO9)FOL, D2
WRITECEPR, 110D
WRITECIPR, L1L)SLG, A0JSEY Y Ea5L)
URYTECIPR, T12)S50L, XUJGi) L, YOG
URETECIPR, 115) X0, Y0

AGI=X(1)

XEA=XCL)

Ll =H-1

Do 2 a1,

L?=1+1
waewra [HIS STCTLON REARRANGES THY IV DATA
tORDER OF DEYCREALING Y VALUTS, 1. F .,

YHAX=Y (1) AlD YUIH=Y(H) .

RIS I R |

AV

L A e — o
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TABLE 4.2.2-3 (CONTINUED)
TFCY QY=Y (AL, 2,?

T

27 URLTECLPR, L0 VTCLH) , CACH), T=2 1)

DUayY (1)
YOL)=Y(J)
Y(J)=Dun
DUt =x¢1)
L01)<X0d)
ACJ)=0Dun
CONTINUF

w R WA
fECry10, 0,11
XHI1=X L
XLA=Xit
Y=Y L

YLA Y

noTH 12

DO G L=, N

TECASH=ACLY ) b, b, 5

Xoll=aX{LZ)

FECALA=XCLA) )Y, 0,0

ALA=XCL))
CONTIhtE

YYo=y (1)

YUA=Y (1)
DX={XLA=X511) /1LX
DY =(YLA=-Y5GIY) /LY
YRALEaNLY+ 1, /0.

I =0

Lit=0

AC1)=HoL
Litt=L1tl+]

It1=0

DO 1 1=2, LX)
ACT,- BLHKE

TECLIn-tey)1y,15s,23

1=l

1ECIP-13 16,16, 20

RAT=YBALT-LIN

1ECYCIPY=YOH-DY=RATY?0, 17,17

DO 19 17, 1Ll
RAT=1 0.5

TECACIP) =X5I1=-DX«RAT)1Y,28, 19

ACL)=R1T
PH-nAXocr, 1
GOTO 1h
CUNTIHRUL

GOTO 1%
IP=ipP=-1

IECLIN=-1)21,21,28
TE(OnCCHLY -1y, 6)322,72

RAT=aHLYI-LI
DU =Y S+ DY |

URETLCEPR, TULIVTOLIIY D0, 6RO, CACLH) , 1=2,10)

GOTO 1%

G714

68
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[ R B e B aolite

TABLE 4. 2. 7-4% (CONT It D)

25 DO 7?29 i=1,HLR]
ACT) =F My,
FECHONCT,10)=1)725, 24,25
2L ACL)aCRO
25 CONTINUE
WIETECIPR, 01D VTOLID , YSH L, CACT) 1=, 1'LX L)
[da(HNLA-1)710+1
DO 2b I=1,'d
RAT=(}-17%10
26 AX1SCE)Y=XSN+DXARAT
URITECIPR,I03)YCAY IS , 0 =1, 1)
URITECIPR,10Y)
101 FORNAT(LIIX,Al1,24,FL.0U,1X,101A1)
102 FORNAT(11X,A1,.7X%,101A1)
103 FORMAT(11X,10F10,.0)
105 FORMAT(/H0X, 3UHAXTAL DISTALCE 1N JOET EXIT DIAIETIRG)
106 FORMAT (/504 , bl IIEAR=FIELD SOUND PRESLURE LEVEL CONTOURY
1130 A HEATFD JET)
U7 FORATC/BO0X, 1218IACH O, VS LW 2, 18N TERWERATURD 1S LF5,0)
106 FORIAT{LO K, b IHOVERALL BAND, FII = 1080, TO FD = 20E,800,)
109 FORMATORUX, TEHOCTAVE BAND, FD = 05, 6,90 TO I'h = ,16.0)
110 FORMATO/USX, 20THE FOLLOVING DATA ARF USED IH DETERIpILHe
1T I8H THE VALUTS T0 BE L/
DhGA, LUHASOIGHED TO THE S1PL CONTOURS .  THE BAXITUIL ALUAY ., accune,
SJUSX, SZHCLOSEST T TIHE EXHAUST BOUHDARY., /
WX, 3HTHT IPCRUIFUT BRETUEFH COVTOURS 15 ,14,0,
S DICIBILS)
1t FORIATOREX, LSHTHE A% SPL 1S P00, 150 DB LOCATED AT P01,
1130 DEAL AXDPALLY, /50X, 7THAND AT ,F6G.1, 180 DIAL FATTRALLY)
112 FORDATCNE X, IOHTHE NN SPL 1S L0n 0,150 D LOCATED AT L6 T,
115H DAL AXTALLY, /50X, 7THAND AT U6, 1,150 DA, LATERALLY)
115 FORNATCREX, 35UREEFRENCED TO THE souker LocaTIon,/
1 S5X,0H AL L,E6. 1,210 DIA. AZTALLY AHD AT L1641,
2 16K DIA, LATERALLY,)
RETHRN
FLb
SUBROUTINE BICTCRYL, R2,H, 11,0, 110)

coR,

THES ROUTERE USES A RFCURSEVE FHTERPOLATION LN KHOUR
REQULA FabSE O PALSE POLLTTONY . Al THouGH corveperner
THEORPTICALLY GUARANTEED, CEYRTALM SPECIAL CALEL MAY CONVIERGE
VERY SLOULY HHEN DY/nxX 5 RUCLATIVELY LARGE,

AL

DRSO 010, 370, 0016, 572),205),Y(3), o7, )
COMION 1RO, TER, COLALP, DI T, Ch, Ch, ChL, 07,001, 1R

e, 0l
[R=0
YUOoARE D LOrL, Rt
YH ANA R (R 1)

10 CALL S@ND(TH,XL,YL,SP)
CALL SBHD(TH,XH,YH,SP)
CEARL )

FOL,E) YL =-ARODCYL, )
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TABLE 4.2.2-3 {(CONTLMED)

HY NOW FUUALS THF LARGEST nMOLTIPLr OoF D ey
THAN YL,

X(3)=1,0
PECYI-YL)11,22,12
C=-0
FC1,H)=sF{1,H)~-0
X(5)=-1.n

UTE ALL THTEGRAL (WLTHPLES OF O WHICH LIt BLCTUECH YL AND YH.

DO 2C =2, 35U
IR=1~1
FOIL,M =V (IR, N)+C
PECCECH, N)=YH) =X 3)) 20, 20, 21
CONT I HUT

C=X(3)
15(1R-15)26,32,27
IR=15%

GO TO 32
1F(1R=-1)351,31,32
DO 100 Jd=z, ik
X(1)=XL

X(2)=xu

Y(1)=YL

Y(2)=Yii

HEXT STATENENT OFTERNINES THFE MAXINIUO N0 OF 1 TERATIONS,

N0 99 KK=al, 20

x(3) = O ()+x(2))%.50
CALL SOUDCTH,X(3),Y(3))
RR=CECU, 1 ~Y(3) a0
TFCABS(RR)=-E) 29,249,123
TFCRR)2Y, 24, 2t

i 1=X(3)

Y(1)=Y(3)

GOTO 1349

X{2)=X(3)

Y(2)=Y(3)

CONTIHUF

URITECIPR, 1) T, 40,10, PR
FORHMATC30H DOEL HOT CONVERGE AT THETA = ,1'G.,2,
120 AND F(J) = ,FL0.4, 1751 WITH RESIDUAL = ,F0,
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TABLE 4.2.2-3 (CONTINUED)

HUTO 1uop
29 RS, 1) =K05)
100 CoOhTIRUL
31 th=f R+
FOLR, N =YI
CCIR, ) = AL
FQC1,1)=2YL
RC1,1)=XL
RETURE
ELD
SUBKOUTINE 501(TH,R,SPL,SP)
DINFNGI0N CC17,6)
COIVIOTE ERD, 1 PILC, ALP, ™M1, T, CL, 05,00, 07,1

C
C THIS SURRUUTINY CALCULATES THE SOUND PRESSURE LEVFL.
C IIPUT REQUMIRFD 1S TIHE ANGLE THFTA, AI'D THF RADIDL R,
C SOND1 CALCULATES ALP,CL,CS,CG, ALY C7.
¢
Gl=ALP*]){ex?
G22C0S(.N17645329=T11)
RAT=1,0+Co*FXP(=-CT2t/4L, 1)
G3=21,0¢CLeEAP(=0T7=R)
Qb aNliw3?
NS=1, NeCUFXP{~=NG=THw 017653529) /AT
GO=((1,0+4061)/((1,0-0CL/03)ex)eGl)) w2 &
N73(1.0+02%%4 /05
SP=10, 0% ALOGTIOCRL*GT)
Gl=itwe? L0/ Mww?
2=10,L50%(T/S3u,L)ex 30/ Ranl
G3=215. 150« ia% 500%{T/H30,0)wwl 110/Rew(
PL=10.7*ALNOGLIO(GI+G2=-G3)
STH=10, 0*ALOGIU(C(1T7, 1) e Teel, S0Unnjiasl)
SPLaSpP+pL+ ST
RETURN
Fln
SURROUT N sOMDL
DINENSION C(17,4)
CUnton 139, 1P, C,ALP, DI, T, 00,C5,06,C7,K
C
C THIS SURROUTINEG COHPUTES VALUTS FoR ALP,CHL,C5,C0, AN 27
G FOR USE 1 sonNn, THE S0UND PRESLURE LFVEL SURROUTINE.,
C fUST BEL GIVEN THE CCH,K) OATREX, | = 1,17, K = 1,4, AlD A
C VALUE FOR K. THE VALUFS CONMPUTED ARF FOR SPECIFIFD VALUFS
n OF DIV AND T,
C
W=T«,001
ALP=CCL,K)«DNaaCLD, ) allax(CCT, KY+0(H, ) *Dit)
Ch=COG PY&Des (G, ) =itae (L7 V) 0(0,i0) D0
C52CCY, KInisw C(10,K)»Uax(C(11, Y0012, 1)+
CO=17. 5%(U/3,0)nl SUa(DItex2-1 1))
CT=_h10%(Y/ 3, 060)ex( SHE*(DNax2=1_,0))
RETIRN
‘ Frn
i SURROUTINE REGIOHCA, B, X, 1)
: C THIS SUBROUTINE DETIRNTHES VWHETHER X 1S HH TV CLOGFED
C IHTERVAL (A, R),
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3
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/DATA
LAT
.3239
L2462
1.474
202,48
3,369
-5,02
-1.81
L7355
h,517
L2070
-.517
1.uy
ACTION
REGIT!

TABLE 4.2.2-3 (CONCLUDED)

TEOX 1S I THE IHTERVAL, ¢ = 1 15 RETURNED,
1% X 15 NOT N THE INTFRVAL, | = 2 1. RETURNED.

I=1
1¥F(a-%X)1,2,3

1F(x-n)2,2,3
I =2
X~A
RETURN
FrD
FRAL DISTANRCE 11 JET EXIT DIANMETERS
3 Lbl70 .32555 - 74038 -1.2u -1.72069
=3.4538 ~2,3019 -1.32060 =4,0200 =4,71387
b 1.3507 2.6807 53,2662 L5,759 18,932
8 331.55% -2.1080 -3,21499 3,824 . 53294
2 1.327¢G 10,52 9.5923 -2,3864 -.17065
"3 -6,820 12,303 8.4045 10,491 10,429
67 -1.5494h -.01998% 36732 -1.784%4 - 15571
1 +89132 1,1u41 .22007 -.764bLY5 -. 870
5,28u6 4,5428 2.0963 -.028729 1,3015
] 1.8087 769 .851106 .27691 3.0174
12 -.6h0053 036298 - 2,132 5.5 E+0DIL,78 FE+08

£+071.15  C+u9
COPLFTE,
ACTIVITY.,

72



http://www.abbottaerospace.com/technical-library

REFELRENCES FOR SECTION 4.2.2

Thomson, A. G. R., '"Acoustic Fatigue Design Data, Part 1,' AGARDograph
No. 162 (AGARD-AG-162, Part 1), 1972.

Cockburn, J. A, and Jolly, A, C., ''Structural-Acoustic Resporse,
Noise Transmission Losses and Interior Noise Levels of an Alrcrart
Fuselage Exclited by Random Pressure Fields,' AFFDL-TR-68-2, August
1968,

Hermes, P. H., and Smith, D. L., "Measurement and Apalysis of the
J57-P21 Noise Field," AFFDL-TR-66~147, Wright-Pat-erson Alr Force
Base, Ghio, Nov. 1966.

Suthertland, L. C. and Brown, D., '""Prediction Methods for Near Field
Noise Environments of VTOL Alrcraft,' AFFDL-TR-71-180, Wright-Patterson
Air Force Base, Ohloc, 1972.

Lighthill, M. J., ''Sound Generated Aerodynamically,'' The Bakerian
Lecture, 1961, Proceedings of the Royal Soclety (London)A267. 157-182
(1962).

Plumblee, H. E., 'Near-Field No'se Prediction Method for Heated Jets,''
Published in Proceedings of Conf. on Current Development in Sonic
Fatigue, Southampton, July 1970C.

Plumblee, H. E., Ballentine, J. R. and Passinos, B., ''Mear Field
Noise Analyses of Aircraft Propulsion Systems with Emphasis on
Prediction Techniques for Jets,'' AFFDL-TR-67-43, Wright-Patterson Air
Force Base, Ohio, 1967.

Anon., M1L-8893 (USAF), Military Specification, Alrplane Strength and
Rigldity, Sonic Fatigue, 31 March 1971.

Rogers, 0. R., and Cook, R. i.; "Environmental! Aspects of Sonic
Fatige," WADC-TN-57-68, Wright-Patterson Air Force Base, Ohlo,
February 1957,



http://www.abbottaerospace.com/technical-library

4,2.3 PROPELLER AND ROTOR NEAR-FIELD NOISH

The following section on propeller {and rotor) noise cortains two design
methods based on theory, but liberally modified, by experimental obser-
vations. Only a brief de-cription of the crigins of propeller noise in
included. However an excellent review of and bibliography on noise from
propellers, rotars and 1ift fans is given by Marte and Kurtz (1). Also,

a very comprehensive study of VIOL effects on propeiler and rotor noise is
given by Sutherland and Brown (2).

The noise from propellers is generally assumed to have origins from four
sources. Three of these are dipole in <haracter. These are torque and
thickness, which in an aerodynamic reference result in induced drag and
form drag, and recult in a lateral dipole acoustic source. Noise from
propeller vorticity is broadband in nature and is a longitudina! dipole
acoustic source. Propeller thrust generates noise as an acoustic quadru-
pole. Thrust as well as torque and thickness generate discrete tone sound.

Lowson {3) and Wright (4) have recently developed general theories for
propeller noise generation which account for unsteady and unsymmetrical
circumferential blade forces. However t 2se theories have not been reduced
to general design handbook useage. The harmonic content is of great concern
and if the accuracy of the prediction methods presented in the following two
sections is inadequate, then the Lowson and Wright methods should be incor-
porated in the user's designprocedures, in the form of .omputer programs.

In the following sub-scctions, two similar propeller noise prediction methods
are presented. The first, which has its origins with Metzgar, et al,

(5), has been developed for multi-engine conventional propeller driven air-
craft. The second prediction method is based on Lowson's (6) work, but
relies on empirical relationships derived from publistied near field pro-
peller noise data. The method is not accurate in (he rotor plane, but is
satisfactory at angles greater than 15° from the totor plane. Harmoni<«
rall-off rates and maximum levels at angles away from the propelle: plane
have been derived from experimental data.

L.2.3.1 Gencraliced “ropeller-Noise Estimating Procedure

A simple generalized method of estimating near- and far-field propeller
noise based, in part, upon data in the open literature has been develoned
by Metzgar, et al. (5) and is also included in the Marte and Kurtz suarvey
report (1), This method is presented here.,

The near-tield for sound level estimates is Jdefined as location= within
one diameter of the propeller tip. The accuracy of the sound level

eantimates was determined by comparison of predicted and mez-ured sound
levels for several propeller contigurations during both test stand and

flight operations. In general, the accuracy of the predicied near-field
overall and fundamental frequency sound levels were found to be within
15 to -9 dB of the masured levels (5). However, for propellers up to

74
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15 ft in di
than 0.0C3

ameter, where the tip Mach number to horsepower ratio is less
(i.e., M, /HP 0.003), esiimated overall und fundamental fre-

uency noise levels were within 12 dB of ncasured leveis.
q

Estimate of Near-Field Propelle: Noise: The steps in determining near-

field propeller-noise levels o the fuselage (see Figure 4.2.3-1a) during

static and

(1)

(2)

(5)

(6)

(7)

(8)

dynamic conditicens are:

Obtain a reference level L, from Figure 4.2.3-2. This gives
a partial level based on the power input to the propeller.

Calculate the correction to the partial level for number of

blades and propeller diameter; add 20elog 4/B where B I3 the
number of blades; and add LOslog 15.5/D where D Is the pro-

peller diameter in feet.

Obtain the correction factor from Figure 4.2.3~3. This accounts
for the rotational speed of the propeiler (M, = in-plane tip Mach
number) as well as the distance from the point of interest to the
propeller disc.

Obtain the correctian factor irom Flgure 4.,2.3-4, This corrects
for fore and aft (with reference to the plane of propeller rota-
tion) fuselage position.

Obtain the correciion tactor from Figure 4.2.3-5. This accounts
for the effect of a reflecting surface (fuselage) in the sound
field.

Sum the data from steps 1 thiough 5 to estimate the overall
sound pressure level at the point of Interest.

The harmonic distribution of the noise estimated in steps |}
through 6 is found in Figure 4.7 3-6 (M. = true tip Mach number,
inclhiding the forward flight component,

The harmonic levels of step 7 are combined using the chart in
Figure 4.2.3-7 tu derive octave band levels. 1f more than two
levels are to be add=d, add in palirs to increase the accuracy.

Sample Calculation of Near-Field Noise: A sample calculation of near-fleld

noise (see

Flgure 4.2.3-1b), using the method described in the preceding

paragraphs, is presented here.

Afvirail i spuecd (U‘}: 126 faiots - 210 ft/u
Propeller diameter (D): 9 ft

Power to propeller: 300 hp

Mopel e specd (N} 158% vipm

Number of blades (B): 3
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Radiai “istance (Z) from 1.25 ft
prope.ler to interest point:

Fore/aft distance (X) from 0 ft
propeller to Interest point:

Speed of sound (ao): 1125 ft/s

Step From Fig. 4.2.3-2, L

Step

Step

Step

Step

Step

Agd 20=log (4/3)
Add L0slog (15.5/9)

Z/D = 1.25/9 = 0.139
Vt = n-D'N/60 = 3.14-9-1584/60 = 746 fps

Mt = vt/ao =746/1125 = 0.66

Then, from Figure 4.2.3-3, the correction

2/D = 0.139
X/D =0
Then, from Figure 4.2.3-4, the correction

X/D =20
The fuselage has a circular wall,
Then from Fig. 4.2.3~5, the correction is

The summation of steps 1 through 5 gives
the overall sound pressure level on the
fuselage at locatlion Z = 1.25 ft,

A=0 ft.

Overall sound pressure level = 136.0
The fundamental blade passage
frequency - B-N/60 = 79 Hz

o2 2)1/2

e Ve (7462 + 21 )I/?

Mh = a = 112¢ = 0.69

is

Partial
Nolse
level,

dB
121.0

+2.5
+9.5

+4

136.0
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! 2 3 4
Harmonic
Harmonic Frequency level, dB Hzarmonic
order Hz re overall SPL level, dB
ffrom Fig. 4.2.3-6)

Fundamental 79 -2 134.0
2 158 -9 127.0
3 237 =17 123.0
4 316 -16 120.0
5 395 -18 118.0
6 L74 -19 117.0
7 553 -20 116.0
8 632 -20 116.0
9 711 -20 116.0
10 790 -20 116.0

Step 8. The octave band levels are derived by grouping the harmonics
(step 7, column 4) of the blade passage frequency within the
associated preferred octave bands and combining the levels
using Fig. 4.2.3-7.

1 2 3 L
Harmonics
Preferred of blade Octave
octave passage Harmonic levels, dB band
passbands, frequency (step 7, column 4) level,
Hz (step 7, dB
column 2)
55-90 79 125.0 13k.0
90-180 158 127.0 127.0
180-1265 237, 216 123.0, 120.0 124.7
355-710 395, L74 it8.0, 117.0, 116.0, 116.0 123.0
553, 632
710-1400 711, 790 116.0, 16.0 117.0
1400-2800 - - -
2800-3600 - -
5600-11,200 - -
Overall "35.4
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(a) GENERAL CASE

)

e
FUSELAGE
J\
-0

(o \/ o}

L

(b) EXAMPLE

300 HORSEPOWER —

]

FUSELAGE

e O 4 e POINT OF
1.95 Rt Y~ INTEREST

FIGURE 4.2, 3-1 'EAR-FTELD AXIS SYSTEM FOR PROPELLER
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138 ﬂ‘wr_""'}”mw 1] 7

136 4-

134 L

132

130

128

126

124

R

b eeapeis ....-..4.--%*...-.-"

120

Partial Level, Ly, dB re: 0.0002 dyn/cm?

118 +~ —AF—— —

116

114

300 (Example)

112 -

110 'l T T
10 20 40 100 260 30 1000 2000 4000 10,000
Shaft Horsepowsr

FIGURE 4.2.3-2 PROPELLER NOISE REFERENCE LEVEL SHAF| HOKSEPOWER.
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Correction, dB

04— —

T
0 - dB Correction :
for Values of X/D |
Such That I g
-0.25 < X/D < +0.25 | =
X
8 + 5
'z
| 2
a
-
|
c
Flat Wall | 8
6 do
4 —_—
Circuiar Wali {_
2 —]
Aft ~a———m Fore
|
i
!
]
]
0L _ L ;

0 (Example) +0.25
X /D Dimensionless)

FiGURE 4.2.3-5 EFFECT OF REFLECTIVE SURFACES [N THE PRES3SURE FIELD.

o

e ——————— s
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Harmonic Levsl, dB re: Overall Sound Prissure Leve!

-12

-16

-20

My, = Mt For Static Conditions

(Example) —1

Harmonic of Biade Passage Frequency (

e ]
L

-

4 o 8 10
Number of Blades x rpm
&0

FIGURE 4.2.3-6 HARMONIC LISTRIBUTION OF ROTATIONAL NOISE

a3

i
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4,2.3.2 Prediction of Propeller/Rotor Near Field Noise Levels

For this section.* the near fleld of a rotor or propeller Is the spatial
region within a radius of one rotor-diameter from the center of rotation.
tn this reglion, the predominant noise components occur at the blade passage
frequency (f,,Hz } and at multiples thereof (fZ' f3, etc.). These fre-

quenclies are calculated from

m " g M (4.2.3-1)
where
m=1, 2, 3, etc.
K o pumher of hlades
N = rotatioral speed {revolutions per minute)

The noise level prediction method prasented requires the first harmonic
level {L,(dB) at f,(Hz)) to be found by means of Figures 4.2.3-3 and 4.2.3-9
for a position in the plane of the propeller at the desired radius from the
propeller center. The level at other azimvthal positlons on this radius, and
the levels of other harmonics (for m = 2, 3 and 4) at any desired azimuth,
will be calculated by the use of corrections ( dB) applied to the value of
L,.

|

Prediction Method:

(1) The required parameters are:
B ~ the nurker of blades on each propeller
T - the total thrust developed by each propeller (1b)
N - the rotational speed of the propeller (in rpm)
D - the propellar/rotor diameter (ft)
M, - the blade tlp Mach number

t

ior VTOL aircraft, the maximum thrust is generated at takeoff.
In this case, the following approximations can be used to give
a preliminary estimate of the thrust and tip Mach no.:

T = Alrcraft gross weight/number of propellers

. 4
This method 15 reproduced from work by Sutherland and Brown {2).

85



http://www.abbottaerospace.com/technical-library

(2)

(4}

(5)

(v)

(8)

and

n DM

My 01120

(4.2.3-2)

Compile or plot a macrix of field points at which sound level
estimates are ivequired. Ffor cach point, calculate the radius,

r (ft) from the center of the propeiler, and the aximuthal angle,
y (degrees) from the disc-plane of the propeller (see Figure
4.2.3-10 for coordinate system definitions). Sound levels w.il
now be estimated for each point at coordinates (r/D, ).

From the estimated thrust per blade (T7/8) and propeller diameter
(0), find leve! L, from Figure ,.2.3-8 or from

L, = 110 + 20+10g,, (T/B) - 40Oslog O dB  (4.2.3-3)

For the aesired field point radius (r/D, (0.5 < r/D < 1.0), find

incremental level AL(‘) from Figure 4.2.3-9 or from

AL\]) = —hO-loglo[r/D - 0.35] -6 dB (4.2.3-4)
. mx B x N
For each of the harmonic frequencies f = 5 Hz,
(2)

find rhe incremental level AL m from Figure 4.2.3-11 for the

appropriate values of Ht and r/D, respectively.

For ¢ = 0, that is, for levels In the disc-plane, the sound
pressure levels, SPLm(dB re 20uN/m“}) at each rrequency fm(Hz)
are given by !

c . _ m (2) (3) -
uPLm(I/D, P) = Ly + A + ot AL b, b dB (4.2.3-5)

(3)
mB,

priate values of mB and y, respectively.

where AL is obtained from Figure 4.2. 12 for the appro-

For structural surface sound pressure levels, add 6 dB to each
valuce it ithe suricce 1o f!dt, oy 2 Lo Ioan for cupved sopEfoaee
(see also Section 4.2.5).

For tield points at 1.0 < v/D ~ 3.0 a morc claborate procedure
b = been develnped by Sutheriand and Brown (2) which should be
r forred o if prediction in this reqgion is required. For
field points, r/D > 3, far-field theories such as those of
Lowson (3) and Wright (L) are generally applicable.
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L.2.4 BYPASS FAN ENGINES AND DUCTED PRUPELLLKS

Although bypass tan engines have been in service for nearly 15 years, no
generally appiicable methods have becn develuped for predicting noise within
fan ducts. However, It Is significant to note that sonic fatique failures
in internal fan duct structure hav  been noted. Hancock (1) reports the
results of noise measurement tests within the TF-34 nacelle and shows an
empirical correlation of the data. There is no reason to bellieve that this
correlation is generally applicalile to other engines; however, the results
are included in this report as being representative of the best available
data and may be used as a yquide for order of magnitude only. It is strongly
recommended that measurements be made in an operational system if fatigue
prablems are suspected.

A method was developed for estimating near-fleld noise levels for ducted
propellers (outside the duct) by Sutherland and Brown (2). The method,
very preliminary in nature, is applicat.'e to VIOL propulsion systems such
as Jducted propellers, tip-turbine lift ns and other propeller/fan con-
figurations. It includes gross effects of rotor-stator interactions and
duct mode characteristics. The method requires the use of the propeller
noise calculation procedure of Section 4,2.3.2,

b.2.4.1 inlet Duct Multiple Pure Tane Noise Level for a High Bypass
Ratio Tiibofan Engine

The lack of avallable data and methods for predicting sound levels inside
turbojet and turbofan engines has tourced engineers and designers to resolve
sonic fatigue inlet fallures on a case-by-case basis. The description of
one such effort is presented by Hancock (1). He presents an experimental
program based upon a series of full-scale tests to determine the effect of
both engine and ailrcraft operational parameters on nacelle internal sound
levels. An empirical correlation of th- data resulted in an order of
magnitude estimate for the peak narrow band sound level. This empirical
correlation Is presented in the form of a design chart,

Derivation: During the development program of an airciaft utilizing a
TE-34 turbofan engine, sonic fatigue cracks ovccurred in the inlet structure
and resulted in a design change. The farcing function was in the range

of 1 kHz and was assumed to be Multiple Purce Tones (MPT) generated by the
supersonic fan blade tips at high power rather than the blade passage at
low speeds. These lower frequency tones have been variously called buzz
tones, combination tones, and multiple pure tones. They originate as

shock waves at the blade leading edges and appear several blade chord
lengths forward of the blades at orders of rotational frequency rather than
at the blade passage frequency. This phinomenon has been described in the
literature {e.q., references 3 and 4).

97

PO T T

PR R

o



http://www.abbottaerospace.com/technical-library

Hardware Description: A cross section showing relevant engire/iniet condi-
tions is given in Figure 4.2.4-1. The inlet extends forward from the A-h
engine/inlet mating flange shown to approximately 27 Inches farward of the
TF-34 fan tlp. The shroud inner diameter at the fan tip Is 43.6 inches.
The fan Is single stage with 28 blades of 6 1/4 inches chord at the tip and
a bypass ratio of 6.23. Other pertinenc engline characteristics are sum- ;
marized in Table 4.2.4-1. This engine has no inlet guide vanes (1GV), and i
outlet vanes (OGV) are located far enough behind the fan not to affect

inlet levels appreciably.

TABLE 4.2, 4-]

TURBOFAN CHARACTERISTICS

TF-34 TF-41-Al é
No. of First Stage Fan Blades 28 25 .
No. of Fan Stages | 3 .
fan Bypass Ratio 6.23:1 0.75:1
RPM at MV = 1.20 (Std. Day}, RPM 6550 7450
Fan Diameter, Inches 43.6 37.8
Fan Hawy Clow (Approx.) . 1b/sec 250 260
Fan Tip Chord, inches 6€.25 6
RPM at Tip Radial M = 1.0,RPM 5760 6650

Acoustic Measurements: Microphonc lecations are identified in Figure
4.2.3-1 as to three circumferential and five axial stations. The micro-
phones were 0.080 Inch In diameter and were installed through tnhe skin tn
csense surface pressure. Those in the inlet portion of the structure were
instalied through /8 tiich diamecer fluh head rivets and "“1aoked” at the
Inner surface through 0.0L0 inch diameter holes approximately 0,030 inch
tuny to preoent slippage Into the intet. This resulted in a cavity
tesonance of about 7000 Hz, but sharp enough o that data to 5 KHz were
not affected. Resolution of higher frequency data would be better done by
mount Ing the dlaphram flush.

s
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Structural response was the primary consideration tor these measurements,
and amplitude definition above 5 KHz was not considered relevant. Pressure
medsurements were complemented with a number of accelerometers ard strain
gages located both near and remote from the micruphones, Thouse were impor-
tant in verifying shaker determined local responses and assessing fatique
life properties under the actual environment, but were not overly important
from the standpoint of environment definition. They did, however, allow the
early conclusion that Failure was caused by local response rather than

major hoop or entire panel section response between main frames.

Data were mcasured on a number of runs with the engine mounted in a test
cell to simulate Its aircraft mounting. Englne centerline height duplica-
tion became a relevant point because of an inlet vortex generated by the
presence of the ground plane.  Its presence was similar In effect to any
other duct obstruction, such as IGV or other protrusion. Inlet levels

were increased about 2 dB with the vortex present and varied *2 dB circum-
ferentialiy. In general the pressure perturbation area at the base of the
vortex covered several square inches with an essentially randon characteris-
tic.

This vortex is present during static runs and disappears at a forward air-
craft velocity of about 30 Kts. For data recording, fan rpm was slowly
vatied from idle to maximum power for individual runs. Several cell runs
.ere made, covering an ambient temperature range of LO°F to 95°F. This
‘enulted in maximum attalnable fan rpm (Nf) variations from 6400 to 6800
for specific runs.

Figure 4.2.4-2 jllustrates narrow band noise spectra obtained at microphone
location 2 (8.3 inches forward of the fan) at subsonic and supersonic tip
speeds. Blade passage (28 Nf) dominates the subsonic case. With super-
unic tips, blade passage has been submerged in the MPT's which now dominate
the spectrum. Kester (3) and Philpot (5) have ascribed this phenomenon to
non-uniformities between blades and resulting non-uniform sawtooth shock
patterns, with non-linear propagation serving to redistribute the energy
originally generated with the blade passage.

Various authors (references 5, 6, 7) have proferred methods to cslcutate
overall levels forward of the fan, including MPT contributions. And
recently Pickett and Kester (references B8, 9) have shown a general predic-
tion ot spectral levels based on a statistical model related to types of
blade qeometry and manufacturing tolerancus. For this desiqgn problem,
however, it was deemed advisable to empirically define the maximum harmonic
leve To around 1 KHe, since tesponse in Lhis range had already been deter-

wined, Figure 3,2.4-3 shows the relation between overall jevel | blade
pdssage and he maximum MPT spectral component level occurring between 800
and 2000 Hez as a function of engine rpu. This lattar i3 to he dictinguished
Frows it e T ] T evtend vhe Ao emmpoayicoon, avoi bl RPT dota

for the TF-41 engine was utilized. The TH=-41 is a threc-stage 0,75 by-

pAs - tatla fan with 25 first stage blades.  Lach staye has outlel quide
vanes. The variation of overall sound levela with engine RPM ¢ shovn for
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2 0 KULITE No. 6. TF—34 IN TEST CELL
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reference.  Data in this tigure ure averaged for, the various inlet loca-

tione. Nverall levels generally follow an (RPM)Y slope. The figure clearly
show, that in ail cases the inlet levels pass through a peak with Irncreasing
rpm.  The peak tor these dura, and thau shown in the ditevature (e.g, ref-

number (HV) of V 2, i.e., vector sum ot axial Inflow velocity and Jip radial
velocity. The axial velocity is a function ot inlet airflow characteristics
and p :ssure losses, and requires interprctation in combination with fan
periunmande Clrves. AL shown, the pechk for the sondoun 200-2000 Hr compo-
nent is extremely sharp. 1t was found that with different ambient condi-
tions, causing 1.2 tip M, to occur at a different rpm, the 1.2 M peak also
moved along an (RPM)6 lepe. This was later confirmed over a wide range of
ambient conditions during flight, as was the sharpness of the 800-2000 Hz
component peak at 1.2 M,. Access to a limited numbher of points in flight
and test ce'l data at different ambient conditions allowed this point tu be
plotted at engine speeds rangirs from 5800 to 6800 rpm. This extremely
sharp peak existed in all cases. It was found to vary with an M,, exponent
approximating +40 in the range down to 5 dB either side of the peak (MV =
1.16 - 1.2h) and tapered to an exponent of #24 at 20 dB down. No recady
explanition can be offered for this degree of dependence, The TF-41 maximum
spectral component In the same frequency range was found to follow a similar
trend, although the exponent was not determined. A comparison of spectra

at 1.20 M, is given in Figure 4.2.4-4 for the microphone location just for-
ward of the blade (5.62 in. fur the TF-41 and 8.3]1 for the TF-34). Blade
passage tone for the TF-41 vremcins strong, but the MPT levels are not as high
as for the TF-34. Apparentiy more energy is extracted quicker from the
original blade passage tone in the case of the TF-34 than for the TF-41.
Ketevenve 9 shuws ihal 10 eevindn cases blade suetion snrface neometyy can
affec: 2 process - a blade with a larger radius of suction surface curva-
ture (... more nearly flat) will generate a shock pattern extracting more
energy. Both fan blades exhibited very neariy flat surfaces Lo about the
three-quarter chord; so abvicusly this idea did not apply. This is a com-
plex process, and no attempt was made to explain this, beyond a literature
review, since TF-41 data were used only in this problem to illuminate the
general phenomenon.

erence 3 and 5}, occurs gt the rpm corresponding to o rtip relative Mach
’ 4 H Y v

Extrapolation to Flight. Once the static test cell noise was defined for a
range of operating variables, It remained to extrapolate these or otherwise
anticipate the tevels during flight to predict 1ife fur the new inlet design.
Based on available information and a static reference level, a simple
empiricnl relarion was develored to describe the maximum MPT spectral level
between 800-2000 Hy in terms of flight parameters:

52 - KM?In% ne (8D 1) (vP)

where K = Reference measured inlet SPL

Hh = Fain Tip Vectuir Mach No.

Y8
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n = Experimentally det.rmined erponent varying be tween 40 at 5 dB
down from the peak value at 1.20 n) and 24 at 20 d8 down from
the peak.

pa - Locul denstiy near the fan rip
N = Fan rotatiunal speed

BD! = Blade Difference index - a measure of difference between blades
of one engine and those of another - assuned L1 dB averaged
over an octave band at high bla’s lcoading and *3 dB at low
loading (Reference 8)

VP = Vortex Presence near the ground - disappears at forward speeds
near 30 Kts - probably on the order of +2 dB.

These parameters o e interrelated to a large extent, and it is probable
that a number of other expressions could be developed of equal merit. In
any event, these variables have been enumerated for reference and have fit
the avallable data well. In terms of Narrow Band Sound Pressure Level (10
Hz), the above expression is (within 5 dB of the My peak):

Mh
1.20

e 6650
Max SPL(800-2000 Hz) = K, - K, |Log | - 20-\09(;%)—60- Log(—N-s—)iB db

(4.2.4-1)

The last term combines the BD1 and VP which should average out to about 13
dB for production engines flown in the nacelle. Recent flight test data
have confirmed the expression at altitudes of 10,000, 19,000 and 30,000
ft. within 3 dB. At the two higher altitudes it gave levels 3 dU higher
than measured. |t was therefore accepted as valid fcr fatigue life pre-
dic ion of the inlet. (It i< to be emphasized that the 157 dB reference
'cvel is a function of engine and nacelle design and if a problem is sus-
pected, then tests should be run on the actual anyine).

Design Chart: The chart presented in Figure 4.2.4-5 is a solution to the
equation (which gives the SPL in a 10 Hertz bandwidth)

where the constant K, should in principal, be determined for each cvngine,
hut for present purposes, was determined to be,

Ky = 157, (4.2.4-2)
for the TF-34 cngine. The constant K, was determined to be, K, = Loo, unti)

the term

| = 20 (4. 2.4~3)

) q]
Ky \'UQT’Q‘()“ -

and then the constant K2 was empiric.lly determined to be K,2 = 2ho,

The other parameters In the equation are defined in the list of symbols
above .

100

3
i
1
!

[Py

/ B,


http://www.abbottaerospace.com/technical-library

v dnded

Ny HPM L

w21 2a

.
B ST TN P

’
[
v < .
. H\ 7. .
— — P80 — . s cs ———— ——
. 7, - -
v
Y./, 7
[ -
v - —— e . L —————— ————— -
r. v, o
14 4 v L
. s
- - - - S r [ - e ——————— ————
M. ' . ™
v L
! s
o - j | AV "

SPL(80G 2000H)

URE Livel
FRFOUENCY BAND FOR

IN 800 '~ 20006 Hz.

NARROW RAND)

(10 Hz.
EYPASS FAN ENGINE

INLETS

10]



http://www.abbottaerospace.com/technical-library

4.2.4.2 Noise from Ducted Kotors

Iin Section 4.2.3.2 a method was presenved for determining the near-field
noise levels for a free propeller (or rotor). Sutherland and Brown (2)

have extended their propeller noise prediction method presented there with
some very approximate ioncepts to permit a gross determination ot the etffects
of a duct on the near-ficld rotor noise {outside the duct). Rotor-stator
interactions are also included in the prediction scheme. This prediction
method was compared with limited experimental results by Plumblee, et al.,
{10) and was found, in that comparison, to be reasonably accurate. However
no absolute accuracy or error estimate is possible because of the limited
comparisons with experiment.

Prediction Method: The method is designed to be used in conjunction with
the free rotor prediction method of Section 4.2.3.2. The following correc-
tions are apylied to the free rotor near-field nois: Jevels:

Duct-Transmission Loss (TLm)

Rotor-stator Interaction (As)

Directional ity Corrections

The add,tional design parameters required for estimation of these corrections
are:

V = the number of statar vanes In close proximity to the rotor disc.
(d/c) = the separation distance between the rotor and stator blades

(trailing cdge to leading edge) divided by the chord of the
downstream blade.

(x/R)

the axial duct-length between the rotor disc and the duct
leading-edge, divided by th: duct radius (R}.

7 = the hub-to~-tip radius ratio of the duct.

(1) Calculate the sound harmonic levels for a field point in the disc-plane,
at the required r/D, by steps 1 through 6 of Section 4.2.3.2

) = Y] - + (‘) ("\
SPLm(r/D, o= 0v) L, rat +aLv o dB
These levels require the following duct corrections.
(2) calculate the duct transmission loss, TLm, as follows:

If d/c = 2.0, find the lowest value of & = |mB - sv| , for each
harmonic order m.

s =0, 1,2, 3, etc,
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Vf d/c - 2.0, or if no staturs are present, 1 = mB, for sach
harmonic order m,

For each harmonic order {(m), find the value of (kl(r)R) from
Table 4.2.4-2 for appropriate values of v and .

If
TR ES Y
meH 2 (k"R
then
., =20 (h.2.4-4)
if
mBM, < (ki')R)
then
T - 8.68 (x/n)/iky(f)g)Z_(mBMt)z dB (4 2.4-5)
TABLE 4.2 .4-2
CUT-OFF VALUES OF (kgr)‘R) FOR DUCT STUUND TRANSMISSION
(from Reference 11)
Hub-to-Tip 2 = (mB) or |m# ! sV|
Radius Ratio
“ 2 3 i 8 12 16 32
0 3.06 4,2 5.3 9.7 14.0 18,1 346
25 1.0]1 k.2 5.3 9.7 4.0 18.1 346
.50 2.63 3.9 5.7 Y.h 1.0 18,1 34.6
.75 “. 30 ?.5 b6 9.5 15,0 17.9 34,6
m = blade passage harmonic order R = outer (tip) radius
B = number of blades s = apy integer (0, 1, 2, 3,...)
V' = number ot vanes
ing
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(&)

(6)

Calculate the rotor-stator interaction (A ), u. toilows:
S

P
d/c » 2.0 ,
then
Ay =0 (4.2.4-6)
if
d/c < 2.0 ,
then
Ay = 3 - 20 log (d/c) dB 4.2.4-7)

The corrected sound pressure levels in the disc-plane, at the
required r/D. are,

- (1 2y .- -
SPL(r/D, ¢ = 0°) = &, + oLt +aL b +a, dB o (h.2.478)

2]

where the first three terms are found from Section 4.3.3.2.

For y ¢ 0°, that is, for levels outside the disc-plane, the sound
pressure levels are corrected te:

o 3 -
SPL_(r/D, ¥) = SPL_(r/D, 0°) + 4l )mB,w 48 (4.2.4-9)

where AL(B) is obtained from Figure 4.2.3-12, tor the appropriate
values of & ({nstpad of mB) found in step 2, und for angle y.

For structural surface sound pressure levels, add 6 dB to each value
1f surface is flat, or 3 d3 for curved surfaces (or el e refer to

Section 4.2.%5.2).
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4.2.5 NOISE PREDICTION ON A'RCRAFT SURFACES

Mout of the methods presented in the previous secticny are based on predict-
Ing noise In the free field. |In actual situations, there are several effects
in the radiation tleld which alter the trec tield sound pressure level and
distribution. The most critical effects are those duc to (1) qground reflec-
tion, (2) structural reflections and (3) oircraft forward mation. There-
fore, this section will concenirate on a description of «<iv »lified predic-
tion methods characterizing these three effects.

4.2.5.1 Ground Reflection Effects for Jets and VTOL Jets

There is no doubt that ground reflections can cause the most drastic modi-
fications of the sound level and spectrum shape at a point of any of the
etfects discussed. The sound pressure can incredase tu the point of doubling
and at the other extreme can be completely cancelled ftor a monopole type

of source. And, the problem of ground reflection is of even more signifi-
cance for highly directional sources. For Instance, on VTIOL aircraft which
may have a vertically oriented jet the ground reflection completely domi-
nates the sound field forward of the jet exhaust.

The problem ot ground retlection exists tor all types of alrcraft noise
sources in one of two manners. First, in performing near field nolse

tests, evpecially with full-scale harduare, the data to be measured inher-
ently contain ground reflections to some degrec. The helght above the ground,
thre distance fioum the sulice iu the §ficld pobiic and the Tmpodaiiee o thic
ground surface all have major effects on the reflected contribution. Unless
the situation for the near fleld noise prediction exactly duplicates the
test set up, the groand reflection contribution will be erroneous, with a
high probability of significant errors in SPL and spectral shapes. Second,
in the rase where the near-field noise prediction method i< truly free-
fleld, gyround reflections must be cvatuated and included if the prediction
o the siiuation warrants it.

The vsual method for determining ground reflection effects is to assume an

image svurce which, in effect, presumes a rigid ground planc. This technique
has been usced for qulite some time and was initially 1oposed as the method
ta account for jet noise qround reflection by Howes (1). The most recent

study of ground reflections was presented by Sutherland and Brown (2). They
derived a technique for accounting for source directivity thus providing
the most gencral technique availabie. Other studicy of g ound reileciion
effects are given by Hoch and Thomas (3), Eldred (4), Franken (5) and
Morgan, et al. {6).

Derivation: The source, image source and receiver arve illustrated in
Fiqure 4.2.5-1. The derivation to follow is after Sutherland and Brown
(2). Source directivity i+ included, however the qround plane is assumed

to be rigid, which is not unrcasonable for most surtaces over which alr-
cratt operate.

Referring to Figure 4.2.5-1, the mean square sound pressure at g receiver
it the sound field of 4 pnint source and it Tmage wovrce du to a perfect
retlection can be expressed as

]
%
!
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PLa T F T = Pl v o s ar ) (4.2.5-1)

where
Pd' P = direct and reflected pressures respectively at the receiver

roo= 3}/Pd' ratio of mean square reflected to dirvect pressures

C = Pdpr / Pd 5} , the correlation coefficient between
P, and P

r
and (7)) signifies a long time average

for a directive point source with a directivity factor D(8), the ratio r2

Is given by
2
2 R . D(o') -
r= 13735- QN (4.2.5-2)
where

H"Z H 1/2
R' = Rll + h(ﬁ—) - h(ﬁ') cos © , the distance from the

image source to the receliver

- . H
0' = tan sin ﬂ/( 2 B - cos U)I , the angle bhetween the source-

image axis and the radius R'
and
H' = source elevation above the ground plane

If the source consists of an ldeal band of white nolse, the correlation
coefficient C can be shown to be (1,6)

sin [«f 1b] e
N -SRI /—l + (b/2)2 | (h.2.5-3)
f b | C 1
C
where
v = (R' - R)/an, time deloy between direct and reflected signaly
b = At/f
[
f = center frequency of band
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Af = bandwidth of nolse (ideal filter)
a = ambient speed of sound

For plotting purposes, it Is convenient to transform the coordinate
system to rectilinear coordinates x, y where x is the vertical distance
below the jet exIt plane, and y Is the lateral disiance parallel to the
ground plane. Furthermore, by expressing distances in terms of nozzle
height and frequencies in terms of the ratio of source height (H') to
wave length A\ = aO/fc, then for an octave band of noise, b = 0.707, and
one obtains
2 (R/H')? (')

= (4.2.5-4)

LRHDE + 4(1 - x/u)] 000D

C = S‘g B cos 38
where )
8= oc | /WML 401 iH) - jsw| /v
G~ f - H'/ao - H'/x, the ratio of source helght to wavelength
R = [Gin)? + (ymn) 212
0= cos” (1) (h.2.5-5)
and

0= tan ()

tquations (k.2.5-b4) and (h.z.5-5) are used in kguation (4.2.5-1) to determine
contours of constant values of the quantity

2
A~ 10elugll + % + 2r C]  dB . (L.2.5-6)
This 15 simply the chemyge in osound tevel dn decibels due tu Intioduciion of
e ground plane,  Coniours ot Lhis toiteciion correction were compuied (2)

for three general cases:
{1) A nandirective point source,

(2) A "point source” simulating the far field directivity oi an
amhient air jet, and

(3) A "point source' simulating a turbojet engine as o heated jet.

104
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For the nondirectional (monopsle) source, D) = 0(0') - 1. For an anblent
air jet source, the directiviiy factor can be approxin-ted as

;
K(! + cos' o)

D(8) = (h.2.5-7)

Ny T
(1 - Mcos 6)° + (uM)Ll)/ZII +C 2

48
where

M is the eddy convection Mach numbcr

K = 0.56, an arbitrary constant selected so that fD(S)'sin“dB = 1.0

Q
]

0.3, a correction factor for finite eddy decay (ime

Ch = 2, an empirical constant

o
A

12.3 per radian, « cirical cormstant

This directivity factor is based on the theoretical model derived by Ribner
{7) and modified by an empirical exponential term in the manner propused by
Plumbiee (8) to account for the decrease In directivity near the jet axis.

The following zonstarts are used In Equation {4.2.5-7) to simulate the
far field directivity of a full scale turbojet engine.

K = 0.37
2 _ 0.3
@ =Y Directivity constants for heated jet
C}“ = 3]0
CS =9

To give an ldea of the effect ¢f source directivity and reflection on the
sound field, typical results for a monopole source and a nearly vertically
oriented jet are shown in Finure 4.2.5-2 (from Sutherland and Brown (2)).
The sound field for the monci.ole source Is, foi the case cirosen, modified by
4 maximum of £4 dB due te the vevicetion. Heowever for the source wiih
directivity of a vertically oriented jet, an increase of 10 dB is observed,
thres Pl lucsrating the cignifleance of Tncluding ground reflections in a
noise estimate procedure.

Tables and Computer Program for Reflection of Octave Bands of White

Noise from a Rigid Reflecting Plane: Tables and the compuier prog.am
utilized for their generavion are provided for calculating the change in
octave band levels due to ground reflection from a rigid plane for a point
source wilch sfmulates the directivity of a:

110

T

!
i
}
i
i



http://www.abbottaerospace.com/technical-library

N

Vertical Distance/Source Elevation

v Il

{a) Change in SPL (in decibels) for monopole source above ground plane

y/H', 1Lateral Distance/Source Elevation
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y/H', Lateral Distance/Source Elevation

{b) Change in SPL (in decibals) for jet abave ground plane

FILLURE 4,2.5-2

EFFECT OF SOURCE DIRECTIVITY ON REFLICTED ~0UR0 [IEED (1 /=1,
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Non-directional monopole source
Jet noise source

The computer program prints tables in a geometrically arranged matrix
array of elther or both of the following quantitles (A & #). The relevant
equations are derived in the previous section, The geometry of the prob-
lem 1s illustrated in Figure %.2.5-3,

A = 10-log | Hean Square (Direct + Reflected Pressure)
'es Mean Square Direct Pressure

dB  (4.2.5-8)

The change In sound level due to introduction of the rigid
reflecting plane, and

B =L - 20+l0g (%) + 1Cslog(D(8)) dB (4.2.5-9)

the sound level at a position R, 8, in the absence of a reflecting
plane, of a point source with a directivity factor D{8), and space
average sound level L, at a reference distance H. For printout,
the polar coordinates are converted to rectilinear coordinates

x and vy.

To simulate a jet noise source, the computer program assumes a directivity
factor for the point sourcc as glven In Equation {L4.2.5-7).

Tables: Tables are provided for the case of a monopole source only., Table
4.2.5-1 presents a set of matrix tables of A (Equation 4.2.%-8) for a mono-
pole source for the following range of variables.

For cach table:

x/H=-2 to 4] in steps of 0.2

y/H

1

0 to 6 in steps of 0.6
Separate tables are provided for:

H/A = 0.25, 0.5, V, 2, &, 8 and 100

] The case of H/X = 100 approximates the condition for which phasc
giiccty are negligible in the reiicction and ithe total dircect and
reflected sound flelds are added on an Intensity basis.

Table 4.2.5-2 presents a matrix table of A + B for H/A = 10U with the refer- :
ehce space average sound level of the direct sound field (Lo) arbitrarily
set equal to 50 dB.

For convenience, by sultuble cholce of the intervits for the rectilineayr
posltion variables x/H and y/H, the tabular values appear in a geometrically

PO A SR IS ]
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IABLE 4.2.%-1 (Loncluded)

Vertical (Decibels)
Distance Y/H (Lateral Distance)
X/H 0.0 .5 1.2 1.8 2.4 30 3.6 42 48 5.4 6,0

-2.,0 1.0 1.0 1.2 1.% 1.6 1.8 2.0 2.2 2.3 2.4 2.5
-1.8 .9 .9 1.} 1.3 1.6 1.8 2.0 2.2 2,3 2.4 2.5
-1.6 .8 .9 1.1 1.3 1.6 1.8 2.0 2.2 2.3 2.5 2.5
1.4 .7 .8 1.0 1.3 1.6 1.9 2. 2.2 2,3 2.5 2.5
N -1.2 6 .7 1.0 1.3 1.6 1.9 2.1V 2.3 2.4 2.5 2.6
e 110 -1.0 .5 .6 .9 1.3 1.6 1.9 2.1 2.3 2.4 2.5 2.6
-.8 .3 5 .9 1.3 1.7 2.0 2.2 2.4 2.5 2.6 2.6
-6 .2 A0 09 1.3 b7 2.0 2.2 2.4 2.5 2.6 2.7
-4 L A .9 1.4 1.8 2.0 2.3 2.5 2.6 2.6 2.7
- .0 .3 .9 1.5 1.9 2.2 2.4 2.5 2.7 2.7 2.7
source— —-.0 .0 .3 1.0 1.6 2.0 2.3 2.5 2.6 2.6 2.7 2.8
.2 . .5 1.2 1.8 2.2 2.4 2.6 2.7 2.8 2.7 2.8
yn .3 .7 1.5 2.0 2.3 2.5 2.6 2.7 2.8 2.8 2.9
.6 .7 1.2 vy 2.3 2,6 2,7 2.8 2.8 2.9 2.8 2.8
.8 1.6 1.9 2.4 2.7 2.8 2.8 3.0 3.0 3.0 3.0 3.2
Plane ——1.0—6.0—t.0—6.0—6.0—6.0—6.0~6_0—6(_0—6.0—6.0—6.0
TABLE 1.2.5-2
OCTAVE BAND LEVEL FOR MONOPOLE SOURCE OF WHITE NOISE
AT LLEVATION H ABOVE RIGID PLANE WITH SPACE AVERAGE
OCTAVE BAND LEVEL = 50 dB AT RAD!US = H
(H/» = 100)
Vertical (Decibels)
Distance Y/H (Lateral Disiance)
X/H 0.0 .6 1.2 1.8 2.4 3.0 3.6 4.2 LB 5.4 6.0
-2, b9 44 6 43.8 42.8 4.7 40.7 39.7 38.8 38.0 37.2 36.%
-1.8 45.8 45.4 44 4 43,2 42.) 40.9 39.9 39.0 38.1 37.3 36.6
1.6 46.7 46.2 k5.0 43,7 L2.4 41 2 Lo 39,1 38,2 37.4 36.7
1.4 47.8 47,1 45.7 44,2 42.7 by O3 193 38.4 37.5 36,8
1.7 490 LBUY 6.4 446 K30 LY.7 ho.os o5 3B.% 37.7 36.8
-1 0 50.5 49.3 47.0 45.0 43.3 41.9 40.7 39.6 3P 6 37.7 36.9
-.8 52,3 50.5 L7.7 454 43 .6 L2.1 40.9 9.7 38.7 3/7.8 37.0
-6 4.7 1.y L83 45 B 43.9 42.3 41.0 9.8 38.8 37.9 37.1
-4 58,01 43,2 4B 8B 461 440 L2y B11 Lo 38.9 0 37.2
-2 64 0 84 3492 46 3 K43 b2 5 LoD a0 40 2b 0 3700
Source -=.0 Q? Wh 8 49, b4 L6 4 L b2 ) MY oh Lo ) gy 0 3E0 3700
20 64,0 5hob by o 466 Kh o Lo oo hypon bz o301 38 00 102
A 58,2 53,06 W9k K67 Bhon 49 by hul2 o 4G.0 3K.01 3703
65,2 52,0 g 3 W67 Wby by o hiou hoLs syl sdL 37 L
B3 st by e KRG8 WAy hsoo hiw o oy kLY g/
Plane =~ ——=1.0-=56.0-54_7-52 V-hg, 747 7 %6 0 bl 4y 1 0 Ly bo oo

|
|
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scaled pattern normalized by the source height . Tui wny tuble, the poyi-
tions x and y mcy be normalized in terms oi wavelenyih by multiplying the

x/H and y/H values by H/x.

Lomputer Proygigin.

ground reflection tables such as illustrated in Tables 1.2.5-1 and 4.2.5-2,
The first program listed is presented in Table 4.2.5-3 and is coded for
operation on a remote computer terminal utilizing a direct input to a time-
sharing computer service (2). Table 4.2.5-4 presents a modification of

the code listed in Table 4.2.5-3 that |s compatible with the computing
facility at Wright-Patterson Air Force Base (private communication:

R. C. W. van der Heyde, W.P.A.F.B., 1974). This modified code tabulates
only the matriv A or B, or A + B as described below.

Input File Name

The user types the file name on which is stored the following
variables separated by commas (,).

(W
XH,
XD,
YL,
YH,
YD,
MC,
AL,

chk,

ICODE, An Iriteger tfvom | to 7 to define the ocutput form desiind

NU,

Lowest Value of x/H

Highest Value of x/H

Inter

Tvo

val

zompiiter proarams are presented for calculating

In x/H

Lowest Value of y/H

Highest Value of y/H

Interval in y/H

Value of M in Equation 4.2.5-7

Value of ol in Equation 4.2.5-7 ;
Value of Ch in Equation 4.2.5-7

Value of C5 in Equation 4.2.5-7 ;
Vaiue oi X In Cquation 4.2,5-7 1
Value of L0 in Equation 4.2.5-7 ?
Value of v, Incidence angle (in radians) of "jet" axis. %
(Sec Figure 4.2.5-3) ;

v Adefined bhelow. i

Value aof H/\

1y
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TABLE 4.2.5-3

LISTING FOR PROGRAM T0O COMPUTE GROUND REFLECTION TABLES
(FOR REMOTE ACCESS TERMINALS)
10 DIMENSION X(50),YY(11),A(11,50),B{(11,50),AB(11)
15 STRING F(10)
20 REAL K, MC,LO,NU
25 10 WRITE(Y,11)
30 11 FORMAT (3/)
35 12 ACCEPT 'INPUT FILE NAME ' F
40 OPEN(3,F, INPUT,SYMBOLIC,ERR=20)
45 G0 TO 30
50 20 DISPLAY 'ERROR IN FILE',F
56 GO TO 12
57 30 READ (3) XL,XH,XD,YL,YH,YD ,MC,AL,ChL,C5,K,1.0,G, CODE,NUY
65 M=(YH-YL)/YD+]
70 Ne(XH-XL)/XD4+1
75 X(1)=XL
80 PiI=3-1415926536
B5 Do Lo 1=2 N
90 40 X(1)=xX(i-1)+XD
95 L1 Y=YL-YD
100 DO 1000 1=},M
105 Y=Y+YD
- 110 YY(1)}=Y
115 DO 100 J=I,N
120 Z=x(J)
125 R=SQRT(Z#Z+YxY)
130 IF(R-NE-0-) GO TO 5%
135 A(1,J)=--01
1450 B(1,J)=--01
145 GO TO 100
146 55 ARG=Z/R
147 ARG=ARGx | -E+10
149 ARG=TRUNC (ARG)
149.1 ARG=ARG/(1-E+10)
150 T=(ACOS(ARG)) - G
155 TP=ATAN(Y/(2--2))-G
160 CALL DTHETA(K,T,MC,AL,Ch4,C5,D)
165 1F(D-EQ-0-) D=l
170 IF (1CODE-EQ-5) GO TO 80
175 CALL DTHETA(K,TP MC,AL,Ch,C5,DP)
180 IF(DP-EQ-0-) DP-1.
165 TMI=SURT (RxR+4+ 2 (1-~-2))
190 SMALLR=SQRT(DP/D)*(R/TM1)
195 1F(TM1-NE-R) GO TO 60
200 A(1,4)=20-5ALOG10(SMALLR+1+)
205 GO TO 70
210 b0 BETA=PIANUA(TMT-R) /1- 4142135624
iy L=SIN(BETA)xC0S (3+%BETA) /BETA

|
]
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TABLE 4.2.5-3 (CONTINUED)

220 A(1,J)=10°%ALOGIC 1+ +SMALLR*SMALLR+2+ #SMALLR2:C)
225 70 (F{(1CODE-EQ-1) GO TO 100

230 80 B(!,J)=L0:10-#ALOG10(D/(RxR))

235 100 CONTINUE

240 1000 CONTINUE

245 GO TO (500,500,500,500,550,550,600) ,IC0E
249 500 L=1

250 CALL XHED(MC,AL,ChL,C5,K,G, NI, YY M,L)
255 DO 200 J=1,N

260 200 WRITE(1,210) X (J),(A(1,d),1=1,M)
265 210 FORMAT(FU4-1,11F5-1)

270 &0 T0 (900,550,600,550) ,ICODE

275 550 CALL XHED(MC,AL,Ck,C5,K,G,NU,YY,M,2)
280 DO 300 J=1,N

285 300 WRITE(1,210) X (J),(B(1,J),1=1,M)
290 1F(1CODE-EQ-2-0R- 1CODE-EQ-5) GO TO 300
295 600 CALL XHED(MC,AL,Ch,C5,K,G,NU,YY H,3)
300 DO 420 J=1,N

305 DO 410 I=1,M

310 h10 AB(1)=A(l,J)+B(1,J)

315 h20 WRITH(1,210) ¥ (), (ART1) , 1=] M)

320 900 READ(3,FND=950) NU

321 IF(NU*GE-0-) GO TO 41

322 1CODE=-NU

323 READ(3,END=950) NU

325 GO TO A1

330 950 CLOSE(3)

335 GO TO 10

336 336 FORMAT (1F70-64)

340 END

345 SUBROUTINE XHED {MC ,AL,CL,C5,K,G ,NU, X N,M)
350 DIMENSION X(11)

351 REAL MC,K,NU

355 STRING F(12)

360 Go TO (1,2,3) M

365 1 F="A-MATRIX '

570 GU T0 4

375 2 F='B-MATRIX '

380 GO TO 4

385 3 F='A+B - MATRIX'

350 & wRITC(1,5) F

395 5 ForMAl (3/,T31,A12,2/)

LGO WRIT, (1,10} 1Mo, AL, Ch,un 1,6 N

L10 10 FURMAT(T6,'MC  ALPHA ch Ch',7X, 'K GAMMA',
6X, 'NU' L/, 12,5(k6=2,2X) k6.1, FB2,2/)

K11 WRITE{L,20) (X(1),1=1,N)

415 20 FORMAT(T31,'Y/H',/, 72, X/1' 11F5- 1)
Lz0 DISPLAY 't

4725 RETURN

30 LND
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435
Lo
hys
h50
455
L60
Les
470

LISTING FOR PROGRAM TO COMPUTE GROUND REFLECTION TABLES A, B, OR A+B

61

110
111

TABIE 4,2.5-3 (CONCLUDED)

SUBROUTINE DTHETA(A,B,CM,AL,C4,C5,D)
C=C0s(B)

TOP=A% (1, 4C#%h)
BOT=(((1.-CM%C)+"%2)+AL*CM*CM) *¥*2.5
BOT=BOT* (1 .+CU*EXP(-C5*B))

D=TOP/BNT

RETURN

END

TABLE 4.2.5-4
(CONTINUED)

PROGRAM GRREF {INPUT,OUTPUT, TAPES= INPUT)
REAL K, ,MC,LO,NU

DIMENSION X(50), Yy (11), A(11,50),8(11,50) ,AB{11) NFILE(7)
PI=3.1H15926536

READ1 NFILE

FORMAT (7A10)

PRINT61 NFILE

FORMAT (THT | JA1D)
READ*,XL,XH,XD,YL,YH,YD ,MC,AL,CH,CY,K,LO,G, 1CODUE,NU
M= (YH=YL) /YD+]

N={XH-XL) /XD +1

X(1)-%L

Do1IOI=2,N

X{CE)=X(1-1)+X0

CONTINIF

Y=Y ~YD

DO 1341=1,M

Y=Y+YD

YY(1)=Y

D0 133J=1,N

Z-%x(J)

WOSQRT (Za24Y v)

{F(R.NI _0_) 6O TO 1158

A1) =-.01

B(t,J)=-.01

Go TO 133

LOARG-Z/R A1UETO

1A=ARG

A= VA

ARG-ARG-AZ
ARG=ARGST . E-10

1 (ACDS{ARG) ) -G
TP-ATAN(Y/(2.-2)) -G

_e
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127
131
132

133
134

140

1h,
51

150

160

170
175

181

182

TABLE h.2.5-4
(CONT INUED)

CALL DTHLTA(K,T,MC,AL,Ch,C5,D)
1F(D.0Q.0.) V=1,

IF{1CODE.FQ.5)GO TO 132
CAULLDTUETA(K,TP,MC,AL,CL,C5,DP)

I+ (DP.LQ.0.)DP=1,
TMI=SQRT(R*R+4.4(1.-2))

SMALLR= SQRT(DP/D)* (R/TMI)
PF(TMI.NE.R}GO TO 127

AL, )=20.%ALOGT0 (SMALLR+1.)

GO TO 13}

BETA=P1~NU* (TM1-R)*. 7071067814
C=SIN(BETA)=COS (3. BETA) /BETA
A(H,0)=10.%ALOGIO (1, +SMALLR:“SMALLR+2, “*SMALLR*C)
1F(YCODE.EQ. 1) GO TO 133

TMI=R%R

B(1,d)=L0+10. ALOGIO(D/TMI)

CONTINUL

CONTINUE
GOTO(1hD,1h0,140 , 140,160 ,160,175), 1CODE
L=1

CALL XHED (MC,AL,C4,C5,K,G,NU,YY, M, L)
DG 1hG4-1,N

PRINTS X (), (AC1,0) , 1=1 M)

CONT I MU

FORMAT(F34.1,11F5.1)

GO 10(150,160,175,160),tCODE

READ (5, YN

IF(EOF{5).NE.OQ)STOP
IF(NU.GE.G)GOTOT T

STOP

LA=2

CALLXHED (MC Al ,Cl ,C5,K,G,NU,YY M, LA)
DOY/0 J=1,N

PRINTSE,X(), (B(1,d),1=1 M)
1F(1CODE.EQ.2_.DR. ICODE.EQ.5)GOTOI50
LA=3

LALL XHED{MC,AL,C4,C5,K,G,NU,YY,M,LA)
0o 182.1=1,N

DO 1811=1,M

As{iy-A(t, )00,

CONT INUE ,
PRINTS X (D), (ABC1) ,1=1,M) !
CONT ENUC

GO TO 150

FND

B P GNP sl diinieiss
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TABLE 4.,2.5-4
(CONCLUDED)

SUBROUT INE XHED (MC ,AL,C4,C5,K,G NI, X, N, M)
DIMENSION X(11)
REAL MC,K,NU
PRINT52 ,MC,AL,CL,C5,K,G,NU
52 FORMAT (T9 AMC* T21,%ALPHA* ,T33,%Ch* T45 AC5+% T57,%K*,T68 , *GAMMA*,
“T81,%NU*/2X,7F12.k)
GOTO(101,103,105) ,M
101 F="A-MATRIX ."
GOTO 105
103 F="'B-MATRIX "
GOTO 106
| 10y F=""A+B-MATRIX
' 106 PRINTSI,F
51 FORMAT(//,T31,8Ai0,//)
PRINTS3, (X{(1),1=),N)
53 FORMAT (T61,8Y/Ht/T32,%X/Hx VIF5.])
; RETURN
; END

SUBROUTINE DTHETA(A,B,CM,AL,C4,C5.D)
£=C05(B)

TOP=A~ (1, +C* k)

BOT=( ((1.~CM%C)#*2)+ALNLMACM)**2.5
BOT=BOT« (1.+C*EXP (-C5%B))

D=TOP/BOT

RETURN

FND

i
!
1
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The input file may be extended to allow additi-nal cases to be run
for different values of H/A with or without a hange in output
code in the foliowing manner.

For no change in output code, add additicnal values of NU (H/X)
after the first valuz, separating each by a comma

G

For a subsequent change in output code for any values of NU except
the first, add, In the same manner, the following:

-(CODOL, the negative of the new desired output code
NU, etc. the new values of NU for new output code
This extension may be continued for as many new values of NU and

ICODE as desired for the same values of a1l other variables. The

output code allows the following combinations of output for a
given value of NU.

Matrix Tables Printed

1CODE (Ser Equations 4.2.5-8 and 9)
1 A
2 A and B
3 Aand A+ B
4 A, Band A + B
5 B
6 Band A+ B
7 A+ 8B

Special Instructicns

For the case of a monopole, set K and G{y) = 0. Thic seis the

directivity index to unity and properly orients the cootdinates
for a non-directional source.

Forr a b oir A+ B ouiput . the value of LO (L) should be
less than about 80 to maii. in at least one space between rows.

For a geometrically scaled printout on a standard teletype
terminal or computer printer, the Interval YD (Ay/H) must he
three times XD (Ax/H).

The program prints out tha values of MM through K, G and NU at
the ton of each table where AL (42) §s fdentified as ALPHA and
(v} is rdentificd as GAMMA.
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The value of K may be selected arbhitrarily but, for physically rational
results, should be adjusted so that the integral of D(8) * sin ¢ from

0 to n is unity. Suitable values of the directivity parameters in Equa-
tion 4.2.5-7 which satisfy this constraint are given In the derivation to
simulate far field directivity of an ambient air jet and a turbojet engine.

After inputting the first file name, the computer prints the requested
tables and then requests a new file name. Any number of additional files
may thus be provided for new cases with new directivity constants.

Termination of the program is executed by the normal abort procedure for
the remote terminal system.

4.2.5.2 Pressure Level on Fuselage Structures

The noise prediction methods in Sections 4.2.2 through 4.2.4 are, in
general, for free-field radiation. In this section, a method will be
developed for computing the increase in sound pressure on a clrcular fuse~
lage for wing or fuselage mounted engines. The order of magnitude of the
effect is, of course, to increase the sound pressure level up to a maximum
ot 6 decibels, so that it is not nearly as severe an effect as the ground
reflection from a vertically oriented jet. The details are, however, worth
considering in a final design study. Otherwise, an estimated factor varying
from 0 - 6 dB should be added to the free field levels. This factor is In
addition to the ground reflection factor.

For multi-engines, the sound field from each engine ts solved independently
and the levels are added, assuming that the sources re uncorrelated (thus
equal levels at a polnt will Incrzase the SPL by 3 JB).

The following derivation was taken from Cockburn and Jolly (9).

Derivation for Wing-Mounted Engines: A typlcal fuselage and enygline configu-
racion for this case is shown in Figuie h.2.5-4.  7The distance between the
center lines of the fuselage and engline 15 assunmcd to be at least fifteen
jet diameters and the location of a typiral source in the exhaust flow Is

indicated in the flgure. The initial jnwoblem Is to define the scund Vield
for a single source in the jet flow, S, and determine the sound ficld at a
point on the fuselaa~ surface, Q, for a frequency, w. The coordinate system

adopted {5 shown In Figure 4.2.5-5. The acoustlc wave Is considered o be
a plane wave of strength P at the point where it roaches the fuselage, and
e pressure tluctdaiions, wiithout scaiier Ing cifects aie yiven by;

PP e‘H\(x-aht-)

9]

{(h.2.510)

whi 1o
k is the wave nuiber o the pariicular sownoe = 2u/3

L in the wavelength =a _/f
}
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a Is the spced of sound
t is time

the distance in the direction of propagation (see Figure

i
4,2.5-5)

The wave direction is such that the normal to the wave makes an angle ¢

to the normal to the axis of the fuselage. The point on the surface of

the fuselage is given by (a, z, y), where a is the radius of the fuselage,
z Is the dimension along the axls, and ¢ is the angle around the fuselage
measured from the projection of the line Joining the source to the fuselage
on the perpendicular cross-section. When the angle ¢ is zero, the point is
on the far side of the fuselage, completely hidden from the source.

The solution for th- scattering case was shown by Potter (10) to be;

L4P w 1 (-y + 1|m—)
P 0 ) cos my m 2 ikz sinB ~zuift (4.2 1)
- Ta o z - e e e .2.5~
m= m

where C% and Y% are functions of ka cos 8,

1/2
I (L.2.5-12)

- 2 , z ., <
Co 2 'J] (ka cos 1) + N] (ka cos B)

= ll' J (ka cos B) - J (ka cos u)iz + IN (ka cos )
2 m m-1

-
)

m- |
1/2
2
= N . (ka cos B)' l (b.2.5-13)
q ~J'(ka cos B)

Yo = Tan N](ka cos 1) (4 2.5-74)
o tan] Jm+](ka cou f) - Jm_‘(ka cos [3) h.2.5-15)
m Mm—i(ka cas R) - Nm;;Tka cos f) i

where
J and N are Bescol functions of the first and second kind.
P« the axial distanee 4long the fuselane

¥ Is the angle around the fuselage from the projected direction of
vropaqgation of the wave on a circular section (i.e., the wave

Impinges directly on the cylinder at the anqular point ¥ = n radians).

178
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This result was developed from that given by Morse In Reference 11, for a
normally Incident plane wave scattered by a cylinder, by Potter in Reference
10, and proved mathematically by Wenzel in Reference 12.

The actual pressure var ation on the fuselage surface is given by the real
part of Equation (4.2.5-11), 1t should be noted that this expression Is
only applicable to wing-mounted engines where the sound field for a glven
source can be approximated as a plane wave at the point where It strikes
the fuselage. The equation describing the pressure fluctuations is 1imited
to some extent by the fact that the effects of spherical radiation have not
been included. Furthermore, the surface of the fuselage was assumed to be
perfectly rigid, which Is not the case in practice. The complete solution,
involving the scattering of an obliquely Incident spherical radiation by a
finite nori-rigid structure will be extremely complicated and is not consid-
ered in the present study.

Equation(4.2.5-11)can be reduced to a simpler form for presentation and
computation as follows,

The pressure at a point on the fuselage surface, due to an obliquely incident
plane wave of frequency § Is,

P = A cos (2nft + ¢) (4.2.5-16)
where
A = (XZ + y2)l/2
_] 1
¢ Tan (x)
x = D (EG - FH)
o
y = DO(FG + EH)
hPo
Do T Tka cos (4-2.5-17)
- UG
=0 n
Fom o S0s M o0 (cyr 4 M0
) ' os ATy 2
m=0 m
G = cos [kz sin g)

Ho— oinm (ke sip o)

129)
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Pressure Distribution
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(P = free tield SPL)

FIGURL 5.2.5-6  GEOMETRY AND PrioSURE DESTRIBUTION FOR FUSELAGE- MOUNTED EMGINES
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and ' - free-field pressure calculated from the source methods of Section
©  4.2.2 and 4.2.3.

