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I. INTRODUCTION

Because of their unique properties, brittle materials must be used in
many military applications. Such materials have superior strength at high
temperatﬁres and are therefore used in reentry nosetips, e.g., graphite and
beryllium. Investigation of the feasibility of using silicon nitride and
silicon carbide for turbire motors is under way by DARPA, Also, virtually
all materials that are transparent in either visible or infrared wavelengths
are brittle, These, therefore, must be used in radomes and laser windows,

e.g., quartz, silicon, zinc selenide, and cadmium telluride,

Brittle materials usually fail by fracture, Unlike ductile materials,
they exhibit a wide dispersion in fracture stress, and this dispersion must
be taken into account in design. This requires the use of fracture statistics,

which are currently inadequately understooa.

Fracture statistics can be obtained in the laboratory for simple tension

and for some biaxial loading conditions. However, the stresses encountered

in service are generally triaxial, These cannot be reproduced in the laboratory,

and even if they could, the need for statistical data at each of a large number
of combinations of stress w..ld make testing prohibitively expensive. Thus,
there is a need for a theory that shows how to use laboratory data in simple
tension to predict the fracture statistics associated with any combination of

stresses.

Until very recently, the best tool to use was Weibull's weakest link
theory (Ref. 1). This is a statistical theory that assumes that fracture is
caused by the presence of flaws of unspecified nature. In this theory, the
fracture data in simple tension are represented approximately by proper
choice of three parameters in a formula given by Weibull. For some cases,
a reasonable fit can be obtained with a two-parameter formula obtained by
making one of the parameters, o, (the ;ninimum stress that can cause frac-

ture), equal to zero. Weibull gave a rule for deducing polyaxial stress

-3
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statistics from uniaxial and showed how to apply it in the simpler two-
parameter formula, However, he did not treat the usual-case where % #0,
as in the case of graphite, Moreover, the rule for converting from uniaxial to
polyaxial statistics must be regarded as intuitively plausible rather than
theoretically or experimentally demonstrated. A very approximate technique
for extending Weibull's approach to the case o, # 0 was proposed by Dukes
(Ref. 2), but no experimental check on its.accuracy was attempted. A major

shortcoming in Dukes' approach is that his treatment is internally inconsistent,

In 1970, a reexamination of the fundamentals of fracture statistics was
undertaken by Batdorf, His approach was a weakest-link theory in which
extreme value statistics were applied, but it differed from Weibull's in two

major respects, First, the flaws were assumed to be cracks, with the

A———— ———— ————. —— o in————- % oo winicr s arcrs

directional sensitivity of cracks to the applied stresses. Second, rather than
a three-parameter approximate fit to the data, a Taylor series expansion
was used to fit the data to arbitrary precision. The theory was applied to

‘ uniaxial and biaxial test data on POCO graphite and found to be in very good

agreement (Ref. 3).

Unlike POCO, the advanced graphites of greatest interest for nosetip
application are not isotropic, but exhibit a moderate degree of anisotropy.
Thevefore, the theory was extended to cover this case (Ref. 4). The theory
has also been extended to cover the case of materials with surface-distributed
cracks (Ref, 5). Application of the thecry to extensive data on pyrex cylinders
indicates that it is in better agreement with experiment than any other available

theory.

The preceding theory permits the use of fracture data in simple tensica

o v e ey A rre—n | —— ——— " p_—s

in order to determine the probability of failure of any volume of material in
an arbitrary stress state. It can therefore be incorporated into a finite -
element computer code for determination of the probability of survival of a

nosetip during reentry.

An ideal statistical theory of fracture of brittle materials must take
three things properly into account: (1) extreme value statistics, (2) fracture

-4
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mechanics, and (3) material properties and microstructure., Weibull's theory
(Ref, 1) sdtisfies the first requirement approximately, but neither of the others.
The later work described previously (Refs. 3 through 5) incorporates the first
two requirezments; but not the third, Very recently, efforts have been.under-
taken to develop statistical theories directed toward satisfyirg all three

requirements,

Theories that do not satisfy the third requirement have to depend on
experimental data in one stress state, e.g., simple tension, 'n order to
establish the distribution of crack strengths; fracture statistics can then be
determined for other stress states. The objective of theories that satisfy all
three requirements is to predict the distribution of crack sizes from material
microstructures. Such theories have many advantages: they require much
less experimental data, they can be used to determine the changes in material
procezsing needed for desired improvements in fracture behavior, and they
should permit reliable extrapolation of the curve of failure probability versus

stress to very low probabilities of failure.

Progress in the .development of theories that satisfy all three require-
ments is being made in two areas, One is the statistical thecry of fracture for
brittle materials with preexisting integranular cracks. MecClintock (Ref. 6)
developed a two-dimensional model for such a material in which line cracks
were all parallel and normal to the direction of tension. The corresponding
three-dimensional theory for uniformly distributed penny-shaped cracks was
developed by Batdorf (Ref. 7). This theory should apply to any polycrystalline
ceramic. The second area is the theory of the initiation and growth of cracks
in materials such as graphite. Such a theory, which predicts the stress-strain
relation as well as the fracture stress, has been proposed by Buch, Zimmer,
and Meyer (Ref, 8). In both cases, the theories should be extended and refined
in order to improve their accuracy and to make them applicable to polyaxial

stress conditions,

The prime objective of the present work is to further develop, refine,

compare with experiment, and modify the theories as necessary - those in which

the critical stress frequency distribution of cracks is determined experimentally,

5.
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and those in which the distribution is based on theoretical considerations. For
convenience, the two classes of theory are referred to herein as experimentally
based and theoretically based, respectively. The experimentally based
theories will be of greater use in structural design in the short run. The
theoretically based approaches have more ultimate potential and are of

greater value to materials producers. They are also better when large

changes in volume or failure probability are required in structural design.

In the proposal, the tasks that were specifically identified were the

following:

1. . Experimentally Based Approach

a. Investigate the effects of porosity on fracture statistics,
If possible, include porosity as a parameter in the theory,

b. Reformulate the theory to include the statistical conse-
quences of material variability.

c. Extend the theory to include also predominantly com-

pressive states of stress.

d. Conduct an exiensive literature search for fracture
data with special emphasis on graphite, Check the
validity of experiment by comparison with thesc data.
Modify the theory if necessary.

2. Theoretically Based Approach

a. Refine the theories for greater accuracy and to permit
use of more realistic material models, e.g., variable
grain size, porosity, and directional orientation,

b. Extend the theories to apply to polyaxial stress conditions.

c. Compare the theories with experiment and revise as
necessary.

b-
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II. FY 75 ACCOMPLISHMENTS

A, LITERATURE SEARCH

There are two reasons why a literature search for fracture data is
significant to this investigation:
1. By artful selection of data, or even innocent accidental
choice, almost any theory can be corroborated or

discredited. Only after an extensive survey can the
experimental facts be stated with confidence.

2. The theory is fairly complicated, and refinements will

probably be more complicated. It is not desirable to
put too much effort into refinements until it is determined
if the basic treatment is in accord with data.

The literature search for data and analyses of fracture statistics of
brittle materials is progressing satisfactory. Western Research Contract
Center has completed its computerized search for appropriate references,
This search covered the NASA Data Bank Abstracts from 1969 to the present,
Chemical Abstracts from 1970, and Engineering Abstracts back to 1971,
Earlier sources are not in e computer banks and these are being located
in the time-honored manual fashion by M. Adams at the Univ, of California,
Los Angeles. He is digesting all relevant papers and reproducing appro-
priate graphs and tables for ready reference. This work is under way and
will be completed before the end of FY 75, A sample page of the computer
search report and a sample digest of a paper are presented in Appendix A,

B. FRACTURE STATISTICS OF BRITTLE MATERIALS
WITH SURFACE CRACKS (Ref. 5)

The most important differences between this theory and the earlier
one with volume-distributed cracks (Ref. 3) lie in the agsumption that the
surface crack planes are normal to the surface. Thus, the probability of

failures in simple tension takes quite different forms for the two cases

-7~
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9 dN(g__)
Pf(c) =1 - exp[-Vf T (1 "N /T )dccij. (1)

cr
(o]

° dN(q"cr) -1 -
Pf(O‘) =1 - exp [-Af T.;;— cos ’O’cr/O‘ dO‘cr (2)

[o}

where Eqs. (1) and (2) apply to volume and surface-distributed cracks,
respectively, In boththeories, the function N( Ucr)’ which represents the
number of cracks per unit volume (area) with a critical stress equal to or
less than O p? is found by matching uniaxial test data. Knowledge of dN/dc:cr
permits evaluation of corresponding expressions for probability of fracture

under an arbitrary polyaxial state T by using

o
= £ _dr
Pf(o) =1 - exp [-V/ ir do dccr] (3)
rd cr
ow dN
Plo) =1 - exp [-A/ gl docr] (4)
5 cr

where Q1 is a solid angle that corresponds to oricntations in space, and wis a
planar angle that ccrresponds to orientations in a plane.

