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SECTION 1

INTRODUC ik

The requirement of an all-weather capatility for hign-speed aircraft,
space shuttles, rockets, and missiles has made the protaectlon of these
systems from rain erosion a vital design factor. Supersonic collisions
with raindrops pose a serious threat to both the structural integrit: and
electromagnetic performance of ceramic radomes.

A large number of papers and reports on this subjoet have heen pub-
lished over the past few years, 'ncluding the proceswdings of three inter-
pational confarences on rain erosion and associated phenomena., Many of
them have contributed toward a .etter qualitative understanding of the
nechanism of rain erosion and I{ts relutionship to material properties.
With the exception of some rocket sled tasts, most of the research has
been limited to relatively low velocltles., [n a state -of-the-art survay
of raindrop erosion, Wheelahan [11 in 1967 found very litrle quantitativa
{nformation available on damage canised by ralndrops impazting at super-
sonic velocities. This is generally true today also. Published reports
have included a great deal of experimental data and conslderable theoret-
fcal work. Many of the theorins, however, have been deduced from rather
arbitrary assumptions. Contradictory ~mpirical relations have been for-
mulated. One only needs to read the dlscussions followiny many of the
papers in the proceedings of *he irjous r4in erosion conferences to see
that there Is much disapreement among thome who are working on this prob-
lem., There is conusiderable disagreement as to the forced that are actudlly
responsible for the cratering and eronion retuiring from liquid-nolid
interactions. According to Firenburg [2], "There romaing the mystery of
which mechanism, shock waves or jet formation, iz responsible for actual
damage." Engel [3], Fyall [4], and others believe that the damage is pro
duced by the introduction of shear and tenuile stresuses as a conseruenco

of the high localized compressive foraes axerted by the liquld.

Regimes of Impact Velocity

The various theorles ma. it be an aonrradictory as they flrst appear.

Iin the cage of sollid-solid impact, tborn are at Lot three, and perhaps
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four, regimes of the impact phenomena as the projec ..le velocity increases.
These are illustrated by the rather idealized curve of Figure 1 which shows
the effect of velocity upon the penetrating power of projectiles into a
ductile target. In the low-velocity range the penetration is strongly
influenced by the strength of the two materials. In this region the pene-
tration appears to increase as the 4/3 power of the velocity. A negligible

amount of the projectile energy is converted into stress waves. As the
projectile velocity is increased, there is greater deformation and frag-
mentation of the projectile. At some point there is no increase in crater
depth with increased velocity; in fact the depth actually decreases, al-
though the crater volume may continue to increase. There comes a point
where the depth begins to again increase with velocity. The crater becomes
more hemispherical in shape and the penetration is now roughly proportional
to the 2/3 power of the velocity. It is clear that a transition region

has been crossed. The new regiﬁé is usually called the hypervelocity-
impact range. The most common criterion for the beginning of this regime
is when the ratio of projectile velocity to that of a stress wave in the
target material exceeds unity. At these velocities the stresses developed
by the projectile's deceleration are much greater than the yield strength

of either the projectile or target and the materials' densities affect the
cratering process more than that of the other properties such as target

and projectile strengths., If the velocity is further increased, an impact
region i. reached thLat is, as yet, relatively unexplored. It is called the
range of impact explosions, for the tremendous amount of energy bhecomes
sufficieant to vaporize both the projectile and a small volume of the target.
The partitioning of the projectile's kinetic energy among such items as
mechanical deformation, heat generated, str:ss waves, ejected material, and
perhaps vaporization; the influen:e of material properties; the effects of

stress waves; and the mechanism of penetration and cratering are entirely

. different for the various impact regimes, It is apparent that theore are

also different mechanisms of erosion and cratering for liquid-solid impacts
at varions velocities. Whuelahan [1] suggests that in the velocity range

of 1000 to 3000 ft/sec, ernsion rather than cratering is the dominant form
of damage, but as the impact velocity is increased above a few Mach numbers

the damage is primarily by cratering. Somewhere between these two types of

damage there is obviously a region of transition. Those apparently
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contradicting models mentioned may not be contradictory at all but each
may apply at various impact velocities and for different materials., For
a particular target material, the velocity-damage curves would be very
different for liquid and solid projectiles but would probably converge
in the hypervelocity range. If this be ‘true, it will be possible to
simulate the higher velocity liquid impacts with solid projectiles,

Scwpe of This Research
It is believed that the greatest insight into the mechani¢s of rain
erosion is to be gained from experimental and semi-empirical investiga-~

tions. This is sometimes called the quasi-thecretical approach. Experi-
mental results are certainly necessary to establish the validity or limi-
tations of theoretical analyses,

The major effort of this research has been directed toward an under-
standing of the erosion damage tu ceramic-type radome materials under
various environmental conditions. A large number of S5-inch-square slip-
cast fused silica (SCFS) targets of various thicknesses were furnished by
Mr. Philip Ormsby of the Army Missile Command, Redstone Arsenal. These
were used in most of the experimental work which served as the basis for
the majority of the empirical relations given in this report. Because of
the relatively small size and sharp corners of these targets, they would
crack under high-energy impact loads. Larger and thicker targets were
requested so that larger raindrop sizes and higher radome velocities
could be simulated. Four 12-inch-diameter, disk-shaped targets 1 inch
thick were furnished by the Engineering Experiment Station at Georgia
Institute of Technology. These targets were much softer than the original
AMC targets. Craters in one of these targets, fur example, averaged six
times the volume of those in the eriginal targets for identical impact
conditions. This is mentioned because the reader may notice the wide
differences in the data prusented. Data determined from one of these
targets could not be combined with those from another target, but data
such as the effects of the impact angle or of multiple impacts are given
when all are from the same target.

Two water jet accelerators were designed and constructed for use in
the experiments. These are described in detail in Section II of this
report. Both experimental and theoretical results are presented in
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Section III to demonstrate the validity of using high-speed liquid jets
to simvlate raindrop impact.

Experiments to determine the spatial and temporal variations of the
normal pressures exerted on the target surface by high-velocity liquid
impacts are described in Appendix A. This information is essential to
an understanding of the mechanics of cratering. Craters created by
single high-speed jet impacts of SCFS targets are described and energy-
volume relations are derived in Section IV. A theoretical model of the
cratering process is presented in Appendix B, and fracture toughness--
an important property of radome materials--is discussed in Appendix C.

Because rain-erosion damage to high-speed structures is caused by
collisions with a large number of drops and because the eroded surface
is usually at an angle to the direction of motion, oblique and multiple
impacts are discussed in Sections V and VI. As the erosion rate is a
function of the drop size distribution in a given rain field, and as any
deaign criterion must be based upon the probability of failure, the
derivations and analyses of these factors are given in Appendix D.

Although the rain field may be defined in terms of drop size dis-
tribution, velocity, direction, and duration, it cannot be assumed that
this desaribes the conditions in the region between the shock wave of
the supersonic radome and the radome surface. It has been shown that
water drops passing through the shock wave may be fragmented, slowed
down, and deflected before colliding with the surface. Appendix E gives
a description of the motion of raindrops in the shock layer.

A high-velocity impact drives a stress wave into the structure.

This wave may contribute to fractures at or near the point of impact,

or may produce damage by reflection as a tensile wave from the target's
rear surface. This problem is analyzed in Section VII and Appendix F.
The effects of radome coatings on the potential damage resulting from the
stress waves are discussed in Section VIII,

Three radomes that have been eroded by rocket sled tests in simulated
rain fields at Holloman Air Force Base, New Mexico, have been examined.
The damage has been analyzed, and the results are compared with the rela-
tions derived in this study. Thls is given in Section IX.

The findings of this research are summed up and conclusions stated
in Section X. Areas in which more information is needed and recommended

M 4 Lt A VN bbb
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further work are also included. The combined results of all phases of
this work are included in the computer code REMRASS given in Appendix G.
It must be emphasized that the seven appendices are essential parts
of this report. They were placed in a separate section because some of
them were of necessity rather lengthy and because all persons reading !
this report may not be interested in all of the details givsn in all the i
various appendices. As these were prepared by differeni individuals,
some variations in symbols and forms of eguations will be found; however, é
the meanings of all symbole are defined in the text, and there should he f
no confusion on the part of the reader.
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SECTION II

WATER JET ACCELERATOR

e ot

Acceleratar Description

Devices similar to the one emplcyed by Bowden and Brunton [5] of
Cambridge University are used to accelerate small masses of water in the -
form of short supersonic jets [6]. Velocities as high as 5000 ft/sec b |

are easily attainable, these being limited only by the physical strength
. of the apparatus.

. The heart of the gun is the high-pressure cylinder, and its operation
B | is illustrated schematically in Figure 2. As shown in the first drawing,
! a nylon piston (P) is inserted into the chamber, and the remainder of the ,
ﬁu chamber is filled with water (W), It has been found that efficiency and 1
ﬂ§= repeatability of this water gun require a tight fit between the piston "
ﬁ; and chamber, The front end of the piston 1s flared slightly, and it is |
: ’ pressed into the chamber as shown. The chamber is next filled with water,
' using a small hypodermic needle inserted in the nozzle. With the nozzle
:, turned upward, water is injected until all air is expelled.
L The piston is accelerated by means of a 0.22-caliber bullet (B)
striking its base as shown in the second sketch, compressing the water to
a very high pressure. This water pressure is so great that even cylinders
mada of stainless steel were deformed, and the chamber was expanded to the ;
extent that it could not be used more than a few times, and repeatable ﬁ.
results were not possible. Tool stesl was next used, but it was too hard ‘

[ and the nozzle fractured un the first shot. After much experimentation,

¢ylinders were finally made from a nickel-chrome steel truck axle and

then hardened by heating and quenching in oil. These proved satisfactory
f and could be used for several hundred shots with good repeatability.

i As the water 1s suddenly compressed, a ver’ high-velocity jet is
ejected through the nozzle, but before very much can escape, the pressure
on the base of the piston is relieved, causing both the remaining water
and the piston to rebound as shown in the last sketch., Only a small frac- Ef
tion of the water originally in the chamber 1is ejected through the nozzle,

unless its diameter ls very large, in which case the jet velocity would
be small.
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Details of the high-pressure cylinder and nylon piston are shown in
Figure 3. An exploded view and photographs of the jet accelerator are
shown in Figures 4 and §, reapactively. The closed box is between the
gun muzzle and the high~pressure cylinder so that there will be no danger
fron the bullet as it ricochets. Holes are in the bottom of the box to
permit the escape of gas from the blast.

Jet Damage
Photographs of the high-velocity jet are shown in Pigure 6., The jet

l1tself is not seen in these photographs as it is surrounded by vapor and
small droplets as the water evaporates at this high velocity. Diameters
of the jet and the vapor cloud at various distances from the nouzle are
shown in Figure 7. In this case the jet veloclty was about 3200 ft/sec,
and the nozzle diameter was 0,0625 inch., The approximate limits of the
vapor cloud were determined from photographs of the jet. The liquild jet
diumeter is assumed to be approximately that of the fracture diameter in
liucite. As seen, the cloud increases with the distance from the nozzle,
and the water core decreases as more and more of It evaporates, In thio
case no visible fracture could be seen in the Lucite at distances greater
than 3 inches from the nozzle,

In attempts to determine more accurately the liquid jet diameter,
0.25~inch lead plates were used as targets., Shadowgraphs of the jet pene-
tration of a lead plate are shown in Figure 8. An interesting phenomenon
rnan he observed ir these picturas; namely, the flash of light visible in
the first and third photograph. It must have been rather bright in order
to be visible through the back jetting of the liquid. Two photographs of
the lead targets are shown in Figure 9., The target In the lower photc-
graph was approximately 1 inch from the nozzle. In thls came of a lead
target, the diameters of both the liquid core and the vapor cloud cian be
determined. Although the droplets in the cloud damaged the surface gome-
what, it was very minor compared to the sharp perforation of the thick
lead plate. The upper photograph shows the damage produced at a distance
of 1.5 inches. The damage resulting from the cloud was less severe but
cvovered a larger area, and the hole punched by the liquid was smaller

than in the case of a l-inch nozzle-target distance.
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The type of damage caused by a jet varies with different materials,

as illuctrated in Figure 10 for targets.of copper, aluminum, and Lucite.
Figure 11 shows the familiar ring fractures on the surface of a Lucite
target. The center portion of the surface was not affected. The lower
photograph 1s of the sectioned target so that the depth of fracture can

be seen. The photograph, crogs-section, and depth contours of another
crater in Lucite are shown in Figure 12,

Bullet Velocities

It was originally thought that better control of bullet velocities
could be maintained by using hand-loaded shells. It was found, however,
that the use of commercial shells gives satisfactory results except when
higher jet velocities are required. Bullet velocities available from
seven commercial and three hand-loaded shells are given in Figure 13.

The maximum, minimum, and average velocities from approximately ten shots
with each shell are shown. It was found that the Hy-Score 22BB caps
(average velocity 925 ft/sec), the ELEY 22-LR TENEX (average velocity
1064 ft/sec), the Western SX22LR (average velocity 1283 ft/sec), and the
hand-loaded Winchester cases with 4.2 grains of Unique powder (average

velocity 1440 ft/sec) gave the velocity range required for most of the
experiments.

Effect of Nozzle Diameter

Water velocities resulting from ELEY TENEX bullets striking 0.25-inch-
diameter pistonn were determined for various nozzle diameters ranging from
0.03.i25 to 0.,09375 inch. The results are shown in Figure l4. The jet
velocities decrcase for larger diameters as expected. The velocitles also
dacrease in {he case of very small diameters, due probably to lncreased
friction, The maximum velocity was reached with a 0.0625-inch nozzle.

This diameter has been used in the majority of the experiments, not only
bocause it gives the maximum jet velocity, but because any small varlatious
in its size have negligible effect upon the results, The ratio of water

to bullet velocity is 3.2 for these conditions. When larger jets are

neaded, a nozzle diamater of 0.09375 inch har been used. In this case the
water-bullet velocity ratio is 2.8,
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Relation Batween Bullet Energy and Jet Velocity
e ratios of water to bullet velocities may be of interest, but
because of the variation in bullet weights (18 to 45 grains), the relation

between the kinetic energy of the bullet and the jet velocity ls more sig-
nificant. When the squares of the jet velocities ware plotted as functions
of bullet enargies, the results ware practically linear for piston diameters
of 0.25 and 0.375 inch, as shown in Figure 15. It is seen that the greater
jet velocities are generated with the smaller piston. As it is not prac-
tical to use pistons smaller than the bullets, the 0.25-inch diameter has
been used in all experiments described in this report unless otherwise
specified.

Amounts of Water Ejected from Nozzle

The water ejected was measurod by simply placing the opening of a
small can containing cotton over the nozzle, catching the water, and weigh-
ing it on a sensitive analytic balance. Immediately following each shot,

the can opening was sezled to prevent the loss of any vapor. The container
was welghed before and after each shot. The very small variation Jn weight
for each condition was surprising. The results are shown on Figure 16.

Each point represents one shot and shows the amount of water in the chamber
and the amount ejected. The amount in the chamber was accurately deter-
mined by using a calibrated hypodermic needle to fill the nozzle. Most of
the shots were made using 0.25-inch pistons, and nozzle diameters were
0.0625 and 0.09375 inch. The shells used are indicated. 'the water in the
chamber averaged 0.5 gm, varying between 0.4 and 0.6. Because of the neg-
ligible variation in the amounts of water ejected, it was decided to fire
some shots using pistons having a diameter of 0.375 inch and various lengths
8o that different amounts of water could be injected into the chawber. The
results cbcalned were not as expected. Using ELEY TENFX bullets and a nozzle
diameter of 0.0625 inch, the amount of water in the chamber was varied from
about 0.4 to 1.2 grams but the amount of water ejected varied only from
about 0.07 to 0.08 gram. As previously mentioned, only a small fraction

of the water in the chamber i{s ejected from the nozzle. For the shots shown
in this figure, this fraction ranged from about 5% when using the larger
piston and smaller noz le, to about 40% when using the larger nozzle and
accelerating the small.r piston with a 204-ft-1lb-kinr*ic-energy bullet.
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Deflection of Steel Plates

Because of the very rough and irregular craters produced in materials

such as Lucite and ceramica. and because their volunes depend greatly upon
whether or not a piece of the fractured material remains in the crater or
falls out, considerable variatiena in crater size are to be expected. For
evaluating the cffects of various parameters such as the distance between
nozzle and target and tha amount of water in the high-pressure chamber, it
was believed that the deflectinns of metal plates that did nmot crater might
give more reliable results than the volumes of craters, It was decided to
use targets of stainless steel and to measure the displacement of the back
surface. The photographs in Figure 17 show soctio;s of two plates after
jet impact. The lower plate was perforated by the jet.

The curves in Figurs 17 show the deflection of the rear surface of
0.035-inch stainless steel plates as a function of the distance between the
nozzle and the target. Western SX22LR and ELEY TENEX 22LR bullets were
used., It is seen that this distance is very critical. A small difference
in the target location would cause a large difference in the amount of
damage. High-speed photographs show the jet velocity to be the same at
the various distances. This difference in damage must, therefore, be due
to the change in the amount of water in the jet due to evaporatlon and the
change in its diameter. The curves could not be extended for shorter
nozzle-target distances as these targets were perforated.

The amount of watei' in the chamber was controlled by the platon lenpth.
The effuct of the chamber water volume upon the plate deflection 1s shown
in Figure 18. This shows that the amount of water injected into the chamber
has negligible effect on the target damage unless the amount is so small
that a well formed jet is not possible. This confirms the fact that the

amount of water ejected is independent of the amount in the chamber.
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SECTION III

JET SIMULATION OF RAINDROP IMPACT

Simulation Technique

There is perhaps no substitute for actual in-flight testing to
determine the rain-erosion resistance of various materials, Because
of the great number of problems encountered in such testing, a wide
variety of simulation techniquas have been dovelopc&. Multiple~impact
methods such as those employing whirling arms, sleds, wind tunnels,
and ballistics, as well an single-drop techniques, have been described
by Fyall [7].

Bocause rain damage to high-speed structures is caused by collisions
with a large number of drops, multiple-impact techniques would better
simulate actual conditions. However, before a reliable design criterion
for the protection of high-speed aircraft and missiles can be formulated,
the fundamental mechanics of the erosion process must be investigated.
Before the relations between rain damage and various parameters such as
material proparties, relative speeds, angles of impact, rainfall rates,
and drop size distribution can be determined, the damage sustained by
the impact of a single drop must be understood.

In single~impact studles, a drop of the liquid may either be placed
{n the path of a moving target or the liquid may be accelerated againat
the target material. Smith and Fyall [8] have achieved excellent results
by the firat method for velocities up to about 1000 ft/sec. The target
material forms the nose section «f a lightwelght projectile fired from a
compressed-gas gun at a drop suspended on an artificial wab.

The accelerating of a liquid drop against the turget poses several
difficulties. In the first place, it is not possible to accelerate a
sphere of water the size of a raindrop to a high velocity without the
aerodynamic forces causing the drop to break up or shatter into a fine
spray of small droplets, Lven 1f the drop integrity could be maintained,
it would probably not be desirable to do so. A short watar jet may better
represent the drop after passing through the shock wave of a supersonic
radome than would a perfectly spherical drop. The excellent photograph of

water drops between the shock wave and the target In Figure 19 was made by
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Lankford and Leverance of the Naval Ordnance Laboratory [9]. These drops
certainly have the appearance of jets. Similar photographs have been made
by Ranger and Nicholls [10]} and by Reinecke and Waldman (11].

Experimental Justification

The high velocities attainable with the jet gun make it a very atirac- ,
tive research tool for determining the erosion res!stance of materials, and
it seems that tho use of the jet for simulating raindrop impact may be
) justified. Firat, the appearance of craters formed by the suspended drop
'; method, those on radomes following sled tests, and those formed by jets
are all very similar in appearance. Secondly, Brunton [12] has shown that 1
only the head of the jet is responsible for damage to the target and that
- the diametor of the jet determines the duration of the lomd. Also, the
y length of the jet may not be as great as has been estimated. While it is
\ true that water can be seen coming from the nozele for a rather long period i
‘{ of time (Figures 6 and 8), this may be a negligible volume at a low velocity. l
If the measured ejected water (Figure 16) were concentrated into spherical
‘f drops, their "diameters' would be approximately the same as the diameters
of the holes punched in the lead plates (Figure 9) when the targets were
placed near the nozzle, s¢ that impact occurred before there could be a
breakup of the jet by asrodynamic forces. This seems to strongly suggest
that the effective length of the jet i{a about the same as its diameter. This
\ may also explain why the mass of the jet ir independent of the amount of
water in the high-preasure chamber,

Theoretical Results
The question may also arise as to the effact the jet length might

have on the internal target stresses caused by shock waves. To answer
this, the amplitudes of stresses resulting from a drop or very short jet
were computed and compared with those resulting from a very long jet by
y the methods described in Section VII and Appendix B.

The compressive forces exerted on the target by the drop were repre-
gented by the equation

p = 603[exp(-0.57t) - exp(-4.85t)] (1)
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where the time (t) is in microseconds and the pressure (p) is in 1000 psi.
This function, shown in Figure 20, reaches a peak compressive force of
400,000 pul in 0.5 microsecond and then decays to 60,000 psi in & micro-
seconds. The maximum pressure corresponds to the shock pressure for a
drop velocity of about 5000 ft/sec. The jet pressure was represented by
the equation

P * 412[1 - exp(-7t)] (2)

This relation is also rhown in Figure 20. The pressurs in this case also
reaches a magnitude of 400,000 psi in 0.5 microsecond but does not decay
as it did in the case of the drop. 1In fact, it represents a jet of in-
finite length, always increasing slightly in amplitude. The tangential
stresses generated at the surface are also shown. The maximum tensile
stress is approximately 300,000 psi for both the drop and jet. The stress
histories at a point 0.15 inch from the point of impact in a 0.20-inch
Lucite target are shown in Figure 21 for both the drop and jet. ''he stress
waves in the 0,20-inch target are shown in Figure 22 at a time of 1.9 micro-
seconds, just before they reach the rear surface of the target, and also
at 2.2 microseconds after the waves have been reflected from the rear sur-
face. The maximum tensile stresses i{n the target are shown in Figure 23,
It can be seen that there is practically no difference between the stresses
generated by the drop and by the jet.

In view of both experimental and theoretical results, it is concluded
that the high-velocity jet is a useful research tool for simulating rain-
drop impact.
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SECTION IV

CRATERING OF SLIP-CAST FUSED SILICA

Both surfaces of somc SCI'S targets were painted with black ink before
impact so that the extent of any fractures could be more easily seen. The
photographa at the top of Figure 24 show the damige to a 0,25-inch tarpet.
It was completely penetrated. The fracture as viewed from the hack is
interesting, The lower photngraphs of this figure show the damage to a
slightly thicker target. The familiar ring crater is seen on the front,
and a crack ls detected on the rear surfaca. The ink was not removed from
the central area of the crater. Typical cross-sections of this crater are
shown in Figure 25. The maximum depth is about 0,0085 inch. Unlike the
ring crater in Lucite, the centra. undamaged portion shows a permanent set.
It may be, however, that the material {s not compressed but that the crack
whose boundaries are seen on the rear surface extend internally to the
front crater and that this entire cone of material is pushud backward.
Internal and subsurface material failures are discussed in Section VII.
Crater contours are shown in Figure 26.

Typical craters in SCFS targets are shown in Figure 27. These vary
from small ring craters with undamaged central area, such as Nos, 582, 649,
705, and 706, to large deep craters with chunks of the material removed,
such as No. 423. 'The scule divislons shown in the photographs are milli-
meters. Some of the craters and conditions of Impact will he deseribed
later,

Fxperimental Conditlons

After analyzing the results of many shots made under various condl-
tions, It was decided that for a study of the cratering of LCPY tarrets,
the following would be used:

Nozzle-target distance - 1.0 inch
Piston diameter - 0,25 Inch
Nozzle diameters - 0.065 and 0.04375 {nch

Jut Velocity and Crater 5Glze Relations

Avaraga crater volume and diameter as functions of jet velocity ani

nozsle diamater are shown in Figure 28. Lach polnt represents the
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average volume or diameter of several craters with the exception of the
largest crater (volume = 25,0 x 10'“ ina. diameter = 0.49 inch). These
values were the result of a single shot, as it was the only one that did
not destroy the thickest target (0.75 inch) avallable at that time.

Crater Size as Yunction of Jet Energy

The jet velocity-crater size relation depends upun the nozzle diam-
eter, but it was found that the relation between the kinetic energy of
the jet and the crater volume was indepandent of the nozzle size. Not
only that, but the energy-volume relation plots as a stralight line on
logarithmic paper (Figure 29), and the crater volume (V) can be expressed
as a simple function of the jet energy (E), thiy being

Ve 1,66 x 10"6ple 4 (a)

where the volume is given in cuble inches when the energy is oxpressed
in foot-pounds. A plet of the orater areas is also shown. The energy-
area relation can be represented by the equation

A = 0.00741E0 55 (1)

giving the area, A, ln square inches.

These relations wera based upon crater dimenslons obtained by
impacting a large number of the original targets furnished for use in
this research. When four larger and thicker targets ware received, the
plans were to axtend these curves to higher velocities and energies.
When the firgt of these new targets (No. 1) was impacted, it was found
that the crater volumes were approximately six times larger than those
in the original turgets. When the average volumes and arcvas for differ-
ent impact energles were plotted, it was found that the lines through
the points had the same slopes as the original curven, glving the same
exponent but that the retations had different coefflulents (Flgure 30).
Fach of tha throe points reprecents the average of uoveral shot«a, but
there was much less scatter than In the case of the orivinal targets,
becauss all craters were in one target, wherean feveral targets were
used in the original experiment. The enerpy-volume curve for the second
of the new targets (No. 2) fell between that for the oriplnal data and

the one for target No. 1.
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An important question at this point is, "Which, if either, of these
energy-volume relations can be used to predict the damage to SCFS radomes
in a specified rain field?" They are

For the original targets - V = 1.66 x lo'sEl'uu (3)
For target No. 1 - Vv = 10.1 x 10" 6pteH (5)
and, For target No. 2 -V =3.32x 10-61‘.:'1"1‘u (6)

These relations plotted on rectangular coordinate paper in Figure 31
give a better comparison of the results obtained by use of the different
targets.

It is assumed that better quality control will be maintained in‘the
manufacture of the radomes than was done in the casting of the targets
used in these experiments. If some targets of the actual radome material
could be supplied, the coefficients of the equations could be more acou-
rately determined. Meanwhile, it seems reasonable to use Eq. (5) for the
softest of the targets as a basis for further relations derived in this
research. In Section IX of this report, the computed results will be
compared with the observed damage to radomes eroded in rocket sled tests.

‘ihe energy-volume curve for this target is repeated and the energy-
¢rater area relation

A = 0.02280° 55 7

/

is shown in Figure 32.

Craters Result!ng from Lead Impact

Another target (No. 4) was used in experiments to determine the
relation between the energy of lead shot and érater volume. This is also
shown in Figure 30, Fovr this curve, each point represents an individual
shot and not the average of several shots as in the case of the water jet.
It appears that a curve through these points might have the same slope
as the curves representing water impact. If so, this would indicate that
the exponent of the equation isg perhaps dependent upon the target material
and ilndependent of the projectile properties. It also seems to indicate
thav lead pellets might be used to simulate liguid impact as has been

suggested by Walton [13]. 'The crater characteristics are very similar
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in the two cases. Some photographs of these craters are shown in Figure
33. As the properties of target No. 4, iu which the laad pellets were
fired, are perhaps different from the other targets, no comparisons of
results can be made. It appears, however, that lead pellets having kinetic
energies of from 3 to 10 percent of those of water jets could be used to
simulate liquid impact. The craters shown in Figure 34 resulted from a
shotgun impact. The No. 7-1/2 lead pellets having velocities of about

1500 ft/sec hit the target at an angle of 30 degrees with its surface.
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SECTION V

OBLIQUE IMPACTS

The data presented in the previous sections of this report were
determined from experiments in which the direction of the liquid jet was
normal to the target surface, In general, the relative velocity vector
of a raindrop is not perpendicular to the radome surface. The effect of
the impact angle is therefore of great importance.

Effect of Shock Layer Upon Impact Angle

The angle at which a drop impinges upon the radome surface is dever-
mined primarily by the radome geometry. It is also affected by its pas-
sage through the supersonic shock layer. It was shown in Figure 19 that
there 1s a distortion and fragnentation of the drop. This shattering
or fragmenting will have little effeat if the time to traverse the shock
layer is less than the breakup time, There will also be a deflectlon or
change i1 the direction of the drop as it passes through the shock layer,
If the deflection angles are of sufficient magnitude, the total number
of impacts will be reduced., If the raindrops have sufficient momentum
to prevent them from being deflected, all drops in the path of the radome
will impact. Appendix E is an analysis of the motion of raindrops in the
shock layer. Figure 38 shows the effect of the shock on the motion of
drops 0.5 and 5.0 mm in diameter at Mach 2.0 and 10.0 for a 15-degree
conical radome. In this case, the deflection was very small, For other
angles and conditions, the results may be significant,

Effect of Impact Angle Upon Crater Volume

Photographs and average volumes of craters in SCFS formed by 110-ft-
1b jets making angles of 90, 70, 52, and 45 degrees with the target sur-
face are shown in Figure 36. Contours of these craters are shown in Fig-
ure 37, and the effect of the impact angle upon crater volume is given by
the lower curve of Figure 38. It was surprising to find that the crater
volume created by normal impact was less than the volume formed by a 70-
degree oblique impact. A look at Figure 37 reveals that there are central
plateaus in the craters resulting from normal impact. These are not as
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distinct as the ring craters formed by lower jet velocities, but the
shaded arevas shown are surrounded by regions of greater depth. The
craters formed by the 70-degree jets do not have these plateaus. Cross-
sections of two of the craters show this difference more clearly (Figure
39). It may be that the 70-degree jet simply '"washed out" the central
high region, thereby eroding out a greater volume than did the normal
jet,

If this explanation is correct, it may provide.a clue to the high
central regions and the apparently unaffected areas in some craters.

When a drop or the head of a jet strikes a target at high velocity normal
to its surface, the extremely high pressure causes a compression of the
liquid. This compressed volume servas to deflect the remainder of the
liquid so that it impinges upon the target at an angle to the normal,
aroding or washing out a circular ring crater.

This seems to be in agreement with Field's expldnation as to why
there is no dacrease in crater volume until angles greater than 20 degrees
with the normal are reached [14]. Investigators have alsc observed that
the angle at which miron-size particles strike a target influences the
erosion rate and that the maximum does not occur with normal impact [15].

The upper curve of Figure 38 shows the crater volume for different
impact angles of 160-ft-1b jets. The difference in the two curves of this
figure is not due primarily to the difference in jet energy, but results
from the difference in the properties of ‘the two targets. Normal impact
of target No. 2 destroyed the target, and the point shown was determined
by extrapolating the curve for this target on Figure 30.

It is apparent that the relation between impact angle and crater
volume cannot be determined from these data. One might conclude from
these curves that no cratering would occur at impact angles of less than
about 30 degrees., This certainly is not the case. Using higher veloc-
ities, craters have lieen formed on =ome targets at angles of 30 degrees
or less, but, bacause of their small size, the targets were cracked when
the angle was increasc.. Substantial cratering occurs when 15-degree SCFS
radomes are sled-tested In a simulated rain fleld.

As the oblique impact experiments did not give the necessary informa-
tion, it is necessary tn take either an analytical approach or turn to the

experiments of others.
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Heymann [16] says that the consensus appears to be that the normal
component of the impact velocity is primarily responsible for the damage,
witli the tangential component playing a secondary role, if any.

If it is assumed that cratering at a given angle is governed by the
normal velocity component, then by combining this hypotheais with Eq. (5),

V e 10.2 x 1075 plot*

the volume of a crater in a similar target impacted at an angle 8 with the
target surface is given by the relation

1.44 )2.88

Vv x (3,73 x 20°0)(m)* (v sin 6 (8)

where m and v are the jet mass in slugs and velocity in ft/sec, respectively.
The volume may also be expressed as

Ve (7.07 x 2077 p*32(y ain 9)2-88 (9)

where D is the drop diameter in millimeters.

Smith and Fyall question this basic hypothesis concerning the effect
of the impact angle [8], and it is not in agreement with the empirical
relations derived by Schmitt [17].

It wvas shown in Section IV that the crater volume resulting from
normal liquid impact is a function of the projectile kinetic energy. It
was also demonstrated that the crater volume is a function of the kinetic
etiergy of lead projectiles. It has also been shown that the volume of
craters in metal targets is a function of the kinetic energy of solid
projectiles [18]. This seems to indicate that the mechanics of cratering
is very similar for both liquid and solid impacts. It would seem reason-~
able to assume that the crater volume dependence upon Iimpact angle would
also be similar. In the case of solld projectlile impact, the crater vol-
ume is a linear function of the sine of the impact angle [19].

Because of the results of solid projectile impact experiments and
also because it is in agreement with the empirical relations devaloped
by Schmitt [17], who has perhaps analyzed this problem as thoroughly as
anyone, it is assumed that the crater volume is also a linear function
of the sine of the impact "ngle of liquid projectiles.

The relation used in this study for determining the erosion of SCFC
radomes is, therefore,

4.32v2.88

v = (7.07 x 107D sin 8 (10)
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Just as the obliquc impact experiments did not provide sufficient
information to determine the crater volume dependence upon the impact
angle, they were of little help in determining the effect of the impact

angle upon the crater area. About all that could be learned from

these

experiments was that the crater area becomes smaller as the angle with

the target surface is deareased but not at as rapid a rate. The craters

also became relatively more shallow as the impact angle was decreased.
Reinecke [20] says that a spherical drop impacting a plane surface

at an angle 6 gives an elliptical "imprint" with an avea of 7R?/si

né,

where R 1s the drop radius. This undoubtedly does not refer to the

actual crater area, as it would mean a larger area for very acute

angles.

For example, the drop "imprint" on a 15-degree radome would have an area

almost four times as large as for normal impact, and its major axi
would likewise be 3,9 times as long as the drop diameter, which is
obvliously not the case.

If the crater volume is a linear function of the sine of the
angle, the area of geometrically similar craters would be a functi

impact
on of

the 2/3 power of the sine of the angle. Although none of the oblique

impact experiments supply sufficient Informatlon to determine this

power

empirically, the crater contours of Figure 37 do show that the area does

not decrease as rapidly as the depth, as the impact angle 0 decreases,

In other words, as the angle decreases, the craters become relatively
more shallow. It seems that a value of one-half might be a reasonable

value to use for this exponent.

It is believed that the approximate crater area for the SCFS being

considered can be found by applying this factor to Eq. (7), giving

0.55 )0.5

A = 0.022E (sin @

or, in terms of drop diameter (mm) and velocity (ft/sec),
~6)D1.65vl.l0

(sin 8)°°°

A= (1.21 x 10

(11)

(12)
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SECTION VI

MULTIPLE IMPACTS

This research has been directed largely toward an investigation of
cratering resulting from single high-velocity liquid impacts., It is
roalized, however, that radome damage will result from collisions with
many raindrops and that one of the problems that must be dealt with is
the interaction of stresses developed by multiple-drop impacts.

Some experimental results and illustrations of dual impacts will
be given. Shot No. 829 created a crater having a volume of 0.000203 in3
in the SCFS target. An identical shot (830) impacting the previous crater
increased its volume by a factor of 2.7 to 0,000557 ina. Photographs and
dimensions are given in Figure 40. Repeating this experiment, crater 806
was increased by a factor of 3.18 by a second shot (831) as shown in Fig-
ure 41, When reference is made to "identical" shots, it simply means that
the same type bullets, nozzle sizes, amounts of water, and nozzle-target
distances were employed. Shots 806 and 829, for example, were 'ldentical)’
but the crater volumes were 0.000146 and 0.000203 1n3. respectively.
There is no way of knowing what the results of shots 830 and 831 would
have been had they not impacted the previous craters. Conclusions can,
therefore, only be based upon the averages of a number of shots. Similar
craters are shown in Figure 42 except that the centers of the first (827)
and second (832) shots were separated by a distance almost equal to a
crater diameter. The combined volumes of the two shots were 2.7u4 times
as great as the first. The craters shown in Figure 43 were separated a
greater distance. The first shot (828) resulted in a crater having a
volume of 0.000123 1n3. The second shot (833) created a crater having
a 0.000150—in3 volume, but of most interest, it caused the volume of the
first crater to increase by 30 percent to a volume of 0.000171 ina. From
these data, the relation between the increase in crater volume caused by
the second shot and the distance between impact points ls shown in Flgure
44, From this limited amount of data, 1t seems that the second impact
will have no effect upon the volume of the flrst crater If the distance
between crater centers is at least twice the diameter of the craters.

Figures u%, 46, and 47 show the results of similar experiments using
higher volocity jets. In the first two of these, the crater volume

increase due to the second impact was 2.46 and 2.85, which agrees very
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well with the previous data. The final total volume for the third case
was only 2.09 times as great as the first crater volume. It should be
noted that the second shot (840) created a crater volume of only 0.000619
1n3 as compared with that of the first (836) of 0.000715 ina. but that
it caused the volume of the firat arater to inurease 22 percent. Finally,
Figure 48 illustrates the fact that, although the impacts ave sufficiently b
far apart so as not to affect the volume of the first, the first crater
may serve as & stress raiser causing fracture of the target. The crack
through No. 769 did not occur until No. 770 was fired.

Why is the total crater volume resulting from two impacts greater
than twice that of one crater? When the craters coincide or overlap, the
target surface is not the same for the second shot as for the firat.
Expariments have demonstrated that the momentum transfer from jet to
target 1s greater for the second shot. Also, it has been pointed out
that one reason for the relatively wide variations in crater size in
brittle material is that some of the fractured material may not be com-
pletely broken loose but remalius in the orater., Tt is likely that the ‘
stress waves from the second shot may detach some of this material, }
causing an increase in volume,

Radomes will, of course, be eroded by many collislons with drops
as they pass through rain flelds. The effect of several impacts is {llua-
trated in Figure 49. The average volume of a single isolated crater in
this targcet under the lmpact conditions of the experiment wus 10.2 x 10’“
in3 per crater. After five Impacts the average volume was 13.3 X 10'“
ina. an average increase of 30 percent per crater, Approximately l4 jer-
cent of the total surface area was covered by craters.

The number of shots was increased in steps of five until approxl-
mately 70 percent of the surface area was covered, by which time the

average crater volume had Increased about 20 percent. The ratio of aver-

age crater volume to that of a single lsolated crater is plotted as a
functilon of the percent of the target surface couvered in Figure 50, The

empirical relation

V/V; = 2 - expl-3P/(132-D)] (13)

passes through the experimental polnts very well and indicates that when

the total target surface 1s covered with craters that the average crater
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volume will be approximately twice that of a single crater. This rala-
tion will be incorporated in the calculations of damage to SCFS radomes.
These data are given in Table 1.

calculation of the Total Volume of Radome Material Removed by Erosion

The three basic equations derived up to this point are Egqs. (10),
(12), and (13). The volume and area of a single crater have been desig-
nated by V and A. As this study will now be concerned with the total
volume and area, these designations for a single crater will be changed
to Vl and Al. Also, the diraction of the projectile velocity vector with
respect to the target surface has been designated as the angle 6. 1In the
case of supersonic radomes, this impact angle will not be 6 but will be
the difference between the radome angle and the deflection angle due to
the shock layer, (6 - §), as shown in Figure 35.

Equations (10) and (12) now become

v, = (7,07 x 10"17)p!+32,2.88,4 g _ ) (14)
and
AL = (121 x 10°8)p1 85,1+ 0r g gn(a - 6)10°5 (15)

It should ba kept in mind that the constant coefficients in these
equations apply only for SCFS having the properties of the Georgia Tech
target No. 1.

These equations together with the probability model derived in
Appendix D will be used to calculate the erosion of radomes. It will
be noted that the exponents of sin(é - &) in Eqs. (14) and (15) are
different from those derived in Appendix D. The reasons for these changes
were given in Section V.

The drop size ls hased upon the well-known Marshall-Palmer expo-
nential distribution function [21].

‘0-21)

p(D) = 8000 exp(4.1R (186)

when D is the drop size in millimeters and R is the rainfall rate in
millimeters/hour.
The percent of the area eroded in a traveled distance of S feet

through the rain field is D

max
P« svi*lainelsin(e - 8)1°°5f  p*85p(pyap (17)
D

0

P X ’
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and the total volume of material eroded per unit area (1n3/in2) of radome
surface is

V, « [2 - exp(-3P/(132-P))1sv2* ®ainosin(o - 6)£Dmaxvu.32p(b)dn (18)
)

It is believed that raindrops less than 0.5 mm in diameter will have
negligible effect upon the erosion of radomes; therefore, tha lower limit
of D (Do) in the above integral is taken as this value. The upper limit
; (Dmux) is given a value of 10 mm. It has been shown that the terminal
f velocities of raindrops larger than about 6 mm in diameter are gufficiently
¢ great to cause them to break up or disintegrate into smaller drops [7].

By extending the upper limit to a value of 10, a slight factor of safety
is provided; however, according to the Marshall-Palmer distribution, there
would be such a small aumber of the large drops that taking this upper
limit as infinity chunges the calculated erosion rate less than 1 percent.

The reader is referred to Appendix D for details of the derivations
and the caloulation of the various constants and to Appendix G for the
computer program used for calculdtinz the various numerical values.

Calculation of Erosion Rate

The rate at which the surface is eroded (ER) in inchea/second will be
the total volume of radome material removed per unit area divided by the
time in the rain fleld. Substituting S = vt in Eq. (18) and dividing by
t glves

3.88

D
ER « [2 - exp(-3P/(132 - P))Iv3 ' ®sinesinCo - 6)f ™% 32,pyap  (19)
D

0
Numerical Results
Equations (17), (18), and (19) have been solved for rainfall rates
of 1, 2, 3, 4, 5, and 6 in/hr; radome angles of 15, 30, 45, 60, 75, and
90 degrees; and velocities of 2500, 5000, and 7500 ft/sec; for distances
; up to 5000 £t. The deflection of the drops in the shock layer has been
¢ neglected.