Derivation for Fuselage Mounted Engines : In this case the engines will be
so ¢luse to the fuscelage that the technigque of scattering i not suitable.
However, since the structure adjacent to the jet is loaded by the sources
in the immedia e vicinity, the source allocation method can be used for
determining the free-field sound pressure level and conversion to fuselage
prewsure loadings may be achieved by use of a simple equation. For an
obliquely incident wave, as shown in Figure 4.2.5-6, the pressure at a
point on the fuselage surface may be determined from the equation;

P =P (%*—1) (4.2.5-18)

vhere a is the anglce between the wavefront and the tangent to the surface,
-n/2 < v < n/2, and P’ is the free-field pressure calculated from the source
methods. The rebultigg pressure loading on tle fuselage, obtained from
Equation (4.2.5-18)is shown in Figure 4.2.5-6,

b.2.5.4 tttects of Aircraft forward Motion on Near tield Noise

Although there is a quality of uncertainty surrounding the prediction of
near ~field acoustic loads foar propulsion system nolse sources most of the
mechanisms controilting buth the noise generation and rodiation are reason-
ably well understood. That is to say, the physical mechanisms controlling
the noise generation have been postulated and experimentally verified, or
cloee, porametric vindicy hove been conducted in o cofliciont Jdotsil to pormit
a valid "curve-fitting' exercise over a sufficient range of the control
parameters to permit prediction. But, in th: case of forward flight effects
on aircratt noise, and in particular, near-field noise, this is not the
case.  Nat very much conciusive experimental evidence exists on the effect
of tlight on propulsion system near-field noiu.

o number of observations do exiat, however, and thoy will be mentioned,
Ihese observations primirily relate to the subject of tar-tield noise pre-
diction, however some can be carried over to the near-field region.

There are two categories of acons ic sources, i.e., those attached to the
flying vehicle and those convecting away from the vehicle with the jet {low.
Most sources, such as propeller noise, fan noise and <hock cell noise, are

attached to (or dragged along by) the vehicle, Howevoy ) jet noise nources
areconvecting gy fron the vehico Teoat e jet tog e lene e o onvedc fon
vielocity.

Ther e are also two major effects of forward velocity.  These are wource

slteiation due to Thigho and sound propagation modit ication,

ft bas been assumed in the post that the jer noiae source strength was

medified by a relative velocity lactgr.  In the far-tield, wheoe jet nova:

Vs .||:;J\ux;']||mluly k:]uupu;‘l 1onal to V% the forward maetion ol fec wan taken to

e (yov. )" -V , " fhe relative vedocity eftfect e ot e e b oy
| t Py

PR
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been experimentally verified, even in the far-field. One reason, suggested
by Kobrynsk! (13}, is due to the change In jet mixing length with forward
motion. After accounting for this, he found that the total sound power
from the jet could be expressed as

Kp? A V.8 Vf N
P = 5 ] '<v‘>} ’
poao ]

which results In a dependance considerably less than V8 Kobrynski's paper

rel”
contains many practical expressions relative to Jet noise due to forward motion,
however, these will not b dealt with in any more detail here because of

the far-field derivation. However, the abave expression could be used as a
quide in determining the total sound power reduction as a result of vehicle
motion,

Forward motion effects on propeller and fan noise source alteration are
accounted for by the tip vector velocity, which includes the forward velocity.
The relative tip velocity factor seems to be an adequate representation of
what actually happens, as opposed to the relative velacity effect for jet
noise which is not representative of experimental observations.

The modifications of the noise field resulting from forward flight duc to
sound propagation effects can be separated into four identifiable quantities,
which are:

The change in distance through which the sound propagates,

The Doppler frequency shift

Convective amplification

Acoustic/mean flow interactions,
The first factor is a simple geometric problem-and can be easily accounted
for and modifications in SPL can be determined. The Doppler shift factor
i1s also edast ! deicvmined in (eime of fremueney <hift,  However, ihe latter
two factors vill not have much meaning relative to near field noisc pre-
diction methods, especially the '"n' field jet noise methods, since they are

purely empirical.

The effect of nntion on the change in di cance and anglie through which the

sound propagates tor a jet noise source which is convecting away from tin
moving afrcratt is discussed by Franken (14). In his discussion of fo o
motion effects, referring to Figure h.7.5-7, & e that the orward pet fon

moves the receiver trom its actual position R to an apparent j-sition R' on

a line parallel to the direction ot motion. This change in position is

shown In Figure 4.2.5-7 for the recelver elther upstiean or dowistream of the
sour<e.  fthe niotion chanyes the angle 0 inta the angle b,

e i e
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FIGURE 4.2.5-7 EFFECTS OF FORWARD MOTION | SHOWING
BOTH SOURCE AND RECEIVER (FOME TRY
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tlsing the qeometry of Fianure 4.2.5-7, we may determine the relationship

between 1 and ¢. The s¢'nd wave travels diswanie 1+ at veludiiy ol the
same time that the receiver is cunvected ver distance Ax at velocity V,
o1
r AX
PO v (4.2.5-19)
o

Also, from the triangle whose hypotenuse Iy v,

Y P (4.2.5-20)
Since by detinition
tan u = 5; tan & = X1 Aix , M= y (4.2.5-21)
Y Yy a
0
we obtain
2
tan 1t ————— [tan 0 + M /l - M° + (tan o)2 ) (4.2.5-22)
(1 - u)

Associated with this motion there occurs a Doppler change In trequency and
wavelength percelived by the recelver, <o that

A/)\o =1 - Msint, (4.2.5-23)

whore A o the pereclved vavelenarh at vehicle Mach number M, and Xw Is
that observed at rest.

Plots of Equations (4.72.% »7) and (4.2.5-23) tur several values of M appear
in Figure 4.2.5-8B. The righi hand graph gives ihe appareni augle b in terme
of the angle 0 and Mach number M; the Teft-hand pfupL may then be used to
find the change in observed wavelength. {t may be secn that at supersonic
speeds no jet nolse propagates upstream of the noise source (positive values
ot »). (It should be noted that at very high speeds pressure fluctuations
other than Jet noise (such as boundary Tayer noise) may become significant.)

As an cxampl | the anqular tran«<formation of Figure N4.2.%-8 hous been
applted to ihe near-field nolse contoursy of a contemporary turbojet engine
for the value of Mach 0.8. Buih sets of contours are shown In Flyure 4.2.5-9
where the broken Tines vepre sent wouna pressanre Tevels during static opera-
tion and the solid Tines the estimated sound pressure level contours for

M= 0.8, In making the transformation shown In Figure 4.2.5-9, the simpli-
fying assumption that the sound suurces are located near the -t exhaust
nozzle has been made. For greater refinement one may transform contours

of noise measured In bands of frequency, specliying the corresponding noise
source location at wome pouTtion downstream of the orzle.
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L.3 AERODYNAMIC HOISE

Aerndynamic noise, in the context of this report, is the noise generated
by he airflow, ~ver structurai surfaces, resulting from forward flight.
it can be boundary layer noise, oscillating shock noise, cavity noise,
noise from separated flows, etc. The near ficld fluctuating pressure due
to turbulent boundary layers (sometimes referred to as pseudo-sound) is
probably the most widely studied aerodynamic noise source. Boundary
layer noise, oscillating shock and separated flow are not as significant
a loading action as propulsion noise.

The potentially most damaging aerodynamic noise source is the resonant

acoustic responsc of cavities with one side exposed to an aerodynamic flow.

Cavity noise has been known to cause sonic fatigue failures in several
instances. Thus, it seems that from the standpoint of acoustic fatique
cons . derations, cavity noise ranks as the worst offender,

XS SR



http://www.abbottaerospace.com/technical-library

4.3.1 SYMBOLS AND DEFINITIONS

The notation used in this section Is as follows:

a, amblent speed of sound )
f frequency in Hertz

£ cavity resonant frequency :
G2 power spectral density of pressure fluctuations

g: defined by 9, = En + inn

k wavenumber, an/aO |
L typical dimension .
Lx cavity length :
L cavity width !
LZ cavity depth

M free-stream Mach no.

m an integer defining the order of the cavity resonance

n length mode number

n width mode number

Py mth modal peak sound pressure in cavity

o rms sound pressure

Po reference sound pressure2

q dynamic pressure, 1/2 pU

R radlation resistance

Rex Reynolds no.

St “troubal frequency, fL/U

U free-stream velocity

X radiation reactance, Ioge(fﬁb/U) in Section 4.3.3

wp constant in Equation (4.3.2-5) relating to mode no.

Y ratio of specific heats of gas

5, houndary layer thickness

g imaginary soltution of boundary function

v kinematic ~ iscosity

" real solution of boundary function

o donsity of air at res

% cavily axis in longitudinal direction

“ radian frequency, 2y f

W reference fregquency
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L.3.2 CAVITY NOISE

The noise of cavities located in aerodynamic surfaces has been studied for
over 20 years., The noise ranges from the high frequency re.onant response,
characteristic of small electronic openings, to the very low frequency
response, characteristic of bomb bays. Cavity noise can be very intense,
leading to crew annoyance and fatique or even, in several cases, 10 struc-
tural fatigue. Cavity noise, rvidenced in both subsonic and supersonic

Vight, is excited by the unstable boundary layer flowing by the cavity
opening.

There have been several resedarch investigations on cavity noise, dating back
to Blokhintsev's (1) work in 1945. Krishnamurty (2) conducted an extensive
cxperimental study of the sound radiated from the cavity. He concluded that
the phenomenon was associated with the inherent instability of the separated
boundary layer. Plumblee, et al. (3) showed by means of a theoretical and
experimcntal wind tunnel study that the acounstic modes of the cavity were
acting av selective amplifiers of certain frequencies from the excitation
spectrum resulting from the boundary layer instability. Among other things,
this study presented methods (which were fzirly complex) for computing
cavity resonant frequencices for subsonic and supersonic Mach numbers. East
(L) vater, in another extensive test and data correlation program, veri-
ficd the freguency formulas developed by Plumblee (3). In a later study,
Rossiter (§) developed an cmpirically based formula which relates the
Strouhal frequency, St, to the Mach no. and Mode no. for shallow cavities.
Heller, et al. (6) modified the Rossiter formula tu account for the stagna-
Lion sound speed (i.e., Tt was hypothesized that the cavity sound speed
equals the stagnation sound speed) giving betier agreement with cxperimen-
tally determined resonant frequencies for the first five length modes of

the shallow cavity over a M ch number range of 0.5 < M <~ 3, Shaw et al.
(7,9) and Smith ¢t al. (B), used the results of Heller (6) and extensive
tlight data acquired by the AFFOL to develop a cavity noise prediction
scheme for determining frequencies and SPL from 0.6 to 1.3 Mach number for
cavities with length to depth (LX/D) ratios in this range of 4 to 7.

This section will present the empirically determined prediction nethod of
Shaw (7,9) which incurporates the results trom Hetler's study (6). Alsou,
the theoretically bascd prediction method derived by Plumblee (3) is inclu-
ded to permit parametric studies based on cavity dimensions and Mach no.

37,0 Cavity Noise Prediction Method - Empirical

Derivation:  The prediction procedure given in this section is purely
émpi}iﬁJl and 1% based on the wind tunnc! test data of Helter, et alb. (b)
and the tlioht test resulty of Shaw, ot al, (7,9). When Heller (6) com-
pleted hia proaram, it vas not established that scaling from models to
Full —ive Flight vehicles wondd be successtul.  Shaw's work, olthough dis-
playing some differences, capecially in the Tongitudinal sound pressure
distribution, gencerally confirmed the validity of scaling,

Both scries of tests were conduclod o Tong shallow cavitices with an
Anpect ratio (|(7-|1(|t||/(lw|\lh) of 4 to 7. Provion, studices codioated that
qeomc e trequency scaling could be achicoved throngh the oae ol o
Strovhal number and that SPL's could be caded with dynoami poocanne, The
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comparison presented in Shaw's work confirmed the Strouhal number scaling
and added validity to the dynamic pressure scaling hypothesis for certain
cavity positions, butl in other regions, q scaling was not va'lid,

The three parameters of interest relative to cavity ncise are (1) the
resonant frequencies of respanse, (2) the peak response amplitude and (3)
ihe SPL distribution. The experiments in References (6) through (9) were
designed to permit definition of the items listed above. [t was determined
that the sound pressurc spectra was composed of two parts. One was a brosd~
band random background noise and the other was a set of resonant high
energy tones.

Further descriptions of the tests and hardware is included in References
(6) through (9). The following is a description of the prediction scheme
by Shaw (7,9) and Smith (8).

Prediction Method: The following steps are taken to estimate the acoustic
response of a cavity:

(1) Determine the resonant frequencies with the modified Rossiter expres-
sion (Reference 6):

_u (m - 0.785)

i ! . ___M 1.7 !
x[(‘+‘1 21T ’]
2

w-1,2,3 (h.3.2-1)

where U is the free-stream velocity, L is the cavity length and M is the
X X o
frae strcam Mach number, or else refer to Figure 4.3.2-1.

(2) Determine the peak one-third uctave normalized SPL for f' , and f
using Figure 4.3.7-2 or the following rclationships for L/D = 4, 6 (see
Figure 4.3.2 2).

20'\09(P7 max/q) = W.O-‘3.3(LX/D)~¥20'|0g(—M24>2M-0.7) (h.3.2-2)
20 log (P

| max/q) = ZO'IOQ(P2 max/q)-'Z(LX/D)2~f26(LX/D) - 86 (4.3.2-3)

! ZO-Ing(P2 max/q) - 11 for LX/D < h.5

720-1og (P, max/q) = (h.3.2-4)
3 | 20- tog (P, wax/y) for L./D ~ h.5
2 X -
where P max are the moximun fluctuating pressures for each mode freguency,
Fn, and q is the free-stream dynamic pressure. 3
(. Determine the peak onc-thivd octave band amplitude at the desired

long, tudinal position for cach resonant frequency from the following equa-
tion or for Lx/D = 4.0, Figqure 4.3.2-3:
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il n

] ), ) P max
20-tou{ = = 20-Yogl —— | - 10[1.0+ (0.33L,/0 - 0.60) (1 - x/L,)
x/L )

- |cos(unx/Lx)|] n=1,2,3 (4.3.2-5)
where u] = 3.5
. »
ay = 6.3
q3 = 10.0

(4) Determine the peak normalized one-third octave band level of the broad-
hand spertrum at the locatinn in the cavity from Equation (4.3.2-6) aor, for
Lx/D = 4,0, Figure 4.3.2-4

p P, max
20- ‘or,(-}) - 20 log(—z——-—) +3.3(L /D) - 28+ 3(1-L /D) (1-x/L ) (4.3.2-6)
l/x/Lx 4

(4) Determine the normalized broadband spectrum from Figure 4.3.2-5.

(6) Determine the absolute levels by adding 20-log g to the levels, where
20-log g is determine:! from Figure 4.3.2-6 from the appropriate attitude
and velocity.

Another significant fi..ling from the flight test was that for certain cavity
locations the dynamic | ressure (g} scaling did not account for the total
variation in the SPL wi -t altitude; however, at two cavity locations scaling
with q did account for the compicte change in the SPL with a change in the
altitude, i.e., the SPL referenced to g was the wame for any altitude. Pre-
vious investigators have shown that for a fixed Mach number g scaling
accounted for any stgnificant chanae in the SPL for various prassure alti-
tudces . The reason they did not observe this phenomena could be due 1o the
cavity positions andlyzed. The position selected could be onc at which q
scaling accounts for all vressure altitude variationu.

The prediction method presented above is based on empirical results which
were Selected tag give the hiohest sound pressure levels in Lhe cavity.
Althoual, coating with g failed at some points in the cavity, the predicted
love Ty wi bl be conscervative at these locations.

Example:  For clarity, an cxampie 1y presvined illusivacing use oi the prie
diction wmethod and @ conperison is made of results of this method to those
ol i i d from Reference 6.

Convider the case of an aircraft flying ot Moch 0.9 neot sca lovel with an
opencnear by rectangular cavity 20 foet lang and G feet deep (L /U = 4.0).
it 1 devired to predict the Aero-acoustic envitopmenty at the Cenicr and at
the 1ear of the cavity., The solution i~ obtained as tollows:

From Step (I), Equation(h.}.Z»]),nr Fiaure b 3.2-1 the tivot 3 wode trequen-
cise s detormined to be:
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fl = 15 Hz
fz = 34 Hz
f3 = 54 Hz

Equations (4.3.2-2), (-3) and (-4) or Figure 4.3.2-2 of Step 2 are used to
calculate the maximum normalized ampllitude for each mode frequency and
results in the following values:

it

20 loy (P]max/q) -29 dB

Ll

20 log (szax/q) -15 dB

20- 1oy (P3max/q) = -2b db

The amplitude of each mode frequency at the center and rear of the cavity2
Is determined from Equation (4.3.2-5). The results, referenced to 20uN/m™,
are:
for x/Lx = (.5
SPL, = 146 dB

1

SPL2 = 168 dB

SPL3 = 150 dB

for x/Lx = 1.0
SPL. = 160 dB

I
SPL2 = 174 dB
SPL, = 161 dB
3

where 20+ 1ng q was determined from Figure 4.2.2-7.

Step 4, Equation (4.3.2-6), is then used to obtain the peak normalized one-
third octave band levels of the broadband spectrum at the two locations and

dl <
Py,
20 logf —*- = -34
q x/LX=O.5

P
?0-]09'.b
4 Jx/, =

The final step is to determine ihe broadband spectrum from Figure L.3.2-14.

]

-30

<

The spectra obtained are shown in Figure 4.3.2-7 along vith the specturum
one would predict using the schoeme offered in Reference 6. The current
results show resonant modes 1 and 3 completely attenuated for the center
position, this is due ta the longitudinal mode shapes. The x/fo'0.5 posi-
tion is seen to be a node for the mode 1 and 3 frequencie- while an antinode
for made 2. Thus, there 15 almost 30 dB difference between the two predic-
tion schemes at the center ot the cavity for modes 1 and 3. Hewever, it
should be noted that the prediction schemes agree fairly well for the maxi-
mum level predicted at the rear of the cavity for the mode 2 frequency.
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4.3.2.2 Cavity Noise Prediction Method-Thearetical

Derivation: 1in a study aimed ot discovering the mechantsms of acoustic
amplification within rectanguiar cavities with the open side exposed to a
high vilocity airflow, Plianlee, ¢t al. (3) conducted a theoretical and
experimental study of t'ic acoustic response of cavities.

The experimental program was tocused on tests conducted with a variable
dimension cavity on the «ide of an ogive shaped aerodynamic model installed
in the AEDC 40''xU40" supersonic wind tunnel. Cavity length was varled from
0.5" to 8" and depth was 1'' to 3.5" for cavity widths of 2'* and 4'', Tunnel
speed was varied from Mach 1.75 to Mach 5.0. Smaller scale models were
iested with exposure to pipe flow over a Mach number range of 0.2 to 3.0.
Sound pressure level was measured within the cavity at several locations and
with a flush-mounted microphone in the acradvrumic body of the pipe surface
just upstream of the cavity. The reference 3 veport details the results of
the experiment.

The theoretical study presented o rather 1dealiced viewpolnl of Lhe acuustic
response of the cavity in an attempt to understand the gross acoustic mech-
anisms involved.

It was assumed that the cavity could be represented (as is sometimes done in
determining the acoustic response of open ended pipes and ducts) by o rec-
tangular rigid walled volume with a riqid vibrating pistorn mounted in the
wall exponed Lo the air flow. 1t was assuned that if the radiation imped-
ance of the open side, represented by the rigid piston, were known, then the
sound prossure distribution for an assumed (or wmeasod) wonrce distribution
within the cavity could be calculated.  Thus, the theorcetical study was
firaes concerned with determining the radiation impedance »f a rigid rectan-
ular piston with une side copused to o ubsonie or wipevonic airf Yow
parallel ro the piston surface, HNext the source response of o rectangular
volume with five walls rigid and one wall with finfte acoustic Tmpedance was
determipned,  Finally, the source strength spectrum wae rather crudely esti-
mated from empirical data,

In order to determine 1he reconant frequencies and

‘rapliticatlon' of the
cavity for design purposes, the inpedance tor the piston in o parollel flow
vias plotted as a function of frequency for various piston aspect rating and
flow velocities. Also, the soft-vall response equation in cartesian coordi-
nates was solved and displayed graphically to aid in the response caleula-
tion.

Deiaits of the prediction nethod for determining response of lang ohallow
cavitic, (tength to depth ratio greaier than one) ad decp cavitices (lengih
to depth ratio equal 1o or Tess than ene) is given in the tollowing section.

The meinod i+ iniended to coable o designer to oaeeaenr the brequencien and
acodusbic presave Toading to e crpected on the wtvuctoral aietace of o
cavily,

o Gavitiva with Tength to depth vatios Tess than one, 1 wan determined

from experiment that in this chmple caoe s the cavity responds prinovily in oo
depth mode. the mode regponse was shown to be piedomiane fov the fondamenin)

]
)4

i
]
!
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mod - for most configurations tested, with relatively strong response in the
sacond depth cde.

The pressure response amplitude at the bottom of the dJeep cavity, referenced
to toe pressure at the cavity opening, is given hy the following oquation,

£ - IR ;in(kLz)]2 + [X sin (kLz) - LuS(kLz)]z e (4.3.:-7)

o}

, tine wavenumber = 2nf/4

Is frequency in Hertz

is speed of scund in fps

is cavity gerth in ft,

Is the radiatiun resistance of the cavity cpening given
in linures 4.3,2-8 through 4.5.2-12

A s the radiation reactance of the cavity opening given
In Filaures 4,3.2-8 through 4.3.2-12

where

Te calculate the response emplitudes and frequency perform the following
steps:

(1) Evaluate the non-r'imensional frequency, mLx/aO,where L
Is cavity length .. the flow direction. x

{2) Determine the cavity width to length aspect ratio, Ly/Lx'

(3) Select the appropriate jadiation impedance curve from
Figures 4.3.2~8 through 4.3.212 which most closely matches
the aspect ratio determined in (2) above. Linear interpolation
between impedance curves of di ferent aspect ratic is sug-
gested.

(4) Determine the radiation resistance R and reactance X from the
figure selacted in (3) above.

(5) Fvaluate Eq.(4. 2-7)for a number of frequencies from .5 < kL - 10
¢o determine the peak amp!ltude at the first two resonant fr«
quencies. Numericol evaluazion is the only way to determine ihe
resonant frequencies, since R & X are functions of frequency.

fi) For convenieoce, convert the amplificaticn fictor to decibels by
performing the operation

?Uolmqu(p/pu\.

/
L. Cevities with lenqth to depth rotle greater than rne.  In these Cas
the length modes are predominant, and it 1< necessary to empioy the mope
ceneral theory. Freguencies may be determined from the charaoter istic 11

naency cquation

PR
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n? n % n 2 'y Z
fﬁ = (_Li) + <rl> - (L—"> ] (4.3.2-8)
\"x y z

On the basis of experimental evidence, the transverse modes are not normally
excited, thus the resonant frequencies may be reasonably approximaied by

2 n \? 9 2 32 n 2 £ 2 n 2iE n
G TR (e 2 o
X 4 X 4 z Lz

Because of the freguency dep=ndent nature of g,, determination of f,
becomes an iterative process, as outlined by tﬂe following steps.

where

(1) 1t may he helpful in initiating this process to take the flrst approxi- *
mation of frequency as that for a closed cavity, that is

, a2[/n N fn '-‘
fN == T _L_ + ,L,_) . (“.3.2'10) j
x z/ . .

{2) Enter the impedance curves of Figures 4.3.2-8 through 4.3.2~12 und
determine values of R and X at the appropriate non~dimensional fre-
quency, mLx/ao.

(3) calculate the constants a and b as follows: 3
26 L X 2f L R
a= Nz _ p._N: (h.3.2-11) :
2 2 2 2 ]
%JR + X7) aO(R + X°) i
{4) Tak the values of a and b calculated in step 3 and using Figure
4.3.2-13 read the values of Rn and " for the desired mode. |If the
value of b is negative, treat it as positive In determining £ and n ,
but record n, as a negative numher. In other words, n, always carries

the sign of b.

(6) With the values of b and 0 Fron step & a scecond approximaticn of
"
natural freque.cy, TN can be calculated as follows (neqglecting damping):
o T nx\2 ”n\z {n 2]1/2
P2 =) =) -t — .3.2-12)
N2 l l<v) (l. ) L J (4.3 12)
x z z
(6) Examine F,, in comparison with the first approximation of f. if ., -t
is pasitive, choose a higher value of  and i wegative, o tower value
ui ¥, and ga back 10 step 2. When a change of sign of fq - f 1; obtained,
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these points should be plotted as a curve of f, - f vs, f.
This method will give the approximate intercept on the f-axis.
More iterations can be made for higher accuracy.

It ~hould be pointed out that in this process, certain values of a
and 5 in an iterative sequence may cause Lhe values of tn and n_ to
cross o dotted mode line in Figure 4.3.2-13, thus apparently denoting
a change of mode. When this occurs, the apparent mode change may be

distegarded and continuity of the iteration maintained.

It is also ob erved that some modes may have a resonaat frequency in
the vicinity of the crossover point, where radiation resistance changes
from negative to positive. In such cases two distinct resonances may
be calculated.

The absolute pressure response in the cavity can be calculated, based
on the theory in Reference (3). However, the absolute amplitude
depends on the definition of '"'source' strength. |In the calculations
presented in (3) a source strength and distribution was assumed, based
on limited measurements.  Rather than try to present that data here, we
will instead present a method for calculating the amplification of the
cavity at thc point P defined by (x,y,z), based on a simple source
located at a point S, defined by (x',y',z'). The amplification is
Lased on the ratio of the level in the cavity to the frece field level
of the simple source defined by iwpQ, /bur,

where Q0 is the simple source strength
r is distance from the center of the source
to the cavity point

w is the radian frequency

P is density.
The amplification ratio at w = Relw,), is aiven by {for a single mode,
N, defined by N = (n_. n a) N
. 3 e DY e vy’ ,I“
Puf |2y (P (5) (4.3.2-13)
% I R I Wi 3.2-13)
B Y HNnn

where

/)Iljnl\ I‘I’q \/\ /nﬂx}\'\
N cosh ( y ) (ns( ly ) cna\ P ) (4.3.2-1%)
- Y X

v /vinh Zny <0 s
PR 4 T n l, n= (=1 1oy
‘I\N K an + 2 n-0 . (‘43/ 14)
n
T
v /k?'y')ﬁ'*(V“Y')L—+(;—z')? (4.3.2-10)
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and 7, and n, are defined above. The decibel value of amplification is

defined as
P

/ Py
2041 N
Oglo\PS )

Sample Calculation for Long Cavity:

DATA:
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"
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>
(=]

-
=l

1
o
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1
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-
I
D
-
I

w
e

Going through the steps outlined at the beginning of ihe section, the foli-
lowing results are obtained.

(V) Using tg. (4.3.2 10), the firut approximation to frequency fN is,
FN] = 2650 Hz. )

(2) Using the above frequency of 2650 Hz, values of imp dance from
Figure 4.3.2-4 for Ly/Lx = .25, are:

R = .846 % = .564

{3) impedance and frequency fram steps (1) and (2) vield the constants:
a= .73 b=1.10

(4) From Figure 4.3.2~13 the values of f.n and "y for n = 0 are:
QO = 14 N, = .56

(5) The second uspproximation to natural trequency, usiny ih valucs of
step (b)Y, is

= !
FNQ 20h5 Hz
(6) Compare IN of step (5) with fN of step (1)
fN? - le = -605 H-

The resutt s negative, therofore -hoose a lower value of f, say I = 2150
Wz , Lo insert into step (2). " e

After calculation ot steps (Z) (L), neeural frogqueacy qu - 7070 Hz

is found Comparison with (NB gives a value ot ~B0 He o that smeller vl

b 1 must be choven. Choosing be 2000 Hz yiclds a value of
™

Ho,

ng T 4V

(19

i sl
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For the final iteration use a value of fy in step (2) of 2070 Hz. TVhis
results in a value of fy = 2070 Hz in step (5). Therefore th. carrect

value of f is 2070 Hz.  The correct values of £y and n, are Eo = .16,

n_. = .59,

[o]

{7) Using the input constants and the . :ove values of &, and n_, the
amplification is computed as

vy (P) = 0.9239
Uy (8) = -.2909 + .4ELY |

AN = .0558 + 0486 i
P
’Bﬁ," 381.5
S
and
P

20-|oq]o ‘Fgw - 51.6 dB

If the source were taken as the boundary layer spectrum level at this particu-
lar frequency of 2070 Hz, then an estimate of the SPL in the cavity is possible.
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4.3.3 BOUNDARY LAYER NOISE

Boundary layer noise makes a very significant contribution to the noise in
an aircraft interior and in many segments of the flight profile is the major
interior noise contribution. Boundary layer noise can also become intense
enough to cause sonic fatigue failure. Thus, methods for predicting bound-
ary layer noise are pertinent to this report,

The study of response of structures to boundary layer noise began in earnest
in the mid-1950's. Corcos and Liepmann (1) published an analysis of the
noise radiation into a fuselage from a turbulent boundary layer. However,
they hypothesized the characteristics of the flow field. Since then, there
have been numerous experimental and theoretical studies on boundary layer
noise. These have been concerned with subsonic, transonic, supersonic and
even hypersonic flight. Measurements have been at both model and full scale.

Several papers have been written which summarize particular aspects of bound-
ary layer noise, but no one volume seems to contain a treatise on the sub-
iect. One of the more recent papers, that by Coe and Chyu (2) summarizes
the results of numerous tests at NASA on the characteristics of boundary
layer noise at supersonic speed. They give prediction formulae and methods
for determining, among other things, overall level, power spectrum and

cross spectra (or cross correlation coefficients) in regions of attached

and separated flow. This work, as well as the numerous publications by
Maestrello, of which references 3-4 are representative, the work of Lowson
(5) and that of Bies (6) are representative of the state-of-the-art. As a
result of this extensive work, it has been determined that not only is the
level and spectrum of boundary layer noise important, but also that the
correlation scale can be important in determining the response of structures.
However in this report we will concern ourselves only with the prediction

of level and spectrum, since a finite correlation scale is not in context
with the structural response methods presented as design charts. Thus it
will be assumed that the correlation scale is larger than a structural
element in all the response calculations.

In two recent studies, Ungar (7) and Cockhurn and Jolly (8) presented
design oriented methods for predicting boundary layer noise level and
spectra as well as correlation properties, over a wide range of flight

Mach no. Results from these two sources of information will be presented
in this abbreviated prediction method. |If more extensive data are required,
refer to the references in this section which will in turn lead to other
references on the subject.

Description: The overall level of turbulent boundary layer noise has for
many years been accegted as being represented by a ratio with the dynamic
pressure, q = 1/2p U%. It turns out that results from experimental data
suggest that

p/q = 0.006 , (4.3.3-1)

where p is the rms overall sound pressure.

However, more recent work and data correlations by Lowson (5) show that fer
attached boundary layers over smooth surfaces,
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0.006

5 (4.3.3-2)
1+ 0.14 M

p/q =

Ungar (7) suggests that the constant of 0.006 should be increased to 0.0]
for rough surfaces.

The measurements of Coe and Chyu (2) generally confirm this result up to a
Mach no. of approximately 2.5, above which p/q seems to remain constant with
Mach no.

The relationship of Equation (4.3.3-2) is presented in Figure 4.3.3-1. To
determine the overall sound pressure level, based on density and Mach no.,
Figure 4.3.3-2 should be used.

For attached flows, the spectral distribution is defined adequately in a
design chart by Cockburn and Jolly (8). The following discussion is based
upon the Cockburn and Jolly work and Coe and Chyu's (2) work.

The, Freouency spectra of attached turbulent boundary layer pressure fluctu-
ations are Tcuad to scale on a Strouhal number basis; that is the frequency
is non-dimensionclized by multiplying by a typical length and dividing by a
typical velocity. 'nzwover the choice of ¢orrect typical lengths and
velocities is far from easy. ™ free stream vefocity is generally used for
the non-dimensionalized velocity, although the use of a typical eddy con-
vection velocity, itself a function of frequency, would correspond more
closely with the physical situation. For simplicity, free stream velocity,
U, will be used here.

Definition of a typical length is more difficult. Boundary layer thickness
Gb, displacement thickness §”, and momentum thickness 6 have all been used
by various authors. For subsonic boundary layers most results have been
taken for equilibrium flows with a similar ratio of these characteristic
lengths, so that non-dimensionalization using any of these gives very simi-
lar collapse. |In supersonic flows the typical lengths do vary widely with
Mach number, but no final conclusion can be drawn on the relative merits of
the data collapse against any particular length. Perhaps the most generally
used typical length is 6‘, the displacement thickness. However, for the
handbook the boundary layer thickness §, will be used for three reasons;
firstly, it is easier to predict, secongly, it is related to a physical char-
acteristic of the flow, the size of the largest eddies; and thirdly, it
gives a slightly improved collapse of the only available supersonic data.

The principal probTehm“Tii*predicting subsonic spectra under any scheme is
estimation at the low frequencies. Experiment, both in flight and in wind
tunnels, shows considerable low frequency scatter from the very low values
reported by Hodgson (9) for a glider, to the high values reported by Gibson
(10) and Maestrello (11) for full scale aircraft, although Hodgson's results
were taken at low Reynolds number on a far from equilibrium boundary layer,
and are therefore not considered relevant here. It is extremely difficult
to define any single curve from the available data. Bies (6), has published
a detailed review of spectral measurements in a wind tunnel and in flight
and suggested the curves shown in Figure 4.3.3-3 as mean curves through the
data. The scatter about these curves is about *5 dB. These curves have
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been converted to the present basis by assuming that the wind tunnel
results were_taken at a typical Mach number of 0.5 and & typical Reynolds
number of 10/ while the flight results were typificd by the values M = 0.8
and Re_ = 10”, Values of the boundary laver parameters were estimated
from tﬁe curves given by Bies, using the above values.

Since it is desired to apply the empirical vesults from the present study
to the supersonic case, and there are, at present, no reliable in flight
supersonic measurements, the supersonic wind tunnel data of Speaker and
Ailman (12) have been reviewed carefully and are shown in Figure 4.3.3-3.
An empirical curve fit for the trequency spectrum (which is close tc the
mean empirical curves derived from Bies) results and is a good representa-
tion of the Speaker and Ailman data for the supersonic cases and is given
by Lowson (13) as;

oIl

where the typical frequency w_has been taken as equal to BU/S,. This
curve is shown in Figure h.393—3 and has the advantage of being analytical
as well as matching the available data. As can be seen, the curve {s prob-
ably conservative a3t the high frequencies for the highest Mach numbers.

P’ (w) _[ 0.006

. (4.3.3-3)
2 2:|
q L1+ 0.14 M “’ol:‘ .

The data by Coe and Chyu (2) seem to have smaller Mach no. effects (or else
less scatter) over the range 1.6 < M < 3.5 and they also have derived an
empirical curve fit to the data. The eyuations are

—G%U— = exp{(-12.470~ 0.639X - 0.269x2+0.015x3+ 0.017xl‘+ o.oosz) (4.3.3-4)
| 6b for attached flows
and
G-U
—%- = exp(-8.094 - 1.239X - 0.259)(2 - 0,090x3- o.oMxL’— 0.001x°) (4.3.3-9)
“ % for separated flows
where X = loge(f6b/U)
f is frequency
U is free-stream velocity
Gﬁ is power spectral density of pressurc fluctuations.
A curve of Lyuations (4.3.3-4) and (4.3.3-5) is ygiven in Figyure 4.3.3-4,

Typically, low Mach number wind tunnel spectra decey at 20 dB per decade at
hiigh frequencies, whiie the prescic ogh dach specira decay at 4o dB per
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decade. Little independent data is available to substantiate this trend,
although Maestirello's resuits {i1) taken at 0.63 < M < 0.78 do show somne
increase in decay rate. Since the Lrend to increased rates of decay above
a Mach number of abou¢ 0.8 cannot be conclusively verified, it seems
desirable to exercise some caution in making predictions.

The later data of Coe and Chyu do not, in fact, confirm this trend for high
Mach no. It instead reverses the high roll-off rate and approaches some-
thing close to 10 dB/decade. Thus, the curve of Figure 4,3.3-4 should be
used for the high Mach no. data.

Since the fermulae given here requires a knwledge of the boundary layer
thickness, ‘b' the empirical equation suggested by Bies (6) is recommended,
namely,

D
s 2

Re
= =037 RO 4| —2— (h.3.3-6)
6.9 x 10

where x is the distance from the leading edge of the body, Re = U x/v,
and v is the kinematic vi. osity. This result is shown in Figure 4.3.3-6.
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el i o
STRUCTURAL CONFiGURATIONS AND RESPONSE

The topic of sonic fatigue is usually related to the consideration of

the prediction of fatigue iife of aircraft structural components exposed
to high intensity acoustic excltation. Section 3 presents a discussion

of the signiflicance of alrcraft operations on estimating the exposure of
structure to high Intensity noise. Section 4 presents techniques for
estimating the acoustic envircnment with emphasis placed upon the most
common sources of high intensity noise related to military alrcraft opera-
tion, This section presents a discussion of structural response to
acoustic excitation both from the formulatlon of the theory and the estab-
lished design techniques and methods that have evolved during the past 20
years,

Section 5 is divided into five subsections. Section 5.1 presents a basic
description of the topics of random vibration of mechanical systems and
various apalytical techniques that can and have been used to approach
sonic fatigue desiygn problems, Section 5.2 presents selected analyti-
cal results that describe the response characteristics of various ldeal-
ized structural configurations to acoustic excitation. Section 5.3 pre-
sents sonic fatigue desicn techniques that have been established from
laboratory testing of various specific structurai configurations. Section
5.4 discusses the various methods used to Join structural members as re-
lated to alrcraft construction and discusses each method in relation to
sonic fatigue design requirements. Section 5.5 presents a discussion of
stress concentration factors as related to configurations encountered in
aircraft construction and thelr importance to the sonic fatigue design
problem.

Undoubtedly, the designer will find the data presented in Section 5.3 to
be the most useful of the entire section; however, if the particular
structural configuration being considered doc: not cerrespond to thosc
listed, then the designer must refer to the ather scctions and nse hasic
techniques - - described - to establish estimates for the sonic fatigue
resistance of hkis .tracture,

5.1 BASIC CONSIDERAT{ONS

To understand the limitations upon which ~aonic fatigue analyses and
dosign mechods have heen cstab) fohed, the devignor nust be awars of the
basis upon which particular techniques have been established. Sincc
the variaty and combinations of alrcraft strucwural configurations cover
such a broad range, the designer will undoubtedly encounter configura-
tions tha: have not been used previously. This section is included

» acquai it the designer with the basic considerations required to under-
Land the scope and Timitations of entablished design methods.
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Section 5.0, 1 conviders the topic of random vibration, and Section 5.1,2

discusses methods of vibration analysls as related to compliex aircraft
structure. Hopefully, these two sections will elth. serve as a useful
introduction to the designer who is encountering tire toplic of sonic
fatigue for the first time or serve as a refresher to the desicner who
has been away frcm the toplc. Each section is brief; however, the indi-
vidua! can extend the presentatiun by going to the references listed at
the end of each section,

5.1.1 RANDOM VIBRATIONS

Random vibration has become an important topic In recent years primarily
as a result of advances In high speed flight. To design structures and

equlpment that are capable of withstanding the randomly fluctuating loading

resulting from turbulent air and noise resulting from turbulent boundary
layers, cavity resonance, and propulsion system ncise, designers are find-
ing that they have to undevstand random vibru_.ion and design components
that can withstand the random loading. It is beyond the scope of thlis
report to present a complete description of either mechanical vibrations
or the statistical tools required for a thorough urderstanding of random
vibrations. However, it is appropriate to present guantitative results

to understand the significance of the desiyn data presented In the follow-
ing sections. First, mechanical vibrations shall be discussed in the con-

text of the freguen:y response of structure to time varying loading. Next,

the statistica! tools required to describe the random loading and the
resulting random structural response are presented. Finally, a discussion
of the various types of methods used to obtain quantitative results aic
presented.

o110 Nararion

c Viacous damping coefficient

f Freguency, Hz

fn Natura! frequency, Hz

GA(f) Power spectrai tensity function

B(E) Frequency response tunction

k Spring constant

m Mass of system

p (x) Amplitude probability density function
Time Interval, fatigue life, or kinetic energy

t Time

5.1.1.2 Frequency Response of Structure

Mechanical vibration analysis is simply a statement of equilibrium between
inertia, damping elastic, and applied forces. All methods rely upon the
development of a model ot the structure suitable for analysis. For simple
structures, such as described in Section 5.2, it may he possible to achieve
a high degree ot simulation between the real world and the analyvical
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amodel. In reality, all structural models are approximations so that the
designer must always know the limitatlons of the approximations. From an ana-
lytical standpoint, uniy one or two degree-of-freedom lumped parameter systems
can be easily handled without extensive calculations. The basic considera-
ticns for lumped parameter systems and the development of the governing equa-
tions can be found in any standard iextbook on mechanical vibrations (), .

For a one degree-cf-freedom mechanical system the frequency response function
and its relation to the input, X(f), and the output, Y(f), is

Y(f) = K(F)X(f) (s.1.1-1)
where
H(f) = |H(f)|éqw(f) Is the frequency response function

[H(f)| = Is the absolute value of H(w) and is called the system
gain factor

¢(f) = Is the associated phase angle
To define the system frequency response function, H(f), one must define the
input or forcing function, X(f), and the desired output function, Y(f). Two
important one degree-of-freedom systems are illustrated in Figure 5.1.1-1.

The system gain factors, [H(F)l, are presented in Table 5.1.1-1 for various
combinations of Input functions and output functions.

B

yit)
T IR

"~
SARALR
YYVYVYT

—
(3) Mechanical System with Force lnput ’(b) Mechanical Systom with Foundation

Motion Input

FIGURE 5.1.1-1 TWO CONFICURAT’UNs O ONE UDREGREE-OF~FREEDOM SYSTEMS
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¢ TABLE 5.1.1-1

SUMMARY OF FREQUENCY RESPONSE FUNTTIONG

FOR SIMPLE MECHANICAL SYSTEM !
(REF. 11) 1
Force
Values for the ﬁesponse Input
Function IH{f)! of a
Simple Mechanical Foundation Motion Input Force (in
System as a Function displacement
of the Input and Displacement Velocity Acceleration units)
Output Parameters x(t) x(t) X(t) x(t)=F(t)/k
in, in./sec. in./sec. in.
Absolute D D D
displacement Bl 5;%6— *-715——
in terms of y(t) 2 2 bo“f D,
displacement _ A
Oungt' Relative 2 D2
’ displacement f f 1
z(t) = Z 2 2.2
v (£)-x(t) anZ annDZ Y anZ
Absolute vaD] 0] D'
In terms of  V&!9CINY 5, D, 770,
velocity Y o 2nf
output, Relative D2
in./sec. velocity 213 £2 £
> z{t) = 2 2 )
O E IO fa02 20€,0, .
o 2.2 -
Absolute Li®F Dl 2ufDl D]
-celeration — i
In terms of €. 0"° D D D
acceleration y (r) 2 2 2 4ﬂ2f2
output, D. d
X 2 Relative Z 1
In./sec. acceleration 4 Zfb 2nf3 fz ’
z(t) = 2 2 Z
y (£)-X(t) anZ anZ anZ
- '
o, = /1 + [2c(Fif )" o, =/ 11 - (£/8)41% 5 L2e (/6 )12
) n 2 n n

1
fo = 25

.
r
(4}

—
2vhm
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In studying Table 5.1.1-1, it s noticed that several parameters are
required to obtain quantitative results. HNamely, the characteristics of
the structure such as mass, m; viscous damping, c; and stiffness, k, are
required as Is the relative guantity f/f which describes the effectiveness
of the exclitatlon frequency, f, in cauisg the system to respcnd 2 its
natural frequency, fn.

Since all forms of excitation relevant to sonic fatique exhibit aenerally
broad trequency content - In particular jet nolse - it is reasonable to
suspect that part of the design problem Is ru determine the dynamic recponce
of a system In the frequency domalin with reascnable accuracy. That is, the
designer should be able to predict the response frequencies of the structure
with the implicaticn that more than a one degree-cf-freedom model may be
required for a vibratlion analysis. |If such |s the case, then the designer
should consult more advanced books on mechanical vibration (3), (4).

For the design methods presented in Sections 5.2 and 5.3, it has been totally
assumed that the structure exhibits a single mode of response as characterized
by the one degree-of-freedom system. This ass:mption is usually conflrmed by
experimental results. Plots of the system galn factors as a function of the
frequency ratio /f_ are presented In Figure 5.1.1-2. Here it is seen that
damping, 7, plays ansignificant role In determining the structural response
of the system. For alrcraft structure, Hay (5) has assembled the results of
many experimental programs to determime the damping of typical structure.
Hay's results are presented In Figure 5.1.1-3 and Indicate that for normal
configurations, the damping exhibited by aircraft structure is small (on the
order of 0.02). Hence, the designer can expect significant structural
response as exhibited by a sharp resonance peak unless artificial damping
treatments are used. |If artif cial damping treatments are considered, the
designer should recognize that = jnificant increases In modal coupling can
occur that negate the single response mode assumption. For a discussion of
damping mechanisms and treatments the designer should consult Mead (6), Bert
(7), or Herderson (8),
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0.160

Viscous Damping Ratio, £
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FIGURE 5.1.1-3 DAMPING RATIO VERSUS FREQUENCY FOR TYPICAL STRUCTURE
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5.1.1.3 Stat’ .cal locts tor Kandom Vibratvion

Mechanical vibration problems can involve the response of a system to deter-
ministic or to random time varying forces. Deterministic forces or Inputs
imply that the magnitude of the input is kn. 'n instantaneously at all times,
Random forces or inputs imply that the magnituge is not known or predictable
in odvance for any time. The designer may now suspect that even If the
structural characteristic were perfectiy described by the system frequency
response, H(f), it would be impossible to estimate the system response, Y(f),
to any degree of accuracy better than one cculd describe the input or forcing
function, X(¥). Good basic presentations of random vibration theory are given
by Robson (9) and by Crandall and Mark (10).

Typical time histories of random processes are Iliustrated in Figure 5.1.1-4,
Broad-band or wide-band noise is characterized by a random amplitude and no
single predominant frequency. Broad-band noise is typical of boundary layer
turbulence and jet exhaust pressure fluctuations. If the structure is lightly
damped, then the structure will signiticantly respond only in the frequency
range near resonance (f/fy = 1). Any structural response quantity such as
acceleration or stress will then exhibit a random amplitude (since the input
amplitude is random) kut will exhibit a single predominant frequency (the
structure .icts like a filter in the frequency domain). Hence, structural
response quantities can be expected to exhibit rnarrow-band time historles
such as il!lustrated in Figure 5.1.1-4. It is assumed that any random process
is such that its statistical characteristics do not vary with time or,
strictly speaking, the random process is assumed to be stationary and crgodic.
By stationary, it is meant that the statistical averages do not vary with
time when averaged over several sample time histories. By ergodic, It is
meant that averages obtained for any one time history are Identical to the
averages obtained for all other time histories. For a much more complete
description of the concepts one chould consult the references: (9), (10),
(11}, (12). Hence, for a stationary and ergedic random process (either
forcing function or system respconse) the designer must be able to describe
stati<tica'ly the amplitude and frequency content of the random process and
need consider only one typical time history for each quantity.

5.1.1.3.1 Amplitude Statistics

It is first required to define parameters that describe the amplitude of a
random process as follows:

Mean or Average Value: The mean or average value of a time varying quantitiy
can be evaluated by inteyreting the value over a very long time period, T,
and dividing by the time period. Mathematically, the mean value is given by

. T
x{1) = limit l-f w(t)dt . (5.1.1 2)
T
T+ w o
If the mean value is not zero, it is usually converient to adjust the scale
ot #(t) so that the mean vailue {4 zero.
182
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Amplitude

Amolitude

a\ /\/\ A [n‘l/\\n/\:\, /J\\ AN
AV AR ARV

) \,I ‘i’ v " Tine

(a) Broad-Band Noise

Envelope of Peaks

\\ ”

Sy Se -

- AR

‘ "'Y‘~V Time
AL W
s

(b) Narrow-Band Noise

FIGURE 5.1.1-4 TWO CLASSIFICATIONS OF RANDOM TIME HISTORIES

o)
W

[



http://www.abbottaerospace.com/technical-library
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Mean Square Value: The mean square value of a time varying quantlty Is
obtalned by integrating the square of the value over a very long time period,
T, and dividing by the time period. Mathematically, the mean square value

Is given by

T
xz(t) = limit %-f x? (t)dt. (5.1.1-3)
T + o o

The root mean square or rms value of the time varying quantity Is simpiy the
square root of the mean square value,

. 2 .
Variancc: The varlance, o, of a time varying quantity is given as the dif-
ference between the mean square value and the square of the mean value of the
quantity as —~h

o = X2(t) - T2 (5.1.1-4)

The standard deviatlon of the time varying quantity Is simply the square
root of the variance. |f the mean value of the time varying quantity is
zero, then from Equations (5.1.1-3) and (5.1.1-4) the standard deviation is
ogqual to the root wean cqoare value of the time varying montity.

Probability Density Functlion: The object of analyzing a random process s

to determine the likelihood of encountering extreme or maximum values or to
determine the prrcentage of time a random quantity wil! exceed a given level,
Figure 5.1.1-5 lllustrates a samplc of a rardom time history taken over a time
interval T. The probabillity that the function x(t) lies in the interval
between x and x + Ax is that percentage of time which the function has values
in that interval. This probability or percentage of time is expressed mathe-
matically as »

Preb[x - x(t) « x + Ax] = Xti/T (5.1.1-5)
i

If the Interval, &x, Is small, a probability density function, p(x) Is
defined e

Problx + x(t) « x + Ax] ~ p{x)ax (5.1.1-€a)

or

1 ),‘ti
p(x) = 7 ) {5.1.1-6b)

To precisely define p(x), one needs to consider very small intervals, Ax, and
very long periods, T, so that mathematically the probability density function
I+ deflined o«

p{x) = Vimit  Vimit 1 —L
Ax »0O T v«
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Once p(x) has been determined over the range of values of x(t}, then the prob-
abllity or percentage of time that the amplitude x(t) Is within the 1imits

a < x{t) < b is obtalned from Equation (5.1.1-6a) by summing or integrating

so taat

b
Probla < x(t) ~ bl = f p{x)dx (5.1.1-7a;}
a

Since the probability of x(t) belng between the limits - and += is 1.0 (an
absolutely certain event) it follows that

™

f p(x)dx = 1.0 (5.1.1-7b)

and the probability that x exceeds a given level L Is simply

L
Prob[L - x(t)] = 1.0 - [ p(x)dx (5.1.1-7¢)

Llectronic instrumentation Is avallable to determine either the probability
function o the probabliity density function of actual random ampl!tude time
histories, The process Is illustrated conceptually in Figure 5.1.1-6.

Mathematically, several speciai probability density functions have been
deiined (13) with two of these functions being especially important In the

di: ~ussion of random vibrations. The first, and most important, probability
density function to be discussed is the Gaussian or normal probability density
function is defined as

p(x) = exp[-(x - X)Z/ZUZ] (5.1.1-8a)

0¥2w

wh. re x T« the mean value and o is the standard deviation. The second proba-
bility density function I called the Rayleigh probability density function
and is defined as

p(:) = jL-exp[-xz/Zuz] x > G (5.1.1-8b)
o2 -

Tebles for plotting the Gaussian probability density function and probability
0i exceeding a levei, Equation {5.1.1-7C), are presented in almost any text

or set of mathematical tables (11), (14). Fligure 5.1.1-7 presents a plot of
the probabllity of exceeding the rms lcvel versus the ratio of the instantane-
vus level to the rms level for a Gaussian random process. Hence, if the
instantaneous value of the time varying quantity exhibits a Gausslan proba-
bility density or is assumed to exhibit such tendency and if the rms value

ot the time varying quantity is known then Figure 5.1.1-7 can he used to
determine the probability that the instantaneous value will exceed the rms
value. Conversely, if the rms value for a set of instantaneous values is
hitowi, ihion e won plon the pointe on Tiguye S.101-7 Lo detormin. haw
closely the proces. 1. escinated by a Gaussian probability Jdistribution
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Suppose, Tur example, that the rms value of o Gaussian time varying dis-
placement record Is equal to 1.20 inches. Then, from Figure 5.1.1-7, it 1s
seen that the probability that the displacement exceeds 2.0 inches {in both
the positive and negative directions) is cqual to 0.10 or 10% (x/o = 2.0/1.2 =
1.67).

The Gaussian or normal probability distribution is not a mere mathematical
convenience since many random pioucesses cecluiTing in nature exhibit Gaussian
probability distributions. The usefulness of the Gaussiarn distribution func-
tion stems from the Central Limit Theorem of statistics (12) which states that
sums of independent random variables wiil exhibit approximately Gau.slan dis-
tributions regardless of the underlying distributions. Mcony physically
observed phenomena in practice actually represent the net effect of numerous
contributing variables so that the Gaussian distribution function constlitutes
a gool approximation to commonly occurring distributions.

The Rayleigh distribution function is "mportant when one conslicers estimating
the probability that either the instantancous value will lie within the envelope
of a narrow-band random process exhibiting a Gaussian probability distribu-

tion (see Figure 5.1.1-4) or the distribution of peaks of a narrow-band random
process exhibiting a Gausslan probability distribation. The peak distribution
problem Is useful in design, for example, when it is required to convert sinu-
soidal fatigue curves for a material tou equivalent random fatigue curves when
estimating the fatigue life of a structure. This procedure is described In
Section 6.5.1. A plot of the Rayleigh probability density function Is pre-
sented in Figure 5.1.1-8.

5.1.1.3.2 Frequency Content

Since mechanical systems are sensitive to frequency, it is required that the
designer tnoews the frequency content of the random loading to the system or
the random response of the system. The frequency 'nterval for whkich the ran-
dom process has a value is called the Trequency spectrum of the process.

Power Spectral Density (PSD) Function: For design purposes, the designer
needs Lo know the amplitude of the random process at various frequencies.

The power spectral density function or simply spectral density function is

a measure of the frequency content of a random process. The definition of
the spectral density function shall follow a simple path with the more mathe-
matically rigorous course left to the requirements of the reader (see (9},

(10}, (13)).

If a time varying signal (the nofse messured al o point near a jet engirne,
for example) is sent through a band pass tilter, the filter allows only sig-
nals that have a frequency of Fc t /2 to pass. The signal that Ts passed

thiough the filter, ax(t), Is measured in terms of it. mean square value, Ax” (t).

The spectral density function Is then defined in terms of the mean cquare fi1-
tered signal as
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ux(f) = Axi(t)/hf (5.1.1-9)

it is Important to note that the magnitude of the spectral density function,

G (f), depends upon the band width of the filter used to determine Its value.

If the signal reprEsents pressure, then the units of the spectral dznsity
function are (psi)“/Hz., for example. The total spectral density curve is
obtained by examining each frequency interval and plotting the spectral den-
sity associated with each band center freguency, fc' over all values of the
frequency domain. Typical spectral density function for bLroad-band nolse (1.e.,
jet pressure excitation), and narrow-band noise, typical of the stress
response of the structure, are presented In Figure 5.1.1-9.

The spectral density functions [llustrated in Figure 5.1.1-9, are typical
results for a continuous representation of the spectral density function
when the filter bandwidth, Af, used to measurc the signal becomes very small
Guathowatically approaches =ora) Thue,  the definttion of the snectr:l den-
sity function becomes

h . d
6 (1) =

_.2.__
d X

() {(5.1.1-10a)

or

dA?(\\ - Gx(l)di {5.1.110b}

Hence, to determine the mean sguare value of the time varying signal, it is
only required to integrate tquation {5.1.1-10b) over the entire freque Qe
spectrum to obtain

o

7
() [ G (f)df (5.1.1-10¢)
o X%
this result should be compared tu tguavton (e, boi—3).
Note: When reading the ilterdatuie it tandun Vibraiions iL 15 UsUaiiy iuuiid
that analytical results are expressed in radlan freguency, w, with the freguency
spectrum defined on the interval == < w - ~ so that the mecan square value of
a quantity ls expressed as
Z) [ s (w)de = 2 [ Selw)dw {5.1.1-10d)
e (e}
where the wymueiry of the speciral density has been used to obtaln the sccond
rewult (foe., S (~w) = Sx(w)). Since m = 2nf, a change of variable in Equa-
tion (5.I.I-I0d§ results” In
- 5 ﬂ
x“(t) = buf sx(f)df (5.1.1 Joe)
£
fomparing bquations {5.1.1-10c) and (& [.1=10e), Tt is seen that
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G (f) = hnsx(f) {5.1.1-10f)

X

50 that wh=n one is considering spectral density functions the factor of 4
must be considered when changing the limits of integration and converting
from radian frequency, w, to clrcular frequency, f.

5.1.1.4 Response of a Mechanical System to Random Excitation
Section §5.1,1.2 described the structural response of a mechanical system in
terms of the frequency response function, H{f}. Section 5.1.1.3 presented

definitions and discussion of the statistical tucls required to describe ran-
dom time varying quantities and the frequency resolution of a random time
varying quantity. Thls section shall present a description of how a mechani-

cal system responds to a random fercing Input. In particular, it Is important
toc obtain an expression for the mean square value of the system response. The
paedtl syUaet e response o dmportant wince if the Vinear monhanical system s

forced by a random input that exhiblits Gauscian probability characteristics
then the system response also exhiblts Gaus in probabllity characteristics
and the only quantity required to describe t.e probability density or the
cumulative probability of the response is the mean square value of the
response (9), (10).

For the purposes of this discussion, the most direct approach to consider for
calculatirg the mean square response ot a mechanical system will be to con-
sider the frequency analysis of the input or forcing function and the frequency
response of the system. By using correlation techniques and the impulse
response of the system, one could also obtain results by analysis in the time
domain {see Robson (9) or Bendat(10)) . The frequency description of a ran-
dom <igral ie considered by determining the power spectral density of the sys-
tem recponse as described in Section §.1.1.3.2.

The freguency resolution of the response, y(t), of a mechanical system due

to a time varying input, x(t), is given by Equation (5.1.1-1). |If the time
varying input, x{t), and the response, y(t), are both sent through a band pass
filter, _quaved, and averaged then cne obtains the result

2, . 7, . Y] N

A = YA = i xBE) = e [P B (e) (5.1.1-11)

? 2 , .
where the ¢ symbol before vy {(t) and «°(t) iwplies that the siynals have

teen filtered. Then, one aobtains
wé?mﬂ e
6 (F) = Bt Ly 2 2t e 14 6 () (5.1.1-12a)
i
Gy(f) = [HO) " o (1) (5.1.1-12b)

|
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The result oresented by Eauation (5.1 1-17h) i¢ the contiaul iusult oi Lhe
random vibration analysls for a one degree-of-freedom system. Mathematically
rigorous developments of this result are presented in the References. The
implication of this result for design use is extremely significant. Namely,
the designer need only be interested in determining the system gain factor,
[H(f)], and the input or forcing spectral density function, G_(f), to deter-
mine the response spectral density function, G (f). Once the system response
spectral density function is determined, thenr Yhe mean square value of the
response is obtalned from Equaticn (5.1.1-10c) as

y2(t) m [Te (F)af = [ [n(E) %6 (F)df (5.1.1-13)
G b (o]

One immediate simplification can be made for the result presented in Equation
(5.1.1-13). If the mechanical system is lightly damped (see Figures 5.1.1-2
and 5.1.1-3) and the innut forcing exhibits a broad-band frequency spectrum
(see Figures 5.1.1-4 and 5.1.1-9) that varies slowly with frequency, then

G (f) will be essentially constant in the frequency interval about which the

mechanical system exhlbits significant response (f = fn) so that one obtains
the approximation

yz(t) z Gx(fn)f:fH(f)lzdf. (5.1.1-14)

This approximation is convenient for design purposes since many forcing fun- -
tions important to sonic fatigue design exhibit spe~tral density functions
that vary slowly with frequency, and to obtain »impic design equations, the
integration requived by Equation (5.1.1-14) is more easiiy perfarmed than
that required by Equation (5.1.1-13). In addition, If this approximation

is valld so that the result of Equation (5.1.1-14) can be used, then the
designer can separate the consideration of loading actlions as expressed by
G_(f) and the structural characteristics as expressed by H(f). The only
interreia*iorship between the two is that G, (f) must be evaluated at the
response frequency, * sa that when the designer alters H(f) to reduce the

' ’
mean sguare response Re must recog.ize alsc that f,, and hence CF(fn) may be
altered.

For sonic fatigue design, the input force - as described above - results
from a random pressure acting over a surface area. The techniques required
to deteimine the appropriate ""lumping' of a random pressure acting over a
surface area Is presented |1 detall In Section 5.2.2.2.6.

5.1.1.5 Miles'Single Degree~of~Fi. .. om Theory

Mlles (15) proposed a single degrze-of-freedom model tc represent the respo: e
of a4 nilate to jet nolse excitaticen and proposed a tuchnique fur estimating the
fatiyue life of the structur- based upon the use of Miner's Cumulative Dam:ge
Theory (16). The results of Sections 5.1.1.2 throuyh 5.1.1.4 apply - in par-
ticular Equation 5.1.1-14 - so that the system response to an excitation

spectrum that varlc. .lowly with frequency in the frequency range near the natural
freguency is given by

193

i AP

L
]
]
+o
i



http://www.abbottaerospace.com/technical-library

2
2 Yo / - dr .
yo () - () fo )] >~ 5 (5.1.1-15)
G o L[{1-r°) 4+ 47,°¢%]
r = f/fn ¢ = damping ratio

where Yo is the static displacement response tn a static generalized force
of magnitude f . The evaluation of the irmtegral in Equation (5.1.1-15) is

rather complicated (See Crandall (10)) but can be obtained in rather simple
form as

r > dr n
J = , r << | (5.1.1-16)
o 10-Afen

Then, one obtains the simple result from the mean square displacement response
as

2

Tz, . .o 0

y () = = £6,(F ) (F2) (5.1.1-17)
’ o

Assuming a linear relationship between stress and displacement, the mean
square stress response for light damping Ts simply

rny

2
o' (8) = g F 6 (1) (Fio) (5.1.1-18)

where o 15 the static - ress resulting from o static force of magnitude ¥ .
The results presented .n Eguations (5.1.1-17) and (5.1.1-18) are the mathe-
matical statement of Miles' Single Degree-of-freedom Theory. The extension

of this theory to multi-degree-of-freedom systems is presented in Sectlon
5.2.2.2.6 and is speclalized to the case of random pressure loading of plate-
like structure, The implication of Mliles' yesults are significant In that the
designer really needs tc be .oncerned only with estimating the natural fre-
quencies of the system (usually the fundamental mode is all that is required)
and to determine the static stress response of the system at the points of
interest resulting from a unit magnitude force (or pressure) in order to calcu-
late the mean square stress response of the system.

Trom Section 5.1.1.3, it Is seen that once the mean square response is deter-
mined then all probability data is established if the response is Gaussian.
For the linear mechanical system upon which the results given by Equations
(5.1.1-17) and (5.1.1-18) are based, the system response will be Gausslan if
ihe excitation is Gaussian. in particuiar, for these results the assumed
peaked frequency response results imn a narrow band Gausslan process for
describing the system response.

The medn square stress response, oz(t), given by Equation 5.1.1-18 is now used
to estimate the fatigue life of a structure. Miles' presents a ¢! sed-form
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estimate for fatigue life by assuming that Miner's Cumulative Damage Theory
(16) (also proposed by Palmgrzn (17) and now called the Palmgren-Miner
Cumulative Damage Rule) applies and that the S-N characteristics of the

material are such that the 5-N curve is linear when plotted on log-log paper.

Here It is assumed that the stress, s, is a constant amp!itude alternating
stress with complete stress reversals from -5 to +5 (l.e., sinusoidal time
history). Mlles analysis of fatigue life estimates will be presented here
to illustrate the relationship to the Cumulative Damage Theory although this
upps vach las been judged to be highly conservative (18). More detall con-
cerning various cumulatlive damage theories will be presented in Section 6.

Noting that experimentaily obtalned slnusoidal S-N data usually exhibits
wlde scatter, Miles assumed that the reiationship between the numher of
cycles-to~fallure, N(s), at a stress level s Is given by the relaticnship

N(s) = c/sP (5.1.1-19)

where the constants ¢ and b are parameters dependent upon the material.
Since the random stress will vary In amplitude it is necessary to establish
an estimate of the ''damagc'' done to the material by a number of stress
reversals, n(s), less than the number of stress reversals, N(s), required

to cause failure at the stress level, s. Miner (16) assumed that damage was
accumulated linearly so that at a stress level s, the damage is given by the

ratio n /N, (ni = ”(51) and N, = N(u‘)) and that the cumulative damage Is
given by

D, = % (n,/N,) (5.1.1-20)

with fallure occurring when D, = 1.0. As discussed in Section 6. various
other more complicated cumulative damage theories are avallable, but the
improvement (If any) in obtaining analytical fatigue life estimates -
especially for random stress reversals - Is not generally warranted.

Miles, for converience, introduces a reduced stress, s , which produces the
same fatigue damege as the spectrum (n‘, si) after the same tota' number

of cycles, In,, so that from Equations (5.1.1-19) and (5.1.1-20) .ne obtain
the result

s =[rnnstPrgan 7k (5.1.1-21)
r B .

where k is a factor on the order of 1.0 to 2.0, The results to this point
dare based urun a sinusvidal constant amplitude time history for the stiess.

The ¢xtension of these results to obtain an estimate of the equivalent ran-
dom stress is of a lightly damped structure is now required. The probable

nunber of cycles of random stress having an amplitude In the range (s,s +:4)
inatme, T, is

|
|
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nis} = fnTp(s)ds (5.1.1-22)

where p(s) is the probab!lity density of the stress peaks. For a narrow-
band Gaussian random process the probability density for peaks is a 1
Rayleigh distribution function as given by Equation (5.1.1-8b) and ilius- i
trated in Figure 5.1.1-8.

from Miner's Cumulative Damage Rule, the expected or probable damage result-
ing from stress peaks in the range (s, s+ds) with a frequency fn for a

time period T is
nfs) . ¢ g BIs) 4 (5.1.1-23a)
Nis) n Ni{s o

and the total expected damage E[DH] for all stress amplitudes is

DR ST P R

ey —

el (M1 = £ 7 j: %E—:T)ds (5.1.1-23b)

and the time to failure is (E[DF(T)] o1,

mn

-1
T [fn ] (p(s)/N(s))ds]) sec. (5.1.1-23c)

O

4
i
i
i

For au assumed Rayleigh p. .oability density function and a constant amplitude
S-N curve that i< linear on a log-log plot, the integral in Equation
(5.1.1-23c) is evaluated as

u

[
u‘)d‘i - .b/2._\b . T + -
jo e " 2 @ T +b/2) /e (5.1.1-23d)

where = “%{r; is the root mean square stress and I'(x) is the Gamma
Funci®or . ci is tabulated in standard mathematical tables (14), For large i
positive © LY the argument x (not necessarily integer values) tho {
Gamma 7 w1 on is approximat::d by the exprassion i
Plx+1) @ V27 e *x* 2 (5.1.1-23e) i
- The esiijnaie Tor fatigue life is then given by a
1
= el T e e (5.1.1-23F) :
A« montioned above, the constants b and ¢ ars determined frim a log ag plot 1
of constant ampliiude S-N data (which is assumed to be Vinear) and 1ne method 1
has proven in practice to yield conservative fatigue liie estimates (10). It 1
i
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should be noted that the natural frequency, f , that is used in Equation
(5.1.1-22) and in the subsequent developments is more properly described

as an "'expected frequeicy'' based upon the rate at which the signal crosses a
defined level (usually zero) with a positive slope. The expected frequency,
fe(a), 1s defined in teorms of the joint probability ot the signai, y(t), and
its time derivative, v(t), as follows

f:(a) = /(n yp(a,y)dy (5.1.1-24g)
o

where a is the level crossed by y(t) wit positive slope. For a Gaussian
process with cero mean then

d.
2 2
frla) = zln;yiexp (~a’/207) (5.1, 1-24h)

where o Is the rus level of y and 0. Is the rms level of y. A more complete
discussYon of this consideration |s Kresented by Robson (9) and Crandall (10)

To overcome the conservative .atigue life estimates, an early technique
uciiized by designers was to obtain so-called equivaient random fatigue curves
from constant amplitude sinusoidal S-N data by assuming that the random stress
peaks exhibited a Rayleigh distribution and that Miner's hypothesis of cumula-
tive damage applies. Letting N(<) denote the number of cycles to failure at

a constant amplitude stress level s as determined from test data, and letting
N (57, be the number of cycles to fallure for a random amp!itude stress, o,
then the expected damage Is (see Equation (5.1.1-23b)

5.1.1-25)

EMD,(s)] = N (o) fo"" (:) ds

N

At Fallnre l'[ﬂm(qﬂ T 1, =n that

N () = [fo %}%ds]" (5.1.1-26)

Since N{s) Is known from experiment, any convenlient numerical Integration of
Equation (5.1.1-25) can bc uscd at cach rms stress level, 0. Hence, ihe
constant amplitude S-N data can ‘e converted to equivalent random amplitude
fatigue data o -N_on a peint by point basis. This technique has been used in
chie past by Hetowan (1Y) te obtain desiqn resutts, especially for fariaue
curves that are based upon certain values of stress concentration or other
complications. It is recommended for design use only 1T random amplitude
fatfgue daia 15 not available for the material and the joining methad proposed
for the speclific design. Wang (20) pre: :nts technigues for estimating the
probability of fallure due to combinzd load spectra (combination of maneuver
loads and acoustic loads) and fatigue damage for the case of broad band ran-
dom amplitude stress Is discussed by Bernard and Shipley (21). More practicel
design methods are presented in Sections 5.3 and 6.0,
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5.1.2 METHODS OF VIBRATION ANALYSIS

The formulation and sclution of equations of motion for natural vibrations

of various structural configurations may be a rather simple task or one
involving the use of extensive computation. Since natural vibrations never
really occur in physical structures, it may seem to be academic to even discuss
the topic. However, since the knowledge of the natural frequencies and normal
modes of the structure Is required by the designer to estimate the structural
response, the designer should be aware of the varicus methods that have been
applied to rhe solution of the problem of sonic fatigue of alrcraft struc-
tures and of the degree of approximation that the various methods represent.

The designer must understand the significance of the approximations which
result from the use of a particular methcd for a specific structural conflgu-
ratton., This understanding will often diciate the choice of method. Basic

to this understanding Is the awareness by the desigrer that all methods of
vibration analysis are approximate in an engineering sense. Factors such as
variations in material properties, dimensjonal tolerances, etc., cause the dif-
ferences to exist between the physical s«tructure and the ideallzed structure
(mathematical mode)) used in the analysis, These differences may be a more
significant conslderation that the smaller differences that woulid result from
using alternate analytical methods. In particular, the design methods presented
in this handbook are based upon very wimple approximzte structural models of
highly complicated aircraft structure. This approach has proven to be accept-
able in accuracy for the solution of sonic fatigue design problems (22).

5.1.2.1 Classification of Methods

Methods of vibration analysis may be classifled under three gencral categories
according to the mathematical! form of the governing equationt< (3),(23).

These three general categories are differential equation methods, integral
equation methods, and energy methods. The distinction between the three cate-
gories Is logical on a mathematical basis and, hence, to some extent on the
degree of effort required to obtain quantitatlve results. The most salient
distinction between the three categories is the manner in which the boundary
conditions are handled. In addition the deyree of structural complexity that

may be easily included In the model (discontinuities, et.) is somewhat dependent

upuht the wethod.  0OF thic three techniques, energy metheds have fonnd the most
widespread and common use as an analysis tool for the sonic fatigue problem.

A briet discussion of differentia) equation methods and Integrail equation
methols will be presented with a more detalled consideration of energy methods
prest nted,

- " - -1 " PR S - PR -
5.1.2.2 Differeniial Equation Methods

The vibration analysis of a structure requires the solution of the goverring

partial differential equations describing the moticon of the system. For
natural vibrations, the prescribed boundary condltions must be satisfied
expli itly to obtai. unique solutions. The frequency or characteristic equa-

tion resuits direct:y from the mathematical conditions imprsed by enforcing
the boundary conditions on the general solution. Using this method, It Is
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impossible to obtain either frequency or mode shape estimutes that do not
satlsfy the boundary conditions. The types of striuctures for which solu-

tions to the governing « wwations of matlon e poiadble are vtrings, bending
and twisting of beams, membranes, circular plates ond rectangular plates
with simply supported edges (4). These structures hardly conform to those

types encountered in practice by & resigner.

Appendix B.1 presents the vibration analysis of slender str.ight elementary
teams elther in bending or torsion. The governing differential equations

of motion for coupled bending-torsion motion of thin-walled open section
bean's ate alsu presenied wiih fndications oi the complexity of the solution,
To indicate the amount of calculation required to investigate the vibration
of a beam with elastic rotational constraint the reader should consider
Carmichael's analysis (Z24) presented ir. Sectlon 5.2.2.2.4. Carmichael's
vibration analysls of a plate with elastic rotational edg- constraints uses
the differential equation solution of a beam problem as the basis for apply-
ing an eneryy method (Rayleigh-Ritz Technique). Indeed, the results for plate
and cylindrical shell vibration presented in Section 5.2.2 and 5.2.3 all rely
upon enerqgy methods using the differential equation solution of the beam
vibration problem as a basis.

5.1.2.3 Integral Equation Methods

Integral equation methods invulve the solution of governing Integral equa-
tions. An integral equation is an equation in which the function to be
deterrined (i.e., the solution) appears under an integral <ign. The kernel
of these Integral aquations (2%) include Influence functions (Green's
Functions) that wil!, by u.ual methods of derivation, satisfy the boundary
conditions of the problem. That is, auxiliary condition, are, In a sense,
already writiven into the equation s that the boundary conditions are
impliclitly satisfied through the use at appropriate influence functlons.
This method is used extensively in the sclution of acoustics problems (26}
but Is only rarely used In structural dynamic (23).

5.1.2.4 Energy Methods

Energy methods are based upon the use of onc ¢v more of the energy principles
of mechanics: conservation of eneray, virtual wnrk, Hamilton's principle,
Lagrange's equations, ctc. Energy methods are the most practical approach

for the vibration analysis of complex structure and are the most widely used
anaiysis merhod for sonic fatique probiem., 1 nghaar (2/7) presents a

basic discus<ion of energy methods with the application of these technlques

io structural dynamics presented by Hurty and Rubinstein (3) and Bisplinghoff
(23). Basically, energy methods - a- applied In practice - make usc of one

or more displacement functions selected somewhat arbitrarily to approximate
the natural mode functions. f the natural mod. s determined by the analysls
are to satisfy the prescribed boundary conditlions, It 1, necessary that the
approximate or assumed displacement functions satisfy tne boundary conditions.