In Ref, 3, the technique used to solve Eq. (1) for dN/do'cr was to expand
it as a Taylor serics and evaluate the cocfficients so as to fit the fracture data
in simple tension at a selected number of stress levels. This required trun-
cating the series and inverting a matrix, It has subscquently been discovered
that dN/dcrcr can be obtained from either Eq. (i) or Eq. (2) by solving them as
integral equatiorns. This avoids truncation errors as well as some danger of
numerical instabilitics and is therefore preferable. The solution of Eq. (1)
is given in Appendix B.

- . T
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The corresponding s‘olution of Eq. {2) has also been developed and.
incorporated into a revised version of Ref. 5, which will be published later.
However, a very surprising fact was recently discovered: for given uniaxial
failure statistics P f("ox, 0), the predicted biaxial fracture statistics P f( Gy oy)
are the same when either Eqs. (1) and (3) or Eqs. (2) and (4) are used; i.e.,
the volum. theory and surface theory lead to the same polyaxial stress failure
result, although, of course, the functions VN(ccr) and AN(o'cr) are very dif-
ferent. Thus, for the sake of economy of analytical techniques and computer
programs, the report is being revised to exploit the already-develoy=d volume
theory approach. This will not change the numerical results, but will con-
stitute quite a change in the point of view and the depth of understanding of

the problem,
C. GRAPHITE MODEL

The theories discussed in Refs. 1 through 7 assume a brittle material
with preexisting randomly oriented cracks that remain unchanged during the
loading process until the critical stress of the weakest crack is exceeded.

At that time, the crack becomes unstable and grows without limit; as a result,

the specimen fails,

An ingenious material model for graphite behavior has been proposed
(Refs. 8 and 9) in which the cracks are visualized as being created by the
loading process. This theory considers each grain in a typical commercial
graphite as a crystal and exploits the fact that a crystal of graphite is very
weak in the c-direction, Thus, random aggregations of grains that all have
approxirnately the same c~crientation will easily fracture when a tensile stress
is applied in that direction. An increase in stress will result in a relaxation
in the degree of orientation needed for crack-like behavior and, therefore,
more and larger cracks. The nonlinearity in the stress-strain curve is
attributed to the increasing compliance as the cracks increase in number and
size, Fracture of the material occurs when the radius r of the largest crack

exceeds he critical size for the applied stress as given by the fracture

mechanics equation
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The general concepts as outlined in the preceding paragraph are
probably basically correct. Even though conceptually simple, a precise
treatment of this model is mathematically intractable, and approximations
are required. The theory has been successful in accounting approximately
for the uniaxial stress-strain and fracture characteristics of typical graphites.
In an effort to improve the accuracy, some work has been done in the present
investigation, The main innovations are (1) the derivation of analytical ex-
pressions for recults, where practicable, instead of depending on numerical
analyses by computers, and (2) a revised criterion for crack size. In the
theory of Refs, 8 and 9, an oriented penny-shaped array of N grains behaves
like a crack only when the component of the applied stress in the ¢ direction
of every grain in the array exceeds the critical stress of the grain. In effect,
this gives an array a strength equal to that of the most misaligned grain. In
the present investigation, it is assumed that the strength of the array is equal
to the average strength of the constituent grains, An analysis based on this
revised assumption is given in Appendix S, Tais analysis includes a treat-
ment of porosity for the case where pores are srnall, i,e., approximately

grain-sized,

The revision has resulted in improved agreement with experiment, but
there ars some uncertainties in the legitimacy of some of the approximations
used that need to be cleared up before publication, One concerns the elastic
modulus of a material with uniformly distributed, partially oriented cracks
such as those implied by the theory. Another is the legitimacy of the neglect
of crack interaction, without which the analysis becomes exceedingly complex,
The latter question is discussed in Section IVE,

D, APPROXIMATE METHODS OF DETERMINING THE FRACTURE
STATISTICS FOR POLYAXIAL LOADING

In his original treatment of the statistics of fracture, Weibull (Ref, 1)

introduced a two-parameter functional form for the rzlationship between

-10-
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simple tension and probability of fracture. He also showed how to compute
the corresponding statistics of failure for bending, torsion, and othér stress
states that involve only uniaxial tensile stresses, These applications have
become well known and are widely used.

In problems that involve biaxial or triaxial tensile stresses, the situa-
tion is more complicated, Weibull gave, without formal proof, a procedure
for treating such problems and showed how to apply it in some simple cases.
Some investigators have expressed doubts concerning the rigor of Weibull's
treatment of polyaxial stress status, and there are indications that these
doubts were later shared by Weibull himself, Since, in addition, rather
tedious calculations are required for each polyaxial stress state, in practical

structures that involve continuously varying stress states, there is a natural

tendency to use approximations. One simple approximation, which constitutes,

in fact, the only technique suggested for handling polyaxial stress statistics

in a recent treatise on fracture (Ref, 10) is to assume that

P (0,0, 03) = Ps(oi)Ps(oz)Ps(o_,)) (6)

where Ps is the probability of survival, and Cy: 0y 04 are the principal stresses.

The analysis in Appendix D points out that the above approximation is often

. . 1 . . . .
seriously unconservative. An exact’ treatment is also given of failure statis-
tics in biaxial tension for cases where the uniaxial tensile properties obey
Weibull's two-parameter formula. In addition, a conservative approximation

is given that is quite accurate in many cases of practical interest.

One application of the conservative approximation is the failure statistics

of laterally loaded Zn Se disks. The data in question were obtained by Univ,

of Dayton Research Institute (UDRI) as part of the Air-Borne Laser Laboratory

program at AFWL, In Fig. 1, the unconservative nature of the prediction

1Exact from the standpoint of theories in Refs. 1 and 3.

-11-
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Figure 1. Comparison of Two Approximate Methods for

Calculating the Reliability of Laterally
Loaded Disks
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based on Eq. (6)“i‘s confirmed. The approximation proposed in Appendix D

appears to be much ketter.
2
E; STATISTICAL MODELS FOR BRITTLE FRACTURE (R. H. Huddlestone
and D. C. Pridmore-Brown) ’ ’

-

Two aspects of the statistics of brittle fracture have been studied: (1)
the relationship between extreme -value statistics and possible fracture models,
and'(Z) the combinatorial problem of calculating the flaw-size distribution in
a material specimen that is assumed to consist of a regular array of identical
grains, each with an equal and independent probability of being cracked. The
status of this work is summarized below, Derivation of the crack-size

distribution is discussed in more detail in Appendix E,

According to Gumbel (Ref, 11), the first application of the asymptotic
theory of extreme values to fracture problems was made by Epstein (Ref, 12),
In this and later work, the assumption was made that the breaking strength of
the material sample is a linear function of the size of the largest flaw alone.
This assumption, -which is claimed to have gone unnoticed by other workers,
according to McClintock, was justifiably criticized by him in a paper (Ref. 6)
in which he developed an idealized model that does not corresponad to an
asymptotic distribution of extreme-value theory. McClintock's position was
further corroborated by Batdorf (Ref. 7) with a more realistic three-
dimensional model. Here, we try to clarify this situation and analyze the

o
relevance of extreme -value statistics in this context.

If it is assumed that a material specimen under tension fractures at its
weakest cross section, then a fracture test corresponds directly to selecting
that cross section of smallest breaking strength from the large sample of
cross sections in the specimen. In other words, the breaking strength of the
specimen can be expected to be an extreme-value statistic irrespective of the
inadequacy of the above linearity assumption,

If the breaking strength exhibits an asymptotically stable distribution
as the length of the test specimens is increased, then, necessarily, by

Gn’cdenko's theorem of order statistics, the distribution will be the third

-3~
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asymptotic one. It should be realized that this distribution was introduced on
a purely phenomenological basis by Weibull (Ref. 1) and, consequc{ntly, is
frequently referred to as the Weibﬁll;&gg‘}tribution. However, it should be
émphasized that the present concxlusi%'ﬁfﬁ?«’”a‘.hd' their justification are not based

on Weibull's model, but rather on a theorem of mathematical statistics.