Tables 2, 3, and 4 give numerical values of the percent of radome

surface cratered; the volume of material removed per unit area; the erosion

rate; and the erosion rate divided by sin0,

Erosion rates for a 15-degree radome wlth a velocity of 5000 ft/sec

g i are shown in Figure 51, It is seen that the rate of erosion increases
Lo

Bt bt 40413 4 S bt i G i -



http://www.abbottaerospace.com/technical-library

B = e e

28

until the radome surface is entirely covered with craters, after which

it remains constant. Figure 52 gives the distance that a radome must
travel through a given rain field before its surface is 100 psrcent
eroded. For example, a 30-degree conical SCFS radone moving at a speed
of 5000 ft/sec through a 2.5-in/hr rain would travel only 350 fest before
being entirely covered with craters.

Ercsion Equations

The volume of radome saterial removed and the erosion rates were
computed by solving Eqs. (18) and (19) by numerical integration. The
waterial volume and rate of ercsion after the redome is entirely covered
by craters can be sxpressed by the following relations:

V s 1,78 x 10" 18gp}+12,2.88 4 24 (20)
and
ER = 1,76 x 10 16}+32,3.88,, 24 (21)

Values of ER/sin?0 for various rainfall rates are shown in Figure 53.

This ER is equivalent to the MDPR (mean depth penstration rate) of
Schmitt [17). He has developed empirical ralations based upon ten 5500-
ft/sec firings on the rocket sled track at Holloman Air Force Base, New
Mexico, and previous work which covered velocities from about 1500 ft/sec
to 4000 ft/mec.

It is interesting to compare Eq. (21), determined by water jst gun
experiments conducted in the laboratory and the theoretical drop size
distribution, with the results based upon rocket sled teats in a simulated
vain fleld. For 7941 fused ailica, Schmitt found the eroaion rate-
velocity dependence relation to be

~17vu.ua

MDPR(cm/sec) = 9.22 x 10 sin?e (22)

for a rainfall rate of 4.6 in/hr. This relation converted to in/suc is
also shown on Figure 53. The properties of the fused silica used in these

sled tests may have been quite different from the targets used in tho
research described in this report.
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SECTION VII
SPALLATEON AND SUBSURFACE FRACTURE

Up to this point the research described in this veport has dealt
primarily with cratering and ercsion of the radome surface. It is very
likely, however, that the most catastrophic damage may be due to sub-
surface fractures or to spallation of the inner surface as a result of
the reflection of strass waves.

Description ¢l Fractures
Figure 54 shows fractures bensath the craters of three SCFS targets.

In general these cracks run radially from the surface crater. This can
be seen in the photographs of two 0.75-inch targets in Figure 55. Both
also show rear surface spall resulting in the complete detachment of
material in the lower photograph and the cracks parallel tn the rear
surface in the upper plcture. The large fracture seen at the left of
the lower target was caused by a crack through a nearby orater caused
by this impact. Both of these targets, as welil as those in Figure 56,
show defective planes at the center, caused perhaps in the casting
proceas. In most cases the radial cracks extend across this central
plane, axcept in the upper target of this figure the cracks seem to
originate at the conter.

The fracture of the 0.40-inch tarjet shown in Figure 57 is very simi-
lar to the one shown in Figure 24 except for the rear surface apall directly
behind the impact point and that the circular crack was somewhat more pro-
nounced. Shertly after the first photographo were made, the entire rear
portion shown in the last two photographs of this figure became detached.
Upon examination of these fractures, Figure 58 was drawn.

A Possible Fxplanation of the Target Fructure

The cracks indicated by A, B, and C of Figure 58 are of interest as
alther of them would cause greater damage to a radome than the ring crater,

from elther a structural or an clectromagnetic vlewpoint.
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Initially, the path of creck A is determined by the tensile stresses
around the imaediate impact area. As suggested by Yoffea [22], the crack
propagates {(nto the plate normal to the maximum tangential stress near
the crack tip. If this maximum stress is caused to shift from its orig-
inal direczion, the direction of the crack propagation would be expected
to change. This could bhe caused by the stress waves generated by the
impact and is probably the reason for A not following a straight line.
The maximum speed of the crack propagation was analytically determined
by Yoffes to be approximately 0.8 times the velocity of the shear wave.
This agrees very well with the value of 0.38 times the dilatational wave
velooity as obaerved by Kippers [23] in experiments with glass.

It is apparent that the stress wave associated with the impact travels
through the plate and reflects from the rear surfaco, intersecting the
creck before it has time to propagate through the target. It is computed
that the orack reaches the first point of branching in approximately 3.5
ussc and that the reflected dilatational wave reaches the same point in
approximately the same time. The stresses associated with the arrival of
this wave will cause a change in the state of stress around the propagating
orack tip and i{s probably the cause of the brenching which creates crack C.
As the reflected shear wave velocity is leas than that of the dilatational

wave, it will intersect crack A at a later time and would be expected to
cause another branching such as crack B.

Spallation Resulting from Reflucted Stress Waves

The fact that considerable damage can result from the reflectlion of
stress waves from the inner surface of a radome haa been alluded to sevaral
times. This source of potential danger will now be looked at in more
detail. Fipst, some experimental results and empirical relations will be
considered, and next, the methods of stress calculation willl be described.

In addition to creating a crater, a high-velocity impact will drive
a strong shock wave into a structure., If the impacted structure, or 'tar-
get," is sufficiently thin, a puncture will result (Figures 24 and 59).
If the target is relatively thick, the shock will rapldly decuy into an
elastic utress wava. Whan such a wave encounters a free surface, it ia
reflected--generally as a tensile wave--and its amplitude may be of suf-

ficlent magnitude to produce fractures near the rear surface., When such
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fractures do occur, they usually cause spallation or detachment of con-
siderable material, producing greater damage than failure at the point of
impact. This is an important problem in radome design, as it may dictate
the required thickneas. Such fractures may appear as granular cracks near
the surface, as rear surface bulges, or as a complate detachment of target
material, creating a shrapnel effect. An example of each is shown in Fig-
ure 60 for copper, aluminum, and steel targets, [Practures in a transparent
aorylic resin (trade names of Lucite or Plexiglas) are -1so shown in this
figure.

Photographs of sections of SCFS targets that fractured as a result
of the reflected stress waves have been shown in Figures 55 and 56, Fig-
ure 61 shows photographs of both the front and rear surfaces of a 0.5-inch-
thick SCFS target that has been impacted with a water jet. As shown in
Figure 02, the crater volume is 0.001626 1na while the volume of material
removed by the spall was 0,01868 ina. or approximately twelve times the
volume of the orater.

A backing plate was placed behind target 826 which prevented the com-
plete detachment of the fractured materlal, but which eventually Ffell out.
Figure €3 shows the craters on the front of thes target and the rear aurface
before and after the material was detached. Target 809, shown in Figure 64,
was not only damaged by the cratering of the front surface and spallation
of the rear surface, but it was alsc damaged by large cracks through the
point of impact. The rear surface of target 706 was fractured as shown in
Figure 65,

Drop Energy Required to Cause Spallation

The water jet kinatlc energles and target thlicknesuses were plotted
for the fifteen targets that had spalled in the course of these expaeriments.
This infomnation wans also plotted for eleven other targets that showed no
evidence of spallation., It iy seen in Flgure 66 that except for thin tar-
gets a straight line can be drawn separating the spall from no-spall points,
This seems to Iindicate that the target thickness and jet enpergy are the
major factors determining whether or not this type of fallure will oacur.
The empirical relatlon shown mays that upall In SCI'S is likely to cocur when

T-O N 3
570043 (23)

E »
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where T is the target thickness in inches and E is the energy in ft-lbs.

Stress Relations for Spherical Waves

Spherical dilatational wave propagation in a homogeneocus, isotropic
material can be specified by the equation

32¢/3t2 = cica%/apz + (2/r)3¢/9p] (2u)

where ¢ 1s a scalar displacement potential, Cl is the wave velocity, r is
the radius vector, and t is time.

A computer program for the solution of this cquation is given in
Appendix F.

Model for Generating Stress Waves

The mathematical model for generating spherical elastic waves is that
described by the author in Refarence [2u4]. To summarize briefly, it is
assumed that a time-varying pressure or forcing function is applied to the
surface of an imaginary hollow apherical cavity, generating stress waves
in the material. This cavity may be located entirely within the materi.l
as in the case of simulating undarground explosions; with its center on
the surface as is usually done in simulating hypervelocity impact of small
solid particles such as micrometeorites; or outside the boundary of the
target in the case of liquid impacts being considered in this pesearch.
The radius of this imaginary cavity (Ro) is determined by correiating tha
solutions of the stress wave eguation with experimental results.

The pres.ure applied to the surface of the cavity is an ‘mpulse de-

scribed by the relation
= - ¢
p/p, = Klexp a;t - exp a,t) (25)

where Py is the maximum pressure, a. and a_, are decay constants, t is the

1 2
elapsed time, and K is a constant. By the proper choice of the values of

a, ard o,, various wave forms can be generated.

1 2

Ref lected Stress Waves

The simplest example of the reflection of an elastic dilatation wave
from a free surface occurs when the wave strikes normal. to the surface.

Since the resulting surface stress must be zero, a compressive wave must,
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therefore, always be reflected as a tensile wave, and a tensile wave must
be reflected as a compressive wave. When such a wave strikes a free sur-
face at an oblique angle, the situation is much more complex. Not only
will waves of dilatation be reflected but there will also be generated
distortional or shear waves. From an analysis of these waves reflectad
from a plane surface, it seems that only the incident and reflected dila-
tation waves need to be considered in determining the maximum tensile
stress except at points some distance from the normal axis where fracture
is not likely to occur. For this reason, the amplitudes of the reflected
shear waves are not computed in this analysis, although their existence
is recognized and taken into account in the computatioh of the magnitude
of the reflected dilatation waves,

Relative values of computed principal stresses soon after the wave re-
flection from a plane surface are shown in Flgure 67, Conmpressive stresses
are ccnsidered as positive and tenzile stresses as negative., At the time
shown, the maximum tensile stresg has a value of -861 units. It can be
seen, however, that this is not the maximum tension that will be created,
as at a slightly later time this reflected tensile wave will combine with
the tensile "tail" of the incident wave to generate a much higher tensile

stress at a somewhat greater distance from the rear surface.

Effects of Material Properties upon Maxiinum Tensile Stress

Before considering the ustress in a S5CIS rvadome material, it might be
well to see how the stresses are influenced by the various material prop-
erties. This may serve as 4 puide in the selection of matarial that will
be subject to high-velocity impact., The maximum curface pressure, the
pulse risc time and decay time, the imapinavy cavity vadius, the target
thickness, and all other varlable: remain the same with only Young's
modulus (1), Poisson's ratio (v), and material denzity (p) being varied.

The mavimum tnnuile gtrevses ar zhown in Fipure 6P. In the upper
ser of aurves, the values of p and v omain conatant and the value of B
is varied from 5 x 10G to H0 % L06 psi. The influence of Young's modulus
is apparent. The maximun tensile stress near the rear surface of this
0.7-inch target is an inverse function of 10 T will also be noted that
thene are radial strocoos and T toe strength 8 L coapet material is

exceeded, the cracks will he perpendiculir to the e s direction or

A Py e ot Nt
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parallel to the rear surface. It will also be noted that the tangential
f}j components of the tensile stresses are makimum through appvokimately the b
first one-half of the target thickness and that anv cracks will be radiat-
; ing from the region of impact. This was observed to be the case in Figure
. 54. The middle set of curves represent constant values of E and v, but ,
K, with the density varying from 0.10 x 10™ to 0.50 x 10™° 1lb-psec®~in™", i
ﬁ; ‘ As the value of p increases, 50 does the maximum tensile stress. 'The
b lower set of curves show the dependence of the maximum tensile stress
- upon Poisson's ratio as it varies from 0,1 to 0.4, while values of E and
p remain constant. Values of the maximum radial tensile stresses near
%~ the target's rear surface are shown in Figure 89, as each of the three

‘ material properties E, p, and v is varied ono at a time while the other
two pemain at the values indicated by their point of intersection.

. Dacay Constants in Terms of Drop Diameter
The function, p/p, = Klexp(-a,t) - exp("azt)]. expressed by Eq. (25)
3 can be used to describe a pressure pulse of practically any form by the E
?i proper choice of decay constants, % and Y This was seen in Figure 20 (
3 when the pressures resulting from the impact of a liquid drop and an
«K infinitely long jet were simulated. DPressure-time curves have been deter=-
2 mined experimentally, ard typical ones are shown in Appendix A that describe
p: both spatial and temporal distributions of pressure resulting from an
] impinging jet. The forms of these curves can be described by the above
1 relaFion if “2/“1 = 4,5, If this ratio 1s denoted by A, the relation
. ¥ becomes, for the purpose of this study,

p/p, = K[exp(—alt) - exp(-Aa,t)] (26)

The pulse rise time has been calculated by Huang [25] to be approxi-
mately 0.25 of the ratio D/c, where D is the drop diameter and c is the
wave velocity in the drop. As ¢ of water is about 1.52 mm/usec, this
) relation becomes

tg ® 0.%6D (27)

where tR is the pulse rise time in psec and the diameter, D, is expressed
in millimeters.
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The value of t, can be found by differentiating Eq. (26) with respect

to t and equating to zero. This gives

ty * T (28)

or, for a value of A of u.5,

0.430
1
In terms of drop size, D,
a, = 2.69/D (30)

Maximum Impact Pressure

It was determined experimentally in Appendix A that the maximum valua
of the liquid impact pressurc occurs at the center of the impact area and
has a value of approximately 90 percent of the water hammer pressure, or

P, = 0.90ve (31)

Substituting the valuea of density and wave velocity of water gives

P, * 60.6v (32)

where the preassure ls in lb/in2 when the velocity v is expressed in ft/sec.

The constant K in Eq. (26) has the value that makes the maximum magni-
tude of p equal to Py This 1s found by substituting the value of t, s
given by Eq. (28) for t, glving

K[exp(~1nA/(A-1)) - exp(-AlnA/(A-1))] = 1 (33)
If A= 4.5, K= 1.98,

The pressure, p, in 1b/£n2 can now be aexpressed in terms of radome
velocity (ft/sec) and drop diameter (mm) as

p = 119.7v[exp(-2.69t/D) - exp(-12.11t/D)] (34)

To solve this equation for cases of sblique impact, the velocity v
is simply replaced by its normal component, v sin 6 [19].

e e .
' i g OO
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Values of the Radius, R,

The radius of the imaginary cavity to which the preceding forcing
function is applied c - best be determined empirically if sufficient
experimental information is available. Its value is chosen so that the
computed results will be in as close agreement as possible with observed
experimental data. When thls 1s done for one set of data, it has been
found that it usually gives results that are in fair agreement with those
of other experiments involving the same materials [27]. When the derived
quasi~-theoretical ralations are found to give answera that are in agree-
ment with the results of several experiments, they can then be used with
confidence to solve similar problems without the expenditure of time and
money that would be raquired to conduct additional experiments.

It was found that the value of Ro is dependent primarily upon the
size of the impacting raindrops, its radius being slightly less than one-
half of the drop radius. To exp;ess RO in inches and the drop diameter
in millimeters, the relation used is

RO = 0,0085D (35)

Some Numerical Examples

The 0.75-inch targets shown in aoross-section in Figure 55 and the
lower photograph in Figure 56 were impacted by 0.20-gm jets of water at
valocities averaging 4170 ft/sec. Thiy mass of water is equivalent to a
7.26-mm-diameter raindrop.

The following values were computed by the relatlons previously
derived: (1) Pulse rise time, ty ® 1.16usec (Bq. (27)); (2) Decay con-
0.37 and l.66uaec"l. respectively (Eq. (30)); (3) Max-
252,700 psi (Eq. (32)); and (4) The cavity radius,

R, = 0.062 in (Eq. (35))., The '"cavity" was placed so as to just touch the
target surface. This produced surface pressures that were in close agree-

stants, a4y and a,

imum pressure, P

H

ment with pressure distribution determined experimentally In Appendix A.
The resulting stresses throughout the target were computed by use of the
program described in Appendix F.

The maximum tensile stresses along the target's normal axis are shown

Py T 2

in Figure 70, 'The tensile strength of SCI'S 1s reported as ranging from
about 4000 psi to 6000 psi [28]. As the computed tensile stress was slightly
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greater than 6000 psi at a point approximately 0.1 inch from the rear
surface, cracks parallel to the surface and spallation would be expected.
Also, from the computed stresses, racks radiating from the impaet crater
would also be expected. A two-dimensional plot of the maximum tensile
stresses is shown in Figure 74

The tensile stresses resulting from equivalent impact energles of }.{
119.6 ft-1b on targets of various thicknessss are shown in Figure 72, ‘ Q
If the tensile streugth of this material is 5000 psi, there would be no ‘
spallation of trogets thicker than sbout 0.85 inch.

The 0.5- inch-thick target shown in the upper photograph of Figure 56
was impac*ed with a 0.19-gm jet of water at a velooity of approximately i
3270 £t/sec. The maximum tensile atress was computed to be 6300 pai at a
poirt 0.07 inch from the rear surface. The spallation would have been ;
predicted. 3

One SCFS radome being considered had a wall thickness of 0.434 inch. i ]
Conditions that would cause this radome to fail by spallation will be . 4}

investigated. First, collision with a rather large, 8-mm-diameter raindrop T
is considered. For this size drop, the cavity radius, R,» 18 0.068 in : ﬁ
(Eq. (35)) and the decay constants, ) and Gy ave 0.336 and 1.513uaoc'l {.
(Eq. (30)), reapectively. For these conditions, it was found by use of
the program of Appendix F that the maximum tensile stress near the rear
R surface of a SCFS target of 0.434-inch wall thickness could be related to

the velocity and Impact angle by the simple equation !

o = 2,34 v 8gin 0 (36)

min

If the tensile strength of this material is 5000 psi, this relation
says that for a 1l5~degree radome to fail by colliding with an 8-mm rain-
ﬁ drop, its veloocity must be 8,250 ft/sec or greatar. The velocity-angle- A
stress relations for thils radome colliding with an 8-mm raindrop are shown
p- in Figure 73.

If the maximum diameter is assumed to be 7 mm, the velocity of this
15-degree, 0.434-inch-thick radome must have a velocity of 10,000 ft/sec

or greater before spallation failure would be expected .o ocour.
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Probability Relations

In the preceding section reference was made to the fact that the
raindrop diameter would probably not exceed 6 mm [7], but in computing
the erosion rate it made little difference what this upper limit was
assumed to be. In calculating the stresses that may cause spallation of
the radome's inner surface, however, the maximum probable drop size must
be taken into consideration. The 6-mm maximum diameter was apparently
determined for rainfall near the earth's surface, but it uay not be +he
maximun at higher altitudes where the drops may not have veached termina.

velocities and the aecrodynamic forces caused by the *arefied atmosphere
may permit larger drops to form. Because of the Jick of information about
maximum raindrop sizes at higher altitudes, it reems reasonable to assume
an upper limit of 10 mm.

The probabilities of collision under various conditions arv discussed
in Appendix D, Figures 74 and 75 show the drop size-distance trareled-
probability relations for a radome having a base diameter of 18 inches
moving through rainfalls of 2.5 and 5.0 inches per hour, From Figurs 74,
for example, it can be seen that in a 2.5 in/hr rain the probability is
0.20 that this radome will encounter a raindrop as large as 8 mm in diam-
eter in a distance of 1000 feet.

If the allowable probability of failure and the expected rainfall
(both rate and extent) are specified, the largest raindrop that a radome
of a given size is llkely to encounter can be computed. The required
wall thickness necessary to prevent spallation of its inner surface for
a specified radome angle and velocity can then be computed by the
method described and by use of the computer program of Appendix F.

Stresses Resulting from Multiple Impacts
One of the problems that must be dealt with in the analysis of

radome damage resulting from rain impact is the effect of multiple
drops and the interaction of the stress waves developed by the indi-
vidual drops. The equations are derived and a computer program is
given in Appendix F by which the stresses in a target produced by a
number of raindrop collisions can be calculated.

B o s
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The effact of multiple impacts upon the total crater volumes has
been analyzed., The effects of “he distance and time between impacts

will now be analyzed with respect to the tensile stresses created by
reflected waves.

The stresses voiuputed are relative values only, and dimensionleas : 1
units of time and dimensions are employed. The radome thickness is ‘
denoted by T, the stress by G, and the time by t. A pressure wave !
typlcal of high-velocity impact is employed.

First, two impacts at the same time ara considered. The maximum
tensile stress resulting from two impacts will be gencrated sither
«directly beneath the points of impact or on an axis midway between
'‘these points. Figure 76 gives the values of the tensile straeas for
different distances between the Impact points. The maximum tenalle
stress for a single impact has a relative value of 0 = 115, If twc
drops are very close together at the same time, the resulting streas
will obviously be twice this value, or 230, As the distance between
drops 1s increased, the developed stress will decrease. In this case
of simultaneous Impacts, it can be seen that the maximum stress oocurs ;
k along the axis betwesn the two pointa. At a distance of about 0.8 T, "
! l

!

] the stresses directly beneath rhe impact points have decrocased to those
ﬁ resulting from a single drop, but the stress on the z-axis has a value

‘ of almost 200. The stress on this axls continues to decrease as the
distance between drops increases. At a distance of approximately 1.8 T,
- the stress on this axis has decreased to the value created by a single fy
j impact. This means that if tha distance between two drops is greater

i than twice the thlickness of the target, the maximum stress can probably
: be determined by computing the stress developed by a single drop and :
that the interactlon of the stress waves can be neglected. .
: The effact of time (At) between drops will now be considered. The

] stresses devaloped by two drops impacting the same point are shown 1n ! ;
1 the first graph of Figure 77. As pointed out, the tensile streas will } j
: have a value of 230 for zero time between impacts. As the time increases, §
the atress decreases up to a relative tlme of 0.50, beyond which the atress
'L! is the same as for the impact of a single drop. If the distance between
drops is 0.4 T, the tensile stress for various times (At) 1s given in the
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second graph of Figure 77. The first impact is P. and the later impact

is P2. The other curves give this information foi various distances
between impaats.

. Further studies have indicated that the probability of a second

impact occurring near the first before the amplitude of ‘the firat stress
wave has decayed to a negligible value is so small that it can be negleuted,

For this reason, this phase of the research was pursued no further.
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SECTION VIII

RADOME COATINGS

Radome surfaces are frequently covered with thin coatings as protec-
tion against rain erosion. Many sxperimental investigations have been
conducted to provide information concerning the effects of specific coating-
substrate combinations. Others, such as Engel [29] and Springer [30], have
made analytical contributions to this subject.

In this analysis, no specific coatings have been considered, but SCFS
substrates are assumed. The effects of coating upon the stress waves and
the resulting tensile stresses that may cause subsurface fractures or spal-
lation are analyzed. The effect upon cratering and eroalon is not con-
sidered sxcept to note the interface stresses that may cause the coating to
become separated from the substrate.

Pulse Bshavior at an Interface

An abrupt change in the physical properties of a materiul will result
in the modi{fication of a pressure pulse as it enccunters this change. In
general, a portlon of the pulse will be transmitted, and a portiun will be
reflected. The ralations which describe the modification of a pulse are
bases vpon the boundary conditions of continuity of pressure and continulty
of particle veloclity across the interface betweon the two materials [3:].
These relations depand upon the valus ¢f pe, called the "chiracteristic
impedance." Tf Foo is for the firat and Py is for the second laminate,
and PQ is the pulsa amplitude in 'the first, the amplitude of the trans-
mitted component is

thct _]
P ou e P (37)
t Eptctwoco (o}

and the reflected component is

"0,C.-P ¢
t™t oo

These relations are somewhat simplified by letting

K= o5 (39)
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%+i] To (40)

and

P {"1] P (u1)

r K:I o

Figura 78 givas the relative values of the transmitted and reflectad
pulse amplitudes as functions of K.

Effect of Pulse Length and Coatin; Thickness

A S-mil-thick costing (C) on & substrate (8) is shown in Flgure ‘79,
The coating does not reppresent any particulan material, but it is assumed
that the impedance mismatch Letween the coating and the water drop (Kl)
and batwean the coating and the S5CFS substrate (KQ) have the values shown.
1t 1s also assured that the ratio of the pulse veloclty in the subatrate
to that in the coating (cS/cC) is 1.2,

The impuct pressure is representsd hy P. Equatlions (40) and (ul)
are used to caloulate the transmitted and veflacted strosses at the inter-
face Letweon the coating and substrate, if no attonuation of the preisure

pulss 13 cunsidered. 'The pulse having an amplitude of Ul = 0.34%2P wlll be
tranamitted Into the radome. The tenslle pulse refleated from this inter-
face will have an amplitude of -0.643F. A portion of this reflented pulae
will then be tcanamitted, oi = ~0,042PF, into the liquld drop and a pulse
having an amplitude of 0,606F will be reflacted hack through the ncoating.
Upon reaching the substrate Interface, anorter pulse, U, = 0,213P, will he
tranamitted into the radome. This will coutinuc with decreasing amplitudes,

The amplitudes of the respective strasses transmitted inte the radome
wall ave given by the equation

(Ky-1) (Ky-1 2K,

%" | TR KDY roy I (42)

)‘ n-1

If the thickness of the roating is gufficlently amall or if the pulse
length sufficiently large, tho train of tranamitted pulses will merge into
a single wave, For this to oiucur, the pulse length in the coating, xc,
must be equal to or greator than twice the coating thickness.

P . an
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In this example, tha pulse muut have a langth, Ac. of at least 0.01 in.
before thay will merge into a single wave. Suppose, for example, a square
pulse or step function having a length, AC, aof 0.0%5 in. is generated by *he
collision with the ligquid. This pulse will have a length, Ags of 0.08 in.
in the substrate becausc of the increase in velcoity according to the
relation
s " _:_(s; ‘e (43)
The pulse of amplitude 2 will be followed by the second pulse of amplitude
O,+ The distances between these pulse fronts in the substrate will be
0.012 in. These will be followed by the other pulses at equal intervals.
These would combine to form the wave front, 0 to A, in Figure 80. The
front ol the sixth pulse will pass through the coating-substrate interface
at the same time as the "tall" of the first pulse. 1here will, therafore,
be a sudden decrease in amplitude equal to 0,=0g from the peak of 0.819F,

A

The arrival of the tails of later pulses ocontinues to canse step decreases
until the wave decays as shown., TFigure 80 then represents the resulting
shapa of the wave tranamitted into the substrate.

It is seen that the amplitude of the wave transmitted inte the sub-
strate will depend not only upon the propertiss of tho coating material
but upon its thickness and the pulse length generated by the liquid impact.
The effect of the pulse length, AC' upon the profile of the transmitted
wave ia shown in Figure 81, 1f, for example, n = 1, An la greater than
0.01(p-1) = 0, and equal to or less than 0.0ln = 0,05, In this came the
transmitted wave would consist of smeparate and dismtinot pulmes having the
amplitudes shown in Figure 79, These amplitudes are indicated by the
points on the curve Al of Figurs 81,

If A 1s greater than 0.01 in. and equal to or less than 0.02., the
pulses will overlap, and the transmitted wave will rise in a stepwise
manner to a value 0.565P and then decay as shown by the points on the
Qurve A2. If A i grester than 0,05 in. and equal to or less than 0.05
in., n = 5 and the transmitted wave would rise in amplitude to point A
and then decay as ludicated by AB' This was the case previously considered
and shown in Figure 80. If the generated pulse lenyth is very long, the
amplitude of the transmitted wave would approach a value of about 0.9P as

shown.
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Instead of agsuming the impact pressures to be step functions, more o
realistic impact pressure-time functions aa used in Section VII, Eq. (26),
will now be considered, together with the decay of the stress wave as it
moves through the target and is reflected from the rear surface.

The thickness of the coating, Tc. will be expressed in terms of the
pulse velooity in the coating, Cos and the time, At, ssparating tha wave
fronts in the substrate. Thene are related by the equation

QTC

At = = (ub)
¢

The stress wave profiles Just prior to reaching the rear surface of a
0.5«in. target are shown in Figure 82 for an inpedance mismatch of 0.5. b
The aqurve for At = 0 is that for no coating. When At = 0,10, the amplitude
is somewhat less, and itu shape is changed but little. When At = 0,25, the
offect of the aeparate pulses becomes avident. The maximum stress is depen- .
dent upon the amplitude of the first two transmitted waves, but not upon the ;V
others, For a value of At = 0.5, the maximum stress depends only upon the
amplitude of the first transmitted wave, and the remaining waves contribute
only to the wave length. Also shown in Figure 82 are the curves for an
impedance mismatch of 2.0, In this case, the stress amp)itude reaches a
value much greater than that of an uncoated target.

The stress histories at a glven point 0,42 in. from the target's front
surfuce for values of At equal to 0.1 and 0,5 and impsdance mismatch values
of 0.5 and 2.0 are shown in Figure 83. 'The front of the reflacted wavae
reached the polnt at a time of approximately 3.2 usec, causing the large
tensile otrasses. For K = 0.5 and 2.0, the maximum tunsile stresnea devel-
oped in a 0.5-in. target are shown in Figure 84. Figure 85 summarizes the
ef fects of K and At on the peak stresuses occurring in a 0.8-inch substrate.

From these axamples {t is sesn that the uie of coatings on radome aur-
faces sometimes causes a decrease and sometimes an inorease Iin the maximum
tensile ntresses in the material., If the impedance of the coating ls
greater than the substrate (K < 1), the stress in the subatrate will be
lowerwad; whereas, if the impedance of tha coatlng 1s smaller than the sub-

ntrate (K > 1), the strean in the subsirate can be conaiicrably greatar
than the no-coating value. This i a factor that should be takeu Into con-
asidevation when designing an all-wedather radome. If the radome wall is
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sufficiently thick or the angle of impact is small, spallation may not be
a problem at all, and the coating should be designed for erozion and micro-

wave effects only. For thin-wall radomes, the stress resulting from
reflected waves may be a factor,
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3 SECTION IX 3
] ROCKET SLED TESTS »

: A rocket slzd test program was condunted at Houlloman Air Force Base, -

New Mexico, to determine the rain erosion resistance of slip-cast fused 1
silica at velocities above 5000 ft/sec. The fabrication tecbniques used L
2 at the Georgia Institute of Technology to slip-cast, heat-treat, and

3 flame-glaze the radomes; a description of the test facilities; and the

] rasults o. six sled tests have been described by Walton and Harvis [32].

A Radomes from three of these tests have been examined in the course of the
present work, and some observacions will be made concerning the damages

-1 sustained by each. The damage will also be compared with that predicted

by the relations of Section VI. Sled test information from Reference [32]
is summarized in Table S. i

Radome No. 7RBl )

Figure 86 is a photograph of the radome of run No. 2. The rain
intensity was reported as 2.5 inches/hour, and the average drop slze was i
said to be between 1.5 and 2.0 mm in diameter. The average velocity was
about 5300 ft/sec, and the rain field length was 400 ft. A view of the g,

radome with its metal tip broken off and a closer view or some of the i
craters are shown in Figure 87. The radome dimensions as well as the
locations of the centers of the photographs of Flgures 89, 30, and 91

are given in Tigure 88.
5; The photographs of Figure 89 were taken around the circumference
’ at 45-degree intervals at a distance of 11.6 inches from the tip. By 4
counting all craters that could be detected, it was found that they aver- .

aged 27.1 per square inch. Thuse of Figure 90 were 8.3 inches from the i
tip and averaged 40.4 craters per square inch. At a distance of 3.0 }_
inches from the tip, the pholugraphs everlapped (Figure 91), and the g
number of craters averaged 25.1 per square inch. The radome appearance

. is certainly different near the tip. Frosion rather than cratering seems %
to have been the major source of damage. It may be that the craters were If
largely removed by the high temperatures and fusion caused by aerodynamic P
heating, or the high temperature may have first fused the surface, and

cratering is different in material heated to very high temperatures. No

ket A4 1y i

D sl S SR
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explanation is offered for the higher density of craters near the middle
of the radome surface. Based upon these photographs, it was estimated
that for the entire radome there was an overall average of 30 craters per
square inch and that abcut 40 percent of the radome surface was covered.
This radome had bean flame-glazed hy *the use of a plagsma jet to fuse the
surface and to provide a coating of non-porous fused silica that served
to seal the surface. Walton and Harris reported that the thickness of
the fused layer varied from 0.03 to 0.04 inch near the tip to less than
0.005 inch near the bage.

The depths of some of the craters were measured, and their volumes
were computed. The purpose of this was to learn more of the nature of the
fractures and to determine 'the extent to which drop impacts can be simu-
lated by the use of the water jet accelerator and by solid projectile
impacts. Crater measurements are being made in Figure 92. Cross-sections
of a somewhat larger-~than-average crater near the base of the radome arae
shown in Figure 93. The depths were measured from the curved surface.

The £i 3t profiles were taken outside the crater and indicate the rough-
ness and irregularities of the surface. As it is impossible to recognize
‘the detual crater boundarias from the measurements (although they can be
seen visually) because of the surface roughness, the depths shown in Fig-
ure 94 start with the 0,001-inch contour. The volume of this arater was
found to be 5.6 x 10'5 ina. and average dlameter was about 0.20 inch.
Profiles and crater contours of another crater located near the midpoint
of the radome surface are given in Figures 95 and 96. Although the area
of chis crater is less rhan the previous one, its depth is zomewhat
greater., It appedred to be about an average-size ecrater, and its volume
was 3.1 % lO-5

Comparing the depth contours of these craters with those of Figures

ina, and average diameter was about 0.125 in.

25 and 26, several similarities and differences are noted. In both cases
there is a central plateau surrounded by areas of greater depth contain-
ing several rather deep pits. The prlmary differences are that the radome
craters were more irregular in shape (although the actual boundaries are
not shown), and the crater surface is rougher. Also, the central plateau
of the jet-produced crater was of the orlginal surface, and it is apparent

that some of the original radome material had been removed. The jet impact
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was normal to the target's surface at a velocity of about 2000 ft/sec

and that of the drop was at an angle of about 16 degrees at a speed of
5300 ft/sec. This slight difference in the shape of the craters pro~

duced by normal and oblique impacts was seen in Figure 36.

Although both targets were of SCFS, the surfaces were entirely
different. The radome surface was much rougher, and 1t had also been
provided with a coating of non-porous fused silica., Walton had observed
that once the impact pressure was sufficlent to cause damage to the
glazed surface, there was a tendency to chip out a portion of the glaze
extending beyond the actual area of impact.

In view of the differences in the material properties of the target
impacted by the jet and the radome eroded by raindrops and the great dif-
farence in the impact angles, th: similarities in the craters are more
than would have been expected.

, The direction of Impact seems to make little difference in the
crater's geaeral appearance. It appears that the simulation of a high-
velocity impact at a small angle with the surface can be accomplished
with a lower velocity impact at a different angle as long as the normal
velocity components are the same. For example, the velocity of 5000 ft/
sec at 15 degrees with the surface could probably be simulated with a
velocity of 2000 ft/sec at an angle of L0 degrees.

Estimates of Erosion

It was previously mentioned that a careful study of the radome
photographs indicated that there was an average of about 30 craters
per square inch and that approximately 40 percent of its surface was
covered. Neglecting the overlapping of craters, this glves an average
crater area of 0.0133 inQ, or an average diameter of 0.13 in. This con~
firms the fact that the second crater measured (d = 0,125 in, V = 3.1 x
10'5 1n3) was perhaps one of average size. If this i3 assumed, the total
volume of material removed in the 400-ft ralu [lcld was (30 x 3.1 X 10-5).
or 9.3 x 107" 1n%/in?
1.23 x 10°2 in/sec.

, and the average rate of erosion up to that time was

Lo see i o

|
l
b
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Radome No. 7RD1

Figure 97 is a mosaic or composite of photographs made of the sur-

face of the radome of run No. 4. The average rocket velocity was about
4900 ft/sec. The rain field was equlvalent to 3000 ft of length at a

rate of 2.5 in/hr. The surface had been flame-glazed the same as No. 7RBl.
The sntire surface was covered with craters, and it was not possible to
determine crater volumes or the extent of the erosion. Views of this
radome are shown to a larger scale in Figure 98.

" Radome No. 7RF2

Only the tip of this radome of run No. 7 survived, as it apparently
hit a “ird during coast-out after traveling through the same equivalent
rain field as run No. 4. The average velocity through the rain was abeut
5100 ft/sec. The tip is shown in Figure 99, This radome was unglazed,
and, although the antire surface was eroded, it did not appear to be as
severe as that of No. 7RDl. Because of the eroded surface, it was impos-
gible to measure the crater volumes with any high degree of accuracy.

Comparison of Rocket Test Results with Predicted Values

Equations {17), (18), and (1Y) have been solved by the computer code
REMRASS for the conditions of Holloman run No. 2 (R = 2.5 in/hr and v =
5300 ft/sec) and also taking into consideration the deflection of the
drops in the shock layer. The results are shown in Table 6. These calcu-
lations indicate that at a distance of 400 ft, 43.2 percent of the radome
will be covered with craters, that 6.76 x 10_L+ in3/1n2 of the material
will have been removed, and that the average erosion rate up to that time
has been 8.96 x 10~ inches/sec.

The following gives a direct comparison of the results:

l'ercent of Volume Erosion Rate

Avea Eroded  (In%/In?) (In/Sec)
Calculated values 3.2 6.76 x 10°% 8.96 x 1073
Estimated from radome examination 40,0 9,3 x 10™4 1.23 x lO'2

Keeping in mind the fact that the properties of the radome material
and target material are probably not the same, that the surface of the
radome had been flame-glazed, increasing lts susceptibility to cratering,

and that the actual rainfall rate may have been somewhia! greater than
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2.5 in/hr for tha sled tests, it is surprising that the results are in
such close sgresment.

It was not possible to obtain a similar comparison for the radomes
of runs Nos. 4 and 7, as their surfaces were completaly covered with
craters after traveling through 2000-ft rain flelds. The oompuged results
indicate that the radomes would be 100 percent covered at a distance of

925 £t in the rain.
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SECTION X

CONCLUSIONS

It has been shown that the water jet accelerator is a valuable tool
for simulating the damage caused by aollisions of superasonic radomes with
raindrops. Cratering and erosion data obtained by use of the accelerator,
together with theoretical considerations, give relations that can be em-
ployed in the design of high-speed vehicles that must possesa all-weather
capabllities,

When the rain fleld is described (i.e., rate, duration, and extent)
and the radome profile, wall thickness, velocity, and allowable probability
of fallure are specified, the methods described in this report can be used
to determine the probable damage, provided th.: the radome material prop-
srties and their relations to cratering resistance are known.

It must be remembered that the equations derived and the numerical
values computed in this study were based upon only one of the SCFS tavgets.
This target experienced the greatest damage of any of those f “nished for
use in this research; therefore, the use of these relations in radome
design would probably be on the wide of safety.

The craters in the weakest of the targets averaged six times the
volume of those in the strongest targets (Figuwe 30). It i not known
which of the material propertiaes has the greateat influence on the target's
reslstance to cruatering. The effects of svch propertles as hardness,
porosity, modulus of rupture, Young's modulus, surface finlsh, and the
comprassive, tensile, and shear strengths upon the material's resistance
to vrosion and cratering can be determined by the usc of t'a jet accelera-
tor. Buch information would certalnly be of great value to the englineer
in preparing the radome materlal and fabrication specifilcati-ms.

The water jet accalerator luo an economical tool for comparing the
ercsion resistance of different materlals as well as determining the
effects of couting, laminates, and surface conditlons,

Although much has been learned about high-speed liquid impact, it is
apparent that much more infurmatlon is needed. Empirical relations have

been derived that will give the probable raln damage to SCF3 radomes, but



http://www.abbottaerospace.com/technical-library

50

relatively little is known about the actual mechanics of cratering. 'the
maximun tensile stress has been assumed to be the governing factor relat-
ing to subsurface fracture and spallation. This is probably not entirely
correct, Other theories of fracture should be investigated. As the re-
qQuired radome wall thickness depends upon the maximum probable raindrop
size, more information cuncerning the drop size distribution is needed,
especially for rainfall at varicus altitudes.
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TABLE 4. VARIATION OF CALCULATED RADOME EROSION WITH

(CONTINUED)

RAINFIELD LENGTH AND INTENSITY

THETA=60 DEGREES

VELOCITY=7500 FT/SEC
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APPENDIX A
Pressure Due to High-Velocity Impact of a Water Jet

The transient pressure distribution across the impact
area of a small highevelocity water jet is studied
by means of a pressure transducer technique

by

Dallas Smith and Ray Kinslow
Ass fatant Professor and Professor, respectively

Daepartment of Engineering Sclence
Tennesseo Technological University
Cockeville, Tennessee 38501
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Abstract

A pressure transducer technique was developed for determining the transient
distribution of pressure on a surface caused by the impact of a high-velocity jet.
Jet parameters known to be effective in producing ring craters were selected for
the study. The average jet velocity was 2100 ft/s (640 m/s) and its approximate
diameter was 0.26 in., (0.66 cm)., A hardensd, small-diameter (0.039 {n., 0.099 em)
"pressure pin" was used to transmit the pressure from the impact surface to the
pressurs transducer. The average pressure was thus found over an area of 0.001192
in.? (0.007690 cm?) at several locations within the impact area.

Results show the greatest pressure o ocour at the center of the impact area.
Thess results refute the idea that ring craters are produced by the existence of

higher pressures near the jet edge.
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Introduction

To explain cratering or fracturing due to high-velocity impact of water drops
or jets, knowledgs is nceded >f the spatial and temporal variation of the normal
presiavre wxerted on the target surface due to the impact. With this information
an attempt can be made to determine the transient atate of stress within the solid.
Combining the airesses with the correct fracture criterion mey eventuslly lead to
a better understanding of the cratering mechanism. In practice, cratering due to
drop xrather than jet impact is of primary importance, but since jets have been
used considerably in the laboratory to simulate drop impact, it 1s important to
understand the pressure dus to a jet impact.