The accuracy of the solutlion, however, depends upon whether ar not the bound-
ary condltions arc satinsiled.
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5.1.2.4.1 Rayleigh Method

Rayleigh's method is based upon a principle stated by Lord Rayleigh in his
famous work Theory of Suund in 1877 (26). Rayleiygh's principie, -cated in
modern terminology, is as follows (4) : In a natural mode of vibration of

a conservative system the frequency of the vibration is a minimum, That is,
at any Instant the ensrly of a -»nservative svstem in free vibration ls
partly kinetic and partly potential with the t-tal energy being constant
and the time rate of change of the total enerygy being zero. Denoting the
kinetic energy by T(t) and the potential energy by U(t) at an Instant of
time, t, the principle of corservation of energy is stated as

T(t) + U(t) = constant (5.1.2-1a)

and the time rate of change of the total energy is
d
gr (T(&) + u(t)) = 0. (5.1.2-1b)

buth the kinctic gind poteniiul cnergy wie piopartiona! to the square of

the amplitude of the mode, and the displacements vary harmonically in time
with frequency w. Hence, for a linear system, the amplitude of the mode is
arbltrary when using Rayleigh's method to determine the frequency. From the
above result, it Is evident that the maximum value of the kinetic energy

and that the maximum value of the potential energy must be equal. Hence,

an alternate form of Equation (5.1.2-1b) Is

-Imax = Umax (5.0.2-2)
. P2, .2 1 2
Since the motlion Is harmonic, T = - =~w MA” and U = — KA” thore M s
max 2 max 2

called the modal mass (or generallized mass) and K is called the modal
stittness (or generaiized stiffness). Hence, Rayleigh's method ylelds the
result for the norma! mode response frequency

WX o= KM (rad/sec)? (5.1.2-3)

The application of Rayleigh's method requires that the frequency be a mini-
mum. That Is, the first varfation of the frequency (26), must minimlze
Equation (5.1.2-3) so that

5(w2) = 8(K/M) = 0 (.1.2-4)

Hurty (L) shows that the requirement stated in Equation (5.1.2-4) implies
that rthe assumed mode function naed to nhtoin K oand M st aricfy the

differential equation governing and the natural boundary conditions of the
problem. 1f the ascsuined mode does not atisfy these conditions completely,
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then the frequency estimate is not a minimum but slightly higher than the
exact result.

Rayleigh's method Is extremely useful since reasonably accurate frequency
estimates can be obtained explicitly for many structural configurations.
Other more refined methods using more than a single ssumed mode require
extensive computation to obtaln quantitative results. Additionally,
Raylcigh's metinod is a very versatile and direct method in that one only
needs to make a reasonable guess at the mode and to use this result to
obtain the expressions for the kinetic and potential energy of the struc-
ture. Leissa (29) has shown that In some cases Rayleigh's method provides
frequency estimates as accurate as the more refined Rayleigh-Ritz proce-
dure for the vibration analysis of rectangular thin plates.

5.1.2.4.2 Rayleigh-Ritz Method

This method is an extension of the Rayleigh method and Is based upon the
premise that a number of assumed functions can be linearly superimposed to
provide a closer approximation of the exact natural modes than can be had
using a single function as In Rayleligh's method. This method was proposed
by Ritz (30) and allows not only a better approximation of the fundamental
mode frequency and mode shape but also allows the calculation of higher mode
frequencies and mode shapes. Usirg several approximate functions leads to
the more accurate results at the expense of Increased effort in computation.
An example of the application «i the Rayleigh-Ritz method is given in Sectlon
5.2,2 for the estimation of the fundamental mode frequency, mode shape, and
stress response of a rectangular plate with opposite edges elastically
restrained in translation.

The Rayleigh-Ritz procedure assumes that N functions, ¢i(x), that sorisfy
at leasi the geometric boundary conditions are used to approximate the
assumed displacement function, w(x), as a serles

N
wix) = 7§ ¢, ()W, (5.1.2-5a)

i=}

The coefficients W, are determined so that the ''best'' approximation to the
natural modes s oétainod by reauirinng the frequency to be stationary at the
natural frequencies, w, , as required by the Rayleigh Principle (Equation
(5.1.2-4)). By substi[uting the assumed deflection w(x) given by Equation
(4.1.2-5%a) into tquation (5.1.2-4) and ditferentiating the result with respect

to each ot coatticiants
to ea ce s

ch ot the ¢
in the form
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These cquations contain the vndctermined frogquency paroncetes, MZ, o thut

the resulting problem §s an n dimensional cigenvalue problem (25)., The solu-
tion of this eigenvaluc problem requires a computur for N - 3 so that the
technluue is not readily applied to problems that do ool justify extensive
caleul ion (see Cquations 5.2.2-21, 5.2.2.2-22 and 5.2.2-23),
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An alternate approdch Lo the Raylelyh-Rite Methud is the use of Lagrunge's
equations to ubtain the equations of motion based upon an assumed series
expansinon of a deflection shape (3), (4), (23), (25), (26). The results
ubtalned are ldentical!. The utility of using this app ocach Is that the
system of governing equations can be developed and estimates made as to the
offect of Increasing the number cf terms In an attempt to Imnrove accuracy.
If the effect is small, then it is possible to rationalize an assumed single
mode appruximation to obtaln simple design equations. This technlque is
used in Section 5.2.3 to develop frequency expressions for open cylindrical
shells with the penalty being a restriction on the ranje of geometrical
parameters for which the re«ults are sufficiently ac.urate.

5.1.2.4.3 Numerical Methods

Methods used to model structural systems can bhe basically divided into
analytical methods and numerical methodu. The techniquce-, described previously
are classified as analytical methods since they are basically focused at
chtaining explicit closed-form quantitative results for simple structural «on-
figurations. The analysis techniques discussed here are applicable to the
analysis of complex structure such as found in aircraf: design. For such com-
plex structure, numerical methods must invariably be employed in order to
accurately model the structural configuration. To utilize these methods for
sonic tatiqgue design the designer must counwider the cost and time required
for coding a digital computer or to implement a general analysis method in
order to model the s ructure under consideration.

Numerical methods can be subdivided inio two categories: numerical solutlons
to differential equations and matrix wethads based upon discrete-element
idealization. Numerical solutions to differential equations are somewhat
restricted so that these techniques can be practically applied only to simple
structural configurations. For the sonic fatigue problem, matrix methods
have heen successfully applied to obtain estimates for natural frcequencies,
mode shapes, and response to random acoustic excitation.

Hatri~ methods develop the compler » structural theory using matrix algebra
through all stages of the analy~is. The structure is first idealized int. an
assembiy of discrete structural elements with an assumed form of displacen nt
ur stress distribution., The complete solution 1s ubtyined by conbining the se
individual approximate displacement or stress distributions in a manner which
satisfles, respe-tively, the force-equilibrium and displacement-compatibhility
conditions at the junctions of these elements. The forwulation cf the analysis
in matrix algebra is convenient in that one does not ha.e to write out the
fengthy equetions and the resuit is in o form idealiy suited Tor soiution on
a digital computer. Two matrix mcthods shall be discussed here: transfer
matrix methods and finfte 2lement methaody .

Transter Matrix Methods: The tromsfer matrix wethod s an iterative matrix
technioue that can be vied for strucitural configuration. that are idealized

as one dimensional structures. For the sonic fatiyue problem, the ideal -
Ization i< usually made for a row of panels transveraely supported by flexible

stringors {see Fiqure 5.2.1-17). Whereas the properties of the structure are
conviderad constant in the diveciion of the width and the bonndoary rondition-
alony the lenqth taken as elther <luple cupporte or clamped supports, the
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stitfener spacing and elastic characteristics In the direction of the length
of the structure are taken as variables. The technliue is capable of predict-
tng natural ftrequencies. normal inode shapes, normal .ode stress resultants,
and stress response to forced excitatlon.

Prentis and Leckie (31} present a basic description of the derivation of the
transter matrix tor simple structural contigurations and the application of
the method to simple lumped parameter mechanical systems. The general analysis
ter hniques to apply the transfer matrix mecthod to structural systems Is pre-
sented In the textbook by Pestel and Leckie {(32). The problem of the forced
response to random excitation of multi-spanned beam and pane) systems is dis-
cussed by Lin (33). A survey article by Lin and Danaldson (34) focusing upon
the application of transfer matrix methods to the analysis of alrcraft panels
will provide the designer with a broad literaturr source and a discussion of
the basic technigues os applied to aircraft structure. The analysis ot a row
of curved multi-spanned panels is prescnted by McDaniel (35) and by Henderson
(36) .

Finite tlement Methods: F° . : element methods arc classified into two basic
categories depending upen uviether displacements or torces are the unknowns.
The structural idealizatiun Is based upon dividing the structure into a set
of ~ubhrcgions ur Clerency and mothematically woneanbling the ¢loments to torm
the structure usine cither force-equilibrium conditions (displacement method)
or displacement-rzompatibility conditlons (force method).

Two basic te.t books on matrix structural analysis are those by Przemieniecki
(37) acd L, Zicnkicwivs (28) . The Geu comploementary matiix methods oF lorm
Uleiian o gy structiral problen are the displacement (ui stiliness) method
wheie displacements are sclected ac unknowns end the force (or flexibility)
mcthod where forces are unknowns, For structurai dynamics problems, the dis-
placement method has been the most extensiveiy ised technique applied ta
aiveraft and sonic tatigue analy<es. The applicacion of finite element

e ithiads tor thie sulubion i acouscie Tatiyue problens yeyuires o compleie and
tharough understanding of the particular computer code ot proyram utilized
md the characteristice of the Finiie elecents used to model the otructupe.
The most thoroughly dorumented finite-element displ.cement method qenerally
available to the aircraft indusiry is the NASTRAN program developed for and
maintained by NASAL A wummary of this computer code is given by Butler and
Hichel (39}

the application of tinite element methads to the wonfc fatigque problem
assuciated with stiffened pancl structure Is discussed by Lindberg (ho) .

this paper reviews and comments upon the state of -the art techniques tor
applying finite element methods. A consistent finite element method for
random re<ponse problems and consideration of appropriate lumping techniques
for moderling the modal torce cross spectral malrix of the acoustic excitation
is described hy 0lson (41) . Jacobs and Lagerquist present a tinite element
analy, i+ of panel response to Lurbulent boundary layers (h2) and to complex
random loads in qgeneral {(h3) .

Mhe use of rumerical mothods For eotimating the response ol complex styuctural
contigurations to randon scoustic cxcitation is perhaps more of 0 research

20
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tool than a recommended deslign technique if cost iy cunsidered. As a
research iwul, however, these mothods can be utilized to establish the effect
of parameter variations on structural response to acoustic excitation and,
hence, develop prediction techniques sui able for design use. For example,
the design method developed by Holehouse ‘4L) for assessing the sonlc

fatigue resistance of diffusion bonded huneycomb panels utilized the finite
element method to predict response freque.cies and static stress response,
Based upon Mlles single degree-of -freedom analysis (see Equation (5.1.1-18)),
these predicied results were used to correlate experimental data and to
develop design charts (see Figures 5.3.4-% and 5.3.4-6).
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5.2 SIMPLE STRUCTURES

All sonic fatigue design methnds are based upon the consideration of the
dvnamic response characteristics of simple structural elements such as
plates aad shells. The object of including these topics in this report is
to provide a source of useful data to the designer when he is faced with
either very preliminary calculations or extrapolation of detail design
data that cannot b. represented by the structural configurations or
environmental factors discussed in Lection 5.3.

5.2.1 CLASSIFICATION OF SIMPLE STRUCTURES

Aircraft structure is almost universally modeled as cither a plate or a
shell with various complicating details defining the specific structural
configuration. This section is divided into two subsectins. Section 5.2.2
presents a discussion of the vibration and response of plates to acoustic
excitation. Complicating effects, as related to plate vibration, are dis-
cussed such as inplane loading, elastic edge restraint, etc. Some of these
results may be new to the designer and, hopefully, the presentation will
allow the designer a broad basis for approaching sonic fatligue design
problems.

Section 5.2.3 presents a discussion of the vibration of circular cylindrical
shells with emphasis being placed on simplified resuits. The discussion

on moderately deep circular cylindrical sheils will hopefully prevent the
designer from improperiy using the results based upon shallow shell theory.
For a more complete discussion of any "pecific topic, the reader is advised
to study the references

When applying the results of Section 5.2, the designer may require data

based upon beam theory. Appendix B has been included in the report to
fulfill this requirement.
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5.2.2 VIBRATION OF PLATES

The topic of plate vibration has recelved much attention in the literature,
Kecently, Leissa (1) completed a compendium on the topic of free plate
vibration that exceeds the limlted scope of this report. Lelssa's objec-
tives were to provide a comprehensive set of avallable results for the fre-
quencles and mode shapas of free vibration of plates for the design or
udevelopment englineer and to provide a summary of all known results for the
researcher In the field of plate vibrations. As a result, Leissa presents
a very thorough and well-organized set of useful design oriented results
for all shapes of plates with various boundary condltions.

The objective of thls section of this report has been to consider only
those cases of plate geometry and boundary conditions that are encountered
frequently in aircraft design. As a result, most attention Is glven to
rectangular plates. Caonsideraticn of plate vibration is lmportant first
because avallable design technliques, such as presented In Section 5.3 for
specific structural configurations, may not coincide with the desi..: engi-
neer's speclific problem, and secondly, most of the design methods used in
practice are developed using results presented in this section. That is,
flat stiffened skin structure s usually ldealized as an array of individual
plates experiencing some (usually unknown) degree of edge restraint. This
section presents results suitable for design use rather than lengthy devia-
tions with the final result being techniques for estimatling structural
response.

Except for the technique for estimating buckled plate response, small
deflection plate theory is used. Estimates of the response frequencies
are obtained with the Rayleigh method (Leissa (2) presents an excel lent
Afarvscton of e geedicey 0 the RayTeigh tiie cthod as applicd tu ire-
guency estimates). Stress response Is obtained using tabulated data pre-
sented by Timoshenko (3). The discussion of response of piates to random
acoustic excitation follows the work of Clarkson (4).

5.2.2.1 Notation

A Surface area

A(E) Amplitude function, Eqn. (5.2.2-18) and Table 5.3.2-4
A0 Plate response amplitude due to uniform static pressure
a Length of plate in x-direction {thort dimen.lon)

H(E) Amplitude function, Eqn. (5.2.2-18) and Table 5.3.2-4

b Length of plate in y-direction {long dimenslon)

"m,Cn Constants deflned In Table 5.2.2~1

c]'\',c;,.. Defined by Eqn. (5.2.2-22)
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Gp(f)

K{w)

K,K

L)

K
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Eh /12(]~v2), Lending vigldity of isotrople plate

Bending rigidities of an orthotrcplc plate
See Fig. 5.2.2-27 .nd Eyn. (5.2.2-83)

Narrow band space correlation coefficlent, Eqn. (5.2.2-36)
Young's modulus for an isotropic mater .l

Young's modulus for an orthotroplic material
Frequency of vibration of (m,n)th mode, Hz.
Funuamental mode frequency at ambient temperature
Shear modulus cf an i50Liupic aierial

Shear modulus of an orthotropic material

Spectral density function of acoustic excitation
I requency response function

Thickness of plate

Second area moment of inertia of a stiffener

St. Venant's torsion constant

Factors used in various developments, see specific use in
each section

Linear stress operation, Egn. (5.2.2-68)
Beunding moments for orthotropic plates, Egn. (5.2.2-86)

Inplane loading stress resultants for x and y directions,
respectively

Mode number for y-direction

Froiction definint plate respon.c, see specific Use in each
sectlan

T/T
c
Defined by Ean. (5.2.2-72)

Uniform temperature rise of plate above amblent
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u,v,w
X(x),Y(y)

XIY)Z

o (w)

rs

Critical on buckling temperature of plate
Displacement components of plate In x,y,z directions
Assumed modes for approximate plate vibration analysis

Coordinate directions, Fig. 5.2.2-1

Coefficient of liirar expansion
Eigenvalues of the rth beam mode

Weight per unit volume

Viscous damping ratio

Polsson's ratio for an Isotropic material
Poisson's ratlo for an orthotropic material

Dimensionless parameter describing elastic rotational edge
restraint of plate

Constant = 3.14159
Mass per unit volume

Bending or membrane stress (subscripts used to speclallze
notation)

Shear stress (subscripts used to spaclalize notatlon)

Function of elastic rotutlional edge restraint parameter
(See Table 5.2.2-4)

Function defining coupliing hetwe ' structural response modes

and ucoustic excltation

Frequency, radians/sec.
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5.2.2.%2 Rectangular lsotropic Plates

This section prcrides design oriented methods for estimating the re<nonse

of rectanqular isotropic plates to 1andom acoustic loading., Section
§.2.2.2.1 provides design equations and nomographs for estimating the

natural frequencies of rectangular isotropic plates with either all edges
clamped o all edges simply supported. Section 5.1.2.2.2 provides design
equations for estimating the effect of Inplane loading on the frequecncy
response of a rectanqular plate. For the case of plates stressed as 23

result of a temperature increase, design cquitions are presented in Sectlon
5.2.2.2.3 for estimating both frequency response and thermal stresses for
the buckled plate. Section 5.2.2.2.4 precents design techniques for esti-
mating the fundamental mode response frequency and static stress response

of plates subjected to elastic edge restraint. Two cases are considered:
either elastic rotational restraint with no translation allowed or elastic
translational restraint with no rotation allowed. Section 5.2.2.2.5 pre-
sents simple desiin techniques for estimating static stress response of
rectangular plates subjected to a uniform static pressure of unit magni-
tude. Finally, Section 5.2.2.2.6 presents the derivation of plate response
to random acoustic excltation, Particular emphasis is placed upon describing
the physical situations for which the general equations can be simplified to
obtain design-oriented results. Miles' wingle degree-of-freedom theory (5)

is a special result,

Each section contains example problems illustrating the use or the methods
described. Using (hese results and, in particular, the develupment pre-
sented in Section §.2.2.2.6, it is possible for the designer to obtaln
estimites for the stress response of a plate structure that does not con-
form to the configurations presented in Section 5.3.

5.2.2.2.1 Estimation of Natura! freguencies

This seclion presents design equations and nomographs for estimating the
natural frequencies of initially unstressed rectangular plates of iso-
tropic material such as usually encountered in afrcraii pructice. The
restriciion wt isvtropie material dmplicy that the waterial elastic char-
dguletistivs ave hot dependane upon orlent.ition with respect to the general

structural axis system (plate boundary). See Figure 5.2.2.1.

Derivation: The Rayleigh Method for estimating the response frequency of

an uncoupled mode of vibration of an isotiopic plate Ts usel. Results are
presented for plate. vith all cdges ¢lther simply supported or clamped.

The results for o plate with a1l edyes simply supported is exact and ylelds
a lower bound for the freqgueiry estimate. The result for a plate with all
edges clamped is obtained by assuming a panel mode shape in the torm of
clamped-clamped beam modes and yields an upper bound for the frequency esti-
mate. These analytical results have proven in practice to yleld acceptable
bounds for the response freguencics of plates encount red in practice.
Results tor other boundary conditiuns are presented by Warburton (6).
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The results presented here comprise design equations and nomographs. The
general deslign equations are presented. Then, assuming a value of

ey = |l.26'|0€(E* - E/(I-vz)) the deslign equations are speclalized and
nomographs based upon the specialized design equations are presented. The
value for E /y Is representative of metallic alrcraft materials with the
resulting error in the frequency estimate being less than 3%.

Design Equations: The design equations for the (m.n)th mode of vibration
of the plate are as follows:

All Edges Slmply Supported

2
2 n D 2 2,2 2
fmn = u;ﬁ'[(m/a) + {n/b)"] Hz (5.2.2-1)
All Edges Clamped
£2 . [((c /)" + (c, /)" + 2 7a%6d) W2 (5.2.2-2)
m o2 oh f i

A =g CaC (4-20C -20C +aCacC)
mn mmnn m 'm n'n mmn

where the constants a, Cm. etc. are defined in Table 5.2.2-1.

TABLE 5.2.2-1
VALUES OF a AitD C“ FOR EQUATION (5.2.2-7)

m o - C

m m
] 0.982,502,22 4.730,040,3
2 1.000,777,3I 7.853 2046
3 0.999,966, 45 10.995,607,8
4 1.000,001 , 45 14.137,165,5
5 0.599,999,93 17.278,759.6

Nomographs: The desiyn equations presented above were used to prepare nomo-
graphs Eor the first nine modes of a flat rectangular panel. These nomo-
graphs are ' ised upon specializing, the dPsIgn eq%ations for a typical value
cF wmoteriol propevider wuch thut L /y 1.2

The resulting specialized design equations and nomographs .re presented in
Fiqures 5.2.2-2 through -10. Boundary conditions are presented on tLhe pane!
e el Yo by Tndicating clumpaed cdyeas Ly @ auiid diie a@nd atbipiy
supported edges by a dashed line. MHence, from each nomograph one can dJdeter -
mine hoth the clamped edge and upported edye response frequency lur a «iven

panel mode.
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Design Equations

Supported Edges f” = 9.‘052-10"?1(1/.32 + ]/bz)
Clamped Edges fry = 1.178-1050/(3.307/a" + 3.307/b" + 2/a%b%)
Frequency, Hz.
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FIGURE 5.7.2-2  NOMOGRAPH FOR CALCULATING CUNDANCNTAL #0010 REGPONSE FREQUENCY
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UDesigyn tquations

2 2 L
Supported tdges f‘7 = 9.“52-\0“h(1/a + 4/b7) E

£

Clamped Edges fip 2.280-10°h/(0.8847a" + 6. 714/b™ + 2/a%b2)

Fraquency, Hz.
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o] of e — ‘
Design bquationsy ‘
. 4 2 2
Supported Ldqes fi3 = 2.452-10 h(1/a% + 9/5%)
[ I . '
Clamped i dges fU 3,3!;1-1ru)|.u’(n.':11/dl' D 12,0170 z/d?k,?)
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Vesign byualions

Suppurted EBdges fZl ] ‘3.“')2-10“?\(10/(12‘ + l/l)?)

Clomped *dges e 2.280-10°h7(6.714/a" + 0.884/h" + 2/a°b")

Frequency, Hz.
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Design Equations

[! 2
Supported Edges f22 = 9.45240‘?1(4/02 + 4/b%)

Clamped Cdnes f?? = 14.’410*]05|\/(|.79l{/ah + l.79“/bu + Z/Bsz)

Freguecicy, Hz.
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Desiygn tquations

l |
Supported bdqges f23 = 4. 452 |O4h(10/a2 + 9/bl) 4
]
Clamped Edges f23 - 6.463-10°0/(0.835/a" + 3,209/ + 2/a2b%) ]
3

Frequency, Hz.
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Besign Equations
. . . h 2 2
Suppor ted Edges tu = 9.452-10 b (9/a° + 1/b°)
Clamped Edges f3y = 33811020701 .01/a" + 0.a11/6" + 2/2%b%)
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Design Equations

Suppor ted Edges fig = 9.452-10*(9/2% + y/b?)

Clamped Edges 5 9.472-10°hv (1. 494/a" + 1.494/b™ + 2/a%b?)

Fraquency, Hz.
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Example: It Js anticipated that a panel structure with dimensions & = k.0
inches, b = 12.0 Inches and h = 0,032 inches will experience significan.
acoustic excitation in the frequency range from 200 Hz to 1000 Hz. Deter-~
mine the response freguencies of the panel assuming both simply supported
and clamped edges using both the design nomographs and the design equations.

From .he design ncmographs, Figures 5.2.2-2 through 5.2.2-10, the response
frequencies are easily determined as follows: beginning at the bottom

right hand edge enter the chart for the value of the plate short dimension,
a, and proceed vertically until the aspect ratic line, b/a, is encountered
for either supported edges and/cr clamped edges; proceed horizontally to the
left until the plate thickness line is encountered; and then proceed ver-
tically to read the plate response frequency for the mode at the upper

left hand edge of the chart,

At the top of each design chart, the design equation upon which the
graphicul constguction is based is prenented. Mate: It [s assumed that
E' /v = 11.26-10° for these charts and equaticns.

The results for this example are presented below with both the nomograph
results and the design equation results indicated.

Simply Supported Edges Clamped Edges
Mode Design Ean. Noluy iraph Deyign Egn.  Nomogranh
(1, 1) 210 Hz. 225 Hz. 445 Hz. k65 Hz.
(1,2) 273 Hz, 265 Hz. 497 He. 495 Hr.
,3) 378 Hz. 385 Hz. 591 Hz. 600 Hz.
(2,1) 777 Hz. 795 Hz. 1221 Hz. 1250 Hz.
(2,2) SLO e 860 M. 1259 Ha. 1380 Hz.
(2.3) gL5 Hz. 930 Hz. 1354 Hz, 1380 Hz.
(3,1) 1722 Hz. 1760 Hz. 2337 Hz. -
(3,2) 1785 Hz. 1820 Hz 2398 Hz. -
(3,4) 1890 Hz. 1940 .. 2Ly He. -

22k

4
. ‘,m.um‘

[,

PP R T


http://www.abbottaerospace.com/technical-library

5.2.2.2.2 Effect of Inplane Loading

This section presents design equatlions for estimating the effect on response
frequencies of rectangular isotropic plates subjected to inplane loading.

The literature (1) has presented design orlented results only for the case

of simply supported edgas and zero Iinplane shear loading for plates with
general aspect ratios. The results presented here apply only to plates
subjected to inplane tensile loading in the range of linear material response
and to Inplane compressive loading below the buckling load for the plate.

The plate geometry and Inplane loading nomenclature is presented in Figure
5.2.2-11.

Derivation: The Rayleigh method for estimating the response frequency of

an uncoup|ed mode of vibration of an isotropic plate subjected to Inplane
loading Is used as described by Lelssa (1, pp. 176-177). The general results
of this section are for design guidance only. The effect of including Inplane
shear loading Is dliscussed by Dickinson (7).

Design Equations: The deslign cquation for the (m,n)th mode of vibration of
a rectangular plate with all edyes simply supported and subjected to inplane
loading as indicated in Figure 5.2,2-11 is expressed

2
;’m - -—lg—ix[(mz(b/a) + nz(a/b)]z-*msz/‘Ophaz
hoha®b
+ nzNy/loohb2 Hz.2 (5.2.2-3)

Examination of this result indicates that tensile loading (positive N_ and
N_} increases the response frequency and that compressive Inplane loading
d¥creases the frequency. Combinations of compressive ioading N, and N

that cause the frequency expre«sion to vanish define the buckling confiqu-
ration of the plate. For compressive loading Nx and Ny' It does not neces-

sarily follaw that the Towest froguency mode occurs Tor the mode numbeiy
(myn) = (1,1). The result given in Equation (5.2.2-3) applies to plates

subjected to tensile loads and plates subjected to compressive loads below
the buckling load.

Buckling loads for singly acting loading are as follows:

for N =0
y ) ,
N} =- rh lmz(b/a) + nz(a/b)lz Tbs/1n (5.2.2~4)
x'cr 2,2
mb
for N =0
X
1|20 2 2 7
N )e === [m"(b/a) + n"(asb)] Ths/1n (5.2.2-5)
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Example: For the special case of NX = 0, determine the fundamental mode
response frequency of a rectangular simply supported plate as a function of
the inplane loading, Ny, and the plate aspect ratio, b/a,

Beginning with Equation (5.2.2-3), setting N_ = 0, and nondimensionalizing
the frequency by the fregquency of a square unloaded simply supported plate,

f02 = nZD/pazb2 , the result is
2, 1 2 2 2 2
fnl o ™ K'[m (b/a)® + n“(a/p) (1 - Ny/(NYcr)] (5.2.2-6)

where Equation (5.2.2-5) has been used to simplify the results.

y : 2,0, b
From Equation (5.2.2-6) values of (fmn/fo) /(1 Ny/(Nycr)) are calculated.

From Equation (5.2.2-5) values of az(Ny)cr/nzD are calculated and normalized

to the value of this parameter for b/a = 1.0 and (m,n) = (1,1) (the normal-
lzatlon constant is ~4.0). These results are presented in Tables 5.2.2-2
and 5.2.2-3 and are plotted in Figure 5.2.2-12. This figure indicates that
near the buckling loao for a given plate aspect ratio that the lowest fre-
quency mode is not necessarlly the (1,1) mode. This result was originally
developed by Herrmann (B).

TABLE 5.2.2-2

P P N
VALULL o) (.mn/lo) /(1 ”y/(NyLrM

{m,n) b/a 1.0 2.0 3.0 Y 5.0
(1,1) 1.00 1.56 2,78 4,52 6.76
(1,2) 6.25 h,00 4.70 6.25 8.1
(,3) 25,00 10.56 9.00 9.77 11.56
(1,4) 72.2% 25.00 17.36 16,00 _:.81
(1,5) 169,00 52.56 32.141 26.27 25.00

TABLE 5.2.2-3

ot < or 42 2
NORMALIZED  VALUES OF a (Ny)cr/n D

(m,n) h/a 1.0 2.0 1n L.n ()]
a,n) 1.00v 1.563 ?2.1/8 LRCYE h./6U
A 1503 Vonnn Yoy LIRS 2100
(1,3) 2.778 1.175 1.000 1.085 1.285
(01, %) 4. 51y 1.563 1. 085 1.000 1.050
(1,5) 6.760 2.100 1.285 1.0%0 1.000
*Normalized to a® 2 for ‘
ormalized to a (Hy)br‘/" D for b/a = 1.0 and (m,n) ~ 11,1)
226
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5.2.2.2.3 Eftfect ot Elevated Temperature

This section presents Jesiqn equations for estimating the (1,1) mode
response frequeoncy and thermal stress distributions for rectangular plates
with both simply supported and clamped edges subjected to a uniform temper-
ature increase. The analytical results presented here have provided gui-
dance for developing empirical sonic fatique design data as desci Ibed

in Section 5.3.1 The basic appruuch used was orliginally developed by
Shulman (9) with detalls of this analysis presented by Rudder (10). The
plate geometry and thermal (Tuplane) luading nomencldture is presented in
Figure 5.2.2-11.

Derivation: The analysis utilizes the Rayleigh method and small deflection
plate theory for the temperature range below the plate buckling tempera-
ture, T.. For the plate buckled vibration response, larqe deflection

von Karman (11) plate theory is utilized with Marguerre's (12) method to
estimate the respcnse. All temperature increases are taken relative to a
""'room temperature'' at which the plate Is subjected to zero Iinplane thermal
stresses.

Pre-Buckled Response: For small di-placement plate theory, the mean stres-as
arc defined in terms of the temperature increase, T, as

E; - 5; = ~FaT/{1-v) (5.2.2-7)

For simply supported edges, the frequency of the fundamental mode is for
T<T
- ¢

:IZD

2 - (b/a + a/b)?(1- /T Ha? (5 2.2-8a)
B Lok 2.2
pha b
2.2
- _ 1°h“(b/a + a/b) y o
where fc = mr.—v&i—'- UF (5.2) Bb)

&
For clamped edges, the frequency of the fundamental mode  is for 1 :_Tc

2
P2oe 0 a/a)? w3t 4 ) (-7 ) 02D (5.2.2-9)
Yoha b’ -
_ ofn? /@(bra)? + 3(asb) 4 2)
where T = ~gaab(T + o) (b/a + a/b) °F (5.2.2-3b)
-

Post-Buckied Reuprase:  for the buckled plate response, it is assumed that
e wial pIch e cnpliidde compt ises a static buckled amplitude, W,, and a
dynanic amplitude that is smali compared to W,. For the buckled plare, the
static inplane loading will not be uniform alony the panel edges but wiltl

vary with position along the plate edge (see xample 2, this section).

“An a sumed mode of the form }(l <0J(215)) (1- cos(zﬁls W is used.
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Plate Thickness, h

FIGURE 5.2.2-11 RECTANGULAP PLATE GEOMETRY AND INPLANE LOADING NOMENCLATURE iu

2 42
Tmnfo

au _un

FIGURE 5.2.2-12 VARIATION OF RESPONSE FRUQUENCY WATH COMPRE S 1VE INPLANE LOADING
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for simply supported edges, the membrane stresses are for total inplane
edge restraint (Inplane displacements vanish) of the plate

- 1r'E 27 2

Ux -0 - -f;f COS(—B'L) wo psi (5.2.2-10a)
- an 25X 2

a, =0, - —5 cos (557) W psi (5.2.2-10b)
Yy Bb a o}

the mean thermal stres.es are

EaT I 2 b
O, = - gyt + (b/a + va/b)W psl {5.2.2-10c)
x t-v) 8ab(]~\'2) o

EaT n2E 2
g, = - y—r + (vb/a + a/b)W “ psi (5.2.2-10d)
Y (‘ \)) Bﬂb("\)q o

and the plate buckling amptitude Is
Wo = un’(bsa + a/b)2(T/T DR in? (5.2.2-10e)
2 2

R=2[(5-v7)(bsa + a/b)” - 2(5 + v){1 - v)]

The response freguency for the buckled simply supported plate is ;
.2 2D 2 2 ]
£y, = — (b/a + a/b)(T/T_ - 1) Hz. (5.2.2-1)

N 2.2 c )
2pha”b

with TC alven by Equation 5.2.2-8b.

For clamped edges, the thermal mean stresses are

Fal o “E 2 !
— st an

6. = - qgo—x + —————— (b/a + va/b)VW pe (5.2.2 124)
e 4 \)T BZab(]-\Jd) [} !
i
T ﬁ‘ﬂ’\‘ﬂ v 2 E o (Wb/a /bW pe i (5.2.2-12b) !
Y 32ab(1-v%) © 4
and the plate buckling amplitu e is given by %
i
i
i
k|
i
1
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w2 = 8h2((b/a

8]

)2 4 (a/b)? + 2/3)(1/T_-N/Rin’ (5.2.2-12¢)
Ro= (1-0)F (b,a) + (9/2)(b/a)2 + (a/b)2 + 2v)

F'ib,a) = (17/8) ((b/a)? + (a/b)?) + b(b/a + asb) 2
+ (b/a + ha/b)™2 + (kb/a + a/b)”?

The response frequency for the buckled plates with clamped edges Is

2 - __8ﬂ20 2
11 99ha2bz

f (3(b/a)2 + 3(a/b)?

+ 2)(T/Tc—l) Hz (5.2.2-13)

wlth TC qgiven by Equation (5.2.2-9b).

The results of Equations (5.2.2-10e) and (5.2.2-12c) are presented In
Figure 5.2.2-13 for an assumed value of v = 0.32 and represents a design
chart for estimating the static buckled plate response, WO.

Summary of Kesults: txamining results tor estimating the response fre-
quency, it is seen that two simple forms for the response frequency can be
obtained in terms of the temperature ratio, r = T/Tc, as follows

f = f0 (1 - r) Hz 0<r <1 (5.2.2-14)
and
f =7 fo/(r - 1) Hz roo | (5.2.2-15)

Equation (5.2.2-14) applied for temperature Increases helow the huckling
temperature, T , and (5.2.2-15) applies above the buckling temperature. The
parameter f [§ the room temperature response frequency for the particular
boundary cofdition and T is the buckling temperature for the boundary con-
dition. These results afe plotted In Figure 5.2.2-1h.

Exumple 1 Show that fur the casce of Lemperature increasc Lthe towest fre
quency mode of a simply supported panel is not necessarily the (1,1) mode
below the buckling temperature.

From Equation (5.2.2-7}, the thermal stresses are

0 = 5; = ~EaT/{1 - V)

and the In plane loading stress resultants are
N, = Ny = ho = huy = -FauTh/{1 - v)

Using the above expressions for the stress resultants and substituting into
Equation {(5.2.2-3) one obtalins

|
a
!
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2 .

f2 = ~—1~2—7 [mz(b/a) ¥ nz(u/b)]z(l - T/T) (5.2.2-16)
mn i 7 "

hoh“b

Comparing this result with Equation {5.2.2-6) it 15 seen that the results
of the Example in Section 5.2.2.2 2 apply (see Figure 5.2.2-12).

Example 2: For a simply supported rectangular panel determine the (1,1)
mode response frequency, the thermal stress distribution, and the buckled
plate amplituce as a function of temperature Increase for the following
data:

a=6.0 inches » b+ 12.0 inches h = 0,024 inches
wm 5.5 x 1078 1n/in/9F £ = 16.4 x 10° psi v o= 0.32
y = 0.16 Ibs/in3 n=y/g g = 386.4 in/se',2

From Equation (5.2.2-8b) the buckling temperatire increase Is T = ° 3°F,
“

from Equation (5.2.2-7) the mean thermal stress bLelo: the buckling tempera-
ture is

S =5 = - . - .
g =g - T=oT T 305.0 r psl  0-r<)

which 1y uniformly distributed along the panel.
Crum Egquatlen (5.2.2-10e) the buckled panel response i+

W 2.0535 x 107 (1) Tnd 2

(See Figur- 5.2.2-13, for slmple supports and b/a = 2.0, h = 0.024)

from Equations (5.2.7-10c & d) the mean thermal stresses are
3; = ~134.97 - 169.03:  psi roe
“y = -713.29 - 231.71r pal vy -

From Equations (5.2.7-10a & b)

o, = -(135.97 + 169.03r) - T15.41 cos(0.5236y) (r-1) psi  r>1

o, = <7129 0 231.700) - 28.85 con (1.0472¢) (r=1) psi 121
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This result is plotted in Flgure 5.2.2-15 far several values of r to 11lus-
trate the therma) stress distributi:n for the buckled panel.

From Equations (5.2.2-8a €-11) the response frequencies are

D = 2i.0481 in-1b

-
n

R 79.4 Hz (room temper.ture response frequency)

79.4 Y(1-r) e r <1
f

112.3 Y(r-1) Hz r > 1
This rewuli is5 easily achleved by using Figures 5.2.2-2 and 5.2.2-14.
5.2.2.2.4 Effect of Elastic Fdge Restraint

This section presents two techniques for estimating the natural frequencies
and stress response to a uniform static pressure of unit magnitude of rec-
tangular plates with elastic edge restraint. First, Carmichael's {13)
analysls Is presented for the case of a plate subjected to elastic rotational
edge restraints on all edges. Next, Arcas' (14) apalysis is presented for
the case of a panel clamped on one pair of opposlite edges and elastically

restrained in bending on the other two edges. Both techniques are bascd
upon the Rayleigh Method.

Elastic Rotational Edge Restralint

Derivation: Carmichacl (13) utilized the Rayleigh-Ritz Method to obtain
frequency estimates for rectangular plates with edges elastically restrained
against rotation. The basis of this method Is the calculation of the mode
shares and frequency parameters associated with a uniform beam whose ends
are elastically restrained against rotation. The elastic restraint fIs
assumed to be identical on each end of the beam. Hence, this analysis
assumes that the elastic rotational restraint of the plate 1o comprised oi
identical frames on opposite edges and identical stringers on opposite edges.

The degree of edge restralnt is characterized by the parameters Ea and Lb

as indicated In Figure 5.2.2-16.

Des iyt bquaiions: the elastic edge restraint parameters La and &h are such
rhat if thcey are zero the edye Is simply supported and it they are extremeiy
larqe (qreater than 2600) the cdge i. clfectively clamped.  Ju relate these
parameters to physical characteristics of heame resicting rotational move-

ment at the panel edges Carmichael's enerqy expression in terms nf {  and

L, wWay equated to Langhaar's (1) energy exuression for torsional edSc

restraint., Neglucting stiffener cross-section warping the results are:
(GJ)x D
: = ——r—— ~) h (7 [N 2~ a3
‘ & 0y (5.2.2-17a)
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(6J)

e, = 5o (2)e(r)
GJ) 5

% = 5 B4

x
4 Plate Thickness, h
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FIGURE 5.2.2-15 PLATE GEOMETRY AND ELASTIC "OTATIONAL
EDGE CONSTRAINT NOMENCLATURE
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Ga)
Ly = -——th (-b—) -zr(fa) (5.2.2-17b)

The function ¢ (y) is tabulated In iable 5.2.2-4. Obviously, an iteration
technique is required to determine f_ and £ from Equations (c.2.2-17) and

Table 5.2.2-4, and a nomograph, Figure 5.2.2-17, has been developed to pro-
vide accurate initial guesses.

The expression for the fundamental mode response frequency is, neglecting
stringer rotary inertia,

2
o=

L‘ 5
Dt (g)/at v at () /m” v 20 )e (e, )/ate ] 1T (5.2.2-18)
4n®poh 4 a

To estimate the panel stress response {u a unitorm static pressure ot unit
magnitude, It is assumed that only the fundamental mode significantly con-
tributes to the panel deflection. Hence, the assumed fundamental mode Is
of the form

(y)A  In. (5.2.2-19a)

W(x,y) = X!(x)Y] o

where X](x) = (cosh(ubx/a) - cos(ubx/a))Ab + slnh(ubx/a)Bb+sin(ubx/a)
Yl(y) = (cosh(uay/b) - cos(ady/b))Aj 1 sinh(a y/b)B +sin(a y/b)
a =alt ), A =A({_), etc. from Table 5.2.2-4,
a a a a

A is the plate amplitude duc to a nnit magnitude uniform pressure (i.e.,
1° p.i) distributed over the plate surfarc and Is obtalned by equating the
maximum straln energy In bending for the plate to the potential energy of
the uniform static pressure., This result i

A, = C'(aa)cl(Ub)azbz/(DF(ua,ub,b/a)) (5.2.2-19b)
where
Cl(ar) = {(sinh(ur) - sinfa ))A +(co,h(u )-1)8 _LOS(“r)+1]/“r
Flu,ap,b/a) = [e, (e, ) + ch(ub,ua)](b/a)2
+ [Cz(ﬂu’“b) + CL(uI, L)](a/b)2 + (3(”u'“b)
€y o) %IZAE - Bi 414 ZAh(Bb+])/“b][“g(2A§ - Ri;l)-édgAd(Ba+‘)

]
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TABLE 5.2.2-4

VALUES OF a(€g), A(g), B(£), AND 4 (k)
FOR THE FUNDAMENTAL MODE OF A UNIFGRM BEAM WITH

ENDS ELASTICALLY RESTRAINED AGAINST RUTATION (FROM CARMICHAEL, REF. 13)

£ a(E) A(E) -B(F) ¢ (£)
0.0 3.1416 0.0 0.0 9.8697
0.25 3.2166 0.0375 0.0346 9.8710
0.5 3.2836 0.0711 0.0668 9.8750
0.75 3. 3440 0.1015 0.0946 9.8806
1. 3.3988 0.1293 0.1210 9.8880
1.5 3.4949 0.1785 0.1680 9.9074
2. 3.5768 0.2211 0.2091 9.9320
2.5 3.6477 0.2586 0.2454 9.9604
3. 3.7097 0.2919 0.2780 9.49908
3.5 3.7646 0.3220 0.3074 10.023
k. 3.8135 0.3492 0.3341 10.057
5. 3.8974 0.3970 0.3812 10.126
6. 3.9666 0.4376 0.4214 10.196
7. 4.0250 0.4729 0.4563 10.265
8. L. o748 0.5037 0.4869 10.332
10. 4.1557 0.5555 0.5383 10.459
12. L.2185 0.5973 0.5800 10,573
15. 4. 2905 0.6472 0.6297 10.726
20. 4.3737 0.7080 0.h904 10.937
25. L 4304 0.7514 0.7337 11.095
30. 4. h714 0.7840 0.7663 11.223
ks 4. 5467 0.8467 0.8289 11.487
60. 4.5880 0.8828 0.8650 11.648
80. L.6208 0.9124 0.8946 11.785
100. k.6413 0.9313 0.9135 11.875 ;
150, h.6697 0.9582 0.9h0k 12.005 A
200 honghz 0.9722 0.0k 12,07 -
300. 4,6992 0.9869 0.9691 12.146
500. AR 0.9990 0.9812 12.207
1000, 4.7207 1.0082 n 9905 12.254
w 4, 7300 1.0178 1.0000 12.302
!
!
q
X
]
i
1
1
i
237 1
i

i
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: b2 2 .3 _ onl. 2
Gyl ) = Kwub(zAb B+ 1) babAb(Bbﬂ)][zAa B + 1 + 2Aa(sa+|)/aa]

, o 2 2
CB(“a'“b) = i'adﬁb[ﬂa(ﬁa +1) + ZAa(Ba+|)][ub(Bb+l) + 2Ab(5b+l)]

<
o
—_
=
o1}
=
o
~
]

3 2 2
ZuaAa(Ba+I)[2Ab + ab + 1+ ZAb(Bb + |)/ub]
€, lha ) = 203A (B 4101282 - B2 + 1 + 28 (B + 1)/ ]
hbh s bbb a a a'a a

At the surface of the plate, z = h/2, the plate stress response 1« . unit
magnitude uniform pressure is glven by

h ERA_

e [w’xx + W, ] = —————7—-[X] xxYl + \)X]YI ] poi

2 (1-v9) Yo (1-v9) ' Yy (5.2.2-20a)
Eh EhAo .

g = 5 [vw,xx + W, 1= —— [vxl w1 XY ] poi

Yo 2(1-v9) 44 2{1-v%) , Yy (5.2.2-20b)

where A Is given by Equation (5.2.2-19) and X](x) and Y'(y) are given by
EquatioR (5.2.2-18).

Two example problems will (1lustrate the procedures.  The Tirst example will
illustrate the conbined effect of plate aspect ratio variation and plate
width on the respc.ise freqrency of the fundamental mode. The second exam-
ple will illustrate the procedure for calculating frequency stress response
in a plate confligur itTon for comparison with Arcas' (14) analysis,

Example: For the indicated data calculate the fundamental response fre-
quency of a rectangular plate with elastic rotational edge restraints as a
tunction of plate aspect raztio. The data Is as follows:

a==6.0in h = 0.032 in Y

Fo- ]O.BH]OG pul G = 3.93106 psi v =0.32

0.101 Tb/in3

]

e i : )
Jo= 75000 " in (0,080M40.7542,90"  equal ley channel, Fiy. B.1.1-9)

- L
Jyo 30010 7 int (0.032"'<0.75"x1.25"  equal leq zee, Fig. B.1.1-8)
From Equations §5.2.2-17

£, = 2.5965b¢\€b)

hb = ZZ.“034¢(EG)/bL

e b e i el s

L i kit o b ma e
—ih gt e ekl A e e e sl o AP T e ke,
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For a plate aspect ratio b/a = 1.0, b = 6,0 and

by = 15.5787 «(5)

b

by = 0.62232 ¢(¢;a)

The basic iteration procedure is to guess a value for the larger £ parameter
that 1o ten(10) times the value of the ccefficient on ¢ in Equatlons

LY. 2-17. tor this example we guess & - 1600 Enter Figure 5.2.2-17 at

the lower right hand side at ¢ = 160,a proceed verticraily to the reflecting
line then horizontally until “the line tor U.62 (coetficlent on ¢(£a)) is
encountered. Then, proceed down until the line 15.6 (coefficient on ¢(gb))
is encountered. Procecd horizontally to the reflecting line and then ver-
tically to read Rb = 7.,2.

Hence, the initial quess tor L, and ¢, and values of ¢(£1) and ¢(Kb) inter-
polated from Table 5.2.2-4 are®as fol?ows: ’

i2.0188

it
]

160 ¢ (4 )

Guess # | I3
a a

Ty 7.0 ¢(fb) = 10.265

Check #01 - 15.579 {10.265) = 159.92

a

L C.6223 (12.0188) = 7.48

b

b

Now, working entirely from Table 5.2.2-4 we proceed with the iteration

Guess # 2 {q = 162 ¢(§a) = 12,0216

Rb = 7.5 ¢(hb) = 10.299
Laeck # 2 o 15.579 (10.299) - 160.4

£, = 0.6223 (Y2.0216) = 7.48
Gaess 3 L, 160 +(a]) = 12.0188

= 7. g L (7 = yas

vy = 15 ¢(.b) 10. 294
Cacck £ 3 iy = 15.579 (10.299) = 160.4

tb - 0.6223 (12.0188) =~ 7.48
Tic chird quess is sufficiently accurate for design purposes and the proce-
dure varely vegquives wove than thwee fterations. Menee, for b/a = 1.0 we
hoypve

2ho

oot e ibeal Bk e .

PR
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YRR

f
a

[b = 7.5 ¢ (¢,

]

160 ¢$(r ) = 12,019 u(;j) = L4.673

[3

) = 10.299 u([b) = L. 050

Continuing the procedure one obtains the followling rewults

b b/a L o) o (t ) Ly ¢(e,) al)
6.0 1.0 160 12.019 4,673 7.5 10,299 5,050
9.0 1.5 233 12.098 4.699 3.3 996 3.743
12.0 2.0 309 12.149 4.699 1.9 9.921 3.560
18.0 3.0 462 12.195 4,705 0.84 1.883 3.364
2h.0 L.o 615 12.218 4,714 0.50 9.875 3,284
30.0 5.0 769 12.232 4.716 .30 9.872 3.230

It 1s Intcresting to note that as the panel aspect ratio Increases the
pancl boundary conditions approach clamped edges on the shori side and
sinply supported edges on the long slide.

The frequency estimates are obtained from the above results and using
Equation 5.2.7-18 and are

b = 6.0 9.0 12.0 18.0 24 30
b/a = 1.0 1.5 2.0 3.0 4.0 5.0
f}} = 270 171 136 109 ga 93
im0 302 1.92 P53 V.22 R 1.05

2 . . .
the values a tll/h arc plotted against panc! asLpect ratio in Figure 5.2.2-18.

This i me piesents bounds for clamped edges und wimply supported edyes with
“averags ' cxperimental trequency data from Ballentine (15). 1ar comparison,
the curve dor ihis exampic problem with a = 4.0 inches is also piesented,

Example:  For the data given below calculate the trequency of the funda-
mental mode and the <tress rerponse to a unit magnitude aniform pressure

vt the plate enicr and ihe comtor of ook side ot ihe plate e ming

that the shoit side of the plate i+~ clampod and the lony <ide i4 clas-
tically restiained agalnst rotation by a olid rectanqular -ection stittener

with depth, d, and width, w. Lo Ligur. AT I

The data for the problem is as Follows:

a - 6.0 in by 17.0 in ho— 0.032 in
d = 0.75 in vwo-- 010 in Vo 0,101 H’,.'./ini
8 [8
L3100 i 6 329100 40 v 0037
2

bl TR o
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FIGURE 5.2.2-19 PLATE GEOMETRY AND ELASTIC BEND (NG
EDGE CONSTRAINT NOMENCLATURE FOR
EXAMPLE PROBLEM
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Since the shoct side ot the plate s clamped we et 00w §l1d trom labte
5.7.2-4 and Equation (5.2.2-17b) that = 17,302 (cJ?yd/ob .
The value of .ly is given hy
3 -7
Jy = lok W'd = 3.648-10
where the value ko= 0,304 14 obtained from Table B.1.1-1

Then, the valwe for Lb is calcutated as

= 12.302(3.9-10%) (3.648-107%) (6.0) / (31.335) (12)% = 232.73
brom Table 65.2.2-4 one abtalns

{a = o Lb = 232.73 Bd = -1.000 Bb = -0,9592

o= L.730 4y = L. 704 +| = 17,307 ¢h = 12,098

A = 1.0178 A= 0.9771

From Equation (5.2.2-18) the trequency of the tundamentoal mode is euti-
mated to te 09 Hz,

To estimale the stress response, ovne must first calculate A) from tquations
U

(5.2.2-19). For the above data the results are

(:](u”) = 0.84y5 (.l(ub) =~ 0. 83041
Gl ) = 520 165 Colo o ) = 491.¢70
T a’ b 20 b o

Lh(u ,(Lb) - 0.00 ('14(ub"(._|) - 719y
) o € - L\L) - f

L-i(:d)‘b) J.H 9//

Then, one obtains A = 0.03/3% in (1.e., deitection 1s approximaiely one
. (1
plate thicknius)

From Lquatians (h.2.2-19 and -20), vne obtains the results

X, (a/?) - 1.L842 X (0/2) - -0./450
! ],XA
Y (L72) - 1.610Y ¥ (L/2) — 0.1922
| I .yy
Y (0) =00 X (n) - 1.2012
| I, rx
Y1(O) = 0.0 Y]’Yy\U) - 0.3163

EhA 3

e R - Uy LR o

2(1-v5)

2

AT SRt i i

T~ = o SN >- e

B R e e kit il it o] i b it bilitis . il

an e ML Lt s

ﬂ.u’u
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Finally, at the center of the plate

o a/2, b/2) 6.8575-103[<~.7u5)(1.6165) + (.32)(1.5842)(-0.1922)]

a {(a/2, b/2)
%

-8927 psit = -8.93 ksl

uy(a/?, b/2) -h.73 ksl

and at the edges of the plate

o (0, b/2) = 13.717 ksi

X

(1y(a/2, 0) = 3.4k ksl

tlastic Transtational bkdge Restraint

Derivation: Arcas (14) has precented a modified form of Clarkson's (h)
analynis to cstinate the fundamental mode frequency and stress response

of a rectanqular plate clamped on opposite cdges and clasiically reastrained
in (ran<lation on the other two vdges. The elastic restraint s such

that the panel edge does not cotate as jr tranlates.  Both technlques
assume that the plate fundamental mode is of the tform

Wix,y) = (Kw,(x.y) W (y))A (5.2.2-21)

2 O

whe re wl(x,y) = Xl(x)Y](y) represents the mode for a panel clamped on all

edges and W?(y) Is the deflection tunction of the edge «tiffencr.

Clarkson dussumed simple trigonometric mode functions for Xl(x), Yl(y). and

Wz(y) whervas Arcas assumed X](x) and Y'(y) were of the form of a clamped-

¢ lamped beam fundamental mode and Wz(y) was taken as the deflection shape
(polynomial) of a unitermly foaded “c¢lamped=clamped bean,

Ihe expeessions for the potential and the kinetic energy of the stiffened
plate are developed using the mode glven in Equation (5.2.2-21), and assuming
harmonic mution, the equation for the frequency is obtained {(Rayleiah's«
Hethod). 1he trequency expression is then minimized to determine the value
ot K from g quadratic equation.

besign tquationw: Using Arcas' approach, the folloving ro-anlte are obtalined,

The cquati=n for K is

CKEh oK 6 a0 (.« 2-90)
| ? 3
where

¢ 10,019 ph(3 307 (h/a)’ + ]

2y,

ot txce s~ el ey oyt ol

Saca i ok el

ETRE R
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7
G, - 0.4805 D(oh o wb/d)R © 1,600k (Da + FlYa/b"

£

- J ? .
Fj = () 0476 Dpﬁu/h - 0,0540ph Ela/b - 0.00036Dphd2/b2

)Z + 2)

R (3.307(b/a)¢ + 2.307(a/b

the equation for the frequency oi ihe tunddmenial node is

C oK ; +
(LR LZK ¢.)

I P ENE (5.2.2-23)
by (Cui 0K+ C6)
2

where

| 1513500 13.307(b/0)” 1 .30/ (a/b)" + 2.0]/ab

(]
]

C. - 33.136Da/b>

0.80(ba + E|)/b3

(]
R

Lh = phab
€. - 0.0662phab

C, = 0.00159(pha + 4 )b

B

The equation for the panel amplitade resulting trom o uniform static pres-
sure of untt magnitude s

2 2
= r . AR -2
A, N L/ g (5.2.2-24)
where
¢, 071K v ] ]
“ p ’
Gy = 00T WBDRKS b 33 1360k (a/b) T 4+ 0.8(D + Ll/a)(a/b)zl

The cquations for (he stress response al various points on the panel sur-
oo resulting from o undlform <t tde preconre of anit magnitode are

At the panel centeor

Ehi

W :)

N V5 I ) — g— s d9uk /0" # u(B3. 195K 1) /65 ] s ’
(1 )

tha 2 2
o {as2nie) B Poiehers s e (B a1 6% et (502.2-25) _
‘ 2(1-v7) i
At the center ot the clamped edgen j
LhA i
) B AR LA BN BT (t.2.2-25b) :

¥ 2(1 Wb

1
3
Vi J” ) i
1
3
3



http://www.abbottaerospace.com/technical-library

At he center of the elastically supported edge
FhA

o la,b/2) = =2 [71.064K/a% - v/b%] psi
2("‘\) ) (52.2_25()
EhA , )
o (a,b/2) = ——2— [71.064vK/a" - 1/b°] psi
¥ yd
2(1-v7)
At the vutside «dge ui the beam at the beam center
o, (a,b/2) - EdAO/(sz) ps (5.2.2-25d)
and at the beum end
oy(a,o) = -EdAD/b2 psi (5.2.2-25e)

Example: For the data given below calculate the frequency of the funda-
mental mode and the stress response to a unlt magnitude (1 psi) uniform
pressure at the plate center and the center of each side of the plate,
assuming that th short side of the plate is clamped and that the long
side 1s elasticaily restralned against translation (stringer bending) by o
solid rectangular section stiffener with depth, d, and width, W. Compare
these results with the previous Example.

The data for the cxample problem is as Tollows:

a = 5.0 in b= 12.0 in h = 0.032
d = 0.75 in W=0.20 in ¥ =0.101 Ibs/in>
L = IO.3>-1|O6 psi v = 0,32
Calculare the basic parameters
D - 31.335 Ib-in Da - 188.01 1b-in?
|« 7.0%1x1073 ip" F1 = 7.202%10" 1b-in?

oy - 1.515510"2 1b/in

From bguat on (5.2.2-22) one obtains the result

c? - 154514
u£ = -14.243
¢" = ~0.5158

4 5158

and the raot, of Fquation (5.2.2 22) wc

2y

ETErTED T £ Eek Troaaresetieititaniiie met o ;ﬂnﬁ“

4
&ﬁﬂ. et et i o e B e i A Wt b, 5l ] R
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"

0.95/3z2

) ~0.0348 74,

on physical ground, (see Equation (L.2.2-21)) one realizes that K, will
yicld the minimum frequency as calculated from Equation (5.2.2-23). From

Equation (5.2.2-23) one obtains

C, = }.0575x10° C, = 6.022<10 "
— 1 £0! - = 7 Ta - 5
C, = 3.6053 C, = 3.987:10
, 6
C, = 33.615 C, = 1.7057<10

The frequency of the fundamental mode response is obtained by substitu-
ting the velues for C above and K = 0.95732 into Equation (5.2.2-23) to

obtain f = 208 Hz. (Using the above values of C and K = -0.034874 one

obtains fH = 917 Hz.)

For K == 0.95732 one obtains the results C_ = 20.8261 and C, = 2.1736*]06,
and the panel static amplitude to a unifoZm unit magnitude pressure of
A, = 0.0497 In. from Equation (5.2.2-24).

From Ecuations (5.2.2-25) one calculates the stress response to unit mag-
nitude uniform static pressure and obtains the results

Panel Center {x,y) = (a/2, b/2)
ﬂx(a/R, br/2) = -11,333 psi -~ -11.3 ksi
uy(d/?, bh/2) = -6,034 psi = -6.0 kei

Center of Clamped kdge (x,y) = (a/z, 0)
uy(d/Z,O) L35 pei o bh e

tenter of Flastically Restrained kdge (x,y) = (a,b/2)
o {a,b/2) = 17,204 ni o= 177 ksi

v (uib/2) - 5452 pel = L5 ks

Outer Edge of Beam (s = d/2)
o La,b/2) 5 1,332 poi - 1.3 b
x
g (a,0) = =2,60% psi = -2/ ksi
Y
Avcas prescnts intoerosting nonecie b vooodin P11t g Ing the ffort af
edye member stitfress, Fiqure 5.2.2-20 presencs o variailon ol response

frequency with plate thickness using the method ot this section tor a
panel with an otoect ratlo of 7.0 tor three values of edge member moment
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of inertia. Figure 5.7,2-21 illustrates the plate center stress, o, and
edge stress o, trom Lquations (4,.2.2-244 and -25C) as o function of edge
member moment of incrtia tor the indicated panel geometry. The carrespond-
ing streswes tor clomped edges arce also presented tor comparison.  Figure
5.2,7-22 illustrates o comparison betwren estimated RMS stre.s and measured
RMS stress using Clerkson's (4) method, Arcas' (14) method, and Ballentine's
(15) method. Whereas Clarkson and Arcas assume flexible boundaries, and
compare resulls with experimental data fur o wide variety of aircraft struc-
tural specimer<, 1ailentine assumed clamped edges and utilized laboratory
specimens and a ~ontrolled acoustic environment.

£.2.2.2.5 Static Stress Response

This sccoticn presents design equations ond nomographs for estimating the
bending stress response of rectangular isotropic plates subjected i a uni-
form static pressure of unit magnitude. The boundary conditions considered
are all edges clamped and all edges simply supported. For clamped edges
stress predictions are obtained at the plate center and at the center of
each edge of the plate. For comparison, stress prediction at the center

of a simply supported plate is also presented.

Derivation: The results presented here are based upon tahulated values of
bending moments for uniformly loaded plates as discussed by Timoshenko

(3, pp. 2L0-245). These tabulations are based upon an assumed value for
Poisson's ratio of v= 0.20. Since most metallic aircratt materials exhikit
values of Pcisson's ratino nloser to 0.3, the techniques presented here
result in an error of approximat-ly 7% over panel aspect ratios 1.0 < b/a.
This approximation is sufficiently accurate for acoustic fatique analyses
when the static stre.c estimate is used with Miles' single degree~of-free-
dom theory (5) tc obtain an cstimate of the stress response to random
acoustic excitation (see Section 5.2.2.2.6).

Design Equation: The stress at a point on the plate surface is glven by
the expression

o 9
G = BM LT s ¥ ot /K (5.2.2-26)
o1 « (]

where M is the bending moment at the point of interest due to a uniform
static “prossure of unit magnitude and a is the short dimension of the
plate.

For 0..C the values of the parancter K are presented in Table 5.2.2-5
Vol Uhie ind caied Tocails s and gt o pluitua in Figure 5.2.2-03. For the
plate edae « “resses o and 0y results ¢f Table 5.2.2-5 and kguation
{5.2,2-26) have been Used to’prepare o noamograpi. This edye stress nomo-
araph i, presented in Fiqure 5.2.2-24.

txarple: For a rectangular plate with diwens e a - 6.0 inches, b = 9.0
inches and thickaess, h = 0.032 incihe., colcutote the edge and censer
stresses for clamped edges and the center stresses foa wprorted edges.

e
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Dimensionless Factor, Kc
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For a plate with aspect ratic b/a~ ', One can use eithe; lable 5.2.2-5
or Fiyuie 4,.2.2 2, Tor wuch pusitian the poarometoer (i/h) = 2 41F it e
required and one obtains the following result.

At the center of the lung side ot the plate tor clamped edges

o= 3.5‘6*]0u(-O.Q542) = -1 '37’|Ob psi = ~15.97 ksl
(From Flgure 5.2.2-24 the value is -15 ksi)

At the center of the short side of the plate for clamped edges

“(-0.3&20) = -1.202x10“ psi = -12.02 ksi

7= 3.516x10
(Y 5
(From Figure 5.2.2-24 the value is -11 ksli).
At the center of the plate for clamped edges
4
( 3
1

o = 3.516x<10"(0.2148) = 7.55x10° psi = 7.55 ksi

o= 3.516x10 3.57107 psi = 3.57 ksi

!

(0.1014)

and for supported edges

y

(0.4204) 1.6suxlo“ pe i

1

16.54 ksi

B

o = 3.516x10
x

b 8.987x103 psi

(0.2556)

Oy = 3.516x10 8.99 ksi.

5.2.2.2.6 Response of Plates to Randum Pressure Loading

This section presents the development of the theory required to apply the
general analysis of Section 5.3.1 to plate-like structures exposed to pres-
sure loading. The magnitude of the pressure luading is ascumed to vary
randomly In both time and space (position on the pla‘ec). This loading
results in stresses the magnitude of which also varies randomly with time.
It is assumed that the excitation pressures are a stationary and ergodic
random process with a Gaussian (normal) probabllity distribution. Lincar
small deflection plate theory Is assumed to apply so that the panel stress
response exhibits a Gausslan {normal) probability distribution. Hence, the
emphasis of this section Is to obtain estimates of the mean square values
of the varicus quantities of Interest.

Particular emphasis shall be placed upon additional assumptions required
during the develiopmeni of simplified results from general expressions.  The
significance of modal coupling resultine from either the pressure loading

o. the domping exhibited by the structure fs explained wo that rthe designer
will appreciate the importance of the approximations. The results presented
in Section 4.0 for loading actions are Integrated with he results presented
previously for estimating natur:l frequencies and stre ., (Lo obtain the ran-
dem response of the plate.

. — PR Y
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Deriv tion: The development prevented here is bused upon the analysis of
Powell (16) and the excellent paper by Clarkson (4) with results quoted
from Eringen (!7) and Wagner (18). General results are presented first
with the expressions then specialized to the case of rectangular plates,
The normal mode method is used to emphasize the approximations reguired
to obtain simplified results. Emphasis is placed upon simplified results
since most empirical design equations, and the resulting nomographs, are
based upon these simplifications. These results allow the desigher to
apply basic theory of Sectlon L.2 tu his particular situation when the
structural configuration differs significantly from the available design
techniques presented in Section 5.3.

When a continuous structure, such as an aircraft fuselage or control sur-
face, is excited by broad band random pressures the resulting structural
vibration can be treated as the summation of resporses in a large number

of nmodes. The resulting structural response will, in gencral, appear to

be broad band. For some structures, however, only a few modes or only a
singie mode may predominate the response. |f the latter case is the sit-
uation, then many simplifications are possible and useful approximate results
are obtained,

Using the normal mode method, It is assumed that the transverse displace-
ment of the structure surface can be expressed as a sunmation of the nor-
mal meodes of vibration of the structure as {ollows:

Wi th = F W ) () (5.2.2-27)
r

wheie x is a point on the surface, Wr(i) is the mode shape of the rth

mode, and Rr(t) is the generalized coordinate of the rth mode.

Fu.llowing standard techniques, such as described In Section 5.1.2, the
wpectral density of the Jisplacement at point X on the suiface of the
structure can be expressed it tetms of the assumed normal modes of the
sttheture, the dynamic characteris. ics of the structure, and the char-

acturistics of the pressure field as:

GW(;(_,.))) = ) >, \Jr_(?)w‘;(?)szrs(u:) (5.2.2-28a)
1o ’
where
H (!’!)”f‘(u')
G (o) = < < T (% VAT
v (e) ) IA‘IA? WG GG G ) dA G A E)

{/, . 2.2-28b)

. in
M Is the generalized mass of the o ponler
. ¢

) E
HoCo) = /0y - w4 207 0 )0 Yo v oo, oy
| r (] '
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n

H (0) = ]/(m; - m2 + '”rm?)’ for hysteretic dompinn

{w) = complex conjugate of Hr(w)
. . : . th
= anr i the undamped natural frequency ol the o node

G (;], x,, w) Is the cross-spectral density of the excitation
p 2 ) -
pressure of the points X and Y}

o= V=T,

Similar to Equation (5.2.2-28), the general expression for the spectral
density of velocity is

6, Gow) = [ LW (RIN_hule () - (5.2.2-29)
rs

The spectral density of acceleration is

6. (K,w) = ] ) wr(ﬂws(r)w" 2 (0 (5.2.2-30)
r s

and the spectral density of stress is

6 (xw) =TT LMW GO rtw (e (w) (5.2.2-31)

r s

vhere (%) - L(Wr(x)) s the stress ul % and
L( ) is a llinear operator relating stress to displacement.

The mean -quare spectral density of a quantity Is obtained by Integrating
the spect:al density expression over all frequencies. That is, the mean
square ddi-placement response is

R = 6 K= § W W D e W o, )

]

and the exprezoion. for the ncan squais

voludily, acceleration, and
stress are, respectively

Wl (x,t) = LW 6w () Wli (w)dw (5.2.-33)
7 S 0 rs
[ Y
-7 - . - R X
W (X,i) = > ) W oix)W (x}] w2 (i ddnm (5.2 2-20)
r s ’ =Y 'O [I=Y
5y

e
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Three difficulties arlse in attempting to apply the theory to ohtain
practical results. Flirst, one must consider the number of terms used

to approximate the surface deflection as expressed In Equation (5.2.2-27).
In general, many terms mu.t be taken; however, the simplest case of a
sinale term Is often a reasonable assumption for approximating experimen-
tally observed response data. It is now logical to describe the varlong
physical situations that will allow une to retain only a few terms or,
indeed, a single term for the plate displacement w(X,t) and, hence, all
other response quantities.

From Equation (5.2.2-28), the expression for the displacement spectral
density tunction comprises a product of assumed modes and a modal coupling
term s (v}, The term “rs(m) is comprised of a product of terms

5
Hr(m)H:(w) that describe the coupled mechanical frequency response of the

system and an lnh'gr.‘\finn aver thee area of the I'\'.Ifl' that divserihes the
modal coupling resulting from the torm of the pressure loading. To deter-
mine the significance of the coupling terms, one must now conslider the
effects ol both mechanical coupling, H (w)H (w), and the striuciural-
pressure coupling (joint acceptance) terms.

Finally, to obtain simplified re.ults, the Integrations in the frequercy
domaln, as Indiceted in Equations (5.2.2 32) through (5.2.2-35), must

be obtainable in a reasonably simple form (1.e., rumerical integration
must be avoided: See Robson (19)).

The lirst approximation involves the coupling terms Hr(m)Hi(m). It is

assumed that the natural frequencies w and w  are well separated in

frequency and that the modal damping tactors ﬂr, L, 0N N are cmall
encugh such that the modes appear ancoupled,  Figure 52,2225 illustrates
the eficect of spacing of natural fregquencies and modal damping (”l = ”2)
on the magnitude of the coupling t-rms oy reported by Robson (19). Fiqure
L72.2-25a illustrates the case of  qual netngal frequend tee z.vl = ,“2' and
Figure L02.2-200 0y For w, = 1.5 wy. 1t should be noted that typical

valves tor v are more on the order of 0.0 taan the valoes aed by
Kobson wo that 1o practice the response cuirves e mtcl wmore barply
peakbed ot resonance. Jtor widoly cparated natus o Trcguone o, th

coun i e “lr((-',)lln(v,-\) ate smal b and the diveco medal vospons e termy,

HoGod (o}, are atl that one nced o con rder provided that the prossure
I '

st tural vesponae coupling Ty oaloe mal ]
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that the pressure fiels is nomogeneous. Tnat is, the pressure cross-spec-
tral density is a function only of the separation distance, T - X, x

between the points i‘ and ii. Further,

explicitly the space coordinates and the frequency deoendence of the pres-

sure cross-spectral density so chat for a humogeneous pressure field, one
obtains the form

- X : X],
it is convenient to separate

Gp(x], 25, w) = cp(m)d(FU (5.2.2-36)

(n using Equation (5.2.2~36), it has been assumed that the direct spectrai
density of the pressure, Gp(m)' is the same at each point on the surface
of the structure and that the narrow (frequency) band space correlation
coet'icient, d(r), has been normalized by the spectral dens: ty (d{r) wil}
take on values (n the range “1}. The utility of this representation is

that the frequency can be explicitly removed from the integration required
to cbtain “r‘(u) which yields

HO(OH ()6 ()

. P ¢ — — - = _
S IR int 2 W () W () d (x| )dA (x

PJaA(x,)

(5.2.2-37)
Tre integral appearing in Equution (5.2.2-37) is a modified form of the

.ressjeint acceptance' of the pressure-structure coupling as rriginated
by Poweil (1€).

i

tor most aircraft configurations, the direct spectral density of the exci-
tation pressure, Gp(r), varles consid.rably over the surface of the alr-
craft as a result of the strong directional characteristics of jet noise
(vee Figure 4.2.2-6) I'f one considers a small section of the aircraft
surface (typically less than 2.5D°, D = diameter of jet exh ust nozzle),
such as a single plate or array of plates, it Is reasunable to assume

that the spectral density of the excitation pressurce is constant in mag-
nitude over the «urface of the plate.

Considering the narrow band space correlation coetticient, d(r), one

secumnt ion that has found anplieation dn ol g 00 Ciodies ui plade

response to boundary layer excitation has been to assume that d(¥) is a
Virac delta tunction in space so that the double area integration indi-
cated In tquation “4.2.2-37) reduces to a single inteqration of the square
of the mode stape {which cancels with a coneralized nmas. term! and the
double summation in Eeuation (5.2.%2-7¥) reduces to o singtr sumpation of

direct terms {(17). HMore reallstirally, however, fur boundary layer exci-
tation ()

15 of the torm of a dunped exponentiol weve s that the modes
are Loty coupled,  Bozich {20)  rewents such a result vheron o compli-
cated e-plicit expression for the oo joint arceptance” 1 ohitarned,
Reviewlon the reonli ol Seation M35 one sees chat bountd oy oy
exodiation genevally is not amcnobhle vo a sfmplidi-l ctrotur ol 0 ponse
andilysis since the modee are | dnogonra b boaghdy et Ot sampile

the paper by Coe and Chyu {(z1)).
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In the case of jet noise, the spatial scale of the correlation coefficient
on the same order as the nmode wave lenath tesulting in modal couplinag.
In practice, however, the structural damping is very small and the reso-
nance effect will dominate the response. Hence, for jet nolse the modal
coupling terme will be small except for the case of closely spaced natural
trequencies. Mercer (22) has investigated the effect of including the
coupling terms fur the case of a continuous beam on many supports excited
by acoustic pressures {the response frequency spectrum is similar to a
row of coupled plates). Typically, coupling terms contributed only & to
10 percent to the overall rms respense level. It is, in general, suf-
ficiently accurate to neglect the cross terms duc to the relatively small
errors accruing from this approsimation. Generally, one must still con-
sider many of the direct terms as being potentially siyntficant since
broadband acoustic excitation may excite many modes.

i

Neglecting the cross terms, one obtains from Equations (5.2.2-28) the
simplified expression for the spectral density of displacement, for example,

as
¢, (Foa) = § W2Du, (W) in’-sec/radian (5.2.2-38)
r
where
gufw) ] 2 - — —_ - = —
o () = Mf~—~‘Hr(m)| [A fA? WO G ) d Gy mx ) dA x| )dA(x,)
r 1

Similarly, the expressions tor the mean square respunse quantities are
cbtained for displacement as

ro

Y
ro
()
()
~—

— ) 2 .

Wil t) = ) W (0 ju 0, (o) du in (
for velocity as,

Qz(z}t) = X Wi(x) f mzurr(m)dm (In/sec)z (5.2.2-40)

tor acceleration as

iy e S 202
e = LAY i m‘ulr(m)dm (in/sec™)? (5.2.2 40)

o]

and for stress as

) - L) e e e (5.2.2-0)

1"(\4' () L (0 G)

S

i
i
|
!
]
i
!
|
!
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To obtain results one requires integrations of the form f F(w)du or
more explicitly 0

@

[ @], e (5.2.2-42a)
(e}

i w2|Hr(w)|2Gp(w)dw (5.2.2-b2b}
(o]

/ wq[Hr(u}lsz(m)dw (5.2.2-k2¢)
[o]

which are all functions of the natural frequency, w., and the modal damp-~
ing t. or n.. From Equation (5.2.2-28) on: obtains for viscous damping

‘H (w)‘ w)H (o) = ((wz - w2)2 + bciwiwz)_' (5.2.2-43a3)
and for hysteretic damping
o2 = W) = (2 - D7+ nBh (5.2.2-43b)
For small damping in each mode (¢ =< 0.05), the response curves will be

highly peaksd sc that with the asguabtion of well separated frequencies
one can simplify the above integrations if G,(w) can be considered to be

constant in the frequency band surrounding each resonance peak. With i
this approximation, one can cbtain explicit integraticns as follows 1
w o "6 {w )
[ I (w)IZG (widw = G6_(«) [ |H (m)lzdw =P T (5.2.2-hks)
o r P o r Ly 3 3
Lo 31
rr :
© 5 2 nGp(m ) ;
fow |Hr(L)| Gy (uw)dm = )] W w)! du = T (5.2.2-LbLb) :
« w 1
{ L. Z %) = L. Cwe 2 m = 2\ i
[ o |Hr(m)| Gp (w)do Gp(mr)fo w |Hr W)l “du mo, (b Y (o) Zhe ;
{5.7.2-4he)
where lH ('li2 has the form of Lauation (5.2.2-L3a). 1o vodain simidar
results "for light hysteretic damping one can substitute S T nr/z.