There appears to be no compelling reason why the distribution of
breaking strengths should be asymptotically stable on physical grounds, It
is this point that dictates the applicability of the statistical conclusions stated
above. Gumbel and Gn'’edenko in fact give examples of extreme-order
statistics that are not asymptotically stable and whose distribution does not
approach any of the three asymptotic laws, The models of McClintock and
of Batdorf are both of this type, and the rescaled shape of the distribution
changes with the size of the specimen,

F. FLAW-SIZE MODEL BASED ON THEORY OF RUNS (R. H. Huddlestone
and D. C. Pridmore-Brown)

The work on the flaw-size distribution is an effort to develop a mathe-
matical model that will permit an explicit treatment and, therefore, a quanti-
tative assessment of the errors implicit in the more heuristic models that
are currently used. Preliminary theoretical analysis, supported by small
specimen calculations made with the Aerospace on-line APL system, con-

vinced us that many of the anproximate estimates of flaw-size distribution
»

in current use may involve large errors in certain applications.

We eventually noticed that the theory of runs, a well-developed branch
of probability theory, would permit a direct calculation for the highly over-
idealized one -dimensional case., Such a prototype could then be compared
with the heuristic formulas at least in one dimension and could prossibly be
used to improve two- and three-dimensional intuition as well, In any weakest
link theory that relates strength to crack size, statistical questions concerning
the distribution of crack size become important. Such questions are difficult
to answer in general, and it has been common practice to make various
simplifying assumptions, One is the assumption that crack interaction is

negligible, Intiutively, this assumption appears valid in the limit where the

-14.-
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probability of finding a crack of a given size is very small, but it is not clear

just when it breaks down.

In order to study this question, a simple model is considered in order
that it can be treated analytically without neglecting crack interactions, In
this model, the m.aterial is represented by a single row of grains, each with
a given probability p of being cracked. A crack is defined as a row of one or
more contiguous cracked grains, and we consider the probability that, in a
sample of size n, i,e., in a row of n grains, there exists one or more cracks

of size J or greater,

The mathematical theory that permits conclusions merely from the
order in which the elements of the sample appear is called the theory of runs
and is treated in books on statistics, In particular, some progress toward
answering the above question was made by Mood (Ref. 13). However, he
calculated the joint probability distribution for all crack sizes less than J
and the total number of cracks 2J. Thus, for even moderate values of J, his
result involves a very large number of parameters that are irrelevant for
our purposes and make it unsuitable for calculation. In Appendix E, an
analysis is given in which we sum over all but one of the unwanted parameters

and obtain

[pn/J]

. gn+ 1\ /n - Ji n
P = ), (-1)‘“( . )( on )/(q“) (7)

i=1

for the probability of finding a crack of size 2J in a sample of n grains when

the probability of cracking for each grainisp =1 - gq.

This result may be compared with a theory that neglects crack inter-

action, which, in this case, would yield

P () =1-(1-p)0 (8)
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A numerical comparison of these two.formulas for a sample of size n = 100
and various crack sizes J is shown in Fig. 2. It is evident that the agreement
is very poor for large or even moderate values of p.

In Appendix E, an asymptotic formula is derived for the exact expression

(7) in the limit n » ®, provided .'Ip':r-1 «< 1

J\n(1-p)

P(J)~ 1 -(1-p") (9)
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OI. PLANS FOR FY 76

It is planned that most of the investigations discussed in Section II will
be completed before 30 June 1975; those that are not will be completed in.
FY 76, It is planned that the identification of relevant published technical
papers will be completed, appropriate data extracted, and the data processing
started during FY 75. However, it will probably be many months before
all the useful information is extracted from the large volume of data con-
tained in the world's technical Jiterature.

A, INCLUSION OF POROSITY AS A PARAMETER
IN THE THEORY

This effort has been started for small pores in graphite (Appendix C).
The approach followed is to assume that a pore is @ missing grain and that
then the load is shared equally by the remaining grains in the crack-like
oriented array. For large pores, stress concentration factors must be
considered. In effect, the neighboring grains will be subjected to a greatly

increased stress and this will affect the statistics of failure.

B. REFORMULATION OF THE THEORY TO INCLUDE

THE STATISTICAL CONSEQUENCEE OF MATERIAL
VARIABILITY

This task is of great practical importance. In normal engineering
practice, if the material properties must be highly uniform, the rejection
rate will be high and costs will increase, Even in the laboratory, it is nearly

impossible to obtain identical specimens, and material variability obscures
the effects under investigation,

C. EXTENSION OF THE THEORY TO INCLUDE
PREDOMINANTLY COMPRESSIVE STRESSES

This task is much more difficult than the tensile stress task, In brittle
materials subjected to tension, crack growth promotes instability and failure.
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In compression, the crack grows in such a direction as to alleviate the
stresses, and crack growth stops. Thus, material failure in compression is
not a weakest-link phenomenon, but the end result of a lot of accumulated
damage. Because of this, it is uncertain whether or not an adequate theory
can be developed by the end of FY 76. However, the prospects are good be-
cause a large volume of new experimental information on compressive failure

of alumina is being generated by M. Adams under the direction of G. Sines at

the Univ, of California, Los Angeles.

D. EXTENSION OF THE THEORIES FOR APPLICATION
TO POLYAXIAL STRESS CONDITIONS

For materials with preexisting cracks, in the approximation in which
it is assumed that only the component of stress normal to the plane of the
crack contributes to fracture, the polyaxial case has already been treated.
In fact, however, the shear stress also contributes; thus, the above approxima-
tion is unconservative. For a Griffith crack (elliptical cylinder stressed in
the plane normal to the cylinder axis), the contribution of the shear stress to
fracture can be evaluated exactly and the fracture statistics revised accordingly.
The objective for FY 76 is to go a step beyond this, if possible, and develop

a statistical treatment for penny-shaped cracks.

E, REFINEMENT OF THEORIES FOR GREATER
ACCURACY

This is, in a sense, an open-ended task. Refinements to include porosity
and effects of shear have been identified earlier. It is expected that additional
work, extending well beyond the work described in Appendix C, will be done
on the graphite model of Buch, Zimmer, and Meyer, Variable grain size will
be considered, To the extent possible, consideration will be given to the

effects of crack interaction and variations in crack shape.
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APPENDIX A. SAMPLE COMPUTER SEARCH
REPORT AND DIGEST

A sample page of the computer search of library sources is shown

below.
tains statistical fracture data.

123943a  Fracture in polvcrystalline ceramics. Coble, R.
L..; Parikh, (Dep. Metall, Mater. Sci,, Massachusetts
Inst, Technol,, Cambridge, Mass.). Fracture 1972, 7, 243-314.
{Eng). Edited by Liebowitz, Harold. Acadersic: New York. N.
Y. A rteview is given on the fracture in polycryst, ceramics, the
plastic and brittle behavior of ceramic oxides, fracture in
polyceyst. AlOs, and factors affecting strength. 130 Refs.

124020c  Evaluation of the brittleness of refractories.
Pisarenko, G. S.; Gogotsi, G. A, (Inst, Probl. Prochn,, Kiev,
USSR), Ogneupory 1974, (2), 447 (Russ). A criterion, x, for
the brittleness of sefractories is proposed: x = /¢y where ¢y is
the elastic and ¢, the limiting strains, resp. A matecial is subject
to brittle fracture when x s equal or close to unily, x Decreases
with increasing temp.; the decrease is pconounced in relractories
of the aluminosilicate type and negligible in SIC. T, Ordentlich

137844z Influence of specimen size and mode of loadlog on
the fracture of graphite -Marshall, P,; Priddle, E. K. (Berke-
ly Nud, Lab,, Cent. Electr. Generating Doard, Berkeley/
Gloucestershire, Engl.). Carbon 1973, 11(6), 62:-31 (Eng).
Predictions of graphite strength under tensile and bending loads
inade by using {racture mechanies were compared with new exptl.
datz and with calens. by the methed of W, Weibull (1939).
The methods are comparable for similar specimens, but the Wei-
bull method failed to predict the absd. effects for large specimens
size differences,  The basis of the Weibull theory (3 volumelric
faw distsibution) might be inapplicable to failure of materials
resulting from surface dalects.  Examn, of graphite reds showed
a defect-size distribution across the matenal that led to predics
tiow of lower strengths for the inner rod regions with respect (o
the outer reglons. Exptl. results followed the predicted trend,
but further examn, of the Iracture-mechanics techriques must
be undertaken belore it can be recommended as a design methed
for graphite materials.