When a jet impinges on a flat solid,an initial preasure occurs which is com-
parable to the water hammer pressure of Cook.l

P = pve (1) ’
where P is the pressure, p is the liquid density, ¢ is the sonic velocity in the lig-
uid, and v 1s the impact velocity. The initial high pressure given by equation (1)
dacays very rapidly due to rulease waves proupagating into the jet from its ciroum-
forence followed by lateral jetting. If impingement continues until a steady state
is reached, the pressure approaches the hydrodymamical preasure,

P = %-pvc2 (2) |

By taking account of the cumpressibility of the solid being impacted as
well as the propertias of the jet, DeHallnrQ showed that cquation (1) would be

modified slightly to contain the density and sonic velority of the solid.

For the impingement of & apherical liquid drop,!lngel3 propused

P2 g;pvc (3)

vhere the factor a depends on the impact velocity and approaches unity for high ve-

looities. The maximum pressure propossd by Engel would thus be %-pvc.

In an experimental study nrunton“ impacted a water jet onto a prossure trans-
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ducer. The resulting pressure peak exhibitod a rise time of 1 ys and decayed in a
time of less than 3 us, which was somewhat greater than the time required for re-
lease waves to propagate from the circumference to the center of the jet. The
longer decay times were believed to be due to the fact that the head of the jet was
neither flat nor parallel to the surface. The jet velocity was 2400 ft/s (731.7
mn/s) and the jet diameter was 0.17 in. (0.43 cm). The average pressure exerted
over the impact area was 134,000 psi (924 HN/mz) whereas equation (1) yields 153,000
psi (1038 HN/mz). Thus the average pressure found by Brunton was 0.874 pve. Brun-
ton's experiment permitted the determination of average pressure only, rather than
the actual distribution ¢f pressure. High-speed photographs made by Brunton showed
that fracturing due to the jet impact was completed within the first 3 us of impact.
Therefore, the initlal peak of high pressure is of primary intereat and the smail
remaining pressure after decay is of little consequence.

While equations such as (3) provide an estimate of the maximum pressure ex-
erted by the jet, they give no information about the distribution of pressure or

its variation with time. Recent numerical solutions by Huangs‘ 6, 7. 8

provide
results for both spatial and temporal variations of pressure dus to the impact of
drops of various geometries onto a flat surface. He used a numerical scheme known
as the Compressible-Cell-and-Marker technique. Both slip and non-slip boundary
conditions betwesn the drop and the surface have baen considered. His results con-
firm the rupid rise and decay times observed by Brunton. With a free-slip boundary
condition and a water velocity of 980 ft/s (299 m/s) the maximum presasure ranged
approximately fraom 0.7 pve for a spherical drop to 1.2 pvc for a finite-length
cylindrical je:. Results were slightly higher for the nun-slip boundary conditien.
As a percentage of pvc, results were also greater for higher impact velorities.

In all cases the maximum pressure occurred at the center of impact.

Recent experimental results by Johnson and Vlckorng showed the maximum pres-
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sure to occur near the wdge of the jet. The pressure was approximately 0.87 pve

pear the center and jumped to 1.5 pve near the edge of the jet. This does not

;
E agree with Huang's prediction of maximum pressure at the center. The velocity usel
, by Johnson and Vickers was 181 ft/s (46 m/s), and the jet diameter was 1.97 in.

; (530 mm). Both parameters are one order of magnitude removed from those usually

l oonsidered relative to drop impact.

A recent experimerit by Rochester and Bnmtonm for the impact of a liquid disk

and cylinder agrees with Johnson and Vickers in finding a ring of high pressure. A

? thin rectangular bullet containing a tmall plescelectric ceramic was fired into a
F water disk held between two Perspex windows or into a vertical water jet. Impact
i velocity was 328 f£t/s (100 m/s). The greatest pressure at the center and in the
! annular region at a distance 0.2 of the disk radius from the center was 0.7 pve

;{ and 1.8 pva, respectively.

g Thers i3 considerable disagresment between the analytical and cxpo:"imntll

resulta. It was thus felt that an experimental investigation should be undertaken i

using the actual jet geometries and velocities, which have recently been used in

the laboratory to simulate drop cutcringn. An experimental program was under- i

taken for one set of jet test parameters. The aim was twofold: (1) to check i
q analytical predictions of the pressure distribution, and (2) to provide, for one
| teut case, the dynamic loads required as input in theorles for determining the
transient stress state in the impacted solid, ultimately leading to methods of pre-

dicting the extent of fracturing due to high-velocity drop impacts.

Experimental Method

The experiment employed a pressure transducer which provided a voltage out-
put displayed on an oscilloscope screen. The pressure transducer was mounted in a 1
plate which could be moved accurately by means of a micrometer so that the impact

area could be traversed. Figure 1 shows three views of the pressure transducer
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assembly. The firat photograph shows the transducer positioned in front of the

water jet accelerster box, the oscilloscope, and the transducar power souvrce
mounted on top of the oscilloscope. The last two photographs show the back and
{ront aides, respectively, of the prassure transducer assembly. The presaurs
trausducer was Model 101A03, manufactured by PCB Plesotronics, Inc., of Buffalo,
New York. The transducer had a rise time of 1 us, & natural freguency of 400 KHs,
a sensitivity of 0.5 % 0.05 mv/psi, und a vange of 10,000 psi for a S-velt output.
The pressure was transmitted to the transducer by means of a small cylindri-
oal pin mounted in a hole in the impact plate, Figure 2. The dimmeter of the small
end of the pressure pin was 0.039 in. (0.099 cm). Henve, the average pressure was
determined over an area of only 0.00119? 1n.2 (0.00769 uma). small enough to approxi-
sate the pressurs at a point. The nominal dimensions of the pin are shown in Fig-
ure 2. The final length of the pin was determined by assembling the pin, surface
plate, and transducer, and machining the protruding end of the pin flush with the
impact plate. A flat, smooth impacting surface was thus provided for the impinge-
ment of the water Jet.
In the initial stages of the investigation stainless steel was used for the
impact pla*e and the pressurs pin. Stainless stesl proved to be too gsoft. After
a few impacts the pin became plastically compressed; thus, the end of the pin gradu-
ally receded into the hole in the impact plate and the diameter of the pin increased
slightly. The stainless steel Iimpact plate after a few mhots became dented on the
surface in the impacting area. A solution for the impact plate was found by re-
placing the stainless steel with tool steel which was hardened by heating and quench-
ing in oil. Pins were machined from drill rod and hardened in the same way. These
pins proved to be too brittle, fracturing at the junction of the small diameter part
with the base after only one impact. This problem was finally solved by heating

and hardening only ths small diameter part of the pin. Thus an Impact plate and
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pressure pin evolved which would withstand several impacts befrre suffering any

visual demage or measurable change in dimensions. Figure 3 shows a photograph of
two views of an impact plate with the pressure pin removed,
The expariment was conducted by accurately positioning the pressure tranaducer v

in line with the water jet norzle 1 inch from the nozzle. The water was acceler- '

atod by impacting a nylon piston in a water-filled nozzle with a Hy-Score BB cap
bullet, Figure 2. The average veloait, of the head of the water ‘et was 2100 ft/s
(640 m/s). The diametor of the jet cors was 0.094 in. (0.238 om) and the diameter
of the jet head was 0.26 {a. (0.66 cm). Theae parameters have boen used uxten-
sively for making craters in =l{p-cast fused ailica targets. More details of the
vater Jet accelerator are given in Sectlon [L of this repert.

A trace of the transducer voltage cutnut was cbtained on the oacillcacope
screun for each shot. The oacilloscope was triggered inturnally by the transducer

cutput. The impact area was traversad by means of the mi.rometer, Figure 1, using

incrementsof 7.040 in. (0.102 cm). In order to get an average value of ihe [ressuiw
at any given puint, several shots were made at each setting of the micromatar, (on-
siderable scatter was expsrienced from shot to shot. Some c& thoe scattey {4 due to

the fact that, as pointed out by Bx‘unton“. not all jet hoads wiil be sgually wel)

fawmed. After each shot the pressure pin was removed and dried. The diameter of
the pressure pin was measured frequently with a micromefer to determine §{F any ae-

fawmation had occurred.

Results and Discussion i

.t - e

Figue 4 shows o sample of the occillosvape tywee Of the tvansducer outpur oY
various distances from the center of Impact, The wwrtleal Jimensgions depratent volt-
age ov:mut which, by wesns of the tr Jdu o ARt o, WeA OUnYERLRY T prescrme o
the t & Yyoue. V. cvoge on the trans Luowe was cunvarted 1o pestsasy v the Fapast

G0 e Y e el g i Mt tedaekcatr N Ye patio of the fransducer area
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and pin area. The rise time was approximately 3 us and the decay time waa 5 to 6 i |
additional ys. '

Figure 5 shows the distribution of pressure (transducer voltage) across the i

impact area obtained by plotting the peak pressure for each location, r. The *
effects of scatter were minimized by obtaining several data points at each loca- 1
, tion. The broken line is drawn through the mean of peak pressures obtained at

i each point. It is evident that the largest pressure occurs at the center of the '
. impact area and not near the edge. The profiles of two ring craters made in slip-

| cast fused silica with the same Jet parameters are included in F_iguré 5. Pigure' 6 ‘ ;-
\ shows photographs of the same two craters. It has been suggested by E'ngellz that _
a , ring craters may be due to larger pressures near the edge of the impact area. From
Figure 5 it appears that this may not be the correct explanation for the formation
of ring craters. ‘
: The observation of largest pressures at the center agrees with the calcula- A
B £,6,7,8

tions of Huang For large times after the initial impact, Huang's results

show that the center pressure decays and that for those times the pressure near the K

edge may exceed the center pressure, but this pressure is much smaller than the

maximum pressure which initially existed at the center. k.

'." i , It must be remembered that the curve in Figure 7 represents the mean of peak

. pressures that occwrred at each location. With the present experimental arrange-
| ment the pressure at all locations for some constant time after the initial impact 4
i could not be obtained. Since the oscilloscope was triggered internally by the 4.‘
. transducer output. then, for say a semi-spherical jet front, triggering for points y
remote to the center would occur later than far points near the center. "
, The distribution shown in Fig:re 5 should ideally be symmetric about the )

! center. The averages shown approximate symmetry to a surprising degree, consider- 5

. ing the amount of scatter encountered. To enforce symmetry, the mean voltage of
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all equal-distance points was computed before converting voltage to pressure.
The resulting pressure envelope, ncndimensionalized by pvc and R, the jet head
radius, is shown in Figure 7. It was fortuitous that the normal distribution
curve
P -1.22(p)? ()

":,-‘;-; z 0.91%e

where r is distance from the center, represented the experimental points almost

3

exactly. The normal distribution was used by Banks and Chandrasekharal®for the

steady state impact of a liquid jet. The maximum pressure is 0.915 pve or 125,100
psi (862.8 HN/mz). This compares with the results of Huan35'6 of 0.70 pve for a
spherical drop and 1.12 pve for a cylindrica) jet. Some of Huang's results, taken
from the graphs in references 5 and 6, are also plotted in Figure 7. The present
results fall beiween the results of Huang for a spherical drop and a cylindrical
jet. Since the jet used in the present experiment corresponds to neither a spheri-
cal drop nor a flat-ended cylinder, it seems reasonahle that the experimental
results should fall between the results for those two cases. The jet speed used
by Huang was 980 ft/s (299 m/s) whereas the speed in the present experiment was
2100 ft/s (640 m/g). For the non-slip boundary condition, reference 8, Huang's
results are somewhat higher for higher speeds. The pressures measured by the
transducer may have been attenuated somewhat by the transfer of pressure through
the pin. Certainly it seems that some energy could have been dissipated in the
pin, but it is pointed out that a pin typically withstood many shots with no
measurable deformation. Considering the above, it is felt that the present
results support the magnitude of pressures found by Huang.

Contrary to the results of Johnson and Vickersg, no ring of high pressure
was found in the present study. The ring of high pressure found by Johnson ard
Vickers was at the edge of the jet. In the present experiment this corresponds
to the edge of the jet core (r = 0.047 in.), not the jet head (r = 0.13 in.).

It may be that the radial increment (Ar = 0.04 in.) used in the present study
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vas too coarse to detect the ring, but it also seems possible at the present
'.mlocity'or 2100 ft/s (640 m/s) that the formation of the jet head is consider-
ably different from that of the Johuson and Vickers atudy, where the velocity

4 may

was only 151 ft/s (46 m/s). A racent theoretical development by Huang
resoclve the difference in the two experiments. His theery indicates that fur
a rigid target material the maximum pressure will occur at the center whereas
for a deformable material the maximum pressure may shift tn an annular region.
In the present experiment a hardened tool steel was used for the target.

The rise times cbserved in the present experiment wers relatively large,
Figure 4. A typlcal value is 3 us. The response time of the trancducer in
the present experiment would account for 1 us of the rise time and the rise
time may have also boen affected by the behavior of the stress waves in the
pin. The reason for the large rise times is not completely understood at the

present, but because ¢f the larger jet in this experiment, a pressurc pulse of

approximately twice that observed by Brunton would be expected.

.{:mxclusions.

Using a pressure transducer, the spatial distribution of peak pressures
due to high-velocity jet impact of a rigid target has been determined. The
observed rise time was approximately 3 us followed by a 6 us decay. The
maximum pressure was 0.91% pvc, and occurred at the center of the impact area
rather than near the edge, even though the jet had been used to make numerous
ring craters in slip-cast fused targets. The present results support those

of Huang.
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APPENDIX B
HYDRODYNAMIC MODELS FOR HIGH-SPEED LIQUID IMPACT

by Vireshwar Sshai, Peter Hsu, and Jer-Shong Ueng

INTRODUCTION

Cratering due to liquid droplet impingement on solid surfaces is A
serious and limiting problem in the design of cbjects that fly at high

speed through rain. A review of literature (for recent comprehensive

o SR e Ry et

surveys, see Heymann [1], Eisenberg [2], and Field [3]) has shown that

e ZIE e (v

i there have been many recent advances toward an understanding of liquid

impact damage. However, while an impressive amount of experimental data
has been generated, very little work has been done toward the develop-

ment of a physical thedry for quantitative prediction of erosion damage.

i e SR

This is understandable in view of the very complex nature of the damage

mechanism. The theoretical analysis described below is not in itself
expected to quantitatively predict all the rain erosion characteristizs
of materials; nevertheless, it is hoped that it will provide a better
understanding of the mechanism of cratering due to liquid impact.

As Indicated in Appendix A, the pressure distribution over the
contact area that is produced when a liquid drop strikes a solid surface
is not yet known with certainty. It is, however, generally accepted

that a sharp peak of pressure, of the order of magnitude of the water

hammer pressure, occurs in the initial stages of impact. The models

proposed in the present study are based upon the assumption that this

; initial impact pressure and its rate of application are high enough to
cause the target material to be liquified in the neighborhood of the

& impact area. This assumption allows the target material to lbe treated

as a fluid during the ecratering process.

et iAW RN L s
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Such a fluid-fluid impact mode) was first conceived by Opik [4].
Racently this model was studied both experimentally and analytically by
Engel [5, 6]. Her analytical study, however, was semi-empirical, and
it involved an arbitrary assumption with regard to partition of the
energy of the impacting drops.

Two fluid-fluid impact models will be considered in the present
study. The first model is based on an analogy with the impingement of
a high-speed liquid jet on a liquid surface. The formulation of this
mod- 1 was prompted by a remark by Cheslak et al [7] that the cavities
formed by the impingement of high-speed jets on a liquid surface bear
a strlking resemblance to those foimed on solid surfaces by high-speed
mpact. While high-speed jets are commonly used to timulate rain ero-
8. on, little theoretical work has been done to exploit this analogy.

In the jet mcdel considered here, an equation developed by Rosler
and Stewart [8] in connection with their study of capillary jet impinge-~
ment on liquid surfaces will be used. ThLey developed the governing
equation for the cavity profile using the principle of conservation
of momentum. In the present study, the Rosler-Stewart equation will
be used to determine the size and shape of the cavities formed in not
only liquid-liquid Impacts but in liquid-szolid impacts as well.

The second model is based upon the concept of apparent mass which
deals with a body moving through an infinite stationary mass of fluid.

Ag is the case with all hydrodynamic models of high-velocity impact, it

is assumed here as well that the target material behaves as a liquid in
the vicinity of the point of impact. The concept of apparent mass
allows the flow of the target material around the projectile to be

described in rather uimple terms. Although the concept is being

. S A Gl N "
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overextended somewhat in the present application, it is hoped, neverthe-
less, that it will provide an appropriate simple picture of the high-
velocity impact phenomenon.

The apparent mass model was first conceived by Ludloff [9]. A
major portion of his woark was devoted to the resolution of an apparent
discrepancy in results obtained from momentum and energy considerationms.
He was also concerned with thekinetic energy of the ejected mass of the
target material. Only o limited amount of comparison was made with
experimental resuits for impact of solid projectiles on solid targeis.

The purpose of the present study is to apply the Ladloff model not
enly to solid-solid impacts but also to iiquid-solid impacts. One of
the very attractive features of this model is that it describes the
impact cratering as a time-dependent process. In addition to the predic-
tion of maximum wrater depth, it also alluws the calculation of the rate
of crater growth. This latter feature of the apparent mass model will
be exploited in the present work.

A problem that confronts all cratering theories, especially those
involving hydrodynamic models, is the determination of *+he proper value
to be used for target strength. The problam is further complicated by
tne fuct that the material strength is llkely to vary in different phases
of the cratering process. Fortunataly it was poasible, howevsr, to deter-
mine simple strength criteria for the two models considered here, which
adequately and consistently predict the cratering characterisites.

Because of the nature of the models, the theory is most directly
applicable when the target material is ductile. The validity of the
models will therefore be checked againat available experimental results

for impact against metal surfaces. Hydrodynamic models cannot completely

P
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characterize the cratering process in brittle materials suck as ceramics

used in the consatruction of rademes. It will be demonstrated, however,

that the jet model, under certain circumstances, can adequately predict !

s o

the maximum depths and volumes of the craters formed im slip-cast fused A

Lo T

silica (SCFS) targets due to liquid impact.

Even though the models considered here are of doubtful validity in

the case of brittle materials used in radome construction, the analyses i

presented below are significant in two respects. First, the results may

11
@= be directly applicable because some designs of radomes suggest that metals n_

may be incorporated in the attachment to the afterbody of the vehicle or 1
.k in the nose as a protection against rain erosion. Microwave engineers |
have shown that such a use of metals is possible without serious detriment ;n
to radar performance. Second, the development of a reliable theory must

be based upon materials on which the test data iz repeatedly reproducible.,

Metals are such materials.

, JET MODEL

As indicated earlier, this model is based upon the assumption that
for high speeds of impact, the initial pressure developed is high enough
to liquify the target material allowing the impact to be categorized as b

a fluid-fluid impact. Based on the arguments cf Plesset and Chapman [10]

T R RS T A TR L TR T AR ST TR S T

and others, it is assumed, however, that the high contact pressure due to
the initial impact decays very soon and is reduced to the stagnation

level. The calculations of Plesset and Chapman showed that the duration

of the stagnation pressure pulse is an order of magnitude higher than the
period over which the initial water hammer pressure acts. They further
expressed the opinion that this longer acting stagnation pressure pulse

may be the primary source of damage caused by flujd impact.

e S
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Rased upon the above-mentioned arguments, a simple idealized model
of steady-state impingement of a cylindrical liquid jet on a liquid
surface will be used. The drop is replaced by a cylindrical jet in
crder to simplify mathematical analysis. This simplification is prompted
by the fact that jets are often used with success to simulate rain ero-
sion. Because of its importance in industrial processes (such as the
oxygen conversion process in the steel industry), the jet impingement on
liquid surfaces has been studied extensively both experimentally and ana-
lytically. Some of this work is described below.

Banks and Chandrasekhara [11] presented an experimental investiga-
tion of normal penetration .of a high-velocity gas jet through a liquid
surface. Banks and Bhavamai [12] extended this study to a more general
one--experimental study of the impingement of a liquid Jet on the surface
of a heavier liquid. Some 300 experiments were made to measure the sizes
of cavities formed due to impact of oil jets on water and water Jets on
carbon tetrachloride.

From the viewpoint of the present application, the most useful ana-
lytical study of the problem is by Rosler and Stewart [8]. Thay derived
the governing differential equation for the cavity profile using a steady-
state force analysis. However, since their eventual purpose was to explore
the instability of the indention formed by the impact, they did not verify
their equation against experimental results such as those cited above. In
what follows, a general form of the Rosler-Stewart equation, applicable to
any given pressure and shear distribution on the liquid surface, will be
derived. After testing the theory against experimental results of Banks
and Bhavamai [12) for the case of impact of a liquid jet against a liquid

surface, it will be applied to determine the crater sizes in the high-speed
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impingements of water and mercury drops against metals. Attempts will

be made to determine the correspondence c¢f surface tension with some
strength property of the target material. Experimental results of Engel
{13, 14] will be usedl for this purpose. An approximate form of the Rosler~-
Stewart equation and its solution will also be presented. In addition it
will be shown that, even though the governing assumptions are not entirely
valid for a brittle target material, the model is capable of yielding good

results for SCFS if a suitable value is used for the strength parameter.

Governi_qg Equations

It is assumed that the cavity formed by normal impact is axisymmetric.
The configuration of the cavity and the coordinate system used are shown
in Figure 1. The forces acting on an infinitesimal segment ds along the
cavity profile are shown in Figure 2. Here

p = pressure difference across the interface

T = gshear stress on the interface

Q
L}

surface tension of the target liquid

=
"

welight of the impinging jet occcupying the cavity

B = bvovant force

For the cavity to be in equilibrium, the sum of the vertical components

of these forces must vanish. Hence

2nrds p corf + 2w[r\osine]r
= 2nrds t sipd + 21n:~dv(pl - pQ)gh + 2n[rosin0]mdr =0

Here Py and p, are jet and target densities respectively, g is the gravita-

tional constant, and 6 is the angle between ds and a horizontal line. Notdng

that ds = dr/cos® and taking the 1imit results in

p- T tang = (0,2 - pl)gh + (o/r)d/dr(r sine) (1)

|
!
|
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Finally, if the trigonometric relation tan® = -dh/dr and a corresponding
one for sin0 are used, Eq. (1) hecomes
W+ (h*/2)[24(h")2] = (1/0)[ (o, ~ p,dgh-p-Th*I[1+ (n')2)%/2 (2)
Here h and r are coordinates describing the cavity profile (see Figure 1)
and the primes denote differentiation with respect to r., Equation (2) is
the governing equation for the cavity profile and is to be solved subject
to the following boundary conditions:
h' = 0atr=0andatr + =both h* and h + 0 (3)
Equation (2) is a highly nonlinear second order differential equation.
The input information needed for its solution includes the two densities,
the surface tension of the target fluid, and the pressure and shear distri-
butions along the cavity profile., Unfortunately no analytical forms of
preasure and shear distributions are available for high-speed impacts.
Approximate forms based on experimental results will therefore be needed.
Before discussing the possible forms of pressure and shear distribu-
tions for the solution of Eq. (2), it will be convenient to nondimension-
alize the equation. The following relationships are used for this purpose:
h* = h/BR, r% = r/BR, p* = p/(hp,V2), T* = v/ (§p,V2) (4)
Here R is the jet radius, V is the Iimpact velocity, and R is an adjustable
nondimensional parameter chosen so that r* = 1 will be the location of zero
pressure point. The starred quantities are nondimensional. The dimension-
less form of Eq. {2) can then be written as follows:
h" ¢ (h/oR)[1 + (h#0)2] = [AR® - B(pH + t*h** )01 + (hw)233/2 (5)
Here A = [(pQ-pl)gﬂzRQJ/c and B = (kp1v2ek)/o. A and B are both dimen-

sionless parameters. Approximate forms of the pressure and shear distribu-

tions will now be described in terms of the new dimensionless variables.
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Prasgure: Distribution

In view of the assumptions.stated ahove, the form of pressure dis-
tribution needed is that for steady-state impact of a liquid jet on a
flat surface. Bunks and Chandrasekhara [11] used a normal distribution
p* = exp(-Km*z)
which served as a fair approximation to the measured data of Gibson [15].
This distribution, however, does not take the possible negative pressure
near the civity edge into account. Rosler and Stewart [8] used a differ-
ent distribution to fit Gibson's data, a modified form of which is given
by
p* = F sin(l-v*)n/2

1 , 0Spkc
where F = ¢ 0,015 (r#-1), 15 pk<3

0 , 3 Sk
This sectionally continuous distribution does take the negative pressure
near the cavity edge into account. A conservation of momentum analysis
showed that the parameter B in the definition of r¥(r* = r/BR) must be
equal to 2.72. However, a value of 8 = 2.0 provides a better fit with
the experimental data of Glbson. The pressure distributions given by
Eq. (6) and Eq. (7) with B = 2.0 and 8 = 2,72 are compared with Gibson's
results in Figure 3a.

Another useful equation for pressure distribution is that by Leech
and Walker [16]. They carried out an extensive set of experiments and
fitted their results with the following polynomial:
pht = 1 - 3r%2 ¢ 2pdd g = 2.6

Their results however do not differ significantly from thore of Gibson.

A pressure distribution which is close to that of Leech and Walker and

-
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which takes negative pressures rear the cavity edge into account is given
by the equation
p* = (1 - v42) exp (-r*?), § = 2.8
The pressure distributions given by Fqs. (7), (8), and (9) are compared

with each other in Figure 3b.

Shear Distxibution

Banks and Chandrasekhara [11] and Cheslak, et al [7] concluded from
their experimental results that the viscosity of the impinging jet has a
negligible effect on stable cavities on, liquid surfaces. In the impact
of drops on s0lid surfaces, however, the shear stresses may not be neg-
ligible because the velocity of the lateral flow 1s expected to be very
large. To take the shear stresses into account, the following approxi-
mate distributlon suggested by Rosler and Stewart [8) will be used:
™ oa (a2)(o.aeu/ua§){1 - exp[-(s/R)?]}

Here RoB a pluVs/N is the local Reynolds number based on- the distance s
along the cavity profile. u is the viscosity of the jet fluid, The
numerical factor a (to be called the shear factor) has been introduced
to take care of the possibility that the lateral flow velocity may be
larger than the nomral impact velocity. In the case of liquid-solid
impacts, several experimenters (see, for example, Heymann [1]) have
found the lateral flow velouity to bs several times the velocity of

impact.

Numerical Solution

A generalized program (for a listing of the program, see Hsu [17])
using a fourth-order Hamming's method hased on an interval-halving itera-

tive technique was developed to solva the governing equations on a Xerox

(9)

(10)
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Sigma 6 computer. This program was used to determine the cavity shapes k"
and sizes in the case of jet impingement on liquid surfaces as well as
j liquid drop impact on solid surfaces.
j Because the nonlinear nature of the governing equation and the - -
nature of the boundary condition made convergence difficult, several
subroutines were written to take care of the various difficulties. The l d
final form of the computer program seems to provide fast and atable con-

’7} vergence in all cases under consideration.

R Discussion of Results ‘
,-{ First, the effect of various parameters in the governing cquation

N wae irvestigated. For simplicity, the center line veloclty of the jet

was assumed to remain unchanged upon impact, thus neglecting the effect

of jet spreading. The parameters used were those for impact of an alr .
jet on water. As shown in Figure 4, the cavity depth increases with i
- increasing velocity. When the velocity exceeds a certain limit, the

cavity shape is no longer shallow, and a cavity lip is created. Both

the cavity depth and the lip height continue to grow until a maximum ;

cavity size is reached at a critical velocity. Beyond this value the $
cavity depth starts to decrease while the 1ip height continues to increase.

It might be mentioned, however, that the pressure distribution used becomes

less and less accurate as the cavity gets deeper. ‘ ?1

In Figure 5, the effect of increasing the shear factor a on the

cavity size is presented. The shear factor seems to have a more signifi-
cant influence on deep cavities than on shallow cavities. WNote also that o
the numerical solution is capable of providing the cavity profile as well

as the cavity depth. Flgure 5 also shows the presence of a cavity lip in

the case of deep cavitles.
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V. Next, the effent of increasing the surface tension was invesiigated.

As expected, the dcpth of the cavity decreases aa the surface tension is
increased. The effect of changing the paramoter 8 in tha pressure dis-

tribution will be discussed later.

.‘é The theory was then checked agalnst experimental results of Banks
ff and Bhavamai [12] for impacts of oil jets against weter and water jets

R against carbon tetrachloride. The effect of turbulent spreading of the

ﬁ jet was taken into account in this case.

Figure 6 presents the results for the case of the Impact of an oil

jet on water. The coordinates used are the same as those used by Banky
% and Bhavamai. The ordinate h;ax is the cavity depth nondimensionalized
with respect to the jet elevation. The abscissa M* represents nondimen-
sional jet momentum. The experimental points of Banks and Bhavamai for
various nozzle elevations are plotted on this graph. Also plotted are
| the caloculated results of the piresent theary using pressure distribution
é. Eq. (7) with 8 x 2,72 and B = 2.0. In view of the considerable scatter
I in the experimental data, the agreement seems to be satisfactory.

An empirical equation obtained by Banks and Bhavamai which fits

their experimental data is compared with the present theory in Figures

7 and 8 for ofl-warer and water-carbon tetrachloride impacts respectively.
The ordinate used here reprezents a normalized cavity depth defined in
Banks and Bhavamal [12] o Hsu [17]. Specific comparisons with experi-
mental results showad that the higher valus of 8 is better for cases of
deep penetration while lowar values of 8 are more suitable for shallow

! cavities.

This model was alsov applied o the case of the impact of a water drop

on water surface. This case was considered by Engel [5] as a model for
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high-speed liquid-solid impingew~nts. In Figure 2 her expsrimental
results are compared with those computed from the present theory. The
agreement is satisfactory.

The fluid-fluid impact wodel was then applied to the impact of
liquid drops on solid surfaces. The premise on which this model is
based has already been discussed earlier. In this analysis, the pres-
sure distributions given by both Eqs. (7) and (9) were used, but no sig-
nificant difference was noted. As far as the shear distribution given
by Eq. (10) is noncerned, it was found that increasing the shear factor
a to a value up to 4 does not significantly change the results; there-
fore, o was fixed at a value of 1. In fact, it was found that the shear
term in Eq. (5) is small compared with other terms in the equation.

One of the difficulties in applying the proposed model to liquid-
solid impacts is that of relating the surface tension parameter ¢ to
gome strength property of the solid. Experimental results of Engel
[13, 14] were used to roughly test the order of magnitude of ¢ by a
backward integrating process. After considerable experimentation, it
wvas found that the use of dynamic compressive yleld strength as the
strength parameter yields the most consistent results.

Figures 10, 11, 12, and 13 present the calculated results for the
impact of 2-mm water and mercury drrops on copper and aluminum targets
at high velocities. Engel [14] carried out experiments to measure pit
depths in such impacts. Mercury drops were used because they are cap-
able of imparting large momenta due to their high densities. Experi-
mental results of Engel are also plotted on the figures for comparison.

Calculated results seem to be surprisingly good in view of the crude

nature of the model used. Because of the azsumption that the target
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material behaves as a fluid, the model should be more applicable at

higher values of the momentum. This is apparent from the figures; the

correspondance bstween calculated and measured pit depths is better for

the mercury impact than for the water impact. Also, in the case of
water impact, the calculated results get closer to the measured data as

the impingement velocity increases.

Azggoximato Solution

Examination of the relative importance of the various parameters

in the nondimensional form of the governing equation (Eq. (5)) revealed

the possibility of a simple approximate solution. In the case of liquid-

3 solid impacts o is very large and consequently the nondimensional parameter
. A is very small. The first term on the right-hand side is therafore neg-
ligible in comparison with other terms. As suggested earlier, the shear
term makes an insignificant contribution. In addition, the cavitles ave
expected to be shallow, therefore (h#*')2 << 1, With these approximations,

Eq. (5) simplifies to

e Sk 2 AL~ - = e O

h®" ¢ h#' /ph = -Bp* (11)

5 An exact solution to Eq. (11) can be obtained if the approximate form

| of the pressure distribution given by Eq. (9) is used. The solution of

Eq. (11) subject tc the proper boundary conditions (Eq. (3)) is then,

simply,

h* = (B/4) exp (—r*2) (12)
The moximum cavity depth which occurs at r%* 2 0 is given, In dimensional
form, by the following expression:

- 24 'r2
hoax plv 8 'R? /80 (13)

The approximate solution given by Eq. (13) is compared with the

numerical solution of the entire equation and with the experimental

Al
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results of Engel in Figures 14 and 15 for impacts of mercury drops
against 2024-0 aluminum and steel respectively. It can be concluded
that the approximate solution is quite adequate. Similar correspondence

was found in cther cases not presented here.

Cratering of Slip-Cast Fused Silica

‘ The mechanism of cratering in a brittle material such as SCFS is

significantly different from that in ductile materials. The assumptions
associated with the jet model therefore are not completely valid for
SCFS., It is interesting, nevertheless, to investigate if the model can
: yield meaningful results for such a material,

One of the difficultiss in applying the model to SCFS is to deter-
mine the appropriate valie to be used for the strength parameter.

will be recalled that Jn the case of metals, their ‘ynamic compressive

vield strength, which is an order of magnitude higher than the ordinary
static strength value, was used. In the case of SCFS a corresponding
value of dynamic strength is not available. It was decided therefore
to use a value for the strength parameter equal to ten times the value
of ordinary fracture strength for SCES.

The results obtained by solving the governing Fq. (5) for the jet

model are presented in Figures 16 and 17. These results correspond to

the trust conditions of the experiments carried out by Dr. R. Kinslow,

the results of which are presented in Section IVof the report. Figure 16

presents the variation of the maximum crater depth with the jet velocity.
i No comparison ha. been made with experimental results since there was a

wide variation in measured values under apparently the same test condi-

tions. There was considerable variation in values of crater volumes
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measured under the same tast conditions, but the averages of these values
are more likely to be representative of the true conditions; These. aver-
age values of the crater volumes are plotted along with the computed
values in Figure 17. The agreement seems fair and even surprising in
view of the nature of the model used. The inapplicability of the model
to brittle materisls, however, must be kept in mind; therefore, the

results described above should be used with cave.

APPARENT MASS MODEL

The apparent mass model, just like the jet model, is a rough, approxi-
mate hydrodynamic model. This model, based on a concept first used by
Ludloff [9] in connection with his study of hypervelocity impact, is char-
acterized by the following assumptions:

1. As in all other hydrodynamic theories of high-velocity impact,
it is assuﬁed here as well that the target behaves as a fluld
in the immediate vicinity of the point of impact. ‘

2, Upon impact a fraction of the initial kinetic energy of the
projectile is expended in melting the target material surround-
ing the point of impact. [Ihis material is in a highly com-
pressed state. While the projectile is penetrating through
the target, this stressed and liquified target material is
set in motion. The crater grows until the material strength,
which resists this motion, is finally able to stop the pene-
tration.

3. Based upon the penetration mechanism described above, the

flow of the target material will be represented in terms of

a £luid mass set in motion due to a body moving through it.
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Such a motion can be described most conveniently in terms
of the apparent mass associated with the moving body. The
concept of apparent mass is often used in impulsive motion
problems (see for example Batchalor [18], page 471).

4, Based upon experimental evidence (see, For example, Engel

[19]) it is assumed that the crater furmed is approximately
hemispherical.
5. The force resisting the penetration is taken to be ~2mn2S

whare r is the radius of the growing hemispherical crater

and S is a parameter‘repreéenting some measure of strength
- of the target materlal. Correspondlingly the energy expended
‘ﬁf. in forming the crater is assumed to be %-ﬂ r3s.

According to the concept of apparent mass, the equation of wetion

N gtoverning the flow of the target material is given by

%t“ C(m + m")r] + 21028 = 0 (14)

T Here m is the mass of the projectile and m' is {ts assoclated apparent
| mass. The dot denotes differentiation wlth respect to time. It is

'ﬁ assumed that the motion is axially symmetrical.

i@ Two cases will be considered. In the first case, the apparent
Tl mass will be treated as a constant. This treatment comes closest to

- . the fluild dynamics definition of apparent mass, However, this case is
p an oversimplification because it does not consider the growing size of
the crater in which the apparent mass moves with the projectile., 1In
reality, the apparent mass should vary while the size of the crater is
gnowing; However, the assumption of constant apparent mass will give

 { a simple model for the high-velocity impact problem.

+ _;.‘w@.umw._‘._qm.“__..p_._.,;m.mmw-
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The second case deals with the more realistic problems of variable

apparent mass. This does trke into account the growth of the crater.

Constant Apparent Mass

As indicated earlier, the constant apparent mass case does not take
into account the growing size of the crater in which the flow takes place,
The assumption of constant apparent mass, however, simplifies the govern-
iné equations congiderably. Two shapes of projectile will be consiilered
in this simplified case--spherical and disc~shaped. The purpose of using
two different shapes for the projectile is to consider the effect of the
shape of tha projectile on the cratering process. The common shape for
both solid and liquid projectiles is spherical, However, the projectile

is expected to be flattened by impact and thus assume a disc-like shape.

Spherical projectile. The apparent mass assoclated with the motion

of a sphere (smee Batochelor [18]) is given by
m' = (2v/3)p,a’
and the mass of the projectile is
= (4n/3 3
m = (4/ )ppa

where a is the radius of the sphere and p_ and Dt are respectively the

P
densities of the projectile and target materials. Substlitution of these
expressions in Eq. (14) results in the following equation:

(l}na3/3)(pp + pt/2)}:+ 2B = Q (15)
This equation may be integrited to yield

(2na3/3)(pp + p,/2)r2 + (21/3)rds8 = (2-na3/3)ppv2 (18)

where the integration constant on the right-hand side represents the given

initial kinetlc energy, %-mvz, of the projectile. Here V is the velocity

¢’ impact. When the projectile comes to rest, the following condition

applies:
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r = h and ; = 0

Using the above condition, the maximum crater depth is determined from
Bq- (}.6} to be
2 yay1/3
L a(ppv /8) )

It is now conveanient to express Eq. (16) in terms of a dimensionless

coordinate y = r/h . Equation (16) then becomes

(1+ pt/2pp)(a/vﬁkppvz/s)2’3§2 =1y

This equation can be integrated directly to give )

T = ak(1 + ptlzop)1/2(hmax/sv)l/3 (18)
Here T is the "penetration time" defined to be the pariod of time measured
from the beginning of penetration to the end of penetration. The donstant

k is given by

o 1 -
k= [(1-y3) Y2 39 = 1,976

’ Disc-shaped projectile. The apparent mass for a disk with radius a

b and thickness h 1s given by (see Batchelor [18])

8 3
' =
3 n 3 pta

. and the mass of disk projectile is

b m = p_tha?

! °

i The momentum Eq. (14) becomes, in this case,

h\‘ 2 8 3 . 1onl =

] (ra hpp tga pt)r + 298p% = 0 (19)

Integration of this equation results in the following energy equation:

; e 2 8 .3, yo2 4+ 2 pepd = L a2 2

¥ F(ma hpp t g a‘e)r? + 3 8p° = 5 ma hppV (20)
o Where the integration constant on the right-hand side is the given initial
kinetic energy of the projactile with V as the impact velocity. When the

b
b projectile comes to rest, it has made a crater of final penetration depth

% in the target. This condition can be written as

‘.
,.
3 na
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r= hmax when »r =Q

The penetration depth hmax can now be calculated from Eq. (20) hy using

the above condition. It is given by
1/3

= 2 2
h X (3a hppV /u8)

ma (21)

- It is convenient again to introduce dimensionless coordinate
y = v/h . where hhayx 18 given by Eq. (21). Then the momentum and energy
equations become, respectively,
2 3 8 = o
(3wa?hp  + Ba®p, )/(y/2sh, ) = -3y? (22)
2 3 w2 - v
(3na hpp + 8a ot)/(y /“"Shmax) =l-y (23)
The penetration time is given by
4 e 2 3 1/2 /2
] T = k(3na?ho  + 8a%p,) '/ 2Cunsh,  TH (24)
b lere the constant k is again equal to 1.376,
& As indicated earlier, it is of interest to consider the effect of
3 the shape of projectile on cratering. For the purpose of comparison,
A consider a disc-shaped projectile having the same volume as a spherical
i projectile of equal radius. Thus
1alh = % nald

p! or

Then the maximum crater depth given by Eq, (21) reduces to

3 . 2 oy 1/3
K boax a(ppV /8)

Thus a disc-shaped projectile produces the same maximum crater depth as

ﬁgf a spherical projectile of equal volume. For this equivalent disc projec-

tile the penetration time is given by

2 Pt \1/2

o8 T = ka(l + =
Tp

(/N (25)

A comparison of this equation with Eq. (18) shows that the only difference

in the two equations is in the coefficient of pt/pp. This results in a

T T SR TR T IRALY o o N F R YR TIPS P r “ . X e et ey
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slightly greater time of penetration of the disc as compared to that for

the sphere, but the difference is not very significant in most cases.

Variable Apparent Mass

One of the primary objectives of Ludloff [3], the proposer of the
apparent mass model, was to determine the momentum and kinetic energy of
the ejected mass. He found that the constant apparent mass model gives
an expression for the energy of ejecta which is in contradiction with the
experimental results. He, therefore, proposed a modified model in which
the apparent mass was assumed to be variable and proportional to rd, where
r 1s the radius of the growing crater. This latter assumption makes the
modal more realistic inasmuch as it takes the growth of the crater into
account. Ludloff, however, found that this modified model leads to an
apparent discrepancy. As will be shown below, the momentum and energy
approaches lead to two different results. A major portion of Ludloff's
work was devoted to the resolution of this discrepancy.

In the present work, an arbitrary factor a will be Introduced in the
expression for the variasble appavent mass. A major part of the effort
here will be directed towards using this model to characterize crater
growth as a time-dependent process., Ludloff's primary effort was directed
towards the determination of the energy of the ejected material.

For simplicity only a spherical projectile will be considered. It
has been shown in the case of constant apparent mass that the shape of the
projectile haa a very little efFect on the results. Furthermore, inclu-
sion of the adjustable parameter a in the exprussion for the variable

apparent mass makes the results applicable to other shapes as well.