Typically, suitable values for the modal damping ratios are O GOF < 7 < 0.05
o tha. the ahove results are valid for al!l types of aircraft sti-cture

(se- Section 5.3) with the only restricticon being that tie niturs! fre-
quencies be well separated and that the vxcltation spect. al density G (w)
varies siowly with frequency. P

More wveneral forms of the integratiuiy given in Equation (5.2.2 52) are
poooerood by James (23), and by Crondell (Y4, p. 72) tor ot Lp(m) can
2673
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be expressed as a polynomial in w. Wagner and Rama Baht (18) presents the
results for such integrations for an exponential form of the excitation
power spectral density illustrating the complicated form of the response
power spectral density when modal coupling is important.

Substituting from Equation (5.2.2-44) into the expression for the mean
square displacement response spectral density, Equation (5.2.2~39) one

obtains

————— ] G ()
CE = ] R @ e (5.2.2-45)
br v M '
r ror
where - jA‘fAz WG W () d Gy -x YA (X ) dA ()

Similarly, one obtains the expressions for the mean square values of the
velocity, acceleration, and stress mean square spectral density as

o

WZ(;;t) ) ——££—EE—£- wf(;) (in/sec)2 (5.2.2~L6)
r Lr M
rror
Z e 2 2,2
R0 = T — 0+ 6D 6 (WG (in/sec?)? (5.2.2-47)
br M2 r'rrportr
r e
and
—_ =1 Gy (w )
2 — P 2 12
of (X,t) = Z—r—r—B——z—r—- LW () (psi) (5.2.2-48)
r LQC W M
rr.r
The next simplificaticn involves the form of the integral I, Equation
(5.2.2-45). 1f the pressures are exactly In phasc over the whole plate,
then d(X,-X,} = 1.0 and one obtains
— — 2
b= U, W GaDeaG)) (5.2.2-49)

It can be shown that the displacement response, w_(x), of the plate to

a uniform static pressuie of unlt magnitude ut s goint on e surface.
X, can be written in the form

;XY = ¥ % . -

v, (0 DY (x) (5.2.2- .0)

r
Vi
whete W (D) = [ W ()R IW_ (X = -l W R
aor 2 rool 1 2 r
mer 1 wo M
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Physically, wor(23 is the rth component of the static Jdisplacement

response.

Ther, one can express ktquations (5.2.2-45) through (5.2.2-48) formally

as
T
o =] EEr’Gp(‘”r)”irm in? (5.2.2-51a)
r r
- g
2,— r 2 2 _
wolx,t) = § = cp(wr)wor(?) (in/sec) (5.2.2-51b)
r r
wolx,t) = ) ———K?———L— Gp(wr)wor(x) (in/sec”)” (5.2.2+51c)
r r
and
—2—— "
of(x,t) = } Ioc_rcp(mr)o(ir(;) (psi)? (5.2.2-51d)
I r
| 2
ol = aw LB G0) = L5, 00) psidpsi (5.2.2-52)
r r

The utility of the forms ct Equations (5.72.2-5}) is that the designer need
be concerned onl!y with determining the undamped response frequencies, w
arnd the static displacemerts, Wor(i), or the static stresses, oor(x , a

*

a point, X, on the surface of the nlate resulting from a uniform static
pressurc of unit magnitude using any convenient technigue. Then, knowing
the modal damping, . (0.02 Is % goud typical value), and the excitation
rressure - twer spectial density, G_{(w), for the range of frequencies, w
the vai' mean square response anntitles can be estimated. 1ie only
cautlion .t the designer must exercise [s that consistent units mu«<t be
used in opplying these results.  For the develoiment to this point is has
been assumed that Gﬁ(m) has the units (psi)2-sec’iadian.

’

The results presented Lo this point have becn obtalpcd 1o torm, of radian
frequency, w. From a practical standpoint, the desiyn nuinev: requires
expressions in circular frequency, f, in Hertz. To convert the pievious
results one must substltute w. = 2nf and Gp(wr) = Gp(fr)/Zl into fquations

(5.2.2-51) to maintain consistent unsts. This result siems f1on the defi-
nitrion of the excit.tion spectral density function in zcrms of the mean
square pressure level as

o i

) - 7 o (whdw

a D 2n f | Gp(‘)” [') E ‘A'—)'H . (l"ﬁ'\»SS)

'r: P
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The pressure spectral density function Gp(f)/Z: or tp(f) then has the units

2
{ps 1)/t The designer must always ! aware of the definition of the exci-
tation spectral density function to see that it is properly normalized.

Substituting u = 2°f and Gp(ur) = Gp(fr)/Z— into Equations (5.2.2-51),

one ohbtains for the mean square displacement

-
wo ik, t)

or

of
T S, (W 60 e (5.2.2-53a)
r r
2.
i rr A 2
X‘E?" ¢p(fr)wor(;3 in (5.2.2-53a)
ror

For the nean square velocity, one obtains

WZ(I,t) =

or

w%;n-

ne] 2 2
z = GP(fr)wor %) (in/sec) (5.2.2-543)
2nuf3

r V4 . 2
N 2 ¢p(fr)wor(;) (in/sec;® (5.2.2-5Lb)

For the mear square accel--ration, one obtains

QZ(;,t)

i

For the mean square stress,
e
8] (x,t) =

or

- #”SFE 2 2 2,2
2 o -1+ “ar)Gp(fr)Wor(;) (in/sec”)
.
{4.7.2-55a)
B”bfi 200 (e 2 2.2
! T (0 B, VG 6O (in/sec)
r (5.2.2-55b)
one abtains
. 2,— 2
D= S (fostd (o 1) (5.2.2-56a)
r r
A 2 2
byt (F el G (psi) (5 2.2-56b)
L
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|
where o2 = o L200, ()) (5.2.2-56c)
w M

rr

The usual manner in which the results of Equations (5.2.2-53) through
{5.2.2-56) have been applied In practice is the farm utilizing G,(f_) as
the excitation power spectral density function. |[|f the estimated sound
pressure level is in the form of a filtered band level (octave band, 1/3
octave band, etc.), then the appropriate expression for Gp(fr) is

7 L/10
Gp(fr) " Pref x10 (5.2.2-57)
L = Lb - 10 loug Af ,

Lb = bar ' leve! of the noise with bandwidth
Af in which the resonant frequency, fr,
occurs.,

2 ) -9
P = 0.0002 dynes/cm”™ = 2.9 x 10 7 psi

ref
The units of Gp(fr) are the units of (Pref)z/Hz and one obtains

(L/10-8)

6 (F ) = 4x10 (dynes/em®)2/hz  (5.2.2-58)

p

or
Gp(f) = 8.41x10" V718 (0s1) 2 mz (5.2.2-59)

The final simplification tu be realized s that if only a single mode
responds sign'ficantly then the summations In Equations (5.2.2-53) throush
(5.2.2-56) reuuce to a single term. This approximation was firsi pre
sented by Miles' (5) and its use has become known as 'Miles' singie
degrec-of-freedom' theory., This approximaticn i< commonly used for all
wonic fatigue analyses and the results are for the rth mode (ususily

the fundamental mode)

nf
- 3 - r 2 . 2
wilx, o) = EE:—GP(fr)wor(i) in (5 2.2-60a)
—_ —_ jf——.l
2 = "y 2 ?
= H ) r -

wo(x,t) T Gp(fr)wor(;) {(in/sec! ,.2.2-60b)

[
——————2 — l{ﬂsf; 2 B _ 2.2
wo(x,t) = (b 06 (F W ) (In/see) (5 2.2-60c)

~
o Y
~1

|

s M

RS )
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2~ nf 2 2
a“ (¥, t) = IEL Gp(fr)oo(;) {psi) (5.2.2-60d)

|
of)(I) - 1 Lz(wrm) (5.2.2-61)

—_ -, 2
e =l ‘(A  (x))dA(x))]

—

It now remains to present the results of Equatlions (5.2.2-60) in the
speclfic format associated with thin plates. 1In particular, rcctangular
thin plotes with either all edges clamped or all edges simply supported wil)
be considered. The results can easlly be extended to any level of the pre-

vious derlvation.

For thin 1ectangular isotropic plates, the assumed panel displacement f.inc-
tion tquation (5.2.2-27) has the form

AL onrter B o okiostiobiL 2

[T R

wix,y,0) = vab [ ] x ()Y _(y)e (t) in, (5.2.2-62)

mn

where Xm(x) = sin{mrx/a) for cupported edges .

B

cosh(cmx/a) - cos(me/a) - am(s|nh(me/a)—sin(me/a))
for clamped edges
Yn(x) = in{nny/b) for supported edges

= cosh’Cny/b) - cos(Cny/b) - un(slnh(Cny/b)-sin(Cny/b))

for clamped edges

a ,a ,C ,C are constants defined in Table 5.2.2-1.
n' 7 n’ m'

For clamped edges, X (x) and Y (y) are taken as the modes of a clamped-
m n
cltamped beam (6).

From Equation (5.2.2-50), the modal mass is

M= phab fa fb 2 (x)v 2y ) dydx (5.2.2-63)
mn 0’6 m nttee -
= pha b /h for supported edges
= pha b2 for clamped edges
The radian fregueniy, w© 2af 15 glV“n by Fauations (5.2.2-1) and

(5.2.2~2) or can he oL'd?ned from Figurzs 5.2.2~? through -10.

.08
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Assuming that the excitatlion pressures are exactly In phase over the
whole plate then fror Equation (5.2.2-49)

mn

a b
| = ab [jo jo Xm(x)Yn(y)dydx]2 (5.2.2-64)

3
- % g 2 [(_‘)m "IZ[('])n '|]2 for supported edges
mTmn

bog o 2
- ( m ") a3b3[(-l)m-l]2[(-l)n-l]2 for clamped edges
mn

Then, from Equation (5.2.2-50) the static displacement response for the
{m,n) mode of the plate for a uniform pressure of unit magnitude is

/()
Wonn (oY) = ——— Yab x_(x)Y_(y)  (5.2.2-6ka)

w
mn mn

For supported edges one obtalns from Equation (5.2.2-64a)

ba®b? (=)™ 11 [(-1)"1)

z = 3 sin{mmx/a)sin(nra/b) (5.2.2-64b)
n - Dmn[m” (b/a)+n” (a/b)]

Vomn(x'y) =

. l6a2b25in(mvx/a)sin(nny/b)
ﬂsamn[mz(b/a)+ﬂ2(a/b)]z

; myn = 1,3,5,... (5.2.2-64¢)

=0; mn=2,46,...
For clamped edges one obtains

by q a?b2(-1™1 (-1)"-1]

mn .
= ( -
womn(x,y) T Xm(x)Yn(y) (5.2.2-64d)
4 2
16 L”(.:;nazb
- s raeen. X ()u)‘( (v):_ oo b (h.7 7-6149)
DR C € i [T T
mn m n

b2 b 2 .
Lm(b/d} + Ln(a/b) + zAmn

whore &8 -
mn

Xm(x) and Y”(n) are defincd by Eanation (5 2 2-A2) fo
Clanped edges

w0 0 are defined by Jabie 5.2 1

m’n’m’on

A n is defined by Fquation (5.2 7 )

264
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From tqu tions (5.2.2-64) it is seen t. 1t for a spatially uniform excita-
tion pressure in phase over the surface of the plate rhat only the odd
node 1 -sponse, {m,n) = (1,1}, {1,3), (3,1), etc., is predicted as being
nonzer. by the theory.

; 2 2
—_ - 3.3 G (f Jsin“(mrx/a)sin”(nry/b)
w o (x,y,t) = 32a’b E z P gnz 5 5 3 in2 (5.2.2-65a)
0/ hp3 M e mntmT(b/a) + 7 (asb)]

mn=1,3,5,...

and for c¢lamped edges

2 2

————— .33 G (f Ja‘a
W ly,t) = 2T 2 B (v in? (5.2.2-65b)

/ 3 mn g C°CYR

vohD mn m M mn

m’r\ = "3")'

- cMwra)d s ctam)? e aa
mn m n mn

From Equation {5.2.2-5ka) and the above results one obtains the expression
from the mean square velocity response faor simply supported edges as

. 2 2
r————— G (f Jsin"(mrx/a)sin®(nny/b)
wz(x,y,t) - 323b __ e LY (in/sec)?
m

“GV (ph)30 n Cmnmzﬂztmz(b/a) + nz(a/b)]

m,n = 1,3,5,...

(5.2.2-66a)

and for clamped edges

1

22 1

2 2ab 2, 2 !

. c N n 7 & . )

vilx,y, t) = _3%2ab X ) —E——gﬂj—#7;~xm(xJYn\y) (in/sec)® (5.2.2-66b) i

P r——— ~ fars 5

Ao P ™™ Can®atafn §

myn o= 1,3,5,. ., :

From Fquation (5.2.2 -50a) and the above results one obtains the expression '
for the mean sauare acceleration response for simply <upported edges as

270
E |

o IO

o == T L i e B BT b iy — £
o : s it zassiesse s o .
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- - / G (f )
m"'y't) = }'Z_—D__/?Oh R '*’” ‘%{[mz(a/b)mz(a/b)]sfnz(mv'X/a)‘
ab- m n nn omtn”
mn
slnz(nny/b) mn=1,3,5... (5.2.2-67a)
and for clamped edges
— - (1t YaZd? 112
wWilxy,t) = 22 /0/(en)? ] X————-—cp( R (x)v (v) (5.2.2-67b)
mn ¢ CC
mn mn

m,n = 1,3,5,...

To obtain expressions for the mean square stress response, the linear
operator appearing In Equation (5.2.2-56c) must be selected depending
upon the type of stress of interest to the designer. For small deflec-
tion thin plate theory and plates of rectangular shape the linear oper-
ators for the direct bending streuscs vy and 7y and the shear stress

Txy are, respectively

6D a o
Lx(w'_(I)) - - F [wr'xx + er,yy] (5.2.2-68a)
LW () = - 60 [vw + W ] (5.2.2-68h)
y r h2 r,xx r,Yy ST
LW G -8 e (5.2.2-68¢)
xy " h2 v r,xy 4ee c

For simply supported edges W ( ,y) = vab :ln(m"x/a)sin(nny/b) and from

Equations (5.2.2-68) one obtains for the (m, nJ mode {m,n = 1,3,5,...)
6n2D 2 2
) = —= [m"(b/a) + vn"(a/b)lsin{mux’a)sin{n y/b) (t.2.2-69a)
~ bl hLV/:B
2

L (W ) [vmh(b/a) +n (a/b)isin(mix/a)sin(siny/b) (4y.2.2-69b)
Y mn h‘/;

2
L (W )= Sy (1-v)mn cos (mix/a)cos (nry/b) (", 2.2-69c)
Xy mn hZ/SE
Then, from Equation (5.2.2-56c) i the alowe peoiii o obisias oor the

t

(m,n) mode  (m,n 1.3.5,...)

1
|
i

SR S L e
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*.‘(:;,12 uzbzl LV S Y SIS S LA

2
2 H - oSN \m‘,‘./;)'_};x‘\-('x",/4‘1)
hnn [m (b/a) + n“{a’b)] {5.2.2-70a)

2 2
“'iy(’*'” . 3%(26)?% b2 [vm (b/a)2+ n (Z/b)] sin (mx/a)sinz(my/b) f
[ b/a) +n a/b)] (52.2_70{)) I

2 36(16)% a®b2(1-v)%cos? (mix/a) cos (nmy/b) (5.2.2-70¢)

2 ) = 1
foxy Y ‘3*“[ (b7a) + n2(a/b)]" 4

Then, from Equation (5.2.2-56a) the expressicns for the mean square stress
response of a simply supported re~tangular plate are

6 (F ) (m2(b/a)+wn(a/b)1?

Ox(x,y'() - 1153%2- o/oh ) ] -E ;nz 5 3 3 sinz(mnx/a)sinz(mny/b)
R mnoe mn [m“(b/a)+n” (a/b)]
(5.2.2-712)
Y. . 2 2
—_— . G (f )[wm’(b/a)+n’ (a/b)]
2 1152ab p_mn 2 2
o {x,y,t) = B7eh ) sin“{mrx/a)sin® (nmy/b)
Y Sn mn o men?(n? (b/a)4n? (a/b) 1%
(5.2.2-71b)
2 2
—3—?—-————~_ N5zab ~— 2. ¢ P(fmn)cos (mnx/a)cos” (nuy/b)
rx x,y,t) = TI{,. rf)/ph (l—\)) L 5 7 3 -—
Y h mn o [m“(b/a)+n(a/b)]

mn

(5.2.2-7lc)
with m,n = 1, 3.5

For a plate with clamped edges the mode shap- for the (m,n)th mode Is

W (x,y) = vab X (x)Yn(y) where Xm(x) and Yn(y) are clamped-clamped beam

vibration modes deflned b¥ Equation (5.2.2-62). From Fquations (5,2.2-68)

one obtains for the (m, n) I mode

1! .

Ly wmn) - :f}i; Sxmn(x’y) (5.2.2-72a)
_ _ 6D

Lu(wmn) ; - ymn(x y) (5.7.2-720)

4 H Vau
Loy = - =22 euye o X! GOY (y) (5.2.2-72¢)
Y wl/E mn m

vhere S (x,y) = C;(b/a)XH(x)Yn(y + \C (d/b)% (X)Y” y)

X
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S (%07) = V€5 (b7a)x ()Y () + Cg(a/b)xm(x)V‘n‘(n)

X%(x) denote: citferentiation with respect to the argument of the
mode function.
Then, from Equation (r.2.2-56c) and the above results one obtains the
stress response in the (m,n)th mode due tc a uniform static pressure of

unit magnitude as

22222

36(16)"a b o a
2 2
Jox(x'y) = L7222 — Sxmn(x’y) (5.2.2-73a)
h CanRmn
22222
2 36(16) a b O 2
uoy(x,y) = T 2 2 32 Symn(x,y) (522'73b)
h Crlnfimn
222 z
2 36(16) a b (l‘v)‘uiuﬁ 2
voxyfx.y) ®o— Anﬁz - (X%(x)Y%(y)) (5.2.,2-73c)

mn

From Equation (5.2.2-56¢) and using Equations (5.2.2-73) the cxpressions
tor the mean square stress response 0i a reciganjular plaie with oldiped
edges are

- L 2
2. N ab fmn)uman 2 ) (5.2.2-Tha)
= 115 o7 S LU . X .2.2-Tha
Ox(x’y't) 52 1 ¥D7oh X X 2.2,.3/2 Sxmn( 'Y 2
h mn 6 CCR
onomonomn
. 2 2
2 ) e (:E('mn)umun 2
oS (x,y,t) = [N Y N S A c { .2 .2~
:( y 11525 VD/oh N : c2c2R3/7 Jymn\x,y) (5.2.2-74b)
h M0 S m
27
_2_—"‘—*»* ab  o— VAR Gp(fmn R R vy . 74
i (v t) o1 e /e (1 ) Ly (v (e (5.2.2-] C)
ry h" mon )i e he A
Mo N
T oo oviouws results arc cummerd cd o Tabde 6.72.2-6 b th oaua on
nunber . for a mean square quantity ar. pesented. Thes e sl as _
ther only the direct modal contributions to the total recprnne ars cani fi-
cent. In particular it has been assumed thal the natural tiequoacic, are
widely separated, that the damping 0 lrant and S hivi ihe cREciiaen paes
surc ~pectral density function varies slowly with 17 paeiey aboat rhe naturol
trequenc tas,
275
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SUMBARY OF RESOLTS

TABLE 5.2

.2-€

t OH nbSFUNSE

CALCULAT ONS

TAGLE OF LQUATION NUMBERS
Hean Square T U EN Edges 1 A1 Edges
Quantity ; Supported Clamped

wz(x,y.t), |nZ ! {5.2.2-65a) , (5.2.2-65b)
i paye 270 page 270

mzfx.y,t). (in/sec)2 ! (5.2.2-66a) (n.2.2-66b)
i page 270 page 270

Qz(x.y,t), (in/sec) } {5.2.2-67a) (5.2.2-67b)
| paqe 271 page 271

Zix,y.t), (psi)2 i (5.2.2-71a) (5.2.2-7ba)
x : page 272 oege 273

yot), (pei)” ’. (5.2.2-71b) (5.2.2-7hb)

; page 272 page 273

..—Zb ():,y,IKT, (L‘Si)z i (n.2.2-71¢) (5.2.2-7he)
ry i page 272 J pane 273

The final result is to assume that only the fundamental mode exhibits sig-
nificant response. Then, for a ~imply supported plate one obtains

2 2
3,3 G (F)sin® (rx/a)sin® (ry/L)
WGy ) - 2R P . 3 () 19.2.27752) |
NIl e )]
6 (Fy dsin” (rx/aduin (y/t) |
TFUTUTY . 3Zab Gpthpdein rxdalnin ry/b 0 L - :
: ()-;,y.t) . C A l;/}jﬂrw‘:?ﬁ‘ B (in/sec) {(4.2,2-75h) ]
. — Ty fa < ]
5 /{ ‘;\3[’ 11 ;
:
— =y 2 L 4 ? .
N SRV . T;—:T”“””* (1*“1|‘)Gp((ll\[(M/J)tyn/h)]sin (vx/u)uin (hy/b)
AR y
(m/nm))z {(5.2.2-75c)
NOUNEER— o G f JL/a) el )] 5
- (,‘a.‘,’.‘) B _'?]’__’7"___’{’ Vol - P ”"7 B T c,inz(il)-f/d)"i”L("Y/b)
* v h i,”{(b/a) + (a/t:}]
(o7 (5.2 2-754)
27h
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1152ab  ,—— qp(fll)[v(b/a)+(a/b)]2

7 X
g (x,y,t) = 1 ./oh
Y R ¢, Lb/a)+(asb) ]’

2 2
sin (nx/a)sin” (ny/b)

(psi)? (5.2.2-75¢e)

2 Ep(f‘])cosz(ﬂx/a)cosz(nyfb)

T . lis2ab
Uy (X7, t) = ;E%KE‘ Jo7oh (1-v) (5.2.2-75f)

Gy [(b/a) = (a/b)]3 {psi)

For a plate with all edges clamped, one obtains from Takble 5.2.2-1

o)
]

0.9825 ¢, = L. 73004

b=
h

|y = 151.3524 Ry = 151.35243.307(b/a)? + 3.307(a/b)? + 2.0]

and the mean square response quantities assuming only a fundamental mode
response are

“'".(X)Y,t) =

. - 2, 2
3.1392-107° a3p3 6, (F) )% (Y7 y)

— in”  (1.2.2-76a)
Jﬁ%o3 r,”[3.3o7(b/a)2 + 3.307(arb) 2 + 23372

- —3 2 2 A\
Iy R420-10 " ab Gp(fll)x‘(x)Yl(/)

‘;Jz(x,y,t) - (in/sec)?

/(ph)JD gll[3.307(b/a)2 4 3.307(a/b)2 4 2]”2

(5.2.2-76b)

R (I+LN:2 )
. o 2 1/2
Sy, t) = 0.7329 Yo/ (oh)’ ‘;;7—%1” Gp(f11)[3.307(b/a)‘+3.307(a/b)2+2] !
3

' X%(X)Y%(y) (in/sec?)®  (5.2.2-76c)

S, - 2
. / ' K .,
-3 ava;pw G (II])SX'](A.y)

u?(x,y,l) = 1.152+3¢C " :
’ h C]‘[3»307(h/a) + 3-307(d/b)

2
) i)
2*2]3]2 (ps
(5.2.2-76d)

e
~~d
A

o e v o+ vt
i PES T

-

.
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oy

— 2
—_— 5 abvD/ph G (F,,)s° (x,y)
Pyt = 115200072 T £ 1 é” 5 3 (psi)?
’ h o 13.307(bsa) + 3.307(a/b)" + 2]

(5.2.2-76e)
)2 [ Yyt 2
——— ab/B7eR(1-yY 6 (F, ) (X! (x)Y! (y))
2, p ) ) ] .42
"xy\xtYlt) = 057650 7 ] 3/2 (DSI)
hny[3.307(b/a)  + 3.307(a/b)  + 2]
(5.2.2-74)
In utilizing the results of Equations (5.2.2-76) the following quantities
are presented for specific points on the surface of the plate (see Table
B8.1.1-5, page 551).
Lenter of Plate:
X?(a/z}Y%(b/Z) = 6.36160 (5.2.2-77a)
52,1(a/2, b/2) = 1865.8[(b/a) + v(a/b)]? (5.2.2-77b)
sili(e'z, b/2) = 1865.8[v(b/a) + (a/b)]? (5 2.2-77¢)
Approximate Location of Maximum Shear
(%;(0.223)Y} (0.22b))% = 1.14389 (5.2.2-77d)
Edge of Plate:
c2 2y - 2 .
S (0,b/2) = 5050.1(b/a) (5.2.2-77)
2 Cen Ry
Sup1(/2,0) = 5050.1(a/b) (5.2.2-77f)
The previous results have been based upon the assumption that the excita-
tion rpower spectral density function, G {(f), is constant or varies siowly
with frequency in the vicinity of the rtsunant peak, From a practical
stendpoint, the excitation density arc typically smoothed into spectra
that appear as a series of straight lines on log-lag plots., The slopes in
regions of arying spoctral density are gensrally given in terms of decibels
per octave. Mathematically, the straight line log~log plots are governed by
an eqnation of the form
276
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log Gp(n) = log Gp(l) + B log u (5.2.2-78a)
where { = f/fr, fr is the resonant frequency of the rth mode.
The above relationship can alternately be expressed as

QB

() = 6 (1) (5.2.2-785)
P P

The exponent B is related to the dB/octave variation in level using the

following procedure. |[f two frequencies 2, and {, are n octaves apart
then
n
@,/0, = 2 (5.2.2-79a)
or n = log(R,/a )/log 2 = 3.322 log(q,/a,) (5.2.2-79b)

The decibel difference between the spectral densities at the two frequencies
is

dB = 10 log (Gp(uz)/Gp(Q‘)) (5.2.2-80a)
or dB = 10 B log (92/91) \5.2.2-80b)
P

The dB/octave variation, N, is obtained from Equations (5.2.2-79b) and
(5.2.2-80b) as

N = dB/n = 3,0108 =z 3B (5.2.2-8 )

Assuming resonant response of a system whose resonant bandwidth lies within
the frequency band of excitation, the resonant bandwidth Is taken as the
effective random bandwidth, ¢ /2. Figure 5.2.2-26 presents a plot of normal-
ized resonant response as a function of B for various values of the modal
damping, Lpe That is, if the excitation spectrum as plotted on log-log
naner, slopes in the vicinity of a resonant peak with a slope of N dR/octave,
then the values for G,(f ) appearing in Equations (5.2.2-53) through
(5.2.2-75) must be mu?tiglled by the factor indicated by Figure 5,2.2-76,

To use this figure one determines N in the vicinity of the resonant response
frequency, fr' moves vertically to the value for modal damping, g and pro-
ceeds to the leit to determire the correciion factor, {1 fs nuwed that for
light damping, ¢ < 0.05, less than & 10% error in estimating rhe reconant

response will occur by assuming & constant spectrum level, Gp(f ).
f

i
1
i

The above results are from a paper by Pulgrano and Ablowitz (25). ihey pre-
sen: murh more detailed calculation procediiras for correcting 'white noise
response caleulations to account for irregular spectrum shape,  In particu-

tar, they show how nonresonant response cdan become sianifloant.

s
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Example: Using the resuits of Section 5.2.2.2.6 compute the nic n square
dlsplacement, veloclt,, acreleration, and stress respons- of a (ectangul -
plate expused to jet -oise excitation assuming both simply supported and
clamped edge conditions. The data for ihe plate Is gs follows: a = 6.0
Inches, b = 12,0_Inch:s, h = 0.032 inch, € = 10.3°10” psi, v = 0.32, and

v = 0,101 1bs/In3. The Jet nolse excitation Is assumed to result from a
J57-P21 turbojet engine with afterburner operating with the plate located

4 nozzle diameters downstream and 3 nozzle diameters away from the jet axis
(see Hermes and Smith (31), p. 76). Assume panel damping Is ¢ = 0.02 for
all modes.

From Section 5.2.2.2 | the response frequencies for the plate are deter-
mined to be as follos

Mode No. Supported Fdges Clamped Edges
(1,1) f'] = 105 Hz. fll = 222 Hz,
(1,3) f]3 = 273 Hz. f13 = 437 Hz.
(.1 f3] = 777 Hz. f3‘ = 1072 Hz.
(3,3) fag = 94y Hz. P33 = 1354 Hz.

For a panel with simply supported edges the mean square displacement
response is obtained from Equation (5.2.2-65a), assuming for the moment
that all odd-odd modes up to the (3,3) mode respond, as

Wlx,y,t) = 2.514-102[3.?0006p(f Ysin? (nx/a)sin® (ny/b)

11

+ 0.0202 -
ap(r]3

+ 0.000886p(f3|
+ o.oooosucp(f

)sinz(nx/a)sin2(3ny/b)

)sinz(an/a)sinz(ﬂy/b)
2(

)sinZ(3ux/a)sinZ(3ny/b)] (in)?

33

from Hermes and Smith (31), p. 76, the third octave band sound levels for
trequency bands contalning the response ftrequencies are presented below with
the third octave band levels heling converted to pressure specrrum levels
using Equation (5.2.2-59) as follows

i o o i i

SO
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1/3 0.8 Center 1/3 0.B. Sound 1/3 Octave G (f)
Frequency, Hz Level, do Bandwidth, Hg (ps?)Z/HZ.
100 127 22.9 1.841- 1078
200 133 46.0 3.6&8-10'6
250 134 58.0 3.6&2-10’6
400 137 92.0 A.582-lo"6
800 137 183.0 2.303-10’6
1000 136 231.0 1.&&9-10'6
1250 134 291.0 7.259-1077
For simply supported edges
G (f1‘) = G (105) = 1.8&1-10'6
b P
= . -6
6,(f3) = 6, (273) = 3.642:10
- 102 10" 6
Gp(fSI) = Gp(777) = 2.303°10
_ _ -6
G (f33) ap(9h5) = 1.443°10

Then, the expression for the mean square displacement response is

wlx,y,t) = l.h81-10-3[l.0000 Sinz(nx/a)slnz(ny/b)

+ 0.0125 53n2(ux/a)slnz(3ny/b)
2
(

+ 0.00034 sin 3nx/a)sln2(uy/b)

+ 0.00001 sin2(3ux/a)sln?(3ny/b)] (ln)2

It is seen, for example, that at the center c¢f the plate the fundamental
mode contributes 98,7% to the total displacement r.sponse. Hence, the
assumption of considering only the fundamental mode is appropriate.

from Equation (5.2.2-75b) the mean square veloclty response, assuming only
the fundament..l mode responds, fis

wz(x,y,t) = 651.6 slnz(ux/a)sinz(ny/b) (ln/Sec)2

and the mean sqguare acceleraticn response is obtained from Equation
(5.2.2-75¢) as

5 , A/ .
w (x,y,t) 2.571-10 san(nx/a)sin}(uy/b) (in/secz)z

3

1.923-10

r

2 2 2
sin” {ax/a)sin (“V/b) g

ﬂ;cu Table 2. 0,0-1.
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For simply supported edges, the rean square stress response |s obtained
from Equation (5.2.2-75d, -75e, ind -75f) as

oi(x,y,t) - 4.377'|06sln2(nx/a)sin2(ny/b) (psi)z

os(x,y,t) - 1.219'|065|n2(nx/a)sln2(ry/b) (psi)2

rxy(x.y,t) - h.338'I05c052(nx/a)cosz(ny/b) (psl)z

Assuming a fundamental mode response, for « amped edges the mean square
response quantities are obtalned from Equa: on (5.2.2-76) with the results
being

Wy, t) = 3.3683-1075 xf(x)vf(y)
W20y, t) = 59 1h5x3(x)¥2(y)
2(

Qz(x,y,t) = 1.0403-108 X x)Y?(y)

VRN 2
o (x,y,t) = 219,08 Sery (%y)

2, 2
Uy(X.y,t) = 219.08 Syll(x,y)

5 2
t GGy, t) = 1.8103410° (X) (x) Y} (y))
At the center of the plate, one obtains from Table E.1.1-5, page 551.

2 2
Xl(a/Z)Y'(b/2) = 6.3616

2 3

S (a/2, b/2) = 8.705-10

x11

2 . . 2

S;]](a/z, b/2) = 2.,425-10°

Then, at the cenwer ui the plaie

wz(a/Z, b/2, t) = 2.1h3-1o"“ (in)?

W2(3/2, b/2, t) = 3/6.3 (ln/aec)z

aad
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8

wi(a/2, b/2, t) = 5.618:10 (in/sec?)?

ny o 2
ﬂx(a/Z, b/2, t) = 1.907-10 tpsi)

03(3/2, b/2, t) = 5.315:10° (psi)?

At the edge of the plate

2 N
n 2.020+10
Sx]‘(o.b/Z) 0

2 £1-10°
syl](a/z,o) 1.262-10

and

o
0, (0,b/2,t) = 4.425-10°  (pst

oy(a/Z.O,t) = 2.766'105 (psl)2

282 '
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5.2.2.3 Rectangular Specially Orthotropic Platec

This section provides deslgn oriented methods for estimating the response

of rectangular specially orthotrop’'c plates to random acoustic loading. By
the term "speclially orthotropic' 1. Is assumed that the plate material
possesses three mutually perpendicular axes of elastic symmetry. Two of the
axes are In the plane of the plate parallel to the respective sides of the
plate. The third symmetry axis is normal to the other two and hence perpen-
dicular to the plane of the plate. The plate thickness and its transverse
displacement are taken to be smail so that small deflection theory can be
used.

Section 5.2.2.3.1 provides design equations for estimating the response fre-
quencies of specially orthotropic rectangular plates with elther all edges
clamped or all edges simply supported. Section 5.2.2.3.2 provides design
equations for estimating the displacement response and stress response for

a plate to a uniform static pressure of unit magnitude assuming a fundamental
mode response. Section 5.2.2.3.3 uses the results of the previous section
and Equations 5.2.2-60 to estimate the response of the plate to random acous-
tic excitation.

Leneral reterences tor this section are 1imoshenko (3), Ambartsumyan (zb),
and Ashton {27,28). For plates made of a material whose principal elastic
axes are skewed with respect to the plate geometric axes one must resort to
numerical techniques as described by Ashton (28) or Mohan and Kingsbury {29).

5.2.2.3.1 Estimation of Natural Frequencies

This section presents design equations for estimating the natural frequen-
cles of rectangular speclally orthotropic plates with all «dges clamped or
all edges simply supported.

Derivation: The Rayleigh Method for estimating the response frequency of an
uncoupled mode of vibration was used by Hearmon (30) to extend Warburton's
analysis for rectangular isotropic plates {(see Section 5.2.2.2.1). The
results for a plate with all edges simply supported Is exact and yields a
lower bound for the frequency estimate for the actual panel installation.
The results for a plate with all edges clamped is obtained by assuming a
plate mode shape in the form of cliamped-clamped beam modes and yieids an
upper bound for the frequency estimate for the actuzl panel installation,
Hecarmon (30) presents results for all six possible combinations of clamped
and supported edges. The plate geometry and material axls romenclature

arc presented In Flgure 5.2.2-27,

Uesign Fquations: The desiqgn equations for the frequency of tiin (m,n)rh mode
of vibration of the plate are as follows:

All Edges Simnly Supported

n

n” 4 h 4 4 . 22,2
:.‘m [m D]/a +n Dz/b +1.D3mn /db

2

2
mn ]

Hz2 (5.2.2-82)
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Plate Thickness, h

3 3
Eyyh E,,h
0, = 0, =
2 - -
1201 vuvz') 12(1-y 2\,2])
Dy = Dy + 20y, varErr = Vigtpn
3 3
vt Gyoh
T - ) 1277
Vi2V2) !

FIGURE 5.2.2-27 PLATE GEOMETRY, ELASTIC AXIS, AND UBENDING
STIFFNESS NOMENCLATURE FOR RECTANGULAR
SPECIALLY ORTHOTROPIC PLATES

284

?i
%
|
|
|
|
:



http://www.abbottaerospace.com/technical-library

All Edges Clamped

2 ) 4 b 4 4 2,2 2
o= ;ﬂ7:: [CmD‘/a + ¢ D /b 4 2Amn03/a b1 Hz (5.2.2-83)
'ﬂ‘
E, b E,.ho
where D =_.—(—‘_)__—_)_ U :T_.(.%_Z_____T
1 12 l—vlsz! 2 2 “VigV2)
3 3
va . E B . JinE..h
211N 1 3 17722 i 3
3 120y, g "2 121V, v, ) % 12 L 12
and Cm, Cn and Amn are defined in Table 5.2.2-7 for modes up through the

(3,3) mode (compare with Table 5.2.2-1).
The mode number nomenclature is as shown in Flgure 5.2.2-1.

TABLE ».2.2-7
VALUES OF € , €, AND A FOR EQUATION (5.2.2-83)

(m,n) Cm Cn Amn

(1,1 h.730 L 730 151.3
(1,2) 4 730 7.853 ‘565.5
(1,3) L 730 10.996 1215.7
(2,1) 7.853 4.730 565.5
(2,2) 7.853 7.853 2102.6
(2,3) 7.853 10.996 L5LB . |
(3,1) 10.996 4,730 1216.7
(3,2) 10.996 7.853 4548 1
(3,3) 10.996 10.996 9785.2

For the fundamenta) mode Equations (5.2.2-82) and (5.2.2-83) are, respectively

2
2 4 y 2,2, L2 - T
= KEF'[Ul/d + u2/b + iba/u Lol P (n.2.0-8h)
for simply suppoirted edges and for clamped edqges
ff] - 3‘3335 [3.307D]/a“ + r..3o7u2/b'+ 4 203/a2b2] W (5.2.2-8Lb)

Example: Compute the fundamental mode 1esponse frequency ot a rectangular
plate with dimensions a = 6,0 Inches, b = 12.0 inches, h = 0.032 inches for
the tollowing orthotropic material pioperties (boren cpoxy material, 50%
resin hy volume)

A

k.

e MG 000 5 ot S e ikl
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=30 - 10° psi v

11 jp = 0.38
6 . _ -
EZ? = 3 x 10 psi \JZ' = ‘)IZEZZ/E'] = 0038
6, = 1.1 - 10° psi v = 0.0922 lbs/in>
The plate bending rigidities are ]
1
Ellh3 ‘
DI = 37T = 83.1203 03 = 9.16604
Y12V21
. k.
E,.h° ]
0, = TrT ey = 83120 g
V12V

Then, from Equation (5.2.2-8ka), the fundamental mode resporse frequency
for simply supported edges is

2

= (32304 105)(83.120%/6" + 8.312/12"

¢

n

+ 2(9.1660&)/62 xlzzl sz

ffl - 2.1997 = 10" H.2

fll

]

148 Hz . E

From Equation (5.2.2-84b), the fundamental mode response freguency for
clamped edges Is

fﬁ‘ =(5.01924 ~ 105)[27u.879/6“-+ 27.4878/12“'+ 18.3321/62x 122] sz

:fl ©1.08837 - 10

For the material reoriented 90° so that the elastic properties are

= 3 x 106 psi

™
I

Yo = 0.038

30 x \06 pal v,, = 0.38

[+ ]
L0

1

[ep]
1

g = 11 10° psi

the ahove results are, for simply supported edges fll = 67 Hz and for

clamped edges F]] = 138 Hr.

\
£00
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£.72.72 2.2 Lesponse of Speclally Orthotroplic Plates to Uniform Static
Pressure

The analysis of Section 5.2.2.2.6 indicates that the response of the platc to
a uniform static pressure of unit magnitude Is required to estimate the mean
square displacement and stress response. This section presents design equa-
tions for estimating the static displacement and static stress response of

a specially orthotropic plate due to a uniform pressure of unit maanitude.

lt iv assumed that the natural frequencies are well separated so that each
response mode can be considered as an uncoupled single degree-of-{reedom
response. Results for the (m,n)tM mode of vibration are presented for
specially orthotropic piates with beoth clamped edges and simply supported
edges.

For a specially orthotropic rectangular plate using small defiection theory,
the stress-strain relationships are

L o T3 (5.2.2-850)
B EOVISY B RRPATNY T
va.E, € E, e
21516 2252 .
Yo T v Tt v ) (5.2.2-850)
12V21 12V21
T (5.2.2-85¢)

:G‘

12 2Y12

where the orientation of the thrce mutually orthogonal elastic axes wlith
respect to the plate axes are given in Figure 5.2.2-27.

ihe strain-dispiacemeicl velotionships for the anoelally arthotropic material
are

= - -z - =Dy n.2.2-854
) 2, Yo w,yy 12 '"'\"xy (5 5d)

which relate the material axis system depoted by the subscripts (1,2) to
the plate (x,y) axls system.

The stress resultanes for the specially orthotropic plate are

My f~h/2 20,dz = _[Dlw’xx + D4w’yy] (5.2.2-86a)
h/2 e o
My, = j»h/z z0,d7 = ~logw, ot wzw,yy] (5.2.2-8Ch)
287
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h/2
= - I Z1,,de = 2D

My, /2 12 (5.2.2-86¢)

lZw’xy

where Egquations (5.2.2-85) have been used in Equations (5.2.2-84),

For a point on the surface of the plate, the stresses are given by

&M 6M 6M
1 Y .2 .
S 1 9, T =5 T, T > (5.2.2-87)
h " h

Assuming an uncoupled response mode of the form wix,y) = woxm(x)Yn(y) une

obtains the static respcnse amplitude, WO, of the (m,n)th mode by equating
the maximum strain energy to the maximum potential energy of the plate
when uvniformly locaded by a unit magnitude uniform static pressure.

For simply supported edges the mode shape assumed for the uncoupled (m,n)th
mode is of the form

wix,y) = Wosin(mﬂx/a)sin(nny/b) (5.2.2-88)

and for a special!K orthotropic plate with all edges clamped the assumed
form of the (m,n)t mode is

wix,y) = WOXm(x)Y {y) (5.2.2-89)

n

where X[(x) and Y (y) are vikration modes for a stralght slender beam with
both ends clamped.

The displacement response amplltude for the (m,n)th mode for simply supported
edge conditions iy

2.2 m n
- - - -1
W = q% » L ;) llg( . b] 2 ? 2 (5.2.2-90a)
i mn[D]m (b/a)” + Dzn (a/b)” + ZD3m n"]
and for clamped edge conditions
halbzumun[('])m'll[(‘])n'll
v n 5 T 5 (5.2.2-90b)
©  ncl(h/a) + 0.c (a/b)C + 20LA 1C. C
I'm 2 n 3minT TN
where A o= o € O o L -2yl Cc - 2)
mn mmAan mm nn
and a ,C , vtc. are given fables 5.2.2-1 and 6.2.2 )
m m

2848
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¥

Denoting by a subscript 'o" quantities referenced to a unit magnitude uni-
form static pressure, the stress response for simply supported edges is

obtained by using Equations (5.2.2-88) and (5.2.2-90a) in Equations (5.2.2~87)

to obtain

246 [ (-1)™ 11 [(-1)"-111D % (b/a) + Dyn? (a/b)]

g, = sin(max/a)sin(nny/b)
ol wthfmnlom (b/a)” + D' a/b)® + ZD3m2n2]
(5.2.2-91a)
24ab [ (-D)™11[(-N)"-11[0,n” (b/a) + D n*(a/b)] o) s in (o)
C ., = sin{mnx/a)sin{nmny/b
02 “hamn[Dlmq(b/a)z + D;?*(a/b)2 + 203m2n2]
(5.2.2-91b)
48abD ., [(-1)™1][(-1)"-1] cos (mnx/a) cos (nmy/b)
R ) < T 7 L 7l 72 (5.2.2-91c)
"ho[Dm(b/a)® 4 D,n (a/b)” + 20 4m“n ]

For the fundamental mode, (m,n) = (1,1), the above results for simply
supported edges are
96ab [0, (b/a) + D, (a/b)]

= — sin(wx/a)sin{ry/b) (5.2.2-92a)
ol nl’hz[D,(b/a)2 + Dz(a/b)2 + 203]

o]

96ab[Dh(b/a) + Dz(a/b)]

G =

sin(»x/a)sin{ny/b) (5.2.2-92b)
°Z %o (b/a)” + 0, (a/b)” + 20,]
3
192abD‘2cos(nx/a)cos(ny/bf
T 4., = (5.2.2-92¢)
o1z n['hz[o‘(b/n)2 + n?_(a/b)2 +20,]

For a specially orthotropic platy with all edges clamped, the sivess
response for the uncoupled (m,n) " mode duc to o unit magnitude uaifoim
static pressure is chtained by using substituting Equatinons (5.2.2-89)
and (5.2.2-90b) into Equations (5.2.2-87) to obtain

2haba e (111110108, (x,y)

I h 7 (5.2.2-933)
h“lp,C )%+ 20,0 e C

u

ol Z 1y
(b/a)” + DZCn(a/b

mn
o 2k eba o [-DT-11-D"-1)s)

or T\ 2 ok 2 I ?
h fo,c (b/a)“ + DZC”(a/b) + 7.03Amn]cmcn

(x,y)

(5.2.2-493b)
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4BD . aba « [(—l)m-l][(-l)”-l]X‘( Y (y)
. - 12 mn m x n Y (5'2.2_93(:)

ol2 hz[o]Eﬁ(b/a)z n DZC:(a/b)? + 20, ]

Sy (oy) = = 1620, (6/a)X ()Y (y) + €D, (a/b)X_(x)V!(y}] (5.2.2-93d)

5, Gay) = -1620, (b/a)X! (Y (y) + €2, (a/b)X_()Y! (1)) (5.2.2-93e)
For the fundamental mode, (m,n) = (},1), the above results for clamped edges

are

0.02738ab 5,,,(x,y)
Y01 = 72 5 3 (5.2.2-9ka)
h"[3.307D,(b/a)" + 3.3070,(a/b)" + 20,]

0_02738ab52,,(x,y)

2 T (5.2.2-94b)
% h?03.3070, " /a)” + 3.3070,(asb)® + 20,
1.225D,ab X;(X)Y;(y)
o1z T T 2 ) - 5 (5.2.2-9kc)
h*[3.3070,(b/ )" + 3.3070,{a/b)" + 20,]

Sypq () = -22.373[0 (bradx| ()Y, (y) + D (a/b)X (x)YY(y)]  (5.2.2-94d)

[]

Sp1y (y) = -22.373[0, (b/a)X| (x)Y, (y) + D, (a/b)Xx, (x)Y{(y)]  (5.2.2-9ke)

Similar to Equations (5.2.2-76) one obtains the following results for
specific points on the surface of the plate (see Table B.1.1-5) for the
fundamental mode

Center of Platle

-

x‘(a/z)v‘(n/z) = 2.8222

Sypp(ef2, B/2) = 319500, (6/3) + p,la/b)]

u3.|95[0h(h/a) + Dz(a/b)]

S o

(a/2, b/2)

211
Edge of Plate

(0, h/2)

"1
SZ|1(a/2, 0)

—71.063D](b/a)

]

~71.06302(a/b)
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Appi oxImate Location «  Maximum Shear:

x;(o.zza)v;(o.ZZb) = 1.06953 (5.2.2-95¢)

§.2.72 3.3 Response of Speclally Orthotropic Plates to Random Acoustic
Excitation

This section combines the results of Sections 5.2.2.3.1 and 5.2.2.3.2 to
obtain design equations for estimating the mean square stress response of
specially orthotropic rectangular plates excited by random acoustic pres-
s5urcs. It 1s acsumzd thot anly the fundamental mode responds significantly
and that the excitation spectral density varies slowly with frequency abtout
the fundamental mode resonant trequency.

The basic relationship for estimating the mean square stress assuming a
single mode stress response is given by Equation (5.2.2-60d) for the rt
mode as

v f

o (x,y,t) = - Gp(fr)oi(x,y) (5.2.2-96)
r

Assuming a fundamenta] mode response and all edges of the plate to be
~imply supported, one combines Equations (5.2.2-8La) and (5.2.2-92) to
obtaln the mean square stress response as

2
e 1152ab Ep(fli)[Dl(b/a) +Dk(a/b)]

2 - 2 2
oy (x,y,t) = — sin“(nx/a)sin® (ny/b)
’ ns/bhvgnc‘i[D‘(b/a)z-+D2(a/b)2-+203]3/2
(5.2.2-97a)
5 1152ab6_(f,) (D, (b/a) + Dz(a/b)]z , .
oz(x,y.t) = up 5 5 375 sin“{(wx/a)sin“(ny/b)
wo/ph he, [0, (b/a)” + D, (a/b) +20,]
(5.2.2-97b)
5 ) 4608 abD?sz(f‘])cosz(wx/a)cosz(ny/b)
5, (x,y,t) = (5.2.2-97¢)
12 WV R 0 (b/a)E + b, (a/b)? + 20,1372

Assuming a fundamental mode response and all edges of the plate to be

clamped, one combines Equations (5.2.2-84b) and {5.2.2 94} to obtasin

. -3 2
I 1.i53-10 "ab G _(¥,,)87,, (x,y)
oFlx,y,t) = e e 1L 1l 5 7 (5.2.2-98a)
voh h 511[3.30/D'(b/a) + 3.30702(a/b) + 203]
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1.153-1072

‘%(’h‘/yt) =T
Yoh h

2
abQEiji)SZII(x,y)

c”[3.3o7o](b/a)z + 3.307D2(a/b)2 + 203]3/2

2.3072ab 02 6 (F, )X} ()Y} (912

2 .

T, {x,y,t) = (5.2.2-98¢c)
12 /o e, 13,307, (b/a)t+ 3.3070, (a/b)” + 203]3/2
Si“(x,y) = 500.6{D, (bralX}' (x)Y, (v) + Dh(a/b)X‘(x)Y;'(y)]z (5.2.2-98d)
Sgl](x,y) = 500.6[D, {b/a)x;' (x)Y {y) + D?(a/b)x1(x)Yi'(y)]2 (5.2.2-98e)

The relationshlp§ given by Equations (5.2.2-95) are useful in evaluating
the quantities X, (x)Y;(y), X?(x)Y'(y) and X](x)Y](y) at specific pointz on
the plate (see Table B.1.1-5).

Example : Compute the mean square stress response of a rectangular
specially orthotropic plate with dimensions a = 6.0 inches, b = 12,0
inches, h = (G.032 inches for the following orthotropic material properties
(boron epo 't m terial, 50% resin by volume):

. 6 .
N S % 107 pei Vip = 0.38
E C1® psi = v, E /E. = 0.038
w0 opsd V21 12522751 :
G . V. x lO6 psi Y, = 0.0922 lbs/In3
A.sume a sound pressure spectium level of 130 dB at the fundamental mode
resona~ce and Cll = 0.02.

From the example problem of Section 5.2.2.3.1 one obtalns

D1 = 83,120 in.lb. 03 = 9,166 in.lb. 012 = 3.004 in.lb.
D? = 8.312 in.1b. Db = 3,155 In.lb.
fhe fundamentasl mode rescnant frequencies are t = 148 Hz. for all .dges

simply supported and f] = 330 Hz for all edges clamped.

]

From Equation (5.7.2-59) the acoustic pressure spectral density Function is

G (F,,) = 8.4 x 10{130/10-18) g 4y 107 (psi)2/Hz.

X

For all edges simply supported cne obtains from Equations (5.2.2-97)
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n‘(x,y,t) = 5, 3154 xIO8 sinz(nx/a)sinz(ny/b) (psl)2

ug(x,y,t) 2.0721::]06 5ln2(hx/a)uln2(na/b) (pul)z

5

t%z(x,y,t) =6.8178x 10 cosz(nx/a)cos7(ny/b) (psi)2

For all edges clamped one obtains from Equations (5.2.2-98)

02,y t) = 3194157 (x,y) (ps1)?
og(x‘y,t) = 3.1941531|(x,y) (psl)2
2 (x,y,t) = 5.768x10" 0 (¥4 ()P (psi)?

sfll(x,y) = 500.6[166.2X¥(X)Y](y) + l.ssxl(x)v"'(y)]2

Sgll(x,y) = 500.6[6.138XT(x)Y|(y) + 4'16X|‘X)YT(y)]2

At the center ond the edaes of the clamped plate one nbtains

of(a/z,b/z,t) = 1.679x108 (psi)2
og(a/z,b/z,t) = 6.538x10° (psi)2
qf(o, b/2, t) = 4 458x108 (psi)2
2, PN Y
Oz(d/L, 0, t) = 2,786xi0 {psi)
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5.2.3 VIBRATION OF OPIN CIRCULAR CYLINDRICAL SHELLS

The topic of shell vibration has received as much attenticn in the litera-
ture as has the topic of plate vibration (see Sectlon 5.2.2). Following his
compendium on plate vibration Leissa (1) has completed an extenslve compila-
tion of the llterature on shell vibration. As pointed out by Leissa (1)

two factors complicate the toplc of shell vibration: first, there is no

one accepred theory used to obtain the equations oi motion; secondly, the
cholce of boundary conditions is much greater than that for flat plates.

For example, there are 2] distinct combinations of clamped, simply-supported,
or free edges for a flat rectanqular plate (two combinations ar« presented
In Section 5.2.2); however, there are 136 combinations of simple boundary
conditions for closed shalls and 18496 combinations for open shells. For
most practlcal situations, one only need to consider the cases of all edges
simply supported or all edges clamped to obtaln a bound on frequency esti-
mates. Since Leissa (1) presents such a complete development of shell
theory and a compllation of results with numerical studies comparing the
various theortes, one interested in the detailed analysis should refer to
this publication as a primary reference.

The explicit results presented here are based upon the work of Sewall (2)
and Plumblee (3) for shallow shells anl the work of Gontkevich (&) and (5),
as reported by Leissa (1), for open circular cylindrical shells that need
not be shallow. The panel geometry and numenclature are illustrated in
Figure 5.2.3-1.

5.2.3.1 Shallow Open Circular Cylindrical Shells

This section provides design equations for estimating the natural frequencles
of shallow open clrcular cylindriral shells. The definitjon of a shallow
shell is based upon the ratio of the rise of the shell, h", to the smallest
side ot the shell measured In the plane of its supports. This condition

for open circular cylindrical shells is, according to Viasov (6),

h*/a or h*/2 - 0.20 . (5.2.3-1a)

Feferring to Figure .2.3-1 one obtains

[V -cos(e/2)IR/a < 0.20 (5.2.3-2a)
ii o 1. the chovter dimension ol
[V -cos(e/2)]/51n(0/2) < 0.40 (5.2.3-2b)
it ¥ 2R 5in{d/2) 14 the shorter dimension.
Al results in this section require that Equations (5.2.3-2) are watisflied
for the theory to be valid.
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hx’;

ARC LENGTH: b = R¢
SPAN: L= 2R sin(e/2)
RISE: h* = R[1-cos (¢/2)]

m = number of half waves In anenerator direction

o= maber Of haldi waves o chroeumforential dlrcction

FIGUKE 5.2.3-1

OPEN CIRCULAR CYLINDRICAL SHELL GEOMET:Y
AND NOMENCLATURE
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Sewell (2) used an a.s;umed mode approach and used Donnell-Mushtari theory
(1) to obtain a general frequercy expression for shallow open cylindrical
shells, neglecting tangential inertla effects. The results are for the
{m,n) mode

? ¢ )
n T R (Ai + AE) (5.2.3-3)
where Ay = Eﬁl— [l2 + 13 + 2\)I6 + 2(l-v)|H
mn
1
A[', = -—2- [] - F‘/Fz]
R
2 1-v 1-v 2 2 1~y
Foo= |5(|2 + o5 l]) -2v|l‘l5(v|6+—2—- |1)+\> lh(|3+7— Il)
1-v 1-v -y 2
FI R e T i AU U 2
£h3 Eh
b= —— ¢ =—"
12(1-v7) (1-v")

The quantities an, I], IZ""'|6 are presented in Table 5.3.2-1 for the

shells with all edyes simply-supported and all edges ciamped. The form
of Equation (5.2.3-3) depends upon the edge conditions, the form of the
assumed modes, and the assumption that the modes are uncoupled.

Using the results from Table 5.2.3-1] intEquation (5.2.3-3) the expression
for the response frequency of the (w,n) mode ol a shallow vpen cylin-
drical shell with all edges simply supported is (sce Equations (5.2.3-2))

2 4
2 e 2D (ba) e ) e S b
mn llphu b lhl i [IH + n (d/b) ]

(5.2.3-4)

Comparing this result with the flat panel frequency exprec«<ion, Fruation
(5.2.2-1), one sec. that the first term is exactly the result for a flat
tectangular panel with simply supported edges and that the second term
Is the curvature effect.

tlsing the results from lable 5,.2.3-1 In Fquation (5.2.3-3) the expression
tee the fundamental mode vesponse frequency of a shaiiow open cyiindrical
she bl with all edyes clamped and an assumed value of Pol<srn's ratio

v 0.32 15 (sce Equations (5.2.3-2)).
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TABLE &.2.3-1

MODAL TUNCTIONS 'H THE FREQUENCY CQUATION (5.2.3-3)
FOR AN OPEN CIRCULAR CYLINDRICAL SHELL
(See Tables 5.2.2-1, B.1.1-5 and tigure 5.2.3% 1)

Integral Simply Supported Clamped Edges
["(\!_]1“’
b a 22 ab
an = i [ XmYndxds T ab
boa 2 g “mznz “m‘n
= 1y ' _mn c - -
H Jo jo (XmYn) dxds “Tab ab Crncn(u...’nv 2) (uncn 2)
b 2 2 M b b
- 1 » * L t
b, = [ (Y )Texds e =5 Cn
o o d a
b a ”‘1 b 4
o= x v i LA LY
Q [¢] LQb b
b 2 "?'mzb b
"-i - f J' xmxmvndXdS Y T a amcm(amcm— 2) 3
o o :
22
a 2., nn"a a :
1 n - - - C - |
‘5 J(, IO XmeY“Y“dxds T E “n n(uncn 2) j
b a .
'(\ -,-]' J‘ memYn\ndxus ". h ‘
o O
4
1
i
!
Y
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2 14,051 ERh?

F, = 2 22 (3.307(b/a)” + 3.307(a/b)" + 2]
T pab

)2

. _E |1.0685(b/a)2-+0.6692(a/b
+ 9.4419

NS (b/a)2 + (asb)”

The second term in brackets varies from $.678 to 1.043 as b/a varies from
0.1 to 10.0.

Again, the form of Equation (5.2.3-5) is the first term being the expression
for the flat panel fundamental mode frequency and the second term is th=z
curvature effect for the fundamental mode.

Plumblee (3) developed an expressicn for the fundamental mode frequency of
a shallow open cylindrical shell with all edges clamped using an approach
similar tc Sewall (2). Both Plumblee and Sewall noted that experimental
results for the lower order modes -- especially the fundamentzl mode fre-
quency -- fell between the cases of all edges simply supported and all
edges clamped. Plumblee empirically determined constants for the funda-
mental mode frequency expression to obtain for v = 0.32Z.

2 ,
2= LLOSLEN 13 307(b/2)2 43,307 (a/b) 2+ 2,01 + ZEIEE .2 (55 5)
hnzpa b br"oR

Plumblee (3) also presents the derivation of an expression for the ratio of
the root mean square stress response at the center of the straight edge of
the shell in the circumferential direction to obtain

=3/ by2 4 0.
(0 )curved - {] + 0.006azb2 ]3)( [] . 0.453b2 (a) + 034 :I
(6 ) 2 2. b.2 T
9’ flat h“R [(-g-) + (-g-)z+o.6ol+] Rh (g-) +9.62(§)2+1

(5.2.3-7)

flat is obtained from Section 5.2.2.2.6 using Equations
(5.2.2-76e) and (5.2.2-77f) to obtain

7

The stress (cy)

1.7726a3/E75 Gp(f]])

(9,)F1at = 577 (psi)’ (5.2.3-8)

2 2
bh%; )1 [3.307(b/a)” + 3.307(a/b)” + 2]

In using the results of Equations (5.2.3-7) and (5.2.3-8) it has been assumed
that the acoustic pressure spectrum level is constant for the frequency

range including the flat panel and the curved panel response frequency. In
addition it has been assumed that v = 0.32.
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A nomograph giving both the curved to flat plate frequency ratio and the
curved to flat plate stress ratio was developed by Plumblee and is pre-
sented in Figure 5,2,3-2.

Example: Ceompute the fundamental mode response frequency of an open cyl-
indrically curved shell for both all edges simply supported and all edges
clamped. Compare Sewall's analytical results, Equation (5.2.3-4) and

(5.2.3-5), to Plumblee's analytical-empirical relationship, Equation
(5.2.3-6). The data for the problem is as follows: a = 11.25 inches,
b =9.0 inches, h = 0.032 inchgs, R =72 irches, £ = 10.3'106 psi,

v =0.32, and vy = 0.101 lbs/in~.

First, one must check to see that the shell geometry is such that shallow
shell theory applies. Since the shorter panel dimension is the straight
edge (a = 9.0 inches) the shallow sheli criterion is given by Equation
(5.2.3-2a) with the result

¢ =9/72 = 0.125
[} - cos(¢/2)]R/a = 0.0125 < 0.20 .

Hence, shallow shell theory applies so that the results of Section 5.2.3.1
apply.

For the fundamental mode, (m,n) = (1,1), the frequency expression for the
shell with all edges simply supported is given by Equation (5.2.3-4)
which yields

£2 2

n 3.789']03 + 29.323‘103 = 33.112-103 Hz

f 182 Hz.

11
For the fundamental mode the frequency expression for the shell with all
edges clamped is given by Equation (5.2.3-5) which yields

£2

. 1.3006-10% + 1.49706-10° = 1.62712°10° Hz2

f 403 Hz.

1

Plumblee's analytical-empirical expression for the fundamental mode response
frequency, Equation (5.2.3-6) for an open circular cylindrical shell has

the constant 0.2788 appearing in the curvature term determined from experi-

mental laboratory data for shells with all edges clamped. Substituting the

above data into Equation (5.2.3-6; one obtains

f2 A sz
11

1.3006-10% + 5.3681-10% = 6.66857-10

f

1 258 Hz.

It should be noted that the first term in both Equation (5.2.3-5) and Equa-
tion (5.2.3-6) represents the fundamental mode response frequency of a
flat rectangular plate with dimensions axb and thi~kness h.
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Using the results of Equation (5.2.3-7), one obtains the root mean
sguare stress response of the shell at the middle of the straight edge
in terms of the flat plate stress response as

= 0.71(c )

0y)curved y flat

Assuming that the curved shell is =xposed to a random acoustic excitation
pressure with a spectrumlevel of 135 dB that is constant over the fre-
quency range 100 Hz to 300 Hz (this is required so that the excitation
pressure at 114 Hz (flat panel fundamental mode response frequency) and
at 258 Hz is constant).

Then, from Equation (5.2.2-59)

Gp(f]]) = 2.659“8'10-h (psi)z/Hz.
and assuming a damping ratio of ¢,, = 0.02 one substitutes the curved
panel data of this example into Equation (5.2.3-8) to obtain
2 8 2
= 7.986-10 i
(Jy)flat 7.9 h (psi)
(OY)fIat = 2.826:10" psi = 28.3 ksi

Then, from the above results the root mean square stress response for the
open circular cylindrical shell is

( 0.71(c ) = 0.71(28.3) = 20.1 ksi

0’ =
Y)curved y flat

Note: The nomograph presented as Figure 5.3.2-2 was apparently developed

as a result of Plumblee's earlier work (7) and calculates the stress response
to sinusoidal excitation rather than random excitation.

5.2.3.2 Moderately Deep Open Circular Cylindrical Shells

Very often designers are faced with the task of predicting the response
frequencies of open circular cylindrical shells the geometry of which exceeds
the limitations of Equations (5.2.3-2). For lack of a better method, very
often in these cases shallow shell theory is misused by designers. The
problem of applying the appropriate  theory is compounded in that coupling
effects between the inplane displacements and the transverse displacement

of the shell must be considered and that accurate mode shapes must be con-
sidered when applying approximate techniques suck as the Rayleigh-Ritz
Method.

To consider the coupling effects, even if one were to retain only a single
term in the displacement functions, frequencies can only be obtained by

solving at least a 3x3 eigenvalue problem. This is a trivial problem for
a computer; however, it is not very convenient for occasional quick design
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estimates. The seccnd aspect of the problem of estimating response fra-
quencies using an assumed mode method is that the straight beam eigen-
functions even though convenient do not represent accurately the expected
transverse displacement of a cylindrical shell. Thompson (8) illustrates
the effect of curvature on mode shape using the results of a finite element
analysis.

Both Sewall and Plumblee used assumed mode shapes in the form of products of
straight beam functions to obtain results for shallow shells. Leissa (1),
pp. 165-170,reports the work of Gontkevich who developed a method of
anclysis Oi upen ciircutar cylindrical shells using straight beam functions
for the generator direction and circular arch vibration modes for the cir-
cumferential direction. (See Lang (9) and Archer (10)). Gontkevich's
method requires the solution of a 3x3 linear algebra eigenvalue problem.
However, if one can consider moderately deep open circular cylindrical
shells, then it is appropriate to neglect the coupling between the inplane
and transverse displacements.

For moderately deep open circular cylindrical shells - neglecting coupling
effects between the transverse displacement and the inplane displacements -
the frequency expression for the shell has the form

4
% 2
E¥/p (E¥/0)h 4 b2  %*n a2 2, «a 2
f2= + P =) o+ + 20°6§ n _
mn o ya2R2 h8ﬂ2a£b2 {am(a) 8 (Eo “m mo. [6n v(Yn-+ 6n)]} Hz

(5.2.3-9)

where E* = E/(1 -vz), m is the number of half-waves in the direction of the
generator (straight edge), and n is the number of half-waves in the circum-
ferential direction.

For the fundamental mode of a moderately deep open circular cylindrical
shell with all edges clamped the expression for the frequency is

L 2
2 _ E%p . (E%/o)h by2 . 1M1 a2 4
fE = —F— 220RIN 50 6(2)% + (5Y + 24,605 — [§ -v(y +5.)] Hz2
T 4282 48424242 { a 8, b 8y 1 17 }

(5.2.3-10)

where the guantities Gys Yy 8], Ny 8. are functions of the included angle

1
of the cylindrical shell (see Figure 5.2.3-1) and are presented in Figure
5.2.3-3. Leissa (1) presents more general resuits considering both higher
oirder modes and other boundary conditions. [|f the assumption of uncoupled
inpiane and transverse vibrations cannot be made, then the reader is advised
to refer to Leissa (1) or Gontkevich (4) and (5) and to check the analysis
closely since typographical errors apparently originated in the original
work.
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Example: Compute the fundamental mode response frequency of an open cir-
cular cylindrical sheli with all edges clamped for the following data:
10.0 inches, b = 75.4 én:hes (6 = 60° = 0.33n rad), h = 0.932 inches,

a
72 inches, E = 10.3°10° psi, v = 0.32, and y = 0.101 Ibs/in”.

R

First from Equation (5.2.3-2a) one checks to see if shallow shell theory
applies

[V - cos(e/2)IR/a = 0.965 > 0.20

and, obviously, it does not apply.

From Figure 5.2.3-3, one obtains the following data for ¢ = 0.33n radians

L.L6 8y = 0.590 6, = 0.9665

%

v] = -0.593 n, = 1.160

]
Then, for the above data one obtains from Equation (5.2.3-10)

ffl 2.145-10° + 5.216(2.846-10" + 8.353 + 2.983-102) Hz

2

ff] = 2.145.10° + 1.501-10° = 3.646.10° Hz2

604 Hz

-
"

11
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5.3 BUILT-UP STRUCTIRES

The designer will find the data presented in this section to be the most
specific and reliable techniques for estimating the sonic fatigue
resistance of various structural configurations. These results are,
generally, the easiest methods to use since many of the design methods
are presented in the form of design charts or nomographs. Most of these
resulcs have been established by extensive sonic fatigue tests of the
specific structural configurations. The designer is cautioned; however,
to always read the text preceding the specific design method to establish
the basis (and hence the limitations) of each technique.

This section is divided into eight subsections with each subsection devoted
to a specific structural configuration. £tach subsection is further sub-
divided by topic depending upon the amount of data reported in the litera-
ture. The structural configurations presented here are skin-stringer
panels, box structure, wedge structure, honeycomb sandwich panels, chem-
milled panels, corrugated panels, bonded-beaded panels, and laminated
plates.

For quick reference to data contained in this section, the subdivision of
topics ‘< presented as follows:

Section Page
STIFFENED-SKIN PANELS __ _ _ __ . o o o o o 312
Skin Design Criteria for Ambient Temperatures — — _ _ _ . __ _ _. 314
Stiffener Design Criteria for Ambient Temperatures __ __ __ __ _ __ _ 317
Skin Design Criteria for Elevated Temperatures _ _ __ __ __ _ _ _ _ 320
BOX STRUCTURE _ _ _ _ . . 354
WEDGE STRUCTURE _ _ _ __ _ __ _ _ _ _ . 381
HONEYCOMB SANDWICH PANELS _ __ __ __ _ _ _ _ _ _ _ _ _ _ _ _ _ __ _ 391
Uesign Criteria for Flat Aluminum Honeycomb Panels _ __ __ _ __ _ _ 392
Design Criteria for Diffusion Bonded Titanium Honeycomb Panels_ _ 399
Curvature Effects _ _ _ _ __ __ _ __ _ _ _ _ _ __ _ _ _ _ . _ . 400
CHEM-MILLED PANELS _ _ _ _ _ _ . Los
#CORRUGATED PANELS — . o o o o o o e o . Lo9
BONDED BEADED PANELS _ __ _ _ _ _ . _ o _ L16
ANISOTROPIC PANELS __ . _ o _ 425

3N


http://www.abbottaerospace.com/technical-library

5.3.1 STIFFENED-SKIN PANELS

The structural configuration for stiffened-skin panels as considered here
is a flat sheet of material stiffened by frames and stringers intersecting
at right angles. The earllest sonic fatigue analysis for thic type of
structure was performed by McGowan (1). Later, Ballentine (2} refined
McGowan's work to obtain an improved design method for sizing the skin
thickness. Subsequently, Rudder (3) refined McGowan's method for sizing
the stiffeners, und Schneider (4) developed techniques to account for ele-
vated temperatures.

Ballentine's design technique has been compared to various other techniquec
and available experimental data by Arcas {5) and Phillips (6) and has
proven to be as accurate as any other method for selecting skin thickness
for sonic fatigue resistant structure. A typical test specimen, as used

by Ballentine (2), Rudder (3), and Schneider (4), is iliustrated in Figure
5.3.1-1.

5.3.1.1 Notation

The following notation is used in this section. Other parameters are
defined as they are introduced.

Panel bay short dimension, inches

Panel bay long dimension, inches

Depth of stringer, inches

Young's modulus at ambient temperature, psi

Young's modulus at elevated temperature, psi

Fundamental mode response frequency at ambient temperature, Hz.
(r) Fundamental mode response frequency at elevated temperature, Hz.
n Frequency of the fundamental mode, Hz.

Skin thickness, inches

Z T h h h M m O T O

Fatigue life, cycles to failure

-

Temperature ratio, T/T

wn
—~~
-

]]) Excitation power spectral density at fundamental frequency,
(psi)/vHz.

T Temperature increase above ambient temperature of panel (assumed
to be uniform), °F. :

T Temperature increase above ambient temperature required to cause
panel to buckle, °F.

"] Mean square displacement response of panel, inches

W Buckling amplitude of panel, inches
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UNIFORM TEMPERATURZ,T,
OVER SURFACE OF CEVTER BAY
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\—FRAME 2
\— FRAME 1
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FIGURE 5.3.1-1 MULTIBAY FLAT STIFFENED PANEL CONFIGURATION
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a Coefficient of Linear Exparsion for skin material, in/in/°F.

g,c]] Fundamental mode damping ratlo

v Poisson's ratio

o Mass density of panel

Ef Root mean square flange stress, ksi

3 Root mean square skin dynamic stress, ksi
or Panel thermal stress, psi or ksi, as noted
0.0 Panel mean stress, psi or ksi, as noted
cxb,oyb Panel buckling stress, psi or ksi, as noted

5.3.1.2 Skin Design Criteria for Ambient Temperatures

This section presents a design equation and a nomograph for estimating the
stress response and fatigue life of fiat stiffened aluminum alloy panels
at ambient temperature (i.e., no thermal mean stress) when exposed to
broad band random acoustic excitation. The skin design criteria for

sonic fatigue resistance was developed by Ballentine (2). This technique
presents a stress estimation and fatigue life prediction based upon cor-
relating simple analytical results (such as presented in Section 5.2.2)
with laboratory experimental data. Details of the structural configura-
tion, test techniques, and response data can be obtained from the original
report.

Derivation: The basis for the skin design criterion is as follows: a) the
fundamental mode of a single flat rectangular plate forming an array of
plates is the predominant mode; b) stiffeners forming the edge support of
the plate are typical in size to that encountered in aircraft structure;
c) a regression analysis of strain and failure data obtained in laboratory
sonic fatigue tests of nine-bay structural specimens; d) specimens
manufactured from 7075-Té6 aluminum alloy structure.

The design criterion is expressed in terms of the root mean square stress
response at the center of the long side (rivet line) of the plate. The
stress estimates -are valid for aluminum alloys in general.

The stress response prediction method and the design nomograph p.-esented in
this section were derived from laboratory sonic fatigue tests of 30
stiffened-skin panel designs with 2 specimens of each design tested simul-
taneously to check recpeatability. Broadband random acoustic excitation was
used to simulate the service loading. The range of design parameters for
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the stiffened-skin specimens were

skin thickness 0.020 inch to 0.100 inch
rib thickness 0.027 inch to 0.125 inch
rib spacing 3.00 inches to 10.00 inches
aspect ratio 1.50 to 3.00

Design Equation: The design equation for estimating the dynamic stress at
the center of the long side of a flat rectangular plate at ambient temper-
ature with edge restraints typical! of aircraft constructicn is given as

1.25 1.75
174 a Sp(fll)(b/a)

_ ksi
h1+75.0-3613(5/2)% + 3(a/b)? + 210'8K (5.3.1-1)

Sp(fll) = Gp flﬁ

Gg = 1.62 x 10'“(5/9)

Nomograph: The design equation given above was used to prepare a nomograph
for its solution. The stress values obtained from this nomograph were
related to the random fatigue failures experienced during Ballentine's

test program to obtain an estimate of fatigque life. In using Equation
(5.3.1-1), one must first obtain an estimate of the fundamental mode response
frequency from Figure 5.2.2-2 for clamped edges for the values of a,b, and

h and use the value of G f]]) corresponding to this response frequency.