VOL.79,1973

This is followed by sample pages of the digest of a paper that con-

96023v Strength-und f{racture properties of gla_ss-cq-nmjcs.
Hing, Py McMitlan, P. W, (Dep. Phys,, Univ, Warwick,
Coventry. Engl)., J. Mater, Sci. 1973, 8(7), 1041-8 (Eng).
The effect of an isothermal heat trestment on the strength and
fracture surface encrgy of a ﬁlasrcernmnc derived from a Li
silicate glass was studied. The sueni\th and effective surface
energy for crack initiation increase as the mean free path in the
intercryst. glass decreases. The strengthening and toughening
mechanisms are discussed.

96102q Effect of air pressure on the brittl: failure of
raphite, Dubrovskii, K. E.; Kissel, V. V., (Moscow, USSR).
i2,-Khim, Mekh, Mater. 1073, 9(1), 33-5 (Russ). The
ultimate tensile stress on static bendinf {0,) of graphite sealed olf
from the pressure air increases lineatly with the pressure <300
atm, A steep increase of o, was obsd. at higher pressures, The
cowse of the curve at <300 atm, follows the Mirolyubov law (1,
L Gol'denblat and V. A, Kopinov, 1968). If air were in contact
with the test specimen, the function of o, vs, pressure was linear
ocer the whole pressure range (<500 atm) and had a smaller
slope than that in the ¥reviou; case; the value of o, at 300 atm
was lower by ~30%. The weakening effect of the air is due to
the lowering of the surface energy of graphite resulting from the
absorption of air by graphite, {, Kucova

96109x Effects of porosity on fracture of aluminum oxide,
Coppola, J. A.: Beadt, R. C. (Mater, Sei. Dep.. Pennsylvania
State Univ., Unwerst,l[y Patk, Pa,). J, Amer, Ceram, Soc, 1913,
5617), 392-3 (Eng). The fracture sutface enerzy was detd. for |
sm_grain size ALO1 ceramics conty. 0.5% MgO with porosity
<8%. The porosity was located primurily at grain boundaries
while the fracture topography was peedominantly intergranular,
The fracture mode was mixed, ~20% more was transgeanular,
The absence of a distinct decrease in the (racture sutface energy
with decreasing porosity suzgests a pore-crack frant §nteraction.

1973832 Hertzian fracture of a lithjum silicate glass and
glass<eramie, Nadeau, J. S, Rao, A. S, (Metall, Dep., Univ;
British Columbla, Vancouver, B. C.). J, Can. Ceram, Sec,
przg'd “a's &!—‘lho(En:). The frlmut‘e energy ?‘f Li s;t‘licatergh:

. a homogeneous glass s tess than that [}
phase-sepd, plass whlfh isless ufan thatof the gh&i-cctamk?
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DD FORM 1473 (Continued)

The experimental data were compared to the predictions of the most
prominent failure criteria. The limited data available in the literature
tended to fit the new criterion better than the maximum-.iormal-stress, the
Coulomb-Mohr, the Griftith, or the Weibull biaxial-failur. criteria.
Throughout the entire compression-tension quadrant, the fracture stresses
obtained from this program were in excellent agreement with the predictions
of the new criterion; no such agreement was obtained between these data and
the other failure criteria.

Testing procedures had a pronounced influence upon the taet results.
When the axial-compressive load component was applied before the hoop-~
tensile componant, good agreement was obtained between the data and the
new criterion, except in the lower region of the tension-compressicn quad-
rant. In this region, the experimentally determined strengths were higher
than those predicted by the new criterion. These differences could be
explained by a mechanism whereby favorably oriented cracks were closed by
the compressive stresses. Such closure would permit Stvesses to be
transmitted across crack boundaxies, a condition inadmisi’ble in Inglis!
original solution.

The excellent agreement obtained between the predictions of the new
criterion and the experimental data demonstrates the validity of the
analytical model and the reliability of the experimental techniques. Such

;g;:tment supports the basic hypotheses used to develop the analytical
model.
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APPENDIX B. INTEGRAL EQUATION SOLUTION
FOR N((rcr)*

In the theory for volume-distributed cracks, 1 the equation for the

probability of failure in simple tension is given as

13

P(o) = 1 - exp -v/ (1 - /o T5) dgi do, (B-1)
(o]

This can be regarded as an integral equation relating Pf and N, which can

be solved as follows:

dN
P, =1-P;=exp f JoTe 0') o, do,__ (B-2)

In P (¢) = -V L (B-3)

6\.
\q/
[a 1Y
q |
[¢]

A
Q.

Integration by parts yields

P, =-V (1 - @F)N(vcr)

(i o o
N(o_ ) do
+[ __\é'_ cr cY (B-4)
o Yo

o Y G'O‘CI‘

1S. B. Batdorf and J. G. Crose, "A Statistical Theory for the Fracture of
Brittle Structures Subjected to Nonuniform Polyaxial Stresses, "' J. Appl.
Mech. 44 (2), 459 (1974).
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| : Since N(o) = 0, the integrated term is zero at both limits and therefore
| , vanishes. Multiplying both-sides of the remaining equation by Af¢ and then

; ‘ differentiating, we obtain

| = (5 tn PS(O');> = - %%ﬁ_‘f—) (B-5)

or

(B-6)

N(©) = - ENFa [ \& In P_ ()

o
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é APPENDIX C. SOME APPROXIMATE TREATMENTS OF FRACTURE
STATISTICS FOR POLYAXIAL STRESS STATES

In his original treatment of the statistics of fracture, Weibull (Ref. C-1)
introduced a two-parameter functional form for the relation between simple
tension and probability of fracture. He also showed how to compute the cor-
responding statistics of failure for bending, torsion, and other stress states
that involve only uniaxial tensile stresses. These applications have become

well known and are widely used (Refs. C-2 through C-4).

In problems that involve biaxial or triaxial tensile stresses, the situa-

st S’

tion is more complicated. Weibull gave, without formal proof, a procedure

] for treating such problems and showed how to apply it in some simple cases.
Some investigators have expressed doubts concerning the rigor of Weibull's
treatment of polyaxial stress states (Refs. C-5 and C-6) and there are indi-
cations that these doubts were later shared by Weibull himself (Refs. C-7

: and C-8). Since, in addition, rather tedious calculations.are required for
1 each polyaxial stress state, in practical structures that involve continuously
varying stress states there is a natural tendency to use approximations. One
simple approximation, which constitutes, in fact, the only technique suggested
for handling polyaxial stress stztistics in a recent treatise on fracture

(Ref. C-9), is to assume that

P,3 (0'1. T 0'3) = Ps (0'1) Ps (0'2) Ps (0'3) (C-1)
;

where P is the probability of survival, and Ty» 0y, O3 ave the principal "

j stresses. This method was mentioned carlier by Barnett et al. (Ref. C-5).
For brevity, it is referred to here as the Barnett-Freudenthal (BF')

Lol Al

e e i 28 B e

approximaticn.

One objective of the present investigation is to explore the limitations

o e g

of this approach and thus assist potential users in understanding the gencral

[RESITE R A S

R At T T
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nature and approximate magnitude of the errors involved. Another objective
is to point out an alternative approximation that is preferred in some appli-
cations. For the sake of simplicity and.brevity, interest is focused primarily
on biaxial tension applied to isotropic materials whose fracture statistics in

simple tension can be described with satisfactory accuracy by Weibull's two-

parameter formulation:

P, =1 - exp [-k e (C-2)

or
P =tn{l-P)=-ko™" (C-3)

where P is the probability of fracture. An exact treatment of the Weibull
theory solution is also given.

The BF approximation would be strictly correct if all the cracks were
oriented with their planes normal to any one of the principal stresses. How-
ever, this is rarely the case and certainly does not occur in isotropic ma-
terials. Normally, there will be some cracks inclined to the principal axes
that will be fractured by combined stresses even though capable of surviving
any of the principal stresses applied individually. As a result, Eq. (C-1) is

usually unconservative.

In the case of equibiaxial tension, Eq. {C-{) reduces to

P, (¢, 0) = [P, (o, 0}]? (C-4)

or

In Ps (o, @)
in Ps (o, 0) =

(C-5)
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T ety

Equation (C-5) implies that, for the small values of P of primary interest

e
LA

) MmP_ (o6, 0c) [t -P ‘(0', o)] P. (o, o)
s - £ ~ & = (C-6)
mP_(v, o) I[l-P(s, o] ~ P, (s, o)

i.e., the probability of failure in equibjaxial tension is twice that for uniaxial

tension.