At 1 o s i ek - b NN



http://www.abbottaerospace.com/technical-library

T AT s TN e o RTINS

B2l
In accordance with the variable apparent mass model deacrihed above,
the apparent mass associated with a transtating sphere can be written aa
2
n' =a T P™
Equation (14]) then becomes
g; [(;- naspp + ap, 2."3'_ r3)r] + 2n8r2 = 0
where 2#Sr? i{s the force of resistance to penetration. This equation can

be expanded to

b g 2§ 222 2
(5'"0 Pp +ap, Sp v r + ap,2mrér? + 2nSp® = 0 (25)

The maximum cratar depth may be found by lntegrating Eq. (26) subject
to the conditlion r = Boax when r = 0 and Is given by
3 204172 _
(hyy/a)’ = (2/&)(pp/pt){(l + ap V2/s) 2} (27)
The penetration time T is obtained by a second integration of Eq. (26) sub-
ject to the condition ; s Vwhen r = 0 and !s given by

T (opy /M2 [T/ (2022 - 1172 gy (28)
0

Here vy is the dimensionless coordinate defined earlier and B fs a constant

gliven by

= (2adp )/(ah%ax ¢

As indicated earliev, tue energy approach gives rasults that are some-
what different than the momentum approach described above. The total moving
mass, as before, is given by
(21/3)(2a%  + np,r?)

The application of the energy conservution principle then gives
nv2/2 = (n/3)(2a%  + apr¥)r? + (21/3)srd (29)

P
The condition r - O where r = hmax then ylelds the maximum crater depth to

be

- 2 jay1/3
hoax = a(ppV /8)
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This crater depth equation is the same as that derived for the case of
constant apparent mass; however, it differs from the one ohtained hy the
momentum approach above (Eq. (28)).

The penetration time T can be obtained by integrating Eq. (29) and
is given by
— 1
T = CI[(J. +h

max
where (@ = (ppvz/s)

yH/a - y)1H ey (30)
l/a(a/v). The details of integration for both momentum
and energy approaches may be found in Ueng [20].

In order to establish the validity of the apparent mass model, the

regsults obtained from equations derived above need to be compared with

available experimental data. These comparisons of results are presented

below.

Discussion of Results

In order to make numewical computations, the values of the densities
pp and Py the slze of the projectile, impact velocity, and the strength
parameter S are needed. While the values of the first three parameters
are masily avallable, the determination of the proper valua to be used
for target streagth is not so straightforward., This is & problem that
confronts all cratering theories, especially those involving hydrodynamic
models. The problem is Further complicated by the fact that the material
strength is likely to vary in different phases of the cratering proccss.

The problein is less acute in the determination of the maximun crater
dapth since in thls case the process is represented on an integrated,
average basis. Still, however, the problem remains as to which strength

oriterion should ke used. Ludloff [9], the proposer of the models praesently

under consideration, has sugpested the use of latent heat of melting (or
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i; fusion) as a strength parameter. The‘argumcnt involved is that, at high-
s velocity impact, the target'materiai changes from the solid state to the

] 1iquid state (melting) and then from the liquid state to the solid state

4 (fusion) at a very fart rate, It stands to reason then that the energy
R expended in wmelting and fusion is related to the latent heat of the mate-
. rial. A discussion of the rolec of melting and vaporization in hyperveloc-

R ity impact may be found in Olshaker and Bjork [21].

In the present work, latent heat will be used as a strength paraneter

'Q in the determination of the maximum crater depth. The energy E expended

) in melting a hemispherical crater of varying penetration depth r is assumed
to be equal to the latent heat of fusion for the mass of the instantaneous
hemispherical crater. This is given by

: - 2 .3

4 where Hm is the latont heat of fusion per unit mass, Let the strength of

the material 5 he expressed in terms of the latent heat of fusion as

'é follows

& 8= pyfy

,':, Then
uﬂ E = 3 m3s

i J
'ug Table 1 presents some typical values of the strength of the material
Q“ S calculated in terms of the latent heat of fusion. As indicated, the

ﬁi I strength of the target material is not expected to remain constant over
“; the entire period of Impact. This suggests that in the determination of

'{ crater depth as a function of time, one should use a time-dependent con-
stitutive relationship for the target material. Even if such a relat.ion-

ship could be found, it would complicate the analysis, so as to negate

MW LY LY RO A R R L I
e AL e gismatsntipsn e s Gy e
. e e - o i e e B Bl 4 S AL A 52 0l 8451 Nk A V.3
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the main advantage of the model--its simplicity. Efforts wera therefore
directed towards finding a measure of strength that is easily available
and yet gives a good verification of the experimental results on an avarage
basis. It was found that the dynamic yield strength (also used as a
strength parameter in the jet model) serves this purpose in an adequate

manner.

Table 1

Some Typical Values of the Strength of the Material S
Calculated in Terms of the Latent Heat of Fusion

il i D, M s
Aluminum 2550 2.70 0.107 x 1011
Copper 3120 8.96 0.184 x 1011
Iron 3670 7.87 0.217 x 10!
Lead 1l 11.34 0.261 x 1010
Nickel 4210 8.90 0.267 x 10!
Platinum 4700 21.45 0.216 x 10!}
Tantalum 7500 16.60 0.288 x 101!
Tin 1720 7.30 0.443 x 1010
Titanium 3700 .50 0.1u6 x 10!}
Zine 1765 7,14 0.807 x 1010

*Elliot (2213

Numerical results will now be presented for maximum crater depth,
penetration time, and instantaneous crater depth for several different
cagses. Whanever possible, these results will be compared with available

experimental data.

bl ol i i 14 itk it bl
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Maximum penetrationu depth. Two equatiors have been derived for maxi-
mun pedetration depth. ‘he conatant apparent mass model and the energy
approach for the variable apparent mass model yield identical results
given by Eq. (17). On the other hand, in the case of the momentum approach
for the variable apparent mass model, the maximum crater deptk is given by
Eq. (27). Equaiion (17) gives higher value of penetration depth than
Eq. (27). However, in the range of low impact velocities (impact veloc-
ities under 40,000 cm/sec) these two equations give almost the same result.
The results of present theory will now be compared with experimental data
by means of the crater-depth-versus-vaelocity curves.

The model applies most directly in the case of impact of solid pro-
Jectile against solid targets. Figures 18 and 19 present some representa-
tive results. The rasults computed from Eq. (17) are compared with the
experimental results of Engel [23] in Figure 18 for the impact of steel
spheres against aluminum. Similar comparisons with experimental data of
Engel [19] for the case of impact of copper spheres against copper targsta
are presented in Figure 19. In each case the thecry seems to fit the
experimental results fairly well. A more extensive comparison with avail-
able experimental data may be found in Ueng [20].

At high velocities of impact, the only properiies of the projectile
that materially affect the crater depth are the velocity and density.

This indicates that the results of studies of the effects of impacts of
solid on solid can be used to predict the effects of high-velocity impacts
of liquid drops on solid. Unfortunately, very little experimental data
is availlable for single impacts of liquid drops on solid targets at veloc-
ities over 10 x lOu cm/sec. This Is undoubtedly because of the experi-

mental difficulties associated with accelerating liquid drops to wery high

B
{
B
| 4
b

S

e et e <
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velocities, Ewgel [13] partly overcame this problem by using mercury drops
which, because of their density, are capable of generating a high value of

momentum even at low velocities of impact.

The present theory will be compared with the experimental data of

Engle [13] in Figures 20, 21, and 22. The crater-depth-versus-velocity
curves calculated by use of Eqs. (17) and (27) for collision of 0.10-cm
drops against lead are shown in Figure 20. It can be seen that the two
curves fit the experimental data of Engel fairly well. The calculated
curves for collisions of 0.10-cm mercury drops against aluminum plates are
shown in Figure 21. It would appear that near the impact velocity of about

40,000 cm/sec, the present theory gives good predictions, but a cuvve that

would fit the experimental data would have a slope considerably more than .
that of the calculated cumwes. TFigure 22 shows calculated curves of Eq. ;
(17) for collisions of mercury drops of two sizes againat platus of copper.

o) It can be sesn that the present theory is in good agreement with the experi-
P mental data. It musat ba noted, howaver, that the present model is somewhat ff

inferior to the jet model in the prediction of crater depths.

. Time of penetration. Tor the case of constant apparent mass, two dif-

N r ferent whapes for the projectile were considered. The penetration time for
) a spherical projectile is given by Eq. (18) and the penetration time for a
disc projectile having the same volume as a spherical projectile of equal

, 4 radius 1g given by Eq. (24). As cbserved earlier, the results obtained

from the two equations are not expected to be significantly different. This ‘
is corroborated by tha results presented in Figure 23 which gives the pene-

tration times produced in impacts of aluminum projectiles (np:o.aas em) _(

againat aluminum targets obtajined by using Eqs. (18) and (24).

S

£
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The approach of constant apparent masa doas not give aatisfactory
results for penstration time. Far this reason, au improved model using
variable apparent mass was developed. For this model, the momentum and

energy approaches yield two differant results. The equations for penetra-

tion time for mowmentum approach and energy approach of variable apparent

mass are, respectively, Eqs. (28) and (30).
In Figure 24 the penetration time produced in impacts of mercury
apheres D

P
that the time of psnetration obtained by using the energy approach of

= 0,10 cm against copper plates are plotted. It can be seen

variable apparent mass model keeps increasing with increasing impact
velocities, while the corresponding values obtained bv using the momentum
approach tend to level off.

As far as the authors are awarc, measuvements have not been made for
penetration time for impact of liquid drops against solids. However, the
time of penetration shown in Figure 24 (2 microseconds) checks out with
the usual impact times reported in the literature (1-3 microseconds). For
the impact of sollds against solids, there is scme experimental data avail-
able which treats the penetration as a time-dependent process, However,
comparison with experimentul data can best be made in terms of the instan-
taneous crater depth expressed as a function of time. These results are

presented below.

Instantaneous crater depth. There were three differential equations

derived earlier, the solution of which will yield crater depth expressed
as a function of time. Lquation (16) Is based on the constant apparent
mass model, while the variable apparent mass model gives two equations,

Eqs. (26)and (29), based on momentum and energy approaches, respactivoly.
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onsiderable amount of testing with the help of available experimental
bt ata was doue to determine which one might yield the best results. It was

ound that Eq. (16) based on the constant apparent mass model was unsatis-

actory in all cases tested. This is to be expected in view of the restric-

iive assumptions made with respect to this model.
f While the cnergy approach of the varialle apparent mass model is cap-

ble of giving satisfactory results ir. a few of the cases, Eq. (26) obtained

S it At G ¢

y using the momentum approach gives the most consistent results. The

N sults presented in the fellowirg discussion are all based upon this equa-
| lon. The differential equation was inlLegrated by using a fourth-order

unge~-Kutta procedure.

e e

An important factor, already discussed, that affects the results
fignificantly is the value of the strength parameter S. For reasons
tated earlier, dynamic yield strength will be used for calculations of

| nstantaneous crater growth. In Figure 25, however, results using two

; ifferent values of S (dynamic yleld strength and latent heat value) are
ompared for the case of impact of aluminum spheres (DP = 0,635 cm)
gainst aluminum plates with two different impact velocities. Here R

s the instantaneous crater depth and DP is the diameter of the projectile.

he coefficlent of variable apparent mass o has been taken to be 0.5. 1In
he same figure, the results of the present theory are also compared with
he computed results of Rosenblatt [24]. Rosenblatt used a sophisticated
}? ‘ umerical prccedure using a rather complicated cons*+itutive equation. In
iew of the simplicity of the apparent mass model, the present results

vom Eq. (26) seem to be zatisfactory.

As far as the author is aware, Kineke [25] und Kineke and Vitali [26]

re the only ones who have made extensive and careful measurements of

i L + N ke s b ek
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crater depth as a function of time. In what follews, the calculated results
from the present theory will be compared with their experimental results.
figures 26 and 27 present results for the impact of 0.18 gram steel disc
against lucite and aluminum targets, respectively. The impact velocity for
the aluminum target, was 5.01 km/sec and for lucite it was 4.6 km/sec. Ag
indicated earlier, the effect of the shape of projectile is not significant.
Therefore, results were calculated from Eq. (26) using a spherical projec-
tile of equal weight. In these cases the present theory has been compared
with the experimental results of Kineke [25].

In Figures 28, 29, 36, and 31, resulte are presented for the casas of
four different weights of steel projectile, impacting with different impact
velocities against lead targets. In these cases the present theory has
besn compared with the experimental mwesults of Kineke and Vitall [26].

In the variable apparent mass model, the value of o is adjustable. It
is seen from Figures 26 through 3! that, for most cases, the optimum value
of a lies between 0.1 and 0.5, |
Fair agreement between the theory and the experimental result was

obtained in all of the nases tested. This iz gratifying in view of the

crudeness of the model used in the calculations.
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APPENDIX C
FRACTURE TOUGHNESS OF SCFS

by Dallas Smith and Mikkilineni Chowdary

INTRODUCTION

This appendix is concerned with the fracture toughness of the slip-
cast fused silica (SCFS). While this material has been intensively inves-
tigated as a missile radome material, its fracture toughness has not been
determined. This quantity, an intrinsic property of the material, is a
measure of the resistance of the material to brittle fracture. It serves
as a useful basis of comparison of the fracture propertias of the material
with those of other materials and as an indicatlon of the Influence of
certain fabrication variables, such as firing temperature, ste., on the
fracture behavior of the material. The immediate object of the investiga-
tion was to determine the plane-strain critical stress intensity factor
KIC and to demonstrate the possibility of increasing the fracture strength
by impregnating the material with a fluid known as Almag oil.

For most ceramics and glasses the thearetical cohesive strength is
approximately 100 times the normal engineering strength [1]. This discrep-
ancy was first explained by Griffith [2]. Griffith postulated that a
brittle material contains a population of fime cracks prior to loading
which produce a stress concentration of sufficient magnitude so that the
theoretical cohesive strength is reached in localized regions at a nominal
stress which is well below the theoretical value. The fracture criterion

developed by Griffith can be applied not only to micro-cracks but to large

cracks aud flaws as well.
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Different approaches have been used to apply Griffith's fracture

3 criterion, but the stress intensity factor (SIF) approach is the one which
o is most widely accepted. The plane-gtrain stresses near the tip of a cruack

3 loaded by tension forces are [8]

P
. K
N Oy = L cos % [1 - sin 2 sin 22]
1 = 2 772

K

0. = cos 2-[l + sin sinlgg]

K
8 Txy a — gin % cos % cos 9%
T o, = u(ox + ay); Txy ] Tyz =0 (1)

where KI is the stress intensity factor for the opening mode (mode I), r
b and 6 are polar coordinates, and the stress components are given in
Figure 1. The stress intensity factor does not depend on the coordinates,
| r and 8, hence it controls the intenaity of the stress field but no: the
distribution. The stress intensity factor is a function of geometry of

3 ' the specimen, crack geometvy, and type of loading. In general the SIF is
3 r given by

3 Ky = ao(na)1/2 (2)

where o ls the stress, a is crack length, and o 1s a geometric factor

i@ - which nan be determined by solving the approprlate equations of elasticity
f' for a particular geometry. Fracture occurs when the value of Ky calculated
y from Eq. (2) approaches Kie
energy rate G;, of Trwin [4] Is given in terms of Kio by

s, the eritical value of KI. The ceritical straln

x (1-v2)K2
¢

= SRS
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whare E is Young's modulus and V is Poisson's ratio. The aritical strain
energy rolease rate is just twice the surface energy Y

Gpp = 2°Y (4)
where y represents the work per unit area required to create fruocturas
surface. The surface energy v is the sum of the thermodynamic ¥ree energy,
Yoo and the surface energy associated with plastic work along the fracture
surface, Yp'

YRty (5)
To find KIC a oracked specimen is tested for which Ky is known, the failure
load or stress is observed, and KIC is caloulated from Eq. (2). The values

of Gy, and y then follow from Eqs. (3) and (4).

TEST METHOD

Fracture studies of ceramics have traditionally focused on the surface
energy. Primarily, two different mothods have been used: the double canti-
lever. beam method and the integral work of fracture method. Explanations
of the double cantilaver beam method are given by Gillis and Gilman [5] and
Wisderhorn et al [6]. The integral work of fracture method, used by Naka-
yama [7] and Simpson and Wasylyshyn [8], employs a three-point bend ~7peci-
men with a special-gshaped crack which allows stable crack extension., For
stable extension all the work asxpended goes to the creation of fracture
surfaces. This demands that energy losses such as stored energy in the
testing machine, kinetic energy of the fragments, etc. must be kept to a
minimum. To find Y, the total work expended is divided by the area of

fracture surfaces created. The main disadvantage lies in the possibility

of energy losses occurring during unstable crack extension.

-
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In the preseont work the three-point bend: spacimen recommended by
ASTM [9] for fracture toughness testing of metals was used. This specimen
has the advantage that it has been fhoroughly investigated and KI is
acourately known as a function of load and dimensions. It is universally
sccepted for the testing of brittle metals. Swartuzberg [10] used this
specimen for the testing of fused silica glass., One dimadvantage is the
nécessity of having an actual crack in the specimen prior to the test.

The SCFS plates, 5 lnches by 5 inches, from which the specimens were
machined, were fabricated and supplied by the U. S. Army Missile Command.
The silica slip was prepared by wet grinding fused silica to a particle
size in the range 1-50 microns with an average size of 7.5-8 microns. The
slip was poured into plaster molds of the required dimensions and allowed
to harden throughout. The firing treatment given to the castings was as
follows: The castings were heated to 1800° F in a period of 3 hours and
held for 30 to U5 minutes at that temperature. Then the castings were
heated to 2310° to 2320° F in 2-3/4 hours and soaked at that temperature
for 30-45 minutes. The castings were then alr-cooled in the furnace
to room temperature in a period of approximately 17 to 18 hours. The
total amount of impurity is 200 ppm. For the above firing the amount of
cristobalite is approximately 1 percent. The approximate properties of

the SCPS at room temperature are:

Young's modulus 5.5 % 106 psi
Modulus of Rupture 5.0 lO3 psi
Poisson's ratio 0.155 2
Density 0.186 x 1070 1b-sec’

in*
Percent poroslty 13 percent

The effects of firing temperature and firing time on the properties of

SCFS have been studied extensively by Walton and Poulos [11].

o ais VSR 2k il ALY 1LEN A T T A ekl
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A photograph of a beam ready for testing is shown in Figure 2. The

beama were prepared of three nominal thicknesses-~0.25, 0.40, and 0.50
inch. The firat two were the thickneas of the custings; the iast was
machined to 0.50 inch from a 0.75-inch casting. The depth and length of
ttia beams were 1.0 inch and 4.5 inches, respectively. The beams were
machined to size by means of a 20-inch-diameter dlamond-impregnated saw.
The saw thickness was 0.075 inch and the speed was 1725 rpm. Water was
used as a cutting lubricant,

The crack-starter slot was introduced into the specimens by using a
ciroular diamond-impregnated saw blade of u-ipch diameter. The blade
gpeed was 200 rpm. The notch width was 0.04 inch, and the depth was 'main-
tained within the limits of 0.45 inch to 0.50 inch to meet ASTM require-
ments. It is important that the notch terminate with a sharp crack. The

following procedure was used to aceomplish this. The slot was extended

an additional 0.02 inch by means of an 0.008-inch diamond-impregnated wire

saw. A hacksaw blade--ground as & sharp knife edge alung the sides of the
teeth--was used to further extend the notch. The hacksaw notch extended
an additional 0.02 inch, terminating in a tip radius of approximately
0.002 inch. This last cut caused small cracks to extend a distance of
0.01 to 0.02 inch. This procedure was developed by using glass so that
the crack-tip could be observed. Figure 3 shows photographs of tww typl-
cal crack tips taken at 45° through the sides of the glass beams. That
the small notch-root cracks aexisted in the 8CFS specimens asa well as in
glass specimens was verified hy inspection of the SCFS fracture surfaces

after each test. Figure 4 shows the approximate shape of the final urack Hp

An autographic curve of load versus crack-opening-displacement (COD)

is required by ASTM to establish the critical load. A standard COD giie

‘.ii
5
|
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- was attached acrose the notch, Figura 2, by means of knife edges cemented bl
to the SCFS beam with epoxy. The load rate was controlled by means of a
spriﬁg of suitable stiffness (8% 1b/in) inserted between the specimen and
- . the cross heau, Figure 2. Ux'sj.ng a cross head speed of 0.1 inch/minute, /
o | the resulting load rate was approximately 8.5 lbs/minute. This resulted
in a test duration of approximately the same as for-a typical metal when

h ﬁ using the load rate specified by ASTM. A 1000-lb-capacity load cell was -

. : usad for the tests. The 0-20-1b range was used for 0.25-inch-thick speci- .
- mens, and the 0-50-1b range was used for the 0,40- and 0,50-inch-thick ;
spacimens, The load lixture was machined in accordance with the ASTM
spacimens.
To obtain an average, at least three dry samples of each thickneus
wera tested. To avoid any environmental offects on the crack tip, the ) ,
final crack tip was made just prior to the test, Saeveral samples were
. also tested after heing soaked for different periods in Almag oil (a
| metal-working lubricant mavufactured by the Texaco Company). In this case
the final crack was made just before Immersing the aspecimen in the oil. !
The precise =zrack length was measured after specimen fracture, With E
the crack length, speclimen dimensions, and critical load known, the crlt- E

lcal stress Intensity factor KIC was calculated by the followling formula

R [9)
| Ped a |
| Kre = —37% f(W) (8)
, BW
where: P, = the eritical load,

]

thickness of the beam, inch,
apan length = 4 inches,

]

depth of the beam, inch,

P W IO
11

(39

crack length, inch, and
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f®=

a) 1/2_ a\3/2 a\5/2 a\7/2 a\ 9/2
RESULTS
The individual and average values determined for KIc and 810 for all

the dry and oil-impregnated camples are shown in Table I. For the dry

1/2 for the

samples the average values of KIc are 6uUM4, 638, and 632 pai-in
0.25-, 0.4~, and 0.5~inch-thick specimens, respectively.

Contrary to the usual behavior in metals, the highest value occurred
for the thickest specimen, There is a simple explanation for this. The
0.25-0.40=inch~thick beams wer'v the same thickness as the castings; the
sides of the beams contained the original casting surfaces. The casting
surfaces were noticed to be of poorer quality than the average; in some
cases chipping and flaking occurred. The presence of these surfaces
lowered the value of KIC for the thinner specimens. The 0.50-inch-thick
specimens were machined from casting 0.75 inch thick, and hence did not
contain the original castiig surfaces, Thus, the values of fracture tough-
ness belleved to be representative of slip-cast fused silica ls 692 psi-
inl/Q.

Another material fabricatlon effect was noticed, A layer of material
at the mid-plane of the castings apparently had properties different from
the average. This layer was easily visible in the oil-soaked samples.
The photograph in Figure 5 clearly shows the layer. The properties of the
mid-plane layer, if significantly different from the average, would exert
a strong influence on the strength of the thinner beams.

In general, scatter was low except for the 0.40-inch-thick beams.

These beams exhibited a conslderable thickness variatlon from one end to

P T N NIRRT TV T e
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the other, scmatimes varying as much as 0.06 inch. This tapering prohably g
\ explains the scatter encountered for the 0.40-inch-thick beams. This : f
thickness variation resulted from inaccurate casting.

The increase in KIC due to soaking the SCFS in Almag oil is also shown
in Table I. For the 0.25-inch-thick specimens the Increase is 12.5 percent
. | for 12 hours of soaking and 17 percent for 15 hours. The increase was not

as great for the specimens soaked for 24 hours. Thls may have been due to

R the high humiditx in the laboratory on the day these samples were tested.
The relative humidity on that day was 73 percent, whereas the average rala-
tive humidity was near 40 percent. Evon after 24 hours of soaking the 0.25-
inch beams were not oomplofely impregnated with oll. The oll gives the SCI'S
a yellowish appearsnce, but after fracture a whitish region could be observed
at tho interior of the beam where the oll had not penetrated. Two 0,50=-inch- "
thick beams were soaked for 60 hours, They show an average KIC value of 3y
17 percent more than the 0.50-ineh-thick dry specimen. These specimens, too, .
were not impregnated at the interior. Figure 6 dluplays the impvovument in |

fracture strength of SCFS due to impregnatlion with Almag oil. j s

Pt

Almag oll was an example fluld chosen primarily bocauss of its pone-

A trating characteristics. Impregnation--perhaps with other materlals wush
as apoxy--appears to be a promlsing way to increase the fracture stwength
} ‘ of SCFS. A silicone pesin has beern used on some SCI'S vadaumes, Unfortunately,
; depletion of the test materlal prevented a more thorough study of tho offects
of impregnation.
The mechanism by which impregnation with Almag ol inereases the frac-
ture toughness of SCFS is not understood at this time., A number of reasons, 9

however, can be suggested. By chemical reactlion the oil may blunt tha tip

of the crack slightly, decreasing the streas concentration, thus rvequiring
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a + her load for fracture. In sovaking into the SCI'S, the oil fills the

porr 8. It is not inconcelvable that this permits the transfer of stress

ac:- 38 pores in such a way as to .edistribute the stress and decrease
mi--. 'scopic stress concentrations.

Ptotographs of fracture surfaces made by the scanning electron micro-
acer v, Figures 7 and 8, show a striking difference ‘in the dry and oil-
sca: 3d samples. The fracture surfaces of the oil-soaked samples have the
ap'v wance of numerous small globules., Dark angular particles of fused
si1.:a 10-20p in size are visible on the surfaces of the dry —amples.
The: + large particles in general are not visible in the oil-soaked samples.

<+ suggests that Iin t'.2 dry gsamples the crack progressed around the

bounlaries of the large particles, while in the oil-soaked samples the

o passed through the large particles, breaking them into rough sur-
foer os This would effectively increase the fracture surface area, thus
i asing KIC' Why the o0il would cause this behavior is not known.

All the ahove explanations for the increase in KIC due to scaking in
Atn. | 0il are tentative. Further resear~n is needed to settle thils jues-

Lio and to suggest other ways to enhance KIC'

Cone USTONS
The ASTM three-point bend specimen was used to find the fraciure
ten ness of slip-cast funed silica. The critical str_sg intensity factor
. . . oL 1/2 R . i I
||. ar determined to be 692 psi-in . fome material inhomogeneities due

I e casting technique caused slighity lower values [or thinner specioeas

It was ohserved that the frdacture toughness was inereased by impreg-

| : ? he specimens with Almipg cu.ling oil.  The amount of inerease
:

R foot apen specimen thickoness and time of sooking ir oil.  The greatest
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increase observed in KIC was approximately 17 percent. An inadequate sup-
ply of material prevented an extensive investigation.

As a missile rademe material, SCFS haz one main disadvantage: its
relatively low resistance to cratering due to rain impact. This property
limits the maximum speed of missiles flying through rain fields, To obtain
higher velocitles a way must be found to increase the capability of the
SCFS to resist rain erosion. It is an important finding of this research
that oil Impregnation is one way to do this. Since a significant increace
in fracture toughnese was observed due to oil soaking, a similar increase
in erosion resistance would be expected. Considerably more research is
needed on this topic.

In order to find the fluid which provides the greatest permanent
increase in toughnesn, experiments are needed using impregnating materials
other than Almag oil, For a given fluid, ¢ .udies of the impregnation tech-
nique will be required. Such a program might eventually lead to a greatly

improved radome, permitting much higher all-weathor missile velocities.
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TABLE I.
EXPERIMENTAL VALUES OF KIC

Avg K Avg G ! -
Thickness, KICl/2 is2 Ie 2 b
Condition Inches R.H., Temp °F PSl-In PSI-In Ib-In/In Pl
0.2716 45 69 657 %i
0.2702  U0.5 69 623
Dry 0.2702  40.% 69 658 Bl 0.0623 A
0.2678  40.5 69 639 .
0.4090 60 70 737 f
0.4513 4B 68 649 ;
Dry 0.4527 4B 68 540 638 0.0611
0.4652 48 65 62U
o ]
0.4912  53.5 70 682 ;
Dey 0.4342 53 70 698 692 0.0719 f
0.5120 48 68 695 !
Soaked for 0.2677 Uk 70 781 ;
12 houp 0.2586  50.5 70 663 721 0.0780 !
ours 0.2612 50.5 70 718 : !
Soaked fap 0.2752 42 69 742 ;
15 hours 0.2605 42 69 758 753 0.0851 |
0.2694 43 85 761 '
Soaked for 0.2710 73 69 735
24 hours 0.2734 73 69 697 716 0.0770
Soaked for 0.5010 65 70 807
60 hours 0.5016 65 70 817 812 0.0990
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LEADING EDQE OF THE CRACK

1 Pigure 1. Coordinates measured From the leading edpe of a arack
and the stress components in the crack tip stress Fiald.
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Pigure 2, View of the loadinp scotup.
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igure 3.

Two typical crack tips observed at #5° through
of the plaus beam.
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(b) Fracture surface of Ll5-hour oil-soaked sample - 700X.

Figure B. Scanning electron micrographs showing comparlson of dry
and 15-hour oil-spoaked fracture surfaces.
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APPFNLIX D
PROBADILITY MODEL FOR RAIN LROSIOH DAMAGE
by Leland L. Long

I. INTRODUCTION
Hatural rainfall exhibits all the properties necessary to be clasai-

fied as a stochastic process. Thus, probability modeling {s the only

effactive molnn.uhar-by the process can be adequately described mathe-
matically.

This report presents such a modeling approach with particular
enphasiy on rain ercsion damage caused by high-velocity impact. A model
is also developed which displays the Interrelationship between rainfall
rate, drop diameter range, and distance travelsd a8 they affect the cumu-
lative probability of exactly K impacts in a circular surface of radiva
¢ as it travels through the rainstorwm.

Curves are presented which graphically display tha information

availabls from the mathematical results.

II. PROBABILITY MODFEL FOR DISTRIBUTION OF RAINDROPS WITH DRQOP SIZE
Considerable work has been done in the =tudy of the distribution of
raindrops with size. Most of this effort has been directed toward apply-

ing the results to weather observation and related atmospheric problews,

‘ However, these rasults are applicable to the present study and have been 3
3 used with good resmults.
The keynote article on drop size distribution is a paper by Marshall

and Palmer (1] which established what has come to be a standard reference

for most other studies involving this subject. They concluded that, excep | -
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for small drop dimmaters (lesx than 0.5 nm), the drop size distribution

fs well described by the exponential distribution function
=Ax
p(x) v N e _ggggg_ (1)
° n’/em
where

N, = 8000

A osuans
R = Rainfall rate (mm/hr)
x = Drop diameter (mm).
Since p(x) represents a continuous type distribution, it follows that
the corresponding probability density function (p.d.f.) is

21

8000 ¢ exp(-4.1R™'“"x), x » 0

f(x) =
» ¢lsevhere.
The constant ¢ is obtained from

ozlx)dx n l

8000 ¢ ‘.oxp(-“.lk'
which gives

o = 4.1R"*?2/8000.

Therefore
- -."
. 1R 2 exp(u . 1R Ay x>0
Fix) = (2)
0 » 0lsewhore

Now let X be a continuous type random variable with p.d.f. given by
(2), then
Pr(X = ”1) =0
whera X, is a fixed drop diameter., Thus, the only measure of probability
which can be established is with reference to an interval. That i,

Pr(a < X < b) = [PE(x)dx
[}

In this study most results are based on probability measures for dreop

diameturs greater thaun a preset value. Heiwe, (f X, reapresants the smallawt
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drop dimmeter to be considered, then

Pr(X > xo) = rf(x)dx
%
°
It is also important to realize that, based upon the assumed continuous

probability distribution, the number of drops of given diameter must be con-
sidered within a drop size interval. For example, the expected number of
drops per 2’ in the interval 1 mnm to 2 mm is

2
N = [ p(x)ax
1 .
This concept is used in.the development of expressions for accumulated

volume of erosion and accumulated eroded area.

III. ACCUMULATED AREA OF EROSION

If a water drop strikes a given surface with energy E(ft-1b), then
the resulting crater area is (see Section IV of main report)
A, = ¢ B0055 1n?
vhere C‘ is a constant which depends on the given material being impacted.
It can be shown (hat

. 3 2
E = Cex Va ft-1b

where Ce is a conversion constant and
X = drop diameter (mm)

V, ® normal component of the impact velocity (ft/sec)

Therefore,
3.2,0,.5%
A, 3 C.(Cex ve)

= cc 0:551.55 1.1 2
ae

Now subdividing the Marshall-Palmer equation (1) into subinterwals of equal
length for x > X, gives

ng = px; )ox drops/m3
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as an approximation of the number of drops per m in the drop interval
%4 to x;. If these drops are interceptod by a nose core traveling at a
velocity v ft/sec, then
vyt sin @
where © is the angle of the nose cone with the horizontal. Since the
drops will bs deflected by the shock wave along the nose cone, we write
v, =V sin(0-8(z,x))
where
S = deflection angle
z = position along nose cone,

Now the crater ares is

Ac = C.C.o.ssvlol[lin(O-C(z.x))]1.1)(1.65 inz. (3)

The number of drops per m2 (in the drop-size interval x,; , to "i)
which the nose cone will intercept when traveling a distance S(meters)
thWh a given rain field is
ni’ = Sp(x,)sin0lx drops/n?2.

The net effect of these intercepted drops in relation to eroded area is
BA, = Ay’ in?/m?
or

AAe = Capeo'ssvl'l[ain(e—ﬁ(z.xi))]l'lxil'GSSp(xi)sinGAx
= Caceo'ssSvl'lsine[sin(e-d(z,xi))]l'lxip(xi)Ax.

Taking the Riemann s'm limit, the s&ccumulated area of erosion naused by

drops having diameter x > X, is

Ay = C‘C.O‘SSSVI'lsinel.[sin(e-é(z,x)]]"lxl'ssp(x)dx in?/m?, (»)

x
4]

a3 b R AMANMA AL A 1 TR PV e 1 b ey v Sk o o
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Conversion to 1n2/1n2 gives

A (2.54) % xo‘“A. in?/1n?, 5)

Thus, the percentage area of erosion is

P IOOA.'.

IV. ACCUMULATED VOLUME OF EROSION
If a water'drop strikes a given surface with energy E(ft-1b), then
the resulting crater volume is (éco Section IV of main report)

1. 04

V, ® CE x 10'“ln3.

vhere Cy is a constant which again depends on the matarial being impacted.
As with the crater area derivatiom,
3 2

E= C.x Yo ft-1b

Thue '

lu““ 2088 2-88 "“ 3
Vc 3 cvc. Va x % 10 in

Taking a nose cone at angle 6, we use

3 2
E= cex Ya sind, ft-1b

It follows that the crater volume is

l.““xﬂ.32

v, =C.C, [visin(a-6(z,x))1* " x 107" in?

Again, there are

ni' % § p(xi) sin6ax

dropn/m2 in the drop diameter interval X;_q to x; which impact the nose
cone, Therefore, the volume eroded by these drops is
3,2
]
av, = v n, in"/m

or
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1. “QSVz' .‘ll.nﬂﬂln( €-8(zx,x) nl ' ““xi“ ' 321)(:(1)Axn 10'“(,,3 /mi A7) '-'..l

AV‘ = CVC "

Taking the Riemann sum limit, the accumulated voiume of «roslon causod

f by drops having drop diameter x > X, is

e o, e

LA cvc.]"“"sz'“ilnertoin(od(z.x))]1"““x“'”p(x)dxﬂf“ln’/mz. (8)

g . *o

- It i{s convenient again to convert to in3/in2. Therefors 3

. n -l
g 1] - 3/
* ve =z (2.54)~ x 10 Vc in?/in

is the accumulated volume of erosion (in?) from one square inch of material.
Firally, the total eroded volume as a function of V.' and P is given by
the relation

Ve * V(2 - exp(-3P/(132-P))) in3/inl. (9)

V. PROBABILITY MODEL FOR RAINDROP IMPACTS

If rainfall rate is fixed at a constant value, then it is legitimate
(2] to assume that the number of drops per unit voium is represented
statistically as a Poisson process, Lat the random variable Y represent
the mimber of drops impacting a given surface area, A, which travels
through the given rainfield a distance S. Then the probability density

function of Y is -

3 S f\
Y Ay ) : l
-—;-i—, y=0,1,2,3 ..,
f(y) = (10) y
. ‘ 0 y @lamwhere ;’ -
’ where .
j A = NSA. |

o Note that N represaents the average number of drops per unit volume, b
It should be recalled that N will depend nn the drop size interval
-4 being considered. That is, if Xo and X, reprasent, respectively, the i

) smallest drop and the largest drop diameters heing considered, then 1

[PV
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3 Ns [" plx Mdx
x,
51 where p(x) is again the function representing drop size Aistribution.
If it is desired to consider all drops having diameters greater than
' X, then
A N & lg [x'p(x)dx
*n Xq
i = [ plx)dx.
= %o
-> '\."\ Now consider the area, A, to be that of a circle of radius r so that i
, A = wr, Let the random variable R represent the radius of the circle ‘
;'-:“ with exactly k raindrop impacts. Then, a

Pr(R > r) = Pr(Y20 )+P(Yal)+. . .+Pr(Ysk-1)
k-1

1 = L Pr(Yey)

b y=0
k-1

s I
y=0 yt

- 2
(NStp2 )Y o NS

iy g o e i
.

It follows that
3 PP(RSr)s 1l-P(R>p)

4 k-1

- 2
g £ 1- (NSnp2)Y e NSwr

y=0 vt

"

5 But, by definition, the cumalative distribution function of the randonm
| variable Ris '

Therefore,

k-1 2yY. ~NSwr?
6(r) =) - p LiSmr )‘_‘: . (11)

y=0

ishbichinl b G ks T ey i i el e v Ny AT i
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As an cxamplse, consider the case where k = 1 (i.e., one impact).

Then,
G(r) = 1 - o-"s"z. (12)
It follows that the probabllity density function of R {s
g(r) = 6'(r)
NSm’o'"s'”z. r>0
= (13)
y elsewhere.

Two interpretations are possible in regard to the expressicn G(r)

forr a given value of k. These are:

1. Fix the value of r = r_ and calculate G(ro). For example,
suppose G(ro) 2 .80 and k = 4. Then if 100 samples are tsken
for a circular region having radius r o® it should be true
that, on the average, for 80 of these samples the radius
to the kth hit will be < ry

2. Fix G(x‘l) a3 ,95 (or any chosen probability) for a given value
of k ard obtain the resultant value r = .. Then, if 100
samples are taken for a circular region having radius o
it should be true that, on the average, for 95 of these
samples the radius to the kth hit will be ¢ vy

It is important to note that the parameters which control G(r) are
(a) Rainfall rate (contained in p(x)),

(b) Minimum drop diameter, x,
(¢) Number of impacts, k, and
(d) Distance, S.

Solving Eq. (12) for N gives

1 1

N = in ( ). (1“)

wSr? 1-6(r)

R e =

B e o

T A i =

P =T DR L N e

{

el
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The value of N may be obtained by the use of Eq. (1) so that

X
3 N [N e™M*0 ax

‘0 ]

N
L r 2 (Mo .oMm), (15)

- 8 Setting the two expressions for N equal to each other and solving for S
gives

v
¢ » MGty

wNorz(e'Axo e M)

(16)

Equation (16) is very important since, for a given rainfall rate and

radius r, it sstablishes the distance S for which the probability is G(r)

that a single raindrop having diameter between X, and Xn will strike the

surface. b

] VI. DISCUSSION OF RESULTS

The resultant erosion formulas which are develc .ed in Sections 1I,
ITII, IV, and V of this appendix are used extensively in the report. Thus,

i‘ for a fuller appreciation of their usefulness, it is necessary to refer !

B to the corresponding graphical presentations and computer calculations i
which are presented there.

Also, reference should be made to the discussion of FORTRAN subrou-
tines presented in Appendix G. In particular, SUBROUTINE PCTA and SUB-

ROUTINE VONE produce outputs, respectively, which are given by the formu-

las in Sections II, III, IV, and V. That is:
PCTA -+ Percentage of area eroded

VONE -+ Accumulated volume of erosion.

| The results agree quite well with available experimental data.
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The resulta of Section V of this appandix are shown graphically in
Figures 1 through 5. As stated, Eq. (11) gives the cumulative probability,

k-1 2.y _-NSwp?

y=0 v!
of exactly k raindrop impacts in a circular region of radius r, for a given
rainfall rate and distance travelled.

The graph of Figure 1 shows the effect on G(r) versus r when different

ﬁl velues of k are assumed. Here the rainfall rate is 2.5 in/hr and the dis-
k- tance is 500 ft.

Figure 2 demonstrates the shift in the G(r) curves vhen distance is
used as a parameter with a rainfall rate of 2.5 in/hr and k = 1. In Fig-
ure 3, the same effect is noted with a rainfall rate of 2.5 in/hr but with

k =2,

;' Changes in rainfall rate will also affect G(r). This is noted in
Figure 4 which shows G(r) versus r for various rainfall rates. Here k = 1
and 8 = 500 ft.

Since

B N = I- p(x)dx,
X

then changes in Xy will also cause a shift in the graphs of G(r) versus r.
This is demonstrated in Figure 5, where rainfall rate is again 2.5 in/hr,
k=1, and § = 500 ft.

Thess vesults were all obtained by use of SUBROUTINE PROB (see Sec-
tion VII). Similar graphs are available through use of this subroutine
with choice of parameters left to the user.

Equation (16),

) 1
‘\ S - L{E(I-Gzl‘s). l
| 8000wr2 exp(-Ax_Y-exp(-Ax Y °
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is also very useful as is demonstrated in Figure €. Here, the rainfall
rate is set at 2.5 in/hr and %, * 10 mm. The resultant graphs show how
S(ft) changes with increasing value of the minimum drop diameter, X, To
use the curves, let it be assumed that a nose cone is to travel through
a rainstorm of 2.5 in/hr and suppose that a raindrop size greater than
8 mm in diameter must be avoided (at a given velocity). Also, assume that
it is desired that the probability of impact with a single drop (k = 1) be
small (.05). Then the vertical intercept (xo 2 8§ mm) with the desired
probability curve (G - .05) will give the resultant distance on the S(ft)
axis. Gbviously there are variations on the use of these curves as for
example the distance might be fixed by the extent of a given ruinstorm
through which the vehicle is to travel.