(
p
)]/h * 443 to obtain

To develop the design nomograph it was assumed that (E/p

0.072 a"'zssp(f”)(b/a)"75

c -
St 750583 (b/2)° + 2(arb)? 4 2]

0.85 ksi (5.3."’2)

) = BT

S (f
p(
The design nomograph based upon Equation (5.3.1-2) is presented in Figure
5.3.1-2.

Example: A flat aluminum-alloy, skin stringer structure is required to
withstand an egtimated service noise spectrum level of 120 dB. The design
life is 5 x 10°, the damping ratio is assumed to be 0.012, the assumed
stringer spacing is a = L.75 inches, and the aspect ratio is assumed to

be 1.5. Following thrciigh the nomograph, Figure 5.3.1-2, as indicated by
the arrows to obtain the skin thickness of h = C.032 inches. From Figure
£.2.2-2 the fundamental mode response frequency is determined to bte 370 Hz.
At this frequency, the service noise spectrum lzvel is checked with the
noise spectrum level used above. If necessary, an iteration is made to
obtain agreement. .
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To establish stringer geometry to provide a sonic fatigue life con-
sistent with the skir design established by the methods of this section
proceed to the next cection

5.3.1.3 Stiffener Design Criteria for Ambient Temperatures

For stiffened-skin structure, such as illustrated in Figure 5.3.1-2, the skin
and the stiffeners represent a coupled system so that the design life of

each element must be considered together to establish an optimum design.
Ballentine (2) used McGowan's (1) rib-flange design criteria to design the
substructure for the stiffened-skin pane! specimens described in Section
5.3.1.2. Ballentine observed no rib failures during the conduct of his
experimental program. Rudder (3) refined McGowan's rib-flange design cri-
teria by conducting acoustic fatigue tests under laboratory conditions

using broadband random acoustic excitation.

This section presents a design equation and nomograph for estimating the
stress response and fatigue life of stiffeners of flat stiffened aluminum
alloy panels at ambient temperature (i.e., no mean thermal stress). It is
possibly significant that Ballentine's specimens utilized extruded aluminum
stiffeners with no failures observed and that Rudder's specimens utilized
stiffeners brake-formed from flat sheet metal stock using standard air-

craft manufacturing processes. Details of the rib configurations, test tech-
niques, and response data can be obtained from the original reports.

Derivation: The stiffener design criteria are based upon an assumed funda-
mental mode response of a single bay of a multibay array of rectangular
flat panels. The acoustic loading on the surface of the stiffened panel

is transferred to the stiffeners predominately by a transverse shear load-
ing, causing the stiffeners to bend and twist (see Appendix B.1.1). It is
assumed that the stiffener is clamped at its end so that the loading is
reacted at the clip attachment to the frame.

The flange stress design criterion is based upon specimens manufactured
from 7075-T6 aluminum alloy material and may be used for aluminum alloys

in gereral with design judgement. The criterion is based upon laboratory
sonic fatigue tests of 12 stiffened pane! Jdesigns with two specimens

of each design tested simultaneously. The skin failures observed by Rudder
were consistent with Ballentine's prediction method presented in Section
5.3.1.2. The range of design parameters covered in Rudder's experimental
program were

skin thickness 0.032 inch to 0.050 inch
stiffener thickness 0.025 inch to 0.040 inch
stiffener spacing 6.0 inches to 9.0 inches
stiffener shape zee, channel, and hat cross section
panel aspect ratio 2.0 to 3.0

Design Equation: The design equation for estimating the dynamic stress at
the end of a stiffener at the clip attachment to ihe frame of a flat rec-
tangular stiffened panel at ambient temperatures is given as
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3 re—7— —1/5
bod s, (F,)7F, /%,

o = 0.372 | — ksi (5.3.1-3)
1" [(b/a) + (a/b)]
=01 -2
XX zz 22 22

Nomograph: The design equation given above was used to prepare a nomo-
graph for its solution. The stress values obtained from this nomograph
were related to the random fatigue failures experienced during Rudder's
test program to obtain an estimate of fatigue life. In using Equation
(5.3.1-3), one must first obtain an estimate of the fundamental mode
response frequency from Figure 5.2.2-2 for clamped edges for the values

of a, b, and h and use the value of G_(f,,) corresponding to this response
frequency. The stiffener thickness aRd shape are considered in the value
of 1. Expressions for the stiffener cross section parameters | X lzz’
and | are presented in Figures B.I.]-B through -10. [t will be necessary
to iterate on the stiffener geometry (1™ and d) checking panel response fre-
quency and excitation spectrum level at each step. It is suggested that
the panel dimensions a, b, and h be selected first using the results of
Section 5.3.1.2. It is also suggested that the design life for the
stiffener be selected to be greater than that for the skin especially if
the substructure is in a location that cannot be easily inspected. In this
respect, the designer's judgement is very important. The design nomograph
is presented in Figure 5.3.1-3.

Example: It is required to estimate the sonic fatigue life of an equal
leg zee section aluminum stiffener with height d =,1.25 inches, thickness
h_ = 0.040 inches, and flange width of 0.75 inch (1* = 0.01255 inches*, from

Figure B.1.1-8) with the stiffener used with an aluminum panel with dimen-
sions a = 9.0 inches, b = 18.0 inches and skin thickness h = 0.040 inches.
Assume a spectrum level of 132 dB and damping Ty = 0.015.

From Figure 5.2.2-2 the fundamental mode response frequency is estimated

to be 148 Hz. From Figure 5.3.1-2 or Equation (5.3.1-2) the estimated root
mean square skin stress is 15.2 ksi with an estimated fatigue life of

1.5 x 10° cvcles. From Figure 5.3.1-3 or Equation (5.3.1-3) one obtains

an estimated root mean sguare flange stress of 4.27 ksi with an estimated
fatigue life of 1.5 x 10° cycles.

For a response frequency of 148 Hz, the minimum cyclic life for the
stringer is

6
. N 1.5 x 10
fe = = = 2.8 hrs.
Life 3600 7 3660 < 158 2.8 hrs
and for the skin
5
Life = 22197 (282 hrs

3600 x 148
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for a service spectrum level of 132 dB.

5.3.1.4 Skin Design Criteria for Elevated Temperatures

The response of stiffened-skin structure to a combined random acoustic

and thermal environment was first considered by Ballentine (7). Recently,
Schneider (4) and Jacobson (8) have conducted research programs to estab-
lish design criteria for structure at elevated temperatures. The analytical
basis for the empirically determined design equations and nomographs pre-
sented in this section are discussed in Sections 5.2.2.2 and 5.2.2.3.

The basic effect of elevated temperatures is to induce inplane loading
into the heated skin causing the skin to buckle between rivet lines. Once
the panel buckles, the mean stress distribution varies along the edges of
the panel being a minimum at the center of the panel edge (see Figure

5.2.2-15). If the buckled panel is exposed to random acoustic excitation,
the panel may ''oil can'' or exhibit '"snap-through' buckling causing large
nonlinear strains and a very early fatigue failure. |If the panel does not

exhibit the '"'oil caning' effect, the fact that the panel has buckled will
cause both the response frequency to increase and the mean stress distribu-
tion to vary significantly along the panel edge. The criterion for predict-
ing an '"'oil can'' effect developed by Jacobson (8) is presented for guidance.
The criterion and design procedure developed by Schneider (4) is presented
for panels that do not exhibit significant oil canning.

5.3.1.4.1 Skin 0il Canning Criterion

The prediction of oil canning of a thin-skin multibay panel is based upon
the assumptions that each bay is represented as a simply supported plate
with the geometry taken as the nominal dimensions of the bay. An iterative
prediction technique is utilized to determine the panel dynamic amplitude
resulting from the acoustic excitation. Then, the panel buckling amplitude
due to the temperature rise above the ambient temperature is calculated.

Assuming that the panel responds in the fundamental mode and that the panel
edges are completely restrained from movement in the plane of the panel,
the criterion for predicting the presence of oil canning is that the fol-
lowing two inequalities are satisfied

1.5 < wo/w < 6.0 (5.3.1-4)

’ W/h > 0.3

The constants appearing in Equation (5.3.1-4) were determined by thermal-
acoustic response tests of three bay panel structure. The physical reason-
ing for the constants is as follows: |If Wo/W > 1.5, then it is implied

that there is no stable curved configuration in the thermal-acoustic environ-
ment since the instantaneous dynamic deflections occur repeatedly whose
amplitudes are greater than that corresponding to thermal buckling;

W,/W > 6.0 implies that the dynamic deflection during acoustic respcnse is
less than the thermal buckling and the peaks of the acoustic excitation
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and acoustic resoonse will not cause the panel curvature to change from
concave to convex or vice versa; if W/h < 0.3 the panel dynamic displace-
ment is small compared to the panel thickness with the resulting stresses
being so small that sonic fatigue failure is not likely to occur.

To utilize the criterion, it is necessary to calculate the parameters W,
and W, Assuming that the thermal buckling amplitude is small relative to
the panel width and the panel is heated uniformly by a temperature rise, T,
above zmbient, from shallow strip theory one obtains

W = 0.707 a YaT inches (5.3.1-5)

where o is the coefficient of linear expansion for the material.

To determine the root mean square displacement response, W, an iterative
solution is required since the panel stiffness and hence response depends
upon the panel response.

The expression for the fundamental mode response frequency is

f]] =7 YK/ , Hz (5.3.1-6a)
2 b _
where K = nl’o[l/a2 + I/bZ] + %T Eh[l/a“ + l/b"]w2
»
M = ph = vh/386.4

The expression for the root mean square displacement response is -
assuming a fundamental mode response and a constant acoustic pressure
spectrum level in the frequency range of interest

_ nf G (F,,)]/2
W = 0'i57 { ]lhz 1 J inches (5.3.1-6b)
11

An example will illustrate the iterative procedure for determining W and
hence evaluating the oil canning criterion of Equation (5.3.1-4).

Example: A rectangular aluminum panel is to be exposed to random acoustic
excitaticn with an average spectrum level of 116 dB while the panel is
heated frcm 8GOF to 1009F. The physical parameters for the probleq are:

a = 8.0 inches, b = 16.0 inches, h = 0.040 inches, y = 0.10 1bs/in?,

;= 0.03, a = 12.7x107° in/in/°F, E = 10.5x 10° psi, and v = 0.33

The following parameters are independent of the panel dynamic response and
are calculated first

Eh3/12(1-v2) = 62.84 in.1b.

D =

M= (0.10)(0.04)/386.4 = 1.035x 10" 1b.sec/in-
6, .\2

cp(f]‘) = 3.35x 10 ~ (psi)“/Hz.
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Then, from Equation (5.3.1-6a)

K/M = 2,256 x 10° + 2.653xlo3W2 (a)

and from Equation (5.3.1-6b)
V= 6151 x 1077 /T /K (b)

The iteration procedure is to guess a value for W, calculate the frequency
from Equation (5.3.1-6a) using (a) above, and to use Equation (b) above
to calculate W. The procedure is repeated until the calculated value for
W agrees with the guessed value.

ilnitially, one assumes W = 0.020 inches (W is one half the plate thick-
ness) then from (a)

K,/M = 2.256 % 10°

K, = 2.335 1b/in’

f] = 75.6 Hz.
From (b), W, = 0.0229 inches

1

Since the initial guess was low, guess Wé = 0.023 inch. Then, from (a)

Ky/M = 2.256 x 10°
K, = 2.335
f2 = 75.6 Hz.
and from (b), Wé = 0.0229 inch.

Hence, the iteration is complete since the assumed value for W is essen-
tially equal to the calculated value for W.

For the temperature rise T = 1009F - 80°F = 200F, one obtains from Equation
(5.3.1-5), Wy = 0.0902 inch.

Then, wo/W'= 0.0902/0.023 = 3.92

W/h = 0.023/0.0L40 0.58

hence, from the criterion of Equation (5.3.1-%) it is expected that oil
canning will occur (Jacobsen reports that a specimen tested under the con-
ditions of this example did experience oi! canning).
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5.3.1.4.2 Skin Desicn Criteria

Stiffened panel structure exposed to a uniform temperature rise above the
ambient temperature and not experiencing oll canning can be assessed as

to the sonic fatigue life using the design procedure developed by

Schneider (4). The procedure requires the calculation of several parameters
using either design equations or nomographs.

Derivation: The skir design criteria for elevated temperatures is based
upon an empirical correlation of experimental data of the analysis presented
in Section5.2.2.2.3. Certaln of the assumptions used in the analytical
development were negated by the empirical data correlation. The criteria
are based upon laboratory sonic fatigue tests of 23 panel! designs with

two specimens of each design tested simultaneously. Thirteen of the panel
designs were manufactured from 7075-T6 aluminum alloy material and ten of
the panel designs were manufactured from 6AL-L4V annealed titanium alloy.

The range of physical parameters for the specimen designs were

skin thickness 0.024 inch to 0.063 inch
rib thickness 0.036 inch to 0.071 inch
rib spacing 5.0 inches to 9.0 inches
aspect ratio 1.5 to 3.0

The range of environnental parameters was based upon design limitations of
the alloys considered as

7075-T6 aluminum 300°F maximum
6AL-L4V annealed titanium  600°F maximum

Schneider (4) suggests that extension of tne design procedure beyond the
above limitations - especially material/temperature limits - should be
taken with caution.

Design Equations: The design equations for estimating the thermal-acoustic
response for flat stiffened-skin structure at elevated temperatures are
presanted below. An example will illustrate their use.

(a; Skin Buckling Temperature: The buckling temperature of a single panel
>t a multibay panel array as illustrated in Figure 5.3.1-1 is defined as
the temperature rice above ambient temperature that wili cause the skin to
buckle and is giver by

_5.25h%[b/a + a/b] o

c” "aab(l +v) F above ambient (5.3.1-7)

T

The t2mperature ratio is defined as r = T/TC where T is the temperature
rise of the structure above ambient.

b} Skin Buckling Amplitude: The maximum buckling amplitude at the center
of the panel is given by
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W =0 for r <] (5.3.1-8a)

o
W, = 2.50n/Tr=TT7R (b/a+a/b]'* 7% inches (5.3.1-8b)
for r > 1
2 2
where R=3[(5-v)(b/a+arsb)" -2(5+v)(1-v)]

(c) Mean Stress: The thermal stress, o,, due to the temperature rise of
the constrained panel, and the skin buckTing stresses, o and ¢ , result

in the following equations for the mean stress at the cen?er of egch side
of the panel:

Center of the pane! long side (y = b/2)

o, = [oT + o ] x 1073 ksi (5.3.1-9a)
b

Center of the panel short side (x = a/2)

o, = lop + o 1» 1073 ksi (5.3.1-9b)
b
where or =-Eech/(l -~ v)
0.82 Eewi )
o, == [(2-v")b/a +va/b]
b ab(1 - v9)
1.66 sewi )
g = vb/a+ (2-v")a/b]
Vb ab(l - v2)

It is required to evaluate the mean stresses at both sides of the panel
since the mean stress at the center of the short side is generally greater
than the mean stress at the center of the long side. The fatigue life is
estimated from random S-N curves for various mean stress levels so that the
combination of dynamic and mean stress is important in determining the loca-
tion of potential failure. This is in contrast to the ambient temperature
situation where nne can assume that failure will occur at the center of the
long side of the panel.

(d) Elevated Temperature Response Frequency: The fundamental mode fre-
quency for a temperature increase, T, is given by the following equations

f(r) = f0[0.60-+0.h0V1-r| Hz 0 < r < (5.3.1-10a)
f(r) = £ [0.60+0.L4/r=T] Hz r > 1 (5.3.1-10b)
fo = 0.79vE%/p h[l/a2 + l/bz] Hz r =20 (5.3.1~-10c)
Ex = £/(1-v7)
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(e) Dynamic Stress: The dynamic stresses at any temperature can be
computed by the foll:wing equations

Center of the panel long side (y = b/2)

y o/MEFTITE 5 (F(r)

o = 3,60x10 3 5 ks i (5.3.1-11a)
x [3(b/a) +3(a/b) +2]
Center of the panel short side (x = a/2)
_ L, @/MIFTTT s (7))
c = 13.0x10 P ksi (5.3.1-11b)

Y [3(b/a)? + 3(asb)? + 2]

The elevated temperature pane! response frequency, f(r), must be used for
these calculations. The dy-amic stresses at both locations must be calcu-
lated for elevated temperature applications because of the interaction of
the mean stresses and the dynamic stresses.

Note: The expression for E-, Equation (5.3.1-11a), evaluated at ambient
conditions is slightly grea%er than Ballentine's criteria given by Equation
(5.3.1-1). The expression for the ambient temperature fundamental mode
response frequency, f,, given by Equation (5.3.1-10¢) yields estimates

that are approximately 10% less than that given by Figure 5.2.2-2 for
clamped edges.

Example: A flat stiffened panel structure is to be designed for a service
1ife of 100 hours at a sound pressure spectrum level of 140 dB and a service
temperature of 500°F. Stainless steel PHIG-7Mg is selected as the alloy

to be used for this structure. The physical dimensions of the panel are

a =6.0 inches, b = 18.0 inches, h = 0,050 inch, £ = 0.016 with the ambient
temperature taken as 80°F.

From MIL-HDBg-SB(9), the material prgperties are vy = 0.277 lb/in3,
x=6.1%x10"°% in/in/OF, E = 29.0x 10° psi at 80°F and E = 26.98 x 10 psi
at 500°F. e

A fatigue curve for the alloy at the design temperature was chtained by
Schneider (4) from MIL-HDBK-5B, with the compressive mean stresses extrapo-
lated, to estimate the mean stress on fatigue life. This axial loading,
constant amplitude, fatique curve was converteu to an equivaient random
amplitude fatigue curve using the method of Section 6.5.1. This equivalent
random amplitude fatigue curve is presented in Figure 5.3.1-4,

From Equation (5.3.1-7) the temperature rise required to cause the skin to
buckle is

ey 2
T = 5.25(.050)°(3
6

c 4 33) = 50,3%F azbove ambient
(6.1 %10 ") (6)(

§){1.32)

-\

)
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The temperature ratio Is r = (500-80)/50.3 = 8,35,
From Equation (5.3.1-8b) the buckling amplitude Is

R = 3[(4.8976) (3.33)% - 2(5.32)(0.68)] = 141.2
W, = 2.50(0.50) (7.35/141.2)"72(3.33) " 75 = 0.23L inch

From Equations (5.3.1-9) the mean stresses are determined (using the value
of E at the service temperature) to be

-(26.97 x \06)(6.1 x 10'6)(1420)/0.68 = ~101.6 ksi

or =
o, - (0'%855259(3.)(8;32('231')2 ((1.8976) (3.0) + 0.32/3.0)
Uxb = 72.4 ksi
o, - L s+ s
Oyb = 40.3 ksi

and the mean stresses at the center of each side of the panel are

]
L1}

o -101.6+72.4 = -29.2 ksi

X

-101.6 +40.3

o -61.3 ksi

Y

From Equation (5.3.1-10c) the ambient temperature fundamental mode response
frequency is

(o]

(0.79)(3.231 x 10’ x386.4/0.277) '/ “(0.050)(3.086 10

£
(o]

259 Hz.

’The response frequency at the service temperature of 500°F s calculated
from Equation (5.3.1-10b) as

1/2

F(r) = f_[0.60+0.44(7.35)"/%] = 1.793 £_ = 464 z.

The acoustic pressure spectral density corresponding to a spectrun level of
140 dB is
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£ (1(r) = B TFINT = 2.9 x 1o 140720-9) _ 5 g L 1072 sisviiz

From Equations (5.3.1-11) the dynamic stress response is calculated to be

5, - 3.6 10°4(18/0.05) 2 (464/0.016) /2(2.9 1072),29.33
o, = 7.85 ksi
59 = 13.0 10'“(6/0.05)2(h6h/o.o16)1/2(2.9 1072) /29.33
6; = 3.15 ksi

From Figure 5.3.1-4 and a stress concentration factor KT = L with the dynamic
stress 5; = 7.85 ksi and a mean stress of -29.2 ksi, one determines the fatigue
life to be 4.5 x108 cycles. For o = 3.15 ksi and a mean stress of -61.3 ksi
one determines a fatigue life greaZer than 10!0 cycles.

At the elevated temperature response frequency c© 46h Hz, the minimum cyclic
life of the structure is

8
e N _ _h.sxi0 -
Life = S2507(r) ~ T3600) (G6h) ~ 269 Hours.

Since the calculated Life is greater than the design service life of 100 hours
the design should be optimized by reducing the skin thickness so that the esti-
mated fatigue life is equal to or greater than the 100 hour requirement.

Nomographs: The design equations given above (Equations (5.3.1-7) through
(5.3.1-11)) were used to prepare nomographs for their solution. The strain
valyes and random fatigue failures experienced during Schneider's (4) test
program were used to modify Ballentine's ambient temperature skin design
nomograph, Figure 5.3.1-2, to account for effects of temperature increase.
Schneider's modification of Ballentine's nomograph is presented in Figure
5.3.1-5 with the random fatigue curves for 7075-T6 aluminum alloy and
6A1-L4V titanium alloy for the ambient and elevated temperatures indicated.
The use of Figure 5.3.1-5 is identical tc that described for the ambient
temperature skin design nomograph given in Figure 5.3.1-2 except that the
panel response frequency must now be determined from Equations 5.3.7-10 or
using the following nomographs.

(a) Skin Buckling Temperature Nomograph: The solution for the skin buckling
temperature (temperature rise required to cause the skin to buckle) as given
by Equaticn (5.3.1-7) is presented in nomograph form in Figure 5.3.1-6.

(b) Skin Buckling Amplitude Nomograph: The solution for the skin buckling
amplitude as given by Equation (5.3.1-8b) is presented in Fiqure 5.3.1-7

as a nomograph. The temperature ratio r=T/T_ is required with T  from
Figure 5.3.1-6. ¢ ¢
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(c) Thermal Stress «nd Buckling Stress Nomographs: The compressive mean
stress experienced by a heated panel in the prebuckled configuration is
given by o.= -EaT/(1-v). A nomograph for calculating o is presented in

Figure 5.3.1-8. The compressive mean stress experienced by a heated panel
in the buckled configuration is given as the sum of two terms op * o The

buckling stress, O, Must be evaluated both for the long side of the panel,

T and the short side of the panel, Gy . Figure 5.3.1-9 presents a nomo-
b b
graph for calculating 9 and Figure 5.3.1-10 is a nomograph for calculating
b
s . The valves for 0., 0. and ¢ as determined from Figures 5.3.1-8
Y T %y vy
through 5.3.1-10 are combined as follows:

o =0.+0 ksi
X T X

o =0, + 0 ksi
y Ty,

The difference in this result and Equations (5.3.1-9) is that the nomographs
calculate UT, o and o in ksi directly., Figures 5.3.1-9 and 5.3.1-10

b b
require the value for the buckling amplitude, wo, and the buckling tempera-
ture, TC, from Figures 5.3.1-7 and 5.3.1-6, respectively.

In using Figures 5.3.1-9 and 5.3.1-10, use the value for Young's modulus
corresponding to the service temperature.

(d) Elevated Temperature Response Frequency: The elevated temperature
response frequency, as calculated from Equations (5.3.1-10), is also esti-
mated using the nomographs presented in Figures 5.3.1-11 and 5.3.1-12, The
ambient temperature fundamental mode response frequency is obtained from
Figure 5.3.1-11 with Figure 5.3.1-12 being used to obtain the elevated
temperature response frequency.

Computer Prog-ams: A digital computer program developed by Rudder and
Schneider (4) is presented here for calculating the dynamic response and
life of a multi -bay, flat stiffened-skin structure exposed to simultaneous
acoustic ara thermal environments. Five sub-programs are required for the
dynamic analysis program. These programs were developed for the Univac 1106
computer using Fortran V; however, the programs can readily be adapted to
any digital computer.

Anzlvsis Program: The input data format for the analysis program is shown
in Table 5.3.1-1 and the input parameters are defined in Table 5.3.1-2. The
computer program is listed in Table 5.3.1~3 while Table 5.3.1-4 contains 2
sample of the output format,
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Sub-programs Required: The following sub-programs are required for this
analysis program :

ETEMP (T, IFF) - Table 5.3.1-5

ALPHA (T, IFF) - Table 5.3.1-6

SN(SDYN, STEMP, TEMP, CTF, IFF) - Table 5.3.1-7

CTEMP (TCALP, TC, IFF) - Table 5.3.1-8

PROP (OPT, B, H, T, A, RJ, GAMAT, XIP) - Table 5.3.1-9

The input and output parameters for each sub-program are given in the fol-
lowing subsections. A listing of each of the sub-programs is contained in
Tables 5.3.1-6 through 5.3.1-8. Since these sub-programs are either
functions or subroutines, the input and output are controlled by the calling
program.

(a) Sub-programs ETEMP and ALPHA: These functions compute modulus of
elasticity and coefficient of thermal expansion, respectively, for alu-
minum and titanium alloys as a function of temperature. The basic alloy
properties are from MIL-HDBK-5B. The input parameters are:

T - Input Temperature at which elastic modulus or coefficient of
thermal expansion desired - °F

IFF - Alloy Code,

1 Titanium Alloy (6A1-4V annealed)

2 Aluminum Alloy (7075-T6)

(b) Sub-program SN: This subroutine computes the fatigue life of aluminum
and titanium ailoys as a function of dynamic and thermal mean stresses. The
input parameters are:

SDYN - Dynamic Stress - ksi rms

STEMP

Thermal (or Mean) Stress - ksi

TEMP - Temperature - OF

IFF Alloy Code,

1 Titanium Alloy (6A1-4V annealed)

2 Aluminum Alloy (7075-T6)

The output to the calling program is CTF - Life in cycles to failure.
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(c) Sub-program CTEMP: This subroutine computes the skin critical buckling
temperature for aluminum or titanium structures. The input parameters are:

TCALP - Product of critical buckling temperature and coefficient
of thermal expansion; computed using Equation {(5.3.1-7)
IFF - Alloy code,

1 Titanium Alloy (6A1-4V Annealed)

2 Aluminum Alloy (7075-T6)

The single output parameter to the calling program is:

TC - Critical buckling temperature - ®F above ambient.

(d) Sub-program PROP: This ctrogram computes stiffering member properties
such as area and moment of inertia. The basic relations are given in
Figure B.1.1-8 through B.1.1-10. Three different sectional shapes are
available, a zee, a channel, or a hat section with the parameters described
in Figures B.1.1-8 through B.1.1-10.

The input parameters are

OPT - Option code to select sectionai shape,

0 zee-section

1 channel section

B - Flange width of stiffening member - inch
H -~ Height of stiffening member - inch
T - Thickness of stiffening member - inch

The output parameters to the calling program are:

A - Cross-sectional area - in2

RJ - St. Venant's Torsion Constant - in

GAMAT - Warping constant for thin-walled open-section beam, with
the pole taken at the shear center =~ in

X9 - Polar moment of inertia, referenced to rotation about the
attachment point - in
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FIGURE
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TABLE 5.3.1-1

DYNAMIC ANALYS!IS COMPUTER PROGRAM INPUT FORHAT

CARD |
NAME NCASE IFF
COL (FORMAT) l 1(12) 3(12) i
CARD 2
COL (FORMAT) 1(12) 3(F8.4) 11(F8.4) 19(F8.4)
CARD 3
NAME OPTY BY HY TY
COL (FORMAT) 1(12) 3(F8.4) 11(F8.4) 19(F8.4)
CARD 4
NAME Al A2 B2 Bl
COL (FORMAT) 1(F8.4) | 9 F8.4) 17(F8.4) 25(F8.4)
CARD §
NAME TS RHO RNU DAMP
COL (FORMAT) 1(F8.4) | 9(F8.4) 17(F8.4) 25(F8.4)
CARD 6
NAME PSL T
COL (FORMAT) 1(F8.4) 9(F8.4)
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NCASE

IFF

OPTX

BX

HX

TX

OPTY

BY

HY

TY

Al

A2

Bl

B2

TS

RHO

RNU

DAMP

PSL

TABLE 5.3.1-2

DYNAMIC ANALYSIS COMPUTER PROGRAM

INPUT PARAMETER DEFINITION

Two-digit identification number

Alloy identification code,

=1 Titanium Alloy (6A1-4Y Annealed)

=2 Aluminum Alloy (7075-T6)

Input parameters defining stiffening member parallel to

x-direction - see Sub-program PROP for definition

Input parameters defining stiffening member parallel to

y-direction - see Sub-program PROP for definition

Panel bay dimensions ~ See Figure 5.3.1-1

Skin thickness - inch

Weight density of skin and stiffening member alloy - 1b/in

Poisson's ratio for structure alloy

Damping ratio for structure

Sound pressure spectrum level - dB

Structure temperature rise -

341
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ODOOOOOOOOOO OO0

2070

301
302
302

1

TABLE 5.3.1-3
COMPUTER PROGRAM LISTING
NINE BAY FLAT STIFFENED PANEL

(CONTINUED)
THIS PROGRAM CALCULATES THE DYNAMIC RESPONSF OF
A NINE-BAY FLAT STIFFENFD PANEL EXPOSFD TO A
UNIFORM ACOUSTIC PRESSURE AND A UNIFORM TEMP=-
ERATURF RISE, ROOM TEMPECRATURE IS B0 DEGRE’S F,

T IS A TEMPFRATURE RISEs ABOVE ROOM TEMPCRATURE

SURPROGRAMS REQUIRED: ALPHA(T»IFF)Y» ETEMP(T»IFF)Y
SMISNDYN»STEMPy ToCTFs IFFY» CTEMP(TCALPs TCr» IFF)»
AND PROP{(OPT»BrHy TrAr ZJr WC»PIP)

FUNCTION DEFINATION

F(B»A)=R/A+A/B
R(ByA»PRIZ3 x ((5,=-PRx¥x2) % {B/A+A/B) % x2=2,%(5,+PR)
*(1,-PR))
READ(59301)NCASEs IFF
READ(5¢302)OPTXsBXs HXy TX
READ(SsZ02)OPTY s BYrHY» TY
RFAD(5» 301 KK
READ(5303)YA1,A2+,B2,8B1
REAN(5»303) TSy RHO» RNU» DAMP
READ(5+303)PSL, T
INPUT DATA FORMAT STATEMENTS
FORMAT(212)
FORMAT(I213F8,4)
FORMAT(4F8,4)

CALCULATE SURSTRUCTURE PROPERTIES
CALL PROP(OPTXsBXsHXr TXr AX» XJr WCX» XI)
CALL PROP(OPTYsBYrHYr TY AYr YJr WCY» YI)
H=TS
GM=RHO
PR=RNl)

CALCULATE STIFFENFR STIFFNESS AND MASS
RX1=(0, 1SOAOXALXATRXJ/ (WCX* (1,+PR))
RX2=0 4 U506 A2K A2k XJ/ (WC X%k {1 ,+PR))
RY1=(,05060*B1%B1xYJ/(WCY*(1,+PR))
RY2=0, OROGA¥R2+B2AY S/ {WEYH {1, +PRY}
SKXZWCX* (1 4+RX242, % (A2/A1)%(1,+RX1)) /A2
SKY=WC*(1,+RY2+2,%(R2/R1)*(1,+RY1)) /B2
H3=H% HkH
STR=473,7L08% (1 ,=PR*PR) * (SKX+SKY) /(H3%xA2%B2)
STR=STR/LOG,

AB=(A1/A2) %3

R3=(B1/R2)* k3
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TABLE 5.3.1-3
(CONT INUED)

GM=GM/ 386,
SKMZ(1, 25« GMAHFA24B2x (1 ,+2 , ¥A342 ,%kB3+4 ,*xA3%B3)
1 +0,RANKGMx (XTKAPR (1,42, %xA3) / (B2%B2)
2 SYTHkR2* (1,42, %B3) /(A2%xA2))
CALCULATF COVFR SHETT STIFFNFSYS AND MASS
FRrz=F{82y»AD2)
FPIZF(RR2»A1)
F1227{R1,A2)
F11=F(R1,A1)
FISZFR22%F2742 % (AL /AP Y ¥F21%xF21
1 +2 0k (RB1/B2)*F12%kF1244 .k (A1 /A2Y X (R1/B32)Y%xF11%kF1°"
ROOM TEMP STIFFNFSY
SKz2 40293 74ETECMP (B0 ¢ 0 IFFY%xH3% (F1S+STRY /( (1 ,=PR%xPR)
1 *AP%RB2)
ROOM TFMP ERFQUENCY
FOoU e 1AUXSART { SK(G/SKM)
CALCULATF ROOM TEMP MEAN SQUARE STRESS RESPONSE
ARZR.% (B2 /A2)*x k243, % (A2/R2)*x42+2,
CONVERT DR TO PST
SPL=2,91%1( ,% = (PSL/2.,=-9.)
CALCULATF ROM TEMP DYNAMIC STRFSS AT X=0»Y=B2/2
SXzl s 3A*R2kR2¥SERTIFO/NAMPY % SPL/ ( HkH%AR)
CALCULATE ROOM TEMP NDYNAMIC STRFSS AT XzA2/2,Y=D
SYI'=1.30*%A2kARPXSORT(F(:/DAMP)Y *SPL/ ( HxHxAR)
CONVFRT STRESS FROM PSI TO KSIT
SXG=SXG/101 4
SYC=SY /100 .
CALCULATE ROOM TEMPERATURF LLIFE
CALY SNISX st vBUL 2 CTF1, IFF)
CALT. SMUSYU el a2 BLi, 0 2o CTF20 IFF)
X1=A2/2.

Y=,
X221
Y2=R2/7,
STEMP=(, (:

PRINT ROOM TEMPFRATURE RESPONSE
WRITE (A, 000)
GO TO(201,2072) ¢ IFF
20:1 WRITE (A 4(5)Y NCASF
GO TO 213
202 WRITE(6.405H) NCASFE
203 WRITE(A»410) PSLT
WRITE(As815)
WRITE(G6416) F(
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210
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TABLE 5.3.1-3
(CONTINUED)

WRITE(A»420)
WRITE(6,»425)
WRITE(6s430) X22Y21SXC e STEMPYCTF2
WRITE(Ae430) X1 Y12SYOrSTEMPYCTF2

THERMAL STRESS FFFFCTS

R22zR(B2yA2:PR)
R21=R{B2;A1:PR)
R12=R(B1s A2, PR)

R11=R(R1/,A1,PR)

F2SzF22% (F22+42 k(A1 /A2)Y %k 2%F2142 , ¥ (B1/B2) %xk2%xF12
Uk (AL/A2 Y%k xDx (R1/B2) %4 2%F11)

RST=R22+2 ,%A3%R12+2 ,¥B3%xR21 +4 , %xA3%xB3%R11

ROZ(F1S+STRY/F2S

CALCULATF CRITICAL TEMPERATURE RISE» TCR

TCALP=5,25%HkH*F22/ { A2%xB2% (1 ,+PR))

CALL CTFMP(TCALP,» TCRy IFF)

*«NOTF% TCA AND RS ARE BUCKLING TFMPERATURE

AND TFMPFRATURE RATIO FOR AN EQUAL
S1ZFF SIMPLE PANEL, R9 IS TEMP RATIO
FOR NINE=-BAY PANEL

TCA=TCR/ROD

RS=T/TCA

RO=T/TCR

TACT=T+8C, !

CALCULATE MATERIAL PROPERTIES AT TEMPERATURE
ES=FTEMP(TACT: IFF)

ALP=ALPHA(TACT» IFF)
D=0,B33%ES*kH3/ (1 ,~PR%xPR)

CALCULATE RESPONSF FREQUENCY AT TEMPERATURE,T
SKT=D*F2S%xR0/ ( A2*B2)

FAT=0,BGO*SORT(SKT/SKM)

*ENOTE*xkx FQT=F0os» ROOM TEMP FREQUENCY
STLIN==ES*ALPkT/(1.,~-PRY/106G1", U0
IF(RS=-RG)Y2059205e 210

PRE~RUCKLED RFSPONSE
FTEMP“FOT*(D.6ﬁ+0.uﬁ*S®RT(lJ—RQ))

~sw_ -

SAI—DIL..lN

SYT=STLIN
Wo=(.r
GO TO 215

POST-BUCKLED RESPONSE
FTEMPZFQT* (G 4hl+ 4 44%kSQRT(RO~1,1)

CALCULATE PLATE BUCKLING AMPLITUDE: WO
WO=(3,37=0.20%RE)*HkSERT(F2S*xRE* (RQ=1,) /RST)
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TABLE 5.3.1-3
(CONCLUDED)
e CA, CULATF THIIFRMAL STRESSES
C1zi ./ (A2%RP+ (1, =-PRkPR))
SXT=STLIN+OBIKESKkC1*( (2,=-PR¥PR)Y*B2/A2+A2%xPR/B2)
1 * Wk WO /1000 ot
SYT=STLIN+1.3AxFSkC1k (PRxB2/AP+ (2 ,~PRxPR)*xA2/R>)
1 )Wl W /10 0,0
C CALCHILATF NDYNAMIC STRESS
215  CONTTHUFE
CP=SORTIFTEMP/FI)
SX=C2*xSX{
SYNzZC2%SY(
C CALCULATE FLEVATED TEMPERATURE LIFE
CAL!l SN(SXU»SXTe» TACT,CTF1» IFF)
CALL. SNISYC»SYTr TACT»CTF2, IFF)
PRINT FLCVATEN TrMPIFRATURE RESPONSE
WRITEF (A »435)
TA=TCR+8{1,1
WRITFE(6rua(:) TCR
WRITFE(6er405) W
WRITF(A»41G6) FTEMP
WRITE (A U20)
WRITF (ArL25)
WRTITF (A2 U3) X292 Y2 »SX( e SXT»CTF1
WRITF (ALY X1eY12oSYUrSYTH»CTF2
GO TO 20+
C FORMAT STATFMENTS FOR OUTPUT DATA
Lisi- FORMAT(*1',25X» 'OYNAMIC RESPONSE OF A's /19X,
1tMINF=-RBAY STIFFENTID PANEL EXPOSED TO'»/+21Xs
P2YACQUSTIC FXCITATION AND HFATING's/)
405 FORMATI(2OXs 'DATA CASE' »I4//927% "MATERTIAL ¢ TITANIUM')
L{:A FORMATI(2GXs "DATA CASF» T4y // 127X YMATERIAL ¢ ALUMINUM')
41(:  FORMAT(5Xy *FXCITATION SPFCTRUM LEVEL = ' F4,(»1Xe DB
13%y Y TEMPFRATURE INCRFASF = '"WFO4,0e1X» 'DEG, Fre//)
415 FORMAT(24X, 'ROOM TEFMPFRATURFE RFSPONSE* /)
U1 FORMAT(20X» *FUNDAMENTAL FREQUFNCY =!F7,1»!' HZ'»/)
upr FORMATISX, *STRFSS AT POINT'»3Xs 'DYNAMIC STRESSY»3X.
1Y THERMAL STRFEFSS ', 3X» 'CYCLFS TO FAILURE")
U2y  FORMAT(ABX» 'X" e 7Xe "Y' p 11X " KSTI'»214Xe *"KSI'r/)
43N0 FORMAT(AXIFR. 213X F5,205X FR.Z3»AXsFR 391Xy 1PFDG 20 /)
035 FORMATI(//7/7/222X%e 'ELFVATFD TEMPLERATURE RESPONSE', /)
Lt FORMAT1(:Xy *RUCKLING TFMPERATURE =t'»FR,2,' DFG, F!
19! ARQOVF ROOM TFMPFRATURE'» /)
0y FORMAT(1A8Xy *RUCKLING AMPLITUDF ='.FR,u4,
1 INCHESY» /)
END
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TABLE 5.3.1-4

QUTPUT FORMAT FOR DYNAMIC ANALYSIS COMPUTER PROGRAM

DYNAMIC RESPONSE OF A
NINE-BAY STIFFENED PANEL EXPOSED TO
ACOUSTIC EXCITATION AND HEATING
DATA CASE 4

MATERIAL : ALUMINUM

EXCITATION SPECTRUM LEVEL = 135, DB TEMPERATURE INCREASE = 220. DEG. F

STRESS
X

.00

3.00

STRESS
X

.00

3.00

AT POINT
Y

6.00

.00

BUCKLING TEMPERATURE =

AT POINT
Y

6.00

.00

ROOM TEMPERATURE RESPONSE
FUNDAMENTAL FREQUENCY = 175.5 HZ

DYNAMIC STRESS THERMAL STRESS

KS KSI
6.076 .000
5.485 .000

ELEVATED TEMPERATURE RESPONSE

BUCKLING AMPLITUDE = .2252 {NCHES
FUNDAMENTAL FREQUENCY = L417.5 HZ

DYNAMIC STRESS THERMAL STRESS

KSi KSi
9.371 -16.838
8.460 -24.342
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1Ge
150

180

OO0 0

20
210

220
230

240N
250

260

333

1

L 2 3

¥ kol

TABLE 5.3.1-5
SUBPROGRAM LISTING: FUNCTION ETEMP
FUNCTION ETFMP(T» IFF)

THIS FUNCTION COMPUTES ELASTIC MODULUS FOR
ALUMINUM OR TITANIUM ALILOY AS A FUNCTION OF
TEMPERATURE

INPUT TEMPERATURE - DEG.
ALLOY CODF
1 TITANIUM
2 ALUMINUM

T ~ F

IFF

(RIS |

GO TO (10|r2h')vIFF

K B R R P S S NS RIS Y 53 Stk il
MATERIAL 6AL-uV TITANIUM ANNEALED SHEET
REFERENCE MIL-HDBK-58
TEMPERATURE LIMITATION A(
RT<T<CROI: F

IF(RGU=TY180»15( 150
ETEMP=(1,030=0, 1 :375%T)*16,AE+06
RETURN

>80 F
FTIFMP=Z12 ,1E+06
WRITE(A333)
RETURN

s,
B

DFGRELS F

ORI e N RO A W R
MATERIAL 7075 T6 SHEFT
REFFRFNCE MIL-HDBK-58
TEMPERATURE LIMITATION 600"
RTCTC20(: F

IF(200=T)Y220012100210
ETEMP=(1,020=0, 04 C30%xTY*%10,
RETURN *

200<TLU0G F
IF(U40r=TY2U0»230+230
ETEMP=(0496=0,00G70%x (T=200)Y ) %10,
RETURN

Loue<TLHL F
IF(6N=T)2600250, 250
ETEMP={(,82=0,001A6% ([ T=001) ) %10, 3E+(h
RETURN

T 601

ETEMP=Z0,50%111
WRITE(6¢333)
FCRMAT(/,5Xs ' UPPER TEMP LLIMIT ON ELAST MODULUS?',»
t EXCEI'DED'Y» /)
RETURN
END

R e R sheoke sfe ok skl ek ek sl

DEGREFES F

JE+06

3E+06 o

F
« SEFU6
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ion
150

C
180
190

185
195
501

198

eNeNeNeNg]

200
210

C
220
230

C
240
250

C
260

280
270

TABLE 5.3.1-6
SUBPROGRAM LISTING: FUNCTION ALPHA
FUNCTION ALPHA(T, IFF)

THIS FUNCTION COMPUTES COEFFICIENT OF THFRMAL
EXPANSION FOR ALUMINUM OR TITANIUM ALLOY AS A
FUNCTION OF TEMPERATURE

T - INPUT TEMPERATURE - DEG, F

IFF

- ALLOY CODE

=1

=2

TITANIUM
ALUMINUM

SR ROk R N ek kiR kR koK ik sk ook ek skok ok sk ek vk slesknie

ek AfekcRokeR kR Rer 2

GO TO (106s201)» IFF
skekckex
MATERIAL 6AL-~4V TITANIUM SHEET
ANNEALFED
REFERENCE MIL~HDBK-5B
TEMPERATURE LIMITATION 1CGU
RT<TL200 F
IF(20(=TY180+150+ 150
ALPHAZ (L 45+0,00425%T)x1 ,0E-C6
RETURN
200<TLL0 F
IF(400=T)1R5+,190,190
ALPHA=(4,80+0,0625%T)*x1,0E-06
RETURN
4oCkTCIoEe F
IF(1006:=T)195,198,108
WRITE(6s500
FORMAT(/+5Xy *UPPER TEMP LIMIT ON COEFF OF EXPAN ',
1*EXCEFDFDY» /)
ALPHA=5,.,8E-06
RETURN

DEGREES F

SeekRasekekekeokelc g sk ek k ok ko ok naosksek e kekek ek
MATFRIAL 7075-T6 SHEFT
REFERFNCE MIL-HDBK=5B
TEMPERATURE LIMITATION 600
RTCTKI0G F
IF(100=-T)Y220,21G»210
ALPHAZ (12 ,4+0,0050*%T)*1,0E-06
RETURN
106<TL3I00 F
IF(300=TI240e 2300 230
ALPHAZ (12,9+0,00G275% (T=100) ) *1 ,0E-06
RETURN
306LTun: F
IF(40r=T) 260,250,250
ALPHA=(13,45+0,0G150%(T=300))*x1,0E-06
RETURN

DEGREES F

T>u0: F
ALPHA=13,6E-06
IF(600=TY2R01270C» 270
WRITE (A H00)

RETURN
END
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THIS SUBROUTINE CALCULATES FATIGUE LIFE FOR
ALUMINUM OR TITANIUM ALLOY AS A FUNCTION OF
TEMPERATURE AND MEAN STRESS, THIS SUBROUTINFE
IS BASED ON COUPON FATIGUE TEST DATA AT ROOM
AND ELFVATED TEMPERATURE,
ROOM TEMPERATURE IS B0 DEG, F
SDYN = DYNAMIC STRESS -~ KSI (RMS)
STEMP - THERMAL (OR MEAN) STRESS - KSI
TEMP - TEMPERATURE - DEG, F
CTF - LIFE IN CYCLES TO FAILURE
IFF = AL! . OY CODF
= 1 TITANIUM
= 2 ALUMINUM
GO T0(1(to2hl)vIFF
kb vl BN A IR e At - AL ! K Liea L AORCR TR LA TR IR
MATFRIAL AAL-LYV TITANIUM SHEFT ANNEALED
TEMPERATURE LIMITATION A0t DFEG, F
101 C1=12,5B8=0.011 376k TEMP
C2==5,40+(0,00:176%TEMP
ARF=C1+C2*ALOGLU(SDYN=(, 1% STEMP)
CTF=10.*xARF
RETURN
bR 5 B VNSRS S """*"*}‘ LU Rk A Y e A e s R AR ek e R
MATFRTAL 7L7§-T6 ALUMINUM SHEFT
TEMPERATURE LIMITATION 301 OFG, F
2000 CI1z=10,89=-0, ' S84xTEMP

TABLE 5.3.1-7

SUBPROGRAM LISTING: SUBROUTINE SN
SUBROUTINE SN{SDYN»STEMP» TEMP,CTF» IFF)

CO==U BY+(1, (34 T* TEMP
ARF=C1+C2*ALOG1( (SDYN=D 4 1%STEMP)
CTF=10,%%ARF

RETURN

END
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101:
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TABLE 5.3.:1-8
SUBPROGRAM LISTING: SUBROUTINE CTEMP

SUBRCUTINF CTFMP(TCALP» TC» IFF)
ThIS SUBRROUTINE CALCULATES SKIN BUCKLING
TEMPERATURF FOR ALUMINUM OR TITANIUM ALLOY
STRUCTURAL PANELS.

TCALP - PRONUCT OF BUCKLING TEMPERATURE
AND ALPHA FROM CALLING PROGRAM
TC - BUCKLING TEMPERATURE - DEG F ARBOVE
ROOM TEMPERATURE
IFE - ALLOY CODE
1 TITANIUM
2 ALUMINUM

1

TC=0.
GG TO (1bl v2ll )vIFF

MATERIAL 6AL—&V TITANIUM AN“EALFD
TEMPFRATURE LIMITATION 101 DEG. F

Ciz=4,u5E~-06
C2=4.,23E=-09

I=1

C3=R0.*xC2+C1
TC=o5*%SORTI(CI/C2)*%x2+4 ,kTCALP/C2)~,5%C3/C2
T=TC+A0.
IF(T=260.) 505002
IF(T=360.) 3¢3+5
Clz=4 ,9E-06h
C2=2.5E=-09

I=1+1

IF(I=2) 1,150
C1=5.,80E-C6h
TC=TCALP/C1

TC=TC

RETURN
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TABLE 5.3.1-8
(CONCLUDED)

3 S A N N SR RIS NS SR NI KRR B 0 it L S K S R X I A R A
MATERIAL 7075-T6 ALUMINUM ALLOY
TEMPFRATURE LIMITATION 60 DEG. F

200 F1z=12 ,4E-(06
FP2=5,0F=09
I1T=1
201 F3zZA 4 *xF2+F1
TC=0.50%*SQRTI(F3/F2)%%2+4 , 0k TCALP/F2)=0.50%F3/F2
T=TC+80.
IF(T=100)8CC»S500 202
202  TF(T-=-30011.,)203»203,204
203 F1z12.625E-06
F2=2.75E=-09
IT=IT+1
IF(TIT=2)20120 L9500
204 IF(T=400.)2152205,206
205 F1=13.0FE-6
F2=1.5E-09
IT=17+1
IF(IT=2)201,201,»501(:
206 F1zZ13,6F~-06
TC=TCALP/F1
5¢1i TC=TC
RETURN
END
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TABLE 5.3.1-9
SUBPROGRAM LISTING: SUBROUTINE PROP
SURROUTINE PROP(OPRPiT+BrHs Te Ar RJ» GAMATy XIP)

SECTION PROPERTIES
IF OPT = ¢ ZzEY SFCTION
IF OPT = 1 CHAN'EL SECTION
H= STRINGER HEIGHT, CL TO CL
Bz FLANGE WINDTH
T= STRINGER THICKNESS
REFIFRINCE: AFFDL=TR=-71-107
WC = WARPING CONSTANT AROUT SHEAR CENTER
GAMAT - WARPING CONSTANT AROUT ATTACH POINT
A - CROSS SECTIONAL ARFA
RJ= ST, VENANTS TORSION CONSTANT - J
XIP - POLAR MOMENT OF INEFRTIA ABROUT ATTACH POINT
IF(OPTY 1,142

OPT = n 2ZEF STIFFENER

A=Tx (H+2,%B)
D=H*x:2% (A ¢ kB+H)
DI=T*u2x(3,%H+2 ,%RB)
X¥XI=! T (D+D1Y)Y /12,
D222 .xR+T
D3=2 . %R=~T
XZ2I1==(TxHxD2%*D3) /8,
271=(T/124 )% (B kBkx3+HkTx%2)
RIS (T*:3/3,)%(2,%B+H)
WCZT*Bkk Ik Hk:m 2% (B+2 4 kHY /{12 0% (2, %B+H) )
SX=R/?2.
SZ==-H/2.
DU=SX% =2+ S 2% =2
DS=DuxA
XTP=(XXI+Z2Z1+D5)
GAMATZWCH (SZ%42)% 27 T=2 s kSXKkS2kXZT+ (SXk k2 )% XX]I
RETURN
CHANMEL SECTION
F=2.%xR+H
XRAR=R*x <2 /F
FizA.*B+H
E=3.%RBxu2/F1
CYzZE+XRBAR
SX=FE+(R/2,)
SZ2=-H/2.
EX=C%=SX
A=T*k {H+2 , %R}
FP2=3.%H+2 ., xR
XX T=T* (Hkx2%F1+Txx2xF2) /12,
F3=12 ., xHxXBAR*:2+8, ®kB%k%3
Fu=R~XBAR
FS=R=-2.*%XRAR
271=T* (F3=2U . x XBARKBXFU+12 , %B*kFO*xT+A, % FUuxTxx2+T4x3) /12,
RJU=T**x3%F/3.
FAZ3 . xB+2 ,xH .
WCZ TRk e ARHRL2UFAR/ (12 %F1)
GAMATZWCH (S2%D) %271+ { SX*k*42) % XX
F7Z(EX%R2+S52% 221 %A
XIPzZ (XXI+Z7I+F7)
RETURN
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5.3.2 BOX STRUCTURE

The broad definition of a box type structure is taken to be twc paraliel
plates stiffened by deep shear webs. Such a structure can be taken as a
model for flap, fin, or pylon type structure encountered on modern air-

craft. The box structure is classified by the number of cells formed by
the intersecting cover sheets and ribs. An illustration of a two-dimen-
sional nine cell box structure is presented in Figure 5.3.2-1.

An analysis of a three cell box structure was first considered by Clarkson
and Abrahamson (1) us’ng an assumed mode method. Mead and Sen Gupta (2)
and Sen Gupta (3) presert an analysis of a three cell box structure using
wave propagation methods. Rudder (4) conducted an analytical-experimental
program to establish sonic fatigue resistance criteria for nine cell box
structure as illustrated in Figure 5.3.2-1. Subsequently, Clarkson and
Ashie (5) presented a comparison of analytical results obtained using the
NASTRAN finite element displacement method with high intensity acoustic
response data for a seven cell box structure. Abrahamson (6) presents a
graphical solution to the differential equations of motion for a one cell
box sfructure with an indicated extension for multicell box structure.
Thompson and Lambert (7) present design equations, nomographs, and a com-
puter program for estimating the frequency and stress response of nine
cell box structure.

5.3.2.1 Notation

ai,a, Length of cover sheet bays in x-direction, Fig. 5.3.2-1
b],b2 Length of cover sheet bays in y-direction, Fig. 5.3.2-1
10, Cover sheet bending rigidity, Eqn. (5.3.2-2a)

d Depth of box structure, Fig. 5.3.2-1

Lightening Hole depth, Figs. 5.3.2-11 and -12
Young's modulus of the cover sheet and rib material
e Lightening hole bend radius

an(b,a) Defined by Equation (5.3.2-3b)

Natural Frequency of (m,n,q)th mode, Eqn. (5.3.2-1)

mnq
}hs’Zhs Skin thickness, Fig. §.3.2~1
lhr’zhr Rib thickness, Fig. 5.3.2-1

g Modal stiffness of (m,n,q)th mode
KooK Defined by Eqn. (5.3.2-2a)
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f

YSsY6

General length, see Figs. 5.3.2-4, -5, and -6
Modal mass of (m,n,q)th mode

Defined by Eqn. (5.3.2%-2b)

Bending moments, see Figs. 5.3.2-4, -5, and -6
Mode number for x-direction

Constant in Eqn. (5.3.2-4a); cycles to fallure
Mode number for y-dIrectioh

Mode number for z-direction

Spatially uniform static pressure

Radius of lightening hole

Rib spacing (general parameter), Figs. 5.3.2-9, -10, and -11

Spectral density of acoustic pressure, (psi)z/Hz.

Weight per unit volume

Bending moment factors, Figs. 5.3.2-4, -5, and -6

62,...,66 Bending moment factore, Figs. 5.3.2-4, -5, and -6

Stress defined by Eqn. (5.3.2-7)
Stress defined by Egn. (5.3.2-8), ksi

Stress defined by Eqn. (5.3.2-5), dimensionless
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5.3.2.2 Frequency Analysis of a Nine Cell Box Structure

The configuration of the nine cell box structure is illustrated in Figure
5.3.2-1. This configuration was adopted for Rudder's experimental program.
The displacement components for each panel (either cover sheet or rib) are
taken in terms of a product of sine waves in the directions of the plane of
the panel. By emposing a zero shear condition at each intersection of a

rib and cover sheet and assuming that all exterior edges of the structure
are simply supported, one can obtain a mode shape description of the struc-
ture using three mode numbers {(m,n,g). The mode number m denotes the number
of half sine waves in the x-direction for each panel in the x-y plane; n
denotes the number of half sine waves in the y-direction for each panel in
the x-y plane; and q denotes the numoer of half sine waves in the z direc-
tion. Hence, the panels forming the cover sheets have mode numbers (m,n),
the ribs parallel to the x-axis have mnde numbers (m,q) and the ribs parallel
to the y-axis have mode numbers (n,q). Typical mode shapes in the x-z

plane for the middle row of cells of a nine cell box structure with geome-

try a,=a,=a and b]==b2==b are presented in Figure 5.3.2-2. This figure

itlustrates the important observation that for a fundamental mode in the
cover sheet all rib depth modes can be excited.

Derivation: Using assumed modes as described above, Rudder (4) used the
Rayleigh method to estimate the response frequency for the (m,n,q)th mode.
Assuming that the material properties of all components are identical and
that the thickness of the components are as illustrated in Figure 5.3.2-1,
then the expression for the response frequency of the (m,n,q) mode is

K
g2 - _mg 2 (5.3.2-1)
mngq bﬂZM

mnq

The expression for the modal stiffness, Kmnq’ is

K ”u’DS W2 {1 (h )3]K UL ( )
= + (&2 + 2 (L 5.3.2-2a
mngq a2b2 ] < ]h r

]

~here ]D E ]h3/12(] -vz)

S

Ky = an(bz, a2) + 2[(a /a )F ( 2,a}) +(b]/b2)an(b],a2)
+ 2(a]/a2)(b /b, )F ( . ])]

Kr = (d/bz)[qu(d,aZ) + 2(a]/az)qu(d,a])]

3,
+ (d/a )\zh /,h ) Lan(d,bz)'+2(b]/b2)an(d,b])]

Fo(be) = (D) + @ A)12
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}

] ALL EXTERIOR EDGES
i SIMPLY SUPPORTED
|

NINE CELL CONFIGURATION (EXPLODED)

F:GURE 5.3.2-1 NINE CELL BOX STRUCTURE CONFIGURATION (REF. &)
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A=d/b

MODE (1,3,3}
{a/2,y,z) PLANE

FIGURE 5.3.2-2 MODE SHAPES FOR BOX STRUCTURE (REF.
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The expression for the modal mass, M , is

mng
h
1 1"y d\3 0l
HMQ—EQfﬁﬂ0+fJWJk+2ht“E)%mJ (5.3.2-2b)
where by T F lhs { _ is the mass per unit volume)
-1 < (s 3 oy 3 3 3
M, o= 1= 2(c]/a2) +2(b]/b2) -+h(a]/a2) (b]/bz)
h b, 3 2
N 3. ,2r 2 m 3
Mr =1+ 2(81/82) +(Tﬁ—r')(—'2—) (F)[l*'z(b]/bz) ]

Equations (5.3.2-2) can be greatly simplified if one considers the special

geometry: a! = a2 = a, b] = b2 = b, Ihs = 2hs = hs’ and 1hr = 2hr = hr'
Then, the expression for the m-dal stiffness for the (m,n,q)th mode is
3“205 2 2 he 3. d d |
K = — Pt I T P ()7 [(=) (d,a) + (=)F (d. b))} (5.3.2-3a)
mnq Zab ‘3 mn PRV + \hgl -\b/an \dya/ \al nq\ 3= 7 4 VS 334

and the expression for the modal mass is

2 h 2
Mung = & ohgabl3 + [ + ‘?3(2”(7%) () (5.3.2-3b)
vhere D = Eh3/12(l'V2)
S S
Fam,a) = (D) + Q@1

5.3.2.3 Stress Response of a Nine fell Box Structure

is indicated by Equation (5.2.2-60d), the stress response of the skin and
ribhs for box structure due to a uniform static pressure of unit magnitude

is required to estimate the mean square or rms stress response of the struc-
ture. The apcroach taken here is dependent upon the flexibility of box-
type structure as described by Clarkson (8) and is essentially different
from the approach taken by Ballentine (see Section 5.3.1.2). The approxi-
nate method for computing stresses in continuous slabs as described by
1imoshenko (9, pp. 236-245) is presented here -- modified to account for

the rik supporting the cover sheet. This modification was first Jescribed
Ly Lle kson {8).

arivation: Timoshenko's approximate method relies upon the synthesis of

D=2

- ‘1‘_——"— - . . ] . . .

e fementary solutions for uniformiy lcaded thin rectangular plates to obtain
estimstes of stresses in continuous slabs. The besic procedure is to divide
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the bays of the structure into components such that boundaries between
adjacent bays are consldered to be clamped. Considering the plan-form of
the cover sheet for nine-cell box structure as illustrated in Figure
5.3.2-1 the bays of structure are takcn with the boundary conditions as
illustrated in Figure 5.3.2-3. Timoshenko presents tabulated data for
estimating the bending mcments at the panel center and the center of a
clamped edge for uniformly loaded pla*es with various boundary conditions.
At a poi.t on the boundary between two plates, the resultant bending moment
is approximated by the average value of the component bending moments. As
illustrated in Figure 5.3.2-3, four different sets of boundary conditions
are tu be considered. Case | represents a rectengular plate with three
edges supported and one edge clamped. Case 2 represents a rectangular
plate with two cpposlite edges supported and two opposite edges clamped.
Case 3 represents a rectangular plate with one edge supported and three
edges clamped. Finally, Case 4 represents a rectangular plate with all
edges clamped. The bending moments at the center of a clamped edge for a
rectangular plate with dimensions a x b uniformly loaded by a pressure of
magnitude a, is given by Timoshenko as:

2 *

Case ! MY = 62 af at (x,y) = (a/s2,0)

Case 2 F§ = 63 qonz at (x,y) = (a/2,0) & (a/2,b)
- 2

Case 3 M, =Yg .t at (x,y) = (0,b/2) & (a,b/2)
by = T v2 =
My = 5 qt at (x,y) = {a/2,0)

Case & P = vg9:°  at (y) = (0,b/2) & (a,b/2)
- 2
Hy = 5, Q5 at (x,y) = (a/2,0) & (a/2,b)

where ¢ is the smaller of the dimensions a and b and the subscripts on the
+'s and &'s (the bending moment factors) follow Timoshenku's notation,
Flotted values of the bending moment tactors versus panel aspect ratio

b/a are present In Figures 5.3.2-4 thrcugh 5.3.2-6. For more accurate
values of the bending moment factor, the referenced tabulated values can be
used. The asymutotic values for the bending moment faciors are listed in
Table 5.3,2-1.

TABLE 5.3.2-1

ASYMPTOTIC VALULS OF THE BENDING HOMENT FACTORS

I c L
b/a 6? | n3 YF QF YG 66
— -
»9;0 . 1250 .0833 - - L0571 L0833
L1250 | 2.0 .08 , L0546 L0035 L0571

Note: All values for the bendine moment facters a« presented here arc
positive Instead of negative as presrerted by Timo' n

“(x,y) taken as local coardinates Ir each bav.

160


http://www.abbottaerospace.com/technical-library

i

”

ARNYIRANN

FIGURL 5.3.2-3

[<-]
WA

v Cal

PURTANNENY

AANANAY

Supported Ltdge
Clamped Edge

COMPCHENT BOUNDARY CONDITIONS TOR BOX
STRUCTURE STRESS CALCULATION {REi 4)

61


http://www.abbottaerospace.com/technical-library

- —
Ni
— - —
.

i‘

Hnes

T 3%

_.
"o
il
o

.10

PARERRIIR TN PO T

.09

BEND ING MOMENT FACTOR

e crs ol boar ey bt i bica g

v = 2

2 = SMALLER OF
SPANS & AND b §
.08 !
.07 = ’;
3 ;
2 1
0 ! i
5 1.0 15 2.0 !

PANEL ASPECT RATIO, b/a

FIGURE 5.3.2-4 BENDING MOMENT FACTOR  CASES 1 AND 2 (REF. L) !

3167



http://www.abbottaerospace.com/technical-library

.
1
2
quol
ésqol
1 .2
= ‘ $ = SMALLER OF
[ ] SPANS a AND b
I .09
w ] l
; : YS
w ] [
$ v
081 'S
(1] 4
x b
(=) -
z ]
W
@ ]
.07
‘ |
.06 T l - - ‘ -
T
b I
1 | | e
0‘) 'i-—-»— -+ - ..L o N S GO S B ] ' !
° P L -
PANEL & .t T RATIO, h/a
FIGURE 6.3.2-5  BENLD i 11 4 AR S

jo3

it

dae h b A e e e =

G



http://www.abbottaerospace.com/technical-library

2 - 2

Mx = yéqol Hy - ésqol

AvVER

.09

.2 L = SMALLER OF SPANS a AND b

BENDING MOMENT FACTOR

FIGURE §5.3.2-6

.5 1.0 1.5 2.0
PANEL ASPECT RATIO, b‘a

BENDING MOMEN: FACTOR  CASE 4 (REF, 4)

364

5 i i o

© st i i

Mi el i . Lk L e


http://www.abbottaerospace.com/technical-library

The use of the plot-=d4 or reterenced tabulated data for comput ing bending
moments in the cover sheet or rib of the panel arrays shown in Figure

5.3.2-3 is best illistrated by an example.
Example: Consideritg the panel array Hllustrated in Flanee 5221, the
value ot ‘¢ is obtained for the two panels with dimensions a, x b, and

2 ]
a, x b2 and the values of 6 and 66 are obtained for the center bay so that

for point A

R, - (mscf + g1a)q /N (5.3.2-ha)
and for point B
Fom (ac22 4 yoa2)a /N (5.3.2-4b)
x 573 6720
where 2, is the smaller it the two dimensions a, and bl
2y is the smal! r of the two dimenslons 3, and b2
13 Is the smaller of the two dimensions 3, and b2

N = 2 for very stiff ribs, hr >> hb

N = 3 for very flexlble ribs, hr = hS

Stress Is obtalned from Equations 5.3.2-4 by use of the simple expression
— - 2 .
o, = 6H/h (t.3.2-5)
where h Is the thickness of the cover sheet or rib,

For ay =a, = a - 6.0 and by = b, =b= 18.0, then frem Equatlions

1 i
(5.3.2-4a) and (° 3.2-5) (using Figures 5.3.2-5 and §.3.2-6 or Table
£.3.2-1) the cover shect static stress at the center of the short side
of the center bay is for N = 3

v

2 .2 ?
270.0566 (. 0)° +0.05/1{6.0) lqu/h

Yy

a = 8.1 Vo0 /hz
oy NN

The cuver shect siatic stress a0 ithe center of the lorc Lido ot 1 - center
tay from Equations (5.3.2-4b) and [7 3 7:5) i«

N

)

2

, .
o= 20005600 (6 )T« (0 0As ) (6 0) 1 sn

s

' - IO.(‘ ‘ ’l.‘
]u_y g 4U .
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where 9 is the magnitude of the uniform static pressure applied to the
surface of the box structure.

Design Procedure: Rudder (4) empirically established a design procedure

for estimating .he root mean square scress response for ribs used in box
structure configuratiors. Rudder recommended that Ballentine's skin design
procedure (Section 5.3.1.2) be used to establish the skin thickness require-
ments if the rib thickness was equal to or greater than the skin thickness.

Rudder's box structure specimens were tested under lakoratory conditions
using broadband random acoustic excitation. The specimens represented six
bax structure designs with two specimens of each design to check repeata-
bility. The specimens were manufactured from 7075-T6 aluminum alloy with
the following range of design parameters used

skin thickness 0.040 inch to 0.063 inch
rib thickness 0.020 inch to 0.063 inch
rib spacing 7.0 inches to 10.0 inches
height 7.0 inches to 10.0 inches
panel aspect ratio 2.0 to 4.0

The design procedure is as follows:

(1) For the box structure geometry and material properties estimate the
fundamental mode response frequency, fy, (m,n,q) = (1,1,1) using
Equations (5.3.2-1) and (5.3.2-2).

(2) Calculate the root mean square spectral density of the acoustic exci-
tation for the frequency of the fundamental mode using

IO(L/20-9)

Sp(f]) = 2.9 x (5.3.2-6)

where L is the spectrum level of the acoustic excitation

(3) Calculate the stress response of the structure due to a uniform static
pressure of unit magnitude, qo==l, at the points of interest, 55:' using

the method of this section (see Equations (5.3.2-4) and (5.3.2-5)).

(4) Calculate the root mean square stress response assuming only a funda-
menta! mode response using

e .= /?T7ET sp(fl)?oi psi (5.3.2-7)

c
where % is the damping for the fundamental mode.

Note: If the box structure is exposed to significant acoustic excitation

on both sides then Equation (5.3.2-7) must be multiplied by 1.413 (increased

by 3dB).

(5) Finally, the stress is obtained from the empirical relationship
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Sk

Coi = O.ZQS(oCi) ksi (5.3.2-8)
Note: In Equaticn (5.3.2-8) 5;3 is in psi and the result Eéi is
in ksi.
(6) Finall,, the fati ue life of the cover sheets is obtained using

Ballentine's (10) fatigue curve, Figure 5.3.2-7, and the fatigue life
of the ribs is obtained using Rudder's (4) and fatigue curve for rib
failures, Figure 5.3.2-8,

The procedure is best illustrated with an example.

Example: Consider a nine cell box structure with the following configura-
tion (see Figure 5.3.2-1)

a, =11.0 inch, b, =12.0 inches, a2==10.0 inches, b2==20.0 inches, d=10.0 inches

1

g = 2hS = 0.063 inch Ihr = 1,080 inch 2hr = 0,063 inch

Assume that the material properties are E = 10.3 x 10 psi, vy = 0.101 Ibs/in3,
and v = 0.32.

From Equation (5.3.2-1) and (5.3.2-2) the response frequency for the funda-
mental mode is 79 Hz. (Box structure typically exhibits low fundamental
frequencies compared to stiffened plates.)

From Equations (5.3.2-4) the bending moment at the center of the short side
of the center bay for a uniform pressure of unit magnitude is given by

2
)

ﬁ; = [(0.0575) (10)° + (0.0575)(10)2]/3= 3.84

To obtain the static stress resulting from the unit magnitude static pressure
one uses Equation (5.3.2-5). For the skin at the middle of the short side
(frame line) of the center bay the static skin stress response is

5, = (6.0)(3.8%)/(0.063)% = 5805 psi
and the frame flange stress response is
9. = (6.0)(3.8&)/(0.080)2 = 3600 psi

02

For the skin at the middle of the long sice (rib line) of the center bay
te skin stress response iS

Ty - (6.0 (5.35)/(0.063)% = 8088 pe:
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and the rib flange stress response is

5, = (6.0)(5.35)/(0.063)" = 8088 psi

For an assumed damping ratio of ¢ = 0.02 an assumed sound pressure spectrum
level of 124 dB, the theoretical rms stress response is calculated from Equa-
tions (5.3.2-6) and (5.3.2-7) as

Eci = vV75/0.02 x 2.9 x 10(12“/20-9) Eoi psi

T = 0. 2889 o psi

Then, substituting for 5; nto the above equation

o, = (0.2889) (5805) = 1677 psi
3;2 = (0.2889) (3600) = 1040 psi
3;3 = (0.2889) (8088) = 2336 psi
3;& = (0.2889) (8088) = 2336 psi

From Equation (5.3.2-8) the estimated rms stress response based upon
empirical data correlation is

5, = 026506770 " = 518 ks

3;2 = o,zks(loho)'ul‘ = 4,26 ksi

7, - 0.245(2336) " < sieh ks
e’

5, =0.245(23260° " = 59k ks

For the skin stresses 3; and 5; the number of cycles to failure are

1 3 "
estimated from Figure 5.3.2-7 to be apnroximately 1.1 > 10" and 5.0 106
cycles, respectively. For the frame and rib stresses, :éz and ;eq the num-
7

ber of cyclgs to failure are estimated from Figure 5.3.2-8 to be 1.7 x10
ant 9.4 10 cycles, respectively. At a resonant frequency of 79 Hz. The
minimum fatigue life is estimated to be 17 hours for the failure at the
center of the skin rib line with the rib failure estima. ¢ a: 33 nours. The
skin-rib thickness combination can be optimiced by iter 'i-
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Detail Lesign Lonsiderations: For the detail design of the attachment of
ribs and frame« tu the skin for box structure configurations the designer

is faced ~ith the consideration of certain details in order to optimize the
desion. Tre structural configuratinn is critical at either the hend radius
ot the rib flange, in the skin at the rivet row on the side next tn the heel
ot he rib, or the failure of the skin-rib attachments,

The rib-skin configuration used by Rudder to develop the design procedure
described above is illustrated in Fiqure 5.3.2-9a. |If the design procedurc
leads to excessive rib thickness, rib cap designs, such as illustrated in
Figure 5.3.2-9b, can be selected; however, the designer is cautioned that
experimental design criteria for these configurations is limited.

McGuwan (10) developed the first series of design criteria for sonic
fatiyue. His experimental program was based upon sonic fatigue tests

using a discrete frequency siren as the noise source rather than broadband
random noise as is usually encountered in practice. McGowan's methods have
proven to be somewhat conservative; however, two of his detail design
considerations have not been refined to this date. To consider the effect
of a doubler bonded to the skin, as shown in Figure 5,3.2-9(c), it is sug-
gested that skin thickness may he reduced one gage thickness below that
predicted by Rudder's method. This observation is for desiyn quidance only
since the designer must apply judgement to the particutar configuration.

Additional desiygn guidance, as developed by McGowan, is presented in Figure

5.3.1 10 dor sicing the attachment diameter and spaciag far skin-rib con-
struction and Figure 5.3.2-11 and 5.3.2-12 present the configuration of
a lightening hole in the rib and a design nomograph for estimating the

fatique life. The material used to develop the nomograph in Figure 5.3.2-12
was 2024-T3 aluminum alloy with the equivalent random fatigue curve derived
as discussed in Section 6. The fatigue characteristics of 7075-T6 material
are similtar to that of 2024-T3 so that Fiqure 5.3,2-12 can be used, with
engineering judgement, for aluminum alloy materials in general.

Lomputer Program:  The following computer program, as presented by itdder (4),
can be used to compute the natural frequencies and modal amplitudes 11 the
skin, rib, and frame of a nine cell box struciture s illustrated in Figure

5.3.2-1. The program is listed in Table 5.3.2-2 with typicel output format
listed in Table 5.3.2-3. The alternate to using the computer program is to
use Lyguation 5.3.2-1,

Mine Coll Bor Strocture Vibration Analysis (BOXVIB)

Subprograms Required:  STEFF(SK, 1 ,J0,K), MASS(SM,1,J,K), F(N,1,J), SGN(K).

fnput Data Format (BOXVIB): Five Cards per Data Case
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Attac:ment Spacing

Rib Spacing, S, Inches

= L
o o« [- P I )
il JE.|

1.5

2.0 -
25 J

3.0 -

4.0 ..