As noted earlier, it is clear, from general principles, that this is an

underestimate of the probability of equibiaxial fracture. However, in order

to determine the magnitude of the error invelved, we must turn to theory.
For this purpose, we select a recent reformation of weakest link theory in
which the flaws are identified as cracks (Ref. C-10), and the polyaxial stress
statistics are derived in a straightforward manner from the basic assump-

. tions. In Ref. C-8, it was noted that when the probability of fracture in sim-
ple tension obeys Eq. (C-2), the probability for equibiaxial tension becomes

P, (0, ¢) = 1 - exp [- (2m + 1) ke™ %%—%)] (C-7)

For integral values of m, Eq. (C-7) becomes

P. (0, 0)=1 -ex [- k (m) ¢ o™ } (C-8)
g9 9= *P 1" -0.5)(m - 1.5) -- 0.5

RGN SN LA O YIRS

Combining Eqs. (C-2) and (C-8), we obtain

t P, (0, o) .
InP_(5, 0) (m-0.5) (m-1.5) --- 0.5 (C-9)
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In Fig, C-1, this result is compared with the previous one given in
Eq. (C-5), and we conclude that the BF approximation leads to the correct
result for equibiaxial tension when m = 1. However, for m = 5 and 10, it
underestimates small equibiaxial failure probabilities by factors of approxi-
mately 2 and 3, respectively. Note that Eq. (C-9) can be approximated sur-
prisingly well by the very simple equation

inP_(o, o)
i 2 (m)?*° (C-10)

mP_ (e, o)~

In view of the expected unconservatism of the BF approximation; it is
somewhat surprising that Fig. C-1 implies that it is correct for m = { and
conservative for m< 1. The explanation may be that these are abnormal
cases. With the use of Eq. (C-2), it is readily shown that the slope of the
Pf (¢) curve is zero at ¢ = 0 when m> 1, in agreement with observation.
For m = 1, the slope is finite; for m< {, it is infinite; such behavior is

rarely, if ever, encountered in nature.

We now consider the way the size of the error in Eq. (C-1) varies with
stress ratio, again focusing our attention on the biaxial case. It was pointed
out earlier (Ref. C-8) that, for materials that obey Eq. (C-2), the Weibull
theory and that of Batdorf and Crose (Ref. (G-10) lead to the same results. In
the general case of triaxial tension characterized by principal stresses oy, T,
and T3 where o {202 20520 both theories imply that the probability of
fracture takes the form

2 ) .
P =1 - exp -kL' d¢£ (¢, cos® ¢ sin® 0+ o, sin® p sin” @

2 \M
+03cos 8) sin@8dé (C-11)
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where 6 and ¢ are the polar and azimuthal angles, respectively. As noted

SR by Shur (Ref. C-11) the integral in Eq. (C-11) leads. to
2w 0 2 m
! ! ! 1 3
do ( )m dg = 41 e (m!) : E 12_1)( (21)V (2k)! & tk
: 1 (2m + 1)! R )2
I o 2 i, i,k e
| (C-12)
where i, j, k are any positive integers that satisfy the inequalities
0<i, j k<mandi+ j+ k=1, and where
s=oy/e - (C-13a)
t = <r3/0'1 (C-13Db)

For the biaxial case, oy = t = o, and the probability of survival becomes

P, = exp [- -Z_Iénﬂ’:—i «rinF (m, s)] (C-14)
where
(22 21) L [2 D] ¢
F(m,s)s-(%%-))T (2i) : [2(m - 1)} (C-15)

mo [it (m-1) '.]2

| ‘ Thus, ir the general biaxial case,

[
T in PS (0‘1: 62)_F(m, S)_
| | fnP_ (e, 0) F(m o) F(m, s) (C-16)

v
| where mis any positive integer, and o< s = -6_-2- <t

1
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The BF approximation gives, for the biaxial case

in P (0'1, 0‘2) _ In Ps (0'1, s) B (C-17)
in Ps (0'1, o) ~in Ps (0‘1, o) ‘

Curves that represent Eqs. (C~-16) and (C-17) are shown in Fig. C-2.
It is evident that, for values of m of practical interest, the BF approximation
consistently underestimates the fracture contribution of the second stress
and that the error is largest, in absolute terms, at least, for the equibiaxial
case, s =1,

Another way to compare theory with the BF approximation is to take

the ratios of Eqs. (C-16) and (C-17). Thus,

In(Pyy ¥ (m, s)
B(PJpp 4™ (C-18)

This result is shown in Fig. C-3. It is evident that the ratio increases mono-
tonically from s = o to s = 1. Moreover, in the range 2 <« m'z 10, the ratio
is reasonably constant near s = 1, ’

The first of these observations suggests a simple method for obtaining

an upper bound to the failure probability, or a lower bound to the survival

probability of a biaxially stressed structure; viz., it implies that, in every

element of the structure,

fn (Pg)pp E(m s) (Fm, 1) 045 (C-19)
B (PJgr  14s™ 2 '

Since Eq. (C-19) holds for every element individually, it must hold for the

structure as a whole,

C-7
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Thus, we conclude that

0.45
- fn (Ps)BF < -in (Ps)Th < - m An (Ps’)BF (C-20)
For small valiues of P,, this implies that
0.45

Because the curves of Fig. C-3 are fairly flat near 8 = 1, in the case
of structures whose loading is nearly equibiaxial, the second inequality in
Eqgs. (C-~20) and (C-21) approaches equality. In the case of circular disks
with uniform lateral or concerntric ring loading, for instance, the (small)
probabilities of failure should, according to the theories discussed here, be
quite close to mo"jt5 times the result given by the BF approximation, which

yields a simple closed-form solution.

As mentioned earlier, the preceding analysis is based on the assump-
tion that the uniaxial tensile fracture statistics of the material under consid-
eration can be described with adequate accuracy by Weibull's two-parameter
equation. When the material is better represented by his three-parameter
equation, the analysis becomes more complicated and is beyond th~ scope of
the present paper. However, the general observation that Eq. (C-1) is un-
conservative still applies, and it is to be expeccted that the size of the error
might be substantial, particularly when the Weibull parameter m is large.
Finally, it should be pointed out that, for materials that obey Eq. (C-2), an
accurate Weibull-type treatment of structural problems that involve biaxial
or triaxial stresses is not difficult when a computing machine is used in con-
junction with finite elements. This is because closed-form solutions to the
integral in Eq. (C-11) are obtainable; these solutions are given in Eqs. (C~12),
(C-14), and (C-15).

C-10
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APPENDIX D. GRAPHITE MODELING

A, GRAIN STRENGTH

We assume the body is composed of (1 - P)n identical grains of graphite
and Pn pores; where n is the total number of pore and grain sites, and P is
the fractional porosity. Each grain is assumed to have a critical stress Sc'
the stress that will fracture the grain when applied in its weakest direction,
i.e., parallel to the c axis. When simple tension is applied in some other
direction, it is assumed that fracture occurs when the component of stress in
the c direction reaches Sc' Since the stress in the c direction is then ¢ cosze,
where ¢ is the applied stress, and § is the angle between the stress axis and

the c axis, it follows that each grain has a ''strength" given by
¢ =8 [cos? g (D-1)
s c

B. CRACK FORMATION

The model of Buch, Zimmer, and Meyer1 assumes that there are chance
aggregations of grains, all with ¢ directions approximately parallel to the axis
of tension, that occupy penny-shaped regions with planes normal to the tensile
axis. Such arrays will be abnormally weak and will fracture prematurely;
thus cracking will occur. As stress increases, the number and size of cracks
increase also. Consider first the case of zero porosity.

We assume here that the capacity of an array to resist cracking is given
by the average strength of its constituent grains. If the distribution of grain
strengths in an array of N, grains is the same as in the material as a whole,
and the maximum angle between ¢ axis and stress axis is Omax’ then the mean

strength can be found as follows.