If other values of rainfall rate, etc., are to be used, them similar

families of curves can be obtained by use of SUBROUTINE BGDROP. The

listing of this subroutine follows in Section VII.

o et o s A, 2t A e
s oy i v . B A
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VII. SUBROUTINE LISTING.

SUBROUT INE BaDROP

c
¢
C MALIS TD SUBPROSRAY

¢ 8! CUNULATIVE PR3ISABILITY

¢ RE  RAINFALL RATE (ZNv/MR)

¢ RAD!  RADIUS IF CIRCULAR REGION I=PACTED
¢ X0! ANININUM DRO® DIAMETER (M)

g NOTE THAT x0<10

¢

c

¢

¢

SUSPRDIRAM TO MALN
sFTs DISTANCE (FT)

SJBROUTINE BAOROP( 3, R)RAD X0, 8FT)
PIndei1n19

RMN22S . 44N

RADY=: 02344RAD

CONLn(ALOG {2 ¢7(8¢mQ))1/7(PI4B0O00»RADNYLE)
CONE= e soRMMIe (=, 21 )
SYeCONI*CONB/(EXP (sCON29X0 ) 2EXP g0 8CINEI )
SFTu3,2808408N0

RETYJIRN

gEND

C e T e e
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SUBRIJTINE PROD

NAIN TD SURPRIGRAN
n! RAINFALL RATE (IWMR)
st BI8TANCE (FT)
Kt NUNGER OF DRIPS 1MePACTRD
THETYAS CONE AN3.E (DESRECS)
&1 MINIMUM DRO® DIANETER ()

SUSROUTINE OUTPUT
TABLE LISTING RADIJUS (MR), CUMULATIVE *ROBASILITY, AW
AMREA (INssg)

3] SJEROUTINE PROB IR, S, Xy THET AL XO)
£ DIVENSION GIIisnt300),)R1(500)
, FAIRIEXP(aqsivAFrRYs(=0eRY JOX)
] PIe2016199
A SMee 300809
RFR=2G: 43R
Xo%d
OXuQeg
DROPS«0+D
ALPHASPIOTHETA/180
: Cll)mFALYN)
g 00 10 l=¢,%500
} 00 20 J=2,3
{ XeoxX+DX
b 20 8(JISPALX)
DEL=OX* (Q(3)44:80(2)*GI3) )70
YP(OEL+LYe3:E=g )0 TO 4S8
ORO®S=0#0PS+DEL
10 G(1)=0(3)
18 TOROPSug V00« +DROPSFEINI ALPHA)
02=0+0002
Fele0
CoTOROPBYSNSPI
‘ 00 30 M=4,800
9 HiYi®i:0
\ 20 RL(Y)enaDp
DO %0 I#?1,K
wRITE(6s2)2
WRITE(6, D)
00 30 n»1,%00
: SaCeR1(MIvaR
)\ IF(1=1)70:860070
| 60 XoEXP(«B!
. g0 TO 80
1 70 xoBvs(lel)stxPlep)/F
30 HiINImMin)ex
IFIH{M)eQGTe0+9910) YO 58
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b - e A F ‘ i
1 i
i A
K K.
D1h .
£ 30 CONTIWE 1
88 INCoFLOATINI /R0 ﬁ
‘ IF(INC.EQe0) ENCHY .
e M1=1000+:4029INC N
4 RY420.0 »
. 00 83 JsINC,MAINE .
X RMNYSRANNGR] P
v AREASPIVRMNSSR/23004082 D3
. 85 WRITE(6s% ) RNMIH(J) s AREA | §
s 40 Feofe} -
y 2 FORSATIAX ViUNBER OF DROPS IN RADIURS®',110//) b
8 J FORUATIAX, 'RADIUS (M%) CUMULATIVE P20OBAZILITY o
' L AREA (INGSR) 1 /41, ' 0nusevasersrssuantansssisnopuyssiny k- -
- F LYYYRRTITYSY Y YL Y DRN] L
& FORMATIENoF10020F1403,30XsE8406) .
RETURN =
T |
¥
; | l‘ .
LB
,c
‘Y
;
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Chapter 1
INTRODUCTION

The problem of supersonic flow of an air-particle suspension (the
particles being mindrops, ice, or dust) past a solid body has becoms of
great impartance to a wide range of technological applications in aero-
nautics and rocketry because high-speed impacts of such particles witlr a )
vehicle flying through the atmosphare can cause signifisant erosion and
cratering of its surface. To get an accurate estimate of the cretering
and eroeion damage, it seems important to know the relative velocities
with which the particles strike the vehicle, the purticle trajectories,
and the distribution of particle properties over its surface. In this
report these quantities are computed theoretically for the cases vhere
the body is a wedge, a right circular cone, a circular cylinder, ox a
sphere. These problems are chosen because their geometries are simple,
their solutiona in the single-phase case are well known (see Sime [1) and
Hayes and Probstein [2]), and because both the conical and spherical
shock layers represent good approximations to many realistic flow fislds
experienced by rockets and guided missiles. While the problems of flow
past a wedge or a circular cylindes have nv direct applications to rock-
etry, some results for these cases are also presented so that the prop-
erties of plane and axisymmetric two-phase flows of this type can be

compared and also because they provide rough approximations to the flow

fields over certain wings.
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In the atmosphere the mass fraction of the suspended particles ls
usually so saall that the presence of the particles does not significantly
affect the motion of the air. Thus the two-phase flow problem discussed
above is simplified to that of computing the motion of the pirticlos nov -
ing through a knowm gas flow field, (In this report, as in all previous
work on this and related problems, it is assumed that the gas flow field
is sufficiently well described by that appropriate to an ‘nviscid com-
pressible fluid.) To do this, the particle cloud is treated in the pres-
ent wock as a pssudo-continuum. That is, it is assumed that a volume
olement, as shown in Figure 1, of the suspension, whose dimensions are
small compared to the characteristic dimensions of the shock layer, con-
tains & number of particles large enough to allow the farmation of mean-
1agful averages of the particle properties within the volume element. It
is then treated mathematically as a differentiul element and the averiges
are trsated as continuous variables. General discussions of the governing
equations appropriate to such two-phase flows are given in the books by
Wallis [3) and Soo [4] and the review article by Marble [5].

Several papers on two-phase hypersonic flow have appeared in the
last five years. Probstein and Fassio [6] analyzed flows past thin wedges
and cones and in the stagnation regions of the cylinders and spheres. They
employed the constant density approximation (see Hayes and Probstein [21)
to the gas flow field in their work. Their eyuations were sclved analyti-
cally for the wedge and numerically for the other cases. Waldman and
Reinecke [7] considered two-phase flow in a conical shock layer and in the
stagnation region of a spherical shock layer. They fitted analytical
expressions to known exact numerical solutions of the governing equations

for the gas and used these to describe the fluid-phase motion. Thay

e P SOy VSR o i e s vy -
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y obtainad appruximate analytical solutions by a coordinate perturbation ]
wethod. Spurk and Gerber [8] discussed the flows in shock layers on

power-law bodies. Slender-body theory was used to describe the gas flow

field. The particle-phase governing equations were solved numerically. 4

These authors also performed some calculations usirg the exact solution

] for inviscid flow of a perfect gas past a cone to check their results o

J b;lod on slender-body theory.

All three of thess papers used the Lagrangian viewpuint to formu-

late the governing equations for the particle phase. None computed the '
particle-phase denasity diatribution, an;l Probstein and Fassio [8] did not
find the particle-phase temperature distribution. These three papers
were concerned primarily with determining the overall collection effi-
ciencies of the body shapes thoyldiacussed. (The overall collection
efficiency of a body is the rate at which particulate mass actually |
strikec the body surface divided by the rate that would occur if the |
motion of the particles was unaf{scted by the shock layer.)

In addition to the papers mentioned previously, an extensive

literature exists concerniag related subsonic two-phase flow problems

o having to do with such applications as dust collection, aerosol sampling, 1

ics farmation on aircraft, and erosion of turbine blades. For a review

. of some of the litorature (which is concerned primarily with overall

collaction efficiency calculations), se¢ Peddieson [3] and the references

cited therein. i
In Chapter 2 a set of equations gov: ning the motiun of the par-

ticle phase of an air-particle mixture is formulated using the Eulerian

duscription. In Chapter 3 a procedure for sclving these equations numer- ]

fcally to obtain the particle velocities, streamline patterns, density

S O P T - UL P L. o 3 S N POV A S PSR SPSUT OB
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distributions, and temperature distributions is outlined for the cases of

S

flow past thin wedges and cones. This method is verified by comparison

with an analytical solution for flow over a thin wedge. In Chapter 4 this

method is applied to problems of two-phase flow in general wedge-shaped
and conical shock layers over wedges and cones that are not required to

be thin. Both approximate analytical solutions (valid for thin shock

layers) and exact numerical solutions are cbtained. The application of

the above procedure to two-phase flow in shock layers on blunt-noced

(spherical and cylindrical) vehicle shapes is discussed in Chapter 5. In

Chapter 6 calculations are carried out to investigate the sensitivity of -

the solution variables to the value of nonnegligible particle-phase

volume fractions (the ratio of particle volume to the total mixture
volume) and to the distribution of particle sizes present within the e

mixture. In Chapters 7 and 8 flows past bodies havi.g general symmetric E

shapes are considered. The governing equations are put in a general form

}; which is convenient for such problems in Chapter 7. Chapter B8 deals with

a simple set of equations which, however, is only applicable to flow past
bodies with attached shock waves. Coneluding remarks are contained in

5 Chapter 9.

;
S
L
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Chapter 2

GOVERNING EQUATIONS

- Since it is assumed, as mentioned previously, that the gas-phase
motic;n is unaffected by éhe presence of the particles, it may be regarded
as known from existing work (such as that reported by Sims [1]), and it
is only necessary to solve the governing equations for the particle phase.
This chapter is devoted to the derivation of these squations.

The appropriate governing equations for analysis of the bshavior

of the particle phase are found from balances of mass, linear momentum,

and energy. These are respectively ’ q

P
-+ -+
pp(up.t + up-vﬁp) =3

: +
. pp(ep.t + up-%p) c (2.1)

5, where Eq. (2.la) results from balince of mass, Eq. (2,1b) from balance of

). linear momentum, end Eq. (2.lc) from balance of energy. In Eqs. (2.1) 0

R P p? -l:p. and ep are respectively the particle-phase in-suspension density,
A velocity vector, and internal energy while A, f, and C are respectively
the rates per unit volume of interphase mass, linear momentum, and energy N

r.‘ [
é transfer from the gas phase to the particle phase; t 13 time; and a comma |

2 | ing subscript. In writing Eqs., (2.1) it has heen assumed that the

l E5

¢ in Eqs. (2.1) denctes partial differentiation with respect to the follow- \
[
l

T T PP SNV E LV SO0 UV NI © T g A e g —————— .
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particle-phase stress tensor vanishes (which is true for the dilute sus-
pensicns under discussion here) and that body forces are negligibla., To
render Eqs. (2.1) determinate, constitutive equations for A, ﬁ, ¢, and ep o

are required. For the internal energy, it is assumed (see Marble [5]) i

that -

e, = cp"'p (2.2)

where < is the heat capacity of the particle phase, Tp is its tempera-

ture. In the present report the mass, momentum, and heat transfer terms

are taken to be :

A=0
- -b_-b(l-b)-b-_-)-

R = Nlpplup ul @ -u)

C = Nchp('r - 'rp) (2.3)

o where 3 and T are respectively the velocity vector and temperature of the

? gas phase, c ls the gas-phase specific heat at constant pressure, and

% Nl. NQ, and b are constitutive coefficients. The next three paragraphs

a will be devoted to discussion of Eqs. (2.3).

M Mass loas from the particle phase can occur because of evapora- ,1
| tion or siripping and eventual breakup of liquid drops and from melting ;
T of ice or dust particles., Calculations performed by Waldman and Reinecke :
! {7] indicate that melting of solid particles iz minimal in many situa- -
. tions. Theories of two-phase flow incorporating mass transfer through . i
evaporation of liquid drops have been developed by Lu and Chiu [10], | }

b Panton [11], Panton and Oppenheim [12], and Marble [5]. This mass-loss

mechanism, however, does not appear to be important for flow in shock B
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layers associated with flight vehicles, as pointed out several years agc

by Wheelahan [13]. He also stated that drop breakup was not significant;

i but recent experimental work, such as that reported by Waldman, Reinecke,

and Glenn [14], shows that this is not true in certain high-Mach-number
) |( situations. At present the information needed to formulate a realistic
( constitutive equation for A based cn the breakup mechanism is not avail-
! able. Thus it seems reasonable to neglect mass loss in the present work
( as indicated by Eq. (2.3a). The solutions obtained in this way will be
4 accurate for the many situations in which appreciable mass loss does not

occur and will also serve as standards of comparison for the predictions

. of more comprehensive future theories which acscount for particulate mass
V loss.
: Equation (2.3b) has a form consistent with that of equations that
can be fitted to the standard drag curve for steady incompressible flow
past a single rigid sphere (see Probstein and Fassio [6] and Spurk and

Gerber [8]). In principle the coefficients N, and b can be determined

from a knowledge of the microscopic properties of the suspension. It can

p: be shown, for example, that if the particle phase consists of identical
rigid spheres of mass m and radius a which are sufficiently far apart to
preclude Interference between the flows past neighboring particles, if

N the local Reymnolds number for flow past each particle is very small, and
.; if the fluld phase is incompressible; then b = 1 and N, = (6rap/m), where
u is the viscosity of the fluid phase. In general, definitive information
about the microscopic properties of the suspension is not available. Even
if it were, the standard drag curve cannot be applied to suspension flows
with complete confidence because it does not account for 1ift, flow

i unsteadiness, finite particle volume fractions, deviations from spherical

!
vHIARRE Pt ot e
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particle shapes, nonuriformity of particle size and mass, fluid compress-
ibility, deformability of rarticles (important, for example, in the case
of 1iquid drops), and several other effects. While som. of these can (at
least approximately) be taken into consideration (see, for Instance, the
drag formulas discussed by Spurk and Gerber [8]), nc expression presently
available accounts far all of them; and none is to be expected in the near
future, It seems reasonable, therefore, to choose forms of the constitu-
tive equations for ] guided by the forms of equations that fit the stan-
dard drag curve, but to regard the coefficients appearing therein (in
this case Nl and b) as macroscopic properties of the suspension which are
to be determined so as to maximize the agreement between theorutical pre-
dictions and experimental results. This is the approach adopted in this
report in employing Eq. (2.3b). It should be peinted out that the values
of Nl and b, based on particular idealized microscopic models of the sus-
pension, are still very useful in estimating the orders of magnitude of
these parameters. Such estimates are simply not regarded as definitive.

The approach discussed in the previous paragraph applies egually
well to the interphase heat-transfer term. Thus N, in BEq. (2.3¢) is
thought of as a macroscopic¢ property of the suspension. For the idealzed
model of the suspension mentioned in the above example that heat is trans-
ferrod from the fluid phase to a single rigid sphere, then the value of
N, is equal to (4max)/(me). « is the fluid-phase thermal conductivity.
For the sake of simplicity, Nl‘ Ny» and b are taken to be constant in the
remainder of this work.

Substituting Egs. (2.2) &nd (2.3) into Egs.(2.1) leads to

"y Y
+ V- 1} =0
pp't (Qp p)
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> <+ + {(1=h),+ _ -
Uy o + U 3up = Rllu upl (u up)

+
Ty * up-ﬁp = NCa/e M(T - 1)) (2.4)

-
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Chapter 3
SHOCK LAYERS ON THIN WEDGES AND COMNES

In this chapter the problem of two-phase flow past thin vedgesand
cones is considered. First an analytical.solution is found foxr flow past
a thin vedge. Then the numerical procedure to be used In the present work
is introduced and applied to flow past both thin wedges and thin cones.
The nunarrical and analytical solutions for the wedge are compaxrred and
found to be in excellent agreement. This verifies that the numerical
method is accurate. In the next chapter this method is applied to prob-
lems of two-phase flow in wedge-shaped and conical shock layers owver

bodles that are not requirsd to be thin.
ANALYTICAL SOLUTIONS FOR THIM WEDGES

Consider the steady supersonic flow of a gas-par'ticle suspens ion
past a wedge of surface length L and half-angle eb at zero angle of
attack. The shock wave 1s known to be a straight line making an angle

(For a thin shock layer)

6 = eb/(l - €) (3.1)

with the center line of the wedge, where € denotes the ratio of the gas-
phase density before the shcck to that after the shock. [Plgure 2 shows
the geometry of the flow field. The free.-stream velocity of esch phase

is U_, the dens:ity of the particle phase just behind the shock is p

pro’

El0

ST S R At 1
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Ell
and free-streaa temperature of the mixture is T,. This problem is conve-
niently described {n terms of cartesian coordinates x and y with x mea-
sured paralisl to the body surface and y neasured normal to it. It is

acnovenient to define the following dimensionless variables

s = x/L, n=y/L

FegtGs, = WU, F a0, = /U,
Qp - op/op.
He /T, W *T/, (3.2)

where l'. and ‘n are unit vectors assoclated with the s and n axes. The

process of nondimensionulizing the goverming Eqs. (2.4) yields
<QPFP) os"'(QpGp):n = 0
- 2 - 2 (1“h)/2 N
FoForetFpin a, ((F rp) +(6 cp) ) (F-F_)

- o V2ata_a 32y(2=D)/2.n_
FpGp'ampGp'n al((P Fp) +(a Gp) ) (6 Gp)

| FpHp’s'*GpHp'n = “'2(H'Hp) (3.3)

Here the two dimensionless parameters oy and a, measure the rates at
; which momentum and energy are respectively transferred between the gas

and particle continuum. They are evaluated by the following expressions:
; ay = /B, oy = (NLA,)(e/e) (3.4)

The gas flow variables are modeled by the inviscid solution for super-

sonic flow past a wedge. This solution is known exactly and for a thin

shock layer (which occurs when o, and ¢ are small) has the form
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Fel, G6=0, H=H =c((+e)N3o2-1) (3.5)

where the subscript s denotes the value of the variables on the downstream
side of the shock wave, and M_ is the free-stream Mach nuuber. The solu-

tion of Eqs. (3.3) must satisfy the boundary conditions

rp =], Gp = -0, Hp =1, Qp z 1 (3.6)

on the shock wave which is the line

n = (08 - Ob)s (3.7)

v

This problem is most easily solved using a Von Mises transforma-

tion familiar from boundary-layer theory. This is done by defining a

stream function wu such that

Vprg = ~Qlp» (3.8)

p's Ypon = Fp

and converting the independent variables from s and n to wp and z where

z = n. The total differential of wp is
dwp = de .sdBWP ’ndn = ‘QpGde+Qprdn (3.9)
Solving Eq. (3.9) for ds ylelds

dg = -(1/(Qpep))dwp+(Fp/Gp)dz (3.10)

Now regarding s as a dependent variable which is a function of wp and z,

it is clear that

= —1/(QpGp), 8y, = FP/GP (3.11)

8,
wP
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Converting the derivatives in Eqs. (3.3) and rewriting Eq. (3.11b) one 3
ocbtains i

N 2 2 (l"b)/Q - "y
i 6F 1, = 8y ((1-F )26 ?) (1-F) i
h 1
\t G = - 2 2 (l-b)/2
; Opry = By ((1-F %46 2) G,
# GpHp.z = “2(H’-Hp)
: G8sy = Fp (3.12) |

'; where Eqs. (3.5) have been used. Substituting Eqs. (3.6) and Eq. (3.7)

- g - W - W

into Eq. (3.9), integrating along the shock wave, and assuming wp(o,o) =0
yields

wp 2 eszs/(es-eb) (3.13)

It is convenient to replace wp by zg as one of the independent variables.

When this is done Eq. (3.8a) reads

] % = -0g/((0g-0y)60s, ) (3.14)

The initial conditions are

Fp z 1, Gp 2 -0, Qp = 1, Hp z=l, 8= zs/(es-eb) (3.15) E
¢

onz=z. Since Eqs. (3.12) contain nc derivatives with respect to Zgo
they can be integrated like ordinary differential equations along the
streamlines (lines of constant zs). The dependence of the solution on

? z, enters through the application of the boundary conditions. For all

values of b the solution for the tangential velccity is E
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Els

F =1 (3.16)

The other variables have different forms depending on the value of b. Far
three realistic values of b, they are
b=1 8 3(z/(0,-8))-(1/0,)10g(1-(a,/8,)(2,-2))
Gp = uﬂbﬂl(z’-z)
o _a)y%2/01
Hy = Hy=(Hg-1)(1-(a, /8, )(z -2))"2

Q= 1/(2-(8/6,)(1~(a,/6)) (2 ~2))) (3.17)
b»06:s = (z/16,-8,))-(5/(2a,8,2/%))x
(1-(1-(3a /(58, /%)) (x,-2))"%/%)
G x -0, (1-(3u,/(58, /%)) (z,-20)5/°
H = Hs-(Hs-l)exp(-'(5a2/(2016b2/5))"

((1-(3a,/(50,%/%))(z,~2))"2/3-1))

4,‘ Q= 1/(1-(6,/6_)(1-(1-(30,/(50, ¥/®))(z,-2))  (3.18)

o
)
o
-]
]

(za/(eb-as))-(l/(eb“l) )(l—exp(dl(zs-z)))

G
L

-Bbexp(-“l(zs-Z) )

o
u

Hs-(Hs-l)exp(-(QQI(uleb))"
(exp(al(za—z))-l))

Q, = l/(l-(eb/Ba)(l-exp(al(za—Z)))) (3.19)

Results equivalent to Eqs. (3.17a, b), (3.18a, b), and B.19a, b) have

been given by Probstein and Fassio [6]. They used a Lagrangian
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dsscription. The tempereature and density results are new. The use of an
Eulerian description facilitates the determination of the particle-phase

density and the location of the body surface (it is at £=0). These

results were used as a check on the numeriocal calculations to be described
subsequently.

NUMERICAL SOLUTIONS FOR THIN SHOCK LAYERS

In this section the symbol § is introduced to differentiate b
between plane and axisymmatric flow. For the former,j = 0; while for the

latter, ] = 1. The discussion will be for the conical case but the result-
ing equations are also vaiid for wedge Flows if j is set equal to zero.
Figure 2 depicts oither a wedge-shaped or conical shock layer. i
For numerical work it i{s found convenient to use a system of polar
coo:'di;\ltol r and 6 with » = 0 at the leading edge of the body and 6 = 0 i !
on the axis of symmetry of the cone. Defining the dimensionless variables

N Emxn/L, nod
| Fa +08 = U, F 3468 =3 /U

£ oo tGpe, = u /U, (3.20)

{ where :g and :n are unit vectors associated with L and n, substituting

Eqs. (3.20) and (3.20,d4) into Eqs. (2.4), and combining the results yieMls

3 3 ]
ceemor ), + (emdag), = o

(1-b)/2

-0 2 - 2 - 2 -
FoFpegt (B /80F -G /8 20, ((P-F )*4(G-G,)®) (F-F))

,  V2afaoa 123(1-b)/2%
Fofp oG /6)8,, #F B /6 3 ) ((F=F)24(6-G )2) % 6,)

’ = - 3-2
rpnp.5+(ep/c)ﬂpn o, (H Hp) (3.21)
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The gas flow variables are modeled by the constant density approximation
(see Probatein and Fassio [6]).

F=1, G=-(1+(n-8y), H=H =c((rele-1)  (3.22)

(Note that, within the thin-shock-layer approximations, these expressions

are exact for J = 0,) The shock wave is a cone making an angle

8, = ob/(l-(c/(1+j))) (3.23)

with the axis of symmetry. The boundary conditions

Pp ] 1. Gp L] -00. Hp = 1. Qp L] 1 (3.2“)

nust be satisfied on the shock wave., As will be pointed out in the next
chapter, some terms in the foregoing equations can be neglected for thin
shock layers. This was not done, however, in this chapter to insure thst
the analytical and numerical results for wedge flows were solutions to
exactly the same governing equationa. Thus any disorepancy between the
numerical and analytical solutions would be dus to inaccuracy of the
numarical method and not due to the differences in the sets of squations
being solved.

Again it 1s useful to employ a Von Mises transformation. Defining
a stream function Wp such that

2 - ]
LT (En) QpGp. v

- 3 .
p " E(&n) th"p (3.25)

P

and converting to the independent varialles wp and z = n«eb one cbtains
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¥ GPPP.:-GPZ = u]_c((l-f'p')2+(-(1+j)zwp)z)(l'b)mu-rp) ._ .
GG agtF Gy = -alc((.x-rp)%(-(m)zmp)z)“'b)/ 2((1ﬂ)z+ep) .
G Hyeg = 0p(H =) | ‘.

1 op-q/mumgﬂ%m%> (3.26) 3

The relationship between "p and §_ (the radial coardinate at which the
particle-phase stremmline "p = constant enters the shock layer) is easily
found, using Fq. (3.25a), to be

o o 1t 1+ \ i .
Vo = (o /(DE, (3.27)
Using this expression Eq. (3.26e¢) can be written as

Q —(c./C)j(o!/(z+eb))j(e,/(ap£.€.)) (9.28) L

Equations (3.26a, b, ¢, d) are 1umerically integrated simultaneously

along various streamlines using s fourth-order Runge-Kutta algorithm,
] Since each streamline represents a line of & s> 8 constant, the partial
derivutives with respect to z can be treated a3 ordinury derivatives in ‘l

)
obtained from the algebraic Eq. (3.28). The derivative with respect to

this caloulation. After the determination of F , Gp, Hp, and §, Qp is ‘

by is approximated by a two-point backward difference quotient. Equation 1 .
(3.28) is then solved along the given streamline. A discussion of the
numerical results cbtained by this method is the subject of the next two '

‘: paragraphs.

d .
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Figures 3 and ¥ show the distribution of the particle-phase normal -

velocity and the particle-phase density along the vehicle surface. These
calculations are for a vertex half-angle eb = 0.1 and a gas dnsity ratio

€ = C.1. Results are plotted for various values of the dimensjionless -

&l and for the linear drag law b = 1. Figure 3 pertains
to wedges while Fig. 4 pertains to conical shock layems. It can be seen 'i

drag parameter

that for small values of the drag paramete;r the particle-phase normal
velocity and the particle-phase density are ncarly constant along the ( N
surface. This represents a situation in which the motion of tﬁe particles
is almost unaffected by the presence of the shock layer, As 4y increases , ;' é’;.
significant deviations fvom the free-stream values of the variables

quickly become apparent. It is clear that this effect is greater for the

wedge than for the cone. Figure 3 rspresents either the numerical solu-
tion or the anaiytical solution represented by Egs. (3.1"7a, b, d). For r o

the step sizes used in this work [AEs = 0,005, Az = (es-—eb)llool it was

found that the numerical and analytical solutions were indistinguishable. B
Reductions in the step sizes failed to produce any change in the solution
variables. Thus the wedge results do exhibit the correct quaiitvative

behavior and are especially useful to serve as a check on the numerical g,

results,

Figure 5 shows some comparisons of the results obtaihed in dif- | &

ferent drag regimes (different values of b) for 8, = 0.1 and ¢ = 0.l.

The lines labeled b = 1 correspond to the linear law, while thoss iabeled
b =0.6 and b = ¢ pertain to the intermediate and quadratic laws respec-
tively. Obviously the senscitivity of the solution variables to the value

oi’ b Iincreases as ay increases because b is contained only in the drag

terns whose maguitude is determined by the value of Gy It is clear from

N W et i oty 80 et I O OU 3, 15 50, " LALLM w i o gt d ek o g ey g b e o s STREILTE e oo
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the plotted data that for a, = 10 a.:lgnificani:ly different values of the

flow variables exist in different regimes of the standard Jrag curve. :
The computer program actually calculates the Flow variables at

all points in the shock layer. The results are presented here only for

tlie values of the variables on the body surface because these are thought

to be of primary interest in applications.
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Chapter 4
GENERAL WEDGE-SHAPED AND CONICAL SHOCK LAYERS

It is now desired to eliminate any assumption that either the body
angle‘or the shock layer is thin. Before beginning the analysis of this
chapter a notational correction is pointed out. Iq.all subsequent equa-
tions a subscript s will indicate the value of a variable at the shock

wave while a subscript b will indicate the value of a variable on the
body surfacg,

GOVERNING EQUATIONS FOR GENERAL SHOCK LAYERS

It is desired to investigate collisions of particles with the
body surfaca occurring between r = 0 and v = L., The governing Eqs. (3,21)

are now replaced by

' 3 3 -
(E(Esinn) QPFP).E + ((Esinn) QpGp),n 0

- 2
Fp'€+(Gp/£)Fp'n Gp /€

o Valooe y23(1-D)/2,
Fp al((F FP) +(G Gp) ) (F FP)

F G

, - v Y2afoon y23y(1-b)/2,
P p.E*CGp/E)G . +FPGP/£ al((r Fp) +(G Gp) ) (G cp)

P

s : ~H ) .
FpHp,E+(up/€)Hp.n az(H ip (4.1)

where o, and o, are given by Eqe.(3.4)., In this case the particle-phase

stream function is defined so as to satisfy Eq. (4.la) by

L

. 1 - 3
p'E 2 =(ksin n) QPGP’ UJp,n E(Esin n) QPFP (4.2)

E20
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Converting Eqs. (4.1) ‘to the independent variables Wp and n and writing

all the governing equations (using a procedure identical to that dis-

cussed in Chapter 3) in terms of new independent variables £, and

z = (Bs-n)/(es-eb) = (Os-n)IBL (4.3)

(which transforms the region 6, <n < 8, into the region 1 > z > 0), the
modified governing Eqs. (3.26) finally replaced by

2 - F )24(a-g 321102 0y o
OpFpra?0L8p 10 AL ((F-F )%4(G-G)%) (F-F)) = 0

- P )24(a-a 251D /20 oy o
GpGp.z OLPpGp+aleL£((F Fp) +(G Gp) ) (G cp) 0
Gps.z + eLsrp : 0

GHpe, *+ 4,8 ECH-H) = 0

Q = -((&,8in 6,)/(5sin(0, (1-2)+6,2))) stn 6/ (Gghng ) (48)

ﬂ where eL z es-eb. The appropriate boundary conditions are (since it is

% assumed that the particles are unaffected by passage through the shock)

Fp(ﬁs,o) = cos 0, GP(EB,O) = -gin es
k. £(E,0) = £, Hp(Es,O) =1, Q(6g0) =1 (4.5)
It should be noted that Eqs. (4.4a, b, c, d) contain no derivatives with

R respect to £ . Thus when Integrated along a given particle-phase stream-
i P 8

line (Es = a constant), they can be treated as ordinary differential

equations.

a4 e A A s AR 5. 1 5 7 =381 13 T\ MY oA e Al
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Ea2
NUMERICAIL SOLUTIONS FUR ARBITRAKY

SHOCK LAYERS ON WEDGES AND CONES

In this section the exact numerical soiution of Eqs. (4.4) is
discussed. Equations (4.u4a, b, ¢, d) and Eq. (4.4s) are solved numers-
cally using the method dircussed earlier. The solution begins at Es ¢ 0

with the initlal conditions

Fp(o.z) = cos(Bs(l-z)+6bz). Gp(o.z)“'sin(es(l-z)+0bz)

Hp(o.z) # 1, op(o.z) m ] (4.6)

(Equations (4.6) are ths solutions to Eqs. (k.4a, b, d, e) with g = U]
and marches from streanline to straamline in the directicon of increasing
Es. The fluld phase is taken to ba in inviscid parfect gas with constanat
specific heats and specific heat ratio v = 1.4, (The thin viscous bound-
ary layer near the body surface is unlikely to have a pronounced effect
vn the behavior of the particle phase and is neglected.) The gas-phase

flow variables are modeled by the linear functions

F = FG(1~Z)+sz, G = Ga(luz)+sz, H = Hs(l-z)fﬂbz (4.7)

where F’s. :Is, aud ¢ have the following Tforms:
FS = cos 08, Gs =z <€ sin es
H, = e(1+(1-€)yMZsin?o )

e = ((y-1)42sin?0_+2)/((y+1)MZsin’e ) (4.8)

(see Liepmann and Roshko [15]). The tranaverse velocity is normal to the

L3P gt ¥
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kody surface at z = 1 o Gb = 0. The exact values for Fy, and H, (as
tabulated by Sin [1]) are used to completé the description of the gas-
phase flow field. The quantities Pb‘ Hb' and ea can he found from Ref.
[1] once the free-stream Mach nunber M, and the body angle 6, are speci-
filed. Since the gas-phase solution is independent of { (see Liepmann
and Roshko (151), Fb and Hb are constants. The exact numerical solution
for the gas flow fleld could have been used directly, but utilization of
Eqs. (4.7) saves considerabls computer starage and comparison with some
results obtalned by Spurk and Gerber [8) shows that the loss of accuméy
invoived is insignificant.

A parametric stud;' involving M, LY and b was carried
out and some representative rasults of these calculations are preseitad
ﬂ&phi:cally in Figs. 6 through 10. Most pertinent to the evaluation of
cratering and srosion damage are Fp(zs.l) = Ppb' Gp(es.l) s pr, and
Qp_(es'l) = Q ob* It was formed from the numerical results that

cos Bs<pr<(coszes+ezain26)1/2(the lower limit corresponds to a,30, the

1

upper limit to 4, = ®), Sinoes thls estimate of F b is available in

P
closed form, for the sake of brevity nc numerical results are present
for this quantity and attention is directed toward pr and Qpb In
addition a few results are given for Hp(as,l) = Hpb and the local col-
lection efficiency E (the actual rate at which particulate mass strikes
the surface between the cone vertex and E(Es.l) = € divided by the rate
that would occur if the particle phase was unaffected by the shock

layer). It can be shown that the value of E associated with the stream-

line Es = constant is

B = ((¢_ain 6)/(E8in ab))“'J (4.9)

A SHVE (1) T AR A S A b1 bt s . . 1 O A 51 A

¢ e ek viin

~ gt e A k. kA b
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g Since the results of particle-phase variables for the wedge flows (J = 0)

3 were found qualitatively very similar to that for cone flows (j = 1), for
3

the sake of brevity the discussion will be confined to the conical case.

a The basic features of the flow field are illustrated by Figs. 6
and 7. Inareasing £, (which increases the length of the particle-phase

streamline £ - constant) and increasing oy both increase the effective-

N ness of the intorphase momentum transfer which tends to bring the par-
ticles into equilibrium with gas and thus deflect them away from the body.
B The magnitude of the particle-phase normal veloolity component -pr is,

therefore, a decresasing function of both &, (since Eb increagses with Ea)

M s e £ e I S el A s X - —T.

and o, as can be seen from Fig. 6. The decrease in -pr is accompanied

by & compression of the particle phase as indicated by the behavior of

.. Qp.'b in Fig., 6. Some particles which would strike the body in the region
0 < Eb < 1 in the absence of interphase momentum transfer are deflected

enough so that they now do not strike the body in this region. Thus the

e ia RS

collection efficiency is reduced as shown in Fig. 7. The decrease in

-G ob causes an increase in the time spent by each particle in the shock

e

layer in which interphase heat transfer can bring the particle-phase

temperature closer to equilibrium with the (higher) gas vemperature,

Thus, as can be seen from Flg. 7, Hp is an increasing funcilon of ¢, and

1 @
Eb' It can be observed that the theory predicts large increase in Qpb g

e e LTl T

A as —pr becomes small. It is therefore possible that for a particular
suspension the free-stream mass fraction of particles would be small

i enough to justify the neglect of the presence of the particles on the
motion of the fluid but the computed results for the particle-phase
density within the shock layer would violate this assumption. Thus the

) calculation of the particle-phase density (which was omitted by previous

20 e o 1 ISR M i WVt b
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investigators) can serve as an important check on the validity of the
theory.

Figure 8 serves as a suppliement to Fig. 6. Taken together they
show that the particle phase is considerably more sensitive to interphase
momontum transfer for b = 1 than for b =2 0, Qualitative differences in

behaviar can be seeh to exist between the results for these two values of f

b. For a given value of -pr at Eb 3 1 the curve for b = 0 appears to
approach that final value more rapidly than dves the one for b = 1, The
corrasponding denaity curves exhibit an always increasipg slops for bal
but possess a region of increasing slope (difficult to detect bacause of

the scale of the drawing) fullowed by a region of decreasing slope for {

b = 0. Qualitative observations such as these should be helpful indeter-
mining approyriate values of N;» N, and b for various flow conditions and
suspensions.

Inareasing ﬁb increases the shock angle and thus thickens the
1 shock layer. The resulting increase in -pr is not made up for by the
resulting increuse in the effectiveness of interphase momentum transfer,

and increased impact velocities all along the body surface are the result

as shown in Fig. 9. In addition the density of the particle phase Qpb is 1
’ also an inoreasing function of Ob. Thus whether erosion and cratering
are caused by individual high-speed Impacts or a number of lower speed
impacts cccurring in the same place, increasing Bb will increase the
likelihood of damage to the body surface.
Increasing the free-stream Mach number M_ decreases e. and there-
fore the effectiveness of Iinterphase momentum transfer. Thus —pr is an
increasing function of M_ while Qpb is a decreasing function of this

parameter as shown in Fig. 10. The results for M = 10 are representative

D L T P
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of hypersonic flight conditions. Sled tests, on the other hand, are often
carried out at much lower Mach numbers and the results for M, = 2 are
intended to be representative of these conditions. The results presanted
in Fig. 10 serve to further illustrate qualitative differences between

solutions corresponding to b v 0 and b = 1,
APPROXIMATE ANALYTICAL SOLUTION FOR THIN SHOCK LAYERS

In this section Eqs. (4.4) are simplified for thin shock layers.

These are situationa for which the inequalities

®

are satisfied. (Note that it is not required that 8, << 1 as was done in
Chapter 3.) Such situations exist when M, >> 1. The resulting approxi-
mate equations can be solved analytically. Toward this Qnd it is assumed,

following Probstein and Fassio {6], that

Gp/G > 1, Hp/H <«l1l, Fa Fg=cos 8, Hu Hg (4.11)

For M_ >> 1 a large decrease in G and a large increase in H ocour acrouss
the shoak wave. The quantities Gp and Hp, on the other hand, are contin-
uous across the shock wave. These facts provide the motivation for
assunptions (4.1la, b). Assumptions (4.1lc, d) are motivated by a desire
to simplify the form of the analytical solutions to the maximum extent
poasible while retaining the correct qualitative behavior. GSubstituting
assumptions (4.1)c, d) into Eqs. (M.4), estimating the order of magnitude
of each term in the resulting equations, using assumptiona (4.lla, b) and
(4.10) [but allowing for the possibilities 0,0, = n(l), a0, = 0(1)], ind

retaining only terms of 0(1) leads to

<< ] and GL/Ob << 1 (4.10) -
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oF Y240 23(1-b)/2 4
¥ Gprp.z*ﬁlﬂbﬁ((coa 8, Fp) +0, ) (cos Ob—Pp) = Q -

'( - _p 32,0 2y(1-b)/2 '

3 CpBp 5918 E ((cos oy F 0546, G, =0 :

: '!;,' Gptp'z =0 ¥

,{_ G Ho s ¥ag8y Bl = 0 1

: . i s

3 QP = (l;'/};) sin 6,/(@96.5') (4.12) &
1

: Equations (4.12a, ¢) can be solved, subjact respectively to Eqa. (4.5a,c), -

. to yleld
4 ;

3 E‘p =cos b, &=k (4.13)
" l‘ \S.!

' Substituting Eqs. (4.13) into Eqs. (4,12b, 4, e) one obtains o
¥ : _a y2-b P
s € G0 #0181 5, (-6, = 0 \

L .

. .I.; i GpHp'zMQeLEs“p = 0

4 R,

!; Qp s -Sin BB/GP (kol‘i‘) .
.Y e
: 4 Solving these equations for some realistic valuss of b (see Probstein und :

. “
o Fassio [6]) givas
4 .

o] b=0 Gp = -~gin Osexp(-GlULESm)

H = +(aH /(a,8in es))("“p(“larﬁa”)"l)

E Qp = axp(a,0 £ 2) (4.15) :
o atE . _ ‘ £ 375 573 :
1 b =3/5 : Gp = -sin Bs(l—SaxeLEaz/(Saln 0, ) .

#

‘ ; v
i
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X
!