FIGURE 5.3.2-10 NOMOGRAPH FOR ETERMINING ATTACHMENT
DIAMETER AND P TCH FOR SKIN 1B
CONSTRUCTION (REF. 11)

372

)

A i el e itk e L Sl

N PIRPRF Sy S PR

[E %



http://www.abbottaerospace.com/technical-library

P GURE 5.3.2-11

Location Of Potential Failure

GEQMETRY AND NOMENCLATURE FOR R: 8 LIGHTENING
HCLE (REF. 11)
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TABLE 5.3.2-2
INPUT  ATA FORMAT AND COMPUTER PROGRAM LISTING

FREQUENCY ANALYSIS OF A NINE CELL BOX STRUCTURE
(CONTIUED)

CARD 1
(oL (FORMAT) {1k} ’ 5{12)
NAME HUATA 10uT |
CARD 2
coL (FORIAT) 1(12) 3(12) 5(12) 6(12) 7(12) 11{12)
NAE ns MF NS e QS QF i
CARD 3

COL (FORMAT) e L) o oz(enn.a) 23(E11.5) 34(E11.4) ug(ct.h

NAME Al A2 81 B2 H

CARD &

coL {FORIAT) 1(E11.4) 12(e11.4) 23(€11.6) 34(ETILR) 4s(E11.4)

HAME Tis 128 GHS ES PRS

CLRD §

CoL (FORMAT) 1{E11.4) 12(E11.4) 23{E11.4) 35(ETT. L) L5(E11.4)

NAME TiR T2 GHR ER PRR
NDATA four digit data identification numbar
1cuT cutput option: = 0, frequencies are printed for cach mode

= 1, frequercies and modal amplitudes are
printed for each mode

HS,MF initial and final values for mode number m

NS, NF initial and final values for mode number n

QS,GF initial and final values for mode number q

ATL,A2 length cf panel bays parallel to x-axis (sce Figure 5.3.2-1)
81,82 lenath of pznel bays parallel to y-axis (see Figure 5.%.2-1)
H height of box

TiS/T2S upper/lower skin thickness {see Figure §.3.2-1)

GMS weight density of skir material

ES Young's modulus for skin material

PRS Polsson's ratio for skin materiat

TIR/T2R rib/frame thickness {see Figure 5.3.7-1)

GMR welight density of rib and frame material

ER Young's modulus of rib and frame material

FRR Poisson's tatio for rib and frame material
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100

TABLE 5.3.2-2

(CONTINUED)
DIMENSION Wi(3,3),¥W2(3,3),0(2,3),V(2,3)
COMMPAN AC{8),B(7)
INTEGER GS,Q
TN=m|
I10w2
READ(CIM, 105) NDATA,IONUT
READ(IN,115) M8, MN5,N,QS,0
FEAGCIN,110) AL,A2,B1,R2,H
READ(IM,110) T1S,725,GHS,ES,PRS
READCIN,110) TIR,T2R,GMR,ER,PRP
FORMAT(I4,T12)
FORMAT(5E11,.4)
FORMAT(6ID)
AC1)s A1/A2
A(?)s H/zay
A(3)s H/AD
A(4)s Ri/ay
£(8)= Fl/e?
L(R)z S{/RD
L(7)= H/R{
A(R)= R2/AY
h(Q)= P2/a2
ACYI0)eH /U2
A(11)=T28/T1S
A(12)=T2P/TYR
L(13)sTIR/T1S
A{14)Y=GHMP/GMS
AC1S)Y=ER/ES
A(16)s(1 , n=FPRPS+PPS) /(1 ,0=PRR+POR)
feG¥S+T1S*A2+R2/1544,0
Ck22 ,02G3CE+ES#TIS*+3/(A2#R2+ (1 N=ORS*PRSHY
CFe0,180154Q93+SQRT LK /LK)
C1=A(1)*e3
C2sAlB) e+
(322,06 (1NY++3
FA=h(Q)#«+3
CE=A(11)+43
Ceeb({3)+23
RO1)s (1 aM48 (1100 % (1,042,001 142,0%C244 Nk 1{*+(C2)
R(2)Y=C3xA(14)Y+A(13)
R(2)=21,0¢2,NkA(1)%+3
F(L)RCA% (1,042, 0%ACEY#+3)+A(12)
E(8)=1,0+CH
D(EYR20+CE+A(IEI*L(16)
ne 210 Kags,n
WRITEC(ID,2158)
PEITE(IQ,220) NDATA
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120

200
20y

an2

TABLE §5.3.2-2
{CONTINUED)

THOICUTY 11,11 8.107
CEYTE(IC,2F0)
SRRESGM(K)
FLeFLOAT (K)
roo 2ng lsus,v
ShresGh (1)
FrMeFI DAT(I)
rC 205 J=nS,Y
SehelGH(J)
FLeFLOBAT ()
CalLL STIFF(SK, T, ¢%)
CALL MASS(SH,I1,J,X)
FRFCRaCFeSCRT(SK/EM)
SN ECMegH
SKkHECK* S
TFEIoUTY 204,201,12C
V101, 1) sCnVaghtixA(1)*A(RY
nyr1,2)s ShMea ()
H1Cy,3)s vt (1,1)
Wi1€Z2,1Ys grrea(€)
wi(2,2)=z 1,00000
ki(2,3)= w1212
P1(3,10% w1 (1,1)
Wy (3,2Y2 wi(1,2)
w1 (3,3)= w1(1,1)
(1 ,2)z=F s a(3)/F0
Lit,1)= S?\IN'A(&)*L'(II2)
UL, ®)= 1i01,1)
(2,108 SHMeU(1,Y)
HE2,2)3 SEMe(I(1,2)
(2,22 SHPe(1,1)
V(1,2)z=Frsa(10)/F0
VL, i)z SNMeA(1)%V(1,2)
Vi1, )= v(t,t)
V(2,102 SKMeV(1,1)
V(2,2)= SKNNaV(1,2)
V(2,3)= Shtev(1,1)
Co 20¢ I1=x1,3
rG 200 Jiz1.,3
K2¢T1,J 1 Y=3nReM (I1,J01)
CONTINUE
6O TN 2072
WRTITE(CIC,265) 1,J,%, %KM, SMVY,FPFQ
e TN 2408
WRITE(IO,225) 1,J,%,FRFQ
WRITE(IG,230) SMr, lKkM
WRITF(In,Z23%8)
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205
210
215
220
225

230
235

240
248
250
255
260

265

TABLE 5.3.2-2
(CONT INUED)

WRITE(I0,240) ((W1(I1,J1),J1e1,3),T131,3)

WRITE(I0D,24d5)

WREITE(IC,240) C20(T1,J1),J131,3),1121,2)

WRITE(IC,250)

WRITF(I0,2403 ({(V(I1{,J1),J1%1,3),19m1,2)

WRITE(IC,25%)

WRITE(IC,240) ((W2(11,J1),3181,3),71=4,3)

COMTINLUE

CONMTINUE

FORMAT((My,7X%X,45HDYNAMIC ANALYSIS OF A NINF CELL=BOX STRUCTUPRE)
FOPNAT(/;QiX;gHDATA CASE,IS)

FORMAT (/,3Y,13HMNADE MUMBER (,12,1H,,12,1K,,12,1H),7X,

{1 CHFREQUENCYR,E12,.5,3HHZ.,)

FORMATC(/,3X, 1 LHMCDAL MASS2,E12,5,3%,{6HMODAL STIFFNESSeE,F12,5)
FORMAT(//,22X, 1 6HMODAL AMPL ITUPRES, /, 16X, 9HUPPER COVER SHEETY =,
{7HWL(]I,J))

FOOMAT(10X,F12.,5,2X,F12.5,2X,E12,%)

FOPMAT(/,23%,13HRIRS = UCI,J))

FORMATI/,23X,13HRIRS = V(1,J))

FORMAT(/,17X,27HLCKER COVERP SHEET = W2(I,J))
FORMAT(/,6X s 7HIM, N, Q),3X, {2HMODAL STIFF,,2X,

{11HMODAL  MASS,2Y,14HFREQUFNCY, HZ,:/7)

FORMATI(OY , tmCe Ty tH, It H, Y IH) 20, F12,5,2X,E12,5,2%X,F12,5)
G0 TC 100

FND

SURROUTINE STIFF(SX,1,J,K)
COMMAN A(16),B(7)
IJale]lwde]

CIdsFLOAT(TJ)

Fe2=F(a,1, )

SKF22 0« (ACII*F (R, T, J)+A(6I*F (R, 1,J)+2,0%A(C1)*ACAI*F(4,T,J))/FD2
SKF={,0+SKF
RKEFs(F(3,I1,KI+42.,0%A(1)*F(2,1,K))*AC1N)+

T(F L0, 0, K) 42, 0%A(6)+F (7, T, X)) %A (3)I*A(12)%u]
SKasCIJs (BIE)Y4F22¢SKF+R(6)*«RKF)

RETUPN

EXP

FUMCTION FON,ILDD)

COMMAN A(1R),E(7)
Ria(FLOAT{T)/FLGATCIYI I +A(N)
PzR1+1,0/R?

FeReQ

RETURN

FNP
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TABLE 5.3.2-2
(CONCLUDED)

SURRCUTIME MASS(SM, T,d0K)
COMMON A(16),B(7)
C1aFL.OAT(I)/FLOAT(T)
C2=FLOAT(J)/FLOAT(K)
FreB(3)+¢B(A)+C1 (]
SMER(1)+PR(2)eRMw(CP+C2
PETURN

Fan

FUNCTION SGN(K?
C=1.0

DO 5 I=4,K

C3=-C

CONTINUE

3GN=C

RETURN

END
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5.3.3  WEDGE STRUCTL E

Wedge structure is t pical of aircraft control surfaces, such as allerons,
trailing edge of fla.<, clevators, and rudders. The presentation here Is a
very simplified appr ach to a complicated structural dynamics problem as
described by Rudder ‘1) The result Is a simple design equation for esti-
mating the natural f.equencies of such structure, Clarkson (2) indicates
that wedge structure exhibits stress response similar to that exhibited by
box structure so that until reliable experinental data are avallable the
methods of Section 5.3.2 can be used as a tentative design procedure for
estimating stress response with frequency estimates obtained using the
results of this secilon

H.34.3.1 Notation

The notation used in this se ion is as follows:

a Radius of sector-shaned rib (Figure 5.3.3«1h), linches
b Rib spacing (Figure 5,3.3-1a), inches

t Young's modulus of cover sheets and ribs, psi

fmnq Natural frequency of {(m,n,q)th mode, Hz

h  Thickness of wedge structure cover sheets (Figure 5.3.3-1a)

hr Rib thickness, Inches

Im integral evaluated in Table 5.3.3-1

¥ Mrdal ctiffnecs of (m,n,q)th made (Fguation £.3,3-2)

mnq

anq Modal mass of (m,n,q)th mode (Equation 5.3.3-3)

o Mode number for x,, x,, and r directions (Figure 5.3.3-1)
n Mode number for y direction

q] Mcde number for 8 directing

' Radial i tance, inches

5 2«LL\, indhes

/ Half angle of sector rib, radians

. Weight Adenaity of « ructore matiy iz

381
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5.3.3.2 Fstimatlon of Natural Frequencles

The configuration of a three cell wedge structure i< Illustrated in Figure
5.3.3-1a, with the geometry and nomenclature for a rib Illustrated in Figure
5.3.3-1b.

Derivation: The modes of the cover sheets are described in terms of the
number of half sine waves of the mode in the plane of the cover sheet using
the mode numbers (m,n). The modes of the rio are described in terms of the
number of node lines In the clircumferential direction by the mode number, n,
and by the number of node lines ln the radial direction by the mode number,
[ ],y ot i wsde ,fl_,_‘d oo Shtuocvoued da Uiges o el o

For structural modes symmetric about the x-y plane (see Figure 5.3.3-1) and
Imposing a zero shear condition at the Intersection of the cover sheets and
ribs (1.e., the rib-skin intersection is assumed to remain perpendicular
during deformation), the frequency of the (m,n,q)th mode is given by the
expression

K

2 _ _mng - Z .
frnnq lOT!ZH qg=1,3,5... Hz (5.3.3-1)

mngq
Assuming that the cover shzets and ribs are manufactured from the same

materlal and that the ribs 311 have the same thickness and are equally
spaced, the expression for the modal stiffaess Is

IIQDS h‘
“mng ™ lab, n'n ‘3[' '*( h:) JF o (by ) (5.3.3-2)

3
h 2 2 )
] ("ﬁ) (j:-—“-) <§2>[<-nm>2 + 15+ 844 @D u (@D - 1% )

[

and the expresslion for the modal mass is

1 Zh h 3 .
=rn.ab 1301 + 52 *‘I_ (2 )ﬂ-____r” (5.2.3-3)
Iy 5 ] ] - ' [P £
15 ]''s 2 (ma)
where D =t h}/YZ(I-Vz)
1 1's
G = Dy
‘)! - Y'hs/g
Tabulated values of the Integral
| - 2 fﬂ 1 2 mur )
5 —sin” {— &
" (nm) o ! <
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required to evaluate Kmnq are presented In Table 5,.3.3-1

TABLE 5.3.3-1

VALUES OF THE INTEGRAL |"l

m = | T 2 3 L 5

| = 0.24699 0.07888 0.03958 0.02408 0.01632

Example : Calculate the first few natural frequencies of a three cell
wedge structure for the following data

h = _h = hr = 0 050 inches

s 2s
a = b = 10.0 inches
a = 11.46 degrees (0.2 radian)
3 6

vy = 0.101 Ibs/in E=10.3~-10" psi v = 0,302

Then, using the computer program following this example or using Equations
(5.3.3-2) and (5.3.3-3) the iirst few response frequencles are

mode number f , hs mode number f , Hz
(m,n,q) mna (m,n,q) mnd
(1,1,1) 134 (1,3,1) 530
(1,1,3) 298 (1,3,3) 964
(1,2,1) 298 (2,1,1) 261
(1,2,3) 61)

Computer Program: The computer program for calculating the natural fre-
quencies and modal amplitude . for the ribs and skin of a th ze-rell wedge
<tructinre Is presented below. The computer program is ltisted in Table
5.3.3-2 and typical output Is listed In Table 5.3,3-3.

REFFRENCES FOR SECTION 5.3.3

I, tudder, F. F.; YAcoustic Fatigue Re lstance of Alrcratt Structiral
Lomponent Assemblies," AFFDL-TP-/1-107, Air torce Flight Dynanm:- s
fiboratary Wright-Patterson Alr Force Base, Ohio, 1971.

o " larkson, B. 1.; ""Stresses in Skin Pancly Subjected to Random /Aoustic
toading,'" AFML TR~67-199, Air Lorce Mot rials baboraton v, Wriaght-
Fatterson Air torce Base, Nhio, June 1907,
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(b)

FIGURE 5.3.3-1

Sector Plate Coordinate System

THREE CELL WEDGE STRUCTURE GEOMETRY AND
NOMENCLATURE (REF. 1)

R



http://www.abbottaerospace.com/technical-library
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TABLE 5.3.3-2
INPUT DATA FORMAT £iD COMPUTER FROGRAM !STING
FREOUENCY ANALYS1S DF A THREE CELL WEDGL STHUCTURE
SGN(K) (CONTINUED)

Subprograms Required:

lnput Data Format {WDGVIB): & Cards per Data Case

CARD 1
COL(FORMAT) | 1(0&) | 5(12) | 7(12) | 9{12) ‘ 11(12) 13(12) 15(12)
NAME WDATA | MS MF NS l NF Qs QF

CARD 2
COL (FORMAT) 1CETO.4Y ) 11(310.4) | 2v(ETDo.4) | 31{E10.&)

NAME Al Bl B2 ALPHA

CARD 3/4

COL(FORMAT) [ 1(EY0.4) | 11(E10.4) | 21(EVo.4) | 31{E10.L)

NAME T1§/725% GMIS/GM2S | EIS/E2S PR1S/PR2S

CARD &
COL (FORMAT) 1(e10.4) | W1(EV0. L) | 2v(EV0.4) | 31(E10.4)

RAME TP GMR ER PRR
NOATA four diglt data identification number

MS , MF Inlttial and flnal valuzs for mode number m
NS, NF Initial and final valuesw for wmode number n
QS,QF Initial and flnal values for mode number g

NOTE: only odd values of q are considered. QF < 5.

M radlus of rib

B1/B2 rib spacing (B3 = Bl: see Figure 5.3.3-1b)

ALPHA TOTAL wedge angle in DEGREES

TIS/T5 thickness of upper/lower cover sheet {(sec Flgure 5.3.3-1b)
GMIS/Gr’S  welght density of upper/lower cover sheet materlal

[P S Young's modulus of upper/lower cover sheet material

PRI1S/PR2S  Polsson'< ratio of upper/lower cover sheet material

TIR thickness of rlb

GMK welght density of rib material
ER Yaung's modulus of rlb materfal
PRR Polsson's ratio of rib materlal
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TABLE §.3.3-2
(CONTINUED)

THIS PROGRAF EVALUATFS THE HODAL MASS AND STYIFFNESS,
FREQUENCY Ap® MOPE SHAPES OF A WEDGE STRUCTURE
AIrENSTON ACS2),F(6),H(2,3),V(20,4)
REAL IM(10)

INTERFP N,08,0F,QM1D2

ThE)

1082

TM())as,24€609

(2, 07808

1IP(3)Yx , CI08R

IF(4)=,07408

i¥M(5)e,01612
READ(IN,0G)IHDATS M5, NF NS,NF,0S,GF
KEACCIN,101) A1, B0 0D ALPHA
ALTHEz,008772664ALI A
READCIN,J01)T71S, M8, E18,PPLS
PEADCIN, 1P L)TPS, GH2S5,E25,PPRS
REA(-‘(I“IIO‘)TlprnMerR.’?'pR
A(‘):’.’,ﬂA{_FHA'Allﬂ?

p(2Yu8)/RD

L{3)aAl/nD

A{A) AL *bD

IYEDET S WAL

A{6)EA(1)+3

A(7) 2t §6eTIg4w ¢, =PRIS*PFRIS) /12,
A(R)=LZGeTPG#* I/ (1, =PRRS#PP2E) /12,
BLG)rEReTIE4#3/(1,=PRR+PPRI/ (2,
A(jn):;{;rHSﬂT\.“,

A(11Y=AC10)#A(4) /1544,
ACIRIEY L+ GHPRT2R/A(10)

ACI3)zA (10 # (P, v (2)41 )AL}
A(14)=RERATIR/ACIO)#A(6I*ACLY)
B(IRY=PA, 3 P27 A7) /A(A)

BLLEY L (T +A (M) /A (7)I4ATLS)
LCI7YE(ALT HAZL ,D707Q5)#s2
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TABLE 5' 3' 3_2
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TABLE 5.3.3-2
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TABLE 5.3.3-

3

FREQUENCY ANALYSIS PROGRAM OUTPUT

DYNAMLIC ANALYSIS

DATA CaSE 2000

oF a wEDRGE STRUCTURE . .

MOGE s UMBER { 2, 1» 1)  FREQUENCY= 0,2,011F+03,HZs

MO AL MASSS 0,1lynée-uR

MODAL AMpLITUDES

SODAL. STIFFNESS= 0,%2410E+04

UPPER LOvL“ GHEET - Wilrd)

~0.10000E+01

0.1,000E401

M:d'lﬁdh55161“"'~_v'

e e VOWER COYER SHIET = W(Zvu))

R/A

[V EL

Uelll

NelH
0.0
Ue20
0«30
De 85

0ati)

Dally
V50
Deb5
n.en
l).f.

=740
U-75
NeH0
0.5
[CRIR 1}
[V LY

7

o

-_—

0,100Q0L+01

SeCTOR PLATLS = v(x'J{"””“”

-0 [y lhﬂu,.of-"’,u 1 B

0.100pQf+0d

_SECYOK  SpCTow SECYOR  _SFCTOR
PLATE NO PLLTE NO PLATE NO PLATE NO
1 2 3 - N

0.0ld08E~02-04618N6,.~02

0423513t ~41-042351 3 -01

0.48544E=01-0.4£544¢ ~01
N, 769907 =N1-0.760170L~01
U 10001E+0u0=-0.10001t 400 O
0.L1413L+00=0,134130 400
U, 11327E400=0.11327t+00U
_0.94052E-01~0.94042( =01

0.M180BE=02-0,61B80AE~02

0,23513£-03-0.2351 3E-01

0. 4B8544E-01-0.4n504E-01
U,76090£-01-0,75090E~01

LUULiE+u0-0,.1u001E: g0
0 11413E400-0.114%13E400
0.,113276400~0.11327E400
0,94052E-01-0,9y3052E~01

T0,95627E~01~0.55627¢-01
0,53703c-0b~0.53TN3AE~-(6

0.55627E-01-0,55627E=01
0,53703C-06=0.53703E~06

—0.b79886-01 V.67908f ~01«0.6798BL~01 0.67988E=-01
~0.14106L400 0414108 +00-0,14108E+00 0.1u1QBE+0D
~0,21026E400 0.210%RF+00~0,210236E+00 0.,21036E+00
_=0.26531E400 0.24631E+00+0,26631E400 0,241631E+00
~0.30002E400 0.30002F+00=0,30002E+00 0.3G002E+400
~04304366400 0.3p436L+00«0, 30436400 0.3QH36E+00
~U0,27509E+00 0G.27509¢ +00e0.27%09E+00 0.27509E+00
0.2110528400-0,21162E400 Q,21162E¢00

-0,21162£+)0 1
-0, 117’-“+E*OU Q. 11'7“‘#{*00 0 117448400 0.11'4‘%E+00

14U

1
_—

S e i R . e


http://www.abbottaerospace.com/technical-library

5.3.4 HONEYCOMB SANDWICH PANELS

Sonic fatigue design criteria for honeycomb panels was first established

by McGowan (1) and later refined by Ballentine (2) for conventional bonded
aluminum honeycomb core and facing sheet configurations. Recently, Holehouse
(3) has presented sonic fatigue design criterlia for diffusion-bonded

titanium structure. The results in this section are concerned with flat
panels with the effect of curvature discussed.

For honeycomb panels, the fundamental mode response of the panel is the

lowest frequency mode. Ballentine (2) reported that certaln of his panel
designs exhibited two (1,1) type modes the jower frequency mode having mode
lines very close to the fastener row and the higher frequency node having

node lines formed near the shoulder of the bevel where the tapered edge begins.

For honeycomb panels, three types of sonic fatigue failure can be

expected. The most common type of failure is at the edge of the panel at

the center of the long side with cracks forming around the fastener holes.
Facing shtieet failures are also experienced with the failures occurring at

the mid span of the long side of the panel. Finally, core shear failure

can occur near the edge of the panel at a location of 20% to 30% of the panel
short dimension.

5.3.4,1 Notation

a Short dimension of panel, inches

b Long dimension of panel, inches

E Young's modulus of facing sheet material, psi

fll Fundamental mode frequency of honeycomb panel, Hz.

g 386.4 In/sec2

h Facing sheet thickness, inches

hC Core thickness, inches

hd Edge doubler thickness, inches

he,h; Total cdge thickness (see note on Figure 5.3.4-1), inch

K Frequency parameter for Honeycomb panels (see Figure 5.3.4-2)
Ld'Ld]’Ld2 Edge doubler width parameters (see Figure 5.3.4-1), inches
S Edge attachment spacing (approximately 20 hc)

Sp(fll) Spectral density of acoustic pressure (psi)/vHz.

Y Weight density of facing sheet material, lbs/in3

4 Fundamental mode damping ratio

v Poisson's ratio

£ Core density, lbs/ft3

el Rms stress, ksi

: Stress due to a uniform static pressure of unit magritude
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5.3.4.2 VDesign Lriteria vor iiav Aluninwn Honcyount Dol

This section presents design equaticns and nomographs for est mating the
yuidaiieiva b wode froquensy, stress response and fatique 11fe of flat honey-
comb panels with aluminum core and facing sheets. Details ot the structural
configurations, test technigues and response data can be obtained from
Ballentine's original report (2).

The methods presented here were developed by Ballentine from laboratory
sonic fatigue tests of 30 honeycomb sandwich panal designs with two speci-
mens of each design tested simultaneously to check repeatibility. The range
af honeycomb panel design parameters consldered in this experimental program
were as followe:

facing sheet thickness 0.008 Inch to 0.040 Inch
doubhlar thickness 0.015 inch to 0.090 inch

core thickness 0.25 inch to 0.82 inch

edge thickness 0.025 inch to 0.115 inch
overall specimen size 21 x 21 inches to 37 x 61 inches
aspect ratio 1.0 to 1.7

For the sonic tatigue tests broadband random roise was used to simulate
the service loading.

Ballentine (2) also consldered aluminum alloy closure pans, tapered doublers
and crushed cone edges with no significant change 1n respon<e frequency,
stress response, or fatigue life observed as compared to the baslc design
uaing constant thickness doublers, machined core edges, and fiberglass

edge closure. The honeycomb panel yeometry and nuienclature arc prescnted
In Figure 5.3.4-1,

5.3.4.2.1 tstimatlon of Natural Frequencies

By correlating experimentally determined fundamsntal mode response fre-
quencies with a simple Rayleligh frequency analysis for a honeycomt ..anel,
Ballentine (2) presents a simple desic equation for determining the funda-
mental mode response frequency of a honeycomb panel with tapered edges as

2

= K(h+h)/a® e (5.3.4-1)
(&

where K 14 & function of panel aspect ratio and is presented in Figure
(5.3.4-2).

This analy:cisn assumes that ihe pane! sponse ic linear and that the flexural
rigldity of the panel results totally from the facing sheets3 The core
density Is assumed to be equal to or greater than 2.0 lbs/ft”.

e
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Example: For an aluminum honeycomb panel with the following dimensions
calculate the fundamental mode response frequency.

a=21.0 inches, b = 21.0 inches,

core thickness = 0.25 inch

facing sheet thickness = J.025 inch 3
Assume that the core density Is greater than 2.0 lbs/ft~.

From Figure 5.3.4-2 the value of K for b/a = 1.0 is 3 x 10°. Then, from
Equation (5.3.4-1) the fundamental! mode response frequency is estimated to
be

fl, = (3.0x 10°) (0.025 +0.250)/(21)% Mz
f]] = 187 Hz
5.3.4.2.2 Edge Stress Criteria

The most common type of sonic fatigue failure for honeycomb panels is
failure at the center of the edge of the long side of the panel at the
attachment line. By correlating sonic fatique strain data Ballentine
developed an empirical design equation for estimating the root mean square
edge stress. This design equation is

0.51 0.5 1.01
14 a2 'h"’(b/a) Sp(fll)

hl's'c°'38[3(b/a)2-+3(a/b)2-+z]

S = 1.46x10"3 (534 ksi  (5.3.4-2)

0.57

1/4

For aluminum alloys Ballentine assumed (Eg/y) = 445 so that the above

design equation becomes

0.51.0.5 1.01
a h. (b/a) Sp(fll)
)2

o = 0.65 ksi (5.3.4-3)

he 21203013 (b7a)% + 3(as)% 4 21057

Equation (5.3.4-3) was used to develop a design nomograph for estimating

the magnitude of panel edge stresses. The failure data observed by Ballentine
are also included so that estimates cf the panel fatigue life can also be
accomplished. This honeycomb panel 2dge siress design nomograph is presented
ir Figure 5.3.4-3.

5.3.4.2.3 Facing Sheet Criteria

In addition to establishing the edge thickness for the honeycomb parel, it
is aiso required to establish the facing sheet thickness soc that the entire
pane! design meets the desired fatigue life. Ballentine developed an
empirical design equation for estimating the root mean square facing sheet
stress response. This design equation is
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174 2% M6 (bra) 1073

- y -3 . _
= 1.8x10 7(Eg/y) h0.73h0.23c0‘35 sp(f,,) ks i (5.3.4-0)
C
F(b/a) = (b/a){(b/a)2-+vl/[(b/a) + 113’2
1/4

For aluminum alloys Ballentine assumed (Eg/7) = h45 so that the above

design equation becomes

ao‘hs[F(b/a)]o'73
h0.73hg.23co.36

o = 0.80

sp(f],) ksi (5.3.4-5)

Equation (5.3.4-5) was used to develop a design nomograph for estimating
the magnitude of panel facing sheet stress. The facing sheet failure data
observed by Ballentine are siso included so that estimates of the panel
fatigue life can also be zccomplished. The honeycomb panel facing sheet
design nomograph is presented in Figure 5.3.4-4.

The edge stress criteria, the facing sheet criteria, and the response fre-
quency criteria must be used together to establish an optimum panel design.
An example will illustrate the design procedure.

Example: A flat aluminum alloy honeycomb sandwich structure is required to
withstand an estimated sgrvice environment noise spectrum level of 130 dB.
The design life is 5%10° cycles, the damping is assumed to be 0.019, the
panel width is 20.0 inches with an aspect ratio of 1.2, The honeycomb

core depth is 0.45 inches. Determine the panel edge thickness and facing
sheet thickness for this design life,.

Using Figure 5.3.4-3, one begins with the service life of 5x 108 cycles and
proceeds through the nomograph as indicated by the path to determine an
edge thickness of 0.064 inches. Using Figure 5.3.4-4 as indicated by the
path on the figure, the facing sheet thickness is determined to be 0.015
inches.

Using Equation (5.3.4-1) and Figure 5.3.4-2, the fundamental mode response
frequency is determined to be

Fly = 2.5 10° (0.015 + 0.45)/(20)2 = 290 Hz.

The spectrum level of 130 dB is checked to see if it corresponds to the
response frequency of 290 Hz. It may be required to iterate the solution
to optimize the design.

From this example, it is indicated that the required edge thickness is 0.064
inch and that the required facing sheet thickness is 0.015 inch. The edge
thickness is the sum of the facing sheet thickness, the edge doubler thick-
ness, and if a metal closure pan is used, the pan thickness. Assuming that
the panel in this example used fibergiass edge closure the doubler thickness
is
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h, = he - hf = 0.064 -0.,015=0.049 inch.

d

To obtain an ogtimum length for the doubler one usesiit:2 criteria indicated
in Figure 5.3.4-1. .

5.3.4.3 Design Criteria for Diffusion Bonded Titanium Honeycoml: Panels

This section presents equations and nomographs for estimating the funda-
mental mode frequency and edge stress response and fatigue life of flat
honeycomb panels with titanium core and facing sheet material. The joining
system considered Is a 'Liquid Interface Diffusion'' (LiD) bonding process.

The methods presented in this section were developed by Holehouse (3) from
laboratory sonic fatigue tests of ten panel designs. The range of honey-
comb panel design parameters considered in this experimental program were as
follows:

facing sheet thickness 0.005 inch to 0.020 inch
doubler thickness 0.012 inch to 0.020 inch
core thickness 0.125 inch to 0.50 inch
edge thickness £.022 inch to 0.060 inch
overall specimen size 18.5 x 25.25 inches
aspect ratio 1.36

panel area density 0.25 to 1.25 1b/ft2

For the sonic fatique tests, broadband random nnise was used to simu-

late the service loading. The honeycomb panel geometry and nomenclature are
presented in Figure 5.3.4-1. Details of the structural configurations,

test techniques, and response data can be obtained from Holehouse's original
report (3).

5.3.4.3.1 Estimation of Natural Frequencies

By correlating experimentally determined fundamental mode response frequen-
cies with the results of a finite element frequency analysis of the structural
design, Holehouse (3) obtained a simple design equation for the fundamenta!
response frequency of a flat titanium honeycomb panel as

£ = 2.88 K h°"9"hg'9‘3/a2 (5.3.4-6)

11

where K is a function of panel aspect ratio determined from Figure 5.3.4-2
using the curves labeled ''clamped'' and ''simply supported.'' The above
result for the fundamental mode frequency was incorporated into the first
part cf a design nomograph for estimating facing sheet stress. This nomo-
graph is presented as Figure 5.3.4-6.

5.3.4.3.2 Estimation of Static Stress Response

The final result of Holehouse's analysis is to develop a predicticon of panel
edge stress at the center of the long side of the panel resulting from a
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raandom acoustic excitation., Using a single degree-of-freedom analysis

(see Equations (5.2.7-60d) and (5.2,2-61)), the static stress response at
this polnt resulting from a uniform static pressure of unit magnitude is
reguired. Holehouse correlated basic panel parameters agalinst analytical
results obtained from a NASTRAN finite element analysis to obtain an
expression for the maximum edge stress ir. a clamped panel wlthout an edge
doubler. The following expression for the static stress respunse resulting
from a uniform pressure of unit magnitude Is

o, = 3.30x 107 a’(b/a)% 777/ (hn ) (5.3.4-7)

Equation (5.3.4-7) was used to develop the static str ,s nomograph pre-
sented in Figure 5.3.4-5,

5.3.4.3.3 Response to Random Acoustic Excitatlion

Using a single degree~of-freedom analysis, Holehouse correlated the basic
pane]l parameters and acoustic pres-ure spectrum levels to obtain an empliri-
cal design equation for estimating the root mean square stress response at
the center of the long side of the panel. This design equation has the
form

25,71 5 {f,)o
T = 1l o ksl (5.3.4-8)

f]‘ '
[1.0034 1.095 “1

The relationship given in Equation (5.3.4-8} was used to develop a dynamic
stress design nomograph. Whereas Holehouse used three nomographs, the
development here ~ombined the frequency noumograph with the dynamic stress
noimograph. The result is presented in Figure 5.3.4-6. Holehouse included
the results of his sonic fatique failure data so that fatigue life can
also be estimated uslirg Finure 5.3,4-6.

fatomates vor eore snear modulus and core density in terms of the core foil
thickness and cell size are obtalned from Figure 5.3.4-7. Holehouse (3)
states that the stress estlmates obtained using kquation (5.3.54 8) will be
applicable to jeining systems other than LiD, but he cautions the designer
about using fatigue life estimates from Vlgure 5.3.4-6 for other joining
systens.

Use of the design nomographs are indicated in the figures. Note: The
validity of staiistically corrclaoting dimenslonal parameters, as apparently

done by Holehouse, is questionable.

L3, L.4  Curvature ETfects

The consideration of sonic fatiyue design criteria for hone rcomb sand-

wich panels with curvature Is documented in the literature from the analyti-
cal standpoint; however, very little experimenta!l data is ava'labie to
obtain reliable design results. The basic configuration copsicered Is o
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circular cylindrical panel. Plumblee (4) presents an analysis of cylin-
drically curved honcycomh panels using a Rayleigh-Ritz method. His
althouah based upon simplifications, require a computer solution.

recults,
Jacobhson (5) also presents an analysis of circular cylindrical honeyconb
pancls. Thompson and Lambert (6) have developed design equaticns, a sequence

ot nomographs, and 3 computer program for estimating response frequency and
stress for circular cylindrical honeycomb panels.

REFERENCES FOR SECTION 5.3.4
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2. Ballentine, J. R., et al.; “Refinement ot Sonic Fatigue Structural
Design Criteria,' AFFDL-TR-67-156, Alr Force Flight Dynamics Laboratory,
Wright-Patterson Alr Force Base, Ohlo, 1968.

3. Holehouse, I.; "Sonic Fatigue or Diffusiun-Bonded Titanium Sandwich
Structure,' Paper No. 14, AGARD-CP-113, Advisory Group for Aerospace
Research and Development, North Atlantic Treaty Organization, 1972.

4. Dallentine, J. R., et al.; "Sonic Fatlguc in Combined Fnvironment,'
AFFDL-TR-66-7, Alr Force Flight Dynamics Laboratory, Wright-Patterson
Air Force Base, Ohio, 1966.

5. Jacobson, M. J.; "Stress and Deflection of Honeycomb Panels Loaded by
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5.3.5 CHEM=MILLED PANLS

No data is presently available in the literature to provide design criteria
in the form of design =quations and nomographs for chem-milled panel
structure. Sonic fatigue failure of chem-milled aircraft structure has been
reported in the litersture by Hancock (1) and van der Heyde (2) has con-
ducted a series of laboratory sonic fatigue tests on chem-milled panel
structure. The data reported by van der Heyde is presented here for design
guidance. For more detail of the test data and test techniques the original
report should be consulted. Other references to chem-milled sonic fatigue
data are van der Heyde and Kolb (3) and Berens and West (4).

5.3.5.1 Description of Test Specimens

The chem-milled test specimens used in van der Heyde's sonic fatigue tests
were manufactured from 0.175 inch thick 7075-T6é aluminum alloy material,
Squares of the material (1.94 inch by 1.94 inch) were removed from the sheet
by a chem-milling process leaving a skin of 0.030 inch and stiffeners of 0.18
inch wide by 0.145 inch high. Ffigure 5.3.5-1 shows the details of the speci-
men construction. The pane!: were manufactured according to normal aircraft
specifications.

5.3.5.2 Results of the Sonic Fatigue Tests

The sonic fatigue tests were conducted in the wide band sonic fatigue
facility of the Air Force Flight Dynamics Laboratory, WPAFB. The fundamental
mode response frequencies of the panel were determined using a loud speaker
excitation source with the node lines being parallel to the panel edges.
Static load and dynamic load test were performed to determine the panel
response to increasing static loads and sound pressure levels. The twenty
test specimens were divided into four groups with five specimens in each
group. Each group was tested at a different sound pressure level. The
damping ratios for the panel specimens varied from 0.004 to 0.050 at reso-
nance. The results of the acoustic fatigue tests are presented in Table
5.3.5-1. The failure data for the specimens is presented in Figure 5.3.5-2
and Figure 5,3.5~3 compares the fatigue life of chem-milled structure to that
exhibited by skin-stringer and bonded beaded structure.

REFERENCES FOR SECTION 5.3.5

1. Hancock, R. N., "Inlet Duct Sonic Fatigue Induced by Mul'+iple Pure
Tones of a High Bypass Ratio Turbofan,' Paper presented at the
lnstitute of Environmental Sciences Symposium Anaheim, California,
April 1973,

2. van der Heyde, R. C. W., et. al., "Results of Acoustic Fatique Tests
cn a Series of Chem-Milled Panels,' TM~73-151-FYA, Air Force Flight
Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio, December

1973.
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3. van der Heyde, R. C. W.;, and Kolb, A. W., "%onic Fatigue of Light-
weight Aircraft Structure,' Paper No. 20, AGARD-CP-113, Advisory Group
for Aerospace Research and Development, North Atlantic Treaty Organization,

1972,

L, Berens, A. P. and West, B. S.; ""Experimental Methods In Acoustic Fatigue'',
AFFDL-TR-71-113, Alr Force Flight Dynamics Laboratory, Wright Patterson
Air Force Base, Ohio, 1971,

FIGURE 5.3.5-1 CHEM-MILLED PANEL DESIGH (REF. 2)
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5.3.6 CORRUGATED P..NELS

Corrugation stiffened panels arc typical of supersonic aircraft and have

been proposed for uc: on the NASA Space Shuttle Orbiter. The latter program
has recently caused a renewed interest in the sonic fatigue design cri-

teria for corrugated panel structure. McGowan's design criteria (1) for cor-
rugated panels remains as the only existing design criteria. Recent results
of sonic fatigue tests have been reported by Baird (2) and by Rucker (3,4)
that can provide design guidance.

A limited amount of analytical work is available for obtaining estimates

of the response frequencies. Using an orthotropic plate analogy, Stroud

(5) has developed general expressions for smeared orthotropic plate con-
stants suitable for use in the methods described in Section 5.2.2.3 for pre-
dicting respdnse frequencies of such structure. Fung (6) has criticized
this approach on an analytical basis and has formulated a theory of vibra-
tion of corrugated panels using divided difference equations or assumed mode
methods. Golden (7) has alsc presented a lumped parameter method fcr esti-
mating response frequencic' of corrugated panels with tapered edges All

of the above references <hould be consulted prior to using the design cri-
teria presented in this section,

The configuration and nomenclature of the corrugated panel is illustrated
in Figure 5.3.6-1.

5.3.6.1 Notation

a Length of panel transverse to corrugations, inches

b Length of panel parallel to corrugations, inches

h) ER3/12(1 - v3) in.lb.

D] Bending rigidity of a single corrugation transverse tc its length
(see Stroud (5))

E Young's modulus of material, ]bs/in2

fmn Natural frequency of (m,n)th modeé Hz.

G Shear modulus of material, Ibs/in

h Thickness of panel skin, inches

hC Thickness of corrugation, inches

i Second area moment of inertia of a single skin-corrugation about
the centroid in the plane of the cross secticon

J Brendt torsion constant, 1/<f(q2/h)ds, for a closed cell

2 Width of corrugation at skin aztachment

m Number of nalf sine waves in direction transverse to corrugations

409
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N cycles to fallure

n Number of half sine waves In the direction parallel to corrugations
q shear flow in skin-corrugation section

o Mass per unit volume of material

v Poisson's ratio for the materlal

g\

Skin Thickness = h, inches

Corrugation Thickness = h Inches

c’

FIGURE 5.3.6-1 CORRUGATED PANEL GEOMETRY AND NOMENCLATURE
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5.3.6.2 Lotimation t Natural Frequencies

As stated above, the estimation of response frequencies of corrugated panels
is still open as to the most appropriate model for the struciure. Stroud

(5) presents general expressions for the equivalent orthotropic plate con-
stants of a corrugated panel with a single cover sheet. Using Stroud's work,
one can calculate _h* constants D L and D_ appearing in Equations
(5.2.2-82) and (5.2.2-83) to obta*n frequency estimates. Fung (6) and Golden
(7) present a dlffer :nt approach by considering each corrugation as a torque
tube. Using Fung's approach, the expression for the response frequencies

of a corrugated pane! with all exterior edges simply supported and neglect-
ing rotary inertia terms is

222
2 m™m n my 2 4 ny 2 A
fmn —nz?r—'[( —) D‘/a + (EJ (E1/2)/b
#6172 + (1-D)/a%b%]  Hz? (5.3.6-1)
Golden (7) presents data i ustrating the Importance of considering the

effect of tapered edges.

5.3.6.3 Skin and Corrugation Design Criteria

The configuration of the corrugated panel specimens used by McGowan are
illustrated in Figure 5.3.6-2. Welded tee sections were used to simulate
rib caps parallel to the corrugation and are clipped to the spar cap to

form three bays. Formed angles in each bay are spot welded against the
crest and transverse to the corrugations to attach each end to the spar cap.
The skin-corrugation, skin-spar cap, and rib clip-spar cap attachments are
spot welded. The ribs are attached to the skin and corrugation using A286
rivets 5/32 inch in diameter.

The dimensions of the four specimens tested are Qc = 0.75 inch and combina-
tions of skin thickness, h, and corrugation thickness, hc, as follows:

b, inches 0.020 0.020 0.025 0.025

h , inches 0.016 0.020 0.016 0.020

-4

ha specimens were manufactured from 6AL-4V annezled titanium alloy.

Melowan's design chart for salecting the skin thickness of a corrugated
panel is based upon edge stress criteria and is presentad in Figure 5.3.6-3.
The nomogreph for selectiny corrugation thicknass is presented in Figure
5.3.6-4, The design procedure is to determine the skin thickness, h, first
us:ag Figure 5.3.6-3 and then determine the corrugaticn thicknes. from
Fisure 5.3.6-4 as indicated by the path in the figures. These n-mographs
mest be used with design judgemen* sirce the fatigue lite determination
relies upon an equivalent random fatigue curve and was established using
only four specimens. For additionzl guidance the designer should consult
tve references of Raird and Rucker.

41y
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5.3.7 BONDED BEADED PANELS

McGowan (1) published the first sor.ic fatigue desicn criteria for bonded
beaded structure. Recently, van der Heyde and Kolb (2) have published the
results of sonic fatigue tests of 60 bonded beaded panels. Both references
indicate that the critical area for sonic fatigue is the bead edge where
the bead tapers into the panel. Van der Heyde and Kolb also observed skin:
failures along the bead-skin bond line that are apparently dependent upon
the ratio of skin thickness to bead thickness and concluded that McGowan's
criteria is acceptable for stress prediction but is lacking in fatigue life
estimation and requires modification to improve the accuracy.

Golden (3) presents a lumped parameter method for frequency estimates for
corrugated or bonded beaded panels. By using a lumped parameter model for

a beam with tapered edges to simulate the bending rigidity of the beau,
Golden's method predicts a severe curvature change (high bending stress)

at the bead edge for the fundamental mode. Golden's method will rot assist
in the prediction of skin failures along the bead bond line as observed by
van der Heyde and Kolb. At this point it is difficult to assess the modifi-
cations to McGowan's criteria required to improve the accuracy of the fatigue
life estimation. Fortunately, van der Heyde and Kolb's paper present suffi-
cient guidance to aid the cesigner.

5.3.7.1 Notation

b  Bead height, inches

h Skin thickness, inches

hb Bead thickness, inches

hd Edge doubler thickness, iné%es

he Total edge thickness of panel, inches

L Length of bead, inches

R Radius of bead (See Figure 5.3.7-2), inches

W Width of bead

5.3.7.2 Data Reported in the Literature

The 60 bonded beaded panel specimens tested by van der Heyde and Kolb comprised
20 specimens each of three designs. These designs are called Type 1, I, and
{11 specimens and are illustrated in Figure 5.3.7-1. Types | and I! had the
beads oriented parallel to the specimen width and Type !1i had the beads oriented

parallel to the specimen length. All specimens were manufactured from 7075-T6
‘aluminum alloy material. The particular data for each type of specimen is as
follows:

Specimen Skin Thickness Bead Thickness Bead Length
Type h, inches hb’ inches L, inches
-o»
f 0.032 0.032 21.0
Il 0.020 0.045 21.0
IHl 0.032 0.032 27.0
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The strain gage locat ons for the sonic tatigue tests are also illustrated

in Figure 5.3.7-1. 1.ae fundamental mode for such structure is similar to that
for an isotropic panel with the node lines parallel and near the panel edges.
The individuatl skin bay response between bead lines is the form of a fundamen-
tal mode for each bay (high aspect ratio panel) and occurs at a higher fre-
quency than the structure fundamental mode. The sonic fatigue test data

is summarized in Tables 5.3.7-1, -2, and -3 for the Type I, {!, and 11l spec-
imens,respectively. This data should be used for guidance when using the
design criteria presented in the following section.

5.3.7.3 Design Criteria for Bonded Beaded Panels

As discussed above, McGowan's (1) design criteria yield representative stress
estimates but predict fatigue life longer than that observed by van der Heyde
and Kolb (2). McGowan's criteria, never the less, is the oniy technique pre-
sently available and is suggested for use if the designer takes the data pre-
sented in Section 5.3.7.2 for proper judgement.

McGowan's criteria is based v on a bead end design which presumably provides
equal sonic fatigue resistn: ce for the panel edge and bead end. This bead
design and nomenclaturea : presented in Figure 5.3.7-2. The particular data
for the specimens tested were as follows: bead thickness, 0.020 inch; bead
width, 5.125 inches. The specimen material was 7075-176 aluminum alloy.

The design nomograph developed by McGowan is used to obtazin the bead geometry:
h,, L, and d for the desired fatigue life (Caution: consider the data in
Séction 5.3.7.2 before selecting fatigue life from this nomograph) and is
presented in Flgure 5.3.7-3. The bead length L, the bead width, W, and the
panel edge thickness, he are also determined from Figure 5.3.7-3. Presum-
ably, the skin thickness should equal the bead thickness + one gage for an
optimum design since McGowan's report is not explicitly clear on this point
(See the data in Section 5.3.7.2). The difference between the edge thickness
and the bead thicknecs is the required doubler thickness, hy. The detalls

nf the bead end closure are presented in Figure 5.3.7-2,

For frequency estimates for bonded beaded structure, to check the assumed

acoustic excitation spectrum level, Golden's (3) numerical technique seems
to be the only reliable method; however, the designer may obtain guidance

from van der Heyde and Kolb's test data (2).
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on Acoustic Fatigue, Advisory Group for Aerospace Research and Develop-
ment, NHorth Atlantic Treaty Organization, Sept. 1972.
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5.3.8 ANISOTROPIC P NELS

Anisotropic panels are a separate class of structures that has become important
in aircraft design since the introduction of composite materials for aircraft
construction in the ~id 1960's. The general analysis of anisotropic plates

is presented by Ambartsumyan (1) for both static and dynamiz response. To
obtain numerical results extensive calculations are required for the case of
general anisotropy. Fortunately, a practical structure is manufactured in such
a way that the plate material can be considered to be orthotropic so that the
material elastic properties possess three mutually orthogonal principal axes.
If the plate material is homogeneous, the plate is considered to be specially
orthotropic and the methods of Section 5.2.2.3 may apply.

For aircraft constructions, the designer is often faced with the consideration
of laminated plates with the lamina being orthotropic and possessing differ-
ent material characteristics, material axis orientation, or thickness. The
general analysis of laminated plates is presented by Ashton and Whitney (2).
As is the case with general anisotropic plates, to obtain numerical results
extensive calculations are -=quired; however, for particular lamina configu-
rations simplified desigr .esults are possible.

5.3.8.1 Laminated Plates

The theory of laminated plates is simplified by considering the material
properties of the lamina (2). By considering the material properties, the
coupling betwesn the membrane strains and the panel curvatures is zero if
the lamina are symmetric with respect to the plate midplane. This symmetry
requires that both the lamina material axis orientation and the thickness be
identical for laminae above and below the plate midplane. Such structure
is termed a midplane symmetric laminated plate.

Since the governing equations for laminated plates are too complicated to
obtain analytical solutions, approximate techniques are utilized (in particu-
lar, energy methoas) to obtain numerical results. For midplane symmetric
rectangular laminated plates subjected to inplane and transverse loading,

the theorsm of stationary potential energy has the form

a b
1 2 2 2
f'fo IO [Dllw’xx'+2012w’xxw’yy'+022w’yy'+h066w’xy
2 2
+ 4D w, w,  +LD,,w, w, +Nw, +Nw
1672 xx Xy 26" yy 'xy  x 'x oy y
! ; - = i ] -
+ thyw.xﬂ,y 2qw] dydx = stationary value (5.3.8-1)

wnere w is the transverse displacement; Nx' Ny’ and ny are the inplane edge
loads (see Figure 5.2.2-11) and q is the transverse loading. The bending
rigicities, Dlj’ are defined in terms of the elastic characteristics of the

I'd 1

; k . . .
lamina, Qij’ and the thickness of the laminze, h as [itows

!

k?
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n
' z ‘; 13( = hi ]] (5.3.8-2)

w|—-

Yy T

is

where the summation is over the number of lamina. The distance, hk’

measured from the plate midpliane.
The elastic constants, Q?j’ depend upon the lamina material and the orienta-

. . . 'k .
tion of the lamina principal elastic axes (x , y*) with respect to the geo-
metric (xﬁy) axis system of the plate. The relationship between the str=sses

in the kt" layer and the panel strains are
of | =lay, 9, 5l |, (5.3.8-3)
_U:L LQ‘;S %6 Qgg | Exy]

with the bending strains given by the relationships:

€, = W, ey = -zw,yy €y = -2w,xy (5.3.8-4)

The generalized Hooke's law for the lamina material is
{oi} = [Cij]{ej} (5.3.8-5)

with the elastic constants, Cits in terms of the lamina material axis orien-
tation given by J

* l* 2 2 ‘,’: + % 2 oL 2 s
Tm o+ 2m°n (<:]6 + 2C66) + 4mn(ci6m + chen ) + ¢k

(o = C 22"

2 2

? b % * 2
Cip = mon c]] + czz - ﬁcge) -2mn(c]6 - c26)(m -n ) + c (m +n )
_ ok 2 % 2 %
c]3 = c]3m + c23n + 2c36mn
_ P 2 2 - 2 - & 2 _ * 2 _ P o+ 2 _ 2
Cig = C1g" (m” - 3n°) mn[c]]m Cyo (c]2 + 2c66)(m n°)]

+ c’56n2(3m2 - nz)

_ I3 lf Z 2 %* % . % 2 * 2 % 1"
ag = SN * 2mn (c‘2 + 2C66) hmn(czém + clgn ) + cHom
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2

c23 = cgsm + cfzw - 2c§6mn

Cog = cgémz(m2 - 5n2) - mn{c?]n2 - cZ',L’zm2 + (c?2 + 2c26)(m2 - nz)]
+ CT6n2(3m2 - n2)

°33 = €33

3¢ = c§6(m2 - n2) + mn(c;3 - c?3)

g = (c’;I + ng - ZCTZ)mZn2 + Z(CZE - CTG)(m2 - n?)mn
b eyl - o?)?

The plate and material axis geometry is illustrated in Figure 5.3.8-1 and
m=cos 8, n =sin 8. The elustic constants, c;j, of a unidirectional fiber

reinforced composite can .- estimated as a function of the constituent
meterial properties and tne volume constant of the reinforcement (3).

~

. . , ; . k
The reduced stiffness terms, ﬂ%., are reiaied to the elastic constants, cij’
J

for the kth lamina as follows

k k k k k .
.. = C,. = C,.C, .3.8-5
QIJ oy C|3°J3/°33 (5.3.8-5)
fquations (5.3.8-2) through (5.3.8-5) are the mathematical expression of the

‘'stacking sequence' of laminated plates.

To obtain estimﬁtes of the natural frequencies of laminated plates, one sub-
stitutes -w®ohw™ for -2qw in Equation (5.3.8-1). The problem of obtaining
design oriented results from the above analysis is that cne must approximate
solutions for the transverse displacement, w(x,y), usually Ly assuming a
series type solution (see Equation (5.2.2-27)). The form cf the governing
equation (Equation 5.3.8-1) is such that the bending-tvist coupling terms,

3!6 and 926’ result in a set of coupled equations that requirc numerical solu-

tion rather than a simple uncoupled mode analysis. Rattor than ba2ing a
result of analysis, numerical studies have indicated that neglect of these
terms result in high frequency estimates and low displacement response esti-
mates (2). Neglecting the beading-twist couping terms (i.e., D’S:=026==0)’
results in the case of specially orthotropic plates discussed in

Section 5.2.2.3.

Holi and Jacobson (4) present a summary of two research programs -oncerned
with the design and acoustic testing of composite material componcnts. For
he analytical approach, they used a simplified theory assuming :hat the plate
wpecirens were specially orthetrepic (D}'.j = Dyg = 8) ard <hay alen used a
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(b) tamina Coordinates within a Laminate

(c) Laminated Plate Geomelry

FIGURE S.3.8~L_'LAMINATED PLATE GEOMETRY WITH LAMINA
GEOMETRY AND NOMENCLATURE
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finite element methoi to obtain estimates of the plate and stiffener Inter-
action. They describe sonic fatigue test results on simple 8-ply boron-
epoxy and 6-ply nine bay cross-stiffened graphlte-epoxy panels. Also, the
results of fatigue fallure data using shaker excitation of 72 beam specimens
to develop S-N data {or simulated joint configurations are described. The
beams consisted of a graphite-epoxy or boron-epoxy material bonded or riveted
to a graphite-epoxy or titanium allcy stiffeners.

For the simple plate analysis, the results of Section 5.2.2.3 apply with the
bending rigidities D] D , and Dy being related to the laminated plate bend-
ing rigidities given above as foflows:

Section 5.2.2.3 Laminated Plate
D) Py
Dz P22

For the simple rectangule. plate specimens, the failure mode of these panels
typically appeared as a crack in the outer ply immediately adjacent and
parallel to the clamped boundary. Gener2lly, the failure would progress
through the remaining plys and, if undetected, often resulted in the com-
plete disintegration of a small concentrated arca near the plate boundary.
This failure was sometimes accompanied by severe delamination of the outer

ply.

The simple test specimen panel design were as follows:

Total thickness 0.040 inch
Overall nominal dimensions 12.0 inches x 14.0 inches
Test overall dimensions” 9.0 inches x 11,0 inches

The laminated plates comprised 8 plys of orthotropic boron-epoxy material

in a 09 - 90° layup symmetric about the midplane. The outer plys had a fiber
orientation of 0°. The matrix material was Narmco 5505 and the boron content
was 50% by volume.

The panel damping, determined using the logarithmic decrement method, varied
from 0.003 to 0.004 for panels tested in the free-free condition and for
panels mounted in the test fixture the damping was typically 0.028.

A comparison between 0.050 inch thick aluminum alloy panels (assumed Kt==2.0)
and the boron-epoxy composite panel endurance tests are presented in Figure
5.3.8-2 in terms of sound pressure level versus life in cycles.

The beam specimen shakar tests were conducted to establish S-N data for
various material configurations and to establish that such data could be

oo

due to edge mounting in a picture frame test finnure

k29


http://www.abbottaerospace.com/technical-library

165+ |
= a O
9 |o
uws
2 1604
-t
W
o
pom |
w
¥ 155-4—T—0 ALUMINUM PANEL
x {2024-T3; KT=2)
=] A BORON COMFQSITE
3 1504—1—  paANELS
” ‘ 1 | .
10" 10° 108 107 108

LIFE (CYCLES)

FiGURE 5.3.8-2 BORON-EPOXY AND ALUMINUM PANEL FATIGUE DATA

Countersunk for
5/32" Dia. Rivet
Z-Stringer

Bonded Skin
Reinforcement

Skin

Bonded Stringer Specimen Riveted Stringer Specimen
A LA |
2.0 :%Kz 2.0
X 4s° | 45°
900 T 900 f
e 9,24 ——n fe—9.24 — »
Skin 6-Ply [90/£45] Skin 6-Ply [90/245]
Material Material
"Skin Stringer Skin Stringer
Graphite-Epoxy Graphite-Epoxy Graphite-Epoxy Graphite-Epoxy
Graphite-Epoxy Titanium Alloy Graphite-Epoxy Titanium Alloy

Boron-Epoxy Titanium Alloy Boren-Epoxy Titanium Alloy

FIGURE 5.3.8-3 BEAM SPECIMENS FOR SHAKER TESTS
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applied to the dewiy - of joints of fiber reintorced composite panels in
acoustic environment . without resorting to sonic testys of romplex pancl
specimens. By caretilly designing the beam specimens, Wolf and Jacobson
concluded that consi-erable sonic tatigue design information can be
obtained by conducting shaker tests tu supplement data generated by sonic
fatigue testing of complex panel specimens.  The beam test specimen detalls
are presented In Figire 5.3.8-3.

The fatigue failure «f all becam specimens initiated in the skin. For the
honded specimens the failure location was at the ends of the bonded jolnt
connecting the skins to the T-section simulated stiffener {see Fiqure

5.3.8-3). For the riveted specimens, the fallure location was o ihe end of
the bond attachment connecting the skin to the back up detuil that had been
bonded to the skin prior to the riveting. v

The S~N curves cbtained from the shaker tests of the beam specimens is pre-
sented In Flgure 5.3.8-4. Th original report presents the failure data
points. Although enough + (1mens were not avallable to establish confi-
dence Jimits far the shal + $-N data, YWglf und Jacobson (&) concluded that
apparently the rms fatigue strain at 10° cycles under narrow band random load-
ing of the six-ply (90/445)¢ araphite epoxy and beron-epoxy laminates is at
least ten peicent of the static, ultinaete tensile strain of the six-ply
lawinates.

\»1f's and Jacobson's test program also included sonic fatique testing of
three nine-bay test panels using six-ply (0/'45)¢ graphite-epoxy skin and
wix-ply (145/0), -raphite-cpoxy t-beams ard T .cction stiffencis.  Although
no failure data w - obtalned from these tests (the panels exceeded 100 hours
of exposure ro bre vd-band high Intensity nolsc with an overall sound pressure
level of 166 dB), omparison of the panel response data to the various ana-
Iytical methods Iniicates that assuming specially orthotropic analy.is and
using a single mode approximation as indicated in Section %.2.2.3 is as
accurate as that obtalned uwing finite element methods,

Complete deseription of the test specinens, test procedw e, eic. can be
obtained from the ..per by Wolt and Jacobson (1), Thit papor sumieicizes the
results of the conbined work of Rupert (5) and Jacobson (A). Jacob-on alsc
fresents re alts of sonis fatigue tests of glass fiber rontorced panels

i Reterence (7)
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5.4 METHOD> OF JUINING STRUCTURE
5. 4.1 GENERAL CONSIDERATIONS

The application of good design practice to recist fatiouc failure of st uc~
ture is equally important for structure exposed to an ¢ oustic environment.
Due to the relatively high response frequencies of aircraft panels and
structural components exposed to acoustic excitation and the long life re-
quirements of these cgmponents, the designer must continuously design
structure for over 10° cycles of applied stress. Hence, the designer must
conslder low applied stresses (typically less than 10 ksi rms) to achieve
the desired 1ife. This goal of long fatigue life forces the designer to
consider the interaction effects of structural geometry, attachment detalls,
material propertiez, testing techniques, and manufacturing processes.
Hence, deslign experience is extiemely important.

This section considers general design guidelines thot relate to specific
methods for joining structure. The following section discusses stress con-
centration faclors. The topic of material properties and configuration
effects as related to the fatigue charactecistics of materials and joint-
is presented in Section 6. The interrclation of the various factors in-
fluencing fatigue tife of structural as-.emblies is all important. The
designer should consult the text books by 0sgnod (1) and Heywood (2) or

the SAE handbook (3) for complete discussions of all aspects of fatigu: de-
sign and presentations ot much practical design intormation. The worl of
Harris (4) should be consulted fovr a discussion of the effect of standard
aircraft fabrication and finishing procuesses upon the cexpected fatigue per-
formance of structurce. Finally, the J Ligner should know the established
design methnds and available test data documented by his own company since
much relevant information is not available in the open literature.

As indicated in Fijure 5.3.2-9, the basict desiygn concepts ot symmetry,
continuity, and proportion are important considerations for ~onic fatigue
desiygh frrvopeciive of e meihod dsed Lo join the sorbciir gl Coapuiens.
The designer should glve special attentlon to caretul boundary dosign and
avoid abrupt changes in stiffness. Indeed, fFor ctructural configurations
and material for whizh wonic tatigue data exisis (Section 5.3), the
consideration of design details such as cutouts, clips, and various methods
tfor joining structure are presently the mo.t Important considerations for
destgning sont- fatigue reslistant structure,.

5.4.2 MECHANICAL FASTENERS

This section contains the detar! dosian guidelines for structural members
attached using mechanical fasteners. The section is subdivided into riveted
joints, bolted joints, and consideration of miscellanenus fasteners,

5.4.2.1 Riveted Joints

Undoubtedlv, riveted structural connections are the most common method of
joining us  in aircraft construction. The designer ~houid always aim ot

b
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providing equal strength for the rivet and the sheet material being
joined. This is rca'ized by proper spacing or pitch of the rivets in
relation to the rivet diameter and material thickness. Generally, the
minimum rivet pitch should never be less than three rivet diameters and
should never exceed 6 to 20 times the total thickness of the material
being joined. The rivet diameter should be approximately two times the
thickness of the material being joined and the rivet line should never
be less than three rivet diameters from the edge of a member. The rec-
ommended design practice of each company may vary from these guidelines
so that the designer must always consult the appropriate design stan-
dards.

For additiona! guidance in determining the spacing of rivets and mechan-
ical fasteners the designer should refer to Figure 5.3.2-10. Also, the
early work of Crate (5) in establishing an optimum ratio of rivet pitch
to rivet diameter is presented in Figure 5.4.1-1. This figure presents
the results of a series of cooastant amplitude sinusoidal fatigue tests
of flanged riveted joints. The curve represents an optimized value of
the ratio of the alterna.ing load per rivet for a given number of cycles
to failure to the static ultimate strength per rivet. This optimum ratio
was found to be essentially independent of the number of cycles to fail-
ure, This reference also presents 20 sinusoidal fatigue curves (alter-
nating rivet load versus cycles to failure). A typical curve is pre-
sented in Figure 5.4.1-2. The material used in the tests was 24S-T
(2024 heat treatable) aluminum alloy using A17S-T (2017 heat treatable)
aluminum alloy rivets. The reference should be consulted for specific
details as well as the data summarized by Osgcod (1), Heywood (2), and
Harris (4).

It is recommended that the curve presented in Figure 5.4.1-1 be consid-
ered as a minimum allowable distance between rivets and used in conjunc-
tion with Figure 5.3.2-9 to establish rivet spacing. The designer can
gain additional guidance by referring to Section 8 of MIL-HDBK-58 (6)
for static strength design criteria of joints for various materials and
fastener combinations.

Aircraft quality blind rivets generally exhibit both static strength and
fatigue characteristics similar to conventional rivets. Protruding head
rivets should be used whenever possible instead of countersunk rivets.

Cut countersunk riveting exhibits improved fatigue characteristics as com-
pared to dimpled countersunk riveting. The sonic fatigue strength of

a riveted joint is generally improved by using viscoelastic joining com=
pounds, standard adhesives, and sealants between the faying surfaces.

This advantage is gained at the expense of a joint that cannot be easily
disassembled for repairs.

The static performance of swaged collar fasteners as compared ta +iveted
joints is presented in Section 8 of MIL-HDBK-5B (6). These faste .ars
are usually required in high strength joints and as such are generally
not susceptible to sonic fatique failures (See Firure §,23 2-9),
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5.4.2.2 Threaded Fa teners

This classification «f fastener includes bolts, screws, and a wide assort-
ment of special purpse fasteners that allow for disassembly of the com-
ponents without damage to either the fastener or the components. The
spaciag of these fas'eners generally follows the guidelines presented in
Section 5.4,2.1 for riveted joints. MIL-HDBK-5B (6), Section 8, presents
static strength criteria for joints fastened by threaded fasteners. This
criteria should be applied to the structure with the designer taking ad-
vantage of the strencth of the fastener (See Figure 5.3.2-9).

5.4.2.3 Miscellaneous Fasteners

The use of quick disconnect fasteners for attaching inspection panels to
primary structure represents a potential sonic fatigue design problem.
Such devices are not recommended for surface areas of an aircraft that

are exposed to acoustic excitation above an overall sound pressure level
of 110 dB. If such fasteners are required the designer should contem-
plate sonic fatigue proof *~-ring of these components prior to accept-

ing the design. The dou*. about using such fasteners arises from the

fact that they are really small structural assemblies that must be attach-
ed to the panel or substructure and, hence, defy any attempt at analysis.

5.4.3 METALLURGICAL AND ADHESIVE JOINTS

This section contains design quidelines for detail consideration of mem-
bers joined by velding or brazing. The joint should be analyzed on the
basis of allowable static strength, dimensions, and geometry. The allow-
able strength of both the adjacent parent metal and tlie weld metal or
adhesive must be considered. Brazing, welding, and weldbonding process-
es are briefly discussed.

5.4,3.1 Brazed Joints

Brazing consists of joining metals by the application cf heat causing the
flow of a thin layer of nonferrous filler metal into the space between
pieces. Bonding results from the intimate contact produced by the dis-
sclution of a small amount of base metal in the molten filler metal with-
cut fusion of the base metal. '

A comparison of welded and brazed joints for aluminum - 1.% manganese
alloy (L.59) is presented by Harris (4), pages 305 to 3il. The fact that
brazing and welding locally cause metallurgical chances in the parent
material and require special manufacturing sequences to regain the materi-
al strength has resulted in designers avoiding such fabrication rechniques
uriies. specific test data is available for the structural configoration
and combination of materials being cons’dered. Proof testing of brazed
and welded structure should be seriously considered prior to acceptance

of such a design if high level acoustic service environment is expected.
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5.4.3.2 Welded Joints
5.4.3 ! Butt and Lap Welds

Superficially, consideration of welded joints as a fabrication technique
for structure exposed Lo high level acoustic excitation should involv~
orly the consider ition of the fatlique properties of the welded joint d
the application of these properties tc design. However, the designer
must consider the complications that arise that are peculiar to welded
joints. First, the weld s essentially a cast metal with mechanical
properties which may be entirely different from the parent metals being
joined. Secondly, the welded components would contain geometric stress
concentration characteristics due to the irregularity of the weld area
and attempts to remedy this situation (i.e., machining) may not be com-
pletely successful in recovering any ‘oss in fatigue strength, Fipally,
the metallurgical effects produced locally in the joint by the particular
welding process may deqrade the fatique scrength of the joint. Harris
(3) concluded that based upon the tensile fatigue strength per inch of
weld (a practical design criterion) of L.59 aluminum alloy butt welds
exhibited superior fatigue strength characteristics compared to lap welds.
Reversed bending fatigue tests of L.5% aluminum alloy alsu exhibited this
tendency.  Osgood (1) presents a very thorough discussion of fatique de-
sign consliderations of welded joints and a brief summary of available
tatigue test data. Section 8 of MIL-HDBK-5B (6) presents static design
criteria for welded joints of typical aircraft material.

n.4.3.2.2 Spot Welde

Spot welding [s the most common welding process encountered in the fabri-
cation of aircraft structural components. The ratio of the thickest

sheet to the thinnest sheet in the joint should not exceed 4. Based upon
static strength, the tabulated data in Section 8 of MIL-HDBK-5B (6) will
provide design guidance for d termining the minimum cdge distances and
spacing of spot welded joints. Fatigue data presented in Reference 6 in-
dicate that for 7075-1% and 2024 -T3 aluminum alloy, the endurance fatigue
strength of «pot welded lap joints is approximately 4% to 8% of the ulti-
mate tensiie strength ol the sheet for sheet failures and approximately
105 to 20% of the ~ietic strength of the juini ior shedr iailure of the
spot weld. Thesv results are based upon juints subjected to alterpating
load ratios of only 5% and, herce, do not apply for highly stressed joints,
Osyood (1) presents fatiaue test «data and design quidelines for aluminum,
titanium, and steel alloys thut can be used as typical results if the de-
signer does not have specific fatigue data availavle.

The daegigner choeultd avoid using cpot welded juints Tu Liuss Livucidre,
joints betweer stringers and ribs (unless a stop rivet is used), and as
the last fastenar ar the end of a4 shect-<rringer jaini.,  Spot owelds

should not be wed as the enly fastening method if tenslon Toading of
the joint is anticipated. Generally, the designer should avoid using
spol welded construction in acoustic environments exceeding 1b5 dB overall
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sound pressure leve! or contemplate acoustic fatigue proof testirg of the
design.

5.4.3.3 Bondad Joirts

For bonded joints the fatigue strength due to acoustic loading is determined
by the peel stresses at the edges of the joint. The peel stresses which act
normal to the adhesive layer are introduced by the bending moment and are
also a function of the relative stiffnesses of the two joining components.

The most prevalent application in aircraft construction is the joining of
metal stiffeners to thin metal panels. Recently conducted random amplitude
beam bending fatique tests indicate that thinner beams (0.32" thick) bonded
to an angle stiffener always failed in the beam close to the stiff edge,
without visible damage to the bond, while thicker beams (.040" thick) excited
to the same rms bending stress at the bond edge always failed in the bond at
a lower number of stress cvoiz:s. Partial delamination of the bond followed
by beam failure was also .served. These experiments for different bonding
processes are presently ontinuing at AFFDL.

An important factor which influences the fatigue of bonded joints is the
tvpe of adhesive material and the surface preparation employed.

The fatigue characteristics of bonded joints of advanced composite materials
and bonded panel assemblies have been reported by Wolf and Jacobson (7) and

by Jacobson (8). The designer should refer to Figures 5.3.8-2 and 5.3.8-4,

5.4.3.4 Weldbonded Joints

The weldbond process is a relatively new fabrication method currently

being evaluated as a standard process for joining structural members in
aircraft construction (9). The fatigue aspects of weldbonded joints,
employing a low grade boundary process, which allows weldability through

the adhesive, have been evaluated both by random amplitude coupon fatigue
tests and sonic fatigue tests of nine bay panel structures, with the weldbond
joints used for skin-stiffener attachment.

The results of these te<ts have indicated that for flexural loading across
a typical weldbonded joint the weakest element of the joint is the adhesive
bond. The next strongest element of the joint is the spot weld with the
skin and stringer parent material being the strongest element. Due to

this progressive failure mode, it has been recommended that S-N curves be
nresented in pairs (one curve for bond failures and one curve for spot weld
failures) for a specific joint configuration.

dve to the multiple failure mode of weldbonded joints, the deiint ion of
a joint failure is taken relative to ti .~ basis for establishing tie
design joint strength. |f the design stiength of the ic¢int ic booed on

439


http://www.abbottaerospace.com/technical-library

the spot weld strength only with the bond being used only to improve the
joint fatigue strength, then a bond failure would not constitute a joint
tfailure and the fatique strength would be based upon the spot weld S-N
curve of the weldbond joint. It the bond strength has been included in
the design of a joint experiencing significant bond loading and a bond
faiiure is considered as a joint failure then the fatigue strength
should be bLased upon the bond SN curve of the weldbond joint.

The sonic fatique tests of six nine-bay stiffencd panel test speci-

mens utilizing weldbonded skin-stiffener attachments have been conducted
(9). Four of these specimens were flat and two of these specimens were
cylindrically curved panels with a radius of curvature of B85 inches.

All tests utilized grazing incidence narrow band random acoustic excita-
tion at spectrum levels from 132 to 135 dB. For all test specimens the
adhesive bond delaminated first along the skin-stiffene bondline {illet.
This delamination would progress alony the edge of the stiffener or frame
and penetrate into the weldhond joint to the row of spot welds, Continued
exposure to the acoustic excitation resulted in cracks in the spot weld
nuggets in the area of the bond delamination. These cracks would propa-
gate until they interconnected causing complete failure of the joint.
This fallure mode essentially duplicated the failure modes observed in
the coupon fatigue tests of weldbonded joints. All panel fallures oc-
curred in the center-bay of the nine-bay test specimens with the failure
uriginating at the heel of the lengthwise stiffeners.

The failure data for the test specimens is presented in Table 5.4.3-1.
Snzcimens 1, 2, 5, and 6 indicated in Tabte 5.4.3-1 were identical ex-
cept that Specimens 5 and 6 were curved specimens with 85-inch radius
of curvature. The specimens were manufactured from 7075-T6 aluminum
alloy.

Using service life as a criteri these tests indicate that compared to
countersunk riveted construction, weldhonded skin-stringer consgruction
vhows a progressive improvement over riveted structure above 109 or 109
cycles (although specific failure data was not obtained in this life
range). For a design life of 107 cycles weldbonding does not indicate

an improvement over riveted construction and helow 106 cycles weldbonding
is clearly at a disadvantage as compared to riveted construction.

Lig
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TABLE 5.4.3-1

SONIC FATIGUE TEST RESULTS FOR WELDBONDED
SKIN-STRINGER PANELS

Panel Sourd Pressure Cycles to Failure
Number Spectrum Level Bondl ine Spot Welds
| 134.5 6.05x10" L.66x10°
2 135.0 5.72x10" 2.86x10°
3 134.5 2.05x10° 3. 1hx10°
k 135.0 6.72x10" 6.43x10°
5 132.0 1.10%10° 1.20x10°
6 134, K. 10x10" 3.70%10°
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5.5 STRESS CONCENTRATION FACTORS
5.5.1 GENERAL CONSIDERATIONS

To estimate the stress response of a structure to applied loads the designer
normally uses the results of a linear elasticity solution of the problem
being considered to obtain estimates of the nominal stress magnitude. For
example, the designer may use simple beam or plate theory to estimate
stresses. Concerning the sonic fatigue problem and referring to Section
5.2, the designe., estimates the stress response of the idealized structure
to a unit magnitude uniform pressure (see Figure 5.2.2-24, for example). To
relate the idealized structure to the actual structure, it is necessary to
account for effects relating to very localized geometric discontcinuities
reculting from either details of joining structural components or from manu-
facturing processes.

Assuming elastic response of the material, it is a standard design practice
to estimate the stress intensification at a particular geometric discentinu-
ity such as a hole, fillet radii, keyway, screw thread, etc. in terms of a
theoretical stress concentration factor, Kt' This theoretical factor is the
ratio of the maximum stress at a point to the nominal stress at the point
based upon the net cross sectional area containing the discontinuity and

vse of a simplified stress analysis formula. Hence, for a given loading
system, the stress concentration factors describing the geometry and an
assumed theory of fracture (such as maximum ghear theory for ductile mater-
ials), the designer may make reliable calculations of the ultimate loads
required to cause static failure of the structure.