1J. D. Buch, J. E. Zimmer, and R. A. Meyer, An Analytical Microstructural
Model for the Fracture of Graphite, ATR-74(7425)-4, The Aer.space Corp.,

E1l Segundo, California (28 June 1974).
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We designate thé number of grains with an angle .of inclination less
than 6 as N(8). Since the orientation is random, the probability of a grain
having an orientation between ¢ and ¢ + d¢ is the ratio of the-corresponding

solid angle, 2w sin ¢ d¢, to the solid angle of a2 hemisphere, i.e.,

P(¢) dp = sin ¢ d¢ | (D-2)

Thus, the probability that the grain is inclined by less than 6 is
6 0

[ Pwrag=[

(o] (¢]

! (D-3)
'sin¢p dp =1 -cos §

Since all No grains have an orientation angle less than emax’ the number N(9)

is given by

_J -cos®

N(o) = No 1 -cosg (D-4)
max
Now, the average strength of the cracks is, by definition
erna.x
- 1
o= N—; O'S(e) dN (D-5)
o

Inserting Eqs. (D-1) and (D-4) into (D-5) and carrying out the indicated opera-

tion, we obtain

T = Sc/cos Bmax (D-6)
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If Pc designates the probability that any arbitrarily chosen grain is
inclined by less than emax’ then, from Eqgs. (D-3) and (D-6)

Pc =1 - cos emax =1 - Sc/O' (D-7)

If we assume that all grains are randomly oriented and independent of the
orientation of their neighbors, then the probability that any selected group

of N grains have an orientation angle less than emax is given by

Py = P} = (1 -5 /) (D-8)

In particular, Eq. (D-8) gives the probability that the N grains in a penny-
% shaped array centered at any designated site will have an average strength
; of ¢ or less. Since we have assumed that the strength of an array is equal
3 to the average strength of its constituent grains, it follows that the proba-

bility that the array will fracture when the stress in the material is o is

] given by
J Py = (1 -5 /o) (D-9)

We note in passing that in deriving Eq. (D-8), attention was focused

exclusively on the grains comprising the array, and nothing was said about

neighboring grains. Thus, the proper interpretation of the equation is that
PN is the probability that N or more grains have an average stress of o, i.e.,

that the crack formed contains N or more grains.

Up to this point, we have assumed that all sites were occupied by grains

that are identical except for orientation. We now consider porosity.
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Following the theory of Buch, Zimmev, and Meyer,‘2 we assume -that the
array contains NP pores and N(1 - P) grains, where P is the volume frac-
tion of porosity, The average strength of the array then becomes

i

—_
N

T =

[NP *0+N (1l -P) Sc/cos emax]
= (1 - P) Sc/cos emax (D-10)

The probability that an array will be cracked at stress o is equal tc the prob-
ability that each of the N(1 - P) grains will be stressed at the limit of its
strength, i.e.,

Pl = [1 - (sC/cr)G]N““P) (D-11)

where subscript G is inserted in order to emphasize that Sc and o refer to
the critical stress of an actual grain (not a site average) and the mean stress
applied to an actual grain, respectively, If Sé refers to critical stress aver-
aged over all N sites, and ¢ to the average stress at all N sites (therefore to
the average stress in the material), then

Sé = (1 - P) (SC)G =0y (D-12)

where oy, is the elastic limit, and

¢ =0g (1 - P) (D-13)

2See Footnote 1.

D-4
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Thus, Plil can be written

Py, = [1 - (o-L/a)]'N“‘P) (D-14)

Now, in order to detérmine the number of cracks of size N or larger
in a material that contains a total of nP pores and ({1 - P)n grains, we mul-
tiply the probability of having a crack that contains N or more sites centered
at a designated site PI:I by the total number of sites, In order to obtain the
number of cracks that contain N sites but no more, we subtract the rumber
of cracks that contain N + 1 or more sites. Thus, MNh’ the number of

cracks that contain N and only N sites in a unit volume of material with 0

sites per unit volume is

Py
= r = o —t -
My =8 (P - Py = -2 3R (D-15)

C. CRACK STRAIN

According to the model of Buch, Zimmer, and Meyer, the inelastic
strain is caused by additional extension of the stressed material that results
from the presence of cracks. In order to determine the stress-strain curve,
it is necessary to know what strain will result from a given number of cracks
per unit volume of size N uniformly distributed throughout an infinite medi-
um. This strain is equal to the relative displacement of two points initially
a unit distance apart on a line parallel to the stress axis. It can be shown
that a crack of radius r located halfway between the points and with its
plane normal to the stress axis will result in a relative displacement given

by the expression

16 3(1+v)(2-v) @
5T 7]z E (D-16)
D-5
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Now

1rr2 = Ng2 (D-17)

where g is the length of a grain edge (assumed square), so the strain will be
proportional to N 2. Since a calculation of the strain averaged over all the
positions at which one crack per unii volume might be located is not available,

we simply assume an unknown proportionality constant K and obtain

3 N3/2

e} = K (0/E) g (D-18)

K is an unknown constant that depends slightly on Poisson's ratio v. It will

be determined experimentally later.

D. DERIVATION OF STRESS-STRAIN RELATION

We can now compute the total crack strain, which is simply the sum of

the contributions of all the cracks:

£
- N
€c © Z Myn & (D-19)
N=1

where N represents the number of sites in the largest crack at the time of
fracture. Since, at fracture, there is only one crack of size NI in the entire
volume, and at lower stresses, there isn't even one, the ceiling on the upper

limit can be removed with negligible error, Thus,

[--}
N=1{

D-6
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Substitution of Eqs. (D-14), (D-15), and (D-18) into Eq. (D-20) yields

© / * s \N(1-Pj _
~ 3 3/2 4 L
ec:nK(c‘/E) g Z N N <1 -T> (D-21)
N=1
This equation is simplified slightly by noting that . -
n= 1/g3, or ?1(g3 =1 (D-22)
Now
o N(1-P) o -1

i'T =exp-N(1—P)ln1--E_— (D-23)

and

- \N(1-P) -l -t
a%(i -(%) = (1 - P)£n<1 {-‘) exp - N(i - P)£n(1 %) (D-24)
\

By using Eqs. (D-22) and (D-24) and converting the sum to an integral, we
obtain

-1 -] _1
0. (i
s = Klo/=) (1 - P)<1 'TL> / N1 exp - Nt - P)£n<1 -j—*) dN

0.5

(D-25)
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The integral can be evaluated by making the substitution

-1
. [
w = N1 - P) fn < --3}-)

The result is

€ = SN EI x T4 AX

[0
(1-P)1n<1-—-L-> %o

g

where
NS
- _L
xo-O.S(l-P)1n<1-0_>
Now

0 _ "0 _ -
f Xt.sexdx=/xi.sexdx_fxoxi.sexdx
X o

o
[o]

(D-26)

(D-27)

(D-28)

(D-29)

The first term on the right-hand side is the gamma functionI" (2.5) = 1.33.

In order to establish an upper limit to the second term approximately, we

note that

D-8
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O'L .
=0.2 (1 - P) In <1 -?> (D-30)

For a typical porosity P = 0.2, this upper limit is le~s than 11% of I" (2. 5)
for any value of stress greater than 1.5 Ty, and less than 4% for any value

of stress greater than 2 ¢ For the sake of simplicity, therefore, we

L
neglect the second term on the right-hand side of Eq. (D-29) and approxi-

mate Eq. (D-27) by

1.33 E
€c = Ko/ 5 (D-31)

-1
[0
(1 - P) fn <1 -—GIi>

From Eq. (D-31), it follows that simple graphites with the same porosity and

Poisson ratio will all obey the relation

const, (¢/E) (D-32)

2 -1
L
in <1 - T)

with the same value of the constant in Eq. (D-32) applicable in each case.

In Fig. D-1, a stress-strain curve for POCO graphite is compared with
the results of Eq. (D-32). At Southern Research Institute (SRI), E was de-~
termined to be 1.93 x 106 ps1, and o}, appears to be approximately 2.4 ksi.

Thus, the constant can be determined by a single point on the stress-strain

D-9
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TENSILE STRESS, 10° psi

SRI RUN No.: 2120-T7 h
MATERIAL: POCO GRADE AXF-5Q GRAPHITE

12 — SPECIMEN No.: 4TT-1

TEMPERATURE: 70%F

LOADING DIRECTION: TRANSVERSE

STRESS RATE: 10,000 psi/min

10— SPECIMEN GAUGE SECTION: 0.188 in. DIAM x 1.20 in. LONG

/7 FRACTURE (7.7, 7.8)

6 /
//
. 0.2 ol/E
4} eC 24 _1] 312
n(1-2
2 E= 19 x 106 psi 2.4 = ELASTIC LIMIT STRESS
//
N S I T NN N RN N B B
0 1 2 3 4 5 6 1 8 9
3

UNIT AXIAL STRAIN, 10 in. /in.

Figure D-1. Tensile Stress vs Axial Strain at 70°F for POCO
Grade AX-5Q Graphite Specimen 4TT-1 from
Billet 4(E2A-304)

D-10
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curve. The point ¢ = 7.8 ksi, €. = 3.6 x 10'4 was chosen for this purpose,

and a value of 0.2 was obtained for the unknown constant. The equation thus

becomes

0.2 (¢/E) (D-33)

T ) 1
L
In (1 -*F)

For convenience, the function

F((—}—)E 0.2 7 (D-34)

is plotted in Fig. D-2. This {unction is simply the ratio of the crack strain to

the elastic strain.