' = 1+(su2Hs/(2ulsin2/595))*
3 (l/(l-aulenﬁsz/(SQina/ses))?/avl) . %

1/(1-(aaleLesz/(531n3/5ea)))5/3 (4.16)

L
n

(<2
-1

[
(2]
n

-gin Os(l-(ulﬂbﬁsz/sin ea))

H = 1+(52Hs/u1)1og(l/(l~(aleLEsz/sin 68)))

= 1/(1-(u,0,€ 2/sin 6,)) - (4.17) | };

Theae solutiona should be useful because they demonstrate some of the

This weuld indicate that the partlicles coming from shock wave are brought

B qualitative features of the exact nunerical solutions and provide quick l {
. .." \ ' ,‘ )l) :
D estimates of the properties of two-phase flow without having to engage in Q "
4 extenasive numericai calculations for thin shock layers, It shouid ba ‘ |
. noted that Eqs. (4.16a) and (4.17a) predfct that i A
e k
o
p b
4 6,20 at z = (sin"e /(bn,6,E )) (4.18)
1 b’
‘ |
|
1

to rest at this value of z and that a particle-free zone exists for D

A . .
’ﬁi‘ :

z, <z < 1. This prediction must be dlmcounted, however, because when

Gp = 0 sssumption (4.lla) is obviocusly violated. Only results for which

GP is negative everywhere in the shock layver can ba takan seriously.
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Chapter §
SPHERICAL AND CYLINDRICAL SHOCK LAYERS

The present chapter is concerned with the motion of the particle
ppaco in the vicinity of a sphere or a circular cylinder. The flow con-
figuration is shown in Fig. 11. Since a sphere is the geometrically
simplest example of a blunt body, the results computed in the present
work are of fundamental interest in estimating the cratering and erosion
damage that will be experienced by blunt-nosed vehicles flying through
particle-laden regions of the atmosphere. Sinée the shock wave is
detached from the body surface in such cases, one would expact chat the
effectiveness of the interphase drag force in slowing down the particles
before they strike the vehicle surface would be greatex for .. spherical
shock layer than for a conical shock layer. Thie, in turn, would lead
to leas likelihood of damage to vehicle surfaces. Calculations of the
flow variables for this case will be carried out by a methed very similar
to that dlscussed in the previous chapters. GSome results for the case
fur cylindrical shock layers are also presented in this chapter to pro-
vide a basis for comparisons of flow variables betwsen plane and axi-

gymmetric two-phase Fflows,
GOVERNING EQUATIONS IN POLAR COORDINATES

Consider tha steady supersonic fiow of an eir-particle suspension
past a sphere of radius Py To describe the motion, polar coordinates r
and 8 (with associated unit vectors gp and 36) are used, The polar

E29
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coordinate system lies in the plane of symmetry of the flow, has origin !
at the center of the sphere, and is oriented so that the line ¢ = 0 is

coincident with the forward stagnation line of the gas motion. Using

—— T —

Eqs. (2.4) and introducing the transformations

P‘I‘on 8 =n

e

> - +
u = U_(Fe Cey), up

= TETH T, R THL e, T eLQ, (s.1)

" U (F 8, 46,8;)

leads to

- S .
(E(E ain n) QPPP).E*((" ain 7\) QpGp);n 0
-6 2/F = oF Y24(a.g 32) 17D/ 2
Ppr-€+(Gp/£)Fp.n Gp /& = a,((F Pp) +(G cp) ) (r Fp)
. P Y24(aeg )2y (1-P)/2
Ppsp.€+(ep/£)cp.n+chp/a = al((P Pp) +(G Gp) ) (] Gp)

- / = - .
: FHo s (G, /0, = 0y (HeH ) (5.2)

g where 4, @ (Nlrb/U“b). a, ¢ (N2rb/Uw)(o/cp), and j§ = 1. As previously
stated, the dimensionless parameters ay and a, are measures of effective-
ness of interphase momentum and heat transfer respectively. For plane
flow past a circular oylinder of radius rh.the same equations result with ;
: J = 0. Equations (5.2) have the same form as do Eqs. (4.1). It should
‘_: be noted that in this chapter the normal velocity with which particles \
| strike the body is found by evaluating Fp at the vehlicle surface while
the tangential impact velocity is found by evaluating Gp at the surface.
This is the opposite of the notation employed in previous chapters where

the normal impact velocity was found by evaluating Gp at the vehicle

surface while the tangential impact veloclity was found by computing the

e et e e e o i At ot ot = e e S g 48 540 6 R A At St L8 411 840 A A A A AR A 4 SRR R it it
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value of PD. It {s easily shown that local collection efficiency
is

n
E(n) = —((1+j)/sin(1+j)n)f Qp(l,o)Fp(l,o)sinjoda (5.2)
0

where ¢ i3 a durmy variable.

In order to solve Eqs. (5.2), F, G, and H must Mo spacified.
Following Waldman and Reinecke [7], these flow variables are modeled by
the linear functions of &,

™
"%

((Fg=F,)/8, ) (E-1)+F,

(2}
L]

((G,=G, ) /A ) (E=1)+G,

e =4
]

(CH ~H)/8. ) (8-1)4H, (5.4)

where Au is the radial distance from the body sw'face to the shock wave

(the standoff distance) made dimensionless by the body radius r To

b.
determine the dependence of the quantities appearing in Eqs. (5.4) on n,

raference is made to the modilied constant density theory for an inviscid
gas dlacussed by Hayes and Probstein [2]. According to this theory, 4

s
is indapendent of n and has the form

b, = Al/(1~xl) (5.5)
In Eq. (5.5)

(e/2)1log(u/3e)4(e/2)2(log(l/3e)-1), 4 =0
A, =
1

e/C1+(8e/3) 1/ 2y L 4=1 (5.6)

where ¢ io the ratio of the gas density just Lefore the shock wave to the
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gas density just behind the shock wave at n = 0. The constant density

theory also yields the expressions

e = ((-1)M2+2)/({y+1)02)
FS S ~& COS n’ Pb =0
Gs = gin n, G, = ((4-j)ai3)l/2sin n

H = S(l+YM£(l-E)COan)

8
H = e(l+yM£(1-(e/2)«A2sin2n)) (5.7
where
(3/2)(L+(e/2)log(/3e)-1)), j=o0
AL =
2

(u/a)(1+(5/4)(1~(a/3)(ee/3)1/2)). ]

n
=

(5.8)

As previously stated M is the free-stream Mach nunber and vy is the ratic
of specifi: heats for a perfect gas. In all calculations performed it
was assumed that v = 1.4,

If it is assumed that the shock wave has no effect on the partice-

phase variables,the boundary conditions are

Fps =~ CO8 N, Gps = gin n, st =1, Hps =1 (5.9)

NUMERICAL SOLUTTONS AT STAGNATION LINE

To start the numerical method to be discussed in the foliowing
sections, the solutions for the particle-phase flow variables in the
vicinity of the forward stagnation line of the gas flow fileld are needed.
These solutions ave also of interest in themselves because they illustrate

imany of the basic features of blunt-body two-phase flows of the type under

LRV T b Y ek y
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discussion in the present chapter. This section is, therefare, devoted
tc an aaalysis of the particle-phase flow field near n = 0, To begin the

analysis, the following expansions are employed

- 2,
FP(E,n) = PPO(E)+0(n )

Gp(é.n.) = n(Gpo(E)w(nz))
Q,(&,n) = Q (E)+0(n?)
Hp(C.n) = Hpo(’£)+0(n2)
cos n = 1+0(n2)
sin n = n(14+0(n?))
E = x°+o(n2) {5.10)

Substituting Eqs. (5.10) into Eqs. (5.2) - (5.9), equating the coefficiemnt
of each power of n appearing in each of the resulting squations to zero
individually in the usual way, writing all the equations involving the
first terms of the serles (5.10a, b, c, d, g) in terms of the new

independent variable
z = (1+AS—E)/A8 (5.11)
[(which transforms the interval (l<g<1+As) into the interval (1<z<0)],

and dropping the subsecript o for convenience yields the differential

equations
(FQ) " -(1#9)(8 /(18 (1-2)) )(E46.)Q,, = O

(1-b)
FF 'o A |P-F r-F =0
ofp rylslf’ pl ( p)
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rpGp'-(Aa/(uAs(J.-z)))(FP+GP)Gp
+alAB|r-Pp|(1“b)(G—Gp) =0
FoH, M 8 (H-H ) = 0 (5.12)

(where a prime denotes differentiation with respect to z), the initial

conditions

Pp(o) = -1, Gp(o) =1, Qp(o) =1, Hp(o) z 1 (5.13)

and the expressions

E

-Pp(l)Qp(l)

”
n

(2]
]

Gs(l-z)i-abz

x
u

Hs(l—z)+Hbz (5.14)
where
Fg=-e, F =0, G =1, G = ((s—j)e/3)1/2

8 b s

Hy = e(l+yM2(1-€)), H = e(1+yM2(1-(e/2))) (5.15)

The governing Lgs. (5.12) are nonlinear, and it seems highly
unlikely that amalytical solutions can be found. Thus these aquationg
were numerically integrated using a fourth order Runge-Kutta procedure,
Numerical solutions were cbtained for a variety of values of U1y Ups and
M, for both b = 0 and b = 1. Some typical results of these calcuiations

are shown in Figs. 12 - 17.
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Figures 12 and 13 show the radial velocity and density profiles
of the particle phase predicted by approximate (will be discussed later)
and exact solution methods for b =z°1. It can be seen that the decrease
in the radlal velocity of the particles increases with increasing 8y and
is associated with a compression of the particle phase which also
;ncreasos as a, increases.

In Figs. 14 and 15 the particle-phase flow variables at the
vehicle surface are plotted versus ) for b = 1. It can be sesn that
-Fp(l) is a decreasing function of 4y and ar increasing function of M .
This is becawse¢ both increases in o, and decreases in M_ increase the
importance of interphase momentum transfer, the former directly and the
latter indirectly by thickening the shock layer. These effects ere con-
siderably more pronounced for plane than for axisymmetric flow. For a
given M_ the radial impact velocity vanishes at a finite value 8, ®a,
and remains ‘ero for 4y > 0y Thus for &y > u,, no cratering and ero-
sion damage will occur because no particles stri'.. inme surface of the
vehicle. This situation is in contrast to that occurring in cone flows
(see Chapter 4) where particles strike the body surface for any finite
amount of interphase momentum transfer. It is evident that blunting of
flight vehicles is an option open to designers desirous of reducing
cratering and erosion damage.

As pointed out when viewiag the Figs. 12 and 13, decreases in
Fp(l) are accompanied by rapid increases of Qp(l). The value of Qp(l)
is indicative of the number of impacts per unit time that will be experi-
enced by the surface of the vehicle in the vicinity of the forward stag-

nation point. The range of parameters for which the greatest cratering

and eroasfon damage will occur depends on the damage mechanism. If damage

LU el e bt D 8 A
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is caused primarily by single particles impacting at high speeds, one
would expect the most severe damage for the smaller values of % and the
larger values of M_ where —Fp(l) is the largest. If, on the other hand,
dam;ga is primarily due to repeated impacts in the same area (fatigue
damage, for example) the greatest damage would be expected for the larger
values of a, and the smaller values of M, where Qp(l) is the largest. Of
course, as previously stated, no damage will occur for 4y > Gy

If both of the damage mechanisms discussed above are of equal
importance, the collection efficiency E [which is the product of -Fp(l)
and Qp(l)] might be a suitable measure of thg severity of cratering and
erosion damage. To the authors' knowledge, however, no such covcelation
has so far been established. It can be seen that E is a decreasing func-
tion of a4y and an increasing function of M_. For a given M, it is clear
that E must vanish when 4y = aye This vilue is considerably lower for
plane flow than it is for axisymmetric flow.

The particle-phase temperature Hp(l) is an inoreasing function
of both o, and M,. The former effect is due to the fact that increasing
% d;creasaa -Fp(l) and thus decreases the importance of the aonvective
term in Eq. (5.12d). The latter is a vesult of the fact that the gas
temperature at any point in the shock layer is an increasing function of
M,. When -Fp(l) vanishes, Hp(l) is brought into equilibrium with the
temperature of the gas phase as indicated by the constant-temperature
portions of the curves in Flg. 15. .

Figures 16 and 17 depict numerical results for b = 0 similar to
those just discussed for b = 1. It can be seen that the trends of the

data are identical to thosu found for b = 1 but that the flow variables

are predicted to be less sensitive to changes in oy and M_ for b = 0

e e e T T e A I | e e
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than for b # 1. It is also interesting that the shapes of the curves are
somewhat differant. The curves of —Pp(l) versus o,, for example, exhibit
more curvature for b = 0 than for b = 1. Comparisons such as this are
useful in determining the value of b which best fits u given set of

experimental data.

APPROXIMATE ANALYTICAL SOLUTIONS AT STAGNATION LINE

1f certain simplifying assumptions are made, approximate analyti-
cal solutions to the governing Eqs. (5.12) can be found. Because these
solutions illustrate soms of the interesting features of the particle-
phase flow field and because they can be used to obtain quick estimates
of the particle-phase flow variables, they will now be presented.

The basic simplifying assumptions are (1) that the shock layer

is thin, and (2) that the shock is strong. These two assumptions imply

by << 1y FP/P >> 1, Hp/H <<l (5.16)

(see Probstein and Fassio [6]). Using these assumptions to simplify
Eqs. (5.12) and assuning (to simplify the forms of the analytical solu-
tions) that G and H can be represented to a sufficlient degree of accuracy

by the expressions

Gmg =1, H=Hg = e(1+yM2(1-€)) (5.17)
leads to the approximate equations
F '=0
( pQ,,,)
(2-0) , 4

[} -
pr‘p mlAs( Fp)
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( 1-b )

3 | 4
T oH, "+ 8.H, = 0 (5.18) .

Note that, even though it has been assumed that Ah << 1, the possibllity i
that a; 4, = 0(1) (I = 1,2) has Been allowed for. Solving Eq. (5.18c)
subject to Eq. (5.13b) ylelds

G 5.19
. (5.19)

" Solving Eqs. (5.18a, b, 4) subject to Eqa. (5.13a, ¢, 4) for acne
realistic values of b (see Probatein and Fassio [6] and Spurk and Gerber
[8)), one obtuins

bx ]

v
L

-(l-ulA'z)
Q = 1/(1—«1A3z)

H = 1+(u2H'/ul)1og(l/(l-ulA.z)) (5.20)

DREE Sy o MEsh

b /5 F = -(1-(30,8,2/5)%°

o

‘5 Q, * 1/(1-(3a 8 2/5))>/3 :
= L+(SapH, /(20 (L (- (aya,2/80)2/30)  G5.20) "
ﬂ bs o0 Pp = -exp(-alAsz)

'j Qp . oxp(ulAﬂz) 1
. ) * 14ag, fa)) (axplay82)-1) (5.20) 1

Note that in order for Eqs. (5.20a) and (5.21a) not to violate the assump—

tion (§.16b), it is necessary that o, < 1/(ba,).

TV S0ty koot OSP4 b Lo ki L 1 0 vt 14t L Vs b Lo
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The. comparisons of the approximate results with the numerical
solutions cbtained for b = 1 are shown in Figs. 12 and 13. Tha agreemmnt

is satisfactory for small and moderate values of o The degree of agree-

1
ment decreases as 9y increases. The agreement is somewhat worse for plane
flow than axisymmetric flow. This is because for a given value of M, the
standoff distance A. is larger for plane flow than for axisymmetric flow.
Thus the assumption A. << 1, upon which the approximate analytical solu-
tions are based, is better satisfied in the latter case than in the for-
mer. It is interesting to note that for axisymmetric flow the values

¢ = 0.175 and 4 = 0.116 are associated with M_ » 10. Thus the Assump-
tions amployed to abtain éhe approximate analytical solutions are only
moderately well satinfied for the data presented in Fig. 12. In view of

this, the agreement between the exact and approximate solutions is pleas-

antly surprising.

}g APPROXIMATE SOLUTIONS FOR ay > %

For o, > a,, the numerlcal solutions to Eqs. (5.1%) appeared to
k indicate a singularity in Qp(l). In order to investigate this matter, an
approximate analytical solution valid near the vehicle surface was sought.

i This solution will now be discussed. Writing Eqa. (5.12) in terms of the

independent variable n = 1l-z, assuming that the dependent variables have

the forms

(5.23)

y for n << 1 (where C1s Cpy Cyy and w are constants), substituting Egs.

(5.23) into (5.12), expanding for n << 1, and retaining only the largest

e ae

term in each expansion leads to the algebraic equations (for b = 1)

. ,| N i
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°12'u1As°1+°1As° =0
Sy +4)%)=0)Gy, = 0
(1-w)o,-(1+§)8,c, = © (5.24)

which have the solutions

oy * (a,8,/2)(2-(1-(ue/(a 8 )2
c, ® (u1/2)((1+(u0b/ul))1/2-1)

o = 1-(1H)04NG, /3,0 2e0)/(1- (1= ue/Ca A O D) (5.25)

Because of the local nature of the solutionm, ¢, cannot be determined.
Inspacticn of BEq. (5.25c) shows that the possibility of a solution exhib-
iting a singularity in Qp is confirmed (it can be shown that 0 £ u S 1),
Inspection of Eq. (5.25a) reveals that a solution of this form exists
only for oy 2 uc/A.. It should be no.. that this analysis shows only
that a local solution of the form Eq. (5.23) exists, not that it is the
limit of the actual solution for small n. It is found, however, that
some of the numerical sclutions computed in the present thesis do exhibit
behavior consistent with Fgs. (5.23) and (5.25), Consider the case of

j =1and M, = 10 for which it was previously stated that ¢ » 0,175 and
4, ® 0.116: Thus solutions of the form Eq. (5.23) are possible for

oy Z 6.04, The numerical results indicate that such behavior actually
occurs for ay 2 10.6. For this range of values of “]Pth‘ computed data
show that Pp(l) = 0 and indicate a singularity in Qp(l). Furthermore,

the predicted profile of Gp becomes constant for small n and assumes a

value in excellent agresement with that indicated by Eq. (5.25b)., These

— e e v ——— =
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considerations increase confidence in the proposition that Eqs. (5.23)and
5 (5.25) describe the behavior of the particle-phase flow field in the cases
%? where Fp(l) = 0, These formulas cannot be used, however, to predict the

value of LI | f
) The presence of an algebraic singularity in the particle-phase

density profile indicates a breakdown of the theory in the vicinity of the
vehicle surface,because this prediction is in obvious disagreement with

the assumption that the mass fraction of the particles must be amall. When
i this is not 'so, the effect of the existence of the particles on thamotion
of the air must be accounted for (in a thin boundary layer adjacent to the

’ body surface in the present situation). Since the primary concern of this

report is the case for which particles do strike the surface of the vehicle

(that is: a, < “lc)’ this matter is not pursusd further at the present

time. LR

ot B
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NUMERICAL SOLUTIONS AWAY FROM STAGNATION LINE

In this section attention is given to solution of Eqs. (5.2) away
from atagnation line. This is facilitated, as previously stated, by a
Von Mises transformation of the type familiar from boundary-layer theory. '3

Toward this end a stream function wp is defined such that

e

or = oo = -
E(E ain n) QF) = ¥y (€ sin n)iQE, = -y, (5.26)

R

| Finding the total differential of Wp ylelds

2 - 3 3
b 2 -(E sin n)’Q 6 AE+E( sin n)'QFodn (5.27)

Reversing the roles of wp and n (that is treating wp as an independent

variable and n as a dependent variable) Eq. (5.27) becomes
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Ey2
= ] '
dny = (L/(E(E sin n) QPFP))dwp+(Gp/(erp))d£ (5.28)
from which it follows that
] j » ‘EF
nbw l/(‘(e sin n) QPPP)’ “.E Gpltﬁip) . (5.29)

P

The solution is desired in the region 0 S n S Ng. The new indepandent
variable $ = n/nf paps this region into 0 $ ¢ £ 1. This variable will be
used for the rest of this section. Converting Eqs. (5.2b, ¢, d) to }ho
independsnt variables *p and £, then writing all the governing equationas
and boundary conditions in terms of the new independent variables ¢, (the
angular coordinate at which the particle-phase atreamline *p = constant
enters the shock layer) and z defined by Eq. (5.l1ll), one finally obtains
(with the aid of the exprassion d¢’/dwp ® -ll(nfs.cos(nfo'Xz'nin(nfo.))j)

which is found by evaluating Eq. (5.26a) on the shock and noting that

Qy ® 1and Fo, = -cos(ngd,))

P

: (1-b)/2
x Pprp,z+(A./(l+A.(l-z)))Gg+ulAu((P~Fp)2+(G-Gp)2) (r-rp)mn

) ) _ P Valaoa 323(1-b)/2, -
| FpGp.z (A./(1+A'(l z)))rpep+ulas((r rp) +(G Gp) ) (G Gp) 0

Fobagt(By/(ng(148,(1-2))))a =0

FpHp.z+u2A'(H~Hp)'O

Q=-((148,)/ (a8, (1-2)))(atulngs ) /ainCngs 1 x

(coa(nf¢)/(Pp0.¢ )) (5.30)
s

and

e ek o a—
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FP(O,.O) = -ooa(nf%)» GP(OQ.O) = sin(ftl,is)

o(¢3.o)'n L np(¢a.o) =1 (5.31)

where F, G, and H are detarmined by combining Eqs. (%5.7) and (5.14). it
can be seen that no derivatives with reapect to 0‘ appear in Eqs. (5.30e~d)
:l‘hun when integrated along the particle-phase atrosmline 0' = constant,
they muy be treated as ordinary diif'forential equations.

In terms of the indepandunt variablen ¢ s d 2, tha definition (63)
of the collection efficiency E is difficult to employ. A more convenient
exprossion can be found by applying tho principle of balance of mass to
the particle-phase material contained Iu the vagion bounded by tho‘ line
¢ = 0 and the streamline ¢, * constant., Doing this it iy eusily shown
that the collection efficiency at the point on the body surface where the

particle-phase streamline ¢ g * Constant atrikes the vehicle is

£(o,) = (108 ) M (atatn 6, /atningete 0N (5.32)

The governing Eqs. (5.308-d) were solved by employlng a Fourth-
order Runge-Kutta method. The term ¢, “appou'ing in Eq. (5.30e) was
evaluated using a two-point backward difference quotient, mid Qp was deter~
minad from the resulting algehralc equation. The solution procedure
marchea forward in 4, from streamline to streamline using the stagnation-
line “a 2 0) solutions found in previous sections as initial comditions.
Some typical results of thase calculations are presented in Figa, 18 - 23.
Sinve the constant-density expressions used to describe the gas flow tield
are reasonabla only over tha forward part of the vehicle, ne vas taken to

be 30° in all the calculations performad. It should be pointed out that
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the nunerical procedure is in no way dependent on the expressions used to
represent I, G, and H.

Computed data for b = 1 (solid lines) are presented in Figs. 18

and 19, together with two cases corresponding to b = 0 (dashed lines) for
comparison. It can be seen that "Ppb . -Pp(¢a.1) is a decreasing func-
tion of ¢ = ¢(4,,1) and that the sensitivity of —pr to ¢, is a decreas-
ing function of By The flattening effect is wmore pronounced for b = 0
than for b = 1. The greatest curvature occurs fox:.u1 = 0 when the solu-
tion is -pr = ooo(nf¢b)u As o, incrollcl.-rpb is decreased for all ‘b‘
The effect of interphass momentum transfer, however, increases with
decreasing ¢, because the streanline curvature of the gas phasa, and thus
the relative velocity between the phases, increases as the stagnation
line is approached. The greatest decrease in -pr. therefors, cccurs at
¢, * 0 where the effect of the interphas¢ momentum transfer is greatest.
This produces the flattening effect that can be observed in Fig. 18.
These results indicate that -pr will reach zero at all points along the
aurface of the vehicle simultaneously. Thus to determine the range of
paraneters for which no erosion and cratering damage will occur, it is
nocessary to consider only the stagnation-line solutions discussed in
the previous sectlon.

The stagnation-line solutions indicuted that decreases 1n-1bb are
accompanied by increases in Qpb = QP(OB.l?. That this is true for all
valuss of ‘b botween zero and unity when ng = 30° can be seen from Fig i8.
This compression of the particle phase increases with increasing ‘b and
% and is more pronounced for b = 1 than for b = 0,

The collection efficfency of the portion of tha vehicle surface

betwoen the stagnation line and the point where the particle-phane

- e man - o e
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streamline ‘a = constant irntersects the surface iz a decreasing function
of ‘b' The sensitivity of E to the value of ¢b increases sharply with
increasing oy and is graatefAfor b =1 than for b = 0.

The particle-phase temperature Hpb = Hp(¢a.1) can be either an
increasing or decreasing function of ¢b‘ depending on the values of a,
and b, The bzhavior that actually occurs depends dn the interaction of a
variety of factors, and no simple explanation is obvious to the present
author.

Figures 20 and 21 present results for b = 0 (solid lines) with
two cases corresponding to b = ) (dashed lines) for comparison. The
trends of the data are ldentic:! to¢ those iInferred from inspection of
Figm. 1B and 19, It seems cle. Lhat all of the variables are more
sensitive to the values of oy and ¢, for b = 1 than for b = 0,

Figure 22 illustrates the influence of the free-stream Mach
number M_ on the values of ~pr and Qpb' Inspection of the plotted data
shcws that -pr is an increasing function of M_ while Qpb is a decraas-
ing function of M_. Also the curvature of -pr versus ¢b increcses as
M, increases. All of these trends are explained by the fact that
increasing M, decreaser AB and thus decreases the effuct of interphaae
momentum transfer.

Figure 23 shows the influence of the parameter 02 on Hpb' When

= (, the solution is H, = 1. /s u2 increases, the influence of the

%2 pb
gas temperaturs (which i{s a function of ¢,) increases, and Hpb becomes
increasingly sensitive to the value of ’b' Aiso as ay increases, the
interphase heat-transfer mechanism becomes more effective in moving the

particle phase toward tharmal equilibrium with the gas phase (which is

at a higher temperature). Thus Hpb is an increasing function of ay-
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Thess results have been computed assuming that no mass loss from the par- \.
ticle phase occurs. They should, therefore, serve as useful standards of ;_;'
cogparison for the prediction of more sophisticated theories which allow ",.?*
)
38 &
1 tor particle vapurizstion. .-"“-’
) §
g APFROXIMATE ANALYTICAL SOLUTIONS AWAY FROM STAGNATION LINE
A ]
" As has been said previcusly, it is interesting to find approximate
. i
. analytical solutions for thin shock layers. To do this the assumptions b
. _
. F/F> 1, H/H<<1 Ly
- o ’ p/ I
]
o = = = yM2 (1~ 2 8. ' I8
: G =6, =sin(ng. ), H=H_ = elleyMi(l-e)cos?(ngy ))  (5.33) -
9§ k.
A .
5 are invoked. Equations (5.30) then simplify to iR .
‘I ( ) J ?.‘
- 2 2,(1-b)/2 2 . ;
R F gm0 8g(F 24(8.-G )2) By =0 ‘
. g
" 2.cm _a 12y(1=B)/ 2,0 oy
} 5 P z+alAS(Fp +(GB Gp) ) (Gs Gp) 0 !
. Fploy |
5 FH ,+a, A H =0 s
4 pp’z 288 y
R 6 - ‘f ' _’ j - d
'.:- Qp = ~{sin(ng_)/sin(ng$)) (LOS(nf¢/(Fp¢,¢o)) (5.34) 5
3 i
‘f Solving Egs. (5.3u4b, c¢) subject to Eqa. (5.31b, c) yields %;“_
‘L, ) ‘\n
g 6, = G = alnlngd )y ¥ = ¢ (5.35) . ¥
-;-' b
. Using Eq. (5.35a) simplifies Eq. (5.34a, e) to L
: ', IA
. (2-b) _ ]
E Fprp’z+ulﬁs(-Fp) =0
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Qp = -cos(nf¢)/Fp (5.36)

Solving Eq. (5.36a) subject to Eq.(5.31a), substituting the result into
Eqs. (5.34d) and (5.36b), and using Eq. (5.31d) one ubtains for some
realistic values of b

b=1l t F = —cos(nf¢s)(l-(alAsz/cOs(nf¢s)))
Q. = 1/(1-(01Asz/cos(nf¢s)))

H = 1+(a2Hs/ql)log(l/(ly(alABz/cos(nf¢s)))) (5.87)

bx3/5 :F = rcos(ng, )(L-(3a4_ 2/ (5008 Z(ngs 1))/

Q = 1/(1—(SalAsz/(Bcosa/s(nf¢s))))5/3

M= (s H /(20,0082 Bngh )1/ (1
(32,8_2/(5008> S(n s 1))))-1) (5.38)

b t o= -coa(nf¢s)exp(-u1Asz) |

Q. = exp(alAﬁz)

H = l+(a2Hs/(alcos(nf¢s)V)(exp(aJAsz)-l) (5.39)

As discussed previously, these solutions are uaeful both because they
indicate some of the qualitative features of the exact solutions and

because they provide quick estimates of the flow variables for thin shock

layers.

il e
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Chapter 6
INVESTIGATION OF ASSUMPTIONS

For the sake of simplicity, all previous calculations were
carried out under conditions equivalent to the assumptions that volume
fraction of the particle phase was negligible and that all the suspended
particles were fdentical spheres. In the present chapter these restric-
tions are relaxed and calculations are carried out to investigate the
importance of nonnegligible particle-phase volume fraction and the dis-

tribution of particle sizes within the mixture.
EFFECT OF FINITE VOLUME FRACTION

When the volume fraction (pp/Hﬁ)(agbeing the true density of
particle material) of suspended particles is not negligible, it is found
that the constitutive Eqs. (2.3) must be modified to allow Bandc
to depend on the particle-phase volume fraction. In this section the
importance of such a modification is investigated. One of the few cases
for which the modified forms of B and C have been determined is that of
an idealized suspension satisfying the following conditions: (1) the
volume fraction of the particle phase is finite hut small, (2) the parti-
cle phase consists of identical nondeformable spheres of radius a, massm,
and thermal conductivity k, (3) the Reynolds number and Mach number for
the microscopic flow past each individual particle are infinitesimal,

(4) the gas viscosity p in the vicinity of each particle can be treated
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as a constant. Under these conditions the following constitutive equa-

tions are appropriate

o
]

= \1/8 >
= Nlop(1+R1(op/pp) )(u~up)

(@]
b

- = \1/8;m_
szpc(l+R2(pp/pp) (T Tp) (6.1)

It can be shown (see Marble [5] who carriaes out the derivation for the
case of Rl = R2 = Q) that Nl = Bnan/m and N2 = 4nak/me. Several authors
have address;d themselves to the question of determining Rl' Happel ;nd
Brenner [16] give the value R, = 3/2. Using a method equivalent to that
enployed by Happel and Brenner [16], the present authorshave obtained the

result R2 = 1.

Because the flow in the vicinity of the forward stagnation line
of a sphere or cylinder is governed by ordinary differential equations,
the problem of determining this flow serves as a useful test case when
investigating the importance of modification such as the one under dis-
cussion in the present section. Using Eqs. (6.1) the dimensionless

Eqs. (5.12) are replaced by

‘- A A (1- ) ]
(FQ,)'-(1+3)(A /(148 (1-2)))(F 4G, )Q, = 0

. 1/3 _
Fprp'+ulas(1+elqp )(F~Fp) = 0
F G '=(A /(148 (1-2)))(F 6 3G +a. A (1+8.0 /33(G-6.) = 0
PP s 8 p pp Ls p p
. 1/3 _
EpHp'+02As(l+B2Qp )(H-Hp) =0 (6.2)
. - \1/3 _ - \1/3 _
where B, = (3/2)(npm/pp) and B, = (ppw/op) = 281/3.
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W


http://www.abbottaerospace.com/technical-library

©ve— PRRIPEFY!  Seer TN S P ST YN

ES0

It can be seen that for finite volume fractions the velocity |
comwponents are not independent of density as they are when volume frac-
tion is negligible.

Equations (6.2) were solved for a variety of values of 6,. Some
typical results of these calculations are presented in Figs. 24 and 25.
It can be seen that the value of 81 has no qualitative effect on the
dependence of the dependent variables on & Thus it appears that the
effact on finite volume fractions could be accounted for by modifying the
values of N, and N, appearing in the original constitutive Eqs. (2.3).
In the idealized situation under discussion here, this approximation is
unnecessary because the iforms of the corrections for finite volume frac-
tions are known [Eqs. (6.1)]. For actual suspensions the microscopic
details of the suspension properties [and thus the form of the correc-
tions to Egs. (2.3)] are unknown. In general, therefore, there is no
and N, to obtain the best |

1 2
it to experimental data. The results of the prosent section indicate

alternative to the procedure of modifying N

that this methed is qualitatively correct. The computed results also
indicate that the amount of modification necessary will be substantial
for the larger values of Bl. Unfortunately, the larger values of Bl
shown in Figs. 24 and 25 probably exceed the range of validity of

Eqs. (6.1). The possibility of reaching a definitive conclusion about

this matter Is, therefore, precluded.
DISTRIBUTION OF PARTICLE SIZES

If the particle cloud of a suspension consists of a distribution

of particles of different sizes, the values of Nl and N2 will not be the

same as those appropriate to the situation in which all the particles
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have identlcal sizes. The purposs of this section is to inveatigate the
amount of diffarence that will occur. Toward this end, consider an
idealized particle phase made up of N subphases. Each subphase contains
enough particles to be treated as a continuum and obeys the constitutive

equations
> -

where the subscript L denotes the ith subphase and Nli . Suiu/mi.

Ny = (“Mixi)/(mic). Thus each subphase has a negligible volume frac-
tion and cbeys conditions (2), (3), =nd (4) of the previous uctiop.
Note that the expression for N,, can also be written as Nli-9u/(2'5‘pai’).
From thla it can be seen that the parameter N]_:1 (or 4y ® NJ.;L”b/Uw) is a
function only of the particle size a; assoclated with the ith subphase.
It can be shown that the stagnation~line collection efficiency for such

a suspension is

Es= -i’glppi,opic1)rp1(1.>/i§1ppi, (6.4)
The collection effFiclency associated with the ith subphase is
B = =Quy (LF (1) (6.5)
Defining the mass ratio of the ith subphase to be
N
Ry = PoaltE)P01a (6.6)

and combining Eqs. (6.4), (6.5), and (6.6) ylelds

E'NR (6.7)
= i L) ReEy .
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Several calculations of sphere collection efficiencies have been
performe”. ‘o the case of N = 5 and M, = 10, Some typical results are
displayed in Table I. The quantity E(;l) represents the collaction effi-
ciinoy associated with a particle phase consisting of identical particles
for which a, = El -(’_glﬂn)/N. The quantity E is computed from Eq. (6.7).
It can be seen that for all the entries in Table I the results based on
the equivalent El are within five percent of those based on Eq. (6.7).
It is likely that the agreement would be even better for actual suspen-
sions because the spread of the properties assumed for the calculations
is unrealistically largs., It thus appears that values of N, and N, based
on the average properties of the particle pt;ase are quite adequate' for
the types of calculations performed in the present report, (Probstein
and Fasslo [6) had reached this same conclusion employing a different
approach involving the use of the normal distribution function to repre-

sent the distribution of particle sizes.)
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SHOCK LAYERS ON GENERAL BODIES

In Chapters 3, 4, 5, and 6 solutions have been presented for

some simple body shapes. The simplified nature of the gacmetry in these

problems has helped to focus attention on the various interesting phys-
ical phenomena which occur in supersonic two-phase flows. In this
chapter and the next one it is desired to put the governing equations
for the particle phase in forms that will be useful to engineers con-
cerned with two~phase flows uver a wide range of body shapes. In this
chapter the governing equations are simplified for the case of plane or
axisymmetric flow past a symmetric body at zero angle of attack. Several
transformations of independent variables are made until a form of the g
equations is reached which is convenient for numerical solution of prob-
lems involving arbitrary symmetric body shapes., The final form of the
governing equations is one of the maiu results of this chapter. Besides
being convenient for numerical work, the equations when written in this
form lend themselves readily to simplifisation for the case of thin
shock layers. It is found to e possible to obtain analytical solutions
to the simplified equations. These solutions are valid for any body
shape. As a simple application of the complete equations, they are
applied to the problem of flow past a wedge. The results of this anal-
ysis are used to illustrate various parametric trends and to evaluate
the thin-~shock-layer solution discussed previously.

In the next chapter and the next one it will be assumed that b = 1

in Eqs. (2.4). This is done for simplicity and does not affect any of the

subsequent analysis.
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SHOCK-LAYER EQUATIONS

Congider axisymmetric, steady, supersonic, two-phase flow past a sym-

metric body. The geometry of the system is shown in Fig. 26 which serves to |
define the tangential and normal coordinates x and y, the body radius R(x), l" '
the tangential and narmal velocity components u  and v l'

| P P
curvature h(x), the body angle Ob(x). the shock angle 6 ’(x). and the shock

» the body transverse

wave y = y (x). In terms of x and y Eqs. (2.4)have the forms -
((Rty cos eb)jpp“p)‘x + ((l+hy)(Rty cos eb)jppvp).y a0
(up/(hhy))up.x t VUt (hupvp/(1+hy)) = Nl(“'“p) |
(t.\p/(.l.-'-hy))"rp.x + vp'vp.& - (hu;/(l-o-hy)) 2 Nl(v-vp) _ -
(up/(l+hy))'rp.x tvoToey
where j = 1. For plane flow one obtains the same equations with j = 0. Sup-

. nz(c/op)(w-rp) (7.1)

pose that the frea-stream velocity is U_, the free-stream tumperature is T_, the k

free-stream particle density is p and it is desired to investigate collisions

p>’
of particles with the body surface between x = 0 and x = L. It is convenient
to define dimensionlcas quantities as follows:

£ = (x/L), n=(y/L), F, ® (up/U,,). G, = (vp/U,)

Hp = (TP/T‘). F = (U/Un)i G = (V/Uu)' H = (T/Tu)

Q = (pp/op,). r = (R/L), «k =hL (7.2)

Substituting Eqa{72) into Eqs.{7.1) yields

((r+n cos eb)jQpPp).e + ((l+xn)(r+n cos eh)jQpGp)'n = 0

(Fp/(l+nn))Fp.E+Gpr.n + (KFPGP/(1+Kn)) = “1(P‘Fp)
- 2 - -
(Fp/(1+nn))Gp.€ + GpGp.n (pr/(l+Kn)) al(G Gp)
(Fp/(l+Kn))Hp.€ + epup,n = u2(H-Hp) (7.3)
where

a) = (NL/U),  ay = (e/c )(N,LAU) (7.4)
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Equations (7.3)can be put in a more convenient form by the use of a Von Mises

transformation. Toward this end, a dimensionless stream function Wp is defined

i which satisties Eq. (7,35). Thus
‘- 3] j = Iy
_ (1+¢n) (x¢n c;a b) QPGP ¢p.5 .
g (r+n cos 6,) QPPP = -wp'n (7.5) N
' The total differential of wp is

3 1 |
d0p = (1+xn)(r+n cos ab) QpGpdE - (r+n cos 8,) Qpden (7.6) E,

X Reversing the roles of wp and £ yields
] .
dat = (dwp/((l+nn)(v+n cos 6,) QpGp)) r (den/((l+Kn)Gp)) (7.7)
From Eq. (7.7) it is seen that
j; E.wp % 1/((1+kn)(x+n cos ab)jQpGp)
Loy @ Pp/((1+nn)0p) (7.8)
Transforming  Eqs, (7.8L] (7.30) and (7.3d)and rearranging Eqs. (7.8) produces
Gpr’n + (KPpGpl(l+nn)) = al(F—Pp)
- ‘2 = -
GpGp'n (nlp/(l+mn)) ul(G Gp)
. Gpipan = Gp(H-H)
GpE'n u Fp/(1+nn)

' Q. ® 1/((1+kn)(r+n cos eb)jcpe,w ) (7.9)

P
- It can be seen that Eqs. (7.94-d) contain no derivatives with respect to wp. b
Thus, if they are integrated along a particle-phase streamline (a line of Wp s

; constant) they can be treated as ordinary differential equations. Once this is

I done, the density Qp can be found along the streamline from Eq. (%.9e). It should

be recalled that «, r, F, G, and H are functions of & which is now one of tha

dependent variables, The degree of nonlinearity inherent in the transformed

equations is considerably greater than that exhibited by the original equations.

For convenience in numerical integration of Eqs. (7.9) two further trans-

f formations of coordinates were found to be helpful. Both are suggested by the

S UG O SOV SV S UV P Y S
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experience gained from the work described in previous chapters with
simpler but analogous sets of equations. The first defines a new normal
coordinate z by

z 31 - (n/n,) (7.10)
This maps the interval 0 2 n 2 n_ into the region 1 2320, Interms of

the independent variables wp and z the governing equations are found to have
the form

DlG -xn D, FG + “1"3(P“Fp) = 0

prp’z a2p0p

2 -
Dlepap'z + KnsDQFp + “1“3(6 Gp) z 0

Dlppnp'z + aznn(H-Hp) = 0

chpc. .t Dzn'Fp = 0

3 W11
Q, = °2’(°1°a°p"wp’ (7.11)
where

Dy = 1- ((n;(l-z)Fp)/((1*nn‘(l-z))Gp))
D, = 1/(14kn (1~2))
Dy * vt (1-z)cos 8, (7.12)
In Eqs.(712)a prime denotes differentiation with respect to £.

The last transformation involves ‘the replacement of the stream function
wp by the coordinate £ at which the streamline wp = gonstant intersects the

shock wave. On the shock wave

N - 7-
Fps * cos 6, ., Gps = -sin 0, , st = 1 (7.13)
where
7.14
o ™ Ob(E') ( )
Evaluating Eq. (7.6 on the shock yields
] 7.15
dwp = —(D10D30/D20) sin ebo dzs ( )

where
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D10 =1 +((n;° cos Gbo)/((l + Ko“so)si“ Gbo))
D?O = 1/(1 + xonso)
Dao = p, tng cos ebo (7.18)
In Egqs. (7.16)
Ko = K(£g)y 1, = r(&,). Ngo * na(Es). Neo * n;(&,) (7.17)
Thus

] .

E.wp = (E‘Ea)(dca/dwp) = =(D,,/(D, Dy, 8in obo»e.ca (7.18)

This transforniation affects only Eq.(7.12e). The final set of governing equa-
tions in terms of the independent variables £ and z is '
nleprp.z - xnsszpGp + “1“3(F'Fp) 2 0

2 -
DleGp'z + nnBDQPp + aln’(G Gp) 20
DleHp'z + QQn!(H-Hp) = 0

DlGPE,z * DQ"st s 0 j

Q =(Dp/D o )(D /D4 ) (D, /Dy Nsin ebo/Gpc.Es) (7.19)

The appropriate initial conditions are
Pp(C’.O) = cos 6, Gp(Es.O) = -gin @ , Hp(sn.o) = 1, E(EQ.O) = ESCZQO)
The governing equations have now been put in a form which is convenient for
any symmetric body shape. It should be pointed out that the transformations
discussed in this section do not depend on the spacific forms of the inter-
phase momentum and heat transfer laws that are used.