Engineers have used the term ''notch' to signify the geometric features
giving rise to a stress concentration. In fatigue work, it is rarely the
case that the maximum effect of the static stress concentration factor, K_,
or the fatigue strength is realized. Hence, it has been required to

develop an experimentaT '‘fatigue notch factor," Kg, based upon comparing

the fatigue strength of an unnotched specimen to the fatigue strength of a
notched specimen. The fawgue®otch factor, Kf, is defined as the ratio of
the unnotched fatigue strength to the notched fatique strength. The fatigue
notch factor, Kf, does not achieve as high a value as the theoretical stress
concentration factor, K,. Since the fatigue notch facgor is based upon
fatigue strength, it wiF] usually be a function of the number of cycles to
failure for each material and notch configuration.

It is customary to relate the factors K, and K. to obtain & measure of the
notch sensitivity of the material to reéuction of fatigue strength. A con-
venient parameter is the ''notch sensitivity factor," q, defined as

q= (Kg - D/(Kg - 1) (5.5.1-1)

For no notch effect, K¢ = 1 and q = 0. For complete realization of the
theoretical stress ceoncentration Kf = Kt and 4 = 1.
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For practical desic., the designer must know the values for K, and K

Ky and g to obtain realistic estimates for fatigue life of the structure.
Hence, the designer should ideally have fatigue data available for each
combination of mate:ial and notch geometry encountered in his structural
design.

To appreciate the ralationship between the theoretical stress concentration
factor, K,, and the material factors, K. and q, Table 5.5.1-1 is presented
(4). The results of axial load fatigue tests of aluminum riveted joints are
presented in Figure 5.5.1-1 (4) as representative of typical results.

TABLE 5.5.1-1
-
STRESS CONCENTRATION FACTORS, Kt; FATIGUE NOTCH FACTORS, Kes
AND NOTCH SENSITIVITY FACTORS, g, FOR VARIOQUS
ALLOYS IN ROTATING BENDING

Alloy K, Ke q
Stainless Steel, Type 156-8 1.6 1.0 c.0
Structural Steel (BHN = 120) 1.6 1.3 0.5
Hardened Steel (BHN = 200) 1.6 1.6 1.0
Aluminum, 2024-0 1.6 1.0 0.0
Aluminum, 7075-T73 6.7 1.8 0.13
Titanium, 6A1 - LV 3.5 2.8 0.72
Magnesium, AZ80-A 1.6 1.1 0.16

This section presents a brief summary of the theoretical stress concentra-
tiorn factors usually encountered in sonic fatigue problems, i.e., holes

in plates. The foremost compilation of theoretica! stress concentration
facters is that by Peterson (1). The techniques to be used to relate the

static stress concentration factor, K _, to establish fatigue life of a
structure is presented in the fo‘]owx%g section and is completely described
in the references (1) - (6). In particular, Heywood (5) presents an inter-

esting analytical/empirical analysis for estimating the fatigue strength of
unnotched material that applies to steels and high strength aluminum alloys
and presents a detailed discussion the techniques required to relate theo-
retical stress concentration factors, notch sensitivity, and failure cri-
teria to estimate the fatigue life of structure.

To estimate the effect of stress concentration on the fatigue strength cf
sheet material, the designer should refer to the work of Grover, et al.

(7) - (9). 7The effect of stress concentration on the sonic fatigue

feiture of panels is described by Berens and West (10} and by van der Heyde
and ¥olb (11).

L43


http://www.abbottaerospace.com/technical-library

100 T T "

4

SR
— 0 0.5 —
2 80 o = P!ain SheeF
) o o Riveted Joint
7] — 1
b —
o S
w
o
Z bho oyt
5 N
E
X 20 -
= '
%
0 |
0.1 1 10 10¢ 103 10% 105 10% 107 108
Cycles to Failure
(a) Axial-Stress Fatigue Strength of 2024-T3
Plain Sheet and Riveted Joint Specimens
ke 100 -
v 80|—8&=
"
(1]
2 60
&
&d
2 40
c __ SR
2 0 0.5
‘X 20|—e® = Plain Sheet
s o o Rivetqd Joipt
. | |

0.1 1 10 102 103 10% 105 106 107 108

Cycles to Failure

(b) Axial-Stress Fatigue Strength of 7075-T6
Plain Sheet and Riveted Joint Specimens

FIGURE 5.5.1-1 AXIAL-STRESS FATIGUE STRENGTH OF PLAIN SHEET
AND RIVETED JOINT SPECIMENS

Lay


http://www.abbottaerospace.com/technical-library

5.5.2 TYPICAL VALUE' OF STRESS CONCENTRATION FACTORS

The following discussion of theoretical stress concentration factors fis
used to provide desinn guidance. The designer is advised to consult the
specific references quoted. In particular, the designer should refer to
the work of Peterson (1) for a thorough and complete presentation.

5.5.2.1 Welded Joints

Geometric stress concentrations are introduced into welded joints due to the
irregular edges between the welded joint. The nominal stress is usually
taken as the ratio of the load (either tension or shear) per unit length of
the weld to the thickness of the plates being welded (2). Typical values
of the stress concentration factor, Ky = /o are presented in Table

5.5.2-1 (see Section 5.4.3.2). nominal’

TABLE 5.5.2-1
STRESS CONCENTRATION FACTOR, Kt’ FOR WELDS

Location Kt
Butt Weid in Tension l.
Toe of Transverse Fillet Weld i.
End of Fillet Weld in Shear 2.
T Butt Joint with Sharp Corners 2.

O~ o

5.5.2.2 Holes in Plates

Peterson (1) presents a very thorough collection of stress concentration
factors for holes in plates. The work of Savin (12) should also be refer-
enced by the designer to obtain estimates of the stress concentration around
holes. The results presented here are taken from Peterson (1). To esti-
mate the stress concentration effects of filled holes in plates, the designer
should refer to the data and bibliography presented by Heywood (5).

Rather than to duplicate the graphs presented by Peterson (1) for general
configurations of holes in plates, this section presents typical values

for the stress concentration around a hole assuming that the designer follows
good design practice in selecting rivet diameter, rivet pitch, and edge dis-
tance from a hole to the free edge of a plate. Based upon the discussion in
Section 5.4.2.1, the following values are assumed:

Ratio: rivet diameter to edge distance = d/e = 3.0

Ratic: rivet diameter to rivet pitch = d/p = 3.0 to 6.0

Ratio: rivet diameter to plate thickness = d/h = 4.0

If the designer must use values outside of these ranges, then he should con-
sult the references. It is common practice to assume that K = L,0 for
conventional aircraft structure. ¢
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The definition of the stress concentratinn factor, Kt’ is

K, = /0 (5-5-2_])

t max’ ~nom

so that the designer must know both K, and the expression for nominal

atress, ©_ ., to calculate ¢ . For the assumed hole configurations
> nom max : '

three quantities are given: K _, ¢

o Yhom? and o

max
5.5.2.2.1 Axially Loaded Plates

This section presents expressions for stress concentration factors, nominal
stress and maximum stress for plain holes in plates subjected to axial
loading.

Single Hole in Finite Width Plate: The configuration is illustrated in
Figure 5.5.2-1a (Figure 69, Rcf. (1)).

o= 1.20 = 1.20/wh = 0.05P/h®  (w = 6d = 24h)

2
Omax = 3-120 = 0.156P/h"

Eccentric Hole in Finite Width Plate: The confiyuration is illustrated
in Figure 5.5.2-1b (Figure 71, Ref. (1)).

K, = 2.6
O nom = 1.180/(1-0.042 d/e); e > 3d
Tmax = 3.07a/(1 - 0.042 d/e)

Simple Pin Jeoint: The configuration is illustrated in Flgure 5.5.2-1c
Wiguae w3, Rei (1)),

Keoo1l
0nom = P/dh = P/lh?

7
max " 1.1 P/dh = 0.275 P/h"

Hole Mear Edge of Semi-infinite Plate: The confiquration is illiustrated
in Figure 5.5.2-1d (Figure 70, Ref. (1)).

Kt - 2./
Orom = 1.183 o
(Jmax 3 ‘9 g
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Two Holes in Infinit: Plate with Tensile Loading Parallei to Hole Line:
The configuration is illustrated in Figure 5.5.2-le (Figure 75, Ref. (1)).

Kt = 2.82
%nom = °
Omax = 2.82¢

Two Holes in Infinite Plate with Tensile Loading Perpendicular to Hole
Line: The configuration is illustrated in Figure 5.5.2-1f (Figure 76,
Ref. (1)).

3.2¢0

KtA 3.2 cnom =g Omax

KtB = 2.1 %nom = 1.5¢0 max

3.15¢

Two Holes in Infinite Plate with Uniform Biaxial Tensile Loading: The con-
figuration is illustrated ir figure 5.5.2-1g (Figure 77, Ref. (1)).

KtA = 2.0 Onom = © Omax = 2.0¢

2.1 o = 1.bg o =2.10

K
t8 nom max

Row of Holes in Infinite Plate with Tensile Loading Parallel to Row: The
configuration is illustrated in Figure 5.5.2-1h (Figure 78, Ref. (1)). The
value of K_ is based upon an intermediate hole. See Fiqure 5.5.2-1¢c for
end holes near an edge.

Kt = 2.8
%hom = °
Omax = 2:50

Row of Holes in Infinite Plate with Tensile Loading Perpendicular to Row:
The configuration is illustrated in Figure 5.5.2-1i (Figure 79, Ref. (1)).
The value of K. is based upon an intermediate hole. See Figure 5.5.2-1d
for end holes near an edge

= 2.5
Kt 5
“nom = ©
= 2.
max 5

Row of Holes in Infinite Plate with Uniform Biaxial Tensile Loading: The
configuration is illustrated in Figure 5.5.2-1j (Figure 80, Ref. (1)). The
value of Kt is based upon an intermediate hole.

Lh7
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K, = 1.7h

t
ag =0
nom
= 1 .
O ax 7ho

Double Row of Holes in Infinite Plate with Tensile Loading Perpendicular
tc Rows: The configuration is illustrated in Figure 5.5.2-,k (Figure 82,

Ref. (1)). The value of Kt is based upon intermediate holes in the rows.
8 K o} o}
t nom max
0° 1.42 3.00 4.3 o
450 1.95 1.9 ¢ 3.7 0
60° 2.18 1.5 ¢ ' 3.30
90° 2.14 1.5 ¢ 3.2 ¢

£5.5.2.2.2 Bending of Plates

This section presents expressions for stress concentration factors, nominal
stress, and maximum stress for single plain holes in plates subjected to
a bending moment M.

Finite Width Plate (W = €d) with Single Hole: The confiquration is illus-
trated in Figure 5.5.2-2a (Figure 86, Ref. (1)).

K, = 1.55

u

1.2 M/dh? = 0.3 M/h2  (d = bh)

Q
]

= 1.9 M/dh? = 0.47 M/h?

Q
I

Note: The dimensions for the bending moment are force times length.

infinite Plate with Single Hole: The configuration is illustrated in Figure
5.5.2-2b (Figure 85, Ref. (1)).

Kt = 1.95 3 <d/h §_6
_ 2

om = 6 M/h

Omax = 11-7 M/h2

Ncte: The dimensions for the bending moment are force times length per
unit length. When using the results of Section 5.2, ¢ is computed
directly (See Figure 5.2.2-24). nom
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FIGURE 5.5.2-1 CONF!GURAT!ONS FOR STRESS CONCENTFATiION FACTORS
FOR TENSILE LOADING {(CONTINUELD)
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(d) Hole Near EdSe of Semi-Infinite Plate

(e) Two Holes in Infinite Plate: Tension Parallel to Hole Axis
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o
(f) Two Holes in Infinite Plate: Tension Perpendicular to Hole Axis

FIGURE 5.5.2-1 (CONTINUED)
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(1) Row of Holes in Infinite Plate: Tension Perpendicular to Row

FIGURE 5.5.2-1 (CONTINUED)
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(k) Double Row of Holes in Infinite Plate: Biaxial Tension

FIGURE 5.5.2-1 (CONCLUDED)
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(a) Bending of Finite Width Plate with Single Hole

(b) Bending of Infinite Plate with Single Hole

FIGURE 5.5.2-2 CONFIGURATIONS FOR STRESS COMCENTR
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5.5.72.2.3 Countersunk Holes

Based upon straln gage and photoelastic studies and upon fatigue tests,
Whaley (13) determined that the stress concentration Tactors 10Or COLHLe: -
sunk holes werc from 13% to 23% higher than the maximum values for plain
holes, This maximum value is attained on the interior of the plate where
the tapered countersink intersects the plain hole (approximately half

to two-thirds the plate thickness for good design). |In the absence of
specific data, the designer can multiply the plain hole stress concentra-
tion factors agiven above by 1.25 to estimate the effect of a countersink
on stress concentration.

6.4 2.2.4 Curved Sheet Subject to Bending

Assuming a curved beam behavior, it is possible to develop a stress con-
centration factor that applies to the radius bend of a sheet metal part,
Reference (1), pp. 117-118. This stress concentration factor applies to
the bend radius of clips and to rib flanges formed from flat shecet meta)
stock. The stress concentration factor for a 90° bend and a bend radius
four times the sheet thickness varies inversely with the plate thickness,

h, from K¢ = 1.20 for h = 0,125 inches to K¢ = 2.30 for h = 0.020 inches.
The nominal stress is based upon the bending moment supported alung one
edge using the simple beam formula {Equation B.!.l-1c) with the maximum

stress calculated for the opposite edge.

L - ————.

- |



http://www.abbottaerospace.com/technical-library

REFEREHCES FOR SECTION 5.5

Peterson, R. E.; Stress Concentration Design Factors, John Wiley &
Sons, New York, 953,

Spotts, M. F.; Disign of Machine Elements (Lth Ed), Prentice-Hall,
Inc., Englewood t1iffs, N. J., 1971.

Graham, J. A. (E.); Fatigue Design Handtook, Society of Automotive
Englneers, Inc., Two Pennsylvania Plaza, New York, N. Y. 10001, 1968.

Osgood, C. C.; Fatigue Design, Wiley-interscience, New York 1970.

Heywood, R. B.; Designing Against Fatigue, Chapman Hall Ltd., London
1962,

Harris, W. J. Metallic Fatigue, Pergamon Press, London, 1961.

Grover, M. J., et al.; "Fatigue Strengths of Aircraft Materials - Axial
Load Fatigue Tests on Notched Sheet Specimens of 245 - T3 and 755-Té6
Aluminum Alloys and of 4130 Steel with Stress Concentration Factors of
2.0 and 4,0," NACA TN 2389, National Adviscry Committee for Aeronautics.
June 1951,

Grover, H. J., et al.; "Fatigue Strengths of Aircraft Materials - Axlal
Load Fatigue Tests on Notched Sheet Specimens of 245-T3 and 755-Té
Aluminum Alloy and of SAE 4130 Steel with Stress Concentration Factor
of 5.C," NACA TN 2390, National Advisory Committee for Aeronautics,
Jupe 1351,

Grover, M. J., et al.; 'Fatigue Strengths of Alrcraft Materials - Axial
Load Fatigu. Tests on Notched Short Speci ens of 245~T3 and 755-T6
Aluminum Alloy and of SAE 4130 Steel with Stress Concentration Factor
of 1.5," NACA TN 2639, National Advisory Committee for Aeronautics,
February 1952.

Berens, A. P. and West B. i.; '"Experimental "ethods in Acoustic Fatigue,"
AFFDL-TR-71-113, Air Force Flight Dynamics Laboratory, Wright-P. tterson
Air Force Base Ohio, March 1972,

Van der Heyde, R. C. V. and Kolb, A. W.; ''Sonic Fatigue of Light Weight
Aircraft Jtructures,' Paner No. 20, AGARD CP-113 Symposium on Acoustic
Fatigue, Advisory Group for Aercspace Research and Development, North
Atlantic Treaty Organization, Sept. 1972,

vevin, G. N.; Stress Concentration Around Holes, Internation | Series
of Monographs in Aeronautics and Astronautics, Division 1, Val. 1,
Pergamon Press, 1961,

Whaley, K. E.; '"Stress Concentration Factors for Cour *orsunk Holes,'
Proceedings of the Society for Experimental Stress F-aiysis, ‘ol. 47,
N.. 2, October, 1965.

455


http://www.abbottaerospace.com/technical-library

INTENTIONALLY BLANK PAGE



http://www.abbottaerospace.com/technical-library

SECTION §
FATIGUE DESIGN

The total consideraticn of fatigue design covers an exceedingly wide range
of tcpics. Fatigue failures can occur in simple plain test specimens, parts
containing a discontinuity, or complex structures where both stress concen-
trations and load diffusions are present. Since the fatigue strength is
directly influenced by the form of the loading, the designer must account
for variable amplitude stress spectra and random amplitude stress spectra.
Also, the designer must account for the effects of temperature and environ-
mental factors on the fatigue life of the structure.

Two distinct areas of investigation are the development of fatigue theorics
concerned with predicting the fatigue mechanisms (and hence the life) of
metallic materials and the accumulation and rationalization of fatigue
strength data based upon experimental testing of particular specimens.

The relation between theory and experiment has generally avoided a complete
soiution so that the designer usually relies upon available experimental
data. The purpose of this section of this report is to present a basic
description of design considerations and procedures required to estimate

the soni: fatique resistance of aircraft structure in the absence of
specific design data such as presented in Section 5.3. Basic references
describing the considerations of fatigue design are the text books by Osgood
(1), Heywood (2), and Harris (3). The material data presented in MIL-HDBK-
58(4) and, in particular, the fatigue data presented in the form of constant
life diagrams is an indispensible tool for use in fatigue design.

Section 6.2 describes the basic engineering parameters required to describe
the fatigue strength of metallic materials. In particular, the relationship
between the constant alternating stress and mean stress amplitudes to failure
criteria are discussed to estimate the fatigue life of plain specimens.
Additionally, introduction of the theoretical stress ccncentration factor and
the notch sensitivity of the material allows the designer to relate the plain
specimen fatigue life to the estimated fatigue life of the structure. Section
6.3 describes the statistical nature of experimental fatigue data so that the
designer can appreciate the degree of confidence associated with designing

for either a specified 1ife or a range of applied loads. Section 6.4 presents
a brief discussion of various cumulative damage theories so that the designer
can, in the absence of specific test data, estimate the effect of variable
amplitude stresses on the fatigue life of the structure. Since sonic

fatigue failures result from applied stresses exhibiting random amplitudes,
Section 6.5 presents a technique for converting constant amplitude S-N curves
to so-called "equivalent random amplitude' S-N curves. Again, this technique
will bte valuable to the designer if specific test data is not available when
required. Finally, Section 6.6 contains documented fatigue curvas for various
ma:~-'als and structural configurations common to aircraft design.

6.1 NOTATION

A stress ratio = alternating stress/mean stress

I ratio of alternating stress to static tensile str:nath of tne
material for zero mean stress
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material notch alleviation factor, Table 6.2.2-1

material constant in Equation (6.2.2-2a), see Table 6.2.2-2
&%

response frequency of a linear single degree-of-freedom system
strength reduction factor; Equation (6.2.2-1a)

atigue notch factor; determined by experiment

static strength reduction factor: ratio of the tensile strength of

the plain specimen to the tensile strength of the notched specimen;

°/%¢n
static theoretical stress concentration factor
cycles of alternating stress to failure, cycles

total number of cycles to failure for a spectrum of stress
exposure (nl,oi)

number of cycles to fallure at the stress level 9,

log(N)

number of cycles of alternating stress at the stress level oi
Rayleigh probability density function

notch sensitivity factor for material; determined by experiment
stress ratio = minimum stress/maximum stress

notch radius; Equation (6.2.2-1a)

continugus alternating stress amplitude

total time of stress exposure

ratio of number of cycles of alternating stress n; to the .otal
number of cycles to tailure Ny

mean stress correction factor for fatigue strength prediction
constant amplitude aiternating stress, ksi
alternating stress in a notched specimen Equation (6.2.2-1b)

5 level associated with the ith block of the ctress oxposure
rum (n;, Oi)

stres
spect

b8}

it ol il
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o constant mee:n stress, ksi

Oy static ultim«te tensile strength, ksi
¢n static ultimate tensile strength of notched material specimen
o2 mean squure value of alternating stress ''s"

6.2 PARAMETERS DESCRIBING FATIGUE STRENGTH

The approach teken here to describe the various parameters relating to the
fatigue strength or life of a structure can be regarded as an engineer's
approach. That is, the effect on the fatigue strength of a structure wiil
be discussed in terms of engineering quantities on a phenomenological basis.
Specifically, the fatigue strength will be discussed in terms of design
parameters on a macroscopic scale rather than a scientific discussion of
microscopic effects.

Following the work of Heywood (2), the designer should place first importance
on the experimental fatigue characteristics of plain test specimens. These
results can then be related to specific structural configurations by consid-
ering the ''notch effects' of stress concentrations and material notch sensi-
tivity. This approach allcws the subject of fatigue to be organized on an
engineering design basis. The designer does not have to be totally concerned
then with the accumulation of expcrimental test data for all material and
configuration combinations although specific test data for plain material
specimens is required.

€.2.1 PLAIN SPECIMEN FATIGUE STRENGTH

Fatigue strength is a broad term implicitly relating the applied stresses
and life of a material configuration. Based upon empirically derived
expressions relating applied stresses and fatigue life (2), the basic
material parameter can be taken as the ultimate tensile strength, Oy of
the metallic meterial. The two basic loading parameters are the constant
amplitude alternating stress, o_, and the constant mean stress, g,. The
life of the specimen is usually measured in terms of the number o? cycles
to failure, N, of the alternating stress.

Heywood (2) has prcposed the following relationship for plain aluminum alloys
with ultimate tensile strength, o, in ksi, subjected to a combination of

alternating stress, o, in ksi, and tensile mean stress, g, in ksi,for N cycles
to failure
o, = % o¢[l - om/rrt][AO + y(1 -Ao)] ksi (5.2.1-1)

vhere

A, = [1 +0.00318"/(1 +0.0450,)1/() +0.0031nY)
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y = (Om/ct)/[l + (atn/320)“]
n = log(N)

It is common practice in fatigue design to combine the alternating stress,
o5, and the mean stress, o _, to obtain stress ratios describing the loading
. m . .
condition. Two common stress ratios are the ratio of minimum stress to
maximum stress in one cycle, denoted by R, and the ratio of alternating stress
tc mean stress, denoted by A. The specific definitions in terms of o, and
g, are:
- / -
R= (o ca)/\om + ca) (6.2.1-2a)
A= oylo, (6.2.1-2b)

The most common loading condition related to sonic fatigue design is that
of zero mean stress (R = -1, A = «) 50 that Equation (6 .2.1-1) for aluminum
alloys becomes

Ga = * o, [1 +0.0031 /(1 + 0.045 0,)1/(1+0.0031 n*) (6.2.1-3)
n = log(N)

Although Equation (6.2.1-1) was developed for tensile mean stresses, it can
be used for moderate values of compressive mean stress (2). Hence, the
designer can use Equations (6.2.1-1) or (6.2.1-3) to estimate the fatigue
characteristics of an aluminum alloy knowing any three of the parameters
Oar Cp» N, or vy and solving for the fourth parameter. Equation (6.2.1-3)
is plotted in Figure 6.2.1-1 as a o-log(N) curve for various values of
ultimate tensile strength, Ty

The designer may use these resuits In the absence of specific fatigue test
data; however, he should always attempt to verify the predicted results by
comparison t-- experimertal results. The prediction formulas given in Equa-
tions (6.2.1 1) and (6.2.1-3) yleld estimates of the alternating stress that
are approximately 10% high tor a given life as compared to values quoted in
MiL-HDBK-5B(4). For estimates of fatigue life greater than N = 10° cycles to
failure it is recommended that # be taken as a primary variable rather than

g, since small changes in o_ can result in large variations in N.

a a

Example: Estimatg the amplitude of alternating stress rcquired to produce
Fallure in N = 10/ cycles for 2024-T3 aluminum alloy cheet (s, = 73 ksi)

and 7075-T6 aluminum alioy sheet (ot = 82.5 ksi) assuning zero mean stress
and no stress concentration effect-. Alsc calculate the amplitude of alter-
nating stress required to produce iailure in M = 10/ cycles for the two

materials for a mean tensile stre's of 20 ksi.

For N = 107, n = log(!07) = 7.9 and from Equation (6.2.1-3)
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ksi

al

Alternating Stress, ¢

Aluminum Alloys at Zero Mean sStress

= qt{i + o.ooain“/(1.o + o.DASGt)}/(1.0 + 0.0031nb)
n = log(M)

"a

Ty = Uitimate Tensile Strength

120

60

40+
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| T L] L | T T R |
10 10°? 1o 06 108 1010

Cycles to Fallure, N

FIGURE 6.2.1-1 PREDICTED FATIGUE CHARACTLRISTICS OF PLAIN
SPECIMEN /LUMINUM ALLOYS AT ZEROD MEAN STRESS
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o, =+ 0.1184 ct[l.0-+7.hh3(l.0-+0.0“5 Ot)]'

Then for 20°4-T3 alloy and zeroc mean stre s

g, = ¢ 0.1184(73)[1.0+7.443/(1.0+0.045(73))]

g, =+ 23.7 ksi

The value cioted in Figure 3.2.3.1.8(b) of MIL-HDBK-5t is o = 21.0 ksi.
Similarly, for 7075-T6 allay (ot = 82.5 ksi) one calculates a_= +25.2 ksi
which compares to the value of "o, = + 20.0 ksi as quoted in Figure 3.7.2.1.8(b)
of MIL-HDBK-58B.

For N = 107 and oy, = 20 ksi, one obtains from Equation (6.2.1-1) the results
ug = 18.5 ksi fcr 2024-T3 alloy and o, = * 20.8 ksi for 7075-T6 alloy.

Table €.2.1-1 presents a comparison of the predictions using Equations
(6.2.1-1) and (6.2.1-3) and experimental values quoted by MIL~HDBK-5B (4)
for 2024-T3 aluminum alloy. Table 6.2.1-2 presents a similar comparison
for 7075-T6 aluminum alloy.

Heywood (2) presents a similar and more accurate empirical equation in the
form of Lquation 6.2.1-1 for high strenath steel alloys. The fatigue char-
acteristics of unmntched steel alloy specimens is approximated as

0y = ¢ ot[\ - opfo A + y(1 - A ] ksi (6.2.1-4)
where
Ao = (1 +0.0038 n%)/(1 + 0.008 n')
Yy = opl2 + og/og)/30,
n = log(N)

£r.2.2 NOTCHED SPECIMEN FATIGUE STRENGTH

In Section 5.5 the topic of stress concentration factors, K_, fatigue
notch factors, Kf, and the notched sensitivity factor g, were discussed
with typical values quoted for various types of ''nntches' and materials.
Since the stress concentration factor, Kt' fs a static parameter indepen-
dent of material properties, K, is a parameter associated only with geo-
metric effects. As indicated éy Equation (5.5.1-1) the fatigue notch
factor, &, and the notched sensitivity factor, q, aic both dependent upon

material properties and may vary with the life, N, of the notched specinen,

The purpose of this subsection is to indicate to the designer techniques
for modifying the plain specimen fatigue strength to account for the

L&
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TABLE 6.2.1-1
COMPARISON OF PKEDICTED AND EXPERIMENTAL FATIGUE
STRINCTH OF ULNOTOHER 2074-T3 ALUMINUM ALLOY SHEFT 1,

Ultimate Tenslle Strength: o, = 73 ksi
N O = O o ™ 20 kst

0,(1) 0,(2) o, (1) 0,(3) %
4-103 - 53.8 - 1.7
110t 50 18,2 43 37.9 j
-0k Ly 4o .4 32 32.3 ]
1-10° 34 36.1 25 28.9 %
4-105 77 30.8 21 24.7 ]
1-106 22 28.2 17 22,4 j
1107 21 3.7 16 18.5 é
|~b08 - 21.1 - 16.2 :
1103 - 19.7 - 14.8 i

NOTES: (1) Figqure 3.2.3.1.8(b), MIL-HDBK-5B
(2} Using Equation 6 2.1-2
(3) Using [quatien 6.2.1-1
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TABLL 6.2.1-2

COMPARISON OF PREDICTED AND EXPER IMENTAL FATIGUE
STRENGTH OF UNNOTCHEN 7G75-T6 ALUMINUM ALLOY SHEET

Ultimate Tensile Strength: o, = 82.5 ksi
N o = 0 om = 20 ksi
0a(1) 0,(2) 0,(1) 0,(3)
4ol 62 60.7 46,5 48.0
1- 10k 58 53.7 42 43,2
yoh 42.5 b, 7 31 36.2
1105 3.5 39.6 23.5 32.1
k105 27 33.5 20.5 27.1
1-106 23 30.5 18.5 26.2
1-107 20 25.2 17.5 20.8
17108 - 22.3 - 17.9
1109 - 20.6 - 16.2
NOTES: (1) Figure 3.7.4.1.8(b), MIL-HDBK-5B

(2) Using Equation 6.2.1-3
(3) Using Lquation (.2.1-1

Loy
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"notched'’ behavior. The designer shoutd note that for the aeneral case
of alternating and nican st-ess loading two fatique notch factors must be
defined: one factor applying to the alternating stress and one factor
applying to the mean stress. Since most sonic fatigue design problems

do not require the consideration of an imposed static mean stress, the
discussion here will consider only the prediction of "notched! fatigue
life at zerc mean stress with the consideration of mean stress effects
left to the references (2). The prediction technique described here
should be used by the designer only if ''notched” specimen fatigue data is
not available. Fortunately, much data is presented in MIL-HDBK-5B (4) and
should be utilized by the designer.

6.2.2.1 Motched Specimen Fatigue Strength at Zero Mean Stress

In the absence of experimental data the ''notched" fatique strength of a
material can be estimated using the concept of a '"strength reduction fac-
tor," ¥, defined for a specific material at a specified 1ife and a given
"notch' configuration (2).

Following the work_of Heyw.od (2), the strength reduction factor for a
material at N = 107 cycles {taken as a limiting condition) is related to the
static stress concentration factor, Kt’ as

K. =¢ /o = (6.2.2-1a)
F a an t

1 + 2 (E)

Kt r

where the constant '"a'"' is termed the material ''notch alleviation factor"
and ''r'' is the radius of the notch. A high vilue of the material notch alle-
o1

viation factor "a'" implies that the stress concentration effect of a notch
will he small (q is small).

The alternating stress in the notched specimen is related to the alternating
stress in the plain specimen for N = 10/ cycles as

k-1 /2
o, =1 +2 % (?) Jca/Kt ks i (6.2.2-1b)

Values for the notch alleviation factor '"a' are given in Table 6.2.2-1 for
various materials and notch configurations (2).

The above relations for a notched specimen are valid only at the life N =107
cyctooy Mo o now accessury to correct those cstimates voi an avbitrary
value of N or n = log(N). Heywood (2) has continued an empirical evaluation
of test data available (circa. 1962) to obtain the result

4
Kf i Oa/oan = Ks +'“Jl“1T (K

- K (6.2.2-2a)
h +n 5

LGs
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LW

whare K is the static strength reduction factor = 1.0
K is obtained from Equation (6.2.2-1a)

b is a material constant evaluated in Table 6.2.2-2 for some
common alloys (2)

n = Jlog(N)
The alternating stress in the notched specimen at a fatique life of N
cycles is related to the alternating stress in the plain specimen at a

fatigue life of N cycles as

.’
o, =o_ /IK, + D (Ke - K)o ksi (6.2.2-2b)
an a S b+nl; £ S
n = Jog(N)
For values of n > 5 it is permissivle to set K_ = 1.0. If specific experi-

mental data is not available, approximate K. by 1.0. An example will illus-
trate the use of Equaticns (6.2.2-2) for estimating the notched fatigue
strength of the material.

Example: Predict the notched fatigue life of 7075-T6 aluminum alloy sheet
for the following data: o, = 82.5 ksi, r = 0.057 inches, Ky = 4,0 (values
of '"r and K, are selected o that predicted results can be compared to
experimental results quoted in Figure 3.7.2.1.8(e) of MIL-HDBK-58 (4)).

From Tablss 6.2.2-)1 and 6.2.2i one determines the constants: Ya =
(24/82.5)7 = 0.0246, (inches)'/Z; b = 4.

From Equation (5.2.2-la), one calculates K = 3.464. Supposing that the
static strength reduction factor is known from experiment to be K_ = 1,05,
then using Equation (6.2.2-2b) the alternating stress in the no'<hed speci-
men, v, at a fatigue life of N cycles is related to the alternating stress,
Gas INn the plain specimen at a fatigue life of N cycles as

r;a/[l.05+ (3.464 - l.os)n"/(ho+nl*)] ksi

ol
i

an
0,0 = 0/ 11,05 + 2,41k a7 (k0 + ")) ks
At N = 10° cycles, n = 6 and Tqy = 0.2950_. Now, the value of the alterna-

ting stress in the plain specimen can be taken from either the unnotcied
specimen experimental values or from the predicted unnotched specimen perz

tormance using the method v Seccion €.2.1. From Table 6.2.1-7 4t W - 10
cycles, the experimental value for o, is 23 ksi and the predicted value using
Equation (6.2.1-3) is 30.5 ksi. Then, one nhtains the predicted notch effect
usiny experimental plain specimen data as

Lie
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0, = 0.295 (23) = 6.8 ksi at N = 108 cycles

Using the predicted value of o, = 30.5 ksi, the predicted notch fatigue
strength at 106 cycles is

Ogp = 0.295 (30.5) = 9.0 ksi
For comparison6 the experimenta! value of the notched specimen of the fatigue
strength at 10° cycles is o = 8.0 ksi. To complete the example, the com-

n
parison is continuec in Tab?e 6.2.2-3 for fatigue strength sstimate of the
notched specimen of this example.

TABLE 6.2.2-1

VALUES OF NOTCH ALLEVIATION FACTOR, va, TO BE
USED WITH EQUATIONS (6.2.2-1) FROM REFERENCE 2

Notch Shag. Material ‘a, (inches) /2

Transverse Hole f Steel E/ot

Shoulder ~ Steel k/o,

Groove Steel 3/0t

All Aluminum Ailoys (Zklot)3

Al Magnesium Alloys 0.015

ATl Titanium Alloys very small {notch sensitive)

g, = ultimate tensile strength of the material in ksi

TABLE 6.2.2-2

VALUES OF THE CONSTANT b IN EQUATION (€ 2.2-2)
FRCM REFERENCE 2

Steel Alloys (1750/Ut)2

Aluminum Alloys: 7075-Th 25 to 40
2024-713 6¢

Mannesium Alloys: (UL = 50 ksi) an

o = ultimate tensile strength of the material in ksi

bey
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COMPARISON OF PREDICTED AMD EXPERIMENTAL FATIGUE STRENGTH
OF MOTCHED 7075-T6 ALUMINUM ALLOY SHEET

|

i

]

!

!

I TABLE 6.2.2-3

{ og = 82.5 ksi; K, = 4.0; a = 0.025; b = 40

N qa(l) o, (2) 0 (3) ¢ (4) o, (5)

: 4103 62 60.2 20.7 20.1 20.1

; 1-10" 58 53.7 18.5 17.1 15.5
410t 42.5 L.y 13.0 13.7 12.0
1-10° 34.5 38.6 10.4 1.9 10.0
4107 27.0 33.5 8.0 10.0 -
1-106 23.0 30.5 6.8 9.0 3.0
1-107 20.0 25.2 5.8 7.4 5.0
1-108 - 22.3 - 6.5 -
1102 - 20,6 - 6.0 -

NOTES: (1) Ffrom Figure 3.7.2.1.8(b), MIL-HDBK-5B
(z) Calculated using Equation (6.2.1-3)
(3) Calculated using Equation (6.2.2-2b) and g, from Column |
(4) Calculated using Equation (6.2,2-2b) and oy from Column 2

(5) From Figure 3.2.2.1.8(e), MIL-HDBK-5B

€.2.3 OTHER FACTORS AFFECTING FATIGUE STRENGTH

The procedure’ described in Section 6.2.1 and 6.2.2 are presented to pro-
vide the designer techniques for predicting fatigue strength of steel and
aluminum alloys in the absence of sp cific experimental data. The primary
variables considered are the ultimate tensile strength of the material, the

| loading conditions described by constant ampiitude alternating and mean
stresses, the notch sensitivity of the material, and the fatigue life of the
; specimen. The accuracy of the prediction techniques is acceptable if experi-
i mental data is not available.

1
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Other factors affecting the fatigue strength of the material include
environmental factors such as thermal cycling, corrosive atmosphere, etc.
For the sonic fatigue problem, the most important single factor affect-
ing fatigue strength f~r long life designs (N greater than 107 cycles) is
fretting between meta: surfaces, Fretting fatique results from a combin-
ation of stress concentration and corrosion of materials and can result in
significant loss in fatigue strength. Alleviation of fretting fatigue
effects has been attempted using "antifretting'' compounds to lecrease the
fretting action between faying surtaces. Unfortunately, very little data
iz specifically available for desigi 7juidance so that the designer must
search the literature for published .esults. Heywood (2) presents a basic
description of fretting fatigue and early research efforts tc alleviate
the problem(See Section 5.4.2.1)

6.3 DATA SCATTER

The most common technique for obtaining constant amplitude fatigue data
is to subject a set of test specimens to a constant amplitude alternating
stress at a fixed frequency of oscillation and to observe the times at
which the specimens fail, By varying the alternating stress amplitudes
between sets of lidentical test specimens, a total set of failure points
is established. For specimens tested :t a constant alternating stress
amplitude, the failures as described by the time of failure or mere ccm-
munly the cycles to failure will net necessarily group together near a
specific value of Tife. Hence, it is necessary to consider the statistical ]
distribution of the faiiures. Unfortunately for the designer, it is very 3
rare that a sufficient number of test specimens are available to completely

define the statistics of the failure distribution.

A discussion of the consideration of data scatter and the complete statis-
tical treatment of the subject must be left to the references (4), (5),
(6). The conceptual treatment of the topic is appropriate so that the
designer can appreciate the significance of fatigue data presented either
as an S-N curve or a constant life diagram (4).

6.3.1 DISTRIBUTION OF FAILURES

Since uata scatter in fatigue failures is a very real design consideration,
the engineer must be concerned with the probability of failure associated
with the determination of fatigue life of the structure. The probability

of failure implies that the obcervad fallures are scattered about some medlai
value. Figure 6.3.1~1 illustrates, conceptually, the distribution of fail-
ures for the distribution when designing for a fatigue limit, designing for

a specified Tife, and designing for a specified fatique strength at a finite
life (6).

it e e s 2k, L 1Bt o ARt

When designing a structure for the fatigue limit, special considerations

st be taken in the data analysls to determine tho statistical aspects of
¢ failure distribution since it is necessary to compare both the applied

stress distribution to the fatigue strength distribution (5). This aspect

4ég
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of data scatter Is very important to the sonic fatigue problom in that

the design is almost always related to long life (N greater than 108 cycles).
The discussion here_becomes somewhat academic in that fatique data is rarely
generated beyond 107 cycles so that there is simply nc data ~vailable to
establish confidence!

It is standard practice to present only the median value of 50% proba-
bility of failure when plotting S-N data. That is, using either the pre-
diction techniques of Section €.2 or published fatigue data, the designer
can expect, foi example, that 50% of the specimens will fail before the
indicated fatigue life. |If enough failuie data is available, it is possible
to establish confidence limits (5), (7) to indicate the scatter of fatigue
data (see Figures 5.3.1-2 and 5.3.1-3, for example) so that the designer can
establish confidence ir his design.

The distribution of fatigue failures about the mean value may not be Gausslan
(5), (6), (7) so that other distributions may have to be used. One such dis-
tribution is called the Weibull distribution (8) and its use for establishing
probability cf failure of fatigue data is becoming more widespread. A com-
parison between the log-normal distribution and the Weibull distribution as
the underlying distriSutions associated with sonic fatigue failure data

is reported by Berens and West (9).

6.4 CUMULATIVE DAMAGE THEORIES

The prediction methods presented in Section 6.2 relate to the fatigue per-
formance of either plain .r notched material specimens loaded by a fixed
combination of alternating and mean stress until the specimen fails. Such
loading 1s occasionally encountered in machine design and almost never
encountered in sonic fatigue design. The objective of any fatigue analysis
is to determine an acceptuble combination of imposed loading and structural
lite. Tou aceount for vaviable loading amplitudes and ¢ mbinations or a lead-
ing spectrum, the concept of a damage function has been developed. The con-
cept of a damage function or the term '"fatigue damage' describes the gradual
deterioration of a metal during cyclic straining with the damage function
being zero for the virgin material and usually normalized to unit value at
failure. As such, a damage function describes in a rather vague manner the
fatigue characteristics of a specimen with no direct technique available to
a.sess experinentally the "'damage" bhetween the end states.

Cumulative fumage theories attempt to relate the accumulation of fatigue
damage as referenced to the loading process. A1l nethods relate te a
specific set of 5-N data for each specimen type with the different methods

emphasizing various aspecis ol icpresenting either the loading spectrum or the
$5-N data or both the loadiny spectrum and the S-N data. 0Osqood (1) presents

a very thorough discussion of cumulative damage theories ¢nd their applica-
tion to design. Usgood (1) classifies these theorics az [ inear cumulative

damaae theories, nonlinear cumulative damage theories, and damage boundary
techniques. Table €.4.0-1 presents a summary of the v ious cumulative
dongge theorics clansifird accarding to Osgood with the specific references i

L7 |
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TABLE 6.4.0-1

CLASSIFICATION OF CUMULATIVE DAMAGE THEORIES
(REFERENCE 1)

LINEAR CUMULATIVE DAMAGE THEORIES

Method or Theory Reference
Miner's Rule (10)

RCA Method (M)
Lundberg's FFA Method (1)
Shanley's |X Method (12)
Langer's Method and Grover's Method (13), (4)
Smith's Method {15)

NONLINEAR CUMULATIVE DAMAGE THEORIES

Method or Theory Reference
Carter-Dolan Method (6), (16)
Shanley's 2X Method ()
Henry's Method (17)

DAMAGE BOUNDARY TECHNIQUES i

Stress Concentration Method (M i
Fatigue Quality Index Method (1) i
Freudenthal and Heller Method 118} i
Fares and Starkey Method (19) 3
Kommers Hypotheses (20) 3
Richart and Newmark Method (21) ;
|
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yuoted, The intercuted veoder should refer L the complete discussion
presented by Osgood (1) and to the specific references.

6.4.1 EVALUATION OF CUMULATIVE DAMAGE THEORIES

it is fortunate that the several methods propnsed to predict the accumu-
lation of fatigue damage have been evaluated for accuracy and ease of
utilization in practical design problems (22). This evaluation was based
upon comparing predicted fatigue life to experimental fatigue life to
Jssess the degree of conservatism associated with each method. Based upon
stress a similar evaluation was conducted to evaluate conservatism. The
conclusions of this evaluation were that Miner's linear cumulative damage
method is a very practical and versatile method at est'mating fatigue life
and that its accuracy was comparable to other more con :icated techniques
and is commensurate with uncertainties associated with the loading history
and the 5-N data.

6.4.2 MINER'S LINEAR CUMULATIVE DAMAGE RULE

Miner (10) proposed that fatigue damage of a metallic material under cyclic
stress was related to the net work absorbed by the specimen and that the
rate of damage accumulation was linearly proportional to the number of
cycles at a stress level and independent of he stress level. The incre-
mental Jamage resulting from n; cycles at a stress lev~l oy is then
“i/N(Oi) where N(Ui) {s the number of cycles to !a:iurc at the stress

level o, as given by a constant amplitude S-N curve or a constant life
fatigue diagram.

According to Miner's rule, fallure occurs when the accumulated damage is
unity. Mathematically, Miner's rule is given as

Y ny/N(o;) - 1.0 (6.4.2-1)
]
llence, to use Miner's rule in design practice, the desiqgner needs to know

the loading spectrum as a set of values (”i' ”i) and the 5-N curve of the
material.

An alternate form of Miner's rule, as expressed by Equation (6.4.2-1) and
slightiy more useful for design, is obtained by defining the tctal number

of cycles to failure as

Np = Z n; cycles to failure (6.4.2-2)
i

and introducing the factor o; = ni/NT one obtains Mine: 's rule In the form

Np Yoo /n(o) 1.0 (6.4.2-36)

h73
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or

L ap/N(o,) = 1/N; (6.4.2-3b)
i

The utility of Equations (6.4.2.3) as compared to Equation (6.4.3-1) is that
the estimation of the number of cycles n; at a stress level o; may not be
conveniently determined whereas the percentage of total life at a stress
level o;, as expressed by o, = "I/NT’ may be rather easily estimated.

Additionally, the designer may introduce a ''factor of safety' into Equations
(6.4.2-1) and (6.4.2-3) by somewhat arbitrarily setting the value of 1.0 on
the right hand side te some number less than 1.0, say 0.8. The designer
must also be aware of the fact that Miner's rule is not strictly applicable
for applied stresses near the fatigue limit of the material even though its
use in this range is quite common (1), (10).

Example: Using Miner's cumulative damage rule estimate the fatigue life of

a plain and a notched (K. = 2.0) specimen of 7075-T6 aluminum alloy (uitimate
tensile strength 82.5 ksf) for the following loading spectrum: 0y = %30 ksi
for 20% of the time (o, = 0.20), o, = + 25 ksi for 30% of the time, and

03 = + 20 ksi for 50% "of the time.

Using the techniques of Section 6.2.2 (K, = 2.0, Ya = (24/82.5)3, b = 40,
r=0.057, K, = 1.05) the fatigue life for the two material conditions were
predicted as follows:

Load Spectrum Fatigue Life, N(ci)

o 0;s ksi Plain Specimen Kt = 2.0
0.20 30 106 1.2-10%
0.30 25 107 5.0+ 10"
0.50 20 109 1.410°

Then, for the plain specimen, using Equation (6.4.2-3a)

N7 (0.20/108 + 0.30/107 + 0.50/10%) = 1.0

2.305-1077 Ny = 1.0

N h.3h'106 cycles to failure

T

For the notched specimen, using Equation (6.4.2-3a)

474
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Ny (0.20/1.2:10% + 0.30/5.0°10" + 0.50/1.4°10°) = 1.0

2.64°107% Ny = 1.G
Ny = 3.81']0“ cycles to fallure

Hence, the significance of a stress concentration on fatigue life Is very
evident since the notched specimen can be expected to exhibit less than
one percent of the life of a plain specimen when exposed to the same load-
ing environment.

6.5 RANDOM LOAD FATIGUE CURVES

Using the results of Section 6.2 or, preferably, available experimental
data, the designer can determine the fatigue life of a material configura-
tion when exposed to constant amplitude stress loading. From Section 6.3,
the designer can realize that data scatter should be considered to attempt
to establish some estimate for the probability of failure and the signifi-
cance of this aspect to the design of his structure (1). Using Miner's
rule, as described in Section 6.4, the designer can account for the effect
of a loading spectrum comprised of variable amplitude stresses. This sec-
tion describes techniques required to estimate the fatigue life of a material
configuration exposed to a loading spectrum of random amplitude stresses as
encountered in sonic fatigue design problems.

Even though this section presents analytical techniques for ''‘converting'
constant amplitude S-N curves to the so-called ''equivalent random amplitude"
S-N curves, the designer should always remember that - as all analytical
techniques - the result is approximate (see Section 6.2). Fortunately, the
approximation tends, in general!, to be conservative (i.e., predict lower
fatigue life than that observed by experiment). Historically, the conver-
sion techniques described were developed in the early days of sonic

fatigue design to utilize the vast quantity of constant amplitude S-N data
available and to convert sonic fatigue test data obtained from discrete
frequency siren testing to more realistic broad bandacoustic excitation
(23), (24), (25). At that time (1955-1960), the experimental facilities
did not exist to generate random amplitude S-N data and the need for such
data in design use was so urgent that the early investigators developed the
techniques described here.

Since 1960, the experimental facilities for testing materials under random
amplitude loading (both for vibratory input such as coupon testing and
broad band random acoustic sources for complete structural specimen tests)
have been developed. The designer should now place emphasis upon using
random amplitude S-N data obtained by experiment in preference to the esti-
mates obtained using the results of this section. Experimental random load
fatigue curves that have been reported in the literature are presented in
Section 6.6.
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6.5.1 EQUIVALENT RANDOM LOAD FATIGUE CURVES

Two tecliniques have been discussed in the literature (26) that are suitable
for converting 5-N data obtalned by conventional test techniques into equiva-
lent random amplitude S-N curves suitable for design use. The suitability

of either method is of course determined in the sense that the designer

may not have the experimental random load fatigue data avallable when it is
needed.

One technique, called the B-method, requires that the designer have avail-
able S-N data for the material cbtained by testing the specimen under a
two-level variable cycle block loading (1), (6). The B-method was developed
by Fuller (27), and assuming the availability of basic 5-N data, the method
can be used to obtain rather accurate estimates of the random amplitude

S-N characteristics of the material (26). Since two-level variable cycle
block loading S-N data may not be readily available to the designer, the
B-method has not been widely used in sonic fatigue design.

The other technique (26) was apparently initiated by Miles (28) and is
briefly ciscussed in Section 5.1 of this report. The application of this
technique in relation to sonic fatigue design by Belcher, et al. (23),
McGowan (24), Fitch (25), and Cote (26) is discussed here. The utility is
that the designer need only to have available conventional constant ampli-
tude S-N dat.u for the material and be able to perform a numerical integra-
tion. Due to the somewhat lengthy calculations, it is advisable to code
the method for digital computation (24) especially if design data for sev-
eral materials is required. Details of the method are not presented (25).

Assuming that random stress peaks follow a Rayleigh probability distribution
(see Section 5.1) and that the fatigue damage accumulates according to Miner's
cumulative damage rule (see Section 6.4), the probable number of cycles of
random stress having an amplitude in the range (s, s + ds) in a time inter-
val T for a narrow band random Gaussian stress time history is

n(s) = fnTp(s)ds s >0 (6.5.1-1)
. S 2 2y . . ey e . .
where p(s) = 5 exp (-s“/2¢“) is the Rayleigh probability density function
o .

with a mean square stress, o?

From Miner's cumulative damage rule, the expected or probable damage result-
ing from stress peaks in the range (s, s + ds) with a frequency f_ for a

time period T is
_%)T= fnTEfTs(%?i (6.5.1-2)

where N(s) is the number of cycles to failure at the stress level, s,
obtained from a constant amplitude S-N curve. Noting that the total number
of cycles to failure at a random amplitude stress level, o, is simply
Nr(°) = fnT and that the possible random amplitude stress values cover

=Z|>
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the range (0 < o < w), Miner's failire criteria becomes

- <171 6.5.1-3
Uo £ 5) ( )

Since N(s) is known from experiment, any convenient numerical integration
of the right hand side of Equation {6.5.1-3) can be repeated for several
valucs of the rms stress, o, to generate a random amplitude fatigue curve.
In particular, the integration in Equation (6.5.1-3) can be written in
dimensionless form as

I (5 ?S f;nx exp (-x%/2) dx/N(x) (6.5.1-4)

where X = s/0 is the ratio ot the random amplitude stress to the rms value
of the random amplitude stress. The designer will find Figure 5.1.1-8
helpful in performing hand calculations for occasional conversions of con-
stant amplitude $-N data into eguivalent random ampliitude $-N data. A
tabular form is presented by Fitch (25) *o assist the designer in perform-
ing the numerical integration by hand.

Equivalent random amplitude fatigue curves have been obtained by McGowan
(19) and are presented in Figure 6.5.1-1 in the rather unusual form of a
relative strength in dB versus log cycles (o failure. Figure 6.5.1-1 is
presented tor reference, the designer should first consult Section 6.6 or
his company's data for experimental random S-N curves.

To indicate the relative differences between an equivalent random loading
fatigue curve and an experimental random load fatigue curve, one of the
results obtained by Phillips (29) is presented in Figure 6.5.1-2. This
figure presents a comparison between constant amplitude data, random
amplitude data, and predicted rundom load fatique characteristics of notched
Rene' 41 coupon specimens. These results are typical in that the random
loading S-N curve predicts failure sooner than the constant amplitude S-N
curve and that the predtcted equivalent random loading S-N curves yield the
must conservative results. Basing the predictions upon either the measured
peak stress distribution or an an assumed Rayleiqh peak stres distribintion
yields approximetely the same results. Schjelderup and Galef (30) present
an assessment of the assumption of the Rayleigh p. ak stress distribution

fur o broad set of random fatigue data concloding that the Kayleigh distri-
bution of peak stresses is a good approximation, Phillips (29) confirms
this tesult (Gec Figure 6.5.1-2) and alse discusses the general experimental
confirmation of the Palmgren-Hiner cumulocive damaye rule as applied to
various common aircraft materials.
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6.6 DOCUMENTED FATIGUE CURVES

The previous discussion has been focused upon the parameters describing
fatigue strength, data scatter, cumulative damage theories, and equivalent
random load fatigue curves, The designer will find this discussion useful
for the general application of fatigue data reported in the literature to
sonic fatigue design problems. |[|f the structural configuration being
considered does not correspond to the structural designs presented In
Section 5.3, then the designer is forced to base the structural parameters
upon the analysis techniques presented in Sections 5.1 and 5.2. The results
of these two sections must be moditied to account for joint desiyn detalls
and stress concentration factors as discussed in Sections 5.4 and 5.5.
Finally, the fatigue lifc of the structure is estimated using available
random loading fatique curves.

The designer must always remember that two types of ran m loading fatique
curves are encountered in practice: equivalent random loud fatigue curves
obtained by converting constant amplitude sinusoidal fatigue data as de-
scribed in Section 6.5 and experimental random load fatigue data. Also,

the designer should verify the specimen configuration upon which the experi-
mental data is based (i.e., configuration or stress concentration effects)
before applying these results to his particular design. This section pre-
sents fatigue data reported in the literature associated with sonic

fatigue tests of aircraft structural test specimens, random amplitude coupon
test specimens, and equivalent random load fatique data.

The method of presenting this documented fatigue data is to plot stress in
ksi{units of 1000 psi) rms versus cycles to failure with bolh axes being
logarithmic scales. This choice is prompted as a resuit of the Tact that
most of the experimental data Is expressed in this form with a least-square
linear regression line estabiished for the data. For some of the data, con-
fidence limits have been established by the original authur and have been
reproduced in the curves presented here to indicate the range of data scatter.

Fer consistency, o formal has been adopted which allows the fatique curve

and ils description to be presented on one pane. The reference is presented
fur each curve s that the designer can locate the original souirce if required.
Gonerally, failure points have not been plotted.

This section Is subdivided according to material type. Accordingly, some
sections contain more data than others with aluminum alloys being, obviously,
the most thoroughly documented section. Within ecach mater ial classification
the fatique data is presented with plain specimen data, notched specimen
data, and joint data being presented in that order. Due to the jack of
specific data fur soue maierials and conflgurations, the precentatinon is not
complete; however, the format adopted here will allow the designer to intro-
duce additional data as it becomes available without disrupiirg the main
arganization.

Ly

| PRECEDING PAGE BLANK-NOT FILMED



http://www.abbottaerospace.com/technical-library

6.6.1 ALUMINUM ALLOYS

This section presents 13 random amplitude fatigue curves describing the
S-N characteristics of various aluminum alloys and joint configurations.
Data derived from both coupon tatigue tests and sonic fatigue tests of
structural configurations are presented. Piain specimen coupon data, plain
hole {(mushroom head) riveted joint data and countersunk (both cut and
dimpled) riveted joint data are presented. Data describing the effect of
viscoelastic jointing compounds and antifretting compounds are presented.
The text above each S-N curve describes the material, the specimen con-
figuration, the test temperature, the reference for the source and

notes generally cross-referencing the $-N data with other data presented
in the handbook.

LB2



http://www.abbottaerospace.com/technical-library

RMS Stress, KS|
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ALUMINUM ALLOYS

MATERIAL: 2024-T6 Clad Aluminum Sheet
VES(AL) 504 Unclad Aluminum (2618-T6)

CONFIGURATION: Plain cantilever coupon test specimens with transverse
random amplitude vibrato:y base excitation were used for the 2024-T6
clad material. Machined "'T' section beam. with transverse random
amplitude vibratory excitation of the flange to obtain "skin" failures
and tip excited free-free beam modes to obtain ''flange' fallures were
used for the VES(AL)504 unclad material.

TEST TEMPERATURE: Room Temperature

REFERENCE: Thompson, A. R, G., and Lambert, R. F., "Acoustic Fatigue
Design Data, Part 11," AGARD-AG-162-Part |1, 1972, Figure 1.3.

NOTES: VES{AL)504 aluminu. alloy Is comparable to the U, S. designation
2618-T6.

Cycles to Failure, N

FIGURE 6.6.1-1 COUPON S-N DATA FOR PLAIN 2024-T6 CLAD SHELT AND 2618-Té
HACHINED STIFFENER SPEUIMENS
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ALUMIHUM ALLOYS

MATLRIAL: 3.1364.5 (2024-T3), Sheet

CMOO1-1D (2618-T6), Shect

D.T7.D. 710 (2014-T4 or 2024-T4), Sheet

CONFIGURATION:

Coupon specimens with transverse randowm vibratory base

cxtitation introduced to the ''skin' specimen through a riveted ''rib."
angle ribs were voed for sipnle rivet row tests (plain holes with

mushroom head

rivets) and '"TY section ribs were used for double rivet

row tests (cut countersunk holes with flush head rivets). No jointing
compounds or antifretting compounds were used.

TJEST TEMFERATURE: Room Temperature

REFEREMCE: Thompson, A. R. G., and Lambert, R. I'., "Acoustic Fatique

Desiqn Data, Part 11, AGARD -AG-162, Part 1I, 1972, Figures 1.4 and

1.5,

NOTES: The Bri

tish alloy d:signations and the comparable U, S. designa-

tions are 3.1364.5/2024-T3, CM0O01-1D/261B-T6, and D,T.D. 710/2014-T%
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ALUMINUM_ALLOYS

MATERIAL: D.T.D. 5070 (2618-76), Sheet
F.T.D. 710 (2014-Th4 or 2024-Th), Sheet
3,136

13645 (2024-T3), Shect

CONFIGURATION: Coupon specimens with iransverse random vibratory base
excitation Introduced to the “skin' specimen through a riveted angle
'rib." A single row of plain mushroom head rivets were utilized for

the jolint. Viscoelastic jolnting compounds and antlfreeting compounds
were used.

TJEST TEMPERATURE: Room Temperature
REFERENCE: Thompson, A. R. G., and Lambert, R. F.; "Acoustic Fatigue
. Design Data, Part (I," AGARD-AG-162, Part Il, 1972, Figures '.6 and
- 1.7.

NOTES: Compare with Flgures 6.6.1-4 and 6.6.1-5,

20 T T T T I
I I 17 4= -
I i
|
10 A-jjfk[?%f§3rﬁ—~4»m —
- IL__itj=::=: i
@ —t -k —
o L7 e i i -'i’w"«*"
§ — - 1.\»,.,«{7 UV A SR R S & ———
] n RN .
a
© 2
N . |
107 5 108 5 107

Cvcles to Failure, N
FIGURE 6.6.1-3 COUPON 5-N DATA FOR RIVETED JOINTS WITH PLAIN HOLES USING
VISCOELASTIC UNINTING COMPOUNDS - VARIGUS ALUMINUM ALLOYS
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RS Strous, KSi

ALUMINUM ALLOYS

.D. 710 (20V4-Th or 2024-1L), Sheet
.D. 746 (2014-T6 or 2024-T6), Sheet
,D. L070 (2618-T6), Sheet

M1001-10 (2618-T6), Shcet

MATERIAL: .V.D.
.T.D.
.T.D.

D
D
D
C

CONFIGURATION: Coupon speclimens with transverse random vibratory base

Texcitation introduced to the ''skin' specimen through a rivited rib.
Both single and doul-ie rows of cut countersunk flush head riveted
Joints tested using poth solid and blind rivets. Viscoelastic
jolinting compounds and anti{fretting compounds were used in the tests.

TLST TEMPERATURE: Room Temperature

REFERENCE: Thompson, A. R. G., and !ambert, R. F.; "Acoustic Fatigue
Design Data, Part 11,'"" AGARD-AG-162, Part tI, 1972. Figures 1.8 and

1.9,
NOTES: Compare with Figures 6.6,1-3 and 6.6.1-5.

20 n
10 \\- 1] CUT COUNTERSUN
I~ e e ol
N R D N e = N R
5 p———— -+ L s A
— | JOINVING COHPOUND UTILIZED
J NSRRI R S I N R 4
- P T S 3 S - - ‘-) . 'W' g —_— 41 3 L1
1L L LIl At
109 5 106 Y 5 108 5 109

Crycles 1o Failure, N

FIGURE 6.C.0-4  COUPON 5N BATA FOR RIVETLD JOINTS WITH CUT COUNTERSUNK HOLES
HSIHG VISCOELASTIC JOINTING COMPNUNDS ~ VARITOUS ALUMINUM ALLOYS
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RMS Stress, KSI

20

10

1

ALUMINUM ALLOYS

MATERIAL: D.T.0. 710 (20V4-Th or 2024-Th), Sheet
3.1364.5 (2024-T3), Sheet

CONFIGURATION: Coupon specimens with transverse random vibratory basec
excitatinn introduced to the "skin'" through a riveted angle ''rib."
A single tuw of hot-pressure-dimpled flush head rivets was used to
form the joint. Both piain joint (3.1364.5 material) and joints with
viscoelastic jointing compounds (0.T.0. 710 material) were tested.

TEST TEMPERATURE: Room Temperature

REFERENCE: Thompson, A. R. G., and Lambert, R. F.; "Acoustic Fatigue
Design Data, Part I1,'" AGARD-AG-1(2, Part !, 1972. Flgures 1.10 and
1,11,

NOTES: Compare with Figures 6.6.1-3 and 6.6.1-4,

= -
PR _q‘.._“ [N [ - =
P ————
_ e R
-/_0_ 7\
— e =+ lo
HH L
105 5 108 5 10/ 5 108 5

Cyclos to Failure, N

FIGURF 6.6.1-5 COUPON ~N DATA FOR RIVETED IOINTS WITH HOT-PRECSHIE -DIHPLED HOLES

WITH AMD WITHOUT VISCOELASTIC JOINTING COMPOLNDS - VARIOUS ALUMINUM ALLDYS
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R!S Streste KSi

ALUMINUM ALLOYS

MATERIAL ) 710 (2014-Th or 2024-Th), Sheet

D.7.0.
D.T.D. 5070 (2618-T6), Sheet

CONFIGURATION: Ceupon specimens with transverse random vibratory base

Texcitat n introduced to the 'rib'' specimen through a riveted Joint
with the ""skin.” Fatlure originated in the flange bend radlus. S-N
curves include data both for plain holes with mushroom head rivets and
hot-pressure-dimpled flush head rivets and plain joints and joints with
a viscoelastic jointing compound.

TEST TEMPERATURL: Koom Temperature

REFIRLNCE:  Thompson, A. R. G., and Lambert, R. F.; "Acoustic Fatigue

Design Data, Part |1,'" AGARD-AG-162, Part |1, 1972. Figures 1.12 and
1.13.

NOTES: Compare with Figure 6.6.1-12.

4 4
f- - ———t—— 111111
1T I
o e N B
1 1
=
T -
2
[UNNEES SN N QN I W v}_.n_— 7”4_ RS VU W ) U 1 SRR W .._r. I
L S S N N N WY - - SR L 9
10° 5 108 5 107 5 108 5 10

Cycles to Failure, N

PTGURL 6.0 1 (0 COUPO S-N PATA FOR RiB FLANGES - 2024-T4 AND 2618-T6 ALUMINUM ALLOYS
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ress, KSi

Ier

R4S

20

10

ALUMINUM ALLOYS

MATERIAL: 7C75-T6, Sheet

CONF IGURATION: Cantilever coupon test specimens with transverse
random amplitude vibratory base excitation. Both plain specimens
and cut countersunk riveted specimens tested.

TEST TEMPERATURE: Room Temperature

REFEREN(E: Schneider, C. W.; “Acoustic Fatigue of Alrcraft Structures
at Elevated Temperatures," AFFDL~-TR-73-155, Part |, Alr Force Flight
Dynamics Laboratory, Wright-Patterson Alr Force Base, Ohio, 1974,
Figure 16 a), pagec 39.

NOTES: Sec Figure 5.3.1-5

-— e NS ) e 5.: =~ 1 -4
! =5 - -
\\NNNF ~d %b o <+ | )
=] 1 \J:j,__}L/\I: SPECIMENS __
¢ —{— - 1M x.{1 4 - - —+
— 11 Lr:\ o 98 s i —
Mo N 1 i e S
3 HHHF=S- RIVETED SPECIMENS
I . Hm i L 11 i
—— UL CoHrtbLicL LT j ] T
RN | ] e
b R i S 0 i SN 0 ) B e +
. AU SR
100 5 108 5 107 5 8 5 107

Cycles to Failure, N

FIGURE 6.6.1-7 COUPON 5-N DATA FOR PLAIN AND CUT COUNIIRSUNK RIVETED

7075-T6 SPECIMENS AT ROOM TEMFERATURL
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ALUMINUH ALLOYS

MATERIAL: 7075-T6, Sheet

CONFIGURATION: Cantilever coupon test specimens with transverse rs idom

amplitude vibratory base excltation. Both plain specimens and cut
countersunk riveted specimens tested.

TLST TEMPERATURE:  300°F

REFERENCF: Schnelder, C. W,; "Acoustic Fatigue of Alrcraft Structures
at Elevated Temperatures," AFFDL-TR-73-155, PFart |, Air Force Flight
Pynamlcs Laboratory, Wright-Patterwon Alr Force Base, Ohio, 1974,
Flgure 16 b), page 39.

NOTES:  See Figure 5.3.1-5

P~ —~ ~4
:f*wtﬂ:f~~~ Dot e I 8 1 e o A R B
S MNk ] -l L
[T T - I I O R Y A A Y s Gy g
TR ~ I PLAIH SPECIMENS p+-tfi—— -
N . < -1 H - ,
o . T IS } i
" RN - ]
e bt e b LTSS _ RIVETED SPLCHMCNS , .
“= =+ G5Y CONEIDLNCE LIMITS
‘ . on IR R SRR A S O o
E A R S M) SR I8 SR SO S ]
o L -
107 5 10° 5 1w/ 5 nd 5

Cycles to bailure, N

FIGURE 6.6.1-8 COUPON <=N NATA FOR PLAIH AND CUT COUHNTERSUNK RBIVETLD
7075-T6 SPCCIMENS AT 300"F
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F»S Stress, KS!

MATERIAL: 7075-T6, Sheet

COHFIGURATION:  Coupon specimens wlith transverse random vitratory base

TEST TEMPERATURL: Room Tempe-ature

REFERENEEf Private communication; 0. F. Mauer, Aero-Atoustics Branch,

NOTES: See Section 5.4.3.4 for a discussion of the weldbond jolnting

ALUMINUM ALLOYS

excltation Introduced to the ‘'skin'' specimen through an angle ''rib"
attached to the skin specimen by a weldbonded Joint (See Sectfon
5.4.3.4). A single row of two weldbonded spots jolined the ''skin' and
“"rib.,' Thickness of the coupon simulating the skin was 0.032 Inch and
0.040 inch., Both bond failures and weld tallurcs vere recorded for
the first two vibration modes.

Air Force Flight Dynamics Laboratory, Wright-Patterson Alr Force Base.

process,

. rq,,.
I 11 i
: SE I (P e e
y—f ?}032 Coupons
ry o SR
0.040 Coupons
v N SR G S - .
AN S 1 1 U N O 11 N N O 1 1 | A O
) L,,,#“,.L,, S ,,L [ IR B S SR S LL_ 8 B _t - . 4LT,__~
10 5 0 5 10/ R T

Cycles tov falluie, H

G.032 Inch Thick Speclmens 0.040 tnch Thick Specimens
15t Hode Bond Tatlnre (30 H-) A 1ot Made Bond Fallure (32 Hz)
Ist fude Duter Skin Failure (30 Hz) & 2pd Mode Bond Failure (235 1lz)

e (207 U2

Exs o ] 0noo.
LU Twde: paiig LS

7nd Hode Weld Failure (207 H7)

FIGURE 6.6.1-9 COUPON S-H DATA [OR WELDBONDLD JOINTS
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RMS Stress, KSI

20

10

MATERIAL:

ALUMINUM ALLOYS

7075-T6, Sheet

CONFIGURATION: Flat nine bay stiffened panel specimens exposed to broad
band random acoustic excitation. Stress measured at the mid-span of
the long side of the center bay rivet 1ine. Cut countersunk flush
head rivets used to join skin and stiffener. HNo jointing or anti-
fretting compound used,

TEST TEMPERATURE: Room Temperature

REFERENCE

: Ballentine, J. R., et. al.; "Refinement of Sonic Fatigue

Structural Design Criteria,'" AFFDL-TR-67-156, Air Force Flight Dynamics
Laboratory, Wright-Patterson Alr Force Base, Ohio, Jan. 1968,

NOTES: See Figures 5.3.1-2 and 5.3.2-7

e~ T
\N T ~
—— — =
—~— ety I
S
e - T, ~— ~—
T---- 95% CONFIDENCE LIMITS | [ [T~ — T RE=1t
[~ | ‘\
N o \~~~~
10% 5 108 5 107 5 198 5 109
Cycles to Failure, N
FIGURE 6.5.1-10 S-N DATA FOR 7075-T6 SHEET WITH CUT COUNTERSUNK RIVETED JOINTS -

STIFFENED PANEL SONIC FATIGUE TEST SPECIMENS
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]|

-
N

RM'S Stress,

1

FIGURE 6.6.1-1

ALUMINUM ALLOYS

MATIRIAL:  7075-Th, Sheet

CONFIGURATIUN: Flat nine bay stiffened panel specimens exposed to broad
band random acoustic excitation. Stress measured on stringer flange at
clip connection to frame. Stringer manufactured from brake formed flar
sheet stock, heat treated, and straightened using standard alreraft
manufacturing practice.

TEST TEMPERATURF: Room Temperature

!ﬂljlﬂtﬁ!: ftadder , £V dr o MAcon-t e Patigne Resiotance of Alreraft
Structural Component Assemblies,' AFFUL-TR-71-107, Alr Force T1light
Dynamics Laboratory, Wright-Patterson Alr Force Base, Ohio, Sept. 1971,

NOTFS:  See Flgure §.3.1-3

Cycles to Failure, N

STIFFEHED PANEL SOHNEC FATIGUE TEST SPECITMENS

by
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ALURLHUN ALLOYS

MATERIAL : 76/5-T6, Sheet

CORMGHRATION:  HNine cell box structur eaposed to broad band acoustic
TCkcitaion on ene side. Failure data representative of rib flange

failurcs on both the exposcd surfuce and the opposite surface. Rib
{langes formzd {ram flat sheet stocl:, heat treated, and straightened

using wtandard aircraft manufacturing methods. Surface skins attached

to rit flanqe using cut countersunk rivets on exposed surface and
mu-hiroom head rivets on the opposite flange,

TEST TEMPTRATURE :  Room Temperature
RLILRLHCE ;

Structoral Component Aoscmblic.,' AFFDL TR 71-107, Alv Force Flight
Dynamic, Laboratory, Wright-Patterann Air Foroe Base, Dhio, 1972.

NOTL: Sew Figuie 1.3,7-8

Rudder, I, F., Jr.: "Acoustic Fatigue Resistance of Adrcraft
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XS

RIS Stress,

ALUMINUM ALLOYS

MATFRIAL:  7075-T6, Sheet

CONFIGURATION: HNine bay [lat and curved acoustic fatique test specimens
cxposJJ o broadbend random acoustic excitation. Weldbonded skin-
stringer attachments were used. The panel configuration is described
in Section 5.4.3. 4.

TEST TEMPERATURE:  Room Temprrature

REFERENCL:  Anon., '"Weldbond Flight Component Design/Manufacturing Program,'!
Hinth Quarterly Interim Technical Report Contract F33615-71-C-1716,
Lockhevd=Goorgia Compony, Octobey 1973,

NOTES: The refercnce indicates that the fatigue data and S-N curves pre-
Tnted below are compli todly comparable to the axis wystem used in Flgure
5.3.1-2. That is, Figure 5.3.1-2 can be used to predict stress levels

with the S-N data presented below used to predict fatigue life.
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FIGURE G.6,3-13  S-N DATA FOR 7075 -T6 WLLDBONDED JOINTS ~ NINLC BAY FLAT AND
CURVED SOHIC FATEGUL TEST SPECTMENS
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¢

6.6.2 SYAINLESS STEEL ALLOYS

This section presents equivalent random loading fatigue curves for 17-7 PH '
and 18- stainless steel cheet, No data report-d in the literature pre-

sented cxperimental random amplitude {atigue data for stainless steel

alloys. The designer should also see Figure 5.3.1-4 for an equlvalent

random 'oading fatigue curve for PHI5-7Mo stainless steel alloy at 500°F.

Other constant amalitude fatigue data is presented in MIL-HDBK-5B (4) and

the ""Aerospace Stiuctural Metals Handbook'' (31). The constant amplitude

S-N data ccn be converted to equivalent random amplitude fatigue data

using the method of Section 6.5.

b |

!
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STAINLESS STEEL ALLOYS

MATERIAL: 17-7 PH Stainless Steel Sheet

CONIF I1GURATION:  Converted to equivalent random amplitude fatigue data from
r-versed bending (R = -1) constant amplitude fatigue data by the referenced
source.

TesT TEMPERATURE: Room Temperature

REFERENCE: McGowan, P. R.; "Structural Design for Acoustic Fatigue,"
ASD-TDR~63-820, Air Force Flight Dynamics Laboratory, United States Air
Force, Wright-Pattersen Air Force Base, Ohlo, 1963.

! NOTES- The constant amplitude reversed bending data utilized was apparently
t data quoted In MIL-HDBK-5A. See Section 6.5.1 and Figure 6.5.%~1.

20 | — T — - .
] i i ) T
' T T
v ! \ i
S T — - AT —- l['r —— muug T
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t B2 Ty T *‘-s___‘_m‘.
. 1 -
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10% 5 108 5 10/ 5 08 5§ 109

Cycles to Failure, N

FIGURE 6.6.2~1 EQUIVALENT RANDOM LOADING S-N DATA FOR 17-7 PH STAINLESS STEEL SHEET
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1
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RS Stress, KS! x 1

STAIHLESS STLEL ALLOYS

MATERIAL: 18-8 Stuinless Steel Sheet

CONFIGURAT I ON: ELquivalent random loading fatiguc curve derived in the ref-
crenced source {rom constant amplitude reversed beading data (R = -1) for
the material. Sheet thickness for constant amplitude data was apparently
0.025 inch.