In Eq. (D-33), it is implied that the crack strain is determined by ap-
plied stress and two material parameters, Young's Modulus and the elastic
limit. The latter is sometimes difficult to determine accurately. There-
fore, for purposes of checking the accuracy of the equation, it is sometimes
preferable to determine what value of oy, provides good agreement with the
stress-strain curve near the fracture point, and then determine if this value
falls in the range of values that would be estimated by different observers as
the first appearance of nonlinearity in the curve. Solving Eq. (D-33) for

o L’ we obtain

e
(=
o, =0 |1 -e ¢ (D-35)

where €e denotes elastic strain.

D-11
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Figure D-2, Crack Strain vs Elastic Strair for POCO
and ATJS Graphite

D-12
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¥ E. COMPARISON OF STRESS-STRAIN PREDICTION
. WITH EXPERIMENT

The constant 0.2 in Eq. {D-33) was chosen to give good agreement
between theory and experiment at the fracture stress for a particular POCO
graphite. The calculated points designated in Fig, D-1, however, indicate
that the entire stress-strain curve is fitted very well by the equation. Fig-
ure D-3 is presented in order to check the accuracy of the equation againat
another POCO graphite with different values of E and oy Oy was determined
§ by using Eq. (D-35). It is apparent that the agreement between theory and

experiment is again very good.

POCO is a relatively simple graphite in that it is essentially isotropic
and has approximately uniform grain size and pores approximately the same
size as the grains. In Figs. D-4 and D-5, Eq. (D-33) is compared with test
data for ATJS graphite, which is anisotropic and has variable pore and grain

. size. These complications are not taken into account in the theory underly-
ing Eq. (D-33) and are beyond the scope of this report. The general shape
of the curve appears to be predicted well, but, in some cases, the elastic
limit is noticeably different from the value of L, that gives the observed
crack strain at fracture. It is of some interest, therefore, that if the con-
stant in Eq. {D-33) is changed from 0.2 to 0.13, very good agreement is
obtained with experimental data on ATJS. It is possible that the differences

8 e

R
Uonr S

between simple and complex graphites mainly affect the constant rather than

the basic form of the equation that gives crack strain as a function of stress.

T

[T U

© "“:‘n#‘”‘&r I Y
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€ CRACK STRAIN

A = THEORETICAL POINTS

o " 2.8

SRI RUN No.: 2120-18
MATERIAL: POCO GRADE AXF-5Q GRAPHITE
SPECIMEN No.: 4TT-4 ‘

C STRAIN = ole TEMPERATURE:  70°F
LOADING DIF -8  TRANSVERSE
C LIMIT STRESS STRESS RATE: 5,000 psi/ min

SPECIMEN GAISG:. SECTION: _
0.185 ‘n. DIAM x 1.20 in. LONG

FRACTURE (8.2, 8.00)

THEORY: ¢

I ! | | l | l |

12— € = ELASTI
o * ELASTI
10— FOR
=1
"
(72
& 6 r—
&5
=
2 4
=
2 |—
7/
0 4 1
0 1
Figore D-3.

4
UNIT AXIAL STRAIN, 10 in. fin.

Tensile Stress vs Axial Strain at 70°F for POCO
Grade AXF-5Q Graphite Specimen 4TT-4 from
Billet 4 (E2A-304)

D-14
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TENSILE STRESS, 10° psi

SRI RUN No.: 2139-T14-116-7

MATERIAL: ATJS GRAPHITE

SPECIMEN No.: 50-2-4

TEMPERATURE: 70°F ‘

LOADING DIRECTION: WITH GRAIN

STRESS/ STRAIN RATE: 10,000 psi/min

SPECIMEN GAUGE SECTION: 0.250 in. DIAM x 1.2 in. LONG

FRACTURE

(4.8, 4.79
£ .—2000_
- 0.00331

l Tutt " 4790

uit ~ 0. 004

' € 32
. 6 . el oo\ ~1
/_JE 1.51 x 10" psi [tn (1__‘_}_) ]

l ! | | | l l |

1 2 3 4 5 6 1 8
AXIAL STRAIN, 103 in. lin.

Figure D-4. Tensile Stress vs Axial Strain for ATJS
Graphite Specimen S-2-4

D-15
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TENSILE STRESS, 10> psi

FRACTURE
4.2, 4.76)

SRI RUN No.:T-23
MATERIAL: ATJS
B SPECIMEN No.:  A20W
TEMPERATURE:  T70°F
6 . LOAD DIRECTION: WITH GRAIN
— f]E- Loz x 10 ps STRESS RATE: 10,000 psi/min
4 I | | I | I I I |
1 2 3 4 > 6 7 8 9
UNIT AXIAL STRAIN, 107 in. /in,
Figure D-5. Tensile Stress-Strain Curve for Specimen A20W

from ATJIS Billet L.-1-8

D-16
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APPENDIX E. THE THEORY OF RUNS APPLIED
TO CRACK SIZE
(R. H. Huddlestone and D. C. Pridmore-Brown)

The theory of the distribution of cracked grains in a one-dimensional
model that consists of a single row of grains, each with a probability p of
being cracked, is identical with the theory of runs treated extensively in the
statistical literature. First, a brief outline is given of those portions of the
theory that are relevant to our problem, following the approach and notation
of Fisz. 1 Then, these results are used to derive a formula for the proba-
bility of occurrence of a crack of a given size or greater. This formula,
which we believe o be new, involves a final summation over a number of
terms equal to the number of cracked grains divided by the crack length.
Although it has not been possible to perform this summation analytically, an
asymptotic expression is derived for it, which is then compared with a com-
monly used heuristic formula. Finally, some numerical comparisons be-

tween the exact and heuristic results are presented.

Consider a one-dimensional row of n grains, of which n, = pnare
n

cracked and n, =n -n, are uncracked. Then, there are (ni) ways in which
the cracked grains can be distributed among the uncracked ones. Here, a
run of i contiguous cracked grains is referred to as a crack of length i, and

the total number of such cracks of length i is denoted by k 13" Similarly, the

i
number of runs of uncracked grains of length i is denoted by kZi'
the total number of cracks of all lengths is denoted by ki’ and of noncracks

by k,. Then

Finally,

2‘

Zk,. =k

Ek1i=k 2i T

2
(E-1)

Eikii =n, H I'I-‘ikZi =n,

!M. Fisz, Probability Theory and Mathematical Statistics, John Wiley,

New York (1963).



http://www.abbottaerospace.com/technical-library

where the summations are from 1 to-n on the left and { to n,

on the right,

Of the total number of configurations or ways of distributing ng cracked

n
grains among n, =n-n, uncracked ones, vix., (n1 , that number that con-

tains exactly'k“ cracks of length 1, k12 of length 2, . . . kln of length n,,
k,. noncracksof length 1, . . ., k noncracks of lengthn, . . . is just
2j 2n, 2
K11k
Nk kpp ny0 1y ) = g | L1y @ ) (E-2)

{ 1
where [ X J denoies the multinomial coefficient
1i

which represents the m_xmber of ways that k1 objects can be distributed among
ny piles such that kli objects are in the ith pile, and G(x) = 2 for x = 0, 1 for
x = 1, and 0 otherwise. G ( |k1 -k, I) accounts for the fact that the cracked
and uncracked runs must alternate such that ky and k, can differ at most by

one.
n

e On the assumption that each of the ( n l)arrangements of cragked and

uncracked grains is equally probable, the ratio of Eq. (E-2) to (nl)becomes

the conditional probability that thrve are kli cracks of length i, i = {, n,,
and ij noncracks of length j, j = {, n,, given that ther~ are n, cracked

rains and n, uncracked grains
2

P (kli' Ky Inys mp ) =N (kli’ kagr By “z)/(gx) (E-3)
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Now, we compute the probability that there is at least.one crack of a given
size, say J, or greater. Thus, we take Eq. (E-3), which contains n param-
eters (n k{s and nzkés), and sum over all the kés and then sum sepa.Zcely
over all the kl’s for i< J and all the k1i for i 2 J such that we end up with an
expression for the probability that contains the single parameter J. The first

of these steps was carried out by Fisz with the identities

kz nz-i
Z k.. | " \k, -1

21 2 /

and

n, -1 n, +1
> 2 eIk, -k, ) = 2
k, - 1 . k

2 1
which are straightforward to derive. Thus,
ki n, + 1
N (kn, n,, nz) =l & (E-4)

1i 1
At this point, Fisz summed over the kii to obtain

nl-l n, +1
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which is the number of configurati‘ons with exactly k {

Instead, we sum over the long and the short cracks separately. Put

ky; =Sy

=4

i<J

k

1i’ i2J

i
with
Esli=si' 221 =11, Sy +£1 =1<i

i

Then, it is clear that

ky Sy | /xR \ |4
kyg A VAR
Thus,
51 k1 11 n2+ i
N s ') 1 .p n ? n -
( i’ “1if o 2) 5¢5 8y ‘11 k1

We now sum Eq. (E-5) over 845 and Ili' Note first that

54
(x+x2+ C e +xJ‘1)

can be expandec on the one hand in a multinomial expansion

Zis

8
M P
81.

cracks of any length.