A quantlty of interest in problems of thm kind under consideration in
the present paper is the local colleation efficienny E(£,). This is defired
to be the rate at which particle-phase material actually strikes the surface
of the body between { = 0 and ¢ = § = E(&s,l) divided py the rate that would
ocour if interphase momentum tranafer were absent. It is easily shown that
E = (Dy,/Dy )" (7.21)

where
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Dab = = r(ﬁb) ) (7.22)

THIN .{)CK LAYERS

As a first application of the equations derived in the last section,
consideration will be given to thin shock layers, that is shock layers for
which
ng <¢ 1y ng <l . (7,23)
Using Eqs.(7.23), Eqe.(7.12) and (7.16)can be aimplified to
Dy ®Dy 8 Dy Dyy ®1, Dy=r, Dy, =r o (7.20)
Substituting Eqs.(7.23) and(7.24)into Eqs (7 19) yields

cprp.z + ulns(r - Fp) = 0

Gpep.l + aln.(o - Gp) =0
Gp“p'z + GQH‘(H - Hp) =0
E-,, = 0
. +J
Qp (ro/r) (sin Obo/Gpc.E‘) (7.25)

In cbtaining Eqs.(7.25) the possibilities that a;n, = 0(1) and that s n, = 0(1)
have been allowed for. Equation (7.25d)can be immediately integrated subject
to Eq.(7.20d) to yleld

C(CBuZ) = an (7026)
This shows that

o(E) = r(E) = v, F(E,2) = F(E,,2) = F,

6(g,2) = 6k ,2) = 6.,  H(E,2) = H(E ,2) = Hy (7.21)
For thin shock layers it will he asaumed that the gas varisbles are independent
of z. That is

Fg = Fyo ® P(c‘.o). G, = Gy * G(an.o). Hy * Hy = u(gn,o) (7.28)

If the air is treated as a perfect gas the ratio of the gas density in the froee

stream to the gas density just behind the shock isa
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2 2 2 2
© n ((r-1)Mg sin® 8+ 2)/(CrrINg 88r® 6) (7.29)
where Y is the ratio of speclific heats for a perfect gas and M_ is the free-
stream Mach number. In tesxms of these quantities it can be shown that

}ao = Qos 630 co’ °Lo + ¢ sin 930 sin eLo

Gao a gos e'o sin eLo - ¢ 8in eso cos °Lo

a - ' .30
Hyo 2 #(1 + (1-c)yM2 8in? 0,) (7.30)

where OLO s 680 -ebo

For a thin shock layer 8, << ) and

Lo

- (7.31)
Pao x cos ebo. Gso a -¢ asin ebo

Substituting Eq.(7.31a) into Eq.(725a) and solving subject to Eq.(7.208) yialds

Pp u Fso = cos Bbo (7.32)

Following Probstein and Fassio (6] assume that |Gp| >> |G| and Hp << H for
a thin shock layer.
Simplifying Eqs.(7.25b) and(725c) accordingly and using Eq.(7.26) pesults in

e} + a ®

lnuo
+ a

p'z

Gp"p‘z

Solving *hese equations and using the inltial conditionsa(7.20b) and(7.20¢) one

2“so"so n 0 (7.33)

cbtains

Gp z -gin Gbo(l-(ulnsoz/sin Obo))

Hp 3 l+(a?H8°/ml)log(l/(l-(u.lnsoz/sin 6, ))) (7.34)
Substituting Eqs.(7.26),(7.27¢c), and(7 34c) into Lq.(7.25) ylelds

Qp * 1/(1-(ayn_z/sin 6 )) (7.35)
Substituting Lqs.(7.24) and(7.26) into Eq.(7.21) shows that to thc¢ order of
approximation of the present solution

E =] (7.36)

These simple closed-form solutions are applicable to symmetric bodies of

any shape and should be useful both for obtaining quick estimates of the
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properties of two-phase shock-layer £lows and for demonstration of various
parametric trands. In using these solutions it should be noted that only
positive values of (1-(aln8°z/siu obo)) are meaningful. When this quantity

vanishes the ausumption lGP| >> |G| & already violated.

FLOW PAST A SYMMETRIC WEDGE

As an example of the application of the complete Eqs.(7.19) the flow
past a symmetric wedge is cousidered. The geometry of this problem is
shown in Fig. 27. The wedge is an important aerodynamic shape and 1t is
the only body for which an exact closed-form solution to even the inviscid
equations of mot®un for the gas phase is known. Fbr the latier reason this
prcblem makes a useful test case for calculations of the type under discus-
sion in the present paper. It is, therefore, of both theoratical and prac-
tical interest.

From Fig.?27 it can be seen that
a

n' = = i (7.27)
L* ng tan GL. T £ sin Gb

where 6, and 8, = 6 -~ 6, are now constants. Substituting Eqs. (7.12), (7.16),

17.17%and(7.37) into Eqc.(7.19) yvields

k=0, n_ =§tan 0

((l-m)Fp tan 8, - Gp)Fp’z - ulE(F—Fp)tan 8, =0

((l—z)?p tan 8, - Sp)Gp’z - alE(G~Gp)tan =0

((l-z)FP tan GL - GP)HP,Z - mQE(H—Hp)tan GL = 0

((1-u)F, tan 8 - G )€, = EF tan &y = 0

Qy = 1/((sin 6, * tan OLcosHb)({lrz)Fp tgn UL - Gp)ﬁ’ﬁs) (7.38)

If it Is assumed that the vrelocity components and temperature of the air can
On peps asvnted to a sufficlent degree of accuracy by the salution for flow
of an Lrwineld perfect gas (with y = 1.4) one hds

. , . R -
P !co@’&ﬁ ¥ n“min*ﬂs)‘. G=0, H=H (7.54)

a8

g T
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where ¢ and Hs are given by Eqgs.(7.29) and(7.30c)respectively and 65 is now
regarded as a constant., The shovk angle 0s can be found as a function of
the body angle Gb by making use of tables or charts such as those given
by Liepman and Roshko [15]. To compleie the formulation of this problem
it is noted that the local collection efficlency is .
E = (£./8,) (7.40)
Equations(7.38) were solved numerically subject to Eqs.(7.20). Egs.
(7.30a-dwere integrated numerically along various streamlines (linas of
EB = constant) starting at EB = 0, On a given streamline the numerical
integration was carried out using a fourth order Runge-Kutta method start-
ing at z = 0 and proceeding to z = 1. After Eqs.(7.30a-d) were solved
along the streamline, Eq.(7.38e) was solved for QP. The partial durivative
with respect to &B was veplaced by a two-point backward difference formula
to convert Eq.(7.38e) to an algebraic equation. Some typical results of
these numerical calculations are presented graphically in Figs. 28-35.
Figure28 shows results for the quantities of the most importance in
estimating the cratering and erosion damage likely to be experienced by a
flight vehicle; namely, the particle-phase normal velocity at *he body
surface pr = Gp(ﬁs,l) and the particle-phase density at the vehicle
surface Qpb = Qp(Es,l). These quantities are plotted versus the distance
from the leading edge of the wedge Eb. Figure 28 pertains to a free-stream
Mach number of ten and a wedge half-angle of five degrees, It can be seen
that the impact velocity decreases and the dansity increases as the dis-
tance {rom the leading edge increases. When ay (the measure of the effec-
tiveness of interphase momentum transfer) is small, both pr and Qpb are

nearly constant. As %y increases, the variations of pr and Qpb become
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increasingly pronounced. The variation of the normal velocity illustrates
the transition from a state of frozen flow (the particle-phase motion is
independent of that of the gas phase) at { = 0 toward a state of equilibrium
flow (the two phases have identical motions) which is nearly achieved at

Eb = 1 for the larger values of a,. This behavior is due to interphase
momentun transfer which tends to bring the normal particle-phase velocity
into equilibrium with the normal gas-phase velocity which is zero in this
case, For a given Eh interphase momentum transfer is enhanced by increas-
ing oy and for a given ay interphase momentum transfer {s enhanced by
increasing Eb (which incrcases the length of the streamline that a particle
must traverse to reach the wall). It appears that for a wedge or cone com-
plete equilibrium flow iz never reached even if the body is infinitely long.
This is in contrast to the two-phase flow past a sphere or cylinder where
complete equilibrium flow is possible near the body surface for certain
combinations of parameters (vefer to Chapter 5.) It can be seen

that the decrease in particle-~phase normal velocity is accompanied by a
compression of the particle phase which increase: in severity as either

a, or Eb is increased. This 1is significant because it shows that the
particle-phase mass fraction may be negligible in the free stream but non-
negligible near the surface of the body. In such a situation the theory
employed in the present paper would be inadequate and it would be neces-
sary to solve the coupled equations governing the air and particle motions
simultaneously. Thus, computation of the particle-phase density (which

has not been carried out by most previous investigators) not only provides
information about the distribution of impacts on a vehicle surface, but

also provides an important check on the self-consistency of the theory.
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Figures 29 and 30 present data for a free-stream Mach number of ten and
a wedge angle of fifteen degrees. Increasing the wedge angle increasss the
thickness of the shock layer (and thus the effectiveness of interphase
momentum transfer for a fixed al) and also increases the normal velocity of
the particle phase at the shock. A comparison of the results for G

pb
Figs. 28 and 29 reveals that the latter effect is predominant as far as pr

in

is concerned. That is, for a given 4y the surface velocities increase

with Increasing eb. For a fixed ay the surface densities are also an

increasing function of 8y which shows that the behavior of Qpb is pri-

marily dependent on the effectiveness of interphase momentum transfer.
Figure 30 shows numerical results for the particle-phase temperature at the

surface of the wedge H_, = Hp(Eb,l) and the local collection efficiency E.

pb
; It can be seen that the surface temperature is increased by increasing ay

(because increasing the effectiveness of interphase momentum transfer

lengthens the time required by each particle to traverse the shock layer
and thus provides more time for heat to be transferred from the warmer

gas phase to the cooler particle phase). The collection efficiency decreases

along the body surface and with increasing o It can be ccen that for a

1"
given a, E approaches its equilibrium limit (zero) much more slowly th.an
does pr. This is, of course, due to the corresponding increase in Qpb'

In Fig. 31 results are presented for a free-stream Mach number of ten

and a thirty-degree wedge angle. Here both the numerical solution (solid

lines) and the analytical thin-shock-layer solution (dashed lines) are
plotted. Comparison of the solid lines with the data previously discussed
| tends to confirm the statements made earlier concerning the influence of

T eb on the values of pr and Qpb' For air (y = 1.4) no shock layers on
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wedges are particularly thin. In this case the value of eL iz eight degrees
80 (BL/Ob) = 0.267. The value of the shock wave density ratioc is ¢ = 0,189,
Thus none of the assumptions ng << 1y n; << 1, or (GP/G) >> 1 is very well
satisfied and this constitutes an extreme test for the thin-shock-layer
solution. Substituting Egqs.(737) into Eqs.(7.3%) and(7 35) and replacing

tan 6, by eL yields

L
= -gin eb(l—(alesz/sin eb))

G3
1

==
n

L+ (a4, )log(1/(1-(a, 0, xz/8in 6,)))

Jo
1

= 1/(1-(uleL xz/sin Ob)) (7.41)
Equations(7.414d) and(7.4lc)were evaluated numerically to obtain the dashed
lines shown in Fig. 31. It can be seen that for ay 21 the approximate and
exact solutions are in gnod agreement. TCur larger values of o ithe approxi-
mate solutlions still predict the correct qualitative trends but: deviate
increasingly from the exact values as gy increases. Considering the fact
that the test case exhibits rather poor satisfactlon of the assumptions
underlying the thin-shock-layer solution, the agreement betweun the exact
and approximate solutions seems acceptable. A similar conclusion was
reached in Chapter 5 in which was previously obtained the special case
of Eqs. (7.34)and{7.35) corresponding to flow past a circular cylinder or a
sphere. I* will be interesting to compare the predictions of Eqa.(7.34)
and (735)with exact results for two-phase flow in thin shock layers when
such results become available.

Figure 321illustrates the effect of the freastream Mach number on the
behavior of pr and Qpb‘ It can be seen that for a given Ob and ay the

particle-phase normal impact velocity is an increasing function of M_ and

the particle-phase density is a decreasing function of M_. This is because
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the shock laysr thickness (and thus the effectiveneas of interphase
momentum transfer) decreases as M_ increases.

As expected, the numerical results presented here are qualitatively
similar to those far supersonic two-phase flow past a right circular cone
obtained in Ch&pter 4. Comparison of the results for pr given in Fig. 29
with the corresponding results reported in Fig. 6 shows that the normal
impact velocity is smaller for wedge flow than for cone flow. This is
because the shock layer is thicker for the plane flow than for the axi-
symmetric £low and because the nomnal velocity of the fluld phase vanishes
for wedge flow but does not for the cone flow. The difference discussed
above can be significant. At £, =1 IGph,l is about 9 percent lower for
plane than for axisymmetric flow for a, = 1, about 55 percent lower for
4, = §, and about 90 percent lower for 4, = 10. This behavior suggests
that for a given profile an airfoil (over which the flow is approximately
two-dimensional except near the edges) will experience less cratering and
erosion damage per unit of surface area than will a corresponding. axisym-
metric body, provided that the magnitude of the normal impact velocity is

the main determining factor of such damage.

—wire .-w.:-“ -

e W M S e
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Chapter 8

SHOCK LAYERS ON BODIES WITH ATTACHED SHOCKS

The equations given in Chapter 7 can be used to analyze two~

phase flow past any symmetric body. It is often difficult, however,

to write the squation of the shock surface’so that its normal coordinate
is given explicitly as a function of its tangential coordinate. It 1s
more likely that the radial shock coordinate will be known explicitly
as a function of the axial distance from the nose of the body. Rather
than convert this information to normal and tangential coordinates, it
saems wise to take advantage of this situation when possible, This can
be done for bodies with attached shocks and is the subject of the pres-

ent chap ter.

GOVERNING EQUATIONS

Figure 33 depicts the geometry of the problem and serves to define
the axial coordinate %, the radial cocrdinate r, the gas veluci*y compo—
nents u and v, the particle-phase velocity components uP and vp. the body
surface rb(x). the shock surface rs(x), the body angle eb(x). the shock
angle es(x) , the length of the region in which impacts are to be investi-
gated L, and the frue-stream velocity U_, temperature T , and particle-
phase density P o’ In this coordinate system Egqs. (2.4) for ateady axi-
symetric flow can be written as
(rd u), + (edo_v )y, =0

PP X PP

pp(upup,x + vpup,r) = ple(u—up). pp(upvp,x + vpvp.p) = ple(v—vp)

E66
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? ppcp(.up'l‘p.x + vap.r) = pchz(T-Tp) (8.1)
‘ For plane flow the same equations result with j = Q.

It is convenient to define the followling dinensionless variables.

§ = (x/L), n=(r/L), F= (uU), F, = (up/U,) |

¢ = (v/U.), Gp s (vp/u,). H = (T/T.), Hp = (Tp/T.) (8.2)
g Subatituting Eqs{82) into Eqs. (a1l)yields
ﬁ, (nIg ), + (nga, =0
‘ erp.E + Gpr,n z al(P—Pp). PpGp’E + Gpr.n = ul(amcp)
‘ FpHp’E + Gpﬂp,n = QQ(H-HP) (8.3)

u

where a, = (Nlb/Um) and a, (c/cp)(NQL/U,). The appropriate boundary

conditions ara

' Fps © Qs * Hpg = 1s "G (8.4)

H
(=]

Here, and in what follows, a subscript s will denote the value of a var-

lable on the shock surface while a subscript b will denote its value on

the body surface.

Equations (8 3)can be put in a more convenient form by the use of a
Von Mises transformatlon. Toward this end a dimensionless stream functiom

Wp satisfying Eq.(8.3a) is defined such that

pGp = wp’E (8.6)

Sop = - 3
nQuF, = =doaps 170

Finding the total differential of wp and reversing the roles of { and wp

(that is, regarding £ as a dependent variable and wp as an independent

variable) results in

N 3
dg = (dwp/(n QPGP)) + (den/Gp) {8.6)

from which it follows that

= j = 3 3 B.7
E'*p 1/(n QpGp)' sy (rp/vp) (8.7)

-
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Transforming Eqs. (8.3h,c,d) and rearranging Eqs. (8.7) produces
Gpr.n £ ul(F-Fp), GpGp‘n = ul(G-Gp). GpE,n = Fp |
- 3 :

Since no derivatives with respect to wp appear in Eqs. (g.8a, b, c, d),
they can be treated as ordinary differential equations along the dispersed-
phase streamlines (lines of constant wp).

In order to make the radial distance from the body surface to the
shock surface constant, it is convenient to define a nww independent
variable
z = (ng=n)/(ng-ny) (8.9)
which maps the region Ny $qpt Ng into the region 1 2220, Itisalso

useful to replace wp by the coordinate Es at which the particle-phase -

streamline associated with Wp intersects the shock surface. Evaluating
Eq. (B8.8) on the shock with the aid of Eqs. (8.4) yields

av, = -d an = =n] an, sagdag, = nd ranto, dap (8.10)

P g
where .n__ = “s(Es) and 080 u BS(EH). Transforming Eqs. (8.8) to the final
independent variables EB and z, vsing Eys. (8.9) and (8.10), one obtains

Forg * (°1D1/Dz)(P'Fp) =0, Gyt (“1D1/°2)(G'Gp) z 0 B

£ay + CDle/DQ) z 0, Hp,,z + (“le/Dz)(“‘”p) =0

Q, = “”20"’2"”30’Da>j/""ss’ (8.11) 1
where { 25
D) = ng=mps Dy = 6 -F ((1-z)tan(8,) + z tan(By)), Dy = ~tan(Oy,) .
Dy = (L-zdng + 2nge Dyy = Ny, (8.12)

Equations (g,11) must be solved subject to the boundary conditions
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rp(ga.o) z Hp(c’.o) 5.1, Gp(cs.o) 20, xp(ca.o) = gy (8.13)

Equations (g,11) combine the main advantage of the Lagrangian description
uged by Prabstein and Fassio [g] Waldman and Reinecke [7] and Spurk and
Gerber [8] (i.e., that the flow variables can be datermined from the solu-
tions of ordinary differential equations) with the main advantage of the
Eglarian description (1.e., that the shock surface and the body surface
corraapond to known values of the independent variable). In addition, the
distance from the shock to the body iz constant when the variable z is
used, and Eq. (8,1le) which doterminies the density, is algebraic. For
these reasons it is balieved that Eqs. (4.11) are cenvenient for numerical
work, and it is hopad that they will prove useful to future investigators

concsrned with problems of this type.

NUMERICAL SOLUTIONS
Equations (8.11a,b,c) c¢an be solved simultaneously subject to Eqs.

(8.13a,c,d) by any numerical method for initial value problems. In the
present work a fourth-order Runge-Kutta routine was used. The same method
was ased to solve Eq. (8.11d) subject to Eq. (8.1lsb)., Equation (8.lle) was
solved by approximating the partial derivative appearing therein by a two-
point backward difference quotient. The general axisymmetric body shape
congidered was

ny, = BR(E); R(O) =0, R(1) =1 (8.14)

An approximate description of the gas flow field was obtained by employ-
ing expressions for F, G, and H simllar to those suggested by Waldman and
Reinecks [7] and by assuming that the shock surface could be representad
by the equation ng = SR(E) where R im the same function appearing in

Eq. (8.14) and the quantity (3/B) is the same as that for a zone with
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base-radius-to~length ratio B. (A more accurate description of the gaa

flow field could be used without affecting the solution procedure in any

way, but thia would necessitate numerical ~alysis of the gas-phase gov-
erning equations which the authors did not want to undertake in connection

with the present work.) Numerical solutions wers obtained for the specific

body shapea

R=t)  (power 1aw) (8.15)
R = (2£-CE2)/(2-C), (parabolic aeries) (8.16)
R= ((cou—l(l-iﬁ))/w)*. (Von Karman) (8.17)
R = (((14B2)2-(2B(1-§))2)%-(1-82))/(282),  (ogive) (8.18)

wheres 8 and C are constants.
Numerical results are presented in Figure 3y for the local collection

efficiency (the rate at which particulate masas is sctually collected by

the body surface divided by the rate that would exist in the absence of

! interphase momentum transfer)

£(E,) = (Ieb (. tan(d )= Indde, 27/ Prante, ndac, ) (8.19)
{8y 3 Qpp(Fpp tan(8y)-G,p Inidey, £ anio, Mpesy '

for bodies with a base-dlameter-to-length ratio of one third. For all
calculations presented, the perfect-gas specific heat ratio y = 1.4, the
\ free~stream Mach number M_ = 10, and the momentum transfer coefficlient

@, = 1, It can be seen that E is a4 decreasing function of Eb with the

1l
detailed shapes of the curves depending on the particular body to which

) the 1esults correspond.
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Chapter 9
CONCLUSION

In the present report a continuum thecry of two-phage supersonic
flow of & gas containing small particles has besn formulated for the case
of negligible particle-phase mass fraction. First, the governing equa-
tions for the particle phase were solved for flow past & right circular
cone (or a plane wedge) at zero angle of attack. Approximate analytical i
solutions (valid only fer thin shock layers) and exact numerical solutions
of these aquations were cbtained. Secondly, the application of this pro-
cedure was applied again to the case of two-phase supersonic flow past a
sphere (or a circular cylinder). Numerical solutions for this type of
flow were found atarting at the forward satagnation line of the air motion
and marching downstream. Some caloulations for the problem of flow past
a wedge or circular cylinder were also carried out simply to show the
comparisons of flow properties between plane and axisymmetric two-phase
flows. Results having relevance to the estimation of cratering and ero-

sion damage suffered by high-speed vehicles flying in the atmosphere and

to the experimental determination of constants involved in the thaory
wers presented graphically and discussed for these twe different flow
configurations respectively. The Impcrtance of nonnegligible particle-
phase volume fractions and distributions of particle sizes within the
particle phase were also discussed. Finally, two forms of the governing
equations which facilitate the numerical solution of problems involving
gas-particle flow past bodies having general symmatric shapes are

discussed.

By
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Figure 14. Stagnation-Point Values of Particle-Fhase Normal Velocity
and Density
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Figure 15. Stagnation-Point Values of Particle-Phase Collection
Efficiency and Temperature
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Figure 26.

Geometry and Coordinate System for General Symmetric Body
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APPENDIX F
COMPUTER CODE FOR STRESS ANALYSIS OF
HYPERVELOCITY INPACT
by G. R. Buchanan and J. C, Huang

THEORETICAL AMALYSIS

The mathematical model for generating spherical elastic wvaves has
been desaribed by Kinslow [2]. To susmarize briefly, it is assumed that
there is a hollow, hemispherical cavity in the layer of material with its
center at the point of impact and that a time-varying pressure or foroing
funotion is applied to this imaginary cavity surface which generates
stress waves in the material. The pressure applied to the surface of

the cavity is an impulse described by the relation
P = P IK e 04t (1)

where Po is the pressure, a; ure decay constants, t is the time, and the
l(1 are constants. In this report only two terms have been considered
and Eq. (1) reduces to

P u By (K e 1Tk 072%) (2)

The propagation of spherical dilatational waves in a homogeneous,

isotropic miterial can be studied using the spherical wave equation

L

vz‘ = .—l 3—21 I (3)
c? a2
vhere ¢ i3 u scalar displacument potential, ¢ Is the wave speed, and t is
time. The solution of Eq. (3) may be written as in (1]
Poro a_-a

_eaT, =0t -
¢ s e te (cosw T + — sinu 1) )

ppLul+(a o] o

.

Vrerm o Im——

il s s e 3 N ST A i T

e i
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vhare Po is pssk pressure, o is a time~decay constant, time t is measured
from arrival time of wave front, L is radius of cavity, v is Poisson's

ratio, and
a(1-2v
% * rolI-v; (s)
e J.-zv)‘
Wo ® EiTT:\TT (e)
T t-(r-ro)/u (7)
c = (A+2u)/p (8)

wiere ) and ¥ cre Lamé's constants and p is the density of target material.
The radial and tangential stresses at a given point P inside the tar-

get are given by the following relations

o, = (he2u) 32 + 2A() (s)
9
ate . ot° a A §§-+ 2(A+u)(%0 (10)

where u = g%- ia the panticle displacement.

Conaider the coordinate syatem of Figure 1. The location of an
impact on a plane surface (the x-y plane) is Jdesignated as 0, and is
given by the coordinates (xOl. yoi). The location of any point P
at which the principal stresses are desired is specified by the coordinates
(x,y,z) or (PX,PY,PZ). For the computation of stresses resulting from

an impact at 01. the coordinates (xl,yl.zl) are amployed, where

X, u PX - x01 (11)
y, *PY - Y (12)
2, ® P& (13)

The location of P mey also be specified by the coordinates (rl,el.ol).

(¥
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The following derivation of the components of stress at point P are
relative to the O1 coordinate system. For the sake of simplicity the sub-
script is omitted from the following equations.

The relations betwaen the (xl.yl.xl) and the (’1'01"1) coardinates

are

x = p sind cose (1)
y = v siné sind (15)
s » v coséd (16)

The direction cosines of the positive r-axis have componenta in the

(x,y,s) oystem as follows

cos(x,r) = 3x/or = siné cosd (17)
cos(y,r) = 3y/ir = sind sind (is)
cos(x,r) = 33/3r = cosd (19)

Similarly, the direction ccsines of the tangential 6 and ¢ axes are

respectively

con(x.te) x (1/r ain®)(dx/38) = -gind (20)
con(y.te) 2 (1/r 8in6)(3y/98) 2 cosd (21)
cos(z,ty) = 0 (22)
and

cos(x,t’) 2 (1/r)(3x/3¢) = cosé¢ coad (23)
cou(y.t‘) = (1/r){dy/3¢) = cos¢ sind ‘ (24)
con(z.t¢) s (1/r)(32/3¢) = ~sin¢ (25)
where

ra/xf eyl el (26)
sing = VxZ + yi/p (27)
cos$ = z/v (28)

sing = y//x! + ye (29)

i e st dd
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i‘r‘ As the spherical wave propagates through the material, the radial and ; ?
tangential stresses having values given by Eqs. (9) and (10), respectively,
are shown acting on an elemental volume in Figure 2. At any 'poin-t, P, and ( \
@ for any time, ‘the six cartesian components of stress relative to the i '
[°»Kn}"az]1 coordinate system may be computed from the following relations
Lo ], = [o gcos?(x,ty) + at¢cosz(x,t¢) + o, cos?(x,r)], (31)
’ [oyll = !:owcosz(y.%) + orcosz(y,r) + atecosz(y.ta)ll (32)
\ [o,], = [0 cos?(z,r) + 0, 4c082(z,ty) + owcosz(z.td,)]l (33) 1.
_"- [TXY]I = [ctecas(x.te)cos(y,te) + ot¢cos(x,t¢)cos(y,t¢)
+ drcos(x.t‘)cm(y, P )]l (34) . X
:" [Tyz]l = [cwcos(y,t")cos(z,t‘.) + arcos(y.r)coa(z.r) 4
‘, + ateo.os(y,te)cos(z,ta):l.1 €35)
; Cr, = [o,cos(z,r)cos(x,r) + ot¢cos(z,t¢)cos(x.t¢) ! 1 .
i + atecos(z,te)cos(x,te)]l (36) ( :."
These components of stress resulting from each of the several impacts
. | could be added as follows: ;
\ o, = [Ux]l + [Ox]2 + [quS L P (37) : r
: ;o
. o, = [0.3) + Lo d, + L5 3y 4. . . (38) ' ;
R o, =le,J) + [0, + Lo +... (39) .
£~ Txy s ['cxy]l + ['rxy]2 + [Txy]a T 010)
] Tz ° [sz']l + [sz]2 + [sz]3 + . (1) ' a
- Ty = Uygdy #0705 + Do la 4 o (h2) \ ,
A rm

PR RTINS

RO T UV
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These six components of stress are now substituted in the following
cubic equation:

s _ 2 mx2 g2 o .2 -
) (ux + °y + oz)s + (°x°y + dyaz + 0,0, Txy 'Tyz. sz)s

(6,00 -0.12 -0g1r2 -g12 421

Ry z X yz y zx Z Xy xyTyztzx) =0 (43)

The roots of this equation are the three principal stresses.

DEFINITION OF VARIABLES
ALPHA(1)

) time-decay constant

ALPHA(2)

By time-decay constant

AMDA a A, Lamé's constant

(61 = (Aggl)t. dilatational wave spesd
(o} = (%0%. shear wave speed

D = Raindrop diameter

E = Young's modulus

ICODE =

1 for calling subroutine DATGEN to calculate Po. al, Gy and Ty
JCODE = 1 for calling subvoutine PRIDIR t¢ calculate principal direction
for the maximum tensile atress

JJJJg = Froblem number counter

NINI = Total number of problems to be run

NUMBER = Number of ALPHA terms used

POWER = Exponential power of the weighted function for peak pressure Py
PR = Poisson's ratio

PSUBO = Py peak pressure of cavity

PX = y-coordinate of point P where stress is to be calculated
PXINC = Increment of PX

PXMAX = Maximum value of PX to be incremented

PY = y-coordinate of point P
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re
PYINC = Increment of PY

PYMAX = Maximum value of PY

P2 z-coordinate of point P

PZINC Increment of PZ

PZMAX = Maximum value of PZ

i RHO = p, density of radome material
u‘f} RSUBO = ro initial radius of cavity
L 86(1) = Plus sign

P | 86(2) = Minus sign

- .; TDELAY = Delay time

¢f I; TIME 3 ¢, time variable

TINCR = Time incrament

TMAX = Maximum time to be considered

H TMIN = Initial time

? TT = Target thickness

E X1 = %01 - PX

? X0l = x-coordinate of impact cavity
_'¥ Yl . yol - PY '
'Eé Yol = y-goordinate of impact cavity it

.& 21 = PZ a(
'.ﬁ ZR = Recess value of z to simulate normal pressure distribution (

caused by impact of a raindrop on surface of target

S EXPLANATION OF SUBROUTINES

A CARTST Calculates the cartesian components of the stresses at point P ’
P resulting from the direct and reflect waves. i
4 DISCOS Determines the direction cosines between impact cavities and L

- point P. ¥
k i
g FULSE Calculates the radial and tangential stresses from the wave's :

. equation.
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THETA
FRIDIR
DATGEN
PRIST
CUBIC
QUAD

F7

Calculates the angles ¢, and ¢, as shown in Figure 3.

Calculates the principal direction for maximum tensile stress.

Generates the values Po. P Oy and 02.

Calculates the principal stresses.

Solution of a cubic equation,

Solution of a quadratic equation.

GUIDE FOR INPUT DATA

Card

1
2

Fartran Name and

Column Number

NINI 1 - 2 (Right justified)
E 1-120

RHO 11 - 20

PR 2l - 80

PX 1=-120

PY 11 - 20

P2 21 - 30

ZR 3l - 4o

PXINC 1-10

PXMAX 11 - 20

PYINC 21 - 30

PYMAX 31 - 40

PZINC 41 - 50

PZMAX 51 - 60

TT 1Y 10

POWER 1 - 10

ICODE 11 - 15 (Right Justified)
JCODE 16 - 20 (Right justified)
v 21 - 30

D 31 - 40

NUMBER 1 - 2 (Right justified)
PSUBO 3 - 12

RSUBO 13 - 22

ALPHA(1) 1 - 10

sa(?) 11 - 20

Format_and Remarks
(I2)
(3F10.0)

(4F10.0)

(6F10.0)

These six values
increment the initial
coordinates given in
card 3

(F10.0)

(F10.0,215,2F10.0)
Omit cards 7, 8, 9 if
ICODE = 1

(12,2F10.0)

Omitted if ICODE = 1
repeated for each
impact location if
ICODE # 1

(2F10.0)

Omitted if ICODE = 1
repeated for each
impact location if
ICODE # 1

e
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F8

9 ALPHA(2) 1 = 1Q (2F10.0)

86(2) 11 - 20 Onitted if ICODE = 1
repeated for each
impact location if
ICODE # 1

10 X0l 1-10 (3F10.0)
YO. 11 - 20 Repeated for each
TDELAY 21 - 30 impact location

Cards 7, 8, 9, and 10 are repsated for each Impact location if ICODE # 1.
Otherwise only card 10 is repeated.

Last Card TMIN 1-10 (3F10.0)

TINCR 11 - 20
TMAX 21 - 30

FLOW CHART

READ MATERIAL CONSTANTS,
LOCATION OF POINT WHERE
STRESS IS TO BL CALC!ULATED

CALL DATGEN AND
READ X01,Y01,TDELAY

9000 READ DATA FOR
EACH IMPACT fOINT

CALCULATE COORDINATES DATA
—
l// 9001 READ TIME DATA //,

9002 CALCULATE GEOMETRY OF
EACH IMPACT POINT

[CALL THETA |
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day

- PRIV NU T
. . o ! o NINATALE.
3 : - HEPAPPUING TR ¥ ALK
I

l FQ

CALL DIRCOS .
INCIDENT WAVE.

. CALL DIRCOS
REFLECTED _WAVE 3
a 1 5
‘ 9008 CALCULATE TIME FOR EACH -
WAVE T0 REACH THE POINT .

i
{?) 9004 CALCULATE REFLECTION COEFFICIENT >

e, W TN

3 9005 MAKE ALL NORMAL AND SHEAR
4 LSTRESSES EQUAL ZERO AT BOUNDARY _
: >
| ‘
;o 230 BEGIN SOLUTION AT MINIMUM TIME P
N

: pemsssmetied 5006 DO FOR AL IMPACT poms%—q 2

NO

ST FOR INCIDENT WAVE REACHING POINT

YES "

j
} '.
. CALL PULSE FOR EACH ALPHA TERM § € 1
1 CALCULATE CARTESIAN
4 STRESS COMPONENTS

|
|
|8
|4
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B ;
{
- ,
F10 4
0 EST FOR REFLECTED WAV
REACHING POINT °
CALL PULSE 4
‘S
9007 ADD NORMAL AND SHEAR *
STRESSES DUE TO EACH IMPACT 5
INCREASE ‘
l TIME i
CALL PRIST 1 '
CALCULATE PRINCIPAL STRESSES
——
e
CALL
,;, PRIDIR P o
-

;
! ._
(e TCRERSE B2 O g
Y '
§
INCREASE
4 PX
;| ,:
. }
d !
[INCREASE _PY Jre=N 75 BY > PYMAX |

SET TIME i

] EQUAL THIN ]
§ mesmesmiond — CALCULATE COORDINATES I :
= BETWEEN IMPACTS AND POINT !
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DISCUSSION OF THE PROGRAM

The computer program is composed of tha mainline program and nine
subroutines. The mainline program is divided into three basic DO loops.
The first DO loop reads th« load functions and coordinate location of
the impact pointa. The sscond DO loop computes the geometrical relations
betwesn the impact locations and the point where the stresses are to be
calculated. The third DO loop calculates the normal and shear stresses
due to each impact. The principal stresses and directions arse then calcu-
lated and the computer goes through a series of logical comparisons to
determine 1f another solution is desired for a different time or location.

The detailed discussion of the program will begin with the mainline
program and will be referenced to the variour comment statements and
statement numbers.

Tha program is limited to an analysis using twenty impact locatlons.
This number can be increased by merely changing the dimension size of the
variables in the dimension statements. The number of Alpha exponents as
given in Eq. (1) is limited o two, but can be increased by inoreasing
the dimensions of Alpha and Sg.

The statements which appear as SIN(X) = DSIN(X) merely change the
standard library functions to double precision.

The first READ statement defines Young's modulus, material deneity,
and Poisson's ratio (E, RHO, PR) which are constant for any given material.
The second data card contains the actual number of impacts (IMPACS). The
third data card gives the coordinate location of the point where the
stresses are to be calculated, (PX,PY,PZ), as illustrated in Egqs. (11)

through (13) and Figure 1, and ZR, the recess value of Z, to simulate the

normal pregsure distribution of a raindrop. The fourth cata card allows


http://www.abbottaerospace.com/technical-library

T

s

Fl2
the coordinate location of PX, PY, or PZ to be changed in order to cnlcﬁ-
late stresses at more than one point. The Fifth data card Ecntaina the
target thickness (TT) which is the thickness of the layer of material,

The sixth data card specifies POWER, which allows the peak pressure P

at sach impact cavity to be weighted, and ICODE, JCODE, V, and D. Sub-
routine DATGEN will be called to generate the values of Po, Ty B3 and g,
if ICODE = 1. Subroutine PRIDIR will be called to determine the principal -
dirvection of the maximum tensile stress if JCODE = 1, V ls the velocity

of the radome in ft/sec. D is raindrop diameter in mm.

If ICODE ¥ 1, additional data cards are read in the first DO loop,
which ends at statement 500, Thare are four data cards for each impact
loocation: the first contains NUMBER, which is the number of Alpha terms
in Eq. (1); PSUBO, the pressure P_ in Eq. (1); and RSUBO the radius of the
spherical cavity, P The follmwing data cards are determined by NUHBERﬂ
For Eq. (2), NUMBER is equal to 2; therefore, two data cards follow--the
first contains %, and K;, the second contnina 4, and K, correaponding to
Eq. (2). These quantities are named ALPHA (I,J) and SG(I,J) in the program,
If both Kl and K, in Eq. (2) are equal to one, then SG(1,J) = 1 and Sa(2,J)s
-1. The next data card contains the location of the impact emvity (X0l,Y0l)
as given in Eqs. (11) and (12) and 'TDELAY which {s the delas ?ime for that
cavity. If TDELAY is zero for all impacts, they will ocour simultaneously;
howaver, by specifying a positive delay time, the impacts may occur at
random times. This sequence of data ‘cards is repeated for sach impact.

The remaining data card contains the time at which the solution should
begin (TMIN), the time increment for intermediate solutions (TINCR), and
the maximum time (TMAX). It should be noted that time quantities are

entered in units of microseconds; hence, each time quantity is multiplied

by 10_6. Similarly, o, and ué are multiplied by 106.

1
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The second DO loop ends on statement 501 and generates the geometrical

relations for each impact location. The first statement in thea DO loop A

determines Rl given by Eq. (26). Subroutine THETA fhen calculates the
angles ¢1 and ¢2 ag illustrated in Figure 3;' These angles arse named T1 and
i T2, vespectively, in the subroutine. The value of 22 (Figure 3) is calcu-
,:ﬁ lated for later use. In Figure 3, the point 0' is the location of the

wﬁ* spherical cavity which generates the reflected wave. This technique of

i solution is discussed in detail by Kinslow [31].

- The subroutine DIRCOS is called next to determine the direction cosines

for the impact cavity on the surface of‘tho layer und then called again to

. caloulate the dirsction cosines for the fictitious cavity, 0!, which gen-

! erates the roflected dilatational wave. The subroutine DIRCOS corvesponds f ﬁ

; directly to Eqs. (17) through (30). The notation in the mainline program i';

.? may be interpreted as CXTl meaning COS(X,0) where the 1 denotes the cavity Q|;:
”‘; on the surface, CXT2 denotes COS(X,08) for the fiotitlous cavity at 0' (Fig-

é ure 3), ‘:;

3 The pressure input can be mudified after the com ¢ has been calculated i 5

in subroutine DIRCOS for the cavity on the surface. The pressure input P0 ﬁ%nﬂ

[: can be weighted as
- P, * P (cos ¢l)p (44)
where p is the quantity called POWER in the progran., Equation (44) appeawrs

] in the program as

PSUBO(J) = (CZRL(J))**POWER

=
e P, S — e e =

. If this modification is not desirable, POWER may be read in as zero.
The quantities TLSTRT and T2STRT are the times required for the inei-

9 dent wave and reflected wave to reach point P, respectively. The quantities

4 ALSUIV and WLSUBO denote o and w  respectively (see Eqs. (5) and (8)), The g~
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voflection coefficients are calculated next according to the theory devel-
oped by Kinslow [3]. The equations (31 and 32) given by Kinslow [3] are

1+ Ei[l + (1-2v)cos29,] + QR;(l-v)sin2¢s =0
and

1 - Ei[(1-2V)sin2¢23 + zﬁé(l-v)oos2¢‘ = 0

where Ki is COEFFl the raflection cosfficient for the dilatational wave,

’”ﬂ}' K, is COEFF2 the reflection aocefficient for the reflected shear wave,

A T e

. L is defined in Figure 3, and L is the corveuponding angle of reflection

E for a shear wave, The shear wave has been omitted in the analysis; hence, {
4 ‘ i ¢y is not illustrated in Figure 3 and COEFF? is not used in the program, ¥
fﬁT | except to caloulate COEFFl, Note that the value of ¢2 is calculmtua in | |
tho gubpoutine THETA and is designatsd T2 in that subroutine; but uppears -

- as Tl in the mainline program. s

The next nequence of statements merely initializaes all radial and
tanguntial stresses to zero.
i_} The third DO loop, which ends at statemant 502, contains the necea-
sary operations to calculate the ctresses, Flrﬁt. the time (TAUl) is

caloulated, which is the real time minus the time required for the wave .

to reach the point, minus the delay time. The subroutine PULAE is called
%- twica, in a DO loop ending at stetsmeni 11, oncs for the 4, term and once
? for the 02 term. SRl and 5Tl are the radlszl and tangsntia) stresses cal-
: ~ culated in sulroutine PULSE. Tha subroutine CARTST is then called to oal- v
culate tha cartesian components of stress., Subpoutine CARTST velates to
N Eqs. (41) thwough (36}, Next, the womputer will calculate the time (TA!'2)

b yl\fy‘yi.
. required for the reflectnd dilutat’onal wave to reush the point. 1If the I

] reflected wave has reached the point in questinn, subroutine PULSE is 1
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again used to calculate tha radial and tangential stresaes. If TAU2 is
negative, indicating that the reflscted wave has not reached the point,
the computer will hypass the stress calculation. If the reflected wave
is to be included, the stresses calculated in subroutine PULSE are multi-
plied by the proper reflestion coeffficient and subroutine C.RTST is called
to calculate the atresses in the cartesian coordinate system.