TEST TEMPERATURE: Room Temperature

REFERENCE: McCowan, P. R.; "Structural Desiyn for Acoustic Fatigue,"
ASD-TDR-63-820, Air Force Flight Dynamics Laboratory, Wright-Pattersen
Air Force base, Ohlo, 1963,

NOTES:  See Section 6.5.1 concerning the conversion of constant amplitude

fitigue data to equivalent random amplitude fatigue data. In particvlar,
see Figure 6.5.1-1.
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PIGURL 6.6.7 -2 LOUTVALLHT RANDOM LOADING S-if DATA FOR 18-8 STAINLUSS STEEL “HELY
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6.6.3 TITANIUM ALLOYS

This section presents random amplitude S-N data for various titanium
alloys both for plain specimens, riveted specimens, and spot welded
specimens. The effect of temperature on the material fatigue character-
istics is also presentec.
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10

RMS Stress, K51 =

o

TITANTUM ALLOYS

MATERIAL: 6A1-4V Titanium, Sheet

CONF IGURATION: Cantilcver coupon test specimens with transverse random
amplitude vibratory basc exclitotion. Both plain specimens and cut
countersunk riveted specimens tested,

TEST TiiAPERATURE: Room Temperaturc

REFERENCE: Schneider, C. W.; ""Acoustic Fatigue of Alrcraft Structures at
tlevated Temperatures,' AFFDL-TR-73-155, Part |, Air Force Flight Dynamlcs
Laboratory, Wright-Patterson Air Force Base, Qhlo, 1974. Figure 17 a),
page 40.

NOTES: See Figure 5.3.1-5

SO G S - ) TN SRS SE + —4 § 3 1 1
: 1 M SN S g o 0 0 R T . 1T
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FIGURE 6.6.3~1 COUPON S-N DATA FOR bA1-4V TITANIUM ALLOY SHEET FOR FLAIN SPECIMENS
AND CUT COUNTERSUNK RIVETED SPECIMENS ~ ROOM TEMPERATUREL
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TITANIUM ALLOYS

MATERIAL:  6A1-HV Anncaled Sheet

CONFIGURATION: Plain cantilever coupon specimen with transverse random
ampTitude vibratory base excitation. Materlal thickness s 0.060 inches.

TEST TEMPERATURE: Room Temperature

REFFRINCE: Thompson, A. R. G., and Lambert, R. F.; "Acoustic Fatigue Design
Data, Part II1," AGARD-AG-162-Part I1i, 1973. Tligure 1.2

NOTES: Compare with Figure 6.6.3-1. Limits on data scatter are based upon
two standard deviations upon either side of the regression line.

20
— y———— —t- 4 -1»« - — g PN S NS TUN S Uh i i — — -+
l()
=10
I S e “NOTE SCALE FACTOR ON STRESS AXIS - ..
& - I B
2 P~ bR o o---- 20 SCATTER LIMIT —_ RNl
— i~
r“ b . 4. Nt-"- — 4 L
o T T~ — ] i
3 et~ -+t T g "—“'v-q,.-;;ﬂ-‘"’ ——t et -t-1 -+
2 - nat
E ™~ 4
2 — |- -~ T -H
— 4 H SERER +— +H
: | 1]
10° 5 108 5 107 5 108 5 10°

Cycles to Failure, N

FIGURE 6.06.3-2 COUPGH S-N DATA FOR GAT-4V TITANIUM ALLOY SHEET FLAIN SPECIMI NS -
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TITANIUM ALLOYS

MATERIAL: 6AI-AV TItanium, Sheet 1
CONF I GURATION: Plain cantilever coupon test specimens with transverse ]
random amplitude vibratory base excitation. h
]
TLST TLMPEKATURL :  600°F :
1
REFFRENCE:  Schnelder, C. W.; “Acoustlic Fatigue of Alrcraft Structures at
Elevated Temperatures,' AFFDL-TR-73-155, Part |, Alr Force Flight
Dynamics Laboratory, Wright-Patterson Alr Force bBase, Ohlo, 1974.
Figure 17 b), page 40.

_}ﬂ'r_l_i See tigure 5.3.1-
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RMS Stress, KS!

20

10

b

TITANIUM ALLOYS

MATERIAL GAl- Y Titanium, Sheet

CONFIGURATION: Cut countersunk riveted cantllever coupon specimens with
transverse random amplitude vibratory base excitatlon.

TEST TEMPERATURF: 600°F

REFERENCF: Schnelder, € W.; “Acou-~tic Fatigue of Alrcraft Structures at
Elevated Temperature.,' AFFOL-TR-73-155, Part 1, Air Force Flight Dynamics
Laboratory, Wright-Patterson Air Force Base, Ohio, 1974. Figure 17 b),
paqge 40.

NOTES: € ¢ Figure 5.3.1-5
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RMS Stress, KS!

20

10

TITANIUM ALLOYS

MATERIAL: Ti-2Cu Aged Sheet

CONE IGURATI0N: Coupon specimens with
excitation introduced to the "skin'
"rib." S$-N curve I» representative
mushioom head rivets and Ylush head

Sheat thickness Is 0,028 inches.

TEST TEMPERATURE: Room Temperature and 250°C.

transverse randum vibratory base
specimen through a riveted angle
of both single rows of plaln
spin-dimpled countersunk rivets.

REFERENCE:  Thompson, A. R. G., and Lambert, R. F.; "Acoustic Fatigue Design

Data, Part |1," AGARD-AG-162, Part 11, 1972.

Figure 1.3

NGTES: Limits on data scatter are based upon two standard deviations upon
elther slde of the regression line.
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TITANIUM ALLOYS

MATERIAL: Ti-2Cu Aged Shec.

CONFIGURATION:  Coupon specimens with transverse random vibratory base ex-
Citation intruduced to the "skin'' specimen through an angie ''rib'"
attached to the skin by a single row of resistance spot welds. The
tegression line and data scatter {imits are based upon specimens vielded
before aging and after aging and also Include the effect of material
grain direction. Shect thickness is 0.028 inches.

TEST TEMPERATURE: Roon Temperature

REFERENCE: Thompson, A. R, G., and Lambert, R. F.; "Acoustic Fatigue
Design Data, Part 1} ' AGARD-AG-162-Part 1Vi, 1973, Flgure 1.4

NOTES: Limits un data scatter are based upon two standard deviations upon
cither side of the reqgression tine,
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RME Stress, KSI x 1

- HOTE SCALL fACTUR ON STRE

TLTANIUM ALLOYS

MATERIAL: Commercially Pure Titanium

CONFIGURATION:  Coupon specimens with transverse random vibratory base

Texcitation introduced to the "skin' spcclmen through a U'T' section
"rib' attached to the skin by a double row of resistance spot welds.
(the reference also presents limited data for gas tunasten-arc spot
welds.) The regression line and data scatter limits are based upon
the resistance spot weld data only. Sheet thickness 1o 0.016 inches,

TEST TEMPERATURE: Room Temperature

REFERONCE : Thompson, A, R, G., and lambert, R. F.; YAcoustic Fatigue
Dcsign Data, Part 111, AGARD-AG-162-Part i1, 1973, Fiqure 1.5

NOTES: Limits on data scatter are based upon two standasd deviations
upon clther side of the reqression line.
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6.6.4 NICKEL ALLUY:

This section presents random amplitude S-N data for shargly notched Rene'
b1 coupon specimens at room temperature, 700 F, and 1400°F. Also, an
equivalent random amplitude 5-N curve for Inconel 718 Sheet is presented,
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NICKEL ALLOYS

i MATERIAL : RENE! 41, Sheet

' CONF IGURATION:  Cantilever sharply notched coupon specimens with random ‘:
amplitude vibratory excitation of the specimen applied at the free end. |
The notch geomatry was a symmetric 607 Y'W'", 5/16 inch deep, with a :
notch radius ot 0.005 4#G.001 inch. The specimen width was 1 inch, and
the specimen thickness was 3/16 inch.

TEST TEMPERATURE: Room Temperature

PEFERENCE: Phillips, L. P.; "Fatigue of Renme' 41 under Constant - and
Randan Amplitude Loading at Room and Elevated Temperatures,' NASA TN D-
3075, Hational Aecronautics and Space Administration, 1965.

NOTES: The regression line and 952 confidence limits were computed from
data presented in the reference. Scve Tigure 6.5.1-2.
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FIGURE 6.6,4--1 COUPON S-N DATA FOR SHARPLY NOTCHED REHL' A1 SHEET - ROOM TEMPLRATURE
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|

RMS Stress, KSI x 12

HICKEL ALLOYS

HATERIAL: RENE' 41 Sheet

CONF IGURATION: Cantilevered sharply notched coupon specimens with random

T amplitude vibratory excitation of the specimen applied at the free cnd
The notch ycometry was a symmetric 60 W' 5/16 nch deep, with a
notch radius of 0,005 0,001 Inch. The specimen width was 1 inch and

the thickness was 3/16 inch,

TEST TEMPERATURE:  700°F (644°K)

REFERENCE: Philtips, E. P.; "Fatigue of Rene' &4} under Constant - and
Random Amplitude Loading at Room and Elevated Temperatures,' NASA
TN D-3075, National Acronautics and Space Administration, 1965.

NOTES: The regression line and the 95% confldence Timits were computed
from date presented in the reference.
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FIGURE 6.6.4-2 COUPOR S-N DATA FOR SHARPLY NOTCHED REHE' L1 SHEET - 700°r
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NICKEL ALLOYS

MATERIAL: RENE' 41 Sheet

CONFIGURATION: Cantilevered sharply naotched coupon speci.ens with random
amplitude vibratory excitation of the specimein applied at the free end,
The notch geometry was a symme.ri- 60°¢ MY 5716 inch deep, with a notc
radius of 0.005 £0.001 inch., The specimen width was 1 inch and the
thickness was 3/16 inch,

TEST TEMPERATURE: 1400°F (1033%)

REFEREHCE: Philtlips, E. P.; "Fatiyue of Rene' W1 under Constant - and
Random Amp!itude Loading at Room and Elevat d Tempcratures,' NASA
r TH D-3075, National Acronautics and Space Administration, 1965,

NOTES: The regiussion line and the 952 contidence limits were conputed from
data presented in the reter-nce.
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!

\MiS Stress, nSi x )

-

NICKEL ALLOYS

MATERIAL: INCONEL 718, Aged Sheet.

CONFIGURATION:  Converted Lo equivalent random loading fatigue curve

from constant amplitude axiel loading (R = -1) fatigue data for un-
notched specimens presented in figure 6.3.5.1.8 (a) of the reference.

TEST TIMPLRATURE: Room Temperature

REFFREHCE:  Anon; Metallic Materials and Elements for Acrospace Vehicle
Structurcs, MIT-HDHK-LB, United States Government Pringing Office. 1
September, 1471,

1
NOTLS:  See Section 6.5.1 for a discussion of the assumptions and
techniques for convrting constant amplitude fatique data into 1
cquivaleat random amplitude fatiyue data, 1
!
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6.6.5 GLASS FIBERS

This section presents equivalent random ° -ading fatique curves for
$901/43 and 5901/81 glass fiber material llustrating the effec' of warp
direction upon the fatigue characteristics of the material. Al.o,

sonic fatigue data resulting from tests of glass fiber fluted core

panels is also presented for guidarce. The designer is cautioned to
determine the exact specimen configuration ncting glass cloth type, bond-
ing resin, curing sequence, and layer stacking sequence before relying
upon data reported in the literature. The designer will find the dis-
cussions presented in Sections 5.2,2.3 and 5.3.8 useful in understanding
the significance of the variou parameters,

Y1z
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GLASS | IBERS

MATTRIAL:  5901/43 Longitudinal Warp Direction
$901/43  Transverse Varp Direction
$901/81 Lonyitudinal Warp Direction

CONFIGURATION: Equivalent random loading fatigue curves (Sce Section
6.5.1) were developed from constant amplitude reversed axial loading
fatigue tests of 27 ply qlass fiber "dog bone" test specimens, The
classificatjon of longitudinal ot transverse denotes the warp direc-
tion for the specimen. All plys werce lald in the same direction,

TEST TEMPERATURL: Room Temperature (Specimen heating was controlled by
adjusting the loading frequency)

REFERENCE: Jacobson, M, J.; "Acoustic Fatigue Design Information for
Fiber Reinforced Structures,' AFFDL-TR-68-107, United States Alr Force,
1968

NOTES: Sec Sectlon 6.5.1 fur a discussion of the assumptions and tech-
niques associated with developing cquivalent random amplitude fatigue
curves fran constant amplitude data,
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AMS Stross, KSI

2V

v

MATERIAL: 181-5 Glass Fabric (0.010 Inch/layer)
151-5 Glass Fabric (0.007 Inch/layer)

CONFIGURATION: Acuustlc Fatigue teustu of rectangular panels with tapered
edges and fluted cores, Details of the panel construction are presented

below:
Panel Humber ot Plics Notes
Type Out.ide Face Inside Face Ldge
Type | 4 3 9 Empty Core
Type 1} 3 2 / Foam Filled Cove
Type 111 h 3 9 Foam Filled Core

Panel Types | and 1i were manufactured using 181-S glass fabric and Type |
was manufactured using 151-5 glass.

TEST TIMFERATURF: Room Temperature

REFERENCL: Hayes, J. A.; "Sonlc Fatlque Tolerance of Glass Filament
Structure: Laperimental Results,”' AFFDL-TR-A6-78, United States Air
torce, Dec. 1966,

o the panel layup.

N

NOTES:  Original source glves no indication of ply corientation with respect
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6.6.6 ADVANCED COMPJSITES

Very little random amplitude fatigue data has been reported in the liter-
ature related to the fatig ¢ strength of advanced composite materials.
Two random amplitude strain-life fatigue curves are presented in Figure
5.3.8-4 for riveted und bonded joint coupon test specimens. This section
has been included so that the designer can introduce additional data as
it becomes available.
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APPENDIX A

NUMENCLATURES AND DEFINITIONS

This section presents basic data useful in supporting subsequent sections. j
Section A.l presents basic nomenclature and definitions that are speciallized

as appropriate in the subsequent sections. Section A.2 presents a series

of graphic scales that the designer will find useful for interpolating

between the various scales presented. Section A.3 presents a brief compi-

lation of definitions and equivalence relations between the values of

engineering units commonly used in the United States and the corresponding

values of the modern metric (Sl) units.
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A .1 BASIC NOMENCLATURE AND DEFINITIONS

The following baslic nomenclature and detinitions are provided for assist-
ing the designer when using the handbook and references. For acoustic
terminology the desiq.er should consult Reference (1), Faor terminology
relating to matc-ials and fatigue testing References (2), (3), and (&)
provide detailed lists of definitions and nomenclature. RQuantities are
defined in the handbook as they arise.

ACCELERATION: A v-cter quantity specifying the time-rate-of-change of
the velocity. Se f-erxplanatory prefixes such as peak, average, rms (root
mean square) are often used.

ACOUSTIC FATIGUE: Fatigue of structure resulting from the structure being
cxposed repeatedly to time varying acoustic pressure waves. Also called
"sanic fatique."

AMFLITUDE DISTRIBUTION FUNCTION: A function of the amplitude of a time
varylng aquantity expressing the fraction of time that the Instantaneous
value of the quantity is less than a specitied level. Also called the
"distribution function" or ‘'cumulative distribution function."

AMPLITUDE DENSITY DISTRIBUTION: A function of the amplitude of a time
varying guantity expressing the traction of time that the quantity remains
within a narrow amplitude Interval., Also called the "probability density
distribution' or aimply '"probability density."

AUTOCORRELATION: A measure of the similarity of a function with a dis-
placed version of it-elf as a function ot the displacement (usually taken
as time). The value of the autocorrelatinn for zero lisplacement is the
mean square value of the function.

BROAD BAND: The description of the time history of a quantity (either
pressure or stress) implying that the frequency content of the time his-
tory covers a broad irequency band (usually greater than une octave).
The term "wide band'' Is also used.

CONFIDENCE LIMITS: The upper and lower Yimiiing valurg of the range of
values for which a gliven percentaqe value applies. If the chances are
95 out of 100 that a swmple lies between 10 and 15, the 95% confidence
limits are said to be 10 and 15.

CROSSCORRELATION: A meacure of the similarity of two functions with the
displacement (usually time) between the two functions t . cen as the inde-
pendent variable. 1f the two functions are identical, the crosscorrela-
tion Is an autocorrelotion

CROSS-SVECTRUM: A frequency dJdomain measure of the similority of twe tunc-
tion..

L20
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DECIBEL (dB): One-tenth of a Bel. The decibel is a measure of level when
the base of the loqarithm is the tenth root of ten and the quantities
concerned are proportional to power (pressure squared).

NISCRETE FREQUENCY: The description of a sound wave the instantaneous
sound pressure of which is a simple sinusoidal function of time. Also
called a "pure tone' or a "simple tone.'' When used to describe acoustic
fatigue tests the excitation pressure is 4 random amplitude sinusoidal
sound pressure.,

DIRECTIVITY FACTOR: A dimensionleses quantity which is a measure of the
spatial variation of the sound pressurc level about a sound source.

DISPLACEMENT: A vector quantity specifying the change of position of a
body, a point on a4 body, or a particle usually measured with respect to
the mean or rest position.

DISTRIBUTION FUNCTION: Sce Amplitude Distribution Function.

ERGODIC PROCESS (STATISTICAL) A subclacs of stationary random processes
for which ensemble averages (average over a set of random processes at
the same instant) are equal to the corresponding temporal averages taken
alang any representative sample function.

FILTER(ELLCTRONIC): A device for separating components of a <ignal on
the basis of frequency. A filter is dewcribed by the frequency interval
{band) for which it allows the signal to pass relatively unattenuated
while Tt attenuates components in other frequency intervals.

FRFE{SOUND FIELD: A field in a homogencous isotropic medium that is free
{from boundaries. In practice, it is a field in which the cffects of
boundaries are negligible over the region of interest.

FRIEQUENCY:  The aepetition rate of a periodic gnantity.  The frequency is
the recipracal of the period and is measured in Hertz (Hz.) or in cycles

per sccond.

I UNDAMENTAL MODL:  The Yowest natural frequency of a systou,

q:  The quantity deqeribing the acceleration protuced by he force of
gravity. The standard valucs of the acceleration of aravity qype
9.80665 w/ = 386,087 in/.T 32.1739 i/l

I)"I
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GAUSSIAN DISTRIBUTION: A particular amplitude distribution function of
fundamental importance in the theory of probability, The Gaussian distri-
bution function is characterized by its mean value and standard deviat »n
and describes meny natural phenomenc.

HISTOGRAM: The graph of an amplitude density distribution.

IMPEDANCE: The impedance of a system is a measure of the response ampli-
tude and phase of a system in the frequency domain. Acoustic impedance
at a surface is defined as the complex ratio of the sound pressure aver-
aged over the surface to the volume velocity through it. Mechanical im-
pedance is defined as the complex ratic of the force acting on a speci-

fied area of a mechanical device to the resulting linear velocity of that
area.

LEVEL: In acoustics, the level of a quantity is defined as the logarithm
ui he ratio of that quantity to a reference value of that quantity.

MODE: The spatial distribution of amplitude and phase characterizing the
displacement pattern of a vibrating body undergcing free undamped oscil-
lations. A normal mode of vibration is a mode describing the relative

amplitudes of various points occurring at a natural frequency of the
system.

MODAL MASS: The generalized mass of a vibrating system for a specified
normal mode.

MODAL STIFFNESS: The generalized stiffness of a vibrating system for a
specified normal mode.

MICROBAR (ubar): A unit of pressure commonly used in acoustics. One
microbar is equal to a pressure of ten micronewton per square meter,

NATURAL FREQUENCY: Any one frequency of a et of characteristic frequen-
cies ol a system al each of wihich the systlem vibiates in g normal mode.

RESONANCE: For a system in forced vibration, resonance is the descrip-
tion of increcased response amplitude in a narrow frequency range without
an increase in the maynitude of the forcing input. At resonance, the
response of 4 mechanical system is limited only by the damping of the
syatem.

RESONANT FRLOUENLY: See Natural Frequency.

RESPONSE: The response of a system is the motion (or other output quan-
tity) resulting trom an excitation (stimulus) under speciticd eonditions,

ROQT MEAN SQUARE {rn.): The squar > 1oot of the coithmeiical wean of the
squares ob g set ot ipstantancous anplitade o the cquare oot of the
time average of the sgquare of the ampliiude of - Cihee varying quantity

taken over a lony interval.,
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SQUND: tn general, ar osciilation in pressure, stress, particle displace-
ment, particle velocity, etc. in a medium with internal forces (elastic,
viscous) or the superposition uf such propagated alterations. For acous-
tic fatigue, sound i- generally considered to be an airborne pressure
oscillation.

OCTAVE: The interval between two sounds having a basic frequency ratio
of two. The frequency interval, in octaves, between any two frequencies
is the logarithm to the base 2 {or 3.322 times the loga~ithm to the base
10) of the frequency ratio.

POWER LEVEL: The power level of a given power is 10 times the logarithm
to the base 10 of the ratio of the given power to a refererice power. In
acoustics the reference power is usually taken as 10712 yatt al though
10-13 watt have been used in earlier work. The reference value for the
power should always be stated.

PRESSURE SPECTRUM LEVEL: The pressure spectrum level of a sound at a
specific frequency is the sound pressure level of that-part of the signal
contained within a frequency band 1 Hertz wide centered at the specific
frequency. The reference pressure should be stated,

PURE TONE: See Discrete Frequency.

RANDOM: A time varying quantity whose inst! ntaneous magnitude is not
specitied or cannot be predicted for any . ven instant of time is calied
a random quantity. The amplitude of a random quantity is described in
terms of the probability distribution functions. (Sec Gaussian
Distribution.)

SOUND INTENSITY: The «<onnd intensity at a point in a specified direction
is the average rate of sound energy transmitted in the specified direc-
ti+ through a unit area normal to this direction.

SOUND PRESSURE LEVEL: Expressed In decibels, dB, the sound pressure level
is 20 times the logarithm to the base 10 of the ratio of the pressure of
the sound to the reference pressure. For air the reference pressure is
taken as 0.0002 microbar or 20 uN/mZ.

SPECTRUM LEVFL: len times the logarithm to the base 10 of the ratio of
the squared sound pressure per upnit bandwidth to the corresponding
reference yuantity. The upit bandwidth is the hertz and the correspond-
ing reference quantity s (20 1 N/m2)2 /4.

STANDARD DEVIATION: Usually denoted by '"'o'', the standuwid deviation is a

linear measure of variability equal to the square root ot the variance.

STATIONARY (STATISTICAL) @ A statistical term that describesy o tandom
process whose spectrum and amplivude distribution do not change with
time.

f‘):) “;
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TIME HISTORY: The variation of the amplitude of a quantity with time
{usually a recorded ar plotted record).

TRANSFER FUNCTION: A measure of the relation Letwenn the output signal
and the input signal of a system or device usually taken as the ratio of
the output signal to thz input signal. See impedance.

VARIANCE: A quadratic measure of the variability of a quantity taken as
tile average of the mean square value of the diffurence between the quanti-

ty and the arithmetic mean of the quantity.

VELGCITY: A vector qua#%ity that specifies the time-rate-of-change of
displacement with respect to a reference frame.

VIBRATIOY: An oscillation wherein the guantity is a parameter tha: de-
fines the motion of a mechanical system.

WHITE NOISE: A description of the spectrum of a gquantity whose power .
unit-frequency is essentizlly independent of frequency over a specified
frequency range,

L2k
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AL TRAT I SCALENS

This section presen.s a series of graphic scale useful for Interpolating
values from graphs, charts, and nomouraphs prescated In the report.

The interpolation i .chieved by «imply marking the divisions of the
original scale on tioe straight edge of a piece of paper, aligning these
divisions with the uppropriate arajhic scaie presenced in tiils section,
and marking the int-rmediate divisions «n the plece of paper. Thls
technique allows thc designer to obtain intermedlate values from the
charts, etc. 1f the original scale dnes oot allow for the direct deter-
mination of the speciflic value. Craphic scales are pies:-nted for linear
divisions, logarithmic divisions, and a Gaussian probability scale.

Other divisions are nossible; however, the <calecs presented here are all
that one requires to utilize the graphical data and desian charts present-
ed In subseqguent sections.

Figure A.2.1-1 presents a linear graphic scale fcr scales up to 10 divi-
sions per inch.

Figure A.2.1-2 prevents a logarithmic graphic scale for nne cycle per 7.5
‘nches full scalc.

Figure A.2.1-3 presents a logarithmic graphic scale for four cycles per
7.5 inches full scale.

Figure A.2.1-b4 presents a logarithmic yraphic scale for seven cycles per
8.75 inches full scale.

Figure A.2.1-5 presents a Gaussian or normal probability scale for a

range of probability values between 0.01 to 99.99 per 8.25 inches full
scale.



http://www.abbottaerospace.com/technical-library

T
i
o Iy !
o~ — i
- : _
o ] i
o !
o _L .
@ .
1
o ] ,_
™~ .
'
- ,_q :
i :
o ! '
277 T W
, a
\ / w
\‘ ' H
\\\ \ \ | | “
/ / ._,_

T AL S A R B B SRR B S B T[T T L,— T w T t 4+ _~
[¥a) Q (7)) o (¥ (o] < — Z

- =z 22y —

50

Al

FAGUREL A 2.1-1  LINLAE GwRAVHEC

heb



http://www.abbottaerospace.com/technical-library

S

ONE TYCLLE LOGAR THM C SCALE

2.5

2.0

1.6+

.
ot ‘ :
., 4 e Z Z
/ ,/' g A ., 7 4
S /’/‘ B A e & py
. A s 7 y

o
/

/
s

v
S

7
7

T

‘ //’[ T ,,r////,//
‘/!"r"‘" ’,’ ‘/,1/’ “.’ S0

/

7777

1ol

FIGURE Aol d 2

*0 39 40

FOGAKTY Akt e

627

ARt TAN

5060 100
,,\A\,\ 1 -

SEALL

y



http://www.abbottaerospace.com/technical-library

YCLZ LCGARITHMIC SCALE

(%)

FOUR

o

3

FOGARTTHM G 0

oY

R

{
sy



http://www.abbottaerospace.com/technical-library

SEVEN CYCLE LOGARITHMIC SCALE

FIGURE A.2.1-4  LOGARITHMIC GRAPHIC SCALL: SEVLN ¢ YCLECS
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A.3 CONVERSIUN FACTORS

This section provides summary information necessary for the conversion of
values expressed in cngineering units of measure commonly used Ir the
United Stales to the coresponding values expressed In modern met Te (S1)
units, This section is nut intended to be a standard, but rather a con-
venient source of data for use with this report. If the designer re-
quires such a standard, it is recommended that he consult specific Gov-
ernment publications relating to the conversion of specific values (5),

(6), (7).

Tabular data is presented here stating the relationship between units,

The basic units usea in this report are the inch or foot (length), the
pound mass (mass), the second (time), and the degree Fahrenhelt or Rankine
(temperature). Table A.3.1-1 presents the basic units and the derived
units for the International System of Units (S1).

The prefix nomenclature, symbeols, and examples of usage for basic and de-
rived units in the S| system arc presented in Table A.3.1-2.

Table A.3.1-3 presents the equivalent value in SI units of the common
engineering units used In the handbook.

table A.3.1-4 presents the equivalence between compuund or derived mass
units (pound mass) as used in the handbook and the corresponding Sl
units.

Table A.3.1-5 presents the equivalence hetween compound or derived force
units (pound force) as used in the handbuok and the carresponding SI
units.

n 31
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Quantity
Length

Mass

Time
Temperature

Electric Current

Luminous Intensity

Quantity
Area

Volume
Velority
Acceieration
Frequency
Duensity
Force

Moment of Force
Pressure
Mok, Lioorygy

Power

TABLE A.3.1-1

THE INTERNATIONAL SYSTEM OF UNITS (S1)

BASIC UNITS
Unit
meter
kilogram
second
kelvin

ampere

candela

DERIVED UNITS

Unit

square . r

cubic meter

meter per second

meter per second squared
hertz

kilogram per cubic meter
newton

newton meter

newton per squarc meter

jouls

Wit

Sxmbo!

kg

cd

Symbol

m

m

m/s
m/s
Hz.
kg/m3

N m

"
H/m"™
J, (N m)
W, (J7s)

TR P Ty

ear ke amee s
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o sk

TABLE A.3.1-2
St SYSTEM OF UNITS

MREFIX NOMENCLATURE, SYMBOL AND USE

Multiplying

Prefix Symbo! __Factor Example

y mega M 106 megawatt (MW)
kilo k IO3 kilometer (km)
hecto* h ]02
deca* da lU]
deci® d 10-] decimeter (dm)
centl* c 1072 centimeter (cm)
mitl] m 1073 millimeter (mm)
micro u 10—6 microsecond (us)

“prefixes that are multiples of 10 raised to a power that is a
multiple of 3 is the recommended usage.

L33
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TABLE A.3.1-3

CONVERSION OF COMMON ENGINEERING UNITS
T0
EQU IVALENT VALUES IN SI UNITS

BASIC UNITS

Eﬁﬁﬂth Area
mile = 1.6093h km 1 ft? = 0.092903 m>
ft = 0.3048 m = 304.8 mm 1 in? = 6.4516 cm”
in =2.54 em =254 mm

Volume Capacity
Ft3 = 0.0283168 m> = 2.8317-107 mn’ | gal = b.54609 du’

: *

in3 = 16.387) Lm3 = l.6387-10h mmj 1 US gal = 3.78541 dm3

Velcclty Acceleration
mile/h = 1.60934 km/h I fL/s? = 0.3048 m/s?
tt/s = 0.3048 m/s = 304.8 am/s 1 In/s2 = 2.54 (m/sZ
in/s = 2.54 ca/s 25 4 mm/s

Mass
1bm - 0.4.3592 kg
5 luy S G

* Thi cubic decimeter equals one liter.

the unit Tbm denotes the pound g (o Torce of 1 1 acting on g mas

af 1 Ihin produces an accelerat oo of 386 0 j/000)

H3 4
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TABLE A.3.1-h4

CONVERS|UM OF COMMON ENGINEERING UNITS
T0
EQUIVALENT VALUES GF S1 UNI|TS

COMPOUND MASS UNITS *

Mass Per Unit Length Mass Per Unit Area
| Tbm/ft = 1.48816 kg/m 1 lbm/ft? = 4.88243 kg/m?
1 Tbw/in = 17.8580 kg/m 1 1bm/1n? = 703.070 kg/i?
Mass Flow Rate Vaolume Flow Rate
1 'bm/h = 0.453592 kg/h 1 US gal/h = 3.78541 dm3/h
1 lbm/s = 0,453592 kg/s 1 US gal/s = 3,7854) dm3/s
1
Density Moment of Inertia ]
P/ FC = 16,019 kg/m [ lbm tt° = 0 002140 kg m2 ]
I lbm/ins = 27.6739 g/cm’ 1 Tom in2 = 2.9264%10°% kg m? 1
ﬂﬂ@ﬁﬂﬁﬂﬂ !Egylar Momentum
1 1w {1/ = 0.138255 kg m/s 1 Tbm Ft?/s = 0.04214 kg me/s

i e md

“ The unit lbm denctes the pound mass (2 force of 1 1bf acting on 3 mass
of 1 1bm produces an acceleration of 386.4 in/+.)
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TABLE A.3.1-5

CONVERSION OF COMMON ENGINEERING UNITS
TO
EQUIVALENT VALUES IN SI UNITS

COMPOUND FORCE AND ENERGY UNITS

Force

Ihf = L L4B22 N

Moment cf Force

ibf it = 1.35582 N m
b1 n - G.llze - W

Dynamic Viscosity

Force/Unit Length

1bf/ft = 14.5939 N/m
Ibf/in = 175.172 N/m
Pressure

Ibf/Ft? = 47.8803 N/m?
WiZin o Ceoh. 76 Nud

Kinematic Viscosity

Ibf s/ft? = 47.8803 N s/m? 1 felss =
1bf/tt s = 1.4%816 ka/m s 1 in/s =
slug/ft s = 47.8803 kg/m s

Energy Poner

Btu = 1.05506 kJ I hp =
ft 1bf = 1.355B2 J i ft 1bt/s =

+ '
Hp

Btu/1b hi
ft 1bf/1b

i

SOl o pe
cLeuhn2 o

0.092903 mz/'
645. 16 mm? /s

745.700 W
1.35582 W

Specitic Entropy

2326 J/kg | Bru/lbm R = h18b.% J/kg K

2.98907 J/ky

hH30
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APPENLIX B
KELEVANT TOPICS FROM BEAM THEORY

This appendix contains reievant topics from bzam the. y that are necessary
to support the specific design methods presented it cction 5. Tirst, a
discussion of engincering bzam theory 1s presented that relates to sltender
stra,ght beams with sclid or closed cross sectional shapes. In particular,
vibraition of uslender ciraight beams is discussed to acquaint the designer
with the analysis methods and ‘o introduce the eigenfurctions and elgen-
values associated with beam vibration in a logical manner. This data is
useful when using the analysis techniques oi Seciiun 5.2, Hesi, the topic
of thin-wal.ed open secti:- beams is presented to acquaint the designer
viith the desiqn narameters uncountered in stiffened aircraft structure.
This data is useful ir supporting Saction 5.5 of this report. Finally, a
discus-ion of the beam-like :esponse of a row of panel: 1s presented that
illustrates the basic coupleo dynamic response characteristics of structure
in tems of beam vibration che acteristics using a very simple - and
accirate - prediction scher:

B.1.1  BLAMS

As a0 isolated structurail elemer -, heams are not relatively significant with
recpect to sonic fatiyue design problens as compared to plate-like structures.
liowaver, the use of beams to stiffen plate structures requires the designer
to understand the ccupling effect between beams and plates when considering
structural configurations that differ significantly from those presented in
Section 5.3. Additionally, results fromn the theory of beam vibrations have
buen extensively used as the basis of approximation techniques for estimating
the response of plates to acoustic excitation (see Section 5.2.2). Hence,
this suction presents data to supplement the opic of structural vibrations
avd to support Section 5.2 on plate and shell vibration and Sccvion .3 on
Lat bt-usp structure.

-3
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B.1.1.1

Notation

Area, point in the plane of the beam cross section shape
Amplitude coefficient for mth beam vibration mdde (Figure B.1.1-7)
Amplitude coefficient for mth team vibration mode
Amplitude coefficient for mth beam vibration mode

Distance from centroid of beam cross section to shear center

of cross section

Frequency constant for multispan beams (Tables B.1.1-7 through -9)
Point in the plane of the beam cross section (Figure B.1.1-7)
Amplitude coefficient for mth beam vibration mode

Young's modulus of beam material; denotes shear center, when
referenced to cross-section properties

Distance from centroid to shear center

Natural frequency of vibration, Hz.

Shear modulus of beam

Mass moment of inertia of beam

Second area moments of inertia of beam cross section shape
St. Venant's torsion constant

Length of beam

Bending moments acting on beam

Distributed loading on beam, bending

Distributed loading on beam, torsion

Warping constants of beam, Equation (B.1.1-29c)

Time

Displacement components of beam in (x,y,z) directions,
respectively

Coordinate directions

Numerical constants defining the vibration mode of an
elementary beam (see Table B.1.1-4)

Warping constant of thin-walled open-section beam
Weight per unit volume of material
Mode of vibration of beam for mth torsional mode of vibration
Rotation of beam cross seztion
Mass per unit length of beam

Mode of vibration of beam for mth bending mocde of vibration

Natural frequency of mth mode, radians/sec

540
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B.1.1.2 Slender Straight Elementary Beams

Elementary beams are taken as beams whose cross-section shape is either a
solid section or a closed tube. It is assumed that the cross-section shape
is symmetrical about the plane in which the loading and resulting deformation
occurs. The cross-section shape is assumed to be constant along the length
of the beam. For a slender beam the cross-sectional dimensions are small
compared to the length of the beam. Elementary beam theory is presented in
any book on structural mechanics, for example, Section 35 of Fliigge (1. The
basic assumption of elementary beam theory concerns the deformation of the
beam cross-section during bending. Simply stated, this assumption is:
'"eross-sections plane and normal to the beam neutral surface before bending
remain plane and normal to the neutral surface after bending'

The discussion presented here is categorized as to basic theory and section
properties, bending and torsional vibrations, and useful analytical results.
This data is introduced in order to support the design data of Section 5.

B.1.1.2.1 Basic Theory and Section Properties

This section provides basic design equations for relating static loading to
beam deflection and stress response. It is assumed that elementary beam
theory applies and that the loading acts in a plane of symmetry of the beam
cross section shape.

Bending of Elementary Beams: The beam configuration and loading nomencla-
ture are presented in Figure B.1.1-1. Assuming small transverse displace-
ments, w(x,t), and a linearly elastic material, the expressions relating the
loading to the displacement and bending stresses are

My xx(x,t) = -q(x,t) (B.1.1-1a)
M (x,t)

Wy (x,8) = -}Ell—— (B.1.1-1b)

ox(x,z,t) = My(x,t)-z/ly (B.1.1-1c)

where the transverse loading, q(x,t), and the bending moment, M(x,t), have
been assumed to vary both with position along the beam, x, and with time, t.

Alternately, the bending stresses are related to the transverse displacement
as

(x,t) . (B.1.1-2)

cx(x,z,t) = Eezew,

For a beam with an unsymmetrical cross section shape, as illustrated in
Figure B.1.1-2, assuming that elementary beam theory applies, the bending
stress is related to the bending moments as

541
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q(t) Plane of Loading ¢

IRxxxER [ s
1 M

Centroid
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FIGURE B.1.1-1 ELEMENTARY BEAM AX1S SYSTEM, LOADING,
AND GEOMETRY NOMENCLATURE

Centroid
’ Neutral Axis
/ Pl
//
M -

Beam Cross Section Shape

iy
'

FIGURE B.1.1-2 NOMENCLATURE FOR ELEMENTARY BEAM WITH
UNSYMMETRICAL CROSS SECTION
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M1 M - (M_l + M
ez Gl o)y o1 1)

Torsion of Elementary Beams: The beam configuration and loading nomen-
clature are presented in Figure B.1.1-3. It is assumed that St. Venant
torsion theory applies, see Timoshenko (2). In general, the relations
between the twist 6{(x), the shear stress, 1(x), and the torque T(x), are
dependent upon the cross section shape. The relationships are of the form

e,x(x,t) = T(x)/GJ (B.1.1-La)

Tmax(x,t) = T(x)/k (B.1.1-4b)

where the torsion constant, J, and the constant, k, are functions of the
beam cross section shape.

Section Properties: The section properties | _, lz, J and k are presented
in Table B.1.1-1 for a few common shapes. otKer Shapes are included in the
compilation by Roark (3). The following general definitions apply

2 2
| = ;1= dA; 1= [ yzdh  (B.1.1-
y =1z =1y gz = [yzn 5)

To shift the reference axis from the centroid to another set of parallel
axes as indicated in Figure B.1.1-4 the following rules apply:

* 2

Iy = Iy + Acz (B.1.1-6a)
* 2

I~ =1 + AC (B.1.1-6b)
2 z Yy

* .
I =1 +ACC (B.1.1-6¢)
yz y y z

where A is the cross secticon area of the uniform beam.
B.1.1.2.2 Bending and Torsional Vibrations

This section provides design equations and tabulated data for the bending
and torsional vibration of beams. A beam-like structure is the most com-
plicated structural element that is amenable, in general, to exact mathe-
matical analysis. As such, the literature is filled with the work of
numerous investigators that consider various aspects of the problem such as
cross section properties that vary along the length of the beam, effect of
axial loading, nonlinear response, etc. The purpose of this section is to
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FIGURE B.1.1-3 TORSION MEMBER GEOMETRY AND NOMENCLATURE

r z Y

FIGURE B.1.1-4 NOMENCLATURE FOR SHIFTING BENDING AXES
FROM (y,z) SYSTEM TO (y*,z*) SYSitM
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TABLE B.1.1-1

CROSS SECTION PROPERTIES OF COMMON STRUCTURAL SHAPES

Cross Section
Shape
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-
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H2G+3) | B’ 6+

-2h(b(a+b) [_;2h(a(a+b)

=
Nf =2

2nr3h 2ﬂr2h

Sce Tabulated
Values Below

8k (a+b 4hZ (a4b”
-2h) -2h)

2
~2h(b+3-2 Ml-2n(e +5-5 m)]

“not applicable to reentrant corners

TORSION CONSTANTS FOR SOL!D RECTANGULAR SECTION

b/a 1.0 1.2

J/a3

k/azb 0.208 0.219 0,231

2.0 2.5 3.0

b 0.1406 0.166 0.196 0.229 0.249 0.263 0.281

0.246 0.258 0.267 0.282

5k5

5.0 10.0 ®
0.291 0.312 0.333

0.291 0.312 0.332
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present Lasic data for uniform beams with either clamped or simply sup-
ported end conditions. A brlef literature review for complicating effects

Is presented in Section B.1.1.4,

Bending Vibrations: The presentation here 1s concerned with the treatment

of transverse bending vibration of straight slender beams supported at the
ends. Derivation of the equation of motion and details of the mecthod of
solution can be found in almost any text on vibration, fur example see Nowacki
(3) or Thompson (4). For a uniform slender straight beam undergoing small
amplitude free transverse vibrations the governing differential equation of

motion is

o (E "’ZW)+ Qii=o (8.1.1-7)
IR TN S o

where E Is Young's modulus of the beam material

p is the mass density per unit length of the beam

| is the second arca moment of the beam cross section about
Y the neutral axls

w{x,t) is the transverse displacement of the beam neutral surface

The general solution of the above governing equation is of the form (Equa-
tion(B.1.1-7) is a separable partial differential equation)

wix, t) = WF() (B.1.1-8)

Substituting Equation (B.1.1-8) Into (B.1.1-7) perrorming the indicated

differentiations one obtains two governina ordinary differential equations 3
of the form

E(t) + wlF(t) = 0 (B.1.1-9a) i

(E1 W 00)" = puW = 0 (5.1.1-9b) ;

]

1

where the over dots denote differentiation with respect to time, t2 the :

prrimes denote differentiation with respect to x, and the constant w* - ;

which physically represents frequency of vibration - is called the separa- :

tion constant. The suantities w? and W(x) which satisfy Equation (B.1.1-9b)
and the associated boundary conditions are called elgenvalues and eiycit
functions, respectively. There are, in fact, an infinite nu.ber of pairs

of eigenvalues and eigenfunctions. The physical meaning is that every

beam can vibrate in an infinite nunber of modes of vibration and each mcde
has a certain naturo!l frequenc:. Each eigenfunction, wn(x), represents

the <hapr of a natu-al mode of vsibration and the corresponding eigenvalue,
we. represents the sqgare of the natural frequency of that mode. The exact
nature of W (x) and wj depends upon the specific houndary conditione on

the beam 25 we'll as the stiffness, Ely, and the mass distribution, o, of

the beam.
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Assuming tor the mom:nt that El ond p can vary slightly along the length
of the beam, o very important cKaracteristic of the eigenfunctions, W (x),
called an orthoyonality condition will be illustrated. Consider two pairs
of eigenvalues, - a.d w,» and the corresponding elgenvectors Wm(x) and
Wn(x) from Equation (B.1.1-9b) one obtains

W =0 (8.1 1-10a)

(ElyW%) - opw W

N 3P

W =0 (B.1.1~-10b)

Ry
(Elywn) pu W

Multiplying Eauation (B.1.1-10a) by w](x) and (B.1.1-10b) by W (x), inte-
grating over the length of the beam, subtracting the two resulTing equa-
tions, and integrating by parts one obtalins the results

L

(wi - wZ) fo p(x)Nm(x)Ww(x)dx = {[Wn(EIw;)’ - um(Enw:)'] (B.1.1-11)
~El (wuwn _ wlwu)}l-
nm mnJg

The right hand side of Equation (B.1.1-11) vanishes if at each end of the
beam there is prescribed at least one of the following pairs of boundary
conditions

W=0 and W' =0 (B.1.1-12a)
W=0 and EIW' =0 (B.1.1-12b)
W =0 and (fiWw9)' =0 (B.1.1-12c)
EtW' = 0 ane  (EIW')! = 0 (B.1.1-12d)
A-uming that - ¢ b oast one of the pairs of beundary conditions given by
Lguatiaons {B,1.; ' i is applied ot each end ot the beam, tguation (B.1.1-11)
reduces to (since o # w )
N m
L
[ “(x)wi(x)wj(x)dx = Q m#on (B.1.1-13)
n 1
(o)

tquation (B.1.1-13) 1< known s the orthogonality condition for the natural
mexde <hapes of the beam. it {s important to observe that satist. tion of
the orthocqontlity conditien depends upon the existence of the bo.ndary con-
diticn pairs preseribed by Equations (B & 1-12).  these boundary canditlions
have the following physical <ignificance

rz’!/

.
|
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~

Boundary Condition Physical Meaning

W =0 Zero transverse displacement at the
end ot the beam

W' =20 Zero slope at the end of the beam

Etw' = 0 lerc bending moment at the end of
the beam

(EIw')' =0 Zero shear restraint at the end of
the beam.

The eigenfunction or mode shape, W _(x}, which Is a sulution to Equation
(B.1.1-9b) subject to the approprlgte boundary cond!tions of Equations
(B.1.1-12) can be determined only as a relative amplitude. Hence, one may
assign any convenient amplitude to Wy(x) as desired. This process is called
normalization of the mode shape. For examplﬁ, one may desire a unit ampli-
tude at a point go=aon the beam for the m'" mode so that the normalized
value for the mt" mode is given by

o (x) = Amwm(x) (B.1.1-14a)

vhere A = 1/W (a).
m m

Another, more commonly used,normalization technique is to define Am as

A =i [N GOWE () (5.1 1-14b)

Q

where M is taken 1, the total mass of the beam.

17 the beam cross secticn and material properties are uniform along the
length ot the Seam Fquation (L. 1.1 1&b) b comes

Lt 2
i mm(y)uy ] (B.1.1-15)

(0]

Combining this result with the orthognnality condition, kquation (B.i.1-13),
one vbtains the foiiowling veiry useful results.

t

f @m(x)+“(x)dx =0 (B.1.1-~16a)
o

L 9
f <!\r'“(x)(|x =L (G.1.) 16b)

(8]

kil

WSO S S U T R Tk ke

.
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The solution to Equation (B.1,1-9a) requires a knowledge of the initial
condition» of the beam In the form w(x,0) = fl(x) and w(x,0) = f,(x).
Except for the transient vibration response, the solution for the .esponse
time history Is relativeiy unimportant. The main concern is to obtain the
solution to eguation (B.1.1-9b) subject to the approprlate boundary condl-
tions.

Yourig and Felgar (5), have tabulated the numerical values for the eigen-
value. - narmalized elnenfunctions and derlvatives of the eiqenfunctlons of
uniform straight beams for the first five modes of vibration for the fol-
lowing boundary concitions: clamped-clamped, clamped-free, and clamped-
supported. Thls nomenclature Is related to the mathematical relationships
of Equations (B.1.1-12) as indicated in = “le B.1.1-2,

TABLE B.1.1-2
DEFINITION NF BOUNDARY CONDITIQN"

Boundary Conditions At x = 0 At x =
Supported-Supported (B.1.1-12b) (B.1.1-12b)
Clamped-C lamped (6.1.1-12a) {(B.1.1-12a)
Clamped-Free (B.1.1-17a) (B.1.1-12d)
Clamped-Supported (B.1.1-12a) (B.1.1-12b)
The general solution to Equation (B.1.1-9b) when normalized as Indicated

by Equation (B.1.1-15) has the form for the mth mode
t (x) = A cosh(f x1 +B cos{(g x) +C sinh(p x) +D sin(R x) (B.1.1-17)
m m m m m m m n m

where the constants Am, Bm, Cm, Dm, and . depend upon the boundary condi-
tions.

th

The natural frequency ot vibration for the m'" molde is related to the con-
stant (*  as
il
i L 2
W= EL R /p (rad/sec) (B.1.1-18a)
m Yy m
1 I

or W= e 1)l (b.1.1-18b)

Value« for Am' Bm' Cm and D” are presented in Table B.1.1-3 for the

Fverrnge! Ty o ton !nr;r..h‘lew( in T.ohb B 1-2
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TABLE B.1.1-3

TABLE OF COEFFICIENTS FOR EQUATION (B.1.1-17)

Boundary Condition A B C D
: m m m n
Supported-Supported 0 0 0 a

Clamped-Clamped 1 -1 -a a
m m

Clamped-Free 1 -1 -0 o
m m
Clamped-Supported ] -1 g @

For the first five modes and the various boundary conditions the numerical
values for @  and B, are presented in Table B.1.1-4,

TABLE B.1.1-4
VALUES OF a, AND B, FOR NORMAL BEAM MODES

Supported-Supported Clamped-Clamped
m e BmL m e BmL
1 1.4142 = V2 7 1 0.9825 L.7300
2 14142 2m 2 1.007 7.8532
3 1.4142 3 3 ' 0.9999 10.9956
4 1.4142 b L 1.0000 14.1372
5 1.4142 5m 5 0.9999 17.2788
Clamped-Free Clamped-Supported
m e BmL m e BmL
1 0.734 1.8751 1 1.0008 3.9266
2 1.0185 4.5340 2 1.0000 7.0686
3 0.9992 7.8548 3 1.0000 10.2102
4 1.0000 - 10.9955 k4 1.0000 13.3918
5 0.9999 14.1372 5 1.6000 16.4934
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The most commonly us.d boundary conditions are supported-supported and
clamped-clamped edge+. The mode shape for supported~supported condition

is a sine wave and represents no difficulty in calculating results. For

¢ lamped-clamped edges, values of the mode shape, Equation (B.1.1-17), and
its scecond derivative are presented in Table 8.1.1-5 for the first mode,

m = 1, and the third mode, m = 3. More extensive tabulations are presented
by Young and Felgar (5). These resul*s will prove useful when using the
methods presented in Section 5.2.2

TABLE B.1.1-5

NUMERICAL VALUES FOR ¢, (x), e (k) 0, (x), ¢, (x)

FOR A BEAM WITH CLAMPED-CLAMPED EDGES

d2¢ d2¢
xiL . ‘5“ = —l— ! ¢ q,,l' = ..I__ __,.3.
] ] HZ dx2 3 3 EE de
1 3
0.00 0.00000 2.00000 0.00000 2.00000
0.10 0.18910 1.07433 0.77005 -0.10393
0.20 0.61939 0.19545 1.50782 -1.28572
0.30 1.09600 -0.54401 0.86864 -0.79387
0.40 1.456545 -1.04050 -0.62837 0.65569
0.50 1.5881% -1.21565% -1.40600 1 42238
0.60 1.45545 -1.04050 -0.62837 0.65569
n.70 1.09600 -0.5445m 0.86864 -0.79387
0.80 0.61939 0.1954 1.50782 -1.28572
0.90 0.18910 1.07433 0.77005 -0.10393
1.00 0.00000 2.000G0 0.00600 2.00000
Example:  Calculate the natural frequencies of a hollow tube Leam with

digmeter 0.25 inches, wall thicknes
assuming both clampe

Assume o= 10.3 » 10

psi vy = 0.10] 1bs/in

1,020 inch and tength 12.0 inches
-t lamped and supporte

g—suppnrtcd edge conditions.
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From Table B.1.1-1 one obta.ns

- ﬁ-[(o.25)“ - (0.25 - 0.02)"1 = 0.000870 1n"

E'y = (10,3-106)(0.00087) = 8.962-103 in.1b.

The mass per unit length of the beam is

p = yA = n(.101) ((.25)2- (.25-.02)7)/386.h = 7.88-10'6

From Equation B, 1.1-18

wz = El (B L)“/uLu = 5.482h-10“(u L)h (rad/sec)2
m y' m m

or

f = 37.265(R L)Z Hz.
m m

From Table B.1.1-4 one obtalns the results

Supported-Supported Clamped-Clamped
n (g, L) fo Hz (e L) f,r Hz
1 . 368. 4.7300 834,
2 2 1,471, 7,8532 2,298,
3 3 3,310. 10.9956 4,506,
y b 5,885, 14,1372 7,448,
l b1 9,195, 17.2768 11,126.

Torsional Vibrations: The problem of twisting or torsional vibration of
slender beams is tredated In a manner analogous to that ftor bending vibra-
Lions diccussed previously.  For beams with a wolid or cloced tihe cross
cection, the bending moiion and the twisting motion arce uncoupled and can

be treated independentliy.

For torsicnal vibration the governing equation of motion is

2
i LUy ATy 7 .
Ux [ ax ] Yo f:i -0 (R.o1.1-19)

HhY
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where G 1s the sheur modulus of the wnuterial

J is St. Venant's torsion constant

'o is the moment of irertia per unit of length about the center

of the twist
o{x,t) is the twist of the beam

The general solution to Equation (B.1.2-19} has the form

6(x,t) = e(x)F{t) (B.1.1-20}

For a uniform beam undergoing free vibration the eigenfunction must sat-
isfy the equation of motion

" ra
GJo_(x) + w voe”(x) = 0 (B.1.1-21)
The gereral solution to Equation (B.1.2-21) has the form for the mth mode
of vibration
Om(x) = AmSln(me) + Bmcos(ymx) (B.1.1-22)

The boundary conditions associated with Equation (B.1.1-22) are

Ciamped Edge Om(O) =0 or © (L) =0 (8.1

m .1-23a)

[
o

Free Edge ¢ (0) =0 or oI;(L) = (B.1.1-23b)

For a clamped end at x =

0 and a free end at x = L, the frequencies and
mode shapes for torsiconal vibration of the rod are
Om(x) = Amsin(ymx) (B.1.1-24)
- 2.2 .
w; = Y?GJ/'U = E—i-éFL (rn(i/(;er)Z (G.v.y25)
! b oL
o
B.1.1.2.3 Useful Analytical Results
The maia hupor Lence of studying beam vibrations in relation to the sonic

fatigue procblem is that the eigenfunctions given by Equation (B.1.1-17) are
extensively used in approximation techniques for estimating the dynamic

response of plate-like and shallow shell siructures. In particular, energy
n.othods sucl. as the Rayleigh or Rayleigh-Ritz mcthods teyuire the evaluation
of integrals of the assumed modes ond det ivatives of th

assumed rodes.  As
a result, Felgar (6) tabulated an extensive cot nf fhos

integrat o, and s

[
(s
g
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work has been used by numerous investigators in the past 20 years. To
facilitate the utilization of the analytical sections of this handbook
and for reference, integrals of clamped-clamped beam modes are presented
in Tabte B.1.1-6.

It should be noted that the derivatives of the eigenfunctions for a
vibrating beam satisfy the following relaticonships

N R - A RN
¢, () =6 (x)5 oY (x) =0 (x); 6 (x) = ¢ " (x)
where differentiation Is with respect to the argument (Enx).

TABLE B.1.1-6 ({Continued)

INTEGRALS OF CLAMPED-CLAMPT» BEAM MODES
(FROM REFERENCE 6)

See Equation B.1.1-17 and Tables B.1.1-3 and -4

L 2a L

n n 2
[ oo x)dx = o= {1 - (-1)7] [ oerGddx =L
0 n [s]
L de L /de 2
f -CF(— dx = 0 f <-a—)-(—) dx = anen(unsnL - 2)
o] o
L d?¢n L /d?¢ 2
{ 5= dx = 0 / \“iﬂ) dx =8 L
o} dx o ax
- ¢3¢n 2 n L /d3¢n‘2 5
[ —max =280 [(-1)7 4] [ 3-) dx = a 82(a g L + 6)
0o dx o \dx :
2
L do L dp_ d%
[ s 2 =0 [ 1T dx =0
n dx ] dx v
o o dx
[0 —Sdx = p (2-akl) [ % —Fdx=-0rL
0 il dxl. " " (N} " N O uns de n
IL d3¢n L d2:ﬂ 43 ]
¢ - dx = 0 j —/~—adx =0
o n dAz o] dxz dxz—
L
[ ¢ (x)¢n(x)dx =0
9]
554
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TABLE B.1.1-6 (Concluded)

1.2 B
fiﬂ iiﬂ i - hbmﬁn(amﬁm unﬁn) [(-l)m+n o]
dx dx b h
£ -8
n m
d2¢m d2¢
dx = 0
dx dx
3 3 3.3, a3 _ 3
d’o d° o bere (x 8" - a 87) )™ 4 1]
dxE dxE bh = ﬂh
n m
2.2
b g féﬂfﬂ—t O~ (-n™"N
n ax_ B - B
n m
2 2,3 -
de he (o 6 - a8 ) men
d)n > dx = T L [r+ (-1) )
dx Bn - Bm
3 33
d ¢ bﬁmfnaman \mén
o =3 dx = T L ((-1 1]
dx B -8
n m
2 3.3
i&g ¢)m dx = “Bmﬁnaﬁun [I - (“)mn]
dx dT 91; ~ Br
n m
do d3¢
n m
g T dx = 0
x T
dx
2 3 I 62
d g d ‘l’m 4 ) 'Hmﬁn m+n
._._5—-_:(-)'\-—[,—-—'"‘;"[]‘(!) ]
dx . B, ~ Bq

b ag ¢

TN
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B.1.1.3 Slender Yhin-Walled Open Section Beams

This section provides a discussion of the topic of vibration of slender
straight beams whose cross section shape is the form of a thin-walled open
section, This form of beam is the type most commonly encountered in air-
craft design. That is, the cross section shape Is the form of a zee, hat,
channel or other shape attached to a plate so that the cross section remains
open. The deformation of such beams either as an isolated system or as a
part of a built up structure is such that the bending and torsion motion is
coupled.

The basic theory of thin-walled open section beams is developed by
Timoshenko (7), Vlasov (8), and Oden (9). Gere (10) and Gere and Lin (I11)
discuss the general coupled vibrations of such beams. Lin (12) later pub-
lished a note describing the application of lis earlier work to consider the
constrained bending-torsion vibrations when the beam is connected to 2 thin
plate.

The basic difference between a thin-walled open section beam and a beam with
a solid or closed cross section is that for nonuniform torsion of thin-walled
beams, the cross section warps causing the bending and the torsion motion to
be coupled.

Coupled Bending-Torsion Vibrations: The general case of coupled bending-
torsion vibrations is presented by Gere and Lin (11) for the case of motion
referenced tc the shear center with axes taken parallel to the principal
centroidal axes of the beam. The governing equations of motion are for
forced vibration.

ahv azv 828
El +p—==~pC — = p (t) (B.1.1-26a)
Sax' o atr Zak Y
4 2 2
3w 3w 36
El + 90 =2 +pC == = p (t) (B.1.1-26b)
n axi 32 Y 3t z
4 2 2 2 2
2o 28 3%y 25w %8
ET -6 o - o0 X+ pc ¥4 2= (1) (B.1.1-26¢)
3x 3xZ Z 342 Y 3t 0 5¢2 O

where v(x,t) is the translation of the shear center in the y direction
w(x,t) is the translation of the shear center in the z direction
8(x,t) is the rotation of the beam about the shear center
E is Young's modulus

G is the shear modulus
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5oy

3

P Is the nmass density per unit length
i ,! are prircipal centroidal moments of inertla

r is the warping constant of the beam cross section taken about
the shear center

J Is St. Venants torsion constant

lo is the mass polar moment of inertia of the cross section
about the shear center.

The axis system, displacements and geometry are presented in Fligure B.1.1-5.

The twelve boundary conditions assoclated with Equations (B.1.1-26) are to
be applied to each end of the beam and are classified as:

Supported End: Vew=g =

(B.1.1-27a)

2 2 2

8 _ 0
dx dx d;f

Clamped End: vew=6§ =0 (B.1.1-27b)
dv dw de

27-3.;-37-0

The general solution of Equations (B.1.1-26) subject to the boundary condi-
tions (B.1.1-27) Is extremely tedious and requires a computer solution (see
Gere (10)). Alternately, the Rayleigh method has been used by Gere and Lin
(11) and by Lin (12) to estimate response frequencles. Even with the
approximate techniques, one must solve, in general, a cubic equation for

the response frequencie. . The greatest simplification of Equations (B.1.1-26)
occurs when the shear center and the centrold (nincide such as an =qual leg
zee section so that CY = (_ = 0 and the equations are uncoupled.

The Anaiysis nyacsented by Tin {1?2) ~oncleers the boam (o be Liiuched to @
thin plate so that the beam is constrained from moving in the plane of the

plate. Then, one obtains two coupled equations of motion for free vibra-
tions as

L 2 z
a'n 3 o)
Ei( 3.;._ i gt __% - ol = U (8.1 1-28a)
ax ' MY ax At at
4 2 i Z 2
30 9 6 3V AV 178
r ‘ - < - SR =0 B.1.1-28b
EF, T - 6 2 - BN, S S - 00, 5 . 7 ( 28b)
X a3 Ax at
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FIGURE B.1.1-5 AXIS SYSTEM, GEOMETRY, AND NOMENCLATURE
FOR COUPLED BENDING-TORSION VIiBRATION
OF THIN-WALLEZD OPEN SECTION BEAMS
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FIGHRE B, 1.,1-6 AX!5 SYSTEM, GREOMETRY, AND NOMULNCLATURE
FO2 VIBRATION OF A THIN-WALLED OPEN
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where 1 = 1_+p(Ss -¢C )2 + pCz is the mass polar moment of
s ) y y z

Inertia utout the point S

7z .
I =71+ ’nsy is the warping constant of the section about the
point S.

The displacements, v and 6 are measured about the shear center as Indi-
cated in Figure B.1.1-6, The boundary condltlons on v and 0 are as pre-
sented In Equations (B.1.1-27).

Section Properties: The sectlion properties for a thin-walled ogen sec-

tion beam are defined in terms of a centroldal (x,z) axis system and a
warping function ¢(x,z) defined with the pole (rotatlon axis) taken at the
shear center of the cross section., General expressions for the cross section
area, area moments, torsion constant, and warplng constants are presented

for zee, channel, and hat cross-sectional shapes. The definition of these
parameters Is as follows:

X, the location of the centroid, as Indicated
e, the location of the shear center, as indicated

A, the cross sectional area

2 2
s = jA x“dA I, = fA x2dA I, = [A 2 dA (B.1.1-29a)

J= [(z{,x -z)z + (¢,7-Fx)2]dA St. Venant's Torsion Cons.ant (B.1.1-29b)

J - %~ Z b'h? b‘ = mid line length of the lth segment
i of a straight section
h; = thickness of the ith segment
Re = [ x¢dA R, = [ z¢dA r = { +%an (8.1.1-29¢)
E E 4 e
z A X A A

Hote: RE and RE vanish if ¢ is defined r ative to a mean warping of
z X

the cross section {(ses Timnchank~ (713

To shift the reference axis from the centroid to another set of paraliel axcs,
the area mome-ts transform as indicated by Equations (B.1.1-6) and Figure
b.1.1-4, To shift the pole (rotation axis) from the shear ceater the fol-
towing general rules apply

559
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= ( - - - _ 1
Rax = Rpx * \dz az):xz (dx ax);xx (B.1.1-30a) ]
Rp, = Ry, *+ (dz - az)lzz - (dx - ax):xz (8.1.1-30b)

Fomt 4+ (d -a)it o+ (d - a)? (B.1.1-30¢)
A D z 2 zz Ux X xX o

_Z(dz B aZ)(dX_ ax) lXZ *+2 (dZ B Z)RDZ

-2 -
(dx ax)RDx
where (x,2) Is a centroidal axis system for the cross section and the points

A and D are general points in the plane of the cross section as indicated in
Figure B.1,1-7,

General expressions for the various section properties for zee, channel, and
hat section shapes are presented in Figures B.1.1-8, -9, and -10, respec-
tively. These results are from Rudder (13).

B.1.1.4 Uniform Beams on Multiple Supports 1

The topic of vibration of uniform beams on multiple supports is relevant to
the sonic fatigue problem in that the frequency response of a beam system
is similar to that exhibited by an array of panels of constani width joined

end to end. It Is perhaps more to the peint that a uniform beam system allows
for a sound analytical treatment where as the plate problem does not. Th
beam problem can be related approximately to the plate problem with an 1

appropriate lumpiny of the physical parameters of the beam (14).

One of the earliest analvtical developments reported in the literature is
that presented by Miles (15} in which he utilized difference equations to
obtain frequency response estimates for a uniform beam on multiple interior
supports that allowed only for rotation about the interior support. Mercer
(16) using the normal mode method calculat~d the response of a multiple sup-
ported uniform beam to a random pressure iield. Lin (17) considered the
case of elastic interfor supports. Olson (18) presents a direct technique
for computing frequency response to a random pressure excitation using the

finite element nethod with a uniform multiple supported beam as a structural
mode ] .

- i mitin o iaiitbeczi, S

One of the earliest efforts in calculating the natural frequencies was
developed by Ayre and Jacobscn (19) using physical reasoning to obtain sim- ]
plified results far a uniform beam resting on eqgually spared ipterior cup-
poris that allow the bram to rotate freely. Fo¢: the end restraints they
consider both ends simply supported, both ends clamped, and one end clamped
and the other end simply supported. The response frecguency spectium for a
multinle supported beam is basically different from that of a single span
beam. For the multiple suppurt case the natural frequencies appear ia
groups with the number of modes in each yroup equdi to the number of spans
of the beam. There are an Infinite nurber of frequency groups.
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Midline of Cross
Section Profile

FIGUEE B.1.1-7 AXIS SYSTEM AND NOMENCLATURE FOR SHIFTING VHE POLE
(ROTATION AXIS) OF A THIN-WALLED OPEN SECTION BEAM
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GENERAL EXPRESSIONS FOR STIFFENER GEOMETRI(C PARAMEIELRS i
[[—3 ’
|

" F}‘ x
U o | fen—
E—_I 1

P
i}

t(h + 2b) A

XX 1?

| = -E-[hz(sb-+h) + t2(3h +2b)} | ;

I, =- % (2b+t)(2b - t)

XZ
_ ot 3 2
'ZZ_T-Z_[Sb +ht]
3
J = E;—[Zb + h]

o thPhi b + 2h)
e ™ T2z v R

i
!

PAIGURE L.1.1-0. GCONFTRIC PROPFRTIFS - ZFF SECTION
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GENERAL. EAPRESSIONS FOR STIFFENER GEOMETRIC PARAMETERS

—
X = b2/(2b + h) e |- f
e = 3%/(6b + h) ' x
b
A= t(h + 2b) t-—'--l-
= 1y In2(6b + h) + 23+ 2b)] - —
|
lxz =0 fo— b - =

R [12hx2 + 8b> - 24Xb(b - x) + 12b(b - 20t +6(b - X)t2 + t°]

J = —;- (26 + h)
L ton?(3b + 2n)
e 12(6b + h)

REz "0

Re, = O

NOTE:

For warping constants, the pole Is taken at the shear center.

FIGURE R.1, 1-9. CIZCMITRIC PROPLRTIE» -~ CHANNEL SECITON
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GENERAL EXPRESSIONS FOR STIFFENER GEOMETRIC PARAMETERS
p— b ——y i

b(b + 2h)) , — by
- b + h + 2h]i —-1 e Yy t }
+

e t
2 2 .2 -
) b(3bh” + zh (30% - b)) . /| &- h
7 2 7 -
(h“(6b+h) + 2h|(3h +6hh]+bh])] —ot X["— L

|
t(h + 2b + 2n) l l:]'

= 2
1 3] 2 2 1 ) 2 2
-—T?t(h t) tr t(b+t)(t° +3n°) +wt(2h‘ t)[(Zh] t) +12(h+hl) ]
= 0
= t(h - f)(t2+§2)+3t(b+c)3+lt§(b+t)[7-2b+2t]
. Ti‘ 3 2 A
] 2 2
+ﬂ:(2h] -ty [t + 24(b - X))
1.3
it[h+2b+2h]]
=0
=0
ot 3,2 2 b 2 2 2
=W[2bh + 2bh“e(e - b) + 2b h](3h 6hh]+hh‘)

- bbhe(3h? = th]) + X (h + 2n))°]

FIGURE B8.1.1-10. GEOMETRIC PROPERTIES - HAT SECTION
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following the work «f Ayre and Jacobsen, the response frequency for the rth
mode is given by the cxpression

cf £l
fo= ;:3- —51 Hz (B.1.1-31)

where the constant £, depends upon the number of equally spaced spans of
the beam and the end supports of the beam. The remaining nomenclature in
Equation {B.1.1-31) is identical to that used in Equation (3.1.1-7).

To obtain estimates of the natural! frequencies of a one-dimensional array
ot plates with width, b, length, a, and thickress, h, the frequency expres-

sion in Equations (B.1.1-31) becomes assuming a fundamental mode across the
width of the panel

2

f = F'h \[- £ (&) + @1 wr (B.1.1-32)
T zab 12(]_\)2)0 a b .

where o is the mass per unit volume of the plate materiatl.

Numerical values for the constant C. are presented in Table B.1.1-7 for both
extreme ends simply suppcrted, for the first ten modes of vibration and con-
Tigurations of five spans or less. Table 5.7.1-8 presents values of ¢, for
both u~treme ends clamped and Table B.1.1-9 resents values of C_ for One
end simply supported and the other end clamped. These tabulated values are
From the work of Ayre and Jacobsen (19) where they present values of C for
the first 25 frequencies and structures of up to 13 equal spans.

The beam nomenclature and geometry-are presented in Figure B,1.1-11. The
one dimensicnial panel array as characterized by Equation (B.1.1-32) is
illustrated in Figure B.1,1-12. Typical mode shapes for simply sup orted
and clamped ends are presented in Figure E.1,1-i3.

Example: A piece of hydravlic tubing Is supported between rigid connections
at the extrer.c ends with Intermediate supports at 18 inch intervals for
three spans. The dimensions of the tubing is a diameter of 0 2o |nch with

o wall th|rPnﬂﬁs of 0. 050 inch. The materia! properties ar« 5.4 ]06
psi and 7 = 'bs/in-. Calculate the first ten natural frequencles of

the system.

From Table B.1.1-1 the moment of inertia of the cross saectiun is

|oo= %»[(o.lzs)b - (0.125 - o.oz)“] = 9.628 x 10 > inl+

Y

Th. mass per unit length of the tube is

o= (0.16)000.125)2 < (0125 - 0.02)21/386. 4 = 4 udh x 1070

s Sotl
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TABLE B.1.1-7

VALUES OF Cr FOR BOTH EXTREME ENDS SIMPLY SUPPCRTED
(See Equations (B.1.1-31) and (B .1-32))

NUMBER OF SPANS OF UNIFORM LENGTH, L

r ] 2 3 4
1 1. 00 1.00 1.00 1.00
2 2.00 1.25 1.13 1.08
3 3.00 2.00 1.37 1.25
4 4.00 2.25 2.00 1.42
5 5.00 3.00 2.13 2.00
6 6.00 3.25 2.37 2.08
7 7.00 4.00 3.00 2.25
8 8.00 L, 25 3.13 2. 42
9 9.00 5.00 3.37 3.00
10 10.00 5.25 h.00 3.08

TABLE B.1.1-8

VALUES OF C. FOR BOTH EXTREME ENDS CLAMPED

(See Equations (B.1.1-31) and (B.(.1-32))

NUMBER OF SPANS OF UNIFORM LENGTH, L

¥ ] 2 3 4
1 1.51 1.25 1.13 1.08
2 2.50 1.51 1.37 1.25
3 3.50 2.25 1.51 1.42
4 4.50 2.50 2.13 1.51
5 5.50 3.25 2.37 2.08
6 6.50 3.50 2.50 2.25
7 7.50 4.25 3.13 2.42
8 8.50 4,50 3.37 2.50
9.50 5.25 3.50 3.08
10 10.50 5.50 L4.13 3.25
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TABLE B.1.1-9

VA.UES OF C_ FOR ONE END SIMPLY SUPPORTED

AND ONE END CLAMPED

(See Eguations (B.1.1-31) and (B.1.1~32))

NUMBER OF SPANS OF UNIFORM LENGTH, L

2

.08
.42
.0

k2
.08
b2
.08
LY.
.08
k2

RN - —

VAR ) B o - v

3
1.04
1.25
1.46
2,04
2,25
2.46
3.04
3.25
3.46
4. ok

NN NN - -

W

i

.02
.16
.34
N
.02
.16
.34
LB
.02
.16

N N RN N e ca = o e

wn

.02
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.25
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Uniform Beam with Ely and p constant

—y —— X

—
?

o S
R s e
N Spans of Length, L

Extreme Ends of Beam Can be Elther Clamped
or Simply Supported

~<"‘—'T'I

FIGURE B.1.1-11 MULTI-SPAN BEAM NOMENCLATURE

—- Clamped Edaes

Plate Thickness = h

Extreme Ends
Clamped or Simply Supported

N Bays of Width b and Length a

Note: Stiffeners Separating Pancl Into Bays are Assumed to be
Infinitely Rigld In Bendlng and infinltely Flexible In
Torslon. A fundamental mode is assumed across the

width of the panel,

FIGURE B.1.1-12 GEOMETRY AND NOMENGCLATURE FOR ONE DIMENSIONAL PANEL ARRAY
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1.

1.5 j

R

1.5-

N=1 N=2

pe I S LJ_ T

¢, =1.00 .00 ¢ =100
W T -
€ =113
cr“l.ZS
ey
C «1.37

(a) Mode Group 1: Extreme Ends Simply Supported

N=2

et e ol _

T ‘——L‘+~Lv—" F—L——iv il%

C =113
v ;
P—-:f—fﬂt%‘i::j::>ﬂ<:::::;’—4
€ =15,
r -
| ey
¢, 1.37
l_‘c:/,{,‘ - — _‘__,__*-T—,’,_:)L{
Cr-l_E| Cr-l.Sl ¢ -1.51

+“<:; "4 F‘¢:ﬁ:§’+‘:::i7’4 F“‘\::;’F*:r <]

(b) Mode Group !: Extreme Ends Clamped

FIGURE B.1.1-13 TYPICAL MODE SHAPES FOR MU T1 “PAN gF AM-
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The respunse frequency is obtained from Equation (B.1.1-31) for the th

mode as
2
f =78.75¢C Hz.
r r

From Table ti.1.1-8 and three spans one obtains the values of Cr as shown
below with the frequency calculated from the above result

Mode C f

Number Table B.1.1-8 HE.
! 1.13 101
2 1.37 148 mode group 1
3 1.51 180
4 2.13 357
5 2.37 L2 mode group 2
6 2.50 492
7 3.13 772
8 3.37 894 mode group 3
9 3.50 965
10 4. 13 1343

Example: Flve rectangular panels with dimensions a = 9.0 inches,

b= 16.5 inches, and h = 0.052 inch are joined together with the Iogg sides
adjacent. The material properties are E = 10/ psi, vy = 0.10 1bs/in”, and

h = 0.052 inch. Estimate the first five natural frequencies (mode group 1)
of the panel assuming a fundamental mode across the panel width and con-
sider the panel edges to be clamped.

From Eguation (B.1.1-32) and the above data the response frequency s
glven by

f, = 32.94c2[1.833 + 0.545) = 78 33c2

n

Mode Cn fn fn
Humber Table B.1.1-8 He frem Fef. 20
(m,n)

(n 1.05 86 89
(2,1 1.18 109 102
(3,1) 1.32 136 19y
(&, 1) 1.45 165 137
(5,1 1.51 178 145
Th- results from Reference 20 were obtained using a 147 deoveo f freedom
tini e element analysis,
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