(E-5)

C et e . . r———— e .

e —————
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Similarly

(xJ+x

thus

5

J+1

+...

[}
M
—
-
=
[
——
P
!
S
o

other hand in a binomial expansion

@ (k1+m-1)
lz m
m X
=0

i

where the summation over all sets is 545 such that }Zr‘s1 = 8y, and on the
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We now require

Zis1i + Eilli = Eikn

to equal n, in the preceding expression. Then

Sy 11-1

|
of( ), and
ny

when the summation is over all partitions siili =4 ...JF-1
{lii [i=7, ... n, of 21 is equal to the coefficient of x in the preceding
expression. This coefficient is composed of those terms in the summation

for which
si+J'.£1+m+(J-1)i=n1
or
m=n1-sl-J£1-(J’-1)i
Thus
s
si-i-!i n2+1 i(s1 .
N (84 4y, ny, ny)={, 5, + 1 Z o
i i i
i=0
nl-i(J-l)(Il-i-i
si+£1-1

E-6
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or, equivalently

n2+1
(N Ky sy, my, “2)=(k1 )

(nl-i-(J-i)(£1+i))

ki-—l

It does not appear possibie to perform the summa‘ion over i. However,

a summation over k, can be carried out as follows. First, repeated use of

BO-)6)

the binomial identity
permits one to reduce the number of terms that contain ki' Thus

G -GG



http://www.abbottaerospace.com/technical-library

Thus

(2| (mp Ly mp ity
N (ky, 24, ng, nz)=2“1) i ’, ky -8, -i

(ni-i-(J-i)(£1+i))

K, - 1 (E-8)
1
We now sum over k1 by using the identity
E A ) o] A+C
Note that k, can run from k1 =1 to k1 =n, + 1, which is the upper limit
obtained when each uncracked grain acts as a crack separator. Thus
nyti-by n2+1)(n2+1—i) (n-J(.¢1+i))
- i
N (4yng, ny) = Z (- 1) (i 1, n, (E-9
i=0

If we now sum over all { T starting from 11 = 0 and going to the natural

upper limit, we expect to find

n, -!-n2
N (ni’ n2) '.z(n1 )

E-8
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Thus, it is concluded that

LA Do A [N B

and hence
N (£I_>_1, n,, nz) =N(n1, nz) -N(£1=0, n,, nz)

n, +1 ,n-J'i

(o) el )
= (- 1)iCZ+ 1) (: Ji) (E-10)

k=1

This expression, which is henceforth denoted by N (J, ny, n,), represents

the number of configurations that have at least one crack of length J or greater.

We now assert that

n2+1 n2+1 n-Ji
i -
Z('”(i )(n2 )—0

i=0

This can be proved by using the identities
n, + 1 n, n,
= +
i i i-d

E-9
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b

Do and

n‘ /By P + qi
Z (- 1)n-h ( )( ) = q®
i=0 o

i

the second of which has been proved by R&ordon. 2 From this result, it fol-
lows that expression (E-10) is equal to (nz) when J < [n/nz_H] and that,
otherwise, the upper limit cn the summation may be taken to be [n 1/ J],

where the square brackets denote integer part of.

n .
r : Dividing through by (n ) , we find, for the probability of at least one

r

long crack (of size 2 J)

| [nilJ] n, + 1y n-J, n
w - 3 e ) )
i=1 2 2
1 =1forJ < [niln2 + 1] (E-11)

The corresponding unconditional probability is

n
P (J' ni' nZ) = P (J |n1' nZ) (ni) Pn! (1 - P)nz (E-iZ)

Strictly speaking, this expression should be summed over n,. Instead, we
believe it is sufficient to retain expression (E-11) and merely replace n, and
n, with their expected values pn and yn, respectively, whereq =1 ~ p.

ZJ. Riordan, Combinatorial Identities, John Wiley, New York (1968), p. 5i.

| . E-10
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(E-11)

;ﬁ i We now derive a closed-form analytical expression for Eq.
f that is valid asymptotically as n—+®, i.e., for large samples.

First, expression (E-11) is rewritten as

(v

(- it o n
P (J) = Z ma+ 1) ] (1_n_k)

k=0

which follows directly from the definition of the binomial coefficients. Here

(g + 1)) = H (nq + k)
k=1

= exp % £n (nq + k)

. 1
o expf fn (nq + k) dk
1-i

= (nq)* [1 + O (1/n))

“ L
1 BE-i1
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oo
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Simularly,

ng-1 Ji Ji
1}:[0 (1-rn_k)=exp21n (i-n;k)
:expfnqln (1 -nJ_i'k)dk

o

Ji

. n . . ~pn T
(1-5) (1) (B

I
JJi. 3 Jig1-Ji/n 1
e e (TR [1+O(n)]

Thus, asn—=®

[pn/J] (it T 1 - Ji/mp 0
JUREDY L oy (5RR) (E-13)
i=1

Expression (E-13) represents a finite sum of terms of alternating sign.
For large n, the partial sums oscillate with increasing amplitude until a
value of i is reached that is comparable to e"3 P After this, the ratio of
successive terms is less than unity, and the partial sums converge rapidly.

Thus, if the upper limit [pn/J] is much greater than this critical value of i,

i.e., if
pn/J>> "4 P
or (E-14)
qJ pJ-i <« /e
E-{2
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we need not sum to the upper limit, but can stop at a value imax

ngq pJ <«<i << np/J

Q.

But over this range of i, viz., i =1, i , the quantity
max

can be replaced by 1. After this replacement is made, we can let i

and obtain
. J
PQQ)-1-exp(-nqp)

~1 - exp [nq n (1 - p‘I)]

g
=1 -(1-p)

which is valid as n = « under the weak restriction [Eq. (E-14)].

, where

max

-

(E-15)
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LABORATORY OPERATIONS

The Laboratory Operations of The Aerospace Corporation is conducting
experimental and theoretical investigations necessary for the evaluation and
application of scientific advances to new military concepts and systems, Ver:
satility and flexibility have been developed to a high degree by the laboratory
personnel in dealing with the'many problems encountered in the nation's rapidly
developing space and missile systems, I:.‘.xpertisefin the latest scientific devel-
opments is vital to the accomplishment of tasks related to these problems. The
laboratories that contribute to this research are:

Aerophysics Laboratory: Launch and reentry aerodynamics, heat trans-

fer, reentry physics, chemical kinetics, structural mechanics, flight dynamics,
atmospheric pollution, and-high-power gas lasers.

Chemistry and Physics Laboratory: Atmospheric reactions and atmos-
pheric optics, chemical reactions in polluted atmospheres, chemical reactions
of excited species in rocket plumes, chemical thermodynamics, plasma-and
laser-induced reactions, laser chemistry, propulsion chemistry, space vacuum
and radiation effects on materials, lubrication and surface phenomena, photo-
sensicive materials-and sensors, high precision laser ranging, and the appli-
cation of physics and chemistry to problems of law enforcement and biomedicine,

Electronics Research Laboratory: Electromagnetic theory, devices, and
propagation phenomena, including plasma electromagnetics; quantum electronics,
lasers, and electro-optics; communication sciences, applied electronics, semi-
conducting, superconducting, and crystal device phyaics, optical and acoustical
imaging; aimospheric pollution; millimeter wave and far-infrared.technology.

Materials Sciences Laboratory: Davelopment of new matsrials; metal

i matrix composites and new forms of carbon; test and evaluation of graphite
and ceramics {n reentry; spacecraft materials and electronic components in
nuclear weapons environment;-application of {racture mechanics to stress cor-
rosion and fatigue-induced fractures in structural metals,

Space Physics Laboratory: Atmospheric and lonospheric physlcs, radia-
tion from the atmosphere, denaity and composition of the atmosphere, aurorae
and alrglow; magnetospheric physics, cosmic rays, generation and propagation
of plasraa waves in the magnetosphere; solar physics, studies of solar magnetic
flelds; space astronomy, X-ray astronomy; the effects of nuclear explosions,
magnetic storms, and solar activity on tho earth's atmosphere, ionosphere, and
magnetozphere; the effects of optical, electromagnetic, and particulate radia-
tiona in space cn space systems,
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