The next DO 1oop; snding on statement 503, sums up all the stresses
du; to multiple impacts at a given time according to Eqs. (37) through
{42). Subroutine PRIST is called, and the principal stresses ara calcu-
lated by solving for the roots of Eq. (&3). The principal stresses are
‘than printed, along with other ldentifying information, and the computer
will compare the time for the caleulation just completed with the maximum
time (TMAX) to determine {f ancther solution is deaired. If the time
comparison indicates that MAX has been reached, the computer will test
the current value of PZ againmt PZMAX to determine if sdditional solutions
are desired, If so, PZ iy increased Ly PZINC and thy time is set equal to
TMIN, and new solutions are obtainad for each time increment. If PZ is
squal to PZMAX, a comparison is mada using PX and PXMAX, then a comparison
using PY and PYMAX. IFf PZ, PX, and PY have resched their maximum values,

the computer calls the EXIT routine anu ends.
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LISTING OF THE COMPUTER PROGRAM

BPHERICAL WAVE PROPAGATION
NAINLINEG
IMPLICIT REAL¥S(A=H,0uX)
LIMNIT OF IMPACT POINTS I8 20
NUMBER OF ALPHA EXPONENTS IN EACHM INPUT FUNCTION 18

: ‘ ,
k COMMON/ZCONTR/Z PX,PYsPZ)IMPACS
CONMON ROUBO(20)sPRUSOIRO) 2 ALPHA(RS20)280(2)20)
1) NUMBER (20!} 2sR0L(20)sY0L(R0)2X(20)5Y1(20)028
! 2(20) sTOELAY(20) JPBAVE(RO)
. DIMENSIONSRL(R0)SREI20)s8TL(R0)I0TRILO)HTRIRO)
OIMENBIONRA(20))RXY(R0)2TAD(20)4T2D(RO), RE(20)
_ DIMENSIONTASTRTI20),TROTRT(20),ALIUBDL20),WLBUSOL RO
\ 1,COEFF1120),COEPPRI20)
5 DIMENSIONSXE (20),8Y4120)2824(20)2TXYL(R0)2TY2L(20)
1, TZX4(20)
DIMENBIONSXR(20),8YR(B0),8Z2(20)sTXYRIRO)2TY2R(20)

1, T2R2(R0)
DIMENSIONCXT1(20),CYTL(R0)2C2T4(R0)ICXPL(RD)ICYPL(RO)
1,C2P1(20),CXR1{R0)ICYRL(20)ICZRA(RO)SCXTRIZO) 4 CYTRIRO)
2oC2TRIROISCXPRIZO)ICYPRI20)2CZPRIRO)SCXRRIRO0) 2 CYRRIRO) b
2,C2R2(20) \

BIM(X)ImDBINIX)
COB(X)wDCOBIX)
ATAN(X)eDATANIX) !
- SORT(X)wDBART (X) -
f EXP(X)mDEXPL{X)
" ] ABS(X)®DABSIX)
ARSIN(X)SDASIN(X)
NOTE! *JJJJ* AND “NINI® CONSTITUTE A COUNTER FOR EASE
OF OPERATION
*NINI" I8 THE NUMBER OF PROBLEMS TO BE RUNs
1’ READ(B,130) NINI
| Jddde 1
: ¢ READ YOUNQS 400¢» DENSYTY, MOLe¢ RATIO
‘ 33 CONTINUE
x WRITE(6,81) JJJJs NIN
| | 84 FORMAT('1%,) TWip I8 PROlLIH’oIBolX&'Ol'o!!alx
14 'PROBLEMB ' //7)

oo OO0

00

IF C= 800 000¢0 AND RMO= 0000011 ARE ENTERED ON DATA
INPUT CARDS I
THIS PROGRAMs THEN THE COMPUTER ABBUMES!

€= 800 000+0 PO
AND RMO® Q14 X 10449 (LB)¥(MICROSECH
P2)P(INCHyumY)

OODONOOoO0n
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aonn

= READ(S4RBO) EoRHD, Pt
.. 280 FORMAT(6F4040)
3 WRITE (62421 )E)NNODIPR

! WRITE(603018)
C2 I8 THE SHEAR WAVE sPgEDd
CREBQRTIR/(ZsRHOM (S s ePR) ) )
et C1 I8 THE DILATATIONAL WAVE

CLuBARTIE#(1sapR)/ZIRNOS(40+PR )0 {10aRoaBR)))
AADA I8 THE LAME' CONSTANT LAMDA
AMOASESPR/Z{ (14 ¢PRIN(LomBouPR))
G Is THE SHMEAR MOOULUS
QRE/ {20 (%s¢PR))
- B Ci=Ci/Ce
R 124 FORMAT (AX 2" E= '018e08)' RHO= ',Q58:0,' POIZNONS
1 1 RATIO= ',Q048.8)
c READ IMPACS <CICTHE ACTUAL NOo OF S9PACT CAVITIES
READIB,4130) IMPACS
130 FORMATI(IR)
READ (H,280)PX)PY.P2,2R '
PX)» PY, LOCATE THE POINT AMERE THE y “
BTRESS I8 YO o6& ;o
DETERMINED
PXONESPX

PIeP2eZR I
¢ PYONEPY |
PIZONE=PZ
1 READ(S,280) PXINCIPXMAXIPYINCIPYMAX)PZINCs PZMAX
- § OUTPUTLSIPXING ) PXYAX
i BUTPUTIE) PYINC,PYMAX
QUTPUTI(6) PZINCIPZMAX
PIMAXSPEIMAX+ IR
¢ TT I8 THE TARGET THICKNESS
3 READ (8,280) TT
o WRITE(6,30168)
\ WRITE (643004) TT
'3 TTuTT¢IR
3004 FORMAT(' 'BOX'TARGLT THICKNESS'G185:87)
EEITToLToPZ) WRITE(604999)) Q0 TO 508
4999 FORMAT(4Xa'POINT P LOCATED QUTBIOE OF TARAET) CMECK
1 INPUT DATA ' )

o i cpea i = ;

0o O oOoOn o
POCSR SE MPEL SR S

o0

BOUNDARY TEST

TO SEE IF PMAX Is QGREZATER THAN OR EQUAL TO TT, wiTw
CORRECTION

aoOnNnQoOoOnn

SRS ' R M ¥ ik 1110 341 A At — A VP o
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c
IF(PZMAXsQATTT) QO TO 2998
- G0 TO 2999
. 2995 WRITE(652996)
o 2996 FORMAT(4X,' PZMAX » TY AND I8 NOW CORRECTED'/)
. MRITE(6,2998) TT
Ny 2998 FORMAT(4X)' THE CORRECTED YALUE OF PZMAX 188 ',710¢3
. cass7 PZMAKS TTe 0-0000004
’ c
c
! 2999 CONTINUE
4 WRITE(6»3016)
3 READ(5,283) PUWER,ICODEIJCODESV.D
4 283 FORMATIF4040,215,2F%040)
= WRITE(6,3000) POWER
) WRITE(6s3046)
‘ WRIVE(6s300¢)
3000 FORMAT(' 120X'POWERSPSUBO WEIGHINA FUNCTIGN®) rg.2/)
3006 FORMAT(' '2X'IMPACT'98X'DELAY TYIME')
WRITE(€s3007)
3007 FORMAT(' '4X'LOCATION'411X'X0'13X'Y0'14X!PBUBD'12X' RRUB
R 10" BX'ALPHAL'SX'ALPHA 2'SX'MICROSECONDS!'/)
. IF(TCODEIE@e1) CALL DATGEN(VLD)) GO TO 9001
i 9000 DOS00 Jud,IMPACS
1 c READ PRESSURE INPUTs CAVITY RADIUS) NUMBER OF
' c ALPHA TERMS

READ (5,404 INUMBER(J))PBUBCIJ),REUBOIJ)
101 FORMAT (12,4F1040)
PSAVE(J)wPBUBOI(J)
LIMITeNUMBER(J)
DO 40 Im1,LIMIT
READ(5,250) ALPHA(TJ)s8G(10d)
ALPHA EXPONENTS MUST BE IN

_-’"-..

ACTUAL TINE
40 ALPHA(I,J)=ALPHA(TI)J)#1000000
READ COORDe¢ OF IMPACT POINT
READ (5+280) X04(JIsY04(J)sTOELAY(J)
¥ X01 AND Y01 LOCATE YHE POINT OF IMPACT
. Xi{J)ePXuX04(J)
YilJlwpYayQli(J)
Z1(J)wpPZ
NRITE(6,30301JsX011(J),Y01(J))PBUBOIJ)IRBUBD(J) JALPHALY
g 1,0) s ALPRA(20J) s TOELAYLJ)
s c DELAY TIME MUST BE IN REAL TIME
’ TOEWAY(J)oTDELAY(J)*140E=Q6
| 3030 FORMAT(' '4XI24 $XFIe3s6XF903,5X315:8,3%XF903,3%X20158
] 1,3XF9.3/)
] 500 CONTINUE
STATEMENT 500 ENDS THE LCUP WHICH READS THE LOAD
FUNCTIONS

N 0O OO0

(g R g

et o =
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9004
3016

NONOOOnN

2500
2%01

2802
2%03

OO0

506
9002

c
9003
c

F19

AND COORDINATE®

READ MINIMUM TIMEJTIME INCREMENT ANV
MAX TIME
READ(S5,250) THMINATINCRs TMAX
WRITE(6,3016)
FORMAT(! t//)
OUTPUT(6) TMINs TINGCR, TMAX

TINCR CHECK!

YO SEE IF TINCR CQUALS ZERO AND LIKEWISE FOR TMAXseoo
IF(TMAXIEQe0eC) QD YO 2800

a0 TO 2801

TMAK® TMIN¢ 01004

CONTINUE

IF(TINCR:EQeOe0) 30 TO 2502

a0 T0 2503

TINCR= 0¢0%

CONTINVE

CORR!CT TIME MUST BE IN MICROSECONDS
THIN=TMIN®S0E=0 '
TINCRSTINCR¥1+0E06

THMAX®TMAX#4 s 0E™D$
CONTINVE
DO 504 J=1,ImMPACS
RIGJIWSART (XA (Il XL (J)eY4(JIaYi(J))e2(J)02e0d))
IFCIRICJ)I#000001)eLToRBUBOIJI) GO TO M
CALL THETA(RL(JI)RXY(JIaXI(A)aYLUJ)aZALU)ATAD( ), TRD

1(J)s R2{JIaTTaTE, 221U )

CALLDIRCOSIXL{J) Y2 (J)a2e0J1sR1CJ)HRXY(J)ICXTL(JIICYTE

L0J1aC2TALJIICKPLI LIS CYPLULI4CZPLILU) 2CXRA(J)SCYRY (J!
2,CZR1(J))

MODIFY PSUBO
PBUBD(JIaPEAVEI JIw(CZR1(JIN¥POWER)

CALLOIRCOBI(IXEIJ)aYa(JIaZ2(JIIR2UJIIRKY(J)2CXTR(JIICYTD

1(J)rC2TAIJIICXP2IJ)ISCYPRIJIACZPRIJIICXR2(II2CYR2( )
2,CZIR2(J))

TIME FOR FIRST COMPRESBION WAVE TO REACH
POINT @

T18TRTIJ)I=(R1(J)=RBUBD(J))/CY

TIME FOR REFLECTED WAVE TJ REACH POINT P
T28TRT(J)=(R2(J)=RSUBDIJ))/CY
DUM®(1em204PR)/ (4 4mpPR)

PPy

U e S~ I =
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ALSUSO AND WLEUBO ARE DEFINED IN
BJINQUTINE PULSBE
ARBUBO( J)=DUMSCL/RBUBDI(J)
OUMSEQRT(1 ¢m@s PRI/ (S snPR)
WL8UBO0(J)mDUMNCY /RBUBDI(J)

c g::CULA?E REFLECTION COEFFICIENTS COEFFS AND
A 0EFFe
b 9004 AKm{doe(iempewPRINCDBIRIETL))
- STEeRIN(TL)/C3
- TERARSIN(STS)
: BKe2488IN{ReuTR) S (L sapR)
! CKat1:02: 5PRICSINIReuTE)
. OK=s2e4COB(2:4TR)N(12mPR)
g CORFFR(J)wnpe st/ ( DK+ (BKOCK ) ZAK) !
1 COEFFi(JinatlenCORFFRi ) 8BK/AK |
3 9008 $X4(.))u0s
) 8Y4(J)=Qs
e 821.J1%0s
, TXYS(J)@mOs -
§ TYZi(J)w0e |
1 TZXL(J)m0e :
* SXR(J )0 I3
SYRIJIn0, :
, 8Z2(Jis00 t
: TXY2(J) @0 i
x TYZR2(J) =m0 |
. TIXR(JImOe
; 501 CONTINVE : -
BTATEMENT 801 ENOS THE LOUP WHICH CALCULATE® THE
GEOMETRY OF

W T S . = i e ot
T . g

THE TMPACT POINTS 3

o0 n

BEGIN SOLUTION WHEN FIRST WAVE REACHES POINT P :

230 TIME=TMIN '
! IF(ITMAXSTMIN)/TINCR«LTe18¢)Q0 TO 819 o
WRITE(8,3018) i
3018 FORMAT( 11 b
a0 1O sgo :

819 WRITE(4,800)

800 FORMAT(Y Vv y////) ,

820 PIZ*PZ=ZR A

WRITE (6,1301) 2N '
1301 FORMAT (8Xs' RECESS VALUE OF Z = ,F1048,7/) 0

n WRITE ($,3008) PX)PY,P22 '
, 3006 FORMAT(' 'aX'EXui,FgedsaXs 'PYS I FBealX) ' PIn' ,rg:3/7, ‘

1 1 OX'TINE'7X'EOX!IXIQYIOXIQZ! BX'TXY! BX'TYZISX'TIXIIXLP
: 219X P2IIXIPIIAXIMAX SHEAR'2X'THETA'EXipHI /)
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By BXMAX®0
i SZMAX=04
g 8YMAXSO
T SZMAXT =0,
{ 30 CONTINUE
4 9006 DO 502 Jwi,1IMPACS
SRi(J)1=0s
k SR2(J)m0s
N 8T4(J)iwQ,
] 8T2(J)m00
‘ TAULeTIME=TIBTRY (J)nTOELAY(J)
i IF(TAUL] 502s21,21

\ c IF TAU I8 NEGATIVE THE WAVE HAS NOT
i c REACHED THE POIN
-3 21 CONTINUE
- NMSNUMBER(J)
e c NUMBER OEFINES THE NUMBER OF ALPHA TERMS
c IN EAOH
' c INPUT FUNCTION
! | DO 14 IsqsNUM

% ALPHRALPHA(TSJ)
5 CALLPULBE (ALPH)PBUBO(J) aRBUBD(J) s WLBUBDIJ) ) ALBUBD(Y)
4aRHOI TAULSCLIRL(IU) 200 AMDALIUIVINISRRSBTT)
SRI(JINERA(JI48A(TsJ) SBRR
11 STILJ)eBT4(J)I+8G(T0J)e8TT
CALLCARTET(OR1(J1o8TL(JII8TL(JIICXRELJ)HCYRE(J))C2RE
10JIICXTE  JIaCYTL(J)IIC2TAIJI4CKPLI(J)aCYPLLJ) I CZPLLY)
QaBXLUJ)aBYLIJ)IBZALIIaTUYL (IS TYZE(J) o PEXLC D)
13 TAUR  oTIME=T28TRT(J) «TDELAY(J)
IF (TAUR) 802,113,143
113 CONTINUE
) 00 14le4,NUM
| AbPHBALPHA(TsJ)
¢ CALL PULBE(ALPHIPBUBO(J)IRBUBOIL) JWLBUBD(J) 2/LBUBOLY)
1HRHOATAUZ  2C4aR21J) G AMDALIUIVSHIBRRIBTT)

. SRE(JIBR2(J)+80(10J) 8RR
4 14 8T2(J)=QTR(J)+8G(TaJ) 48TT
. SR2(J)uER2(J)¥COEFFLLY)
; 8T2(J)=@T2(J)#COEFFL(J)
g CALLCARYST(SR2(J1)BTR(J)IBT2(J)ICXREIJ))CYRRIJ),CZIR2
3 $10)ICXTRIJIICYT2(I)C2TRIJI1CXP2UJ)2CYIR(J) 2CZPR(J)
[ g 2)8X2LJ)IBYRUJ))BZRUJ)STRYR(JIATYZRIJ) s T2XEI ) )
- 12 CONTINUE
; 802 CONTINVE
SXTOTe0,
8YTOT=0,
8ZT0T=0.
TXYTO=0o
TYLT0uO

i — =

Frie il

i Ve LEr e mmamas
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TIXTO=00 )

9007 DO 503 J=1,IMPACS
SXTOT=BXTOT+EXL ( J) ¢gX2IJ)
SYTOTugYTOTeBYL(J)*BYR(J)
SZTOT=B2ZTOTeSZL ) e822(J)
ITXYTOuTXYTOSTXYL(J)+TXYR(Y)
TYZYOTYZTO+TYZ4{J)+TYZR(J)
TZXTDOTZIXTO+TZXA(J)+TZX2(J)
803 CONTINUE
I;(UXTOToEOOOOOOAND-lYTOToEGoOoOeANDollTOTllﬂooool a0
i1 To20
SXTOTmagxTOT
SYTOTmagyYTOY
SITOTemgZTOT
IF(BXTOTSEQeBYTOT+AND +8YTOTIEQeSZTOTANDoSZTOT EQ8XTO
1TIpLagXTOT)PR2uaYTOTIPI2B2ZTOTI GO TO 504
CALL PRIST(SXTOT,BYTDTIBZTOT,TXYTOLTYZT0»TZXTO P40
12P38MAX)
804 GCONTINUE
IF(JCODECEQeO) Pmpe0! G0 TO 401
CALL PRIDIRIBXTOT»SYTOTIRZTUTITXYTONITYZITOITZXTOIP1,PR
$oPIIPs THL A PHY)
604 CONTINUE
WRITE THE PRINCIPAL STRESSES AND TIME
TYME«TIME®L100E+0s
IFLABBIPA ) aLTed o0 +ANDs ABBIP2)eLTo4+:0 vANDe ANS
L1(PI)eLTe4¢0 +ANDe ABBISMAX)eLTe140) a0 Y0 20
IF(PsEQ0+0) WRITE!$42000) TYME, XTOYBYTOY A
1082TO0TsTXYTOLTYZTONTZXTONPLIP2,PI,BMAX) GO TO 20 !
WRITE(6,2000) TYME»SXYQT,8YTOT,8ZT0V, TXYTO '
1oTYZTO »TIXTOIPL,P2)PIIBMAXITHLIPHY
2000 FORMAT(Y F?7¢3 ,10F112,2F742)

20 CONTINUE U
TIME» TIME+TINCR i
IF(TIME=TMAX!) 32,231,314 {

32 CONTINUE '
IF{BXTOTeLTe8XMAX) BXMAXSEXTOT £
IF(S2TOTeLT¢82MAX) BZMAXWEZTOT h
IF(SYTOTsLTeBYMAX) BYMAXmQYTOT
IF{SZTOT«QTeBZMAXT) BZMAXTeBZYOT
30 70 30

31 CONTINUE
IF (BZMAXY +EQs 040) 30 TO #1400
WRITE (6,6003) SZMAXT

6003 FORMAT (BXs/¢'THE “AXe COMPRESBIVE STRESS ', F20.8)
WRITE (84600%)

6004 FURMAT (//7)3%s  THE MAXs TENSILE STRESSESS 's//)
WRITE(626001) SXMAX)BZMAX,BYMAX

6004 FORYAT({IXs'EBXMAXK® ! ) F20e8,4Xs'EZMAXw ! )E2008) 4K,
1 '"SYMAX®! ,F20:58/7)

6100 CONTINUE

{
]
}
]
il
&
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IFCPLZEINCeEQe0cO) 30 TO 508
IF(PZeGEPZMAX ) GO TO 508
PZePI+PZ INC

g IF(PZeLETIT) GO T) 600

3 PZuTT

600 G0 TO 814 :
y 808 IF(PXeGEPXMAX) B0 TO %09 g
8 IF(PXINCeEQe0sO) 30 TO 509 ;
i PXaPXePXINC ‘
3 PZmP2ONE

A a0 T0 814

3 809 IF(PYeGEePYMAX) GO TO 508

IFCPYINCOEQe 00Ol 40 TO BOS .
) PYuBYSPYINC

1 PXnPXONE

P2nP2ONE
€11 D0 307 Jsy,INPACSE
XilJ)=PXexoa(J)
1 YitJ)ispymypaiJy)
o 507 2itJ)mp2 i
3 40 T0O 50¢ :
. 808 JJJde JUJded Y

o IFL JJJJelLEoNINI ) @0 TO 33
CALk EXIT ;
3 END R
) : IMPLICIT REALYB (A=K, On2)

X, SUBNROUTINE CARTET (ER4BTIBPICXRICYRICZRICXYTICYTT,C2TT L
3 1oCXTPICYTPICZIPIEXiBY )BT TXYATYZ, TIX) ?
i SUBROUT INE TO CALCULATE THE CARTIESIAN

COMPONENTS ,
OF 3TRESS b
EQUATIONS 4+32 THROUGH %37 s
) BXuBTHCAT Ten 2¢SPsCAXTPEn2+BRACXRUND 3
4 BYuSTHCYT Tvm 24 8PsCYTPs82+GRACYR 42
SZeSTeCITTvr 2¢BPuCITPIN2+BR4CZR 4D
TXY‘O?‘CXTT#CYTT¢BP¢C&TP‘CYfP#BROCKR'CVN )
{ TYZuEP ALY TPo CZTP+@Re CYRSCZR4STHCYTTHC2TT 3
¥ TIX®mERMCZRIC XR® ST ¥ CZ TPHCXTP+BPHCZTTHCXTT

g RETURN
3 £ N ]

3 IMPLICIT REALYS (AmH) 0aZ) !

¢ ‘ SUBROUTINE D!RCOS(x1oYioZtcRaoRXYoCXTT:CYTTOCZTT; cxXre 1
1,CYTPICITP,CXRs CYRICZR)

SUBROUTINE TO CALCULATE DIRECTION 1
COSINES BETWEEN ' )
THE TYPALT POINT AND MATERIAL POINTY }
THE COORDINATES X1, Y4, 21 IN MAINLINE b
ARE USED ol
EQUATIONS 4427 THROUGH #4431 WILL ]

aaoon

- gere

OoONoOOOOn

EYALYATED
IFIX1+EQeOI0 s ANDIYI4EQr 010} CXTTmleiCYTTm00ICZTTROICX
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1TPeO CYTPu4 ¢)CITPE0¢) CXR®O¢)CYR®0¢ICZRO4s) Q0 TO 8

SINPERXY/RY

COSPwZ4/R1 |
3 SINTava/RXY X
: CQ8TeX1/RXY ¢
= CATTom@INT &
| CYTTSCONT ]
4 CiTYedo

i CATPaCOSPHCOST
B CYTPoCOBPYBINT
R CITPangINP
N CXR®EINPRCOBT
. CYR®SINPHSINT

CIR=LOWUP
8§ CONTINKE
RE TURN

3 $ END 1
] INPLICIT REALB(A®N)On2) ;
b SUBROUTINE PULBE L ALPHALIPEUBO, A»WEUBO, ABUBO S RMO, TAUS CY
LaRe ANULAMDAS Us Vi o BR2ET) '
SINIX) =D@INCtX)

COS(X )eDCOSIX) 4

ATAN( XI=DATANIX) y
4 SORT(X )=DEARTIX) i
f EXPIX)aDEXPIX) b
i ABSI(X)sDARBIX) '
: ARSIN(X)DABEINIX)
3 ASQeUBUBOSUBUBO* { ABUBOSALPHA ) 8 {ASUBO=ALPHA} |
b AARSORT(ASD) ;
3 BETAs ARBING (ASUBOSALPHA)ZAA)
9 BePRUROsA /(RHOPABQ*WEUNO) -
i IF { ALPHASTAUCOE: 1740 ) Cw0¢0) QO TO 44 %
1 CUWSUBO/EXP( ALPHASTAY) i
\ 11 CONTINUE
. EATREXP(ABUBOWTAL)
| WHBETASWBUBROSTAU=BETA ]
4 DaAASCOS( WNBETA) ZEAY .
o HoAASWBUROSBINC WMBETA) ZEAT )
. Utenis (0mC) /

, FunALPHASCIABUBDNDH

¥ G'ALPHA»ALPHAOCOQNlUlO‘ﬂIUBO-AIUBOOAOUlOl!DGIOUAIUIO*H

A Ute8ar/CY

k: Viegsa/C1

Vaslsr ]
wiseyy/ce 1
NEe=Re 4y ;
Winede s j
RIQ=Ra A ‘
UeJi/ReU2/7R80
VeV Ai/R+VR/RE4

b
it
E
y
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19
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RCUSE=R4REG
WeNi/ROWR/RBQ+NI/RCUBE

SRu{ AMDACRsSAMNU I eR e vAMDASU/R
OToAMDASWOR S (AMDACAMNY) SU/R

SEEC = ALLEN AND QOLDSMITH, J GF APPLe PNYSICH)
VOhellés NO 4 J
AsCAVITY RADIUS
AMUs BHEAR MODULUS
::;URN
SUBROUTINETHETA(RLIRXYIX20Y4024,T4DoTROSRRLTT, TR 20)
RXYSBQART(X18XioVYiwYL)
IF(RXYEQe0e0) GO TO 48
IFA{Z1:E000¢0) T404:8708)00 TO 19
TisRXY/ 24
TAATANITY)
a0 T0 1»
420,
T40%T14400¢/7304046¢
TE8» RXY/(RevTTuly)
TRATANITR),
TR0eTR¥180e/7304 448
IPITRINIS
RE=R0TTeZY
a0 70 &
RRSRXY/SIN(TR)
CONTINUE
2Ro2ieRentY
RETURN
END
IMPLICIT REAL¥E(AH)De2)
‘!g::?UT!Nt PRIDIR (SXo8YsBZaTXYoTYZoTENIPLPRIPI,PITHY
»
P=0e0
IF{PALTeP) Papy
IF(PR:LT¢P) Pupp
IF(PILTeP) Pup)
IP (PoEQe0e0) THL®000IPH1Iw000460 TO 200
lP(fo-IGOOOOOhNDoleolﬂcOOOOANDbT!XOIﬂoOOOOANDo0!-!0-
1PoANDs BYEQeP) THI®w00JPHI®904) Q0 TO 200
IFLTHYoEQe0cO0sANDe TYZOEQeQ 0o ANDITZHOEQeOIDsAND 820D
1PeANDs GYIEQeP) TH1®040JPHI=0e0s GO TO 200
SXXmmBXep
SYYuugysp
S$Iln=g2ep
DugYY¥QZ2eTYZNTY2
IFIDABBID) oL Te4eQDwlp) ac T0 400
YulTYZ4TZX=8ZZ¥TXY /D
Zo(TXYSTYZugYYST2X) /0
THL®DATAN(YI®180:/3¢1418927

e ——
v
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IF(DABBIZ)eLTei00D00gy) PH1%90¢) G0 TO 200
PHLSDATAN( (10 0oYeY)0e0s8/72)2480:/7304448007 .
. 40 T0 200 !
400 0=gXX¥RYYaTKYSTXY
IFLOABSI0)oLTeqe00=16) a0 TO0 300

Xo({TXYeTYZaTEZXeBYY)/D ‘
YO(TRYST2ReTYZe@XX) /D X
IF(OADBIX) oLV e1000218) TH1=9004 @0 TO 480 !
THISDATANIY/X)08800/73:4448907 ,
480 PHISDATANI (RXeleYuY ) ov0eB)484800/7001018027 ‘
Y 300 DuSXXVSTZoTINSTEN k-
$. IF(DABBID) LT e400Dmss) TH1®001iPH 000 )P0 ) 30 TO
i 1 200
4 Xo(T2XeTYZaTXY4822)/0
ﬁ i 2e(TXYSTIXaTYZVEXX ) /D !

! IF(DABBIX) sLTete00mt4d) THin90e4 QO TO 380

; THODATANCL /X ) 9480¢/301018927

: 380 IF(DAOSIZ) oLTe100D0Ls) PHi®90¢) Q0 TO 200

! PHLSDATANC (40 4X0X)¥8068/Z)9380¢/7304018987

. 200 RETURN

& END ‘

4 IMPLICIT REALSS(AnH)0a2) t
| SUBROUTINE DATAEN(V,D)

COMMON/CONTRZ PX,PY,PZ)INPACS \

COMMON ROUBO(20),PBUBOIR0) s ALPHALR,20) 1 80(R,00)

1)NUMNBER(20) X011 20)0Y0L(R0)2X1(R0)YL(20)022

2(20) »TOELAY(20) ,PSAVE(R0)

DIMENSION AF(Z)aBN(R)

AF(1)92:086/0

APIR)oNeBOAF(Y)

] TReG 464D

j PORL19: 78V

) RO=0+0088+D

! TR

i ENiR)emy,

DO &777 Jei,IMPACS

NUMDER( J)wg

POUBOLJImPO

/ RSUBO(J)=RO

a PEAVE(J)mPRUBOLJ)
LINITENUMBER( ) X
DO 40 Isi,LIMIT '
AUPHA(TSJISAF (21910000000 1
8a(L,J)ugN(])

40 CONTINUE
READ(S,280) X041 (J)aY04(J)sTOELAYIJ)

280 FORMAT(3F10¢9)
XilJ)apxXux0sJd)
YitJ)epYuyQLi(J)
241J)ep2

’
b
0
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WRITE(64303 )JadDL(J)aY0L(J)sPBUBNI(J)RBUBDLI) )ALPHAL]
Lod)sALPHALZ,J) s TOELAYIJI

FORMAT(! '4XI2) IXFDe3,6XF9¢I,5XG15¢8IXFD e, 3201508
1o30F9¢3/)

TOELAY{J)=TDELAY(JI¥1+0E=0Q6

OUTPUT(8) VoD TR

CONTINUE

RETURN

END

IMPLICIT REAL¥B(AwH,0eZ)

SUBROUTINE PRIGT(851,022,833,844,885,804,PLsPE,PIFY)

SUBROUTINE TO FIND THE PPRINZIPAL STRESSES

DIMENSION Wi3)aBih)axRLD)

ABBIX)=DARB(IX)

8iile81i=gp2

s222~822=83)

83330233811

IF(ABB(84141) oL T et sEmQ4rANDADS (8222 )sLTaisEnDAsANUSADRS
1(8333)eLTe1eEmD4) Plagid)Pp2uwga?2)PI3e833;080 TOD 901

IF (ABG(BH4 ) o LYol eEnQYoANDIABB(BSS) oLTo1¢ExDbeAND1ADS
1(866) LT o14EmO%) W(1)m8i4iwi2)ugPinN(3)InB3300 YO
2 %011

Bly) = 9.

Bl2) m =(814+822¢833)

BiI ) uBl14322+82200833+833%8112804002u8 538000 s 02

Blé) » s(§11482248332811488044208228484v2=B8320B844842
1920 %84448585080804)

CALL CUBIC (BaXRAIXI)

wili) = XR(1)

Wi2) » XR(2)

wi3z) = %XR(3)

CONTINUE

IF (W(1)eGEew(2) o ANDoWI(2)sCEWII) IPimWi1)IPRuW(2))PInN
113):00 TO a1

IF (WAL)oBEOW(Zi o ANDoW (DM eGEWI2)IPLIOW(1)IPRON(D)IPIAN
1102400 7O 91

IF (W{2)eQEoNI1)eANDoW (A vQEsWi J)IPLIW(R)iF2nNW{1)IiPJuy
$(3)i680 TO0 21

EF (W(2)sQEW(I) o ANDoWi I eGE NI ) IPLISH(Z)IPRRW{3) )P Iw,,
1(1))6G0 TO0 314

IF (WiQ)eCEOWIL) s ANDoW (L) cQEW{2)IPAmN(I)IPRRK(L))IPIul
1(2):80 TO0 24

IF (WEB)eCE(2)  ANDaW(2)oQEW{L) IPI®K(I)IPREN(IR))PIuW
101):80 YO 31

CONTINUE

Py » (Piap])/2e

RETJRN .

END

SUARDUTINE CuBlC (lJKRoxI)

SOLUTION OF A CU3IC EQUATION

o E— e T

e
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(o AlL)wXu83 & AlR)ukewd ¢ AlJISX ¢ ALS) = O
(4

ODIMENGION At(Hi2KR13),2Q13)

IPATH = 2

EX = 24/30

[T SPEALN)) 500604064)1006
o s 1004 XR(L) » Qo
| ‘ a9 TO 1034
, l 100¢ AR » Ald)svp
i B (RY70aRMAIR) » SesA(L)RA(RI4ALD) ¢ RevAlRIsny)/
~T. LiBhevAgrALY) )
IF i3) 101001008,4040
: 1008 Z = 0o
K ' ad 10 4932
i 1010 4 = =@
Tt IPATH = 2
" 1000 P 5 (DevAIL)I0ALD) » A(BIORI/(900A0)
y ARG = Pua3 ¢ Qesp
- P {ARG) 10460104801020 '
i 1046 Z » wReHBART (uP)uCOB!ATANISQRY (2ARG) 781 /3¢ ) »
, a0 TO 1088
R 1018 ¥ & wReeQoail :
.= al To 1das ‘
Ty 1020 GARG » RQRT(ARG) "
A IF (P) 562R,1020,1056 '
1082 2 @ «(Q ¢ GARD)IwaEX = (Q @ BARQ)wAEX :
80 TO 1023
1084 T » wlgrnQ)uagX
a0 70 1028
N 10260 Z ¢ (SARQ=Q)SEX « (BARE ¢ Q)uekX
* 3 S0R8 G0 TO (4020,4CAaR), IPATH
] 1030 2 = =2
i 103% XR(4) & (JewAlq)e) » A(L))/1DevA(Y)) :
o 1034 AQI1) = AlY: N
! AQIR) = ALR) ¢ XRESIWALL)
, A9(D) = A(D) ¢ XR(A)wpAGLE) e
q CALL QUAD (AQIXR(R)IXNID)sXI) ,
; RETURN .
{ END ;
" SUBROUTINE QUAD (A»XR1,XRR,XT) 1

SOLUTION OF THE QUADRATIC IOUATION
AlL)oxand ¢ AlR)ax + A(D) = Qo

00 0

' DIMENSION A(D)
™. X4 & wA(R)/(R8A(4))
‘ DE8C » Xiwng » A(3)/A(Y)
IF: {tDIBC) 10,20,20
10 X2 = BORT(=0}8C)
XN = X4
XRE = X4
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X1 = X2
60 10 %0

20 X8 = SGRTIDZGC)
XRe = X4 + X2
KRR . = X4 » %%
Xl & Os

30 RETURN
EIND

!
b
{
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COMPUTER CODE FOR CALCULATING RAIN EROSION
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APPENDIX G

COMPUTER CODE FOR CALCULATING RAIN EROSION OF MISSILE RADOMES
AT SUPERSONIC SPEEDS (REMRASS)
by Ju~chin Huang

INTRODUCTION

When a vehicle flies through a rain field, the erosion damage to
the vehicla depends on the relative velocities of the raindrops, the
angle of impact ei. and the distribution of drops along the surface.
The theoretical analysis has been given in detail in the report. This
somputexr code~-Rain Erosion of Missile Radomes at Supersonic Speeds
(REMRASS)-~was developed to solve numerically the governing equations
derived previously and to determine the angle of impact of a raindrop
and the position at which it strikes the vehicle surface. ‘fhe percent-

age area of erosion and the total volume eroded were thern calculated.

DEFINITION OF VARIABLES
Al = Length of the tip portion of radome

AJ

Parameter for plane and axisymmetric flow
AM = Free stream Mach number

ALTH = Length of radome in mm

B = Dimensionless body radius at the end of radome with
respect to the length of radome

Bl = Base dlameter of radome in inches

c = Parameter in equation of radome surface

cl = Length of curved portion of radome in inches

CA = Area conversion constant

Shock wave angle in radians

cc

- el

?
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ccp

Shock wave angle in degrees

cv Volume conversion constant

DDIA = Raindrop diameter step size in mm

DDIS = Increment distance traveled in vain field (£t)

DIAg = Initial raindrop diameter in mm

DIAMAX = Upper limit of the integration with respect to drop 9
diameter 1

D1s = Distance traveled in rain field (ft)
DISMAX = Maximum distance traveled in rain field (ft)

DXS = Streamline step size ‘ﬁ
ER = Volume erosion rate per sq. in. (in./sec.) ;

- ERL = FR/(SING)2

1 |
lf GM = Ratlo of specific heats for a perfect gas !ﬂ
3 K = Number of streamline along which solution has been found agi
_ KINC = Increment of K |
| ?{ JJ = Station number counter ;
: L = Length of radome in inches ‘5'
¥ ﬁ M = Number of intervals used in Runge-Kutta method é.
i: N = Number of in'aegration points in Runge-Kutta method i
ﬂ% PCT = Percentage of area evoded 2
‘; POS = Dimensionless axial position at which streamline inter- P;

v B sects radome ‘;

POSL = Axial position in inches

R = Rainfall rate (in./hr.) 3.
% RER = Rainfall rate (in./hr.) ;
RATIO = VOL/V1 ‘
s = Dimensionless shock radius at the end of radome ?
} Tl = Half-angle of cone in radilans |
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THETA = Half-angle of cone in degrees
v = Velocity of vehicle (ft./sec.)
, ﬁ. Vi = Intermediate value for calculating volume eroded
-kg VOL = Total volume eroded (in.J)
i&- b ('] = Dimensionless length of conical portion of radome
?, XP = Initial abscissa of the last streamline that hits
Q?‘ the radome
i&f XS = Initial abscissa of a streamline

EXPLANATION OF SUBROUTINES
E Most of the computation steps are carried cut in the four subroutines
g of the program. These subroutines are controlled by the main routine.
Foliowing is a list of the subroutines with an explanation of their func-
tions.

THETAS Interpolates shock wave angle 98 by means of
g - Lagrange interpolation function.
J. SHOCK Uses fourth-order Runge-Kutta method to solve
|

b for impact angle 8, and axial position of impact.

y: PCTA Computes the percentage of area eroded of the
E' radome during the time of flight in a rain field. b
i VONE Calculates the total volume eroded of the radoine.

GUIDE OF INPUT DATA

3 Card Fartran Name and Column No. Format and Remark p
[ 1 Al 1-10 (5F10.0) i
B1 11 - 20 5
g c1 21 - 30 ;
4 L 31 - 40 H
! THETA 41 - 50 i
1 2 AJ 1-10 (5F10.0) 1
3 GM 11 - 20 1f RFR is left blank, ‘
] CA 21 - 30 the program will start

g cv 31 - »0 with R=0.5 and incre-

. RFR 41 - v ment it until Rs5in/hr.

Last Card v l1-10 (F10.0)
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'L START ) "
!

/ READ AND WRITE INITIAL DATA /

1

CALCUIATE B.,C., AM !
t
|
|

p A
K !
C B
. K-

i K

; ‘ b

o g

a3 E

. {8 ; ‘.
N CALL THETAS | ' §
CALCULATE X¢, XF, S.

1

DXS = SF/100 k.

1 .

X8 = K » DXS 1

| CALL SHOCK ; 1 R .

INCREMENT K = YES O g
s 3

CALL EXIT }YE

L

NO

R = RFR .8

g
_R=R+0.5 |PYES
] - .
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#70N

Y ! '1
GS :

DIS = DIS ¢ 9

b

CALL PCTA

CALL VONE -

YES
RATIO = 2, - EXP(-3.*PCT/(132.-PCT))

. ) | i

e el e R AR F AT
o

He—

t é VOL = VINRATIO 3 i g

1 \

CALCUIATE ER, ERL

/ OUTPUT RESULTS ; 'i

-{ INCREMENT DIS -NO—‘ L
' 1

YES

T > 3

YES §

f ’ NOJ INCREMENT K
4; YES ;

e P Sl

-
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DISCUSSION OF THE PROGRAM 1.

The three data statements in the main routine specify the values of

_:g distance traveled in a rain field, diameters of raindrops, number of inter-
f vals used in the numerical calculation, and their increment. These values

should be changed for a different problem. The lower limits of DIA@ and

#} DDIA should not exceed 0.1 and the upper limit of DZ is 0.0l. The other

i two data statements in subroutine THETAS contain the values of free stream |

}t Mach numbers and their corresponding shock wave angles by for a 15-degree °

cone angle. These valuss must be raplaced if another cone angle is used,

A table of shock wave angle versus free stream Mach number is given in

B Table I or see Ref. 1.
.:'ﬁ ‘ The first read statement defines radome geometry: Al is the length ﬁ
| of tip portion, Bl the base diameter, CL the length of curved portion, 1
8 L the length of radome, and THETA is the cone angle. The second data card

ﬁ. ocrtaine AJ, GM, CA, CV, and RFR. AJ = 0 for plane flow and 1 for axi- 1
3} symmetric flow. GM is the ratic of specific heat for a perfect gas. CA
and CY are conversion constants for area and volume respectively. RFR is

-8 rainfall rate. If RFR ls left blank, the proyram will increment the railn-

b fali rate from 0.5 to 6 in./hr. Th. last data gives the velocity of the

radome in ft./sec. The program first calculates the values of B, C, and

e e i 2 g ie

} Q AM, and then calls subroutine THETAS to interpolate shock wave angle es

for use in calculating 8. The calculation of XF requires the body surface
function. Statements 300 and 301 relate to the rademe configuration. The
streamline step size DXS is made equal to XF/100. The value of XS, the A
initial abscissa of a streamline, is then sget equal to K ‘times DXS. Sub- ﬂ

routine SHOCK is called to calculate the impact angle ei and the axial

position of impact of raindrops. Statements 110-113 in SHOCK specify the
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a7 i
radome surface function. In this program a combination of 15-degree cone K

and an ogival shoell was used. For other configurations to be considered,

the body aurface function must be modified accordingly. After the axial '

position of impact and impa;t angle of raipdrops are found, the program

proceeds to determine the percentage area of erosion and the total volume
eroded by calling the subroutine PCTA and VONE respectively. Subroutines
PCTA and VONE perform the nunerical integration of the following integrals. 8

| 1, = {“(ainei)o‘S(D)l‘ssr(n)dn E

and

Lo Iv e r(‘inei)l.o(b)u.up(n)db )
0

o where
:

' P(D) = EXP[-4.1(R)™*%!D]

The percentage of area eroded and the total volume ercded are given as ‘H“

PCT = 100 A, ﬁ;
VOL = VI(RATIO) = V1(2 - o°FCT/(132-PCT), 3

where

1'lsi .;

Ae = [CA(DIS)V n(’#]IA

2.88

V1 = [CV(DIS)V sinGJIv

REFERENCES

1. Tables for Supersonic I'low Around Right Circular Cones at Zero Angle
of Attack, NASA SP-300%, Sclentific and Technicel information Div.,
NASA, Washington, D. C., 1964,
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